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ափին սեղմվում է հարթ հիմքով ողորկ դրոշմ։ Դուրս են բերված խնդրի որոշիչ հավասարումների համակարգը,

որը պտտման օպերատորների օգնությամբ հանգեցված է սինգուլյար ինտեգրալ հավասարումների համակար֊

գի և կառուցված է նրա ճշգրիտ լուծումը։ Ստացված են պարզ բանաձևեր ինչպես դրոշմի տակ գործող նորմալ

լարումների, այնպես էլ տարասեռ կիսատարածությունների միացման հարթության մեջ գործող կոնտակտային

լարումների համար։

Ââåäåíèå

Îäíèì èç âàæíûõ íàïðàâëåíèé êîíòàêòíûõ è ñìåøàííûõ çàäà÷ òåîðèè óïðó-
ãîñòè è ìåõàíèêè ðàçðóøåíèÿ ÿâëÿåòñÿ íå òîëüêî îïðåäåëåíèå ëîêàëüíûõ ïîëåé
íàïðÿæåíèé, âîçíèêàþùèõ âîêðóã êîíöåíòðàòîðîâ íàïðÿæåíèé ðàçëè÷íûõ òè-
ïîâ, îäíîâðåìåííî íàõîäÿùèõñÿ â äåôîðìèðóåìûõ îäíîðîäíûõ èëè ñîñòàâíûõ
òåëàõ, ìîäåëèðóþùèõ òå èëè èíûå êîíñòðóêöèè, íî è âûÿâëåíèå çàêîíîìåðíî-
ñòåé âçàèìî-âëèÿíèÿ ýòèõ êîíöåíòðàòîðîâ è ðàçðàáîòêà ìåòîäîâ äëÿ ïîíèæåíèÿ
ãðàäèåíòîâ ýòèõ ïîëåé, ÷òî ïðèâåäåò ê ïîâûøåíèþ ïðî÷íîñòè è äîëãîâå÷íîñòè
ýòèõ êîíñòðóêöèé è èõ äåòàëåé.

Ìíîãèå ðåçóëüòàòû â ýòîì íàïðàâëåíèè ïðèâåäåíû â ìîíîãðàôèÿõ [1�6]. Ðà-
áîòû â óêàçàííîì íàïðàâëåíèè, â îñíîâíîì, ïîñâÿùåíû èçó÷åíèþ ïëîñêèõ è
îñåñèììåòðè÷-íûõ ïîëåé íàïðÿæåíèé â îäíîðîäíûõ è êóñî÷íî-îäíîðîäíûõ ìàñ-
ñèâíûõ òåëàõ ñ êîíöåíòðàòîðàìè íàïðÿæåíèé òèïà øòàìïîâ, òðåùèí è ïîëíî-
ñòüþ èëè ÷àñòè÷íî ñöåïëåííûõ ñ ìàòðèöåé àáñîëþòíî æåñòêèõ âêëþ÷åíèé. Â
÷àñòíîñòè, óêàæåì íà ðàáîòû [7�12], ãäå ïîñòðîåíû òî÷íûå ðåøåíèÿ ðÿäà ïëîñ-
êèõ è îñåñèììåòðè÷íûõ çàäà÷ äëÿ êóñî÷íî-îäíîðîäíîé ïëîñêîñòè è ïðîñòðàíñòâà
ñ ìåæôàçíûìè, ÷àñòè÷íî îòîðâàííûìè îò ìàòðèöû, âêëþ÷åíèÿìè. Îñîáî îòìå-
òèì ðàáîòó [7], ãäå ïîñòðîåíî çàìêíóòîå ðåøåíèå ïåðâîé îñåñèììåòðè÷íîé çàäà÷è
äëÿ îäíîðîäíîãî ïðîñòðàíñòâà, ñîäåðæàùåãî êðóãîâóþ äèñêîîáðàçíóþ òðåùèíó,
íà áåðåãàõ êîòîðîé çàäàíû óñëîâèÿ ñìåøàííîãî òèïà. Óêàæåì òàêæå íà ðàáî-
òó [11], ãäå ïîñòðîåíû ðàçðûâíûå ðåøåíèÿ óðàâíåíèé îñåñèììåòðè÷íîé òåîðèè
óïðóãîñòè äëÿ êóñî÷íî-îäíîðîäíîãî ïðîñòðàíñòâà ñ êðóãîâîé äèñêîîáðàçíîé òðå-
ùèíîé.

Çäåñü æå, íà îñíîâå ýòèõ óðàâíåíèé, ðàññìàòðèâàåòñÿ îñåñèììåòðè÷íîå íà-
ïðÿæåííîå ñîñòîÿíèå êóñî÷íî-îäíîðîäíîãî ïðîñòðàíñòâà ñ ìåæôàçíîé êðóãîâîé
äèñêîîáðàçíîé òðåùèíîé, â îäèí áåðåã êîòîðîé âäàâëèâàåòñÿ ãëàäêèé øòàìï (àá-
ñîëþòíî æåñòêàÿ øàéáà).

Ïîñòàíîâêà çàäà÷è è âûâîä îïðåäåëÿþùèõ óðàâíå-

íèé

Ïóñòü óïðóãîå ñîñòàâíîå ïðîñòðàíñòâî, ñîñòîÿùåå èç äâóõ ðàçíîðîäíûõ ïîëó-
ïðîñòðàíñòâ ñ êîýôôèöèåíòàìè Ëÿìå λ1, µ1 è λ2, µ2, çàïîëíÿþùèõ â öèëèíäðè-
÷åñêîé ñèñòåìå êîîðäèíàò ñîîòâåòñòâåííî âåðõíåå (z ≥ 0) è íèæíåå (z ≤ 0) ïî-
ëóïðîñòðàíñòâà, íà ïëîñêîñòè ñòûêà êîòîðûõ (z = 0) èìååòñÿ ìîíåòîîáðàçíàÿ
ìåæôàçíàÿ òðåùèíà ñ ðàäèóñîì a , íà íèæíèé áåðåã êîòîðîé ïðè ïîìîùè ñî-
ñðåäîòî÷åííîé ñèëû P0 âäàâëèâàåòñÿ ãëàäêèé øòàìï ñ ïëîñêèì îñíîâàíèåì, à
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íà âåðõíèé áåðåã äåéñòâóåò ðàñïðåäåë¼ííàÿ íàãðóçêà èíòåíñèâíîñòè p0 (r) ñ ðàâ-
íîäåéñòâóþùåé, ðàâíîé P0. Íà Ôèã. 1 ïðèâåäåíî îñåâîå ñå÷åíèå ñîñòàâíîãî ïðî-
ñòðàíñòâà.

Ôèã. 1

Ñòàâèòñÿ çàäà÷à îïðåäåëèòü êîíòàêòíûå íàïðÿæåíèÿ, äåéñòâóþùèå êàê íà
ñòûêå ïîëóïðîñòðàíñòâ, òàê è íà íèæíåì áåðåãó òðåùèíû, à òàêæå èõ êîýôôè-
öèåíòû èíòåíñèâíîñòè â êîíöåâûõ òî÷êàõ òðåùèíû.

Ïîñòàâëåííóþ çàäà÷ó ìàòåìàòè÷åñêè ìîæíî ñôîðìóëèðîâàòü â âèäå ñëåäóþ-
ùåé ãðàíè÷íîé çàäà÷è:{

u1 (r, 0) = u2 (r, 0) ; w1 (r, 0) = w2 (r, 0) ;

σ(1)
z (r, 0) = σ(2)

z (r, 0) ; τ (1)rz (r, 0) = τ (2)rz (r, 0)
(a < r <∞) , (1.a)

{
σ(1)
z (r, 0) = −p0 (r) ; τ (1)rz (r, 0) = 0;

τ (2)rz (r, 0) = 0; w2 (r, 0) = −δ;
(0 < r < a) . (1.b)

Çäåñü wj (r, z) è uj (r, z) (j = 1, 2) - íîðìàëüíûå è ðàäèàëüíûå êîìïîíåíòû
ïåðåìåùåíèé ñîîòâåòñòâåííî äëÿ âåðõíåãî è íèæíåãî ïîëóïðîñòðàíñòâ â öèëèí-
äðè÷åñêîé ñèñòåìå êîîðäèíàò, óäîâëåòâîðÿþùèå êàæäàÿ â ñâîåé îáëàñòè îïðåäå-
ëåíèÿ óðàâíåíèÿì Ëÿìå, σ(j)

z (r, z) è τ (j)rz (r, z) íîðìàëüíûå è êàñàòåëüíûå êîìïî-
íåíòû íàïðÿæåíèé, à δ -íîðìàëüíîå æåñòêîå ñìåùåíèå øòàìïà.

×òîáû ïîñòðîèòü ðåøåíèå ãðàíè÷íîé çàäà÷è (1) èñïîëüçóåì ðàçðûâíûå ðåøå-
íèÿ äëÿ ñîñòàâíîãî ïðîñòðàíñòâà ñ êðóãîâîé äèñêîîáðàçíîé òðåùèíîé, ïîëó÷åí-
íûå â [6, 11].

Èñïîëüçóÿ óêàçàííûå ðåøåíèÿ è ñîõðàíÿÿ âñå îáîçíà÷åíèÿ, óäîâëåòâîðèì
óñëîâèÿì (1.b). Â èòîãå, ïðèäåì ê ñëåäóþùåé îïðåäåëÿþùåé ñèñòåìå èç òðåõ
èíòåãðàëüíûõ óðàâíåíèé:

b1L
1
0,1 [u] + b0L

1
0,0 [w] + d1L

0
0,0 [σ] = ∆δ;

b2L
2
0,1 [u] + b3L

2
0,0 [w] + b0L

1
0,0 [σ] = −∆p0 (r) ; (0 < r < a)

b3L
2
1,1 [u] + b2L

2
1,0 [w] + b1L

1
1,0 [σ] = 0.

(2)
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êîòîðóþ íóæíî ðàññìàòðèâàòü ïðè óñëîâèÿõ ðàâíîâåñèÿ øòàìïà è íåïðåðûâ-
íîñòè ñìåùåíèé íà îêðóæíîñòè r = a:

a∫
0

σ (r) rdr =0; u (a) = w (a) = 0 (3)

ãäå

w (r) = w1 (r, 0)− w2 (r, 0) ; u1 (r, 0)− u2 (r, 0) = u (r) ; (0 < r < a) ,

σ (r) = σ(1)
z (r, 0)− σ(2)

z (r, 0) ; τ (r) = τ (1)rz (r, 0)− τ (2)rz (r, 0) ; (0 < r < a)

Lk
m,n [φ] =

a∫
0

W k
m,n (r, ξ)φ (ξ)dξ; W k

m,n (r, ξ) =

∞∫
0

tkJm (tr) Jn (tξ)dt;

b2 = 2
(
θ
(1)
1 b0 + θ

(1)
2 b1 − θ

(1)
1 ∆

)
; b3 = 2

(
θ
(1)
1 b1 + θ

(1)
2 b0 − θ

(1)
2 ∆

)
;

θ
(j)
1 =

µ2
j

λj + 3µj
; θ

(j)
2 =

µj (λj + 2µj)

λj + 3µj
(j = 1, 2) ,

d0 =
θ
(1)
1 − θ

(2)
1

2
; d1 =

θ
(2)
2 + θ

(1)
2

2
; b0 = θ

(1)
2

(
θ
(1)
2 + θ

(2)
2

)
− θ

(1)
1

(
θ
(1)
1 − θ

(2)
1

)
;

b1 = θ
(1)
1

(
θ
(1)
2 + θ

(2)
2

)
− θ

(1)
2

(
θ
(1)
1 − θ

(2)
1

)
;

∆ =

[(
θ
(2)
2 + θ

(1)
2

)2
−
(
θ
(2)
1 − θ

(1)
1

)2]
.

×òîáû ðåøèòü ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé (2), ñëåäóÿ ðàáîòå [11], ïðèâå-
äåì åå ê ñèñòåìå ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé. Äëÿ ýòîãî ââåäåì íîâûå
íåèçâåñòíûå ôóíêöèè ïî ôîðìóëàì

w∗ (t) =
2

π

a∫
t

ξw (ξ)√
ξ2 − t2

dξ; σ∗ (t) =
2

π

a∫
t

ξσ (ξ)√
ξ2 − t2

dξ; u∗ (t) =
2t

π

a∫
t

u (ξ)√
ξ2 − t2

dξ (4)

è ïðîäîëæèì ôóíêöèè σ∗ (t) è w∗ (t) íà èíòåðâàë (−a, 0) ÷åòíûì îáðàçîì, à ôóíê-
öèþ u∗ (t)- íå÷åòíûì îáðàçîì, ò.å. ïóñòü w∗ (−t) = w∗ (t), u∗ (−t) = −u∗ (t),
σ∗ (−t) = σ∗ (t). Äàëåå, ïðèìåíÿÿ ê îáåèì ñòîðîíàì ïåðâûõ äâóõ óðàâíåíèé îïå-
ðàòîð I, à ïîñëåäíåãî óðàâíåíèÿ � îïåðàòîð I1,

I (φ (x)) =

x∫
0

φ (r) rdr√
x2 − r2

; I1 (φ (x)) =
d

dx

x∫
0

ydy√
x2 − y2

y∫
0

φ (r) dr,

èñïîëüçóÿ çíà÷åíèå íåêîòîðûõ èçâåñòíûõ èíòåãðàëîâ, ïðèâåäåííûõ â [11], äèô-
ôåðåíöèðóÿ ïåðâîå óðàâíåíèå ïî x, ïðîäîëæàÿ ïåðâîå è ïîñëåäíåå èç ïîëó÷åííûõ
óðàâíåíèé íà èíòåðâàë (−a, 0) ÷åòíûì îáðàçîì, à âòîðîå óðàâíåíèå � íå÷åòíûì
îáðàçîì, ïîñëå íåêîòîðûõ âûêëàäîê, ñèñòåìó (2) ïðåäñòàâèì â âèäå ñëåäóþùåé
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ñèñòåìû ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé:

πd1
2
σ∗ (x) +

πb1
2
u′∗ (x)−

b0
2

a∫
−a

w′
∗ (t)

t− x
dt = ∆δ;

πb3
2
w′

∗ (x) +
b0
2

a∫
−a

σ∗ (t) dt

t− x
+
b2
2

a∫
−a

u′∗ (t) dt

t− x
= ∆f (x) ; (−a < x < a)

πb1
2
σ∗ (x) +

πb3
2
u′∗ (x)−

b2
2

a∫
−a

w′
∗ (t) dt

t− x
= ∆C∗.

(5)

Óñëîâèÿ (3), ïðè ýòîì, çàïèñûâàþòñÿ ñëåäóþùèì îáðàçîì:

a∫
−a

u′∗ (x) dx = 0;

a∫
−a

w′
∗ (x) dx = 0;

a∫
−a

σ∗ (x) dx = 0. (6)

Çäåñü

f (x) = I [p0 (r)] ; C∗ =
πb1
2∆

σ∗ (0) +
πb3
2∆

u′∗ (0) +
b2
2∆

a∫
−a

w′
∗ (t)

t
dt;

∆ =

[(
θ
(2)
2 + θ

(1)
2

)2
−
(
θ
(2)
1 − θ

(1)
1

)2]
.

Ðåøåíèå îïðåäåëÿþùåé ñèñòåìû óðàâíåíèé

Ïðèñòóïèì ê ðåøåíèþ îïðåäåëÿþùåé ñèñòåìû (5) ïðè óñëîâèÿõ (6). Äëÿ ýòîãî
èç ïåðâîãî è ïîñëåäíåãî óðàâíåíèé (5) èñêëþ÷àÿ ôóíêöèþ w′

∗ (x), íàéäåì

σ∗ (x) = 2

(
ϑ
(1)
2

)2
−
(
ϑ
(1)
1

)2
ϑ
(1)
1

u′∗ (x)−
2 (b2δ − b0C∗)

ϑ
(1)
1 ϑ

(2)
2 π

. (7)

Èíòåãðèðóÿ ïîëó÷åííîå ñîîòíîøåíèå íà èíòåðâàëå (−a, a) è ó÷èòûâàÿ óñëîâèÿ
(6), íàéäåì:

b2δ − b0C∗ = 0. (8)

Ïîäñòàâëÿÿ ïîëó÷åííîå âûðàæåíèå äëÿ σ∗ (x) â ïåðâîå è âî âòîðîå óðàâíåíèÿ
(5), äëÿ îïðåäåëåíèÿ ïðèâåäåííûõ äèñëîêàöèé ñìåùåíèé ïîëó÷èì ñëåäóþùóþ
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ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé:
u′∗ (x)−

α1

π

a∫
−a

w′
∗ (t)

t− x
dt = Aδ;

w′
∗ (x)−

β1
π

a∫
−a

u′∗ (t)

t− x
dt = Bf (x) ,

(9)

ãäå

α1 =
ϑ
(1)
1

ϑ
(1)
2

; β1 = −
ϑ
(1)
1 b2 + 2b0

((
ϑ
(1)
2

)2
−
(
ϑ
(1)
1

)2)
ϑ
(1)
1 b3

; A =
2∆α1

πb0
; B =

2∆

πb3
.

Ñíà÷àëà ðàññìîòðèì ñëó÷àé, êîãäà β1 ̸= 0. Ââîäÿ íîâûå íåèçâåñòíûå ôóíêöèè
φj (x) = u′∗ (x) + λjw

′
∗ (x) (j = 1, 2), ñèñòåìó óðàâíåíèé (9) çàïèøåì â âèäå äâóõ

íåçàâèñèìûõ ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé:

φj (x) +
qj
π

a∫
−a

φj (s)

s− x
ds = gj (x) (−a < x < a; j = 1, 2), (10)

λj = (−1)
j
√
α1/β1 = (−1)

j
λ; qj = (−1)

j+1
√
α1β1 = (−1)

j+1
q;

gj (x) = Aδ + λjBf (x) .

Ïðè ýòîì óñëîâèÿ (6) ïðèìóò âèä:

a∫
−a

φj (x) dx = 0 (j = 1, 2) (11)

Ñíà÷àëà ðàññìîòðèì ñëó÷àé, êîãäàq � äåéñòâèòåëüíîå ïîëîæèòåëüíîå ÷èñëî. Â
ýòîì ñëó÷àå ðåøåíèÿ óðàâíåíèé (10) áóäóò ñëåäóþùèå [6]:

φj (x) =
1

1 + q2j

gj (x) + qjX
+
j (x)

π

a∫
−a

gj (s) ds

X+
j (s) (s− x)

 (−a < x < a; j = 1, 2)

(12)

Xj (z) =

(
z + a

z − a

)γj

; X+
j (x) =

√
Gj

(
a+ x

a− x

)γj

=
√
Gjωj (x) ;

γj = (−1)
j+1

γ; γ =


1

2π
arctg

2q

1− q2
(q < 1)

1

2
+

1

2π
arctg

2q

1− q2
(q > 1)

; Gj =
1− (−1)

j+1
iq

1 + (−1)
j+1

iq
.

Îòìåòèì, ÷òî çäåñü, êàê è â [6], ââèäó ýíåðãåòè÷åñêèõ ñîîáðàæåíèé â òåõ

8



êîíöåâûõ òî÷êàõ, ãäå ïîêàçàòåëü îñîáåííîñòè áîëüøå 1/2, âçÿòî îãðàíè÷åííîå
ðåøåíèå. Ïîäñòàâëÿÿ çíà÷åíèÿ ôóíêöèè gj (x) â (12) è ó÷èòûâàÿ èíòåãðàëüíîå
ñîîòíîøåíèå [14]:

a∫
−a

(
a+ s

a− s

)γ
ds

s− x
=

π

sinπγ

[
1− cosπγ

(
a+ x

a− x

)γ]
(|x| < a; |Re γ| < 1) .

Íàéäåì

φj (x) =
1

1 + q2j

λjBf (x)− δqjωj (x)

sinπγj
+
λjqjBωj (x)

π

a∫
−a

f (s) ds

ωj (s) (s− x)

 .
Óäîâëåòâîðÿÿ óñëîâèÿì (11), äëÿ æåñòêîãî ñìåùåíèÿ øòàìïà ïîëó÷èì ñëåäóþ-
ùåå âûðàæåíèå

δ = −λjB sinπγj
2πaγjA

a∫
−a

f (s) ds

ωj (s)
,

a äëÿ C∗ áóäåì èìåòü ñëåäóþùóþ ôîðìóëó:

C∗ =
λjb2B sinπγj
2πab0γjA

a∫
−a

f (s) ds

ωj (s)
.

Äàëåå, äëÿ êîìïîíåíòîâ äèñëîêàöèè ñìåùåíèé ïî ôîðìóëàì

w′
∗ (x) =

φ1 (x)− φ2 (x)

λ1 − λ2
; u′∗ (x) =

λ1φ2 (x)− λ2φ1 (x)

λ1 − λ2
,

íàéäåì:

w′
∗ (x) =

B

1 + q2

f (x) +
Aδq [ω (x) − ω (−x)]

2λB sinπγ
+

q

2π

a∫
−a

[
ω (x)

ω (s)
− ω (−x)

ω (−s)

]
f (s) ds

s− x


u′∗ (x) = − Aq

2 (1 + q2)

δ [ω (x) + ω (−x)]
sinπγ

+
λB

Aπ

a∫
−a

[
ω (x)

ω (s)
+
ω (−x)
ω (−s)

]
f (s) ds

s− x

 ;

(
ω (x) = ω1 (x) =

(
a+ x

a− x

)γ

; ω2 (x) = ω (−x)
)
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Ñëåäîâàòåëüíî èç (7) äëÿ ñêà÷êà ïðèâåäåííûõ íîðìàëüíûõ íàïðÿæåíèé ïîëó÷èì:

σ∗ (x) =

2

[(
ϑ
(1)
2

)2
−
(
ϑ
(1)
1

)2]
ϑ
(1)
1

u′∗ (x) =

= −
Aq

[(
ϑ
(1)
2

)2
−
(
ϑ
(1)
1

)2]
ϑ
(1)
1 (1 + q2)

δ [ω (x) + ω (−x)]
sinπγ

+
λB

Aπ

a∫
−a

[
ω (x)

ω (s)
+
ω (−x)
ω (−s)

]
f (s) ds

s− x

 .

Â ÷àñòíîì ñëó÷àå, êîãäà p0 (r) = P0/πa
2 = const,

f (x) =
P0

πa2

x∫
0

rdr√
x2 − r2

= − P0

πa2

√
x2 − r2

∣∣∣x
0
=

P0

πa2
x.

Òîãäà, èñïîëüçóÿ çíà÷åíèÿ èíòåãðàëà

a∫
−a

dx

ωj (x)
=

a∫
−a

(
a− x

a+ x

)γj

dx =
2πaγj
sinπγj

,

íàéäåì
a∫

−a

f (s) ds

ωj (s)
= −2P0γj

2

sinπγj
.

Ñëåäîâàòåëüíî, â óêàçàííîì ñëó÷àå, äëÿ æåñòêîãî ñìåùåíèÿ øòàìïà ïîëó÷èì
âûðàæåíèÿ

δ =
λjγjBP0

πaA
= −λγBP0

πaA
, (13)

a ïîñòîÿííàÿ C∗ áóäåò äàâàòüñÿ ôîðìóëîé:

C∗ = −λjγjb2BP0

πab0A
=
λγb2BP0

πab0A
.

Ïðè ýòîì èç (12), ó÷èòûâàÿ çíà÷åíèå èíòåãðàëà [14]

a∫
−a

f (s) ds

ωj (s) (s− x)
=

P0

πa2

a∫
−a

ds

ωj (s)
+

P0

πa2
x

a∫
−a

ds

ωj (s) (s− x)
=

=
P0

a2 sinπγj

[
2aγj − x+

x cosπγj
ωj (x)

]
,

äëÿ ôóíêöèé φj (x) íàéäåì âûðàæåíèå

φj (x) =
qjωj (x)(

1 + q2j
)
sinπγj

[
A

(j)
∗ − xB

(j)
∗

]
, (14)
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ãäå

A
(j)
∗ = −P0Bλγ

πa
; B

(j)
∗ = (−1)

j P0Bλ

πa2
.

À ïðèâåäåííûå êîìïîíåíòû ñêà÷êîâ äèñëîêàöèè ñìåùåíèé è íîðìàëüíûõ íàïðÿ-
æåíèé áóäóò äàâàòüñÿ ôîðìóëàìè:

u′∗ (x) = − P0B

2πa2ϑ
(1)
2 (1 + q2) sinπγ

{aγ [ω (x) + ω (−x)] + x [ω (x)− ω (−x)]} ;

w′
∗ (x) =

P0Bq

2πa2 (1 + q2) sinπγ
{aγ [ω (x)− ω (−x)]− x [ω (x) + ω (−x)]} ,

σ∗ (x) =

(
ϑ
(1)
2

)2
−
(
ϑ
(1)
1

)2
ϑ
(1)
1

u′∗ (x) = −
P0B

[(
ϑ
(1)
2

)2
−
(
ϑ
(1)
1

)2]
2πϑ

(1)
2 a2 (1 + q2) sinπγ

×

× {aγ [ω (x) + ω (−x)] + x [ω (x)− ω (−x)]} .

Ñêà÷îê èñòèííûõ íîðìàëüíûõ íàïðÿæåíèé, äåéñòâóþùèõ íà áåðåãà òðåùèíû,
îïðåäåëèòñÿ ïî ôîðìóëå îáðàùåíèÿ:

σ (r) = σ(1)
z (r, 0)− σ(2)

z (r, 0) = P (r)− p0 (r) = −1

r

d

dr

a∫
r

sσ∗ (s)√
s2 − r2

ds,

ãäå P (r) = −σ(2)
z (r, 0) êîíòàêòíîå äàâëåíèå ïîä øòàìïîì. Ñëåäîâàòåëüíî, êîí-

òàêòíîå äàâëåíèå íà íèæíèé áåðåã òðåùèíû îïðåäåëèòñÿ ôîðìóëîé:

P (r) = p0 (r)−
1

r

d

dr

a∫
r

sσ∗ (s)√
s2 − r2

ds =
P0

πa2
+

P0B

[(
ϑ
(1)
2

)2
−
(
ϑ
(1)
1

)2]
2πϑ

(1)
2 a2 (1 + q2) sinπγ

×

× 1

r

d

dr

a∫
r

s {aγ [ω (s) + ω (−s)] + s [ω (s)− ω (−s)]}√
s2 − r2

ds.

(15)

Äëÿ îïðåäåëåíèÿ êîíòàêòíûõ íàïðÿæåíèé íà ïëîñêîñòè ñòûêà ðàçíîðîäíûõ
ïîëó-ïðîñòðàíñòâ âíå îáëàñòè äèñêîîáðàçíîé òðåùèíû èñïîëüçóåì ôîðìóëû, ïî-
ëó÷åííûå â [6], â ñëó÷àå τ∗ (t) = 0. Òîãäà, ó÷èòûâàÿ ïîëó÷åííûå ôîðìóëû äëÿ
u′∗ (x), w′

∗ (x) è σ∗ (x), ïîñëå íåêîòîðûõ íåñëîæíûõ âûêëàäîê, ïîëó÷èì:

σ(1)
z (r, 0) = − b3

∆r

d

dr

a∫
0

tw′
∗ (t) dt√
r2 − t2

=

= − b3P0B

2πa2 (1 + q2) sinπγ∆r

d

dr

a∫
−a

t (aγ + t)ω (t) dt√
r2 − t2

(r > a) ,

(16)
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τ (1)rz (r, 0) = −b1
∆

d

dr

a∫
0

σ∗ (t) dt√
r2 − t2

− b3
∆

d

dr

a∫
0

u′∗ (t) dt√
r2 − t2

=

=
ϑ
(1)
2 b2P0λ

2ϑ
(1)
1 π2a2b3 (1 + q2) sinπγ

d

dr

a∫
−a

[aγ − t]ω (t) dt√
r2 − t2

(r > a) .

(17)

Òåïåðü, ïðè ïîìîùè ôîðìóë (16) è (17) îïðåäåëèì êîýôôèöèåíòû ðàçðóøà-
þùèõ íàïðÿæåíèé íà îêðóæíîñòè r = a. Äëÿ ýòîãî, èñïîëüçóÿ çíà÷åíèå èíòå-
ãðàëà [14]

a∫
−a

(
a+ t

a− t

)α−1

dt

t− r
=

π

sinπα

[∣∣∣∣r + a

r − a

∣∣∣∣α−1

− 1

]
(|r| > a) ,

ýòè ôîðìóëû ïðåäñòàâèì â âèäàõ:

σ(j)
z (r, 0) =

aP0

πq2r

{
2γ2 + γ − 1

(r − a)
1/2+γ

(r + a)
3/2−γ

+
γ + 1

(r − a)
1/2

(r + a)
3/2

}
+

+Φ1 (r) (|r| > a) ,

(18)

τ (j)rz (r, 0) =
λ (γ + 1)ϑ

(1)
2 B2P0

πϑ
(1)
1 q2b3

{
1

(r − a)
1/2+γ

(r + a)
3/2−γ

+

+
γ + 1

(r − a)
1/2

(r + a)
3/2

}
+Φ2 (r) (|r| > a) .

(19)

Çäåñü

Φ1 (r) = − P0

π2r (1 + q2) sinπγ

d

dr

a∫
−a

[ψσ (t, r)− ψσ (a, r)]ω (t) dt√
r2 − t2

;

Φ2 (r) =
ϑ
(1)
2 b2P0λ

ϑ
(1)
1 π2a2b3 (1 + q2) sinπγ

d

dr

a∫
−a

[ψτ (t, r)− ψτ (a, r)]ω (t) dt√
r2 − t2

;

ψσ (t, r) = t (aγ + t)

√
r − t

r + t
; ψτ (t, r) = (aγ − t)

√
r − t

r + t
.

Èñïîëüçóÿ ïðåäñòàâëåíèÿ (18) è (19), äëÿ êîýôôèöèåíòîâ èíòåíñèâíîñòè ðàçðóøà-
þùèõ íàïðÿæåíèé íà îêðóæíîñòè r = a ïîëó÷èì ñëåäóþùèå ôîðìóëû :

KI (a) =

√
2
(
2γ2 + γ − 1

)
P0

√
πq2(2a)

3/2−γ
; KII (a) =

√
2ϑ

(1)
2 (γ + 1) b2λP0

√
πq2ϑ

(1)
1 b3(2a)

3/2−γ
.

Îòìåòèì, ÷òî â ñëó÷àå, êîãäà q� ÷èñòî ìíèìîå ÷èñëî, q = iq∗, òî íåñëîæíî äî-
êàçàòü, ÷òî Gj (j = 1, 2)� äåéñòâèòåëüíûå ïîëîæèòåëüíûå ÷èñëà è, ñëåäîâàòåëü-
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íî, òî÷êè ±a ÿâëÿþòñÿ êîíöàìè àâòîìàòè÷åñêîé îãðàíè÷åííîñòè. Â ýòîì ñëó÷àå
ðåøåíèÿ ðàññìîòðåííîé çàäà÷è áóäóò äàâàòüñÿ ôîðìóëàìè (14), åñëè â ýòèõ ôîð-
ìóëàõ çàìåíèòü γ íà iβ (2πβ = ln(1 + q∗)− ln(1− q∗)). Ïðè ýòîì êàê êîíòàêòíûå
íàïðÿæåíèÿ, òàê è ðàçðóøàþùèå íàïðÿæåíèÿ íà îêðóæíîñòè r = a áóäóò èìåòü
êîðíåâóþ îñîáåííîñòü ñ îñöèëëÿöèåé.

Â êîíöå, ðàññìîòðèì ñëó÷àé q = 0, êîòîðûé âîçìîæåí ëèøü â ñëó÷àå, êîãäà
β1 = 0. Â ýòîì ñëó÷àå èç ñèñòåìû (9) è óñëîâèé (6) ïîëó÷èì

w′
∗ (x) = Bf (x) ; u′∗ (x) = Aδ +

α1B

π

a∫
−a

f (t)

t− x
dt; δ =

α1B

2πaA

a∫
−a

ln

(
a− t

a+ t

)
f (t) dt.

Äàëåå, ïî ôîðìóëå (7), íåòðóäíî ïîëó÷èòü ôîðìóëó äëÿ îïðåäåëåíèÿ ôóíê-
öèè σ∗ (x), à çàòåì è äëÿ èñòèííûõ êîíòàêòíûõ íàïðÿæåíèé, äåéñòâóþùèõ êàê
ïîä øòàìïîì, òàê è âíå òðåùèíû. Ïðèâåäåì óêàçàííûå ôîðìóëû â âûøå ðàñ-
ñìîòðåííîì ÷àñòíîì ñëó÷àå, êîãäà f (x) = P0x/πa

2. Â ýòîì ñëó÷àå èç (20) áóäåì
èìåòü:

w′
∗ (x) =

BP0

πa2
x; u′∗ (x) =

2∆α1P0

π3a2b3

[
a− x ln

(
a− x

a+ x

)]
; δ = −3ϑ

(1)
1 b0P0

π2aϑ
(1)
2 b3

;

σ∗ (x) =

4

[(
ϑ
(1)
2

)2
−
(
ϑ
(1)
1

)2]
∆P0

π3a2ϑ
(1)
2 b3

[
a− x ln

(
a− x

a+ x

)]
.

Òîãäà

σ (r) = −1

r

d

dr

a∫
r

sσ∗ (s)√
s2 − r2

ds = A0

{
a√

a2 − r2
+

+
1

r

d

dr

 a∫
r

√
s2 − r2 ln

(
a− s

a+ s

)
ds− r2

a∫
r

ln
(

a−s
a+s

)
√
s2 − r2

ds

 ,

è, ñëåäîâàòåëüíî, äëÿ êîíòàêòíîãî äàâëåíèÿ ïîä øòàìïîì áóäåì èìåòü:

p (r) = p0 (r) +
aA0√
a2 − r2

+

+
A0

r

d

dr

 a∫
r

√
s2 − r2 ln

(
a− s

a+ s

)
ds − r2

a∫
r

ln
(

a− s
a+ s

)
√
s2 − r2

ds

 .
Çäåñü

A0 =

4

[(
ϑ
(1)
2

)2
−
(
ϑ
(1)
1

)2]
∆P0

π3a2ϑ
(1)
2 b3

.
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Ïðè ýòîì ðàñêðûòèå òðåùèíû, â óêàçàííîì ñëó÷àå, îïðåäåëèòñÿ ôîðìóëîé:

w (r) = −1

r

d

dr

a∫
r

sw∗ (s) ds√
s2 − r2

= −BP0

πa2

√
a2 − r2.

Äëÿ êîíòàêòíûõ íàïðÿæåíèé, äåéñòâóþùèõ âíå òðåùèíû íà ñòûêå ðàçíîðîä-
íûõ ïîëóïðîñòðàíñòâ, ïîëó÷èì âûðàæåíèÿ:

σ(j)
z (r, 0) = − b3

∆r

d

dr

a∫
0

tw′
∗ (t) dt√
r2 − t2

= − b3P0B

πa2∆r

[
a√

r2 − a2
− arcsin

( r
a

)]
;

τ (1)rz (r, 0) = −b1
∆

d

dr

a∫
0

σ∗ (t) dt√
r2 − t2

− b3
∆

d

dr

a∫
0

u′∗ (t) dt√
r2 − t2

=

=
E0

r
√
r2 − a2

[
1 +

2r2

a2
ln

(
r2

r2 − a2

)]
,

ãäå

E0 =

2P0

[
ϑ
(1)
1 b3 + 2

((
ϑ
(1)
2

)2
−
(
ϑ
(1)
1

)2)
b1

]
ϑ
(1)
2 π3b3

.

Îòìåòèì, ÷òî ïðè âûâîäå ýòèõ ôîðìóë áûëî èñïîëüçîâàíî çíà÷åíèå èíòåãðà-
ëà:

a∫
0

ln
(

a−s
a+s

)
√
r2 − s2

ds = −2a arctg

(
a√

r2 − a2

)
+
√
r2 − a2 ln

(
r2

r2 − a2

)
.

Èç ïîëó÷åííûõ ôîðìóë ÿâñòâóåò, ÷òî íîðìàëüíûå íàïðÿæåíèÿ íà îêðóæíîñòè
r = a èìåþò îáû÷íóþ êîðíåâóþ îñîáåííîñòü, à êàñàòåëüíûå íàïðÿæåíèÿ, ïîìèìî
êîðíåâîé, èìåþò òàêæå ëîãàðèôìè÷åñêóþ îñîáåííîñòü.

Íåêîòîðûå ÷èñëåííûå ðåçóëüòàòû

Èçâåñòíî, ÷òî èñïîëüçîâàíèå îïåðàòîðîâ âðàùåíèÿ ïðè ðåøåíèè îñåñèììåò-
ðè÷íûõ êîíòàêòíûõ è ñìåøàííûõ çàäà÷ îáëåã÷àåò ðåøåíèå ýòèõ çàäà÷ è ÷àñòî
äëÿ ïðèâåäåííûõ èñêîìûõ ôóíêöèé ïîëó÷àþòñÿ çàìêíóòûå ðåøåíèÿ â êâàäðà-
òóðàõ. Îäíàêî, òàêæå èçâåñòíî, ÷òî äàæå ïðè ÷èñëåííîì îáðàùåíèè îïåðàòîðîâ
âðàùåíèÿ ÷àñòî ìîæíî ñòîëêíóòüñÿ ñ íåïðåîäîëèìûìè òðóäíîñòÿìè âû÷èñëè-
òåëüíîãî õàðàêòåðà. Íèæå ïðèâîäèòñÿ àëãîðèòì, ïðè ïîìîùè êîòîðîãî ìîæíî
ïîëó÷èòü ÷èñëåííîå îáðàùåíèå îïåðàòîðîâ âðàùåíèÿ äàæå â ñëó÷àÿõ, êîãäà ïðè-
âåä¼ííûå èñêîìûå ôóíêöèè èìåþò ïîêàçàòåëüíóþ îñîáåííîñòü ñ îñöèëëÿöèåé.
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Ðàññìîòðèì èíòåãðàëû âèäà

Gn,α,β (r) =
1

r

d

dr

1∫
r

snωα,β (s) ds√
s2 − r2

,

ãäå ωα,β (s) = (1− s)
α
(1 + s)

β . Èñïîëüçóÿ ñîîòíîøåíèå

d

dr

1∫
r

g (s)√
s2 − r2

ds =
d

dr

1∫
r

(
g (s)√
s2 − r2

− g (r)√
s2 − r2

)
ds+

d

dr

g (r) 1∫
r

1√
s2 − r2

ds

 =

=

1∫
r

(
r (g (s)− g (r))

√
s2 − r2

3 − g′ (r)√
s2 − r2

)
ds+

d

dr

(
g (r) arctanh

√
1− r2

)
=

= r

1∫
r

g (s)− g (r)
√
s2 − r2

3 ds− g (r)

r
√
1− r2

,

Gn,α,β (r) ìîæíî ïðåäñòàâèòü â âèäå

Gn,α,β (r) =

1∫
r

snωα,β (s)− rnωα,β (r)
√
s2 − r2

3 ds− rn−2ωα−0.5,β−0.5 (r) .

×òîáû âûÿâèòü ïîâåäåíèå Gn,α,β (r) ïðè r, áëèçêèõ ê íóëþ, ðàññìîòðèì èíòåãðàë

Q (r) =

b∫
r

q (s)− q (r)
√
s2 − r2

3 ds; ãäå q (s) =

2k∑
i=0

ais
i.

Ïîäñòàâëÿÿ ïðåäñòàâëåíèå q (s) â Q (r), ìåíÿÿ ïîðÿäîê èíòåãðèðîâàíèÿ è ñóì-
ìèðîâàíèÿ, âû÷èñëÿÿ èíòåãðàëû â ñëàãàåìûõ è, äàëåå, ðàçëàãàÿ ïîëó÷åííîå äëÿ
Q (r) âûðàæåíèå â ðÿä, íàéäåì, ÷òî ñèíãóëÿðíàÿ ÷àñòü èíòåãðàëà íå çàâèñèò îò
âåðõíåãî ïðåäåëà èíòåãðèðîâàíèÿ è èìååò âèä

Hn,k,α,β (r) =
a1
r

− ln r

k∑
i=1

2Γ (n+ 1/2)√
πΓ (n)

a2ir
2i.

Åñëè âìåñòî ai âçÿòü êîýôôèöèåíòû ðàçëîæåíèÿ ôóíêöèè snωα,β (s) â ðÿä ïðè

s = 0: ai =
ω(i−n)

α,β (0)

(i− n)!
, i > n; òî Hn,k,α,β (r) áóäåò ñîâïàäàòü ñ ïëîõî èíòåðïî-

ëèðóåìîé ÷àñòüþ Gn,α,β (r).

×èñëåííûå ðàñ÷¼òû ïîêàçûâàþò, ÷òî êîìáèíàöèÿ

fn (α, β, r) =
Gn,α,β (r)

ωα−0.5,β−0.5 (r)
−Hn,2,α,β (r) + rn−2
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ãëàäêàÿ ôóíêöèÿ îò r, α è β, õîðîøî èíòåðïîëèðóåìàÿ ïðè ïîìîùè ïîëèíîìîâ.

Òàêèì îáðàçîì åñëè çàìåíèòü fn (α, β, r) èíòåðïîëÿöèîííûì ïîëèíîìîì f (m)
n (α, β, r),

òî ìîæíî ïîëó÷èòü ïðîñòóþ àíàëèòè÷åñêóþ ôîðìóëó äëÿ Gn,α,β (r), êîòîðîå òðå-
áóåò ÷èñëåííîãî èíòåãðèðîâàíèÿ òîëüêî â ìàëîì êîëè÷åñòâå òî÷åê

G(m)
n α,β (r) =

(
f (m)
n (α, β, r) +

Gn,0,0 (r)

ω−0.5,−0.5 (r)

)
ωα−0.5,β−0.5 (r) .

Èñïîëüçóÿ èíòåðïîëÿöèîííûé ïîëèíîì äëÿ σ∗ (s), ëåãêî ïîëó÷èòü âûðàæåíèå
äëÿ σ (r) ÷åðåç G(m)

n α,β (r)

σ∗ (s) = ωα,−α (s)

n∑
i=0

ais
i; σ (r) = −1

r

d

dr

1∫
r

s σ∗ (s) ds√
s2 − r2

= −
n∑

i=0

aiG
(m)
i+1 ,α,−α

(r).

Â ÷èñëåííîì ïðèìåðå ïðèâåä¼ííîì íèæå, óæå ïðè äåñÿòè òî÷êàõ íà âñ¼ì
èíòåð-âàëå 0 < r < 1, çíà÷åíèÿ, ïîëó÷åííûå ñ ïîìîùüþ èíòåðïîëÿöèè, ñîâïàäàþò
ñî çíà÷åíèÿìè, ïîëó÷åííûìè ÷èñëåííûì èíòåãðèðîâàíèåì, ñ òî÷íîñòüþ äî 10−8.

Èñïîëüçóÿ óêàçàííûé àëãîðèòì áûëî ïîñòðîåíî ÷èñëåííîå îáðàùåíèå îïåðà-
òîðà âðàùåíèÿ äëÿ êîíòàêòíîãî äàâëåíèÿ â ñëó÷àå, êîãäà q äåéñòâèòåëüíîå ÷èñ-
ëî. Íà Ôèã.2 ïðèâåäåíû ãðàôèêè ïðèâåä¼ííîãî êîíòàêòíîãî äàâëåíèÿ p∗(r) =
a2p(r)/P0 â çàâèñèìîñòè îò ñîîòíîøåíèÿ µ = µ2/µ1 â ñëó÷àå, êîãäà ν1 = 0.3
è ν2 = 0.2. Èç íèõ âèäíî, ÷òî ïðè âîçðàñòàíèè ïàðàìåòðà µ, ÷òî ìîæíî òðàê-
òîâàòü êàê âîçðàñòàíèå µ2 ïðè ïîñòîÿííîé µ1, êîíòàêòíîå äàâëåíèå â ñðåäíåé
÷àñòè êîíòàêòíîé çîíû óâåëè÷èâàåòñÿ, ñòðåìÿñü ê îïðåäåë¼ííîìó ïðåäåëó, ñîîò-
âåòñòâóþùåìó ñëó÷àþ, êîãäà âòîðîå ïîëóïðîñòðàíñòâî àáñîëþòíî æ¼ñòêîå.

Ôèã. 2

Ïðè ýòîì â ñëó÷àå, êîãäà ïåðâîå ïîëóïðîñòðàíñòâî æåñò÷å, ÷åì âòîðîå, áîëü-
øå ÷åì â ïÿòü ðàç, â öåíòðàëüíîé ÷àñòè êîíòàêòíîé çîíû êîíòàêòíîå äàâëåíèå
ñòàíîâèòñÿ îòðèöàòåëüíûì, ò.å. â ýòîé îáëàñòè øòàìï ìîæåò îòîðâàòüñÿ îò ìàò-
ðèöû è, ñëåäîâàòåëüíî, íóæíî ðàññìàòðèâàòü çàäà÷ó â íîâîé ïîñòàíîâêå.

16



Çàêëþ÷åíèå

Òàêèì îáðàçîì, ïîñòðîåíî òî÷íîå ðåøåíèå ïîñòàâëåííîé çàäà÷è â êâàäðàòó-
ðàõ è ïîëó÷åíû ïðîñòûå ôîðìóëû äëÿ îïðåäåëåíèÿ íîðìàëüíîãî êîíòàêòíîãî
äàâëåíèÿ è êîíòàêòíûõ íàïðÿæåíèé, äåéñòâóþùèõ âíå òðåùèíû íà ñòûêå ðàçíî-
ðîäíûõ ïîëóïðîñòðàíñòâ. Ïîêàçàíî, ÷òî íîðìàëüíûå êîíòàêòíûå íàïðÿæåíèÿ íà
îêðóæíîñòè, îãðàíè÷èâàþùåé òðåùèíó èìåþò êîðíåâóþ îñîáåííîñòü, à êàñàòåëü-
íûå íàïðÿæåíèÿ, ïîìèìî ýòîãî, èìåþò òàêæå è ëîãàðèôìè÷åñêóþ îñîáåííîñòü.

Ðàçðàáîòàí òàêæå àëãîðèòì äëÿ ÷èñëåííîãî îáðàùåíèÿ îïåðàòîðîâ âðàùåíèÿ,
êîòîðûé óñïåøíî ïðèìåíåí äëÿ âû÷èñëåíèÿ èñòèííîãî êîíòàêòíîãî äàâëåíèÿ.

Èññëåäîâàíèå âûïîëíåíî ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà ïî íàóêå ÐÀ
â ðàìêàõ íàó÷íîãî ïðîåêòà �21T-2C209.
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ԳԻՏՈՒԹՅՈՒՆՆԵՐԻ ԱԶԳԱՅԻՆ ԱԿԱԴԵՄԻԱՅԻ ՏԵՂԵԿԱԳԻՐ

ÈÇÂÅÑÒÈß ÍÀÖÈÎÍÀËÜÍÎÉ ÀÊÀÄÅÌÈÈ ÍÀÓÊ ÀÐÌÅÍÈÈ

Մեխանիկա 74, � 3, 2021 Ìåõàíèêà

ÓÄÊ 539.3 Doi- http://doi.org/10.33018/74.3.2

ÎÁ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÏÀÍÅËÈ Ñ ÑÂÎÁÎÄÍÛÌ ÊÐÀÅÌ,
ÑÆÀÒÎÉ Â ÍÀÏÐÀÂËÅÍÈÈ, ÏÅÐÏÅÍÄÈÊÓËßÐÍÎÌ Ê
ÑÊÎÐÎÑÒÈ ÑÂÅÐÕÇÂÓÊÎÂÎÃÎ ÏÎÒÎÊÀ ÃÀÇÀ, ÏÐÈ

ÍÀËÈ×ÈÈ ÑÎÑÐÅÄÎÒÎ×ÅÍÍÛÕ ÈÍÅÐÖÈÎÍÍÛÕ ÌÀÑÑ È
ÌÎÌÅÍÒÎÂ

Áåëóáåêÿì Ì.Â. , Ìàðòèðîñÿí Ñ.Ð.

Êëþ÷åâûå ñëîâà: äîñòàòî÷íî øèðîêàÿ ïàíåëü, ñæèìàþùèå ñèëû, ñâåðõçâóêîâîå îáòåêàíèå,

àýðîóïðóãàÿ óñòîé÷èâîñòü, ñîñðåäîòî÷åííûå èíåðöèîííûå ìàññû è ìîìåíòû, àíàëèòè÷åñêèé

ìåòîä ðåøåíèÿ, ëîêàëèçîâàííàÿ äèâåðãåíöèÿ

M.V. Belubekyan , S.R. Martirosyan

On the stability of a panel with a free edge compressed in a direction
perpendicular to the velocity of a supersonic gas �ow in the presence of

concentrated inertial masses and moments

Keywords: su�ciently wide panel, compressive forces, supersonic �ow, aeroelastic stability, concen-

trated inertial masses and moments, analytical solution, localized divergence

By analyzing, as an example, a thin elastic compressed su�ciently wide panel streamlined by

supersonic gas �ows, we study the in�uence of the initial stress state of the panel on the stability

of the disturbed motion of the dynamic system ¾plate � �ow¿ under the assumption of presence of

concentrated inertial masses and moments on its free edge. An analytical solution to the problem was

found. We establish the relationship between the characteristics of natural vibrations of the plate

and the velocity of the streamlining supersonic gas �ow, which enables one to draw some conclusions

concerning the stability of disturbed motions of the system depending on the stress factor and the

relative thickness of the plate. The possibility of loss of stability of the disturbed motion of the

system we have shown only in the form of localized divergence. For various values of the ¾essential¿

parameters of the system, we determine the critical velocities of the gas �ow leading to the localized

divergence. We have shown that in the �ow around the initial stress state caused by compressive

forces leads to a signi�cant destabilization of the unperturbed equilibrium state of the plate.

Մ.Վ. Բելուբեկյան , Ս.Ռ.Մարտիրոսյան

Գերձայնային գազի հոսքում սեղմված ուղղանկյուն սալի աէրոառաձգական

կայունության մի խնդրի մասին, սալի ազատ եզրին կենտրոնացված իներցիոն

զանգվածների և մոմենտների առկայության դեպքում

Հիմնաբառեր՝ լայն ուղղանկյուն սալ, սեղմող ուժեր, գերձայնային շրջհոսում, աէրոառաձգական կայունություն,

կենտրոնացված իներցիոն զանգվածներ և մոմենտներ, անալիտիկ լուծում, տեղայնացված դիվերգենցիա
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Ուսումնասիրված է գերձայնային գազի հոսքում սեղմված բավականի լայն ուղղանկյուն սալի նախնական

լարվածային վիճակի ազդեցությունը ՞սալ – հոսք՞ համակարգի կայունության վրա. գազի հոսքը ուղղված է

սալի ազատ եզրից դեպի հակադիր հոդակապորեն ամրակցված եզրը զուգահեռ մյուս երկու հոդակապորեն

ամրակցված եզրերին։ Ստացված է կայունության խնդրի անալիտիկական լուծումը։ Ցույց է տրված, որ առկա

է միայն տեղայնացված դիվերգենցիա, իսկ պանելային դիվերգենցիան, ինչպես նաև ֆլատերը, բացակայում

են։ Գտնված են տեղայնացված դիվերգենցիայի կրիտիկական արագությունների արժեքները, որոնք փաստում

են սեղմող ուժերի ապակայունացման ազդեցության մասին։

Â ëèíåéíîé ïîñòàíîâêå èññëåäóåòñÿ çàâèñèìîñòü âèäîâ ïîòåðè óñòîé÷èâîñòè íåâîçìóù¼í-

íîãî ñîñòîÿíèÿ ðàíîâåñèÿ äîñòàòî÷íî øèðîêîé òîíêîé óïðóãîé ïðÿìîóãîëüíîé ïëàñòèíêè îò

õàðàêòåðà ïåðâîíà÷àëüíîãî íàïðÿæ¼ííîãî ñîñòîÿíèÿ ïðè íàëè÷èè ñîñðåäîòî÷åííûõ ìàññ è ìî-

ìåíòîâ íà å¼ ñâîáîäíîì êðàå â ïðåäïîëîæåíèè, ÷òî ïëàñòèíêà ñæàòà â íàïðàâëåíèè, ïåðïåí-

äèêóëÿðíîì ñêîðîñòè îáòåêàþùåãî ñâåðõçâóêîâîãî ïîòîêà ãàçà, íàáåãàþùåãî íà åå ñâîáîäíûé

êðàé. Íàéäåíî àíàëèòè÷åñêîå ðåøåíèå çàäà÷è óñòîé÷èâîñòè âîçìóù¼ííîãî äâèæåíèÿ äèíàìè-

÷åñêîé ñèñòåìû ¾ïëñòèíêà-ïîòîê¿. Ïîêàçàíà âîçìîæíîñòü ïîòåðè óñòîé÷èâîñòè âîçìóù¼ííîãî

äâèæåíèÿ ñèñòåìû òîëüêî ëèøü â âèäå ëîêàëèçîâàííîé äèâåðãåíöèè. Óñòàíîâëåíî, ÷òî ïðè îá-

òåêàíèè ïåðâîíà÷àëüíîå íàïðÿæ¼ííîå ñîñòîÿíèå, îáóñëîâëåííîå ñæèìàþùèìè óñèëèÿìè, ïðè-

âîäèò ê ñóùåñòâåííîé äåñòàáèëèçàöèè ñîñòîÿíèÿ íåâîçìóù¼ííîãî ðàâíîâåñèÿ ïëàñòèíêè.

Ââåäåíèå

Ðàññìîòðåíèå çàäà÷ àýðîóïðóãîé óñòîé÷èâîñòè ïðè êîìáèíèðîâàííîì íàãðó-
æåíèè èìååò âàæíîå ïðèêëàäíîå è òåîðåòè÷åñêîå çíà÷åíèå. Âîïðîñ îá óïðóãîé
óñòîé÷èâîñòè ïàíåëåé îáøèâêè ëåòàòåëüíûõ àïïàðàòîâ, ïðåäñòàâëÿþùèõ ñîáîé
ïëîñêèå ïëàñòèíêè èëè ïîëîãèå îáîëî÷êè, íåèçáåæíî âîçíèêàåò íà ýòàïå ïðî-
åêòèðîâàíèÿ è êîíñòðóèðîâàíèÿ ëþáîãî ëåòàòåëüíîãî àïïàðàòà äëÿ îáåñïå÷åíèÿ
áåçîïàñíîñòè ïîëåòà.

Òåîðåòè÷åñêèå èññëåäîâàíèÿ ýòèõ çàäà÷ ïîçâîëÿþò âûÿâèòü ðàçëè÷íûå âè-
äû ïîòåðè óñòîé÷èâîñòè, îáóñëîâëåííûå õàðàêòåðîì äåôîðìàöèé, à òàêæå, äàòü
îöåíêó âëèÿíèÿ êîìáèíèðîâàííûõ íàãðóçîê íà ïîðîã óñòîé÷èâîñòè, ñ öåëüþ ïî-
ñëåäóþùåãî àíàëèçà âîçìîæíîñòè óïðàâëåíèÿ èì. Ïîýòîìó, â ñîâðåìåííûõ èñ-
ñëåäîâàíèÿõ îñîáåííî âàæíûì ÿâëÿåòñÿ èçó÷åíèå äèíàìè÷åñêîãî ïîâåäåíèÿ ñè-
ñòåìû ¾ïëàñòèíêà�ïîòîê¿, ïî âîçìîæíîñòè, àíàëèòè÷åñêèìè ìåòîäàìè, íàðÿäó ñ
÷èñëåííûìè.

Èçó÷åíèþ ñòàòè÷åñêîé è äèíàìè÷åñêîé íåóñòîé÷èâîñòè ïëàñòèíîê è îáîëî÷åê
ïîñâÿùåíî îãðîìíîå êîëè÷åñòâî ðàáîò, îáçîð êîòîðûõ, â îñíîâíîì, ñîäåðæèòñÿ â
ìîíîãðàôèÿõ è â ñòàòüÿõ [1�10]. Îäíàêî çäåñü, çà èñêëþ÷åíèåì ðàáîò À.À. Ìîâ-
÷àíà, ïîñòðîåíû ïðèáëèæ¼ííûå ðåøåíèÿ è íå äàíà ýôôåêòèâíàÿ îöåíêà òî÷íîñòè
ýòèõ ïðèáëèæåíèé.

Â ïðåäëàãàåìîé ñòàòüå ñ ïîìîùüþ àëãîðèòìà, ïîäðîáíî èçëîæåííîãî â ðà-
áîòå [15], ïîëó÷åíî àíàëèòè÷åñêîå ðåøåíèå çàäà÷è óñòîé÷èâîñòè äèíàìè÷åñêîé
ñèñòåìû ¾ïëàñòèíêà�ïîòîê¿ âáëèçè ãðàíèö îáëàñòè óñòîé÷èâîñòè ïðè ñëåäóþ-
ùèõ ïðåäïîëîæåíèÿõ. Ïåðâîíà÷àëüíî ñæàòàÿ äîñòàòî÷íî øèðîêàÿ ïàíåëü [17] ñ
îäíèì ñâîáîäíûì è ñ òðåìÿ øàðíèðíî çàêðåïë¼ííûìè êðàÿìè îáòåêàåòñÿ ñâåðõ-
çâóêîâûì ïîòîêîì ãàçà â íàïðàâëåíèè, ïåðïåíäèêóëÿðíîì ñæèìàþùèì ñèëàì;
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ïîòîê ãàçà íàáåãàåò íà å¼ ñâîáîäíûé êðàé, âäîëü êîòîðîãî ïðèëîæåíû ñîñðåäî-
òî÷åííûå èíåðöèîííûå ìàññû è ìîìåíòû.

Ñ ïîìîùüþ ãðàôîàíàëèòè÷åñêèõ è ÷èñëåííûõ ìåòîäîâ èññëåäîâàíèé ïðîèç-
âåäåíî ðàçáèåíèå ïðîñòðàíñòâà ïàðàìåòðîâ ñèñòåìû íà îáëàñòè óñòîé÷èâîñòè è
íåóñòîé÷èâîñòè. Èññëåäîâàíà ãðàíèöà îáëàñòè óñòîé÷èâîñòè. Êàê îêàçàëîñü, â
ñëó÷àå äîñòàòî÷íî øèðîêèõ ïðÿìîóãîëüíûõ ïàíåëåé, â îòëè÷èå îò ïàíåëåé äî-
ñòàòî÷íî óäëèí¼ííûõ [20] è ïàíåëåé óìåðåííûõ ðàçìåðîâ [21], âîçìóù¼ííîå äâè-
æåíèå äèíàìè÷åñêîé ñèñòåìû òåðÿåò óñòîé÷èâîñòü ëèøü òîëüêî â âèäå ëîêàëè-
çîâàííîé äèâåðãåíöèè â îêðåñòíîñòè ñâîáîäíîãî êðàÿ ïëàñòèíêè: äèâåðãåíöèÿ
ïàíåëè è ïàíåëüíûé ôëàòòåð îòñóòñòâóþò. Íàéäåíû êðèòè÷åñêèå ñêîðîñòè ëîêà-
ëèçîâàííîé äèâåðãåíöèè è êðèòè÷åñêèå çíà÷åíèÿ êîýôôèöèåíòà íàïðÿæåíèÿ â
ïðåäïîëîæåíèè, ÷òî â ìîìåíò ¾âûïó÷èâàíèÿ¿ â íåé âîçíèêàþò òîëüêî íàïðÿæå-
íèÿ èçãèáà.

Óñòàíîâëåíî, ÷òî, êàê è îæèäàëîñü, ïåðâîíà÷àëüíîå íàïðÿæ¼ííîå ñîñòîÿíèå
äîñòàòî÷íî øèðîêîé ïàíåëè, îáóñëîâëåííîå ñæèìàþùèìè ñèëàìè, ïðèâîäèò ê ñó-
ùåñòâåííîé äåñòàáèëèçàöèè âîçìóù¼ííîãî äâèæåíèÿ ñèñòåìû ¾ïëàñòèíêà-ïîòîê¿,
â ñðàâíåíèè ñ ñèñòåìîé ñ íåíàãðóæåííîé ïàíåëüþ [15,17].

Äàííàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîò [17,20,21].

1 Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ òîíêàÿ óïðóãàÿ äîñòàòî÷íî øèðîêàÿ ïðÿìîóãîëüíàÿ ïëà-
ñòèíêà (ab−1 ≥ 1.96), êîòîðàÿ â äåêàðòîâîé ñèñòåìå êîîðäèíàò Oxyz çàíèìàåò
îáëàñòü 0 ≤ x ≤ a, 0 ≤ y ≤ b, −h ≤ z ≤ h [17]. Äåêàðòîâà ñèñòåìà êîîðäè-
íàò Oxyz âûáèðàåòñÿ òàê, ÷òî îñè Ox è Oy ëåæàò â ïëîñêîñòè íåâîçìóù¼ííîé
ïëàñòèíêè, à îñü Oz ïåðïåíäèêóëÿðíà ïëàñòèíêå è íàïðàâëåíà â ñòîðîíó ñâåðõ-
çâóêîâîãî ïîòîêà ãàçà, îáòåêàþùåãî ïëàñòèíêó ñ îäíîé ñòîðîíû â íàïðàâëåíèè
îñè Ox ñ íåâîçìóù¼ííîé ñêîðîñòüþ V . Òå÷åíèå ãàçà áóäåì ñ÷èòàòü ïëîñêèì è
ïîòåíöèàëüíûì.

Ïóñòü êðàé ïëàñòèíêè x = 0 � ñâîáîäåí, à êðàÿ x = a, y = 0 è y = b �
çàêðåïëåíû èäåàëüíûìè øàðíèðàìè. Âäîëü ñâîáîäíîãî êðàÿ x = 0 ïðèëîæåíû
ñîñðåäîòî÷åííûå èíåðöèîííûå ìàññû mc è ìîìåíòû ïîâîðîòà Ic [2, 11].

Áóäåì ïîëàãàòü, ÷òî ïåðâîíà÷àëüíî, åù¼ äî îáòåêàíèÿ, ïëàñòèíêà ïîäâåðæåíà
äåéñòâèþ ñæèìàþùèõ ñèë Ny = 2hσy, ðàâíîìåðíî ðàñïðåäåë¼ííûõ ïî êðàÿì y =
0 è y = b ïëàñòèíêè, ÿâëÿþùèìèñÿ ðåçóëüòàòîì íàãðåâà, èëè êàêèõ-ëèáî äðóãèõ
ïðè÷èí; ñæèìàþùèå óñèëèÿ σy ïðåäïîëàãàþòñÿ ïîñòîÿííûìè âî âñåé ñðåäèííîé
ïîâåðõíîñòè ïàíåëè, è íåìåíÿþùèìèñÿ ñ èçìåíåíèåì ïðîãèáà ïëàñòèíêè w =
w(x, y, t) [1, 2].

Ïðîãèá ïëàñòèíêè w = w(x, y, t) âûçîâåò èçáûòî÷íîå äàâëåíèå∆p íà âåðõíþþ
îáòåêàåìóþ ïîâåðõíîñòü ïëàñòèíêè ñî ñòîðîíû îáòåêàþùåãî ïîòîêà ãàçà, êîòîðîå

ó÷èòûâàåòñÿ ïðèáëèæ¼ííîé ôîðìóëîé∆p = −a0ρ0V
∂w

∂x
¾ïîðøíåâîé òåîðèè¿, ãäå

a0 � ñêîðîñòü çâóêà â íåâîçìóù¼ííîé ãàçîâîé ñðåäå, ρ0 � ïëîòíîñòü íåâîçìóù¼í-
íîãî ïîòîêà ãàçà [13, 14]. Ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî ïðîãèáû w = w(x, y, t)
ìàëû îòíîñèòåëüíî òîëùèíû ïëàñòèíêè 2h.

Âûÿñíèì óñëîâèÿ, ïðè êîòîðûõ âîçìîæíà ïîòåðÿ óñòîé÷èâîñòè ñîñòîÿíèÿ
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íåâîçìóù¼ííîãî ðàâíîâåñèÿ äèíàìè÷åñêîé ñèñòåìû ¾ïëàñòèíêà�ïîòîê¿ â ñëó÷àå,
â êîòîðîì èçãèá ïðÿìîóãîëüíîé ïëàñòèíêè îáóñëîâëåí ñîîòâåòñòâóþùèìè àýðî-
äèíàìè÷åñêèìè íàãðóçêàìè ∆p, ñæèìàþùèìè óñèëèÿìè σy â ñðåäèííîé ïîâåðõ-
íîñòè ïëàñòèíêè è ñîñðåäîòî÷åííûìè èíåðöèîííûìè ìàññàìè mc è ìîìåíòàìè
ïîâîðîòà Ic, ïðèëîæåííûìè âäîëü å¼ ñâîáîäíîãî êðàÿ x = 0, â ïðåäïîëîæåíèè,
÷òî ñæèìàþùèå óñèëèÿ σy ìàëû ïî ñðàâíåíèþ ñ êðèòè÷åñêèìè íàïðÿæåíèÿìè
(σy)cr., êîòîðûå ìîãóò ïðîèçâåñòè âûïó÷èâàíèå ïëàñòèíêè â îòñóòñòâèè îáòåêà-
íèÿ (V = 0).

Îòìåòèì, ÷òî â ðàáîòå, ñ öåëüþ ïîëó÷åíèÿ âîçìîæíîñòè àíàëèòè÷åñêîãî èñ-
ñëåäîâàíèÿ â ðàññìàòðèâàåìîé çàäà÷å äèíàìè÷åñêîé óñòîé÷èâîñòè ñèñòåìû ¾ïëà-
ñòèíêà�ïîòîê¿, ðàñïðåäåë¼ííàÿ ìàññà ïëàñòèíêè óñëîâíî çàìåíåíà ñîñðåäîòî÷åí-
íûìè èíåðöèîííûìè ìàññàìè è ìîìåíòàìè ïîâîðîòà, ïðèëîæåííûìè âäîëü ñâî-
áîäíîãî êðàÿ ïëàñòèíêè [2,11,15]. Òàêàÿ çàìåíà âîâñå íå ïðèâîäèò ê èñêàæåíèþ
äèíàìè÷åñêîé êàðòèíû ÿâëåíèÿ � ïîòåðè óñòîé÷èâîñòè ñèñòåìû; áûòü ìîæåò, ñ
òî÷íîñòüþ äî ÷èñëåííûõ çíà÷åíèé êðèòè÷åñêèõ ñêîðîñòåé ïîòîêà ãàçà, êîòîðûå
ìîãóò áûòü íåñêîëüêî çàâûøåííûìè.

Òîãäà, äèôôåðåíöèàëüíîå óðàâíåíèå ìàëûõ èçãèáíûõ êîëåáàíèé òî÷åê ñðå-
äèííîé ïîâåðõíîñòè ñæàòîé ïðÿìîóãîëüíîé ïëàñòèíêè îêîëî íåâîçìóù¼ííîé ôîð-
ìû ðàâíîâåñèÿ â ïðåäïîëîæåíèè ñïðàâåäëèâîñòè ãèïîòåçû Êèðõãîôà è ¾ïîðø-
íåâîé òåîðèè¿ [13,14] áóäåò îïèñûâàòüñÿ ñîîòíîøåíèåì [2,8, 20,21]:

D∆2w + 2hσy
∂2w

∂y2
+ a0ρ0V

∂w

∂x
= 0, (1.1)

∆2w = ∆(∆w), ∆ � äèôôåðåíöèàëüíûé îïåðàòîð Ëàïëàñà; D � öèëèíäðè÷åñêàÿ
æ¼ñòêîñòü.

Ãðàíè÷íûå óñëîâèÿ, â ïðèíÿòûõ ïðåäïîëîæåíèÿõ îòíîñèòåëüíî ñïîñîáà çà-
êðåïëåíèÿ êðîìîê ïëàñòèíêè, áóäóò âèäà [2, 11]:

∂2w

∂x2
+ ν

∂2w

∂y2
= D−1Ic

∂3w

∂x∂t2
,

∂

∂x

(
∂2w

∂x2
+ (2− ν)

∂2w

∂y2

)
= −D−1mc

∂2w

∂t2
, (1.2)

ïðè x = 0;

w = 0,
∂2w

∂x2
= 0, ïðè x = a; (1.3)

w = 0,
∂2w

∂y2
= 0, ïðè y = 0 è y = b; (1.4)

ãäå ν� êîýôôèöèåíò Ïóàññîíà.
Òðåáóåòñÿ íàéòè êðèòè÷åñêóþ ñêîðîñòü Vcr� íàèìåíüøóþ ñêîðîñòü ïîòîêà

ãàçà â ñâåðõçâóêîâîì è ãèïåðçâóêîâîì èíòåðâàëå ñêîðîñòåé:

Vcr. ∈ (a0M0, a0M2 cosm.), M0 =
√
2,M2 cosm. ≈ 33.85; (1.5)

ïðèâîäÿùóþ ê ïîòåðå óñòîé÷èâîñòè ñîñòîÿíèÿ ðàâíîâåñèÿ äèíàìè÷åñêîé ñèñòåìû
¾ïëàñòèíêà�ïîòîê¿ (1.1) � (1.4) â ïðåäïîëîæåíèè, ÷òî

σy < (σy)cr. < (σy)pr.. (1.6)
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Çäåñü, M0 è M2 cosm.� ãðàíè÷íûå çíà÷åíèÿ ÷èñëà Ìàõà M , ñîîòâåòñòâóþùèå
èíòåðâàëó äîïóñòèìûõ çíà÷åíèé ñâåðõçâóêîâûõ è ãèïåðçâóêîâûõ ñêîðîñòåé [1];
(σy)cr.� êðèòè÷åñêèå íàïðÿæåíèÿ, ïðèâîäÿùèå ê âûïó÷èâàíèþ ïëàñòèíêè â îò-
ñóòñòâèè îáòåêàíèÿ (V = 0), íàéäåííûå â ðàáîòå [17]; (σy)pr.� íèæíÿÿ ãðàíèöà
òåêó÷åñòè [1, 17].

Àíàëèç óñòîé÷èâîñòè âîçìóù¼ííîãî äâèæåíèÿ äèíàìè÷åñêîé ñèñòåìû ¾ïëà-
ñòèíêà�ïîòîê¿ (1.1) � (1.4) ñâîäèòñÿ ê èññëåäîâàíèþ äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ (1.1) ñ ñîîòâåòñòâóþùèìè êðàåâûìè óñëîâèÿìè (1.2) � (1.4) äëÿ ïðîãèáà
w(x, y, t) â èíòåðâàëå ñêîðîñòåé ïîòîêà ãàçà (1.5) ïðè óñëîâèè (1.6).

Çàäà÷ó óñòîé÷èâîñòè (1.1) � (1.4) áóäåì èññëåäîâàòü â ñëó÷àå äîñòàòî÷íî øè-
ðîêèõ ïðÿìîóãîëüíûõ ïëàñòèíîê [15,17]:

γ = ab−1 ≥ 1.96, (1.7)

γ � îòíîøåíèå øèðèíû ïëàñòèíêè a (ñòîðîíà ïëàñòèíêè ïî ïîòîêó) ê å¼ äëèíå b.
Çàìåòèì, ÷òî â ðàáîòàõ [15,16] ïîëó÷åíî àíàëèòè÷åñêîå ðåøåíèå çàäà÷è óñòîé-

÷èâîñòè âîçìóù¼ííîãî äâèæåíèÿ äèíàìè÷åñêîé ñèñòåìû ¾ïëàñòèíêà�ïîòîê¿ â
ïðåäïîëîæåíèè îòñóòñòâèÿ ïåðâîíà÷àëüíîãî íàïðÿæ¼ííîãî ñîñòîÿíèÿ ïëàñòèí-
êè, â ðàáîòå [17] � ðåøåíèå çàäà÷è ñòàòè÷åñêîé óñòîé÷èâîñòè ïàíåëè ñ íàãðó-
æåííûìè êðàÿìè y = 0 è y = b, êàê ïðè îáòåêàíèè (V ̸= 0), òàê è â îòñóòñòâèè
(V = 0).

Äàííàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîò [20, 21], â êîòîðûõ èññëåäîâà-
íà çàäà÷à óñòîé÷èâîñòè (1.1) � (1.4) â ñëó÷àå äîñòàòî÷íî óäëèí¼ííûõ ïàíåëåé
(γ ≤ 0.193) è ïàíåëåé óìåðåííûõ ðàçìåðîâ (0.193 < γ < 1.96) ñîîòâåòñòâåííî.

2

Äëÿ íàõîæäåíèÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è óñòîé÷èâîñòè âîçìóù¼ííîãî
äâèæåíèÿ äèíàìè÷åñêîé ñèñòåìû (1.1) � (1.4) ñâåäåì å¼ ê çàäà÷å íà ñîáñòâåííûå
çíà÷åíèÿ λ äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Îáùåå ðåøåíèå
óðàâíåíèÿ (1.1), óäîâëåòâîðÿþùåå ãðàíè÷íûì óñëîâèÿì (1.2) � (1.4), áóäåì èñ-
êàòü â âèäå ãàðìîíè÷åñêèõ êîëåáàíèé

w(x, y, t) =

∞∑
n=1

Cn exp(µnrx+ λt) · sin(µny), µn = πnb−1, (2.1)

Cn � ïðîèçâîëüíûå ïîñòîÿííûå; n � ÷èñëî ïîëóâîëí âäîëü ñòîðîíû ïëàñòèíêè b.
Âîçìóù¼ííîå äâèæåíèå ñèñòåìû (1.1) � (1.4) àñèìïòîòè÷åñêè óñòîé÷èâî, åñëè

âñå ñîáñòâåííûå çíà÷åíèÿ λ èìåþò îòðèöàòåëüíûå âåùåñòâåííûå ÷àñòè (Reλ <
0), è íåóñòîé÷èâà, åñëè õîòÿ áû îäíî ñîáñòâåííîå çíà÷åíèå λ íàõîäèòñÿ â ïðà-
âîé ÷àñòè êîìïëåêñíîé ïëîñêîñòè (Reλ > 0). Êðèòè÷åñêàÿ ñêîðîñòü ïîòîêà ãàçà
Vcr, õàðàêòåðèçóþùàÿ ïåðåõîä îò óñòîé÷èâîñòè ê íåóñòîé÷èâîñòè âîçìóù¼ííîãî
äâèæåíèÿ ñèñòåìû, îïðåäåëÿåòñÿ óñëîâèåì ðàâåíñòâà íóëþ âåùåñòâåííîé ÷àñòè
îäíîãî èëè íåñêîëüêèõ ñîáñòâåííûõ çíà÷åíèé (Reλ = 0).

Ïîäñòàâëÿÿ âûðàæåíèå (2.1) â äèôôåðåíöèàëüíîå óðàâíåíèå (1.1), ïîëó÷à-
åì õàðàêòåðèñòè÷åñêîå óðàâíåíèå â âèäå àëãåáðàè÷åñêîãî óðàâíåíèÿ ÷åòâ¼ðòîé
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ñòåïåíè:

r4 − 2r2 + α3
nr + (1− β2

y) = 0, α3
n = a0ρ0V D−1µ−3

n , β2
y = 2hσyD

−1µ−2
n , (2.2)

êîòîðîå â ñîîòâåòñòâèè ñ ìåòîäîì ðåøåíèÿ Ôåððàðè ìîæíî ïðåäñòàâèòü â âèäå
[17]:(
r2 +

√
2(q + 1)r + q −

√
q2 − 1 + β2

y

)
·
(
r2 −

√
2(q + 1)r + q +

√
q2 − 1 + β2

y

)
= 0,

(2.3)
ãäå q = q(V ) � ïàðàìåòð, õàðàêòåðèçóþùèé ñêîðîñòü ïîòîêà ãàçà V � äåéñòâè-
òåëüíûé êîðåíü êóáè÷åñêîãî óðàâíåíèÿ

8 · (q + 1)(q2 − 1 + β2
y)− α6

n = 0, (2.4)

óäîâëåòâîðÿþùèé óñëîâèþ [17]:

q ∈ (q0,∞) , (2.5)

q0 =
(
−1 + 2

√
(4− 3β2

y

)
/3, β2

y ≤ 4/3 è q0 = 1, β2
y > 4/3 (òàáë. 1);

β2
y = β2

y(n, γ, ν) � êîýôôèöèåíò íàïðÿæåíèÿ, êîòîðûé

β2
y < (β2

y)cr., (β2
y)cr. = 2h(σy)cr.D

−1µ−2
n (òàáë. 2) (2.6)

â ñîîòâåòñòâèè ñ îãðàíè÷åíèåì (1.6) è îáîçíà÷åíèÿìè (1.7) è (2.2). Â ñîîòâåò-
ñòâèè ñ îáîçíà÷åíèÿìè (2.2), î÷åâèäíî, ÷òî ïàðàìåòðû α3

n è β2
y õàðàêòåðèçóþò,

ñîîòâåòñòâåííî, íåêîíñåðâàòèâíóþ è êîíñåðâàòèâíóþ ñîñòàâëÿþùèå íàãðóçêè.

β2
y 0 0.3 0.5 0.8 1.0 1.21 1.333 >1.333
q0 1 0.840 0.721 0.510 0.338 0.072 �0.333 1

Òàáëèöà 1

Äàííûå òàáëèöû 2 � çíà÷åíèÿ ôóíêöèè (β2
y)cr. = (β2

y)cr. (n, γ, ν) ïðè n =
1 � ÿâëÿþòñÿ ðåøåíèÿìè ñëåäóþùèõ äèñïåðñèîííûõ óðàâíåíèé � õàðàêòåðè-
ñòè÷åñêèõ îïðåäåëèòåëåé çàäà÷è ñòàòè÷åñêîé óñòîé÷èâîñòè íàãðóæåííîé ïàíåëè(
mc = 0, Ic = 0, β2

y ̸= 0
)
â îòñóòñòâèè îáòåêàíèÿ (V = 0) [1, 7, 17]:

K1 =

(√
1 +

√
β2
y ·
(
1−

√
β2
y − ν

)2
+

√
1−

√
β2
y ·
(
1 +

√
β2
y − ν

)2)
×

× shπnγ

(√
1 +

√
β2
y −

√
1−

√
β2
y

)
−

(√
1 +

√
β2
y ·
(
1−

√
β2
y − ν

)2
−

−
√
1−

√
β2
y ·
(
1 +

√
β2
y − ν

)2)
· shπnγ

(√
1 +

√
β2
y +

√
1−

√
β2
y

)
= 0,

(2.7)
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ïðè β2
y < 1;

K2 = (2− ν)
2 · sh(

√
2 · πnγ)−

√
2 · πnγ · ν2 · ch(

√
2 · πnγ) = 0, (2.8)

ïðè β2
y = 1;

K3 =
(√

β2
y + 1− ν

)2
·
√√

β2
y − 1 · sh

(
πnγ

√√
β2
y + 1

)
· cos

(
πnγ

√√
β2
y − 1

)
−

−
(√

β2
y − 1 + ν

)2
·
√√

β2
y + 1 · ch

(
πnγ

√√
β2
y + 1

)
· sin

(
πnγ

√√
β2
y − 1

)
= 0,

(2.9)

ïðè β2
y > 1.

Â ðàáîòå [17] ïîêàçàíî, ÷òî

K1

(
n, γ, ν, β2

y

)
> 0, γ < γ1

∗ , β2
y < 1; (2.10)

K1

(
n, γ, ν, β2

y

)
= 0 èìååò äâà êîðíÿ â èíòåðâàëå γ ∈

(
γ1
∗ , γgr.

)
, à ïðè γ ≥ γgr.�

îäèí êîðåíü, ðàâíûé β2
y = (β2

y)loc. (òàáë. 3) � åäèíñòâåííîìó êîðíþ óðàâíåíèÿ

Kloc.inst.

(
ν, β2

y

)
=
(
1 +

√
1− β2

y

)2
− 2ν

(
1 +

√
1− β2

y

)
− (1− ν)

2
= 0, β2

y < 1,

(2.11)
ÿâëÿþùèìñÿ äèñïåðñèîííûì óðàâíåíèåì ëîêàëèçîâàííîé íåóñòîé÷èâîñòè ïîëó-
áåñêîíå÷íîé ïëàñòèíû�ïîëîñû (γ = ∞) [17], ïîëó÷åííûì èç óñëîâèÿ çàòóõàíèÿ
êîëåáàíèé íà êðàå x = a [3, 6, 18].

γ
ν

0.125 0.25 0.3 0.375 0.5

1.96 1.125 1.105 1.092 1.067 1.0040
2.00 1.120 1.101 1.089 1.064 1.0015
2.025 1.117 1.099 1.086 1.062 1.0000
3.00 1.052 1.041 1.033 1.017 0.9702
4.226 1.026 1.018 1.0123 1.0000 0.9605
5.00 1.018 1.0115 1.0067 0.9956 0.9586
7.226 1.0084 1.0036 1.0000 0.9910 0.9573
10.00 1.0042 1.00054 0.9975 0.9896 0.9571
11.03 1.0033 1.00000 0.9971 0.9892 0.9571
20.00 1.0008 0.99860 0.9962 0.9892 0.9571
40.00 1.000076 0.99836 0.9962 0.9892 0.9571
50.643 1.000000 0.99835 0.9962 0.9892 0.9571
≥ 80.00 0.999920 0.99835 0.9962 0.9892 0.9571

Òàáëèöà 2: Çíà÷åíèÿ êðèòè÷åñêîãî êîýôôèöèåíòà íàïðÿæåíèÿ (β2
y)cr. ïðè n = 1.

25



ν 0.125 0.25 0.3 0.375 0.5
(β2

y)loc. 0.99992 0.99835 0.9962 0.9892 0.9571

Òàáëèöà 3

Çäåñü, γ1
∗ = γ1

∗ (n, ν) � ðåøåíèå óðàâíåíèÿ (2.8) � çíà÷åíèÿ γ ïðè β2
y = 1

(òàáë. 2); γgr. = γgr. (n, ν) (òàáë. 4) � ãðàíè÷íîå çíà÷åíèå ïàðàìåòðàγ, íà÷èíàÿ
ñ êîòîðîãî íåâîçìóù¼ííàÿ ôîðìà ðàâíîâåñèÿ ñæàòîé ïðÿìîóãîëüíîé ïëàñòèíêè
ïðè çíà÷åíèÿõ β2

y ≥
(
β2
y

)
cr.

(n, ν) =
(
β2
y

)
loc

(ν) < 1 (òàáë. 2 è 3) òåðÿåò óñòîé÷è-
âîñòü â âèäå ëîêàëèçîâàííîé íåóñòîé÷èâîñòè, ïðè êîòîðîì ïðîãèá ëîêàëèçóåòñÿ
â îêðåñòíîñòè ñâîáîäíîãî êðàÿ x = 0 ïëàñòèíêè, àíàëîãè÷íî ïîëóáåñêîíå÷íîé
ïëàñòèíå�ïîëîñå (γ = ∞). Ïî ñóòè, íàïðÿæåíèÿ, âîçíèêàþùèå â ñðåäèííîé ïî-
âåðõíîñòè ïðÿìîóãîëüíîé ïëàñòèíêè ïðèγ ≥ γgr., òàêèå æå, êàê è â ñëó÷àå ïîëó-
áåñêîíå÷íîé ïëàñòèíû�ïîëîñû (γ = ∞).

Òåì ñàìûì, ïðè âñåõ n èìååì

lim
γ→γgr

K1 = lim
γ→γgr

K1

(
n, γ, ν, β2

y

)
= Kloc.inst.

(
ν, β2

y

)
, β2

y ≥
(
β2
y

)
loc

(ν) < 1. (2.12)

ν 0.125 0.25 0.3 0.375 0.5
γgr. (n, ν) ïðè n = 1 80 42 18 11 9

Òàáëèöà 4

Çàìåòèì, ÷òî êàê áûëî îòìå÷åíî â ðàáîòå [17], óñòîé÷èâîñòü íåîáòåêàåìûõ
ïðÿìîóãîëüíûõ ïëàñòèíîê ïðè ðàçëè÷íûõ ãðàíè÷íûõ óñëîâèÿõ è ïðè ðàçíûõ
çíà÷åíèÿõ îòíîøåíèÿ ñòîðîí γ ïðÿìîóãîëüíîé ïëàñòèíêè ðàññìàòðèâàëàñü, â
÷àñòíîñòè, â ðàáîòàõ [1, 3, 6, 7, 19]. Â ñòàòüå [3] è â ìîíîãðàôèÿõ [6, 7], â êîòîðûõ
ðàññìîòðåíà óñòîé÷èâîñòü ñæàòîé ïëàñòèíêè, ñîîòâåòñòâåííî, ñ äâóìÿ ñâîáîäíû-
ìè êðàÿìè è ñ îäíèì ñâîáîäíûì è æ¼ñòêî çàäåëàííûì êðàÿìè, ïðè ν = 0.3 è
γ = ∞ ïîëó÷åíî òî æå ñàìîå çíà÷åíèå êðèòè÷åñêîãî êîýôôèöèåíòà íàïðÿæåíèÿ:(
β2
y

)
loc.

= 0.9962 (òàáë. 2 è 3). Ýòî ñîâïàäåíèå ñâÿçàíî ñ ëîêàëèçàöèåé ïðîãèáà
w(x, y) âáëèçè ñâîáîäíîãî êðàÿ x = 0 ïëàñòèíêè ïðè äîñòàòî÷íî áîëüøèõ çíà÷å-
íèÿõ γ ≥ γgr, â ðåçóëüòàòå êîòîðîé ãðàíè÷íûå óñëîâèÿ íà êðàå x = a ïåðåñòàþò
îêàçûâàòü âëèÿíèå [6, 19].

Òàêèì îáðàçîì, íåâîçìóù¼ííàÿ ôîðìà ðàâíîâåñèÿ ñæàòîé ïðÿìîóãîëüíîé ïëà-
ñòèíêè ïðè γ < γgr.(òàáë. 4) è β2

y ≥
(
β2
y

)
cr.

(n, ν) (òàáë. 2) òåðÿåò óñòîé÷èâîñòü â
âèäå íåóñòîé÷èâîñòè ïàíåëè, à ïðè γ ≥ γgr. è β2

y ≥
(
β2
y

)
loc

(ν) < 1 (òàáë. 3) � â
âèäå ëîêàëèçîâàííîé íåóñòîé÷èâîñòè.

2.1. Â ðàáîòå [17] ñ ïîìîùüþ ãðàôîàíàëèòè÷åñêèõ ìåòîäîâ èññëåäîâàíèé ïî-
êàçàíî, ÷òî ïðè äîïóñòèìûõ çíà÷åíèÿõ ïàðàìåòðà ñêîðîñòè (2.5) õàðàêòåðèñòè÷å-
ñêîå óðàâíåíèå (2.2) èìååò äâà äåéñòâèòåëüíûõ êîðíÿ r1 ∈ R, r2 ∈ R è ïàðó êîì-
ïëåêñíî ñîïðÿæ¼ííûõ êîðíåé r3,4 ∈ W ñ ïîëîæèòåëüíîé âåùåñòâåííîé ÷àñòüþ,
êîòîðûå ëåãêî íàõîäÿòñÿ, êàê ðåøåíèÿ êâàäðàòíûõ óðàâíåíèé � ñîìíîæèòåëåé
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ñîîòíîøåíèÿ (2.3):

r1,2 = −0.5
√
2(q + 1)±

√√
q2 − 1 + β2

y − 0.5(q − 1), (2.13)

r3,4 = 0.5
√
2(q + 1)± i

√√
q2 − 1 + β2

y + 0.5(q − 1). (2.14)

Ïðè ýòîì, èìååì [17]:

r1 < 0, r2 < 0, êîãäà β2
y ∈ [0, 1), q ∈

(
(−1 + 2

√
4− 3β2

y)/3,∞
)
; (2.15)

r1 < 0, r2 = 0, êîãäà β2
y = 1, q ∈ (1/3,∞); (2.16)

r1 < 0, r2 > 0, β2
y ∈ (1, 4/3], q ∈

(
(−1 + 2

√
4− 3β2

y)/3,∞
)
è

β2
y > 4/3, q ∈ (1,∞).

(2.17)

Îòñþäà ñëåäóåò, ÷òî îáùåå ðåøåíèå (2.1) äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1.1),
çàïèøåòñÿ â âèäå äâîéíîãî ðÿäà:

w(x, y, t) =

∞∑
n=1

4∑
k=1

Cnk · exp(µnrkx+ λt) sin(µny), µn = πnb−1, (2.18)

Cnk � ïðîèçâîëüíûå ïîñòîÿííûå; n � ÷èñëî ïîëóâîëí âäîëü ñòîðîíû ïëàñòèí-
êè b; rk, k = 1, 4 � êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (2.2), îïðåäåëÿåìûå
âûðàæåíèÿìè (2.13) è (2.14).

À òàêæå, êàê èçâåñòíî [17, 18], íåðàâåíñòâà (2.15), â ñîîòâåòñòâèè ñ óñëîâèåì
çàòóõàíèÿ êîëåáàíèé íà êðàå x = a ïëàñòèíêè, îïðåäåëÿþò íåîáõîäèìîå óñëî-
âèå ïîòåðè óñòîé÷èâîñòè ñèñòåìû ¾ïëàñòèíêà�ïîòîê¿ â âèäå ëîêàëèçîâàííîé äè-
âåðãåíöèè â ñëó÷àå äîñòàòî÷íî øèðîêèõ ïëàñòèíîê (γ ≫ 1) è ïîëóáåñêîíå÷íîé
ïëàñòèíû-ïîëîñû (γ = ∞). Ïðè ýòîì, îáùåå ðåøåíèå (2.1) äèôôåðåíöèàëüíîãî
óðàâíåíèÿ (1.1), çàïèøåòñÿ â âèäå

w(x, y, t) =

∞∑
n=1

2∑
k=1

Cnk · exp(µnrkx+ λt) sin(µny), µn = πnb−1. (2.19)

Ó÷èòûâàÿ îáîçíà÷åíèÿ (2.2), èç ñîîòíîøåíèÿ (2.4) íàõîäèì ÿâíûé âèä çàâè-
ñèìîñòè ñêîðîñòè ïîòîêà ãàçà V îò ïàðàìåòðîâ ñèñòåìû ¾ïëàñòèíêà�ïîòîê¿, êî-
òîðûé äëÿ äîñòàòî÷íî øèðîêèõ ïëàñòèí (γ ≥ 1.96) è ïîëóáåñêîíå÷íîé ïëàñòèíû
ïîëîñû (γ = ∞) èìååò ñëåäóþùåå îïèñàíèå [17]:

V
(
q, n, ν, β2

y

)
= 2
√

2(q + 1) · (q2 − 1 + β2
y) · π3n3 ·D(a0ρ0b

3)
−1

. (2.20)

Â ñèëó óñëîâèÿ (1.5), îòñþäà, î÷åâèäíî, ñëåäóåò, ÷òî

V
(
q, n, ν, β2

y

)
∈
(
V
(
q0, n, ν, β

2
y

)
, a0M2 cosm.

)
⊆ (a0M0, a0M2 cosm.) , (2.21)
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êîãäà V
(
q0, n, ν, β

2
y

)
> a0M0, è

V
(
q, n, ν, β2

y

)
∈ (a0M0, a0M2 cosm.) , êîãäà V

(
q0, n, ν, β

2
y

)
≤ a0M0. (2.22)

Òîãäà, ñîãëàñíî ôîðìóëå öèëèíäðè÷åñêîé æ¼ñòêîñòè D =
E · (2h)3

12 · (1− ν2)
, äîïó-

ñòèìûå èíòåðâàëû çíà÷åíèé ïðèâåä¼ííîé ñêîðîñòè V
(
q, n, ν, β2

y

)
· D−1

(
a0ρ0b

3
)
,

ñîîòâåòñòâåííî, áóäóò âèäà:

V
(
q, n, ν, β2

y

)
D−1(a0ρ0b

3) ∈ (V (q0, n, ν, β
2
y)D

−1(a0ρ0b
3), a0M2 cosmΨ) ⊆

⊆ (a0M0Ψ, a0M2 cosm.Ψ) ïðè V
(
q0, n, ν, β

2
y

)
≥ a0M0;

(2.23)

V
(
q, n, ν, β2

y

)
D−1(a0ρ0b

3) ∈ (a0M0Ψ, a0M2 cosmΨ) ïðè V
(
q0, n, ν, β

2
y

)
< a0M0;

Ψ = 12(1− ν2)a0ρ0E
−1(2hb−1)

−3
, M0 =

√
2, M2 cosm. ≈ 33.85.

Èç ñîîòíîøåíèé (2.23) âèäíî, ÷òî äëèíû ñîîòâåòñòâóþùèõ äîïóñòèìûõ èíòåð-
âàëîâ d(ν, 2hb−1) ≤ a0(M2 cosm. − M0)Ψ ÿâëÿþòñÿ óáûâàþùèìè ôóíêöèÿìè êàê
îò îòíîñèòåëüíîé òîëùèíû ïëàñòèíêè 2hb−1, òàê è îò êîýôôèöèåíòà Ïóàññîíà
ν ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ îñòàëüíûõ ïàðàìåòðîâ ñèñòåìû. Äëÿ ñòàëüíûõ
äîñòàòî÷íî øèðîêèõ ïðÿìîóãîëüíûõ ïëàñòèíîê γ ≥ 1.96 ïîäñ÷èòàííûå èíòåð-
âàëû äîïóñòèìûõ çíà÷åíèé ïðèâåä¼ííûõ ñêîðîñòåé ïîòîêà ãàçà V D−1

(
a0ρ0b

3
)

äàíû â òàáëèöå 5.

Êàê ñëåäóåò èç äàííûõ òàáëèöû 5, äëèíû d äîïóñòèìûõ èíòåðâàëîâ ñ ðîñòîì
ïàðàìåòðà 2hb−1 óìåíüøàþòñÿ ïðèìåðíî â 52 ðàça ïðè âñåõ ôèêñèðîâàííûõ çíà-
÷åíèÿõ ν, à ñ ðîñòîì êîýôôèöèåíòà Ïóàññîíà ν � óìåíüøàþòñÿ â 1.32 ðàçà ïðè
ôèêñèðîâàííûõ çíà÷åíèÿõ ïàðàìåòða 2hb−1.

2hb−1
ν

0.125 0.25 0.3 0.375 0.5

0.0040
(184.98, (175.61, (170.49, (160.99, (140.52,
4368.81) 4147.43) 4026.55) 3802.27) 3318.59)

0.0045
(129.92, (123.34, (119.74, (113.07, (98.69,
3068.36) 2912.88) 2827.98) 2670.46) 2330.75)

0.0060
(54.81, (52.03, (50.52, (47.70, (41.63,
1311.78) 1245.27) 1208.98) 1141.58) 996.35)

0.0100
(11.84, (11.24, (10.91, (10.30, (8.99,
283.45) 269.09) 261.25) 246.70) 215.32)

0.0120
(6.85, (6.50, (6.32, (5.96, (5.20,
164.01) 155.72) 151.20) 142.69) 124.60)

0.0150
(3.51, (3.33, (3.23, (3.05, (2.67,
84.04) 79.73) 77.33) 73.10) 63.81)

Òàáëèöà 5
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3

Ïåðåéäåì ê îïèñàíèþ äèñïåðñèîííûõ óðàâíåíèé � äîñòàòî÷íûõ ïðèçíàêîâ ïî-
òåðè óñòîé÷èâîñòè âîçìóù¼ííîãî äâèæåíèÿ äèíàìè÷åñêîé ñèñòåìû ¾ïëàñòèíêà-
ïîòîê¿ (1.1) � (1.4) âáëèçè ãðàíèö îáëàñòè óñòîé÷èâîñòè.

Ïîäñòàâëÿÿ îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1.1) â âèäå (2.18)
è â âèäå (2.19) â ãðàíè÷íûå óñëîâèÿ (1.2) � (1.4) è (1.2), (1.4) ñîîòâåòñòâåííî,
ïîëó÷àåì îäíîðîäíûå ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé ÷åòâ¼ðòîãî è âòîðîãî
ïîðÿäêà îòíîñèòåëüíî ïðîèçâîëüíûõ ïîñòîÿííûõ Cnk. Ïðèðàâíåííûé íóëþ îïðå-
äåëèòåëü êàæäîé èç ýòèõ ñèñòåì óðàâíåíèé � õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü
∆i ïðèâîäèò ê ñîîòâåòñòâóþùåìó äèñïåðñèîííîìó óðàâíåíèþ:

∆1 = ∆1

(
q(V ), n, γ, ν, β2

y , χn, δn
)
= χnδnA0λ

4 + (χnA1 + δnA2)λ
2 +A3 = 0; (3.1)

∆2 = ∆2

(
q(V ), n, ν, β2

y , χn, δn
)
= χnδnA

∗
0λ

4 + (χnA
∗
1 + δnA

∗
2)λ

2 +A∗
3 = 0; (3.2)

χn = IcD
−1b(πn)

−1
, δn = mcD

−1b3(πn)
−3

. (3.3)

Äèñïåðñèîííîå óðàâíåíèå (3.1) ïðèâåäåíî è ïîäðîáíî èçó÷åíî â ðàáîòàõ [20,
21] ïðè èññëåäîâàíèè çàäà÷è óñòîé÷èâîñòè (1.1) � (1.4) â ñëó÷àå äîñòàòî÷íî óäëè-
í¼ííûõ ïëàñòèí (γ ≤ 0.193) è ïëàñòèíîê óìåðåííûõ ðàçìåðîâ (γ ∈ (0.193, 1.96))
ñîîòâåòñòâåííî. Òàê êàê äàííàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîò [20,21], òî
â å¼ òåêñòå äèñïåðñèîííîå óðàâíåíèå (3.1), â ñèëó åãî ãðîìîçäêîñòè è îãðàíè÷åí-
íîñòè îáú¼ìà ñòàòüè, ìîæíî íå ïðèâîäèòü, èñïîëüçóÿ ññûëêó íà ýòè ðàáîòû.

Ðåçóëüòàòû ÷èñëåííûõ èññëåäîâàíèé óðàâíåíèé (3.1) è (3.2) ïîêàçàëè èõ ðàâ-
íîñèëüíîñòü â èíòåðâàëå β2

y ≥
(
β2
y

)
loc

(ν) < 1 (òàáë. 3) ïðè γ ≥ γ∗ (ν) ≈ 1.96
äëÿ âñåõ ν: âëèÿíèå êîýôôèöèåíòà Ïóàññîíà ν íà ãðàíè÷íîå çíà÷åíèå γ = γ∗

íåîùóòèìî ìàëî. Èíûìè ñëîâàìè,

lim
γ→γ∗

∆1 = ∆2 = χnδnA
∗
0λ

4 + (χnA
∗
1 + δnA

∗
2)λ

2 +A∗
3 = 0, (3.4)

ãäå

A∗
0 = 1, A∗

1 =
√
2(q + 1) ·

(
q −

√
q2 − 1 + β2

y

)
;A∗

2 =
√

2(q + 1); (3.5)

A∗
3 =

(
q + 1−

√
q2 − 1 + β2

y

)2
− 2(q + 1)ν − (1− ν)

2
. (3.6)

Ñëåäîâàòåëüíî, â èíòåðâàëå β2
y ≥

(
β2
y

)
loc

(ν) < 1 (òàáë. 3) ïðè âñåõ γ ∈
[1.96, ∞) äèíàìè÷åñêîå ïîâåäåíèå ñèñòåìû ¾ïëàñòèíêà�ïîòîê¿ àíàëîãèíî äèíà-
ìè÷åñêîìó ïîâåäåíèþ ñèñòåìû ¾ïëàñòèíêà�ïîòîê¿, â êîòîðîé îáòåêàåìàÿ ïëà-
ñòèíêà � ïîëóáåñêîíå÷íàÿ ïëàñòèíà�ïîëîñà (γ = ∞).

Ó÷èòûâàÿ ñîîòíîøåíèå (2.4), èç âûðàæåíèé (3.5) î÷åâèäíî ñëåäóåò

(χnA
∗
1 + δnA

∗
2) > 0 (3.7)

â îáëàñòè
{
γ ∈ [1.96, ∞) , β2

y ≥
(
β2
y

)
loc

(ν) < 1
}
ïðè âñåõ q ∈ (q0,∞) (òàáë. 1).
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Íåòðóäíî ïîêàçàòü, ÷òî äèñêðèìèíàíò áèêâàäðàòíîãî óðàâíåíèÿ (3.4)

Diskr (∆2) = (knA
∗
1 +A∗

2)
2 − 4knA

∗
3 > 0, kn = χn · δ−1

n ; (3.8)

ïðè q ∈ (q0,∞) (òàáë. 1), β2
y ∈

[
0,
(
β2
y

)
loc

(ν)
)
(òàáë. 3), kn ≥ 0 è ν.

Â ñàìîì äåëå, ïîäñòàâëÿÿ â ôîðìóëó äèñêðèìèíàíòà (3.8) âûðàæåíèÿ (3.4) è
(3.5), ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé ïîëó÷àåì

Diskr (∆2) = 2 (q + 1)
[
kn

(
q −

√
q2 − 1 + β2

y

)
− 1
]2

+ 4kn(1− β2
y + (2q + ν)ν) > 0.

Èòàê, â ñîîòâåòñòâèè ñ óñëîâèåì çàòóõàíèÿ êîëåáàíèé íà êðàþ ïëàñòèíêè
x = a, aíàëèç óñòîé÷èâîñòè íåâîçìóù¼ííîãî ñîñòîÿíèÿ ðàâíîâåñèÿ äèíàìè÷åñêîé
ñèñòåìû ¾ïëàñòèíêà-ïîòîê¿ (1.1), (1.2) è (1.4) äëÿ âñåõ γ ∈ [1.96,∞) è γ = ∞ ñâî-
äèòñÿ ê èññëåäîâàíèþ ïîâåäåíèÿ êîðíåé λk õàðàêòåðèñòè÷åñêîãî îïðåäåëèòåëÿ
(3.4), îïðåäåëÿþùèõ ñîáñòâåííûå äâèæåíèÿ ñèñòåìû â ïðîñòðàíñòâå ñóùåñòâåí-
íûõ ïàðàìåòðîâ ℑ =

{
q(V ), n, ν, β2

y , kn
}
� ïàðàìåòðîâ, îêàçûâàþùèõ íàèáîëåå

çíà÷èìîå âëèÿíèå íà äèíàìè÷åñêîå ïîâåäåíèå ñèñòåìû. Çíà÷åíèÿ îñòàëüíûõ ïà-
ðàìåòðîâ ñèñòåìû � ¾íåñóùåñòâåííûõ¿ � ïðèíèìàþòñÿ ôèêñèðîâàííûìè.

4

Èç ñïîñîáà ðàçáèåíèÿ ïðîñòðàíñòâà ïàðàìåòðîâ ℑ ñèñòåìû ¾ïëàñòèíêà�ïîòîê¿
íà îáëàñòü óñòîé÷èâîñòè ℑ0 è îáëàñòè íåóñòîé÷èâîñòè ℑ1,ℑ2,ℑ3 [12,15,20,21], â
ñèëó óñëîâèé (3.7) è (3.8) î÷åâèäíî, ÷òî â äàííîì ñëó÷àå ïðîñòðàíñòâî ïàðàìåò-
ðîâ ℑ ñîñòîèò èç äâóõ îáëàñòåé ℑ0 è ℑ1: â îáëàñòè ℑ0 âñå êîðíè λk óðàâíåíèÿ
(3.4) íàõîäÿòñÿ â ëåâîé ÷àñòè êîìïëåêñíîé ïëîñêîñòè(Reλk < 0); â îáëàñòè ℑ1

ñðåäè êîðíåé λk èìååòñÿ îäèí ïîëîæèòåëüíûé êîðåíü. À ñòàëî áûòü, îáëàñòü
óñòîé÷èâîñòè ℑ0 áóäåò îïðåäåëÿòüñÿ ñîîòíîøåíèåì A∗

3 > 0, ñîîòâåòñòâåííî, îá-
ëàñòü íåóñòîé÷èâîñòè ℑ1 � ñîîòíîøåíèåì A∗

3 < 0. Òåì ñàìûì, óðàâíåíèå (3.4)
â îáëàñòè óñòîé÷èâîñòè ℑ0 èìååò äâå ïàðû ÷èñòî ìíèìûõ êîðíåé λ1,2 = ±iω1,
λ3,4 = ±iω2: îáòåêàåìàÿ ïðÿìîóãîëüíàÿ ïëàñòèíêà ïðè γ ∈ [1.96, ∞) êàê è ïîëó-
áåñêîíå÷íàÿ ïëàñòèíà-ïîëîñà (γ = ∞), ñîâåðøàþò ãàðìîíè÷åñêèå êîëåáàíèÿ îêî-
ëî íåâîçìóù¼ííîãî ðàâíîâåñíîãî ñîñòîÿíèÿ. Â îáëàñòè ℑ1 óðàâíåíèå (3.4) èìååò
äâà äåéñòâèòåëüíûõ λ1 < 0, λ2 > 0 êîðíÿ è ïàðó ÷èñòî ìíèìûõ λ3,4 = ±iω
êîðíåé (èç äâóõ ñîáñòâåííûõ äâèæåíèé ïëàñòèíêè, ñîîòâåòñòâóþùèõ ñîáñòâåí-
íûì çíà÷åíèÿì λ1 è λ2, îäíî çàòóõàåò, à äðóãîå íåîãðàíè÷åííî îòêëîíÿåòñÿ ïî
ýêñïîíåíöèàëüíîìó çàêîíó). Â ñîîòâåòñòâèè ñ ýòèì, ïðîãèáû ïëàñòèíêè áóäóò
âîçðàñòàòü âî âðåìåíè ïî ýêñïîíåíöèàëüíîìó çàêîíó: â îáëàñòè ℑ1 èìååò ìåñòî
ïîòåðÿ ñòàòè÷åñêîé óñòîé÷èâîñòè.

Ãðàíèöåé îáëàñòè óñòîé÷èâîñòè ℑ0, â ñîîòâåòñòâèè ñ ñîîòíîøåíèÿìè, îïðå-
äåëÿþùèõ îáëàñòè ℑ0 è ℑ1, ÿâëÿåòñÿ ãèïåðïîâåðõíîñòü [12, 15, 17]: A∗

3 = 0, èëè,
ñîãëàñíî îáîçíà÷åíèþ (3.6),

A∗
3 =

(
q + 1−

√
q2 − 1 + β2

y

)2
− 2(q + 1)ν − (1− ν)

2
= 0, (4.1)
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íà êîòîðîé äèñïåðñèîííîå óðàâíåíèå (3.4) èìååò íóëåâîé êîðåíü λ0 = 0 êðàò-
íîñòè 2 è ïàðó ÷èñòî ìíèìûõ êîðíåé λ3,4 = ±iω. Î÷åâèäíî, ÷òî óðàâíåíèå (4.1)
ÿâëÿåòñÿ äîñòàòî÷íûì óñëîâèåì ïîòåðè ñòàòè÷åñêîé óñòîé÷èâîñòè âîçìóù¼ííîãî
äâèæåíèÿ ñèñòåìû â âèäå ëîêàëèçîâàííîé äèâåðãåíöèè â îêðåñòíîñòè ñâîáîäíîãî
êðàÿ ïëàñòèíêè x = 0, êîãäà γ ∈ [1.96, ∞) è γ = ∞.

Çàìåòèì, ÷òî óðàâíåíèå (4.1) òîæäåñòâåííî äèñïåðñèîííîìó óðàâíåíèþ, ïîëó-
÷åííîìó â ðàáîòå [17] ïðè èññëåäîâàíèè çàäà÷è óñòîé÷èâîñòè îáòåêàåìîé ñæàòîé
ïàíåëè â ñòàòè÷åñêîé ïîñòàíîâêå ïî ìåòîäó Ýéëåðà.

Êðèòè÷åñêèå ñêîðîñòè ïîòîêà ãàçà Vloc.div., íàéäåííûå ïîäñòàíîâêîé ðåøå-
íèÿ qloc.div. ∈ (q0,∞) óðàâíåíèÿ (4.1) â ôîðìóëó (2.20), ðàçãðàíè÷èâàþò îá-
ëàñòü óñòîé÷èâîñòè ℑ0 è îáëàñòü ëîêàëèçîâàííîé äèâåðãåíöèè ℑ1. Ïðè ñêîðî-
ñòÿõ V ≥ Vloc.div ïîòîêà ãàçà ïðîèñõîäèò ¾ìÿãêèé ïåðåõîä¿ ÷åðåç òî÷êó λ0 = 0
â ïðàâóþ ÷àñòü êîìïëåêñíîé ïëîñêîñòè ñîáñòâåííûõ çíà÷åíèé λk, âûçûâàþùèé
ïëàâíîå èçìåíåíèå õàðàêòåðà âîçìóù¼ííîãî äâèæåíèÿ ñèñòåìû îò óñòîé÷èâîñòè
ê ñòàòè÷åñêîé íåóñòîé÷èâîñòè â âèäå ëîêàëèçîâàííîé äèâåðãåíöèè: ïðîãèáû ïëà-
ñòèíêè ëîêàëèçîâàíû â îêðåñòíîñòè ñâîáîäíîãî êðàÿ x = 0 ïëàñòèíêè.

Òàêèì îáðàçîì, â îòëè÷èå îò äîñòàòî÷íî óäëèí¼ííûõ ïëàñòèíîê (γ ≤ 0.193)
[20] è ïëàñòèíîê óìåðåííûõ ðàçìåðîâ (0.193 < γ < 1.96) [21], â ñëó÷àå äîñòà-
òî÷íî øèðîêèõ ïëàñòèíîê (γ ≥ 1.96) âîçìóù¼ííîå äâèæåíèå ñèñòåìû ¾ïëàñòèí-
êà�ïîòîê¿ òåðÿåò óñòîé÷èâîñòü òîëüêî ëèøü â âèäå ëîêàëèçîâàííîé äèâåðãåíöèè,
ïîäîáíî ïîëóáåñêîíå÷íîé ïëàñòèíå�ïîëîñå (γ = ∞).

5

Èññëåäóåì äèíàìèêó âîçìóù¼ííîãî äâèæåíèÿ ñèñòåìû ¾ïëàñòèíêà�ïîòîê¿

ïðè γ ∈ [1.96, ∞), β2
y ∈

[
0,
(
β2
y

)
loc

(ν)
)
(òàáë. 3) â èíòåðâàëå äîïóñòèìûõ çíà-

÷åíèé q ∈ (q0,∞) (òàáë. 1).
Ðåçóëüòàòû ÷èñëåííûõ èññëåäîâàíèé ïîêàçàëè, ÷òî âîçìóù¼ííîå äâèæåíèå

ñèñòåìû ÿâëÿåòñÿ óñòîé÷èâûì âáëèçè íà÷àëà èíòåðâàëà ñâåðõçâóêîâûõ ñêîðîñòåé
a0
√
2 äëÿ ïëàñòèíîê îòíîñèòåëüíîé òîëùèíû, ïðèìåðíî, 2h−1b ∈ (0.006, 0.015]

ïðè âñåõ çíà÷åíèÿõ êîýôôèöèåíòà Ïóàññîíà ν. À â ñëó÷àå ïëàñòèíîê îòíîñè-
òåëüíîé òîëùèíû, ïðèìåðíî, 2h−1b ≤ 0.004 âîçìóù¼ííîå äâèæåíèå ñèñòåìû ïðè
ñêîðîñòÿõ ïîòîêà ãàçà V ≥ a0

√
2 ÿâëÿåòñÿ ñòàòè÷åñêè íåóñòîé÷èâûì: èìååò ìå-

ñòî ëîêàëèçîâàííàÿ äèâåðãåíöèÿ. Ïðè ýòîì, ñâåðõçâóêîâîå îáòåêàíèå ïðèâîäèò ê
¾ñêà÷êîîáðàçíîìó ïàäåíèþ¿ êðèòè÷åñêîãî êîýôôèöèåíòà íàïðÿæåíèÿ

(
β2
y

)
loc

(ν)

(òàáë. 3): β2
y ∈

(
0,
(
β2
y

)∗
loc.

)
,
(
β2
y

)∗
loc.

≈ χ−1 ( ν) ·
(
β2
y (ν)

)
loc.

(òàáë. 6).

ν 0.125 0.25 0.3 0.375 0.5
χ 1.541 1.527 1.495 1.432 1.372

Òàáëèöà 6

Öåïî÷êè ïåðåõîäîâ [20, 21] â èíòåðâàëå β2
y ∈

(
0,
(
β2
y

)∗
loc.

)
ïðè âñåõ γ ≥ 1.96 è

γ = ∞, ïðè 2h−1b ∈ (0.006, 0.015], ïðè âñåõ çíà÷åíèÿõ êîýôôèöèåíòà Ïóàññîíà
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ν áóäóò èìåòü ñëåäóþùåå îïèñàíèå:

ℑ0
Vloc.div−−−−−→ ℑ1. (5.1)

Ïîäñòàâëÿÿ ðåøåíèå qloc.div. ∈ (q0,∞) óðàâíåíèÿ (4.1) â ôîðìóëó (2.20), ïîëó-
÷àåì çíà÷åíèÿ ïðèâåä¼ííîé êðèòè÷åñêîé ñêîðîñòè ëîêàëèçîâàííîé äèâåðãåíöèè
Vloc.div.D

−1
(
a0ρ0b

3
)
, ïðåäñòàâëåííûå äëÿ íåêîòîðûõ çíà÷åíèé êîýôôèöèåíòà íà-

ïðÿæåíèÿ β2
y ∈

(
0,
(
β2
y

)∗
loc.

)
è êîýôôèöèåíòà Ïóàññîíà ν â òàáëèöå 7.

Èç äàííûõ òàáëèöû 7 ñëåäóåò, ÷òî ïðèâåä¼ííàÿ êðèòè÷åñêàÿ ñêîðîñòü ëî-
êàëèçîâàííîé äèâåðãåíöèè Vloc.div.D

−1
(
a0ρ0b

3
)
ÿâëÿåòñÿ ìîíîòîííî óáûâàþùåé

ôóíêöèåé îò êîýôôèöèåíòà Ïóàññîíà ν ïðè ôèêñèðîâàííîì çíà÷åíèè êîýôôè-
öèåíòà íàïðÿæåíèÿ β2

y , à òàêæå, ìîíîòîííî óáûâàþùåé ôóíêöèåé îò β
2
y ïðè ôèê-

ñèðîâàííîì çíà÷åíèè ν.

β2
y 0 0.3 0.5 0.6 0.7 0.72

Vloc.div.D
−1
(
a0ρ0b

3
) 295.420 227.320 181.029 156.386 130.327 124.636

169.690 128.511 102.902 87.480 70.749 67.216
143.916 110.280 85.591 72.310 58.134 55.180
114.692 86.247 66.136 55.249 43.875 41.526
79.937 58.238 42.789 39.011 26.282 24.640

Òàáëèöà 7

Èç äàííûõ òàáëèöû 7 ñëåäóåò, ÷òî ïðèâåä¼ííàÿ êðèòè÷åñêàÿ ñêîðîñòü ëîêàëè-
çîâàííîé äèâåðãåíöèè Vloc.div.D

−1
(
a0ρ0b

3
)
óáûâàåò â 3.02 � 9.11 ðàç ñ ðîñòîì ν, à ñ

ðîñòîì β2
y � â 2.84 � 6.76 ðàçà, â ñðàâíåíèè ñ ïðèâåä¼ííîé êðèòè÷åñêîé ñêîðîñòüþ

ëîêàëèçîâàííîé äèâåðãåíöèè ñèñòåìû ñ íåíàãðóæåííîé ïàíåëüþ
(
β2
y = 0

)
[15].

Ýòî îçíà÷àåò, ÷òî ïåðâîíà÷àëüíîå íàïðÿæ¼ííîå ñîñòîÿíèå äîñòàòî÷íî øèðîêîé
ïëàñòèíêè ïðèâîäèò ê ñóùåñòâåííîé äåñòàáèëèçàöèè âîçìóù¼ííîãî äâèæåíèÿ
ñèñòåìû ¾ïëàñòèíêà�ïîòîê¿, â ñðàâíåíèè ñ âîçìóù¼ííûì äâèæåíèåì ñèñòåìû ñ
ïåðâîíà÷àëüíî íåíàãðóæåííîé äîñòàòî÷íî øèðîêîé ïëàñòèíêîé.

Ñîïîñòàâëåíèå äàííûõ òàáëèö 5 è 7 ïîäòâåðæäàåò èñòèííîñòü âûâîäà î íåóñ-
òîé÷èâîñòè âîçìóù¼ííîãî äâèæåíèÿ ñèñòåìû âáëèçè a0

√
2 � íà÷àëà èíòåðâàëà

ñâåðõçâóêîâûõ ñêîðîñòåé (1.5), êîãäà îòíîñèòåëüíàÿ òîëùèíà äîñòàòî÷íî øèðî-
êèõ ïëàñòèíîê 2h−1b ≤ 0.004. Áîëåå òîãî, ïðè äàëüíåéøåì óâåëè÷åíèè ñêîðîñòè
ïîòîêà ãàçà âîçìóù¼ííîå äâèæåíèå � ïðè ñêîðîñòÿõ V ≥ a0

√
2 òàê æå ÿâëÿåòñÿ

ñòàòè÷åñêè íåóñòîé÷èâûì ïðè âñåõ äîïóñòèìûõ çíà÷åíèÿõ îñòàëüíûõ ïàðàìåò-
ðîâ: èìååò ìåñòî ëîêàëèçîâàííàÿ äèâåðãåíöèÿ.

Òàêèì îáðàçîì, âîçìóù¼ííîå äâèæåíèå ñèñòåìû ¾ïëàñòèíêà � ïîòîê¿ â ñëó-
÷àå äîñòàòî÷íî øèðîêèõ ïëàñòèí (γ ≥ 1.96) è ïîëóáåñêîíå÷íîé ïëàñòèíû�ïîëîñû
(γ = ∞) òåðÿåò óñòîé÷èâîñòü òîëüêî â âèäå ëîêàëèçîâàííîé äèâåðãåíöèè ïðè ñêî-
ðîñòÿõ ïîòîêà ãàçà V ≥ Vloc.div.. Ïðèâåä¼ííàÿ êðèòè÷åñêàÿ ñêîðîñòü ëîêàëèçîâàí-
íîé äèâåðãåíöèè Vloc.div.D

−1
(
a0ρ0b

3
)
ÿâëÿåòñÿ ìîíîòîííî óáûâàþùåé ôóíêöèåé

îò êîýôôèöèåíòà íàïðÿæåíèÿ β2
y , õàðàêòåðèçóþùåãî ïåðâîíà÷àëüíîå íàïðÿæ¼í-

íîå ñîñòîÿíèå ïëàñòèíêè: óáûâàåò ïðèìåðíî íà ïîðÿäîê, â ñðàâíåíèè ñ íåíàãðó-
æåííîé ïàíåëüþ. Òåì ñàìûì, ïåðâîíà÷àëüíîå íàïðÿæ¼ííîå ñîñòîÿíèå ïðèâîäèò
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ê ñóùåñòâåííîé äåñòàáèëèçàöèè âîçìóù¼ííîãî äâèæåíèÿ ñèñòåìû ¾äîñòàòî÷íî
øèðîêàÿ ïëàñòèíêà � ïîòîê¿.

Â ñèëó íåçàâèñèìîñòè ôóíêöèè Vloc.div.D
−1
(
a0ρ0b

3
)
îò ïàðàìåòðà k1, ÿñíî,

÷òî êîýôôèöèåíòû χ1 è δ1, õàðàêòåðèçóþùèå ñîñðåäîòî÷åííûå èíåðöèîííûå ìî-
ìåíòû Ic è ìàññû mc, ñîîòâåòñòâåííî, âëèÿþò âñåãî ëèøü íà ïîêàçàòåëü ýêñïî-
íåíòû ñîáñòâåííîãî äâèæåíèÿ ïëàñòèíêè, êîòîðûì îïðåäåëÿåòñÿ èíòåíñèâíîñòü
íàðàñòàíèÿ ¾âûïó÷èâàíèÿ¿ â îêðåñòíîñòè ñâîáîäíîãî êðàÿ ïëàñòèíêè x = 0.

Çàìåòèì, ÷òî äèñïåðñèîííîå óðàâíåíèå (4.1) ïðè β2
y = 0 òîæäåñòâåííî äèñ-

ïåðñèîííîìó óðàâíåíèþ, ïîëó÷åííîìó â ðàáîòå [15] ïðè èññëåäîâàíèè çàäà÷è
óñòîé÷èâîñòè âîçìóù¼ííîãî äâèæåíèÿ ñèñòåìû (1.1) � (1.4) â ñëó÷àå äîñòàòî÷-
íî øèðîêèõ ïëàñòèíîê ñ íåíàãðóæåííûìè, ïåðâîíà÷àëüíî, êðàÿìè. À òàêæå, èç
ñðàâíåíèÿ ãðàíè÷íûõ çíà÷åíèé γ = γ∗ ≈ 1.96 ïðè β2

y = 0 è β2
y > 0 ñëåäóåò, ÷òî â

äàííîé ïîñòàíîâêå çàäà÷è óñòîé÷èâîñòè âëèÿíèå êîýôôèöèåíòà íàïðÿæåíèÿ β2
y

íà ãðàíè÷íîå çíà÷åíèå γ∗ íåîùóòèìî ìàëî.

6 Îñíîâíûå ðåçóëüòàòû

Â ðàáîòå èññëåäóåòñÿ ñâîåîáðàçíîå âëèÿíèå ïåðâîíà÷àëüíîãî íàïðÿæ¼ííîãî
ñîñòîÿíèÿ äîñòàòî÷íî øèðîêîé ïðÿìîóãîëüíîé ïëàñòèíêè (γ ≥ 1.96) ñ ñâîáîäíûì
êðàåì íà óñòîé÷èâîñòü âîçìóù¼ííîãî äâèæåíèÿ äèíàìè÷åñêîé ñèñòåìû ¾ïëà-
ñòèíêa�ïîòîê¿ ïðè íàëè÷èè íà ñâîáîäíîì êðàå ïëàñòèíêè ñîñðåäîòî÷åííûõ èíåð-
öèîííûõ ìàññ è ìîìåíòîâ ïîâîðîòà.

Íàéäåíî àíàëèòè÷åñêîå ðåøåíèå çàäà÷è óñòîé÷èâîñòè âîçìóù¼ííîãî äâèæå-
íèÿ äèíàìè÷åñêîé ñèñòåìû ¾ïëàñòèíêà�ïîòîê¿ â ïðåäïîëîæåíèè, ÷òî êðàÿ ïðÿ-
ìîóãîëüíîé ïëàñòèíêè, ïàðàëëåëüíûå ñêîðîñòè ïîòîêà ãàçà, íàãðóæåíû åù¼ äî
îáòåêàíèÿ ðàâíîìåðíî ðàñïðåäåë¼ííûìè ñæèìàþùèìè óñèëèÿìè. Àíàëèòè÷å-
ñêîå ðåøåíèå íàéäåíî ñ ïîìîùüþ ìåòîäà, ïîäðîáíî îïèñàííîãî â ðàáîòå [15].

Ïîëó÷åíû ÿâíûå âûðàæåíèÿ äèñïåðñèîííûõ óðàâíåíèé, õàðàêòåðèçóþùèõ
äîñòàòî÷íûå ïðèçíàêè ïîòåðè óñòîé÷èâîñòè.

Ñ ïîìîùüþ ãðàôîàíàëèòè÷åñêèõ è ÷èñëåííûõ ìåòîäîâ àíàëèçà ïðîèçâåäåíî
ðàçáèåíèå ìíîãîïàðàìåòðè÷åñêîãî ïðîñòðàíñòâà ℑ ñèñòåìû ¾ïëàñòèíêà�ïîòîê¿
íà îáëàñòü óñòîé÷èâîñòè ℑ0 è îáëàñòè íåóñòîé÷èâîñòè ℑi, i = 1, 2, 3. Ïîêàçà-
íî, ÷òî ïðîñòðàíñòâî ¾ñóùåñòâåííûõ¿ ïàðàìåòðîâ ñèñòåìû ñîñòîèò ëèøü òîëüêî
èç äâóõ îáëàñòåé: îáëàñòè óñòîé÷èâîñòè ℑ0 è îáëàñòè ñòàòè÷åñêîé íåóñòîé÷èâî-
ñòè ℑ1, â êîòîðîé èìååò ìåñòî ëîêàëèçîâàííàÿ äèâåðãåíöèÿ. Ïðè ýòîì, â ñëó÷àå
ñòàëüíûõ ïëàñòèíîê îòíîñèòåëüíîé òîëùèíû 2h−1b ≤ 0.004 ïðîñòðàíñòâî ïàðà-
ìåòðîâ ñîñòîèò òîëüêî èç îáëàñòè ℑ1. Oïðåäåëåíû èíòåðâàëû èçìåíåíèÿ ¾ñó-
ùåñòâåííûõ¿ ïàðàìåòðîâ ñèñòåìû, ðàçãðàíè÷èâàþùèå îáëàñòè óñòîé÷èâîñòè è
íåóñòîé÷èâîñòè. Èññëåäîâàíà ãðàíèöà ïåðåõîäà èç îáëàñòè óñòîé÷èâîñòè ℑ0 â
îáëàñòü ℑ1, êîòîðàÿ, î÷åâèäíî, ÿâëÿåòñÿ ¾áåçîïàñíîé¿ [12].

Íàéäåíû êðèòè÷åñêèå ñêîðîñòè ëîêàëèçîâàííîé äèâåðãåíöèè Vloc.div., â ïðåä-
ïîëîæåíèè, ÷òî â ïëàñòèíêå â ìîìåíò ¾âûïó÷èâàíèÿ¿ âîçíèêàþò òîëüêî íàïðÿ-
æåíèÿ èçãèáà: ïðè ñêîðîñòÿõ ïîòîêà ãàçà V ≥ Vloc.div. âîçìóù¼ííîå äâèæåíèå
ñèñòåìû òåðÿåò óñòîé÷èâîñòü.

Íàéäåíû êðèòè÷åñêèå çíà÷åíèÿ êîýôôèöèåíòà íàïðÿæåíèÿ èçãèáà ïðè îáòå-
êàíèè

(
β2
y

)∗
loc.

. Óñòàíîâëåíî, ÷òî êðèòè÷åñêèé êîýôôèöèåíò íàïðÿæåíèÿ
(
β2
y

)∗
loc.
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ïðèìåðíî â 1.37 � 1.54 ðàçà ìåíüøå êðèòè÷åñêîãî êîýôôèöèåíòà íàïðÿæåíèÿ ïðè
îòñóòñòâèè îáòåêàíèÿ

(
β2
y (ν)

)
loc.

[17].
Ïîêàçàíî, ÷òî êðèòè÷åñêèå ñêîðîñòè ëîêàëèçîâàííîé äèâåðãåíöèè Vloc.div. ÿâ-

ëÿþòñÿ ìîíîòîííî óáûâàþùèìè ôóíêöèÿìè îò êîýôôèöèåíòà íàïðÿæåíèÿ β2
y ∈[

0,
(
β2
y

)∗
loc.

)
: óáûâàþò ïðèìåðíî íà ïîðÿäîê, â ñðàâíåíèè ñ íåíàãðóæåííîé ïàíå-

ëüþ [15].
Òàêèì îáðàçîì, â ñëó÷àå äîñòàòî÷íî øèðîêèõ ïëàñòèí (γ ≥ 1.96) è â ñëó÷àå

ïîëóáåñêîíå÷íîé ïëàñòèíû�ïîëîñû (γ = ∞) ïåðâîíà÷àëüíîå íàïðÿæ¼ííîå ñîñòî-
ÿíèå ïðèâîäèò ê ñóùåñòâåííîé äåñòàáèëèçàöèè âîçìóù¼ííîãî äâèæåíèÿ ñèñòåìû
¾ïëàñòèíêà � ïîòîê¿.

Çàêëþ÷åíèå

Èçëîæåííûé â äàííîé ðàáîòå ãðàôîàíàëèòè÷åñêèé ìåòîä èññëåäîâàíèÿ ìîæåò
áûòü ïðèìåí¼í äëÿ ïîëó÷åíèÿ àíàëèòè÷åñêîãî ðåøåíèÿ øèðîêîãî êëàññà çàäà÷
óñòîé÷èâîñòè óïðóãèõ ñèñòåì, â ÷àñòíîñòè, ïðè êîìáèíèðîâàííîì íàãðóæåíèè.
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The stress state of a piecewise-homogeneous elastic strip is considered, composed of two strips from di�erent

materials, one of which contains a crack of �nite length, perpendicular terminating at the interface of materials.

It is assumed that the composite strip on the side of the strip, in which there is a crack, is rigidly restrained,

and the other side is free from stress. The strip is deformed under the in�uence of a normal load symmetrically

applied to the crack edges.

The stress intensity factors at the crack tips, contact stresses at the material interface, as well as the shape of

the crack opening were determined. The study of the dependence of the indicated values on the elastic constants

of the strip materials and the relative widths of the strips has been carried out.

Սահակյան Ա.Վ., Սարգսյան Վ.Գ., Խաչիկյան Ա.Ս.

Խառը եզրային խնդիր նյութերի բաժանման գծի վրա դուրս եկող ներքին ճաք պարունակող

առաձգական բաղադրյալ շերտի համար

Հիմնաբառեր՝բաղադրյալ շերտ, եզրային ճաք, առաձգականություն, սինգուլյար ինտեգրալ հավասարում, անշարժ եզակիություն,

լարումների ուժգնության գործակից, ճաքի բացվածք, մեխանիկական քառակուսացման բանաձևեր։

Դիտարկված է երկու տարանյութ շերտերից կազմված բաղադրյալ առաձգական շերտի լարվածային վիճակը, երբ

շերտերից մեկում կա վերջավոր երկարության ճաք, որը ուղղահայաց դուրս է գալիս նյութերի բաժանման գիծ։ Ենթադրվում

է, որ բաղադրյալ շերտը ճաք պարունակող շերտի կողմից կոշտ ամրակցված է, իսկ մյուս կողմը ազատ է լարումներից։ Շերտը

դեֆորմացվում է ճաքի ափերին համաչափ կիրառված նորմալ բեռի ազդեցության տակ։

Որոշված են ճաքի գագաթներում լարումների ուժգնության գործակիցները, նյութերի բաժանման գծի վրա կոնտակտային

լարումների բախշումը, ինչպես նաև ճաքի բացվածքի տեսքը։ Հետազոտվել է նշված մեծությունների կախվածությունը

շերտերի առաձգական հաստատուններից և շերտերի հարաբերական հաստությունից։
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Ðàññìàòðèâàåòñÿ íàïðÿæåííîå ñîñòîÿíèå êóñî÷íî-îäíîðîäíîé óïðóãîé ïîëîñû, ñîñòàâëåííîé èç äâóõ

ðàçíîðîäíûõ ïîëîñ, â îäíîé èç êîòîðûõ ñîäåðæèòñÿ òðåùèíà êîíå÷íîé äëèíû, ïåðïåíäèêóëÿðíî âûõîäÿ-

ùàÿ íà ëèíèþ ðàçäåëà ìàòåðèàëîâ. Ïðåäïîëàãàåòñÿ, ÷òî ñîñòàâíàÿ ïîëîñà ñî ñòîðîíû ïîëîñû, â êîòîðîé

èìååòñÿ òðåùèíà, æåñòêî çàùåìëåíà, à äðóãàÿ ñòîðîíà ñâîáîäíà îò íàïðÿæåíèé. Ïîëîñà äåôîðìèðóåòñÿ

ïîä âîçäåéñòâèåì íîðìàëüíîé íàãðóçêè, ñèììåòðè÷íî ïðèëîæåííîé ê áåðåãàì òðåùèíû. Îïðåäåëåíû êî-

ýôôèöèåíòû èíòåíñèâíîñòè íàïðÿæåíèé â âåðøèíàõ òðåùèíû, êîíòàêòíûå íàïðÿæåíèÿ íà ëèíèè ðàçäåëà

ìàòåðèàëîâ, à òàêæå ôîðìà ðàñêðûòèÿ òðåùèíû. Ïðîâåäåíî èññëåäîâàíèå çàâèñèìîñòè óêàçàííûõ âåëè÷èí

îò óïðóãèõ ïîñòîÿííûõ ìàòåðèàëîâ ïîëîñ è îòíîñèòåëüíûõ øèðèí ïîëîñ.

1 Ââåäåíèå

Èññëåäîâàíèþ íàïðÿæåííîãî ñîñòîÿíèÿ ñîñòàâíûõ ìàññèâíûõ òåë, ñîäåðæàùèõ êîíöåí-
òðàòîðû íàïðÿæåíèé â âèäå òðåùèí, òîíêèõ âêëþ÷åíèé èëè íàêëàäîê, ïîñâÿùåíî ìíî-
æåñòâî èññëåäîâàíèé, ñðåäè êîòîðûõ, â ÷àñòíîñòè, îòìåòèì [1�6]. Îñîáîå ìåñòî çàíèìàþò
çàäà÷è îïðåäåëåíèÿ íàïðÿæåííîãî ñîñòîÿíèÿ ñîñòàâíîé ïëîñêîñòè, êîãäà òðåùèíà ïåðïåí-
äèêóëÿðíî èëè ïîä óãëîì âûõîäèò íà ëèíèþ ðàçäåëà ìàòåðèàëîâ, â ýòîé ñâÿçè îòìåòèì
ëèøü ðàáîòû [6�8].

Â íàñòîÿùåé ðàáîòå ðàññìîòðåíî íàïðÿæåííîå ñîñòîÿíèå êóñî÷íî-îäíîðîäíîé óïðóãîé
ïîëîñû, ñîñòàâëåííîé èç äâóõ ðàçíîðîäíûõ ïîëîñ, â îäíîé èç êîòîðûõ ñîäåðæèòñÿ òðåùèíà
êîíå÷íîé äëèíû, ïåðïåíäèêóëÿðíî âûõîäÿùàÿ íà ëèíèþ ðàçäåëà ìàòåðèàëîâ.

2 Ïîñòàíîâêà çàäà÷è

Ïóñòü èìååì óïðóãóþ êóñî÷íî-îäíîðîäíóþ ïîëîñó, êîòîðàÿ ñîñòîèò èç äâóõ ðàçíîðîä-
íûõ áåñêîíå÷íûõ ïîëîñ øèðèíû h1 è h2 è âî âòîðîé èç íèõ ñîäåðæèò òðåùèíó êîíå÷íîé
äëèíû a, âûõîäÿùóþ íà ëèíèþ ðàçäåëà ìàòåðèàëîâ y = 0. Ïðåäïîëîæèì, ÷òî ñîñòàâíàÿ
ïîëîñà ïî ñòîðîíå y = h2 æåñòêî çàùåìëåíà, äðóãàÿ åå ñòîðîíà y = −h1 ñâîáîäíà îò íà-
ïðÿæåíèé. Âíåøíÿÿ íàãðóçêà â âèäå íîðìàëüíîãî äàâëåíèÿ p ñèììåòðè÷íî ïðèëîæåíà ê
áåðåãàì òðåùèíû (Ðèñ.1).

Ðèñ. 1
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Äëÿ ñîñòàâíîé ïîëîñû áóäåì èìåòü ñëåäóþùèå ãðàíè÷íûå óñëîâèÿ:

u2 (x, h2) = 0, v2 (x, h2) = 0,

τ (1)xy (x,−h1) = 0, σ(1)
y (x,−h1) = 0,

(2.1)

Íà ëèíèè ñîåäèíåíèÿ ïîëîñ èìååì óñëîâèÿ ïîëíîãî êîíòàêòà:

u1 (x, 0) = u2 (x, 0) , v1 (x, 0) = v2 (x, 0) ,

τ (1)xy (x, 0) = τ (2)xy (x, 0) , σ(1)
y (x, 0) = σ(2)

y (x, 0) ,
(2.2)

à íà áåðåãàõ òðåùèíû çàäàíû íàïðÿæåíèÿ:

τ (2)xy (0, y) = 0

σ(2)
x (0, y) = −p (0 < y < a)

(2.3)

Â ñèëó ñèììåòðèè â ïîñòàíîâêå çàäà÷è áóäåì ðàññìàòðèâàòü ëèøü ïðàâóþ ïîëîâèíó
ñîñòàâíîé ïîëîñû x ≥ 0. Äàëåå, èíäåêñîì ¾1¿áóäóò îòìå÷àòüñÿ âåëè÷èíû, îòíîñÿùèåñÿ ê
íèæíåé ïîëîñå (−h1 ≤ y ≤ 0), à èíäåêñîì ¾2¿- ê ïîëîñå, ñîäåðæàùåé òðåùèíó, (0 ≤ y ≤ h2).

3 Âûâîä îïðåäåëÿþùåãî óðàâíåíèÿ çàäà÷è

Äëÿ âûâîäà îïðåäåëÿþùåãî óðàâíåíèÿ ïîñòàâëåííîé çàäà÷è âîñïîëüçóåìñÿ áèãàðìîíè-
÷åñêîé ôóíêöèåé Ýðè, êîòîðóþ â ñîîòâåòñòâóþùèõ îáëàñòÿõ ïðåäñòàâèì â âèäå

Φ1 (x, y) =

∞∫
0

(A1 shλy +B1 chλy + λy (C1 shλy +D1 chλy)) cosxλdλ;

Φ2 (x, y) =

∞∫
0

(A2 shλy +B2 chλy + λy (C2 shλy +D2 chλy)) cosxλdλ+

+

∞∑
k=1

(ak + xbk) e
−λkx sinλky;

(3.1)

ãäå λk = πk/h2 .

Èñïîëüçóÿ ôîðìóëû, âûðàæàþùèå êîìïîíåíòû íàïðÿæåíèé è ïåðåìåùåíèé ÷åðåç ôóíê-
öèþ íàïðÿæåíèé [9], äëÿ êîìïîíåíòîâ íàïðÿæåíèé è ïåðåìåùåíèé, íåîáõîäè ìûõ äëÿ óäî-
âëåòâîðåíèÿ ãðàíè÷íûì óñëîâèÿì (2.1) íà ñòîðîíàõ ñîñòàâíîé ïîëîñû, áóäåì èìåòü:

σ
(j)
y (x, y)

τ
(j)
xy (x, y)
uj (x, y)
vj (x, y)

 =

∞∫
0

T (x, λ)Sj (λ, y)


Aj (λ)
Bj (λ)
Cj (λ)
Dj (λ)

dλ+Vj (x, y, λk) (j = 1, 2) (3.2)
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ãäå

Tj (x, λ) =


cosλx 0 0 0

0 sinλx 0 0
0 0 sinλx 0
0 0 0 cosλx

 ,

Sj (λ, y) =

=


−λ2sy −λ2cy −λ3ysy −λ3ycy
λ2cy λ2sy λ2 (yλcy + sy) λ2 (cy + yλsy)
λsy
2µj

λcy
2µj

λ
2µj

(λysy + (θj + 1) cy)
λ

2µj
(λycy + (θj + 1) sy)

−λcy
2µj

−λsy
2µj

− λ
2µj

(λycy − θjsy) − λ
2µj

(λysy − θjcy)

 ;
(3.3)

(sy = sh yλ; cy = ch yλ)

V1 (x, y, λk) = 0;

V2 (x, y, λk) =



∞∑
k=1

e−xλkλk [akλk + bk (−2 + xλk)] sinλky

∞∑
k=1

e−xλkλk [akλk + bk (−1 + xλk)] cosλky

∞∑
k=1

e−xλk

2µ2
[akλk + bk (θ2 + xλk)] sinλky

∞∑
k=1

e−xλk

2µ2
[−akλk + bk (1 + θ2 − xλk)] cosλky


,

(3.4)

µj =
Ej

2(1+νj)
- ìîäóëü ñäâèãà, Ej- ìîäóëü Þíãà, νj - êîýôôèöèåíò Ïóàññîíà ìàòåðèàëîâ

ïîëîñ, θj = 1−2νj . Îáîçíà÷åíèÿ sy, cy ââåäåíû èñêëþ÷èòåëüíî äëÿ ïðîñòîòû ïðåäñòàâëåíèÿ
ìàòðèöû Sj (λ, y).

Èç ïåðâîãî óñëîâèÿ â (2.3) íåòðóäíî íàéòè, ÷òî bk = λkak. Ñëåäîâàòåëüíî,

V2 (x, y, λk) =


e−xλkλ2

kak (xλk − 1) sinλky
e−xλkλ2

kakxλk cosλky
e−xλk

2µ2
akλk (1 + θ2 + xλk) sinλky

e−xλk

2µ2
akλk (θ2 − xλk) cosλky

 (3.5)

Èç óñëîâèÿ ñèììåòðèè èìååì òàêæå óñëîâèÿ

∂u2

∂y

∣∣∣∣
x=0

= 0 ïðè a < y < h2 è
∂u2

∂y

∣∣∣∣
x=0

= w (y) ïðè 0 < y < a (3.6)

ãäå w (y) - èñêîìàÿ ôóíêöèÿ, ïðåäñòàâëÿþùàÿ ñîáîé ïðîèçâîäíóþ ïåðåìåùåíèÿ áåðåãà
òðåùèíû. Ïîëüçóÿñü ïðåäñòàâëåíèÿìè (3.2) è (3.5), íàéäåì

ak =
4µ2

λ2
kh2 (1 + θ2)

a∫
0

w (ζ) cosλkζ dζ (3.7)
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Ïåðåéäåì ê óäîâëåòâîðåíèþ ãðàíè÷íûõ óñëîâèé (2.1) è (2.2). Ïðåäñòàâëÿÿ êîìïîíåíòû
ëåâîé ÷àñòè è âòîðîãî ñëàãàåìîãî ïðàâîé ÷àñòè ðàâåíñòâà (3.2) â âèäå ñîîòâåòñòâóþùèõ
êîñèíóñ èëè ñèíóñ èíòåãðàëîâ Ôóðüå, ðàâåíñòâî (3.2) çàïèøåì â âèäå:


σ̄
(j)
y (λ, y)

τ̄
(j)
xy (λ, y)
ūj (λ, y)
v̄j (λ, y)

 = Sj (λ, y)


Aj (λ)
Bj (λ)
Cj (λ)
Dj (λ)

+ (j − 1)


δσ (λ, y)
δτ (λ, y)
δu (λ, y)
δv (λ, y)

 (3.8)

ãäå êîìïîíåíòû ïîñëåäíåãî ñòîëáöà, ñ ó÷åòîì (3.5), èìåþò âèä:

δσ (λ, y) = − 2

π

∞∑
k=1

λ2
kak

2λ2λk

(λ2
k + λ2)

2 sinλky

δτ (λ, y) =
2

π

∞∑
k=1

λ2
kak

2λλ2
k

(λ2
k + λ2)

2 cosλky

δu (λ, y) =
2

π

∞∑
k=1

λkak
λ3 (1 + θ2) + λ (3 + θ2)λ

2
k

(λ2
k + λ2)

2 sinλky

δv (λ, y) =
2

π

∞∑
k=1

λ2
kak

λ2 (1 + θ2)− (1− θ2)λ
2
k

(λ2
k + λ2)

2 cosλky

(3.9)

Ïîäñòàâëÿÿ â (3.8) y = 0 è ó÷èòûâàÿ óñëîâèÿ (2.2), âîñåìü êîýôôèöèåíòîâ Aj , Bj , Cj , Dj

(j = 1, 2) âûðàçèì ÷åðåç çíà÷åíèÿ {σ0, τ0, u0, v0}òðàíñôîðìàíòîâ Ôóðüå êîìïîíåíòîâ íà-
ïðÿæåíèé è ïåðåìåùåíèé íà ëèíèè y = 0 è âåëè÷èí èç (3.9), ñîäåðæàùèõ â ñåáå îñíîâíóþ
èñêîìóþ ôóíêöèþ w (ζ):


Aj (λ)
Bj (λ)
Cj (λ)
Dj (λ)

 = S−1
j (λ, 0)


σ0

τ0
u0

v0

− (j − 1)S−1
j (λ, 0)


0

δτ (λ, 0)
0

δv (λ, 0)

 (3.10)

Äàëåå, ïîäñòàâëÿÿ ïîëó÷åííûå ïðåäñòàâëåíèÿ â (3.2) è óäîâëåòâîðÿÿ ãðàíè÷íûì óñëî-
âèÿì (2.1), âûðàçèì êîìïîíåíòû {σ0, τ0, u0, v0}, à ñëåäîâàòåëüíî è âñå êîìïîíåíòû íàïðÿ-
æåíèé è ïåðåìåùåíèé, ÷åðåç ôóíêöèè δτ (λ, 0) , δv (λ, 0) è δv (λ, h2), êîòîðûå, ñ ó÷åòîì (3.7),
ìîæíî ïðåäñòàâèòü â âèäå:

δτ (λ, 0) = M

a∫
0

w (ζ)

(
chλ (h2 − ζ)

shλh2
− λζ

shλ (h2 − ζ)

shλh2
− λh2

chλζ

sh2λh2

)
dζ

δv (λ, 0) = M

a∫
0

w (ζ)

[
ζ
shλ (h2 − ζ)

shλh2
+ h2

chλζ

sh2λh2

+ θ2
chλ (h2 − ζ)

λ shλh2
− 1 + θ2

λ2h2

]
dζ
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δv (λ, h2) = M

a∫
0

w (ζ)

[
h2

chλ (h2 + ζ)

sh2λh2

− (ζ + h2)
shλζ

shλh2
+

θ2 chλζ

λ shλh2
− 1 + θ2

λ2h2

]
dζ (3.11)

M =
4µ2

π (1 + θ2)

Ïîëó÷åííûå ïðåäñòàâëåíèÿ íå ïðèâîäÿòñÿ ââèäó ãðîìîçäêîñòè, îáóñëîâëåííîé, ãëàâ-
íûì îáðàçîì, ìíîãîïàðàìåòðîâîñòüþ ïîñòàâëåííîé çàäà÷è. Íà ïðèìåðå êîìïîíåíòû σ0

ïðåäñòàâèì îáùóþ ñòðóêòóðó ïîëó÷åííûõ âûðàæåíèé.

σ0 =
cosxξ

∆(λ) chλh2
[G1 (λ) δv (λ, h2) +G2 (λ) δv (λ, 0) +G3 (λ) δτ (λ, 0)] (3.12)

Çäåñü

G1 (λ) = −λ (1 + θ2)
{
λh1sch

2λh1 [−µ (1 + θ1) (1 + θ2 + λh2 thλh2)+

+ λh1 (λh2 (µ− 1)− (1 + (2− µ) θ2) thλh2)] + thλh1 [µ (1 + θ1) (1 + θ2)+

+ (1 + 2θ2 + θ1θ2µ) thλh1 thλh2 + λh2 ((1 + θ1µ) thλh1 + (1 + θ1)µ thλh2)]} ,

G2 (λ) è G3 (λ) èìåþò ïîõîæèé âèä, µ = µ2

µ1
,

∆(λ) = µ2
(
1 + 2θ2 +

(
λ2h2

2 + θ22
)
sch2λh2

) (
1 + 2θ1 +

(
λ2h2

1 + θ21
)
sch2λh1

)
+(

−λ2h2
2sch

2λh2 + (1 + 2θ2)
2
th2λh2

) (
1−

(
1 + λ2h2

1

)
sch2λh1

)
+

2µ (1 + θ1) (1 + θ2)
(
λ2h1h2sch

2λh1sch
2λh2 + (1 + 2θ2) thλh1 thλh2

)
+

2µ
(
−λ2h2

2sch
2λh2 + θ2 (1 + 2θ2) th

2λh2

) ((
λ2h2

1 − θ1
)
sch2λh1 + θ1

)
.

Î÷åâèäíî, ÷òî àíàëèòè÷åñêèå ïðåäñòàâëåíèÿ äëÿ èíòåãðàëîâ Ôóðüå (3.8) áóäóò äîñòà-
òî÷íî ãðîìîçäêèìè, íî îíè ëåãêî ðåàëèçóþòñÿ ïðè ÷èñëåííûõ ðàñ÷åòàõ. Èç ãðàíè÷íûõ
óñëîâèé (2.1)-(2.3) íåóäîâëåòâîðåííûì îñòàëîñü òîëüêî âòîðîå èç óñëîâèé (2.3). Âûïèñàâ
âûðàæåíèå íàïðÿæåíèÿ σ

(2)
x (x, y) ïîñðåäñòâîì ôóíêöèè Ýðè è ïðîñ÷èòàâ ñóììó ñ ó÷åòîì

ïðåäñòàâëåíèÿ (3.7), äëÿ êîìïîíåíòû σ
(2)
x íà ëèíèè x = 0 áóäåì èìåòü

σ(2)
x (0, y) =

∞∫
0

λ2 [(B2 + λyD2 + 2C2) chλy + (A2 + 2D2 + λyC2) shλy] dλ−

− µ2

h2 (1 + θ2)

a∫
0

w (ζ)

(
ctg

π (y − ζ)

2h2
+ ctg

π (y + ζ)

2h2

)
dζ

(3.13)

Ïîäñòàâëÿÿ â (3.13) ïîëó÷åííûå âûøå ïðåäñòàâëåíèÿ êîýôôèöèåíòîâ A2, B2, C2 è D2

÷åðåç èíòåãðàëû (3.11) è ìåíÿÿ ïîðÿäîê èíòåãðèðîâàíèÿ, èç âòîðîãî èç óñëîâèé (2.3) ïî-
ëó÷èì îïðåäåëÿþùåå óðàâíåíèå ïîñòàâëåííîé çàäà÷è:
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µ2

π (1 + θ2)

a∫
0

w (ζ)

[
Q (y, ζ)− π

2h2

(
ctg

π (y − ζ)

2h2
+ ctg

π (y + ζ)

2h2

)]
dζ = −p (3.14)

ãäå ôóíêöèÿ Q (y, ζ) ÿâëÿåòñÿ èíòåãðàëîì Ôóðüå ïî ëó÷ó λ ∈ (0,∞). Äåòàëüíîå èññëåäî-
âàíèå ïîâåäåíèÿ ïîäûíòåãðàëüíîé ôóíêöèè íà áåñêîíå÷íîñòè ïîçâîëèëî âûäåëèòü ñèíãó-
ëÿðíóþ ÷àñòü ÿäðà Q (y, ζ):

Q (y, ζ) =
c1

y + ζ
+

c2y

(y + ζ)
2 +

c3y
2

(y + ζ)
3 +Q∗ (y, ζ) (3.15)

Çäåñü Q∗ (y, ζ) ÿâëÿåòñÿ ðåãóëÿðíîé ÷àñòüþ ÿäðà, ïðèíèìàþùåé êîíå÷íîå çíà÷åíèå ïðè
y, ζ → 0,

c1 =
(3 + 3µκ1 − µ − κ2) (1 + κ2)

2 (µ+ κ2) (1 + µκ1)
, c2 = 6

µ− 1

µ + κ2
, c3 = 4

1− µ

µ + κ2
, κi = 3− 4νi.

Ó÷èòûâàÿ ïîâåäåíèå ãèïåðáîëè÷åñêîãî êîòàíãåíñà îêîëî íóëÿ, ãèïåðáîëè÷åñêèå ñëàãà-
åìûå â (3.14) ïðåäñòàâèì â âèäå:

π

2h2

(
ctg

π (y − ζ)

2h2
+ ctg

π (y + ζ)

2h2

)
=

1

y − ζ
+

1

y + ζ
+Q0 (y, ζ) (3.16)

ãäå ðåãóëÿðíàÿ ôóíêöèÿ Q0 (y, ζ) îïðåäåëÿåòñÿ ôîðìóëîé:

Q0 (y, ζ) =
π

2h2

(
ctg

π (y − ζ)

2h2
+ ctg

π (y + ζ)

2h2

)
− 2y

y2 − ζ2

Â èòîãå, îïðåäåëÿþùåå óðàâíåíèå (3.14) ìîæíî ïåðåïèñàòü â âèäå ñèíãóëÿðíîãî èíòå-
ãðàëüíîãî óðàâíåíèÿ ñ îáîáùåííûì ÿäðîì Êîøè:

a∫
0

w (ζ)

[
1

ζ − y
+

c0
y + ζ

+
c2y

(y + ζ)
2 +

c3y
2

(y + ζ)
3 + R (y, ζ)

]
dζ = − π (1 + θ2)

µ2
p (3.17)

ãäå

R (y, ζ) = Q∗ (y, ζ)−Q0 (y, ζ)

,

c0 = c1 − 1 =
1

2

[
1− 3 (µ− 1)

µ+ κ2
− 1 + κ2

1 + µκ1

]
Óðàâíåíèå (3.17) ìîæíî ïåðåïèñàòü è â âèäå, êîòîðûé è áóäåò èñïîëüçîâàí ïðè åãî

ðåøåíèè

43



a∫
0

w (ζ)

[
1

ζ − y
+ L

[
1

y + ζ

]
+R (y, ζ)

]
dζ = −π (1 + θ2)

µ2
p (3.18)

ãäå L� äèôôåðåíöèàëüíûé îïåðàòîð:

L ≡ c0 − c2y
d

dy
+

c3y
2

2

d2

dy2
(3.19)

Âìåñòå ñ óðàâíåíèåì (3.18) íåîáõîäèìî òàêæå óäîâëåòâîðèòü óñëîâèþ ñìûêàíèÿ êîíöîâ
òðåùèíû

a∫
0

w (ζ) dζ = 0 (3.20)

(3.20) Òàêèì îáðàçîì, ðåøåíèå ïîñòàâëåííîé çàäà÷è ñâåëîñü ê ðåøåíèþ ñèíãóëÿðíîãî èí-
òåãðàëüíîãî óðàâíåíèÿ ñ îáîáùåííûì ÿäðîì Êîøè (íåïîäâèæíîé îñîáåííîñòüþ) (3.18) ïðè
óñëîâèè (3.20).

4 Ðåøåíèå îïðåäåëÿþùåé ñèñòåìû óðàâíåíèé

Ðåøåíèå îïðåäåëÿþùåé ñèñòåìû óðàâíåíèé (3.18), (3.20) ïîñòðîèì ïðè ïîìîùè ìåòî-
äà ìåõàíè÷åñêèõ êâàäðàòóð. Äëÿ ïðèìåíåíèÿ ïîñëåäíåãî ñâåäåì óðàâíåíèÿ íà èíòåðâàë
(−1, 1), áóäåì èìåòü:

1∫
−1

φ (ξ)

[
1

ξ − z
+ L∗

[
1

z + ξ + 2

]
+R∗ (z, ξ)

]
dξ = −p∗ (−1 < z < 1)

1∫
−1

φ (ξ) dξ = 0

(4.1)

ãäå

φ (ξ) = w

(
2

a
ζ − 1

)
, R∗ (z, ξ) = R

(
2

a
y − 1,

2

a
ζ − 1

)
, p∗ =

π (1 + θ2)

µ2
p,

L∗ ≡ c0 − c2 (z + 1)
d

dz
+

c3(z + 1)
2

2

d2

dz2
.

Ïðè ýòîì â ðåãóëÿðíîì ÿäðå R∗ (z, ξ) ïîÿâÿòñÿ îòíîñèòåëüíûå òîëùèíû h∗
1 = h1/a

è h∗
2 = h2/a , à òàêæå îòíîøåíèå ìîäóëåé ñäâèãà µ, ïî êîòîðûì è áóäåò â äàëüíåéøåì

ïðîâåäåí ÷èñëåííûé àíàëèç. Ðåøåíèå ñèñòåìû (4.1) áóäåì èñêàòü â âèäå

φ (ξ) = (1− ξ)
α
(1 + ξ)

β
φ∗ (ξ) (−1 < α, β < 0) , (4.2)

Ïîêàçàòåëè îñîáåííîñòè α è β îïðåäåëÿþòñÿ èç èññëåäîâàíèÿ ïîâåäåíèÿ ñèíãóëÿðíîãî
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èíòåãðàëüíîãî óðàâíåíèÿ â îêðåñòíîñòè êîíöîâ èíòåðâàëà èíòåãðèðîâàíèÿ (−1, 1). Èñïîëü-
çóÿ èçâåñòíûå ðåçóëüòàòû î ïîâåäåíèè ñèíãóëÿðíûõ èíòåãðàëîâ â îêðåñòíîñòè êîíöåâûõ
òî÷åê [9], íàéäåì, ÷òî α = −0.5, à ïîêàçàòåëü β ÿâëÿåòñÿ êîðíåì ñëåäóþùåãî òðàíñöåí-
äåíòíîãî óðàâíåíèÿ

cosπβ + c0 − βc2 +
β (β − 1)

2
c3 = 0 (−1 < β < 0) (4.3)

×èñëåííûé àíàëèç ïîêàçûâàåò, ÷òî ïðè ëþáûõ äîïóñòèìûõ çíà÷åíèÿõ óïðóãèõ õàðàê-
òåðèñòèê ìàòåðèàëîâ ïîëîñ óðàâíåíèå (4.3) èìååò åäèíñòâåííûé êîðåíü â óêàçàííîì èí-
òåðâàëå. Ïðè ýòîì, ïðè âîçðàñòàíèè ìîäóëÿ ñäâèãà µ1 ìàòåðèàëà ïîëîñû, íå ñîäåðæàùåé
òðåùèíó, ò.å. µ = µ2/µ1 → 0 ïîêàçàòåëü β ïðèáëèæàåòñÿ ê íóëþ, à ïðè ν2 = 0 îáðàùàåòñÿ
â íîëü, ïðè óáûâàíèè æå ìîäóëÿ ñäâèãà µ1 ïîêàçàòåëü β ïðèáëèæàåòñÿ ê −1.

Ïîñëå îïðåäåëåíèÿ ïîêàçàòåëÿ β, ðåøåíèå îïðåäåëÿþùåãî ñèíãóëÿðíîãî èíòåãðàëüíîãî
óðàâíåíèÿ ñ íåïîäâèæíîé îñîáåííîñòüþ ñòðîèòñÿ ìåòîäîì ìåõàíè÷åñêèõ êâàäðàòóð [10].
Âîñïîëüçóåìñÿ êâàäðàòóðíîé ôîðìóëîé äëÿ èíòåãðàëà òèïà Êîøè [11], ïðèìåíèìîé äëÿ
îáîèõ ñèíãóëÿðíûõ ñëàãàåìûõ â ÿäðå èíòåãðàëüíîãî óðàâíåíèÿ (4.1),

1∫
−1

f (x)

x− t
(1− x)

α
(1 + x)

β
dx ≈

n∑
i=1

wi
f (ξi)

ξi − t
[1− qi (t)] (t ̸= ±1, α, β > −1) (4.4)

ãäå {ξi}ni=1 � êîðíè ìíîãî÷ëåíà ßêîáè P
(α,β)
n (x),

wi =
2

n+ α+ β + 1

Q
(α,β)
n (ξi)

P
(α+1,β+1)
n−1 (ξi)

, qi (t) =
Q

(α,β)
n (t)

Q
(α,β)
n (ξi)

,

Q(α,β)
n (t) =


(

2
t−1

)n+1

2α+β Γ(n+α+1)Γ(n+β+1)
Γ(2n+α+β+2) ×

×F
(
n+ 1, n+ α+ 1; 2n+ α+ β + 2; 2

1−t

)
t /∈ [−1, 1](

Q
(α,β)
n (t+ i0) +Q

(α,β)
n (t− i0)

)
/2 (−1 < t < 1)

Ïðàâóþ ÷àñòü óðàâíåíèÿ (4.1) çàìåíèì êâàäðàòóðíîé ôîðìóëîé, áóäåì èìåòü

n∑
i=1

wiφ∗ (ξi)

{
1− qi (z)

ξi − z
+ L∗

[
1− qi (−z − 2)

ξi + z + 2

]
+R∗ (z, ξi)

}
= −p∗

n∑
i=1

wiφ∗ (ξi) = 0

(4.5)

Äëÿ ïîëó÷åíèÿ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî èñêîìûõ
âåëè÷èí φ∗ (ξi) (i = 1, n) íåîáõîäèìî äëÿ ïåðâîãî óðàâíåíèÿ âûáðàòü (n− 1) òî÷åê êîëëî-
êàöèè. Çàìåòèì, ÷òî êâàäðàòóðíàÿ ôîðìóëà äëÿ òðåòüåãî ñëàãàåìîãî ÿâëÿåòñÿ ôîðìóëîé
íàèâûñøåé àëãåáðàè÷åñêîé òî÷íîñòè ïðè ëþáûõ z, â òî âðåìÿ êàê äëÿ ïåðâîãî ñëàãàåìîãî
êâàäðàòóðíàÿ ôîðìóëà ÿâëÿåòñÿ òàêîâîé òîëüêî òîãäà, êîãäà z ñîâïàäàåò ñ êîðíÿìè ôóíê-
öèè qi (z), òî÷íåå ôóíêöèè Q

(α,β)
n (z), äëÿ âòîðîãî æå ñëàãàåìîãî ýòîãî íå èìååò ìåñòà íè

ïðè êàêèõ çíà÷åíèÿõ z. Î÷åâèäíî, ÷òî â êà÷åñòâå òî÷åê êîëëîêàöèè ñëåäóåò âûáðàòü êîðíè
ôóíêöèè qi (z), ÷èñëî êîòîðûõ, êàê íåòðóäíî ïðîâåðèòü, ðàâíî èìåííî (n− 1).
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Òàêèì îáðàçîì, ïîëîæèâ â (4.5) z = ζk (k = 1, n− 1), ζk � êîðíè ôóíêöèè qi (z), ïîëó÷èì
çàìêíóòóþ ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî âåëè÷èí φ∗ (ξi) (i = 1, n),
ïîñëå îïðåäåëåíèÿ êîòîðûõ ôóíêöèþ φ∗ (ξ) ìîæíî áóäåò èíòåðïîëèðîâàòü ñëåäóþùèì
ìíîãî÷ëåíîì:

φ∗ (x) =

n∑
i=1

wiφ∗ (ξi)

n−1∑
m=0

1

hm
P (α,β)
m (ξi)P

(α,β)
m (x) (4.6)

ãäå

hm =
2α+β+1Γ (m+ α+ 1)Γ (m+ β + 1)

(2m+ α+ β + 1)Γ (m+ 1)Γ (m+ α+ β + 1)

5 ×èñëåííûé àíàëèç

Ïðîâåäåì èññëåäîâàíèå ñõîäèìîñòè ðåøåíèÿ ñèñòåìû (4.5) ê ðåøåíèþ ñèñòåìû (4.1).
Î÷åâèäíî, ÷òî êàê ãåîìåòðè÷åñêèå, òàê è ìåõàíè÷åñêèå ïàðàìåòðû çàäà÷è äîñòàòî÷íî ñó-
ùåñòâåííî âëèÿþò íà ñêîðîñòü ñõîäèìîñòè ìåòîäà ìåõàíè÷åñêèõ êâàäðàòóð. Îñîáåííî ñèëü-
íî ýòî âëèÿíèå çàìåòíî â ñëó÷àÿõ, êîãäà õîòÿ áû îäèí èç ýòèõ ïàðàìåòðîâ ïðèáëèæàåòñÿ
ê êðèòè÷åñêîìó çíà÷åíèþ, ïðèâîäÿùåìó ê ñòðåìëåíèþ õîòÿ áû îäíîãî èç ïîêàçàòåëåé
îñîáåííîñòè ðåøåíèÿ (4.2) ê êîíå÷íûì çíà÷åíèÿì îáëàñòè èõ îïðåäåëåíèÿ ëèáî ê ïîÿâëå-
íèþ îñîáåííîñòåé â ðåãóëÿðíîì ÿäðå R∗ (z, ξ), à ñëåäîâàòåëüíî, è ê èçìåíåíèþ ñòðóêòóðû
ïåðâîãî óðàâíåíèÿ â (4.1). Â ðàññìàòðèâàåìîé çàäà÷å òàêèìè êðèòè÷åñêèìè çíà÷åíèÿìè
ÿâëÿþòñÿ h∗

1 = 0, h∗
2 = 1 è µ = 0,∞.

Ó÷èòûâàÿ, ÷òî íàèáîëüøîå îòêëîíåíèå èíòåïîëèðóþùåãî ìíîãî÷ëåíà îò èíòåðïîëèðó-
åìîé ôóíêöèè èìååò ìåñòî íà êîíöàõ îòðåçêà èíòåðïîëèðîâàíèÿ, â êà÷åñòâå ïîêàçàòåëåé
ñõîäèìîñòè ìåòîäà âûáðàíû êîýôôèöèåíòû èíòåíñèâíîñòè íàïðÿæåíèé â êîíöàõ òðåùèíû,
îïðåäåëÿåìûå ôîðìóëàìè

K(−1) =
(1 + κ2) [(1 + 2β) (1 + µκ1)− (3 + 2β) (µ+ κ2)]

2 (1 + µκ1) (µ+ κ2) sinπβ
p∗φ∗ (−1)

K(+1) = −20.5+βp∗φ∗ (1) ,

à òàêæå ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå ëåâîé ÷àñòè ïåðâîãî óðàâíåíèÿ ñèñòåìû (4.5),
ðàññ÷èòàííîé âî âíóòðåííèõ óçëàõ ðàâíîìåðíîé ñåòêè, äåëÿùåé èíòåðâàë (−1, 1) íà 20
îòðåçêîâ, îò ïðàâîé ÷àñòè:

K(err) =

√√√√ 1

20

19∑
k=1

[
n∑

i=1

wiφ∗ (ξi)

{
1 − qi (tk)

ξi − tk
+ L∗

[
1 − qi (−tk − 2)

ξi + tk + 2

]
+ R∗ (tk, ξi)

}
+ p∗

]2

tk = −1 +
k

20
, (k = 1, 19) .

Â Òàáë. 1 ïðèâåäåíû çíà÷åíèÿ óêàçàííûõ âåëè÷èí ïðè ðàçíûõ ïîðÿäêàõ àïïðîêñèìàöèè
n è ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðîâ h∗

1, h
∗
2 è µ. Äëÿ êîýôôèöèåíòîâ Ïóàññîíà ïðèíÿòû

çíà÷åíèÿ ν1 = 0.35, ν2 = 0.25, à òàêæå ïîëîæåíî p∗ = 1. Ðåçóëüòàòû ïðèâåäåíû äëÿ ïÿòè
ãðóïï çíà÷åíèé óêàçàííûõ ïàðàìåòðîâ, èç êîòîðûõ â ïåðâîé çíà÷åíèÿ ïàðàìåòðîâ äàëå-
êè îò êðèòè÷åñêèõ, à â îñòàëüíûõ õîòÿ áû îäèí èç ïàðàìåòðîâ îòíîñèòåëüíî áëèçîê ê
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êðèòè÷åñêîìó çíà÷åíèþ. Èç òàáëèöû âèäíî, ÷òî äëÿ âñåõ ãðóïï, çà èñêëþ÷åíèåì, ìîæåò
áûòü, ïîñëåäíåé, ñõîäèìîñòü äîñòàòî÷íî õîðîøàÿ è ÷èñëåííûé àíàëèç ïîñòàâëåííîé çàäà÷è
ìîæíî ïðîâåñòè ïðè n = 10.

n 6 10 14 18
h∗
1 = 2 K(−1) 0.1109 0.1121 0.1124 0.1126

h∗
2 = 2.5 K(+1) 0.3550 0.3549 0.3549 0.3549
µ = 5 K(err) 0.0031 7.6× 10−4 9.2× 10−5 1.2× 10−4

h∗
1 = 2 K(−1) 0.5644 0.5628 0.5623 0.5621

h∗
2 = 1.05 K(+1) 0.1894 0.1896 0.1900 0.1901
µ = 0.5 K(err) 1.1× 10−3 5.3× 10−4 5.2× 10−5 2.7× 10−5

h∗
1 = 0.05 K(−1) 0.3664 0.3649 0.3644 0.3647
h∗
2 = 2.5 K(+1) 0.3726 0.3716 0.3717 0.3717
µ = 2 K(err) 3.9× 10−3 1.4× 10−3 4.6× 10−5 1.3× 10−4

h∗
1 = 2.8 K(−1) 1.7809 1.7536 1.7466 1.7442

h∗
2 = 4.2 K(+1) 0.2751 0.2756 0.2757 0.2757

µ = 0.0001 K(err) 0.0031 8.6× 10−4 1.4× 10−4 8.9× 10−5

h∗
1 = 2.8 K(−1) 0.0083 0.0084 0.0082 0.0084

h∗
2 = 4.2 K(+1) 0.4414 0.4490 0.4440 0.4417
µ = 100 K(err) 0.0018 0.0054 0.1134 0.0004

Òàáëèöà 1: Ñõîäèìîñòü ÷èñëåííîãî ìåòîäà

Èñõîäÿ èç ðåçóëüòàòîâ òàáëèöû, ÷èñëåííûé àíàëèç ïðîâåäåí äëÿ çíà÷åíèé èñõîäíûõ
ïàðàìåòðîâ îòíîñèòåëüíî äàëåêèõ îò êðèòè÷åñêèõ çíà÷åíèé ïðè n = 10. Èññëåäîâàíà çà-
âèñèìîñòü êîýôôèöèåíòîâ èíòåíñèâíîñòè íàïðÿæåíèé ó êîíöîâ òðåùèíû, ïîêàçàòåëÿ îñî-
áåííîñòè β, à òàêæå ôîðìû ðàñêðûòèÿ òðåùèíû îò èñõîäíûõ ïàðàìåòðîâ çàäà÷è.

Íà Ðèñ.2-Ðèñ.5 ïðåäñòàâëåíû ãðàôèêè çàâèñèìîñòè êîýôôèöèåíòîâ êîíöåíòðàöèè íà-
ïðÿæåíèéK(−1) ó êîíöà òðåùèíû, âûõîäÿùåãî íà ëèíèþ ðàçäåëà ìàòåðèàëîâ, (äàëåå, âíåø-
íèé êîíåö) (ñïëîøíûå ëèíèè) è K(+1) ó âíóòðåííåãî êîíöà òðåùèíû (ïóíêòèðíûå ëèíèè)
îò îòíîøåíèÿ ìîäóëåé ñäâèãà ìàòåðèàëîâ ïîëîñ µ = µ2/µ1 ïðè ðàçëè÷íûõ çíà÷åíèÿõ îäíî-
ãî èç ïàðàìåòðîâ h∗

1, h
∗
2, ν1 è ν2 ïðè íåèçìåííûõ òðåõ îñòàëüíûõ. Ïðè ÷èñëåííûõ ðàñ÷åòàõ

ïàðàìåòð µ èçìåíÿëñÿ â ïðåäåëàõ [0.1, 8.35]. Â çàâèñèìîñòè îò ýòîãî æå ïàðàìåòðà èññëåäî-
âàíî òàêæå èçìåíåíèå ïîêàçàòåëÿ îñîáåííîñòè β ïðè ðàçëè÷íûõ çíà÷åíèÿõ êîýôôèöèåíòîâ
Ïóàññîíà ν1 è ν2. Âûÿñíåíî, ÷òî êîýôôèöèåíò Ïóàññîíà ν1 ìàòåðèàëà íèæíåãî ñëîÿ ìà-
ëî âëèÿåò íà ïîêàçàòåëü îñîáåííîñòè β, îñîáåííî ïðè ïðèáëèæåíèè ê êîíöàì èíòåðâàëà
èçìåíåíèÿ µ, â ñðåäíåé æå ÷àñòè ÷åì áîëüøå êîýôôèöèåíò ν1, òåì ìåíüøå ïî ìîäóëþ ïîêà-
çàòåëü β. Êîýôôèöèåíò æå ν2 âëèÿåò íà ýòîò ïîêàçàòåëü â ðàâíîé ìåðå ïî âñåìó èíòåðâàëó
èçìåíåíèÿ µ, ïðè ýòîì ÷åì áîëüøå êîýôôèöèåíò ν2, òåì áîëüøå ïî ìîäóëþ ïîêàçàòåëü β
(Òàáë.2).
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µ
ν2 = 0.25 ν1 = 0.35

ν1 = 0.15 ν1 = 0.25 ν1 = 0.35 ν2 = 0.15 ν2 = 0.25 ν2 = 0.35
0.1 -0.3221 -0.3116 -0.3001 -0.2398 -0.3001 -0.3538
2.1 -0.5965 -0.5809 -0.5596 -0.5413 -0.5596 -0.5788
4.35 -0.6744 -0.6627 -0.6462 -0.6307 -0.6462 -0.6632
8.35 -0.7421 -0.7335 -0.7211 -0.7074 -0.7211 -0.7363

Òàáëèöà 2: Ïîêàçàòåëü îñîáåííîñòè β

Ðèñ.2 h∗
2 = 4.2; ν1 = 0.35, ν2 = 0.25 Ðèñ.3 h∗

1 = 2.8; ν1 = 0.35, ν2 = 0.25

Ðèñ.4 h∗
1 = 2.8; h∗

2 = 4.2, ν2 = 0.25 Ðèñ.5 h∗
1 = 2.8; h∗

2 = 4.2, ν1 = 0.35

Èç ïðèâåäåííûõ ãðàôèêîâ ìîæíî ñäåëàòü ñëåäóþùèå âûâîäû:

� Ñ âîçðàñòàíèåì îòíîøåíèÿ êîýôôèöèåíò êîíöåíòðàöèè íàïðÿæåíèé ó âíåøíåãî êîí-
öà òðåùèíû ñóùåñòâåííî ïàäàåò, ñòðåìÿñü ê íóëþ, à âòîðîé êîýôôèöèåíò ìåäëåííî
âîçðàñòàåò, ñòðåìÿñü ê îïðåäåëåííîìó ïðåäåëó,

� Êîýôôèöèåíòû Ïóàññîíà îáîèõ ìàòåðèàëîâ ïðàêòè÷åñêè íå âëèÿþò íà êîýôôèöèåíò
êîíöåíòðàöèè íàïðÿæåíèé ó âíóòðåííåãî êîíöà òðåùèíû,

� Íàèáîëüøåå âëèÿíèå íà êîýôôèöèåíò êîíöåíòðàöèè íàïðÿæåíèé ó âíåøíåãî êîíöà
òðåùèíû èìååò êîýôôèöèåíò Ïóàññîíà ìàòåðèàëà âåðõíåãî ñëîÿ,
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� Èçìåíåíèå òîëùèíû âåðõíåãî ñëîÿ âëèÿåò, ãëàâíûì îáðàçîì, íà êîýôôèöèåíò êîí-
öåíòðàöèè íàïðÿæåíèé ó âíóòðåííåãî êîíöà òðåùèíû,

� Èçìåíåíèå òîëùèíû íèæíåãî ñëîÿ ïî÷òè îäèíàêîâî âëèÿåò íà êîýôôèöèåíòû êîí-
öåíòðàöèè íàïðÿæåíèé ó îáîèõ êîíöîâ òðåùèíû.

Íà Ðèñ.6 � Ðèñ.7 ïðèâåäåíû ãðàôèêè ðàñïðåäåëåíèÿ áåçðàçìåðíûõ êîíòàêòíûõ íàïðÿ-
æåíèé τxy (x, 0)/(aµ2) è σy (x, 0)/(aµ2) ïî ëèíèè ðàçäåëà ìàòåðèàëîâ âáëèçè âåðøèíû
òðåùèíû äëÿ ðàçëè÷íûõ çíà÷åíèé ïàðàìåòðîâ çàäà÷è. Íà Ðèñ.6 ïðèâåäåíû óêàçàííûå ãðà-
ôèêè äëÿ ðàçëè÷íûõ çíà÷åíèé òîëùèíû íèæíåé ïîëîñû h∗

1 = 1.5; 0.75; 0.5 ïðè íåèçìåí-
íûõ îñòàëüíûõ: h∗

2 = 4.5; µ = 0.5; ν1 = 0.35 è ν2 = 0.25, à íà Ðèñ.7 òå æå ãðàôèêè äëÿ
µ = 0.5; 1; 2 è h∗

2 = 4.5; h∗
1 = 0.5; ν1 = ν2 = 0.25.

Ðèñ. 6: Ðàñïðåäåëåíèå òàíãåíöèàëüíûõ (ñëåâà) è íîðìàëüíûõ (ñïðàâà) íàïðÿæåíèé ïî
ëèíèè ðàçäåëà ìàòåðèàëîâ äëÿ ðàçëè÷íûõ çíà÷åíèé òîëùèíû íèæíåé ïîëîñû h∗

1.

Ñóäÿ ïî ãðàôèêàì Ðèñ.6, èçìåíåíèå òîëùèíû íèæíåé ïîëîñû h∗
1 íå ñèëüíî âëèÿåò íà

ðàñïðåäåëåíèå òàíãåíöèàëüíûõ íàïðÿæåíèé, íîðìàëüíûå æå íàïðÿæåíèÿ, íåñìîòðÿ íà òî,
÷òî îíè ïî âåëè÷èíå ñóùåñòâåííî ìåíüøå òàíãåíöèàëüíûõ, äîñòàòî÷íî ñèëüíî ðåàãèðóþò
íà ýòî èçìåíåíèå. Ïðè ýòîì òàíãåíöèàëüíûå íàïðÿæåíèÿ ïðè óäàëåíèè îò âåðøèíû òðåùè-
íû óáûâàþò ìîíîòîííî, à íîðìàëüíûå íàïðÿæåíèÿ íà äîñòàòî÷íî áëèçêîì ðàññòîÿíèè îò
âåðøèíû òðåùèíû ìåíÿþò çíàê, äîñòèãàþò ëîêàëüíîãî ìèíèìóìà, âîçðàñòàþò äî îïðåäå-
ëåííîãî ëîêàëüíîãî ìàêñèìóìà è äàëåå ìîíîòîííî óáûâàþò äî íóëÿ. Óìåíüøåíèå òîëùèíû
h∗
1 ïðèâîäèò ê óâåëè÷åíèþ àáñîëþòíûõ çíà÷åíèé ëîêàëüíûõ ýêñòðåìóìîâ è óìåíüøåíèþ
èíòåðâàëà ýòèõ àêòèâíûõ èçìåíåíèé, ïîñëå êîòîðîãî íà÷èíàåòñÿ ìîíîòîííîå óáûâàíèå äî
íóëÿ. Ïðè÷åì óìåíüøåíèå ýòîé çîíû îáóñëîâëåíî, ãëàâíûì îáðàçîì, ñäâèãîì ëîêàëüíîãî
ìàêñèìóìà.
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Ðèñ. 7: Ðàñïðåäåëåíèå òàíãåíöèàëüíûõ (ñëåâà) è íîðìàëüíûõ (ñïðàâà) íàïðÿæåíèé ïî
ëèíèè ðàçäåëà ìàòåðèàëîâ äëÿ ðàçëè÷íûõ çíà÷åíèé îòíîøåíèÿ ìîäóëåé ñäâèãà µ.

Èçìåíåíèå îòíîøåíèÿ ìîäóëåé ñäâèãà µ ðàâíîçíà÷íî âëèÿåò íà ðàñïðåäåëåíèå îáîèõ íà-
ïðÿæåíèé. Óâåëè÷åíèå îòíîøåíèÿ µ ïðèâîäèò ê óìåíüøåíèþ êàê òàíãåíöèàëüíûõ íàïðÿ-
æåíèé, òàê è àáñîëþòíûõ çíà÷åíèé íîðìàëüíûõ íàïðÿæåíèé. Ïðè ýòîì èíòåðâàë àêòèâíûõ
èçìåíåíèé íîðìàëüíûõ íàïðÿæåíèé óìåíüøàåòñÿ, à ëîêàëüíûé ìàêñèìóì, îñòàâàÿñü íà îä-
íîì óðîâíå, è ëîêàëüíûé ìèíèìóì, óìåíüøàÿñü ïî àáñîëþòíîé âåëè÷èíå, ïðèáëèæàþòñÿ ê
âåðøèíå òðåùèíû. Çäåñü, â îòëè÷èå îò ïðåäûäóùèõ ãðàôèêîâ, îáà ëîêàëüíûõ ýêñòðåìóìà
â ðàâíîé ìåðå ïðèáëèæàþòñÿ ê âåðøèíå òðåøèíû.

Ïðè ïîìîùè êâàäðàòóðíîé ôîðìóëû äëÿ âû÷èñëåíèÿ èíòåãðàëà ñ ïåðåìåííûì ïðåäå-
ëîì [12] âû÷èñëåíî òàêæå ðàñêðûòèå òðåùèíû. Íà Ðèñ.8 ïðåäñòàâëåíû ôîðìû ðàñêðûòèÿ
òðåùèíû ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðîâ. Äâà ïàðàìåòðà ïðèíÿòû ïîñòîÿííûìè
h∗
2 = 4.2; ν2 = 0.25.

Ðèñ. 8: Ôîðìà ðàñêðûòèÿ òðåùèíû

Çàêëþ÷åíèå

Èññëåäîâàíî íàïðÿæåííîå ñîñòîÿíèå äâóõêîìïîíåíòíîé ñîñòàâíîé ïîëîñû âîêðóã òðå-
ùèíû êîíå÷íîé äëèíû, ïåðïåíäèêóëÿðíî âûõîäÿùåé íà ëèíèþ ðàçäåëà ìàòåðèàëîâ. Ïî-
ëó÷åíî îïðåäåëÿþùåå óðàâíåíèå çàäà÷è, ÿâëÿþùååñÿ ñèíãóëÿðíûì èíòåãðàëüíûì óðàâíå-
íèåì ñ îáîáùåííûì ÿäðîì Êîøè, èíà÷å íàçûâàåìûì óðàâíåíèåì ñ íåïîäâèæíîé îñîáåí-
íîñòüþ. Ïðè ïîìîùè ìåòîäà ìåõàíè÷åñêèõ êâàäðàòóð èññëåäîâàíû çàâèñèìîñòè êîýôôè-
öèåíòîâ êîíöåíòðàöèè íàïðÿæåíèé â êîíöàõ òðåùèíû, ïîêàçàòåëÿ îñîáåííîñòè íà âíåø-
íåì êîíöå òðåùèíû, ôîðìû ðàñêðûòèÿ òðåùèíû, à òàêæå ðàñïðåäåëåíèå íîðìàëüíûõ è
òàíãåíöèàëüíûõ íàïðÿæåíèé íà ëèíèè ðàçäåëà ìàòåðèàëîâ îò óïðóãèõ è ãåîìåòðè÷åñêèõ
ïàðàìåòðîâ çàäà÷è.
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Âûÿâëåíà ñòåïåíü âëèÿíèÿ îòäåëüíûõ ïàðàìåòðîâ íà êîýôôèöèåíòû èíòåíñèâ-íîñòè
íàïðÿæåíèé â âåðøèíàõ òðåùèíû: òîëùèíà íèæíåé ïîëîñû ïî÷òè îäèíàêîâî, ñ ïðåîáëà-
äàíèåì ó âíåøíåãî êîíöà, âëèÿåò íà îáà êîýôôèöèåíòà èíòåíñèâíîñòè; òîëùèíà âåðõíåé
ïîëîñû çàìåòíî âëèÿåò òîëüêî íà êîýôôèöèåíò èíòåíñèâíîñòè íàïðÿæåíèé ó âíóòðåííåãî
êîíöà òðåùèíû; îáà êîýôôèöèåíòà Ïóàññîíà ñóùåñòâåííî âëèÿþò íà êîýôôèöèåíò èíòåí-
ñèâíîñòè ó âíåøíåãî êîíöà è ïðàêòè÷åñêè íå âëèÿþò íà êîýôôèöèåíò ó âíóòðåííåãî êîíöà
òðåùèíû.

Ïîêàçàíî, ÷òî òîëùèíà íèæíåé ïîëîñû âëèÿåò òàêæå íà ðàñïðåäåëåíèå êîíòàêò-íûõ
íàïðÿæåíèé ïî ëèíèè ðàçäåëà ìàòåðèàëîâ, ïðè÷åì çíà÷èòåëüíî ñóùåñòâåíåå íà íîðìàëü-
íûå êîíòàêòíûå íàïðÿæåíèÿ, îòíîøåíèå æå ìîäóëåé ñäâèãà âëèÿåò íà îáà êîíòàêòíûõ
íàïðÿæåíèÿ â ðàâíîé ìåðå.

Àâòîðû âûðàæàþò ãëóáîêóþ ïðèçíàòåëüíîñòü ñâîåìó ìîëîäîìó êîëëåãå ê.ô.ì.í. À.À.
Àìèðäæàíÿíó çà î÷åíü ïîëåçíîå îáñóæäåíèå íà âñåì, äîñòàòî÷íî äîëãîì, ïðîòÿæåíèè ïîä-
ãîòîâêè ñòàòüè è ïîìîùü ïðè âûïîëíåíèè ÷èñëåííûõ ðàñ÷åòîâ.
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HYBRID OF SURFACE SHEAR WAVES AT THE CONTACT

INTERFACE BETWEEN PIEZOELECTRIC AND ELECTRICALLY

CONDUCTIVE HALF-SPACES

Avetisyan Ara S., Gevorgyan A.V., Avetisyan L.V.

Keywords: piezoelectric, perfect conductor, surface shear wave, electro active wave, magneto active

wave, wave dispersion, Alfven velocity.

Ãèáðèä ïîâåðõíîñòíûõ âîëí ñäâèãà íà ãðà¬íèöå ðàçäåëà

ïüåçîýëåêòðè÷åñêîãî è ýëåê¬òðîïðîâîäÿùåãî ïîëóïðîñòðàíñòâ

Àâåòèñÿí Àðà Ñ., Ãåâîðêÿí À.Â., Àâåòèñÿí Ë.Â.

Êëþ÷åâûå ñëîâà: ïüåçîýëåêòðèê, èäåàëüíûé ïðîâîäíèê, ïîâåðõíîñòíàÿ âîëíà ñäâèãà, ýëåêòðî

àêòèâíàÿ âîëíà, ìàãíåòî àêòèâíàÿ âîëíà, äèñïåðñèÿ âîëí, ñêîðîñòü Àüëôåíà.

Àííîòàöèÿ: Ðàññìàòðèâàåòñÿ ñîâìåñòíîå ðàñïðîñòðàíåíèå ýëåêòðî-ìàãíåòî àêòèâíûõ, ïî-

âåðõíîñòíûõ âîëí óïðóãîãî ñäâèãà â äâóõñëîéíîì êîìïîçèòå. Êîìïîçèò ñîñòîèò èç ïüåçîýëåê-

òðè÷åñêîãî è èäåàëüíî ïðîâîäÿùåãî ïîëóïðîñòðàíñòâ, è ðàçìåùåí â ïàðàëëåëüíîì ïîâåðõíîñòè

ðàçäåëà ïîëóïðîñòðàíñòâ âíåøíåì ïîñòîÿííîì ìàãíèòíîì ïîëå. Ñôîðìóëèðîâàíà ìàòåìàòè÷å-

ñêàÿ êðàåâàÿ çàäà÷à. Àíàëèç ïîëó÷åííîãî äèñïåðñèîííîãî óðàâíåíèÿ ïîçâîëÿåò îïðåäåëèòü

óñëîâèÿ ñóùåñòâîâàíèÿ ëîêàëèçîâàííûõ ïîïåðå÷íûõ âîëí íà ãðàíèöå ðàçäåëà äâóõ ñðåä è õà-

ðàêòåð ëîêàëèçàöèé ìàãíèòîóïðóãèõ è ýëåêòðîóïðóãèõ âîëí. Ïîêàçàíî, ÷òî âîëíîâîé ïðîöåññ â

êîìïîçèòå ìîæíî îïòèìèçèðîâàòü, èçìåíÿÿ íàïðÿæåííîñòü ìàãíèòíîãî ïîëÿ. Íàëè÷èå ïàðàë-

ëåëüíîãî ìàãíèòíîãî ïîëÿ ìîæåò ïðèâåñòè ê óñòðàíåíèþ ñóùåñòâóþùåãî ãèáðèäà ïîâåðõíîñò-

íûõ ýëåêòðîàêòèâíûõ è ìàãíèòîàêòèâíûõ óïðóãèõ ïîïåðå÷íûõ âîëí èëè ìîæåò ïðèâåñòè ê èõ

âîçíèêíîâåíèþ.

Սահքի մակերևութային ալիքների հիբրիդ՝ պիեզոէլեկտրական և էլեկտրական

հաղորդիչ կիսատարածությունների ամրակցման միջերեսին

Ավետիսյան Արա Ս., Գևորգյան Ա.Վ., Ավետիսյան Լևոն Վ.

Հիմնաբառեր՝ պիոզոէլեկտրիկ, իդեալական հաղորդիչ, սահքի մակերևութային ալիք, էլեկտրաակտիվ ալիք,

մագնիսաակտիվ ալիք, ալիքի ցրում, Ալֆենի արագություն։

Դիտարկվում է երկշերտ կոմպոզիտում էլեկտրամագնիսական ակտիվ մակերևութային առաձգական սահքի

ալիքների համատեղ տարածումը։ Կոմպոզիտը բաղկացած է պիոզոէլեկտրական և կատարյալ հաղորդիչ

կիսատարածքներից և տեղակայված է կիսատարածությունների միջերեսին զուգահեռ արտաքին հաստատուն

մագնիսական դաշտում։ Ձևակերպված է մաթեմատիկական եզրային արժեքի խնդիր։ Ստացված դիսպերսիայի

հավասարման վերլուծությունը հնարավորություն է տալիս որոշելու երկու միջավայրերի միջերեսի մոտ տեղայ֊

նացված սահքի ալիքների առկայության պայմանները, ինչպես նաև մագնիսաառաձգական և էլեկտրառաձ֊

գական սահքի ալիքների տեղայնացման բնույթը։ Ցույց է տրված, որ կոմպոզիտում ալիքային գործընթացը
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կարելի է օպտիմալացնել՝ փոխելով արտաքին մագնիսական դաշտի լարվածությունը։ Զուգահեռ մագնիսական

դաշտի առկայությունը կարող է հանգեցնել մակերևույթի էլեկտրակտիվ և մագնիսաակտիվ առաձգական

կտրող ալիքների առկա հիբրիդի վերացմանը կամ կարող է հանգեցնել դրանց առաջացման։

Զուգահեռ մագնիսական դաշտի առկայությունը կարող է հանգեցնել մակերևույթի էլեկտրակտիվ և

մագնիսաակտիվ առաձգական սահքի ալիքների հիբրիդի առաջացման, կամ կարող է հանգեցնել առկա հիբրիդի

վերացմանը։

Abstract: The propagation of electro-magnetically active, surface elastic shear waves in a bi-

material composite is considered. The composite consists of the contacting piezoelectric and perfectly

conducting half-spaces. There is an external constant magnetic �eld parallel to the interface of

the half-spaces. A mathematical boundary value contact problem is formulated. An analysis of the

derived dispersion equation provides the conditions for the existence of surface shear waves localized

at the interface between two media. The e�ects and nature of the localizations of magnetoelastic

and electroelastic waves are discussed. It is shown that the wave process in the composite can be

optimized by changing the magnetic �eld intensity. It is shown also that the magnetic �eld can

eliminate the existing hybrid of surface electroactive and magnetically active elastic shear waves, or

can lead to their origin.

Introduction

In [1], 1911 Love A. E. H. showed that, unlike plane strain waves, localization of
the wave energy of pure elastic shear is possible in the near-surface zone of an elastic
half-space at the junction with a layer of softer material. In 1924, Lord Stoneley R.
[2], investigated the possibility of the existence of waves similar to Rayleigh waves
and Love waves, which propagate along the inner joints of the layers of the earth's
crust. In his work, he also investigated the circumstances under which a Love-type
wave can exist if a layer of constant thickness is bounded on both sides by very thick
layers of various materials.

In [3], 1968 Bleustein J.L. and in [4], 1969 Gulyaev Yu.V., are showed the possibility
of localizing the energy of an electroelastic shear wave near a mechanically free surface
of a piezoelectric medium of certain symmetry, under di�erent boundary conditions
for the accompanying electric �eld. After these primary sources, soviet and foreign
scientists solved a number of problems on the propagation of electroacoustic waves
in piezoelectric crystals and in electrically conductive media, a review of which was
given in books [5, 6] already in the eighties. The features of the localization of the
wave energy of a purely shear electroelastic wave of the Gulyaev- Bleustein type, in
multifunctional media, or in layered composites are still being studied. There are a
thousand works where the regularities of the propagation of electroelastic shear waves
in composite structures, or in media with complicated properties are investigated.

In modern electronics, inhomogeneous composite (in particular layered, piecewise
homogeneous) waveguides are widely used as converters, �lters or resonators of electro-
magneto-acoustic high-frequency wave signals with the use of piezoelectric crystals
[7�9], etc.

Qualitatively di�erent interests are represented by the cases when the electroacoustic
signal overcomes a transversely inhomogeneous layered structure [10], and when the
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electroacoustic signal �ows along the interface of homogeneous layers of the structure
[11]. In these works, the formation of a hybrid of electroactive waves of elastic shear
and elastic plane deformation in the case of non-acoustic contact between layers of
piezoelectric materials is investigated.

Naturally, a hybrid of an electroactive elastic shear wave and a magneto active
elastic shear wave in a layered composite of a piezoelectric and an electrically conductive
material (multifunctional composite material) can provide a peculiar interest. In this
case, di�erent surface conditions of mechanical �elds at the interface between layers
can allow di�erent hybridizations of elastic shear waves.

The proposed work studies the formation and propagation of a hybrid of electroactive
and magneto active surface elastic shear waves at the interface between contacting
piezoelectric and perfect conducting half-spaces, in an external constant magnetic
�eld parallel to the interface of half-spaces.

1 Formulation of the mathematical boundary value

contact problem

The composite medium of piezoelectric and electro conductive half-spaces is referred
to a rectangular Cartesian coordinate system 0x1x2x3. The coordinate plane 0x3x1

is the contact interface between half-spaces, the coordinate plane 0x1x2 is coincides
with the isotropy plane of a 6mm piezoelectric medium with hexagonal symmetry. The
coordinate axis 0x3 is parallel to the polarization axis of the piezoelectric crystalp̄6,
and the coordinate axis 0x2 is directed into the piezoelectric half-space (Fig. 1).

Fig. 1: Located in an external magnetic �eld H̃0(H01, 0, 0) a composite space
consisting of a piezoelectric medium and an perfectly conducting medium

Constant initial magnetic �eld H̃0(H01, 0, 0) is directed along the axis 0x1. The
magnetoelasticity equations for a perfectly conducting isotropic medium, in the general
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three-dimensional case, have the form [12]

G2∇2u⃗(2) +
µ(2)

4π

{
∇⃗ ×

[
∇⃗ × u⃗(2) × H̃0

]}
× H̃0 = ρ(2)

∂2u⃗(2)

∂t2
(1.1)

The coupled equations of elasticity and the equations of electrodynamics for a
dielectric piezoelectric medium and material relations have the form [5, 6]

∂σ̂
(1)
ij

∂xj
= ρ(1)

∂2u
(1)
i

∂t2
, (1.2)

∂2E
(1)
i

∂x2
k

− ∂2E
(1)
i

∂xi∂xk
=

µ(1)

c20
· ∂

2D
(1)
i

∂t2
,

∂D
(1)
i

∂xi
= 0. (1.3)

σ
(1)
ij = Ĉijklu

(1)
kl − emijE

(1)
m , D

(1)
i = eiklu

(1)
kl + εijE

(1)
j . (1.4)

In equations (1.1) ö (1.4), the indices i, j, k, l,m ∈ {1, 2, 3},G2 is the shear elastic
modulus of the conducting medium, ρ(1) and ρ(2) are the bulk densities of materials,

u⃗(n) =
{
u
(n)
i (x1, x2, x3, t)

}
are the vectors of elastic displacements, µ(1) and µ(2) are

the magnetic �elds permeability in piezoelectric and electrically conductive media,
respectively. Ĉijkl is a tensor of elastic constants, êmij is a tensor of piezoelectric
modules,ε̂ik is a tensor of dielectric constant of piezoelectric, and ûij = ∂ui/∂xj +
∂uj/∂xi is the tensor of linear deformation of piezoelectric medium.

Hereinafter, the permeability of the magnetic �eld of the piezoelectric will be
considered µ(1) = 1.

The superscripts (1) and (2) denote the quantities corresponding to the piezoelectric
half-space and perfect conducting half-space, respectively.

Since the electroactive elastic shear wave is possible in the sagittal plane 0x1x2 of
a piezoelectric material, the displacement �eld can be represented by two-dimensional
equations in the plane 0x1x2 in the half-spaces n ∈ {1, 2}.

Elastic displacements �eld of this type is permissible if, in the solutions of equations
(1.2) and (1.3), we put E(1)

3 (x1, x2, t) ≡ 0 taking into account the material relations
(1.4).

Then, an electric �eld is potential also in a piezoelectric medium E⃗(1)(x1, x2, t) =
−gradφ(1)(x1, x2, t). For piezoelectric half-space under consideration, we obtain the
following system of equations

c21∇2u
(1)
3 (x1, x2, t) =

∂2u
(1)
3 (x1, x2, t)

∂t2

∇2
[
u
(1)
3 (x1, x2, t)− (e15/ε11)· φ(1)(x1, x2, t)

]
= 0

(1.5)

Where, c1 =
√
G1/ρ(1) is the speed of the volume shear wave, G1 = C44(1 + χ2)

is the piezoelectrically sti�ened elastic shear modulus, χ =
√
e215/(ε11C44) is the

coe�cient of electromechanical coupling in piezoelectric medium.
For a magneto active elastic shear wave travelling in perfect conducting half-space,
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from equation (1.1) we obtain

(
c22 + a22

) ∂2u
(2)
3 (x1, x2, t)

∂x2
1

+ c22
∂2u

(2)
3 (x1, x2, t)

∂x2
2

=
∂2u

(2)
3 (x1, x2, t)

∂t2
. (1.6)

Here c2 =
√
G2/ρ(2) is the velocity of the bulk shear wave and a2 = H0/

√
4πρ(2)

is the speed of Alfven in a conducting medium.
Since the accompanying magnetic �eld is neglected in a piezoelectric medium,

and the accompanying electric �eld is neglected in a perfect conducting media, the
electroelasticity equations (1.5) in the piezoelectric media and the equation (1.6)
of magnetoelasticity in the perfect conducting media can be obtained in a rather
simpli�ed form.

Accordingly, they will be small of the order≈ 10−5.
The boundary conditions can be also simpli�ed. Taking into account that the

corresponding component of the Maxwell stress tensor is identically zero at the
interface, x2 = 0 we obtain

C44
∂u

(1)
3 (x1, x2, t)

∂x2
+ e15

∂φ(1)(x1, x2, t)

∂x2
= G2

∂u
(2)
3 (x1, x2, t)

∂x2
, (1.7)

u
(1)
3 (x1, x2, t) = u

(2)
3 (x1, x2, t), φ(1)(x1, x2, t) = 0. (1.8)

The condition (1.7) is obtained from the condition of continuity of mechanical
stresses. The conditions (1.8) are obtained from the condition continuity of elastic
displacements and the tangential component of the electric �eld at the interface of
the half-planes.

Since we consider the surface waves, the conditions of disturbances attenuation
for damping of disturbances over the depth of half-spaces must be satis�ed also

lim
x2→+∞

u
(1)
3 (x1, x2, t) = 0, lim

x2→+∞
φ(1)(x1, x2, t) = 0, lim

x2→−∞
u
(2)
3 (x1, x2, t) = 0.

(1.9)

2 Formation of the hybrid of the electroactive and

the magneto active SH elastic waves

Based on attenuation conditions (1.9), the solutions both of the equations (1.5)
and (1.6) can be represented as

u
(1)
3 (x1, x2, t) = A1 · exp(−kα1x2) · exp[ik(x1 − vt)],

φ(1)(x1, x2, t) = [B1 · exp(−kx2)− (e15/ε11 ) ·A1 · exp(−kα1x2)] · exp[ik(x1 − vt)]
(2.1)

u
(2)
3 (x1, x2, t) = A2 · exp(kα2x2) · exp[ik(x1 − vt)] (2.2)
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Here α2
1 = 1−v2/c21 > 0 and α2

2 = 1+a22/c
2
2 −v2/c22 > 0 are attenuation coe�cients

of waves in half-spaces, v(ω) = ω/k is the unknown phase velocity of a surface hybrid
wave localized at the contact interface of the adjacent half-spaces of the composite
media.

Substituting solutions (2.1) into boundary conditions (1.7) and (1.8), we obtain a
system of homogeneous algebraic equations for arbitrary constant amplitudes. From
the condition for the existence of nontrivial solutions to a system of homogeneous
algebraic equations, the dispersion equation is obtained(

1− v2(ω)/c21
)1/2

+ (G1/G2) ·
(
1 + a22/c

2
2 − v2(ω)/c22

)1/2
= χ2 (2.3)

The condition for the existence of real roots for the dispersion equation (2.3) is
v2(ω) < min{c21, c22 + a22}.

The left side of equation (2.3) is a monotonically decreasing function of the phase
velocity v(ω). This makes it possible to obtain the conditions for the existence of a
hybrid of surface waves depending on the ratio of the shear wave velocities in the
media and on the magnetic �eld intensity. Let's consider di�erent cases:

i) Let the speed of an elastic transverse wave in the piezoelectric medium be less
than the speed of an elastic transverse wave in the perfect conducting medium c1 ≤ c2.
Since the parameter on the right-hand side of Eq. (2.3) must be between the extreme
values of the function on the left-hand side of the Eq. (2.3). The condition for the
existence of surface waves in this case can be written in the following form

(G1/G2) ·
(
1 + (a22 − c21)/c

2
2

)1/2 ≤ χ2 ≤ 1 + (G1/G2) ·
(
1 + a22/c

2
2

)1/2
(2.4)

Since the coe�cient of electromechanical coupling of the piezoelectric medium is
less than unity 0 < χ2 < 1, the condition (2.4) can be reduced to the form

H0 ≤ 2
√

πρ(2) ·
[
[(G2/G1)

2 · χ4 − 1]c22 + c21

]1/2
(2.5)

It follows from this condition that in the absence of an external magnetic �eld,
(H01 = 0), the surface elastic shear waves of phase velocity v(ω) < c1, can exist in
the composite if χ2 ≥ (G1/G2) ·

√
c22 − c21/c2 < 1.

The weak external magnetic �eld, satisfying to condition (2.5) does not eliminate
the surface waves. The strong external magnetic �eld can lead to elimination of the
existing hybrid of surface shear waves, at the following values of the magnetic �eld
intensities

H0 > 2
√
πρ(2) · [c21 − (1− χ4G2

1G
−2
2 ) · c22]

1/2
(2.6)

ii) In velocity ratios c21 ≥ c22 + a22, the condition for the existence of a hybrid of
surface shear waves can be de�ned as(

1− (c22 + a22)/c
2
1

)1/2 ≤ χ2 ≤ 1 + (G2/G1) ·
(
1 + a22/c

2
2

)1/2
(2.7)

Obviously, in the absence of an external magnetic �eld, when H01 = 0, for
composite materials where c1 ≥ c2 the surface shear waves always exist. Such waves
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can be eliminated outside of the narrow interval of external magnetic �eld intensities

2
√
πρ(2) ·

[
(1− χ4) · c21 − c22

]1/2 ≤ H0 < 2
√
πρ(2) · (c21 − c22)

1/2
(2.8)

iii) When c22 < c21 < c22 + a22, instead of relation (2.7), the existence condition for
the surface shear waves can be written as

(G2/G1 ) ·
(
1− (c21 − a22)/c

2
2

)1/2
< χ2 < 1 + (G2/G1) ·

(
1 + a22/c

2
2

)1/2
(2.9)

In this case, in the absence of a magnetic �eld, the condition for of the surface
shear wave existence is (

1− c22/c
2
1

)1/2 ≤ χ2 ≤ 1 + (G2/G1) (2.10)

The external magnetic �eld can lead to the elimination of existing surface waves if

H0 < 2
√
πρ(2) ·

[
c21 − [1− (G2/G1)

2 · χ4]c22

]1/2
(2.11)

From condition (2.10) it follows, that in case of absence of an external magnetic
�eld, shear surface waves always exist.

In the cases both of a weak magnetic �eld, when H0 < 2
√
πρ(2) · (c21 − c22)

1/2

and a strong magnetic �eld, when H0 > 2
√
πρ(2) ·

[
c21 − (1− χ4G2

1G
−2
2 ) · c22

]1/2
, the

elastic surface shear waves disappears.
An external magnetic �eld can lead to appearance of waves, if

2
√
πρ(2) ·

(
c21 − c22

)1/2
< H0 < 2

√
πρ(2) ·

[
c21 −

(
1− χ4G2

1G
−2
2

)
· c22

]1/2
(2.12)

Numerical Analysis

For piezoelectric medium, we take the material Cadmium Sul�de CdS, with the
following material parameters: ρ1 = 4.82 · 103 kg/m3 - bulk density, c44 = 1.43 ·
1010 N/m2 - shear modulus, χ2 = 0, 047 - coe�cient of electro-mechanical coupling,
G1 = 1.4972 · 1010N/m2 - piezoelectrically sti�ened elastic shear modulus and c1 =
1.7625 · 103m/sec is the speed of bulk shear waves.

For perfect conducting medium we take the material Tin Sn, with material parameters:
ρ2 = 7, 29 · 103 kg/m3 is the bulk density and c2 = 1.7563 · 103m/sec are the shear
sti�ness of, and the velocity of bulk shear waves is G2 = 2.2487 · 1010N/m2 .

For this selected materials c1 > c2 and the condition for the existence of waves
(2.10) is also satis�ed. In the absence of an external magnetic �eld, the surface elastic
shear waves propagate in both of half-spaces. In the piezoelectric half-space, the
surface shear wave is accompanied by oscillations of the electric �eld, and in the electro
conducting half-space we have a purely elastic shear wave. For the weak magnetic �eld,
when H0 < 3.558 · 106a/m or strong magnetic �eld, when H0 > 3.797 · 106a/m , the
surface waves in the composite do not exist.

For the intensities of the external magnetic �eld satisfying to condition (2.12):
3.558·106a/m < H0 < 3.797·106a/m , there exist the hybrid both of the magnetically
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active surface elastic shear wave in electro conducting medium and the electrically
active surface elastic shear wave in a piezoelectric localized at the contact interface
of these media.

Conclusion

In a composite consisting of 6mm class of hexagonal symmetry piezoelectric medium
contacting with perfect conducting medium, in the absence of external constant
magnetic �eld the elastic shear surface waves are always exist localizing at contact
interface. In the piezoelectric medium, this wave is accompanied by oscillations of the
electric �eld. The presence of an external magnetic �eld parallel to the interface can
eliminate these surface waves.

At other values of the external magnetic �eld intensities, the hybrid both of a
magnetically active elastic surface shear wave in perfect conducting medium and an
electrically active elastic shear wave in a piezoelectric medium is exist localized at the
contact interface of these media.

This kind of compound composite makes it is possible, by means of changing
intensities of external magnetic �eld, to control propagation modes of electro-magneto-
elastic surface waves in composite devises.
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ԳԻՏՈՒԹՅՈՒՆՆԵՐԻ ԱԶԳԱՅԻՆ ԱԿԱԴԵՄԻԱՅԻ ՏԵՂԵԿԱԳԻՐ

ÈÇÂÅÑÒÈß ÍÀÖÈÎÍÀËÜÍÎÉ ÀÊÀÄÅÌÈÈ ÍÀÓÊ ÀÐÌÅÍÈÈ

Մեխանիկա 74, � 3, 2021 Ìåõàíèêà

ÓÄÊ 62-50 Doi- http://doi.org/10.33018/74.3.5

OPTIMAL CHOICE OF THE TYPE OF THE FINAL CONFIGURATION AT

THE LIMITED CONTROL OF GRIPPER MOTION OF THE TWO LINK

MANIPULATOR

Avetisyan V.V.

Keywords: two link manipulator, limited control, the type of the �nal con�guration

Àâåòèñÿí Â.Â.

Îïòèìàëüíûé âûáîð òèïà êîíå÷íîé êîíôèãóðàöèè ïðè îãðàíè÷åííîì

óïðàâëåíèè ïåðåìåùåíèåì ñõâàòà äâóçâåííîãî ìàíèïóëÿòîðà

Êëþ÷åâûå ñëîâà: : äâóçâåííûé ìàíèïóëÿòîð, îãðàíè÷åííîå óïðàâëåíèå, êîíå÷íûé òèï êîíôèãóðàöèè

Ðàññìàòðèâàåòñÿ çàäà÷à îãðàíè÷åííîãî óïðàâëåíèÿ ïåðåìåùåíèåì òî÷å÷íîãî ñõâàòà ïëîñêîãî äâóçâåí-

íîãî ìàíèïóëÿòîðà ñ ïðÿìîëèíåéíûìè çâåíüÿìè ðàâíîé äëèíû è ñî âòîðûì ñòàòè÷åñêè óðàâíîâåøåííûì

çâåíîì. Íà ïëîñêîñòè îáîáùåííûõ êîîðäèíàò ìàíèïóëÿòîðà ïîñòðîåíû îáëàñòè, ïîçâîëÿþùèå ïî çàäàííûì

êîîðäèíàòàì òåðìèíàëüíîãî ïîëîæåíèÿ ìàíèïóëÿòîðà îïðåäåëèòü óïðàâëåíèÿ, îáåñïå÷èâàþùèå ïåðåìåùåíèå

ìàíèïóëÿòîðà èç íà÷àëüíîãî ïîëîæåíèÿ ïîêîÿ â çàäàííîå òåðìèíàëüíîå ïîëîæåíèå ïîêîÿ çà êîíå÷íîå âðå-

ìÿ áåç íàðóøåíèÿ îãðàíè÷åíèé íà óïðàâëåíèÿ, à òàêæå âûáðàòü òèï êîíå÷íîé êîíôèãóðàöèè, ïðè êîòîðîì

âðåìÿ ïåðåìåùåíèÿ ñõâàòà ìèíèìàëüíî. ×èñëåííûìè ðàñ÷åòàìè óñòàíîâëåíî, ÷òî îïòèìàëüíûé âûáîð òèïà

êîíå÷íîé êîíôèãóðàöèè ìîæåò ïðèâîäèòü ê çíà÷èòåëüíîìó óìåíüøåíèþ âðåìåíè ïåðåìåùåíèÿ ñõâàòà ìàíè-

ïóëÿòîðà. Äàíà îöåíêà áëèçîñòè ðåçóëüòàòîâ, ïîëó÷àåìûõ ñ ïîìîùüþ ðàññìàòðèâàåìîì ñïîñîáå óïðàâëåíèÿ

è îïòèìàëüíîì ïî áûñòðîäåéñòâèþ óïðàâëåíèè.

Ավետիսյան Վ.Վ.

Երկօղակ մանիպուլյատորի վերջնական կոնֆիգուրացիայի տեսակի օպտիմալ ընտրությունը

բռնիչի տեղափոխման սահմանափակ ղեկավարման դեպքում

Հիմնաբառեր՝երկօղակ մանիպուլյատոր, սահմանափակ ղեկավարում, վերջնական կոնֆիգուրացիայի տեսակ։

Դիտարկվում է ուղղագիծ և հավասար երկարությամբ օղակներով հարթ երկօղակ մանիպուլյատորի կետային բռնիչի

տեղաշարժման սահմանափակ ղեկավարման խնդիրը, երբ մանիպուլյատորի երկրորդ օղակը ստատիկորեն հավասարակշռված

է։ Մանիպուլյատորի ընդհանրացված կոորդինատների հարթության մեջ կառուցված են հասանելի կոնֆիգուրացիաների տիրույթներ

, որոնք հնարավորություն են տալիս ըստ մանիպուլյատորի տերմինալ դիրքի կոորդինատների որոշել այն ղեկավարումները,

որոնք ապահովում են մանիպուլյատորի տեղափոխումը սկզբնական հանգստի դիրքից տրված տերմինալ հանգստի դիրք

վերջավոր ժամանակում՝ առանց ղեկավարումների վրա դրված սահմանափակումների խախտման, ինչպես նաև ընտրել վերջնական

կոնֆիգուրացիայի տեսակը, որի դեպքում բռնիչի տեղափոխման ժամանակը նվազագույնն է։ Թվային հաշվարկներով հաստատվել

է, որ վերջնական կոնֆիգուրացիայի տեսակի օպտիմալ ընտրությունը կարող է բերել մանիպուլյատորի բռնիչի տեղափոխման

ժամանակի զգալի նվազեցմանը։ Տրված է արդյունքների մոտիկության գնահատականը, որոնք ստացվում են դիտարկվող

ղեկավարման և օպտիմալ ըստ արագագործության ղեկավարման դեպքերում։

We consider the limited control problem for the motion of a point gripper of a plane two-link manipulator

with linear links of equal length, the second link being statically balanced. Regions are constructed on the plane of

the generalized coordinates of the manipulator that allow, based on the speci�ed coordinates of the manipulator's

terminal position, to determine the controls that ensures the manipulator moves from the initial rest position to

the speci�ed terminal resting position in a �nite time without violating the controls constraints, and also to select

the type of �nal con�guration in which the movement time is gripper is minimal. It is established by numerical

calculations that the optimal choice of the �nal con�guration can signi�cantly reduce the motion time of the

manipulqtor gripper. An estimate is given for the proximity of the results obtained using the considered control

method and time-optimal control.
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Introduction

Two-link robotic manipulators are widely used in various branches of modern industry. They
are used both independently and as part of the structures of multi-link manipulation robots for
which it is these two links that perform the bulk of the robot's motions when it performs various
technological operations. One possible approach to the rational calculation of control modes is their
optimization according to some manipulator performance criterion (time of transport operations,
energy consumption, etc.). An essential component in the formation of algorithms for controlling
the motion of a two-link manipulator is taking into account its design and geometric features. For a
plane two-link manipulator, each position of the gripper corresponds to two feasible con�gurations
di�ering by the sign of the angle between the links. Consequently, the performance of the gripper
motion to the terminal position depends both on the type of the �nal con�guration and on
the control method that brings the manipulator into this con�guration. In [1, 2], optimal and
suboptimal control laws were constructed for a two-link manipulator with zero-lag links in the
two-point problem of moving a gripper with a load. A signi�cant dependence of the time it takes
to bring the gripper to the terminal state on the manipulator con�guration type was revealed,
and the problem of choosing the optimal con�guration type was solved. In [3], a graphic-analytical
approach was developed to constructing time-suboptimal open-loop controls that bring a two-link
manipulator with arbitrary geometric and lag characteristics from the initial rest con�guration to
an arbitrary �nal rest con�guration. The publications [4�9] deal with optimization methods for
solving the problem of controlling robots, including two-link manipulators, and calculating their
design parameters. Models of mechanical and electromechanical plane two-link manipulators with
statically balanced second link and with arbitrary lag characteristics are considered in [10�13].
Assuming that the manipulator design allows full clockwise and counterclockwise rotation of the
links, it was established that the manipulator can be brought to the same �nal con�guration by
various combinations of rotations of the links. For each of the two types of �nal con�gurations,
the graphic-analytical procedure solved the problem of choosing the directions of rotations of the
manipulator links and determining the control method for which a given control criterion (the
response speed [10, 11], the energy consumption [13], and a combined functional [12]) attains
its minimum value. The optimal type of the �nal con�guration was found by a straightforward
calculation. In [14, 15], a parametric optimization method was used to construct a quadratic-
functional-suboptimal control of the motion of a plane two-link manipulator taking into account
feasible manipulator con�gurations corresponding to given gripper positions at the beginning and
end of the motion. In [16], a mechanical model of a two-link manipulator [3] is considered, the
design of which allows only half a revolution of the links in the positive and negative directions.
For a given terminal position of the manipulator gripper, the type of �nal con�guration and a
control method have been determined, which ensure the movement of the gripper to a given �nal
resting position in a minimum time. In [17, 18], using the generalized method of constructing a
limited control [19], explicitly found the controls and the corresponding �nite time, at which the
two-link manipulator of the initial state of rest is brought to any �nal state of rest in the working
zone without violating the restrictions on the speed.

This article discusses a mechanical model of a two-link manipulator [16]. On the plane of the
generalized coordinates of the manipulator, regions are constructed that allow, based on the given
coordinates of the terminal position of the manipulator, to determine the limited controls that
ensures the movement of the manipulator from the initial resting position to a given terminal rest
position in a �nite time, as well as to determine the type of �nal con�guration at which the time
of movement of the gripper is minimal.

1 Design of the manipulator model

Consider a mechanical two-link system consisting of two absolutely rigid links G1 and G2 of the
same length joined with a hinge O2. The link G1 is attached to a stationary base using the hinge
O1. The hinges are perfect and cylindrical, and their axes are parallel to each other. A gripper is
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mounted on the end of the second link at point O3. We will assume that the linear sizes of the
gripper are much smaller than the lengths of the links and consider the gripper to be a material
point when studying transport motions. The manipulator control under study is accomplished with
two independent drives D1 and D2. The �rst link and the base interact via the drive D1 and D2

is responsible for the interaction between the links G1 and G2 of the manipulator. The control
functions in the manipulator model under study are the torques M1 and M2 about the axes O1

and O2 generated by the drives D1 and D2, respectively. The system performs a plane-parallel
motion in a horizontal plane perpendicular to the axes of the hinges O1 and O2.

The Lagrange equations describing the motion of the system under consideration in the case
when the link of the manipulator is statically balanced have the form [3]:

(I1 +m2L
2)φ̈1 = M1 −M2, I2φ̈2 = M2, (1.1)

Here we have introduced the following notation: φ1 is the angle between the axis O1x and the
straight line O1O2; φ2 is the angle between the axis O1x and the straight line O2O3; L = |O1O2| =
|O2O3| is the length of the �rst and second links; I1 and I2 are the moments of inertia of the links
G1 and G2 about the axes of the hinges O1 and O2, respectively; and m2 is the mass of the link
G2. We assume that the positive sense of the angles φ1 and φ2 is counterclockwise from the line
O1x.

The control torques M1 and M2 are subject to the constraints

|M1| ≤ M0
1 , |M2| ≤ M0

2 , (1.2)

where M0
1 and M0

2 are given constants.

2 Statement of the problem

The manipulator control objective is to bring the gripper into a given spatial position by rotating
the manipulator links in the positive and negative directions within a half turn. It follows from the
geometry of the two-link manipulator that there exists a one-to-one correspondence

x = L(cosφ1 + cosφ2), y = L(sinφ1 + sinφ2). (2.1)

between the Cartesian coordinates x, y of the projection of the point O3 and the generalized
coordinates φ1, φ2.

However, the angles φ1, φ2 are not uniquely determined by the Cartesian coordinates x, y. Let
the working area of the manipulator be a semicircle R =

{
(x, y) : x2 + y2 ≤ 4L2, x > 0

}
. We

solve system (2.1) with respect to φ1, φ2

φi(x, y) = arctg
y

x
+ (−1)

i 1

2
Kδ, δ = arccos

[
x2 + y2 − 2L2

2L2

]
, K = ±1, i = 1, 2. (2.2)

It follows from (2.2) that each gripper position (x, y) inside the manipulator working area R is
associated with two con�gurations of the two-link manipulator that di�er in the sign of the angle
θ = φ2 − φ1 between the links. The quantity δ in (2.2) is the angle at the vertices O1 and O3 of
the triangle O1O2O3. As follows from (2.2), the values K = 1 and K = −1 are associated with
the con�gurations for which θ > 0 and θ < 0, respectively; i.e. K = signθ. Let us denote them by
{φ1(x, y), φ2(x, y)}K , K = ±1. In what follows, the arguments (x, y) of the functions φi(x, y) will
be dropped.

63



Fig. 1

Thus, on the plane Φ = {φ1, φ2 : −π ≤ φ1, φ2 ≤ π} of manipulator's generalized coordinates,
the points (φ1, φ2) and (φ2, φ1), corresponding to the con�gurations {φ1, φ2}K=1 and
{φ1, φ2 }K=−1, respectively, are symmetric about the bisector of quadrants I and III, and one
has

(φ1, φ2) ∈ {φ1, φ2 ∈ Φ : φ2 ≥ φ1} = Φ(+1),

(φ2, φ1) ∈ {φ1, φ2 ∈ Φ : φ2 ≤ φ1} = Φ(−1).
(2.3)

We will consider system (1.2) under the initial conditions

φi(0) = φ0
i , φ̇i(0) = 0, i = 1, 2, (2.4)

which are associated, according to (2.1), with the initial gripper rest position

x(0) = L(cosφ0
1 + cosφ0

2) = x0, ẋ(0) = 0,

y(0) = L(sinφ0
1 + sinφ0

2) = y0, ẏ(0) = 0.
(2.5)

Assume that we are given distinct initial gripper position (x0, y0) (2.5) and �nal gripper position
(xT , yT ) in the manipulator working area R. Since the position (xT , yT ) is associated with the two
con�gurations

{
φT
1 , φ

T
2

}
K
, K = ±1, for the terminal conditions for system (1.2) we take the

conditions

φi |K (T ) = φT
i |

K
, φ̇i |K (T ) = 0, i = 1, 2, K = ±1, (2.6)

which are uniquely associated with one and the same gripper rest position

x(T ) = L(cosφT
1 |K + cosφT

2 |K ) = xT , ẋ(T ) = 0,

y(T ) = L(sinφT
1 |K + sinφT

2 |K ) = yT , ẏ(T ) = 0,
K = ±1. (2.7)

System (1.2), (1.3) is completely controllable in the class of piecewise continuous functions
M1(t) and M2(t) [3], therefore, for given edge gripper states (2.5), (2.7), each combination of
conditions (2.6) (K = +1, −1) and each feasible controls M1 and M2 are associated with some
transfer time T (K). From the above it follows that there is a dependency for the travel time
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T (K) = T
[
{φT

1 , φ
T
2 } |K ,M1,M2

]
, K = ±1. (2.8)

Consider the following problem of control of the manipulator gripper motion with allowance
for the �nal con�guration type.

Determine the typeK = ±1 of the �nal con�guration (2.6) and the law of change of the controls
M = M1(t) and M = M2(t), that ensure the minimum of functionality (2.8)

T ∗ = min
K=±1

T
(
{φT

1 , φ
T
2 } |K ,M1,M2

)
(2.9)

when bringing the manipulator gripper from the initial rest state (2.5) into the given rest state
(2.8) without violation of restrictions (1.2).

3 Construction of bounded controls

In (1.1), (1.2), (2.4) - (2.7) we pass to the dimensionless variables

t′ = (M0
2 /(m2L

2))
1/2

t, I ′i = Ii/(m2L
2), M ′

i = Mi/M
0
2 ,

x′ = x/L, y′ = y/L, φ′
i = φi − φ0

i , φ′0,T
i = φ0,T

i − φ0
i , i = 1, 2.

(3.1)

If now we omit the primes, then relations (1.1), (1.2), (2.4) are simpli�ed φ0
1,2 = 0, m2 = 1,

L = 1, M0
2 = 1, and system (1.1), the constraints (1.2), and the boundary conditions (2.4), (2.6)

acquire the form

(I1 + 1)φ̈1 = M1 −M2, (3.2)

I2φ̈2 = M2,

|M1| ≤ M0
1 , |M2| ≤ 1, (3.3)

φi(0) = 0, φ̇i(0) = 0, i = 1, 2, (3.4)

φi |K (T ) = φT
i |

K
, φ̇i |K (T ) = 0, i = 1, 2; K = ±1. (3.5)

First, consider the problem of constructing a limited control M = (M1,M2) of the system (3.2)
- (3.5) without taking into account the type of the �nal con�guration. When solving this problem
under the boundary conditions (3.5), we omit the parameter K.

The change of variables

q1 = (I1 + 1)φ1, q2 = I2φ2 (3.6)

reduces system (3.2)-(3.5) to the form

q̈1 = M1 −M2, q̈2 = M2, (3.7)

|M1| ≤ M0
1 , |M2| ≤ 1, (3.8)

q1(0) = q01 = 0, q̇1(0) = 0, q2(0) = q02 = 0, q̇2(0) = 0 (3.9)

q1(T ) = qT1 = (I1 + 1)φT
1 , q̇1(T ) = 0, q2(T ) = qT2 = I2φ

T
2 , q̇2(T ) = 0. (3.10)

65



The phase vector of system (3.7) is formed by the variables q1, q̇1, q2, q̇2. We represent the
system of equations (3.7) in the vector form

ẋ = Ax+BM, (3.11)

x = (x1, x2, x3, x4)
T
= (q1, q̇1, q2, q̇2)

T
, M = (M1,M2)

T

with constant matrices A and B having dimensions 4x4 and 4x2, and a fundamental matrix
Ω(t), respectively

A =


0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0

 , B =


0 0
1 −1
0 0
0 1

 , Ω(t) =


1 t 0 0
0 1 0 0
0 0 1 t
0 0 0 1

 . (3.12)

We write the initial (3.9) and �nal (3.10) conditions in the form

x(0) = 0, (3.13)

x(T ) = x1 = (x1
1, 0, x

1
3, 0)

T

. (3.14)

We will use the well-known approach to constructing the control [19]. Following the indicated
approach, we seek the control solving the problem without taking into account constraints (3.8) in
the form

M(t) = QT(t)C, Q(t) = Ω−1(t)B (3.15)

Here C = (C1, C2, C3, C4)
T is the constant vekctor determined from the system of the following

linear algebraic equation

R(T ) · C = Φ−1(T )x1, R(T ) =

T∫
0

Q(t)QT(t)dt. (3.16)

Since the system (3.11), (3.12) is completely controllable, then the matrixR(T ) is nondegenerate
[19] and therefore (3.16) has a unique solution

C = R−1(T ) Ω−1(T )x1, x1 = (x1
1, 0, x

1
3, 0)

T

. (3.17)

After calculating the matrices QT(t),Ω−1(T ),R−1(T ),C, taking into account (3.12), the
components of the sought vector control (3.15) can be represented in the form

M1(t) = g(t, T )x1
1 + g(t, T )x1

3, M2(t) = g(t, T )x1
3, g(t, T ) = −12T−3t+ 6T−2. (3.18)

Solution x(t) of system (3.11) - (3.13) under controlM(t) with components (3.18) for any T > 0
satis�es the boundary condition (3.14). In this case, however, the components of the constructed
control do not necessarily satisfy the imposed constraints (3.8). In order to take these constraints
into account, let us estimate the control modules M1 and M2

|M1(t)| ≤ |g(t, T )|
∣∣x1

1 + x1
3

∣∣ , |M2| ≤
∣∣x1

3

∣∣ |g(t, T )| . (3.19)

Since the linear function g(t, T ) (3.17) decreases monotonically on the interval [0, T ], taking
maximum g(0, T ) = 6T−2 and minimum g(T, T ) = −6T−2 values at the ends of this interval,
respectively, then inequalities (3.19) can be rewritten as

|M1| ≤ 6
∣∣x1

1 + x1
3

∣∣T−2, |M2| ≤ 6
∣∣x1

3

∣∣T−2. (3.20)
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If now the required transition time T of the system (3.11), (3.12) from state (3.13) to the state
(3.14) is chosen from the relation

T = max(T1, T2), (3.21)

where

T1 =

√
6 |x1

1 + x1
3| (M0

1 )
−1

, T2 =
√
6 |x1

3| (3.22)

is the roots of the following equations 6
∣∣x1

1 + x1
3

∣∣T−2 = M0
1 , 6

∣∣x1
3

∣∣T−2 = 1 respectively, then
constraints (3.7) will be satis�ed for all t ∈ [0, T ].

From (3.21), (3.22) we obtain

T =


T1 =

√
6 |x1

1 + x1
3| (M0

1 )
−1

, if M0
1

∣∣x1
3

∣∣ < ∣∣x1
1 + x1

3

∣∣ , (a)

T2 =
√
6 |x1

3|, if M0
1

∣∣x1
3

∣∣ > ∣∣x1
1 + x1

3

∣∣ , (b)

T1 = T2, if M0
1

∣∣x1
3

∣∣ = ∣∣x1
1 + x1

3

∣∣ . (c)

(3.23)

After the time of motion (3.23) is determined for a given �nal state x1 (3.14), the control
functions M1(t) and, M2(t) can be calculated at each moment using formulas (3.18).

In the initial variables (3.6), (3.11), relations (3.18), (3.23) take the form

M1(t) = (−12T 3t+ 6T 2)(I1 + 1)φT
1 + (−12T 3t+ 6T 2)I2φ

T
2 ,

M2(t) = (−12T 3t+ 6T 2)I2φ
T
2 ,

(3.24)

where

T =


T1 =

√
6
∣∣(I1 + 1)φT

1 + I2φT
2

∣∣ (M0
1 )

−1
, if (φT

1 , φ
T
2 ) ∈ Φ1, (a)

T2 =
√
6
∣∣I2φT

2

∣∣, if (φT
1 , φ

T
2 ) ∈ Φ2, (b)

T1 = T2, if (φT
1 , φ

T
2 ) ∈ Φ′ ∪ Φ′′. (c)

(3.25)

On the plane of �nite con�gurations (φT
1 , φ

T
2 ), the regions Φi, i = 1, 2 and Φ′, Φ′′, appearing

in formulas (3.25) are determined as follows:

Φ1 =

{
(φT

1 , φ
T
2 ) ∈ Φ :

{
−AφT

1 < φT
2 < BφT

1 , φT
1 ≥ 0

}
∪

∪
{
BφT

1 < φT
2 < −AφT

1 , φT
1 ≤ 0

}} , (3.26)

Φ2 =

{
(φT

1 , φ
T
2 ) ∈ Φ :

{
BφT

1 < φT
2 , φT

1 ≥ 0
}
∪
{
−AφT

1 < φT
2 , φT

1 ≤ 0
}
∪

∪
{
φT
2 < −AφT

1 , φT
1 ≥ 0

}
∪
{
φT
2 < BφT

1 , φT
1 ≤ 0

}} , (3.27)

Φ′ =
{
(φT

1 , φ
T
2 ) ∈ Φ : φT

2 = −AφT
1

}
,Φ′′ =

{
(φT

1 , φ
T
2 ) ∈ Φ : φT

2 = BφT
1

}
, (3.28)

where
A = (I1 + 1)(M0

1 + 1)
−1

I−1
2 , B = (I1 + 1)(M0

1 − 1)
−1

I−1
2 . (3.29)

Thus, according to the given values φT
1 , φ

T
2 , the time of the process (3.25) is �rst determined,

and then the desired controls (3.24), at which the required displacement of the manipulator is
carried out without violating the constraints (3.3).
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4 Determining the optimal type of the manipulator's �nal

con�guration

Let us assume that the manipulator is characterized by the following dimensional parameters
appearing in (1.1), (1.2)

L = 1m,m2 = 4 kg, I1 = I2 = (10/3) kg ·m2,M0
1 = 1 N ·m,M0

2 = 1 N ·m, (4.1)

which correspond to the manipulator, the links of which are the same homogeneous rods.
After passing to dimensionless parameters according to (3.1), we obtain from (4.1) that

L = 1,m2 = 1, I1 = I2 = 1/3,M0
1 = 1,M0

2 = 1. (4.2)

Note that the problem solving procedure does not substantially change for other geometric and
physical manipulator parameters.

Let us proceed to �nding the minimum with respect to the parameter K in (2.9). Let the end
position of the gripper (xT , yT ) ∈ R =

{
(x, y) : x2 + y2 ≤ 4, x > 0

}
be �xed. Then from formula

(2.2) we �nd two terminal points (φT
1 , φ

T
2 ) ∈ Φ(+1) and (φT

2 , φ
T
1 ) ∈ Φ(−1) (2.3), which, according

to (2.2), are associated with the manipulator con�gurations
{
φT
1 , φ

T
2

}
K=+1

and
{
φT
1 , φ

T
2

}
K=−1

,

respectively. In both cases, we write down the constructed controls, in which the superscripts (+)

and (−) will correspond to the values K = +1 and K = −1, respectively.
If K = +1, then according to (2.3) (φT

1 , φ
T
2 ) ∈ Φ(+1). Then (3.24) takes the form

M1
(+)(t) = (− 12

T (+)3
t+

6

T (+)2
)(I1 + 1)φT

1 + (− 12

T (+)3
t+

6

T (+)2
)I2φ

T
2 ,

M2
(+)(t) = (− 12

T (+)3
t+

6

T (+)2
)I2φ

T
2 ,

(4.3)

where

T (+)(φT
1 , φ

T
2 ) =



T1
(+) =

√
6
∣∣(I1 + 1)φT

1 + I2φT
2

∣∣, (a)

if (φT
1 , φ

T
2 ) ∈ Ψ1(+1) ∪

(
6⋃

i=3

Ψi(+1)

)
,

T2
(+) =

√
6
∣∣I2φT

2

∣∣, if (φT
1 , φ

T
2 ) ∈ Ψ2(+1), (b)

T1
(+) = T2

(+), if (φT
1 , φ

T
2 ) ∈ Φ(+1) ∩ (Φ′ ∪ Φ′′) . (c)

(4.4)

The following notation is introduced in formula (4.4):

Ψ1(+1) =
{
φT
1 , φ

T
2 ∈ Φ(+1) : φT

1 ≤ φT
2 , φT

1 ≥ 0
}
,

Ψ2(+1) =
{
φT
1 , φ

T
2 ∈ Φ(+1) : −AφT

1 ≤ φT
2 , φT

1 ≤ 0
}
,

Ψ3(+1) =
{
φT
1 , φ

T
2 ∈ Φ(+1) : −φT

1 ≤ φT
2 ≤ −AφT

1 , φT
1 ≤ 0

}
,

Ψ4(+1) =
{
φT
1 , φ

T
2 ∈ Φ(+1) : −A−1φT

1 ≤ φT
2 ≤ −φT

1 , φT
1 ≤ 0

}
,

Ψ5(+1) =
{
φT
1 , φ

T
2 ∈ Φ(+1) : 0 ≤ φT

2 ≤ −A−1φT
1 , φT

1 ≤ 0
}
,

Ψ6(+1) =
{
φT
1 , φ

T
2 ∈ Φ(+1) : φT

1 ≤ φT
2 ≤ 0, φT

1 ≤ 0
}
,

(4.5)

where, taking into account (3.29), (4.2), A = 2. At the same time
(

6⋃
i=1

Ψi(+1)

)
= Φ(+1).

Since the domains Φ(+1) and Φ(−1)(2.3) are symmetric to each other about the straight line
φT
2 = φT

1 , we conclude that the change of variables φ
T
1 → φT

2 , φT
2 → φT

1 transforms the domains
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Ψi(+1), i = 1, ..., 6, into the respective domains Ψi(−1), i = 1, ..., 6, symmetric about the straight
line φT

2 = φT
1 .

Òherefore, if K = −1, then the point (φT
2 , φ

T
1 ) ∈ Φ(−1). Then from (3.24) we obtain

M1
(−)(t) = (− 12

T (−)3
t+

6

T (−)2
)(I1 + 1)φT

2 + (− 12

T (−)3
t+

6

T (−)2
)I2φ

T
1 ,

M2
(−)(t) = (− 12

T (−)3
t+

6

T (−)2
)I2φ

T
1 ,

(4.6)

where

T (−)(φT
2 , φ

T
1 ) =



T1
(−) =

√
6
∣∣(I1 + 1)φT

2 + I2φT
1

∣∣, (a)

if (φT
2 , φ

T
1 ) ∈

(
4⋃

i=1

Ψi(−1)

)
∪Ψ6(−1),

T2
(−) =

√
6
∣∣I2φT

1

∣∣, if (φT
2 , φ

T
1 ) ∈ Ψ5(−1), (b)

T1
(−) = T2

(−), if (φT
2 , φ

T
1 ) ∈ Φ(−1) ∩ (Φ′ ∪ Φ′′) . (c)

(4.7)

where

Ψ1(−1) =
{
φT
1 , φ

T
2 ∈ Φ(−1) : 0 ≤ φT

2 ≤ φT
1

}
,

Ψ2(−1) =
{
φT
1 , φ

T
2 ∈ Φ(−1) : −A−1φT

1 ≤ φT
2 ≤ 0, φT

1 ≥ 0
}
,

Ψ3(−1) =
{
φT
1 , φ

T
2 ∈ Φ(−1) : −φT

1 ≤ φT
2 ≤ −A−1φT

1 , φT
1 ≥ 0

}
,

Ψ4(−1) =
{
φT
1 , φ

T
2 ∈ Φ(−1) : −AφT

1 ≤ φT
2 ≤ −φT

1 , φT
1 ≥ 0

}
,

Ψ5(−1) =
{
φT
1 , φ

T
2 ∈ Φ(−1) : φT

2 ≤ −AφT
1 , φT

1 ≥ 0
}
, A = 2,

Ψ6(−1) =
{
φT
1 , φ

T
2 ∈ Φ(−1) : φT

2 ≤ φT
1 , φT

1 ≤ 0
}
.

(4.8)

Thus, calculating the minimum in (2.9), taking into account (4.5), (4.6) and (4.7), (4.8), reduces
to choosing the smallest of two times:

T ∗ = min
[
T (+)(φT

1 , φ
T
2 )
∣∣∣(φT

1 ,φT
2 )∈Ψi(+1) , T (−)(φT

2 , φ
T
1 )
∣∣∣(φT

2 ,φT
1 )∈Ψi(−1), 1 ≤ i ≤ 6

]
. (4.9)

Calculating the minimum in (4.9) for the numerical values of (4.2), as a result, we obtain

T ∗ =



T1
(+)(φT

1 , φ
T
2 ), if (φ

T
1 , φ

T
2 ) ∈ Ψ1(+1) ∪Ψ3(+1), (1)

T2
(+)(φT

1 , φ
T
2 ), if (φ

T
1 , φ

T
2 ) ∈ Ψ2(+1), (2)

T1
(−)(φT

2 , φ
T
1 ), if (φ

T
2 , φ

T
1 ) ∈ Ψ4(−1) ∪Ψ6(−1), (3)

T2
(−)(φT

2 , φ
T
1 ), if (φ

T
2 , φ

T
1 ) ∈ Ψ5(−1), (4)

T1
(+)(φT

1 , φ
T
2 ) = T1

(−)(φT
2 , φ

T
1 ), if φ

T
2 = φT

1 . (5)

(4.10)

where Ψi(±1), i = 1, ..., 6 determined from (4.5), (4.8). Let us provide a numerical example.
For the manipulator with the dimensionless parameters in (4.2), we take the gripper initial and
terminal coordinates in the form

x0 = 2, y0 = 0, xT = 1, yT = −0, 5. (4.11)

The values of the coordinates of the gripper initial and terminal states (4.11) are associated
with the initial con�guration φ0

1 = φ0
2 = 0 and with the two terminal
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Fig. 2

con�gurations (2.2), wich are in turn associated with the two points, symmetric about the
straight line φT

2 = φT
1 , on the angular manipulator plane (the angles are given in radian and angle

degree measures):{
φT
1 , φ

T
2

}
K=1

: (φT
1 , φ

T
2 ) = (−1.699 rad, 0.514 rad) = (−97037′, 29046′), (4.12)

{
φT
1 , φ

T
2

}
K=−1

: (φT
2 , φ

T
1 ) = (0.514 rad, −1.699 rad ) = ( 29046′, −97037′). (4.13)

In the case under consideration, the point (φT
1 , φ

T
2 ) ∈ Ψ5(+1), and the point (φT

2 , φ
T
1 ) ∈

Ψ5(−1)(�g. 2). Consequently, according to formula (4.10) (4), the minimum travel time of the
gripper is achieved at point (4.13), which corresponds to the �nal con�guration corresponding to
the value K = −1. In this case, one should use the controls M (−)

1 ,M
(−)
2 (4.6), in which the travel

time is determined by the formula (4.7)(b): T ∗ = T2
(−) =

√
6
∣∣I2φT

1

∣∣ and equal T ∗ = 1, 84 (2.92 s).
The �gure in parentheses give dimensional values of these times with the use of the conversion
formulas (3.1). For comparison, note that if we choose the terminal con�guration (4.12) (K = +1),

then the gripper transfer time turns equal T1
(+)(φT

1 , φ
T
2 ) =

√
6
∣∣(I1 + 1)φT

1 + I2φT
2

∣∣(4.4) (a) and
out to be much worse; namely, T1

(+) = 3.54 (5.59 s).
The constructed controls are not time optimal, but simple enough for calculation and practical

implementation. It is established by formulas (3.25) - (3.28) that

1) the domains Φ1 and Φ2 up to notation, coincide with the domains constructed in a similar
time-optimal problem [16],

2) between the time of optimal movement T 0[16] and the time (3.25) there is the following
ratio: T 0/T ∗ ≈ 0.816. For comparison, we present the results of calculating the time-
optimal movement T 0 for the end positions of the gripper (4.12) and (4.13). With the �nal
con�guration K = −1 the time-optimal is equal T 0 = 1.5 (2.37 s) and with K = +1 is equal
T 0 = 2.89 (4.57 s).

Conclusions

On the con�guration plane of a two-link manipulator with a second statically balanced link,
regions are constructed that allow, based on a given terminal position of the manipulator, to
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determine the laws of controls change, which brings the manipulator from the initial resting
con�guration to the terminal resting con�guration in a �nite time without violating controls
constraints, and also to choice the type of �nal con�guration for which the time of movement
of the gripper is minimal. It has been established by numerical calculations that the optimal choice
of the type of the �nal con�guration can lead to a signi�cant decrease in the travel time. An
estimate is given for the proximity of the results obtained using the considered control method and
time-optimal control.

The work was supported by the Science Committee of RA, in the frames of the research project
�21T-2D255
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