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ZU8UUSULPGhSNPE3NPLLEPURIUSPLUYUNEUPUSPSENBUUQP
U3BECTUSI HAIITMOHAJIBHOM AKAJITEMUM HAYK APMEHUU

Utkpwuhlju 75, Nel-2, 2022 MexaHuka

Cepreii AslekcaHAPOBUY AMOapIyMsIH

(K croneTunio co aHSA POXKICHHUS)

Cro ner Haszax poAWICS KPYHHBIH YYEHBIH-MEXaHHK, OCHOBATENb HOBBIX
HAyYHBIX HalpaBJeHUIl B 00NAacTH MEXaHUKH Ie()OpMHUpPYEMBIX Cpell, OIHMH H3
co3faTeneil HaydyHOH IIKOJbl MeXaHukd B Apmenuu, akaaemuk HAH Apmenun,
uHocTpaHHbIl uneH Poccuiickonn Axanemmn Hayk Cepreit AnekcanIpoBHY
AMOapirymsH.

Cepreii Anexcannposud poauiucs 17 mapra 1922 r. B Anekcangpomnose
(I'tompm) B cembe topucta. B 1942 rony oxonumn EpeBaHCKHN TOTUTEXHUYECKUT
uHcTUTYT. B 1946 romy cran xannupgatom, a B 1952 rogy — DOKTOpOM TEXHHU-
yeckuX Hayk, ¢ 1953 roma — mpodeccop. B 1956 1. oH Obl1 M30paH uIEHOM—
KoppecnionaenTom, B 1965 r.— axkamemuxkom HAH Apmennn, a 2003 1. —
WHOCTpaHHBIM wieHoM PAH.

TpynoByto aesrensHocTh C.A. AMmOapuymsH Hauan B 1940 r. C 1942 1. u 1o
MOCNIEAHUX JTHEW CBOEH >KU3HM OH MPEINoJaBaj B BBICIIUX yYEOHBIX 3aBEICHUSIX
pecnyOiMku U paboTan B HAy4HO-HUCCIIEIOBaTENbCKUX MHCTUTYTax HAH Apwme-
Hun. C.A.AMOapiymssH Obl1 aupexkTopoM WHCTHUTyTa MaTeMaTHKH M MEXaHUKH,
Wucturyra mexannku HAH PA. Boin n30paH akageMUKOM-CEKpeTapeM OTIeIICHHS
(DUBHMKO-TEXHMUECKUX HAYK M MEXaHWKH W Bulle-nipesugeaTom HAH Apmennu. B
TedeHue 14 et oH ObLT pekTopoM EpeBaHCKOTo rocy1apcTBEHHOTO YHHBEPCUTETA,
20 net — nemyrarom, [Ipencenarenem Bepxosnoro CoBera ApMeHUH, IEITyTaTOM U
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unenoM [Ipesunnyma Bepxosrnoro Cosera CCCP. bonee copoka et ObuT WieHOM
[Ipesumnyma HAH Apmenun.

C.A.AMbapIryMssHOM BII€pBBIE OB ITOCTPOEHA OOIIas TEOPUS aHU30TPOMHBIX
CIIOUCTBIX oOomouek. Beeobiee mpusHanne moxyunian Tpyasl C.A.AmbapiymsHa,
B KOTOPBIX pa3paboTaHbl YTOUHEHHBIE TEOPHH IDIacTUH U 06onodek. C.A.AmOap-
IyMSH — aBTOpP Pa3sHOMOIYJIBbHOM Teopuu ymnpyroctd. M u ero ydeHuxamu
paspabotaHbl 3(pPEKTUBHBIE METOIBI pacuéra CTEp)KHEH, IUIACTHH M 00OJIOYeK,
W3TOTOBJICHHBIX M3 KOMIIO3UIMOHHBIX MaTepUaIOB Pa3HOCOIPOTUBIISIOLINXCS
PACTSLKEHHUIO U CKATHIO.

C.A.Ambaprymsa u ero yuenuku ['.E.barnacapsta 1 M.B.benybeksia o mpaBy
CUMTAIOTCS OCHOBOIOJIO)KHUKAMH OOLIeH TEOpUH 3IEKTPOMAarHUTOYNPYTOCTH
ToHKUX Ted. ChopmynupoBaB U 0OOCHOBAB OPUIHMHAIBHYIO THMIIOTE3y MarHuTO-
YOPYTOCTH TOHKUX TEJl, OHU NPEUIOKWIN 3(P(eKTUBHBIE METOABI PELIeHUs pa3-
JUYHBIX, MPUKIAIHBIX 337a4 3JCKTPOMAarHUTOAKTHBHBIX OOOJIOYEK M IUIACTHH.
C.A.AMOapIyMssHOM CO3aHa OPUTHHAIbHAS MUKPOMOJISIPHAS TEOPHs 000JI0UEK U
TUTACTHH, B KOTOPO# codeTaeTcsi ero YTOYHEHHasi Teopusi 000J0UYEK M IJIACTUH C
KJIACCUYECKON HECUMMETPUYHOU TEOPUEN yIIPYTOCTH.

HOCHGI{HI/IC roabl OH CO CBOMMH YYCHUKAMU 3aHUMAJICA HpO6HCMaMI/I IIpUKJIaa-
HOH MI/IKpOHOHHpHOﬁ TCOPHHU TOHKHUX TECJI, IMHAMUYCCKUMMU 3aa4aMM IJICKTpOMar-
HUTOYIPYTOCTU IUJIACTUH U O6OJ'IO‘ICK, a TaKXKE TCOPCTHYCCKUMHU BOIIPOCAMU
MEXaHUKH KOCMHYCCKUX J'II/I(I)TOB, B YaCTHOCTH, BOIIpOCaAMU IIPOYHOCTH U
KoJIeOaHUI KOCMHYECKOTO Kabens TPaHCIIOPTHPYIOIIETO Ipy3a U AIIEKTPUIECKOTO
TOKA.

C.A.AMmOapiymsiHoMm omny0iukoBaHo 14 monorpaduit u 6onee 300 crareid.
IlonydyeHHble MM Hay4HbIE pE3YyJbTaTbl HALUIM I[IAPOKOE IPUMEHEHUE IIPU
CO3JIaHNH 00BEKTOB COBPEMEHHOW TEXHHMKH. Ero TpyJbl H3BECTHBI BO BCEM MHPE,
IMOJIYYCHHBIEC UM PE3YJIbTAThI ABJIAIOTCA CYHNICCTBCHHBLIM BKJIIaIOM B MHUPOBYIO
Hayky. Onu nepeBenens! u uznansl B CIIA, Anonun, Kurae u 8 Cunramype. Ums
C.A. AMOapuymsiHa Hepa3pbIBHO CBsizaHO U ¢ Poccwuiickoit Haykoil. OH Ooinee
MECTUACCATHU IIATH JICT YCIICIIHO COTPpYAHNYA C PEAKOJUICTUAMU MPOCIaBJICHHBIX
)KypHanoB Poccuiickoii akanemuu Hayk (IIMM, MTT). Benuku ero 3aciayru B
Jielie YKPETUIeHUS! IPY>KObl B COTPYIHUYECTBA MEXKIY YUEHBIMU Pa3HBIX CTPaH.

Ero wmHoOTOnETHSA ACATCIIBHOCTE W HAYYHBIC TpPYAblI BBICOKO OLICHCHBI U
OTMCUYCHBI MHOI'OYMUCJICHHBIMHU TOCYAapCTBECHHBIMU W HAYYHBIMH HarpajgamMm Hu
IPEMUSIMH.

Hayunoe nacnenume C.A.AMmOapuymsiHa Bceraa OyIeT SIBISTHCS MCTOYHHKOM
TBOPYECKOT0 BJOXHOBEHHMS /TSl YUECHBIX-MEXaHUKOB.

MexayHapoIHbIi peJaKUUOHHBIM COBET W PEIKOJUIETHs >KypHaja IITyOOKo
YTST HaMATh BEJIMKOTO YYEHOTO.
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YK 539.3 Doi: 10.54503/0002-3051-2022.75.1-2-5

O HEKOTOPBIX ACIIEKTAX PAZBUTUS TEOPUU OBOJIOYEK U IIVIACTUH
B APMEHUH

Aranossia JL.A.

KarwueBble cioBa: IU1acThHa, 060}'[0'{1(3, AHU30TPOINHUA; KIIaCCUYCCKasl, YTOYHCHHBIC, AaCUMIITOTUYECKAsA TCOPHH,
HEKJIAaCCUYCCKUE KPACBBIC 3a1a4Yn.

Aghalovyan L.A.
On Some Aspects of the Development of the Theory of Shells and Plates in Armenia

Keywords: plate, shell, anisotropy; classical, refined, asymptotic theories, non-classical boundary value problems.

Some aspects of the development of the classical, refined, asymptotic theories of anisotropic plates and shells in
Armenia are outlined. The decisive role of S.A.Ambartsumyan in the creation and development of these theories,
the foundation of the corresponding Scientific school is noted.

Ununduh L.U.
Zugyuunuimy punutpitph b uuybph nhumpjut qupqugdut npng wuyklnubkph duuhb

Jplbwpunkp’ wwilp, punubpbbp, nuuwfwb, &gpuyws, wuhdywnnnhl wbumpmbikp, oy
nuuwljut kiqpuyht jpunhpubp:

Cuwpunpus ki Zujwunwinud wihqnupny  punuiptbph b wwbph puuwfub, ggqpundus,
wuhduyinninhl] mbkunipjnibibph qupqugdwt npny wuwklnbbkpp: Cungdyws b U.Zudpupdnidjuith
npnphy nhpp wyn mbkumpinibibph winbnddwb, qupquglul, hudwwywnwuput ghnwuljut nupngh
hhdtwnpdwt yth qgnpénud:

V3naraloTcst HEKOTOpBIC ACHEKTHI Pa3BUTHSL  KIACCHYECKOHW, YTOYHEHHBIX, ACHMITOTHYECKOH Teopuit
AHM30TPOIHBIX IJIACTUH M 000104ek B ApmeHun. Otmedaercs pemaromas poib C.A. AMOapiyMsHa B CO3/1aHUH
U Pa3BUTHHU 3THX TEOPHIl, OCHOBAHUM COOTBETCTBYomIeH HayuHOil mKombI.

1. Kuaaccumyeckasi M yTOUHeHHbIE TEOPHH MJIACTHH U 000/104YeK

Banku, crepxHH, IUIACTHHBL M OOOJIOUKM SIBJISIFOTCS. COCTaBHBIMU 3JEMEHTaAMU
COBPEMEHHBIX CTPOUTEIbHBIX KOHCTPYKIMH, MaIMHOCTPOCHHUS, JIETATEIbHBIX U MOPCKHX
anmnaparoB, npubopocTpoeHus. J[ns pacuyera Ha NMPOYHOCTb, YCTOWYHUBOCTH M JOJTOBEY-
HOCTb MOJOOHBIX KOHCTPYKLHMI HEOOXOJUMO ONPENEIIUTh UX HANPsKEHHO-1e(OpPMUPOBaH-
ueie cocrostaus (HJIC). Jlst aToro B o0miem ciaydae cieqyeT pelIuTh COOTBETCTBYIOILYIO
TPEXMEpHYI0 3a1auy Teopuu ynpyroctd. OnHaKo, nepBoHaYaabHO OBLIO TPYJHO MPEOJIO-
JIeBaTh BO3HMKAIOIIME MAaTeMaTHYeCKHe TPYAHOCTH M HalLIM Pa3BUTHE NPUKIAJHBIC
TEOPHUU Ha OCHOBE METO/1a IPUHATHS THIIOTE3, UCTIONB3Ys X T€OMETPHUECKYIO CIIEIIU(PUKY.
Jlis Gasiok M cTepxHEH OAWMH M3 pa3MepoB (AJMHA) HAMHOIO OOJbIIE Pa3MEpOB MX IOIe-
peuHoro cedenus. st miaacTUH U 000JI0YeK — TOJIIMHA HAMHOTO MEHbIIE TaHI'€HIHAIIb-
HBIX pa3MepoB. Kiaccuueckas Teopusi M30TPOIHBIX 0aJOK M CTep)KHEil MoCTpoeHa Ha
OCHOBE TUIOTE3bI INIOCKUX ceyeHnid bepuyu-Kynona-Oiinepa (Tumomenko, 1965).


https://doi.org/10.54503/0002-3051-2022.75.1-2-5

IlepBble uccenoBaHus 10 TEOPUH IUTACTHH BbiNoHEHb! Komm u ITyacconom MeTonom
Pa3JIoKeHUs 10 IEpEMEHHOMY NapameTpy TomuHbl. OHaKO cpa3y BO3HHUKIIO IIPOTHUBOpE-
4pe, CBA3aHHOE C HECOOTBETCTBHEM MEXAY IOPSIKOM OCHOBHOTO AU((epeHINaTIbHOTO
ypaBHeHMs (Y4eTBEpThI) U BbIBeIEHHBIX [lyacCOHOM TIpaHMYHBIX YCJIOBUII Ha OOKOBOI
MOBEPXHOCTH (MX OKa3aJI0Ch TPH). DTO OOCTOSATENBCTBO MOYTH Ha MOJIBEKA IPUOCTAHOBUIIO
passutue teopuu. [Ipobnemy ynanocsk pemuts Kupxrody meronom rumotes (rumoresa o
HenepopMupyeMblx HopMaisix). Kupxrod Ha oOCHOBe 3TOH THIOTE3bl, IVIacsILeii:
HOpPMAaJIbHBIA K KOOPAWHATHOMN MOBEPXHOCTH MPSIMONMHENHHBIN 3JEMEHT IUIACTUHKH MOCIIEe
negopMalMu  OCTaeTcs  MPSIMOJHMHEHHBIM, HOPMAJIbHBIM K  J1e(OPMHUPOBAHHON
KOOPJIMHATHOM MOBEPXHOCTH IUIACTMHKM M COXpPaHJET CBOI [UIMHY; U BapbUPOBaHHEM
MOTEHLUAJILHOI SHepruu neopMaly BbIBEJI OCHOBHOE YpaBHEHUE M3rvba IJIACTHHKU U
HENPOTHUBOPEUMBbIE IPaHUYHBIC YCIOBHS Ha OOKOBOW IOBEPXHOCTH (MX OKa3aJoCh JBa).
OOBIYHO MOMHUMO 3TOW r€OMETPHYECKOM I'MIOTE3bl HCHONIB3YETCS M BTOpas (CTaTHYecKas)

TUIIOTE3a: HOPMAJIbHBIM HAIIPSPKEHUEM GVY s HCﬁCTBymMHM Ha IUIomaaKax, napajuiieIbHbIX

KOODJIMHATHOM, M MMEIOIIUM HAlpaBlIeHHEe HOPMaJM K OSTUM IUIOMIAJAKaM, MOXKHO
npeHedpeds Mo CPaBHEHUIO C JPYTUMH KOMIOHEHTaMH TeH30pa HampspkeHui. JIsB (1935)
pacripocTpaHun 3TH runotessl (rumote3sl Kupxroga-JIsa) m1d BbIBOAa OCHOBHBIX
ypaBHEHUI HM30TPONHBIX 000s04YeK. bomnbmioi Briax A OKOHYATEIbHOTO IOCTPOCHHMS
KJIACCUUECKON TEOPUH H30TPOINHBIX IUIACTHH M 000J0YEK M METOJIOB PELICHUS BO3HHMKa-
IOIUX TPUKIAAHBIX 3amad BHecnu: Jlypee, 1947; Bmacos, 1949; Tonpenseiizep, 1953,
1976;Tumomenko, 1963;  Hosoxwnos, 1962;®morre, 1961;  lonnen, 1982 u  np.
Knaccuueckass Teopus aHM30TPONHBIX IIACTHH noctpoeHa JlexnunxuMm, 1957. Knaccuue-
CKasl TEOPHsI CIIOMCTHIX aHU3O0TPOIHBIX 000J04eK Oe3ymnpedno moctpoeHa C. A. AmbGapiy-
MsiHOM, 1961. Monorpadus C. A. AmGapiymsHa cpasy ke npuoOpena U3BeCTHOCTh, OblIa
nepeBeneHa NACA u m3mana B CIHIA (AmbartsumianS.A., 1964). Ilo ceit nenp oHa
SIBJISIETCS] HACTOJIBHON KHUTOW KOHCTPYKTOPCKHX OIOpPO MO HOBOM TEXHHKE, MOATBEPKAas
MHPOBYIO U3BECTHOCTb aBTOPA.

B mocnenyromem, BIUIOTH 10 COPOKOBBIX I'OJOB JIBAALATOTO BEKa JOMHHHPYIOILYIO
pOJIb Urpanu HCCieoBaHUs Ha ocHoBe runote3Kupxroda-Jlssa. Haunnas ¢ 3Tux rojos
HaMETHJICSI HHTEPEC U K APYTUM crioco0aM pelieHus TpeXMEPHbBIX 33/1a4 TEOPUH yIIPYrOCTH
JUTS TUTACTUH U 000J104eK. JTo ObUIO CBSI3aHO C TeM, 4To rumoTe3sl Kupxroda-Jlssa ne
Bcerga obecreunBaii HEOOXOIUMYIO TOYHOCTh pe3ynibraroB. Cka3aHHOE Kacaercs, B
YAaCTHOCTH, AHHM30TPOIHBIX IUIACTUH M O00O0JOYEK, CIOUCTHIX IUIACTHH W 00O0JIOYeK,
JUHAMUYECKMX 3a7ad, IUIACTUH W 000JIOYEK U3 COBPEMEHHBIX KOMIIO3MIMOHHBIX
MaTtepuanoB. J[ns pemeHus BO3ZHHKAIOUIMX HpoOJieM ObUIO TNPEUIOKEHO MHOXXECTBO
MOJIXOJIOB, KOTOPbIEé MOXKHOPa30UTh Ha TPH TPYIIBI: a) METOJ CMATYEHHBIX TMHOTE3, 0)
METO/I Pa3NIOKEHUH IO TOJIIMHE, B) ACUMITOTHYECKUH METOJ. 3a KOPOTKHH INepHon
MOSIBWINCH OCHOBAHHBIE Ha CMATYEHHBIX JomylieHusx teopuu O. PeiiccHepa (ReissnerE.,
1944; 1945), C. Amb6apuymsina (AmOapuymsul967; 1971;1987;1991; Ambartsumian
1971), tuna C. Tumomenko (Naghdi, 1957;ITenex, 1973).

B ytounennoit teopun miuactud O.PeiiccHepa 3ajaeTcs 3aKOH M3MEHEHHUs OCHOBHBIX

PACYCTHBIX TAHTCHIUAJIBHBIX HaHp)I)KeHI/II\;I er s Gvy s Gyv 110 TOJIIUMHE IIJIACTUHBI U U3

ypaBHEHMII paBHOBeCHs M COOTHOIEHMH ynpyroctd 3D 3anaun BBIBOAATCS JBYMEPHBIE
HENPOTUBOPEUHBBIC YPABHEHUS [ ONPECNICHHs IEPEMELICHUI 1 OCTaIbHBIX KOMIOHEHT
TeH3opa Hanpsokennid. C Touky 3penus peurenus 3D 3amaun Teopuy ynpyrocTH, ommoKa



B BBIOOpE 3aKOHA W3MEHEHHUs OCHOBHBIX PACUETHBIX HANpsDKEHHI OyneT YyBCTBUTEIBHO
BIIUSITH HA OKOHYATENIbHBIE PE3YIbTaThI.
B yrouneHHo# Teopuu miactuH AmOapuymsHa C.A. OCHOBHOI ynop clenaH Ha Kaca-

TeNbHBIC HANPSUKEHHs O, O |, He CYMTAIOLIHECs OCHOBHBIMA. [Ipeanonaraercs, uro:
a) HOPMaJIbHOE K CPEJMHHOM IUIOCKOCTH IUIACTUHKY MEpEMELICHHE W HE 3aBHCHUT OT
KOOpJIUHATHI Z (KaK B KIIACCUYECKOU TEOPHH);

0) KacarelpHBIE HANPSHKEHUS O

xz 2

Gyz MCHAKOTCA 110 TOJIIWHE IUIACTUHKHU 110

3aJaHHOMY 3aKOHY:

0 =T X (0 )

Y -v

0, = (Y ) L)

(M

rae /l— TONIMHA IUIACTHHKH, fl (2)- 3amammsie QyHKIMH, KOTOpPHIE XapaKTEPHU3yIOT

3aKOHBl HM3MEHEHHMs OTHX KacaTelbHbIX HANpsDKEHMH MO  TOJMIIMHE TUIACTHHKH,
filz=%2=1=0; o(x,y), y(x,y) - neussectunie noka Gpysxumn. [peacrasnenne

KacaTeNbHBIX HampsokeHuil B Buje (1) mo3Boisier ¢ caMOro Hadana TOXJIECTBEHHO

YAOBJIECTBOPATH T'PAHAYHBIM YCIIOBUAM Ha JHMIEBBIX MOBEPXHOCTAX Z = i% IJIAaCTUHKU:

0 (=0 =X (xp); R ) @

R
rme X, Y — ranreHumansHble KOMIOHEHTHI 3aJaHHBIX TIOBEPXHOCTHBIX HATPY30K.

VY 10BIETBOPUBYpPABHEHHSI PAaBHOBECUS M COOTHOIIEHHS YHPYroctu (0000mieHHbII
3akon I'yka), pemenne 30 3amaum cBOAMTCA K PELICHUIO CUCTEMBI U3 MATH JBYMEPHBIX

i hepeHIMaNbHEIX YPaBHEHHH ¥ YIOBJIETBOPEHHIO COOTBETCTBYIOIIMX IIPHBEICHHBIX
TPaHUYHBIX YCIOBHH Ha OOKOBOM NOBEPXHOCTH IUIACTUHKHA OTHOCHUTENHO IISITH

neussecTHbIX Qynkumii u(X, y), v(x,y), w(x, ), ¢(x, y), w(x, ). Hocrpoena coot-
BETCTBYIOLIAasi yTOYHEHHAsl TEOPHUs Jla aHU30TPOITHBIX 000JIOUEK, a TAKKe MTepallMOHHAs
teopust (AmOapuymsH 1974).

Ha ocHoBe Kj1laccH4ecKoi U yTOYHEHHBIX TEOpUil aHU30TPOIHBIX IIACTUH U 000I04€eK
C.A. Ambapuymsiaom, ero yuenmkamu [.E. barmacapsuom, B.Il. I'mynn, A.A. Xauatps-
HOoM, JI.A. MoBcucsaom, M.B. beny6eksnom, P.M. KupakocssHOM 1 IpyruMu ydeHUKaMH 1
COTPYZHMKAMU pEIICHO MHO’XECTBO HHTEPECHBIX NPHUKIAAHBIX 3aJad 10 HPOYHOCTH,
YCTOMYMBOCTHU U KOJIeOaHMUAM IUIACTHH U 000JI0UEK, B TOM YHCIIE CIOUCTHIX. B pesynbrare
co3nanHas C.A. AmOapuyMmsHoM apmsHckas HayuHass mkojga 1o TEOpHMH IUIACTHH U
obomouek mprobpena m3BecTHOCTH He Tonbko B CCCP, HO 1 BO Bcem Mupe.

Baxnoe mecto 3aHuMaroT uccienoaHus C.A. AMOapiyMsHa M €ro y4€HHMKOB IO
U3YYCHHIO B3aUMOJICHCTBUS TOHKOCTEHHBIX KOHCTPYKTHBHBIX 3JIEMEHTOB C Pa3IM4YHBIMU
GU3NYECKUMH TIOJSIMH, B YaCTHOCTH, TEMIICPaTypHBIMH, JJIEKTPOMArHUTHBIMH M Jp.
C.A. Ambapuymsiaom, I'.E. Barmacapstrom, M.B. BenyGeksiHoM Ha OCHOBE UM K€ TPEAJo-
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YKEHHOM T'MIIOTE3bl MAaTrHUTOYIPYTOCTH TOHKUX TEJ, MOCTPOEHA TEOPUsI MAarHUTOYNIPYTOCTH
TOHKHMX 0o0oJyouek u miuactTuH (AmOapuymsiH, barnacapsn, benyGexsn, 1977). B nanbheii-
LIeM 3TO HalpaBJIeHHE MHTEHCUBHO Pa3BUBAJIOCHh U pacliupsuiock. OCHOBHBIE pe3yJIbTaThl
oTpaxkeHbl B MoHorpadusx (AmOapuymsH, bemyOexsH, 1991;1992;2010; AmOGapuymsH,
Barnacapsin, 1996);(barnacapsn, 1999; Baghdasaryan, Mikilyan, 2016; Baghdasaryan,
Danoyan,2018). Cnextp HayuHbix uHTepecoB C.A.AMOapiiyMsiHa NpoJOJKall OCTaBaTHCS
mpokuM.  OH  sBIIeTCSs  aBTOPOM  pa3HOMOAYJIBHOH  TEOpUM  yNPYrocTu
(AmOapuymsn,1982), npukinagHOW MHUKpPOMOJSPHOHW Teopuu 000J04E€K U IUIACTUH
(AmbapuymsH,1999).

ITo yTouHeHHO Teopuu THna THMOIIEHKO CHaudayia 3aJal0TCd KOMIIOHEHTHI BEKTOpPa
nepeMenienns (06bI9HO KaK THHeiHbIe (YHKIMU OT TONIIUHHON TIepeMenHoit), 3atem 3D
3aja4a TEOpUHM YIPYTrOCTH CBOAUTCS K JABYMEpHOH s miactuH u obonoyek (Naghdi,
1957; Ilenex, 1973).

CornacHO METOZy pPa3jIOKEHMs 0 TOJILIMHE, UCKOMbIC BEJIMYHMHBI MPEICTBISIOTCS B
BHJIE€ CTEIICHHBIX PSIIOB MO MONEPEYHOI KOOpAUHATE Z K IUIACTUHKE MM 000I04Ke. DTOMY
METOy MOCBSIIIIEHA MOHOTpadus (Kunpuescknit, 1963). H.A. KunpueBckum
BapUaIlMOHHBIM METOJOM BBIBEIEHbl TAKXKE HEMPOTHBOPEUYMBBIE TPAHUYHBIC YCIIOBH,
KoTopsle Bo3HUKamM y Ko kak npoGiema.

K Mertomy pasiioxeHus O TOJIIMHE MOXKHO OTHECTH TaKXKe MPE/ICTaBIEHUS HCKOMBIX
BEJINYMH B BHJE Psa [0 HEKOTOPBIM CHELHAIBHEIM (QYHKIUSAM OT IOIEPedHOi KoopauHa-
TBI, B 9aCTHOCTH 1o nosmHuMaM Jlexannpa. Takas Teopus A HU30TPOIHBEIX 000JIOYEK
nmoctpoeHa M.H. Bekya (Bexkya, 1982). XapakrepHoii 0COOEHHOCTHIO METOIOB PA3IIOKEHUS
[0 TOJIIMHE SBIISETCS IOBBINIEHHE MOPSAAKA OCHOBHBEIX paspemaromux anddepeHnnans-
HBIX YPAaBHEHMH C yBEJIMYEHHEM YHCIa MPHOIVDKEHUH, 9TO NPUBOAUT K HEOOXOJUMOCTH
IIPEOJOICHHS 3HAUNTEIbHBIX MaTEMAaTHIECKUX TPYJHOCTEH.

2. ACHMMITOTHYECKAS TEOPUS IJIACTHH U 000104eK

Y4uTeIBasBEIIIeyKa3a HHYIOCTICH(UKYIIACTHHHOO0IOYEK, [IEPEeX 0 IIBY paBHe -
HUAXPABHOBECHA(IBUKEHHUS) H COOTHONIEHHAX ypyroctd 31) 3amaum Teopuu ynpyrocTu
K Oe3p3aMepHBIM KOOpAMHATAM M IEPMEIICHUSAM, BCEIJa €CThb BO3MOXHOCTbBBIAEIUTH
Masiblit TeomeTpudeckuit mapamerp € = A/ [ (/- Tommuuna, [- xapaxTepHblif TaHreHIH-
aNbHBIA pa3Mep) B 3THX ypaBHEHHSX W COOTHouleHusx. Kazanock Obl, MOXKHO OOBIYHBIM
pasoXeHueM Mo 3ToMy mapamerpy pemmth 3D 3amauy. Ilocnenosano pazoyapoBaHue,
n0o0 cucrtemMa okaszajach CHHI'YJIIPHO BO3MYIIEHHOH MasibIM apaMeTpoM. [Ipu 3ToM Mansiid
napamerp okasajcs kKo3((GHUUUEHTOM He BCEro CTaplIero oneparopa, a JIMib ero yactu. Ha
CUHTYJIIDHO BO3MYyILEHHbIe OuddepeHnanbHple ypaBHEHHS MaTeMaTHKH Hadaiu oOpa-
11aTh BHUMaHKUE HauuHas ¢ cepeannsl asaauatoro Beka (K. O. @punpuxc, A. H. TuxoHos,
B. Bazos, M. . Bumuk u JI. A. Jlrocrepuuk, A. X. Haiide u ap.). [TocnenoBano 6ypHoe
pa3BUTHE M MOSBMJIOCH MHOMECTBO IEpBOKJIACCHBIX MoHorpaduit (Baszos B., 1968;
BacunbeBa A. b., Byty3zos B. @., 1973; Haiige A. X., 1976: Jlomos C. A., 1981 u ap.).
OpHako B 3THX MOHOTpadusix He ObUI OOCYXIEH THUII CHHTYJISIPHO BO3MYIUEHHBIX IH(-
(bepeHIanbHEIX YpaBHEHHUH, BO3HHUKAIOIIMX B TEOPHH YNPYTOCTH IUISL TOHKHX Teil. [l
pemeHnss MoA0OHBIX ypaBHEHHH M cHCTEM 3(Q(EKTUBHBIM OKAa3aJICS ACUMITOTHYECKHN
Mmetoa. IlepBeiMu paboTamMy NO HNPUMEHEHHIO aCUMITOTHYECKOTO METOJA JJ PELICHUs
3amad miactud u obomouek sBistiores (FriedrichsandDressler, 1961; Green,1962a; 1962b;
lonpnenseizep, 1962). beuio moka3aHo, 9YTO OJHUM PA3NIOKEHHEM 10 MAJIOMY ITapaMeTpy,
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KaK B PETYJSPHO BO3MYIIEHHBIX MaJlbIM MapaMETPpOM YPAaBHEHMAX, 3aqady pPEIIuTh

HEBO3MOXHO. PellieHne CHHTyIIpHO BO3MYILICHHBIX YPaBHEHUN U CUCTEM CKJIaJbIBACTCS U3
o t

IBYX KaueCTBEHHO PA3IMUHBIX CIAraeMbIX: pelleHus BHemHed samaun (/™) u pemenns

norpanmasoro ciost (1 )
I=1"+1, (3)

Ipumenutensno k3D 3amaue Teopuu yHpyrocTH, pellleHHEM BHeNIHEH 3aiadu
IIOMHUMO yJIOBJICTBOPEHUS YypaBHEHMH paBHOBECHS (IBIKCHMSA) M  COOTHOLICHUI
YHPYTOCTH, YAOBJIETBOPSAIOTCS IPAaHUYHbIE YCIOBHUS Ha JHIEBBIX MOBEPXHOCTAX IIACTUHKU
win  000nouky  (BHEIIHME YCIOBUS). OTO K€ pEIIEeHHEe B  PYCCKOS3BIYHBIX

o int
y6IMKANUAXOBIIO IPHHATO HA3BIBATH PEIEHHEM BHyTpeHHei 3anauu (/" ) B ToM miaue,
YTO OHO CIPABEIJIMBO Ha HEKOTOPOM PACCTOSHUM OT OOKOBOI NMOBEPXHOCTH, T.€. BHYTPH
IUIACTHHKY MM o6osnouky. Pemenne [ , JOKaIM30BaHO BOMM3U OOKOBOI MOBEPXHOCTH U
KakK MPaBUJIO BCE €ro BEJIMYMHBI IKCIIOHEHIMAIBHO YOBIBAIOT NMPH YAaJeHHUH OT OOKOBOU
MOBEPXHOCTH BO BHYTPb IUIACTUHKU WM OOOJIOYKH. DTH PELICHUS MOXHO IOCTPOHUTH
pa3zenbHo.

Penrenue BHeIHEH 3a1aunHIIETCS] B BUIE

" =g, s=0,N )

rae o6osnauenne S =0, N o03HauaeT CyMMMpOBaHHME 110 UENOYHUCIEHHBIM 3HAYEHUAM
MOBTOPSIONIErOcs (HEMOTO) MHJEKCA S OT HyJs 10 uucia npubmmxennii N (06o3HaueHue
Oiinreiina). B ciydae peryaspHOro BO3MYLIEHHS , = 0. 3neck xe 3HaueHne g 3aBUCHT

OT MCKOMO# (YHKIMM M OT THINA KPAcBbIX YCIOBHI Ha JIMIEBBIX MOBEpXHOCTAX. OHU
TTOJDKHBI OBITH TAKUMH, YTOOBI ITOCIIE TIOACTAHOBKH (4) B MpeoOpa3oBaHHBIE MEPEXOIOM K
Oe3pa3MepHBIM KOOpAMHATAM M TIEPEMEINCHHUAM CHUCTEMbl U TPUPABHUBAHUS B KaXIOM
YPaBHEHHH COOTBETCTBYIOUIMX KO3()(UIMEHTOB mnpu E, BO3MOXKHO OBLIO IOJYyYHTh

s
HENMPOTUBOPEUMBYIO CUCTEMY Ul OmpeaeicHust Beex [ ¢ 310 Hanbonee TpyZAHas 4acTb
IIPU HCIOJIb30BAHUM AaCHUMITOTHYECKOro merona. HeciywaiiHO, 4TO HEKOTOpPbIE aBTOPBI

OTBICKaHHE TAKUX (; CIATAOT MCKyccTBOM (babmu, Bynmeipes, 1977). Hampumep, B

IUIOCKOW 3ajade s TMOJOChI (6aJIKI/I) HUMEEM q] = —2 o, U, q] = —1 11 O

xx 2 xy

q, = 0 ma o q, = OB cummerpuuHoii (pacTskeHMe - CHKATHE), q, = —3B

w?
KococuMMeTpuaHOW (m3rub) 3amadax (AramossH, 1997). CooTBeTcTByromee JTOMH
acHMITOTUKE paspemnaromiee ypasnenue npu § = () coBmazaeT ¢ ypaBHEHHEM Ha OCHOBE
THIIOTE3bl TUIOCKUX cedeHuil bepHymmm-Kynona-Oinepa, mocnenyromue HpuOIMKEHUS
YTOUHSIOT JaHHbIE KJIACCHYECKOH Teopuu Oallok M CTep)KHEH. YHHKalbHBI CBOMCTBa

peuieHus IMOTIpPpaHUYHOro CJIO0A I I/I30Tp0HHOI71 TOJIOChI IHPHUHBL 2h OHO sBISIETCS

MaTE€MaTUYCCKH TOYHBIM. Hanpim(e}mﬂ (o) (e} B TIPOU3BOJIBHOM IIOIIEPEYHOM

xxb ? xyb

CCUCHUHU CaMOYpPaBHOBCIICHHBI:



]h C.dy =0, ]hycmdy =0, Tcxybdy =0 ()
—h —h —h

Bce uckoMble BENHYHHBI MOTPAHMYHOTO cj1osi yobBaloT oT Topua X = 0 Ganku

X
(cTepxHs) BO BHYTPb Kak €XP —Reklz , rz(e7\,1— NepBBIi  KOPEHb ch:?x.1 >0

ypapuerua Sin 2A+2A=0 B cummerpuunoit 3amaue (Re 7\.1 ~2.106)u ypasnenus

sin2A—2A =0 B 3anaue usru6a (Re, = 3.749) . Mocrosnnbie B pemenun sHewmHeit

3aJ]a4¥l OIHO3HAYHO OINPEEISIOTCS, HCIOJIb3Ys CBOMCTBO (5) M HA MX 3HAYECHUS HE BIMSIOT
CaMOYpPaBHOBEILIEHHBIE TOPILIEBBbIE HArPYy3KH, T.€. TOXKIECTBEHHO BBITMOIHACTCS MPUHIUI
Cen-Benana. Takum oOpasom, npunuun CeH-BeHaHa ecTb ciencTBUe, BBITEKArollee U3
MaTeMaTU4eCKU TOYHOTO PELIEHHUs IUIOCKON 3a1a4u.

ACHMNTOTHYECKUH METOJ TO3BONAET PEIIMTh IepByl0 KpaeByio 3D 3amauy s
TEPMOYIIPYTOil MIACTUHKU

D={(x,y,z):OSxSa,OSySb,—hSZSh,min(a,b)zl,h<<l},

obOmanatoeid obmieilt anm3orponueil (21 mocrosHHas ynpyroctu). CuuTaercs, 4TO Ha
JIMIEBBIX TIOCKOCTAX Z = T/ 3a1aHbl 3HAYeHHs HANPSKEHHUI

o.(x,y.th)=0c.(x,y), j=x).z (6)

B ypaBHEHMAX paBHOBECHs C Y4eTOM OOBEMHBIX CHJI U COOTHOILEHUSAX YIPYTOCTH C
y4eTOM BIMSIHMS TeMIepaTypHoro moins mo mozenu [lroramens-Helimana, nmepexons k

6espasmepusiv  koopmunatam E=x/1,n=y/l,L=z/h wu nepememenuam U =u/l,
V=v/l, W =w]/l,croBa nonyaum CHHIyIApHO BO3MYIIEHHYIO MATHIM MaPAMETPOM

e= h/ [ cuctemy. Pemrenue 3Toif cucTeMbl UMeeT BuJ (3), a pellleHHe BHeNIHEH 3a1aur

Buz (4). Jlns onpenenenns [ ) MOJTy4UM HETIPOTHBOPEUUBYIO CUCTEMY, €CIIH

49,=-2 ms o©,,06,,6,; ¢=-1 ma 0©_.,0.;

@)
¢, =0 ms o_;q,=-2 msa u,v, ¢q,=-3 ma W

IoncraBuB (4), ¢ yuerom (7), B Oe3pa3MepHble YypaBHEHUs paBHOBECHS U
COOTHOIIEHHS YIPYTOCTH, TTOJIYINUM ypaBHEHHS

L +1 00 = PO 1y [y = P ®)
ayp7(s) ayp7(s) ap77(s)
B, a;; +4B, aGE?V@n +2(B, + 2366)—(2&52112 +
owy oW ®
s+4B, T+ B, —= q(‘“)
0g on on
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HanucanHele B pasMepHbIX KoopauHatax ypasHenus (8) npus =0 cosmanaror c
ypaBHEHUSIMH 00OOIIEHHOW TUTIOCKOH 3amaud, a ypaBHeHHeE (9) ¢ ypaBHEHHEM H3THOa I10
Kjaccuueckoi teopun Kupxroda anms MIACTHHOK, HMEIOUIMX IIOCKOCTh YHPYIoi
cummetpun. [lpu s > 0 MeHsAIOTCS TpaBble YacTM O3THX YpaBHEHHH, Kyaa, IOMHMO
Harpy304HbIX CJaraeMbIX,0y/yT BXOJIUTh CllaraeMble, CBS3aHHbIE C OOIIEil aHM30TPOITUEH.
Takum o6pasom, 30 3anaua Teopuu yIpyrocTH,B ciydae OOLIEH aHU30TPONMH CBOIUTCS
K pemieHuio OO0OOIICHHO IUIOCKOW 3ajaud M 3a7adyd M3rulda IUIACTHHOK, WMMEIOIINX
IUIOCKOCTh YIPYTro CUMMETPHH.

3. AcHUMOTOTHMKA pelIeHHii HEeKJACCHYECKUX KpPaeBBIX 3alay IJIACTHH W
000J104U€EK

Bo Bcex m3BecTHbBIX MOHOFpa(l)I/IHX 0 KJIACCUYECKOM TEOPpUH IUIACTUH U 00071049€eK ¥ 10
YTOUYHCHHBIM TCOPUAM ObLI pacCMOTpPEH JMIIb OJWH KJIaCcC 3agad — Ha JHUIEBBIX
MOBEPXHOCTAX IJIACTUHBI UJIA 000J10YKH 3aJaHbl 3HAYCHUA COOTBETCTBYIOIINUX KOMIIOHEHT

(o jz) TEH30pa HANPSDKEHUH, T.€. YCIOBUS IIEPBOM KPaeBOH 3aJadd TECOPUU YIPYTOCTH.

Mexnay TeMm ciyuau, KOTJa Ha JMIEBBIX IMOBEPXHOCTSX 3a/JaHbl 3HAUYCHUS NMEpEeMEIIeHU
WIM CMEUIaHHbIE YCJOBUS TaKkKe HMEIT OOJIbIIOe NPUKIAAHOE 3HaueHue. [IpuyuHa
oKaszajiach OueBHIHON — runote3bl Kupxroga-JlsiBa 1 U3BECTHBIX YTOYHEHHBIX TEOPUH TYT
HeNpUMEHUMBL. Hanpumep, eciii MIACTHHKA JEXUT Ha kectkoM ocHosanuu (W=0) u
BEpPXHEH JIMIIEBOM IOBEPXHOCTH COOOIIEHO IUTAMIOM HOPMaJbHOE IepeMelleHne

W' = const, To TMIOTe30H KI1acCHIeCKoil TeOpUH (W HE 3aBHCHT OT Z ) HEBO3MOYXKHO
YZIOBJIETBOPUTH 3THM YCJIOBUSAM. [103TOMY, BEpOSTHO TPYJHO OBLIO HAWTH MOIXOMAIILYIO
THIIOTE3Y U A0 TOCIEIHEr0 BPEMEHH IOJIOOHBIE 3aJayd B YACTHBIX CIIydasX pPEeLIaInCh
AQHAJIMTUYECKUMU METOJAMU — MHTErPaJIbHBIM MPpeo0pa3oBaHNeM, METOA0M NOTEHIUAIA U
Ip. Mexay TeM 3TH 3ajaddl OCTAIOTCS KIACCHUECKMMH KpaeBbIMU 3aJauyaMH TEOpHU
yIPYTrOCTH.

ABTOpY CTaThbW yJaJOCh HAaWTH JIOCTATOYHO IPOCTYIO ACHUMIITOTHKY JUI pEIIeHHs
CHayJaja COOTBETCTBYIOIIMX IIOCKUX 3amad (AramoBsH,1982), 3aTeM NmpOCTpaHCTBEHHBIX
(AramnoBsH,1997).

IlycTs Ha NUIEBOH moBepxHOCTH mmacTurku [, obnajgaromeil obuiel aHH30TpoNueEi,
3aJ]aHbl 3HAYCHMS KOMIIOHEHT BEKTOpa IepemelieHus (YClIoBHS BTOPOH KpaeBOW 3a1adu
TEOPHUHU YIPYTOCTH):

u(aa n, +h) =u’ (‘ta’ "1), V(aa n, +h) =v" (&7 T]), W(&a n, +h) =w' (ga 11)
M(E.w n, _h) =u (E',, n)a V(g’ n, _h) =v (F-.w n), W(E.w n, _h) =w (é: T]) (10)

HJIN CMCIIAHHBIC YCJIOBUA:
c.En+h)=c (EM), j=x,y.z
u(&_),na _h) :u7(§’ n): (U,V, W)

BuactHoct, U =V =w =0

(11
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Ecin B ypaBHEHHHUSX TPEXMEPHOH 3a1aui TEOPHUH YIPYTOCTH HEepeiTn K 0e3pa3MepHbIM
KOOpJIUHATaAM M HEpPEeMEIICHHUSAM, OISATh MOJIYYUM CHHIYJISIPHO BO3MYIIEHHYHO MallbIM
napameTpom cuctemy. Perienue BHenHel 3a1auu Oynem uckatb B Buze (4). [Ipu ycnoBusix

(10) mm (11) MBI HOyYMM HEMPOTUBOPEYMBYIO CUCTEMY IUIS onpeencuus | @ , €CIn

g, =-1 nmascex o, I,j=x,),z2

(12)
0O ma U, VW

q:

[loncraBuB (4) B mpeoOpa3oBaHHYIO cucTeMy, cydeToM (12), MOIydMM HEMpOTHBO-

peuMBYyIO cHMcTeMy Jyis onpesesenus | ) Pemenue 310l cuCTeMBI Oyzer comepkarb
LIECTh HEM3BECTHBIX (DYHKLUI, KOTOpbIE OJHO3HAYHO ONpPENEISIOTCS M3 IIECTU YCIOBUH
(10) wmu (11).Takum oOpazom, B OTIMUME OT NEPBOW KpaeBOW 3a1auu, BO BTOPOU M
CMEIIAaHHOW KpaeBbIX 3a/1auaX BCE HEHM3BECTHBIE Cpa3y BbIpaXKaroTcs depe3 (yHKIIHH,

kotopsie BXxouaT B ycnoBus (10) mwmu (11). Bonee toro, ecnu dyHkunu uﬂv*,wﬂc}

SABJIAIIOTCA MHOI'OYJICHAMH OT E_),n , ATEpalusi OGpBIBaeTCH " NOJIY4aeTCsl MAaTEMAaTHICCKU
TOYHOE PCUICHUC BO BHEIIHEH 3amauve. B kadecTBe WIUTIOCTPpAllMU CKa3aHHOT'O0 IMPUBEAEM

pellleHMe BTOPOH KpaeBoH 3adaud s OPTOTPONHBIX miactun npull ,v ,w =0,

+ o+ L+
u ,v ,w =const . repanus oOpbIBAaCTCA HA UCXOAHOM NPHUOIMKEHUN, UMEEM

_W o LY o g oA A Agw
Y 2hay” " 2ha, Y Y 2h4y 0 Y 2hdy 0 T 2hd,
u+ V+ W+
u=—(h+z), v=—(h+z), w=——(h+z 13
2h( ) 2h( ) 2h( ) (13)

— 2 — — = -

A, = a0y —ay, Ay =a,0,; —aya,, Ay = a0~ a0y,
_ 2 2 2

Ay = 4,045,055 +20,,0)30y, — 4,053 — Q5,055 — 335,

Acumrnitotuka (4), (12) okazanack BOCTpeOOBAaHHOW IS PELICHUS KPaeBBIX 3a1ad I
CJIOUCTHIX IacTWH W obonouek (AranosH,1997; AranossH, ['eBoprsH, 2005). DOrta xe
acHUMNTOTHKA MO3BOJIET pemnTh 3[) nMHaMUYecKue 3ajaud TEOpHU YNPYTOCTH JUIs
IUIACTHH B 000s104eK. [Ipy 3TOM He TOJIBKO BTOPYIO M CMEIIAHHYIO KpaeBbIe 3aJadd, a U
niepByto (AranossH,2000; 2008; 2015a; 2017).

B cepenuHe nBaanaTtoro Beka CeHCMOJIOTH OOHApYXKHIIM, YTO HEpe] CHILHBIM 3eMile-
TPSCEHNEM INPOUCXOAUT 3HAUMTENbHAs NedopMarys MOBEPXHOCTH 3eMIIM B 30HE 3eMile-
TpsceHus. Torma jke BO3HHMKIA ecTecTBeHHas 3amada (Rikitake)- mosxHOMM, n3Mepss
MEepEeMELICHUs] TOYEK IOBEPXHOCTH CEHCMOONACHBIX 30H, ONPEACIHTh HAaINpsHKEHHO-
nepopmuposanHoe coctosiane (HJC) Onoka 3eMHOW KOpbI MM JUTOC(HEPHOW IIIHATHI
3eMit. ACUMITOTHYECKHH METO]] TI03BOJISIET PELIUTh U 9Ty IpodiaeMy Ui OJIOKOB B BHAE
CJIONCTBIX IUTacTUH u obosouek. Onpenenus HAC, MOXKHO OCYIIECTBHTH MOHUTOPHHT €r0
W3MEHEHHs BO BPEMEHH Ha OCHOBE HOBBIX M3MEPEHHH, BBISIBUTH KPUTUUECKHE COCTOSHUS U
UX MECTONOJIOKEeHUE. Boruncienue xe sHepruu aeopManyy MO3BOJIUT OLEHUTh MarHu-
Tyny oxugaemoro 3emierpscenus (Aghalovyan, 2015b; Aghalovyan, Aghalovyan,2021).
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AcuUMNTOTHYECKHH MeTOJl OBbUI MCIONB30BaH M B HEKOTOPHIX JPYTHX 0O0NacTaX
MEXaHUKHU CIUIOUTHOU CPeJibl.
C.O. CapkucsHOM MOCTPOEHBI:
AcuMnToTHYECKash TEOpUsl MAarHUTOYNPYTOCTH TOHKUX 000J04e€K U IJIACTHH
(Capkucsh, 1992);
AcuMnToTHyeckasi TeopHs MHUKPOIOJSIPHBIX YHNPYTHX TOHKHX IUIACTUH U 000JI0uYeK
(Capkucsa, 2008;2012);
Teopuss MHUKPONOJIAPHBIX YNPYIHX (TEPMOYIIPYTMX) TOHKHUX IUIACTHH M 00O0JIOYEK
(Capkucsn, 2011a; 2011b;2013;2019a);
MoMeHTO-MeMOpaHHasi TeOpHsl YINPYTMX TOHKHX OOOJIOYEK M IUIACTUH KaK MOJEINb
Ui IByMEpHbIX HaHomartepuainos (CapkucsH, 2019 b; 2020;2021a;2021b).
Pe3toMupysl M370K€HHOE BBIIIE, MOXKHO KOHCTATHPOBATh, YTO CO37aHHAs B ApMEHHH
ycwmmsimu C. A. Ambapymstaa Haygnast mkosna mo Teopun 00071049€K U IJIaCTHH 3aHUMAEeT
JIOCTOIHOE MECTO B MHPOBOW Hayke IO MEXaHHMKE CIUIOLIHOHW cpelpl, B YaCTHOCTH, IO

MCXaHUKC TOHKOCTCHHBIX CUCTEM.
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2U8UUSUULP GhSNRESNARLLEP ULAUSPL UYUNGUPUSE SENEUUQRl
W3BECTHUS HAIIMOHAJILHOM AKAJIEMUU HAYK APMEHUUA

Ukhuwmuhlju 75, Nel-2, 2022 Mexannka
YK 539.3 Doi: 10.54503/0002-3051-2022.75.1-2-17

KOHTAKTHAS 3AJIAYA JIJII COCTABHOM IIJIOCKOCTH C PA3PE3OM

AxonsH B.H., AMupaxansan A.A., Axonsia JI.B.
KiioueBble cj10Ba: CMEIIaHHAS 3ajaya, TpeluHa, [mTaMmii, Me)!((ba3m>1ﬁ Lle(beKT.

Hakobyan V.N., Amirjanyan H.A., Hakobyan L.V.
Contact problem for a compound plane with a cut

Keywords: mixed boundary value problem, crack, stamp, interfacial defect

This article discussed the plane stress state of a composite elastic plane with an interfacial crack, on one of the
banks of which, with adhesion, an absolutely rigid stamp is pressed that does not reach the endpoints of the crack.
Using discontinuous solutions of the Lame equations for a composite plane with an interfacial crack, the solution
of the problem is reduced to solving a singular integral equation. The solution of the latter is constructed by the
numerical-analytical method of mechanical quadratures. A numerical analysis has been carried out and regularities

of changes of contact stresses and the Cherepanov-Rice integral ./ have been studied depending on the physical-
mechanical and geometrical parameters of the problem.

Zuynpymt 9., Udhppwiyut 2.U., Zwynpjub .9,
YUnbwnwljinughb tinhp Uhedwquuhts fmpny pununpyuy hwppnipjwb hudwp

Zpwftwpuntp’ ownp bqpuight ubimhp, &wp, apnad, thobuquyht nhdlin

Uphmuntnwiipnid nunidiwuhpdly £ pununpyu) hwppnipjut hwppe nhdnplwughnt hdulp, tpp
wyt qupnibwlmd b dhodwquyhtt Lwp, nph wihtphg dklht b ubnuynud, gwph ququplbp gnipu
skynn, wipht hwpulglwé pugupdwy Ynyn ppoadp: Uhgbuquiht ghdkjntibpny  pununpyuyg
hwppnipjwt hwdwp Ludbh hwjwuwpmdibph juqynnp nwsnudubph oqunipjudp jutnph nusnudp
ptipdty E uhignup  htnbgpu) hwjwuwpdwb, nph psnudp juemgl) b dbjuwbhfuliub
punwinuuugdwl pwtwdbbph pdught-wbwjhwnhly dbpngny: @duyhtt hwoduplh  oqunipjudp
nuuntlbwuhpdly B Yntnwlunught jupnudibph b Qkpkwwbng-NQwyjuh J htunkgpuyh thnthnudwh
ophtwswthnipniupp:

Paccmorpeno  miocko-e()OpMUPOBAHHOE COCTOSHUE COCTaBHOW YNpyro IUIOCKOCTH ¢  MexdasHoit
TPEIIMHOM, Ha OJUH H3 OeperoB KOTOPOH CO CIEIJICHHEM BJABIMBACTCS AOCONIOTHO JKECTKMH INTaMIl, He
JIOXOJISAIIMI 10 KOHLEBBIX TOYEK TpeIluHbl. Vicronb3ys pa3pbIBHbIC peleHust ypaBHeHu# Jlamd 11 coctaBHON
IUIOCKOCTH C MeX(a3HOH TpPELMHOMN, pelleHne 3aauyd CBEICHO K PEIICHHIO CHHIYJSIPHOIO HMHTErPajbHOro
ypaBHeHus. Pelienue mocieiHero ImocTpoeHO YHMCICHHO-aHATUTHYECKUM METOJOM MEXaHMYEeCKHX KBaJApaTyp.
ITpoBeaEH YHMCICHHBI SKCIEPUMEHT U H3y4YCHBI 3aKOHOMEPHOCTH M3MCHCHHS KOHTAKTHBIX HANPSDKCHHH U J
nnrerpana Yepenanosa-Paiica B 3aBHCMMOCTH OT (pU3HKO-MEXaHUYECKUX U FE€OMETPHYECKUX MTapaMeTpoB 3aJauH.

BBenenue

W3ydeHnne 3aKOHOMEPHOCTH HM3MEHEHUS HANPsHKEHHO-Ie(POPMHUPOBAHHOTO COCTOSHUS
BOKPYI' KOHIICHTPATOPOB HAMPSKEHWH pPa3MUYHBIX THMOB W pa3paboTka METOIHK
MOBBIIICHUST PAOOTOCTIOCOOHOCTH M JIOJTOBEYHOCTH KOHCTPYKIMA M HMX JeTaneid Bcerna
OBLIO W OCTaeTCs OJHWUM U3 BaXHEUIIMX HANpaBICHWH KOHTAKTHBIX M CMENIAHHBIX 3a7ad
TEOpUH YNPYTOCTH W MEXAHWKH pa3pymieHus. MHorue (yHIaMeHTaJIbHBIE Pe3yJIbTaThl B
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9TOM HalpaBIEHHM NpPUBEIEHbl B HM3BECTHBIX MoOHOrpadusx [1-5]. YkaxkeMm Takke Ha
MoHorpaduro [6] u Ha paborsl [7-10], rae mojy4eHsl TOYHBIE pEIICHHS psja 3a1ad s
COCTABHOMW IUIOCKOCTH M HPOCTPAHCTBA ¢ MEX(a3HBIMH TpPEIIMHAMH, B OAUH U3 Oeperom
KOTOPBIX BIABIMBAETCS A0CONIOTHO >KECTKUI IITAMI HPH Pa3IMYHBIX YCIOBUSIX KOHTAKTa.
B pabotax [11-13] nosy4eHsl 3aMKHYTbIE pELLICHUS Psila KOHTAKTHBIX 3a]a4 JyUisl yOpyrou
OJTHOPOJIHOH M OPTOTPONHOI IUIOCKOCTH C KOHEYHBIMHM TPEUIMHAMM, Ha OIMH Wiu o0a
Oepera KOTOPBIX OJHOBPEMEHHO AEHCTBYIOT a0COIOTHO JKECTKHE IITAMIIBI, HE JOXOSIIHE
JO KOHLEBBIX TOUYEK TpeluHbl. UTO ke KacaeTcs aHaJOTMYHbIX 3a7ad Ul KyCOYHO-
OJJHOPOJHOH IUIOCKOCTH, TO, KaK HaM M3BECTHO, OHH JIO0 CHX IIOp He OBUIM pacCMOTPEHEL.
Hcxons M3 3TOrO W C IIENBI0 YCTPAHEHHS JTOH Opemd, B HacTosIled paboTe H3ydeHO
IJIOCKO-Ne()OPMUPOBAHHOE COCTOSIHHE KYCOYHO-OJHOPOIHOW YIPYroil IIIOCKOCTH ¢
TPEIIMHON, B OAMH M3 OeperoB KOTOPOH CO CLEIUICHHEM BJaBJIMBAETCS aOCOIIOTHO
JKECTKUI LITaMII, HE OXOJSIINHA 10 KOHIEBBIX TOYEK TPEIINHbI.

ITocTaHoBKa 3a/la4M U BbIBOJ OINPEeACIAIOIICIr0 YpaBHCHUA

IlycTh cocTaBHas ympyras IUIOCKOCTh M3 JIBYX Pa3sHOPOIHBIX TOJYIIJIOCKOCTEH C
koa¢durmentamu Jlamd 7\41, W, u kz, WL, COOTBETCTBEHHO, OTHECEHHAS K NEKAPTOBOM
cucteme koopmunar Oxy, wamnpasnenue ocu (X KOTOpoH coBNanaeT ¢ JUHHEH
COCIMHEHUSI PA3HOPOJHBIX MATEPHAIOB, HAXOAMUTCSA B YCJIOBHUSAX IUIOCKOU edopMaiiuu.
Byzaem mosarars, 4To cocTaBHas IIOCKOCTh Ha juHuM Y =0 Ha uHTepBase (—a,a)

ocnabiena paspe3oM U AeGopMUPYETCsl O] BO3ACHCTBUEM a0CONIOTHO KECTKOTO MITAMIIA
C IUIOCKMM OCHOBAHHMEM, BJABIMBAEMOIO COCPELOTOYCHHOH HOpManbHOl cuinoii F) B

HIDKHHAN Oeper pa3pe3a Ha yJacTKe (—b, b) (0 <b< a) .

@uwr. 1

Cunraercsi TaKKe, YTO OCTaJbHAsi 4acTh OEperoB paszpes3a cBOOO/HA OT HANPSIKEHUI U
cuna P, npunosxena k wrammy B Touke X = 0, uto nckirouaer ero nosopor (®ur.1)

CraBuTCsl 3a7jaya: ONpPEAEIUTh KOHTAKTHBIE HANpPSDKEHUs, ACUCTBYIOLIUE IO IUTaM-
nom, u J - unterpan Yepenanosa - Pajica B KOHIIEBBIX TOUKAX pa3pe3a X = +a .

CHabmuB uHOekcaMd 1 W 2 KOMIIOHEHTBHI HANPSDKCHHH W CMEUICHHH Pa3HOPOHBIX
TOJIYTUIOCKOCTEH, 3ajady MaTeMaTHYeCKH MOXHO TMPEICTaBUTh B BHJIE CleoyroLIel
TPaHUYHOM 3a/1a4u:

18



(|x|> a); (1.1a)

{ U (x, 0) W (x,0)= 6% (x,0)~ix? (x,0);
( ,0)=u2 (x,O)+lv2 (x,O)
0(1)(x O)—' Ejy)(x,o)=o; (—a<x<a)
GEZ (x,0)—i 2 (x,0)=0; (~a<x<-b; &b<x<a) (|x|<a) (1.1b)
u, (x,0)+iv, (x,0)=id (-b<x<b)

31ech Gg,j ) (x, y) , ’E(x() (x, y) ( j=1, 2) - KOMIIOHEHTBI HAIIPSOKEHUS, JEHCTBYIOLIUE B
COOTBETCTBYIOIHMX MOMYIIOCKOCTAX, U (x,y) uov, (x,y) (] = 1,2) — KOMITOHEHTBI

CMCIICHHUA TOYCK 3TUX HOHyHﬂOCKOCTCﬁ, a 8 — )KECTKOE CMENICHUE IITaMIa.

YTOOBI IOCTPOUTH pELIEHHE MOCTABICHHON 3amadn OyAeM HCHOJB30BaTh pa3phbIBHEIC
peLIeHust [UIsl COCTaBHOM IUIOCKOCTH ¢ MeX(ha3HbIMU AeeKTaMu, IPUBEAEHHEIE B [6]:

G(yl) (x,O)—irSy) (x,O):%{lox(x)+llw’(x)+

1.2
zl j x ds 113 i w (s)ds (12)
—a T[: —a
d Iw (x
E[uz(x,O)ﬂvz X, 0 {0 2() +
(1.3)

Li ¢w(s) difx(s)ds
+—n(;(22)_J;—S—x ds+?‘:|; p— (—o0 < x <)

rae
x(x) (—b<x<b)
@ (x.0)=it?(x.0) |= - .
|:Gy (X, ) lrxy ()C, ):| {0 (b<|x|<a) (1.4)

-KOMIUIEKCHAas: KOMOWHAINS HEW3BECTHBIX KOHTAKTHBIX HaHpH)KCHPIﬁ, HeﬁCTByIOHlHX non
mTaMIIOM,

= [”1 (x,0)+iv, (x, 0)} - [uz (x,0)+iv, (x,O)]

-KOMILJICKCHAsi KOMOMHAIHSI Pa3HOCTU CMEIICHUN TOUYEeK OeperoB TPEIIUHBI.
31ech UCII0Ib30BaHbl 0003HAYEHHS

=000 07) 00 (o) ~6): 1, — o]0+ o

L=2(99) (901, —9s):  1=2(9) (80, -9, ):
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Soov-e e ) (re)u
0 H 1

2 2

A=(09+0%) (0 01’ o= (j=12).

re V; (] = 1,2) — ko3¢ durments [lyaccona.

IIpu nmomomu cootHomennid (1.2) u (1.3) ynmoBneTBOpHM NEpBOMY M TPEThEMY U3
ycnosuii (1.1b), npensaputensHo npoanddepeHupoBas nociaennee. B urore, npuaém k

CHCTEME ypPaBHEHMI:
, il, ¢ x(s)ds il ¢ w(s)ds
L (x)+ 14w (x)+?2.[ - +;3J. -

—a —a

=0 (—a<x<a)
(1.5)

Iyw'(x) Li ¢ w(s) di t7(s)ds
g () ey [ T s TR [ TS0 (hex<d)

IlepBoe u3 3THX ypaBHEHHI pPacCMOTPUM KaK CHHIYJIIPHOE MHTErPalbHOE YPaBHEHUE
OTHOCHUTEJIBHO (DYHKIIUH (p(x) = w'(x) + lzX (x) / 13

ig ¢ 9(s)ds
q —F - , 1.6
(p(x)+n_J; Ty (x) (a<x<a) (1.6)
rac
F(x) b =hh x(x); g=0L11,
1113

U BbIpa3uM w'(x) yepe3 (QyHKIUIO X(x) IIpn sTOM nOMKHBI OBITH OOECIHECUCHBI

YCJI0BUsA HENPEPBIBHOCTU CMCUICHUA B KOHLEBBIX TOYKaX TPECUIMHBI U YCJIOBUE PABHOBECUA
mraMmiia, T.€. yCJIOBUA

a a b

Iw’(x)dx=0; jx(x)dx=jx(x)dx=P0 (1.7)
—a -a -b

N

[o(x)dx=LR /] (1.8)

Pewenue ypasuenus (1.6) npu ycnosuu (1.8) cinenyromee [4,6]:

a

(p(x):#{p*(x)ﬂ“;(f) I @(2 gzifsx)}wm(x)

(-a<x<a)

(1.9)

rae

20



l,ch 1
22— (W)Po; g=—4,
nl,

co(x) _ (x+a)—l/2+iy (Cl _x)—l/Z—iy : d _ 1
—-q

1 M1+&1“2. _ E, . o S i=12

_—1 | m =3—dv; =1,
Y=o nlel =, T TR T (VN M A

Honcrapnas B (1.9) 3mauenme F (x), [0CJI€ HEKOTOPBIX BBIKIAJIOK, HCIONB3YS

BTOpYyt0 M3 popmy (1.7), HOJIy‘II/IM

w(x)=- b

e

(-a<x<a)

tox(s
m 12 12 J; +dco(x)

OJ(S (1.10)

A=~ 11 =-24((80) ~(90) |: D=1s -4 8
03 172 2 1 ’ 23 0°1 9(22) .

13 nepBoro ypaBHenus (1.5) Takke MOXKEM 3arucaTh
. a ! . b
RO L 200
T S—X A [ nl Y, s—x

VYuuteiBast Gopmyny (1.4), mpu NMOMOLIM TOJIyYEHHOI'O COOTHOUIEHHS U (DOpMYJIbI
(1.10), u3 Broporo ypaBHeHust (1.5) mna ompeneneHus KOMIUIEKCHOH KOMOMHAIMH

KOHTAKTHBIX Haﬂpﬂ)l(eﬂl/lﬁ X(x) NOJIy4YuM CJICAYIOMES ONpeacIAr0Iee CUHTYISIPHOC

I/IHTCFpaHbHOC ypaBHeHme BTOPOTO poja:

b
jx +IK s,x)x(s)ds = f(x) (-b<x<b) (1.11)
rac
B o S [ol)-0()]
‘95 ) niael‘gg )13 co(s)(s—x)

f( ) 4P012M12|~li ch(ny)m(x)
xX)=-—
nae e, 9?
Vpasuenue (1.11) Hy)HO paccMaTpuBaTh IpU BTOPOM ycitoBuH B (1.7):
b
jX(x)dx=Po- (1.12)
-b

Takum 00pa3oM, peleHre NOCTaBICHHO 3a1aui CBEJIOCH K PEIICHUIO ONIPEAEISIOIEr0
CHHTYJISIPHOTO HHTETpasnbHOTo ypaBHeHus (1.11) mpu ycmosun (1.12).

Pemenne onpeaesiiomiero CHHryJISIpHOT0 MHTETPAJILHOI0 YPABHEHHUS
Pemrenne ompenensromiero CHHTYJSIPHOTO HHTerpainbHoro ypasHeHus (1.11) Oymem
CTPOHUTH YHCICHHO-aHAIUTHYECKUM METOJOM MEXaHHYeCKHX Kpaapatyp. [l osrtoro
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ypassenue (1.11) npu moMoIuy 3aMeHsI epeMeHHbIX X = b1), § = b chopmymmpyem Ha
HHTepBaje (— 1, 1) Y BBeJlsl 0003HAYCHU S

y(x)=by(x)/P; K.(n,&)=bK.(bn,bE), f.(n)=0bf(bm)/P,

3a1uicMm B Bl/llle'

w(n q*J-Wa )T] +IK Eny(&)ds=1f.(n) (-1<x<I) @.1)
IIpu aTom lycnom/Ie (1.127)l NPUHUMAET BU]
I w(s)ds=1 2.2)

Herpynno mokasatek, yTo pemieHue ypaBHeHHs (2.1) B KOHLEBBIX TOYKAax HHTEpBala
MMEET OCIMILTUPYIONLYIo 0co6eHHOCTh 1/ 2 Fif3, T.€. €T0 MOXKHO TIPE/ICTABATE B BUJIE:

v(n)=w.(n)(1+n) " (1-m) " @3)
rac
Gzl—q*, =ln|G|=—ilnae2,

1+g4. 27 2n

a Y, (T]) — HeTIpepbIBHAs OrpaHudYeHHas QyHKIMS Ha HHTEpBae [— 1, 1] .

Janee, noxcrasisis Beipaxenne Gyuxuun Y (¢) u3 (2.3) B (2.1) u (2.2), ucnons3ys

KBazpatypHble (opmynbl, npuBeaéHHble B [14], mo oObIYHOM mpoueaype, NpUAEM K
CHUCTEME JIMHEHHbIX anreOpanuyecKHX YpaBHEHMH OTHOCUTEIBHO 3HAYCHUH HMCKOMOM
(GYHKIMH B y371aX KBaJpaTypHOU GOPMYJIBL.

ITocne peuieHust 3TOi cUCTEMBI, IPH MOMOILM MHTEPHNOISIMOHHON (opmyiisl Jlarpan-

JKa, BOCCTaHABJIMBACTCA (byHKLII/IH \|/* (T]) " OIIPpEACIIAIOTCA BCE HCO6XO,£[I/IMLIC MCXaHUYC-

CKHE XapaKTEePUCTHUKHU MOCTABJICHHOM 3a1a4H.
[puseném (opMyisl s onpenesienus 6espasmeproro .J- wHTerpana UepemaHosa-
Paiica B KOHLIEBBIX TOYKaX TpelIUHbL. Jjis 3TOro OyJeM MCHOIb30BaTh IEPBOE COOTHOIIE-

nue (1.2), koropoe npu |x| > @ uMeeT BUJ:

l a ! d
o (x,0)—it") (x IXS . ;—Z | —Ws(i)xs 2.4)

[loxncraBnas crona 3HaueHUe W (x) u3 (1.10) 1 ucnonb3ys 3HayeHue uHTerpaia [15]

v—-1 —v T |x—a
(s=a) (b=s) ds _ (b—x)sin (nv) |b - x|

o —netg(nv) (x—a)H (b—x)" (a<x<b)
(0<Rev<l)

(x<a; x>b)

Q —
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npu v =1/2+1iy, nonyanm

o (,0)—ix") (x,0) = lslgnxml(x){ . IOJX(S—)“'S)}L@(X); 2.5)

Ach(ny) : (S)(s—x

il +al, —ib, th( (s ds _,_,
®(x)= (2 3TEA -E(s—x); ml(x):|a+x| |a R
2
= (8) oy
ho=— 2 ) SBY
Zuf 2;13

HerpynHo npoBepuTh, 4TO (GyHKIVS d)(x) OrpaHMYeHA B KOHIIEBBIX TOYKAX TPEIIH-
Hbl. Tenepb B BoIpa)XXEHUU MHTErpajia, BXoasuero B (2.5), nepeiaeM K HHTEpBaILy (—1, 1)
u 3anuineM (2.5) mocpeacTBoM GpyHKIUK W(x) . [omyuum:

G(vl) (x,O) —irffv) (x,O) signx o, (x)
: : =— X
F, A
1
{il2 __bd, I LAOLE }+CD*(x) (|x|>a),
L.ch(my)? o.(€)(E—x/b)
1 1.
(w* (&)=(e+L)2"(L-8)>"; L=alb>1 j .
Torna Oe3pa3mepHble KOA()(UIIMEHTHI MHTEHCUBHOCTU pa3pyLIAOLIMX HAaIpPsKSHUIH
OyIyT oIpeneseHsl o hopMyIe:
o (x)| x,0)— it(l,) x,0
K, (*a)-iK, (+a)= lim — ( )[ r (00)in )] =
x—(-1)/ (a+0) F,
1
_ 1_1{,-1 __bh__v(E)dE }
A L, ch(ny) ° @(&)(&11*)

a J - uarerpan Uepenanosa-Paiica mo popmymne [16]:

J(+a)= K (+a)R (+a); fi= 50[1 EVI " 1;}5}

2

(2.6)

YuciieHHbIE pacyeThbl

ITpoBenéH 4MCIIEHHBIH pacyEéT M M3y4eHbl 3aKOHOMEPHOCTH HM3MEHEHHUsS] KOHTAKTHBIX
HaNpsDKeHUH, NeHCTBYIOIIMX IOJ IITaMIoM, W Oe3pa3sMepHBIX HMHTerpanoB YepenaHosa-

Paiica J (J_ra) B KOHUEBBIX TOYKaX TPEUIMH B 3aBUCHMOCTH OT COOTHOLIEHUS
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H=H, /W n

rnapamerpa

l,=alb B

ciydae  (DUKCHPOBAHHBIX — 3HAYEHMI

ko> duunentos [yaccona V; (] =1, 2) . IIpu o1oM, cuntaeres, uro Py /ap, =1.

Pe3ynbraThl UNCIIEHHBIX pacy€ToB npuBeAeHsb! B Bue rpadpukos (dur. 2- 3). Ha dur. 2
MpUBEIEHB! COOTBETCTBEHHO rpauky 6e3pasmepHbIx J - nHTerpanos Uepenanoa-Paiica B

KOHIICBBIX TOYKaX TPEIIMHBI B 3aBUCUMOCTH OT IlapaMeTpa Z*

B Ciy4dae, Koraa

v, =02, v,=03, np=0.1, 0.2, 0.5, 1, 5, 10.
OHHM MOKA3BIBAIOT, YTO MPU YJAJCHHUH IITaMIa OT KOHIEBBIX TOYEK TPEUIMHBI 3HAUCHUE
J - unrerpana Yepenanosa-Paiica ymenpmraetcs. IIpu 3Tom, yeM xkEcTye BepXHsA MOMy-

IJIOCKOCTh, TEM MCHBIIC 3HAYCHUC J- HUHTErpaJja.

J

07
06
05
0.4

03l ¥ =10
0.2
0.1

u=0.1

@ur. 2

Ha ®ur. 3 npusenens rpaduxu 6espasmepubix oJ - unrerpanos Uepenanosa-Paiica B

KOHICBBIX TOYKaX TPCHIMHBI B 3aBUCMMOCTH OT IIapaMe€Tpa LI B ClIydac, Koraa V1 = 03 s

J
07}
0.6
05
04
0311\ k
02
0.1

ly=1.1

0.5

v, =02 ul =1.115,2,3.
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N3 Hux SABCTBYCT, 4YTO IIpH YyMCHBIICHUM ITapaMeTpa [L, YTO MOXHO CYHTAThb yMCHb-

IMECHUEM H2 Ipyu NNOCTOSTHHOM 3HAa4YCHUUN Hl s J- HUHTErpal qepeHaHOBa-Paﬁca B KOHIECBLIX

TOYKaxX TPEUINHBI yBennuuBaercs. [Ipu 3Tom, uem Oomble paccTOSIHHE KOHIEBBIX TOUYEK
mTaMiia OT KOHIEBBIX TOUYECK TpC]_LlI/IHbI, TEM MCHBIIC 3HAYCHUC J- I/IHTeraﬂa ‘-IepenaHOBa-
Paiica.

UncneHHbIe pacdeThl MOKa3bIBAIOT TAK)KE, YTO KOHTAKTHBIE HANPSHKEHUS Majio 3aBUCST

Kak OT IlapaMeTpa L, TaK 1 OT IlapaMeTpa Z* .

3akaoueHne

Takum 00pa3oM, METO/IaMU CHUHTYJISIPHBIX MHTETPAIbHBIX YPABHEHUN U MEXaHHUYCCKUX
KBaJpaTyp MOJIYYCHO PEIICHUE 3a/1a4uM O BIABJIMBAHUHU aOCOJIOTHO JKECTKOTO IITamma, He
JIOXOJISAIIETO O KOHIEBBIX TOYEK TPEIIUHBI, B OJWH U3 OeperoB Mex(a3zHOH TPEHIMHBI B
COCTaBHOM ympyro miaockocTd. M3ydeHbl 3aKOHOMEPHOCTH HW3MEHEHHUS KOHTAKTHBIX
Hanpsokenuit u J - unTerpana Uepenanosa-Palica B KOHIIEBBIX TOukaX Tpemqusl. IToka-
3aHO, YTO 4YeM OJIDKE KOHIIEBbIE TOYKM INTAaMMa K KOHIIEBBIM TOYKAM TPEUIMHBI, TEM
0O0JIbIlIE BEPOSITHOCTD PACTIPOCTPAHCHHUS TPEIHHBI.
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<E3UWUSUTLPAPSAFE3NFLLEMPU2GESPLUUEMGEUPUSPSELEUEGPL
MN3BECTHUA HAHUOHAJBHOU AKAJEMHWHN HAYK APMEHUHA

Uthuwmtihjju 75, Ne1-2, 2022 Mexannka
YK 539.3 Doi: 10.54503/0002-3051-2022.75.1-2-27

PE3OHAHCHI B BbIHY KJEHHbIX HEJTMHEMHBIX KOJIEBAHUSIX
OPTOTPOIIHBIX ITOJOI'UX OBOJIOYEK

Bbarpacapsu I'.E., Carosin P.O., Bapnansan U.A.

KoaioueBrbie ci1oBa: OpTOTPOHHLIe 06OIIO‘1KI/I, CBer3ByKOBOI7[ TIOTOK r'a3a, p€30HaHC, BBIHYKJICHHBIC KoJieOaHusI.

Punnuuupui ¢.6., Uunnui (+.0., Tuppuiyub b.U.
Nhqnuwbulbbp oppnnpny punubptbkph vnpynnuljwh ny gduyht wwwiNMUtEpDLd

Zhdbwpwnbp:Oppnunpny  punuiptbp, qugh ghpduwyiughtt hnuwip, nhgnuwbu, uwnhynnuljwb
nwwnwbnulibp

“Yhunwpljws b Ypljtulh Ynpmpjub nipnuiilynit oppninpny punuiph ny qduwyhtt inunwnudbph
Jutnhpp: Oy gdwyht punhptph nusdwt whwhnpy dbenngh hhdwb pw, nunwdbwuhpyty b jutnph ny
géuyunipjul wqpkgnipmiip numwinnujub wpngbuh punipwgphsutph Jpu: 8nyg t wpdus, np
wunwnudikph ny gdwyht hukip hwighgnd k buybu tinp nkuwhh nhqgniwbubkph b hwyn qupnt’
optipunnuutph b ubthwlwt nwnwinulutph wuwwnhl hwdwpwljwinipmpiattph Jpu: Znpjwusnid
unwugyws ki pwhwdlbp, npnup gnyg ko wwhu wdyjhunipw-hwdwhnipjui jujudusnipjul

punygpp U wyn pwbwdlbpp Jwpnn Eu hpdp hwinhuwbw) nhwnwpldnn punubph ny qsuygh
wnunwinulubph pinipugpbph Jpu wihgnuupnuwhugh b puytulwt vwhpbph wqnbkgnipmit
nuunwltwuppbint hudwp: Unwgwpljus b wdyjhnnnw-hwdwpuljuinipjut jupwusnipjut §nph
Jpw uwthdwtiugh b phdnipughugh Yhnbkph hwupintwpbpdwt Ukpnn:

Baghdasaryan G.Y., Saghoyan R.O., Vardanyan LA.
Resonances in forced nonlinear vibrations of orthotropic shells

Keywords: Orthotropic shells; supersonic gas flow; resonance, forced vibrations.

The problem of nonlinear vibrations of an orthotropic shallow shallow shell of double curvature, rectangular in
plan, is considered. On the basis of the analytical method for solving nonlinear vibration problems, proposed in
[4,6], the influence of problem nonlinearity on the characteristics of oscillatory process is studied. It is shown that
the oscillation nonlinearity leads to the appearance of essentially new types of resonances at overtones and at
multiple frequencies of natural oscillations. In this paper, the obtained formulas showing the nature of amplitude-
frequency dependence can become the basis for studying the effect of anisotropy and transverse shears on the
characteristics of nonlinear oscillations of the shell under consideration. A method for finding limit points and
bifurcation points on the curve of amplitude-frequency dependence is proposed.

PaccmaTpuBaeTcst 3a7aya HeNMHEHHBIX KoJeGaHMH MpsAMOYrojbHOH B IUIaHE OPTOTPOIHOH IMONOToH 060J0YKH
IBOSKOW KpHMBH3HBIL. Ha OCHOBE aHAINTHYECKOTO METOZa pEIICHHS HEeIMHEHHBIX 3amad  KojeOaHuid,
Mpe/UIOKEHHOTOo B paborax [4,6], HCClelOBaHO BIMSHHE HEIMHEHHOCTH 3aJayd Ha XapaKTePUCTHKU
KojebaTenbHOro mpouecca. I1okasaHo, YTO HENHHEHHOCTh KolneOaHWil NPUBOAUT K IOSBICHHIO CYLIECTBEHHO
HOBBIX THIIOB PE30HAHCOB Ha OOEPTOHAX M HA KPAaTHBIX YaCTOTaX COOCTBEHHBIX KoiebaHumii. ITomydyeHHble B
paboTe (GopMyJIbl, MOKA3BIBAIOIINE XaPAKTEP aMILUIMTYJHO-4ACTOTHOH 3aBUCHMOCTH, MOTYT CTaTh OCHOBOH Ui
HCCIIEIOBAHUs BJIMSHUA aHU30TPONMM M TIONEPEYHBIX CJBUIOB HA XapaKTEPHCTHKH HEJIMHEHHBIX KojeOaHuii
paccmatpuBaeMoil 000i04kH. IIpeuiokeH crnocod HaXOXKACHHS HPEIENbHBIX TOYEK M ToueKk Oupypkamuu Ha
KPUBOH aMILIHTYJHO-4aCTOTHOH 3aBUCMOCTH.
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1. IToctaHoBKa 3a1a4u

PaccMOTpUM TOHKYIO OPTOTPOIIHYIO HOJIOTYI0 0OONOYKY IIOCTOSAHHOH TOMIMHEL /1 .
ITycte MaTepnan 00OJIOUKM MOJUUHAETCS 0000IIEHHOMY 3aKkOoHY ['yka M B Ka)KIOH TOUKe
HMMEET TPHU IUIOCKOCTH YIIPYTrOW CUMMETpPHUH, IVIaBHbIE HAIPaBJIEHHUs KOTOPBIX COBMNAAAIOT C

HANPABJEHUSMH  OPTOTOHATBHBIX KOOPAMHATHRIX JmHHH O, 3, Y. KoopaunartHas
IIOBEPXHOCTh (OL, B) COBITA/IACT CO CPEAMHHOI MOBEPXHOCTHIO 000104kH. CUnTaeTCs, 4TO

TreoMETpUA CpeﬂHHHOﬁ NOBEPXHOCTHU 000J10YKH coBoagacTt C FeOMCTpPIefI IJIOCKOCTH H

TJIaBHbIE KPUBH3HBI ka u kB npu auhepeHINPOBaHNY BEYT ceOsl KaK IOCTOSHHBIE.

IIpuanMatoTcs cnexyromue mpeamonoxenus [1,2].
a) TI0 TOJIIHHE 000JI0YKH HOPMaJIbHEIE IEPEMEIICHUS OCTAI0TCS HEN3MEHHBIMH,

6) HOpMaJIbHBIC HaIPSXKCHUA Gy HpeHe6pC)KI/IMO MaJIbl TI0 CPAaBHEHUIO C NPOYUMU

HaNpsDKEHUAMH,
B) KacaTe/lbHbIC Hanpsokenus T, uTg , cormacuo rumoresam C.A.Ambapuymsna,

uMeroT BU [1]

Tay = f(Y)(p(a’Bat)

Ty, =/ (v)w(oB.t)
rie (p(OL,B,t) u W(OL,B,t) — HWCKOMbIE ()YHKIIHH, f(y) — (yHKIHS, XapaKTepusy-
follas 3aKOH M3MEHEHHUsI KacaTeNbHBIX HAIMpPSKEHHH 10 TOJIIUHE OO0O0JOYKH, TMPHYEM
S/ (£4/2)=0,

T') HOpMaJIbHbIE NTepPEeMEIICHUS W(O(., B, t) CPaBHHUMBI C TOJIUHON 000JIOUKH.

(1.1)

VYuuThIBas TPUHATBIC TPEANONOKCHUS M TOCTymnas oObluHBIM oOpazom [1-3],
TIOJTyYHUM CIIEIYIOUIYIo cucTeMy AnddepeHInatbHbIX YpaBHEHHH IBIKEHHST 000I0UKH

o'F o'F o'F
a,, W+(a66 —2(112) 50(26[32 +a,, 66“ +
(1.2)
O*w *w  O*wo'w O*w
th ot ot =0,
op oa” oo’ o oaop
oD oD 0°F 0°F
2B5510 (h/z)a_a‘]+2B44IO (h/z) aBZ +k0t aBZ + B aa2 (1 3)

o*w 0*F o*w O0°F 0*wd*w
+ - +
o0’ OB° ~ 0adP 0adp OB’ do’

+Z(a,B,1)=0
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o’w o*w
Dll W'F(Du +2D66)W+2BSSIO (I’l/Z)q) =

R R oD, (4
:]1 Bll zl +B66 21 I (B B66)
oo, oB dadp
O*w O*w
D,, (9—B3+(D12 +2D66)M+2B4410 (h/2)®, = »
BRI BRI O*D, '
=1, [Bn aBZz +B,, aazzj +1,(B, B“)a 8

IO(V)Zlf(V)d% 1,(v) =, (v)dy (D"":B""gj

3zech W(OL,B,t) — mporu6 obonoukn, D, — xectkocts mpu usrube, B, n a,
o6srunbie K03 duumentsr ynpyroctu [1], @, = B;;¢(0.,B,t), D, = B;:W(OL,BJ) -
(QyHKIMM, XapaKTepu3ylolye nonepednsie casuru, F = F (OL,B,t) — (yHKIMA Hanps-
JKEHHIl, depe3 KOTOPYIO BHYTPEHHHUE YCHIIHUS MPECTABIAIOTCS TaK:

O°F O’F g O°F

T ==—, T =—to, .
“ T op? P o d0.0B

IMonepeunas Harpyska Z ((x,B,t) CKJIQJIBIBAETCS U3 CHJI MHEPUUH, CHII AeMIIHPO-

BaHMs M HOPMAJIbHO [PUJIOKEHHOM 3aJaHHOH HAarpy3ku f ((x, B, t)

o’w ow
Z=—ph—+ph—+ f(a,B,¢t 1.6
Po o Po o f( B ) (1.6)

3mech P, — IIOTHOCTb MaTepuana 00onouky, A — KOO(UIMEHT TMHEHHOrO 3aTyXaHN,
t — Bpems. Jlerko 3ameruth, uro cucrema (1.2)-(1.5), 3a HCKIIOUCHHEM YypaBHEHUS
uepaspsierocth (1.2), conepxkut uckomsie gpynkimn @, u @, , xapakrepusyroume yuer

TIOTIEPEYHBIX CIIBUTOB.
31ech, B OTJIMYHE OT OOBIYHOM CHCTEMBI YpaBHEHUI HETMHEHHOW TEOpUH 000JI0YEK,
BMECTO JIBYX YPaBHEHHH UMEEM YeThIpe ypaBHEHHUS.
PaccmaTpuBaercst mIapHUpHO omepTasi mojiorasg 000J0YKa, Kpas KOTOpOoil cBOOOIHO
cMenlalTes B iaHe. Toraa uMeeM Cleayrolie I'PpaHuYHbIe YCIOBHS:

npu OLZO, a=aq

w=0, §=0, T,=0, y=0, M, =0 (1.7)
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HpI/IB:O,BZa2
w=0, S=0, 7,=0, ¢=0, M,=0 (1.8)

31ech Ta 5 T;} u S — CpE€AHUEC YCUIHA Ha KPOMKax 060J'IO'—IKI/I,

2 2 2 2
M, -, _p a—w+ll£B 00 g aqj

a 11 W_ 1 aBz 11 50(2 66 aBZ
o*w o*w PR () RO
Mﬁ:_Dlla_BZ_DIZE-F]I[BD 6522 -i-B()6 aazzj

Takum o6pazom, 3amaua KojeOaHWI paccMaTpHBaeMOi O0OOJOYKH CBOITUTCS K
peIIeHnIo CUCTeMBbl HemMHEeWHbIX ypaBHeHUH (1.2)-(1.5) mpu rpannusbix ycmousx (1.7)-

(1.8), korma Z mpencrasiena Beipaxernem (1.6).

2. CBeeHHe NMOCTABJEHHOM 3a1a4M K HCCJIEI0BAHUIO HEJIHMHEHHOTr0 00LIKHOBEHHOI'O
audPepeHIUATHHOTO YPABHEHHS

Ipubnmxkennoe pemenue cucteMsl (1.2)-(1.5) Oynem uckath B Buze

w(oc,B,t)ziifik (¢)sinX,o-sinp, B 2.1)
i=1 k=1

n o m

D, (a.B,t)=23 p, (t)cosh,o-sinp,p

i=1 k=1

n m . k (2.2)
D, (O“’B’t) =L 2Ry (t)Sin}‘ia'COSHkB (7“,- = E’ B = —Tc]

i=1 k=1 al a2
3nech fl.k (t) , P (t) , Rik (t) — TomJexaiye omnpeneleHnto (QYHKINH BpeMeHH [ .

PaccmarpmBast  (2.1) 3amewaem, dro wactb rpaHndHbIX ycmoBud  (1.7)-(1.8)
YIIOBIIETBOPSIIOTCS.

Moxcrapmsast (2.1) B (1.2), maiinem dyrkmmio F (OL,B,t), YAOBJIETBOPSIONLYIO
rpaHugHBIM ycroBwsiM (1.7)-(1.8).

3aTeM, NOJCTaBIIsIS 3HAUEHUS W, q)l u (I)2 coorBercTBeHHO M3 (2.1) n (2.2) B (1.4) u
(1.5), monmy4ynM JMHEKHHYIO anreOpanvecKylo CUCTEMY OTHOCHTENBHO D, (z‘) u R, (t)
Pemas sty cucreMy, BeIpazum (I)l U (I)2 yepe3 QyHKIHUU fik (t)

Jna onpenenenus fl.k (t) Bocrionb3dyemcst ypasHenueM (1.3). TloxacraBnsas (2.1) u

(2.2) n Haiinennsie BeIpaxkenns 111 I B (1.3) u pemas ero metonom By6roBa-T'anepkuna,

wist f, (t) MOJIY4UM CUCTEMY

30



d f;k 27\'dfk

e +(Di2kfik+\Pik(f11’---’fnm’M)=0

(i= 1,2,...,11, k=12,...m)

(2.3)

rae (), — 9acTora coOCTBeHHBIX KoneGanmii obonoukn, V', — Hexotopsie Henmueiinbe

(byHKIUH.
B nanbHelieM orpaHU4UMCS CIy4aeM OJHOYWISHHOW annpoKCcUManuu. Torga BMecTo

cucreMbl (2.3) B ciiyyae UWIMHAPUYECKOH mNaHenn (ku =0) [oJIly4aeM Cleayrolee

HeJIMHeliHoe 0OBIKHOBEHHOE UG depeHIInaIbHOEe YpaBHEHHE OTHOCUTENIFHO Oe3pa3MepHOit
¢byHKIMT Y =f“/h :
2
d’y
2
dt

31ech

+27»%+(o2y—ly2+dy3 zq(t). (2.4)

kzk“
o’ = = Lh{zlo (h/2) B\ B, +21,(h/2) B,A W R, +——

Po

4 a; a,

q(t)_P_ohE'([}[f o, B,¢)sin A, asin p,Bdodp,

11

l:_L(’)len’ dZQYllmlz’

rac

B, = g{[Dll}\’lz + (DIZ + 2D66)“12:||:2B44IO (h/2)+11 (Bnp‘12 +B“k12 )] B
11

=1 (BIZ +BG6)|:D22M12 +(D12 + 2D66)}\’12:|M12}’
R, = 51 {|:D22M1 (D12 +2D66)}\’12:||:2B5510(h/2)+11 (Bn}“l2 + B! )]_
1
(B By )[ Dy +(Dy+2D, )i 2],

0, = [235510 (h/2)+ 1, (B, 1 + B} ) [ 2Bk (B2)+ 1, (B + By ) |-
I} (BIZ + 366) MW

2
I 1 0= h I - 87»1].;1 lz_i_47»1 ko
Poho; 16p,0; 3nt (gl Ay
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A 1
N 4 _ 4 2 2 4
Yu= +—U, Ay, =a, M +(a66 _2‘112)7“1“1 tayy,.
ay a4y

31ech ), —4acToTa NEPBOH (POPMBI MAJIBIX COOCTBEHHBIX KOJIEOaHuH 060/104KH.
3. UccienoBanue 0CHOBHOTO HeJIMHEHHOr0 ypaBHEeHHs

B npenpinymem nyHKTe noiayduiau ypasHenue (2.4). Ilyctes g (Z ) =q-cos0or.
Torna (2.4) mpumer Bug
d’ d
—g}+2k—y+m2y—ly2+dy3=qcoset. 3.1)
dt dt
Unen 2Ady/dt B ypasmemmn (3.1) XapakTepusyeT 3aTyXaHHe CHCTEMbI, TJie

TOKa3aTe b TMHEHHOTO 3aTyXaHUs A ONPENENAETCS U3 OTBITOB.

Vpasuenne Ttmma (3.1) wnccmemoBano B [4]. Hmke wncmonbs3yroTcss OCHOBHBIE
pe3ybTaThl, OTyYeHHBIC B 3TOH paboTte u B padore [6].

U3 ypasuenus (3.1), npeneOperas HeNMMHEWHBIMH YWICHAMH, HAXOUM

V' 4+ 20"+’ y = g cos Ot. (3.2)
PCIICHUE KOTOPOTO UMEET BU]

y=a-e " cos(wt+c)+bcos(0t+3), (3.3)
Tae a ucC IIPOU3BOJIBHBIC ITOCTOSHHEBIC, a

q 2.0

b= , tgd=—-.
\/(0)2 _0 )2 + 4020 s 0’ -’

(3.4)

B (3.3) cymecTBeHHBIM SIBNISIETCSI BTOPOM WIEH, T.K. HEPBBIA IKCIIOHEHIIHMAIHHO
yObIBaeT co BpeMeHeM, W perieHue (3.3) uepe3 JOCTATOYHO OOJBIIOH MPOMEKYTOK
BpeMeHH (aKTHYECKU UMEET BUJL

y=bcos(6r+3), (3.5)

Pemenue ypasuenus (3.1) B cnyuae, korna ¢ = 0 Jerko MoXHO MOJNY4UTH METOJIOM

ocyeI0BaTeIbHBIX MpUOIKeHnid. imeem

Y=ty t Vst (3.6)

y,=bcoswt yzzﬁ— Ll cos2mt, y =—£(L—i]cos3ét (3.7)
’ 20 60 T 1607 (30”2 ’

0O=0,+0+0,+.., (3.8)
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3d 50
0,=o, o =0, e T b’ (3.9)

ITycTh MBI HaXOIMMCs BONM3HM OOBIYHOrO pe3oHaHca, T.e. 0= ®+&. B popmyne

(3.4) 3aMeHUB () HA HeTHHEHHOE 3HAYCHHE YacTOTh (O 1o popmyie (3.8), moxyumm [4]

2 2)2 2 q2
b |:(8—Kb )+ }4@2’ (3.10)
y 3d 5P
DI (5] -
T80 1207

VpasHenue (3.10), HauMHasA CO CIEAYIOIET0 3HAUEHU ¢ = 8w\’ / |K| , IMeeT TpU

BEIIECTBEHHBIX KOpPHS B OINpenesieHHOW obnactu yactor [3,4]. ['panunml stoil obiactu
ONPEAETSIOTCS YCIOBUEM

db _ —eb + kb? B

de € +M\ —4keb® +3k°D*

501051

g’ —4xeb” +31k’h* + A7 = 0. (3.11)

Pemas (3.11) coemectro ¢ (3.10), maxomum Toukn C u D xpupoii (3.10) (cm.
Puc.1), B KOTOpBIX a) MPOMCXOJMUT CMEHAa YCTOWYMBOCTH Ha HEYCTOHYMBOCTH M 0O)
KacaTelbHbIE KPHUBOW 3aBHCHMOCTH ‘‘aMIDINTY/Ja-9acToTa” B OTHUX TOYKAX SBISIOTCS
BEPTHKAIBHBEIMU. Takue TOYKH Ha3bIBAIOTCS IPEAENBHBIMU M ONpeNeNeHHe ITOJI0KEHUSI
9TUX TOYEK Ha YKa3aHHOM KPHUBOH SBISIETCS CYIIECTBEHHBIM IIPH HCCIEIOBAHHU
ycToiuMBOCTH  HemuHeHHBIX — komebammit  [6,7]. Otpesok CD  cooTseTcTByeT
HeyCTOHuMBEIM Kosiebanusam cuctembl [6]. B Touke C HpOMCXODUT CPHIB aMILTHTYIBI,
KOTOpasi cKaukoM maznaeT g0 Toukn £ . IIpu o6paTtHOM mpomecce B Touke /) ammumTyma

CKAauKOM BO3pacTaeT 0 TOYKH B . DTo sBIEHHE CONPOBOKIAETCS MPEOOIEHHEM
HEKOTOPOT'0 YHEPreTHIECKOro dapbepa [7].

Puc.1
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(O]
Cnyqaﬁ 6 =—+ € U aHAJIOTUYHBIE €My NPUBOJAT K BOBHUKHOBCHHIO PE30HAHCOB,

PacCMOTpPEHHBIX BHIIIE, HO C MEHBIIIEH HHTEHCUBHOCTHIO [4,5].
Mycts 0 =20+ € . Toraa, ananoruaHBIM 06pa30M, IS AMILIATY yCTAHOBHBIIHXCS
KoJe0aHui B 00J1aCTSAX HEYCTOHINBOCTH IOJIYYAIOTCS CIIEAYIOIINE BOSMOXKHBIE 3HAUCHUS:

b=0, (3.12)
b = (3.13)
b* = (3.14)
rae

(3.15)

3aBucumocth b oT € M306parkeHa Ha puc.2.

B untepsaie AB b =0, T.e. pesonanc orcyrcrsyer. Ha yuactke BD 3nauenue
b =0 neycroiiunBo, cucreMa HaXOAUTCA B COCTOSHHH PE30OHAHCA U MOJTYdYAeTCs HPOLECC
ycTaHoBieHUs KoneGanmuii o minun BK .

B Touke K ammmuryna ckauxom mamaer no 3mauenus b =0 u B mampHeiimem

YCTOHYHBBIM sIBTISIETCS 9Ta BeTBb. Pemenne DE Bciony neycroitamso [4-7].

TakuM 00pa3oM, HENMHEHHOCTh KOJEOAHWIl MPUBOIUT K MOSBJICHUIO CYIIECCTBEHHO
HOBBIX THIIOB PE30HAHCOB, T.€. PE30HAHCOB Ha O0EpPTOHAX M HA KPaTHBIX YacTOTax
COOCTBEHHBIX KOJIEOaHUH.

b
f(v
//
/'( /// =
| 7
I -
| //
b,
Ly
1l __Y
A B D F
Puc.2
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Crnenyer OTMETHTb, YTO STH PE30HAHCHI UMEIOT aBTOKOJEOAaTENbHBIN XapakTep H
CYLIECTBEHHO OTJIHMYAIOTCS OT MapaMeTpU4ecKd Bo30ykaaeMbIX KosneOaHuil [7], XoTs u
BO3HMKAIOT Ha OJTHUX U TeX )K€ YacTOTax.

B toukax B wu D mpoucxomur 6Gmbypxamus (pasBeTBICHHE) KOIeOATEIHEHOIO
COCTOSIHMS: pELIeHUe, YCTOHUMBOE 10 3THX TOYEK, [OCJIe HUX CTAaHOBUTCS HEYCTOMYHUBBIM,
u Haobopor. HccnenoBaHue pe30HAHCOB Ha JPYrHMX 4YacToTaX HeE IPeICTaBisieT
TpyaHOcTel. OTMETHM TaKKe, 4TO MoydeHHbIe 31ech hopmydsl (3.10)-(3.15) no3BonstoT
BCECTOPOHHE HCCJIENOBaTh BIMSHHE AHU30TPONMU W IONEPEYHBIX CABUTOB Ha
XapaKTePUCTHKU PacCMaTPUBAEMBIX KOJIEOAHMIA.

HccnenoBanue BoinonHeHo mpu (uHancoBoit noanepkke 'KH MOH PA B pamkax
HayuHoro npoekra Ne 21T-2C257.
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2U8UUSULE @SN E3NPLLELE ULQUSPL UUUNGUTNUSE SENtYUahl
M3BECTUA HALIMOHAJIbHOM AKAJIEMUM HAYK APMEHUU

Utuwtthlju 75, Nel-2, 2022 MexaHuka

D0i:10.54503/0002-3051-2022.75.1-2-36
YK 539.3

O KOO®PUIMNEHTHbBIX OBPATHBIX 3AJJAYAX U UX TIPUJIOKEHUAX B
MEXAHUKE U BUOMEXAHUKE

Bartyabsan A. O.

KaioueBble c10Ba: ko> HIMEHTHBIE 00paTHBIE 3a/]auH, HTEPALMOHHBIE MPOLECCH], HHTETPAIBHEIC YPABHEHHS
Dpenronbma, smacrorpadus.

Junnnijjut U.2.
Qnpbéwljguyht hwljwnupd jubmhpikp b tpwbg Yhpunmpnibbbpp dEowthuyoud b
phndbiwthjuynid

Zpduwpwntp' gnpswljgughtt hwjunwpd ighpubp, hnbpughnt wpngbubtp, $ptinhnpdh htnkqpuy
hwjwuwpnidutp, wnwdqugpnipnih

Yhunwplyws ki thnhnpwljwt  gnpswlhgubpny owhkpwwnnpibph hudwp  wwppkp  wnhuh
gnpéuljgughtt hwljunupd finhpubp, nputg Yhpunnipmnitiibpp wihwiwube junnigyuspubph®
dniulyghntiw) qpunhbunughtt wopbkphg dnnuyhtt b quubughtt dwpdhtbkph  tnyuwljuwbwugduw
fuinhpubpnud, Gpp (pugnighy wbntynipniup Ypgynud b dwljbkpbnygphg jud Ynnugwljuinhg:
‘Uhphujugdws E jhpunnipiniip wnwdqugpnipjut pinhpubpnod, bpp tnghwljutugynud Bu thuthnily
hjnujwspubph hwnlnipmibibpp opkljinh ukpunid puignighy nbnkinipnibibph wniwnipu
wuylwbibpnud:

Vatulyan A.O.
On coefficient inverse problems and their applications in mechanics and biomechanics

Keywords: coefficient inverse problems, iterative processes, Fredholm integral equations, elastography

Various types of coefficient inverse problems for operators with variable coefficients are considered, their
applications to the problems of identification of inhomogeneous structures - functionally graded materials on the
example of rod and cylindrical bodies when removing additional information from the surface or end. An
application to the problems of elastography in the identification of soft tissue properties with additional
information inside the object is presented.

PaccMoTpeHbl pasianyHble TUNBI KO()(ULUUEHTHBIX OOpaTHBIX 3ajad U ONEPATOPOB C HEPEMEHHBIMU
ko3 PULMEHTaMH, UX NPUIOKEHHS K 3a7ayaM MACHTH()HKALMH HEOJHOPOIHBIX CTPYKTYP - (DYHKLHOHAIBHO-
IPaJIMEHTHBIX MATEPHAIOB Ha NPUMEPE CTEP)KHEBBIX W LMIMHAPUYECKMX TeJ NPHM CHATHU JIOTIOJHUTEILHOM
uHGOPMALUMKM C MOBEPXHOCTM WM Topua. IIpencTaBaeHO NPUIOXKEHHE K 3ajadaM asnactorpadum mpu
UICHTH(UKALUY CBONCTB MATKUX TKaHEil IPH JONONHUTEIbHOH HH(OPMALUK BHYTPH 0OBEKTA.

Beenenne

Koaddunuentusie odpatnsie 3amaun (KO3) - MHTEHCMBHO pa3BUBAIOIIMHCS pa3zel
MaTeMaTH4eCKuil (PU3UKHU, KOTOPBIH XapaKTEpPU3yIOT MaTeMaTHYeCKHe NPOOIeMbl, CBsI3aH-
HBIE C ompeneneHreM Ko3(h(UINMEHTOB KpaeBOH 3a1auu JJIsi HEKOTOPOH MaTeMaTHYeCKOH
MOJIENIM 110 HEKOTOPOH NIOTIOMHUTENbHOM nHpOopMaruu. Tak, HanpuMep, JOIOJIHUTENbHA
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nH(popMaIus A Mozeseil TEOPHH YIIPYTOCTH U ee 0000IeHni 3a1aeTcsl B BUJIC 3HAUCHU I
PE30HAHCHBIX YaCTOT, B BHIE MHPOPMAIMU O IMOJSIX CMELICHUH, W3MEpeHHBIX 100 Ha
rpanuue, 6o BHyTpu obnactu. [Tognexaiiue onpeneneHnio XapakTepUCTUKH MOTYT OBbITh
MOCTOSHHBIMU MJIM 3aBHCALIMMHU OT KOOpAMHAT Kod(pduuueHtamu IudQepeHnraIbHbIX
OnepaTopoB, KOd(QQHUUMEHTaMH, BXOJSLIMMU B TpaHUuYHBbIE YycioBusa. Kak mnpasuio,
ompeneneHre KodQPUIHEHTOB MaTeMaTHYECKOH MOJENN OTHOCHUTCA K HEKOPPEKTHBIM
3a7a4am, JUis KOTOPBIX XapaKTEePHbI BOZMOXKHAsl HEETMHCTBEHHOCTh U HEYCTOHYMBOCTD 110
OTHOLICHUIO K MaJbIM BO3MYILEHMSAM BXxoaHoW uHpopmauuu [1]. B Hacrosmee Bpems
HUMEEeTCsl JOCTATOYHO MHOTI'O MOHOTrpa(uii, IOCBALICHHBIX PA3JIMYHBIM ACMEKTaM HOCTaHO-
BOK M MeToJaM pemieHus Kod()GHUIMEHTHBIX OOpaTHBIX 3aad Ul PasHBIX paslelioB
MaTteMaTtnieckor ¢pusuku. Cpean MHOrUX pabot orMeTiM [2-10], mocBsIIeHHbIe TOCTaHOB-
KaM ¥ aHaJIu3y HEeJIMHEHHBIX HEKOPPEKTHBIX mpobieM, u [11-13], B KOTOpBIX 00CYKAEHBI
pa3nuyHble aCHEKThl YUCICHHON peann3alyu.

3ametum, uto KodpduuueHTHble oOpatHbie 3amaun (KO3) menmstcest Ha qBa GOIBIIMX
KJacca:

1. onpeneneHne NOCTOSHHBIX KOA(Q(PHULIMEHTOB MOACIN
2. onpeJeneHne nepeMeHHbIX K0 uuneHToB Moaenn

Koneunomepnsle KO3 1 MeTonbl MX HCCIENOBAaHMUA JOCTATOYHO MOJPOOHO M3yUEHBI.
Onu MoryT 0asupoBaThCsS Kak Ha SIBHOM IPEACTABICHUM pelleHui nuddepeHanbHbx
YPaBHEHHII W MCHOJIB30BAHUM HEKOTOPBIX JAOMOJHUTENBHBIX ycnoBuil (Metoxn Ilponwm,
Meron KBaswinHeapm3anuu [13]), MuHMMU3anuH (QYHKIHOHANAa HEBS3KH, TaK W Ha
UCTIOJIb30BAHUH HEKOTOPBIX UTEPALIMOHHBIX IPOLEAYP.

Jnst Broporo trna KO3 B ciaydae 3aBHCMMOCTH MCKOMBIX NapaMeTpoB-(QYHKIUH OT
KOOPJIMHAT OIepaTOpHbIC ypaBHEHHs, CBS3BIBAIOIIME 33aJaHHBIC M HUCKOMBIE (YHKIHH, B
ofmeM cirydyae HEOJHOPOAHOCTH B SBHOM BHIE HE MOTYT OBITh IOCTPOEHBI; PEIICHUS
NpPsSMBIX 3a/a4 B ATOM CJIydae MOTYT OBITH IIOCTPOEHBI JIMIIb C MOMOIIBI KaKUX-JIHOO
YHCJICHHBIX METO/0B-KOHEYHBIX 3JEMEHTOB, KOHEYHO-Pa3HOCTHBIX HWJIM IMPOCKIIMOHHBIX;
TakuM o0pazoM, KO3 B 3TOM citydae OTHOCSTCS K HanOoJyiee TPYAHOMY KJIacCy OOpaTHBIX
3ana4. B HacTosmiee BpeMsi HIMEETCsl JOCTaTOYHO OOJIBIIOE YHCIO MOHOTpaduil, B KOTOPBIX
W3J1araloTCsi OCHOBHBIE ACHEKThl PEIIeHHs OOpaTHBIX 3a7ay, METOIbl pEeryJspu3alud U
quCIeHHbIe aclekThl pemenus KO3.

OnuuieM HEKOTOpbIE MPOOIEMBI, BO3HUKAIONINE B PA3IMYHBIX OONACTAX MEXaHUKH U
MoJenpoBaHusi. Tak, cOPMUPOBAHHBIE JIOCTATOYHO JAABHO MOJENH (HAampUMeEp, KIACCH-
YecKasi MO/IENb TEeIJIONPOBOAHOCTH), OIIMPABIIMECS HAa TMIIOTE3bl OHOPOJAHOCTH U U30TPO-
[TUM, TO3BOJIMIIM C JIOCTATOYHOM CTENEHbI0 TOYHOCTH OINHUCHIBATH PA3IMYHbIC MPOLECCHI
TEmI0000MeHa. OTH MOJeNH TpeOOBalM ONpPEAETICHHUs JIMIIb ONpEIeNIeHUS HEeCKOJIbKUX
0a30BBIX MapaMeTPOB M3 MPOCTHIX (PUIMYECKUX IKCIICPUMEHTOB, YTO MO3BOJSIIO CTPOUTH
aHAJMTUYECKHE peIIeHus I KaHOHWYeCcKux obmacteil naub60 B Buae psALOB WK
HHTErpajioB, MCCIIEN0BATh BIMsSHHE [TApaMETPOB 3a/lauy, YCIOBUI HarpyKeHHs Ha U3yda-
€MBIH MPOIIECC U JieNaTh 000CHOBAHHBIE IIPOTHOCTHYECKHE BBIBOIBI.

AHanormyHasi cutyauys (OpMHpPOBAACh HA NPOTSIKEHHH JBYX CTOJNCTHH W TIPH
uccIe0BaHuH 1eOpMUPOBAHHS TBEPIBIX Tel. MaTtemaTndeckast GOpMyIHPOBKa NpodIeM
nedopMupoBaHUS TBEPABIX TEJl Ha OCHOBE HMPOCTEHIIEro BapHaHTa MOJEIH (OXHOPOIHOE
M30TPOIHOE TEJI0) TMO3BOJIMIIA PEIINTh LEJIbIH PAA aKTyalbHbIX HAYYHBIX M HPUKIAIHBIX
mpo6ieM, B MEXaHUKE NMpUJaa UMITYJIbC Pa3BUTHIO U COBEPIIEHCTBOBAHHIO WH)KCHEPHBIX
pacyeToB Ha NPOYHOCTh M YCTOMUYMBOCTb, B MAaTEMAaTHKE IO3BOJMIA CO3JaTbh TEOPHUIO
o0ImuX KpaeBbIX 3a/1a4 JUIA JUIMIITHYECKUX OIEepaTOpOB, UCCIENOBaTh CBOMCTBA PELICHUI
BO MHOTHMX B@XHBIX CIIyuyasx (HampuMep, B 33Jadax O KOHLEHTPATOPax HANPSHKEHUH AJIsL
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MoJjiocTed ¥ TpeumH). Mo/iesib 0JTHOPOIHOM TEOPHH YIPYrocTH Oiarojapsi onpeeIeHUI0
JIBYX YOPYTHMX HOCTOSHHBIX — Moy IOHra m kosdduuumenta [lyaccoHa Ha ocHOBe
MIPOCTBIX MaKpOIKCHEPHUMEHTOB (ONBITHI Ha PACTSDKEHHE M KpYUSHHE CTEep)KHEH) crana
3¢ (dEeKTUBHBIM CPEICTBOM aHAJM3a MHOTUX MPOOJIeM HE TOJAbKO B MEXaHHKE
nedopMUpYeMOro TBEPIOTO0 Tela, HO M B CMEXKHBIX 00JacTsx (MallMHOCTPOCHHE,
CTPOUTENBCTBO, aKyCTHKa, reodusrka). OTMETHM, YTO MHOTUE HCCIICAOBAHUS U PACUETH
Ha NPOYHOCTh B MeEXaHHKE Ae(hOpMHPYEMOro TBEpAOTO Telda M B HACTOSILEE BpeMs
0a3upyroTCs Ha ATOH anpoOMPOBAaHHOW MOJIEINH.

BmecTte ¢ TeM OTMETHM, YTO NP HCCIENOBaHMM pafa Ipobiem nedopMUPOBAHUS
TBEPABIX TeJ B HOBBIX 00JIACTAX (MEXaHWKa KOMIIO3UTOB U (yHKIMOHAIHHO-TPAIUEHTHBIX
CTPYKTYp, reou3nka U ropHas MeXaHHKa, OMOMEXaHUKa) MOJEIb OJHOPOIHOW CpEIbl
OKa3ajlach HEJNOCTATOYHOW JUIsl aJeKBATHOIO ONHUCAHUS Je(GOpMHUPOBaHHSA 3JIEMEHTOB
MIPUPOJIHBIX U HCKYCCTBEHHBIX KOHCTPYKIHH. B HEKOTOPBIX CUTyaIMsX JeNalich MOMBITKU
OCYIIECTBUTHh HCCIIEOBAaHHE B PaMKax OCPEIHEHHBIX MOJENeH, OJHAKO HE BCErIa TaKoe
ocpenHeHue (M pa3MasblBaHHE CBOWCTB) OBUIO MPOAYKTUBHBIM M TPHBOAMIIO K PACXOXKIEC-
HUIO pe3yJIbTATOB PACUETOB C JAHHBIMU IKCIIEPUMEHTOB. IIpoJBIDKEHHE B MCCIECAOBAHUU
KpaeBbIX 3aj1a4 s AudGepeHInanbHbIX ONMEpaTOpOB C MEPEMEHHBIME K03 uUIIHeHTaMu
0Ka3aJ0Ch MEHee 3aMETHHIM B IIEPBYIO OUYEpeb B CHIIy TOTO, YTO HE CYIIECTBYET criocoda
MOCTPOCHHSI B aHAJTMTHYECKOM BHJE OOLIMX PEIICHUH JTHHEHHBIX auddepeHInaTbHbIX
ypaBHEHHII BTOpOro mopsaka (u Oonee BBHICOKHX TMOPSAKOB) IPHU IPOU3BOJIBHBIX
3aBUCUMOCTSX K03 duimeHToB ot koopauHaT. KoHeYHO, B HAYYHO# TUTEpAaType UMEIOTCS
HCCIIEJIOBAaHUS, B KOTOPBIX PEIICHUS CTPOSATCS BUJAE PSIIOB (WIHM C MOMOIIBIO MPOEKIIHOH-
HBIX METO/IOB THMa ["aepkuHa), OJHAKO Takas cXeMa, KaK MPaBHIIO, IPUBOAUT K PEIICHHIO
OECKOHEYHBIX anreOpanveckux CHUCTEM, Ui KOTOPHIX HE BCErJa BO3MOXKHO [OKa3aTh
CXOIMMOCTh TPUOIIKEHHBIX pEUICHNH, TOJTYYeHHBIX Ha OCHOBE METO/Aa PEeAyKINH, K
To4HbIM. OTMETHM, UTO paHee OCHOBHOE BHUMAHUE IPU aHAJIN3E MOJEIeH HEOMHOPOIHOM
TEOpPUU YNPYTOCTH YIENSIOCh KakK OOIIMM BONPOCAM CYIIECTBOBAHHUS PELICHHH, TaK U
crocobaM TIOCTPOCHHS YCPEAHEHHBIX MOJENeH B cpemax ¢ OBICTPO MEHSIOMHAMUCS
ko3¢ durrenTamu, BecbMa BaXKHBIM C TOYKH 3pEHHS TEOPUH ILTACTHH U 000JI04YeK 1 o0riel
MEXaHUKHA KOMIIO3UTOB.

3aMeTHM, 4TO IJIs aHajIM3a PAaBHOBECUS WM KOJEOAaHMH M MCIIOJIb30BaHMS MOJEIU
HEOJHOPOJHOH TEOpHH YHNPYrocTH HeoOXOIMMO 3HATh B CaMOM IPOCTOM Ciydae Herpe-
PBIBHO-HEOTHOPOIHOTO (WJIM KYCOYHO-OJHOPOJHOI0) H30TPOIHOrO Tejla TpH (QYHKIUU
(Monmynu Jlame u tuioTHOCTH cpeabl). [Ipu 3TOoM (u3MuecKre XapaKTePUCTHKH 33Jal0TCs
IpY HOMOIIM (YHKIIMOHAJIBHBIX 3aBUCUMOCTEH, KOTOpPBIE JOJDKHBI OBITh MpPEABAPUTEIHLHO
OIpe/IeNIeHbl U3 HEKOTOPBIX IKCIIEPUMEHTOB WM HAOJIOICHNUH, KaK MPaBUIIO, CBA3AHHBIX C
U3MEpEHHEM TPAHWYHBIX WM BHYTPEHHHUX TIIOJIEH CMELIEHUWH NpU CTaTUYECKOM
Harpy>KeHHH WM TpU BO30YXKIEHUM KojiebaHWI HEeKOTOpo# Harpy3koil. Hambomnee gacto
TaKue 3aBUCUMOCTU MPEAINOJaraloTcsi OJHOMEPHBIMH (OCOOGHHO IpH HCIOJb30BaHUU
MOJIeNIe CJI0sl, IMOJYNPOCTPAaHCTBA WM CJIOUCTOrO IIOJNYIIPOCTPAHCTBA), a Haubosee
pacnpocTpaHeHHBI cOoco0 WX OMpEeNeNieHHs - aHaIW3 OTKJIMKAa HCCIEeIyeMOTo OOBEeKTa
IpH BO3MOXXHOM BapbHpPOBAaHWU crocoba HarpykeHus. IIpm sTOM 3amada ompenereHus
HECKOJIbKUX (YHKLIHI NPHUBOAWUT K HCCIICJAOBAHUIO JIOBOJILHO CIIOXKHBIX HEJTHMHEHHBIX
o0paTHBIX 3afad IS DJUTMITHYECKUX ¥ THIEePOOIMIECKHX OIepaToOpOB, pa3IUIHbBIE
aCMeKTH KOTOPOH CTalIH MPEIMETOM HCCIEeIOBAHUS OTHOCHTENBHO HeAaBHO. OTMETHM, 4TO
JIOBOJIPHO YacTO TNPHHAMAEMBIH KyCOYHO-TIOCTOSHHBIA XapaKTep W3MEHEHHS HCKOMBIX
XapaKTEePHUCTHK B PsiJie CUTyalnii OTpaB/iaH, TIOCKOJIBKY 3TO IPEAIIONIOKEHHE CYIIECTBEHHO
cy’kaeT 00JacTh MOVCKa M 3HAUYNTENFHO YIPOIIAaeT UCCIieToBaHNe 00paTHBIX 3a1a4, OTHAKO
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MOXET NPHUBECTH K CYIIECTBEHHOMY HCKa)XCHHUIO PE3YJIbTaTOB HICHTH(OHKALMU, H, KaK
CJIEAICTBHE, K OIIMOKAaM IIpU MPOTHO3UPOBAHUM pecypca KOHCTPYKLUMH. B pamkax Takoro
MOJX0JIa PEIIEHHE UCXOTHON HEKOPPEKTHOM 3aJ1auu CBOJHUTCS K ONPEIEICHHI0 KOHEUHOTO
YuClla MapaMeTpOB B HEKOTOPOH OrpaHMYEHHOH 00JIaCTH # -MEpHOro HpPOCTPAHCTBA
noucka. Takod MOMCK B IOCIJIEJHUE TOAbI OCYLIECTBISETCS HA OCHOBE METOAA PEryJsipH-
3alMM Ha KOMIAKTHBIX MHOXKECTBAX, a CpeAM KOHEYHOMEPHBIX BAPHAHTOB OTMETHM Kak
TPaJNIMOHHBIE TPAJUEHTHBIC METOIbI HAXOXICHHS MUHHMYMOB (DyHKIIHOHAJIOB HEBS3KH,
TaK U HEHPOCETH U TeHETHUECKHE aJITOPUTMBI.

Hacrosmas pabGora HOCBsIlEHa HEKOTOPBIM acCIeKTaM IIOCTAaHOBKU W HCCIIEJOBaHHS
psna oOpaTHBIX 3a7ay JJIsi MOJeNeil HEOAHOPOJHOH TEOpUH YNPYrocTH U OMOMEXaHHKU
MATKHX TKaHEH IO ONpE/EICHHIO NMEPEeMEHHBIX YNPYTHX XapaKTepPUCTHK MNpHU 3aJaHUU
JIOTIOJTHUTETbHON NH(OPMAIMU Ha TPAHHLE Tela ¥ BHYTPH €T0 M X HMPHIIOKEHUSM.

IlocranoBKa u pelieHHe 3a1a4H.
PaccMOTpUM  yCTAHOBMBIIMECS KONEOGaHUs OrpaHMYEeHHOM obmactu V' ¢ KycouHo-

rnankoit rpannueii S =S US_, a n ;- KOMIIOHCHTBI CMHHYHOTO BEKTOPA BHENIHCH

HopMamt kS . ChopMmysiupyeM IMOCTAHOBKY KOS()(UIMEHTHBIX OOpAaTHBIX 3a1ad B
HECKOJIbKUX BapHaHTaX.

BapunanTt 1-3axanue (M3MepeHHe) I'PAHHYHBIX MOJIell cMemleHWH. OTOT BapuUaHT
MPeAJaraeTcsi pealu30BbIBATh IPH  OINPEAEICHHMH MaTepPHalbHBIX XapaKTepHCTHK
MaTepuana, 3aBUCAIINX OT KOOPJIWHAT, B CIydae 3aJlaHHs JOIOJHHUTEIbHOW MH(pOopManun
Ha rpaHuie o0beKTa.

YpaBHEHHUS yCTAaHOBUBIIUXCS KOJNEOaHUI UMEIOT BUL;

2 .
o, tpou =0 i=123 (1)
Ornpeaenstolnue COOTHOIIEHUS
Gy = CimlUyy (2)

U T'PAHUYHBIC YCJIIOBUA CMCIIAHHOI'O THUIIA

Uu.

1

5, =0 oyl =, 3)

u

3I[CCI: cijkl - KOMIIOHEHTBI TC€H30pa YIIPpYTUX MOAYJCH, ABJAIOMINECA KYCOYHO-HEIIpEC-

PBHIBHBEIMH  (DYHKIMSMH KOOPAWHAT, KOTOPBIE YIOBICTBOPSIIOT OOBIMHBIM YCJIOBHUSIM
CHUMMETPUM U TOJIOKUTEIEHOH ONPENeNeHHOCTH, P -IIOTHOCTL cpenpl. Chopmymipyem

3aja4y onpeenaeHus KodhpPpuuueHToB quddepeHHansHOro onepaTopa TEOpUH ypyroctu
TI0 IOTIOJTHUTENbHON HHpOpMaLin

u,.|Sc =fi(x0), oclo,o,] )

Takast mocTaHOBKa COOTBETCTBYCT U3MEPCHUIO IIOJIA HCpeMCU.[CHI/Iﬁ Ha 9aCTH I'paHULIBI

S

G

Ha KOTOPOW OCYIIECTBJIAETCS HarpyXeHue, B HEKOTOPOM Juara3oHe 4YacToT.

OTMeTI/IM, YTO B TaKOH 06H.ICI>1 IOCTAHOBKE 3aJlaya sIBJSIETCS HEeJIIMHEWMHON U IIOCTPOCHHUEC
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pEIICHUS OCYIECTBIISIETCSI HA OCHOBE IOCTPOSHUSI HEKOTOPOTO UTEPAMOHHOTO IIpOoIiecca.
[IpuBeneM MocTaHOBKY B CIy4ae M30TPOITHOTO Tela, AJIsl KOTOporo 3akoH ['yka (2)

O; = 7L”k,kaij +u(u, ; +uy ), ©

e A, - napamerpsl Jlsme.
Jlns pemieHus ob6paTHOM 3a7add MO BOCCTAHOBJIEGHHIO TPEX MEPEMEHHBIX XapaKTepH-
CTUK A, L, HCIONb3yeTcsl HECKOILKO TMOJXOJI0B, B OCHOBE KOTOPBIX JIEKHT UTEPAIIMOH-

HbIi Meto/ Tuna HerotoHa[14] u ero momudukanuu. CHopMyIupyeM COOTBETCTBYIOIINE

OIepaTopHbIe ypaBHEHHUs. [ HAX0KJCHUS TPeX XapaKTepUCTHK OyAeM HCIOIb30BaTh TPU

PEeXUMa 30HMPOBAHHUS, KOTOPBIC XapaKTEPU3YIOTCS KaK pa3HbIMU 00JIaCTAMU MPUIIOKEHHS

Harpy3kd, TaKk M CcIocoOOM ee MpWIOKeHHs, OO0O3Hauas 3TU HArpy3kd depes
(m) (m)

b

m =1,2,3; coorBercTBYIOLIKE 1107151 CMELICHNH OyeM 0003Ha4aTh U, .

Jlis ynpyrux Tesl MOYKHO HOJIb30BaThCsl 0OOOLICHHBIM COOTHOIIEHHEM B3aUMHOCTH U
MOJly4YeHHBIM Ha OCHOBE HEro omnepaTtopHbIM cooTHomeHueM [13]. Ilpu uccrenoBanun
K03 hUIMEHTHBIX OOpaTHBIX 3a]lad, COCTOSIIMX B ONPENCIICHUH HEKOTOPBIX (YHKIIMH,
XapaKkTEepU3YIOIUX HEOJAHOPOJHOCTh, JUIA OOLIMX JIMHEWHBIX MOJENEH MEXaHUKU
CIUIOIIHOM CpeBl TaKXKe MOKHO OIHpPAaThesl Ha ciabyio (GOpMYIMpPOBKY, KOTOpas BechbMa
4acTO MCIIOIB3YETCS U IS UCCIIEA0BAHUS MIPSIMBIX 3a]au.

Iepeiinem K cnaboli TOCTAaHOBKE, U1 YETO CIPOEKTHPYEM ypaBHeHUe nBikeHus (1) Ha

9JIEMEHT V, MPEICTABISIOIUA c000i BEeKTOP-QYHKINIO ¢ U PEepeHINPYEMBIMUA KOMIIO-

HEHTAMU U YJIOBJICTBOPSIIOIIMKA TI'PAaHUYHBIM YCIOBHMSM Ha Su (manee OyneM cUUTAaTh,

arov € H (V). Ucnonesys teopemy 'aycca-OcTporpaickoro M yunTbiBas IpaHHMHbBIE
ycnoeust B (3), mpuseseM monydenHoe pasenctBo K Bumy A(a,u,v)=b(v), tme
A(a,u,v) ects Tpununeiinas Gpopma (JuHeHHas MO KaXIOMy apryMEHTY) NEPeMEHHBIX
a,u,v, b(v)-mmueitnas popma.

Tax, cmabast MoCTaHOBKA JUISI aHU30TPOITHOW TEOPUH YNPYTOCTH NpezacTasiena B [13] u

COCTOUT B HAXOXKAEHHM KOMIIOHEHT BEKTOpa CMELICHHH, NMpU4YeM Il TPHIMHEHHOH u
JMHEWHOH (hOpM HMeeM COOTBETCTBEHHO

A(a,u,v) = [2L(u,,v,,Cpypop)dV, b(v) = [ pydS,0€[o,0,]
Vv Sy (6)
2L(ui’ Vis Cijk/ ,p) = Cijk/uk,/vi,j - p(’ozuivi

B usorponHOM cityyae Al ONpeNeNnsiomux cooTHomeHnH Buaa (5) u3 cnaboit mocra-
(m)

HOBKH (6), momarast v, =U; ', IMEEM CIICYIONIyI0 CHCTEMY HEITMHEHHBIX MHTETPATBHBIX

ypaBHEHUH TUIAa Y pPbhICOHA
[y + 0@ +ui) ) +ul?) = po’u™u™ |dv = [ p™ £"dS, (1)

)i i,J Jsl
14 S,

o

Oco0eHHOCTBIO 3TOI CUCTEMBI 3 YpaBHEHHUH SBIISETCS 3HAKOOIPEIEICHHOCTD SAep NPpH
HEM3BECTHBIX QYHKUMAX A, [, . Bo3MOXkHOE HapyleHHe 3HAKOOIPEAEICHHOCTH B 3aBH-
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CHMOCTH OT KOMIIOHEHT TeH30pa aedopManuii HMeeTcs B Cilydae HEC)KUMAeMOIo
MaTepuana, KoTopoe OyaeT 00CykKIeHO HUKE B BapuaHTe 2.

Cucrema HETMHEWHBIX ONEPATOPHBIX YpaBHEHUH HCCIIEAyeTCsl Ha OCHOBE OIEpaTop-
Horo merona HetotoHa [14], npu 3TOM TpeOyeTcs HaxoKIeHHe NPOU3BOJAHBIX 1Mo Ppere
OT OCHOBHOTO oreparopa. B paboTe ynanoch MOCTPOUTH JIMHEHHYIO CHCTEMY WHTErpajb-
HBIX ypaBHeHuil ®pearonbMa 1-ro poja ¢ rmagkuMH sSApaMu, MO3BOJSIOUIYI0 HAXOAUTh
MOIIPAaBKU K HEKOTOPOMY HadaJbHOMY NpHONMmKeHno. HauanbHoe npuOImKeHne OThICKH-
BaeTCsl OOBIYHO B KJIACCE MPOCTHIX (PYHKUUH - JIMHEHHBIX WM KYCOYHO-THMHEHHBIX IyTeM
MHUHAMU3aLUHU (yHKIIMOHAIA HEBS3KH.

®y
J, = j J.(f—u‘"))zdeo)
o; So

OtmetuMm Taxxke paboty [15], B koropoll mpencraieH mnonoOHblii nmoaxon B KO3
TEOpUH YIPYTOCTH.

HccnenoBanust B paMKax NpeAiaraeéMoro IMoJaxoJa MOTYT ObITh HCIHOJIB30BaHbl IPU
aHanu3e KojeOaHMH KpyroBoro wwiuHiapa u peumieHurn KO3 mpu oOmmux AByMEpHBIX
3aKOHaxX HeoxHopoxHocTH. K HacrosimeMmy BpeMeHHM HCCIeAoBaHUs KOd(PQUIMEHTHBIX
0o0paTHBIX 3ajay MPOBEAEHBI I CICAYIOIUX LIMIMHAPUYECKHX CTPYKTYpP B Ciydae
O/IHOMEPHBIX 3aKOHOB HEOJHOPOJHOCTH JBYX THUIIOB:

1. Jlns panuanbHBIX 3aKOHOB HEOAHOPOJHOCTH NpPU H3yueHHH JedopMUpOBaHHS
KOHe4yHoro muiauHapa [16-17], roe chopMmynupoBaHbl COOTBETCTBYIOIINE MTEPALMOHHBIE
MPOLECCHl U pelleH psii 3aAad U HEOJHOPOJHOIO LMIMHIPUYECKOTO BOJHOBOJA, IIE
CHUTyallMsl CJIOKHEE M CBs3aHa C HAXOXKICHUE BBIYETOB JUII MEPOMOPQHBEIX (YHKIHI,
3aJlaHHBIX B Habope Touek [18].

2. JIns OCeBBIX 3aKOHOB HEOJHOPOJHOCTH IIPU HCCIENOBAHUM KOJEOaHWH IMIIMH-
JIPUYECKUX CTEpXKHEH KPyroBOTrO IMONEPEYHOr0 CEYEHHs - MPOJOJbHBIX, U3THOHBIX, KpY-
TUIBHBIX. OTMETHM, YTO NPH BBINOJIHEHMH COOTHOIeHHs pamuyc -mmHa /[ <0.2
MO>KHO HCHOJb30BaTh A MOAEIMPOBAHUS OJHOMEpPHBIE Teopudu. OTMETHM, YTO B 3TOM
ciyyae oOpaTHas 3ajjada pasziensieTcs Ha JiBe 1moja3anaqu. 13 coBMecTHOro aHammsa 3agay
JUISL IPOJIOJIBHBIX M U3TMOHBIX KOJIeOaHU onpeenstoTcss Moaynb FOHra 1 mioTHOCTh, a u3
3a/1a4M IS KPYTUIIBHBIX KoneGanuii Haxozurest Moxyis casura G = L.

Onuuiem noapoOHO MEpBYH NOA33Jady JUIS KOHCOJIBHO 3aKPEIUICHHOTO CTEpIKHS B
cooTBeTcTBUU C [19].

Bynem cumtarh, 4TO B 3amadax O MPOJOJBHBIX KOJeOaHMSX HA TOpel — JAeiicTByeT
eAMHNYHas cuia 1 cHuMaeTces AUX ¢ 3Toro ke Topua; B 3a7ade 00 M3rHOHBIX KOJIeOaHUIX
BO3MYIIIEHHE CO3J]AaTCsl COCPEOTOUSHHBIM MOMEHTOM €IMHUYHOM aMIUIUTY/Ibl HA TOpLE U
caumaercss AUX s yria noBopora.

Hanee chopmymupyem oOpaTHyIo 3agady o0 ompeneneHHd IBYX (yHKIui g(x)-

Oe3pa3mepHblii Moayib FOHTa 1 r(x) - Oe3pa3MepHasi INIOTHOCTbh, CUUTAs, YTO U3BECTHA

JOIIOJTHUTCIIbHAA I/IH(I)OpMaI.[I/IH 00 AMIIJIUTY JHO-HYAaCTOTHBIX XapPaKTCPUCTUKAX CTep)KHeﬁ
Buaa

u(l,k)zf(k), ke[O,kl] (®)
w’(l,k)=¢(%), ke[O,kz] )
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B paGore [16] mocTpoeHBl WHTErpanbHbIe ypaBHeHHs Buaa (7) Aus CTepKHEH, B
KOTOPBIX BO30YKAAIOTCS NPOJIOJIbHBIE U U3rHOHBIE KOJIeOaHUs, KOTOPhIE UMEIOT BUJL

FO) =] g@u”(ENde -1 (@’ & 1)dE ) e[0,1,] (10)

0() = [ @)W (E,2)de [ (@)W’ (E,1)dE, . €[0,1,] (an

3necb Y4 ¥ W COOTBETCTBEHHO aMIUIUTYAbI MPOAOJBHBIX U M3TUOHBIX NEpeMelIeHU
CTEp)KHS, KOTOpBIE, BOOOIIE TOBOpPs, SBIAIOTCS ONEPATOPaMU OT HCKOMBIX (yHKUUMI

g(X)I/I r(x); pasnokeHus: 3THX (QYHKUMH B CTEHEHHbIE pAObl C OIEPATOPHBIMHU

K03 QUIMEHTAMU PEKyPPEHTHON CTPYKTYphI TaKikKe MpeAcTaBneHs B [19]; A = .

HTepanioHHBI TpoIlECC, ONMHCAHHBIM BBIIE, NPUBOAUT HAa /1 -TOH HTEpAlU K
MOCJIEI0BATEIbHOMY PEIICHUIO 3aJad sl CTEepKHEH C M3BECTHBIMU MEPEMEHHBIMU
XapaKTepUCTHKAaMM U HaXOXKJICHHUIO MOIMpPABOK M3 CUCTEMBl HMHTETPAJbHBIX YpaBHEHUI
®pearonbma NepBOro poia ¢ HEMPEPbIBHBIMU SIAPAMHU JJIS TOTIPABOK BUIA

ngn(é)u,'il(é, A)dg —KIAI; @, (EWdE=—f (M) + £, (1), L €[0,1,] (12)

[ Ag, @wr € Mde -7 [ A @)W (6.)dE =0 (1) -9, (1), Le[0.4,]

Cucrema (12) pemaercst Ha ocHOoBe Metona perymsipm3annu A. H. Tuxonosa[1], urepa-
LIMOHHBIH MpoLecc OCTaHABINBACTCS NPU JTOCTHKEHHHU OIPENEIeHHOT0 3HaYeHHUs QYHKIH-
OHaJIa HEBSI3KM WJIM IO JOCTHXXEHHWH HEKOTOPOro 4Yucia urepanuil. B pamkax mompoGHOTO
MOJX0Jia pellieHa M 3a/laya, CBS3aHHAS C UACHTU(HMKALUEH NepeMEHHbIX CBOMCTB KOXKH,
MOJICIUPYEMOH KaK TPeXCIIOiHas ynpyras Wi BA3KOyIpyras cTpykrypa [20].

HTepaunoHHbI mpolece NpoAoipKaeTcs 10 TeX Mop, Moka He OylIeT JOCTUTHyTa
OTIpeieTICHHAas TOYHOCTh TPH BBIMOJIHEHUH JONOTHHUTEIBHBIX TPAHUIHBIX YCIOBHH (8)-(9).
DakTHYEeCKN IByXdTalHas MHpoLeaypa IO3BOJIET cpazy (GOpMYyIHpOBATH ONEPaTOPHBIE
ypaBHEHUs B 0OpaTHOM 3a/1aue, u3berast peleHust 3aJa4 epBOro NpUOIHKESHUS.

3amaya O KPYTHJIBHBIX KOJIEOAHHSIX KOHCOJIBHOTO CTEPXKHS COHEPKHUT IBE (YHKLIUH,
OMpeJeIsIoIe CBOMCcTBAa — Oe3pa3MepHbI MOIyJb CIOBHra M IUIOTHOCTb. lIOCKONBKY
IUIOTHOCTH OIpeJiesieHa N3 MpeblayIneil noa3afaun, To U1 HaAXOXKICHNUS MOMYJIA CIBUra
MOJy4aeTcss OJHO OIEpaTOpHOE YpaBHEHHE, a CXEMa ero HUCCJIeOBaHHA aHaJOrM4Ha
MpeAbILyLIEMY.

3ameyanne 1. Ecny BHUMaTenbHO NpOaHAIM3UPOBATh MOCTAHOBKU 3a/ad B paMKax
HEOJHOPOJHOM TeOpHM YNPYroCTH, CTAHOBUTCS SCHBIM, YTO TPHIMHEHHOCTH (HOPMBI
OTKPBIBAECT U APYrHe BO3MOXKHOCTH Mpu moctaHoBke KO3, koTopble B MOCIENHHUE TOJbI
CTaJIM PEaIN30BbIBATHCS [IPU MCCIICIOBAHUN CBOWCTB MATKHX OMOJIOTHYECKHX TKAHEH.

Bapuanr 2 — 3anaHme (M3MepeHHe) MoJieii cMelleHHWI BHYTpPH o0beKTa Hccle-
JOBaHMSI. DTOT BapUaHT INOCTAHOBKHU IPEATAracTCs pPEaJu30BLIBATH NMPHU ONPEAEICHUU
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MaTepHaIbHBIX XapaKTepUCTHK MaTepuala, 3aBUCSIINX OT KOOPAWHAT, B Cilydyae 3aJaHus
JIOTIOJIHUTENbHOM MH(pOpMaLUU BHYTpH OOBekTa. Jlanee H3JI0XUM NPHIOKEHHE 3TOTO
MOJX0Jia K HEKOTOPBIM 3aJiauaM MJCHTU(PUKAUKU CBOMCTB TKaHEH, B YaCTHOCTH, B 3aJa4ax
snacrorpaduu MATKUX TKaHEH.

OTMeTHM, YTO COBPEMEHHbIE METO/Ibl UCCIICIOBAHUS TKAaHEH U OPraHOB YEJIOBEYECKOTO
OpraHu3Ma JOCTATOYHO XOPOIIO IO3BOJISIOT OIPENENUTh M3MEHEHUS B CTPYKTYpax M HX
XapakTepHsle pa3Mepbl. B To ke Bpems onpeneneHne QU3NUECKHX XapaKTEePUCTUK H3Me-
HEHHBIX CTPYKTYp IpeACTaBIseT cOOOH BechbMa TPYIHYIO 3aJady U TpeOyeT peleHus psia
00paTHBIX 3a/1a4, €CIM U3MEPEHUs IPOU3BOAATCS C MOBEPXHOCTH UCCIELYyEMOro 0ObeKTa.
B TO e Bpems npu W3MEpeHMH MOJeH BHYTPHU OOBEKTa HCCIEAOBAHUS B 3HAYMTEIHLHOU
CTENEeHH YNpPOIIaeT MPOLeNypy omnpeneieHus (HU3HYECKUX CBOMCTB, HAlpUMep, MOJYJIS
CIBWIa M JlaJiee CYAUTb O CTaJUM IaTOJOTHYECKOro Ipolecca. YIJIbTpa3ByKoOBas JHArHo-
CTHKa ¢ 3nactorpadueil mo3BossieT NoIyYuTh HHYOPMALIUIO HE TOJBKO O CTPYKTYPE TKaHH,
a Taxoke 00 yNpyrux cBOMCTBaxX TKaHU. JTO JaeT BO3MOXKHOCTb IIEPEHTH OT KaueCTBEHHOM
OLIEHKH K OLIEHKE KOJINUECTBEHHBIX ITOKa3aTelIeil COCTOSHUS CaMOil TKaHH.

Takum oOpaszom, snacrorpadusi mpeacraBisier coOoil B Hacrosliee BpeMs BechbMa
MOIYJISIPHBIN COBPEMEHHBIH CHOCO0 OLIEHKH XapaKTepPUCTHK YNPYTOCTH MATKUX TKaHEH.
Ora METOAMKa CTaja HCIIOJIb30BAThCS OTHOCUTEIBHO HENABHO, NEPBbIH H3MEPHUTEIbHBIN
annapar, IpeiHa3Ha4eHHbIH I 3TOro, Obul pa3paboTaH M BBEICH B HKCIUIyaTallMio B
2002r. 1 OCHOBaH Ha yJIbTPa3ByKOBOM 30HIUPOBAHUN HCCIEIyeMOH 00JIacT U U3MEPEHUHN
moneit (cMernenuii, nedopmarmii) BHyTpH 00bekTa. [Ipu 3TOM mepBOHAYANBHBIN BapHaHT
Takoro npudopa ObLI OCHOBAaH Ha MpEABAPUTENILHOI KoMIpeccuu BOIM3M 30HBI 00CHeN0-
BaHMsA, YTO MO3BOJIUIO JIaTh CPAaBHUTENIBHYIO OLEHKY MOIYJIEH YNPYrocTH pasiIMYHBIX
Y4acTKOB HccienyeMoil obmacTu. Pe3ynpTaTsl Takol OLIEHKH C TOMOIIbIO IPeoOpa3oBaHus
JITaHHBIX yJIBTPa3BYKOBOTO 30HIMPOBAHUS BBIBOJWINCH Ha DKPaH MOHUTOpA B BUJIE OTTCH-
KOB CEpOro WM B IIBETHOM BapuanTe. [IpeoOpa3zoBaHue HaHHBIX H3MEPEHHBIX CMEILEHUN
BHYTPU 30HBI UCCJEJOBAaHHS B KapTy JIIOOOr0 M3 CBOMCTB MSTKOHW TKaHHW, OCHOBAHBI Ha
MaTeMaTH4YeCKUX alropuTMax, KOTOPbIE B COBOKYITHOCTH HAa3bIBAlOTCS aJrOPUTMAMHU
WHBEPCHH, KOTOPBIE HCIIOJIB3YIOTCA B psiie padot, Hanpumep, B [21,22].

Hcnonezyemass B TO BpeMsl IPH OLEHKE MOAYJICH YNpyrocTH METOAMKa HMela s
HEJIOCTaTKOB, B NEPBYIO OYEpE]b, CBA3AHHBIX C OLEHKOW CTENEHM KOMIIPECCHH, JaBalia
GonbLIO pa3Opoc M3MEPSAEMbIX XapaKTePUCTHK M II03TOMY B 0ojiee MO3JHHUX BapHaHTax
anmapatypsl (HauuHast ¢ 2003r. ) HayaJl MCHOJIB30BATHCSI METO/, MOJIYYMBIINI B aJIbHEH-
LieM Ha3BaHME «3jacTorpadus cIBUIOBBIX BOJH», mpeiyioxeHHbld CapsazsHom A. I, u
pa3BuThId UM BMecTe ¢ Kojuteramu [23-25]. CyTh €ro cOCTOUT B BO30Y>KACHHH CABHI'OBBIX
BOJIH, MPE00IagaonMX B MATKUX TKaHSAX, U U3MEPEHUH MX CKOPOCTEH BHYTPU HCCIEIy-
€MOro O0BEeKTa, YTO MO3BOJIJIO HAa OCHOBE IPOCTOW 3aBHCUMOCTU MEXIY CKOPOCTBIO,
IUIOTHOCThIO M MoxyneM IOHra (B pamMkax MOJIENIM HEC)KMMAaeMoil ynpyroi cpesnsl)
oueHUTh MoAynb FOHra. DTOT MeToJ Hayal MHTEHCHBHO HCIIOJIB30BATHCS Pa3IMYHBIMU
MIPOM3BOAUTEINSIMH YJIBTPA3BYKOBOIO OOOPYZOBaHUS M OJAHUM M3 IEPBBIX CTall ammapar
FibroScan nanst IUarHOCTUKM TKaHEH IEYeHW, KOTOPBIA C YCIIEXOM HCHOJB3YeTCs B
HacTosIIee BpeMsI B IPAKTUIECKOH AUarHOCTHKE.

Bmecre ¢ TeM oTMeTHM, YTO, HAlpUMEp, B HACTOAILIEE BPEMs NPU OLEHKE COCTOSHHS
MATKHX TKaHEW, HampuMep, MEeYeHH B MEAUIMHCKOW JMarHOCTHKE MMEETCS BCEro JHIIb
TpH JHMarna3oHa OLEHOK JUId MOJYJIsl yIIPYTOCTH, 110 TOMY ITOKa3aTellto AejaeTcs BbIBOJ 00
OTCYTCTBMH NATOJIOTUH WIN €€ HAJIUYUU U €€ CTETICHH.

3aMeTHM, 4TO JIOKAJIbHBIE TI0JI1 CMELICHUI B TAKUX AMATHOCTHYECKUX almapaTax OIlu-
CBHIBAJIUCH MIPH TIOMOIIM pelleHnid ypaBHeHus [ enpmronbna [24], yto o3HavgaeT npeHedpe-
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JKEHHe T'paJueHTaMH MOJYJIS CABUra (3TO BO3MOXKHO IJISI PA3MBITBIX HEOJHOPOMHOCTEH)
COOTBETCTBEHHO YTOYHEHHWE MOJENH IO3BOJHT JaTh 0o0jee TOYHYIO OLIEHKY MOAYJS U
IUIOTHOCTH U Y4€CTh UX U3MEHEHUE BHYTPHU NPEIMETHON 00IaCTH.

Crenyer OTMETUTD, YTO AaHHBIE O CMEIICHHUSAX BHYTPU TKAaHH COCTOAT U3 MPOIOJILHBIX
BOJIH U NONEPEYHBIX BOJH, KaK Ha 4acToTe BO30Y>KAEHHs, TaK M Ha BBICIINX TapMOHHUKAX.
OTMeTHM, 4TO TPOJOJIbHBIE BOJHBI B MATKMX TKaHAX (TKaHH MO3ra) UMEKT OOJBIIYIO
JUIMHY BOJIHBI (CKOPOCTH TNPOAOJIBHBIX BOJH mopszaka 1400 m/c mpotuB 1-10 m/c st
nornepedHbIX BosiH). OOBIYHO B alropuTMax oOpabOTKM CHTHAJOB OTCEKAKOTCS BBICIINE
rapMOHHMKH, OJTHAKO OHM HE MO3BOJISIIOT OT(QHUIBTPOBATH TOJILKO IIONEPEYHBIE BOJIHBI,
MOATOMY YYeT IPOJOJBHEIX BOJIH ULl YTOYHEHHS MOJETH MMEET IIEPBOCTEICHHOE 3Haye-
Hue. B To ke Bpems mozenb snacrorpaduu, B KOTOPOH HCIIOIB3YETCS MOJEIb HEC)KUMA-
€MOr0 HEOJHOPOJHOr'O YIIPYroro Tejia, MOXKET OBbITh C YCIIEXOM HCIIOJb30BaHA IJIsl COBEP-
LIEHCTBOBAHUS METOAMK OLEHKH YIIPYTrUX CBOIMCTB, B IEPBYIO OYEpEb MOTYJIsl CABUTA.

Jlnst yTOYHEHHs OILIEHOK CBOMCTB TKaHeH B HacTosIIeil paboTe MCIIOIb30BaHAa MOJENb
HEC)KHUMAaeMOH yNpyroil cpemsl ¢ IepEeMEHHBIMH XapaKTePUCTHKAMU - MOJYJIEM CIBHIa H
IUIOTHOCTBIO, CPOPMYJIMPOBAaHA COOTBETCTBYIONIAs KpaeBas 3aqa4ya /Uil oneparopa BTOPOro
HOpSAAKa ¢ IEPEMEHHBIMU Kod(dHIeHTaMu, Ha 6a3e KOTOpOoit HcCile10BaHbl Be 0OpaTHEIE
3amadn (110 BOCCTAHOBJIEHHIO MEPEMEHHOTO MOIYJISI COBHIA NP M3BECTHOW IUIOTHOCTH U
BOCCTAQHOBJICHHIO JIByX NEPEMEHHBIX XapaKTEPHCTHK) IO W3MEPEHHOMY BHYTPH 00IacTh
n3MepeHHi oo AedopManuii, IpudeM ISl BO30Y KICHUS BOIHOBBIX MPOLECCOB UCIIONb-
30BaH OJVH W3 HauOoJyiee YHOTPEOUTEIBHBIX CIIOCOO0B (CABUTOBBIC KOJIEOAHHS TIOBEPXHO-
cTH, 1100 (HOKYCHUPOBAHHBIH YIbTPa3BYKOBOH MyYOK).

Ob6patumces k cnaboif moctaHoBKe (6), KOTOPYIO MOXKHO MCIIOJIB30BaTh IS HCCIIEI0Ba-
HUS Pa3NIUYHBIX THHOB 3amady. OcoOEHHOCTh NMOCTAaHOBKHM 3aladyd IIPH HCIIONB30BAaHHU
HHGOPMAIMY O TOJAX CMELIEHHIl BHYTPH OOBEKTa COCTOHUT B TOM, YTO HEOOXOAUMO

BOCCTaHOBUTHL CBOMCTBa 00JIaCTH Vo C V', npuuem nmons cMmemeHuit U; W3BECTHBI BCIOLY

B V1, kxpoMe Toro, m3BeCTHBI CBOHcTBa ympyroro tema B V' / V. Takas nocraHoBka

ONHUCHIBACT CYTh NMPOOJEMBI W JUIA CUTyallMH, KOTJIa €CTh BBIPaKEHHAs I'PAHUIA MEXKAY
00acTAMHU C pa3IMYHBIMU XapaKTEPHUCTHKAMHU, M KOTJa 3Ta IPaHUIA Cl1ado IPOCIIeKHU-
BaeTcs. OTMETUM TaKXKe, YTO IUIOTHOCTh MATKUX TKaHEH (HOPMAaJbHBIX U MATOJOTMYECKU
W3MEHEHHBIX OTiIM4aercs He Oosee, yueM Ha 10%), a MOy b CBHra MOXKET OTJIMYAThCS HA
nopsinok. Takum oOpa3oM, B paMmKax NpPEIIOJIOKEHUH (HEC)KMMAeMOCTh M IOCTOSIHCTBO
IUIOTHOCTH) JAJIsL OTIPEJEICHUs] MOAYJISl CIBUra HA OCHOBE MPEABIIYLIMX TOCTPOCHUH HMEEeM
HHTerpajbHoe ypaBHeHue dpenronsma 1 poaa ¢ TIakUM sSAPOM CIEAYIOLIETO BUAA

J.M(”z:/ + uj,i)(uij + uj,i)dV = p(Dz _[ uu,dV + J. puds (13)
v v Ss

3aMeTI/IM, YTO AP0 3TOr0 YpaBHCHUA SABJIACTCA IMOJIOKUTECIBHO OIPCACICHHBIM. Taxxe
OTMETHM, YTO 3TO YPAaBHCHUE MOXKET OBITh yOopoui€eHo, €CJIn BbIACJIUTHL OTACIIBHO 00sacTh

V' /V,, cBoiictBa TKaHH B KOTOpOIl M3BECTHBI M 3amucaTh ypasHenue (13) ans o6mactu

V,, B xotopoit | HemsBecTHO. OTMETHM [BE TPYAHOCTH (MM IBE HEKOPPCKTHBIC

1oJ3aJjauM) B pEIIeHNH HHTerpasbHOro ypaBHeHHs Buaa (13) mim ero amamora. Bo-
NEPBBIX, BBIYUCICHNE YaCTHBIX MPOMU3BOJHBIX OT M3MEPEHHBIX CMEIICHUI MpeNCTaBIseT
NEPBYI0 HEKOPPEKTHYIO 3ajady, KOTOpas MOXET OBITh perieHa IPH MOMOIIM HCIHOJB30-
BaHHUS CIUIaH-aIIIPOKCUMAIINH, a oOpalleHue BIIOJIHE HEIPEPHIBHOIO onepaTopa Buna (13)
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IpeAcTaBiIsAeT coOOl BTOPYIO HEKOPPEKTHYIO IOjA3aJady, KOTOpash OOBIYHO PEIIAeTCs C
noMmolbio Meroaa perynspusanuu A. H. Tuxonosa.

OtmeTuM, 4to A ypaBHeHHs (13) HECTI0XKHO YCTaHOBUTH M €AMHCTBEHHOCTH OIpEJie-
JICHUS] MOJIYJISL CABMIa B KJIacCe KYCOYHO-MOHOTOHHBIX (yHKumit. JlomycTuM, 4Tto umeercs

[IBa pelleHusl MHTerpajibHoro ypasnenus (13) W, u WU,. Chopmynupyem oaHOpoaHOE

MHTErpalbHOE YPABHEHHE OTHOCUTENBHO QyHKIMK L, = LI, — L, . OHO MMeeT BUA

j 1 (X)R(x,@)dV =0 (14)

0

3pech R(x,®)=(u,; +u,)u, ,+u;,) - HeOTpHUATENLHOE /PO, KOTOPOE MOKET
oGpamaTsest B HOMb TOJNBKO TOTAA, KOTAA AepOpPMALMH PABHBI HyIIIO, YTO COOTBETCTBYET
JBIKEHUIO KaK TBEPAOrO LENoro. B cuiy Kycounoil MoHoTOHHOCTH (yHKums L, (X)
MOXET IpPUHMMATh 3HAYCHWsS DAsHBIX 3HAKOB. BBeseM B paccMoTpeHne pasOueHHe
I/()ZI/()+UI/()_, cuutass, uto M.>0 Ha a U, <0 ma V. Beemem B

0+°

PAacCMOTPEHNE HEOTPHLATEIbHYIO DYHKUHIO Wi =, Tpu X €V, U W = —, 1pu

x €V,_. Torna u3 (14) noiy4um paBeHCTBO j L (X)R(x,0)dV =0, otkyna cnenyer B
Vo

CUILy IIOJOXHUTENBbHOCTH sAApPa . =0, YTO M J0Ka3bIBAET €AMHCTBEHHOCTb PELICHMS

ypaBHenus (13).

3ameuanue 2. Kpome Toro, /st yTOYHCHHS MOJEIH M yYeTa PEAbHOTO 3aTyXaHUs B
MSITKAX TKaHSX MOXKHO HCIOJIB30BaTh MOJOOHBIN ITOXO/ TS OIIepaTtopa BTOPOTo MOpsiIKa
C HEPEeMEHHBIMH KOMIUIEKCHBIMH KO3 HUIMEHTAMH B PAMKaX KOHIICIIHH KOMIUIEKCHBIX
MOyJIeif, B KOTOPOW NPHHHMAETCS, YTO OIKMCAHHUsS KOJCOaHMIl BS3KOYNPYrod Cpemsl
HEOOXOMMMO B YOPYTHX IIOCTAaHOBKax 3aMCHHTH YIPYIHE MOIYJIH KOMIUICKCHBIMU

* . * .
(ynkuusMu, 3aBucAIMMH  OT uacToThl konebamuit A=A (X,i®), p=U (x,i®),

KOoTOpble (JOPMUPYIOTCS OOBIYHO B paMKax MOJENM CTaHIAPTHOTO BSI3KOYNPYIoro Tesia U
MPEACTABISIOIINE CO00M IpOOHO-parMOHaNbHble (YHKIMH 4acTOTh.. B pamkax Takoro
MOJX0Ja MOJYYEHO MHTErPalibHOE YPaBHEHHUE C BIIOJIHE-HENPEPHIBHBIM ONEPaTOPOM BHUIA
(13) ¢ KOMIUIEKCHBIM SIIPOM M KOMIUIEKCHO3HAYHOW HEW3BECTHOM (DyHKLHMEH, KOTopoe
uccienyerTcs B paMkax 00001eHHoro Merosa peryisipusauuu A.H. TuxoHoBsa.

3akurouenne. B paGoTe u3nokeHbl CiocoObl UACHTUPUKAIIMH CBOUCTB HEOAHOPOIHBIX
YIPYTUX CTPYKTYD - (GYHKIHOHAIBHO-TPaJUEHTHBIX MaTEPHAJIOB M OHOJOTMUECKUX TKaHEH
Ha OCHOBE Pa3IMYHBIX NOCTAaHOBOK. IIpM 3TOM HOMOMHUTENbHAs MHGOpMALUS 3aaeTcst
100 Ha rpaHuIe Tena , J1u0o BHyTpu Hero. [IpeacraBieHbl cioco0bl HCCIeT0BaHUs JTMHEH-
HBIX U HEJIMHEHHBIX ONEPaTOPHBIX YPaBHEHWH C BIIOJHE-HEIPEPHIBHBIMU OIIEpaTOpaMH Ha
OcHOBE (hOPMHUPOBAHNUS HTEPALMOHHBIX IPOLIECCOB U METOIOB PEryJIIPH3aIHy, IPUBEICHBI
IPUMEPHI TS HHITHHAPHIECKUX CTPYKTYP - CTEPIKHEH U IUIHHAPOB.
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2U8UUSUULP GhSNRESNARLLEP ULAUSHL UYUNGUPUSE SENEUUSRl
W3BECTHUS HAIIMOHAJILHOM AKAJIEMUU HAYK APMEHUUA

Ukhuwmuhlju 75, Nel-2, 2022 Mexannka
YK 539.3 Doi:10.54503/0002-3051-2022.75.1-2-48

O TOYHOM PEHIEHUH OJHOI'O KJIACCA 3AJAY O KOHTAKTHOM
B3AMMOJIEICTBUHA CTPUHI'EPOB C YIIPYTUMH TEJAMHA

I'puropsn M.C., Mxutapsu C.M.

KiioueBble cjioBa: yrnpyras MoJyIuioCKOCTb, YIpyras M0JI0Ca, YIPYTHil KINH, CTPUHIEp, IUIOCKast aedopMartus,
AQHTUIUIOCKAst Je(hopMaLs, HHTErPAIHOE yPaBHEHHUE.

Anhqnppub U.U., Ujhpupyui U.U.
Uwphugkptbph b wewdquljwh vupdhubkph §ninwljuughb hnhowgn g pyut

uunhputph vh puuh £oqphn msdws dwuht

Zpduwpwntp: wpwdquijut Jhuwhwpenipiml, wrwdqulijub skpw, wpwdquljub uby, unphugbp,
hwpp nhdnplughw, hwljuhwppe nhdnpuwmghw, hnkgpuy hujwuwpnid:

Pupujuyuwwn  wmwppiph  wbupny  uwnphbgbpibph U wpwdquljut  hns  Jwpdhtubph
intnuljunught hnpuwqnbgnipjut patmhpubph dnnhbhuglws gpywspny, tpp twpwybu npdws t
uwnphugblpubph Jhnkph hnphgnuwlwt wpwdquijut minuthnjmpeniuutph nkdhup, phunwplynud £
&ogpuinpklt 1nisynn wynuyhuh pughpubph dh quu: Unphigbp-wnwdqujui hhdptp hwdwlwpgtph
nownnipjut  hwpgkph hbinwgnuimpniip’  uwnphghptibph Jpw wqynn  nudught - gnpénibikph
npnonudny, npnup wywhnynud ko gpug wowdquljult nknuhnjunmpmnibatbph twwybu wpdus
nhdhup, nith nkuwljub b gnpstuljut tywhwlnipmnit: Unwdquljul hné dupdhiubpp Jepgynud L
Yhuwhwppnipjub, skpnh b ubwh wkupny, npnip quiynud ko hwpp jud hwjwhwppe nEbnpdughugh
wuydwbbpnud: Yhunwplyyny nbnwlunughtt pughpbtph nsnudutpp phipduws Bu jnquphpdwulut
uhdbnphl] Ynphqny dpknhnjuih wnpwehtt uknh hnbgpuy hwjwuwpnudubph (mismidubtph, npnug
&ogphwin (hwl) nusnudubpp Yunmigdnud i Qbpholh puquuinudibp wwpnibwlnng uwwyblupuy
wnlsnipiniitiph oquntpjudp:

Grigoryan M.S., Mkhitaryan S.M.
On precise solution of one class of problems on contact
interaction of stringer with elastic bodies

Key words: eclastic halfplane, elastic strip, elastic wedge, stringer, plane deformation, antiplane deformation,
integral equation.

In modified problem statement on contact interaction of thin-walled elements in the form of the stringers with
massive elastic bodies, when the regime of elastic horizontal displacements of stringer points is previously solved
problem is considered. These problems have theoretical and practical interest when studying the questions of
rigidity of stringers-elastic bases systems with the subsequent determination acting on the stringers of the force
factors providing given them the regime of the elastic displacements. The massive elastic bodies are taken in the
form of half-plane, strip and wedge, being in the conditions of plane or antiplane deformation. The solutions of the
considered contact problems are brought to Fredholm integral equations of the first kind with symmetrical
logarithmic kernel. Their precise (closed) solutions are built with the help of spectral correlations in Chebyshev
polynomials.

B MO,[l]/I(i)]/IHI/IpOBaHHOﬁ TMOCTAHOBKE 3a/1a4 O KOHTAKTHOM B3aMMOJCHCTBUU TOHKOCTCHHBIX SJIEMEHTOB B

BHUJE€ CTPUHICPOB C MACCHUBHBIMHU YIIPYTHMHU TE€JIaMH, KOrJa 3apaHee 3aJaH PEKHUM YIPYTruX rOpHU30HTAIBHBIX
HepeMeLHeHP[ﬂ TOYEK CTPHUHICPOB, PACCMOTPEH OJHWH KJACC TaKUX 3aja4, peIaeMbIX TOYHO. Ot 3amauun
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MPEJICTABIISIOT TEOPETHYECKUH M TPAaKTHYECKHH HMHTEpeC IPU HCCIIEIOBAHMU BOINPOCOB JKECTKOCTH CHUCTEM
CTPHHIEPSI - YIPYTHE OCHOBAHMUS C MOCIICIYOLINM ONpPEIeICHUEM IeHCTBYIONIMX Ha CTPHHIePbl CHIOBBIX (haKkTo-
poB, 00ecreYnBaIONIMX 3aJaHHBII UX PEXHM YNPYrHX NepeMelieHnii. MaccuBHble ynpyrue tena 6epyTcst B BUIE
MOJTYIIIOCKOCTH, HMOJIOCHI ¥ KJIMHA, HAXOJAIIMXCS B YCIOBHAX IUIOCKOI MIIM aHTHILIOCKOH Aedopmarmu. PemreHnst
paccMaTpHBaeMbIX KOHTAKTHBIX 3a[a4 CBEICHBI K HMHTErPaNbHBIM ypaBHeHmsiM @Dpearonsma MEpBOro poja ¢
CHMMETPUYECKHM JlorapudMuyeckuM sapoM. KX TouHble (3aMKHYTBIC) pPELICHMSI MOCTPOEHbI HPH HMOMOIIK
CIEKTPAIbHBIX COOTHOIICHHH 11 MHOTO4IeHOB YeObIiiena.

Beenenne. 3agaun KOHTaKTHOTO B3aUMOJEHCTBUS MEXY CTPUHTEPAMU U MAaCCUBHBIMU
YIPYTHMH TEJIaMU COCTABIISIOT OOIIMPHYIO 00J1aCTh TEOPUH KOHTAKTHBIX 337a4 MEXaHUKU
nedopmupyemoro TBepaoro tena. OHM Oyny4yd CBsI3aHBI C BaXKHBIMHU JJIsI MHKEHEPHOH
MPaKTHUKK BONPOCAMU O Mepeladye Harpy30K OT TOHKOCTEHHBIX 3JEMEHTOB B BHIE
CTPHHIEPOB K MAacCCHBHBIM Ae(OPMHUPYEMBIM TeJaM, B MOCJIEIHAE IECSITUIICTUS MOy IHIH
WHTEHCHBHOE pa3BHTHE. TakoMy pa3BHTHIO CIOCOOCTBOBaJa TaKXKe HEOOXOIUMOCTh
UCCIIEIOBaHUS BOIPOCOB KOHIEHTPAIMM HANPSHKEHHH C  PE3KO  HM3MEHSIOIUMHUCS
IpaJIMeHTaMH BOKPYT CTPUHIEPOB, KOTOpPHIE CYLIECTBEHHO BIMSIOT Ha IPOYHOCTHBIC
XapaKTePUCTHKU MHOTHX MHKEHEPHBIX KOHCTPYKIUH U UX JeTalei.

IlepBble HcCleOBaHUS KOHTAKTHBIX 3aJlad CTPUHIEPOB C MACCHUBHBIMH YNPYTHMH
TelaMH BOCXOJAT K H3BECTHOW crathe Menana [1]. BmocneactBum cyuiecTBeHHOE
MPOJIBM)KEHHE B 3TOH 00JacTH NOCTUTHYTO B paboTax [2-4]. OCHOBHbIE Pe3yJIbTAThl 110
3aJjayaM KOHTAKTHOT'O B3aMMOJCHTBHUS MEXKAY CTPUHIEpaMH M MAaCCHUBHBIMU YIPYTHMMU
TeNaMH, MOJIydeHHbIe 10 1976r., 1 MEeTOIbl MX PELIeHHs MOJIBITOKEHbI B KOJUIEKTHBHOMN
Monorpaduu [5]. B 3TOM HanpaBJieHHH yKakeM Takke Ha MoHorpaduu [6-8].

B 3ajmauax yka3zaHHOro THWHa B paMKax MOJEIHM OJHOMEPHOTO YNPYroro KOHTHHyyMa
ctpunrepa [1] o6b14HO TpeOyeTcst ONpeAeInTh KacaTelbHble KOHTAKTHBIE HAIPSDKEHHS 10T
CTPUHI'€PAMHU U OCEBBIX HANpPSDKEHWH B MX CEUCHMAX I10 33JaHHOI CHCTeMe BHEIIHUX CHII.
Ho mnpu wuccrnenoBaHuM BONPOCOB KECTKOCTH CHCTEMbI CTPHHIED - YIPYroe OCHOBaHHE
IIPEACTABIIACT TEOPETUUECKUI U MPAKTHUECKUIA MHTEPEC U TaKas IMOCTAHOBKA TaKMX 3a/ad,
KOTZa HEoOXOOMMO 3apaHee 3alJaTh pPEXHM OCEBBIX YIPYIHX IEPEeMELICHUIl ToueK
CTPUHI€POB U OIPEAETHTH, 10 AUPQepeHIINaIbHOMY YPaBHEHHUIO UX Ie()OpMHUPOBAHHMS,
JICHCTBYIOIIME HA CTPUHIEPHl COOTBETCTBYIOUIME CUIIOBBIE (PakTOpbI, oOecreunBaromye
3aJJaHHBI peXxuM mepemelieHuid. B Takoil mocranoBke B [9] paccMmoTpeHa 3amada o
KOHTaKTE IMPOU3BOJIBHOIO KOHEYHOTO YHCIA U NEPHOAMYEKOH CHUCTEMBI CTPHHIECPOB C
yIOPYroil MOJIyIJIOCKOCTBIO, I/ie OOCYXIEHBI TaKKe HEKOTOpble YacTHbIE Ciydau. B
yKa3aHHOW mnoctaHoBke B [10] mocTpoeHO TOYHOE (3aMKHYTOE) pELICHHE 3aJadu O
KOHTAaKTHOM B3aMMOJEUCTBHMM KOHEYHOIO CTpPHHIepa C YIOpyroil mojocoil mnpu
AHTHUILIOCKOH eopMaIiin.

B nacrosmeil ctatbe B yka3aHHON IOCTaHOBKE IOJYYE€HbI TOUHBIE PELICHUS OJHOTO
Kjlacca 3aJa4 O KOHTAKTHOM B3aUMOJEHCTBUHM CTPHHIEPOB C MACCHUBHBIMU YIPYTHMHU
Tenamu B popMe yIpyroi NoJymIOCKOCTH IPH IJIOCKOH aedopmanuu u B popme ynpyroi
IIOJIOCHI M YIPYroro KJIKMHA IIPU aHTHUIIOCKOH nedopmaruu. [Ipu 3ToM paccMmarpuBaroTcs
Cllyyal KOHTAaKTa JABYX OAMHAKOBBIX CHUMMETPHYHO pPAaCMOJOKEHHBIX M CHMMETPUYHO
Harpy’>Ke€HHbIX CTPUHIEPOB C YIPYTUMH TeJlaMH OTMeueHHBIX (opM. OOcyxaaemble 3a1aun
GopMynupyrOTCS B BHJIE WHTErpalbHbIX ypaBHeHHH @pearonbma NEepBOro pojaa ¢
CUMMETPHUYECKHM JIOTapU(PMUYECKUM SAPOM U METOAOM OPTOTOHAIBHBIX MHOTOYJICHOB
CTPOATCS X 3aMKHYTbIE PELICHHS.

].. ITocraHoBKka 3axa4y u BbIBOJA ONPEACTANIINX HHTErpajabHbIX ypaBHeHnﬁ

(ONY). Ilycte ynpyras mnoaymiockocts 11 = {—OO <x<ow;—o<y< 0} ,
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OTHECEHHas K TIPaBOi MpAMOYTONBHON cucTeme KoopamuHar (XY W HaxXOAsmascss B
YCIOBHSIX TUIOCKOH gaeopmammu, obmamaer Momyiem IOnwra £ u xosdduimentom
[lyaccoma V. Ilycts, manee, nmomymiockocte 11 ma cBoeif rpammme y=0 mo coso-

KYIHOCTH OTpe3koB L = [—a, —b] Y [b, a ] YCWJICHA ABYMs OJMHAKOBBIMU U OTHOCHUTEIb-

HO HaydaJla KOopauHatT O CUMMETPHUYECKU PACIIOJIOKEHHBIMU CTPUHICPAMU BBICOTHI h C

moayneM FOHra ES u ko3¢ duiuentom Ilyaccona V, . IIpeanonoxum, 4To CTpUHIEp MO
OTpPE3KY HAa CBOEH BEPXHEH rpaHu Y = h B nampaenenuu ocu (X HarpyxeHa
KacaTeNIbHbIMU CUJIaMH MHTEHCHBHOCTH T (x) , T.€. .., & B €T0 KOHIEBBIX CEYeHHIX X = b
M X =@ - COCPEIOTOYCHHBIMH TOPU3OHTATLHEIMU CHIAMH, COoTBeTCTBeHHO, F, n P B
MIPOTUBOIIOJIOKHBIX HampaBiaeHUsX. CTpUHIep ke IO [—a,—b] TPaHUIBI TOITYIUIOCKOCTH
I Harpy»eH CUMMETPUYECKH, TaK 4YTO T, (—x) =T, (x) X e [—a,—b] Y [b, a] ,a

COCPEAOTOUYCHHBIE CHUJIbI IO BEJIMYUHE PABHBI 1)17 n })a , HO HallpaBJICHbI IMTPOTHUBOIIOJIOKHO

uM. bynem cumrath, 4TO Hamepesa 3afaH PEXUM TOPU3OHTAIBHBIX YNPYTHX HEepeMELICHHUM

TOYEK CTPUHIEPOB B BUAE (GyHKIMH f(x) (xeL) , T.C. u(x,y)|y=70 Zf(x), pU4emM

f(—x)z—f(x) (x EL), rae f(x) NBaX/bl HempepbiBHO auddepeHnupyemas
bynxuus va L, e f (x)e Cc? (L) TpeOyercst onpeaeauTh KacarelbHble KOHTAKTHBIC
=t ().

T_ (—x) =—T_ (.x) (.x S L) , KaCaTCJIbHbIC CHJIbI T+ (x) Ha rpanu )y = h CTPHUHICPOB

HATPSHKEHUS oz CTpHHIEpaMH T (x ) , npuieM Toxl

(‘E+ (—x) =T, (x) X € L) , COCPEIOTOYCHHBIC CHIIBI Pa u B) , obecrieyuBaronye

3a/IaHHBIN PEXUM YIIPYTHX IEPEMCIICHUN TOYEK CTPUHIEPOB B BHAC QyHKUHH f (x)

HpPI OTOM IJIs IMOJHOTHI IIOCTAHOBKHU 3aJavdu HeO6XO,Z[I/IMO, KpOME YyIIpyrux nepemMemic-
HHUM TOYEK CTPpUHIEPOB, CIIEC 3a1aTb paBHOHCﬁCTBme.[PIC P xacarenbHBIX KOHTaKTHBIX
oA CTPUHICPAMU:

b a
J'rf(s)ds:—P, _[rﬁ(s)ds=P, (1.1)
—a b

rae P - u3BecTHas BEJIMYHHA.
Boisenem OUY nocraBnenHo# 3agauu. C 3TOU IENBIO0 BOCIONB3yeMCsl (POPMYIION st

rOPU30HTANBHBIX [EPEMEIIEH I IPAHHYHBIX TOUEK YIPyroii nomymiockoctd 11_:

-b a 1

u(x,—O)zS J.+£ lnmrf(s)ds (1.2)

—a
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82%, —0< X< T (—x)z—rf (x); u(—x,—O)z—u(x,—O),

KOTOpasi cpa3y HoyrydaeTcsi U3 (pOpMyIbl Ul COOTBETCTBYIOIIMX BEPTHKAIBHBIX IHepeMe-
IIeHHH ONATH TPAaHWYHBIX To4dek mnosymiockoctu II_ [11] mo npuwHOMIY B3aUMHOCTH

padot. Tenepb, MpUHIB BO BHUMaHHE CBOHCTBO HEYETHOCTH (YHKIMH u(x,—O) uT_ (x),

¢dopmyny (1.1) npeobpasyem Kk BUay

X+S

u(x,—0) 9jln t_(s)ds (0<x<oo).

oo

Otcionma, peanu3ysi TPaHUYHOE YCIOBHE u(x,—()): f (x) (b <x <a), OpUIeM K CIeqy-
romemy ONY ®@penroapMa nepBoro poaa ¢ CAMMETPUYECKHUM JIOTApUPMUYECKUM SAPOM:

—1 (s)ds=f(x) (xe(b,a)), (1.3)

b |x—s|

OTKyJa ONpECACIIACTCA HEU3BECTHAA (byHKI.[I/IH T_ (x) - KaCaTCJIbHbIC KOHTAKTHBIC HaIlpsd-

MKEHUs 110]] CTPUHTEPaMH.
Hanee obpatnmest kK cTpuHrepaM. Tak Kak CTPUHIEpbl (GH3MIECKH U TE€OMETPHYECKH
OJIMHAKOBBI, OTHOCUTEIIHHO Hayaia KOOPJHMHAT PACIOJI0KEHbBI CHMMETPUYECKH U CHMMET-

PHYECKM HArpy>KeHbl, TO OTPaHMYMMCA TOJIBKO TIPAaBBIM CTPMHrepoM mo otpesky b<x<a.

JuddepennuansHoe ypaBHeHHE JePOPMUPOBAHHS 3TOrO CTPUHIEPA B paMKax €ro MOJAEIU
O/IHOOCHOT'O HaNpsiKEHHOTo cocTostHus [1] umeet Bup [§]

2
hE, cib;s =t_(x)-1,(x); (b<x<a); E, = E, = (1.4)

rae U, = U, (x) - TOPU30HTAIBHBIE YIPYTHE TIEPEMENIEHHs TOYEK CTPHHIEPa TI0 OTPE3KY
[b,a]. TIpu 0606IIEHHOM IOCKOM HATPSKEHHOM COCTOSHHH cleyeT (hOpMalbHO MOJI0-
xuth V. =0. BBoas B paccmoTpenme ocesoe ycumme S =S (x) B CEYEHUH X

CTpUHIEpa, IPUIEM S(X) = th , Tae Gv - OCCBOC HAIIPSDKCHUC B CCUCHUM X CTPHUHIC-

“s (b<x<a), s

*
pa, ¥ OpUHAB BO BHHUMAaHWE 3akoH [yka O, ZESSY = I

onpenenenus S (x) npu oMo (1.4) mosydum cleyromyro NpOoCTEHINY0 IPaHHYHY O
3amadqy:

Do () (x) (b<x<a)  S(x)

=P. 1.5
I (1.5)

x=a a

=B, S(x)

x=b
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OTcro/1a HaxOauM
S(x) = J.[T— (s)—r+ (s)}ds+Pb (b <x< a).
b

[Tocne Toro kak MOCTPOEHO pemieHne T_ (x) ONY (1.3) npu ycnosuu (1.1), u3 (1.4),

COTJIaCHO YCIIOBHIO KOHTAKTA U (x) =u (x, —O) = f(x) (b <x< a) , Cpa3y HaXOIUM

T, (x)=1_(x)-hE f"(x) (b<x<a). (1.6)
KpoMe Toro, Tax Kak

S(x)zcxhzhE;f'(x), (beSa), 1.7
TO

6, =E f'(x), P,=hE.f'(a); B,=hE.f'(b). (1.8

Takum o6pazom, nocie pemenuss OMY (1.3) npu ycnosuu (1.1), oCHOBHBIE CHIIOBBIC
XapaKTEePUCTUKU CTPUHTEPOB OYAyT onpenenstses no Gopmynam (1.6)-(1.8).
[anee nepeiinem k 6e3pasMepHBIM BEJIMYMHAM, TT0JIaras

&=x/a, n=s/a; k=b/a; ¢.(&)=91.(at); g(&)=/(at)/a;
S,(8)=S(ag)/hE., 6 (8) =0, (at)/E ; B =P, /hE., P = P, | hE; .

a

B pesynbTare, OUY (1.3) nmpeoOpasyetcs kK BUmy
1
+
Ilnﬁ(p_(n)dnzg(é) (k<g<1), (1.9)
k
a ¢popmysl (1.6)-(1.8)- kK BUmaM cOOTBETCTBEHHO
0, (8)=0_(8)-rg" (&) (k<&<l), L=hSE Ja (1.10)

S,(8)=g'(¢). a"(e)=g'(¢): PV=g'(1), B =g'(k).

VYcioBue ke paBHOBECHs NPAaBOro cTpuHrepa coryacHo (1.1) mepeiiner B cienyromee
yCJIOBHE:

1
J(P-(’ﬂ)d‘”l:Po; (B, =9P/a). (1.11)
k

Takum oOpazoM, B pa3bupaeMoil 3amade OCHOBHBIMH YpaBHEHHSMH B Oe3pa3MepHBIX
BennuuHax OynyT (1.9)-(1.11).

B 137107k€HHO BBIILIE TOCTAHOBKE PACCMOTPHUM TaKXe 3a7auyy O KOHTAKTHOM B3aUMO-
JIEHCTBUU JIBYX OJMHAKOBBIX ITOJYOECKOHEYHBIX CTPHHIEPOB C YNPYTOil IOJIYIIOCKOCTBIO.
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Oycte rpammma Y =0 o5Toff  momymiockocTW 1O COBOKYMHOCTH — OTPE3KOB
L= (—OO, —a ] & [a,OO) yCHJIeHa JBYMS OJIMHAKOBBIMH IOJTYOECKOHEUHBIMHU CTPUHIEpa-
mu. IlycTs, mamee, Ha BEPXHMX IrpaHiX ) = h CTPHHTEPOB JNEUCTBYIOT OAMHAKOBBIE IIO
BEJIMYMHE, HO IPOTHBOIIOJOXXHEIE 110 HANpPAaBJICHUIO KaCaTEIbHBIE CHIIBI MHTEHCUBHOCTH
T, (x) (TJr (—x) =—T_ (x) X e L) , @ B KOHIIEBBIX TOYKaX X =ta AEWCTBYIOT OJIMHA-

KOBBIC T10 BEJIMYUHE, HO IPOTUBOIIOJIOXKHBIC 110 HAIIPABJIICHUIO, COCPEAOTOUCHHBIC TOPU30H-
TAJbHBIC CUJIbI BCJIMYUHBI Pa . 3HCCB TAKXKE NPUMEM, YTO 3apaHEC 3aJaH PCIKUM YHNPYyrux

TOPM30HTAIBHBIX TEPEMEIIEHNil TOYeK CTPUHTEPOB B Buie QyHkimu [ (x)e c?
((—OO,—G]U[G,OO)), IIpHYIEM f(—x)=—f(x) u f(x)=0(1) npu |x|—>00.

TpeOyercs ompeznenuts cunosble (Gakropel T, (x), G, u Pa, obecrieunBaronye

3aJJaHHBIN PEXXUM NEepeMEIeHUH.
IIpucTynuB K BbIBOJY OCHOBHBIX YpaBHEHHUIl 00CYXIaeMblil 3a1a4u, Uil TOPU30HTAIIb-

HBIX IEpeMEelIeHUH u(x, —0) IPaHMYHBIX TOYEK ympyroit momymiockoctu 11 Gymem

u(3,-0)=9 £+j 1n|x T )=
=8]Elnﬁr_(s)ds(aﬁx<oo) (r_(x)z—r_(x) (oo<x<oo)).

Tak Kak II0 IIOCTAHOBKE 3aJayu u(x,—()):f(x) (an<oo), TO OTCIOa

monyyuMm cieaytomee ONY 3anaun:

8jln Xrs t_(s)ds = f(x) (a<x<o). (1.12)

=]
OOpamiasicy K CTpUHrepaM, pPacCMOTPHM pPaBHOBECHE YacTh [a,x] [IPaBOro IOJy-
OECKOHEYHOTro CTpuHIepa. MoxeM 3anucaThb

—7;+j.r+( ds — ]Er )dx+o h=0,

a

OTKyza

T, ds+j (an<OO).

q

Il

| —

ﬂ
a~—.><
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IoTpeGyem, 4TO6BI BBITOTHSIIOCH yeiosre 1M c, = 0, otkyna BbITEKAET, UTO
X—0

[ee)

T, :I[K (s)-1_ (s)]ds. (1.13)

a

JuddepenunansHoe ypaBHEHHE >Ke Ae(OPMHUPOBAHHS IIPABOIO IMOTYyOECKOHEYHOTO

ctpuarepa umeer Bux (1.4), HO Ha uHTepBaie (a,OO). Jlanee mocTynuB COBEpPIIEHHO

aHAJIOTUYHO C/IETAHHOMY BBIIIE, TIOJYYIHUM, YTO TIOCIIE OTPEAETICHHs 7_ (x) m ONY (1.12),

OCHOBHBIC CHIJIOBBIC (DAKTODPBI, ACHCTBYIOLIME HA MpPaBblii CTPHHIEp OMPECTATCS MO
bopmynam

T, (x)=1_(x)-hE f"(x), o,=E, f'(x)

n!

m, (a<x<oo) (1.14)

T,=hE f'(a).
Hanee 8 ONVY (1.12) BBenem O6e3pa3MepHbIe BETUYUHEI

E=afx, n=afs; 1, (&)=91(a/g)/E", £,(8)=/(a/E)/a.

B pesynbsrare, ONY (1.12) nepetiner B cieayiomee ONY:
1
.[ln
0

a ycnosue (1.13)- B ycioBue

éigro(n)dn:fo(&) (0<&<1), (115

1

1 9 ST
[, ()dn=T,; T, = [, (n)dn-T,"; qo(n)=?r+(%j; 7=="¢_ (116)
0

0 a

VYkazaHHble Oe3pa3MepHbIC BEIMYMHBI MOXHO BBeCTH Takke B (opmynax (1.14). Ha
9TOM OJIHAKO OCTaHaBiIMBaTbcad He Oynem. Mrtak, pemieHme paccMmarpuBaeMod 3anadu
cBenock K pemennto ONY (1.15)-(1.16).

Ilepeiinem k 3amade O KOHTAKTe JBYX CTPUHIEPOB C YNPYrod IOJOCONH NpU aHTH-

wiockoi nedpopmamuu. IlycTs yrpyras nosoca €2 z{—oo <x<oo; —H<L ySO} BBICOTEI
H wumonyns cpgura G oTHeceHa K MpaBoil MpAMOYToibHON cucteme koopaunar OX) .
[lycts, nmamee, momoca Ha cBoell rpamnne Y =0 10 COBOKYMHOCTH OTPE3KOB
L= [—a,—b]u[b,a] yCWICHA J[BYMs OIMHAKOBBIMH CTPHHIEPAMH BBICOTBI /A H
Moxynamu casura G, a mo TpaHM y=-H JKECTKO 3amemieHa. Bepxmume rpaHn
CTPUHIEPOB CHMMETPUYCCKH HATPY)KEHBI KaCaTCIbHBIMU CHJIAMH MHTCHCHBHOCTH T +(x),

npuyeM T+(—x):—r+(x), a B ceuennmsx X =1a u X ==b peiictByror kacarenbHble
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cocpenorouennsie cunst 1, u T, ,npuaem T =—1,, T, =—T, . Cunraercs, uro nox

JIEWCTBUEM 3THX HArpy30K CHUCTEMa CTPHHIEPHI-NIOJIOCA, TOYHEE CHCTEMa IIMHHOJIEHTOY-
HBIE CTPHUHIEPBI-yNPYTHH CIOH, HaXOOUTCS B YCIOBHAX AaHTHUIUIOCKOW naedopmanun
(npononbHoro cnpura) B Hanpasinennn ocu Oz ¢ Gasosoil mrockocteio Oxy. B
ONMCAaHHON 3ajjade OMATh NPUMEM, YTO Halepend 3aJaH PEeXUM YNPYrHX NepeMelleHui
u(x,—O) TOYEK CTPUHIepOB B  HampaBieHuun ocu Oz B Buue (QyHKUUH

f(x)eC2([—a,—b]u[b,a]), pUIeM f(—x)z—f(x). Kpome Toro, xak u BbIIIE,

3a[aHbl paBHOJEHCTByomye P KacaTeNbHbIX KOHTaKTHBIX HANpSOKEHME MOJ CTPMHIE-
pamu, T.e. umeror Mecto ycnoBus (1.1). TpeOyercs onpenenuth aeiicTByrolue Ha
CTPMHIEpPBI CUJIOBbIE (DaKTOPBI T, (x), P, u P, , obecneunBaromue 3aaHHbIil pexum

UX NepEMEIIEeHU .
IIpuctynuB K BBIBOJYy OCHOBHBIX ypaBHEHUH ONMCAaHHOW 3a/laud, CHaydaua 3aluIIeM

BBIPAXXCHUE YNPYTUX MepeMeLeHUH u(x,—O) B HampaBlieHUH ocu Oz TPaHUUYHBIX TOYEK
mosmockl ¥y =0 OT KacaTenbHBIX CHJI HMHTEHCHBHOCTH T_ (x), MOJlyYEHHOE METOJI0M

npeobpazoBanus Oypee [10]
-b a

1 T |x — s| 3
u(x,-0)= = J;+£ Incth i t_(s)ds=
. cth TCECI_;S'
len _— 7(S)ds (—oo<x<oo).
b | oth T (x + s)
4H
I/ICXOHH nu3 OoCJIICAHETO, peainsyem TpaHUYIHOC ycioBue

u(x, _O) :f(x) (b <x< Cl), B pE3yJIbTATC 4YCro OTHOCHUTECIBHO T_ ()C) npuaeM K

caenyromemy ONY:

oth[ 7=l
F 4H
—Iln T (S)ds:f(x) (b<x<a). (1.17)
b | eth n(x+s)
4H

VYpasuenue (1.17) 10DKHO paccMaTpUBaThCs Mpu BTopoM ycnosuu (1.1).

OOpamascy Temepb K BOIPOCY OIPEACNICHHUsS CHIOBBIX (DaKTOPOB, NEHCTBYIOIIMX HA
CTPHHIepHI, CHavYama 3anuneM 1uddepeHnnaibHoe ypaBHeHHEe 1e(hOpMUPOBAHUS IIPaBOTO
CTpHUHIepa MPH aHTHILIOCKON fedopmarmu [12]:

2
nG, L
dx

=1 (x)-1,(x) (b<x<a), (1.18)
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e U, =u, (x)- YIPYrde INEPEeMEIEHUsT TOYEK IIPABOr0 CTPUHIEpa B HANPABICHUU OCHU

Oz . Tenepp oueBuIHO, uTo Tociye pemenus ONY (1.17), BcieacTBUE yca0BUs KOHTaKTa
u, (x):u (x, —0)=f(x) (b<x<a) , bynKIuA T, (x) cpazy ompenenutcs u3 (1.18):

T, (x)=1_(x)-hG, f"(x) (b<x<a). (1.19)

A ycunus S (x): h‘cxz B CCUCHIX IIPABOTO CTPUHIEPA H COCPELOTOUCHHbIC CHilbl 1, U

1, onpenemsircs mo hopmynam

S(x)z![r_(s)—n(s)]dsﬁLTb (b<x<a); (120,
T,=hG f'(b); T,=hG f'(a).
I[anee BBCEM 6e3pa3MepHLIe BCJINYHHBI

tznx/H u=mns/H; c,=nb/H, d, =na/H,
T

0 (8)= e (HE/m): f,(6)=L 1 (He/x).

Toraa OUY (1.17) npeobpasyercs B cneaytomiee ONY:

1% sh(#/2)+sh(u/2)
I \sh t/2) —sh(u/2)

‘ O(u)duzfo(t) (c0 <t<d0),

a ycnosue (1.1) - B crneaytoniee yciaoBue:
dO
[ (u)du=1,, (T, = nP/Gh).

OTH ypaBHEHHs npeoOpa3yeM Jaiblie, nojaras

&=sh(#/2), n=sh(u/2), ®,(&)=21, (Zarcshé)/wllq%f . Yo=sh(c,/2),
g, (&)=, (2arcsh§); t:2arcsh§=21n(<i+\/1+§2); 8, =sh(d,/2);

B pesynsrare npugem k OUY

_.[1 | —ﬂ| n)dn=g,(&) (v, <&<3,), (1.21)

1 K yCJIOBHUIO
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50
Ia)o(ﬂ)dU:To- (1.22)
Y0

Takum o00pa3om, IOCTaBJIeHHas 3ajada OKOHuYaTeldbHO onucbiBaercss OUY (1.21)-
(1.22).

VYka3anHeie Oe3pa3MepHbIC BEIMYMHBI MOXHO BBECTH Takxke B ypaBHeHusix (1.19)-
(1.20).

B moctaHoBKe TIpeAbIayIIeH 3a7aui PaCCMOTPUM TAKXKE 3a7ady O KOHTaKTe JIBYX OJUHA-

KOBBIX TI0JTyGECKOHEHBIX CTPHHTEPOB ¢ YIpyToit mosocoit {2 = { —0<x<wo; —H<Ly< 0}
Monyiss G u BbicOTl H . 3/1eCh MPEANoaraeTes, YTo NPUKPEIUIEHHBIC HA TPAHUIIE [0JI0-
Chl )= 0 no coBokynHOCTH 110JTyOECKOHEUHBIX OTpe3koB L = {—OO <x<—a,a<y< oo}

CTPUHICPbI Ha CBOUX BCPXHUX TIPaAHAX y = h HArpy»X€Hbl KacaTCJIbHbIMU CHJIAMHU

Tosl o =7,(x) (XEL; T, (—)C)Z—‘E+ (x)), a B CBOMX CEYeHMAX X =zxa- cocpe-

JIOTOYEHHBIMM FOPU30HTANIbHEIMU CUlaMu T}, (T . =T, a). OnAaTh npu 3a1aHHOM PEXUME
YIPYTUX IEPEMEIIEHUI CTPUHIEPOB u(x,—O): f(x) (f(x) eC’ ((—OO,—a] U [a,oo))) ,
f(—x) = —f(x) TpeOyeTcst OnpeneuTh GyHKIUN T, (x) , CHJIBI Tia M OCEBBIC yCHIIHS

S (x) =1T_h Bcrpunrepax ¢ moxynem cusura G .

Ha ocnoBanuu PE3YNIbTATOB Hpem)mymeﬁ 3aaa4u UMEEM

u(x,—O)z% ]+I Incth % t_(s)ds =
. cth n'::;S|
— 11 7( )ds (0<x<oo).
nG Y cth(n(:;S))

Otcrozia Mpu MOMOIIM yCIOBUSA U (x, —O)zf(x) (xe(—oo, —a] u[a,oo)) npuaeM

K cnegyomemy ONY:

mtlx—s|
| cth T
E!ln W _(s)ds = f(x) (xe(a,oo)).
i Y

3,I[CCB BBCIACM 6e3pa3MepHLIe BCJIMYMHBI
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t=mx/H, u=ns/H; c=na/H, To(t):ér (tH[m); f,(1)= [T_c[f(tH/n).

Torna nocne npocTeIX Npeodpa3oBaHuii OyieM UMETh

T \ZE Zi +2EEZZ;\ o (u)du=fy (1) (1 e(cn).

I[aﬂee OIIATH ITOJIOKHUM
&=sh(t/2)/sh(c/2), n=sh(u/2)/sh(c/2); g, (&)= 1, (Zarcsh(nsh(c/Z)));
o, (n)= 25h(c/2)/1/1 +sh®(c/2)n* 1, (Zarcsh(nsh(c/2)));
¢ = 2aresh (&sh(¢/2)) = 21n| &sh(¢/2) +f1+sh* (c/2) " |

B pesynbrate OUY paccmaTpuBaeMoid 3a1auu npeacTaBuM Gopmynoi

%Tlnéi—mto(n)dﬂ:&(i) (1<g<w). (1.23)

[Ipeobpazyem takxe ycmosue (1.13). B Tompko 4TO BBEIEHHBIX O€3pa3MEepHBIX KOOPIH-
HaTax OHO NPUHUMAET BH]

i (R LI .
.[ro(u)a’u—TO, Q—T, T+—:|:r+(s)ds,

a B koopauHatax &, - Buj

Icoo (n)dn=T,. (1.24)
1

Iocne pemenns ONY (1.23)-(1.24) cuiioBble XapaKTEPUCTUKU CTPUHIEPOB ONpeessi-
ercs kak Boime. OTMeTuMm, 4T0, Kak u Bbime, ONY (1.23), MoxHO mTpeobpa3oBaTh K BUAY
(1.15).

HaxkoHell, npu aHTHUILUTOCKOH IeOopMaIMi pacCMOTPUM 3a/ladyy KOHTAKTHOTO B3aHMO-
NEACTBUSL MEXAy JABYMsl OJMHAKOBBIMH CTPUHIEpaMH ¥ KJIMHOBUIHBIM  TEJIOM

Q= {0 Sr<w; —a<p<a; —0<z< OO} , OTHECEHHHIM K  IAIHHIPHYECKOIL
CHCTEME KOOpJMHAT F,(,Z ¢ momocom B Bepmmue (O xmuna ). Tlpemmonaraercs, uto
KiuH oOnanaer Monynem cagura G u Ha cBOMX rpaHsax (0 = 0l Ha otpeskax b <r < a
YCWIEH JByMs OfMHAKOBbIMH crpuhrepamu momyns (. wu Beicotsr /. Kax Bbime,

CYMTAETCs, YTO CTPHUHIEPbl HArpyXeHbl CHUMMETPHUECKH OTHOCHUTENIbHO OHCCEKTPUCHI
xmHa (@ =0. A uMeHHO, BepXHs IpaHb CTPHHTEpa Ha rpand @ =0 kiuHa (Q 1o
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otpesky D<r<a HarpyxeHa KacaTe/IbHbIMH CHIAMH MHTCHCHBHOCTH T, (I”) (b <r< a) R

HanpasjeHHsMA 110 ocd Oz, a B cedeHusx ¥ =a W ¥ =b onaTh B HanpaBJeHHH OCH
Oz peiictByior cocpenorodennsie cunbl P u B, coorsercrsenno. Crpunrep Ha rpanu
KIMHAa () = —OL Harpy»eH TaKUMHU K€ CHJIAMH, OJMHAKOBBIMH IIO BEJIMYMHE, HO HPOTH-

BOIIOJIOXKHBIMU 110 HAaIIPaBJICHUIO. C‘iI/ITaCTCﬂ, 4TO 1014 BO3,U,€I71CTBI/I€M OTUX CHJIOBBIX
d)aKTOpOB CHUCTEMA CTPUHICPLI-KIINH HAXOAUTCA B YCIIOBHUAX AHTUIUIOCKOM Heq)OpMaHI/II/I B

nanpasiennu ocu (JZ ¢ 6a30B0ii MIOCKOCTBIO (r, (p) . [Ipeamnonoxum, 4To ONATH 3apaHee

3aaH pEXUM YIPYTMX IIEpEMELIEHHH CTPUHTEpPOB B HanpasieHHeiMu ocu Oz

u(r,a) = f (l”) eC : (b,a ) U TpeOyercsi ONpelesuTh KacaTelbHble KOHTAKTHBIC Ha-
npsokeHns T, =T_ (r) (b <r<a ) , KacaTellbHble CHJIBI T, (r) U COCPEIOTOYCHHBIE
cunbl P u P, takum oGpasom, 4ToGbl OHU 0GECICUNIH 3aJaHHBIA PEKUM IePEMCLCHUH
TOYEK CTPUHTEpOB | (r) . [Ipu aTOM, KaK BbIIIE, CYUTAETCS, YTO 33aHbl TAKIKE pPaBHOCH-

CTByIOmiue P KacCaTCJIbHbIX KOHTAKTHBIX HaHpH)KCHI/Iﬁ oA CTpuUHI€paMH, T.€. HOJDKHO
BBITIOJIHATBHCA yCJIOBUE

J‘rf(r)dr:P. (1.25)
b

IIpuctynuB Kk BBIBOJly OCHOBHBIX YpAaBHEHHUI ONUCAaHHOM 3ajgauu, MpPEIBapUTENILHO
MMOCTPOUM pELICHUE CIEAYIONEH BCIOMOTATENBHOM TEPBOM TPaHWYHOM 3ajadd JJIs

IUTOCKOTO KJIMHA 0)={OSI”<OO; —OLS(pSOL}:

ou la_u i@zu_

?4‘;8”4‘}”26—(')2—0 (0<7"<OO;-(X<(D<(X)
(1.26)
T :ga_u zt(r) (0<r<oo);
o=ta 7 a(P(p:ia

roe U = u(r,(p)- YHOPYTHE TEPEMCIICHUE TOYCK KIMHA (D B HANPABICHHBIMH OCH Oz

[IpU aHTUILIOCKOW nedopmanuu, T 1o = KOMIIOHEHTA KACaTEJIbHBIX HaNpsDKEHUH, a ‘C(I’) -

cumuTaeTcs 3agaHHOW QyHKuned. Pemenne rpanndHoii 3amaun (1.26) mocTpouM METOIOM
MHTETPAIIBHOTO TIpeoOpa3oBaHMs MeinnHa, BBeIs B PAacCMOTPEHHE TPaHCHOPMAHTHI
Mennuna:

ﬁzﬁ(p,@)zju(r,w)rp’ldr, ?z?(p)zjr(r)rpdr (-1-e<Re p<0, £>0).
0 0
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[Ipu 3TOM mooca perymnsipHOCTH peoOpa3oBanus MemnHa, kak B [13], Obl1a onpene-
JIeHa YCJIOBUEM CXOIVMOCTH MHTETpana T( p). B tpanchopmanTax MeminHa rpaHudHas

3amada (1.26) mpumer BuL

+pu=0 (—a<g<a);

Pemienue 310# rpaHUYHOM 33244 TPEACTaBISICTCsT GOPMYION

OTKyza

lp) sin( po)

—a<p<a).
G cos(pa) a<o<a)

—pi (p,9)=-

Teneps 1o popmyine obparieHus npeodbpasoBanus MetHa

di (r,o) 1 )
- t ’dp =
dr Zm'Grc’[ T(p) g(pa)r P

—100

c+ioo

1 ) 0
= LJ tg(po)r "dp‘([r(ro)ro"dro =

®© c+io p
= 1 J'T(ro)dro I tg(poc)(%oj dp  (-l-e<c<0).

- 2miGr .

Cc—1%0

T
Taxk xax momoce! GyHKINH g ( poc) pacIooKeHbl BHE HHTEpBaJIa |Re p| < 2—, TO
(00
noxnocy peryisipHoctn —1 —& < Re p < 0 MoxHO pacimpuTs, 3aMeHHB ee 0JI0COH pery-

T T
msproctt ——— < Re p <—— n, cnepoBaTensHo, BCEACTBIE aHATNTHIHOCTH (yHKLUH
(00

tg( poc) B yKaszaHHOI mosnoce moxxeM nonoxurs € =0. Jlanee samenoii p =1is or

MHHUMOW OCH MHTETPUPOBAHUS NepeiiieM Ha JieiicTBUTENbHYIO och. [locie amemMeHTapHbIX
peodpa3oBaHU HAXOAUM
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du(r,a) r2e? 211 (r, ) dr,

- /o /o
dr oG § 1t -r

(0<r <), (1.27)

IJIe UCMOJIb30BaHO BhIpaxkeHue cuHyc-unterpana ®ypoe u3 [14] (ctp. 85, d-ma 2.9(4)).

OueBUAHO, UTO

du(r,—a) _ du(r,a)
dr dr

(0<r<ow)

Tenepsp, ucxons u3 (1.27) BBIYUCIUM UHTETPAJ

rn/2(x—ldr
J(}",(X) = rn/oc _ rn/oc >
0

ImoJjiarasi B HEeM
x=r", uer”/“; c=b"", d=g""

U UCTONb3ysl BBIpRXKECHHE W3BECTHOro uHrerpamna m3 [15] (ctp. 85, ¢p-nma 2.9(4)). ITocne
MPOCTHIX TPE0OpPa30BAHUI HAXOIUM

o i
wu N

Ha ocHoBanuu NoCIeAHETO, IPUMECHUTEIIBHO K MOCTaBJICHHON KOHTAKTHOM 3aJauu JJIst

KJIMHa, 6yIICM HUMETHb
\/— + \/_ ot/n 1

u(r,a): ‘\/_ \/_‘

2 2
Ortcroz1a, B 4aCTHOM Cllydae, Koraa ol = TE/ r,nonarag X =71 , U =¥, , HAX0UM

Jd
1 r+r,
u(r,m/2)= J.l t(r, ) dr,,
nG 1 |r—r
YTO COBINAJACT C U3BECTHBIM PE3yJIbTATOM JUI YIIPYTOH IMOJIYTIIOCKOCTH.
Teneps, nepeiins k BeiBogy OUY paccmarprBaeMoil KOHTAaKTHOW 3aladd JJIsl KIIMHA,

J(r,0)=

(u“/“)du (0Sx<oo). (1.28)

mpu nomoiu (1.28) peanusyem yciaoue U (r,(l) = f(r) (b <r< a) :

u“/“’lr_(u“/“)duzf(r)zf(x“/") (c<x<d).

[IpunepxuBascy npexHUX 0003HAYEHUH, B ’TOM yPaBHEHHH II0JI0KUM
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X=é2’ u:nZ; B=\/Z=bn/2u; “{=\/E=a"/2°‘;
@ (8)=8“" (£)/6; f(e)=T ()

B pesynprare npuaem k crenyromemy ONY 3anaun:

lJ.lnE"Jr—n‘”o(n)“m:fo(ﬁ) (B<&<y). (1.29)

_n|

Haxkownen, monaras 31echb

e=vt. n=1v: w(0)=0,(r1): & (0)=——1((vt)""): k=B/r:

ONY (1.29) npeacraBum B Ge3pa3mepHoit hopme
lJlntJr—VrO(v)a’v=g0(t) (k<t<1). (1.30)

[Ipeob6pasyem takxe ycnosue (1.29). Moxem 3amucathb

[ (r)ar =P (r=(n)” ):»j )2 ey = P

1
T
dt=F,; B =

:>7[r0(t) t = ry; e
Hrak,

1

Jro(z)dt:PO. (1.31)
k

TMocne pemenus OUY (1.30)-(1.31), neiicTByromue Ha CTPUHTEPbl HEOOXOAMMBIC
CHUIIOBBIE (haKTOPBI OIIPEIEIISIOTCS KaK BbILIE.

2. Pemenne OUY (1.9)-(1.11) u (1.15)-(1.16). Tax xkak ONY (1.9) mpu ycnoBun
(1.11), (1.21)-(1.22) u (1.30)-(1.31) paccMOTpEHHBIX BbIIIE KOHTAaKTHBIX 3a1a4 HMEIOT
O/IMHAKOBYIO CTpYKTypy, a OMY (1.15)-(1.16) m (1.23)-(1.24) onmcaHHBIX BBIIIE 3amad
TaKOKe B CPABHEHHU MEXIY COOOH MMEIOT OJMHAKOBEIE CTPYKTYPHI, TO 3[€Ch OTPAHHINMCS
TOJIBKO pelIeHneM ykazanHeix ONY.

Pemenne ONY (1.9) npu ycnosuu (1.11) nocTpoum MeTo10M OPTOrOHAJIBHBIX MHOTO-
wieHoB YeOrIeBa Mpy MOMOIIHN CIIEKTPAILHBIX COOTHOIIEHHH [16]:

f éim\/ L ):nk )—knT,,(X) (n=0,1,2,...) @.1)
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&/k

du )
!J@z—QO—kwﬂ’

Ao =TK,

X =cos 9, 8=£'
K

n/k !

T du ) _K N
Y =cos ¢, (pzﬁ! \/(uz—l)(l—kzuz)’ A, = ; th(nnK/K') n=1,2,...,

3pecs K ZK(k)- HOJIHBIA AJUTMOTHYECKUH MHTerpan mepsoro poga, K 'ZK(k')

( k'=+1-k* ) ,a T (X) - MHorouneHsl YeOblIeBa IEPBOrO poja aprymeHta X .

Otmetum, uto 3 u @, npudem 0 <9, (p < 7T, MOKHO BHIPA3UTh YepPe3 HEMOJHbII SIUIHII-
THYeCKMH WMHTerpan mepBoro pona. JleHCTBUTENHHO, B BBIPAKEHMHM 3 OT IepPeMEHHOMH
MHTETPUPOBAHUS U TIEpelIieM K IEpEeMEHHON [ = 1/ u . Torma
T dt
9=— (k<g<).
K’ 2\(,2 2
e JI1=t" )" =k

Jlanee, BOCIOJIb30BABIINCH BBIPAKCHHEM HM3BECTHOTO MHTerpaia u3 [14] (ctp. 260, ¢-na
10), nonyuum

T
8:l,F arcsin E”Z,_kz k' :l' i j‘ - di (kSiSI),
K K'g Koo Jo=2) -k

rac F (7\,, q) - HEMOJIHBIA AJUTUNITUYECKU N HHTErpaJI n€pBoro poaa.

Tenepy, ucxons u3 (2.1), pemenne ONY (1.9) mpeacraBuM B Gopme GECKOHEYHOTO
psina

= ! y <g< 2.2
(P(é)_J(l_g)(gz_kZ);X”T"(X) (k<g<1) 2.2)

C HEHM3BECTHBIMH KOA)PUIHEHTAMHU Xn. Hanee (2.2) moxcraBum B (1.9), momensem

MOPSIOK CYMMHUPOBAaHMS M WHTEIPUPOBAHUS M BOCIIOJIB3yeMCSl CooTHolueHuem (2.1).
Bynem nmets

ShXT(X)=g() (k<t<l).

n=0

OTcroa pu IOMOILM YCJIOBUIl OPTOrOHaIBHOCTH MHOTOWIEHOB YeObliieBa Tn (X ) :
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K" (n=m=0);

le(X)Tn(X) a5 =<K'[2 (n=m=#0);
R e A

HEMNOCPEACTBEHHO BBITCKANOIINUX U3 OOBIYHBIX yCJlOBI/Iﬁ OpPTOrOHAJIbHOCTU MHOI'OYJICHOB

T (x) (x =CoS 3) , HAXOINM

n

X, =g0/7» K', X,=2g,/MK' (n=12,..);
—j N (o12.). @3)
Al lé é -#)

Tenepb 3aME€TUM, YTO T'OPHU3OHTAJIBHBIC YIPYIrue€ NEPEMCEIICHUS TOYCK CTPUHICPOB B

Buze Gynkuun f (x) COCTOSIT M3 YMCTO yNPYTUX NepeMelleHui B Buae pyHkumu f (x)
M OIWHAKOBHIX TOPM3OHTAIBHBIX JKECTKMX CMENICHMH BENMYMHBI A, Tak dYTo
f(x)ZfO(x)+A (beSa). Orcroma g(§)=g0(§)+A0, e
g (é) =1, (aé)/a A, zA/a . IlpunsB Bo BHHUMaHHME 3TO OOCTOATENBLCTBO, M3 (2.3)

OyIeM UMeTh

1 =0);
& = g,(.O) +K'AS,, 8, = {0 (n ) Xo :(g<()0) +A0K’)/7“0K';

T 0 (n=1,2,.);

=0,1,2,...); X,=2g,/AL,K' (n=12,..)

24

(X)ds

I\/l i & kz)(”

C mpyroit croponsl, moacrasmsis (2.2) B ycnosue (1.11), maxomum X, = F, / K'.

Torma u3 (2.4) onpenennm abCOTIOTHO KECTKOE CMEINIEHHE MTPaBOro CTPUHTEPA!
(0)
A = A AoFy — &
0=~ ; .
a K
Ilepeiinem k perrenuto ONY (1.15), npeacraBus ero perienue B popMe OECKOHEUHOTO
psina

(&) === %1, (8) (0<E<])

C HECHU3BCCTHBIMU KOS(bd)I/ILII/leHTaMI/I Yvn U BOCHOJIB3YEMCSA H3BECTHBIMU CIEKTPAJIbHBIMU

COOTHOIICHUSAMH
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1 €+nD,(n)dn_ 1 )
njl T _2n—1T2H(é) (n1=1,2,..., 0<&<1).

I[aﬂee, TMOCTYNIMB COBEPUICHHO aHAJIOTUYHO CACJIaHHOMY BBIIIE, HAXOAUM
4(2n 1) T,.(8)dE
K1 ](n’ f J‘/(‘) > (n=1,2,...).
1-¢
Tak xak QyHKums f, (ﬁ,) JBaKIBl HENpephiBHO audpepeHipyemMas QYHKIUSA, TO

MHTEIPHPOBAHUEM TI0 YacCTAM B MOCJIEHEM MHTErpaie JIerko MoKa3aTh, UTO MO KpaiiHeit
mepe, ¥ ZO( 2+§j npu 1 — o0 (§>0).
n

O6pamasice, Teneps, k ycnosuio (1.13) nnmm x aTomy ke ycrnosuio (1.16) B 6e3pazmep-
HOI QopMme, MOKakeM, YTO OXHO TOXKIAECTBEHHO YyIOBJIeTBOpsieTcs. JlefcTBUTENBHO,
coriacHo (1.14),

T, =hE f'(a);
I[h (S)—T,(S)}ds :_hESIf”(S)dSZ—hE:f’(s) 5=

=hE, f'(a)=T,
TMOCKOJIbKY f'(x) Ha OECKOHEYHOCTH HCYC3aET.

3. 3axiodenue. B craThbe METOIOM OPTOTOHAJIBHBIX MHOOrO4wieHOB YeOwilieBa c
apryMEHTOM B BHJE HENOJIHOTO 3JUIMITHYECKOTO MHTErpaja MepBOro poja MpH MOMOIIU
COOTBETCTBYIOIIUX CIEKTPAIbHBIX COOTHOUIEHUH, COAEPKAIUX 3TH MHOTOWIEHBI, TIOCTPO-
€HbI 3aMKHYTBIE PEIICHHsI OJIHOTO KJlacca 33/1a4 KOHTAKTHOTO B3aUMOAEHCTBUS CTPUHTEPOB
C MAacCHUBHBIMHU YNPYTUMH TEJaMH B MOJU(HUIMPOBAHHOH MX IOCTAaHOBKE, KOTJa 3apaHee
3aJlaH peXUM yIPYTUX MepeMelleHuil Touek cTpuHrepoB. Takas MOCTaHOBKA MPEJICTABIISAET
HUHTEpEC B HCCIEN0BAaHMUAX BOIPOCOB JKECTKOCTH CUCTEM CTPUHIEpPBI-yIpPyTrUe OCHOBAHUS.
W3no>xeHHbIE 3716Ch METOJUKH U UAEU MOTYT OBITh HCIIOJIb30BaHbI B UCCIIEOBAaHUAX HOBBIX
IPaHMYHBIX 33/1a4 MEXaHWKM CIUIOLIHOW cpeipl, Korga onuceiBaromue ux OMNY umeror
CUMMETPHUUECKUE s/Ipa, IPEICTaBUMbIe CyMMOM PacCCMOTPEHHBIX 3/1€Ch SAEP U PETYIISIPHBIX
snep.
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OBOBUHIEHHAS MOJEJIb MHOTI'O9TAITHOI'O OBCJIY KUBAHUSA
MAHHUITYJATOPOM TEXHOJIOT'HYECKOI'O ITPOLECCA M YCJIOBUSA
YIHPABJIAEMOCTH

A. A.T'ykacsn

KiioueBble €JI0BAa: MaHUITYJIATOP, IIPOLECC OOCIIY)KMBAaHMs, TEXHOJOIMYECKUH IIpOIECC, IPOMEKYTOUHbIE
COCTOSIHUSI, MATPHILA YIIPABIISIEMOCTH.

A. A. Ghukasyan
Generalized Model of Multi-Stage Manipulator Service of Technological Process and Control Conditions

Key words: manipulator, maintenance process, technological process, intermediate states, controllability matrix

The results of mathematical modeling and research into the controllability of multi-stage maintenance by a
manipulator of a technological process, which consists of moving or stationary objects (targets) and a multi-link
manipulator with a variable structure and vector control, are presented. It is assumed that during the maintenance
process, the dynamic characteristics of the manipulator, the phase state vector and the ability of the control system,
depending on the mass of the transferred load or tool, may change at some finite time points. In the general case, a
description of the process of servicing moving and stationary objects by a manipulator is given and controllability
issues are studied in the case when the movement of the manipulator at each service interval is described by linear
differential equations with constant coefficients of various sizes and with vector control, and the movements of the
objects are given. The questions of controllability of the whole process are investigated depending on the
controllability at each stage of the movement. The controllability matrix of the entire system, which combines a
finite number of composite systems, is given. It is shown that the service process over the entire time interval is
completely controllable if it is controllable over each service interval.

U. U. M juiyyu
Uwuhuynyjjunnnph dhgngny puquutni) nkltninghwlmi ypnghuh dunwljupupiui
punhwbipuljwi dngbp b nEjuwpb hmpjwb guydwibbtpp

Zhdtwpuntp. dwihwynyjuunnp, dunwluwpupdwb wypngbu, nkubninghulwb wpngtu, dhewlljjuy
Jh&wyutp, nEjujupbjhmpejut dunphgu

PhpJws tu dwpbdwnhjulub dnphjwynpdwi b dwihwynijjuwnnph dhengny puqiuthny nkun-
Inghujutt wpnghuh vwnwljupupdwb nEjujupbihnipjut hupgkph ntunudiwuhpnipjut wipyniip-
ulipp, pp mkjuninghwljwl wypngbup punjugus b owupdwlwb jud wipwpd opjkljinutphg b thnthn-
howljut vinpnijpinnipuyny nu Jeljnnpuljut nkjujupdwt puquonul] dwthwnyjuwnnphg: Ghpw-
nppynud £, np dwnwlupupiwt wypnghunid dwhunijjuwnnph phttwdhlulwb pinipuqphsitipp, du-
quyht YEynnpp b qu]upduwt hwdwywpgh htwpuynpnipnibbbpp’ juuguws nkquihnjudon phnh
Jud uwpph quiqushg, Jupnn bt tnpdl) dudwbwlh Jepgwynp wyuwhbph: Cunhwinip nhupnd
phipjuws L dwtthuynijjunnnph dhongny sowpdwljum b whpupd opjkljintibphtt dwwnwlwpupdwh upn-
ghuh ujupugpmpniiip b hbnwgnuynud £ nEjudupbjhnipjut hwpgbpp, tpp dwithuynyjuwnnph
owpdnudp dwwnwluwpuwpdwi jnupupwigni thnynud tupugpdnid £ wwppbp swhnnujuinipyut
hwunuinmt gnpswljhgubpny qduhtt nhbtpkughw) hwjuuwpniditbpny b JEjnnpuljut nhljudup-
dwl Uhongny, tpp npjws Lu opjkljnutph pwpdnulubpp: Nunudbtwuhpynud £ wdpnng wpnghkuh
nhjudupbhnipjut hmpg]}‘ Jujujws jnipupuitginip thnih pupddwt nkljudupkihnipmniiuhg: Fipdus
b nijwdupbjhnipjut dwnphgut wdpnng hudwluwpgh hwdwp, npp vhwynpnud E Jtpowynp pyny
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pununpuy hudwlupgbp: 8nyg k wpdws, np dwnwlwpupdwi wpnghup dudwbwlh wdpnne
htnbpyunud hwinhuwind £ ppy phjwdupkh, bph uwb phljudupkh b dwnwljupupdut
nipupwisinip hinbkpuynud:

IpuBoAsTCS pe3y/bTaThl MATEMaTHYECKOTO MOJCIHPOBAHHS M HCCIICAOBAHHS BOIPOCOB YNPABIAEMOCTH
MHOTO03TAIHOTO 00CITy KHBAHIS MAaHIITY SITOPOM TEXHOIOTHIECKOTO MPOLECCa, KOTOPBIA COCTOHUT U3 TOBIKHBIX
WM HeNOJIBIDKHBIX 0OBEKTOB (IieJIeii) 1 MHOTO3BEHHOTO MaHHUITYJISITOPA C EPEMEHHON CTPYKTYPOH M BEKTOPHBIM
ympasierueM. [Ipeanonaraercs, 4To B mpouecce 00CTyXKUBAHMS, ANHAMUYCCKIE XapaKTCPUCTHKH MAaHHUITYISITOPA,
(a3oBbIi BEKTOP COCTOSIHHS U BO3MOXKHOCTb CHCTEMbBI YIIPABICHHS B 3aBHCHMOCTH OT MAcChI IIEPEHOCHMOIO
Ipy3a WIM HHCTPYMEHTa MOTYT M3MEHSTHCS B HEKOTOpbIE KOHEYHbIE MOMEHTHI BpeMeHH. B obmem ciydae
[PUBOAUTCS OIHCAHHE IpOIecca OOCTY)XHBAHHS MAHHITYITOPOM HOABWKHBIX H HEMOJBIDKHBIX OOBEKTOB U
HCCICYIOTCS BOIPOCH YIPABISIEMOCTH B CIydYae, KOrAa ABIKCHHE MAHUIYIITOpa HA KAaXIOM HHTEpBae
00CTy)KMBAHHSI ONUCBHIBACTCS JHUHCHHBIME H(depeHIHaNIbHBIMA YPABHEHUSIME C MOCTOSTHHBIMHE KO3(dHIm-
€HTaM{ PA3IMIHON Pa3MEPHOCTH H C BEKTOPHBIM YIPABICHHEM, a JBIDKCHHS 00BEKTOB 3amaHbL. McciemyroTcs
BOIIPOCH! yIPABIIEMOCTH BCETO MPOLECCa B 3aBHCHMOCTH OT YIPABISIEMOCTH HA KAXIOM OTale JBIIKCHHUSL
[IpuBeneHa MAaTpHIA YIPABISIEMOCTH BCEH CHUCTEMbl, OOBCAHHSAIONICH KOHEYHOE UYHCIO COCTABHBIX CHCTEM.
IToka3aHo, 9TO MPOLEeCC OOCIIYKUBAHIS HA BCEM IPOMEXYTKE BPEMEHH SIBISICTCS BIOJIHE YIIPABISIEMbIM, €CIIH OH
yIpaBJisieM Ha Ka)KJIOM HHTePBase 00CITy KHBAHHS.

BBenenue. CrpouTcs MareMarMdeckas MOJENIb TEXHOJIOTHYECKOro —Mpolecca
00CITy’)KUBaHUsI, KOTOPBIf MOXKET OBITh peaM30BaH C HUCIOJIb30BAHUEM MaHUIIYJIATOPOB C
MIPOTPaMMHBIM ~ YIPaBICHHEM WIM aJalTUBHOTO po0OTa, OCHAIIEHHOIO CHUCTEMOM
TEXHHUUYECKOTO 3PEHHs, YyBCTBUTEIbHBIM JJICMEHTOM, a TaKKe JIPYTMMH 3JIEeMEHTaMH
UCKYCCTBEHHOTO HHTesuleKkTa. IlpuMmeHeHne poOora B TEXHOJOTMYECKOM Ipolecce
oOcirykuBanust 3GGEKTUBHO I BBIIOJIHEHMS, TJIABHBIM 00pa3oM, BCHOMOIaTENIbHBIX
orepalyii MPOU3BOJCTBEHHOTO 1IMKJIA, a TAKXKE ONEPALii, BBINOIHIEMBIX B 9KOJIOTHYECKU
BPEAHBIX M IUCKOMGOPTHBIX YCJIOBUSX. IIpM MOIennpoBaHWM aBTOMaTH3MPOBAHHBIX
IIPOM3BOACTBEHHBIX CHCTEM BCE€ JIEMEHTHI B CHUCTEME OOCIY)KMBaHUSA, TO €CThb CTAHKH,
MaHHUITYJIATOPBI, KOHBEHEpHl, CKJIaJbl C JETalIMU WIM JPYTHMH TEXHOJIOTHYECKHUMHU
HHCTPYMEHTaMU MOTYT OBITh PACCMOTPEHBI KaK IIOJBM)KHBIE W HEMOJBHXKHBIE OOBEKTHI
(1enu), COCTOSIHMSL KOTOPBIX MOTYT OBITh 3a/laHbl WM SIBISATHCS PELICHUSIMH HEKOTOPBIX
nmuddepeHranbHBIX YpaBHEHHH, OMUCHIBAOMIMX UX JBrkenue [1-8]. Hmke nmpuBomsTes
pe3yJbTaThl MAaTEMaTHYECKOr0 MOEIMPOBAHUS U UCCIIEJOBAHHUS BOIIPOCOB YIPABIAEMOCTH
MHOTO3TAHOTO OOCIY)KHBAaHUSI MAHMITYJISITOPOM TEXHOJIOTHYECKOTO Ipolecca, KOTOPBIN
COCTOUT W3 TMOJBIKHBIX MJIM HENOJBIDKHBIX OOBEKTOB (1Ienei) M MHOTO3BEHHOIO
MaHUIIYJIATOpa C MEPEMEHHON CTPYKTYpOM M BEKTOpHBIM yIpaBiieHHeM. lIpenmnonaraercs,
4TO B Mpolecce 00CIy)KUBaHUs, TMHAMUYECKUE XapaKTePUCTHKY MaHUITYJIsITopa, (a3oBblit
BEKTOP COCTOSHHSI M BO3MOXKHOCTb CHUCTEMbI YIPaBJICHHUSI B 3aBUCUMOCTH OT MaccChl Iepe-
HOCUMOTO I'py3a WIH HHCTPYMEHTa MOTYT M3MEHSATHCS B HEKOTOpPbIE KOHEUHbIE MOMEHTHI
Bpemenu [9, 10]. 3ajaua MaHHUIyISTOpa COCTOMT B TOM, YTO OH JOJDKEH OOCIYXHBaTh
HETPEepBIBHYI0 paboTy OOBEKTOB B 3aBHCUMOCTH OT TEXHOJIOTHUECKOTO Ha3HadeHus. B
o01ieM cityyae NpUBOJUTCS OIMMCaHHE Mpoliecca 00CIy )KUBaHNUS MaHUITYJISTOPOM IOABHK-
HBIX U HEMOJBUXHBIX OOBEKTOB U MCCIIEAYIOTCS BOIIPOCH! YIIPABISIEMOCTH B CIy4ae, Korua
JIBIDKEHHE MaHUIYJISITOpPAa Ha KaXJIOM HHTEpBasie 00CIY)KMBaHHs ONUCHIBACTCS JIMHEHHbI-
MH i depeHIHaNtbHEIMI YPAaBHEHHSAME € HNOCTOSHHBIMH KO3()(MUIUEHTaMH Pa3IHMYHON
Pa3MepHOCTH U ¢ BEKTOPHBIM YIIPABICHUEM, a JBIKEHHS 0OBEKTOB 3aJaHbI.

B paborax [11-18] uccnenyroTcs pasiuvHbIe 33Ja4dl ONTHMAIBLHOTO OOCITY)KHBAaHUS
MaHUIIYJISITOPOM TEXHOJIOTHMYEecKoro mnpouecca. B [11] npuBenena moaens ynpapisieMoro
TEXHOJOTMYECKOr0 MpOILEecca, COCTOSMIEr0 W3 MOABMKHBIX KOHBEHEpOB, TENEKKH C
Pa3NIMYHBIMU JETAIAMH U aJalTUBHBIM MAaHUIYJIATOPOM. MaHUMYJIATOP ONTHMaIbHBIM
oOpazom oOciyx’uBaeT paboOTy KOHBEHEPOB HY)KHBIMH JETaIAMH, KOT/A MOCIEJ0BaTEb-
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HOCTb OOCITYKMBaHUs OINpPENEIeTCs ¢ TOMOIIBIO JaTYMKa YCWIINH, paclookKEHHOTO BO
BHYTPEHHEH MOBEPXHOCTH 3aXBAaTHOTO ycTpoiicTBa MaHumyistopa. B [18] obcnyxuBanue
TEXHOJIOTHYECKOI0 MPOLEcca OCYLIECTBISIETCS MHOTO3BEHHBIM MaHUITYJISTOPOM C BEKTOP-
HBIM yTpaBieHUEM. [IBIJKCHHE MAaHHMITYJISITOpAa Ha KaKIOM HHTEpBale OOCITYKUBAHUS
OIKUCHIBACTCS TMHEHHBIMU U PEepeHINATbHPIMUA YPABHEHUSIMH C MTOCTOSHHBIMU KO3 du-
LUEHTAMHM, a JBIKEHUS OOBEKTOB 3aJaHbl. 3/1€Ch HPEAINOJaraercs, 4To pa3MepHOCTb
MaTpHLBl TUHAMHYECKHX XapaKTEePUCTUK MHOTO3BEHHOI'O MAHHUILYJIATOPA, Pa3MEPHOCTh
(ha30BOro BEKTOpa W MATPHILIbI BO3MOKHOCTH CHCTEMBI YIPABIICHHS B IIpoLiecce 00CITy KH-
BaHUs He MeHstoTcs. OnpeneneHa MaTpulla yIpaBIsIEMOCTH TEXHOJIOTHYECKOIo Ipoliecca
IIPM BEKTOPHOM YIPABICHUU MAHUIIYJATOPA U MPUBEIEHBI CPAaBHEHUS CO CKAaJSIPHBIM
ynpasienueM [13]. B pamkax MareMaTHueCcKON MO/IENH polecca 00CIy)KUBaHHUS MaHHUITY -
JISITOPOM TEXHOJIOTMYECKOro Y4acTKa, pa3paboTaHHO# B mccinenoBanusx [11,13-15,18], B
pabote [17], B 4acTHOCTH, AJISl TPEXITAIHOTO OOCIYKUBAHHS, UCCIEAYETCS BOSMOXKHOCTh
MIPUMEHEHHS alrOpUTMa ONTHMAIBHOTO YIPABICHUS MAaHUIYJIITOpa MO OBICTPOJECHCTBHIO.
Ha nepBoM 3Tane ABWKEHHE MAaHUITYJIATOPA OIKMCHIBACTCS YPAaBHEHHEM BTOPOTO MOPSIKA,
Ha BTOPOM — TPETHETO MOPAJIKA, KaK 3JIEKTpOMEXaHUUEeCKasi MOJIeNlb MaHunystopa [19], a
Ha TPEThEM d3Tane — BTOPOro Mopsiaka ¢ HeQUKCHpOBaHHO#M Maccoii Ha 3axBate [9,10].
[IpumeHss NpUHIKI MaKCHMyMa IOCTPOEH CHHTE3 ONTUMAaJIbHOTO 00CTYyKUBAaHMA Ha Kax-
oM atane. ONTUMAaNbHBIH CHHTE3 OOCIyKMBaHHS SIBJISETCS OOBbEIMHEHHEM YIpaBJICHUN
JUId KaKAoro 3Tama. Bo Bcex HMccieoBaHMAX BpeMsl HaXOXKJICHHUS MaHUITYJSATOpa OKOJIO

KaXJ/I0ro 00bekTa HE y4duThiBaeTcs [11], TO €CTh CUMTAETCA, YTO B MOMEHT BPEMEHHU I
MaHHITYJSITOP 00CITy)XHUBaeT OOBEKT IOl HOMEPOM I M MTHOBEHHO HAIPABILIETCS K IPYro-

My 00BeKTy (IIPEANONOKEHHEe UMEEeT MEeCTO, NocKoubKy 7 <K 1 —1f, rae T — Bpems Ha-

XO0KJICHUS] MAaHUITYJISITOPA OKOJIO OOBEKTa, a (T - to) - BpeMs npolecca 00CTy )KUBaHUS).

1. Onucanne monenan o6ciayxkuBaHusi. [Ipenmnonaraem, 4To JABMXKEHHS OOBEKTOB
oOciyxuBanust 3amanel [13,14,18], a AuHaMuKa OBMKEHHS MAaHUILYJSITOpPA Ha KaXIOM

UHTEpBase [tH,ti] (i=1,2,...,k) ONHMCHIBACTCS JHMHEHHBIMU TU(QepeHnaIbHbIMU

YpaBHCHUSAMU C NOCTOAHHBIMU KOS(l)(bI/II.[I/ICHTaMPI Pa3JIMIHBIX pasME€pOB U C BECKTOPHBIM
yHOpaBJICHUCM. HOHchaCTCH, YUTO BO3MOXXHOCTHU CHUCTEMBI YIIPABJIICHUA B MPOLECCE O6CIIy-

JKUBaHUA Ha KaXKJJOM HUHTEpBaje [ti_l y tl.] , MOXKET MEHSTHCS
¥ =Ax+Bu'.me A, =A(0'), B, =B, (o) (=12.....k) (1.1)

if.
3necn snementst Matpun, A, 1 B, 3aBucsr or HekoToporo mapamerpa @ (l =12,...k ) ,
KOTOpBI MOYKET MEHATBCS TOCIE KaXKI0# BCTpeur ¢ 06beKTaMi. B MpakTHYecKnx 3aaadax
00CITy’KUBaHUS MAapaMeTpoM @' € {Q'} , THe {Q'}(i =1,2,...,k) - obmacts momycru-
MBIX 3HAUEHHIl MapameTpa (), MOXKET SBIATHCA Macca NEepeHOCHMOTO MAHUTYIATOPOM

rpy3a uiau uHcTpymenra [9,10,18].
VYpasuenus (1.1) Ha Bcem uHTEepBae 00CITy)KHBaHUS PEACTABUM B BHIE
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%' = Ax +Bu',te [to,tl]
X =Ax +Bu’ te [tl,tZ]
————————— (1.2)

x = A,ka_l +Bk71uk_1,f € [tkfz’tk—l]

¥ =Ax" +Bu‘te [tk_l,tk :T]

[IpuMenseM ciepyomue o003HAUEHHA: K — KONMYECTBO MHTEPBAJIOB OOCITY)KHBAHHSA
[tH,ti](i :1,2,...,k), Xi—ni -MepHBI (a30BEIi BEKTOP COCTOSHHS MAaHUITYJSATOPA
(cocTostHMSI 3aXBaTa MAaHHUITYJISITOPA), KOTOPBIH COOTBETCTBYET JIBIDKEHHIO HAa MHTEpBaie
BpEMEHH [ti—l’ti]’ A, —(ni Xni)-MepHaﬂ MaTpulia C IOCTOSHHBIMU DIEMEHTaMH

i i\

{al, ; (a) )}lj=1 Ha HMHTEpBaJe BPEMEHU [ti_l,tj], XapaKTePU3YIOIMMU AUHAMUYECKHE

CBOICTBA MEXaHMYECKOH CHCTEMBI MAHUITYIATOPA B 3aBUCUMOCTH OT TapaMeTpa @' (31ech
MPEIoJaraeTcs, YTo N3MEHEHHE ITapaMeTpa IMPOUCXOIUT CKagKOOOpa3HO B MOMEHTHI Bpe-

MeHu [, (i=1, 2,..., k) ), Bi - (nl. X 7;) - MEpHasi MaTpUIa C TOCTOSTHHBIMU 3JIEMEHTaAMH

i ;1
{b;f}l _, i MHTEPBale BPEMCHH [ti_l,tj], XapaKTepPHU3YIOIUMH BO3MOXXHOCTh CHCTEMBI
’ sJ=

i
YIIPaBJICHUS MAHUIYJSITOPOM HA TOM K€ MHTECPBAJIC BPEMCHU [tl._l, l‘l. ] , U —r (l’; < }’ll.) -
MEpHBII BEKTOp ympaBieHus, [ € [l‘o,T ] (f, - HaYaNbHBIH, [, = T - xoHe4HbI MOMEHT

BpeMeHH). MoMeHTEl BpeMeHH [, (i=l, 2,...,k) (t0<t1 <t, <..<t,_ <t =T) MOTYT

ObITh (DMKCHPOBAHHBIMU MJIM ONPEACNATbCS W3 JOMOJIHUTENBHBIX ycioBuid. B [18]
MIPUBE/ICHO ONMCAaHME B Ciydae, KOrja B Iporecce 00CIyKHBaHUS Pa3MEpHOCTb MaTpUIL
JUHAMHUYECKUX XapaKTePUCTHK MaHUIYJATOpPa U BO3MOYKHOCTH CHCTEMBI YIIPABJIEHUS, a
TaKOKe Pa3MEepPHOCTH (ha30BOTO BEKTOPA HE MEHSIOTCS.

Ha xaxxmom sTane o6cayKuBaHHS [ti—l ,l‘i] (i =1, 2,...,k) , Marpuist A, B, u Bero-

pHI Xi,ui B (1.2) numeror B

i i i

i i i
a, 4dp - 4, 1 2 O
i i i i i i
a a “ee a e
21 2 2, | Y 22 o
A=l T o Be=) o e (13)
i i i i i i
anil anl 2 an,-ni bn‘I bn,- 2 o bn,-r‘
1 1 1 T 1 b
X =(xl,x2, ,xn,) ,u =(u1,u2,... u,,_) ,(l=1,2,....k)

70



JIBiwkeHnss oO0bEKTOB OOCIYyXXMBaHHS B KXl NIPOMEKYTOUHBIH MOMEHT BPEMEHHU
t (i =12,...k ) 3a[aHbl, 1 UX COCTOSHME B /I, — MEPHOM HPOCTPAHCTBE ONMPEIEITHM
(a30BBIM BEKTOpOM Z' (i =12,..., k).
ITycTh B HPOCTPAHCTBE COCTOSHMSA 3a/laHbl IIPOU3BOJIbHBIE HauanpHOe (pu ! =1, =1)
u xoneunoe (npu ¢ = T, = k ) monoxenust cucremsi (1.2) B Buze
1 ol ok ok _ ok
X' () =x,,x"(¢,)=x"(T)=x; (1.4)
. 1 k
rue (azoBblit BeKTOP X[U HUMEET PasMEpHOCTb 71, , 3 X — Pa3MEpHOCTb 71, .
B o0uiem ciywae npeanonaraeTcs, 4to A, # N, , ¥ # ¥, ¥ B IPOMEKYTOYHBIE MOMEHTBI

BpeMeHH (i =12,....,k— 1) , KOr/ia TIPOMCXO/IUT MEePEX0/] U3 OJHOTO 3Tarna 00CIyKuBa-

HUs B Apyroe, (a30Bble BEKTOPHI COCTaBHBIX cucTeM (1.2) JMOJDKHBI YIOBIETBOPATH YCIIO-
BUSIM:

X (4)=2'(1,)=x""(1,).(i=1,2,....k - 1) (1.5)

rae Z' (tl. ) — (a3oBoe cocTossHNE OOBEKTOB B MOMEHTBI BDEMEHH £, (i =12,....k— 1).

VYenosus (1.5) obecnieumBaroT mpeeMcTBeHHOCTH mpomecca [20,21] m o3Ha4aT, 4TO
KOHEI[ JBIKCHUS MaHHIYJIATOpa Ha MHTEpBAlic BPEMEHU [ € [tH,ti] SIBIISIETCSI HAYaIOM

JIBIDKCHHUS Ha CIIe/IyIOLeM HHTepBasie BpeMeHH [ € [Z‘ P +1] .

He mapymras 06mIHOCTH, TIpeAonaraeM 4to #,,,>n,, 1, >1, (I‘i <n,r, < nm)
(i =12,k —1) . Jlns cormacoBanus pa3MepHOCTH (ha30BBIX BEKTOPOB Ha PasHbIX 3Ta-
Tax JBIKEHHs, (OPMATbHO CIMTAEM, YTO ABHMKEHHE HA [ - OM dTare NPOMCXOIUT Ha 1, -
i+1

MepHOM TpocTpaHcTBe R rie mocnenuue (ni W ni) KOMIIOHEHTHI ()a30BOTO BEKTOPa

x (l‘ ) TOJIECTBEHHO paBHbI HyJIIO [14,15], TO ecTh
i i i i T
X (t):('xl’x2’“"xni’Oni+1’0ni+2’”.’0ni+]) H

1 1 1 1 1 1 1
XH (t) — (x{+ , x;+ . xH xH xl+ . xH )

n 2+l M +20 ny

xli+1 (ti) = x1i (ti)ax;“ (ti) = xé (ti)"”’ x;:l (tf) - x’i’f (ti)’

X! (fi)EOrle (E‘)E()""’xi+1 (ti)EO

n;+l1 n+2 ny

(1.6)

AHaNOrMYHBIM 00pa3oM, MOXHO (POpPMAJIbHO YBEIWYHTH PA3MEPHOCTh MPOCTPAHCTBA
COCTOSTHUM Ha l + 1 aTare HBH)KCHHﬁ Ha BCJIMYNHY (ni - I’lHl ) N Korga
n.,, <n, (i = l,2,--~,k—1)

i+1
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ITockoNbKY Ha KaXIOM HHTEpBajie BpeMeHU [ E[Z‘ ol ](l =12,..,k ) JIBIDKEHUE MaHU-

MyJIsITOpa ONKCHIBAETCS CUCTEMOH JIMHEHHbIX nuddepeHnmanbubix ypaBHenuit (1.1), To
. T
MpU HAJUIeXKAIEM BbIOOpE YMPaBISAIONIEH BEKTOP-QYHKIUU ulz(”p”z’"'a”n) u3

00J1aCTH JOMYCTUMBIX YIPABJICHUH, UMEEM €IMHCTBEHHYIO TPAeKTOPHUIO JBUXKEHHS MaHHU-
myJsiTopa, yaoBieTBopsitoilyto ycnousm (1.4), (1.5). [ToaydeHHsle Takum 00pa3oM perie-

) ) - T
HES X(t)z{xl (t)} ypapuenuit (1.2), rae X' (t) = (xll,xlz,...,x;b) (i = 1,2,...,k),
SIBJISIOTCSL HETMPEPBIBHBIMU M KYCOYHO-AH(MGEpPEeHINPYyEMBIMUA, TO €CTh BCEraa, KpoMe
MOMEHTOB BpeEMeHH (i =L2,...,k ) , peleHne X(Z ) SIBJISIETCSI HempepbIBHO quddepeH-

LUPYEMBIM.

2. YnpasiisieMOCTh npouecca 00cIy;KuBaHusl. BaykHbIM BOIPOCOM TSI JaTbHEHIETo
HCCIIEI0BaHMs Tpoliecca OOCIY)KUBaHUS MAHHIYJISTOPOM OOBEKTOB (TEXHOJIOIHYECKOTO
ydJacTKa) SIBISIFOTCS BOIPOCH! YIPABIIEMOCTH, KaK Ha OTAEJNBHBIX dTarax oOCIyKHBaHUS,
TaK M yIpaBIsieMOCTh BCeH CUCTEMBI Ha BceM MHTepBaie BpeMenu [ 13-15,18].

Kaxxnas cucrema u3 coBokynHocTtH (1.2)

X' =Ax +Bu (i=12,...k) @n

i

T
p (l‘ )) , SIBJSIETCS. BIIOJIHE YIPAaB-

MPU BEKTOPHOM YIPABICHUH u' =(u1' (t),u; (t),...,u
nsieMoil Ha uHTepBane [ € [ti,l‘m](i = 1,2,...,/() , €CJIM PaHT MaTpHIBl YIPaBISIEMOCTH
pasen n; [22-24], To ecTb

rang(B, AB, A’B A!"B)=n(i=12,..k) 22)
U HEYIpaBJsieMod Ha UHTepBase { € [ti, L ](l =12,..., k) , €CIIH

rang(Bl, AB, A’B, "‘A,'-HB,') <n(i=12,..k) (2.3)

Marpuna — ynpaBJsieMOCTH (Bi A B, Al.zBi ---A:'_IBI.)- AMEET  Pa3MEepHOCTh
(l’li an.l’l.). B cioyuae CKauApHOTO yNpAaBJI€HHS MAHUIYJIATOPOM  MAaTpHIa
(bi A b Al,zb[ ...Al’,’flbl,) YIPABIISIEMOCTH HA WHTEPBAJE OOCITYXKUBAHUA [ € [twtm]

(i =1, 2,...,k) HMeeT Pa3MEPHOCTh (nl. xni) [13]. B cnyuae (2.3) Bompocsl ynpasisi-

emoct (2.1) uccrenyroTcss B HEKOTOPOM MOANPOCTPAHCTBE (MOANPOCTPAHCTBE YIIPaB-
nsieMocTH) (a30BOro NpOCTpaHCTBA MEHbIIEH pa3MepHOCTH [23].

ABTtoHOMHas cucteMa (2.1) Ha WHTEpBaje BpeMEeHH [ZH ,l‘i] Ha3bIBAETCS BIIOJIHE YIIPaB-

. . N i
nsieMoii (o6azaeT CBOWCTBOM YIPaBIsIEeMOCTH), €CIIM JUIA JI000H mapsl Touek X (Z H) u
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X' (tl.)(i =1,2,...k ) CYLIECTBYET OTPAaHHUCHHOE M3MEPUMOE BEKTOPHOE YIIpaBJICHHE

u' (t) = (ull (t),u; (t),...,ul; (t))T ,t e [tH,ti], nepesogsiiee cucteMy (2.1) u3 Touku

x (ZH) B TOYKY ,Xi (Zi)(l' = 1,2,...,/(), IpHu pasMepHOCTH #; <7, [22-25]. U3 ompe-

JIeieHusl BIOJIHE ympasisiemoct cuctembl (2.1) u ycnoswuit (1.4), (1.5), ciegyer 06006-
IIEHHOE OTIpe/IeIeHIe BIOJIHE YIPaBISIEMOCTH COBOKYIHOCTH (1.2) Ha MHTEpBase BpeMEHH

te [to ,T] , IpY BEKTOPHOM yTpasieHun U = U (t) .

O000menHoe omnpenesnenue ynpasiasieMoctu. CoBokynHocTh (1.2) Ha uHTEepBaie

BpEMEHU [ZO,T ] SIBJISIETCS BIIOJIHE YIIpaBisieMoi (00asaeT CBOWCTBOM YNpPaBIsIEMOCTH),
1 k N
eciy Uil I000ro HavyainbHOTO X (to) U KOHEYHOro X (T ) COCTOSIHHH CYIECTBYET

JIONYyCTUMOE BEKTOpPHOE yrnpasieHue U = U (t ) te [to, T ] , iepeBoisiee (1.2) u3 Hayab-

HOro COCTOsHHA B KOHEYHOEC, C oOecrieycHHEM B MPOMEKYTOYHBIEC MOMCHTBI BPEMEHU

t(ty <ty <ty<..<t,, <t,=T) yenowmit X (£,)=x"(¢,)(i=12,...k—1).
VYmopaBneHnne TpH ITOM CTPOWUTCS Kak oOOBeAWHEHHWE yrpaBieHHH U » Z{lli (t )}

(i =l,2,...,k—1) MaHUIYJIATOPOM Ha KaKAOM dTame OOCIy>KMBAaHUS, TO €CTh Kak

k=1

k-1
k-l 2 D
JJIEMEHT er -MEPHOTO BEKTOPHOTO mpocTpancTea R~ (U » € R= ).
i=1
Hetpynno y6emutbcs, uto mporecc oOciyxuBanus (1.2) sBnsieTcs BIIOJTHE YIpPaBIIs-
€MBIM Ha MHTEpBaJie BPEMEHU [tO,T ] , €CIIM OH BIIOJIHE YIPABJIIEM Ha KaXXIOM dTare u

HEYNpaBJIsIeMbIM, €ClId XOTs Obl oHa M3 cucteM (1.2) He BHOJIHE ynpaBiisieMa Ha CBOEM
UHTEpBAJIE ONpPECICHUS.
Jlis mokas3atenbCTBa 3TOTO YTBEPIKASHHS IMpEJIoyiaraeM, YTO Ha MHTEpBalie BPEMEHU

[t()yT] HUMECTCA TOJIBKO OJHWH HpOMe)KyTO'-IHLH\/'I MOMCEHT tl’ rae NMpoucxoauT U3MEHCHUE

JUHAMUYECKUX XapaKTePUCTHK MEXaHW4YEeCKOW CHCTEMbl MAaHHUILYJIATOPA, BO3MOXHOCTH
CHCTEMBI YIpaBJICHHS U pa3MepHOCTH (hazoBoro Bekropa [13-15,18].

JIBm>keHne MaHUMYJISATOPA HA KaXKJOM UHTEpBae [to A ] , [tl, T ] (k = 2) ONHUCHIBAETCSA

CIIEAYIOIIUMH YPABHEHUSIMU

X'=Ax' +Bu',7, <1<y

.2 1 2 ) 2.4)
X" =AXx +Bu’,f <t<t, =T

1€ HAYaJIbHBIC U KOHCYHBIC yCJIOBI/IH, a TaK>XKe ycHOBI/IH HpCeMCTBCHHOCTI/I HUMCHOT BUT
1 S 1 ) 2 )

X (to)—xto,x (t)=2"(1)=x*(1,),x*(t,) =x; (2.5)
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Marpuiist Al., Bi U BEKTOPHI Xi, u’' B o6wem ciy4ae, umMeroT cTpykrypsl (1.3), a

YCIIOBHUE YIPABJISIEMOCTH U Heynpasisiemoctu (2.2), (2.3), coorserctienno mpu [ =1,2.
JlanbHeHIero uccinea0BaHms BOIPOCOB O BIIOJIHE YHPABIAEMOCTH Mpolecca 00CIykKu-
BaHHsl, OMUCBIBAIOIMMUCS 00BETMHEHUEM CUCTEM (2.4) IpU 71, > F; Ha BCEM MPOMEXKYT-

K€ BpEMEHU [tO,T ], o anayoruu ¢ [13-15], popManbHO paccCMOTPUM IBMIKEHHE B IPOCT-
n+n,
panctBe cocrosuus R pasMepHOCTH | 7, +71, |, TIe IBIKCHHE Ha IEPBOM JTare, TO
€CTh B T€UCHHE BPEMEHU [to N ] , IPOMCXOUT B oAnpocTpancTse R, a Ha BTopoM dTame
[tl,T] B noanpoctpauctee R"™ . oanpoctpanctsa R™ u R™ (R"1 UR"™ = R"1+"2)
HE UMEIOT BHYTPEHHUX TOYEK, & IPU [ = f; UMEIOT OOIIME TPAHNIHBIE TOYKH.
+
Jlnst onucanus gBrokeHus B R 2 B TedeHHe BpeMeHu [ € [to,l‘z],(t2 = T) BBEACM

(nl + I’lz) - MEPHBII BEKTOP COCTOSHHS Y U (rl +7r, ) -MEpHBIA BEKTOP yNpaBJICHUS V

CIIeAYIOIUM 00pazoM

T
1 1 1 2 2 2
y=(x, x ooouX, XL 6, . x) 2.6)
T
1 1 1 2 2
V=(u1, Uy e U, U, Uy, ,u,,z) ,
(.1 1 1 r
ey =X, X, e X, 0, 0, ..., 0), npu f, <t <1 2.7

1 (1 1 0.0 OT
v =(u, U, ... ,u , 0, ... ,0),
2 2 2 r
uy =(O, 0, ..., 0, x, x3, ..., x ) npu t,, <t<t, (2.8)

T
2 2 2 2
A =(0, 0, ... ,0, u, u), ... ,u ) ,

n

B MOMEHT BpeMeHH £, u3 (2.5) CIEayET, 4To ‘yl (tl )‘ = ‘yz (tl )‘
Beenem Gnounyto matpuy C ¢ pasmepHoCTBIO ((”1 +n, ) X (”1 +n, )) U MaTpHIly

D ¢ pasmepuocTsIO ((n1 +n, ) X (”1 +7 )) , COOTBETCTBEHHO

C-= Al 012 D= Bl 012 2.9
021 Az 021 Bz

rae marpuisl A, B, onpenensores us (1.3)u 1, > 7;.
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B cootsetcteuu ¢ (2.6)-(2.9) Marpurer C n D moxHO mpencTaButh B BHIE CyMMBI
CJICTYIOIIUX MaTPHI

A 0 0, 0
C1=( 1 12]’(:2:( 1 12} 2.10)
0, 0, 0, A,

B, 0 0, 0
DIZ( 1 12}1)2:( 1 12j @11
0, 0, 0, B,

(MaTpuIb Oli(l, j=1,2) ¢ HyneBbIMH 37eMeHTaMu B (2.10) mMMeET pa3MepHOCTH

(n, ><n_/.), a0, —(n,xr) s @2.11)

C yuerom (2.6) - (2.11) cuctemsl ypaBHeHuii (2.4) B oOmem ciydae MOXHO Npel-
CTaBUTH B BUJIE

-1 1 1

y =Cy +D,v ,te[to,tl]
.2 2 2 (2.12)
Vv =Gy’ +D,v 1 et,1,]

U3 (2.6)-(2.11) cnenyer, 4To HepBylo cucreMy ypaBHeHuil B (2.12) MOXHO paccMmat-

pHUBaTh Ha BCEM INPOMEXKYTKE BPEMEHH [to,l‘z] C HyJICBBIMHM JJIEMEHTaMH B [tl,tz] (c

HYJIEBBIM IIPOJOJKEHHEM), a BTOPYIO CHCTEMY B [to,l‘z] C HYJICBBIMH DJIEMEHTaMHU B

[2,.1,] 13,141,
HavanbHbIMM M KOHEYHBIMH YCIOBUSIMM JUIsi 3a1ady ympasieHus (2.12), coorser-
CTBEHHO, SIBJISIIOTCS

y' (t,)= (xll (to),x; (1)), (to),0,0,...,O)
V2 ()= (0,000 (1) (1) (1)) 287 (£) = (0,040 0,7 (£),23 (£ ) o2 (1))
[y () = |y ()| (x! (8) = %7 (1), =1,2,..m) (2.13)

O0benunss cuctemsl (2.12) ¢ yuerom (2.6)-(2.13), npouecc odcmyxuBaHus GOpMaIbHO
MO>KHO OIHCaTh YPaBHEHHEM

T

y=Cy+Dv,i€[t,.1,] (2.14)

rae Bektopel Y, V u marpuusl C, D onpenenstores us (2.6)-(2.8) u (2.9)-(2.11),
COOTBETCTBEHHO.

[TockombKy B KaXKIBIi MOMEHT BpeMeHH [ € [to,tz] (2.14) 6o coBmagaeT ¢ MepBbIM

ypaBHeHHeM u3 (2.12), 1100 co BTOPHIM, TO JJSI IIEPEMEHHBIX M mapameTpoB (2.6)-(2.13)
MaTpuIpl yrpasisieMoctd (2.2) mis (2.12) UMEIOT cienyromue CTPYKTYypBL, COOTBET-
CTBEHHO
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Mlz(D1 CD, Clle---C;'IJDI),Hpnte[l‘o,tl] (2.15)

n M, =(D, C,D, C;D2:--Cy™'D,).npute[,1,] (2.16)
B, AB AB, .. A"B

rang(Dl CD, C12D1 '--C?I_IDI) = rang( 1 11 121 1 1J
0 0 0 0

000---0]

rang(D, C,D, CXD2---C>'D,)=ran
g(D, CD, C 2 D) g(BZ AB, A’B, .. A“'B,

O603HauMM yepes M} , M; CIIeAYIOIHE MaTPHILIBI

MIZ(BI AB, AB, .. Af“lBlj
1 5
0 0 0 - 0
el
B, AB, AB, .. A"'B,

3nech  MaTpHILbI M: u M; HMEIOT  Pa3MEepHOCTU ((n1 +n, ) X rlnl) u
((n1 +n, ) X 7’2”2) coorBerctBeHHo. C  yuerom (2.2), (2.3, (2.15), (2.16),
rangM, (i = 1,2) cosnagaer ¢ (2.2) u (2.3), npu i =1,2.

OO6be SIS MATPUILIBI M: u Mg, HOJIYYUM

M=y [ B AR AR ATB 0 0 0 0]
0 0 0o - 0 B, AB, AB, - A}?'B,
M, 0
= 2.17)
0 M,
brnounas JMaroHaIbHAs Marpuna M' uMeer pa3MepHOCTh
((nl +n, ) X (nlr1 +n,r, )) ,rme M, = (B1 A B, AIZB1 .. ATHBI) COBIAMaET C
MaTpuueit YIPaBISIEMOCTH nepBoi CUCTEMBI COBOKYITHOCTH (2.12), a

M22:(B2 A,B, Ang.-.Agz_le) - ¢ MaTpuiedl ympaBIseMOCTH BTOPOM

CUCTEMBI.
3ameuanue. Ecim A u B JAAHHBIE MATpULbl OAWHAKOBOIO CTPOCHUA, TO B 06H.ICM

ciyuae rang (A + B) < rangA +rangB u nepasencTso ABNAETCA TOUHBIM, ey [26]
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A, 0 0 0
0 0) 0 B,
B paccmaTpuBaemom cirydae (2.15)- (2.17), umeem

rangM' = rangM,, + rangM,,. (2.18)

1
B ciryuae ckanspHOro ynpaBieHHs (1”1,7’2 = 1) Gnounas nuaronanbHas matpuna M

SIBJIIETCSI KBaApaTHOM, MMEET pa3MEpHOCTb ((l’l1 +n, ) X (l’l1 +n, )) U ONpeAcauTeIb

BBIUHCIISIETCS CllenyromuM oopazom [14,15,26]

- M, 0, _ _
detM' = det =det(M,, xM,, ) =detM,, xdetM,, (2.19)

21 M22

3neck detM' # 0, ccnn rangM' = (n1 +n2),me rangM,, = n,, rangM,, = n,

N3 (2.19) cnemyer, 4TO MABMXKCHHE MEXAHMYECKOW CHCTEMbl MAHMITYJISITOpA WK
IpoIlecC O0OCITyKUBAHUS, ONHUCHIBaeMblii oObenuHeHueM (2.12), BmosHe ympabisieM Ha

WHTEpBaJie BpeMeHH [ € [l‘o,T ] TOTJa U TOJBKO TOTAa, Korjga obe cucteMsl B (2.12) npu
1,7, =1 u npu (2.5) BHONHE yIpaBIseMbl HA MHTEPBATAaX BPEMCHH [l‘o,l‘l] u [l‘l,tz],

COOTBETCTBEHHO, U HEyNpaBJIieMbl, €CiI OJHA U3 cucTeM B (2.12) He BIONHE ympaBlseMa
1
Ha cBoeM HHTepBane onpenenenus, To ectb detM =detM, xdetM,, =0, ecin

rangM,, <n;, wm rangM,, <n,. Dt pe3yibTarThl COBIANAIOT C Pe3yIbTaTAMHU
ucciaenosanus [14,15].

Opu 1<7rn<n u I<r,<n, (rl ;trz) JUIL paccCMaTpUBaeMOro Ciyyass UMeeM
(2.18). Ecmu cuctemsr B (2.4) npu (2.5) BrojHe ympaBisieMbl Ha CBOMX HHTEpBalax

JIBHKEHUH [to,tl] u [tl,tz], to Ttorma rangM, =n, u rangM,, =n,

(rangMH <n,, mm rangM,, <n, B nporuBHOM ciydac). [lo anamoruu ¢ [13-15] B
Ka4yecTBe MAaTpHIIbl YNPaBIsieMOCTH uis oObeauHeHHs (2.4) Ha TMPOMEKYTKE BPEMEHHU
[l‘o,l‘z] MOXHO MPUHATH MaTPHUILY M'. CrnenoBatenbHO, Mpolecc 00CITy )KUBAHUS BIIOJIHE

yIpaBsieM, eclii

rangM,, = n,, rangM,, =n, u
rangM' = rangM,, + rangM,, = n, +n, (2.20)
1 HC BIIOJIHE YIIPABJISIEM HAa UHTEPBAJIC BPEMEHU [to 5 t2 ] , €CIIN

rangM' < n, +n, (rangM,, <n,, wm rangM,, <n,), (2.21)
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rme My, =(B, AB, A’B, --A"'B,) n M,, =(B, A,B, AJB, ---A}"'B,).
[IpennonoxuM, 94TO yTBEpIKAEHIE 00 YIIPaBIsIeMOCTH BEPHO TPHU (k - 1) Jranax JIBH-

xeHus. To ecTh MaTpulla YIpaBIseMOCTH Uil 00beIuHEeHHbIX cucteM (1.2) mpu (k - l) R

HMEET BUT
M11 012 013 k-1
0 M 0 e 0,

M = 21 22 23 2k-1 (2.22)
0k—11 0k—12 0k—13 o Mk—lk—l

3pech matpuua M ( j=12,..., k- 1) ABJIAETCS MATPUIIEH YIIPaBISEMOCTH CHCTe-

MBI TIOJ] HOMEPOM j(j=1,2,---,k—1) m3 (1.2) Ha wWHTepBale BPEMEHU IBWKCHUS

|_t = 1t /J M HUMEET pPa3sMEPHOCTh (I’l ><n ), a Marpula ynpasiasieMOCTU M

00bEIUHEHHOW CHCTEMbl Ha HMHTEpBaJe BPEMEHU [to,tkfl] UMEET pPa3MEpPHOCTh
k=1 -

k-1
n, an . Ilo anamorum c (2.18) ranng"I:an. Marpuist

Jj=1 j=1 j=1

04’1‘ (i,j =12,..k-1i# ]) C HYJIEBBIMH 3JIEMEHTAMHU MMEIOT Pa3MEPHOCTH (l’li X l’ljl”])
. COOTBETCTBEHHO.

Jnsa obvenvHeHust cuctemMbl ypaBHeHHH (1.2), OMUCHIBAIOMIMX (k - 1) JTAIoB JBYIKE-

k-1 Zn
1
HUSI, pACCMOTPUM IPOCTPAHCTBA COCTOSHUS Pa3MEPHOCTHIO E n; R
J=1

BekTop cocTosiHUA Y M BEKTOp ynpapjieHus U IPEACTABUM B BUJIE

T
1 1 1 2 2 2 x—1 x—1 xk—1
y:(xl,x2,...’xn],xl,x2,...’ xn:’... xl ’x2 ’...,xkil)
(11 12 2 2 kel el 1\" 293
V= ulauza"'aurlauln u29"'9urza"'7 ul 5u2 s "7y urx—l ( )
k-1 k-1
Y umeeT pa3mepHOCTh an ,au— I’J .

J=1 J=1
Ha xaxngom HWHTEPBAJIC ABUKCHHUA UMEEM

ylz(xll’ X, ey xh, 0,0, e, 0, e, 0, 0, o, ())T,

npu {, <1<t
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<t<t

1pH t(K—2)+ =" =k
k-1 _ 0 0 0 0 0 0 x—1 k-1 xk—1 r
A% — s 5 (KRN N 5 N RN 5 (KRN ul 5 uz 5 EEEN urK

ITo awamormn ¢ (2.6)-(2.8) B NPOMEXKYTOUHbIE MOMEHTHI BpeMeHH [

J
( j=12,.. k- 2) BEKTOP COCTOSIHHSL Y Y/OBICTBOPSIET YCIOBHSIM
. . : . T
lim y = lim (xl, x4, -, x, xM, e, X 1) =
1=t~ t—t;-
. T .
=0, 0, -, 0. X/, 0, -, 0) =y/(t)),
. . ) . T
limy = lim (xl, x5, -, x, xM, o, x 1) =
1>t+ =1+ j :1’2’ .,k—2)
. T .
=0, 0, -, 0, X", 0, -, 0) =y/(1)),
IMapamerps! (2.9) - (2.11) B paccMaTpuBaeMoM ciiy4ae UMEIOT BUJL
A, 0, UM 0,
C-= 021 Az 023 02k—1
Ok—ll 0k—12 0k—13 Ak—l
B, 0, 0, 0,
0 B 0 XTI | N
D= 21 2 23 2k-1 (2.25)
0k—11 0k—12 0k—13 - By

Ha MHTEPBAJIE BpEMEHN [ € [to, t,, ]
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1
Cl _ 021
Ok—ll
Bl
Dl _ 021
Ok—ll
npu t € [to,tl]
011
C2 _ 021
Ok—ll
011
D2 _ 021
Ok—ll

mpu [ € [tl,tz]

Ha untepBane ¢ € [txfzstm]

0,
0
Cor=|
01y
0,
0,,

0k—ll

Martpurist M},M;,...

Pa3MepHOCTIMH (n1 +n, +-~'+nk,l)xr,n,>(j =

B gwactHOCTH
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U
0,
B

2

0k—12

0,
0

22

0k—12
012
022

0k—12

13 01/{—1
23 02k71
0k—13 0k—lk—l
013 0lkfl
023 02k—1 (2 26)
0k713 Ok—lk—l
13 Olk—l
023 02k—1
01(—13 Ok—lk—l
013 Olk—l
023 02k—1 (2 27)
Ok—IS 0k—lk—l
, AIMEeM
013 01/{—1
023 2k-1
0k—13 Ak—l
013 01k—1
023 2k-1 (2 28)
0k—13 Bk—l

,M:j UMEIOT aHAJIOTUYHBIE CTPYKTypel (2.15), (2.16) ¢

1,2, k—1).



B] AlBl A12B1 ATI_IBI
0 0 0 0
M, 2 2 2 * uput ety t,] (2.29)
0k—]1 0k—12 0k—13 Ok—lk—l
011 012 013 Olkfl
B, AB, AB AY'B
Mi=| 7 T e PO mpn teln,t,] (2.30)
Okfll 0k712 0/»713 0/»71/»71
011 012 013 0lkfl
0 0 0 0
Mk:] — 21 22 23 2k-1 , Tipu te [tkiz,txil] (231)

B, A_B, Ai—lBk—l AZTFIBH
OObenuHsIST MATPHIIBT M: , Mg yeens M],:} , oy4nm (2.22)
M11 012 013 o Olk—l
I e B A N Ee
0., 0., 0. M,
me M, =(B, AB, AJB, --A/"B,), M,, =(B, A,B, AjB,---A}"B,)
e Mk—lk—l = (Bk—l Ak—lBk—l Az—lBk—l “'Azk—illilBk—l)
rangM"™" = rangM, | + rangM.,, +...+ rangM,_,,_, =(n +n, +---+n,_)).

Ha nocnennem srane qBUXKEHUS MAaHUITYJIATOPA JUHAMHUYECKUE XapaKTCPHUCTUKU MEXa-

HUYECKON CHCTEMBbI M3MEHSIOTCS B MOMEHT BPeMEHU [ = tk__l U MaHHUITYJISITOP JABHIKETCSA
() (7) ) =x (1)
U3 TOUYKH X 4—1) B KOHCYHYIO TOUKYy X (HamomMHuM, uTo X 1) =X -1

(1.5)).

Cucrema ypaBHEHHU NBW)KCHHS Ha HHTEpBaJie BpeMEHH [ € [t t ] COBMAJAET C

x=1°"x
nocnennei cucrtemoit u3 (1.2), To ectb

X =AX +Bu, mpn X1 ) =x" (1) (2.33)

Ha untepBane ¢ € [tk__l ,ZK] cucrema (2.33) BriojiHe yrpasisema, eciu

rangM,, =rang (Bk AB, AB, AZ’*IB,{) =n, (2.34)
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Ha BceM unTepBane BpemeHH [tO,T ] MaTpulid yNpPaBIIEMOCTH M* 00beMHEHUS
cucteM (1.2), ¢ yuetom (2.29), (2.33), uMeeT CIeny oIy CTPYKTYPY
M = {M},Mg,---,Mﬁj,Mﬁ} =

M11 012 013 U 01/c71 Olk

021 Mzz 023 e 02k—1 02k , (2.35)
Ok—ll 0k—12 0k—13 e Mk—lk—l Ok—lk

Okl 0k2 0k3 e Ok—lk—l Mkk

k
k
Marpuna M" umeeT pazsmMepHOCTS an X anr/. , THE

Jj=1 Jj=1
011 012 013 e Olk—l
021 022 023 T 02k—1
M’;: le/ItE[tK_l,T]
Ok—ll Ok—12 0k—13 e Ok—lk—l
Bk AkBk Alchk "' AZ“IBk

k
max rangM"* = max rangz M, = (n1 +n,+--+n, )
i=1
CrnenoBatenbHo, u3 (2.21), (2.22), (2.35) cnenyer, uro cucrema (1.2) ¢ mpomexy-
TOYHBIMH cocTosHusIMH (1.5) Ha BceM MHTepBasne Bpemenu |f,,7T ] BIIOJIHE yIIpaBIsieMa,

ecnu Bce cuctembl (2.1) ympaBisieMbl Ha MHTEpBaiax CBOETO ONPE/CICHHS, U HE BIIOJIHE
ympaBisieMa, ecii XoTsi Obl onHa cuctema u3 (2.1) He BIoMHE ymlpaBiseMa Ha CBOEM
WHTEpBajie ompeneNeHus. 10 ecTh, Mpolecc OOCTY)KMBaHHS MaHUIYJISTOPOM Ha BCEM
WHTEpBaje BPEMEHH BIIOJHE YIPAaBISeM, €CIH KaXAbI 3Tan OOCIY)KHBAHHS BIIOJTHE
yIpaBisieM U HEYIPABISIEM, €CIM XOTs Obl HA OJHOM MHTEPBaJie 0OCITYKUBAHUSI POLIECC
HEYTPaBIIsIEMBbIH.

3akmoyenne. OmUCHIBACTCS MOJAENb TEXHOJIOTHMYECKOTO IPOLECCa MHOT03TAlHOTO
00CITy>)KUBaHUsI, COCTOSIIETO U3 YIPaBIIeMOr0 MHOTO3BEHHOIO MAaHUIYJIATOPA C IEPEMEH-
HOM CTPYKTYpOH U BEKTOPHBIM YINpaBI€HHEM. MaHUMyISITOp MOKEH aBTOMAaTHYECKU
00CITy’)KUBaTh HENPEPBIBHYIO pabOTy MOABMIKHBIX WIIM HEMOABH)KHBIX OOBEKTOB (Lieineit).
[peanonaraercs, 4YTo 3JIEMEHTHl U Pa3MEPHOCTb MATPHILBI AUHAMUYECKUX XapaKTEePHUCTHK
MHOTO3BEHHOTO0 MAaHUIIYJISITOPa, pPa3MEpHOCTb (a30BOrO0 BEKTOpa IBIDKCHHUH, a Takke
MaTpHILBI BO3MOKHOCTH CUCTEMBI YIIPABJIEHHS B IpoLecce 00CIyKMBaHHUSI MOTYT MEHSThCS
B HEKOTOpPbIE MOMEHTHI BpEMEHH. B "acTHOM cilyyae, Korjga JBHXKCHHE MaHMITYJSITOpa Ha
KaXJIOM HWHTepBane OOCIYXXHBAaHHUS OIMCHIBACTCS JIMHEHHBIMU audQepeHIranbHbIMU
YPaBHEHUSIMH C TIOCTOSIHHBIMH KO3 (QHIMEHTaMH, a IBIKEHHS OOBEKTOB 3aJaHbl,
HCCIIEIYIOTCS BOTIPOCHI YIPaBJIIEMOCTH BCETO Mpoliecca B 3aBUCUMOCTH OT YIPaBISIEMOCTH
Ha Ka)X10M dTarne ABmwxkeHus. [lokazaHo, 4To mmpoiecc 00CITy)KUBaHUS Ha BCEM IIPOMEKYTKE
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BPEMEHH SBIICTCS BIIOJIHE YNPABIAEMBIM, €CIM OH YyNpaBisieM Ha KaXKIAOM HHTEpBaJie
00CITy’)KUBaHUsI ¥ HEYIPaBJIsieM, €CIM OH HEYNpaBisieM XOTs Obl Ha OJHOM HHTEpBaJe.
[IpuBeneHa marpuua ynpapiasieMOCTH BCEH CHCTEMBI, OOBEAMHSIOUIEH KOHEYHOE YHCIO
coctaBHbIX cucteM. OOOOILIEHBI pe3yJbTaThl HCCIICAOBAHMM, IMOJYYEHHBIX B paboTax
[13,14,17,18].

10.

11.

12.

13.

14.

15.
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2U8UUSUULP GhSNRESNARLLEP ULAUSPL UYUNGUPUSE SENEUUQRl
W3BECTHUS HAIIMOHAJILHOM AKAJIEMUU HAYK APMEHUUA

Ukhuwmuhlju 75, Nel-2, 2022 Mexannka
YK 539.3 Doi:10.54503/0002-3051-2022.75.1-2-85

MATEMATHYECKAA MOJEJIb JUHAMUKHU MUKPOIIOJIAPHOI'O
YIIPYTOI'O TOHKOI'O CTEPXKHS C KPYTOBOM OCBIO C
HE3ABUCHUMbIMM IOJISIMU NIEPEMEIIEHUI U BPALLIEHUI 1
METO/I KOHEYHbBIX 2JIEMEHTOB

Capkucsu C. O., Xauatpsin M.B.

KawueBble cioBa: MHKpOHOJ'IﬂpHI:If;I, yl'Ipyl"I/IfI, CTEPKEHb, KPYroBas oCb, JUHAMHKa, MaTeMaTU4€CKasi MOIECIIb,
METO/JI KOHCYHBIX 3JIECMEHTOB

Sargsyan S.H., Khachatryan M.V.
Mathematical model of dynamics of micropolar elastic thin beam with a circular axis with
independent fields of displacements and rotations and the finite element method

Key words: micropolar, elastic, beam, circular axis, dynamics, mathematical model, finite element method

The mathematical model of dynamics of micropolar elastic thin beam with a circular axis with independent
fields of displacements and rotations is constructed on the basis of the equations of dynamics of a plane stress state
of micropolar theory of elasticity in the region of a circular sector and using previously developed hypotheses for
micropolar thin bodies. Corresponding variational principle is established for the problems of natural frequencies
of micropolar thin beam with a circular axis. Further, on the basis of this variational principle, a variant of
application of the finite element method for construction numerical solutions for boundary problems of the
corresponding mathematical model is developed, which can be used to determine the natural frequencies of
micropolar beam with a circular axis. An example is considered, the results of which establish the fact that the
micropolarity of the material increases the natural vibration frequencies of the beam compared to the classical
case.

Uwpquyut U.Z,, usmnpymb U9,
Sknuthnjumpyniitkph & wunnyunubph wijui quonkpny dhipnunjjup wpwdquijui
2ngwitiihtt wnwigpny] pupuly Ynp dnnh phtwdhjuyh dwpkdwnhyulyub dngkn b JEpgudnp
wwppbph dbpagp

Zhduwpwetp: hijpnwnjjup, wpwdquljul dnn, opgwtiughtt wpwgp, nhtwdhluw, dwpbdwnhuljul
Unnl), kpgun|np nwpplph Ukpnnp

Zhup pupnititny Jhypnynpup wowdquiuinipyut hwpp jwpjusuhtt Jhdwlh phtudhljuygh
hwjuwuwpnidutpp opowtiughtt ubkjuinph whpnypnud, Yhpunking twhjhtind dywlyws Jupusitpp
dhypnynyup pupwl] dwpdhtikph hudwp, jupnigdnud ' nbnutnpnipmibitiph & wnnynitph
wiljwh quginpny Uhipnynjup wewdquljub ppgwtuyht wnwigpny pupwy Ynp dnnh ghiunthljugh
dwpbdwnhjuljut  dogbp: Cpowbuyhtt wpwbgpny dhipnwnpjup  pwpwl Ynp Adnnh  wquun
nunwinudubph hwdwp hwununynud £ hudwyuinuupiwt Juphwghnt uljqpoitipp: Ujinthbnl,
Juphwughntt  wju  ulgpniiph  Yhpwedwt  hhdwb  Jpu dwldnd T hwdwywnwuhowb
dwphdwnhljuljub dnnkjh igpuyht pinhplibph pyughtt nisnudubph jupnigdwt Jepgun]np wnwuppkph
Ukpnnh mwppkpwul, nph oqinugnpddwdp Juphkih k npnoky gpowbiuyhtt wnwbgpny dhljpnunjjup Ynp
dnnh ubthwlwd mwnwindibph hwdwhwwinipmniatbpp: Yhnwpyyoud E ophtiwly, nph msdwb
wpyniipnid hwunwnynud b wjn hwiqudwpp, np dnnh dhljpnunjupnipiniup pupdpugunud k
ubthwuwl munwinudutph hwdwpuwintpniuttpp hudbdwnws nuuwlwb ntyph htwn:
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Ha ocHoBe ypaBHeHHUI JMHAMMKH TJIOCKOTO HANPsHKEHHOTO COCTOSHUSL MUKPOTIOJISIPHON TEOPHHU YIPYTOCTH B
00JacTH KPYrOBOTO CEKTOpa, MCHOIb3Ys paHee pa3pabOTaHHbIC TMIIOTE3bl I MHKPOIOJAPHBIX TOHKHX Tell,
MOCTPOEHA MaTeMaTHYecKas MOJENb JAMHAMUKUA MHKPOINOJIIPHOTO C HE3aBUCHMBIMU MOJISIMU NEPEMEIICHUH 1
BpAILICHUI YNpPYroro TOHKOTO CTEpPKHSA C KPYTOBOH OCBIO. YCTaHOBJIGH COOTBETCTBYIOIIMH BapHUAI[MOHHBIH
TPHMHLMII JUIA 3314 COOCTBEHHBIX KOJIEOAHUH MUKPOIOIAPHOrO TOHKOTO CTEPIKHS C KpyroBoii ochlo. Jlanee, Ha
OCHOBE 3TOTO BapHALMOHHOIO MPHHLMIA Pa3pabOTaH BAPUAHT NMPUMEHEHMS METOJA KOHEYHBIX 3JIEMEHTOB Ul
MIOCTPOEHHS YNCJIEHHBIX PELIEHUH IPAaHMYHbIX 33/1a4 COOTBETCTBYIOIIEH MaTeMaTUYECKOH MOJIEIH, NPUMEHEHUEM
KOTOPOTO MOXHO OHpEEIUTh YaCTOThI COOCTBEHHBIX KOJIEOAHMI MHKDPOIOIAPHOTO CTEPHKHS C KPYTOBOU OCBIO.
PaccmaTpuBaeTcst mpuMep, pe3yibTaThl KOTOPOrO YCTaHABIMBACT TO OOCTOSTENBCTBO, YTO MHUKPOIOJIAPHOCTH
MaTepHaa HOBBIIIAET YACTOThl COOCTBEHHBIX KOJIEOAHUI CTEPIKHS 10 CPABHEHHIO C KJIACCHYECKHM CITy4aeM.

BBenenue. Yrpyrue TOHKHE CTEPXKHHU C KPYTOBOI OChIO UMEIOT OOJIbIINE IPUMEHEHUS
B NIPUOOPOCTPOCHUH, MAIIMHOCTPOCHNH, CTPOUTENbHOI MexaHuke. OTMETHM, 4TO B NpH-
JIOXKEHUSIX, B OCHOBHOM, PAaCIPOCTPaHEHbI CTEPKHU C KPYTOBOH OCBIO B YCIOBHAX IIOCKON
3amaun. Teopus u pacd€r ynpyrux CTEp:KHEH ¢ KpyroBOW OChIO HAa OCHOBE KJIACCHUECKOU
TEOpUM YNPYrOCTH TIJIABHBIM 00pa3oM OCHOBaHAa Ha CIEAYIOIMX JOMyHIeHUsX: 1)
MpUMEHUMa TUTIOTe3a TUIOCKOTO cedeHus [1], 2) crepikeHb SBISIETCS HepacTsHKUMBIM [1].
Pazpaborana Taxke Teopus HM3ruba yHpyroro CTEp)KHS C KPyroBOoil OCbl0 ¢ y4ETOM
MPOIOJIbHOM nedopMarinu ocu U aedopmain casura [2,3]. B paborax [2,3] pa3spaboraHbl
BapHaHThl METOAAa KOHEYHBIX IEMEHTOB [UIS pELICHHs 3a/1ad YINPYroro CTEpXHSA C
KpYTOBO# OCBIO B YTOUHEHHOM MOCTaHOBKE.

B pabGore [4] u3yueHa 3ajgaya u3ruba yNpyroro CTEpXHsS C KDPYroBOH OChIO B
IIOCTAHOBKE MOMEHTHOW TEOpPHH YIPYTrOCTH CO CTECHEHHBIM BpAlllEeHHEM Ha OCHOBE
THIOTE3BI TNIOCKOTO CTEPIXKHS.

B pabote [5], Ha ocHOBe MeTOa runores [6], mocTpoeHa NpHUKIaaHas MOJAENIb CTATUKU
MHKpOIOJISIPHOTO (C HE3aBUCHMBIMU MOJSIMH IEPEMELICHUH M BpalleHUH) YHpPYyroro
TOHKOTO CTEp)KHS C KpyroBoil ocblo u paspaboran Bapuant MKD s uucieHHOTro
pelIeHUs] COOTBETCTBYIOIIMX KPaeBbIX 3a1a4.

B nanHoli paboTe, Ha OCHOBE MeToJa TUNOTE3 [7], MOCTpOeHa MpHKJIagHAs MOJEIb
JUHAMUKH MHUKpPOIOJIIPHOTO (C HE3aBUCHMBIMU IOJISIMHM IEpEeMELICHUH W BpalleHuil)
YIOPYroro TOHKOTO CTEp)KHS C KpPYroBOM OCBIO, YCTaHOBIEH COOTBETCTBYIOIINH
BapUaIMOHHBINA NMPUHIMII (U151 3a]1a4 O COOCTBEHHBIX KoJIeOaHHsX) U pa3paboTaH BapUaHT
MKD 11 NOCTpOCHMS UHUCIEHHBIX DPELIEHHH COOTBETCTBYIOIIMX KpPaeBbIX 3ajad, C
MPUMEHEHHEM KOTOPOTO MOXKHO OIPEIEIUTh YacTOThl COOCTBEHHBIX KojeOaHUI
YKa3aHHOTO CTEPIKHSI.

1. IMocranoBka 3anauu. PaccmoTpuM KkpuBoil ctepkeHb (Opyc), MMEIONINA BHI YacTH
KPYTOBOI'0 KOJIBIIA C IONIEPEYHBIM CEYEHHEM B BHIE Y3KOTO MPSMOYTOJIBHUKA C pa3MepamMu

2hx2h" (Puc.1). IlycTs Bepxmss (r =7 ) 1 HIKHSS (r =¥ ) MOBEPXHOCTH 3arpyke-

HBI, a KaOXIbII TOper] ((p=0 wim Q= ([)1) 00 3arpyxeH, Jubo 3aKperuiéH onpeaenéH-
HbIM 00pa3zoM. Bynem npennonarath, YTO TONIIMHA CTEPXKHS B HANPABJICHUH MEPIICHIUKY-
JISIPHO K IUIOCKOCTH 4epTea (Zh*) HACTOJBKO Maja, 4TO HanpsKEHHO-1e(OpMUPOBAH-
HOE COCTOSIHHE B CTEp)KHE MOXKHO IpPUHMMATh KakK IUIOCKOEe (IUIOCKOE HAampsKEHHOE
COCTOSHUE) B CPEJUHHOM mnmockoct 3Toro Ttema. Ilycts #; - panuyc cpenHeil nuHMU

0071acTH CPEeAMHHON TIIIOCKOCTH (T.€. OCH CTEPIKHSA).
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puc.1

B cpenunHOll mulOCKOCTH CTEpXKHS, B MOJSPHOM cHUCTeMe KOOpAMHAT (r,(p)

(r] <r<n, 0<o<gq, ) , AMEIOT MECTO ypaBHEHHUsI 0000UIEHHOTO MIOCKOTO HAMPSDKEH-

HOT'O COCTOSIHUSI MUKPOTIOISIPHON TEOPUH YIIPYrocTH [8]:
YpaBHEHUS ABUKECHHUS:

10c,, 0o, 1 o'V,
—y 24 (o, + = .
r oQ or i‘cﬂ %) p@ﬂ
06, 1 10c,, 0%,
=24 (6, -0, )+——2 = : 1.1
or r(c22 G“) r 0 P ot* (D
10u, Oou 0’o
Fop ar TpMeToRTOn= 0
CooTHOLIEHHS yIPYTOCTH:
1 1 p+o p—o
T :E[Gll _0622]’ Tn :E[Gzz _0611]’ Y2 = A0l O~ " SEID
L+o pL—ao 1 1
Yo = 4pat 2" 4pa G2 X3 :Eun > An :EHB’ (1.2)

6o B oOpaTHO# popme

E E
6, = N ()1 +VYp), 0y = 2 (Y22 + V711>
-V 1-v
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G, = (Ut a)y, +(H—)y,, O, =(—a)y, +(n+a)y,, (1.3)

Wi =BYis> My = BYyss

FCOMeTpI/I‘-ICCKI/Ie COOTHOLICHUA:

LoV 1 ov, 1oV, 1 v,
Y11=;a—¢+;V2a T2 =7 Y12=;a—¢—;Vl—®3a Y21=E+®37
_Loo, oo,

=3 (1.4)

X13_r 5¢’ X3 o

3necy Gy, G, , O, O, - cuiosble (0ObIYHBIE) HANPSKEHHS; L5, L,3 - MOMEHTHbIE
HanpsokeHU; V15 Yoo » Yins Yor- nedopmanuu; X1z Aoz - W3TUOBI-KpyYeHHS, V1 ) Vz'

nepeMereHus; (); - CBOOOmHBIH moBopoT; £, V., o, B - ympyrue mnocrosHHsIe

E
2(1+v)

MHUKPOTIONISIPHOTO  MaTepuana | pl = , p -mIoTHOCTh Matepuanma, J -Mepa
HHEPILNN MaTePHaa PH BPAIICHHAH.

ByZeM cunTath, 4TO HA JMUEBBIX JIMHUAX F* = F;, I = I, 3a]aHbl BHELIHAE yCHINA H
MOMCHTBI:
G =415 6,9, 5 Hyy=m , HA =1,

(1.5)

— + — +- — + —
Gy =450, =4, Ky =m ,HA I'=1,

a Ha KpaﬁHPIX CEUYCHMSIX 00JIacTH ((p = O, ¢ = (pl) HUMECT MECTO OJAMH H3 CJICAYIOIINX

BAapUAaHTOB I'PAHUYHBIX ch’IOBHﬁZ

o o o N
2 G, =0}, O) =0y, 3 =W3, 1pu ¢ =0; @6
" o o _ .
Gy =6y15 Oy =0y, Yy3 =Hy3, TIPA GO =0,,

Vlel,a V2=V2,,(D3=(D’3,le/l(p=0; 17
VIZVIZ V2:V2”7 CO3=OJg, opu @ =@, '

5) G, =0y, V=V, n; =W, npu ¢=0; 9
G, =6y, Vo =V, Wy =W, IpH @=,.

[IIOTHOCTL MOTEHIMANLHOM dHepruu aedopmarmu W MUKpOIONSAPHOrO ympyroro
M30TPOIHOTO Tella NPH IUIOCKOM HAMPSHKEHHOM COCTOSIHUHM BBIPAKACTCS CICAYyIOLIeH
(bopmynoii:
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E Ev E 1
W= 2(1_02)7112 + - 02 Yu¥a t 2(1_02)Y222 +E(M+0‘)7122 +
(1.9)
1 1 1
+(“_0‘)Y12y21 +E(H+0~)y§1 +EBX123 +EBX§3~

Ecnu paccmatpuBaTh COOCTBEHHBIE KOJIEOAaHUS I 3aJaudl IUIOCKOTO HANpPsHKEHHOTO
COCTOSIHUSI MUKPOTIOJIIPHOM TEOPHU YIPYTrOCTU C HE3aBUCUMBIMU MOJISIMU NEPEMEIIECHUN U
BpaLICHUH, TOrAa AJIs CiIeAytolero GpyHKIMoHana Moay4uM PUHIMIT MUHUMYMa [8]:

@y 75 2 2 2

~ [ f oV, oV, [0

U= W+p—tV+p—2V,+J—> o, prdodr. (1.10)
{J or’ or* or’

2. Ucxoanbie runote3bl. [locTpoenue mMpuK/IaIHONW MOAE]H THHAMUYECKOT0 U3ruda
MHKPONOJISPHOT0 YIPYIroro CTep:KHsl ¢ KPYroBOil OCbI0 ¢ He3aBHCHUMBIMH HOJSIMH
nepeMelleHUii U BpalleHUI.

Coopmynupyem pomyineHust (Tunotessl) [7], UCHONB3yeMble TP MTOCTPOCHUH TPUKIIA-
HOU MOJIENH ANHAMUKY MUKPOIOJISIPHOTO YIIPYTOro TOHKOTO CTEPKHS C KPYTOBOU OCBIO:

1. B kadecTBe MCXOAHON KMHEMAaTM4YECKOW THMIIOTE3Bl Ul MEpPEMELICHUM, MpUMeM
THIIOTE3Y MPSIMOW JIMHHUHU - 3TO 03HAYAET, YTO JIMHEWHBIN 3JIEMEHT [IePBOHAYAIBHO MEPIIECH-
JTUKYJSIPHBIA K CpeJHEH JMHUM CPEIUHHOW IJIOCKOCTH CTEPXHS 110 AedOopMaluu, nocie
negopMaru octaéresl NPSMOJIMHEHHBIM, HO YK€ HE NMEePHeHIUKYJISIPHBIM K Je(hOpMHUpPO-
BAHHOW cpefHed JIMHUM, a NTOBOPAYMBACTCS HAa HEKOTOPBIM yroi, HE M3MEHSSI IPU 3TOM

cBoed auHbl. Kpome ToOro, mms cBOOOJHOTO MOBOpOTa (D, OyldeM cUMTaTh, 4YTO 3Ta

(GyHKIMS 10 KOOpPAWHATE Z - MOCTOsIHHAs. BceiencTBue yKka3aHHBIX JOMYLICHUH Oynaem
HUMETh CIICAYIONINI JTUHEWHBIM 3aKOH M3MEHEHUS MEePEeMENIeHUil 1 CBOOOHOrO MOBOPOTA
10 TOJIIHUHE CPEIUHHOM MITOCKOCTH CTEPIKHS C KPYTOBOM OCBIO:

Vi=u(@.t)+2y(e.1). Vy=w(e.t), o, =Q(9.1), @1

rae u((p,t ) u W((p,t) - NepeMeIleHUs TOUeK CPEAHEH JIMHWYM B HAlpaBJICHUSX IO ee
KacaTeJbHOW U 10 HOpMauH (T.e. W((p,t ) - 3TO NpOrud CTEpKHA); Y ((p,t ) - yTOII TIOBO-

poTa MNEpBOHAYAIBHO HOPMAJIBHOI'O JJIEMCHTA, Q3 ((p,t) - CBO6OZ[HBII\/'I IOBOPOT 3TOTO

JJIEMEHTA.
Kunematmueckue rumnoressl (2.1) B miemoM, kak B padorax [6,7], Ha30BEM 0000IIEHHBI-
MU KHHEMAaTHYECKHMMH THIIOTe3aMH THMOIIEHKO Ha Ciydail MHKpOIIOISIPHOTO TOHKOTO
CTEeprkHS (B JaHHOM Clly4ae, Ul CTEPXKHS C KPYTOBOU OChIO).
2. T'umore3a O TOHKOCTEHHOCTH CTEPKHA, MPU KOTOPOH MPUMEM  ClEeAYIOLINe
NpUOIKEHHBIE PABEHCTBA:
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1+£z1, _r__r .t (2.2)
Ty roortz

1 z
Bl 1+
Ty
3. IIpennosnoxenns: 0 MAIOCTH B TIepBOM ypaBHeHUH 3akoHa ['yka ((1.2);) HopmansHOTO
HanpskeHusa O,, , OTHOCUTEIIbHO HOPMAJIBHOI'O HANPsKEHUA O .
4. Tlpu ompeneneHun aedpopmanuii, M3ruOOB-KpyUeHHH, CHIOBBIX M MOMEHTHBIX
HaNpPsHKCHUH, CHaYana Uil KacaTeIbHOTO HANPSKEHUA O,; TIPHMEM
0
0, =0u(,1). (2.3)
IMocne ompesenenust ykasaHHBIX BbILIE BENMYMH, GopMyny 1 G, YTOUHUM ClEMy-
roumM obpazom. MuTerpupyem no z Btopoe u3 (1.1) ((1.1)2) ypaBHeHHe qBMXKEHUS U, IPU
omnpe/eneHuH MOCTOSHHON MHTerpupoBaHus (BepHee QyHKIMM OT (), Oyaem TpeboBaTh

paBeHCTBO HYMIO HHTerpaia oT —HA 10 A 0T NONydeHHOTo BhIpaxeHus. Ilocme
YKa3aHHOTO HMHTETrPUPOBAHUS, IOJYYEHHOE OKOHYATEJIbHOE BBIPAKEHHE MNPHOABUM K
dopmye (2.3).

B cooTBercTBHM ¢ NPUHATHIM 3aKOHOM paclpeleleHHs IEepPeMEIleHu U MOBOpOTa
(2.1), moxacraBnsas ux B popmynsl (1.3), HaxoauM neopManii U U3rHOBI-KPYUSHHS:

'Y“: la_u l +Zia_w’ ’Y22:0’ ’lezla_w_lu_gs’
% 00 T, 1, 0 % 0p T,
1 oQ
Yo =W+, s =r_06_(p3: X =0. 24
T[IprMeM cliemyronIie 0603HaTCHUS
Ly :la_u"'lw’ L, :l@_l“_gz’ L =y+Q;,
00 % 00 1,
10 1 0Q
K, :__W’ k13 = >, (2.5
7y OQ ry 0@

torzaa st AedopManuii, U3THOOB - KPyUSHUH MOIYyYUM
7n =l +zK,, Voo =0, v, =T, vy =T % =kiss %0 =0. (2.6)
3necs I}, - mpencraBusier co6oit mPOOIBbHYI0 OTHOCHTENBHYH AeOpMaumio cpeaHeit

JIMHUU; K“ - U3MCHCHHC KPUBU3HBI cpenHeﬁ JIMHUHA (OT CHUJIOBBIX HaHpHH(CHHﬁ); F12 s

FZI - CIABHUI'OBBIC ue(bopMauI/m; k13 - HU3MCHCHHUC KPHUBHU3HBI CPEAHCHU JIMHUU (OT

MOMEHTHBIX HaIpsDKeHUH).
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Hcnone3sys runotesy 3) u dpopmyny (2.6)1, us opmynsl (1.2)1 Ana HanpskeHUd O,
OyJIeM UMETh

0 1

0112(511((p,t)+2611((p,t), 2.7
rac

0 1

on(et)=El,, ou(¢,t)=EK,,. 2.8)

Jns ompeneneHus CUIOBOrO HamlpsikeHHMs O, Ucnoib3yeM (opmynsl (1.2)s, (2.4)s,
(2.4)4, momyumm:
o, =(n+o)l,+(p—a)ly,. (2.9)
Ipunumas Bo BHMManue Qopmynsl (2.7) mna G, u (2.9) ana G, , pPaccCMOTPUM

BTOpOe ypaBHeHHe ABIKeHUs (1.1)2, KOTOpOoe MHTETpHpYEM N0 Z (I” =r +Z) , C yaétoM

YCIIOBHSI TOHKOCTEHHOCTH 00nmacté (2.2) ¥ TpaHHMuYHBIX ycnoBuid m3 (1.5) mia Gy, ,
OKOHYATEJIBHO OJIY4HM:
2 0 2 2
- h™ 1! 10 16012+5W 1t z

1
6, =—(qi +¢q,)———on+z| —cn-— +—0n—. (210
= 2((]2 qz) 25 ! A : r, 0@ p@tz 7 ) @10

Jlnst MOMEHTHOTO HanpsiKeHus L5 , Ha ocHoBaHuH Gopmynsl (1.2)s u ¢ yuérom us (2.6)

(GopmyJiel 1ist Y5 , Oy/IEM HMETB!
W, =Bk;. 2.11)

3HavyeHue Ui MOMEHTHOTO HANPSKEHHsA |l MOJIYyYUM U3 TPETHETO yPABHEHHUS

nerkeHns (1.1)3 uaterpupoBanueM no z ¢ yuérom popmyi (2.11), (2.9) u (2.3):

0
1 10 o0 o0’Q
[T =—(m++m’)—z R N = (2.12)
2 r, OQ ot

HJI}I OIIPCACIICHNS CUJIOBOI'O HAIIPAKCHUSA 021 , 34 OCHOBY 6yneM NPUHUMATH T'IIIOTE3Y

4), Torma ¢ KCIOJIb30BaHUEM IEPBOro ypaBHeHus nBwxeHus (1.1);, a Tawke (opmyiisl
(2.3), OKOHUATENIBHO TOJTyYUM:

0 W 1oon Oyh 1 oo
p———z| — +—0 -
r, 0@ ot 6 ry 09 T ot
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1
22| 1dou 3y
2|7 o9 Par

(2.13)

C nenplo NpuUBEAEHUS ABYMEPHON 3aJaddl MMKPOIOJIIPHONM TEOpPUM YIPYTrocTH K
OIIHOMEpHOH, 4YTO YK€ BBIOJHEHO Ui MepeMeIleHHH U IOBOpOTa, AedopMaruid u
N3rubOB-KpyUYeHNH, CWJIOBBIX M MOMEHTHBIX HAIPSIKEHUH, B NPUKIATHON Teopuu
MHKPOTIOJIIPHOTO YIPYTOT'O CTEPXKHSA C KPYTOBOH OCBIO, BMECTO KOMIOHEHT CHJIOBBIX U
MOMEHTHBIX HANpsUKCHUH BBOAWMM CTaTHYECKH OSKBHUBAJIEHTHBIE MM HMHTErPaJIbHbIC
XapaKTepucTHKu - ycwmis: NV | Q1 R Q2 U MOMEHTHI: MH, L13, KOTOpBIE BBIPAXKAIOTCS

crenyromuMu GopmynaMu:

h h 0
N= _[ oydz, O = _[ opdz, 0,= f Gz,
h h h

h h
M, = [o,z2dz, L= [pdz. (2.14)
—h —h
3nech, N - HopManbHOE YyCHIIHE, Q1 s Q2 - Tepepe3bIBAONINE  yCHIIHS, M11
M3rUOAIONIN MOMEHT OT CHIIOBBIX HAMPSKCHUU, L13 - U3rubarImuii MOMEHT OT

MOMEHTHBIX HalPsDKEHUH.
[Ipuaumas 3a ocHoBy dopmynsl 1t G, ((2.13)), G,, ((2.10)) u W, ((2.12)),

YZIOBJIETBOPSIS TPaHUYHBIM ycIoBusIM (1.5), ¢ yuérom Gopmyan (2.14), npuxoaum K cucteme
YPaBHEHUIl [IBIDKCHHS TNPHUKIAJHOW MOJENNM MHUKPOIOIAPHOTO YNPYroro CTEpKHA C
KpyTr'OBOH OCBIO:

1. 160 ) ow
SN B (g g ) -2pn LY
" - 80 (‘]2 42) p pY

I 10N &u
S0+~ e (g g )+ 2pn L
SOt (a7 —a )+2ph—

l%zh( . ,)_2ph3 oy

7 o A T
1oL L 50
0.-0— a—(;:(m —m")=2Jh at; . (2.15)
0

Hanee npu nomou popmyn ais 0y, ((2.7)), G, ((2.9)), G, ((2.13)), K5 ((2.11))
MIOJTyYMM COOTHOILICHUS YIIPYTOCTH VISl yKa3aHHOW MOJIETIH:
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N =2Ehr’

11°
O =2h(p+a) I, +2h(p—a)ly,,
O, =2h(p+a) Iy +2h(p—a)l,,

3
2Eh K

1n- 11>
3

M (2.16)

IIpucoeaunuM K ypaBHeHUSM jaBWwkeHHs (2.15) u cootHomeHusM ympyrocta (2.16)
emé ¥ reoMeTpuyecKue ypaBHeHus (2.5):

F11 :lﬂ_’.lw’ Flz :ld_w_lu_QS’
L do 1 Hhdo
10 1 0Q2
I, =y+Q,, Kllz——“’, k,=——""2. (2.17)
e t, 09

VpaBuenus: nemwxenns (2.15), coorHomenust ymnpyrocta (2.16) m reomerpudeckue
cootHomeHus (2.17) mpencTaBisfioT co0Oil OCHOBHBIE ypaBHEHHUS NPHKIATHONW MOIEIH
MHKPOIIOJIIPHOIO YIPYrOro TOHKOTO CTEpXHsS C Kpyropod oceto. K 3T0if cucteme
YpaBHEHH ClieyeT NPUCOSJUHUTD T'PAHUYHBIE YCIIOBHUS:

I. YcnoBus cuioBOro 1 MOMEHTHOTO XapakTepa (Hanpumep, aus kpas @ = 0):

h h
_ r__ ’ _ r__ ! .
N, =N'= [ o}z, M| oo =M}, = [ o 2dz;
—h —h
’ ) (2.18)
_ ! _ ! _ ’ _ ’ .
@) ‘¢=0 =0/ = J. G,dz, L, ‘(p=0_ L= J. W3dz;
—h ~h
B 4acTHOCTH, U3 3THX yCIOBHUIA TIONYYUM yCIIOBUSL CBOOGOTHOTO Kpast:
N[0 =0, Ol,0=0, M|, =0, L],,=0" (2.19)

II. YcnoBust, korga Ha Kpasx 3aJaHbl MEPEMEILICHUS U MOBOPOT (Hampumep, A Kpas

¢=0):

h

h
=0 2 I V,zdz;

' *”h (2.20)
- =w’=iIV2’dz, Q|40 =9 =2—1h_|-03;dz;
—h

—h

B YaCTHOCTH, U3 OTUX yCJIOBI/Iﬁ MOJIy4YUM YCIIOBHUA TOJTHOM 3a/1eJIKU Kpasa

]y =0, W[,y =0, |, =0, Q- =0. @21)
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III. YcnoBust TMIIA IIADHUPHOTO ONUPaHUs (HanpuMmep, A1 kpas (p = 0):

h h
N, =N'= [ o}dz, M| oo =M’ = [ o} 2dz;

" ! (2.22)
W‘on =w'= i Vydz, L ‘go:o: L= _[ Hy3dz;

—h —h
OT0, KOrJa LIAPHUPHBIA Kpail 3arpykeH MOMeHTamMH. B ofHOpoaHOM ciydae Oynem
HUMETb CJIEIYyIOIUe TPAHUYHbIE YCIOBUSL:

Nl oo =0, w[yg =0, M,,[ =0, Ly, =0. (2.23)

Maremarnueckas MOJENIb JUHAMUKA MHKPOHOJISPHOTO YIPYTrOro CTEPXHS C KPYroBOH
OCBIO BBIpaXkaeTcsi cucteMoil ypaBHeHHH (2.15)-(2.17) u rpaHuuHbIMH ycinoBusimu (2.18)
(yubo - (2.20), mubo - (2.22)).

JluneiiHas IUIOTHOCTH MOTEHLMAJIBHOW SHEpruu aedopmanyy NPHUKIAAHONW MOJEIH
u3ruOHOi nedopMal MMKPOIOJIAPHBIX YIPYTHX CTEpKHEH C KpYroBOH OCbIO C

h

HE3aBHCUMBIMH TIOJISIMU TIEPEMENICHUI U BpalllCHHI: WI) = J. Wdz (ucnons3ys popmymsr
~h
(1.9), (2.6), (2.14)), OyneT BbIpaxaThcs TaK

3
W, = EAT?, +%Kﬁ (it o) AT +(n o) AT +

+2(n—a )il T, +(y +€) hky. (2.24)

B ciyyae coOcTBeHHBIX KOJI€OaHMIT MUKPONOJIAPHBIX CTEPXKHEH ¢ KPyroBOW OCBIO JUIs
cieayrouero GyHKIUOHAIA MOIYYUM IIPUHIMIT MUHUMYMa:

o’w o’u h 0 o’'Q
v w+ph67u +PL 8th+Jh 8t23 Q)rdo. (2.25)

3. Pa3paGoTka BapuaHTa MeTOa KOHEYHbIX 3J1€MEHTOB /ISl PelIeHHs I'PAHHYHBIX
3aa4 COOCTBEHHBIX KoJIe0aHMii MHKPONOJSPHBIX CTep:KHeill ¢ KPYroBoil OChbIO C
HEe3aBHCUMbIMM NOJISIMU NepeMeLeHU 1 BpallleHMI.

B pemenun 3amau MexaHuky aeGopMUpyeMoro TBEPIOTo Teaa U CTPOUTENILHON Mexa-
HUKH, OOJIBIIOE 3HaU€HHE NPUOOPEITH YHCICHHBIE METO/Ibl, OCHOBAaHHBIE HA BapHAI[MOHHBIX
npuHiunax. Cpenu HuUX ocoboe Mecto 3anumaer MKD, Gnaronapsi yHHBEpPCalIbHOCTH U
nporpaMmHoi peanusanui [9,10].

B ob6mactn Mukpomossipaoit Teopun ynpyroctd MKD passut B paborax [11-13]. B
pabote [14] pa3pabortan BapuanT metoga MKD mist pacuéra 3amaun u3runba MUKPOIIOISIp-
HBIX YNPYIuX TOHKHMX IUIACTHH, a B pabortax [5,15]- mns pacuéra craTtuyeckux 3anay
MHKPOIIOJISIPHBIX YIIPYTUX TOHKHX CTEPIKHEH ¢ KPYyroBOH OCHIO.

Jna nuHamMuueckod 3ajadd MHUKPOIOJISIPHBIX YNPYTHMX TOHKHUX CTEpXKHEH ¢ KPyroBoil
oCbl0 (MpU W3yYeHUH COOCTBEHHBIX KoieOaHui) BbIOEpeM ajis mporuba W , OCEBOTO
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nepeMelIcCHus - u , IIOJIHOTO IIOBOPOTa l// HOPMAJIBHOI'O 3JIEMEHTA W IJIA CBO60£{HOFO

IOBOPOTa HOPMAJIBHOI'O 3JIEMEHTA Q3 Pas3yIoKCHUA B BUJIEC!
w(s,T) =(oc +0L,S +0,5 + 0 53)-sin(7n
2 1 2 3 4 s
—_—— p— _2 _3 . f—
u(s,t)= (OL5 +0uS + 0,8 oS )-sm(m,
v(s,1) =(oc9 +ou, S +oy,S +(x12§3)-sin(7n, 3.1)

—_— _ — _2 _3 . f—
Q(s,1)= (OLB +0U,,5 + 08T+ 0 )-sm T,
rae M Ge3pa3sMepHas 4acTOTa COOCTBEHHBIX KONEOAHHIA:
=_ _, [P
O=0-1,re t,=a,|—,

v

B JJAHHOM CJIy4ae UMeeM Cleyroliee 0003HaueHUe i 0e3pa3MepHOr0 BPEMEHHU:

- w _ u _ S
AW=—, Uu=—, s =—,
a a a
Oyukumonan (2.25) npeacraBuM B 6e3pa3MepHOM BHIE:

FPw_ du_ 8 -0’Q
ALy a?‘g v+J 8?23 Q,)ds , (3.2)

1
U, =I(V7()+
0

MOCJIe UHTETPUPOBAHUS MO § MONYy4YnM (DYHKIHIO MIECTHAALATH HE3aBUCHMBIX MEPEMEH-
HBIX 61,62,...516 . Munummzanust  ¢yskuuonana (3.2) OPUBOAMT K HAXOXKICHHUIO

MHUHMMYMa (QYHKLIWH HIECTHAUATH HE3aBUCUMBIX IIepeMeHHBIX (3.1).
BbIUMCINB  COOTBETCTBYIOIME YACTHBIE IPOU3BOJHBIE, MPUXOMUM K PELICHUIO
CIIEAYIOIEH CHCTEMBI JTMHEHHBIX aareOpandyecKux ypaBHEHUIL:

([K1-®°[M])- {8} = 0. (3.3)

3necy [K] - marpuna sxécrkoctu, [M ] - marpuna Mmacc KOHEYHOTO 3lEMEHTa,

pasmepnoctu 16 16 .
HenyJeBble 51eMEHTBI MATPUIIBl MACC KOHEYHOTO 3]IEMEHTA MMEIOT CIIEAYIONIHii BHI;:
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26

M =My =M, :E: M, =M, =My, =M,;=-M,,,=
11 9
_M10,9 :_M11,12 =_M12,11 :ﬁsMw :M91 :M3,11 :M11,3 zga
13
M, =M, =-Myy=-My,=M;,, =M,y =-M,,, =-M,, :_m’
2 1
Mzz :M44 :Mlo,lo :M12,12 :RaMz,lo :MIO,Z :M12,4 :M4,12 :—%,
26 11
Mg =M, ZESZaM% =M =-M;,,=-M,,, ZE ?,
3o 13 o,
My =M, =—9 My =My s ==Mgy ==M, =———0,
35 630
(3.4)
2 o 1 o 26 —
Mg=M,,, :ES Mgy =M,y :_ms Moy =M s :EJ’

11 = 9 _
M78=M87=_M15,16:_M16,15ZEJaMzm :M14,7 :M7,15 :M15,7 zg-],
M, =M, . =-M,.=—M ——i_

7,16 16,7 8,15 15,8 210"
2 = 1 —
M, :M16,16 :EJ’MS,M :Mlé,s :_%Ja
- J
rjie npunsTo obosnavenne J =—.
pa

OG6pamias onpenenInuTeNb OJHOPOAHONW CHUCTEMbl JIMHEHHBIX anreOpaudeckux ypaBHEHHH
(3.3) B HONb, MOTYYUM YPABHEHME /IS OMPEACNCHHS OE3pa3MEpHON 4acTOTHl () COb-
CTBEHHBIX KOJIeOaHMI.

B kauecTBe nmpumepa pacCMOTPUM 3a/1a4y CBOOOJHBIX KOJIEOAHUH CTEPIKHS C KPYTOBOH
OCBIO, KOT/Ia OJMH KOHeIl XECTKO 3aleMséH, a Apyroil cBoOOJeH, rpaHUYHbIE YCIOBHUS
UMEIOT CIIeLYIOUIHIA BU:

mpu 5§ =0, w=0,u =0,y =0, Q,=0;

HpI/IEle%,Q1=0,N=0,M11=0,[_,13=0, (3.5)
KoTopslie ¢ yaéroMm (2.16) n (2.17) SKBUBAJIEHTHBI CIIETYIOIIUM YCIOBHUSIM:

mpu 5§ =0, w=0,u =0,y =0, Q,=0;

npn§=1=%70, 26(1+a){%_v—%ﬁ—s%]+25(1—a)(w+Q3):o,
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W g0, Moo, By (3.6)
0s 7 os os

3amauy Oynem pemars ¢ momorisio MKO.
B 1abn. 1 mpuBeneHH! 3HAYEHWS HAaMMEHBIIEH YacTOTHI MHKPOIOJLSIPHOTO CTEPXKHS C

KPYTOBOIi OCBIO B 3aBUCUMOCTH OT 3HAYeHUst GE3pa3MEPHOTO (PU3UYECKOTO mapameTpa Ol .

Tab6auua 1. Haumenpinas yactora cBOOOJHBIX KOJNEOAHMH (O MUKPOIOJIAPHON M KJac-

CHYECKOM CTCp)KHeI\/'I C prFOBOfI OCBIO CO CB06OIIHI:IM BpalieHUEM B 3aBUCHUMOCTH OT a .

MI/IKpOHOJIHpHaH MOICJIb KHaCCI/IquKaH MOJCIb

_ ©x10’ ®x10’

o 2 4 8 2 4 8
KOHCYHBIX KOHCYHBIX KOHCYHBIX KOHCYHBIX KOHCYHBIX KOHCYHBIX
3JICMCHTA 3JICMECHTA 3JICMECHTOB 3JICMCHTA 3JICMCHTA 3JICMECHTOB

106 | 13.83 13.61 13.60 13.81 13.59 13.58
105 | 14.00 13.77 13.77 - - -
104 | 15.44 15.22 15.21 - ] -
10° | 21.39 2115 2115 - - -
102 | 2729 27.12 27.12 - ] -
100 | 28386 28.74 28.73 - ] ]

W3 npuBeaEHHBIX YUCICHHBIX pe3ybTaToB (Tabi.1) MOXEM clienaTh BBIBOJ O TOM, YTO

Y4ET MHUKPOIOJISIPHBIX CBOWCTB MaTepHaja MOBBIIIACT YaCTOThl COOCTBEHHBIX KoJieOaHMI
0 CPABHEHHMIO C KJIACCHYECKUM ciydaeM. ClielyeT Takke OTMETUTbh, YTO MO MHUKPOIIOJISP-
HOW TEOpHHU IO CPAaBHEHHUIO C KJIACCHYECKHUM CIIydyaeM, IMOJYYalTCs HOBBIC JOOABOYHBIC
4aCTOThI COOCTBEHHBIX KOJICOAHUHN CTEPIKHSI.

3akaoyenue. OCHOBHBIE Pe3yJIbTAaThl JAHHOH pabOTHI CiIeayIonue:

1.

2.

ITocTpoena mnpukiagHas MOJENb JUHAMHKM MHKPOIOJSPHBIX (C HE3aBUCUMBIMHU
TIOJISIMU TIEpEMEILCHNH U BPallleHH) YIPYTUX TOHKUX CTEPXKHEH ¢ KPyTroBOil OChIO.
VYcraHOBIEH BapHAalMOHHBIA INPUHIUI JUI1  3agad  COOCTBEHHBIX — KOJeOaHMi
MUKPOIIOJIIPHBIX YIIPYTHX TOHKHX CTEPXKHEH ¢ KpyroBOH OChIO.

PazpaGoran Bapmant MKD 11 4HCIEHHOTO ONpEnesieHHs 4YacTOT COOCTBEHHBIX
KoJIeOaHNH MUKPOTIOJISIPHBIX YIPYTHUX TOHKHX CTEP)KHEH C KpYyTrOBOH OChIO.
YcTaHOBIEHO, YTO Y4ET MHUKPONOJISPHBIX CBOHCTB MaTepHala CTEP)KHsS NPHBOAUT K
MOBBIIICHUIO YaCTOT COOCTBEHHBIX KOJICOAHHH WM TOSBICHHUIO TOOABOYHBIX YacTOT 10
CPaBHEHHIO C KIIACCHYECKUM CIIy4aeM.
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ZUBUUSUULPGPSNRESNPLLEPULAUSPLUYUYGUPUSPSENEUUGP
W3BECTHUS HAIIMOHAJILHOM AKAJIEMUU HAYK APMEHUA

Ukhuwmuhlju 75, Nel-2, 2022 Mexannka
YK 539.3 Doi: 10.54503/0002-3051-2022.75.1-2-99

TEOPETUYECKOE U SKCIIEPUMEHTAJIBHOE UCCJIIEJOBAHHUE
3BYKOBOTI'O IIOJIAA BECIHIMJIIOTHOI'O JIETATEJIBHOI'O AIIITAPATA

CymbaTsan M.A., Kazakos E.A., Mycatosa H.K., Camconos U.K.

KiroueBble c/I0Ba: a’poakycTHKa, JieTaTelbHbl anmapar, ¢yHkuus I'puna, akycTudyeckoe JaBlieHUe,
aKyCTHYECKOE T1071e, KBaJPOKOITEP.

SumbatyanM.A., KazakovE.A., MusatovaN.K., SamsonovI.K.
Theoretical and experimental study of the sound field of the unmanned aerial vehicle

Keywords: acroacoustics, aircraft, Green’s function, acoustic pressure, acoustic field, quadrocopter.

In the paper we demonstrate the measurements of the structure of the sound field of the quadrocopter in the
hover mode. The influence of the configuration of the outer region on the pattern of the vortex field is analyzed.
Here are compared the results of theoretical and natural experiments. It is establishedthat in the open area the
theoretical results nearly coincide with the measured ones. The results in a closed area differ by no more than 2
dB, which somewhat exceeds the generally accepted permissible error of 1 dB and can be explained by the non-
ideal physical conditions of the experiment (roughness of the ground surface, the influence of surrounding
buildings, trees, etc.). The qualitative properties established should also become apparent in the conditions of
UAYV movement along the streets of the city with sound reflection from buildings.

Unulpuuygut UG, Yuqulnd G.U., Untuwumdu LY., Unduniing b.4.
Ulionuisnt pognn uwpph duyiiughlt puonh nhuwlmb b hnpdupupuljub niundbuuppmpynip

Zhduwpwptp’ whkpnwlnunhlw, posnn uwpp, Gphuh $mblghw, wlinunhly Lupnud, wlniunhl
nuow, jJunpnlnugintp:

Upjuwtnwipnid  phipqws G Ydunppnynyubph dugtughtt nqupnh Junnigusph swihnudubpp
Jujudwt pkdhunud: Yunwpyws b wpnwphtt dhpwduyph nbkuph wqnbgnipjut whwhqp dppljugh
nuownh Jupngjuéph Ypu: Zwuwnwnyws £, np pug tmwpwsnipniinud mbuwljut wprynibipubpp
wpwiuhynpkt  hwdpjund o swihmdubph  wpnymiptiph hbn: dwll  nwpwdnipniunud

wpryniupubpp nwppbpynud ku 208, npp dh thopp wbih £ pingniidus 2R poijjunpljh uawjwiiphg,
htsp Jupnn Epugunpyty hahjuljub thnpdh $hghiuljub yuyplwbubph ny junwpbinpeyniihg

B paGore mpezncTaBiIeHBI M3MEPEHUsS CTPYKTYpPbl 3BYKOBOTO MO KBAJpPOKONTEPAa B PEKHUME BHCCHHUS.
BbInonHeH aHanM3 BIHAHUSA KOH(HUIypaluy BHEIIHEH oOIacTH Ha CTPYKTypy BHXpeBoro mois. IIpousBeneHo
CPaBHEHHE TEOPETUUYECKHX PE3yNbTaTOB C pPe3yJbTaTaMH HATYypPHBIX OSKCIEPUMEHTOB. YCTAaHOBJIEHO, YTO B
OTKPBITOM TPOCTPAHCTBE TEOPETHUYECKHUE PE3yNbTaThl MPAKTHUYECKH COBMNAJAIOT C PE3yNbTaTaMH HM3MEPEHHH.
Pe3ynbTaThl B 3aMKHYTOM IIPOCTPAHCTBE OTIIMYAIOTCS HE Oonee 2 1B, 4TO HECKOIBKO MPEBBILIACT OOIIETPUHATYIO
JIOIYCTHMYO TIOrPEIHOCT 1 1B ¥ MOKET ObITh 0OBACHEHO HEHACANIBHOCTHIO (DM3HYECKHX YCIOBHH IPOBEIACHHS
9KCIIEPUMEHTA (HEPOBHOCTb MOBEPXHOCTH 3EMJIH, BIMSHUE OKPY)KAIOLINX 31aHUIl, 1EPEBbEB U T. 1.). BblaBIeHHbIC
TaM Ka4yeCTBEHHbIE CBOWCTBA JIOJDKHBI NpPOSBIATBCA M B ycnoBusx jsuxkenus BIIJIA no ymunam ropoja c
OTpa’KeHHEM 3ByKa OT CTPOCHMIA.

Beenenne

3a mocneqHHME HECKOJIBKO JIeT OeCHIIOTHAas aBWalus, Oygb TO TIpaskIaHCKHE
MasiorabapuTHbBIE KBaJIpOKONTEPbl MO0 Oojiee KpyNHbIE KOMMEpUYECKHe OecnuIOTHbIE
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netarenpable ammapatsl (BIIJIA), momydaer Bc€ Gompimee pacnpoctpanenue. [Ipumepom
aKTYaJIbHOCTH TEMBI UCCIIEJOBAHHA MOTYT CIY)XUThb HenaBHHE pabotsl [1-3].PadoTs! [1,2]
nocssiieHsl oOHapykenuto BITJIA ¢ 3emnn. B cratee [1] Takke mpencraBieHa OLIEHKa
JIOCTHXXMMBIX pacCTOsSHUN oOHapyxeHus 3Byka BIIJIA B pa3nuuHbIX cpefax ¢ pa3sHbIMU
3HaueHUAMH (oHOBOro myma. B pabore [2] nmemaercs MOIBITKA MPOAHAIU3UPOBATH
Maj03aMETHOCTb M a’3pOJUHAMUYECKHE XapaKTEPUCTUKU CPETHEBBICOTHOIO ammapara
OOJIBLION MPOAOIDKUTENILHOCTH TIoJieTa. Takke MHTepecHOW sBisieTcs pabora [3].B neit
MpeJICTaBlIeHa CIOXHasg TpEXMEpHas MOJAEIb PaclpOCTPaHEHHs 3ByKa OT ApOHA Cpeau
3aCTpOMKHU, TOCTPOEHHAsI MpPU MOMOILIM METOJAa TPAacCUpoBKU dyded ['aycca. Oto mmumib
Masiasi 4acTh paboT, MOCBAIIEHHBIX 3ajaue pacrnpocTpaneHus 3Byka oT BIIJIA. Boibmoe
BHUMAaHHE YJENAeTCsl KpPyHMHBIMKOMMEPUECKUM JIETaTeNbHBIM ammaparaM, MBI JKe
paccmarpuBaeM BIIJIA ¢ ropa3go MeHBIIMMH pa3MepaMM, BECOM U TeOMETpHUEH.
BenenctBue sToi pacTyiieil MOMyNsSpHOCTH aKTyaJlbHOM SIBISIETCS TEMAaTHUKa H3y4YeHUs
akycruueckoro nons BIIJIA B acnexkrax oOHapyeHHUs M KOHTPOJS B paMKax I'OpOJCKOMH
Cpelbl M CHMXXCHUS HEraTHBHOTO BIMSHHUS Ha SKOJIOTMYECKYI KapTuHy.B cimydae c
KBaJIpOKONTEpPaMH, T€HEPUPYEMOE BO3MYIIEHHE BO3AYIIHOIO MOTOKA SIBISIETCS BUXPEBOM
30HOM, BBUAY (yHIaMEHTAIBHEIX OCOOEHHOCTEH KOHCTPYKIHII BHHTOMOTOPHOM TIPYIIIEL,
Je)Kallel B OCHOBE TEXHOJOTMHUUX H3roToBieHus. llesnplo naHHOM paboTHI sBIsSETCS
CpPaBHEHHUE PE3yJIbTATOB, MOJYYEHHBIX HA OCHOBE aHAJIMTUYECKOW MOJIEINH, 1 Pe3yJIbTaToB,
MOJTYYEHHbIX MyTEM IIPOBEJICHUS HATYPHBIX HKCIIEPUMEHTOB, MO 3aMepy aKyCTHYECKOTO
I0JIsI KBaJAPOKOIITEPOB.

AHaJMTHYECKOE MOJeTHPOBAHHE

ITonb3ysch Teopuel BUXPEBOTO 3ByKa, B KOTOPOH JIOKa3bIBAETCS, YTOBUXPEBOE IOJE
MopoXKaeT3BykoBoe[4], OyneM roBOpUTh O pacueTe aKyCTHYECKOTO AABJIEHHsS B CpeJe.
BbluncnuM  akycTMueckoe JaBiI€HHE B 33JlaHHOM Touke mpuéMa IpH  PaslIuuHOM
paclojoXKEeHUH HCTOYHMKOB 3ByKa. Touka mpuéma MpH MOJNEBBIX MCIBITAHUSIX
COOTBETCTBYET IOJIOKCHUIO MHUKPO(QOHA, 3aMMCBHIBAIOILET0 MIyM OT OECNUIOTHOrO
JIeTaTeIbHOTO  ammapaTa, a ToOYKa MCTOYHHKA — HENOCPEJCTBEHHO IMOJIOXKEHHE
JIeTaTeNbHOTO ammnapara.B kadecTBe OrpaHHUEHHOrO MPOCTPAHCTBA, MOJEIUPYIOIIETO
TOPOJICKUE YCIIOBHS PACIPOCTPAHEHMs 3ByKa OT MApsILEro KBaJpOKONTEpPA, paCCMOTPUM
OCCKOHEYHBIH 10 OJHOH KOOpIMHATE M OTPAHMYECHHBIH MO ABYM APYIMM TPEXMEpHBIH
MpSIMOYTOJIBHBIN  Mapajuledenunen.JToT Cilydail MOXHO paccMaTpuBaTh Kak aHaJIor
peanbHOM cutyanuu nonera BIIJIA mexay momamu B mapajielbHONM y3KOM 3acTpoike.
[Ipu cpaBHEHMM C HATypHBIMH SKCIEPHUMEHTAMHU TaKasi MOJAEIb COOTBETCTBYET CIydyalo
pacnpocTpaHeHus 3ByKa B AJJIMHHOM Y3KOM Kopuzaope. [l COnocTaBlIeHnsl aHAIUTHUECKUX
pe3yJbTaTOB C YPOBHEM 3BYKa, IIOJIyYEHHBIM IPH HATYPHBIX AKCIIEPUMEHTAX B Aeuubenax,
BOCTIONB3YEMCSI JOKa3aHHBIM YTBEPXKAEGHUEM, UYTO CUTHAJbI, IMPUIIEAININE B TOUKY
IIPUEMHHUKA TI0CIE IepeOTPakeHUH, CKIAABIBAIOTCS MO BHEpruu. 3Has (opMmyny Uit
SHEpPIrHH, a TAaKXKE YyUUThIBas XapaKTep 3BYKOINOTJIOIIEHUS MOBEPXHOCTEH B MOMEIIEHHUU,
MOJIyYUM YPOBEHb 3BYKOBOTO JaBJICHUS, COIIOCTABUMBIH € 3KCTIEPUMEHTAIbHBIM.

ITycTh TOYKa MCTOYHHKA MMEET KOOPAMHATHL S = (xS,yS,ZS) = (a / 2,5,6/2), a
ToukM mnpuema R, = (a/2,6,c/2), R, = (a/2,10,c/2), R, = (a/2,15,c/2).

Illupuna cros paBHa /s =2.7MBaombs oceit X M z— IMPUHA ¥ BHICOTAKOPHIOPA MPH
HaTypHBIX dKcnepuMeHrtax. Yacrora pabotsl nponeiuiepoB BITJIA paBHa npuOimxeHHO
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®=1000pan/c; st 3TOTO caydas BOITHOBOE THCITO paBHO

k=0)/c=m30‘:)ﬂz2.915.

3m/c

®ur.1. Cxema pacnoyioKeH!sI UICTOYHUKOB 3ByKa M TOUKU MPUEMA B TPEXMEPHOM
napajulesIenumese.

B ciydae aGCcoNMIOTHO OTpaXKAIOUIUX CTEH JaBJeHHE B MPOM3BOIBLHON TOUKE IPOCTPAHCTBA
0eCKOHEYHOro TapajuleienuIe/ia Beraucisercs mno gopmyne [5,6]:

2 & explikr 2, 2
p(é,n,@)zzln’lz_m#, r=\/(§j+2an) +n; +(§j+acl)
(&> C1) = (x5 = Xp, Vs = Vo Z5 = 22
(82M2, 80 ) = (=g —Xp, Vg = Voo 25 = 2) "
(‘:3’113’Q3) (

Xg =Xp> Vs = Vp>—Z5 _ZR)’

(&43114’@4) Z(_xs —Xps Vs T~ Vr>TZs _ZR)’

-

rae axbxc — pasmep mapamenemmena (0 <x<a, b —>o, 0<z <c¢). Boons ocu
YKOPHIOp CUHTAETCS OECKOHEYHBIM, YTO COOTBETCTBYET M3MEPEHHSM, MPOBEACHHBIM B
KOPHIOpe y4e0HOTO MHCTHTYTA.

W3BecTHO, YTO DHEPrus aKyCTUYECKOI'O CHUTHAJa MPONOPLHOHAIbHA KBaJApaTy AaBie-
2
nust: E =| p(x, y,z)| . Torma, mpu cymMmupoBaHuM wieHOB pspa (1) mo sHepruwm,

yucnuTenb B hopmyie (1) oOpaTuTes B €AMHUILY B CHIIY TOTO, YTO SKCIIOHEHTa OT MHUMOT'O
apryMeHTa 10 MOJIYJIO paBHa |, a B 3HaMeHaTeJle OCTAHETCS KBaJpaT PacCTOSHUS MEXIY
TOYKaMH IPUEMA M HCTOUYHHKA!
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4 0 1
E(&n.8)=2 2. ; ™ @
= n,z:_w(g , +2an) +n/ +(§ . +acl)
J J J
B ¢opmyse (2) yureHo, 4To, 3a NOJITYIO0 MPAKTHUKY Pa3BUTHS aKyCTHKH YCTAHOBIICHO,
YTOCHUTHAJIBL, TIPUILEIIINE [TOCTIe HePEOTPAKEHNUH, CKIIaBIBAIOTCS 110 SHEPTUH.
Psg (2) COOTBETCTBYET CIy4ar0 HICalIbHO OTPAXKAIOIINUX MOBEPXHOCTEH 63 3BYKOIO-
rinomenus. [ KOPPEeKTHBIX BBIYUCICHHH HEOOXOAMMO YYHTHIBATH, YTO HPH KAKIOM

OTpPaXEHUHM HHEPIusi 3BYKOBOIO JIy4a YyMEHBIIAETCS B (1—0L)pa3, rme O<a<l-

k03 duIeHThl 3BYKOMOTJIOMIEHH. s NmpoCTOTHl MojaraeM, 4YTO BCE OTpaKarollue
MOBEPXHOCTH MMEKOT OJWH M TOT e Kod(pduuuent 3sykonormomenns o . Ipu o0 =0
“MeeM clly4aid abCOJIOTHO OTpaXKaloliuX CTeH. Torna, HarmpuMep, nepsas cymMma U3 psjaa
(2) mpumer Bux:

w (1 _ a)z\n\um

Sum/ = )

ni— (&, +2an )2 +n’+ (¢, + acl)2

)

OHa COOTBETCTBYET CIIydaro (il,nl,gl ) = (xS —Xp, Vg — Yr-Zs — Zg ) ITokazaTtensb
creneHu B Gpopmyiie (3) paBeH cyMMe 4YHCIIa NIEPEeCeYeHUi 0Tpe3Ka, COeANHSIIOMEro TOUKU

MHHMOTO HUCTOYHMKA M MPUEMHHKA, & TAKIKE BEPTUKANbHBIX (mapamerp 2 |n|) U TOPHU30H-
TaBHBIX (TAapamerp 2|l |) IuHUM, kak mokazaHo Ha @ur.2. B wuacTtHOCTH, nIA

n =0, I:OI/IMCCM cnyqaﬁ npsAMOro IoIagaHvud 3BYKOBOro IJiyda M3 pPEaAJIbHOTO

HUCTOYHUKAa SB TOuky npuéma R. B naHHOM ciiydae 3TO NPOUCXOAMUTOE3 KaKHX-THOO
NEePEOTPAKEHUH OT CTEH M, CIIEA0BAaTENbHO, 03 NEepeceYeHHi JydOoM BepTHKAIbHBIX U
TOPU3OHTAJIBHEIX JIMHUHA, KaK 3TO HMeNo OBl MECTO IpH IpoJieTe Jiyda OT MHHUMOTO
HCTOYHHMKA K IPUEMHHUKY.

2c

' 2a

®ur.2. OTpaxkeHue 3ByKOBBIX JIydell OT CTOPOH NMapajuleeNnuIea, COOTBETCTBYIONIEE

E
MHHUMBIM UCTOYHUKAM 11 CYy MMBI Sum2 .
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OnuiieM TaKke TPU APYTHX dJIEMEHTa CyMMbI U3 GopmyIbl (2):

)‘2n71‘+2‘1‘

o (1-a

Sumj; = )

nizn (&, + 2an)2 +n, + (C,+ acl)2

w l—a 2fn|+[21-1]
Sum; = ( p ) ; ; “
niz (&5 +2an)” +m;° +(&; +acl)
- (1 _ a)‘Zn—IHZI—I‘

Sumjf = )’

nim (&, +2an)2 +n+(C, +acl)2

Paccmotpum noapoGHee 3TH BhIpa)KeHUs, HAIpUMeED, U1l BTOPOHCYMMEI B (2) nipu j=2.
DTO COOTBETCTBYET IEpBOH CTpoke B (4), M 3IECHOTIMYHME OT CiIydas j=2COCTOUT B

HO3MLMU UCTOYHUKA 110 KOOleI/IHaTe)CI(E_,z,le,C_,z) = (—xS —Xp, Vs = VrsZs —ZR) u
B IOKa3aTeje CTENEHH B YMCIMTENE — BMECTO |2n| Teneph CTOUT |2n —1|, HOCKOIBKY

«HCXOJHBII HCTOYHUK (—xS , Vg Zg ) (cootBercrByromuii monoxenmo npu n=0,/=0)

SIBJIIETCSI MHUMBIM U JIEKUT BHE TpaHMIl Napajulelenunena. Toraa TOYKM MHHUMBIX
HCTOYHHMKOB B IPOCTpaHCTBE OyOyT pacrojaraTbcsi, Kak H300paxeHo Ha Dur.2 yepHbIMU
Kpyrami, U3 4HCia KOTOPBIX CIEAyeT UCKIIOUUTh peanbHbIi nctounuk S. Hampumep, ams

cliyyas n = 1, l = O NOABJIACTCA TOYKa MHUMOT'O UCTOYHUKA, KOTOpasd CMEIIEHA OT TOUYKU
(—)CS 5 yS 5 ZS ) BIIpABO BIOOJIb OCH X Ha BCIUYUHY 2a 5, BIOJb OCH Z CMCIICHHC HC

MPOUCXOANUT. DTO COOTBETCTBYET 3€JICHOMY Jydy OIHOKPAaTHOTO OTpakeHHs Ha Dwur.2.
[Ipy sTOM OTpE30K, COCAMHSIONIMI MHUMBIM UCTOYHUK C NPUEMHHUKOM, IEHCTBUTEIBHO

nepecék OJHY BEPTUKAIBHYIO HI/IHI/I}O(2|I’I—1| =1). Cayuan, ormedenHsle Ha rpaduke
CHHHMM M KPacHbIM LIBETOM, 00a COOTBETCTBYIOT TPEXKPATHOMY OTpaxkeHHUro. /Iyt cHHero

usera umeem 1 =0, /=1, B urore |2n—1|+|21| =3. Jlna KpacHOro LIBETA MMEEM

n=1, [ =—1, u onars momyuaem |2n—1|+|2l| =3.

Cnydan TpeThbero M 4eTBEpPTOro cinaraeMbix (j=3,4) aHaJOTUYHBI NMEPBBIM ABYM, C

TOM JIHUIIb pasHULIEH, qTo(§3,1’]3,C3)=(xS —Xgs Vg = Yr>—Zg —ZR) u
(&4aﬂ4a§4):(_xs —Xp> Vs —Vr>TZg _ZR)'

Kak Opimo oTMedeno Brlme, obiacTs, KoTopass MoaenupoBanack B cpene MATLAB,
npeAcTaBisieT co00i OECKOHEUYHBIN 110 Y KOpHUIOp € pasMmepaMu d = 2.7M, c=2.7 7™

BIOJL ocell X uz . Kospuuuent 3pykonorsomenus O = 0.2 mopobpan, mcxons wu3
aKyCTHUECKMX XapaKTEePUCTHUK IIOMElIeHHs. BenumunHbl «OeCKOHEYHBIX» INapaMeTpoB

CyMMHpOBaHHS B IBOHHBIX panax (3), (4), 6pamucs n,[ =—100,100 .
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Pe3yIII)TaTLI YHCJICHHBIX Pacu€TOB IMPHUBCIACHLI B Ta6HI/II.[C 1B BHUIC, IMOKa3bIBAIOUIEM

ocnableHUe CHMTHANAa Ha pACCTOSHMAXF, =35 u 75 = 10mMeTpoB mo cpaBmenmio c

PacCTOIHUEM rl = 1 METpP, — B OTHOCUTEIIbBHOM oCJIabJICHHH 110 OHEPIrvuu U B ,IICLII/I6CH3X.

Ta6muna 1.0cnabnenue ypoBHs IPUHUMAEMOT0 aKyCTHUECKOTO CUTHAJIA TIPH YBEIINUCHUH
paccTosiHKS OT UCTOYHHUKA JI0 IPHEMHHUKA B TPEXMEPHOM OECKOHEYHOM IapajulelieuIesie.

E | E, 3.631 E | E, 7.079
El _E2 5.6 nb Evl _E3 8.5 nb

3nece K|, E,n E, — naBnenue, cootserctByromee Toukam npuemunka K, R, n R; na
yKa3aHHBIX PACCTOSHUSX OT MPHEMHUKA COOTBETCTBEHHO.

JI:0OOMIBITHO PAacCMOTPETh IOBEJCHHE YPOBHS 3ByKa C PACCTOSIHHEM Ipu Ooiee
OJIM3KOM pAacroOKEHHH TOYEK TNpPUEMAa K HMCTOYHUKY 3ByKa: S =(a /2,5,¢/ 2) ,
R,=(a/2,52,¢/2), Ry=(al/2,535,c/2), Ry=(a/2,59,c/2), wuro
oTpakeHo B Tabmuie 2.

Tadauna 2. OcnabieHne ypoBHS NPUHUMAEMOrO aKyCTHYECKOTO CHUTHAja IPH YBeIHde-

HHUU PACCTOSAHUA OT UCTOYHHUKA OO0 NPUEMHHKA B TPEXMEPHOM NapauICJICNIUICAC B Ciliydac
OJTM3KOTO PacnoJIOKECHUA U3J1ydaTe/Isl U IPUCMHUKOB.

E,/ E; 2.561 E,/ Eg 7.271
E,—E; 4.1 nb E,—E; 8.6 b

JKcnepuMeHTAIbHAS YacTh

Ilo naHHOMY HAaIpPaBIEHHIO MCCIIENOBAHUI OBUIM TPOBEIEHBI HECKOIBKO IUKJIOB
M3MEpeHnH B JIeTHUHA U oceHHui nepuoasl 2021 roxa. M3Mepenns: mpoBOAMINCH TPH TPEX
pa3NuyHBIX YCJIOBHAX Ha 6a3e MHCTUTYTa MaTeMaTHUKH, MEXaHUKH U KOMIBIOTEPHBIX HAyK
um. N.11.Boposuua IOxHoro deaepanproro yuusepcutera(r. Pocros-na-J{ony, Poccus):

e B y3KOM KOpHIIOpE — MUPHHOMH 2,7 MeTpa, AmnHoi 30 MeTpoB, BEICOTOMH 2,7 MeTpa;

e B IIMPOKOM Kopujope — B maHe 8 Ha 10 MeTpoB, pH TOH e BBICOTE MOTOJIKA,;

° Ha YyJIUYHOW IJIOIIAJKe — PACCTOSIHUE OT CTE€HBl MHCTUTYTa cocTaBisuio oT 10 mo
15 metpos. IIpu 310M € TpEX APyrux OOKOBBIX CTOPOH CTEHBI OTCYTCTBOBAJIH, T. €. B ATHX
HAaIpaBJICHUSIX IPOCTPAHCTBO OBLIO MPAKTUYECKH HEOTPAHUYCHHBIM.

B kauecTBe reHeparopoB aKyCTHUECKUX CHUTHANOB ucnosb3oBanuch BIIJIA mapku
«T'eockan ITuonep», «I'eockan ITnonep muHM» poccuiickoro npoussoacteaun «DJI Mavic
Air»y KkuTaiickoro mpou3BozicTBa. [y M3MEpeHHH HCMONb30BaHCh MHUKpOQoHBl PCB-
378B02npoussoactea CIIA, a Takke 4eThIpeXKaHAIBHBIH aKyCTHUECKUN N3MEpUTEIbHBIHN
npubop SIRIUSm-3xACC-1xACC+ mnpousBoxacrBa kommanuu DEWESOFT (ctpana
nzrotoBurens CloBeHus).

[Ipu BeIONTHEHNN W3MEpeHNU paccTosHUs oT MukpodoHa o BIUIA cocrasmsum 1, 5,
10 u 15 metpoB. BIIJIA Haxouics B peXiMe BHCEHHUS HA BHICOTE YCTaHOBKH MHKPO(OHA,
KoTopasi coctaBisiia 1,5 Merpa. B ciywasx wusMmepeHuii, KOTOpble NPOBOJMINCH Ha
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YIIMYHOH IUIOIIA/IKE ¥ B HIMPOKOM KOPHIOpPE, MOKAa3aHUSI CHUMAIUCh C TPEX MUKPO(DOHOB
myTéM HM3MEpEeHHs CpeJHero 3HauyeHus. MUKpoQoHbI pacrnoiaraiuch Ha yriaax 45 u 90
rpagycoB MHUMOM OKpyxHOCTH BOKpYyT BIIJIA u GbuIM HarpaBlieHBl HETIOCPEACTBEHHO Ha
Hero. CXeMBI pacIHOJIOKEHHS MHKPO(QOHOB BO BpeMs H3MEPEHHH NpelCcTaBlICHBl Ha
Owr. 3-5.

W3mepeHus: B MOMEUIEHUAX MIPOBOAUINCE B BBIXOJHOM J€HB, B YCIOBUSAX MPAKTUYECKH
TIOJIHOTO OTCYTCTBHS MOCTOPOHHUX MCTOYHMKOB IIyMa. JTO K€ KacaeTcsl U U3MEpeHHu Ha
YJIMYHOH IUIOLIAJKE, IOCTATOYHO YJaIEHHON OT IIpoe3keil yacTu. DT0 TOBOPUT O TOM, UTO
TIOJIy4eHHbIE B PE3yJIbTaTe H3MEPEHUH JaHHbIE B JOCTATOYHOH Mepe YIOBIETBOPSAIOT
HeoOxoauMoit TouHocTu. [TosrydeHHbIe JaHHbBIe IpeacTaBieHsl B Tabnumax 3 u 4.

Ta6auua 3. /lanasie SxcrieprnMeHTOB AIis KBagpokonTepa ['eockan [Tuonep
(IOMHBIN YpOBEHD CHUTHAJA).

1 metp 5 MeTpoB 10 meTpoB
ynuua, 1b 73,5 63,5 56
xopuaop, 1b 81 75 71,5
miomanka, n1b 82 75 72,5

Ta6auua 4. Jlanabie SKCiepuMeHToB AsikBagpokontepoB DJI Mavic Air u I'eockan
ITnoHep MUHM Ha paccTOsiHUU | MeTp (IIOIHBIA YPOBEHb CHI'HANIA).

DJIMavicAir T'eockan IInonep munu
Kopuzaop, n1b 75 67
mIomaaka, a1b 74 64
|
i1m,5m,10m

@ur. 3. Cxema pacnonoKeHuss MUKpO(QOHOB B Y3KOM KOPHIOpE.

OCHOBHBIE BBIBO/IbI 00 YPOBHE IIIyMa CBOJSATCS K CICAYIOIIEMY.

1. Pe3ynbTaThl B HEOTpaHHYEHHOM MpocTpaHcTBe. OHM MpUBENEHbI B IEPBOH CTpPOKE
tabuuuel 3. TeopeTHueckuil pacyeT ypoBHS 3ByKa, C LENbIO CPaBHEHHS C M3MEPEHHBIMH
TaOJIMYHBIMU TAHHBIMH, BO3MOJKEH JIMIIb MPH HAIMYMH HHGOpMAamMH 00 ypOBHE 3BYyKa
CaMoro KBaJIpOKOINTEepa — JaHHbIE, KOTOPbIE HE MPENOCTaBIAIOTCA MoKymnaTemo. OgHako
OTHOCHTEJIbHBIE 3HAUCHUS YPOBHS CHTHAJa NMPH M3MEHEHHH PAcCTOSHHA MOJKHO OLIEHUTh
HampsiMyro. [lpu aHanmu3e TaONUYHBIX JaHHBIX CJEQyeT HPUHMMAaTb BO BHHUMAaHHE
TOPU30HTAIILHYIO MIOBEPXHOCTh 3€MJIU.
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DHepreTHyeckoe CyMMHpPOBaHHE HHTEHCHBHOCTH IIPSIMOTO  3BYKOBOTO  JIyda
(TpaekTopusi mposieTa Jy4a 1M) M OTPaKCHHOTO OT IIOBEPXHOCTH 3eMJIH (IIPOJIET Jiyya

\/32 +1 =\/R)anm BBICOTE€ YCTAHOBKM HCTOYHHMKAa M NPUEMHUKa, paBHO# 1.5 M) naer
yposenb curnana B genubenax: 101g(1+1/10)=0,41 05, T.x. sHeprus curnana yObIBaeT Kak

KBaJpaT paccTOosHUs. TpaekTopus OTPaKEHHOTO OT 3€MJIM 3BYKOBOT'O Jiydya MOKa3aHa Ha
Dur. 6.

ITo cpaBHEHHUIO C TUM YPOBHEM Ha PAcCTOSHHUHU MPHUEMHHUKA OT UCTOYHHKA, PABHOM 5M,
HMeEeM JITMHY TpOoJieTa IPSMOTO Jiyda SM, a JUIMHY MPOJIeTa OTPAKEHHOTO OT IOBEPXHOCTH

Tyda VF+58 =4 Ilpu 3TOM SHEPreTHYECKOE CyMMHPOBAHHME NAET JUIS YPOBHS
cymmapnoro currana 101g(1/25+1/34)=—-11,59 0b .

Ha paccrosauu 10m umeem mimHy mponera mpsimMoro ayda 10M, a umHYy npojeTa

OTPaKEHHOTO OT MOBEPXHOCTH JIy4a VI3 H107 =109 w. [Ipy 3TOM 3HEPreTHYECKOE
CYMMHPOBaHHUE JaeT Wi ypoBHs cymmapHoro currana 101g(1/100+1/109)=-17,17 0F.

Pa3zHOCTH TIEpBOTO M TPETHEro YHCeN B MEPBO CTpoke Tabmumpl 3 maer 56 — 73,5 = -
17,5 b, 9TO MpaKTUYECKH COBMAZAET C Pa3HOCTHIO TEOpPETHYEeCKHX 3HaueHwui -17,17-0,41
= -17,58 nb, ecnu ydecTb, YTO OOLIENPUHSATAs JIOMYCTHUMAas OLIMOKA NPU HM3MEPEHUSIX
ypoBHs 3Byka paBHa 1 ab. Pa3HocTh mepBoro u BTOpPOro 3HauyeHUs B IEPBOH CTPOKE
tabmauubl 1 paBHa 63,5 — 73,5 = -10 nb; npu 3TOM Pa3HOCTb TEOPETHYECKUX 3HAUCHHU
paBHa -11,59 — 0,41 = -12 nb. T.e. pa3HHIa MEXIy TEOPETHYECKUM U H3MEPEHHBIM
3HA4YEHHEM OTIn4aeTcs Ha 2 b, 4T0 HECKOJIBbKO MPEBBIMIAET JOMYCTUMYIO IOTPELIHOCTD U
MOXeT ObIThb OOBSICHEHa HEPOBHOCTHIO IOBEPXHOCTH 3EMJIM IPH H3MEPEHHSX Ha
ac(hanbTUPOBAaHHON aBTOMOOHMILHOU CTOSTHKE BOJIM3M 31anus MuctuTyTa.

1m,5Mm, 10 M

1m5m 10m

1m,5m, 10m

A

®ur. 4. Cxema pacnonoxeHuss MUKpO(OHOB B IIUPOKOM KOPUAOPE.

2. PesynpraThl B 3aMKHYTOM mpocTpaHcTBe. Ecim Obl He OBUIO CTEH, TO CHUrHal
HE3HAYMTEJIFHO HapacTaj Obl ¢ POCTOM YacTOTHI, OCTaBasACh IMOYTH ITOCTOSIHHBIM, T. K. 9TO
SIBIISIETCS. OOIIMM KaueCTBEHHBIM CBOWCTBOM WIymMa MponesuiepoB. BiusHue xe cTeH
COCTOUT B TOM, YTO NPH KUPIHYHOH OTIITYKATYPEHHOW H/WIM NOKPALICHHOW CTEHE Ha
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JaHHOM YaCTOTHOM HWHTEpBAJIC KOB(l)(i)I/IHI/IeHT 3BYKOIIOTJIOICHUA MOHOTOHHO BO3pacTacT C
pocToM yactoThl.T. e. S(I)Q)GKT CTCHKM YMEHBIIACT CUTHAJI C POCTOM 4YaCTOTBI — IIO
CPaBHCHHIO CO ClIy4yacM, €CIn OBI cTeHa ObLTa UACAIIbHO OTpa)Ka}OH.ICﬁ TOBECPXHOCTHIO.

1M,5M, 10M

1M,5M, 10M

1M,5M, 10M

@ur. 5. Cxema pacnosoxeHuss MUKpO(OHOB Ha yJIMYHOH IUIOILAJIKE.

B pesymnpraTe B3aMMOZEHCTBHS DTHX IBYX (hakTOpPOB Ha NAHHOM YacTOTHOM HHTEpBaje
MOJIy4aeTcsl, YTO C POCTOM YacTOThl YPOBEHb CHI'Hala CHayalla YMEHBINAETCS, a MOTOM
HapacTaeT, 4TO W IOATBEPIKIACTCS THUCTOrpaMMaMHM B 4YacTOTHOM HHTepBaje oT 4 1o
20000 I'u, npencraBinenasiMu Ha Dur. 7 1 8.

5m

S R

1.5m

S’
®ur. 6. TpaekTopus IpsAMOro U OTPaXXEHHOTO OT 3eMJIM 3BYKOBOTO Jyya. [[nuHa npobera

OTpPaKEHHOTO JIy4ya paBHa JUIMHE Npobera NpsIMOT0 pacpOCTPaHEHUsI OT MHIMOTO
ucroyHuka S’ 1o npuemHuka R.
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®ur.7. 3aBUCUMOCTb YPOBHS 3ByKOBOT'O CHI'Hasla OT kBaJpokonTepa I'eockan [Iuonep no
OKTaBHBIM YacTOTaM, Ha PACCTOSIHUM 5 METPOB, B PEKUME BUCECHHS MEXKLY ABYMsI CTCHaAMH.

3aMeTuM JMIIb, YTO NPEACTABIEHHbIE TUCTOIPAaMMBbl UMEIOT JIOKAJIbHBI MakCUMyM B
OKPECTHOCTH CpefHEeH dYacTOTHl, ONM3KOH K COOTBETCTBYIOIIEH YacTOTe BpaIleHHSI
HPOIIENJIEPOB, YTO JIOBOJILHO €CTECTBEHHO ¢ (hpu3nueckod TOYKH 3peHus. B To xe Bpems
JIOMUHUPOBaHUE OCHOBHOM YaCTOTHI HaJl OCTAJIbHBIMU HE3HAUUTENIBHO.

3aMeTuM TakXke, YTO CIaJaHUE YPOBHS CHUTHaja B OrPAaHMUYCHHBIX IPOCTPAHCTBAX
HaMHOro cjabee, uYeM B HEOrPAHMYEHHBIX, YTO OOBACHIETCS MHOIOYUCICHHBIMU
OTPaKE€HUSMH BOJIH OT CTEH, ITOJIa M IOTOJIKA CO 3BYKOIOIJIONIEHHEM JHEPTUU IIpH
OTPaXCHUSIX, U SBJISIETCS COBEPIIEHHO €CTECTBEHHBIM C (PM3MUYECKOI TOYKH 3pEHUSI.

®ur. 8. YpoBeHb 3ByKOBOT0 cHrHajia ot kBaapokontepa DJI Mavic Air o oKTaBHbIM
4acToTaM, Ha PaCCTOSHUU 1 MeTp, B pe’KUME BUCEHUSI MEXKY IByMs CTEHAMU.

OTH XKe Ka4yeCTBEHHBIE CBOMCTBA JIOJIKHBI MIPOSIBIISITHCS U B yCIoBUsX aBrkeHus BITJTA
[0 YJIMLIAM TOpOjAa, C OTPAXKEHHEM 3ByKa OT CTpOeHHH. VIMEHHO, B OTKpBHITOM
IPOCTPAaHCTBE ypPOBEHb 3BYKOBOTO JABJIEHUs, TI'CHEPUPYEMOIO KBaJPOKONTEPOM,
MPaKTHYECKH B JIF000 TOYKE pUeMa MOHOTOHHO BO3PACTAaeT ¢ pOCTOM 4acTOThl. O1HaKO B
YCIIOBUAX TOPOACKOW 3aCTPOIMKH 3TO KaueCTBEHHOE CBOICTBO CYIIECTBEHHO HW3MEHSAETCS.
3aBUCHMOCTb OT YacTOThI CTAHOBUTCS HE MOHOTOHHOH, a CHavasa (IPUMEPHO JI0 CPEIHUX
gactoT mopsaka 250-500 I'm) ymeHbmIaeTcss M TOJNBKO TIOTOM HAadyMHAET BO3PacTaTh C
POCTOM YacTOTHI.
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CpaBHeHHe HATYPHBIX IKCIIEPUMEHTOB M TeOpeTHYeCKOii Mo/eJIM U BBIBOABI

HakoHel,cpaBHUM  4YHCIICHHO  TEOPETHYECKHM  IIOJIyYEHHBbIE  Pe3yJlbTaTbl s
TpEXMEPHOro OECKOHEYHOro napaienenunena no popmynam (2) — (4), ¢ SKCIEPUMEHTOM,
MPOBEJICHHBIM B Y3KOM JUIMHHOM Kopuzope MHCTHTyTa MaTeMaTHUKH, MEXaHUKU |
KOMIIBIOTEPHBIX Hayk IODY.

W3 Tabmuupl 5 BUAHO, YTO SKCHEPHUMEHT U IPEJIOKEHHAs aBTOPaMH TEOPETHYECKas
MOJIENIb TOKa3bIBAIOT OYEHb OJIM3KME pEe3yJbTaThl — B IpeAeiaX MOrPelIHOCTH, He
npesbitatoniei 1 1b. JlaHHOe pacxoxaeHHe MOKHO OOBSCHUTH TEM, YTO B AHAJIMTUYICCKON
MOJICII HE YYMUTBHIBAIOTCS IIEPOXOBATOCTH MOBEPXHOCTEH, OT KOTOPBIX HPOUCXOAUT
MEPEOTPAKEHHE aKyCTHYECKUX BOJH, a TAaKKE OCOOEHHOCTHIO AHAJIUTHYECKOW MOMENH,
KOTOpasi IPEJICTaBIseT I'PAaHUYHBIC YCJIOBUS B BHUJE CTEH C OJHOPOJHBIMH CBOWMCTBAMHU
3BYKOIOIJIONIEHHS, YTO Ha MPAKTUKE TPYAHOOCYIIECTBUMO.

Tabauna 5. OcnabneHue ypoBHsS NPUHUMAEMOT0 aKyCTHYECKOTO CHTHajla ¢ pacCTOSHUEM
B TPEXMEPHOM OrpaHMYEHHOM NpocTpaHcTBe. CpaBHEHHE IKCIICPUMEHTA U aHAJTUTHYECKOH
MOJICIIH.

HatypHslil 5kcniepuMeHT Ananurtuueckas 3D monens
E-FE
o 6 1b 5.6 1b
E -FE
te 9.5 nb 8.5 1b

Apropel mnpusHaTenbHbl Poccuiickomy ®onny ®PynpnamenransHbeix MccnepoBanuit
(PODN) 3a noanepxky, rpant Ne 19-29-06013.

ABTOpBI TaKK€ OTMEYAIOT BBICOKYIO 3(PPEeKTUBHOCTH HCCIENOBAHUH NPH HCIIOIb30-
BaHWHU akycTmdeckoro mmepurensHoro npubdopa SIRIUSm-3xACC-1xACC+ m mMukpo-
¢onoB PCB-378B02, mpuobperennbix IOxHBIM (eaepaabHbIM YHHBEPCHTETOM IO IMPO-
rpamme MuHoOpHayku P oGHOBICHHS IPHOOPHOIT 6a3bl POCCHICKUX YHUBEPCHTETOB.
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ZUBUUSUULPGPSNRESNPLLEPULAUSPLUYUYGUPUSPSENEUUGP
W3BECTHUS HAIIMOHAJILHOM AKAJIEMUU HAYK APMEHUA

Ukhuwmuhlju 75, Nel-2, 2022 Mexannka
YK 539.3 Doi:10.54503/0002-3051-2022.75.1-2-111

MULTI-COMPONENT ELECTROACOUSTIC WAVES (MCEAW) IN PIEZO
CRYSTALLINE TEXTURES:APPLIED OPPORTUNITIES

A.S. Avetisyan

Keywords: electroelasticity, multi-component wave,generalized tensor, electroactive state,
piezocrystallinetexture, non-acoustic contact, plane deformation, quasistatic equations.

U.U. Ugbwnhujub

Puquupununphs Ejunpuwlniunhl wipputpp (MCEAW) yhtqonpmipbquyhtt upnigduspnud.
Yhpworwlwh hwpunpmpnibbp

ledhulpumhp‘ hEjnpuwrwdquljutnipnil, puqUuwpununphs wjhp, punhwbpugyws nkugnp,

EEjunpuwlnh]  Jhdwl, whhqniphunwyughtt  hnuqusp, ny winiunhly  Yntnwln, hwpp
nhdnpuwghw, pyuqhuinunhl] hwjuwuwpnidubp:

Uohmutnwipnd gnyg b wpynud, np whbqnijkljnpuljut jupnigusph mipwpwbgmnip phnpdus
hwppnipniinud b Ukl punqugphsng wpwdquljut uuthph whpp, 1 kpym pununphsny wrwdquiljub
hupp phnplwghugh wihpp Jupnn & nigblgdly jud plnpiwé hwppnipjubp nigquihugwug
EEjunpuljut nugwnh pununphsh mwnwinidubpn] jud punpdus hwppnipjuip qniqubtn, hupp
EEyunpuljut npupnh nunwinudutpnyg: Quuynpynud Eu puquupununphy  EiEjunpuunwdqujui
whpubkph snpu whwh thupkpibp: Unwgjws btlh, uyhbgqnpmoiptnh ptnpjws hwppnipmniinud,
EEjunpuwnwdquijuimpiub iplsut pugph dbwlipydwt wihpudbon b pudupup wuydwiubpp,
npnlp pny| o wwhu dbwynpl] puquupwnunphs pughunwnhl LEjupuwnwdquijut wihph
wpwdhtt gpgenud b mwpusnid:

Apa C. ApeTucsin
MHOroKoMnoHeHTHbIE 31eKTPOaAKycTHYecKHe BOJHBI (MDAB) B nbe30KpHCTANINYECKMX TEKCTypax:
NPHKJIIHbIE BO3MOKHOCTH

KiioueBble €J10Ba: 3JEKTPOYNPYrOCTb, MHOTOKOMIIOHCHTHAsI BOJIHA, OOOOIIEHHBI TEH30p, JIEKTPOAKTHBHOE
COCTOSIHUE, TbE30KPUCTAIUIMYECKAsT TEKCTYpPa, HEAKYCTHUECKUH KOHTAKT, IIocKas nedopmanus, KBasuCTaTHye-
CKHE ypaBHEHUSL.

B nanHoit paboTe mOKa3bIBAaeTCS, YTO B KAXKHOW CArUTTAIBHON IUIOCKOCTH IbE30TEKCTYPhl KaK OJXHOKOM-
MOHEHTHAsl yIpyrasi CABUrOBasi BOJIHA, TaK M ABYXKOMIIOHEHTHAs yIpyras IUIockas AehopManioHHAs BOJIHA
MOTYT COHPOBOXJAThCS JHMOO KOJNCOAHUAMH MONEPEYHON COCTABIISIOMICH AJIEKTPUYECKOro Mo, JIbo
KOJICOAHUSIMH TUIOCKOTO DJIEKTpHYecKoro mousi. PopMHUPYIOTCS 4eThIpe TaKMX IaKeTa MHOTOKOMIIOHEHTHBIX
EKTPOYNpyrux BouH. [TomydeHsl HEOOXOANMBIE U JIOCTATOUHbIE YCIIOBHS, MO3BOJISIONINE OCTABUTH JIBYMEPHYIO
3ajady OJIEKTPOYHNPYrOCTH B BHOPHPYEMOH CarMTTajJbHOH IUIOCKOCTH IbE30KPHUCTAIa, TA€ BO3MOXHO
paszenbHOe BO30YKIACHNE M PaCIPOCTPAHEHHE MHOTOKOMIIOHEHTHOH KBa3UCTATHYECKON IEKTPOYIPYTOil BOJIHBI.

In this paper is shown, that in each sagittal plane of the piezoelectric texture, both the one-component elastic shear
wave and the two-component elastic plane deformation wave can be accompanied by either oscillations of the
transverse component of the electric field or oscillations of the plane electric field. Four such packets of
multicomponent electroelastic waves are formed.Necessary and sufficient conditions are obtained that allow the
formulation of a two-dimensional problem of electroelasticity in a vibrated sagittal plane of a piezocrystal, where
separate excitation and propagation of a multicomponent quasistatic electroelastic wave is possible.
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Introduction

In many structural diagrams of modern electronic technology, various new crystalline
elements, layered composite waveguides, formed from various natural or artificially grown
piezoelectric materials with different physical and mechanical properties, are widely used.
The piezoelectric or ferroelectric materials have many distinct properties, negative
piezoelectric constants and high mechanical flexibility. Piezoelectric or ferroelectric
materials are widely used in 2D layered functional heterostructures. These new materials
and heterostructures have broad applications in memory, logic, sensing, optical and energy
harvesting devices. Piezoelectric crystals are inherently anisotropic structures and the
operation of such elements is often based on the emission (or delay) of electroacoustic
waves of incomplete component packages.

Separate excitation and propagation of a purely transverse elastic wave (SH type waves)
from a plane deformation wave (P&SV type waves) is possible both in an isotropic medium
and in all crystal textures of cubic, hexagonal, trigonal, tetragonal and rhombic symmetry
[1]. A higher anisotropy of the crystal texture leads to the convolution of the components of
purely elastic waves and, in fact, the separation of components in elastic bodies is uniquely
determined by the structure of the elastic constant tensor.

In contrast to a purely elastic medium, where two types of waves can propagate
separately: a two-component wave of the plane stress-strain state (P&SV type wave) and a
single-component anti-plane deformation wave (SH type wave), in a piezoelectric medium,
four different incomplete sets of multicomponent electroelastic waves can propagate
separately. The properties of piezoelectric media are given by the structure of the
generalized tensor of electromechanical constants. Therefore, in the case of piezoelectric
media, the group of those symmetries and classes of crystals is significantly narrowed, in
the sagittal planes of which separate excitation and propagation of the indicated types of
electroelastic waves are possible.

The possibility of the separate excitation and propagation of an electroactive elastic
plane deformation wave from thenon-electroactive shear elastic wave or separate excitation
and propagation of an electroactive shear elastic wave from a non electroactive elastic plane
deformation wave, depending on the physical properties of the piezoelectric medium, was
studied in the articles [2, 3]. However, the other new cases when separate excitation and
propagation of two electroactive wave packets are possiblehave not been considered yet.

The ability to formulate the problem of excitation and propagation of incomplete
multicomponent electroelastic waves is due to both the anisotropy of the medium and the
admissibility of setting a two-dimensional problem in one of the sagittal planes of an
anisotropic medium.

As a rule, structural elements used in modern technology are thin-walled and in the
formulation of two-dimensional problems, we must take into account possible approaches
that allow separate formulations of the problems of electroactive plane deformation and
electroactive anti-plane deformation.

The mathematical formulation of the two-dimensional problem of electroelasticity in

any of the sagittal planes O)COL)CI3 of the piezoelectric texture requires the observance of

several well-known hypotheses:
i)  The hypothesis of straight normal.
ii)  The hypothesis of the inextensibility of the middle surface of the plate.
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iii) The hypothesis about the absence of pressure of the material layers on
each other.

Adhering to the physical essence of these hypotheses, in applied problems of thin-
walled elastic elements of structures, the two-dimensional problem of the theory of
elasticity was mathematically modeled in different ways by many researchers Kirchhoff G.
[4], Timoshenko S., Woinowsky-Krieger S. [5], Reissner E. [6], Ambartsumian S.A. [7].In
each of these cases, the hypotheses were accepted as additional restrictions based on the
nature of the distribution of the mechanical load on the element and the conditions for
fixing the end of the elastic element.

The hypothetical approach has also been successfully implemented in the problems of
electro-magneto-elasticity of thin plates and shells [8], where, along with hypothetical
distributions of mechanical characteristics over the thickness of a thin-walled element,
characteristic distributions of the electromagnetic field are also accepted.

Naturally, the need to introduce additional restrictions (hypotheses) also arises when
modeling two-dimensional problems on the propagation of electroelastic waves of plane or
antiplane deformations in semi-infinite waveguides. In general, in order to fulfill these
hypotheses, additional conditions are imposed on the electromechanical characteristics:

a. In the process of deformation, the segment of the straight line normal to
the sagittal plane does not change.

b.  The characterizing values of the wave-driven process outside the sagittal
plane do not change.

c. In the sagittal plane of the piezocrystal, the axial stressandtheaxial
polarization (electrical displacement)are absent.

These conditions make it possible to formulate a generalized plane stress-strain state
also in a cut perpendicular to the selected axis (material plane of zero thickness) of an
infinite waveguide layer. With loosely supported detached ends of the layer, the principles
of Saint-Venant [10] and flat sections [9] also work.According to hypotheses, in the case
when there are no acting axial stress and axial polarization in the selected planes, the elastic
surface is inextensible, and it cannot be transversely polarized. Such modeling also allows
formulating an equivalent generalized antiplane stress-strain state.

In this paper, definitions of possible multicomponent waves (package of wave
components) are given. The possibility of the separated formulation of two-dimensional
problems of electroelasticity in piezoelectric textures is investigated.

As an applied example, it will be shown that non-acoustic contact between the layers of
an inhomogeneous waveguide makes it possible to create a wave hybrid in it, when
dissimilar electroacoustic fields are created in its layers.

1. Some definitions and basic relations of the electroelastic stress-strain state in
homogeneous piezoelectric media
Physicomechanical constants of the homogeneous piezoelectric medium: the elastic

stiffness ¢, . , piezoelectric coefficients e. and dielectric constant €., , form a
(#7)(nm) J(mn) ik

generalized electroelastic  tensor of  piezoelectric  materials of the type

(?/'n )9x9 = (64'/' )6)(6 v (émn )3><6 “ (ét’k )3><3 [11,12]

113



(G ) (e ),
(ém(ij) )3x6 (éik )3><3

In generalized electroelastic tensor of linear electroelasticity of piezoelectric materials
(1.1) the notations and known transitions from four-digit indices to two-digit indices
(ay)2a if a=vyand (ay) 29—a—7v if o #7yare used. It is also assumed

(1.1)

that the indices {a;B;y} €{1;2;3}, o # B, p#y and y # o indicated by the Greek
letters, are dumb, and summation over them is not carried out.

The conditions permitting separate excitation and propagation of the plane or anti flat
stress strain states in the uniform piezoelectric medium of this anisotropy, are imposed on

the structure tensor of elastic material stiffness (éij )6 038 well as on the corresponding
X

structures of tensors of piezoelectric coefficients (é”/.) and dielectric constant of the
material (Sl.k )3X3 .

The generalized linear tensor of electroelasticity (1.1) for each piezoelectric texture, the
material relations of the medium and the basic equations are determined in accordance with
the geometric diagram of piezoelectric textures (Fig. 1),according to the rules for installing
crystals by to crystal syngonies (table 1) and the rules for choosing crystallographic axes in
them (table 2) [11, 12].

X X, X Y—crystallographic —axis of the
arApsy f—C1Y, grap
texture,
{OLO , Bo , YO} - angles in the sagittal planes,
{a,,b,,c,} - measures of axial unit vectors,

symmetry axes of the 2nd, 3rd, 4th, 6th orders in
the texture,
m - normal to the plane of symmetry.

Fig. 1. Geometric layout of piezoelectric textures

These tables describe the order of the axes of symmetry (and/or inversion) and the
anisotropy planes of the piezocrystals, the commensurability of the unit vectors and angles
of the selected orthogonal system of base coordinates, as well as the order of alignment of
the coordinate system with the base axes and planes of piezocrystals. To formulate the
problems of electroelasticity in piezoelectric media, it is necessary to combine the
coordinate axes and planes with the crystal axes and sagittal planes of the given
piezoelectric texture, respectively.

Without loss of generality, let us formulate the problem of linear electroacoustics in one

of the sagittal planes of the piezocrystal X, O)C[3 , where all components of the electroelastic
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field depend on the coordinates X, andx,, and there are no changes in the electro-

mechanical characteristics of the field along the third base coordinate O [*] / ox, =0

Table 1. Crystal installation rules according to syngonies

Crystalline | crystallographic axis of the | angles in the sagittal | measures of axial

textures texture planes unit vectors

Triclinic X, %%, 2 LT Lo, =By £y, 290" | a,#b, #¢,
Monoclinic Xy 22 or m Oy =Y, = 90° = B, a, #b, # ¢,

Rhombic xa,xﬁ,xy;)20rm OLO:BOZYOZQOO a0¢b0¢00

xa,xﬁﬁlm,

Tetragonal o, =By =7, = 90° a,=b, #c,

X, =44
—> . _ _ 0
Trigonal and Xy Xg E225m, a, =B, =90", d=b e
Hexagonal X, =3:3,6:6 Yo = 120° 0 0 0
Cubic X Xp,x, 2442 o, =B, =7,=90"| a,=h =c,

In the linear theory of electroelasticity of homogeneous piezoelectric media, the two-
dimensionalcomplete system of quasi-static equations written in a crystallographic
coordinate system is used[13, 14, 15]

2 2
00, (%, %.1)/0x, = p( 8w, (x,..x,.1) /01 ). 8D, (x,,%,,1) /&, =0, (1.2)
where (xa,xﬁ,t ) are the elastic displacement vector components, G i (x,, Xg» 1 ) are the

mechanical stress tensor components, D, (xa,xﬁ,t) are the electrical displacement vector
components, P is the material density and the indices take on the values j,n € {OL, B} and
ie{a,B,y}.

Generally, the components of the mechanical stress tensor O i (xa > Xg t) and the
components of the electric displacement vector Dm (xa, Xgs t) in the equations (1.2), on the

sagittal planes X, O)C[3 are determined as[13, 14]
6 (X5 X551) = €l m) (8un (X, Xp,0) /O, ) =€, B (X, %,0)
Dy (x4 %550) = €y, (Oun (x, ,xﬁ,t)/ﬁxm ) +&,E, (x,,%,1) (1.3)

115



where the mechanical and electric fields are interconnected by the piezoelectric coefficient
tensor (ej(mn)) .

Table 2. Rules for selecting crystallographic axes in textures

crystallographic axis

Crystalline textures X, X x,
Triclinic In a plane perpendicular to the direction [001] [001]
Monoclinic [100] [010] [001]
Rhombic [100] [010] [001]
Tetragonal [100] [010] [001]
Trigonal and Hexagonal [100] [010] [001]
Cubic [100] [010] [001]

The plane quasi-static electric field is potential £, (X, B,t) = —(ﬁ(p(xu, B,t)/ax )
where m € {0; 3} .In problems where elastic waves are accompanied by vibrations of a

plane electric field {Ea (xa,xﬁ,t), Eﬁ (xm, Xg t), 0}, the linear material relations (1.3) of

piezoelectrics are often represented in the form

G, (X, %5,0) = o (8u (xa,xﬁ,t)/axk)+ew (a(p(xa,xﬁ,t)/ax )

D, (x,,x5.0) = e, (8u (xa,xﬁ,t)/ﬁxk) mk(@(p(xa,xﬁ,t)/axk). (1.4)

Obviously, in two-dimensional quasi-static problem of electroelasticity, both elastic
deformations can decompose into the plane {ua(xa,xﬁ,t), uB(xa,xB,t), 0} and

antiplane {0; 0; u, (xa, xﬁ,t )} components, and their accompanying electric field can be

plane{Ea(xa,xB,t), Eﬁ(xa,xﬁ,t), 0} or antiplane{o, 0, Ey(xa,xﬁ,t)}.

Consequently, in piezoelectrics it will be possible to separately excite and propagate an
electroelastic wave of a type from four incomplete sets of its components:
i. Four-component electroelastic wave -

{u, (X, %51, ug(x,,Xg,0), 0, E, (x,,X,0), Ey(x,,Xg,0), O}, electractive

plane deformation with accompanying oscillations of the plane electric field,
ii. Three-component electroelastic wave -

{u,(x,, Xy, 1), Ug(X,,%5,1), 0, 0, 0, E( X, B,t)} electractive plane

deformation with accompanying oscillations of the anti-plane electric field,
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iii. Three-component electroelastic wave -
{0, 0, u, (xa,xﬁ,t), Ea(xa,xﬁ,t), Eﬁ(xa,xﬁ,t), 0}, electractive anti-plane
deformation with accompanying oscillations of the plane electric field,

iv. Two-component electroelastic wave - {0,0, u, (xa,xﬁ,t),O, 0, Ey (xa,xﬁ,t)},
electractive anti-plane deformation with accompanying oscillations of the anti-plane
electric field.

From the selected structures of wave packets, it is obvious that in a particular sagittal plane,
the first from the fourth, or the second and the third packets are separated from each other.

2. Necessary and sufficient conditions for the separation of electroactive elastic states
in a piezoelectric medium

The problems of the possibility for separate excitation and propagation of the waves of
electroactive plane deformation and electroactive elastic wave of anti-plane deformation in
homogeneous piezoelectric materials, were studied in [2, 3]. In these articles it is shown
that in the elastic anisotropic homogeneous media the separation of the plane elastic
deformation wave from the anti-plane elastic deformation wave in a selected sagittal plane

X, ())C[i of the crystalline medium is ensured by the absence of the corresponding constants

in the structure of the elastic stiffness tensor (C‘A(U,)(n,())()X6

Catyor = Can = S = Spror = Claprrr = Clapypy =0 @D

In this case, the electroactive wave of plane deformation accompanied by oscillations of
the plane electric field in piezoelectrics can be separated from the wave of antiplane elastic
deformation, when, along with the conditions (2.1), the conditions for the absence of
piezoelectric coefficients in the generalized electroelasticity tensor (1.1) are satisfied

Cotr) = Carp) = Cpya) = Gpisp) =0 (2.2

The electroactive wave of antiplanar elastic deformation accompanied by oscillations of
a plane electric field in piezoelectrics can be separated from the wave of plane elastic
deformation when, along with the conditions (2.1), the conditions for the absence of other
piezoelectric coefficients in the generalized electroelasticity tensor (1.1) are satisfied

Caton) = Ca(pp) = Epoo) = Gpp = Cacap) = G = 0 23)
The electroactive wave of plane elastic deformation accompanied by the oscillations of
the antiplane electric ﬁeld{uu (xu,xﬁ,t), Ug (xa,xﬁ,t), 0, 0, O, Ey (xu,xﬁ,t)} in

piezoelectrics can be separated from the wave of plane elastic deformation, when, along
with the conditions (2.1), the conditions for the absence of other piezoelectric coefficients
in the generalized electroelasticity tensor (1.1) are satisfied

Coon) = Capp) = Cpiaor = G = Catap) = Gpipay =9 24)
The electroactive wave of the antiplane elastic deformation accompanied by the
oscillations of the antiplane electric ﬁeld{o, 0, uy(xa,xﬁ,t), 0, 0, Ey(xu,x ,t)} in

piezoelectrics can be separated from the wave of plane elastic deformation, when, along
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with conditions (2.1), the conditions for the absence of other piezoelectric coefficients in
the generalized electroelasticity tensor (1.1) are satisfied

€, a0) =€) = €yap) =0 (2.5)

For separate excitation and propagation of plane or antiplane electroactive stress-strain
states, the above pairs of conditions (2.1) and (2.2), or (2.1) and (2.3), or (2.1) and (2.4), or
(2.1) and ( 2.5) as constraints on the anisotropy of the medium are necessary but not
sufficient.

From material relations (1.4) and the conditions (2.1) and (2.2) corresponding to them,
taking into account the form of the generalized electroelasticity tensor (1.1), it follows that,
in the formulation of the two-dimensional problem of electroelasticity, side by side with

nonzero stresses characteristic of the plane stress state G, (xa,xﬁ,t) Opp (xa,xﬁ,t ) and
Gaﬁ(xa,xﬁ,t) , there also arises an axial mechanical stress G, (xa,xﬁ,t) As well as,

along with the nonzero components of the electric displacement of the plane electric field
D, (xa,xﬁ,t) and Dﬁ (x,, xﬁ,t) , the third component Dv (xa,xB,t) of the electric

displacement vector can arise.
The presence of non-zero axial components of the mechanical stress and the vector of

electrical displacement along the axis ())CY , in the general case will violate the formulation

of the two-dimensional problem of electroelasticity in the material sagittal plane X, O)CB

.Therefore, to fulfill the accepted hypotheses, additional conditions are imposed on the

electromechanical characteristics: the absence of axial mechanical stress G, (x,, Xg» 1 ) and

the axial component of the electric polarization (electric displacement) Dy(xa,xﬁ,t)

perpendicular to the sagittal plane of the piezoelectric crystal.
In all piezoelectric crystals for which conditions (2.1) + (2.5) are satisfied, the dielectric

constant tensors (él.k)3x3 are diagonal. Therefore, the third component of the electric
displacement is represented only by the elastic elongations (81/!& / 8xa), (51,1ﬁ / axﬁ) and
shift (51/[&/(3)6[3) + (('51413 /axu) in the sagittal plane.

It is known that in any basic plane X, O)CB the elastic stiffnessesC,, # 0 and Cp * 0,
as well as the elastic compliance coefficientss,, =(=1)*""-Ac,, / A  and
S, =(=1)* -Acy, / A° cannot be zeros. Therefore, the existence of a non-zero axial
stress Gw(xa,xﬁ,t) can lead to the axial tensions (compressions) rw(xm,xﬁ,t) in the

direction of the axis Oxy , violating the planar deformed state.

Taking into account the above statements, from the material rations of axial mechanical
stress and electrical displacement
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aua(xu7xﬁﬁt)+c auﬁ(xaaxﬁﬁt) auy(xa7x[37t)_

G, (X, Xg,0) =,

axa B axﬁ Y(vB) axﬁ
=€, Eo (X > X5, 1) = €5 By (X X5 0) — €, B (X X, ) + (2.6)
ou, (x,,Xy,1) Ou, (x,,X5,t)  Oug(x,,Xg,1)
T T4 (o) 2 73 g
X, X, X,
ou (x,,x,,t) Oug(x,,x4,1)
D (x X l‘) =e o\ Tar gt e M-ﬁ-
(X Xp5 Y(0cr) 1(8B)
ox, ox,
Ou, (X, Xg,1) Ou, (X, Xg,1)
BT e T 5 + 2.7)
X X,
ou (x_ ,x,,t) Ou,(x_ ,x.,t
+e, o) o (T )+ p (X 2y 1) +e, E (x,,%,,1)
0x, ox,

it follows that in piezoelectric crystals, the formulation of theelectractive plane deformation

with accompanying oscillations of the plane electric ﬁeld{ua (xa,xﬁ,t), Ug (xu,xﬁ,t),

0, Ea (xa,xﬁ, t), E[3 (xa,xﬁ, t), 0} , in the sagittal plane X, O)CB is possible, when

¢, (O, [0x,)+ ¢, (Ou, /0x,) = =C, [ (O, /Ox) + (Buy JOx,) |~
—ea(w)(a(p/ﬁxa) - eﬁ(w)(ﬁ(p/axﬁ) (2.8)
€, (O, [OX,) + €, 5 (1t | Ox,) = —e, . [ (B, 005+ (O, f0x,) |

The system of linear equations (2.6) and -(2.7) has nontrivial (arbitrary) solutions with
respect to elastic elongations (or compressions) ((314OL / 6xa) and (6uﬁ / axﬁ)

Ou, A, |0u, Ouy| e
ox,, A 8_xﬁ+g +yT[ea<w>(a(P/ 0x,) + €y (00/ axﬁ)]

a

(2.9)
Ou, A,|ou Ou e
B _"p a B |y Zvlaa)
% _X a_xﬁ+ axa " VA [ea(W)(a(p/ax“)+eB(W) (8(p/axﬁ):|

In relations(2.6), (2.7) and (2.8) it is taken into account, that the accompanying plane quasi-
static electric field is potential £ (xa,xﬁ,t) =—00p(x,, xﬁ,t)/axm , where me {a; B}, as
well as the descriptions A = €58, 00a) ~ CraCyipp) * A, = Ctapy ) ~ CopCyapy» and

A

8 = Cyiap)yaa) ~ CraCyop) ATC taken.
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Statement-1. In the chosen sagittal plane X, O)C[3 of the piezoelectric crystal, a four-compo-

nent electroacoustic wave {ua(xa,xﬁ,t),uﬁ(xa,xﬁ,t),0, Ea(xa,xﬁ,t),Eﬁ(xa,xﬁ,t),O}

is possible, if the elements of the generalized electroelastic tensor (1.1) of the medium
satisfy conditions (2.1), (2.2) and the additional functional representation (2.8), according

to which the elastic tensions (91/1OL (xa,xﬁ,t ) / 6xa and 514[3 (xq,xﬁ,t ) / axﬁ in the sagittal
plane are expressed in terms of elastic shear 5ua ()CQL,)CB,t)/a)CB and 5uB (xa, X t)/axa ,

as well as the plane electric field components OQ(x,, X1 ) / 0x, and Op(x,, X1 ) / ('5)6'3 .

From relations (2.6) and (2.7) it also follows, that the formulation of the electractive anti
plane deformation with accompanying oscillations of anti plane electric field

{0, 0, u, (xa,xﬁ,t), 0, 0, Ey (xu,xﬁ,t)} , in the sagittal plane X, OxB of piezoelectric
crystals is possible, when
oy (Ot (%5 X, 1) [ O ) + € (Ot (X, X5, 1) [ OX,) = €, B (X, X5 )

(2.10)
e, (O, (X, X5,0) [Oxy) + e, (Ot (x5 X5,0) [ Ox,) = € E, (X,,, X5, 1)

Since the dielectric constant€, is a positive definite quantity, withthe additional
condition on the coefficients of the generalized electromechanical tensor
Coion) G0 ~ Cyiup) " Cyom) #0, the system of linear equations (2.9) always has nontrivial

solutions with respect to elastic shears 8uy (x,, X t)/axa and 8uy (x,, X5 t)/a)cﬁ

cv(vﬁ)ew ((ev(w)ev(aﬁ))/(cv(vﬁ)sw) + 1)

C

(Ou, (x,,X,1)/0x,) = “E, (3,5 %5,1)

o) “Cvam) vy " Crian)
(51/! (x x l‘)/ax ) _ CY(W)SW ((ev(w)ev(aﬁ))/(Cv(va)gw) +1)
y \ oo B/

Cyan) "Cvam) ~ Gy " Crian

2.11)

“E, (x,,Xg,1)

Statement-2. In the chosen sagittal plane X, OxB of the piezoelectric crystal, a four-

component electroacoustic wave {0, 0, u, (xa,xﬁ,t), 0, 0, Ey(xa,xﬁ,t)} is possible,

if the elements of the generalized electroelastic tensor (1.1) of the medium satisfy
conditions (2.1), (2.5) and the additional functional representation (2.10), according to

which, the shifts auy (xa,xB,t) / axq and ﬁuY (xa,xB,t) / axB in an elastic shear wave are
expressed in terms of the axial component of the accompanying electric field Ev (xa »Xg5 1).

Similarly, from relations (2.6) and (2.7)it also follows, that for the formulation of the two-
dimensional problem of an electractive plane deformation with accompanying oscillations

of the anti-plane electric field {ua (xa,xﬁ,t), U (xa,xﬁ,t), 0, 0, 0, EY (xu,xﬁ,t)} , in
the sagittal plane X, 0x; , the additional conditions are obtained
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(Ouy (x,, %) /0x,) = %[(Gua Jox,) + (Quy fox,) |+

+((ea(w)ev(ﬁﬁ))/(cvﬁsyy)+1).CYﬁ8W “E, (X, Xg,1)
A e

A
(Ouy (x,,x,.1) [Ox,) = Xﬁ[(ﬁua Jox,) + (Quy fox,) |+

(2.12)

+ ((eﬁ(w)ev(aa))/(cvaevv)+ I)OCYGSW E (x ,XB,I)
A e

The non trivial presentations (2.11) for axial elongations (or compression)
(ﬁua(xa,xﬁ,t)/ ox,) and(@uﬁ(xa,xﬁ,t)/ﬁxﬁ), in this case are possible with the
additional condition on the coefficients of the generalized electro elastic tensor

#0.

Sy “Gem) ~ Crm) "yt
Statement-3. In the chosen sagittal plane X OxB of the piezoelectric crystal, a four-
component electroacoustic wave {ua(xm’xﬁ’t)’ uﬁ(xa’xﬁ’t)’ 0, 0, 0, Ey(xa,xﬁ,t)}

is possible, if the elements of the generalized electroelastic tensor (1.1) of the medium
satisfy conditions (2.1), (2.4) and the additional functional representation (2.11), according

to which the elastic tensions Ou,, (xa,xﬁ,t) / 0Ox, and 8uB (xa,xﬁ,t) / 8xﬁ in the sagittal
plane are expressed in terms of elastic shear Ou,, (x,, , Xg, 1) / 0Ox; and Oug (x,,, Xg, 1) / ox, .
as well as the shear electric field Ey (xa,xﬁ, t).

In the case of the electractive anti-plane deformation with accompanying oscillations of

the plane electric field {0, 0, uy(xa,xﬁ,t), 8(p(xa,xﬁ,t)/xa, a(p(xa,xﬁ,l‘)/xﬁ, 0}
, in the sagittal plane X OxB’ the additional conditions imposed on the structure of the

electromechanical generalized tensor are obtained similar to C, .\ €8y ~Cy0p) Cyay) * 0.

Under these condition on the coefficients of the generalized electromechanical tensor (1.1),
we obtain the additional non trivial presentations with respect to elastic shears

Ou (%, X5, 1) / Ox, andOu, (X, ,Xy,1) / ox,
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e
(Ou /axa) = a(yr) (ﬁ(p(xa,xﬁ,t)/axa)'i'
! S (ev(ow)/ €,p)) = Cyan)

(4
P (0(x,,, x5,1) /0x,)
Cp) (€yan) / €)™ Cyap) 2.13)
e
(Ou, [0x,) = PCro) (09(x,,x,1) /Ox,) +
! Cyya) (ev(ﬁv)/ev(va)) Sy

e(X

+ (W) (a(p(xa5xﬁ’t)/axa)

S0 € /€)= Coapn
Statement-4. In the chosen sagittal plane X, O)C[3 of the piezoelectric crystal, a four-compo-

nent electroacoustic wave {0,0,14, (X, X, 1), (X, » X1 /0%, , OQ(X,.» ;1)) %, 0}

is possible, if the elements of the generalized electroelastic tensor (1.1) of the medium
satisfy conditions (2.1), (2.3) and the additional functional representation (2.12), according

to which, the shifts 8uy (xa, Xgs t) / axa and 5uY (xq > Xg s t) / 6xﬁ in the elastic shear wave

are expressed in terms of the axial component of the accompanying plane electric field
Op(x,,,X,,1) [ Ox,, and OQ(x,, x,,1) /O

Along with the necessary conditions for separate excitation and propagation of
electroactive multicomponent waves (2.1) and one of (2.2)+(2.5), additional conditions
(2.8),(2.10), (2.11), (2.12) are obtained, which are sufficient for the formulation of the two-
dimensional problem of electroelasticity. In each case of studying the electroelastic two-
dimensional problem, it is necessary along with the material relations of the medium to take
into account additional representations of elastic elongations and shears (2.8), (2.10), (2.11)
and (2.12), respectively.

The necessary conditions for the coefficients of the generalized electroelasticity tensor,
as well as additional sufficient representations of elastic elongations and shifts in the other
two sagittal planes, can be obtained, without repeating all the calculations by simply

rotating the coordinate indices {at, 3, Y} = {y, o, B} = {B, v, o}.

3. Conclusion

The necessary conditions imposed on the coefficients of the generalized electroelasticity
tensor, as well as the additional relations between elastic displacements and electric field
components are formulated that allow the formulation of the two-dimensional problem of
linear electroelasticity.

In two-dimensional electroelasticity of anisotropic piezoelectrics, both purely planar and
purely antiplanar, as well as mixed (planar elastic and antiplanar electric, or antiplanar
elastic and planar electric) multicomponent electroelastic fields are formed.

Taking into account the obtained additional relations between the elastic displacements
and electric field components, the constitutive equations for the nonzero components of the
mechanical stress tensor and the electric displacement vector, as well as the quasi-static
electroelasticity equations for each piezoelectric texture, are derived, respectively.
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A catalog of possible multicomponent electroelastic fields in all sagittal planes of all
piezoelectric textures has been compiled.

On the example of relatively simple separately existing electroelastic multicomponent
fields, an example of their practical application in composite waveguides is given.
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AVERAGED CONTROLLABILITY OF TRANSVERSELY ISOTROPIC
AMBARTSUMYAN PLATE

A. S. Avetisyan, S. H. Jilavyan, As. Zh. Khurshudyan
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A. C. ABetucsn, C. A. I>xunasau, Ac. 2K. XypuryasH

VYupasiisieMocTh B CpeJHEM TPAHCBEPCAJIBHO M30TPOIHON MJIACTUHKA
AwmbapirymsaHa

KirroueBsble cjioBa: yacTHas Teopu#d C. A. AIVI6apL‘LyMHHa, YTOYHEHHbIC TEOPUN aHU3OTPOIIHBIX ILJIa-

ctuH, MeTol, pyHKIuu ['puna, 6eCKOHEeYHasI CUCTEMA

B sr0it cTaTrhe paccMOTpeHa yIPaBiIsSeMOCTb B CPEJHEM ILIACTUHKN AMOapIlyMsIHA, H3TOTOBJIEH-
HOI M3 TPAHCBEPCAJIBHO H30TPOIIHOIO MaTepHaJia. ¥ DABHEHUsS COCTOSHHUS OCHOBAHBI HA THIIOTE3aX
YaCTHON TeOpUU aHU30TPOIHBIX IJIACTUH, padpaboranHoi C. A. AMOapIyMsIHOM [1JIsi OIMCAHUS Je-
bOPMUPOBAHHOI'O COCTOSTHUSI AHU30TPOIHBIX IJIACTUH, B KarK/I0H TOYKEe KOTOPOU MMEEeTCs IIJIOCKOCTH
U30TPOINH, MapaJjijle/ibHast CPEJUHHON IIJIOCKOCTH ITacTHHKU. llpumenen merorn dyukumu ['puna
JJIsI IBHOT'O IIPEJICTaBJIEHUsI HOPMAJIBHOT'O IlepeMeIeHNs IIJIACTHHKH Yepe3 MaTepHuaJjbHble ITapaMeT-
pbl IIacTUHKY (TI0THOCTD, Moaynu HOHra B 060MX HANPABJIEHUSIX MU30TPOINH), SIBJISIFOIUECS] PaB-
HOMEPHO PACIPEIEJEHHBIMU CIyJailHBIMU BejnduHaMu. B pe3ysbrare, yc/ioBre yIPaB/IsSEMOCTH B
CpeJIHEM CBEJIEHO K OECKOHEYHON CHCTeMe JIMHEHHBIX YPaBHEHUU OTHOCUTEJIBHO MCKOMOUN (hyHKIUU
yupasiienusi. IlocTpoeHsl Tpy apaMeTpUIecKuX KIacca 9aCTHBIX (9BPUCTUIECKUX ) PELIeHUH ype3aH-
HOTO BapuaHTa 6eCcKOHe4HOH cucreMbl. Ope/esieHne MapaMeTpPOB YIIPABJIEHUsI CBEJEHO K PEIIEHUIO

33429 HEJIMTHEHHOTO MPOIPaMMUPOBAHUS.

W. U. Wytyphuywib, U. N. Qhpuyjub, Wu. d. fvnipynuyui

Nuwdipwpénidjuih fwubulfh togpypjud phunipyudp aljupugpynn ppubuyGpoug
hqnippny uwih dhehtmgywd nkjujuptjhnipymup

Nhttwpwebp” U, W Swidpwpanuijubh dwulwyh dgnpud qumpymb, wbhgnppny uwibph Sgpgpyud
phunipgnibttip, Aphth $muyghwyh inubwy, wiytine hwiwyupg

Wu wphuwpuiipmy hipugnipynud £ Swdpwpanudjuih’ pppubudbpuwy hgmippnyy yniphg wuppuug—
Jwd uwih vhohtugywd ntjujuwptijhnipiniip: Uwih ondwd hwjwuwpmubbpp uipugymd G whgnyppnuy
uwbph dwulwyh Sgppud phunpyul Jupuddtph hhdwd Ypw, npp dwyly £ UL W Swdpwpandjuip
uwih witib Ytpnd dhohtt hwppnipjuin gniquhtin hgnppnuhuwyh hwppnipynt mbtgnn withgnppnu uwtiph
ntidnpdwggwd yhewyp djuwpugptim hwdwp: Uwh Onpdw) pnuithnfunipjub pugwhwyyp Jupujwuwdnipymbn
Wph wwpwitypptphg (lupoegnid, hgnppnuhwh Gphne nppnupgudp wpwagqujubinpywi gnpdwlhghtin)
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upnugynud £ Sphth $nbyghwyh inwbwyh jhpwndwdp: Ghpunpynud £, np wyn wuwpwibtpptipp hwjwuwpuwswth
pupfujwd wupwhwlwl ddmpmbitp Gb: Wnnymbpnud dhohwgywd ntjuupbihnpyul wuwjpdwihg upug-
ynud £ nudupdiwb npnignn $nibjghwyh tjupdwdp gowiht hwjwuwpnuitiph wigtine hwdwlwpg: Ywnnig-
ynui E widtipe hwiwluwpgh hwpud dwuh dwubwynp (byphugphy) monudbtph tptp wwpudtppuogob guu,
huy ntuwjuwpiwb wwpwitipptiph npnonudp hwbgtigynd £ ng qowyhtt dpwgpuynpiwb fjubinph modwbn:

In this paper we study the averaged controllability of Ambartsumyan plate made of a transversely
isotropic material. Governing equations are based on assumptions of particular theory of anisotropic
plates developed by S. A. Ambartsumyan specifically for describing the deformation of anisotropic
plates made of material with isotropy plane which, at each point of the plate, is parallel to its middle
plane. The Green’s function approach is applied to express the plate normal displacement by means
of material parameters (density, Young moduli in both directions of isotropy) which are assumed to be
uniformly distributed random variables. Eventually, the averaged controllability condition is reduced
to an infinite system of linear constraints with respect to the control action. Three types of particular
(heuristic) solutions of the truncated version of the infinite system are discussed. Determination of

control parameters is reduced to the solution of a problem of nonlinear programming.

1 Introduction

The concept of averaged controllability has been introduced by Enrique Zuazua in
the recent paper [1] and has been further developed in [2H9] (also, refer to the list
of references in [8]). Averaged controllability is an important criterion of control-
lability for systems or processes containing random parameters. In case of systems
or processes described by partial differential equations, material characteristics may
be (and most of the cases are) regarded as such parameters. The advantage of this
notion is that controls providing the desired state exactly or approximately, do not
depend on the random parameters. For instance, let a controlled state be described
by w (z,t,u; &) where x and ¢ are deterministic variables, u is the control and « is
some random variable. The aim is to provide a desired state wr (z) at t = T. Then
we will say that it is controllable in average if the controllability residue

R (u) = [|w (2,T,u) — wr ()]

satisfies
Rr(u) =0 (exactly) or Rr(u) <e (approximately)

for some given ¢ and appropriate norm ||-||. Here, w is the averaged state given by

(651
()= [ wlsa)pa)da
[
p is the PDF and «aq, o are the extreme values of a.
Thence, substituting @ into the definition of Ry (u), we will be able to derive
a constrained on u that does not depend on « explicitly. It rather depends on the
extreme values o and «q.
Generally, the analysis of exact averaged controllability is considerably simplified
when the integral in the expression of @ is explicitly evaluated. Nevertheless, in case
when the integral can not be explicitly evaluated, approximate analytical expressions
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like trapezoidal or Simpson rule can work out with high accuracy. On the other hand,
the analysis of approximate averaged controllability is often easier considering that
the integral can be well estimated in terms of known integral inequalities.

In this paper, we consider a similar problem for a square plate simply supported
at its four edges. The plate occupies the domain Q0 = {(x,y,z) € R3 (z,y) €
[0,1]%,22 € [~h, }] } and it is subject to a dynamical load F (z,y,t) = u(t)v (z,y)
with controllable u and given distribution function v. We will assume that at ¢ = 0,
the plate was resting in equilibrium. The plate is made of a transversely isotropic
material. More specifically, at each point of the plate the isotropy plane is parallel to
the middle plane of the plate.

2 Ambartsumyan hypotheses and governing equa-
tion

Denote by w = (ws, wy, w,) the displacement field in the plate. Let us assume that
the following hypotheses of Ambartsumyan particular theory are valid [10]:

1. w, does not depend on z-coordinate, i.e., w, = w (z,y,1),

2. the normal stress 0., and the shear stresses 7., 7. are determined according
to classical anisotropic plate theory.

3. in the Hooke law, o is negligible with respect to the stresses 0,4, 0yy and 7.y.

Note that in [11] it has been shown that Ambartsumyan theory of anisotropic plates
is of fourth order similar to the linearized von Karmén equations. An optimal control
problem for Ambartsumyan layer-plate has been considered in [12].

On the basis of these hypotheses, the displacement field will be expressed as fol-
lows:

st =20 () ot
Wz T, Y, 2, - Zax 2 4 3 ®o\T,Y,1),

Jw z (h? 22
9 7t = —<X 3 a - T 5 7t
wy(f Y,z ) Z@y+2G/<4 3 ¢0(xay )7
and the normal stress is determined from the third equation of motion of the classical
theory subject to the boundary conditions

O—zz|22,:h = F(:Evyat) ’ Jzz|2z:_h =0,
as follows:
1 3z 23 222 1\ 0%wy
= (54222 )Pyt +p- (5 -5 .
? <2+2h h3> (@y.6) +p <h2 2)23152
Here,
FE 8Aw0 E (’)Awo
t) = — t) = ——
©o (il?,y, ) 1 V2 ax ) 77[]0 (LL', Y, ) 1— 1/2 ay 3
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(p, E,v,G") are the independent material parameters of the plate, A is the 2D Laplace
operator, and wy is the normal displacement of the plate mid-plane calculated by the
classical theory, i.e.,

DAA’LUO + ph 8

BT O — F(z,y,t) in Q (2.1)

where
En3

D=wma=m

is the bending stiffness of the plate.
Then, the anisotropic normal displacement w of the plate mid-plane will satisfy
the fourth order equation

DAAw + ph%t2 =F (z,y,t) in 9, (2.2)
with
h2 FE 82Aw0
F (ffayat)*F(»’”ay,t)*m@ AF — ph 7z |

subject to boundary conditions

= My, = t =0,
{w 0, 0 at z=0 (2.3)

w=0, My,=0 at y=0,1.

Here, M,, and M,, are the in-plane bending moments given by

62 (9210 h2 D &po 61/10
My (z,y,1) = D((%g +V6y2>+10G’ <8:c+ 8y)

Pw 02 h? D 0 0
w)+ (,,m%).

* e \" oz oy

Myy (xvya )7 D< 6.172 TyZ

Note that (2.1) can be explicitly solved for various boundary conditions: refer
to [13] for more details. Since in our case the plate is simply supported at its four
edges, we will have [13]

o (2,9,1) ph///an, G 2.6yt — o) dedndr,  (2.4)

Gw&mt) =3/ % Zl Anm*“’l“(\[ -Anmt> 20 @) 60 () (1) o (1)

h 7.[.2 (n2 + m2)

2 /120 -2

Anm = ©n (x) = sin (71'77,%) .
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Similarly, the general solution to (2.2]) and (2.3]) will be
$ Y, T ph/ / / Fl g nT (mvayanvt_T)dEdndT:wO(xvyat)_

_ﬂﬁ/ / / AFG(QS,g,y,T},t—T)dng]dT_F

0?Aw
1—1/2 G’/ // 57.20 (v,&,y,m,t —7)d&dndr.

Denoting

h E l l
— AF - t— - 1P
10 (1 _ V2) pG/ /0 /0 o G (SL‘, 67 Yy, 1, T) dﬁdndT w1y ({E, Y, 15 ) )

h? 0% Aw
10(1—22) G’/// 8720 (2,8 y,m,t — 7)d&dndr = ws (2,9, P),

we will obtain
w(z,y,t; P) = wq (z,y,t; P) —wi (z,y,t; P) +ws (z,y,t; P).

The indication of P in the argument of w and wg, wy, ws is merely to show their
dependence on the material parameters.

2.1 Simplification of the displacement

Before proceeding with controllability problem formulation, let us first simplify wy,
wy and woy further. First, notice that

t
:C y’t P Z Unngn m( )/ U’(T)Kgm(t_T7E7p)dTa
0

n,m=1

4 l l
7W/O /O v (&,1) @n (§) pm (1) d&dn,
Ty

> t
wi (2,9, P) = D VpmPn (@) om (y)'/ u(r) K}, (t— 75 P)dr,
n,m=1 0
4h l l
1 = .
U = 102 (1= 12) - Ao /O /O Av - pp (€) om (1) d€dn,

1 |E E
K} (t;P — sin — Anmt | -
(:P)= g/~ (,/p )
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Further, notice that since K2, (0;-,-) = 0, we have

o [t 0 b KD, (t— T B, p)
ﬁ/ (N K,,, t—7;F p)dT—/O u(T) BT dr =

FE
:_7«/ ) sin (”p-)\nm(t—7)> dr.
82A”LU0

t 2170 — T
2= S B on @ pn ) [ u(r) P2 Ti D)

dr =
ot2
n,m=1

Therefore,

Z )‘nm n® + mz) U?Lm‘»@n (w) Pm (y) X

n,m=1

t . B
X /o w (7) sin <\/; Anm (t — T)) dr.

Substituting this expression into wy, we will obtain

( 1 P) = 4m2h? / / / Z 2 +m2) 0, %
w2 (T, Y, 15 1014 1_ 1/2 pG/ = n m=) Upm
T ' E
X on (§) om (7})/ w (7) sin ( ; D Vi (T71)> dr x
0 \/

X 21 )\im sin <\/§ Anm (t — 7')) ©n () 00 (&) om (¥) ©m (1) dédndr.

On the other hand, since

l
/o P (6) pu (6)dE = L7

ny?

where 4,2 is the Kronecker symbol, we will obtain

(x,y,t; P) Z V2, 0 (T) o ( / (u,t,7; P)dr,
n,m=1
where -
wh
vfwn = m “Anm (n2 + m2) Ugm'

E - E
Krzzm (uvt77—; P) = pG/ g (\/; Anm (t — 7')) X
X/O U(Tl)Sin (\/7Anm (T—Tl)> dry.

|
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Thus, finally,

o t
w (I, Y, t’ P) = Z |:U’917n / u (T) K’g?n (t - T; E’ p) dr—
n,m=1 0
t
— v / u(r) K}, (t —7; P)dr+ (2.5)
0

t
o2, / K2, (u,t,73 P)dr | on (2) om (4).
0

3 Averaged controllability problem

Assume that the material parameters P = (p, E, G’) are uniformly distributed ran-
dom variables. Let the aim of control be to provide at ¢ = T the desired state

ow

En =wr (z,y) in Q

w(z,y,T) =wr (v,y),

t=T
with wr,wp € L? ([0, 1]2). Then, the averaged controllability criterion will be
2

ow

& . (3.1)

L2([0,1]?)

- wT (xa y)
t=T

Ry (u) = ||@ (z,y,T) — wr (x,y)lliz([o,uz) + '

3.1 Determination of averaged state

The averaged state w will be determined as
P P

- [ 0p (PP + [ un (e 0p(P)dP.
P P

Now, let us evaluate the averaged state taking into account that

0(FE — Ey) — 0(E — Ey)
By — E, ’

p(E) =

where 6 is the Heaviside function. Since only K¢, depends on E and p only, we will
obtain

(o]

1 t _
0 (@) = 5 3 o @) om (1) / w(r) K, (t—7)dr,
n,m=1 0
where 1 = (Ey — Eo) (p1 — po) (G — Gy),

_ P1 E4
R, dr= [ [ KD, (6B ) dEG.

po 7 Eo
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Since K}

nm
a result, we obtain,

1 > ¢ _
oo t) = g Z 0L (2) om (4) - / (1) KL, (t - 7)dr,

n,m=1
K} () = 1/—s1n 1/ . dE dp.
Po
Similarly,
1. G &
W3 (x,y,t) = - 1ni/1 Z TLT)’L()D"L me / nm ’(L t, T dT
wo Gy nom=1
where

B T p1 rE1 E E
Kﬁm(u,t,r)z/ u(ﬁ)/ — -sin — A (E=7) | X
0 po JEq P P

. B
X sin ( — A (T — 71)> dE dpdm =
p

= / w(m) K3, (t,7,m)dr.
0

Thence, we arrive at

W,y t) = Y Kum (,8) on (2) o (1),

n,m=1
where
20 ¢ _
Ko 0,8) = 22 [ (7) Y, (¢ = ) dr-
HoJo
1. G
_;1 G/O 0 |:’U}L'HL ( )Krlzm( T)_

—vfm/ u(Tl)KZm (t,7,71)dr |dr.
0

contains only 1/G’, their integration is separate and straightforward.

(3.2)

3.2 Reduction of the averaged controllability condition to an

infinite system

Denoting by wr nm and Wy .y, the Fourier sine-coefficients of the corresponding func-
tions, substituting (3.2]) evaluated at ¢ = T into (3.1)) and taking into account the
orthogonality of trigonometric functions, (3.1]) is reduced to the following coupled

infinite system of constraints with respect to the control function w:

Knm (ua T) — WTnm = 07
aKnm
ot

t=T

— WTnm = 0.

(3.3)
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4 Some heuristic solutions

Even though infinite system (3.3)) is linear in w, its determination is not straightfor-
ward. For instance, it can be treated as a problem of moments and resolved explicitly
(see [14] for details). It can also be formally satisfied by some heuristic solutions [15].

4.1 Trigonometric solution

Since v%:12, wr ym and Wt ., converge in n, m very fast, (3.3) can be truncated for

some finite N, M. We additionally assume that u is compactly supported on [0, T].

Then,
L

u(t) = Z ug sin (qrt + 1)

k=1

can be substituted into the truncated system to derive

L
> ukTom (@, ) = Wrpm = 0,

kol or n<N, m<M, (4.1)
Z U ot - wT,nm = Oa
k=1 t=T
where
29 T _
Trm (@, 7%) = % sin (qu7 +1r3) K2, (T — 7)d7—
0
1 G/ T B
——In—t o) sin (qur + 1) KL (T — 1) —
po GoJo

— vflm / sin (qx71 + %) Kim (T, 7,7)dr |dr.
0

4.2 Piecewise constant solution

Another important control class is represented as

L
w(t)=> uk[0(t—te1)—0(t—tx)].
k=1

In this case, the parameters uy, t; will be determined from the following system:

L
Z Uk Prm, (tk) — WTnm = 0,
k=1

7 n<N, m<M, (4.2)
Z u OPrm —w =0

k ot Tnm — Y,
k=1 t=T
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Prm tk = nm/ _T)dT_ln[nm/ _T)dT_

tk 1
— vim / [0 (m1 —tg—1) — 0 (11 — 1)) Kf;m (T,7,711) dTldT:| )
o Jo

4.3 Impulsive control

Another heuristic solution is the impact action of the external force which can be
represented in terms of Dirac function as follows:

L
= Zuk§(t—tk).
k=1

In this case, for u; and t; we derive

Z uk:Inm (tk) — WTnm = 07
: <M, (4.3)

L
Z Uk — Wr,nm = 07
t=T
where
UO 0 1 G’ o Rl
I

— nm/ TTtk)dT:|

Note that (4.1)), (4.2) and (4.3) can be solved for appropriate L by efficient numerical
methods of nonlinear programming, which will be the subject of another publication
elsewhere.

5 Conclusions

Averaged controllability of Ambartsumyan plate made of a transversely isotropic ma-
terial is studied. The plate, which is initially in complete equilibrium, is simply
supported at its edges and is subject to an external control action with a prescribed
distribution function on the upper surface of the plate. The material characteristics
of the plate (more specifically, the density and both Young moduli) are considered
to be uniformly distributed random variables and the averaged state of the plate is
computed. The averaged controllability analysis of the plate is reduced to an infi-
nite system of linear constraints with respect to the control function. Three distinct
parametric families of heuristic controls are provided to satisfy the truncated version
of the infinite system. Efficient numerical methods of nonlinear programming can be
applied to determine those parameters.
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2U8UUSUULP GhSNRESNARLLEP ULAUSPL UYUNGUPUSE SENEUUQRl
W3BECTHUS HAIIMOHAJILHOM AKAJIEMUU HAYK APMEHUUA

Ukhuwmuhlju 75, Nel-2, 2022 Mexanuka
YK 62-50 Do0i:10.54503/0002-3051-2022.75.1-2-136

TIME-SUBOPTIMAL CONTROL OF A TWO-LINK MANIPULATOR
MOTION

Avetisyan V.V., Grigoryan Sh.A.

Key words: two link manipulator, time-suboptimal control

ABetucsH B.B., I'puropsin LI.A.
Cy6onTuMabHOe 10 ObICTPOACHCTBHIO yIpaBJIeHNe ABHKeHHEeM IBY3BEHHOT0 MAHHUITYISITOpPA

KiioueBble ¢j10Ba: [ABY3BEHHBIIl MAHUITYJITOP, CyOONTHMAIBHOE O OBICTPOACHCTBHUIO yHIPABICHUE

PaccmaTtpuBaeTcst 3ajada INOCTPOCHHS CYOONTHMAIbHBIX IO OBICTPOJCHCTBHIO DPEXHUMOB YIPABICHHS
JIBUJKEHUEM ILIOCKOIO JIBy3BEHHOI'O MAHMIIYJSTOPA C IPOM3BOJILHBIMH I€OMETPUYECKUMHM M HMHEPLUMOHHBIMU
xapakTepucTukamu. TpeOyercst nepeBecTH MaHMIIYJIATOP W3 33/laHHOH HayaabHOM KOH(UIypalnuu B 3a/laHHYIO
KOHEUHYI0 KOH(UIYpalUIO NP YCIOBUSX, YTO B Hauaje U B KOHLE NMPOLECCA CUCTEMAa MOKOUTCH, a MOMYJH
YIPaBJIAIONUX OOOOIIEHHBIX CUJI HE NPEBBILAIOT (UKCUPOBAHHBIX 3HAYEHMH. YINpaBJIEHHS MILyTCS B KJlacce
PENeHHBIX PEXUMOB C MMHUMAIbHBIM (PaBHBIM TPEM) CyMMapHBIM YHCIOM NEPEKIIOUCHUH, JOCTATOUHBIM IS
YIOBJIETBOPEHUs TPAHUUHBIX YCIOBHil. IIPENIOKEH PaCUCTHBIH ANrOPUTM, MO3BOJSIOMIMI MO HAYAIBHBIM U
KOHEUYHBIM I0JIOKEHUSM OIPE/ICNIMTh KOJIMYECTBO TOYEK MEPEKIIOYEHHs yNPaBlIeHUH, NOPSAI0K YepeIoBaHUs HX
3HAKOB, MOMEHTBI IIEPEKIIFOUEHHS U BPEMs IPUBEACHUS MAHUITYIATOpa B TPeOyeMOe MOJI0KEHHE TTOKOSL.

Uytwnhuyub 9.9, Sphqnpjuib T.0.
Bplonul Ymthwnyjjuwnnph swupddwi unipoyyinhdw pun wpuquqnpsnipyub nEjuupnudp

Zhduwpwretp: tpljonuly dwthwynyjuwnny, unipoupinhdu) pun wpuqugnpénipyut nhjudupnd

TYhunwplynud E juduyuljwt pljpuswthwlju b hukpghnt punipwqphyubpny hwpp tplonuily
dwthynyjuwnph  swpddwt  unmpowywhdw) pun  wpwqugnpsnipyub nEjujuwpdwt  npkddubtph
Jupnigdwt jutinhpp: Mwhwbgynud  dwthwynijjunnpp nknuthnpul) npjus uljqpiwljut hwiquinh
Jh&wlhg wpjws Jhpgtwmljutt  hwhqunh  dhdwl nhjwjupnudubph  Jpu gplws  wpdus
vwhdwbwthwlnudubph ghwypnud: VEjuwdupnudubpp honpdnud Bo juinp we funp hwunwnntt
$ntuyghwibph nuund tjuqugnyt (huduuwp pkph) gmdwpuiht pyny hojwbgdut YEnkpnd,
npp puqupup b oEquuyghtt wupdwbbbpht pudupuptine hudwp: Unwowpldws b hwodupluyh
wignphpd, npp poyp k nwghu pun wyqpiwub b ipgwuib nhppkph npngty nkjujwpnidutph
thnjuwtigdwt Yhwnbph pubwlp, nputg tpwbibph hippuqunipjut Jupgp, hnjuwbgdwi wwhtpp b
wnpyws hwbiquinh nhpp dwbhwynijjuinnph phipdwt dudwbulyp:

We consider the problem of the construction of a time-suboptimal control modes of the motion of a flat two-
link manipulator with arbitrary geometric and inertial characteristics. It is required to transfer the manipulator from
a given initial configuration to a given final configuration under the conditions that at the beginning and at the end
of the process the system is at rest, and the moduli of the generalized control forces do not exceed fixed values.
The controls are sought in the class of relay modes with a minimum (equal to three) total number of switches,
sufficient to satisfy the boundary conditions. A computational algorithm is proposed that allows, from the initial
and final positions, to determine the number of control switching points, the order of alternation of their signs, the
switching moments and the time for bringing the manipulator to the required rest position.
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Introduction

In practice, two-link manipulators are used both independently and as part of the
structures of multi-link manipulation robots for which it is these two links that perform the
bulk of the robot's motions when it performs various technological operations. Therefore,
the development of effective modes of program control of a two-link robotic manipulator is
still an urgent task. When choosing program controlled movements, one should take into
account such factors as the time for performing a work operation by a manipulator, energy
consumption, various restrictions, ease of implementation, etc. In cases where shortening of
the work cycle of the manipulator leads to speed up of the entire technological process, it is
advisable to construct programmed motions that are optimal with respect to speed of action.
At the same time, an important task from the point of view of practical implementation is
the construction of optimal control laws for a two-link manipulator of a simple structure,
having the minimum possible number of switchings. In [1,2], optimal and suboptimal
control laws were constructed for a two-link manipulator with zero-lag links in the two-
point problem of moving a gripper with a load. A significant dependence of the time it
takes to bring the gripper to the terminal state on the manipulator configuration type was
revealed, and the problem of choosing the optimal configuration type was solved. In [3], a
graphic-analytical approach was developed to constructing time-suboptimal open-loop
controls that bring a two-link manipulator with arbitrary geometric and lag characteristics
from the initial rest configuration to an arbitrary final rest configuration. The publications
[4-8] deal with optimization methods for solving the problem of controlling robots,
including two-link manipulators, and calculating their design parameters. In [9,10], a
parametric optimization method was used to construct a quadratic-functional-suboptimal
control of the motion of a plane two-link manipulator taking into account feasible
manipulator configurations corresponding to given gripper positions at the beginning and
end of the motion. In [11,12], the problems of optimal control of transport movements of an
electromechanical two-link manipulator time optimal [11], energy consumption and the
functional combined from them [12] are considered. Methods for calculating controls are
proposed based on a simplified model that does not take into account the mutual influence
of links. Numerical simulation of the dynamics of the complete model under optimal
control modes has been carried out. The simulation results have established the practical
efficiency of the found modes. In [13], an algorithm was developed for time suboptimal
control of a two-link electromechanical manipulator with high positioning accuracy. A
combined control is proposed that allows you to bring the manipulator to the desired
position with any given accuracy. The works [14-16] are devoted to the construction of
time optimal control of the motion of a two-link manipulator with a second balanced link.

In this paper, for a flat two-link manipulator with arbitrary geometric and inertial
characteristics, an algorithm for calculating suboptimal program controls is proposed,
which allows, based on the initial and final configurations of the manipulator, to determine
the number of switching points of control moments, the order of alternation of their signs,
the switching moments at which the system moves from the initial rest position to the
specified final rest position in a time close to the optimal response time.
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1 Formulation of the problem

Consider a two-link manipulator (fig. 1) consisting of two absolutely rigid bodies G,
and G, joined by a hinge O,. The body G (first link) is joined to a fixed foundation by
means of hinge O, . The hinges are ideal and cylindrical, and their axes are parallel to one

another. At the end of the second link ( Gz) a reinforced gripper is installed, in which there

is a movable object (cargo). We will assume that the linear sizes of the gripper are much
smaller than the lengths of the links and consider the gripper to be a material point when
studying transport motions. The system performs a plane-parallel motion in a horizontal

plane perpendicular to the axes of the hinges O1 and 02. The manipulator control under
study is accomplished with two independent drives D, and D, . The first link and the base
interact via the drive D, , and D), is responsible for the interaction between the links G,
and G, of the manipulator. The control functions in the manipulator model under study are

the torques M, and M, about the axes O, and O, generated by the drives D, and D, ,

respectively. The action of other forces is not taken into account.
y In the plane we introduce a fixed
O Cartesian coordinate system O, XY
3

with origin one the axis of O,. We
denote: ¢, - angle between the O, X
and the straight line 0,0, connecting
72 the hinges; ¢, - angle between the

G 0, O, X axis and the straight line O,C

passing through the axis of the moving
0, X hinge O, and the center of mass C of

G,; L =|0102| - distance between

Fig. 1. Calculation model of a two-link manipulator
the hinge axes; / =|02C| - distance

from the axis of O, to the center of mass of G, with the cargo; /, and /, - moment of
inercia of G, and G, (with the cargo) about the axes of O, and O,, respectively; m -
mass of G, with the cargo.

The Lagrange equations describing the motion of this system have the form [3]
(11 + mLf )¢1 + mLJ(bz COS(¢1 - 5”2) + lel¢22 Sin(% - (02) = M1 _Mz’
Lo, + lel @, cos(@, — ) — lel¢12 Sin(ﬂ —9,)=M,.

We pose the following optimal control problem.

(L.1)
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Problem 1.1. Find the program laws of change the control moments M L= M 1 (1),
M, =M, (t) that ensure of the system (1.1) from the initial state

2 0)=¢/, §0)=0, ¢,0)=¢), $(0)=0 (12)
into a given final state
p(M=p/, ¢(1)=0, @)=¢,, ¢(T)=0 (13)

In a minimum time 7, with the condition that the control moments are limited in absolute
value by constants:

0 0
M ()| <M, |M,@)|<M;. (1.4)
In (1.1)-(1.4) we go to over to dimensionless variables denoted by primes:
t'=(M/(mL))?t, I'=1/L, I!=1/(mL), M/'=M,/M], i=12.(15)
If we then omit omit the primes, and also rotate the coordinate system O, XY through

the angle ¢)10 , then relations (1.1)-(1.4) become simpler: in them we have

o =0, m=1, L =1, Mj=1. (1.6)

2 Solving a linear problem

First consider the special case of the manipulator (1.1) in which the second manipulator
link is statically balanced; i.e., one has / =0 in (2.1). Then, taking into account (1.6), the
time-optimal control problem takes the form
T — min 2.1)
(L +D@ =M, —-M,, 1L,p,=M,, (22)

».(0)=0, ¢(0)=0,

_ , 2.3)
?2,0)=9;,  @(0)=0,

oM)=¢ , ¢(T)=0, i=12, 2.4)
M |<M] . |M,|<1. 2.5)

The solution of problem (2.1)-(2.5) is known [3]. A pair of functions that determine the
time optimal control depending on ((DIT, A(DZT ), A(02T = (02T - (03 , can be represented as:

(M[. M), (9. Ap)) €@,

M =(M].M,), (9] . Ap;) e @, (26)
(M, M), (9] .Ap;)€®,.

Here the areas @, i =0,1,2 are defined as follows:

O, =0 VO VDI VDI, .7)
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o0 ={(pf ,Ap]) e ®: Apl =By, ¢ >0,
" ={(p] . Ap]) e ®: Ap] =—Ag], ¢ >0},
O ={(¢] . Ap}) € @ Agy =~y ¢ <0},

) ~{(pf, Ap)) e ®: Ap] = By, g <0},

O, =0 v, 2.8)
o" ={(¢] . Ap}) e D ~Ag] <A@} <By|, ¢ >0},

o’ ={(¢].Ap]) e @: Byl <Ag; <~Ap/, ¢ <0},

(Dz _ q)(ZO) Uq)(zl) ’ 2.9)
o ={(¢ . Ap)) e ®: By <Agl, ¢ >0 u —dg{ <g,, ¢ <0},
D) ={(p].Ap]) eD: Ap] <-Ag]. ¢] >0 u Ap] < By, ] <0},

where

A= +D)M+D)'L', B=,+)(M,-D)"L",

and

O ={p,p,: -27<¢,p, <27} (2.10)
- the region of change of generalized coordinates (angles) of a two-link manipulator.

According to (2.6), the components of the optimal control M * are defined as follows.
If

1
(0, Ap))ed, =\, @.11)

a=0

then M| - control with one switching, and M, - control with two switching

M} = (=) M sign| (1" =0)|(, + Dol + L,Ag]|], 1 =T /2,

(2.12)
a=0,1,
-D”, te[0.8?)u[#.17],
T (=D, te [t;2>,t;2>),
) == LAp, /T +T/4, (2.13)
19 =1 LAl /T +3T" /4, B=0,1.
If
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1
(0, Ap))ed, = o, (2.14)

a=0

then M - control with two switching, and M, - control with one switching
1 2
DMy, telo) o4, 1) ],
1= 1340 H La
(-1 M, te[zy,t; >),

1) = (=1 [(1,+ Dol + L,AQ] |/ (M)T))+T; /4, 2.15)

10 = ()[4 + Dol +LAG] |/(MIT;)+3T; 14, B=0,1,

M; = (1) sign[ ( -0|LAg)|], &7 =T;/2, a=0,1. 2.16)
If

1 1
((/JlT,(/)zT)G‘DO=(U®é°’“’jU(U®§“’”j, 2.17)
a=0 a=0

then M 1*, M ; - controls with one switching

M} = (=1)* M sign| (1" =0)|(1, + Do] + L,Ag]

], a=0,1,

M3 =(=1) sign (1 -0)|L,Aag) |, B=0,1, (2.18)

tV=tP=T"/2=T/2,

In (2.11)-(2.16) T;" and T, are defined using the following formulas
1/2

1 =2((,+ 0l + Lagk | m?) L 1 =2(|Lagt]) 2.19)

Formulas (2.6)-(2.19), depending on whether point ((DIT, A(DZT ) belongs to a particular
area @,(¢/ ,A@) ), i=1,2,3, allow us to determine both the type of control mode and
the switching moments ¢V =t (o, A@l), i=1,2,3;j=1,2 and time

" =T (¢1T ,A(DZ,T ), under which the system (2.2) moves from the initial state of rest

(2.3) to the given state of rest (2.4) in the minimum time. As follows from formulas (2.11)—
(2.16), in case [ =0, the pairs of modes (2.12), (2.13) and (2.15), (2.16) for
a=0,8=0 and ¢ =0, =1 are equivalent in terms of time optimal and, therefore,

we can restrict ourselves to considering one of them. However, in case [ # 0, generally
speaking, one should not expect these pairs to be equivalent.

3 Algorithm for Solving a Nonlinear Problem

To solve Problem 1.1 in the case [ # 0, the following algorithm is proposed.
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3.1. Since there are eight boundary conditions (1.2), (1.3) for the fourth-order controlled
system (1.1), then in order to fulfill these conditions, in the general case, it is required that
the control law contain at least four free parameters, including the non-fixed time 7" of the
end of the process. From the maximum principle of Pontryagin it follows that the control
functions will be relay functions and that they are maximum (with respect to the modulus).
In accordance with the linear case, we set piecewise constant control laws with four free

parameters (the switching moments £#,7,,# and the process time 71') in one of the
following forms:

(1) M, =Mu, ), M, =v,(),
(2) M, =Mv,(t), M,=u,(),
-1, 1€[0,), 17, tel0,,)U[s.T],
(=D, telt,T], P e, te[t.t),
0<t, <T, 0=2t,<t,<T, a,fp=0,1
According to (3.1), both moments M, and M, take the maximum possible (with

(3.1)

u, () =

respect to the modulus) values and have not more than three switching in total. The
function u, corresponds to one switching at the moment 7, and the function Vg

corresponds to two switchings at the moments 7, and #,. Formulas (3.1) describe eight
different methods of control, differing from each other by the number of the moment that
has one switching (cases (1) and (2)), as well as by combinations of values ¢, f =0,1
that determine the order of alternation of signs of the control moment with two switching.

Fixing one of these eight modes, we can look for parameters ,,%,,1;, T so that solution
@,(t,,t,,t;5t), i=1,2 of the system (1.1) with initial conditions (1.2) would satisfy
conditions (1.3) at the end of the motion. We get a system of four equalities

T T

¢1(t1,t2,t3,T):¢1 > ¢2(t15t2’t3’T):§025 (a)
¢1(t1,t2,t3,T):0, ¢2(t15t2:t35T):0 (b)

for the sought parameters ¢,,7,,7; T

(3.2)

However, for given terminal values ¢)1T R (02T , the existence of a solution to system (3.2)
depends (as in the linear case) on the choice of the type of control regime (3.1). Therefore,
it is first necessary to construct regions @, (/),7=0,1,2, and then, depending on whether

point (¢)1T, (02T) belongs to one or another region @, (/),i=0,1,2, determine the type of

control mode (3.1) in which system (1.1), (1.2) is brought to this terminal position with
zero velocities.

Let's move on to constructing the region @ (/). Consider the following semi-reverse

method. By analogy with case /=0, controls under which system (1.1) with initial
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conditions (1.2) is reduced to the terminal point (1.3) lying on the boundary @ (/) will be

sought in the class of controls (3.1) with one switching
M, = MPu, (1), M, = 1, (0),
u, (1) = (<1 sign(t, 1), 4, (1) = (~1)"sign(t, ~1), (33)
0<¢<T, 0<t,<T, a,p=0,1.
Fix one of the four modes (3.3) and one of the parameters #,,, (for example, £, ). Then
we calculate parameters £, and I’ from the last two conditions of the following system
@ (4,4, T) = ¢1Ta @, (4,4, T) = ¢2T’ @ (4,1, T)=0, ¢,(1,1,,7)=0. (34
This procedure is reduced to finding the root (by the method of half division of the
segment) of a function of one variable £, the parameter 7" is easily found in the process of
numerical integration of equations (1.1) as the moment of the first vanishing of one of the
angular velocities (¢, or ¢,). When searching for the root ¢, the value ¢ = l‘l(l)

calculated by formulas (2.18), (2.19) of section 2 is used as the initial value. After that,
from the first two conditions (3.4) we determine the boundary values ¢1T ,gozT that

correspond to the obtained set of parameters #,,#,,7 . By sampling (with a certain step)

parameter 7, one can construct regions of finite configurations that are achievable for
given initial conditions and control type (3.3). If the described procedure is carried out for
all types of control with one switching (3.3), then lines ®{*” (1), ®{*" (/) will stand out

on plane ¢1T,(02T , defining region @ (/):

D, (1) = (LIJ <Dé°"”(l)jU(L1J <I>é"’”(1)) (3.5)

Since under controls (3.3) the solutions of system (1.1), (1.2) continuously depend on
the parameter /, then q)(()o’a)(l) - q)go,a) | q)f)l’a)(l) —> o

a=0,1 a=0,1 ° a=0,1 a=0,1 °
as [ —>0.

3.2. By analogy with the linear case, taking into account (2.10), outside region @ (/), in
the region @\ D (/):

<D1(1)U<D2(1)=(U @Di“)U)JU(L]J d»?”(l)j (6

a=0 a=0
we will consider control modes with three switching times (3.1)(1),(2):
in the regions

@7 (), =0,1 - control mode (3.1)(1), (3.7)
i.e. control M, with one switching at time #, and control M, with two switching at times

t, and t;,
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and in the regions

@7 (/),a=0,1 - control mode (3.1)(2), (3.8)
i.e. control Ml with two switching at times #, and %, and control M2 with one
switching at time #,. Thus, depending on which region (3.5) or (3.6) the point ((plT , (pzT )

lies in, from (3.7) or (3.8), respectively, it can be defined the type of control mode (3.1)((1)
or (2)), which can be used to transfer the manipulator to (1.1), ( 1.2) to a given final state

(13).
Suppose ((plr ,(pzT )e q)io)(l). This point according to (3.7) corresponds to the case

M: x=0,=0or a=0,F=1 in (3.1). Let's fix the first of them and solve system
(3.2) with respect to the parameters ?,,¢,,%,,7 . Let us carry out multiple integration of
system (1.1) with “zeroing” in three parameters ?,,%,,, . First, two (for example, 7,,?;) of
the four parameters l‘l,tz,t3,T are set, and from the conditions of velocities vanishing

(3.2)(a), the remaining parameters (¢,,7") are calculated (this procedure is described in
detail above, when solving the system (3.4)). Then, trying with some step the parameters
t,,1;, the previous procedure is repeated many times until the boundary conditions in

(3.2)(b) are satisfied. Finding parameters 7, ,7; again reduces to finding first the root of the
first equation (3.2)(a) with respect to variable 7, and then the second equation (3.2)(a) with
respect to variable #;. As a result, the parameters £, tz,l‘3,T , at which the control mode

GB.D()(a =0, =0) realizes the movement of the system (1.1), (1.2) to the state (1.3)
are determined.

4 Calculation results

Let's assume that the manipulator is characterized by the following dimensional
parameters appearing in (1.1), (1.4):

L =1m, /[=02m, m,=10kg, I,=1,=(10/3)kg-m’,
M°=2N-m, M’ =1N-m.

which correspond to the manipulator, the links of which are the same uniform rods.

@.1)

After passing to dimensionless parameters, according to (1.5), we obtain from (4.1)
L=1,1=02, m=1, I,=1,=1/3, M*=2, M’ =1. 42)

At values (4.2) boundary @ (/) was constructed to the semi-inverse numerical
technique described in the section 3.1 (fig. 2). For both calculation options golo = (/)3 =0.
On the axes of fig. 2 the final values of the angles ¢, = ¢1T, Q, = ¢2T are plotted. The bold
line in fig. 2 shows the border @ (/) (! =0,0.2) between regions @, (/) and D, (/).

We take the initial and final conditions in the form
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o =¢) =0, ¢/ =57°17"~1rad ¢] =114°34"~2rad . (4.3)

;1) B o3 ()
4
(0)
e ()
24 3
- — 2 2 a 6
yl
()
—4
@)
-6 -
(D(Ol.ll(';) q)(nﬁ.l)(])

Fig. 2. Diagram on the plane of generalized coordinates y, = ¢, y; = @, for determining the type of

modes in the case / =0.2 .

—0.5 4

0.0 05 10 15 2.0
t
Fig.3. Dependence of generalized coordinates y, =¢@,, ¥, =¢,, ¥, =@,, ¥, = @, on time in the

case [ =0.2.
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Values of parameters (4.2), (4.3) correspond to fig. 2, from which we find that in the
case under consideration (¢, ,) )€ ®\” . Therefore, the control mode (3.1) (1) from

(3.7) should be used: control M, with one switching f, and control M, with two

switching £, , ;. Calculations of the values of parameters #,,?,,%,,T from system (3.2) at

finite values (4.2) according to the algorithm described in the section 3.2 gave the following
results:

t,=1.073 (2.401s), t, =0.957 (2.141s), t, =1.940 (4.341s), T =2.146 (4.802s). (4.4)
At values of (4.4), the fulfillment of equations (3.2), (4.3) is ensured with an accuracy of
0.001 for both angles and both velocities. In parentheses in (4.4), (4.5) the dimensional
values of times are given using the transition formulas (1.5).
In the case / =0, for finite values (4.3), parameters ?,,%,,t,,T are determined using
the analytical solutions of the section 2 (formulas (2.12), (2.13), (2.19)):
t=t"=1, t,=6?=0.833, t,=t?=1.833, T=T"=2. (4.5)
Note that the first three values from (4.5) were used as starting values when searching
for the parameters (4.3) from the system (3.2) by the algorithm of the section 3.2.
The motion of a two-link manipulator was numerically simulated with controls (3.1)(1).

Equations (1.1) were integrated under initial conditions (DI.O = ¢l0 =0, i=1,2 and control

mode (3.1)(1) (& =0, =0) with parameters (4.4). The results of the simulation are

shown in fig. 3. The bold solid line and the solid line, respectively, show the dependences
of angles and on time, and the bold dashed line and the dashed line show the dependences
of angular velocities and on time.

Comparison of calculated results (4.4), (4.5) shows that moving the manipulator to the
required rest position in control modes (3.1) is accomplished in time close to optimal
calculated for the linear case with optimal control modes of the section 2. Therefore, the

constructed control modes can be regarded as time suboptimal.

Conclusion

The described algorithm allows constructing software relay controls that are suboptimal
in terms of speed with the minimum possible number of switching, sufficient for the
transition of a two-link manipulator from the initial state of rest to any terminal state of rest
in the working region of the manipulator. The results of numerical simulation of the
dynamics of a two-link manipulator with constructed control modes have established the
acceptability of the proposed calculation methodology. It can be used to calculate
suboptimal program motions of manipulating robots.

The work was supported by the Science Committee of RA, in the frames of the research
project 21T-2D2535.
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LOCALISED WAVES IN ELASTIC THIN-WALLED STRUCTURES

K.Ghazaryan, P. Marzocca
Key Words: Plate, shell, bending edge wave, localisation, membrane theory of shell

U nud LunnUkuPlymphljwi] unnwljh

Y. Nuqupyuik, M. Uwpgqnlu
Sknujiugjuwéuhpubppuruwdquijpipupujuyunupniguspibpmd

Zhdtwpwetp. Uw), punubp, spdwb kiqpught wihp, nbnujiugnud, punutptbph dbdpputiught

nbunipmni

Syjuy hnpusnid htnhiuljubpp thpluyugunud ko pupujuyuin junnigguspubpnud nknuyiugdus
sndwl wyhpubpht wnbsynn hpkug wplwwnwbpubph pughwiny  wdthnhnuwlp:  Znhtwlubpp
ukpujuginud ki bwb  Lpim tnp  junhpubph  gpdwspt ni wbwajhwnhly mpr}]nﬂlphhp]}‘
wuydwbwynpus tkpypuljutpn] wdpwbwynpdus hwdwube widpe vwnud Sndwb gpughtt whph
nwpwdnidny: Udpwbwdnpjuws tkpypuljubpp dnpbjuynpqus ko npybiu wnwdqujut htswi, Jud

wnwdquiljub uwy:

Iocsimaercst namsitu npogeccopa Meica beiayoeksiHa

Ka3zapsin K, Map3okka II.
Jloka/In30BaHHBIE BOJHBI B YIPYTHX TOHKOCTEHHBIX KOHCTPYKIHSAX

KuroueBsle ciioBa: ITnactunka, 000104Ka, H3rubHast KpaeBasi BOJIHA, JTOKAIH3aLs, MeMOpaHHas TeopHs 000JI0ueK

B naHHOH CcTaThe aBTOPHI NPEACTABIAIOT 0030p CBOMX HCCICHAOBAHHMH, KAaCAIOLIMXCS JIOKAIM30BaHHBIX
M3rUOHBIX BOJH B TOHKOCTEHHBIX KOHCTPYKLHSX. ABTOPBI TAK)XKE MPEICTABIIOT IIOCTAHOBKY M aHAJINTHYCCKUE
Ppe3yabTaThl JUIS IBYX HOBBIX 3a/a4, CBSI3@HHBIX C PACIpPOCTPAHEHHEM HU3THOHON KpaeBOH BOJHBI B OJHOPOIHOMN
OECKOHEUHOH IUIACTUHE, ApMHPOBAHHOH BKIIIOUEHMSIMH, MOJEIUPYyEeMble Kak ympyras Oanka WIH yrpyras
IUIaCcTHHA.

In this paper the authors provide a review of our investigations pertaining to localized bending waves in thin-
walled structures. The authors also present the statements and analytical results fortwo new problems related to
bending edge wave propagation in homogeneous infinite plate reinforced by inclusions, modelled as elastic beam
or elastic plate.

1. Localized bending waves are perturbations concentrated in the vicinity of the free edge
of thin plates and shells and decaying within a short distance from the edge. These bending
localized waves are also called “edge waves” or “edge resonance waves”. Based on the
Kirchhoff theory of isotropic elastic thin plates, the existence of a bending wave localised
near the free edge of a semi-infinite medium was first demonstrated by Konenkov in [1].
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The first edge waves’ results published in English were documented in [2,3], where was
rediscovered the same phenomenon concurrently and independently, without being aware
of Konenkov’s contribution.

From a mathematical point of view, the edge wave resonance eigenvalue problem is
similar to the eigenvalue problem for the local stability of plate [4] which was firstly
reported in [5].

The problem of bending waves localized near the free edge of a transversely isotropic
plate is investigated in [6] using the Ambartsumian’s higher-order plate theory which takes
account of the transverse shears generated by flexural deformation. Unlike the first order
Reissner—Mindlin theory, which also takes account of transverse shears, Ambartsumian’s
theory does not demand that plane normal cross-sections remain plane during bending.
Within this analysis the existence of localized bending waves in transversely isotropic
plates is established, and solutions of the dispersion equation obtained for different values
of the elastic parameters. The analysis of frequencies of localized bending waves shows
that for thick plates the effect of anisotropy can be considerable. For the case of vibrations
of a narrow plate, from the long wave approximation a new beam vibration equation of the
Timoshenko type is obtained for a transversally isotropic plate.

Within the framework of the Ambartsumian’s higher-order plate theory, in [7] the
existence and propagation problems of electro-elastic bending waves localized at the free
edge of a 6mm hexagonal symmetry piezoelectric plate was established. The condition for
existence of a localized bending wave is obtained, and the dispersion equation solved with
respect to a dimensionless frequency. It is shown that the piezoelectric effect can increase
the attenuation coefficient for a localized wave by up to 70% compared with that for a
purely elastic plate, thus significantly decreasing the depth of penetration. The problem is
also solved within the classical Kirchhoff theory. A comparison of results is carried out
between two theories.

The study of planar and bending magnetoelastic vibrations of a perfectly conductive flat
plate immersed in a uniform external magnetic field is presented in [8]. The Kirchhoff’s
plate theory and the model of a perfect conductive medium are used. The conditions for the
existence of localized bending vibrations in the vicinity of the free edge of the plate are
established. It is shown that the localized vibrations can be detected and can be eliminated
by means of an applied magnetic field.

The problems of localized bending waves for elastic isotropic and orthotropic cantilever
plates with a rib reinforcement were studied in [9,10]. Herein the effect of inertial and
elastic contributions due to the rib have been separately analysed. These investigations
revealed that the presence of a reinforcement rib can suppress localized bending waves.

In the framework of the membrane theory of cylindrical shells [11,12], the localised
vibration near free edges of finite and semi-infinite cylindrical shell is considered. The
derived dispersions equations lead to the localised membrane vibration conditions which
are analysed and the appropriate recommendations are offered.

Localized magnetoelastic bending vibration
of an electroconductive elastic plate [8]

The study of bending magnetoelastic vibrations of a perfectly conductive flat plate
immersed in a uniform external magnetic field is presented. Kirchhoff’s plate theory and
the model of a perfect conductive medium are used. For this system it can be shown that
localized bending vibrations exist in the vicinity of the plate free edge and can be detected
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and eliminated by means of changing the intensity magnitude of the magnetic field.

An elastic electroconductive plate is
considered and is immersed in an external
longitudinal magnetic field parallel to the

(z,y) plane, (Fig. 1). H =H i +H02iy

of constant intensity (H o =const,

Hy,= const) .
In framework of the Kirchhoff’s theory and
the model of a perfect conducting medium the Fig.1 Model of a plate immersed in a
plate vibration equation can be defined as magnetic field in x and y directions.
2 2 2 2
DA’w —i(Hgl o 52 Y om,h, a_wj 1202 20
2n ox oy Ox0y ot

()
where W is the plate normal deflection.
Next the localized bending vibrations of a semi-infinite plate occupying the domain

0<x<oo, —0<y<oo, —h<z<h is considered. It is assumed that the localized
waves are propagating along the ) axis.
The associated boundary conditions at the edge x =0 are:
ow  O'w 0| ow O’w | hHZ ow
T +tV— =0; D— 2+(2—U) > -——U_—— =0 2
Ox oy Oox| Ox oy 21 Ox

At x —> o0 the vibration damps out, implying that limw=10.
X—>0

The two special cases of a magnetic field are considered:
Magnetic field perpendicular to wave propagation

In this case H01 #0, Hoz =0 . The solution of Eq. (1) can be written as:
w(x,y)=w, (Cle”“’x +Ce '™ ) o) 3)

where k is the wave number and @ is the frequency of vibration,

p=\/(1+x+\/n2+2x+x2), q=\/(1+x—\/n2+2x+x2),

T]2:2phc02 _ hH;
Dk* 4nDk’

The dimensionless parameter 1] is related to the frequency of localized vibration, and

according to the condition of damping it should satisfy the inequality 0 < 1’]2 <1. The
roots of the dispersion equation can be cast in the following form:

’r|2=1+2(1—v—)()\/(l—v—x)z-l—vz—2(1—v—)()2—v2 )
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Sufficient and necessary conditions for the existence of localized bending waves have
the form

x<(3+v)( 1—v)/2, v#0
In particular, for a steel plate (£ =110GPa, v =0.3), with relative wave-length of
kh=0.02 and kh=0.01, a value of ¥, =1.15 is needed to eliminate localized

vibrations, resulting in an intensity of the magnetic field on the order of H,, ~1.57 and

H, ~0.37T, respectively.

Magnetic field parallel to wave propagation
In this case H,, =0,H, #0 and application of /1, leads to an increase in the

localized vibration frequencies with increasing magnetic field intensity, implying that the
localized vibrations exist, regardless of the magnitude of intensity of the magnetic field.

Orthotropic plate reinforced by a rigid rib [9]

A study of the localized bending wave in a thin elastic orthotropic cantilever plate
reinforced by a rigid rib is presented. A general solution is given and the particular case of
an isotropic reinforced plate is analyzed. The bending vibration equation issolved in
conjunction with appropriate boundary conditions and an avenue to identify the rib elastic
proprieties through an inverse approach is described.

A rectangular elastic plate in a Cartesian reference system (x, ¥, z) is considered such
that the plane (xOy) coincides with the plate middle surface, with Z as the coordinate

along thickness of a plate, suchas , y € [O,b] , Z € [—h,h] (Fig.2)
Based on the Kirhhoff’s hypothesis, a plate bending vibration equation can be written as
o*w o'w o'w o*w
D, —+2(D,, +2Dy) ~+D,, —+2ph—-=0 4)
ox oy ot

ox*dy
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Figure 2: Model of a cantilever plate with one free and rib reinforced edge.
Here w(x, y) is a plate middle surface normal displacement, 2/ is the plate

thickness, p is a density of a plate material, D,,,D,,,D,,, Dy, are physical constants

characterizing plate rigidness.
On plate edges, e.g. ¥ =0,b, simply supported boundary condition has been assumed.

The edge x =0 is supposed to be free from mechanical stresses and reinforced with

rib, which is modeled as an elastic beam. On this edge, the following boundary conditions
are applied

o*w O*w o o*w
_Dll_z_Dl _2:A0_ ,
ox oy Oy \ Ox0y
0 o*w 0*w o*w
_§|:D117+(D12+2D66)§:|=D0W
2 2 3
D“a—VZVJan@—VZVJrAOa—Wz:O
ox oy Ox0y
0 0*w O*w o*w
E[D“_axz +(D12+4D66)—a . }Do_af =0

Herein, A0 and Do are the twist and bending stiffness of the beam, respectively.
As a limiting case, if the plate is semi-infinite, the attenuation (localization) condition

for the out of plane displacement at X —> o0 is assumed as lim W(x, ¥, t) =0
X—>0

The necessary and sufficient condition of the existence of localized waves  is found

as

yBli+ykn1/2(a2+a3)—af <0 ©)
D D 2D D

a =22 g =2 g e B:ﬁ’ y==u
Dll Dll Dll Dll Dll

A, =nn/b, n=1273...

Without a rib, i.e. Y= =0, the condition (5) always hold, while the presence of a
rigid rib can eventually eliminate the localized wave if YBAZ +~/2yA, —v? < 0.

On the other hand, for isotropic plate with rectangular square cross section rib the
condition (5) can be written as
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i \E b E_(I_UZ)Z b7 <0

2 4
wnladt (Eo jz . \/5(1— L )nnna E,

and the localized waves can be eliminated if

na* (§j>£(1_02)(M—1).

lE) 2

Effect of the stiffness and inertia of a rib reinforcement on localized
bending waves in semi-infinite strips [10]

The problem of localized bending waves in an elastic semi-infinite plate with a rib
reinforcement has been analyzed. The mathematical conditions for the existence of the
waves have been derived from the equation of motion. In particular, the effects of inertial
and elastic terms in the rib have been separately investigated, leading to an interesting
duality. With such a configuration, the existence of localized bending waves for a massless
rib reinforcement does not depend on the inertial properties of the strip. On the other hand,
if only the inertia contributions of the rib are taken into account, the flexural stiffness of the
strip plays no role. Results for several cross-sections and a typical aluminum alloy material
have been presented. Analyzing the changes in the dimensionless frequencies of the waves,
it has been found that — for a circular and square cross sections — there exists a particular
dimension for which the edge waves are equivalent to the edge waves occurring without
any reinforcement. From the investigation of the regions of existence of the waves it
appeared that the elastic contributions due to the rib are predominant compared to their
inertial ones, at least for this problem. Furthermore, stiffer strips have been found to require
smaller reinforcements to suppress their edge wave.

Localised vibrations of membrane cylindrical shell [11,12]

The problem of localized vibration has been studied in an elastic cylindrical shell using the
equations of shell membrane theory. The shell has one edge which is traction free, while
three different boundary conditions are considered on the other edge, namely, a clamped
edge condition, and the Navier and anti-Navier boundary conditions. The corresponding
dispersion equations have been obtained and analyzed to assess the existence of a localized
vibration at the free-edges. For all boundary condition cases the qualitative behavior of
dispersion curves is very similar for the selected values of the Poisson ratios. However, it is
observed that the frequency decreases when the shell length increases, reaching asymptotic
values more rapidly for higher wave numbers. It has also been shown that there are no
qualitative differences between results of shells under Navier and anti-Navier edge
conditions. For the case of a shell with a traction free edgeand clamped edge there is a
minimum value of shell length/shell radius ratio where the localized vibration does not
occur. In addition, for the shells with traction free edge/Navier and traction free edge/anti-
Navier boundary conditions it is shown that localized vibrations occur for any shell length.

A cylindrical shell of length L , R radius of shell middle surface and thickness %
(Fig.3) is considered next.
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Fig.3 Cylindrical shell middle surface

The equations of motion and constitutive elastic law of cylindrical membrane shell are
as follows

o(oU 10V v oW 10U
AU +0,—| —+—— |+ =——
da\da RP) (1-v)R da ¢ ot
0, 0(oU 1oV 2 w1
AV +2L | 22 |y = (6)
Roploa RoB) (1I-v)RZ op ¢ ot

1oV W oU  pRhO'W
——— V=
ROB R oo, C ot
HereC = Eh (1 —? )71 , P is the bulk density , £ is Young's modulus ,G is the shear

modulus , Vv is the Poisson's ratio of the shell material, /1 is the shell thickness, U is the
axial displacement along the generator , V' is the circumferential displacement in the
direction of the profile of the middle surface and W is the radial displacement normal to the

¢ 138 L G, _l+v

+__7 = = s
o’ R ol T 1-w

When 07'n7? <n2 <1 the modes of all solutions of Eq. (6) have attenuated, non

middle surface, A =

periodic, forms.
In the case of the boundary conditions of the clamped and traction free shell the

particular case when the effect of bending deformation is negligible, namely when y =0,
the dispersion equation has the form
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4(2 - )2 \/E + [4sls2 + (2 - )2]sinh (kp,L)sinh (kp,L)-

7
_[1 +(2—n2 )2} 5,5, cosh (kp,L)cosh (kp,L)=0
where
1 - - 12
b= > |:S1 T8, =S, i\/(51 +5, _YS3) _4(1_V 7)51 (Sz _Y)}
2(1-v7y)

2

n
5 :kzcz’ k=E> Sl=1—ﬂ2,sz=1—9n2,
t

s, =2-v'n',y= (1—6n2nz)_l

Herein @ is the circular frequency.
In the limit 1 — 1 one can find

4ﬂ+kLsinh(kLﬂ)—2ﬂcosh( 1-0 kL):O

which determines the critical length of shell #, = kL , beyond which the localisation, edge

resonance, OCCurs.
Taking into account that edge resonance take placeat kL >>1, the following condition
for critical length is found

kL >2~1-6 or L/R>2.\1-0 /n

In the general case when the effect of bending deformation is not negligible y # 0, for
sufficient long shell 7, = kL the critical length of shell 1y = kL is determined from the

condition

_2p§(1—v2Y0)+1+v_2W0 X (l—yo)v 5
" (1+V—2VYO)p0 {I_V YO+1_9_70 [1_6_(2_‘} )YOJ}

-0-7,(2-v)]"
2-(1-vy,) T e

where p, = [
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Fig.4 Dimensionless frequency M, vs. L/ R of the shell

with traction free and clamped edges

From the dispersion curves, according to the wave number 7, there is a minimum value
of L/ R under which localized waves do not take place. These values are reported in
Table 1.

(L/R) n=2 n=3 n=4

v=0.20 2.5970 1.3061 0.9246 0.7232
v=0.25 2.7848 1.3618 0.9602 0.7501
v=0.30 2.9872 1.4169 0.9947 0.7758
v=0.35 3.2083 1.4712 1.0279 0.8005

Table 1. Minimum values for L/ R for the existence of localized waves
corresponding to shell with traction free and clamped edges

The bending edge waves in an infinite elastic plate reinforced with rib

An infinite homogeneous elastic plate reinforced with inclusion, defined as an elastic rib, is
considered next (Fig.5). The solutions for the edge wave attenuation due to the inclusion is
to be found.
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Fig.4 .Homogeneous elastic plate reinforced with an elastic rib .

The equations of plate vibration in X > 0,5 =1 and  regions are

4 4 4 2
D(a W 0w, O J+2phaw" s=1,2

ox* oy’ ox*oy’ or?
X hy X0y ®
o |2p
lep ?; p=Al-n; g=yn+L
Solutions of Eq. ( 8) attenuated at X —> £00 can be written as
W, = (Cl exp[—kpx]+C, exp[—kqx]) exp [z(ky - oat)] ;
w, = (C3 exp[kpx]+C, exp[kqx])exp[i(ky —(ot)];
Boundary conditions at X =0 can be written as
o*w, 0w 0’ o’w o’w
DO((?_ 6x22]+0§(wl_WZ)J—FGO]’ax—@yZZ_pOI”?a;Z:O N
o’ o’ o 0’
D, (?M;Z(wl _W2)+(2_U)6)c—6)/2(wl -W, )j+EOJ?vzz+ PoS 8;52 =0
(w -w )=0' i(w -w )=0
1 2 P e

Here G,,p,, are shear modulus, bulk density of the rib material, /,,/ i J, S are cross-

sectional torsional moment of inertia, cross-sectional polar moment of inertia, cross-
sectional bending moment of inertia, cross-sectional area of the rib, correspondingly.
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Substituting Eq. (10) into boundary conditions anhomogeneous set of algebraic
equations can be found. These will have arbitrary constants, namely C,,C,,C;,C,.

Equating the determinant of the set of equations to zero, the dispersion equations expressed
in terms of the dimensionless frequency 1 can be found dispersion equations

(GLK* +2Dk(p+q)—1,p,0°) =0

(E(,Jk4 + 2Dk3pq(p + q)—Spocoz) =0

The first equation can be rewritten in dimensionless notations as
0+ 1+n+1-n-Bn>=0;

_Gylk B—I k3po
4hp

This equation has a solution 1) < 1 corresponding to the localized wave if 3 > \/5 +0
The second equation can be rewritten as

a++1-1’ (Jl—n +\/1+n)—8n2 =0
_EJk o _kSp,
2D’ 4hp
For this equation the solution of the localized wave exists if 3 > o .

From these localization conditions it follow that the rib inertia terms Sp, and p,/,

provide the existence of localized bending waves in plate.
The bending edge waves in a bi-material compound plates

Two semi-infinite plates of the same material (extend between a <y <00 and
—00 < y <—a) reinforced by elastically bonded finite plate of other material () < |a|)
are considered next. The finite plate is distinguished by an index (0) (Fig.5).

4 4 4 20
D&M Oy O s n 0% _oi5=0,1,2

ot ot ey or (10)
pp=p,=p; D =D,=D; v,=v,=vV

2p,h
k*\ D

0

p=yT=n; g=l+n; n=—%

5
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Here W, is the plate middle surface normal displacement, DS are plate flexural rigidities,

p, are bulk densities of plate materials, 2h plate thickness.

Fig.5 Semi-infinite plates of the same material (extend between a <y <00
and —o0< y<—a ) reinforced by elastically bonded finite plate

Solutions of (1) can be written as

w, = w(y)exp[i(kx—oot)]; ye(-a,a)

W, :(B1 exp[—kp(y—a)]+B2 exp[—kq(y—a)})exp[i(kx—mt)];y e(a,»)
w, = (A1 exp[kp(y+a)}+A2 exp[kq(y+a)])exp[i(loc—oot)];y € (—a,—oo)

The condition 1 <1 condition prescribes wave attenuation at ) — +o0.
The following continuity conditions apply

L

Y% oy y=a; (11)
M, =M,,N, =N

OO,

"y oy y=—a (12)

M,=M, ;N,=N,

2 2 3 3
MS :D(a MZ}S +U.a_wJ;NS ZDS(a M;S +(2_Us) ¢ = J

S
2
* ox
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Herein M o N , are stress couples and generalized normal stress resultants, and L, are
Poisson ratios of plate materials, respectively.
Substituting W, and W, into the first row of boundary conditions (11) and (12) one

obtains
_ kqw(a)+w'(a) _ kpw(a)+w'(a)
B, = k(p—q) ) B, k(p—q) .
b w(a) dpv(-a)-w(-a)
l k(p-a) k(p-qa)

Substituting W, and W, into second row of boundary conditions (11) and (12) and using

(13) the boundary conditions at middle plate edges y = %a canbe found:

K (pgy+yo—vy)w(a)+k(p+q)yw'(a)+w"(a)=0
Kpg(p+q)yw(a)+k* (2—U+y(—2+p2 +pq+q’ +o))w'(a)—w"'(a) =0
K (pgy+yo—v,)w(-a)—k(p+q)yw'(-a)+w"(-a) =0,

K pg(p+q)yw(-a) -k (2=v(2- p* = pg—¢* =v) ~v, ) w'(~a) + w"(~a)=0

Cd
y=D/D,; () 0

The equation of middle plate and boundary conditions leads to the separate anti-symmetric
or symmetric solutions:
Anti-symmetric solution

w(x)=c¢ sin(kp,y)+c, sinh(kg,y); (14)
o [2p,h
Po=\Mo=l gy =yMothimy=-7 g‘) ;
0

Substituting Eq. (14) into boundary conditions an homogeneous set of algebraic equations,
with respect to the arbitrary constants can be found. Equating the determinant of the set of
equations to zero, the following dispersion equation determining frequency @ is also
found:

Dispersion equation
9 (S+p02f+qO2g_pozq02)tg(akpo)_po (S_pozg_quf_poquz)th(akqo)+
+y(p +q)(po2 +q02)(poqo + pq tg(akpo)th(akqo)) =0 (15)

160



By the same way we can obtain the dispersion equation for symmetric solution
w(y)=c,cos(kp,y)+c, cosh(kq,y);

Dispersion equation
g+, f+4,°g=p'a,” ) th(akg, )+ py (s—py g =4, f — po'ay” )t (akp, ) +

+pq(p+q)(p02 +%2)V_poqo (p+q)(p02+q02)ytg(akp0)th(akq0)=0 (16)

In (15,16) the following notations are used

s :—(yu—oo)(2+y(—2+q2 +U)—UO)+

+2pgy (~1+7=70+0, )+ Py (g’ =10+, );
f=(2+7(=2+ "+ pg+q* +0)=v, );¢ = pgy+y0-v,

The numerical analysis of dispersion equations (15,16), can provide practical
recommendations. Two types of compound plate materials will be considered, namely

po/D,2p/D and p,/D,<p/D.

Conclusions

This paper offers a detailed review of the authors’ published investigations pertaining to
localized magnetoelastic bending vibration of an electroconductive elastic plate, edge
bending waves in orthotropic plate and isotropic strip reinforced by a rigid rib and localized
vibration of cylindrical membrane shells. The authors also present new analytical results
concerning bending wave localization at inclusion in infinite homogeneous plate modelled
as beam or plate.
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ZUBUUSUULPGPSNRESNPLLEPULAUSPLUYUYGUPUSPSENEUUGP
W3BECTHUS HAIIMOHAJILHOM AKAJIEMUU HAYK APMEHUA

Ukhuwmuhlju 75, Nel-2, 2022 Mexannka
YK 539.3 Doi:10.54503/0002-3051-2022.75.1-2-163

ON THE DERIVATION OF A STRING EQUATION
Kaplunov J., Prikazchikov D.A.

Keywords: string equation, asymptotic methods, mathematical rigour.

Kanaynos 10./1., [Ipuka3zuuxos JI.A.
K Bomnpocy o BbIBO/Ie ypaBHEHHs CTPYHBI.

KarwoueBrble cioBa: YpaBHEHUE CTPYHBI, aCUMIITOTUYCCKUE METO/IbI, MATEMATHYECKasA CTPOTrOCTh.

B pabore mepecmaTpuBaeTCs BBIBOJ KJIACCHYECKOIO BOJHOBOTO YPaBHEHHMS, OMMCHIBAIOIICTO MOMNEPEYHBIC
KousiebaHus ynpyroit ctpyHsl. [Ipenaraemplii moaxon 6a3upyercs Ha MaTeMaTH4eCKd KOPPEKTHOM IPHUMEHEHUH
BTOpPOro 3akoHa HpiOTOHA B Ciydae Majoro y4actka CTpyHsl. [IOMHMO 3TOro, MPHUBOJHUTCS ACHMITOTHYCCKOE
pelIeHne MIOCKO# 3a4a4n TEOPHUH YIPYTOCTH s MPEeaBapUTEIbHO AeopMUpOBaHHOI moaockl. ITokaszaHo, 4To
o0cyx/aaeMoe 0JHOMEPHOE BOJIHOBOE YPaBHEHHE COOTBETCTBYET IIIaBHOMY JJIMHHOBOJIHOBOMY HH3KOYaCTOTHOMY
NpUOIIKCHUIO BYMEPHOIO pelieHHs. B To ke BpeMms, B CleAylOIieM HPHOIMKCHUN YPaBHEHHE ABIDKCHUS
CTPYHBI YK€ HE SBISCTCS TUMEPOOIHYECKUM, BCIICACTBHE MOSBICHUS ANUCIEPCHOHHOTO WiIEHA C YETBEPTOIt
TIPOU3BOTHOM.

Yuuyniung 8nt. ¥, Mphljugshlyng .U
Lwuph hwjuwuwpdwb wpnwsdwb duuhb

Zpfiwpuntp jwph hwjwuwpnid, wupdyuninhl dhpnn, dupbdunhulub punn ey

Uphmunwiipmy  Jhpwbwpnid £ juph  juyuuljut munwtdwt Juuhl) hwuduwuwpnuditbph
wpunwdnidp: Unwowpljynn Uninkgnudp hhdtgnud k quph thnpp nbnudwunud Upnunnth pljpnpn
opkiph dwphdwwnhlnpt jphun Yhpundwl Jpu: Fwugh wyn phpynud b twhopnp nhdnpulwug]us
otipnh wrwdquijuinipjut nkunipjut hwpp juunph wuhdywunuhl psnwdp: 8nyg kb wpdus, np
putwpyyny dhwswth wihpughtt hwjwuwpnudp hudwywunwupwind bt Eplywt psdwt gusp
hwfwhnipjutt  dnnwpuwip: Uhlinyt  dwudwbwl hwenpy  dnwnwplydwt juph  wpddwul
hwjuwuwpnuip wpnkt hhwhppnhly sk snppnpn wswbigyuny nhuybpuhntt winudh wepwewguwl
wuwngwnny:

The traditional derivation of the wave equation for an elastic string is revised. The focus is on a rigorous
implementation and subsequent analysis of the Second Newton’s Law adapted for a small string element.
Asymptotic treatment of the plane strain problem for a pre-stressed elastic strip shows that the 1D classical wave
equation corresponds to the leading order long-wave low-frequency approximation. At the same time, the next
order approximation is not given by a hyperbolic equation supporting a dispersive transverse motion.

Introduction. An elastic string is seemingly the most popular example in the textbooks
on PDEs and mathematical physics, see e.g. [1,2,3,4], illustrating the derivation of the
canonical hyperbolic wave equation. At the same time, even the best mathematicians, e.g.
see the correspondence between A.D. Myshkis and O.A. Oleynik [5], are not quite
comfortable with string analysis. Apparently, the point is that the underlying physical
framework, including the assumption on a prescribed uniform tension, with its orientation
varying in time and space, as well as peculiarities of the implementation of anintegral form
of the Second Newton’s Law, needs to be fully appreciated. It is also worth noting that the
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famous introductory texts on linear elasticity, see e.g. [6-9] usually do not consider a string,
which is governed by a more elaborated linearized theory for pre-stressed elastic solids. On
other hand, more specialized applied books on elastic waveguides, e.g. [10,11] oftenlack a
mathematical rigour when dealing with a string.

Another fundamental issue is that a string as a physical object has a small but finite
thickness, similarly to thin elastic rods, plates and shells. For the latter, the equations of
motion are always established by the reduction of the original 3D equations of motion to
lower dimensional models, e.g. see [12,13]. For a string, such reduction was developed for
plane-strain deformation [14] and later extended to a membrane in [15]. The cited papers
start from linearized equations for pre-stressed incompressible elastic solids [16].

Below we start from the “exact” formulation (within 1D context) of the equation of
motion for a small string element. All the steps of the limiting process, including the
evaluation of the curvilinear integral associated with the inertial term using the mean value
theorem, are addressed in detail. In this case, the linearization leading to the sought for
wave equation is performed at the very last stage.

In addition, we presenta brief revisit of the string problem, along with the lines of the
consideration in [14]. It is demonstrated that the classical wave equation in case of a string
is just the leading order long-wave low-frequency approximation of the associated plane-
strain problem. A dispersive term with fourth-order derivative, arising at next order, enables
smoothening the discontinuity at the characteristics of the leading order hyperbolic
operator.

1. One-dimensional derivation. First, consider a traditional 1D model in the variables
x and t, assuming that the tension T is uniform, and is always oriented along the tangent to
the string profile given by the functionu = u(x,t). Another problem parameter is mass
density per unit length p. Consider a small but finite string element of length Ax, see Fig. 1,
where 0(x, t) is the angle formed by the tangent with the horizontal axis x. The element is
assumed to be stretched by the tension T at its ends.

AU T
| i@ TR )
B(x+AX)
|
0(x) i
|
T i
| AX :
‘ |
1 |
0 X X+AX X

Fig. 1. String element under tension.
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According to the Second Newton’s Law, the equation of transverse motion of the
chosen string element is given by

aZ
AF=p | a—t;‘ds, (1)

where C is the curve in (x, 1) coordinate frame defined by x < ¢ < x + Ax, with
AF = F(x + Ax, t) — F(x,t) = T{sin(6 (x + Ax,t)) — sin(6(x, 1))} )

Here we emphasize that the tension T is the only force arising in the string. At the same
time, its vertical projection varies in space and time, supporting transverse wave
propagation.

The inertial term in (1) is expressed through a curvilinear integral of the first kind over
the line segment of the string profile, hence we have from (1) and (2)

x+Ax —2
T{sin(6(x + Ax, 1)) — sin(0(x, 1))} = p f 0 L(;g' 2 \/1 + <6u§g; t)) dé. 3

X
The formulation (3) is exact within the current 1D setup. To the best of authors’
knowledge, this equation specifying the Second Newton’s Law for a string does not usually
appear in standard textbooks [1,2,11].
Let us simplify this equation for small Ax, assuming for the sake of definiteness that the
function u = u(x, t) is twice differentiable in x and t. First, we have in the left hand side of

)

AF = 2Tsin <9(x + Ax, ;) - 0(x, t)) cos <9(x + Ax, ;) +0(x, t))
= 2Tsin <% 695’; 2 Ax) cos(8(x, 1)) ~ TAx 66;;;, 2 cos(0(x,1)). (4)

Here we neglected the quantities of order O((Ax)?), since the function 8(x,t) is
differentiable with respect to x.
Now recall that

0 =tan ! (Z—Z), Q)

according to the definition of the tangent. Then, we have in the right hand side of (4)

-1 -1/2

00 9%u au\? au\?
$=ﬁ<1+(5)) , and cosf = (1+(5)) . (6)
As aresult,
22
0%u ou 2
AF ~ ﬁ<1 + (5) ) Ax 7)

Next, we have from the right hand side of (3), using the mean value theorem
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x]Ax 92u(%,t) jl . <au(§, t)>2 i = d%u(x’,t) (1 N <au(x', t))2>% x m
at? 0¢ at? ox’

) 1

[P () )

where x' =x +nAx, 0 <n < 1. On substituting (7) and (8) into (3), we obtain a
nonlinear equation given by

Ax, 3

0’u  10%u ouy 2\
W=§F<”(a)> : ©)
where ¢ = T/p is the conventional squared speed within the string.

Finally, assuming the displacement gradient is small, i.e.|0u/dx| << 1, we obtain the
classical linear equation of string motion

2 2
0u=16u (10)

axz 2 9t?’

2. Asymptotic derivation in two-dimensional case. We start from plane-strain
equations for a pre-stressed, incompressible elastic strip —o0o < x < 00, —h <y < h, see
Fig. 2,

¥
h
) 0 )
Q g ( x
Fig. 2. Schematic of an elastic strip.
written in a symbolic form as
%u

where L is a 2x2 second order matrix linear differential operator and u = (u,,u,) is the
displacement vector, satisfying the linearized measure of the incompressibility condition
divu = 0. Here and below see [14] for more specific details. The pre-stress is assumed to
be in the form of horizontal tension T, uniform across the strip thickness. It should be noted
that the parameters T and p have different dimensions than their counterparts in Section 1,
which however does not affect the observations in the paper.

The homogeneous boundary conditions at traction-free facesy = t+h are given by

Lul=0, i=12, (12)
where [; are appropriate first-order differential operators.
Consider long-wave low-frequency motion of the strip, for which

x=2&, y=hé&, t="2 (13)

)
c
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where A— typical wave length, c = ,/T/p . Here the ratio n = h/1 < 1 is assumed to be
small. Next, the displacements are expanded into asymptotic series in terms of this
parameter as

Uy = NYZoun®, Uy = TiZo Uy (14)
On substituting these series into the equations of motion and boundary conditions (11),

(12), and the aforementioned incompressibility condition, expressed in the dimensionless

variableséy, §,and T, we arrive at leading order to the wave equation (10), for u = u,,.

Thus, 1D approach exposed in the previous section appears to be asymptotically justified.
At next order, we have for u = U,y + n?u,, a refined equation given by

L

ax?  c%ot? = c?

=0 (15)

37 1) ez = O
in which the coefficient at senior derivative cannot be expressed only through the basic
problem parameters T and p, but also involves a more specific characteristic of pre-stress,
denoted for brevity by &. The presence of such fourth-order dispersive term results in
smoothening of the discontinuities predicted by the classical string equation (10). In this
case, depending on the sign of the coefficient, the associated wave front can be either
receding (T > 38) or advancing (T < 36), e.g. see Fig. 3 a) and b), respectively.

au — e ou
x | dx |
i) A | \

VWVVUTTVY V \/

0» /\/\/\/\/\/\/\Ax
x=a\/ TR

a) b)
Fig. 3. Dispersive behaviour near the wave front x = ct: a) receding; b) advancing.

3. Concluding remarks. The 1D derivation presented in Section 1 starts with a rigorous
formulation of the Second Newton’s Law within adapted physical assumptions. Each step
of the limiting process, as the size of the chosen string element tends to zero, is addressed
in detail. Nevertheless, the initially nonlinear problem for a string does not seem to be the
best example for illustrating the derivation of the wave equation. In particular,a simpler
problem for the longitudinal waves in an elastic rod looks more preferable. Indeed, the
latter does not involve relatively elaborated geometrical consideration, along with a
nontrivial hypothesis regarding uniform tension tangent to the string profile, but operates
with a lucid Hooke’s Law instead.

The 2D analysis in Section 2 demonstrates that the fundamental wave equation (10) is
not exact, but corresponds to a specific leading order long-wave approximation for
transverse low-frequency motion for a thin pre-stressed elastic strip. In this case, the refined
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equation (15) involves a term with a fourth-order derivative resulting in dispersive wave
propagation.
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N.N.Kyaum, C.C.Boukos, A.C.Bacunben

T'napoanHamMudeckuii yIIOpPHBIN IMOJIMUITHUK, CMa3bIBaeMbIii
HEHBIOTOHOBCKOI >kKuakoctbio I'm3ekyca

KiroueBbie ciioBa: KUJIKOCTh C HEHBIOTOHOBCKOI HeJIMHENHOM’ MOJIEJIBIO FI/I3€KyCa7 TuapoauHa-
MH4YeCKad 3aa4va CMa3KW YIIOPHOI'O IIOAIMUITHUKA, aHAJIA3 METOJ0M BO3I\/IyI_I_[eHI/II‘/‘I7 AHAJIUTUIECKOE

MIPUOJIMKEHHOE PEIIeHUE

Cy1iiecTByeT OrpOMHBIH 00bEM HUCCIEIOBAHUN TUIPOJAUHAMUYECKUX U yHOPYTOTUIAPOIUHAMUIIE-
CKHX 33J1a4 CMa3KH JIJI CMa30K C HbIOTOHOBCKOi# peosiorueit. CMa309HbIE MaTEPUAJIbI C HHBIOTOHOB-
CKOi1 peoJiorueii He IIPOSIBJISIIOT OOBIYHO HAOJII0IaeMOr0 SKCIIEPUMEHTAJILHOTO TIOBEJIEHUST OTHOCUTE b=
HO BBICOKOM BSI3KOCTH IPU HU3KUX HAIPSKEHUSX W OTHOCUTEJIHBHO HU3KOU BA3KOCTU IPHU BBICOKUX
HAIPsI?>KEHUSIX. B 9TO#l craThe MbI pacHIUpsieM paHee IMPOBEIEHHBIN aHAU3 CMa309YHBIX MaTepHha-
JIOB C HEHBIOTOHOBCKHUM II0BeJieHreM ['u3eKyca /s cirydasi MOJAeIUPOBAHUs YIOPHOI'O IO/ IIAITHUKA.
OcHOBHas 1I€JIb CTATbU — MOJYYUTh AHAJIUTHIECKOE PEIIEHHE [Jisl YIOPHOIO T'HAPOAMHAMHYECKOTO
MTOIIUITHUKA, CMa3bIBAEMOI0 YKUJIKOCTBIO, ¢ peojiorueil ['mzekyca. DTa 1e/ib JOCTUTAETCs TINATEb-
HBIM IIPUMEHEHUEM MeTOJI0B BO3MyIleHuit. [losydeHo TpexdieHHOe NPUOINKEHHOE AHAJTUTHIECKOE

penieHne u NpoaHaJIN3upPOBaHa €ro 3aBUCUMOCTBb OT BXOJHBIX ITapaMeTpPOB 3aJaYu.

b.b.umnhy, U.U.dngyny, WU Lwupil

Q-hqtiymuh ng tynupnuyut hinmyny ynnynn hhppnnhtwdhuut hGtwjught
wnwigpwljug

Nhitwpwnbp® Qhgtynuh ng Gnupniyjwd ng gdwghtn dnpbiny htinmiy, htbwwiht wowigpwluwih jnindwl
hhnpnnhtwdhuywb tnhp, yapmonipynid gpgendbtinh inwbwyny, dngpuynp wbwjphy (nionud:
Uynupniywl pinpnghwyny puwiymptpny hhnpnphtwdhjuuwd b wpwagquhhnpnphbwdhjujub jnndwi

hubinhpbtiph Ytpwpbtipyuwy gnympymb mbh htqugnpnipgmbbtph dh hufu dwjwp: Lynupniywb ptinpnghwyny
puwlymptpp skl gnigunpnud unynpupwp Gupynn thnpdwpupuluid Juppughd' gudp jupnuibtiph phiypnud
hwitivupupwp pupap dwdnighynipgnid b pupanp jupnuddtinh nhiypnd hwdtidwpupwp gudn dwdnighynipynih:
Wu hnnwdnmud dtlp phnpuybnud top Ghqtiyniuh ng ynupniywb Juppwugdny puwlyniptiph dtip Gwpunpn ytppne-
dnipynilp htbwluyhl wepwigpwlwbtph dnpbpuydnpiwi hudwn: Snpwdh hhdbwlub byupuyd £ Shgtymup
ntininghwyny odipgwd htinmyny jninud htitwmuyhtt hhnpnnhtwdhujub wpwbgpuluwh hwdwp uypubug
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wbwhiphy nonud: Wu oyupuyp hwuwdbh £ puebmd gpgndwb dtpnnbtiph dwipuqbthtt jhpundwdp:
Uypugywd kL inwbnudwyhb dnypuynp wiwihgphy ndnd b ytippndygwd Enpu jufududnigenibnp ppbnph dnuppu-
Jhln wwpwdtypptiphg:

There exists a huge volume of studies of hydrodynamic and elastohydrodynamic lubrication
problems for lubricants with Newtonian rheology. Lubricants with Newtonian rheology do not exhibit
the usually observed experimentally behavior of having relatively high viscosity for low stresses and
relatively low viscosity for high stresses. In this paper we extend the earlier conducted analysis of
lubricants with a non-Newtonian Giesekus behavior for the case of thrust bearing modeling. The
main goal of the paper is to obtain an analytical solution for a hydrodynamically thrust bearing
lubricated by a fluid with the Giesekus rheology. This goal is achieved by careful application of
perturbation methods. A three-term approximate analytical solution is obtained and its dependence

on the problem input parameters is analyzed.

Introduction

Over the years the modern automotive industry as well as various bearing and
gear setups demand more and more efficient lubrication to reduce friction losses,
contact energy losses, and to increase joint fatigue durability. Obviously, even a
small increase in lubricated joint efficiency multiplied by millions of cars and lots
of other moving mechanisms can be quite significant in reducing emissions, fuel, and
material required for joint manufacturing worldwide. Frictional losses are associated
with a number of specific components among which are engines, bearings, and gears.
Therefore, understanding tribological characteristics of lubricated contacts may help
in reducing frictional losses, increasing fluid economy and fatigue durability. There is a
large number of papers dedicated to studying hydrodynamic and elastohydrodynamic
lubrication contacts with Newtonian lubricants [I] - [25]. These paper cover problems
under isothermal and thermal conditions for smooth and textured surfaces etc.

Several decades ago lubrication industry started using formulated lubricants
represented by a base stock oils (described by Newtonian rheology) with some
polymeric additives. These additives make the rheology of formulated lubricants non-
Newtonian. Most of the existing and usually used non-Newtonian lubricant rheologies
[26] are linear rheological fluid models such as Maxwell, Jeffrey, various Oldroyd-B
models, etc. A review of such models is given in [4I]. These models are designed
to introduce into consideration an important fluid parameter such as its relaxation
time related to the structure of the polymeric additive. Some studies of these kind
of lubricating fluids can be found in [27] - [32]. Various elastohydrodynamic and
hydrodynamic problems for lubricants with generalized Newtonian rheology were
considered in [33, B4]. Some other elastohydrodynamic lubrication problems for
functionally graded materials and hydrodynamic problems for solids without coatings,
with a single and double coatings and Newtonian lubricants were considered in [35] -
[37] and [38] - [40], respectively.

The main defect of these kind of models is their inability to adequately describe
fluid rheological behavior for low and high fluid stresses when usually lubricant
viscosity approaches to two different limiting values. The rheological fluid model that
is free of the just mentioned defect is the Giesekus model [26]. Specifically, besides
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introducing the fluid relaxation time this model provides for relatively high fluid
viscosity at low fluid stresses and relatively low fluid viscosity at relatively high
fluid stresses. This model is nonlinear and, therefore, it is much harder to analyze
lubrication problems involving lubricants with such a rheology. For a relatively simple
case of a Giesekus fluid flow between two parallel flat surfaces is considered in [42] [43].

There is a paper on lubrication of a two-dimensional model of a thrust bearing
with a fluid with the Giesekus rheological model [44]. The paper analysis is performed
with the help of a perturbation method. However, the paper contains a number of
shortcomings. For example, all convective terms in the equations of fluid motion and
fluid rheological equations are omitted, Reynolds equations solved are incomplete, the
perturbation analysis performed is not consistent in the case when the thrust bearing
is of the same order as the Giesekus fluid mobility parameter «, etc. One limiting
case of hydrodynamic lubricated contact for the case of two moving rigid cylinders
separated by a thin layer of an incompressible lubricant with the Giesekus rheology
is considered in [45].

In this paper, the Giesekus rheology is used for modeling friction between one
rigid surfaces moving over another rigid surface at rest. The surfaces are separated by
a incompressible fluid described by the Giesekus rheology. The problem is analyzed
using the regular perturbation method. The approximate solution is obtained in an
analytical form. Many applications of perturbation techniques to steady problems can
be founded in [46]. Also, it can be applied to dynamic problems, for example see [47].

The paper is organized as following. In the first section, the formulation of the
hydrodynamic lubrication problem for a line contact is presented. In the second
section, the proper simplification of the rheology equations and the equations of the
motion pertinent to the case of steady lubricant flow in a narrow long channel is
described. The third and fourth sections are dedicated to obtaining the components
of lubricant velocity and derivation of Reynolds equations of different order and their
analytical solutions, respectively. Some specific examples of the obtained solution
and their analysis are presented in the last section. In particular, some examples of
pressure distributions, energy loss etc. are provided.

1 Formulation of the Lubrication Problem

Let us consider a steady plane problem for a lubricated contact modeling a two-
dimensional hydrodynamic thrust bearing (see Fig. (1)) lubricated by an incompressible
non-Newtonian Giesekus fluid [26] with constant viscosity p and relaxation time ;.
The coordinate system is introduced in such a way that the x—axis is directed along
the surface of the rigid runner moving with the linear velocity u; while the z—axis
is perpendicular to it and directed upward. The y—axis is directed in the solids.
The fixed rigid pad (the linear velocity of which is w3 = 0) and the runner are
completely separated by the lubrication film. The components of the lubricant velocity
are represented by functions u(z,y,z), v(z,y,z) = 0, and w(z,y, z). The problem
parameters are independent of the coordinate y. The equations of the motion of such
a fluid are described by the solvent and additive rheology equations as follows [33] [34]
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Fig. 1: The general view of a lubricated contact.
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In addition to that for an incompressible fluid with the fluid density p(z, z) = constant
we have the continuity equation

gu 4 du — |, (1.2)

In this case the stress tensor components are as follows

Pox = =P+ Toz, Doy = Tay = 0, P2z = Toa,

(1.3)
Pzz = =D+ Tzz, DPzy = Toy = 0,

where p is the pressure and 7., Tzy, Toz, T2z, and 7, are additional stress components
acting in the corresponding directions. These tensor components satisfy the Giesekus
fluid model which is a nonlinear model and takes into account the degree to which the
additive polymeric molecules are aligned with the lubricant flow which is characterized
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by the mobility parameter o, 0 < o < 1. The rheological equations are as follows [26]
T ="Ts+Tp, b= s+ [hp,
Ts = Hs, (1.4)
Tp + MTp(1) — al%{Tp “Tp} = ppY,

where 7 is the full stress tensor while 75 and 7, are the solvent and polymer stress
tensors, respectively, ps and p, are the constant solvent and polymer dynamic
viscosities, ¥ is the deformation tensor [26], and A; is the constant relaxation time.
In we used the the definitions of the tensor operators 7,1y and {7, - 7, } from
[26].
Assuming that we have no slip and no penetration conditions on the solid surfaces
for v and w we have the following boundary conditions on the lubricated surfaces

u(z,0) = uy, u(x,h(x)) =0, (1.5)
w(z,0) = w(x, h(z)) = 0. (1.6)

The gap between the runner and pad is described by the function
h(z) = h; + mz, m = % <0, m=mge, mp=0(1), e 1, (1.7)

where L is the actual length of the bearing, h; and h. are the gaps between the runner
and pad at the inlet and exit from the contact, respectively, and e = h;/L < 1 is a
small parameter of the problem.

As outside of the bearing the lubricant pressure is atmospheric which is much lower
the pressure in the lubricated contact for pressure p we have the following boundary
conditions

p(0,2) = p(L, 2) = 0. (1.8)

It is assumed here that the inlet point in the lubricated contact is located at x = 0
while the exit point from the lubricated contact is located at x = L.

Our goal is to determine such components of the solution as contact pressure
p(z, z), the components of the tensor 7(x, z) in the fluid and its velocity components
u(z, z) and w(x,z). We will find a three-term perturbation solution of the above
determined problem in the case when € < 1. We will assume that

a=age, ap=0(1), e=2 « 1,

(1.9)
Al=Xe, A=0(1), ex 1.
Here ag and X are nonnegative constants. Also, we will assume that
Reg = 200 — O(1), a < 1, (1.10)

o

were Reg is the effective local Reynolds number in the lubricant flow and pu. is the
ambient lubricant viscosity.
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2 Asymptotic Analysis of the Rheological and
Motion Equations

Let us introduce the following dimensionless variables

M= T, o= 2, {2 ) = e b, P = pa

i
e gL’

/ U /

u = L’ w = Uﬂz’ {,u'/,:u/éﬁulp} = i{ﬂa“saﬂp}v (2 1)

o / o ’ ;o /
{Tl'flf7 /7—51137 Tpl‘l" TZ(L’7 Tszx’ TpZCL‘7 TZZ, TSZZ7 TpZZ}

h.
= #*;7{7—1:17 Tsxxs Tprxs Tzxs Tszxy Tpzxs Tzzy Tszzy szz}a

where U, is the characteristic velocity of the lubricating fluid in the direction of the
z—axis.

For simplicity in the further analysis the primes at the dimensionless variables are
dropped. Then the dimensionless h; = 1 and the problem solution is searched within
the interval 0 < z < 1.

Due to nonlinearity and complexity of the problem it is impossible to develop any
analytical solutions except the perturbation ones which will be used in this analysis.
We will search the problem solution in the form of the following series in €

{Tswa (T, 2)s Towa (T, 2), T2z (T, 2) } = {To220(®, 2), Tozz0(T, 2),
Ts220(%, 2) } + { Tswa1 (%, 2), Tswz1 (2, 2), Toza1 (2, 2) } (2.2)
+€{Tew22(T, 2), Tozz2 (T, 2), Tozna (@, 2) } + .. 0
{Tpae (2, 2), Tz (%, 2), T2z (2, 2) } = {Tpawo (2, 2), Tpazo (2, 2),
szzo(l’, z)} + G{prwl(ma Z)7 prz1($7 z), szzl(xv z)} (2.3)

+€2{Tpxac2(xv Z)7 Tpng(l‘, Z), T[)ZZQ(xv Z) + ..

p(:c, Z) - pO(‘T,Z) + €p1(l’, Z) + €2p2(513,2) T
u(x, z) = uo(w, 2) + euy (z, 2) + ug(x, 2) + . . ., (2.4)

w(z, z) = wo(w, 2) + ewy (z, 2) + Ewa(z,2) + ...,

where po(x,Z), UO(l',Z), wo(x,z), Tssz(mvz)a Tswzo(l‘vz); TszzO(x7z)7 Tpmx0($,2)7
Tpa20(, 2), Tpzz0(, 2), p1(2, 2), ur(x, 2), w12, 2), Tsaz1(2, 2), Tewa1(, 2), Tszz1 (4, 2),
Tpfﬁl(xa z), szz1(13, z), szzl(xv z), p2(z, 2), u2(z, 2), w2(x, 2), Tewa2(T,2), Tsuz2(z, 2),
Toz222(%, 2), Tpwa2(T,2), Tpas2(x,2), and Tp..a(x,2) are the unknown main, first-,
and second-order approximations of the corresponding functions while the gap h(z)
between the runner and pad and functions ho(xo) and hi(xg) are described by the
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equations (see (1.7))

h(z) =14+ mz = ho(x) + ehq(x),
(2.5)
ho(z) =1, hi(z) = moz.

As it will be shown below functions po(z, z) and p;(z, z) are independent of z (i.e.
po(x, z) = po(x) and p1(z,z) = p1(x)) while functions py(z, z) for £ > 2 may depend
on both x and z.

It is important to realize that the boundary conditions on the terms of the
expansions of u, w, and p in € < 1 are

uo(x,0) =1, uo(x,1) =0, uy(x,0) =0, uy(x,1) = —hlm,

0z
(2.6)
2 2
un(2,0) = 0, up(w, 1) = —hy 2D — AL Fuelel),
wo(z,0) =0, wo(z,1) =0, wi(z,0) =0, wi(x,1) = fhlw,
(2.7)
2 2
wa(x,0) = 0, wy(w, 1) = —hy 21 — 5 O tolrd),
Also, from (1.8)) we have
po(0) = p1(0) = p2(0) =0, po(1) = p1(1) = p2(1) = 0. (2.8)

Using expansions ([2.2))-(2.5)) in equations (1.1)-(1.6]), and (|1.8)) taking into account
(1.9) and (1.10), and equating terms of the same order of € these equations can be
simplified and reduced to solution of the problems for Reynolds equations of order
7Z€ero

1
L [ ug(z, z)dz = 0, (2.9)
0
of order one .
0
L[y (2, 2)dz =0, (2.10)
0
and of order two
' hi1 _ hod
ael S ue(@, 2)de + F (50 — 3222 =0, (2.11)
0
where
uo(x,z):l—z—k(zQ—z)i%. (2.12)

Keeping in mind that ho(x) = 1 the above mentioned problem for the Reynolds
equation of order zero has the form

i dg B — ho} = 0, ho(x) =1, po(0) = po(1) =0, (2.13)
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and its solution is
po(x) = 0. (2.14)
It can be shown that wo(z,z) = 0.

Taking that into account we have

2 1d
ur(z, 2) = (2% = 2) 5, g + 2ha,
(2.15)
_2(1 _ z\1 d*p1 2% dh
wi(@,2) =2°(3 = Sy @ — 7T an
Here we took into account that hy =1 % = ddzh; =wy =pg = ddLmo = % =0

Then using (2.11)), (2.15), and (2.8)) we obtain the problem for the Reynolds
equation of order one the solution for which is

pi(x) = 3umo(z® — x). (2.16)

Obviously, ug(z, z) from (2.15) and po(x) from (2.14) is as a solution of a Couette

fluid flow problem through a channel with a constant cross section with zero pressure
gradient. Due to the fact that po(z) = 0 and p;(x) takes into account only the
varying channel cross section via function hq(x) (the pad slope mg) and fluid viscosity
i pressure po(x) simultaneously takes into account the fluid viscosity, relaxation
time, and polymer mobility factor, i.e. parameters u, A, and ag. In other words,
the nonlinear non-Newtonian rheology gets incorporated in the problem solution only
on the order level of €2,

The equations for the second order term ps(z,z) from the rheology and motion
equations have the form

Reo{anvu +uy Buo + wo 8u1 Buo}iiﬁ 875:;1 +%7
(2.17)
8p2 + 87—221 + aszD — 0
Integrating the second equation in (2.17)) we get
pg(l‘ Z) = Tzz1 +M8uo + P ( ) (2'18)

where P,(x) is an arbitrary function of . Taking into account solutions ,
and the fact that ho(xz) = 1 the expression for uz(x, z) and the Reynolds equation
of order two can be significantly simplified and the problem for Py(x) can be
presented in the form

2
A {9Pe 4 3hy e — Bea (LA godin) _ tedigrq,dpL
(2.19)
2
—pE = 5G] =0, Pa(0) = Py(1) = —ppao).
The solution to this problem is
Py(z) = 3mo{9upA’an — pmo(2z + 3)}Ha? — z) — pprae. (2.20)
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Using (2.18)) and (2.20)) we obtain

pa(x, ) = 3umo{—mo(2z + %) + W}(m —x). (2.21)

After that we can easily calculate the tensor components in the form

Tox = Tszx T Tpzxy Tzx = Tszx + Tpzxs Tzz = Tszz + Tpzzs

ou ou ou
Tsxx0 = Tsxxl — 07 Tsrx2 = 2/—”537;7 Tszz0 = Ms 8;7 Tszxl = s 3;7 (222)
dus ow ou
Tszx2 = [ 2 4 o]’ To220 = Tszzl = 0, Tozz2 = 2,“5 3;;

9
Tprz0 = 2/1'13/\( du ) s Tpzz0 = ,Ufp%a Tpzz0 = 0,

Tpaal = fp{ 10X g (20 )4 4 4N D0 Q1 4 Ny (Ge )2 (2.23)

Tpzal = /‘p{3>‘2040(6u0> + 8u1 }v Tpzzl = ﬂp/\CVO(aauzo)Qa

Toww2 = 2Hp{—3A2 0 M, 4 420503 (28)6 4 TA3a(2un )t

+200° (G2 )30 G + MG (ap G +2%2) + (G2 )2 + §23,

Tprs = —pipA S0 wy — A {ug Lt — 223302 (%40 )5} (2.24)
FrpA2ap{200 (20 )3 4 9(Zue 20w} 4y (—2)\DU0 Qw1 4 Ouzy

szzZ — /—j/p{ﬁ)\S (auo) _|_ 2)\0& 311,1 dug 28u1 }
After that we can easily calculate the additional pressure created in the contact
Ni(z,2) = Tuu(z, 2) — 7oz (T, 2). (2.25)

The above expressions are simplified using the fact that wg = % = 88:0 =0.

3 Examples of Some Specific Lubrication Problem
Solutions and Discussion

Now, let us consider some results which can be extracted from the obtained
approximate solution. We will assume that always u = 1. We will take as the basic
set the following values: € = 0.05, Rey = 5, pup, = 025 A =1, a9 = 2, and
mo = —0.5. The pressure distributions p(z) versus parameters p,, A, ag, and mg
while in each case the rest of the parameters are fixed and equal to their basic values
are presented in Fig. 2. It is clear that in each case the pressure distributions p(x)
are very close to a parabola. That can also be seen from the ratios p,..;(z) of pressure
p(z) divided by the pressure for a lubricant with the Newtonian rheology coinciding
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Fig. 2: Curves of the dimensionless pressure p(z) as functions of z for different
values of iy, A, ag, and mg as shown in figure legends. In Fig. 2d curves without
circles correspond to the case of the dimensionless pressure py(z) for a Newtonian
fluid (up = A = a9 = 0). The calculations were made for the following basic set of
parameters: € = 0.05, p, =0.25, A =1, ap = 2, and muy = —0.5.

with py(z) = 3umoe{l — emo(2z + 3)}(2? — z)

1+e[—mo(2z+1 +m
praafa) = 4 1fim0(§i+%) el =140, e< 1. (3.1)

which is obtained for u, = A = o9 = 0. Moreover, for p, > 0, A > 0, and g > 0
the contact pressure p(x) is higher than the pressure py () for the case of a lubricant
with Newtonian rheology and for higher p,, A, and g pressure p(z) is higher.

For non-Newtonian fluids with polymeric additives described by the Giesekus
model it makes sense also to consider some anisotropic fluid properties such as the
first stress invariant which being scaled the same way as stresses (see ) in the
dimensionless form is

N| = Tpp — Tas. (3.2)

Obviously, the value of Ny (x, z) can be easily calculated using (2.22))-(2.24). A typical
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Fig. 3: A typical distribution of stress Ni(z, z) obtained for
€=0.05, Reg =5, pp, =025, A=1, o9 =2, and mg = —0.5.

graph of Nj(z,z) is presented in Fig. 4. The value of Ni(z,z) is positive for all x
and z values which means that the carrying load of a bearing lubricated by a fluid
with the Giesekus rheology is higher than that for the same bearing lubricated by a
Newtonian fluid.

In addition to that one can easily calculate the energy loss in the lubricated contact
and the friction force created by the lubricant flow by using the expressions for the
stress component 7., (z, z) and and the lubricant velocity distribution u(z, z) obtained
above.

4 Closure
A new relatively simple asymptotic modeling of the behavior of the Giesekus

lubrication parameters in the line contact of a rigid thrust bearing was developed. The
rheology equations of the lubricant were simplified using the scale analysis assuming
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that the size of the lubricant layer across it is much smaller than along it. The solutions
of the simplified rheology equations were obtained in the form of power series in
small parameter €. That allowed for derivation of the Reynolds equations of the zero,
first, and second orders and the application of a regular perturbation method which
simplified the problem. The lubrication problems based on the Reynolds equations
of the zero, first, and second orders were solved analytically. All hydrodynamic
parameters of the contact such as pressure, shear stress, coefficient of friction, energy
loss etc. were determined analytically.
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ADHESIVE INTERACTION OF A PIECEWISE-HOMOGENEOUS
ORTHOTROPIC PLATE WITH AN ELASTIC BEAM
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L.L. Cunjjujuwdk
YGuinp wn junp hwdwube oppnwpnyy uwgh unubdwhi thnjuwgqnbgmpmniip wowdquiljuh hdwh
hkwn

Zhdbwpwrebp: §nunwljnught juinhp, oppnupny uw], wpwdquljut tkpppuly, hinkgpn-nhddt-
ptughw;  hwduwuwpnud, hunbgpuy  dAbwihnpumpeni,  Ohdwih  jubghp, wuhdwyunwnhl
quwhwinwljutittp

“Yhunwplyws k jinnp we junnp hwiwubkn oppninpnyy uwy, npp nidbnugyws k ninhn waljub nuly
niplph pudwiidwt ghd nnipu Bynn Jepgudnp tphupnipjut ubywdlb tkpppulng b pipbwynpus &
ononthnny b tnpdw) nidtipny:Utuyhnhly $niuljghwibph nbunipjut dpnnubpny pughpp phipdus k&
dhjujws Lquijhmpjudp uhugnigup hunbgpn-nhddtptughw; hwjwuwpnidubph pisdwp: Uja
nhwypnud, tpp tkpppul-hkdwip niuh vhuyt sndwt Ynpnnipnit b pintwynpdws £ unpuwy nidbpny,
hintgpuy dhwthnjumpiniuubph dhgngny uinugquws t thdwh junhp, nph nusnudp ubpljuyugus &
pugwhuynn nbupny: Opnodws b Ynbunwluughtt gsh Jpuw wpwwgnn tnpdwy (wpnudubpp b
wupqjus EYntnwluuiht jupnudubph quppp kquih YEnkph opguluypnud:

H.H. llaBnakanze
ANre3noHHOE B3aMMO/IelicCTBHE KYCOYHO-0JHOPOAHOI OPTOTPONMHON MJIACTHHBI ¢ YIPYToii 6ankoi

KioueBble €/10Ba: KOHTaKTHas 3ajaya, OPTOTPOIHAs ILUIACTHHA, YNPYroe BKIIOYEHHME, HHTErpo-
muddepeHnnansHoe ypaBHEHNE, HHTErpajlbHOE peoOpa3oBaHue, 3a1aua PUMaHa, aCHMIITOTHYECKHE OLIEHKU

PaccmoTpena KycodHO-0AHOpO/HAS yIpyrash OpTOTPOIHAs IUIACTHHA, apMHPOBAHHAs KOHEYHBIM BKIIOYE-
HHEM KIMHOBH/IHOH (DOPMBI, BBIXOISIIAsHA TPAHULlY Pa3jieia MAaTCPHAOB MO HPSIMBIM YIJIOM W HArpy)XKCHHast
KacaTelbHBIMU ¥ HOPMaJbHbIMM cuiaMH. C TOMOIIBIO METOAOB TEOPUM aHAJINTHYECKMX (QyHKIMII 3anaua
CBOJIUTCS K CHHI'YJISIDHBIM MHTErpo-IuddepeHnnaibHpiM ypaBHEHHAM ¢ (UKCUPOBAHHOH ocobeHHocThI0. Korna
BKJIIOUCHHE-0aIKa HMEET TOJBKO H3TMOHYIO JKECTKOCTh W HArpy)KEHa HOPMAaJbHBIMH CHJIAMH, C MOMOLIBIO
HHTETPAILHOTO Mpeodpa3oBaHus Moiyvaercs 3ajadya Pumana, pelieHne KOTOpOH HPEACTABICHO B SIBHOM BHJIE.
OmnpeneneHbl HOPMajbHbIC KOHTAKTHBIC HAINPSDKEHHS BJOJb JIMHMH KOHTAKTa M YCTAHOBJCHO IIOBEJCHHE
KOHTAKTHBIX HANPSDKEHUH B OKPECTHOCTSIX OCOOBIX TOUCK.

A piecewise-homogeneous elastic orthotropic plate, reinforced with a finite inclusion of the wedge-shaped,
which meets the interface at a right angle and is loaded with tangential and normal forces is considered. By using
methods of the theory of analytic function, the problem is reduced to singular integro-differential equations with
fixed singularity. When the inclusion-beam has only bending stiffness and is loaded with normal forces, using an
integral transformation a Riemann problem is obtained, the solution of which is presented in explicit form. The
normal contact stresses along the contact line are determined and the behavior of the contact stresses in the
neighborhood of singular points is established.
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Introduction

The solutions of static contact problems for different domains, reinforced with
elasticthin inclusions andpatches of variable stiffness were obtained, and the behavior of the
contact stresses at the ends of the contact line has been investigated, depending on the
geometrical and physical parameters of these thin-walled elements [1-10]. The first
fundamental problem for a piecewise-homogeneous plane was solved, when a crack of
finite length arrives at the interface of two bodies at the right angle [11], and also a similar
problem for a piecewise-homogeneous plane when acted upon by symmetrical normal
stresses at the crack sides [12, 13], as well as the contact problems for piecewise-
homogeneous planes with a semi-infinite and finite inclusion [14].

Problem statement and its solution
Suppose an elastic body S occupies the plane of a complex variable z = x + iy, which

contains an elastic patch along the segment ll =(0,1) and consists of two half-planes of
dissimilar materials

SV ={z|Rez>0,z¢[0,1]}, S?®={z|Rez<0}
joined along the Oy axis. In particularly, we will consider a piecewise-homogeneous

orthotropic plate in the condition of plane deformation, which consists of two half-planes of
dissimilar materials and reinforced with a finite patch (inclusion) with modulus of elasticity

E,(x), thickness /,(x) and Poisson’s coefficient V,. It is assumed that the horizontal
and vertical stresses with intensity T,(Xx) and p,(x) acts on the patch along the OX axis

(the functions T,(x) and p,(x) are bounded functions on the finite interval). The patchin

the vertical direction bends like a beam (has a finite bending stiffness) and besides in the
horizontal direction the patch compressed or stretched like rod being in uniaxial stress state.

The contact between the plate and patch is realized by a thin glue layer with width /4, and

Lame’s constants 7»0 ,Hy- The contact conditions has the form [15]
u, (x)—u (x,0) = k,t(x), v,(x) v (x,0) =m,p(x), 0<x<]1 (1.1)

where 1" (x,y), v""(x, y)are displacement components of the plate points and
u,(x), v,(x) displacements of the patch points along the Ox axis, k, =/, /p, and
my =hy /(L +21,)-

We have to define the law of distribution of tangential T(x) and normal p(x) contact

stresses on the line of contact, the asymptotic behavior of these stresses at the ends of the
patch.
According to the equilibrium equation of patch elements and Hooke's law we have:
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du(x) 1 7 B

T j ()~ T, (1),
&P = - plo, 0<x< 12
X dx

and the equilibrium equation of the patch has the form

1

[z =7, 01de =0, [[p(t)= py ()1t =0, [1Lp(t) = py(1))de =0,  (1.3)

0

E (x)h(x E (x)h°,(x
whereE(x)——( ) (%) D(x )——( ), (x)
1-v 1-v
At the interface of the two materials we have the continuity conditions
O _ ~(2) @ _ (2) @O _,,@2) o _,,@)
G, =0, Ty =Ty » u’'=u’, v=vy (1.4)
where G( ) ‘c(k) are the stress components andu®™ , v are the displacement components.

xy
The boundary conditions ofthe components of the stress and displacement fields in the
half-plane S " has the form

O+ - (1)+ 0]

- -_ )+
6, -0, =px), 1, -1, =Ux),u

=y Vv =907 0<x <1 (1.5

Using Lekhnitskii’s formulae [16] the components of stress and displacement are
represented in the form

= —2Re[B; D, (z,)+7; ¥, (5,)]
ol = 2Re[®, (z,)+ ¥, (5,)]
w9 = 2Tm[B, D, (z,) +7,¥, (5] (1.6)
=2Re[p, 9 (z;) + 1w, (6)]
= 21m[B, 19, (2) + 7, W, (S0)]

z, =x+iBy, g, =x+iy,y, ®,(z)=0¢,(z), Y, (c)=wv,(z), k=12

Here %if3,, £iy, are the roots of the characteristic equation

E, E,
u +[G__2VkJ“ +E* 0, (Be>vs)>

k k
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(Ek,EZ= ) are the Young's modulus with respect to the principal (Ox, Oy)direction

respectively, G, are the shear modulus, V, are Poisson’s ratios of the plane materials,

respectively.
The problem with conditions (1.1)-(1.5) reduced to finding the functions

®,(z,), 'Y, (c,), (k =1,2) which are holomorphic in the regions S® respectively, and

satisfies the following boundary conditions:
2Re[@; (x) =@y (x)+ ¥/ (x) - ¥, ()] = p(x)
2Im[B, (D, (x)— D, (x))+7v,(¥, (x) =¥, (x)] =1(x) 0<x

<1 (1.7)
Re[p, (D (x) =D, (x)) + 1 (¥] (x) - ¥, (x)]=0
Im([B,7 (@ (x) = D, (x)) + 7,0, (¥} (x) =¥ (x))] =0
Re[quD1 1)+ Y121P1 (o)]= Re[Biq)z () + 'Yg\Pz(Gz )]
Im[B,®,(#,) +7,¥,(c,)] = Im[B,D,(t,) +v,¥,(c,)] (1.8)

Im[p,$,®,(¢,)+ry,¥ (0,)] =Im[p,B,D, () +1Y,¥,(c,)]
Re[Blzrl(Dl )+ YIzpllPl (o)]= Re[Bgrzq)z(tz) + Y;pijz (c,)]

2 2

+ +

where ¢, =if3,y, G, =1y, ¥, p, Z—Bk—vk, 7, Z—M, k=12
E, E,

System (1.7)has the unique solution

O (x)—D; (x) = -1, p(x) +ip,T(x)

2B1(pl_.7]) (1.9)
lPIr(X)—lP;(X) — plYlp(x)_l’/‘lT(x)’ 0<x<1
2y,(p, —1)

In view of the fact thatT(x)=0, p(x)=0whenx >1, the general solution of
problem (1. 9) can be represented in the form:

D, (z)=

+w(z) =inw,(z)+w(z),

ir, j N, (t)dt
dn(p,—n)y t—z
(N, (t)dt

_ ip,
File)= 4n(pl—n)£ t-¢,

(1.10)

+w, () =—ip,w,(G) + w,(S))s

N = p)—iLor(r),  N,(0) = p(t)—i——(),
”131 Py
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where W, (z,)and w,(C,) are unknown analytic functions in the half-planes
Rez >0, Reg, >0 respectively, which will be defined by using the conditions (1.8).

We will now introduce the boundary values of functions ®,(z,) and ‘¥, (c,),

expressed by formulae (1.10), into equalities (1. 8) and multiply expressions obtained by
1 dt

2mit—z
fact that if D(z) is a holomorphic function in the half-plane Imz >0 (Imz < 0), then

t =iy, z=x+1iy, x>0 we integrate along the imaginary axis and use the

®(iy) is the boundary value of the function ®(—Zz), holomorphic in the half-plane

Imz <0 (Imz >0). As a result, using Cauchy’s theorem and formula, we obtain the
following system

B12W1 B,2) + 'Y12W2 (v,2) - B; O,(—B,2)- Y; ¥, (-v,2)=
= —irlf)lz w,(—B,2)+ ip]Yl2 wo(=7,2)

B1 w (B1Z) +y,w, (y]Z) + Bz ch(_BzE) + Yz\l"z(_Yzf) =
:irlﬁl Wo (_B1E) —Ip, Y\ W, (_Y1E)

plBl w (BIZ) + nw, (Y1Z) + szzq)z (_Bzf) + 7272\P2(_Y2E) =
= l.rlplﬁl Wo (_B1E) —IpKY W, (_712)

Blzrlwl (Blz) + Yfplwz (ylz) - B;rzq)z (_Bzf) - Y;pz qu(_YQE) =
= i B wy (=B,Z) +ip vy Wy (—1,2)

Solving this system for functions W, (3,z) and w,(y,z), and replacing z by%

1
and % respectively, one obtains
1

wi(z) = i w, (-2 1)+ w, (= Z1)

By

wz(gl)— (—&g1)+xwo( Q) (111)
For functions ®@,(—f,z) and W¥,(—y,z) with this notation—3,z = z,,— Y,z =¢,,
we have
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Bl _i[
) )

By

CDz(Zz)Z A ()(

)__Wo L§2)a
2

lP2(@2):_ 0(

where
L ==AyrBr + Ay By + Ay 5 By — AR,
L=Apyy) = Aupyy, —Aypiy, + A41p1 vl ,
I} ==ApnBy +Ay,rB, +Aynp B — A B,
L =Aup Y = Aupyy, —Aypry, + A4zpl T
I = _Alsrlﬁlz +AKB, +Agunp B — A43[312”12
L= Aupy; = Apupyyy — APy, +Agpry;

I ==A By +AyrBy +Ayrip B — AR

Iy = Aupv; —Agpryy —Aupiiy, + Aypiy;

Bov B m
A= B, Y1 B, T2 ’
1 T P Y S Y
Bin vie B —vap
A i (i, j =1,2,3,4)are the cofactors of the corresponding matrix elements.

Boundary conditions (1.2) are equivalent to the relations:

%f[rm—r?(z)w Hp.®,(x)+p, @, () + ¥, (1) + 7 T, (0] = £, ()
X 0

[ dtj[pfm—pl(r)]dr—

0 0 (1. 12)

—1 %[BIVI (q)l (x) _m)+ Y1P1 <\P1 (x) _m)} = mopl"(x)

D(x)

Substituting expressions (1.10) and (1.11) into (1.12) we obtain the integro-differential
equations on the interval 0 < x <1
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y(x) "
E) 2n jQ(z X)W ()t = kyy"(x) = £,(x), (1.13)

o) .
D(x) 21 dx
y()=0, ¢1)=0, ¢'1)=0

where

o P L ———
t—x t+x Pr+yx yr+PBx

k, k, k, k,
+ + +
t—x t+x Pt+yx yt+PBx

() = [[2(0) =y (0)]de, o(x) = [t [[ py ()~ p(v)ldr

IR(z X)Q"(0)dt +mye” (x) = f,(x), (1.14)

R(t,x) =

fix)= Lj‘ O(t, x)t, (t)dt + kyty (%),
2y

1 d |
S0 = mypi(x0)+——— j R(t,x) p,(t)dt

P TRt T P10 P £ W 1/
2 > 3 b 4 s
(pr=r)By” Ay (pi—ri) " Anlp—n) T Ap(py )

o Byl _Brlhtved, o Binh _ vipd)
1 4 2 s 3 ) 4 .
P —h A(pl_rl) A(pl_rl) A(pl_rl)

Exact solution of equation (1.14)

Under the condition, when the inclusion-beam is loaded only with normal forces and
bending stiffness of the inclusion varies linearly, i.e. D(X)Zdo x3, m, (x)zmox ,the
equation (1.14) and the corresponding boundary conditions take the form

o(x) 1 d ¢

D(x) 21 dx

eM=0 ¢1H=0

j R(t,)Q"(0)dt +[my ()" ()] = fo(x),  0<x<l (1)
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filx )———j”“’)‘” ()P,

The solution of equation(2.1) is sought in the class of functions [17]
¢, ¢,9",9" € H([0,1]), " € H((0,1)).

The change of variables x = ea, t = €°in equation (2.1) gives

1 d§
1 o
de> 2me* df

+mee [9," (&)~ 497(E) + 505 ()~ 20, ()] == f3 ("), -0 <x<0,

where @, (&) = ¢(e®)

Subjecting both part of this equation to generalized Fourier transform [18] we obtain the
following Riemann boundary value condition:

¢ )[04 (9) — 9} (S)ldg +

O ()G(s) =¥ ()+F(s),  |s|<oo 22)
where
isp —isp
G(s)=l+%[k1scothns+kzi+k ¢ S k& al (s—i)+

shms v, shns B, shsms
+AS (st —4dis® — 557 + 2is), uzln%, Ay =myd,
1

0

D () T_J. (eg)eisgdg, F(s)= \/%j:oezgfz (eg)eis‘gd&’

¥ (s)= T [w©ede

0, y<0

v(y) = o di je_ZSR(L ENoN(s) - (s)lds,  y>0

—o0

The condition (2.2) can be represented as

. . o P (s)
1+ih, )1+ ik, $)G. (s) = .
O (5)(1+ ik, )1 +i"fih,5)G, (5) TN ﬁk2s)+H(s) 2.3)
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where

G(5)=—28) i) 1-inis’) =
1+ A,s
= G, ()1 =~/ih,5)(1 = inJid, )1 +~it )1+ iNiN,s)
_ F(s) _ G
H(s)= (1=~irys) (1= inikys) G =1y Ast

By virtue of functions @ (s)and W () definition, they will be boundary values of

the functions which are holomorphic in the upper and lower half-planes, respectively.
The problem can be formulated as follows: it is required to determine the function

Y7 (z), holomorphic in the half-plane Im z > 0 and which vanishes at infinity, and the
function @~ (z) , holomorphic in the half-plane Im z < 1, (with the exception of a finite

number of zeros of function G(2)) which vanishes at infinity and are continuous on the
real axis by condition (2.3).

Since Re G (s) > 0and G,(0) = G,(—©) =1, we have IndG (s) =0.
The solution of this problem has the form [17]

i X(z)

O (z)= Imz <0;

@ (A+~ir,s)(1+inik,s) mz=0
¥ (2) = X(2)1=irs)1—infik,s), Imz>0
O (2)=(Y(2)+F(2))G'(z),0<Imz <1 (2.4)

where

o\ 1T H(ndt B 1 ¢ InG,(t)dt
= X(Z){ ) X+(t)(t—z)}’ = eXp{2ni-!; -z }

(here the integral should be understood in the sense of the Cauchy principal value).

[0} (lnx) -0, (lnx)

2
X

Using the formula (p"(x) = and applying the inverse Fourier

transformation

; (In x) =—ﬁ [ s~ (s)e "™ ds, ¢fj(Inx) =ﬁ [ 5@ (s)e ™" ds
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we will investigate the behavior of the function p,(x)— p(x)=y"(x) in the
neighborhood of the points z=0 and z =1.

We obtain by an inverse transformation: p,(x)— p(x)=0(1), x —>1-.

The poles of the function @~ (z) in the domain D, = {z:0 < Im z <1} may be zeros
of the function G(z). It can be shown that the function G(z) has no zeros in the strip
0<Imz<2. Then, applying Cauchy’s theorem to the functions e_iizizq)_(z) ,

e ¥ z°® " (z) we obtain the following estimate
Po(x)— p(x) = O(x" "), x>0+  y,>2 (2.5)

where z, = X, + iy, is zero of the function G(z) with a minimal imaginary part and with

x, # 0, consequently we have oscillating stress singularities.
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