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NUB8UWUSULP @hSNAFE83NFLLEND UQGUSHL UUUHNGUPUSh SENEUUGh,
N3BECTUS HALIMOHAJIbHON AKAJTEMUN HAYK APMEHUN

Uthowbhju 74, Ne 4, 2021 Mexanuka
YAK 539.3 Doi- http://doi.org/10.33018/74.4.1

Aranossiu JI.A., Anoynxau B.T.

O CMEIIIAHHOM IJMMHAMMNYECKON 3AJAYE IIJIOCKOI
TE®OPMAIINU AHU3OTPOITHOI'O TEJIA, UMEIOIIIETO
I[IJIOCKOCTD YIIPYTIOl CUMMETPUU

KuroueBsbie cioBa: miockas gedopMaliis, BLIHY K JIeHHbIE KOJIeOaHus, aHU30TPOITHOE TEJIO,

TIJIOCKOCTh YIPYTOM CUMMETPHUHN, PE30HAHC.
Aghalovyan L.A., Yapujyan V.T.

About the plane deformational dynamic mixed problem of an
anisotropic body with a plane of elastic symmetry

Keywords: plane deformation, forced oscillations, anisotropic body, plane of elastic symmetry,

resonance.

Forced oscillations of the layer with general anisotropy in its plane have been studied.
It is assumed that the layer rests freely on an absolutely rigid base, and the front surface
is affected by a normal load that changes harmonic over time. The solution of the problem
by the asymptotic method reduces to the solution of the singular perturbation equations.
The solution of the corresponding external problem has been determined. The cases where

resonance can occur, when the solution becomes mathematically precise are expressed.
Ununyjui L.W., Suhmeojumi J.S.

Wnwaqujuinypjut uhdtypphwih hwppnpini niutkgnn withqnppny
dwnpdth huppe nipnpiwughnt phtwdhljuljut pruep fjutinph dfwuht

Shdtwpwnbp’ hwpp podnpdwghw, hwpunpuiut  puypubnddtp, wihgmppny  dwpdhb,
wnwdquijub uhitypphwh hwppnipintl, ntigniwbu:

NFunuitwuhpywd G0 hp hwppniejut dke pinhwbtnip wthgmppnyhwyny odypywd 2tpyph
uphynnuiub puipubtnudtbppn: Ghpunpynud £, np otpypp wquyp htbJwd £ pugupawly Ynpyp
htwpwbh Ypw, hul nhdwghtt dwytpunyph Ypu wgnmd L puyp dwdwbwlh hwpdinbhy
thnthnfuynn Gnpdwy ptn: Wuhdwyypmphl dbpnnny pubnph nonuwdp hwighigywd £ uhbigmyjup
gngnywd hwjuwuwpmuttph mddwin: Opnpwd E hwdwuyupuupowd wpquphtt jpnph (ndnudp:
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Uppuwoqwd G wyb nhiwpbipp, tpp Jupnn b wowowbw) ntgnbwbu, tpp nuonuwip nuebmd L
Uwpbuwphlnpbb 62qnhy:

W3ydennr BBIHYKIEHHBIE KOJIEOAHUST aHU3O0TPOITHON TIOJIOCHI, 00JIaIaromeit obmeit anm-
3orponueil B cBoeit mirockoctu. [Tosoca onupaercst Ha aBCOJIOTHO YKECTKOE OCHOBAHUE, & Ha
BEPXHIOI0 KPOMKY IOJIOCHI JeWCTBYeT IlepeMeHHas HOpMaJIibHasg Harpys3Ka, KOTopas H3Me-
HsIETCsI BO BPEMEHU TapMOHMYECKU. ACHMITOTUYECKUM METOIOM DPeIlleHHe 3aJ[a9l CBEIEHO
K CHCTeMe CHUHTYJISIDHO BO3MYITEHHBIX AuddepeHmatbubix ypasuennii. Haiineno perenne
BHEITHE 3aJJa9In. BBIBe‘HEHBI ycjaoBUud BO3HUKHOBEHUA PE30OHAHCA. yKaSaHBI cjydau, Korjia

Haﬁ,ﬂeHHOe penreHne CTaHOBUTCA MaTEeMAaTUYIECCKU TOYHBIM.

BBeaenmne

JL1s1 perreHnst CTATHYECKUX U JUHAMIIECKAX KPAEBBIX 3a/1a9 TEOPUU YIIPY-
POCTH JIJIsi TOHKHUX TeJI THIIa 0OaJIOK, IIACTUH B 000/109eK 3P (HEKTUBHBIM OKa-
3aJICsl ACUMIITOTUIECKHI METO/I PellleHrs CHHTYJISSPHO BO3MYIIEHHBIX T de-
PEHIMAJIbHBIX ypaBHeHnil. Perennio ctaTnieckux KpaeBbIX 3a1a9 aCUMIITOTH-
YEeCKUM MeTOJOM JJIsl INIACTUH U 000JI0YeK ToCBsAIIeHa MoHorpadust ['oabaen-
Beiizepa A.JI. |1], rae paccmarpuBasiach JmInb mepBasi KpaeBas 3a/ada Teo-
pUU yIPYTrOCTH, T.€. HA JINIEBBIX MOBEPXHOCTSIX IJIACTUH U 0DOJIOUEK 33 JIaHBI
3HaYEHUsI COOTBETCTBYIONNX KOMIIOHEHT TeH30pa HalpsizkeHnit. CraTndeckne
KpaeBble 3aJ1a4U JIJIsi AHU30TPOIHBIX OAJIOK, IUIACTUH M 000JI0YEK aCUMIITOTH-
YEeCKUM METOJIOM paccMoTpeHbl B MoHorpadusx Aranossna JI.A. [2] u Arano-
Bstaa JI.A., TeBopksina P.C. [3]. Beuin paccMoTpenbl Kak KiiacCHuecKue, Tak 1
HEKJIACCUIeCKHUe KPaeBble 3aaui. ACHUMIITOTHIECKH METOJT OKA3aJICsT 0COOEH-
HO 9P PEKTUBHBIM JJjIsI PEIIeHNs HEKJIACCHIECKUX KPAeBbIX 3aJad, T.e. KOIJa
Ha JIMIEBBIX MTOBEPXHOCTSAX 3aJaHbl 3HAYUEHUsS [IEPEMEIEHN I CMEITaHHbIe
ycaoBusi. Bblja ycTaHOBIEHA TPUHIAIINAILHO HOBasI aCUMIITOTUKA, JJIs Pele-
Hust 51X 33724 [2H4]. Meros okazascs a3pdeKTUBHBIM U JIJIsl pelleHnsl JHa-
MIIECKIX 3a/ad ToHKuX Ten [2,5-10].

1 IlocTranoBKa 3a/Ja491, OCHOBHbI€ YpaBHE€HUA

PaccmarpuBarorcs BbIHYKIEHHBIE KOJIEOAHNS aHU30TPOITHON o0kl D =
{(z,y): 0<z<I, —h<y<h, h<<l}, Haxozseiicss B yCJOBUSIX ILIIOCKOM
nedopmarun (Pur. 1).



l l i o, (v)exp(%¥). o

-/

CumTaeTcst, 9TO MOJIOCA CBOOOTHO JICXKUT Ha XKECTKOH TMOJCTUIIKE, HA BEPX-
HIOIO KPOMKY IIOJIOCHI AEUCTBYyeT HOpMaJibHasd HAarpy3Ka, MEHLIOIadACs BO Bpe-
MeHH rapMoHudHO. Tpebyercs HailTu peleHre ypaBHEHUN JTBUKEHNS IIJIOCKOMN
JedopMaIii AaHU30TPOITHOTO TeJIa, MMEIOIIEro IJIOCKOCTb YIPYTOil CHMMETPUI

00py  Oogy @
ar oy o’ "
00zy  Ooyy 9%

Ox oy P

1pu cooTHolenusx yupyrocru |11}/12]:

ou
Exx — Bllamm + ﬂlgo'yy + ﬂlﬁo-xy; Eqx = %;
ov
Eyy = BlQO’mx + 6220'yy + 6260-:133;; Eyy = 673/’ (2)
) Oou  Ov
ery = P16 + Basoyy + G660y Eay = 5+ 5
rmue
;3053 ..
Bij = aij — —23. 5 =126, (3)
ass

@;j- TIOCTOSIHHBIE YIIPYTOCTH, U IIPU IPAHHYHBIX yCJIOBHSIX:
oy (y=h) = —O’;ry (x)exp (i) ; o0z (y=h) =0;

v(y=—h)=0; o4 (y=—h)=0. (4)

I'panuansie ycsoBust ipu = 0, He KOHKpETH3UPYEM, UMU OOYCJIOBJIEHO TI0-
sIBJIEHUE TIOIPAHUYHOTO CJI0si, KOTOPOEe MOYKHO PACCMaTPUBAThL OTIEIBHO |?].



2 AcuMmnToTrndeckoe pelleHue 3a0a9n

Pemrenne 3agaqn OygeM ncKaTh B BUJIE
Oz (1"7y)t) =011 (Jl‘,y)EXp (ZQt)v (xay: 172)7
Oy (T,y,t) = 012 (2, y) exp (iQ) ; (5)
u(z,y,t) = ug (x,y)exp (iQ); v(z,y,t) =uy (z,y)exp (i) .

IMoncrasus (5) B ypasuennst (1) n (2) u nepeiigs Kk 6e3pasMepHBIM KOOD/HHA-
TaM ¥ II€PEMEIICHUSIM:

Uy

x=1& y=hg U:T; VZT) (6)
B pe3yﬂbTaTe HOJIy‘{I/H\/I CI/ICTelVIy
Jo1n 10012 9.9 2 2012 h
o1 go12 Q2 =0; OF=ph%0% c=",
85 6 6C + 6 *U 07 * ph’ ) 6 l )
78012 + 5_1—&722 + 5_2931/ =0;
93 ¢
oU oV (7)
675 = Bi1011 + P12022 + Preo12; € ¢ = [12011 + P22022 + B26012;
_10£ oV

——= = B16011 + P26022 + Beso12.

¢ 0g
Pemenne cunrynsippo BosMmytieHHoil cucrembl (7) CKIaABIBAETCS U3 PeIleHuil
BHEITHEHN 331841 (I OUt) ¥ TIOTPAHUYIHOTO CJIOST (I b):

I =1+ 1, (8)

Pemtenve Buemneit 3agaqu OyeM nCKATh B BUJIE
[0 = gaits g9 s =0/N, (9)
rae ¢ = —1 qus o1, 012, 02 u ¢ = 0 naa U, V, obosuagenne s = 0, N

o3HadaeT, 4r0 B (9) 1m0 HeMoMy (IIOBTODSIIONIEMYCsI) UHJIEKCY S HPOUCKOIUT
CYMMHPOBaHHUE IO IEJOUNUCICHHBIM 3HAYCHUAM S OT HYJIS JIO YHCJa TPUOJIH-
skennii N. IMogcrasus (9) B cucremy (7) u npupaBHSIB B KaK/IOM YDaBHEHUH
cooTBeTCTBYIOMNE KOI(MDMUIIUEHTBI TIPU €, TTOJTY IUM:

603_1) aa@ 9 A
0 (s) —0- 12 22 QQ (s) — -
€ + ¢ + QU 0; o€ + ¢ + QV 0;
oU =1 s s s oV s s s
T 511051) + 5120§2) + /316052)3 ac 5120'51) + 522052) + /8260'52)§
aus) gy ls—1) s s s
ac + g 5160§1) + /326052) + /8660'5 ).

(10)



U3 cucrembr (10) HaNpsizKeHUsT MOYKHO BBIPA3UTh 4epe3 mepemerienus U () y

V().

1 [ ou® v ] LB
o= | sl |+
o 1| ou®  av@] LU
o = 5 |03 R
g 1 au®  gve] LY
Ug:g Qs ¢ ag ¢ + 3A ;

A = Broag + Pagaz + Bazou;

a1 = (P12 — PreP22); a2 = (Bi6P26 — P12866); a3 = (Bi2f16 — B1152) ;
as = (Bi1Bss — Bis); a5 = (B11Bo2 — B) ;

(s—1) e 8U(S_1) 8‘/(5_1) '

7 = (B22866 — B3) a¢ + o o
(s=1) _ 8U(S_1) 8v(s—1) . 1
(s-1) _ 8U(571) N 8‘/(371)

V3 = o o€ Qs e

(s) ()

IToncraBuB 3HAYMEHUS 0,5 ,05, B lepBble aBa ypasHenus (10), mis ompezeste-
aust U V) nopyunm ypasuenus:

PUD PV e
Q5TC_2+Q3TC2+Q*AU( ) :"}/11 N
277 () 21/ (s)
A 8@ +a T 6122 + Q2AVE) = A7,
9ol) gD (12)

,y(s—l) — A% 91

11 ag 8C )
TN S W

22 ag aC

Jl1st OpTOTPOITHOM IMOJIOCH! YUIUTHIBast, UTO (1 = [Bo¢ = 0, umeem ag = 0. B
pe3yJsibraTe, YpaBHEHUs JJIs UGS u v pa3AENIAIOTCI U UM COOTBETCTBYIOT
CIBUTOBBIE U IIPOJOJIbHBIE KOjebaHus, KoTopble npu § = (0 He3aBucuMmbl. B
cirydae obImeii aHM30TpoINH, Kak ciaeayer u3 (12), HeT Takoro pasiesieHwusl.
U3 cucremsl (12), nocsie HEKOTOPBIX IpeobpasoBaHuii, V() MoxkHO BBIpasuTh



aepeslU®) o dpopmyite

V(s):ia2U(5) %U(s)_i_lfy(s—l)_% (s—1).

asza  OC? as a'? aza 't (13)
a=0%A; b= (a4a5 — a%) ,

a jst onpesenenust U®) nomyunu ypasuenne
*'UB)  acd?UB) a2
o T e T
c= (o4 +as); (14)

U = A1),

s—1
7(5—1) _ (a4 — a3) 32%1 : + 27(8—1)
b dC2 p '

Pemenuem ypasuenust (14) 6ymer

U = U5 (6,0 + U(6,0), (15)
rIe Ués) perenne oguopoxtoro, a U™ wacTHoe permreHne HEOTHOPOIHOTO
ypasuenus (14).

Perterive omHOPOAHOTO ypaBHEHUS HWINEM B BUJIE Ués) = eFC. TTnst oupene-
JieHusT k MOJIyduM ypaBHEHHE
2

K+ %k@ + % = 0. (16)

O6oznauus z = k2, GyaeM nmMeTnb
Z10 = 2%) <fc:i: V2 — 4b> . (17)

Cornacuo dopmymam (11), (13), (14), a > 0, ¢ > 0, @ —4b = (oq — a3)* +
404% > 0. CaenoBaresibHo, Tipu b > 0

a)
z1:%<—c+\/02—4b)<0; 22:3(—0— c2—4b)<0, (18)

aupu b <0
6)
71 <0; 29> 0. (19)

Takum obpazom nmeeM:

a)
k‘l’g = :|:51i; k374 = :|:(32i;



51:\/2“b<c— c2—4b>; 52=\/2ab(c+\/c2—4b); 51, 62 > 0: (20)

Us? = D) (¢) cos 61¢ + DY) (&) sin 61¢ + DS} () cos b€ + DS (€) sin bo¢,

6)
k1o = %019;  k3a = £03;

a
— e Se2 _ )
03 = \/Qb ( c c 4b>, 63 > 0; (21)

Ués) = Dg‘;) cos61C + Dg‘;) sin01¢ + Dé‘;)chégc + D£§)8h53f-

Toscrapus smadenne U®) B (13) momyamw

a)

V) = MvDﬁ) coS 51C+MUD531) sin 01 C+NU1D§E) coS 52C+NU1DE) sin (52C+%(18171) ;

—6%b —62b
M, = Qud ! ;0 Nui= = 2 ) (22>

asa asa

(-1 _ b PUCTY aupy 1 ey aa o

= Y Y 0
vl asa aCQ as 22 3 11 ’

6)

Vv = Mng) Ccos 51C+MUD§;) sin 51C+Nv2D§52) chég{—i—NngEé)8h53€+’}/1(}§71);

oga + (532,19
oaza

Nyo = (23)

Hozncrasus snauenns U®), V() B popmymsr (11), ompememin Uﬁ), Ué‘;), Jg):



S 1 S . S S .
‘751) =X (—Mngl) sin 61¢ + Mngl) cos 01( — N11D§1) sin 8o+

s— (s—1)
(5) l 8U( 1) 8")/,01 (5_1) ]
+N11 Dy, COS52C> TA <Oél ac + az ac +m ;
(5) _ 1

083 = % (=MD sin 8¢ + MyD cos 51¢ — Not DS sin oo+

s 1 8U(871) 0 (1) s—
+N21Dfl1) cosézC) _|_Z <a3 ac + oy 752 +7§ 1) 3

S ]‘ S . S S .
052) =X (_M3D§1) sin61¢ + Mngl) cos01( — N31D§1) sin §o(+

s 1 ( oUut—D WY e
+N31D4(11) cos 52C> + N <a5 ¢ + as glc + 'y§ ) :

My =61 (oq +aaMy);  Nip =02 (aq + aaNyr);
My = 61 (a3 + asMy);  Nop = 2 (a3 + agNy1) ;
Ms =61 (a5 + asMy,);  Nsi =2 (a5 + azNy1) ;

6)
S 1 S . S S
o) = 5 (—M1D§2) sin 61¢ + My DS cos 61¢ + Ny DS shos¢+
, 1 { out—v oyl
+N12D1(12)ch(53§h> + A <O[1 ac + a9 /7324_ + ’Yi b ;
(s) _ 1 (5) o (5) (5)
o5 = % (—M2D12 $in 61¢ + My DS cos 61¢ + Nao D) shdsC+
i 1 oU(s—1) o (s—1) .
+N22D1(12)Ch(53<> + A <a3 ac + ay rygi_ + ’YS b ;

S 1 S . S S
a%z) N (—M3D§2) sind;¢ + M3D§2) cos 01 + N32D§2)5h53C+

S— (s—1)
(s) 1 Ul 9y (-1 .
+N32Dy5 Ch53<> +x (Oé5 ac + a3 aC + 73 ;
Nig = 03 (a1 + aaNy2) ;
Nag = 03 (a3 + aNy2)
N3y = 93 (a5 + asNy2) .

10

(24)



Cpanuunbie ycaous (4) npuobperaor BuI:

o3 (6.1) = —0y”, o =eo, 0P =0, 5#0; o1y (€.1) = 0;

VO (6,-1)=0; ol (6,-1) =0.
(26)

VIOBIETBOPHUB YCIOBUSIM (26), [TOJIy YUM CHCTEMY aJredpandecKux ypaBHe-
HUt

a)
Dgsi)MQ sind; — Dési)MQ cos 01 + D:(fi)Ngl sin do — DE)Ngl cos 0y = Pn(s);
Dg‘?Mg sind; — Dé‘?Mg cos 01 + D:(,j)Ngl sin 6o — Dfﬁ)Ngl cos 0y = Pgl(s);
DM, cos &, — DS M, sin 6 + DS N,y cos 6y — DS N,y sin 6y = Py ),
Dﬁ)Mg sin 61 + Dé‘?Mg cosdy + D:(;;)Ngl sin 09 + Dfﬁ)Ngl coS 09 = P41(5);

s 8U(S_1) b (s—1) .
Pl(l) = (AUL(S) + a3 + oy Tol + ’)/é b ;
¢=1

o¢ o¢

. out—v oY . .
Pz(l) B (as oyt 7§ ! ; P?El) - <_7£1 D)C ;
¢=1

ac ac _
s oUs—1) A
(=—1

(27)
(s)

U3 cucremsr (27) no dopmyse Kpamepa onpeenny Hem3BecTHbIE Dji

Mysindy — Mycosdy Napsinds — Nojcosdo
D _ Agfi) A — Ms3sind; — Mscosdy Nzpsinds — N3pcosdo .
Jt Ay’ M,cosd, — M,sind; Nyjcosdy — Nyjsinds|’
M3 sin 51 M3 COS 51 N31 sin (52 N31 COS (52

Py
Py
Py
Py

j=1,2,3,4; P = : (28)

()

s o . (s)
roe A 1 HOJIyydaercs u3 A1 3aMeHOll j - TOro crojbua cronbrnom P;™ u3 cso-
OO/THBIX YJICHOB.

11



Pemmenne (20), (28) 6yaer koneunsim, ecan Ay # 0. Te snavenus ), npu
KOTOPBIX A1 = (, SIBJISIIOTCS PE30HAHCHBIMH IaCTOTAMHU.
Hutst coryaast 6) uMeeM cucremy

6)

D) My sin 6, — DS My cos 6, — DY) Noyshos — D) Noschds = P
D) My sin &) — DS Ms cos 6 — D) Nayshds — DSy Nagchds = P
D\ M, cos 6, — DS M, sin 6, + DS Nyochds — D) Nyoshds = PLY;
D) My sin &) + DS Ms cos §; — DS) Nagshds + DS Naachds = P
(s)

s
72

(29)

U3 cucremsbr (29) mo dopmysie Kpamepa omnpeiesisiem HemspectHbie D

Mg sin (51 — M2 COS 51 — N225h53 — N226h53

Do) _ N A, |Masimdr —Mscosdy  — Nipshdy  — Nypchds|.
72 Ay’ M,cosdy — M,sindy Nyochds — Nyashds |’
M3 sin (51 M3 COS 51 - N328h53 N32Ch(53
(30)
Py
P(S)
j=1,2,34; P = 2(2) :
Py
P

[Tocie onpeenenust D](fi), Dj(-g), no dhopmysnam (20)-(25), onpegensarcs Bce KOM-

HNOHEHTHI BEKTOPAa IEPEMEIICHNNA U TeH30pa HAIPAXKCHUN.
Jjtst 3TOTO Cilydasi pe30HAHCHBIMU 9acCTOTaMM OYyIAyT Te 3HadeHus ), upu
KoTOpbIX Ag = 0.

3 O maremMaTrTnyecKy TOYHOM pemeanun BO BHEIITHEM

3aga4e

Eciu dyukius JL (§)siBasieTcst anreGpandecKuM MHOTOUJIEHOM MO Iepe-

MEHHOU &, mTepaliusi OOPBIBAETCS Ha OIPEIE/IEHHOM IPUOINKEHUN, 3aBUCS-
IIEM OT CTEIIEHH MHOIOYJIeHa, B PE3y/IbTare IOJIydaeM MaTeMaTHIeCcKd TOIHOe
pellieHrie BO BHeIHEH 3ajade. [lyist wyumrocTpamyuy CKa3aHHOTO, PACCMOTPUM
ciaydail korjga
+ _
Oyy = Co + €. (31)

12



Corunacno dopmya (11), (15), (20), (22), (24), (27), (28), (31), umeem:
a) upu s =0

e (co + 1)
(0)

DY) = =2 P L j=1,2,3,4

A
B 0
o
0
AY = Ac (o +c1&) Ml; AL = —Ae(co + c16) M3;
AW = Ac(co+ er&) Mb; ALY = —Ac (co + ¢16) M},

rpe M siBisiercst MEHODOM 3JIEMEHTa, CTOSIIErO Ha HEPEeCeTeHHH § - TOrO
cTOJIOTA U j - TOW CTPOKU OTmpeaeuTess Ag.

(0) (0)

J171s1 HEM3BECTHBIX Dj1 , Bxogamux B Uy, umeem

0
DEI) =

A
N (co + 1) M{; Dg) N (co + c1€) My;
1 1

33)
A A (
D:(s(i) = AC (co+c16) Mi; DY = “A°C (co 4 c1€) M}

CirefoBaTebHO

A
U = A—E (co+ 1€) (M11 cos 01 — M21 sin01¢ + M?} cos 09 — M41 sin 62C) ;
1

v = AA (co + c1€) (M} M, cos 8¢ — M3 M, sin 61¢ + M3 Ny cos 52(—
1

—M4 v1s1n52(),
A
agg):A—ls(CO—Fclf ( M1M181n51C M2M1(20551C M3N1181n62§—
—M4N11(:os<52§ ;

A
aég) A—ls (co+ 1€ ( M2 sin61¢ — M2M2 cos01( — M3N21 sin §o(—

)
);
)
—M4 Noqp cos 52{) ;
0\9) = e (co+ 1) (— M} Mysin 6, — M} Mg cos 61¢ — Mj Ny sin ¢ —
—M4 N31 cos 52() ,

(34)

13



14

npu s = 1
U — U(gl) + U,

Ucnonesyst bopmyast (14), (20), umeem

U© — B cos§1( + By sin 01 + Bg cos §2¢ + By sin d5(;

By = ﬁch (My (a— 67 (as — a3)) (M1 + o161 + a5 Myd1)) ;

By — i‘? (M} (a— 8 (as — as)) (M + andy + asMyd1))
?ZC; (M} (a— 62 (a4 — as)) (N11 + 18y + a5 Ny162)) ;
?Zl (M2 (a — 63 (4 — a3)) (N11 + 162 + a5 Nyi62)) -

U3 cucremsr (27), cormacuo (20), (28), 6yaeM nmersb

Uél) = Dﬁ) cos 01¢ + Déll) sind1¢ + Déll) cos 02¢ + Dill) sin 92(;

1
Py
1
PO _ Py
1 )
Py
1
Py
(1) Ly, ouY Y o
Py (¢C=1)= Aoy, +a ac + a 32 + 7 ;
=1
aU(O) o 0)
Py (¢=1)= <a5 5 o gzl +0
¢=1

(35)



1)
DY = AA%, =1,2,3,4;
AY =PY =1 M - P (¢ =1) M2+ Py (¢ = -1) M7 — P (¢ = —1) M
AW =PY(¢=1)M} - P (C=1)M3+PY (¢ =-1) M~ Py (¢ = —1) M3
AY =P (=1 M) - P (¢ =1)ME + P (¢ = ~1) M — P (¢ = —1) M3;
A =P (=1 M} - P (C=1) M} + P (¢ = 1) M} — P (¢ = —1) M.

1 1) (1)

1
Mepememenne V() u nanpsoxenus o)y, o1y, 05y onpemesnsiores 1o ¢bop-
mysiam (22) u (24). AHAIOrn9IHBIM 06Pa30M MOXKHO HOJIYyYUTh JTAHHBIE JJIs CIIy-
qas (6). Hecsioxuo y6euThest, 9TO Ipu § > 2 MOJIydaeTcsl HyJIeBOe pelleHue.
Takum o6pazoM, BO BHENTHEH 3a/ade NMeeM MaTeMATUIeCKH TOYHOE PelleHue:

Oij = aflag-)) + ag), 1,7 =1,2;

ur =1 (U0 4e00) 5wy =1 (VO 4y (37)

Ore = 011 (2,9) exp (I94), (2,9 1,2); oy = 010 (2, ) exp (1)
u = ugexp (i2); v=wuyexp(iQt).

3aKJII0YeHue

Pemtena cmerrannasi [uHnaMudecKasl IJI0CKasl 3aja4da JJisi AaHU30TPOITHOTO
TeJsia, UMEIOIEro IJIOCKOCTh YIpyTroi cuMmMmerpun. CauTaercs, 9TO MOJIOCA KO-
HEYHBIX Pa3MepOB CBOOOIHO OMUPAETCS Ha aOCOJIIOTHO »KECTKOE OCHOBAHUE, a
Ha BEPXHIOI KPOMKY TOJIOCHI JIEfiICTByeT HOpMaJibHasl Harpy3ka, KOTopas BO
BpPEMEHU M3MEHSIETCS TapMOHMYECKH. ACHMITOTHYECKUM METOMOM IIOJIYYEHO
pellieHne BHEIIHEl 3a/1auu (B PyCCKOSI3bIUHOM JInTepaType OHO 9acTO Ha3blBa-
eTcsl pellieHneM BHyTpeHHeil 3a1aun). B ormdue or Toil »Ke 3ama4m st op-
TOTPOITHOT'O TeJjIa, BBIHYKICHHbIE KOJeOaHus He PACIaIAl0TCA Ha TPOIOJIbHDLIE
u ronepevnble Kostebanusi. OmupeeneHa aMIIUTyAa KOJaeOaHn, YCTaAaHOBICHbBI
YCJIOBUsI BO3HUKHOBEHUsI PE30OHAHCA. YKAa3aHBI CJAydanm, KOIJa ACHUMITOTAYE-
CKO€ peIlieHre CTAHOBUTCS MATEMaTUIECKN TOTHBIM.
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NU8UUSULP @hSNFE3NFLLEND WQGUSPL WUUNTGUPUSEh Se1sulah,
N3BECTUS HAIIMOHAJILHON AKAJIEMNN HAYK APMEHNN

Utijuwbhyu 74, Ne 4, 2021 Mexanuka
YAK 539.3 Doi- http://doi.org/10.33018/74.4.2

HAIPSAXKEHHOE COCTOAHUE KYCOYHO-OJHOPOHOM IIJIOCKOCTH C
ME2K®ASHBIM JE®OPMUPYEMBIM BKJIFOYEHUEM

Axonsu JI.B., Amupmaxkansau A.A., Jamrosu JI.JI., T>xumasau C.A.,
Kuro4yeBble cjioBa: CMelIaHHas 3a/1a49a, KOHTAKTHAS 33/1a9a, MeXK(a3HOe BKJIIOUYEHNE, U3rub U PACTSIKEHUs OAJIKH.
Hakobyan L, Amirjanyan H., Dashtoyan L., Jilavyan S.

Stress state of a piece-homogeneous plane with interfacial deformable inclusion

Keywords: mixed boundary value problem, interfacial inclusion, bending and stretching of a beam

The work considers the plane stress state of a piecewise-homogeneous plane, of two heterogeneous half-planes,
which isreinforced by a deformable thin inclusion at the junction of the half-planes and is deformed under action
of distributed loads applied to the inclusion. It is assumed the inclusion undergo both tension and bending. A
governing system of integro-differential equations with respect to jumps of contact stresses acting on the long sides
of the inclusion is derived. The solution of the governing system in the general case is constructed by numerical-
analytical method of mechanical quadratures. In the case of an infinite inclusion, an exact solution to the problem

is obtained.

Nunpjubn L., Wihpowiyui N.W., Fwoypnyut LL., Qhjun]jub U.N.

Uhodpuquyhtr ntipnpiwgynn tipppuyny ppnp we rpnp hwiwutie hwpepnpjut jupudwught
Yhtwlp

Nhdtwpwntp’ fuwep bgpuyhtt fubinhp, Shedwquyht thipnpuy, Ynbpulyypught bnhp, hadwih dond b agnud:

Yhypwpqwd £ ypnp wn Yynp hwdwutin hwppnipyjud - hwpp-—ntdnpdwughnd - Jhéwlp, npp Gpyne  qwuppbp
Yhuwhwppneymbitph dhwgdwb gdh ypw nidtinugywd k ninpiwgynn pupwl thpnpuyny b nidnpiwgynud £ dipnpuyh ypu
wqgnnn puphujwd ptinhtiph wgntgmpyub pul: Gipwunpymd k, np bhpnpuyp ng dhuyh agymd b, wy bwb dngnud: Ugpugqud
b futnph npnphg htipigpnnhdtiptitghw hujwuwpnuidiiph hwdwluwpgp tbpppuyh Gpwp Ynndbphtt gnpdnn  upnuitiiph
Rrhspltiph Gunpuwdp, nph NOnwip, pnhwinp nhypnd, jupnigyty £ dtjpwbhjuub pununuuugdwd pwbwatbtiph dkpnnh
oqlnipyuwip: Whytipe ttipnpuyh nbhypnd juengywd b julnph thwy ndnwip:

B pabore paccMoTpeHO MII0CKO-1epOPMUPOBAHHOE COCTOSTHIAE KYCOYHO-OJHOPOIHOMN IIJIOCKOCTH,COCTABIEHHON U3
IBYX Pa3HOPOAHBIX IIOJIYIJIOCKOCTEH, KOTOpAasl Ha JIMHUK CTHIKA IIOJIYILIOCKOCTEH ycuieHa AedOPMUPYEMbIM TOHKIM
BKJIIOUEHUEM U JePOPMUPYETCs MO, BO3AEHCTBHEM HOPMAJILHBIX U KACATEIbHBIX HATPY30K, IPUIOKEHHBIX K BKJIIO-
YEeHUIO. HOJ’IaFaeTCH, YTO BKJIIOYEHHUE IIoJBEpraeTrcd KakK pacCTA>KEeHHUIO0, TaK U I/I3FI/16y. BbIBe,ZLeHa KJIro4eBasd CUCTe-
Ma HMHTerpo-nud@epeHnaJIbHbIX YPAaBHEHN OTHOCHTEIBHO CKAaUYKOB KOHTAKTHBIX HAIPSKEHUH, NEHCTBYIONINX Ha
JUINHHBIX CTOPOHAX BKJIIOYeHHs. PellleHne K/IIO4€BOM CHCTEMBI, B OOIIEM CJlydae, IIOCTPOEHO YHUCIEHHO aHAJIHTHYe-

CKHM METOJIOM MEXaHUYECKUX KBaJApaTyp. B ciydae 6ECKOHEYHOrO BKJIIOYEHUs! OJIYYEHO TOYHOE PEIlIeHNe 3aa4u.
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1 Bsenenue

[Tnocko-nedopmupoBantoe mim OOOOMIEHHOE IJIOCKOE HAIPSIXKEHHOE COCTOSHIE OHOPOIHBIX
MACCUBHBIX TeJI ¢ KOHIIEHTPATOPAMHU HAMPSIKEHUHN TuIa 1edOpPMUPYEMbIX HAKJIAIOK UJIH BKJIIOUE-
HUil XOporo u3ydeHo. MHOrme pe3ysbraThl B 9TOM HAIDABJIEHUM NpuBeeHbl B MoHOrpadun [1].
B 910 cBsi3n ykazkeM Takxke Ha paborel [2H11], rue uccsemoBaH psif IUIOCKUX 33ad Jisl yIPY-
ro#f IJIOCKOCTH U TIOJIYIIJIOCKOCTH C JIe(POPMUPYEMBIMY HAKJIAIKAMA U BKJIIOYEHUSIMU, OTHOCUTETHHO
KOTOPBIX, TVIABHBIM 00Pa30M, IIPE/IITI0IAraJ0Ch, 9TO OHU HE COIIPOTUBIIAIOTCS N3THOY U [TO/IBEPTaroT-
cst TONBKO pacTsizkernoo. Ocobo ormeTrm MoHOTpadmio [4], rie mpuBeIeHBl HEKOTOPBIE PE3YITBTATHI
B3aNMOJIEHICTBUS yIIPYIUX HAKIAIOK C YIIPYTUMUA OCHOBAHUSIMU C OJTHOBPEMEHHBIM yIETOM PaCTSATU-
BaHUs U n3ruba HakjIaMoK. OIHAKO YUC/I0 aHAJIOTUYHBIX UCC/IEI0BAHUI KaK JJIsi OJIHOPOIHBIX MacC-
CUBHBIX TeJI ¢ 1ePOPMUPYEMBIMI HAKJIAIKAMU U BKJIFOUEHUSIMU, TaK U JJIs KYCOUHO-OTHOPOIHBIX
MAaCCHBHBIX TeJI ¢ MeXKda3HbIMU 1ePOPMUPYEMBIMEA BKJIIOYEHUSIME, TJ€ HAPSLY C PACTIKEHUEM
BKJIIOYEHUST HY>KHO YY€CTh TAaK¥Ke U €ro U3rub, O9eHb MAJIO.

Wcxonst 3 BBIMIECKA3aHHOTO, HA OCHOBE IIPOCTBIX MOJEseil pacTsiKeHnst U u3rubda 6ajku, 371ech
PacCCMOTPEHO IIIOCKO-Te(OPMIPOBAHHOE COCTOSIHUE KYCOYHO-OTHOPOIHON IIOCKOCTH C MexKdas-
HBIM J1eOPMHUPYEMBIM TOHKUM BKJIIOUEHUEM KOHEIHOMN JIJIMHBI.

2 IlocranoBKa 3aJa4y M BBIBOJ ONPEIEJIAIONINX YPaBHEHMIA.

ITycThb KycodHO-OTHOPO/IHAST YIPYTasi IVIOCKOCTh, OTHECEHHAS K JIEKAPTOBOH CHCTEME KOOD/MHAT
Oxy, U3rOTOBJIEHHAS ITyTEM COEHEHU JABYX PA3HOPOIHBIX MOJIYIVIOCKOCTEN ¢ Koadduimentamu
Jlame @1, A\ u po, A2, Ha uHTepBade L = (—a,a) JIMHAM COEMHEHMsI TTOJYILUIOCKOCTEH yCUIeHa
JiepOpMHEPYEMbIM TOHKUM BKJIIOYEHIEM TOJIIUHEL Aif, ¢ IPUBEASHHBIM MoaysieM AedbopMaruu Ef u
skecTKOCThI0 n3ruba Dy. Tlonaraercst, 4T0 IIIOCKOCTD J1ehOPMUPYETCst TOJ| BO3/IEHiCTBIEM HOPMAJIb-
HBIX Py () 1 kacarenpubix Ty () pacnpesieseHHBIXHATDY 30K, JeficTByonmx Ha BKiodeHue(Pur.1).

®@ur. 1

IIpu sTom, BkiOUeHHe OyeM TPAKTOBATH KAaK OHOMEDHBIH KOHTHHYYM, KOTODBIH IO BO3-
JeficTBUeM IPUJIOZKEHHOM K HeMy Harpy3KHOJHOBPEMEHHO I10/IBEpraeTcd KaK PacTAKEHUIO, TaK U
K u3rudy. BymeM cumTaTh, 9TO BCIEICTBUE MAJIOCTU TOJIIUHBI BK/IIOYUEHUST CMEIIEHUsT TOYEK €ro
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JJIMHHBIX CTOPOH OJMHAKOBBIMOIIPEIEISIOTCS U3 HE3ABUCUMbBIX YPABHEHUI DPACTSKEHUS U U3ruda
cpegHell JIMHUY BKJIIOYEHU.

Tpebyercsi BBIBECTH OIIPEEJISIONIYI0 CUCTEMY HHTErpo-audepeHuajbHblX YPaBHEHUN I10-
CTaBJICHHON 3aJ1a91 U IIOCTPOUTH ee 3(pDEKTUBHOE PEIeHNEe, OMPEIETUTh 3aKOHOMEPHOCTH U3MEHEe-
HHUS KaK KOHTAKTHBIX, TaK M KacaTeJbHbIX KOHTAKTHBIX HAIIPAXKEHUH, JIeICTBYIONUX Ha CTOPOHAX
BKJIIOUYEHHd, B 3aBUCUMOCTH OT YIPYI'UX XapPaKTePUCTUK BKJIOYEHUS U PA3HOPO/IHBIX I10JIOC.

BenencrBue ciiestaHHBIX TPEIOIOXKEHNN, B 30HE KOHTAKTA, BKJIIOUCHUS C MATPUIIEH UMEIOT Me-
CTO CJIEYIONIHE YCJIOBUS KOHTAKTA:

avy(z,0) _ .
G = VTE) Y 219 11
ded(:,O) — ¢ (LL') _ ’U/[ (.Z‘) ( o J ) ) ( . )

Bzecs V; (z,y), U; (z,y) (j =1,2) COOTBETCTBEHHO BEPTUKAILHBIC U TOPH3OHTAIBHBIE KOMIOHEH-
THl CMEMICHHHTOYEK PAa3HOPOIHBIX IIOJYILIOCKOCTE, yIOBICTBOPAIONINE, KaXKIble B cBoell obJa-
CTH OIpeJIe/ICHNs, yPABHEHUAM Jlame, CBS3aHHDBIE ¢ HOPMAJILHBIME O'Z(Ij ) (z,y) m KacaTeIbHBIMU
ng,) (%, y) HANPSKEHUAMHU, JIEACTBYIONUMU B PA3HOPOJHBIX MOJIYILIOCKOCTSX, U3BECTHBIMU COOTHO-
IIEHUSIMU, Y- YTOJI IOBOPOTA BKJIOYeHUs. vy (2)u Uy (T) COOTBETCTBEHHO BEPTHKAJIbHAS M TOPU30H-

TaJIbHasd KOMIIOHEHTbI CMeIIleHI/IfI cpe,zLHeﬁ JIMHUUW BKJIIOYEHUS, YAOBJACTBOPAIOIINEC YPAaBHEHUAM Ill

d?u 1
dx; = hiE} Ty (z) —7(x)]; (-a<z<a) )
%:—%I[Po(x)—a(x)}, (—a<x<a)

rie o (x) ut () - KOMIIOHEHTBI CKAYKOB HODMAJIBHBIX U KACATEJIbHBIX HAIIPSZKEHUN, NefiCTBYIO-
KX HA JJINHHBIE CTOPOHBI BKJIIOYEHMS, KOTOPBIE BLIPAXKAIOTCHA Yepe3 KOMIIOHEHTHI HAIPSKEHUI
Pa3HOPOJIHBIX TOJIYILIOCKOCTEl Ha Oeperax smauu L o dopmysram:

_ 2 ) _ 2

T (x) - Tr(y) (xv O) - Tagy) (CU,O) O (CL’) - 07(; ) (1'70) - Ug(; ) (CU,O) )

3

Er = Erhy
=—"1
12(1— 12)

*

Er = 2(1 —v3)’
FE; u hy cOOTBETCTBEHHO MOJYJ/Ib YIIPYTOCTHA U TOJIINHA BKJIIOYCHUSI.

N3 ypaBuenwmit (1.2)7 IIPYU YCJIOBUU OTCYTCTBUA II€pePEe3bIBAIOIe CUIbl U MOMEHTA B KOHIIEBBIX
TOYKaX BKJIIO‘IGHI/IH7 HaXOIUM:

duI 1 r
o h,E;/ [Ty (s) — 7 (s))ds; (~a<z<a)

; : 1.3
%:—DLI/G’I(:U—S)[PO(S)—o(s)}ds; (—a <z <a) (13)

Y0651 YVAOBJIETBOPUTH yCJIOBUAM KOHTaKTa, OIIpeAe/JIMM KOMIIOHEHTBI CMeL[LeHI/IIU/I PaSHOPO/IHBIX
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MOJTYTLIOCKOCTEN Ha Oeperax jwHWM L Uepe3 KOMIIOHEHTHI CKAYKOB HOPMAJIbHBIX W KACATEJIhHBIX
HanpsizkeHuit. /{jist 9T0ro 6ymeM uCrnoabp30BaTh PA3PHIBHBIE PEIIEHNsS YPABHEHUI T€OPUH YIIPYTOCTH
JIJIST KyCOTHO-OTHOPOJIHOM TIIIOCKOCTH ¢ MeK(PA3HOI TPEInHOi, MpuBeieHHbIE B [6|. YunThiBas npu

9TOM, YTO B PACCMaTPUBAEMOM CJIydae KOMIIOHEHTHI JIUCJIOKAIUU CMEIEHNI PaBHBI HYJII0, OyaeM
AMETh:

do d1 r 0‘(8)
! _ ! _ _ Y _
v’y (x,0) = v’y (2,0) = A7'(96) A s—xds’
A (1.4)
do d1 ’T(S)
! !
= = —_— — d
u'y (2,0) = v’ (x,0) Aa(:v) N AP
I'Jle BBEJIEHBI OO03HAUEHMS:
1 2 1 2
I it SO S o S B TR e N R I 1T
0 2 3 1 2 ) 1 2+Ol]’ 2 2+Oéj )
1 2\ 2 1 2\ 2 1 ]
A= (o) = (=0 a= s (=12,
j

Hasee, ucnons3ys upexncrasienus (1.3) u (1.4), ynosiaersopum ycsosusim Kontakra (1.1). B uro-
re MpUJIeM K CJIEJIYIONIEH OIpeessionieil cucreMe NHTErpo-anddepeHua bHbIX YPABHEHUH J1j1sT
ollpe ie/IeHnsI KOMIIOHEHTOB CKA4KOB HAIPSIXKEHMi Ha JJIMHHBIX CTOPOHAX BKJIIOUEHHS:

Do)+ B [ Das- | [ ta-9) R —osas| —+

T (s z (1.5)
%U(sc) - % S E lds = hflE’I“ / [To (s) — 7 (8)]ds

(—a<z<a)

Cucremy (1.5) Hy?KHO pACCMATPHUBATH BMECTE C yPABHEHUSIMU PABHOBECHsI BKIIFOUEHMsl, KOTOPbIe
MOZKHO 3alliCaTh B BUJIE:

/ao(x)dx:Pa‘; ]T(x)dsz;; /ax[o(x)—Po(x)]dxzo,

. . (1.6)
Py :/PO (x)dz; Ty :/To(x)da:

—a

Takum 06pa3oM peleHne 3a/1a9u CBeJI0Ch K PEIIEHNI0 CUCTEMbI HHTErPO-auddepeHITn-aTbHbIX
ypasennit (1.5) nupu yciosusix (1.6). ITlocse perennst cucreMbl ONpPeIeSIIONINX yPABHEHN KOH-
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TaKTHbBIE HAIIPSAXKEHUsI onpeearcs dopmynamu [5):

lo I [ T(S)
1 2 . 2 — 51 .
ol )(x 0)=—<o(z )-&-ﬂ xds, UZ(/)((E,O)—J?(J)({,C,O)—O'(Q?),

—a

l I [ o(s)
(1) =20 _ 2 22 gs £ = (1) —
T.’Ey (I7 0) A T(I) 7TA s — .’I}ds’ T’ty ("E 0) T (ZE O) T(I)

—a

Pemnienne cucrembl olpeeadionx ypaBHEeHUIA.

Pemmenne onpenesnsitornedi cucremsl ypasHeHuit (1.5) GyieM CTPOUTD YHCIEHHO-AHATNTHIECKUIM
MEeTO/IOM MEXaHMYECKUX KBaApaTyp. [yt 3T0ro BBEJeM B pACMOTPEHHE KOMILIEKCHYIO KOMOUHAIIUIO
CKadKOB HaIpsiKeHuit ¢ (z) = o () — 47 (x) u cucremy (1.5) 3anmirem B CJIe/IyIOMEM BH/IE:

olx) — / d +/K1 x,s) ds—&-/Kz:Cs)ng(s)ds:f()—l—% 18)
(—a<z<a)
e
A ! 2
q = dy/do, Ky (z,8) = %ideD] G’y (s —x) —hiH (x —s) /6] ;
Ko () = g (G (@) + W3H (0) /0]
$6@) == [ 16 =) Po(5) = 0 (2 = )T (5) /6] ds

—a

ITpu oMoy 3aMeHbI IepeMeHHbIX © = al 1 s = aTypaBHenue (1.8) chopmy-aupyem Ha HHTED-
Baste (-1,1). Tomyunm:

1 1

W(t) - T_tdr+/Kf 7Y (r)dr +/1K§ tDemdr = f O+ o
(-1l<z<1)
3mech
B . B .  yaA
V(O =ap(@)/INol s fo () =af @)/ 1Nl = Fees

No = Py +ilg; K (t,7) =aKj(at,at) (j=1,2).
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VYesoust (6) npu 9TOM IPUMYT BUJIL:

1 1
/w) dt = N /Re [t (£)] dt = My,
- o (1.10)
Py (at
Ng = No/|No|; Moy :/7(1 I?VE)CIL )tdt

Herpynuo ycranoBurh, uro ¢yHkiuus () B KOHIEBBIX TOYKAX UHTEPBAJIA UHTEIDUPOBAHUS
t = +1 uMeer OCIIMITUPYIONLYI0 OCOGEHHOCTD U €e MOYKHO TPECTABUTH BeJeaytomem sume |11]:

Q)
(1 +t)1/2—iﬂ(1 _ t)1/2+iB

Y (t) = (1.11)

1
(5: 7111@; i =3—4vj; j:LQ)

2 1 (p2 +2p)
rue dysruug ¥* (t)- HenpepbiBHAs orpaHuveHHasi DYHKIMsA Ha 3aMKHyTOM uHTepBase [—1,1]; a
v (j =1,2) - xoacpbunuenter IIyaccona pasHOPOAHBIX MOJIYINIOCKOCTEIH.

IMoncrasasist sHavenne dbynkuun ¢ () w3 (1.11) B (1.9) u (1.10), mo u3BecTHON HpoOLEILYpE
[12], mpujem K cucTeme JIMHEHHBIX ajIrebpandecknx ypaBHEHUI OTHOCHTEJILHO 3HaYeHN DyHKIMK
¥* (t) B ysumax kBajgparypuoit dopmysst ¥* (&) (i =1,2,..n) ¥ OPUBEJEHHOrO yTjia IIOBOPOTA
BKJIIOYEHUS Y. Llocisie olpejiesieHnsl 9TUX 3HAYEHHUI MOXKHO BOCCTAHOBUTH (DyHKIWIO ¥* () upu
oMot hopmystel Jlarpamxka.

HexkoTopble uncieHHbIE Pe3yJIbTaThl

[TpoBeAEH IMCAEHHBII PACIET U N3y 9IEHbI 3aKOHOMEPHOCTH U3MEHEHHS 6e3Pa3MEPHBIX KOHTAKT-
HBIX HalpsiKeHuit o () = aaz(,l) (at,0) / |Nolu 71 (t) = aTg(;ll,) (at,0) / |No| Ha MIMHHBIX CTOPOHAX
BKJIIOYEHNUS], & TAKIKE MPUBEJIEHHOrO YIJIa MOBOPOTA BKJIIOYEHHS Y, B 3ABUCHMOCTH OT OTHOIIE-
HUSL (1 = fio/p11 B cilydae (DUKCHPOBAHHBIX 3HadeHuil kosdduimenros Ilyaccona v; (j =1,2),
MOJLyJIst yIpyroctu BKiodenust Ep, orHomenus! = h/2a, xorna aPy (za) /|No| = cos(x — 0.5),

aT() (xa) / |N0| =0.5z n |N0| /a,u1 =0.1.

PesynbraTsr ancienubix pacaétos npuseaenbl Ha Pur. 2u B Tabsuie 1.Ha Pur. 2a u Pur. 2b
[IPUBEJIEHBI COOTBETCTBEHHO I'padUKHU pacipeesieHnsi 6e3pa3sMepHBIX HOPMaJIb-HbIX U KacaTeJlb-
HBIX KOHTAKTHBIX HAIIPsKEHWI JjIs pa3HbIX 3HAUYEHUIl mapamerpa [ B ciydae, kordga v; = 0.3,
vo = 0.25u5/p1 = 20m | = 0.1. I3 Hux BHAHO, YTO UPU BHIOPAHHBIX 3HAYCHUAX HAPAMETPOB
YBEJMYEHUENIAPAMETDA (L = {2/ [11, YTO MOKHO TPAKTOBATH KAK yBEJUYEHUE XKECTKOCTU HUXKHEH
MTOJTYIJIOCKOCTU TP TOCTOSTHHOMN >KECTKOCTH BEPXHEU MOJIYIJIOCKOCTH, IPUBOAUT K YMEHbBIIIEHUIO
HOPMAJIbHBIX HAIPSKEHU! B CPeJIHENl YacTU 30HbI KOHTAKTa, aKacaTeJbHble KOHTAKTHBIE HAIIPs-
JKEHUSI,IIPU ITOM,IT0 abCOJIFOTHOI BeJIMUMHE YMEHbBIIATCS BO BCEl 30HE KOHTAKTA.
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D3t
D2t
0t

-1.0
Rl
_nz2l

-0.3}

-1.0 -05 05 1.0

(2) Hopmasssbie Hanpsoxers: (b) TanreHnmaIbHbIE HAIPSKEHUS

dur. 2

B Tabaune 1. npuBeseHbl 3HAYEHUS TPUBEIEHHOIO YIJIa MOBOPOTA BKJIIOUEHUS 7Yy IPHU TEX XKe
3HAYEHUAX ITapaMeTpPOB U TOil Ke BHEITHell Harpy3Ke,

n | 02 0.5 1 3 5 10
v, | -0.068 | -0.049 | -0.032 | -0.0106 | -0.0047 | -0.0004

Tabsmra 1: IIpuBeseHubIit yro moBopoTa

2 KYCO‘IHO—O,Z[HOpO,ZLHaﬂ IIJIOCKOCTh C O€CKOHEYHBIM Me)Kd)aB-
HbIM BKJIIOY€HNEM

Terepb pacCMOTPUM YACTHBII CJIy4aii OCTABJIEHHON 381441, KOIIa BKJIIOUeHne OECKOHETHOe I
Ha HEro B TOYKE T = TolOJ| YIJIOM (v JIEHCTBYET COCPEJIOTOYeHHasa cuita Py, T.e. umeem Py (x) =
Pysinad (x — xo)u Ty (z) = Pycosad (x — xo).

YauThIBad, YTO B PACCMATPUBAEMOM CJIy9Ia€ YroJl HOBOPOTA BKJIIOYEHNS PABEH HYJIIO, CHCTEMY
(5) u ycnoBust (6) 3anmmeM B Bu/Ie:

do d1 7 O'(S) o
AT(x)+7rA S_de——VI(m) (—o00 < x < 0)
- (2.1)
do dl T(S) -
KU($>_E S7$dS—UI(ac) (—oo <z < x0)
/ o (x)dr = Pysina; / 7 () dx = Py cos a. (2.2)
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x

d’LL[ 1
U](:’E)—E—m Pycosa H (x — xp) — /T(s)ds ; (—oo <z < 0)
Vi ( _@__i P si G’ — — el _ dsl + (=
Iac)—dx— D, osina Gy (x — xo) c(@—38)o(s)ds| ; (oo <z <)

Hasee, Kk obenm dacTsiv ypapreruit (1.2) u (2.1) npumennm o6obienHoe mpeobpazosanne Pypbe.
VYuursiast bopMyity s npeoGpasoBanus ceepTku |?] u sHAUeHue unTerpasa |?|

oo
ipx
/ —dx =imsign (p)
x
—o0

IIOJIYINM:

J ‘ [PO cos ae'™oP — 7 (p)] ;

P }zEI (2.3)
Vi = D, [Py sinae™? — 5 (p)]
do _ d sign (p) -
0 (p) A0 =U1(p): o
do _ dy sign (p) - '
~7 ) o0 =-Vip

Honcrasistst snavenus Ur (p) u V; (p) u3 (2.3) B (2.4), 1uis onpeesnennst 06pazos Oypbe CKauKoB
oo oo

nanpsikennit 5 (p) = [ o (z)e®*dz;  7(p) = [ 7(z)eP*dz, nomyunm cieayonyo cucTeMy
o0 —00
anrebpandecKux ypaBHEHMIL:

dy |p| p? Zdop P, sin ae®Po
7(p) = D ;
! (2.5)
idop _ (p) — 1 N dy |p| (p) = ~ Pycos aetPro
AW\ A )T Eth;
Orcrona Haiigem:
P, cos o %P0
(p) = —OT [idoh7p’ /6 — ditge|p| — Atga/ (h1ET)]; (2.6)
_ Py cos v eP 5
T(p) = T [d1h7p” [p| /6 + ipdotga + A/ (hrET)], (2.7)
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rie

1 1 A
A, = —Dip* + —hjdy p|p* +d
A Dro" + ghidy lplp” + 1|p|+hIE;
Herpyano 3ameTuth, 4ro
7(0) = /U(m)dm:Posina; 7(0) = /T(m)da::Pocosa,

— 0o —0o0

T.€. YCJIOBUsI DABHOBECHsI BKJIFOUEHUs! YJIOBJIETBOPeHbI apromarndecku. U3 dopmyn (2.6) u (2.7)
CKAYKY KOHTAKTHBIX HAIIPSIPKEHUI MOXKHO HaiiTu 110 popMmysiam obpaTHOro npeobpasoBanus Pypbe:

Py cosa T id, h2p3 Atga e—ip(z—10)
o(x)=-— 027( / |: 061 —ditgalp| — o :| A dp; (2.8)
I *
FPycosa 7 dy h2p? . e—tp(z—x0)
T(x) = 027T / { 1 1é9 |p| +ipdo tg o + hIE*] A dp. (2.9)
I *

— 00
Oupesesium KoHTakTHBIE Hanpsizkenus. C 9Toil mesbio, npuMenss K ypasaenusam (1.7) mpeo6-
pasoBanue Pypbe, IPUIEM K COOTHOIIEHUSIM:

D) — W%(p); 51(,2) (p,0) = 53(;1) (p,0) —a(p);
(2.10)

_ lo _ tly sign (p) _ _ _ _
70 (p,0) = ZOT(p) + 2T()O(p); 72 (p,0) = 74) (p,0) — 7(p).

IMoncrasnsist 3Hadenust & (p) u 7 (p) u3 (2.6) u (2.7) B (2.10), Haiigem

5 (p,0) = — Pye™®0 cos o iﬁg)h%pz” B 1951) tg o |p _ lotga —ilysignp |
v A, 12 2 hiE} ’
(2.11)

—(1) (p,0) = Poe'*0 cos o 1951)@ |p|3 ipﬂ(ll) tga g +ilgsignptga
Ta:y b, - A* 12 2 hIE; .

Orcrona, nmpu oMot 06paTHOTo peobpasoBanns Pypbe MOy IUM:

9123 (1) o
02(11) (2,0) = — Ry cosa/ Wy hip® 5 tgalpl  lotga — il 51gnp] e—ip(e=0) g,

124, 27, A h 7
7 19(1)h2|p|3 ipﬁ(l) tga o +ilysign ,
(1) _ P 2 ' 1 0 28180P | —ip(z—=0) g
Tay (z,0) 0 COS (v / A, A, Ahi By e D.

—00

1 _(
Herpyamo 3amernTs, 910 (DYHKIINI 075 ) (p,0) u ngy) (p,0) Ha GeckoneuHOCTH BEIyT cebsl COOT-
BercTBeHHO Kak 1/p u 1/ |p|. CienoBaTesbHO B TOUKE IPUIIOXKEHWsI HATPY3KU T = o HOPMAaJIbHbIE
U KacaTeJbHbIE KOHTAKTHBIE HAIPSIKEHNs BeAyT cebsl COOTBETCTBEHHO KakK (dyHKIUM sign (& — xp)
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uln |z — x| .

3aKJII0YeHue.

Takum 06pazoM, U3yUIEHO TIOCKO-TeOPMUPOBAHHOE COCTOSTHUE KYCOTHO-OTHOPOTHON TIJIOCKO-
ctu ¢ MexkdasHbIM JedOpMUPYeMbIM BKJIIOYeHueM. llojaraercs, 9To BKJIOYEHHE OJHOBPEMEHHO
MoJIBepraeTcst Kak pacTsaKeHUIo, Tak 1 u3ruby. Ha ocHOBe pa3pbIBHBLIX pelienuil ypaBHEHHil Teo-
pUM YIPYTOCTH JIJIs KyCOTHO-OJHOPOJIHOM IJIOCKOCTH M MPOCTBIX MOJEJIEH paCTs?KeHUs W u3ruba
GasIK;l BBIBEJIEHBI OIPEJIEIAIONNE UHTEPAIBHOE U MHTErpo-audHepeHnuagbHoe yPABHEHHS 10~
CTABJIEHHON 3aJ1a4M, PEIIeHNe KOTOPBIX, B CAy4Yae KOHEYHOIO BKJIIOUEHUS, IIOCTPOEHO UUCJIEHHO-
aHAJUTUICCKUM METOJ0M MeXaHMYeCKUX KBaJpaTyp. B cilydae GeCKOHEYHOro BKJIIOYEHUS, KOIJA
Ha HEro JefCTBYeT COCPEIOTOUEHHAs HAIPY3Ka, METOIOM HHTErPAJbHOro npeobpasoBanus Oypbe
MTOCTPOEHO TOYHOE Penienne 3agaun. 1[oKka3ano, 9To B TOYKE IPUIOKEHNs] HArPY3KA HOPMAJIbLHBIE 1
KacaresbHble KOHTAKTHBIE HAIIPAKEHUsT BeIyT cebsd COOTBETCTBEHHO Kak (byHKImu sign (z) u In |z
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NU8UUSULD @hSNFE3NFLLEND WQGUSPL WHUNTGUPUSEh SeE1sulabh,
U3BECTUS HAIIMOHAJILHON AKAJIEMNN HAYK APMEHNU

Ubfuwbhluw 74, Ne 4, 2021 Mexanuka
VAK 539.3 Doi- http://doi.org/10.33018/74.4.3

PACIIPOCTPAHEHUE ITOBEPXHOCTHBIX BOJIH B COCTABHOM
ITIOJIVIINIOCKOCTMU IIPA YCJIOBUAX HABBE HA JIMHNU
CTBIKA

Benybeksan M.B.

Amvupmxkansa A.A., , leBoprsan I.3, Japounsaa A.3.

KiroueBbie cjioBa: BOJIHA P3.H65{, IIorepevYHble U IIPOAOJIbHBbIE BOJIHBI, BOJIHOBOE€ YHUCJIO, JacCTOoTa,

yCJIOBUA 3aTyXaHUd, JUCIIEPCUOHHOE YpaBHEHUE.

Amirjanyan A.A., ‘Belubekyan M.V. ‘, Gevorgyan G.Z, Darbinyan A.Z.

Propagation of Surface Waves in a Composite Semi-Plane Under Navier
Conditions on the Joint Line

Keywords: Rayleigh wave, transverse and longitudinal waves, wave number, frequency, damping

conditions, dispersion equation

The problem of the propagation of Rayleigh-type surface waves along the connection line of the
half-plane-layer system is considered. It is assumed that the Navier conditions are specified on the
line connecting the layer with the half-plane, i.e. normal stresses are equal to zero, and shear stresses
and tangential displacements of the layer and half-plane are equal to each other. The dispersion
equations of the problem are obtained and investigated in the cases when the outer boundary of the

layer is free of stresses, is clamped, or the Navier conditions are set on it.

Wdhpowiywi N.U.,

PLmpLljjwa U ..

, Glnpqub 4-.9., “wpphiyut W.9.

Uwlipinypuihtt mhputph pupudnuip pununpyuy jhuwhwppeniyeynt ke
dhugdiwi ¢éh Jpu Lujbh Ynbpulpph wyuydwabbpnyg nbypnod

Shitwpwnbp® Obgh wihp, piuybufub b jwybulub wihpbbp, wihpwiht phy, hwdwhniemb:

THhpupywd b OGh phwh dwibpungpught wihpbtiph gwpwdnuip - Yhuwhwpenip)ni-ptpg
hwdwlyupgh thwgiwb ¢dh tpluwjipny, npypbn pbnh mbbh Lwyjbh Ynbpwlph wwydwdbbpp, huy otpgph
yJbplh dwund phypupyud G wquy, wdpuygdwd jud Lujth Ynbguygph wuydwddtpp: Spyne nhwypnd B
upugyty Lo fubinph nhuybipuhnt hwjwuwpmddbpp b Jwybplnygpwht wihpbtph pupudtwb wuydwbbbpp
Jupjwd dhahfufud b tphpusuhwlui phnpwgphsitiphg:

PaCCI\IOTpeHa 3a1a9a pacClIpoCTpaHEeHUsd IIOBEPXHOCTHBIX BOJIH TUII& P3J165I IIO JIMHUU COCAUHECHUA
CHCTEMBI HOJIYIJIOCKOCTh-CJI0#. IIpuHmMaeTcs, 9T0 Ha JUHUM COEJUHEHUS CJIOS C IOJIYIJIOCKOCTHIO
3aJaHbl yCJIOBUA HaBLe7 T.€. HOpPMAaJIbHbIC HAIIPAXKEHUN PaBHBI HYJ/IIO, & KaCaTeJIbHbIC HAIIPAXKECHUA
U TaHIE€HIMAJIbHbIE IIEPEMEIEHNSI CJIOS ¥ IIOJIYIVIOCKOCTU PaBHBI apyr apyry. Ilosydensr u uccite-
JAOBaHbI MUCIIEPCUOHHBIE YPABHECHUA 3aJa9U B C/IydadX, KOTJa BHEIIHAA 'PDAaHUIlA CJIOA CBO60,D;Ha oT
HalIPsIKEHU, 3allieMJIeHa UM Ha Heil 3a/aHbl ycsoBus Hasbe.

I/ICCJIe,ZLOBaHbI pa3Hble ciay4dau YIPYTUX IMOCTOAHHBIX MaTEpPHUaJIOB CJI0d U IIOJIYIIJIOCKOCTH. qI/IC—
JIEHHBIM PacYéTOM MOKa3aHa 3aBUCHMOCTH (pa30BOIl CKOPOCTH BOJIHBI, PACIPOCTPAHSIOMIENCS BIOIb
I'paHUALBI CJIOA, OT 9aCTOTHI. HOJ’Iy‘{eHbI yciioBud PacIIpoOCTpaHEHUs IIOBEPXHOCTHBLIX BOJIH B 3aBUCH-
MOCTH OT (bI/I3I/I‘IeCKI/IX U reOMEeTPUYICCKUX XapaKTEPUCTUK IIOJIYIIJIOCKOCTH U CJIOA.
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BBeaenmne.

Pacupocrpanenne MOBEPXHOCTHBIX BOJIH THIIA P3jiest B COCTaABHON IOJIYIIJIOCKO-
¢t OBLIO MCCJIEJOBAHO MHOIMMHU aBTOPAMU, OTMETUM, B YacTHOCTH, paborsl |1HT].
PaGora |7] aBropoB 6blia 1IOCBsIIEHA UCCIEIOBAHUIO PACIPOTPAHEHHs [IOBEPXHOCT-
HBIX BOJIH B CHCTEME CJIOH-TIOJIYIIJIOCKOCTh, KOI/Ia Ha JIMHUU WX COEJIMHEHUS 3aJIaHbI
YCJIOBUSI CKOJIB3sIIIero KoHTakTa. B patore [4] M.B.BenybeksiHoMm GbLIN paccMOTPEHBI
pa3Hble YCJIOBUSI COEIMHEHNs] TOHKOW IOJIOCHI C ITOJIYIPOCTPAHCTBOM, B TOM HHCJIE W
YCJIOBHST aHTUCKOJIB3SIIEr0 KOHTAKTA, ITPEIIOJIATAIONIEr0 PABEHCTBO HYJ/II0 HOPMAJIb-
HOT'O YCUJIUS U PABEHCTBA JPYT K APYTY TAHTCHIIMAJIbHBIX IIEPEMEINEHII 1 HAIIPIKe-
HUii, HA3BaHHBIX UM yciosusmu Hasbe. B paGore [§8] aBropamm Gbuia paceMoTpeHa
3a/1a49a PACIPOCTPAHEHUsI TOBEPXHOCTHBIX BOJIH B COCTABHOM TTOJIYIIIOCKOCTH, KOT/IA
MEXKJIy IOJIYIJIOCKOCTBIO M IOJIOCON MMeIoT MecTo ycyoBust HaBbe, a Ha cBOOOHOMN
MTOBEPXHOCTH IOJIOCHI 33/IaHbI YCJIOBHS CKOJIB3SINEro KOHTaKTa. B HacTosmeil pabo-
Te PACCMATPUBAETCH Ta JKe 3a/a9a, HO MPHU TPEX PA3HBIX YCJIOBUSAX HA CBODOIHOM
HOBEPXHOCTH IIOJIOCHL: &) CBODO/HAS [IOBEPXHOCTD, 6) YKECTKOe 3allleMJIeHNEe U B) yCJI0-
sust Haebe. C sipyroit cTopoHbl, HacTosmas pabora BKyIe ¢ [8] siBisiercst aHAIOrOM
paboTsl [7], HO P APYIUX YCJIOBUSIX HA JIMHUH COEIMHEHUS.

ITocTranOoBKAa 3aa4n

B paMkax IUIOCKOH 3a/1aum TeOpHH YOPYTOCTH PACCMATPUBAETCS] BO3MOXKHOCTH
PaCIpPOCTPaHeHHsl TIOBEPXHOCTHBIX BOJIH BJOJIb JIMHUM COEJMHEHHs] YIPYTOro CJosi
TOJIIMHEI b, XapaKTepuayolierocs napamMerpamu Jlame Ay, fi1, 1 yIPYroii MoJLynIoc-
KOCTH C ITApaMeTPaMu Az, fi2. B JI€BOCTOPOHHE IPSAMOYTOIBHON CHCTEME KOODJHHAT
Ozyz nonoca 3aunmaer obiacts (—h < z < 0), a nomyniaockocts — (z > 0) (dur.1)
PaccMorpum citydaii 10ckoit gedopManum, T.e. JIsi KOMIIOHEHT YIPYTHX IePeMelre-
HUH IpuMeM

I7le MHAEKCOM ¢ = 1 0DO03HAYAIOTCH BEJIMYMHBI, OTHOCSIIINECS K CJIOI0, a HHIEKCOM
1 = 2 —K TOJIYIIJIOCKOCTHU, t—BpeMs.

/11’21 /, il

@ur. 1: CxemaTndyeckoe MpeJCTaBICHIE PACCMATPUBAEMON CHCTEMBI

YpaBHeHUsI J[BIKEHUST B TIEPEMEIIEHUsIX Il KaxKIoil u3 obaacreii (—h < z < 0)
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u (z > 0) umetor By [9)

i 0 ou®  Guw® 2y
e Au + (cf; - cfy) ox < Ox 0z )Z ot?
2 A w® 2 2y O ou®  Hw® 920 (2)
it +(C“_C”) 0z ( ox + 0z > ot?

TJe Cgi, Ctj — CKOPDOCTU PACIPOCTPAHEHUS MPOJOJLHBIX U IOMEPEYHBIX BOJH B COOT-
BETCTBYIONHUX cpesiax, A - omeparop Jlammaca.

Ha siuaun paspesna marepuasios z = 0 3azanbl yciaosus Hasbe [4]:

(1) (2) _ (1) (2)

— - )
o33 =0, o033 =0, o3 =031, u

=4 (3)
ITpu momMoIuM CKAJSIPHBIX TTOTEHITUAIIOR [?]

0, oW, ) 0B, W,
8x+8z’w Y Ox (4)

W) —

ypaBHeHus (2) CBOAATCs K HE3ABUCUMBIM JPYT OT JIPYra YPaBHEHHUIM

1 0%, 1 0%,
A i -7 L= — ‘7.
T o7 Vi c;; ot? 5)

KomnonenTsl HanpszkeHuii, HeOOX0UMbIe JIJIs YIOBJIETBOPEHUs ycIoBusM (3) u rpa-
HUYHBIM YCJIOBUAM Ha HEKOHTAKTHUPYIONIEi IIOBEPXHOCTH IIOJIOCHI, BBIPAKAIOTCA Yepe3
9TH MOTEHITHAJIBI CJIETYIONTUMI (DOPMYIIAMIA:

) _ 0°%; } (0% 0%y
I Ox? + (5 + 21) 022 214 0z0z’ (©)
o‘(j) _ /_1, 282¢)j + 82wj _ 62¢j

31 IN"0x02 = 022 Ox2

O6iue pentenust ypaBaeHuit (5) JIs CJI0sS UIMEIOT BH/L:

Oy = (Ay sh(kvi12) + Bich(kvii2)) expik(z — ct)

7
Uy = (Aach(kvioz) + Bash(kviaz)) expik(z — ct) @

a JIsi TIOJIYIJIOCKOCTH, C YIE€TOM TOTO, YTO OHHU JIOJI?KHBI YJIOBJIETBOPSATD YCJIOBUSIM
saryxanus |9]:
lim CI)Q = 0, lim \:[12 = O, (8)
zZ—00

Z—00

OyIyT UMeTb BUI:

Dy = Age 2% expik(z — ct)

V91,V22 > 0 9
Uy = Bze %227 expik(z — ct) (a1, v22 > 0) ®)

rie k - BOJTHOBOE YHCJIO, C - CKOPOCTh PacIpOCTPaHEHNsI BO3MOXKHOI BOJIHBI.
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Kpome Toro, 3/1ech UCIob30BaHbl CIEIYIONTE 0003HAUCHUST

Ty Nty ca® o p2’ ciy’

v =1 —E0m;  via=1-60; wva=+1—Eny  vea=1-§
3 o H2

=1—-=: =1- > - .

62 9’ ﬁl 97 * m

Hcxons u3 BBeOEHHBIX 0003HAYEHUN M yUUTHIBAdA, ITO 1); < 1, ycaosus B (9) Gyayr
BBIIIOJTHEHBI, €ciu OymeT BoIoHeHO yeaoBue 0 < & < 1.

Caenoaresnbho, yeaosue 0 < € < 1 aBasgercsa HEOOXOIUMBIM JIJIs CYIIECTBOBAHUS
[MOBEPXHOCTHBIX, T.€. 3aTyXAIOIUX 0 TIyOnHe, BOJIH.

B nanpmeiinem OymeM MCIIOIB30BATH TaKKe 0003HATECHHE

Ijle VR1 U VR2 - CKOPDOCTH PACIpPOCTPaHeHUs BOJH Pejes B mMaTepmajax MOJOCH U
TIOJTYIIOCKOCTH COOTBETCTBEHHO.

2 Penienme 3agadvn.

st mccteoBanmst BOIPOCA BO3MOXKHOCTHU CYIIECTBOBAHUS MOBEPXHOCTHON BOJI-
HBI, PACIIPOCTPAHSIONIECHCS BIIOJIb JIMHUH PA3/IeJIa MATEPUAJIOB, HEOOXOINMO MOy YU Th
JIUCIIEpCUOHHOE yPaBHEHME M BBISICHUTb HAJIMYME Y HEro KOPHS, YIOBJIETBOPSIOIIErO
yenosuo 0 < € < 1. V3BecTHO, 9TO JJIs IOy Y€eHUs! JUCIEPCUOHHOIO yPABHEHNUs, TI0-
MUMO yCJIOBU#l COeZMHEeHnsT MATePUAJIOB (3), HEOOXOJAUMO UMETh IPAHUIHDIE YCIOBUA
Ha CBOOOHOM TOBEPXHOCTH CJIOs. PaccMOTpUM Tpy pas3IMYIHbIX BAPUAHTA TPAHIMIHBIX
ycaoBuit ipu z = —h.

2.1 a. IloBepxHOCTBH 2z = —h cBODOO/HA OT HANPSIXKEHUIA.

IIycTb cBOGOMHAS IOBEPXHOCTD CJIOsI HE HADYKEHA, T.€. NMeeM

1 1
oSy =0 oy =0 (10)

IMoncrasus npencrasienus (7) u (9) B BbIpaskeHUsI KOMIIOHEHTOB II€peMeIneHuit
n Hanpskenuit (4) u (6) u ymosiersopus ycioBusiM (3) m (10), mosyumm omHO-
POJIHYIO CHCTEMY JIMHEHHBIX aJrebpandecKux ypPaBHEHUIT OTHOCATEIHLHO IOCTOSHHBIX
A;,B;j (j =1,2,3). YcioBue CymecTBOBaHUs PEIIEHHsI STOH CHCTEMBI, T.€. YCIOBHE
PABEHCTBA K HYJIO ONPEIeINTEIIsI MATPHIBI CUCTEMBI, IIPUBOJUT K CJIEJYIONIEMY JHC-

32



NEePCUOHHOMY yPaBHEHUTIO

Ov12 (522 - 1/211/22) (B% thsvip — vi1v1a th SV12) +
+ pavaa [2B7111v12 (sech supy sech svyp — 1) + (11)
+ (Bf + uflqu) th sy th sulﬂ =0

rae s = kh = h/\ - Ge3pasMepHbIil apaMerp, MpeICTaBJIomuil coboit oTHOIIe-
HI€ TOJIIWHBI TIOJIOCHL K JIJTMHE BOJHBI .

VUauThIBasi, 4TO JJjis IUNEePOOINYECKUX (PYHKIUNA MOXKHO UCIIOIB30BATH aCUMIITO-
Tudeckue (hOPMyJIbl, KOTOPBIE CYIIECTBEHHO ymnpoctar ypasaenue (11), paccmorpum
OTIE/IbHO CJIyYaW JJIMHHBIX BOJIH, WX TOHKOIO CJIOsi, U KOPOTKWUX BOJIH, WA TOJI-
croro cios. VccaenoBanne mpoBesieM B ILIAHE IMOJIYY€HUs] aHAJIATHIECKUX (DOPMYII.
PacemorpuM citygait JIyIMHHBIX BOJIH, WJIM TOHKOTO CJIOsT, Korja s << 1.

B sTom ciayvae aucnepcuontoe ypasaenne (11) npumer Bug
4 (5% — V21V22) + /1,*51/228 [59 —4 (1 — 7]1)] +0 (52) =0 (12)

3nech yureno, uro upu £ = 0 nuMeeM TPUBHUAJIBHOE DEITIeHIE.

IMonyueHHOE ypaBHEHUE COBNAIAET ¢ COOTBETCTBYIOIMNM ypaBHEHHeM paboTsl [4],
rje TOHKHUI CJI0il paccMaTpuBaeTcsa B paMKax Teopun miactun Kupxrodda. B pabo-
re |10] paccMoTpeHa moxoxKasi 3a/1a4a, HO IPH IPUHSTHA JJIsi TOHKOTO CJIOS THUIIOTE3
Menana s crpunrepa. [oaygennoe B [10] ypasuenue orsmmyaercs or (12), mockosb-
KY yCJIOBUSI KOHTAKTA CJIOSI C TOJYILJIOCKOCTBHIO 3aIMChIBAIOTCS JIJIST YCPEJIHEHHDBIX 110
TOJIIUHE CJIOSI BEJIMYUH, U B 0D03HAUEHUAX HACTOAIIEH pabOThl UMEET BHI:

0
4 (B3 — vorvas) + u*§V228§_7m

PasbickuBas pemenue ypasaenus (12) B Bujie psijia 110 S, Jjisi KOPHS JIMCHEPCUOHHOTO
YPaBHEHHUS MOKHO TOJIYIUTH aCUMIITOTUIECKYIO (hOPMYITY

2,114*51%2 \V4 1-— €R2(2 - £R2)2 (1 — - §R2e> + 0(82) (13)
A0+ (1= 2R 2] = (2= €r2)’) 4

55R2+8(

Eciu B cy4ae CKOJIB3AIIEr0 KOHTAKTa HA JIMHAH coequHeHus [7] 9ToT KopeHb ObLI

BCETIa MEHBIIE CKOPOCTH BOJIHBI Pestest B OJIYTIOCKOCTH € Ra, TO B PACCMATPUBACMOM
4(1—m)

cJIydae TpYU MAJIbIX 3HAYEHUsIX apaMerpa f 5ToT KopeHb Godibiie &y, ipu § = £

paBeH ERs , a P OOMBINNX 3HATEHUAX MEHbIIE &Ro.

IIyctn Tenepn s > 1. B aTOM cityvae acCHMIITOTUKH 3aBUCAT OT 3HAYEHUS TTapaMeT-
pa 0, cueKTpoM M3MEHEHUsI KOTOPOTO SIBJIAETCA IMOJOKUTEIbHASA MOJYOCh UNCIOBOI
ocu. PaccMoTpuM OTHEIbHBIE CITyYan.

I) TIycrs § < 1, torma gus npoussoabHoro 0 < & < 1, ¢ yuerom 0 < 1 <
0.5, MOJIKOpEHHBIE BBIPAXKEHUsI BEJIMYUH V1] U V19 OYJIyT MOJIOKUTEJTbHBIMU U JIJIst
rurepboInIecKuX QYHKINNA MOKHO IIPUHSTH:

th(sy/1—&0) ~ th(s\/1—&On) = 1; sech(sy/1— &) ~ sech(sy/1 —&0m1) =~ 0
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Torna ypasuenue (11) cBegercs K ypaBHEHHIO

— (BF = virva2) ( (BF — viiviz) vas + Ovaa (B3 — va1vag)) =0 (14)

IlepBblit MHOXKHTENIb COBIAJIAET ¢ ypaBHeHHeM Pesest Jijisi MaTepuia IIOJIOCHI U
nMeeT pertenne £ = ER;.

Bropoit ke muoxwuresns (14) B xommax unrepBasa 0 < £ < 1 umeer pasHble
3HAKWM, 1 MOHOTOHHO yOBIBAaeT, a 9TO O3HAYAET, YTO YPABHEHUE MMEET OJUH KODPEHbD.
Tax2ke oTMETHM, 9TO 9TO PelIeHne BCEr1a HaXOMUTCs MEXK/Ly CKOpocTsaAMHU BoJiH Peses
B IIOJIYIJIOCKOCTHU U B IIOJIOCE.

IT) Ecou 1 < 0 < 1/11 , To u3 ypasuenus (14) cienyer uckarb KOpeHb B UHTEPBAJe
0<¢<1/0. B unrepsase ke 1/ <& <1 6ynem umers 1 — &0 <0u 1 — &0 > 0,
a CJIeJIOBATEILHO

th(sy/1—&0) =itg(s/€0 — 1);  th(sy/1—&0m) =~ 1.

Torna u3 ypasuenust (11) caiemyer

— . 15
pavaa (B 4 V1 viy) — Oviyvin (B3 — va1vas) (15)

oG] = LIV (it — 0 (5% — o)

HOC.HG,&HQG BbIpaK€HHNE YKa3bIBa€T Ha TO, BOBMOXKHO DaCIIPpOTpaHEHUEe OECKOHEYHOr 0
qucJja MOJ IIOBEPXHOCTHBIX BOJIH.

IIT) ITycrs reneps 1/m < 6. Torma, kKak U B UpeAbLAyINEM CJIydae, CJEILyeT
uckath B uHTepBase 0 < & < 1/6 wuckarb kopenb ypasHenus (14), B mHTepBase
1/6 < & < 1/6n Bocuosb3oBarbest bopmysioii (15), a B uaTepBase 1/0n < & <1
runiepbosmdeckre (PYyHKIMKA OOPAIIATCsi B TPUTOHOMETPUYIECKUE U AHATUTUIECKYTO
dopmyity myst $Haz0Boit CKOPOCTH, K COXKAJIEHUIO, ITOJIYIATh He YIaéTCs.

IlepeiineM K 4YHCIEHHOMY aHAJIU3Y 3aBUCUMOCTU CKOPOCTH PAaCIPOCTPAHEHUS
BO3MOYK-HBIX TIOBEPXHOCTHBIX BOJIH OT mapamerpa s. He JOBOJILCTBYSICH IOy Y€HHBI-
MU BBIIE aCUMTOTHIECKAMU (HDOPMYJIAMU, YUCJIEHHBI aHAJN3 IIPOBEIEM HEIIOCPE]I-
crBenHo Ha ypasuenuu (11). BelgcHHIOCH, 9TO KpPOME HOBEPXHOCTHON BOJIHBI, Pac-
MIPOCTPAHATONIENCT CO CKOPOCTHIO, OJM3KON K Epo, IPU BCEX 3HAYEHUSIX MMapaMerpa
0 cymiecTByeT TakKe BO3MOXKHOCTH PACIPOCTPAHEHUsI BTOPOI BOJIHBI, CKOPOCTH KO-
TOpO#, HAYMHAs C HYJIsA, BO3pacTaeT IO Mepe Bo3pacTaHus mapamerpa s. Ha dwur.
2-4 mpejcraBiieHbl IPaUKU 3aBUCUMOCTU CKOPOCTEH BO3MOYKHBIX ITOBEPXHOCTHBIX
BOJIH, PACIPOCTPAHSIONINXCS BJOJb JUHUU COSTUHEHUs MaTepHAJIOB, OT MapaMeTpa
S TpU OIPEeJEJIEHHBIX 3HAYCHUSX OTHOIIEHUsI MOMAyJeil casura f, = 1.5, koaddu-
nmenToB Ilyaccona mMareprasioB MOJIOCHI U MOJIYILIOCKOCTH, TPUHATHIX OAMHAKOBBIMI
v, = vy = 0.3, u pasHbIX 3HaveHusX napamerpa 6 = 0.9, 3, 6, nomagaIIUX B yKa-
3aHHbBIE BBIIIE 10100JIACTH.
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@ur. 2: 3aBucumocts € oT s pu py = 1.5; 8§ =0.9; v =15 =0.3

Kaxk BujHo u3 dur.2. BepxHsist KpuBasi CTPeMUTCS K g1, & HUXKHSISA - K HEKOTOPOIA
BesimanHe MeXIY Ep U Epo. UNCIEHHBIM aHAIN3 IPU TAKUX 3HAYEHUSX MapamMerpa 6
u kosddurmentos Ilyaccona, korma Er1 < re, BEpXHss KPUBasi CTPEMUTCS K HEKOTO-
poit Betmunne MeKIy Ep1 U ERpo, a HUKHSAA - K ER1, YTO COOTBETCTBYET YTBEPKICHUIO
noanyHkTa I) caydast s > 1. HeTpy/(HO IpOBEpUTH, UTO BBILOJHSETCS W ONUCAHNE K
acuMIToTuIecKoi popmysst (13).

B omsinume oT cityuast CKOIB3SIEro KOHTAKTa Ha JIMHUA pasjena |7], Korga Bropast
BOJTHA TIOSIBJISIETCS JIUIIB ITOCJIE€ OIIPEEIEHHOTO 3HAYEHNs ITapaMeTpa S U ee CKOPOCTh
BbIIIe £R1, B 9TOM CJIydae BTOPasi BOJHA CYIIECTBYET IIPU BCEX S, & CKOPOCTD €€ pac-
IIPOCTPAHEHUs BCET/Ia MEHbIE ERy.

0.4

5—'}21

02F

. . . L s
5 10 15 20

@ur. 3: 3aBucuMocTb £ OT s IpH Ly = 1.5; 0 =3; 11 = v =0.3
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@ur. 4: 3aBucumocts £ OT s pH py = 1.5; 0 =6; 11 = vy =0.3

@ur. 3 u ¢dur. 4 TOKA3BIBAIOT, 9TO IPU OOIBIINX 3HAYEHUSX MapaMerpa § KapTu-
HBI PACIIPEIEICHIS KPUBBIX CKOPOCTEH PAa3HBIX MO/ CXOXKHU C KAPTUHAMMU JIJIsT CKOJIb-
3SMIETO KOHTAKTa [7|, HO OTJIMIAIOTCS TEM, UTO CYIIECTBYET JOMOJHATEIbHAS BOJIHA,
u3MeHnsrommasica B unrepsasie (0,&g1), a Bce OCTAJIbHBIE CKOPOCTU GOJIbIIE, YeM ER1.

7 )
:
02Y] M 02 04

oM
G

| .

05025 |

s

IS
'S

4. 4.
£=0.903 £=0.956

£=0.634 £=0.987

@ur. 5: HopmasmzosaHHbIe TIepeMeleHust ¢ (IyHKTUD) U w (CIUIOIIHAS JIMHUSI) TI0
ocu z pu s = 2.5 (yreBast mapa) u s = 15 (mpaBas mapa)

ITo anasoruu ¢ paboroii |7, upeacraBuM TakKe aMILIATY bl HOPMAJTU30BAHHBIX e~
pPeMeIeHuil 110 TUIyOrHe CHCTEMBI CJIOU-TIOIYIIOCKOCTh. HarmoMunM, 910 B yKa3aHHOI
paboTe OBLIIO BBE/IEHO NMOHSATHE HOPMAJIM30BAHHBIX IEPEMEIIEHNUi, T.€. IepeMelieHuil,
VIAOBJIETBOPSIONINX, JIJIsI KAXKJIOTO BOJIHOBOTO YUC/IA, k, YCIOBUIO

E(ldz—i—/E Dz dm—/( E(ldz+/E2)dz dr =1

rae Ep @) Eg) (j = 1,2) - yuesbHble HOTEHIAIbHBIE 1 KHHETUIECKUE SHEPTUU CJIOA U

h

ITOJTY TLJIOCKOCTH.

U3 rpadukos mepBoii naper (s = 2.5), COOTBETCTBYIOIIEH CJIYYAI0 OTHOCUTEIHLHO
TOHKOT'O CJIOST, MO2KHO 3aMEeTHUTh, YTO SHEPIUsI MeJIEHHO PACIIPOCTPAHSIIONIENCsT BOJTHBI
AKKyMYJIUPYETCsI, TJIABHBIM 00pa3oM, BHYTPHU CJIOsI, & OBICTPO PacCIIpPOCTPAHSIFOIIENHCsI
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BOJIHBI — B IIPUTPAHUTHON 30HE MOJIYILIOCKOCTH. BepTuKaibHOe TepeMelieHne BHy TPI
CJI0s1 7715 0OOMX BOJITH MOYKHO CUUTATDH MPAKTUIECKU TOCTOSHHBIM, T.€. IPU KOJIEOAHIHN
CJIOI MOXKHO CYNATATh HeJIePOPMUPYEMBIM B BEPTHKAIHLHOM HAIIPABJICHIH.

I'paduku Bropoit napst (s = 15), cOOTBETCTBYIONIEN CIIy9Ia0 OTHOCUTEIBHO TOJI-
CTOTO CJIOsl, STBHO YKAa3bIBAIOT Ha <IIOBEPXHOCTHBIN »XapaKTep 3TUX BOJIH, SHEPTHUI
IIePBOil BOJIHBI CKOHIIEHTPUPOBAHA B HEIOCPEICTBEHHON OJIM30CTH OT JIMHUM COEJIU-
HEHUsI MaTEPUAJIOB, a BTOPOIl BOJHBI - y CBOOOMHOI rpanuribl cjaos. [Ipm stom mo
BEJIMYMHE CKOPOCTU PACIIPOCTPAHEHUs] STUX BOJH yXKE JIOCTATOYHO OJIU3KHU IPYT K
APYTYy.

0. 3almmemJiéHHasi IIOBEPXHOCTh
B sroMm ciaydae Ha BepxHell rpaHurie z = —h UMeeM YCJIOBUSI
u (z,—h) =0, w® (z,—h)=0
U IUCIEPCHOHHOE YpaBHEHHE OyJeT MMETh BUJ,
s V22 ((6% + V%lufz) th svq1 thsvig — (1 — 21 sech svyq sech svio + ﬁ%) 1/11u12) +
+ Qo (BS — 1/211/22) (thsvi; —viiviathsyis) = 0
YucieHHBIA aHAJIN3 IOy Y€HHOTO JINCIIEPCUOHHOTO yPABHEHUS TIOKA3AJ, UTO:

e mpu 6 < 1 MOXKeT pacIpoOCTPAHSITHCA TOJHKO OIHA IIOBEPXHOCTHAST BOJIHA, CKO-
POCTH pacCIpOCTpaHEHNsT KOTOPOH TpK YBEJIWIEHUHM TapaMeTpa S, MOHOTOHHO
yOBIBasI OT €IMHUIILI, CTPEMUTCS K OIPE/ICIEHHON BeTmaute MexXIy Ep1 1 ERo.

e npu > 1 onsaTb-Taku nMeeM HGECKOHEYHOE YHCJIO MOJ] IIOBEPXHOCTHBIX BOJIH,
CKOPOCTH PACIPOCTPAHEHUs] KOTOPHIX BCET/A BHINIE, YeM g1, HO, B OTJIAYNAE OT
caydasi CBOOOTHOTO Kpasi, 37/eCh OTCYTCTBYET MEIJIEHHO PACIIPOCTPAHSIONIAICS
BOJIHA, CKOPOCTH KOTOPO#t 1Ipu § >> 1 6bL1a paBHA &R .

Ha dwur. 6 npeacraBiensl HOPMAIM30BAHHBIE TEPEMEITICHUS JIJTS TAHHBIX, COOTBET-
crBytormux dur. 2, T.e. puy = 1.5, 0 = 0.9 u 1y = vo = 0.3, Upy pa3HBIX 3HAYECHUSIX
rmapamerpa s = 3,6, 15.

=
2020406

]

1
1
[l

[ T

1
[
1
[l

3

s=3 £=0.929 s=6 £=0.899 s=15 £=0.894

@ur. 6: HopmasnuzoBauusie nepemerienns v (MyHKTUP) U w (CIJIOIIHAS JINHUS) 1O
ocu z
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Kak m ciemoBasio 0XKUIATH, MOBEPXHOCTHAS BOJIHA MOYKET PACIPOCTPAHATHCS
TOJIBKO IO JINHAW COEIMHEHUsT MaTepuasIoB. CX02KECTh KAPTUH U MPAKTAIECKHU OJNHA~
KOBBIEe 3HAYEHUs [IEPEMEINEHNN Ha JUHUU COEIUHEHUS O0bsICHSIOTCS TEM, UTO IMPE-
CTaBJIeHbl HOPMaJIM30BaHHbIE IIepeMellleHNs], COXPaHAIONie SHEPIUIO IOCTOAHHO, 1
3/1eCh He IIPOUCXOIUT IepepacIpelesIeHNs] SJHEPTUN MeXKJTy BOJTHAMHU, KaK 9TO MMEJIO
MECTO B IIPEJBLIYIIEM CIIydae.

r. YciaoBue anTucummerpun (ycioBue Hasbe)

31ech nMmeeM
uM (z,—h) =0, o5 (z,—h) =0

" JUCIIEpCUOHHOE ypaBHEHUEC 6y,/IeT
2 2
0V172 (BQ — 1/271V212> th SV11 th SV1.2 + Hsl/2 2 (51 th SV11 —V1,1V1,2 th 81/172) =0
YHucieHHbI aHa I3 JUCIIEPCUOHHOT'O yPpaBHEHUSA JTaJl CJICAYIONNEe Pe3yIbTaThl:

e 1pu 6 < 1 MOXKeT PaCHpPOCTPAHITHCS TOJIBKO OJIHA IOBEPXHOCTHAS BOJIHA, CKO-
POCTB PaCIPOCTPaHEHNsA KOTOPOH IPU yBEJIWYCHUN IIapaMeTpa S, MOHOTOHHO
BO3pacCTas OT HYJIA, CTPEMUTCH K OIIPEJIEJIEHHON BesindnHe MeXIY Er1 U ERo.
DTa BOJIHA SIBJISIETCS] AHAJIONOM BOJIHBI, COOTBETCTBYIOIIE HUXKHEH KPUBOil Ha

dur.2.

e 1pu 6 > 1 KapTUHA KPUBBIX CKOPOCTEN PA3HBIX MOJ] [IOBEPXHOCTHBIX BOJIH CXOXKA
¢ kapruaamu Ha Gur.3 u ¢ur.4 ¢ Toit JUNTh PA3HULIEH, ITO 3/1eCh IepBasi KpuBast
B PYIIE MO HAYMHAECTCH He C ERo, & C €IUHUIIDI.

Ha dur. 7 Takke npeicraBieHbl HOPMAJIIM30BAHHBIE TIEPEMEIIEHUS [T JJAHHBIX, COOT-
BETCTBYIONMNX (DUT. 2, T.€. iy

rmapamerpa s = 2,8, 15.

=1.5,0 =09 u v; = vy = 0.3, UpH Pa3HBIX 3HAYCHUSIX

)
=

~

s=2 £=0.801 s=8 £=0.902s s=15 £=0.903

@ur. 7: Hopmaiuszosanubie nepemerienus ¢ (MyHKTUP) U w(CHOJIONIHAS JIMHUSL) 10
och z

CpaBHuBasi 1OCJeIHAE KPUBbIe ¢ KpUBbIMU Ha ¢ur. 5 u dur. 6 3amedaem, 910
CIJIONTHAS KPUBas HA IEPBOM PUCYHKE MOYTH IOBTOPSET 3Ty YK€ KPUBYIO HA IEPBOM
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pucyHke ur.5, moBejieHre MyHKTUPHON JIMHUK MIOBTOPSIET TOBEJICHNE 9TOW KPUBOI HA
pucyskax ¢ur. 6, TpeTnuii PUCYHOK HPAKTUYECKH IIOBTOPHAET TPETbU PUCYHKHU Hur.b
u ¢hur.6. IlepBbie gBa COBHMAAEHUS OOBICHIIOTCA HAJTHIUEM OIHOTO ODIIErO YCJIOBUS
u® (z,—h) = 0 wm w) (z, —h) = 0, TpeTbe ke COBMAJIECHNE, OYEBUJIHO, ABIACTCS
CJIEJICTBUEM YMEHbIICHUS BIUSHAS TPAHUYHBIX YCIOBUH BBUJLY VA I€HHOCTH TPAHUIIBI
OT JINHUY COEIWHEHWSs, €C/IM M3MEeHeHue mapaMerpa S = kh CBs3aThb ¢ M3MEHEHUEM
TOJIIIIHBI ¢JI0s h.

3akJIroueHue.

WccireroBan BOIIpoc CyIecTBOBAHUS IIOBEPXHOCTHBIX BOJIH B CHCTEME CJIOI — IOJTy-
IJIOCKOCTD, KOTJIa Ha JIMHUU CTHhIKA UMEIOT MeCcTO ycjioBus HaBbe u mpoBejieHO cpaB-
HEHHEe Pe3yJIbTaTOB C Pe3yJIbTaTaMu JPYroil paboTsl, IJie IPOBEJIEHO aHAJIOTUTHOE UC-
cJIeJOBaHUe IIPU yCJIOBUAX CKOJIbYKEHUS HA JIMHUM COEJIMHEHMUS.
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NU8UUSULD @hSNFE3NFLLEND WQGUSPL WUUNTGUPUSEh SeENsulah,
N3BECTUS HAIIMOHAJIBHON AKAJTEMIN HAYK APMEHNN

Utihuwbhlu 74, Ne 4, 2021 Mexanmka
VIK 539.3 Doi- http://doi.org/10.33018/74.4.1.4

Forced electroacoustic oscillations along piezoelectric layer thickness:
Applied opportunities

Avetisyan Ara S., Mkrtchyan M.H., Avetisyan L.V.

Keywords: piezoelectric layer, electro-acoustic forced oscillations, surface impact, contactless impact,

oscillations control, energy concentration.

BI)IHy)K,E[eHHI:Ie QJIEKTpPpOaKyCTu4IeCcKue KoJIeOaHus 110 TOJIIIIHE
IIbE303JIEKTPUYIEeCKOro CJ1o . HpI/IKJ'Ia,Z[HI)Ie BO3MO2KHOCTHN

Aserucan Apa C., Mkprusau M. I'., ABerucsau JI.B.

KuroueBble cJIOBa: MHE303JIEKTPUTIECKHUI CIOH, JIEKTPOAKYCTUIECKUE BBIHYKIEHHbIE KOJeOaHusI,
[IOBEPXHOCTHOE BO3IEMCTBUE, ODECKOHTAKTHOE BO3/IECTBUE, YIIPABJIEHUE KOJIEOAHUSIMU, KOHIEHTDa-
IUsI SHEPTUH.

C nesbio GOpMyYIHMPOBAHUS OCTAHOBKH 33]1a4 YIPABJICHHUS KOJEOAHUSIMHU IIHE303JIEMEHTA [IPU
IIOMOIIY [TOBEPXHOCTHOT'O BO3IEHCTBUA JIEKTPHUIECKUM IIOJIEM, & TaKrKe JJis IOJIydueHHusl crocoba
HAKOIIJIEHHUsI 3JIEKTPUYIECKOH 9HEePTrUH, PacCMaTPUBAETCs IIPOCTasg MOJAeIbHas 3aJa9a BBIHYKJIEHHBIX
KOJIEOAHUU IIBE303JIEKTPHIECKOrO CJIOf KJIacca 6mm reKcaroHaJIbHOU CHMMETPHH.

PopMyIUPOBaHbI 33Jlada YIPABJIEHUS JIEKTPOAKYCTHYECKUMH CIBUTOBBIMU KOJIEOAHUSMH IIO
TOJIIIUHE IIbE303JIEKTPUYECKOIO CJIOs IIOBEPXHOCTHBIM MEXaHHYECKUM BO3JEHCTBUEM, & TaKxKe 3a-
ada GECKOHTAKTHOIO YIIPABJIEHUS STHMHU KOJIEOAHUSIMU BO3IEHCTBHEM ITOBEPXHOCTHOTO ITOTEHIINAJIA
3JIEKTPUYIECKOTrO I10JId.

Pemennus 3amad xonebanuil NpeaCTaBIIAIOTCS B BUJE Pa3JIOXKEHHs HCKOMBIX (PYHKIHN IO COO-
CTBEHHBIM MOJAM OJHOPOSHON KPaeBOH 3ama4un, a PyHKINN, XaPaKTEPU3YIOIINe IOBEPXHOCTHLIE BO3-
JeiCTBUsA, - COOTBETCTBYIOIIUMUA IapPMOHUKaMMU.

Pernennt IPUKJIAJIHBIE 3aJa9U yIIpaBJICHUA SJIEKTPOAKyCTUIEeCKUMU KoJieOaHUSIMU B ciryvae, Kak
MEXaHUIEeCKOI'O ITOBEPXHOCTHOI'O BO3,EL6fICTBPIH, TakK U GECKOHTAKTHOI'O IIOBEPXHOCTHOI'O BOS,ZLeﬁCTBHH

IIOTEHIIUAJIOM JJIEKTPUYIECKOI'O IIOJIA.

Mhhgniipgppuubt sipgph hwupnpjudp EfEpyppuunwaqujut hwpljunpujut
pupuimittpp. Yhpundwt hbwpuynpnyeymuibkp

Wtyphuywt Wpw U., Upypgyun UN., WGyphuywid L.

Pwlwh puptp’ whtgnityppujub pbpg, pugpuitnuibbp pup hwupnipyul, fappu-wynuphly hwpunpujut
upubnuibitip, dwiipbnipwyht wqnbgnipynid, wthynd wgntignipynid, pupubtnuiotiph nijugupnd, Ebtpghwh
Unugpuayned:

Lywyuly nmbtbwny, bappuub nuaph dwytpngpwyht wgnbgnipjwd dhongny, wyhtignkityppuljut
stinph  puypuinuitiph wihynd  ntujupiwb  pubnhpbtph  dbwitpynwip, hbsytiu wb Ehpppuyut
tubpghwyh Ynupujiwd dtipnn upuiwne hwdwp, ghpupyymy b gigudyymb uhdtypphwyh 6mm nuuh
whbgnbEyppulub ptpgph hwpungpuijud pugutnudbtph ywpg dnnbjught ebnhp:
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Quutinywd G Jwitipbnipwihtt dbhowbhjuyub wqnbgnipjudp whtgnbtppuub sbpypnud, pug
hwuypnipjub uwhph Lthppuwynugphly pupuitndttiph ntjudupdwt pinhpp, htswbu twb EGpgppuyut
nuomph dwytipbnipuyht wbhynd wantgnpyjudp wyn pupuinuittph njudupdwb pbnhpp:

Sunpuliiw@  pubnhpitiph i momudbtpp  Ohpfuyugynd Go hwdwutin - Ggpughtt funph  utithwub
dmbyghwitiph pwpptph  wphupny, hul dwytpimpughtt nhjwjwpnn wgnbgnpgniblipp - plinpwgpnn
Pnbijghwttinp tipyuyugyud G hwdwywypuwuppwd hwpdnbhubtipny:

Lndywd GO Ltlpppuwynuphy  quqpuitnudttph phujupdwd jhpwpwluwd  fubnhpbbp, hbosybu
dwytipunipwyht dkpwbhjuyuwd wantignipyub, wybybu b fahppuyub nupph ymptibghwing dwitipimpwyht
wihynd wantignipjub nhiyptipnud:

In a view of formulation of the controlling problems of a piezoelectric element oscillation by
means of an electric field surface impact, as well as to obtain a method for electric energy harvesting,
a simple model problem is considered of forced oscillations of a piezoelectric layer of a 6mm class of
hexagonal symmetry.

The problem of controlling electroacoustic shear oscillations along the thickness of the
piezoelectric layer by surface mechanical impact, as well as the problem of contactless control is
formulated for oscillations caused by impact of the surface potential of an electric field.

The solutions of oscillation problems are represented in the form of an expansion of the
sought functions in terms of eigenmodes of a homogeneous boundary value problem, the functions
characterizing surface influences are represented by the corresponding harmonics.

The applied problem of control has been solved for electroacoustic oscillations in cases of both
mechanical surface impact and non-contact surface impact caused by an electric field potential.

Introduction

In 1880 the Curie brothers discovered the unique property of piezoelectric matter
(direct piezoelectric effect). Shortly thereafter in 1881, the inverse effect was also
confirmed, specifically, that the substance located between the two electrodes, reacts
to an electrical voltage applied to it by changing its shape. The direct piezoelectric
effect is currently widely used in high-precision instrumentation, and the inverse
piezoelectric effect, for exciting oscillations of mechanical pressures and deformations.

General principles and basic relations of the linear theory of piezoelectrics are well
studied. These can be found in famous books [IH5] and etc.

With the development of modern technology, research on the control of related
oscillatory and wave processes is encountered more and more [6HI] and etc. But before
dealing with process control, it is necessary to explore the controllability of the original
physical model [10] [11].

In order to formulate the formulation of control tasks for oscillations of the
piezoelectric layer using surface mechanical impact or contactless action of an electric
field, as well as to identify a method of accumulating electrical energy, a simple model
problem is considered of forced oscillations of a piezoelectric layer made of a material
of 6mm class of hexagonal symmetry

1 One-dimensional shear oscillations across the
oscillations of the piezoelectric layer.

In a rectangular Cartesian coordinate system(z,y,z), an elastic layer of a
piezoactive material of 6mm class of hexagonal symmetry occupying the region
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{0<z<a; —oo<y<oo; oo<z<oo} (Fig. 1).

z
|ty . / u)

W(x.t)/ E(X,t)l J J

Vixt)

u(x‘t)L

X

Fig. 1: Physical model of excitation of electroacoustic oscillations along the thickness
of the piezoelectric layer and their control

Crystallographic axis of symmetry P is parallel to the coordinate axis 0z, and the
coordinate plane z0y aligned with the isotropic plane of the material. The equations
of propagation of one-dimensional shear waves or transverse oscillations of the layer,
in the quasi-static approximation can be specified by the set of equations [1, 2, 4]

CAAW 4g (T, 1) + €159 20 (T, 1) = pW(x, 1), €119 .02(x, 1) = €15W 2o (2, t). (1.1)

Here, we used the following notations: function w(z,t) is the elastic displacement
along the coordinate z, E(z,t) = —¢ , is the component of the electric field along the
coordinate x, cqq the shear modulus,p is the bulk density,eq; dielectric permittivity
and e;5 piezo module of layer material. The expressions for the non-zero components
of the mechanical stress and electrical displacement in one-dimensional setting have
the form

O22(2,t) = caaw z(x,t) + 150 2 (2,t), Dy(z,t) =eswe(z,t) —eng(x,t). (1.2)

On planes * = 0 and * = a of layer edges, the boundary conditions of surface
mechanical impact and clamping are given by

’LU(O,t) = /’L(t)7 (13)
w(a,t) =0. (1.4)

In the boundary condition (1.3), u(t) is an arbitrary function of time corresponding to
a nonstationary displacement of the surface. But in problems of electroelasticity, the
surface impact can also be set by mechanical force o, (0,t), or by surface polarization
(electrical displacement) D, (0,t), or by electrical potential (0, ).

On the planes of layer edges, the boundary conditions for the electric field are
also satisfied. Without loss of generality, as applied limiting variants of electrical
boundary conditions, we consider the conditions of electrically open and electrically
closed surfaces, respectively, on the planes x =0 and z = a

[pw(2,t) = (e15/e11 ) - wala,t)] g = 0, @(a, )],y = 0. (1.5)
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For a complete formulation of the boundary value problem of forced oscillations of
elastic shear, it is also necessary to set the initial conditions also. In the case of a
quasi-static formulation of the problem, it is natural to set the initial values for the
mechanical components w(z,t) and w(z,t)

w(z,0) = f(x),  w(z,0)=g(x) (1.6)

Initial conditions for accompanying electric field components ¢(z,t) and $(z,t) are
determined in accordance with the boundary value problem (1.1) and (1.3)-(1.5).
Here, four more types of initial conditions are possible with initial values of the
accompanying electric field components

w(gc, O) = f($)7 (p(.%', 0) = ¢(SU) (1'7)
u')(x, 0) = g($)7 ¥ (E,O) = 1/1(55) (18)
w(x, 0) =f :U)7 90(567 0) = ¢(1‘) (1'9)
w(z,0) =g(x),  &(z,0)=¢(z) (1.10)

Reduced boundary value problem (1.1), (1.3), (1.4) and (1.6) is similar to the problem
of forced oscillations of a string [I0]. When the one of the initial conditions (1.7)-(1.10)
is valid instead of conditions (1.6), the solution of boundary value problems does not
become more complicated, but the content and applications are expanded.

2 Solution of the boundary value problem of forced
oscillations of elastic shear along the thickness of
the piezoelectric layer.

System of equations (1.1) can easily brought to the form

& w (2, t) = W(2,1),  Qax(z,t) = (e15/€11) W 2a(, 1), (2.1)

where & = cy4(1+ x?)/p is the reduced velocity of the electroactive shear wave,

X2 = €25 /(case11) is the electromechanical coupling coefficient of the material. By
introducing a transform to move shear

w(z,t) =u(z,t)+ (1 —z/a) - p(t) (2.2)

The boundary r conditions (1.3) and (1.4) with regard to function u(x, t) are converted
to homogeneous surface conditions

u(0,t) =0, u(a,t) =0 (2.3)

and the first equation of the system (2.1) takes the form of an inhomogeneous wave

equation, with a perturbation (1 —x/a ) - ji(t), at a certain depth of the layer

& U (v, t) =i, t) + (L—z/a) - ji(t), @uz(,t) = (e15/€11 ) - Upu(w,t). (2.4)
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Homogeneous boundary conditions (2.3) allow to represent the solution of the
equation (2.4) in the form of an expansion in eigenfunctions of the homogeneous
boundary value problem

u(@,t) =Y up(t) - sin(Apa), (2.5)

with eigenvalues )\, = nw/a and the corresponding harmonics characterizing the
dynamics of natural oscillations of the layer w,,(t)

u(t) = Zun<t)v (26)

where u,(t) = > [Aun cos(wynt) + Bun sin(wunt)] and wyy, = ¢tA,

n=1

Factor in inhomogeneous part of the equation (2.4) also is represented as a series
of its eigen functions

1—=z/a)-j(t) = Z fin(t) - cp - sin(A,x) where ¢, =2/nm (2.7)

with the corresponding harmonics of its acceleration characterizing the surface effect

pu(t) = Z pn(t) = Z [Apn cos(wpunt) + B sin(wpnt)] (2.8)

Here,w,, are the known frequencies of the harmonics of the surface effect, A, and
B,,,, are the known amplitudes of harmonics of surface impact. Substituting (2.6) and
(2.8) into the first of the equations (2.4), we come to the infinite system of ordinary
differential equations

iin (1) + Wo - un(t) = _anfm < pin(t) (2.9)

Here, wyy, = ¢é:\y, are the eigen frequencies of oscillations of the layer, and w,,, are the
surface impact frequency. General solutions to equations (2.9) we find by the method
of variation of constants

Un (t) = Ayn cos(Wunt) + Bup sin(wynt)+

9 ) 9 ) (2.10)
+ an,un/(w#n - wun) ’ [A#n Cos(w,mt) + Bl”l Sln(w#nt)]
where the non-resonant frequency of exposure is defined as
Wn 7 Wun, (2.11)

Unknown amplitudes A,,, and B,,, in solutions (2.10) we find on the basis of the
given initial conditions, expanding these conditions in a Fourier series in terms of
their eigen forms. In the case when the initial conditions are specified by mechanical
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characteristics (1.6), these expansions will be written in the form
0) = fo-sin(Anz), (2,0)=> gy -sin(A,2) (2.12)
n=1 n=1

Comparing the expressions for the true shear across the layer thickness (2.2) and the
expansion of the initial conditions (2.12), to determine unknown amplitudes A, and
B, we will have an infinite system of linear algebraic equations in the form

{un(O)—l—Cn-,un(O) fn

Un(0) + n - fin(0) = gn (2.13)

Taking into account (2.5), (2.6), (2.8) and (2.10) we can easily obtain the unknown
amplitudes

{Aun +cp []— + win/(wzn - wfm) ] : A,un = fn (2 14)

Taking into account the transformation (2.2), true shear in layer thickness w(z,t) is
defined in the following form

o0

w(z,t) =Y [un(t) + cn - pn(t)] - sin (M) (2.15)

n=1

where wy, (t) = un (t)+cp-pn (t) are true harmonics of oscillations under surface impact.
From the second equation of the system (2.4), taking into account the transformation
(2.2), the surface conditions (1.5) and (2.3) on surfaces = a and & = 0, the potential
of the accompanying electric field oscillations is determined in the form

o(z,t) = (e15/e11 ) - [(a — ) - u'(0,t) + u(z, t)] (2.16)

Using expansions (2.6) and (2.8) the expressions for the electric potential can be
written as

o0
o(x,t) = (e15/e11 ) Z a - ApCp + 1] - [Aun cos(wynt) + Bun sin(wynt)] - sin(A,x)

(2.17)
Taking into account the boundary conditions (2.3), on the clamped surface z = a, the
electric potential disappears, and its derivative will not be zero

o(a,t) =0, o' (a,t) = (e1s5/e11 ) - [u/(a,t) —u’(0,1)]. (2.18)

On the surface of mechanical impact * = 0, taking into account the boundary
conditions (2.3), the electric potential and its derivative, respectively, take the values

©(0,t) = (e15/e11 ) - a-u'(0,t) = (e15/e11 ) an un(t), ¢'(0,t) =0. (2.19)
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On the basis of the obtained solutions of the problem of forced oscillations along
the thickness of the piezoelectric layer, it is possible to propose new problems:
control of electroacoustic oscillations by surface mechanical impact , or contactless
impact on electroacoustic oscillations by non-stationary potential of the electric field,
accumulation tasks (or absorption) the energy of the electric field.

3 The problem of controlling electroacoustic
oscillations of shear along the thickness of a
piezoelectric layer

As in the problem of forced oscillations, when solving the control problem, we
again use the Fourier series method in the mathematical boundary value problem.
This approach reduces the problem of controlling oscillations along the layer thickness
by surface impact into an infinite system of the oscillation controlling by means of
eigenforms of the harmonics of the surface impact [10].

In the problem of oscillation control, as in the expansion of the impact function
(2.8) and so in the solutions (2.10), the amplitudes of harmonics of surface impact
A,n and B,,,,, are unknown ones. These coefficients are determined together with the
unknown amplitudes of the harmonics of the eigen vibration modes A,,,, and By,.

3.1 Control of electroacoustic oscillations of shear along the
thickness of the piezoelectric layer by surface mechanical
impact -1.

Based on the obtained solution of the problem of forced oscillations of a piezo
layer in the case of unsteady boundary mechanical loading, we can discuss the control
problem requiring to determine mechanical impact function p(t) allowing to reach
electroelastic state with deflection values

w(zx, Ty) = R(x), w(x, Ty) = 0, (3.1)

at the moment of time Ty. In the ratios (3.1) R and Tp are given constants. Here,
taking into account the expression for the deflection function (2.15), together with an
infinite system of linear algebraic equations (2.13), from the conditions of the final
state (3.1), one more infinite system of linear algebraic equations can be obtained

un(TO) +cp - ,un(TO) =Tn

In the system of equations (3.2) 7, are the expansion coeflicients of the final version
of deflection function

w(z, Tp) = Z Ty - SIn(Apx) (3.3)
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The values of the unknown amplitudes of the corresponding harmonics A,, Bun,
A,n| and B,,,,, we can obtain from the system of equations (2.13) and (3.2)
Aun + cn(1+Yun) - Aun = fn

Bun + cn(1 4+ yun) - Byn = In/Wun

cos(wunTp) + Aun + sin(wynTo) - Bun+

+ en(1 +Ywn) - c08(wunTo) - Aun + cn(l + Yun) - sin(wunTo) - Bun =14
Sin(wynT0) + Aun — c08(WunTo) * Bunt+

+ cn (14 Yun) - sin(wunTo) - Aun — cn(1 4+ Ywn) - co8(wunTo) - Bun =0

(3.4)

In the infinite system (3.4) the following notations are used for dimensionless frequency
characteristics 0y, = Wpn /Wyn and Yen = 62,,/(62, — 1) .

From the conditions of the existence of nontrivial solutions of a system of

algebraic linear equations, we can determine the time interval ¢t € [0;Tp] during
o0

which the surface impact wu(t) = > pn(t) leads to the excited state of the
1

n=
piezoelectric layer from (1.6) state to state (3.1). Calculating the main determinant
Det||d;j(wun; wuni To)|l 44 = €2 # 0 of the system (3.4), we convince the possibility
of controlling the shear oscillations along the thickness of the piezoelectric layer.

p()/PZT-4 W(t)/PZT-4
1.5

1

(a) Surface mechanical impact function (b) The behavior of time depending
u(t) for controlling electro-acoustic function of elastic shear of
oscillations over the thickness of the electroacoustic oscillations of a

piezoelectric layer piezoelectric layer w(t)
Fig. 2

Finding the amplitudes of the corresponding harmonics Ayp, Bun, Aun and By,
from the system of equations (3.4), we define the function of the surface effect
according to (2.8) and the surface of the electroacoustic shear and the potential of
the accompanying electric field according to (2.15) and (2.17) , accordingly.
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(a) Elastic shear change surface w(z,t) (b) Surface of change of electric

in the process of controlling potential ¢(x,t) in the process of
electro-acoustic oscillations of the controlling electro-acoustic oscillations of
piezoelectric layer in the case of surface the piezoelectric layer in the case of
mechanical action p(t) surface mechanical action pu(t)
Fig. 3

In a particular case, when the initial and final states of the piezoelectric layer
descriptions are known

w(z,0) = F(x) = Z frn-sin(Apz), w(x,0)=G(x)= Zgn ~sin(Apz)  (3.5)
n=1 n=1
w(z, Ty) = R(z) = Y 1 -sin(Anz), (2, Tp) =0, (3.6)

for a period of time t € [0; 1.0sec] the control function w(t) is constructed, as a
mechanical surface effect (Fig.2.a). A function w(t) of the temporal behavior of
the elastic shear of electroacoustic oscillations of the piezoelectric layer has been
constructed also (Fig.2.b). Wave surfaces of elastic shear and electric potential along
the thickness of a piezolayer with a thickness @ = 10™®m are shown in the figures 3a
and 3b ,respectively.

3.2 Control of electroacoustic oscillations of shear across the
thickness of the piezoelectric layer by surface mechanical

impact - 2.

The most interesting applied control problem will be obtained if there is need
to determine the function of the mechanical surface impact p(t) so, that over time
t € [0;Tp] the electric field potential accompanying mechanical oscillations will be
equal to a given value ®(z,Tp). In this case, instead of the final conditions (2.1) we
need to consider the state

o(z,To) = @o(z) = Z bn - sin(Apz),  w(x, Tp) =0, (3.7)

Taking into account that the electric field potential accompanying mechanical
oscillations have the form (1.17), the determined infinite system of equations can
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be written as we obtain in the form

Aun + cn(1+Yuon) - Aun = fn

Byn + cn(l + %m) *Bun = gn/wun

co8(wWunTp) + Aun + sin(wunTo) - Bun + cnYun - c08(wunTo) - Apn+

+ cnYon - SI0(wpnTo) - Bun = (€11/€15 ) (Pn/(a - Apcn, + 1))
Sin(wynT0) - Aun — c08(WunTo) - Bunt+

+ (1 4+ Yon) - sin(wunTo) - Apn — cn (1 4+ Yun) - €08(wWunTo) - Bun =0

Naturally, as in the system (3.4), in an infinite system (3.8 the same notations
for dimensionless frequency characteristics are used dun = wWyn/wun and Yun =

Finding the amplitudes of the corresponding harmonics Aypn, Bun, Aun and By,
from the system of equations (2.8), we define the function of the surface effect
according to (2.8) and the surface of the electroacoustic shear and the potential of
the accompanying electric field according to (1.15) and (1.17,) respectively.

In the particular case when the numerical parameters of the initial and final states
of the piezoelectric layer are known (2.5) and (2.7), for a period of time ¢ € [0; 1.0sec]
the control function is built x(t), as a mechanical surface effect (Fig.4.a). The behavior
of time depending function of the elastic shear of electroacoustic oscillations of the
piezoelectric layer has also been constructed w(t) (Fig.4.b) changing from initial
condition (2.5) to final condition (2.7).

4 Contactless control of electroacoustic oscillations
of the piezoelectric layer shear by surface action of
an electric field.

The more interesting case will be the option of contactless surface action, when
on the traction free surface of the piezoelectric layer £ = 0 a non-stationary electric
field acts

©(0,t) = @o(t), (4.1)
and the second surface x = a, as before is clamped
w(a,t) =0. (4.2)
In condition (4.1), @o(t) € Cq the times function corresponding to the unsteady
potential of the electric field.
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(a) Surface electric impact function g (t) (b) Function of the behavior of the
for controlling electro-acoustic electric potential of electroacoustic
oscillations of shear along the thickness oscillations of the piezoelectric layer as a
of the piezoelectric layer function of time ¢(¢)
Fig. 4

On the layer edge planes, it is necessary to satisfy the two more boundary
conditions for the electromechanical values of the field. Without loss of generality, as
applied versions of electromechanical boundary conditions, we consider the conditions
of a traction free surface on x = 0 and an electrically closed surface on = = a,
respectively

(w2, t) + (e15/caa) - (@, 8)],g =0, w(a;t) =0 (4.3)

For a complete statement of the control problem, it is also necessary to set the
initial and final conditions. Initial and final conditions for the components of the
accompanying electric field ¢(z,t) and ¢(z,t) are determined in accordance with
the boundary value problem (1.1) and (4.1) - (4.3). Here, one more types of initial
conditions is possible with the initial values of the components of the electroactive
vibration

w(z,0) = f(z), ¢(x,0)=¢(x) (4.4)
In this case, we will consider the conditions of such a final state when the potential

of the electric field accompanying mechanical oscillations is equal to a given value
(I)(;m T())

o(z,To) = p(z), w(z,Ty) = 0. (4.5)
To solve the control problem, we introduce the transformation
olx,t) =0(x,t) + (1 —x/a) - po(t) (4.6)

For the introduced function ®(z,t), condition (4.1) and the second condition from
(4.3) are converted to homogeneous surface conditions

®(0,t) =0,  ®(a,t) =0 (4.7)

The first equation of the system (1.1) takes the form of an inhomogeneous wave
equation, with a perturbation (1 —z/a ) - ji(t) at a certain depth of the layer

C? - @ p(x,t) = B(x,t) + (1 —x/a) - olt), (4.8)

The second equation confirms the synchronism of the shift function w(z,t) and the
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new introduced function ®(x,t)

w,m(x,t) = (511/615) . ¢7mI(I7t) (49)
The first surface condition from (4.3) converted to form
[wa(z,t) + (e15/caa) - P o(2,t)],_o = (€15/acssa) - po(t) (4.10)

Homogeneous boundary conditions (4.7) allow to represent the equation (4.8) solution
in the form of an expansion in eigenfunctions of the homogeneous boundary value
problem

O(z,t) = Y Bp(t) - sin(Ap2) (4.11)

with eigenvalues A, = nm/a and with the corresponding harmonics characterizing
the dynamics of the process ¢, (t)

B(t) = i O, (1). (4.12)

Factor in the inhomogeneous part of the equation (4.8) also is represented as a series
of its eigenfunctions

(1—x/a)-@o(t) =Y @on(t) - cn sin(Anz) where ¢, =2/nr (4.13)

n=1

and with the corresponding harmonics of its acceleration characterizing the surface
effect

po(t) = Z pon(t) = Z [Apn cos(wWent) + Byn sin(went)] (4.14)
n=1 n=1

Here w,y,, are unknown frequencies, A,, and B, unknown amplitudes of harmonics
of surface action. Substituting decompositions (4.12) and (4.14) into the equation
(4.8), we come to the solution of the infinite system of ordinary differential equations

D (t) + why, - Pr(t) = —caw?,, - Pon(t) (4.15)

Here, wyn = Ci\, natural frequency of oscillations of the layer, and wen surface
action frequency.

General solutions of equations (4.15) we find by the method of variation of
constants

D, (t) = Awn co8(Wynt) + Bun sin(wypnt)—

4.16
~ G win/(win - win ) - [Apn cos(went) + Ben sin(wpnt)] (419

where the non-resonant frequency of exposure is defined as
Wen 7# Wun (4.17)

Taking into account the transformation (4.6), electric field potential across the
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layer thickness p(z,t) is defined as follows

o}

oz, t) = [D,,(t) 4 ¢ - pon(t)] - sin (A\,z) (4.18)

n=1

where ¢, (t) = @, (t) + ¢, - Yon(t) true harmonic of oscillations under surface action.
From the equation (4.9), taking into account the transformation (4.6) and surface
conditions (4.7) on surfaces = a and = = 0, electroactive elastic shear is defined as

w(x,t) = (e15/caa ) - [(a — z) - D'(0,t) + ®(z,1)] (4.19)

Using expansions (4.6), (4.18) and (4.19) the expression for the electroactive elastic
shear can be written in the form of the expansion

w(z,t) = (e15/caa ) Z [aAncn + 1] - @y (t) - sin(Apx) (4.20)

Taking into account the boundary conditions (4.4), on the clamped surface z = a, the
electric potential disappears, and its derivative is not zero

w(a,t) =0, w'(a,t) = (e15/caq ) - [®'(a,t) — @'(0,1)]. (4.21)

On the surface of mechanical action x = 0, taking into account the boundary
conditions (3.3), the electric potential and its derivative, respectively, take the values

w(0,t) = (e15/cas ) - a- '(0,t) = (e15/caa ) Z/\ D, (1), w'(0,t) =0. (4.22)

Presenting the initial and final conditions (4.5) in the form of Fourier series in
eigenforms sin(\,x)

= n=1
p(z,Tp) = Z% sin(Apz). (z, Tp) =0 (4.24)

The values of the unknown amphtudes of the corresponding harmonics A, Bun,
Agn and B

©ens
Awn — CnYwn A<pn = (044/615 ) : fn/(a)\ncn + 1)
Bwn +cp - 60.; (1 - ’Ywn) . Bcpn - ¢n/wwn
€o8(Wynt) « Awn + sin(wynt) - Bun+

. o (4.25)
+ ¢n (1 = Ym) - €08(Went) - Apn + cn (1 — Yun) - sin(wpnt) - Bon = ¥n
Sin(wwnTo) « Awn — €08(WwnT0) + Bun—

— CnOuwnYon - SIN(wWenT0) - Apn + CndunYn - €08(WunTo) - Bon =0

we find from the system of linear algebraic equations, which obtained from (4.23) and
(4.24).
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Into an endless system (4.25) the notations are used for dimensionless frequency
characteristics dun = Wen/Wwn and Yun = 62, /(1 —62,)

Finding the amplitudes of the corresponding harmonics Ayn, Bun, Aun and
By, from the system of equations (4.25), we define the function of the surface
effect according to (4.14) and electroacoustic shear surfaces and potential of the
accompanying electric field according to (4.20) and (4.18) accordingly.

Conclusion

The problem is established of controlling shear oscillations along the thickness
of the piezoelectric layer by surface mechanical impact, as well as the problem of
contactless control of electroacoustic oscillations of shear along the thickness of the
piezoelectric layer by the potential of the electric field.

The solution of the oscillation equation is represented in the form of an expansion
in terms of eigenfunctions of a homogeneous boundary value problem, with the
corresponding harmonics and their accelerations characterizing the surface impact.

An interesting applied problem of controlling electroacoustic oscillations has
been solved, when it is required to determine the function of mechanical surface
impact so that throughout the finite period of time the potential of the electric field
accompanying mechanical oscillations will be equal to a given value.
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Waveguide
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JIOKaJII/IBaHPIﬂ CABUTOBbIX BOJIH B CJIOUCTO- II€pUOAUYIECKOM
HEeOJHOPOJHOM BOJIHOBO/IE

Kazapau K., Kazapau P., Tepzan C.

KuroueBbie cJjioBa: JIOKAJIU3AIMsl, CABUTOBas YIIPyTasi BOJIHA, HEOJHOPOIHBINA MaTepuaJ, BOJTHOBO/I.

,HJIH OIIPpEIEJIEHHOI'O KJlaCCa HEOIHOPOJHBIX MaTepHaJIOB aHaJUTUYIECKU YyCTaHOBJIEHA BO3MOXK-
HOCTDH JIOKaJIN3aIlunu C,ZLBHFOBOP‘I pryFOﬁ BOJIHBI B CJIOMCTOM BOJIHOBOZE, COCTOAIIEM U3 IIE€pUOguve-
CKH ITOBTOPAIOIMUXCHA YIIPYT'O KOHTAKTUPYITUX HEOJTHOPOJHBIX KOHEYHEr'o YucCjaa UICHTUIHBIX CJIOEB.
,ZLJ'I?I HEOJHOPOAHOT'O MaTepuaJjia ¢ IE€PUOANICCKUMA HECUMMETPUIHBIMUA HpOd)I/IIISHVII/I IIOKa3aHO, 9YTO
BCJIEICTBUU HEOJHOPOJAHOCTH UMEET MECTO JIOKaJIn3alud CABUTOBBIX BOJIH HA BHEUTHUX I'PaHUIIAaX BOJI-
HOBOIa HOKaJ’II/IBaHHH BOJIH 3HAQYUTE/IbHO YCHUJ/IUBAETCA C YBEJIMICHUEM UYHNCJIa 3JIEMEHTapHBIX AY€eK
BOJIHOBOIa. ,ZLJIH HEOJHOPOJHOI'o MaTepuaJjia ¢ CUMMETPUYIHBIMU HpO(i)PUIHMI/I IIOKa3aHO, 9YTO B 3TOM

BOJIHOBO/IE€ JIOKQJIN3allnusA CABUI'OBBIX BOJIH HE MMeEeT MeCTO.
4. Mmqupyui, (. Twqupyui, U. @-ipqyub.

Uwhph whputiph pinujtwugnudp sEpgpuynp — yupppujut wghpwygupnd

Nhitwpwnbp® Stnwjiwgmy, uwhph wpwaquiwb wihp, wihwdiwubn GyniE, wihpwypunp:

Wohwdwutin Oyniptiph npnpwijh nuuh hwdwp wbwihphynptit hwupuyus L otppuynp wihpugqupnid
uwhph wnwdquiud whph ptnujiwgdwd hbwpwynpnipynibp: Stppuynp wihpwypupp punjugud k
wuwpptipwpwp Ypyoynn, wpwaqujuinptit hyydwd Ytpowynp pyny tnybwlwub stpgptinhg: Mwpptipuui, ng
uhdtipphy wypndhibipny wihwiwutn ymph hwdwp gnyg £ ppwd, np withwdwutipmpyub htaplwbpny
wihpunpuph wpyuphtt Ggptipnud pinh mbh uwwhph wihpbtiph phnuyiugnud: Whpwypwph puppuiub
pohotiiph pyh wéhb gnigplipug wihptiph pinwjtiugnuip qquihnptil mdtnubnud £ Uhdtyphy wpndhibtipny
wihwdwutin tyniph hwdiwp gnyg £ yppdws, np wyn whpwipupnid uwhph wihpbtiph ptinuybwgnud ptinh snibh:

For a special class of inhomogeneity materials this analytical study demonstrates localization of
shear elastic wave in periodically stratified waveguide, consisting of periodically repeated perfectly
bonded inhomogeneous identical finite number unit cells. For inhomogeneous material with periodic
non symmetrical profiles is shown that due to inhomogeneity the shear guided waves can be localized
at interfaces in the waveguide. The localization of waves significantly increases with the numbers of
the waveguide unit cells. For inhomogeneous material with symmetrical profiles is shown that this

material does not support localization in waveguide.
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Introduction

Functionally graded materials (FGM) are inhomogeneous elastic bodies whose
properties vary with space. FGM plays an essential role in the most advanced
integrated systems for vibration control and health monitoring. The progress in
the characterization, modelling, analysis and principal developments of FGM was
reviewed in [I} 2]. In pure elastic FGM materials elastic wave propagation was studied
by many authors, and some studies close to presented article topic are worth to be
mentioned [3HII]. In piezoelectric medium coupled electro- elastic bulk and surface
waves are widely discussed in science periodic, particularly in [12H21]. Elastic and
couple electro elastic surface wave prorogation in inhomogeneous materials admitting
analytical solutions is considered in [6HI0, 13, [I5]. In this study, an exact analytical
approach and transfer matrix technique are used to investigate localization of shear
elastic wave in periodically stratified waveguide of some functionally graded material,
consisting of periodically repeated perfectly bonded inhomogeneous identical unit
cells.

Statement of the problem.

Let consider shear elastic wave propagation in periodically stratified functionally
graded waveguide, consisting of periodically repeated perfectly bonded identical
inhomogeneous layers. The material parameters of a inhomogeneous material, the
stiffness and the mass density are assumed to be varied in the same proportion in
the unit cell as p,(z) = pofn(2); pu(x) = pofn(x), where f,,(z) is the inhomogeneity
functions which will be specified later, z € [(n — 1)d,nd],n = 1,2, ..N, is the number
of the unit sells (Fig.1 )

x=din1) = =

Fig.1 Elementary unit cell of the inhomogeneous elastic waveguide

The elastic displacements and stresses obey to the anti-plane equations of
motion and Hooke’s law. Choosing the anti-plane deformation in the z-direction and
considering a steady SH-wave wu, (z,y,t) = uno (z) exp [i(ky — wt)], where u, (x,y,t)
is the displacement in z direction, we come to the following equations (k,w are wave
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number and angular frequency)

Ouon () + (00w? — pok?) f

o) — o o010 () = @

For a special class of inhomogeneity functions Egs. (1) can be converted into
differential equations with constant coefficients admitting the exact solutions [0 [16].

b +2
3 () = (COSh (a(x—(n—-1)d)+do)+ o sinh (a (z — (n — 1) d) + do)) (2)

The expression Egs. (2) is valid also for b = ibg, a = 0. When a = 0 instead of Eq.(2)
we have (dg = 0)
135 (@) = (L bl — d(n = 1)) (3)

Solutions of Eq. (1), corresponding to the functions f,(LJr) (x), can be found as

Aln 6ipx A2n efipx
ugn () = ( il ) i Ton(z) = uofé+)($)3z (un(x)) (4)
i (@)

where p = d_l\/92 — (kd)? = (ad)?;0 = wy\/ g ' po; By introducing the column field
vector Uy, () = (uon(z), 7on(x))", Ay = (A1nAs,)” the solutions of Eq.(4) can be
cast as . -

U, (z) = Y (2) 4,

where

EF) (2) = ———x
1+ (@)
i _ (5)
2e'PT 2e7"PT
X ; . —ipz (o
(Mo et (2" (@) = 01D (@) —poe™ 7 (2ipfi (@) + axfﬁ)(x)))
Solutions of Eqs. (1 ) corresponding to the functions f,(f)(x) can be found as

to (A1 €P® + Agpe™P)

TOn(x) = 5
» @) (6)
2 2
uon (x) = ,uok:(i) Go% O Ton ();
n (33
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where
() () =\ 1) (2) %

<_ P (2ipf ) (@) 0. £ (=) e (=2ipf ) (@) 4. £ () >
X

2(a2+p2) (£ (2)) 2(a2+4p?) ({7 (2))

1T 1pxT

Hoe o€~

The transfer matrix M linking field vector values at the surfaces 2 = (n—1)d, z = nd
of the unit cell can now be determined as:

U, (nd) = E®) (nd) - 4,0, (n—1)d) = EF) (n—1)d) - 4, (7)
Excluding vector A, in Eq. (5) one has

. . . —1
Herein M) = £ (nd) (FT(Li)> ((n=1)d) is the unimodal transfer matrix for

the inhomogeneous cells corresponding to the functions fT(Li)(x).

The condition ‘Tr (M (i))‘ > 2, defines the stopband of frequencies, ranges of

eigen frequencies in which waves cannot propagate in the infinite periodic medium
consisting of periodically repeated inhomogeneous cells [22]. Let note that elements
of matrix M®) do not depend of cell number n.

Using the continuity conditions of the field vectors U(z) at interfaces z = nd we
come to the matrix equations

Unti (@) = MU, (2,-1) 9)

R n
, Repeating this procedure the n-th times the propagator unimodal matrix (M (i)>

can be found. The matrix (M(i)> links the field vectors at + = 0 and z = nd

surfaces of the waveguide.
(M<i>)"(71 0) =0, (nd), n=1,2,...N (10)

According to Sylvester’s matrix polynomial theorem for 2x2 matrices the elements of
the n-th power of an unimodal matrix M) can be cast as [23]

- n M M
M(i)) _ < 11 12)
( My Mas

and can be simplified using the following matrix identity

M1 =m118,—1(n) = Spn—2 (1) ; M12 = m12S,—1 ()

11
Mo = ma1Sp—1 () ; Mag = maaSy—1 (1) — Sp—2 (n) ()
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where mi1, m12, Ma1, masare elements of matrix M ()

ME = mi1 Mi2
ma1 Moz )’

Sp (n) are the Chebyshev polynomials of second kind, namely

sin ((n+1)¢)

Sn(n) = sng o ¢ =mn;
1 N 1
n= §Tr (M) =3 (m11 + ma2);

The first Chebyshev polynomials are

So(m) =1, Si(n)=2n Sy(n) =4n"—1

Subsequent polynomials may be obtained from the recurrence relation of Chebyshev
polynomials [? |
Sm (1) = 20Sm-1(n) — Sm—2(n) (12)

Consider now a boundary value problem when the waveguide interfaces z = 0,2 = Nd
and are tractions free

701(0):TON(Nd):0 (13)

In this case the following matrix equation can be imposed

(31" (umo<0>> _ <u0N éNd>) (14)

Eq. (14) have a non-trivial solution if the following two alternative equations are
satisfied

Sn-1(n(0)) =0 (16)
From Eq.(14) besides of these equations it follows also that

uon (Nd) = (m11Sn—1 — Sn—2) u01(0); (17)
Alongside with Eq. (14) one can consider the matrix equation such as
() n ’LL()l(O) _ UQn (nd)
(M ) ( 0 Ton (nd) (18)
and the relation between field vector values can be found as
Uon(’fbd) = (m115n_1 — Sn_2) u01(0); n = 1, 2, 3...N (19)

The roots of Egs. (15,16) are curves in the phase plane (6, kd), each point of which
corresponds to a wave travelling in the wave guides.

60



If mo1(6) = 0 or my2(6) = 0, then since M) is a unimodular matrix m1m9s —
miameo; = 1 it follows that mqi1mes = 1 and therefore n = ()\+ )\*1)/2 , where
A =my; (0) Using recurrent relation Eq.(12) the following new relation can be shown
for the Chebyshev polynomials of second kind:

P = )‘Sn(n) - Sn—l(n) =A (()‘ + Ail)Sn—l(n) - Sn—2(77)) - Sn—l(n) =
=A ()‘Snfl(m - Snf2<n))
which can be rewritten as
P11 =AP, (20)

where P, = (ASp—1(n) — Sn—2(n))
Taking into account that P = X, (So(n) = 1,5-1(n) = 0) the following identity
can be obtained valid for all integers starting from n =1,

P, =\" (21)

Hence it follows from Eqgs.(19,21) that for frequencies § = 6y, where 6 = 6, are the
roots of the equation meo1(8) = 0, we have

U(]n(’I’Ld) = )\nU()(O); n = ]., 2...N (22)

Therefore Eq. (22) shows that at frequencies § = 6, localisation of elastic shear
displacements may take place at the top or bottom interfaces of the periodic waveguide
if m11(9) 75 m22(9).

Another possible case is Sy—1 (n(6)) = 0. This equation has N — 1 roots in the
range 1) € (—1,1) which are given by 7, (§) = cos (mrN~') ,m=1,2..N — 1

Taking into account that in this case Sy_2 (17,,) = (—1)™ one can write

u()n(nd) = (—I)mU()l (0), n = 1, 2. N (23)

This means that N — 1 shear wave normal modes exist where amplitudes of guided
waves are distributed along the waveguide width and have the same magnitude at the
top and the bottom interfaces.

When the top and bottom faces of the waveguide are clamped

uo(0) = up(Nd) =0
Egs. (15,21) should be replaced by the following equations:
mi2(0) =0 (24)
Sn-1(n(0)) =0
Ton(nd) = A™"791(0)

In this case the localization of the elastic shear stresses takes place at the top or
bottom interfaces when mq2(6p) = 0 if mq1(0g) # maz(6o).

Here are also N —1 normal modes distributed along the waveguide width and have
the same magnitude of stresses at the top and the bottom interfaces which follows

61



from the following relation:
Ton(nd) = (=1)"7191(0); n=12...N (25)

Thus two different families of vibrational modes exist in the inhomogeneous
waveguide for both traction free and clamped the top and bottom interfaces . One is
a localized mode which exists only when m11(6p) # m22(0y), where 6y are the roots
of ma21(0g) = 0 orma1(6y) = 0. There are also another N — 1 normal non-localised
vibration modes at frequencies defined by Sy_1 (n(6)) = 0.

Results and discussions

In this section attention is restricted to some specified inhomogeneity functions.
In the first example, the inhomogeneity function are quadratic functions
7(L+)(x) = (14 b(xz —d(n —1)))* At the Fig.2 the profiles of quadratic functions

T(LJF) () in the elementary cells n = 1,2,3,4 are presented for different values of
inhomogeneity parameter § =bd, § =1;5 = —-0.7,8 = -2

'{?:1_ ﬁ:-ﬂ.?.
o o
4_
al
2L
1
x x
1 2 3 4 o 1 2 3 4 o
p=-2
)
1.0
(I}
(117
4
2
a
1 ? 3 4 o

Fig. 2: Profiles of quadratic function 3" (x))
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Let note that the inhomogeneous quadratic function when 8 = —2 is the symmetric
function f7(l+) (n—=1)d+z) = fr(f) (nd — z), xz €(0,d/2).
For quadratic functions fflg)(x) the transfer matrix M) can be found as

~ Z cos Z+PBsin Z dsin Z
ME = Z(1+p) poZ(1+05)
b (ZB%cosZ — (B2 + Z*(1 + B)sinZ)) (1 + B)cosZ — %sinZ

(26)

where Z = /62 — (kd)® is a dimensionless parameter.
From Eqs. (26) it follows that when 8 = —2 then my;(0) = ma2(#) and therefore
localization does not take place. For inhomogeneous quadratic function when 8 # —2
localization of guided wave amplitudes takes place at eigen frequencies determining

from equations mai(6y) = Oor m12(fy) = 0 . The eigen frequencies of the waveguide
with clamped interfaces determines from equation

sinZ=0; 0y =\/(kd)?®+ x2m?. (27)

At these frequencies the localization coefficient |[A| = |1+ /| is a monotonically
decreasing function in interval 8 € (—oo, —1) and a monotonically increasing function
in interval g € (—1,00).

In the interval 8 € (—2,0) we have || < 1, outside of this interval |A| > 1.

The eigen frequencies of waveguide with traction free interfaces determines from
equation

BreosZ — (B*+ Z*(1+ B)sinZ) =0 (28)

The graphs of localization coefficients for traction free waveguide are presented on the
Fig.3 .

[A]

T B e

-G -4 7 2 4 i

Fig. 3: Localization coefficient of shear stresse wave amplitudes for quadratic
function.

As it follows from data of Fig.3 the localization coefficient weakly depends from
eigen frequencies 6.
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Contrary to the above case for waveguide with traction free interfaces In the
interval 8 € (—2,0), |A| > 1, outside of this interval |A| < 1.

When |A| < 1, in the traction free or clamped waveguide with quadratic periodic
inhomogeneity one can state that the amplitudes of guided waves attenuate from the
waveguide bottom interface to the top interface with increasing of cell numbers. When
[A] > 1 the amplitudes of guided waves attenuate from the waveguide top interface to
the bottom interface. In the second example, the inhomogeneity functions are inverse
quadratic functions .

_ -2
fao) (@) = (1 +b(z —d(n—1)))

In the Fig.4 the profiles of the inverse quadratic functions fY(L_) () in the elementary
cells n = 1,2, 3,4 are presented for different values of inhomogeneity parameter 8 =
bd, p=1; p=-08, =-2

£=1 =D
)
110
[
o |
4
22+
x
1 2 3 4 2 3 4 o
f=-2
i
o -
2 -
x
1 Z 3 4 o

Fig. 5: Profiles of inverse quadratic function fy(l_)(x))

Corresponding to the inverse quadratic function f,ga) (x) the transfer matrix ]\Zf(,)
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can be found as

Y- — ((1 +B8)cosZ — GsinZ s (ZB%cos Z — (8% + Z*(1 + B)sinZ))
poZsin Z Z cos Z+Bsin Z
d(1+8) Z(1+8)
(29)
Juxtaposition of the matrix M~ with matrix M+ leads to the conclusion that contrary
to quadratic function case Eq.(27) determines eigen frequencies for waveguide with
traction free interfaces and Eq.(28) determines eigen frequencies for waveguide with
clamped interfaces.
Therefore we can state in the case of inverse quadratic function inhomogeneity
the results concerning localization effects for clamped /free traction waveguide
coincides with results of traction free /clamped waveguide with quadratic function

inhomogeneity.

Conclusion

Based on an exact analytical approach and transfer matrix technique a localization
of shear elastic wave is established in waveguide consisting of periodically repeated
perfectly bonded inhomogeneous identical of finite numbers unit cells. For a
special class of inhomogeneity functions admitting exact solutions, relationships
are established between elastic displacements of the top and bottom interfaces of
the waveguide when these interfaces are traction free. When they are clamped
a relationship is established between tangential stresses on these interfaces. It is
shown the localization of guided waves are take place in the traction free or
clamped waveguide with quadratic and inverse quadratic non symmetrical periodic
inhomogeneity. In the case of inverse quadratic function inhomogeneity the results
concerning localization effects for clamped /free traction waveguide coincides with
results of traction free /clamped waveguide with quadratic function inhomogeneity.
The localization of waves significantly increases with the numbers of the waveguide
unit cells. It is shown also that the waveguide with inhomogeneous cells of which are
symmetrical periodic quadratic and inverse functions do not support wave localization.
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