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/

OCECUMMETPUYHAS CMEIIIAHHAS 3AJAYA JJIS
COCTABHOTO I[MPOCTPAHCTBA C KPY¥TOBOIA
JTUCKOOBPAZHOMN TPEIIIMHON

B.H. Axonan, A.A. AMuprxanss

Kamo4qeBble CIOBAI OCECHMMETDHYHEE CMETIanHme 3agaun, memdasnag rpemmna, memdasnoe
BREKUEHHE, KOHTAKTHAA 345490

B paBore oCTPOSHO TORHOES PEIUSHNAE 34384 08 OCECHMMETDITHOM HATTDIIKEHHOM COCTOARAT CO-
CTARHOTS YIDYIGIS TIPOCTPANCTRA, COCTOATIErS B3 ARYN DASHOPOAHEY NORYTIPOCTDARCTE, HA IOCKS-
CTH CTHKA KOTODHX HMECTCA KDPYIOBAa JCKOOBDASHAL TPCIHHA, Ha GIHOM DEDEry ROTOPGH 3a8aHH
HATIPAREHNS, & B APYIOH Beper aaamampaetes Iaaakall mramn (walba). Bunesena onpeeaqonag
CHCTEMA VDARHEHIH 3a/4a4H, ROTODAS TIPH TIOMOTTH OTIEDATOPOR RDATIEHHS CREACHA K CHOTEME CHHIY-
SISPHBX HHTEIPAARHEX ypanueral 1 nocrpoens e€ rownoe pemenne, Hoavuennm npocime dopuvam
KAK A1 ONDEACISHHA HOPMAThHEX ROHTAKTHHX HATDAKEHIHA TIOA NI TAMIIONM, TAK H 474 KOHTAKTHIX

HaTipa e HATL HO CTHIKE PATHODOAHMX ROOYRPOCTDANCTE,

Axisymmetric mixed boundary problem for a composite space with a
circular disc-shaped crack

V.N. Hakobyan, H.A. Amirjanyan

Keywords: axisymmelric mixed proeblems, interfacial erack, interfacial inclusion, contact problem

An exact solution to the problem of the axisyvmmetric stress state of a composite elagtic space
congigting of two dissimilar half-spaces with a circular disc-shaped crack on interface plane is cons-
tructed in this work. On one side of the crack, known stresses are acting, and a smooth stamp
is pressed on the other side. Defining system of equations for the problem is derived, which, using
rotation operators, is reduced to solving a syvstem of singular integral equations, and its exact solution
is congtructed. Simple formulas are obtained both for determining the normal contact stresses under
the stamp and for the contact stresses at the junction plane of dissimilar half-spaces.

Keywords: axisymmelric mixed proeblems, interfacial erack, interfacial inclusion, contact problem
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BBenenue

OpHUM U3 BaXKHBIX HAPABJIEHUH KOHTAKTHBIX U CMEITIAHHBIX 33149 TEOPUHU YIIPY-
TOCTH ¥ MEXAaHUKU PA3PYIIEHHs SIBJISETCS HE TOJIBKO OlpesiesieHue JIOKAJIbHbIX I0JIei
HANPSKEHUH, BO3HUKAIOMINX BOKPYT KOHIEHTPATOPOB HAIPSIKEHWH DPA3IMIHBIX TH-
[I0B, OJIHOBPEMEHHO HAXOIANMXCH B AeDOPMHUPYEMBIX OJHOPOHBIX HJIM COCTABHBIX
Teax, MOJEJUPYIONINX T€ WU WHBIE KOHCTPYKIWK, HO U BBISBJIEHUE 3aKOHOMEPHO-
cTeil B3aUMO-BJIUSHIS ITUX KOHIIEHTPATOPOB U Pa3pabOTKA METOIOB IS TIOHUKEHS
TPAJMEHTOB ITUX MOJIeH, 9TO MPUBEIET K MOBBIIMIEHUIO TPOYHOCTH U [IOJTOBEIHOCTH
3TUX KOHCTPYKIMUA U UX JIeTaJjleid.

MHorue pe3ynbTaThl B 3TOM HANPABJIEHUH TIpUBEEHbI B MoHOrpadusax [1H6]. Pa-
0OTHhI B yKA3aHHOM HAIPABJIEHWM, B OCHOBHOM, TOCBSINEHBI MU3y9YEHWIO ILJIOCKUX U
OCeCHMMEeTPUY-HbIX TOJIEell HAIIPSKEHW B OJHOPOIHBIX W KyCOYHO-OTHOPOIHBIX MAC-
CHUBHBIX TeJIaX C KOHIEHTPATOPAMHU HAIPSKEHUN THUIA IITAMIIOB, TPEIIUH U IIOJIHO-
CTHIO WJIN YACTWYHO CIETJIEHHBIX C MATPHUIEl abCOTIOTHO YKECTKUX BKJIOUYeHuil. B
YaCTHOCTH, yKaykeM Ha pabors! [7H12|, rme mocTpoeHbl TOYHBIE DeleHus psjia MIoc-
KHX 1 OCECHMMETPUYHBIX 33724 JIJIs1 KyCOYHO-0/THOPO/THOM TIJIOCKOCTH U IIPOCTPAHCTBA
¢ Mexk(a3HBIMU, YACTUIHO OTOPBAHHBIMU OT MaTPHILI, BKIOYeHusiMu. Ocobo orme-
Tum pabory [7], rae HocTpoeHo 3aMKHYTOE PelleHre ePBOi 0CeCUMMETPUYHOI 331341
JJIs1 OJTHOPOHOIO IIPOCTPAHCTBA, COIEPKAIIEI0 KPYIOBYIO JUCKOOOPA3HYIO TPEIIUuHY,
Ha Geperax KOTOPOH 3aJaHbl YCJIOBUS CMEITAHHOTO THUMA. YKaykeM TakKxKe Ha pabo-
1y [11], rae mocTpoeHbI pa3phIBHBIE DEIleHnsT YPABHEHWH OCECHMMETDPHYIHON TeOpHn
YIPYTOCTH JIJTsi KyCOYHO-OJHOPOIHOIO MTPOCTPAHCTBA C KPYTOBO#l MCKOOOPA3HOM Tpe-
IINHOIA.

3/1ech Ke, Ha OCHOBE dTUX yDABHEHHI, PACCMATPUBAETCS OCECUMMETPUIHOE Ha-
MPSI?’KEHHOE COCTOSTHUE KYCOYHO-OTHOPOIHOTO MPOCTPAHCTBA ¢ MexK(a3HOi KPYTOBOit
1ucKo0Gpa3HOil TpenuHoi, B oauH Geper KOTopoil BJaBIMBaeTcs riajakuii mrami (ab-
COJIIOTHO KecTKas 1uaiiba).

IlocTanoBKa 3a/Jauu 1 BbIBO/I ONPEIEJIAIONINX YpaBHe-
HUN

IIycTs ynpyroe cocTaBHOE TPOCTPAHCTBO, COCTOSINEE U3 IBYX PA3HOPOIHBIX TOJTY-
MPOCTPAHCTB ¢ KO3 dunmentamu Jlsme Aq, i1 1 Ao, flo, 3AMOTHSIIONINX B IAJIAHIDA-
9eCKOil CHCTeMe KOODJIMHAT COOTBETCTBEHHO BepxHee (z > 0) m HmkHee (z < 0) mo-
JIYLIPOCTPAHCTBA, HA ILUIOCKOCTH CTbhiKa KOTOpbix (z = 0) umeercs MoHeroobpasHasi
MezkaszHas TPELMHA C PAJAUYCOM G , Ha HM2KHUII Oeper KOTOPOH Ipu IIOMOLIU CO-
CPEIOTOYEHHON CUIbl Py BIABIUBAETCS TVIAIKWIA IMITAMI C TJIOCKUM OCHOBAHHEM,



Ha BepxHUil Geper AefCTByeT paclupene/éHHas Harpy3Ka UHTEHCUBHOCTHU Po (1) ¢ paB-
HomeicTBytoreit, pasuoit Py. Ha ®@ur. 1 npuBegeHo oceBoe cedeHne COCTaBHOTO MPO-
CTPAHCTBA.

Sy

Qur. 1

CraBuTcs 3a/7a9a ONPEIE/IUTh KOHTAKTHBIE HANPSXKEHUs, AEHCTBYIOIINE KaK Ha
CTBIKE TIOJTYIPOCTPAHCTB, TaK W Ha HUXKHEM Oepery TPemiuHbI, a TakKxkKe nX Kodhdpu-
[UEHTHl MHTEHCUBHOCTU B KOHIEBBIX TOYKAX TPEIIUHbI.

ITocrapaennyo 3a1a9y MAaTEMATHIECKH MOXKXHO C(OOPMYIMPOBATH B BUE CJIEIYIO-
el TpaHUYHON 3aIa4n:

Uy (Ta 0) = U2 (Ta 0) 5 w1 (T7 O) = Wz (Tv O) )
L ) X ) (a <1 < 00), (La)
J,g ) (7‘7 O) = 0’2 ) (Tv O); Trgz) (T7 0) = Tﬁz) (T’ O)
(1) — . (1) —0-
o r,0) = —po(r); 7,/ (r,0)=0;
O (r,0) = —po (1) (r,0) 0<ru. )

72 (r,0) = 0; ws (r,0) = —6;

Bmecy wj (r,2) u u;(r,z) (j =1,2) - HOpMaTIbHBIE U PAAUATBHbIE KOMIOHEHTLI
NEPEMEINEHNI COOTBETCTBEHHO /IS BEPXHErO W HUZKHErO MOJIyIIPOCTPAHCTE B IAJINH-
JIPUYECKOl CUCTEME KOOP/IMHAT, YJ0BJIETBOPAIOIINE KaxK/1asd B CBOel obiacru onpese-
JleHust ypasHenusim JIsve, o) (r,z) m ) (r, z) HOpMAJIbHbIE U KACATEIbHbIE KOMIIO-
HEHTHI HANIPSZKEHUH, & § ~-HOPMAIbHOE KECTKOEe CMEIIEHUE INTAMIIA.

Yro6bl mocTpouTh pelieHre rpanudHoi 3aaa4u (1) ucrosnb3yeM pa3pbiBHbIE Deliie-
HUS JIJIS COCTABHOI'O IPOCTPAHCTBA C KPYTOBOM JUCKOOOPA3HON TPEIMHOM, MOy IeH-
Hble B [6,/11].

Ucnonb3ysi yKasaHHbIE DENIeHUs W COXPaHsdAs BCe OOO3HAUEHHUsI, YIOBJIETBOPUM
yeaosusim (1.b). B wurore, npuzem K ciaemyroleil onpeiessiomieil cucreMe u3 Tpex

MHTErpaJbHbIX yDABHEHHIA:
blL[1),1 [u] + bOLtl),o [w] + dng,o [o] = Ad;
baL§y [u] + bsLg o [w] + boLg g [0] = —Apo (r); (0<r<a) (2)
b3Li1 [u] + b2L§,0 [w] + blL%,o [o] = 0.



KOTOPYIO HY2KHO PaCCMaTPUBATh IPU YCJIOBUAX PABHOBECUA IITAMIIA W HEIIPEPbIB-
HOCTHU CMEIIEHUH HA OKPYKHOCTH T = Q:

a

/o* (r) rdr =0; u(a)=w(a) =0 (3)

rue
w(r) =wy (r,0) —wsz (r,0);  uy (r,0) —uz (r,0) = u(r); (0<r<a),

o (r) =0l (1,0) =@ (r,0); 7() =7 (r,0) =72 (r0); (0<r<a)
= [Wh e @©ds WL O = [ ) g (€
0 0

b =2 (070 + 000 — 000 A) 5 by =2 (0101 + 05700 — 0572 )

2
1 )+ 2)
9(3) i . o) _ Hily J —1,2),
Aj+3u 2 Aj+ 3 Y )
9(1) _ 9(2) 9(2) 9(1)
do ="y = %; by = 63V (951) N 952)) pe (951) N 952)) ;

by = 051) (951) n 09) B 951) (ggl) B 952)) :

A= {(99 + eg”)z G 95”)1 .

Yro6bl peliuTsh cucTeMy UHTErpalbHblX ypasuenuii (2), cienys padore [11], upuse-
JIEM ee K CHCTeMe CHHTYJISPHBIX MHTErPAIbHBIX ypaBHeHnid. s 9TOro BBeIeM HOBHIE
Hen3BeCTHBIE (DYHKIMHU 110 HOpMYyIaM

2 [ i 2 2
w2 [ Jagts e 0= [ et / T

u npono/kuM GyHKuu oy (t) u w, (t) nHa uarepsas (—a, 0) yeTHbIM 00pazoM, a GHyHK-
o Uy (t)- HeYeTHbIM 00pa3oM, T.e. mycTb Wy (—t) = wi (t), ux (—t) = —us (),
o4 (—t) = 04 (t). Jasee, upumenss Kk 06eum CTOPOHAM LEPBBIX JBYX YDABHEHUI Olie-
parop I, a mocjieHero ypaBHeHus — oneparop I,

Tl () = j“id hie) = g [ 2= [ewa
0 0

UCIIOJIB3Ysl 3HAYEHUE HEKOTOPBIX U3BECTHBIX MHTErpaJsioB, npuBeneHHbix B [11], mud-
depeHnupys NEPBOE ypaBHEHHE IO X, IIPOI0JIZKAs IIEPBOE U ITOCJIEIHEE U3 [TOJLY 9€HHBIX
ypaBHenuit Ha uHTepBad (—a,0) YeTHBIM 0OPA30M, & BTOPOE YPABHEHHE — HEUETHBIM
00pasoM, Tocjie HEKOTOPBIX BBIKJIAJI0K, CUCTeMY (2) MpeacTaBuM B BUE CJIELyIOImed



CHUCTEMBbI CUHTYJIAPHBIX WHTETPAJIBHBIX ypaBHeHHﬁ:

7Td1 7Tb1 / bo I w’* (t)

— O« —us(T) — = = Ad;

20(3:)4— 5 U (x) 2/t—xdt 0

why 1)()]0* (t)dt bz/au/* (t)dt_ . -

- w*(x)+2 +— T3 o =Af(x); (-a<z<a) (5)
b by bg/aw'* t)dt

- 0*(x)+—2 U’y () 5 | r—. = AC,.

—a

VesoBus (3), npu 3TOM, 3alUCHIBAIOTCS CJIELYIONIAM 00PA30M:

/u'*(gc)dx:O; /w’*(x)da::O; /0*(x)dx:0. (6)
3nech
_ o e T e b [V,
F@ =Tl €= o 0+ 2, o)+ 22 [l

A= {(99 + 95”)2 - (0 - 9§1>)2] .

Pentenne ompesesnsgomnieit cncreMbl ypaBHEHU

ITpucTynmuM K permenuio onpeaesaonei cucremsl (5) npu ycaosusax (6). s sroro
U3 TEPBOro | I0C/eIHero ypasuenuii (5) uckioodaa Gyskimo w', (), naiigem

., (19%1))2 B (19?))2

e

2 (b0 — byC.)
9P x

'y (1) — (7)

oy ()

UnTerpupys MOJy9IeHHOE COOTHOIIEHWE HA, WHTEPBATE (—a,a) W yIUTHIBASA yCJIOBUS
(6), Haiizem:
bod — byC = 0. ®)

Ioncrapnss moyvYeHHOE BBIPAXKEHHE JUIA Oy () B IIEPBOE M BO BTOPOE yDABHEHHsI
(5), myis onpezeneHus MPUBEICHHBIX JIUCIOKAIUI CMEINEHUH TONIyUnuM CJIEAYIOILYIO



CACTEMY MHTErpajbHBIX yPaBHEHUN:

T t—x
o (9)
: B [ (t)
. = dt = Bf (z),
W) -2 [ (@)
rie
1 1 2 1 2
e 910 + 20 ((195 )> - (195 )) ) 2Aa 2A
o=y Bi=- @ ;A=——; B="—.
192 191 bg ﬂ'bo 7T'b3

Cuadasa paccMoTpuM ciydaii, korga 51 # 0. BBogg HoBble HensBecTHbIE (DYHKITUT
p; (x) =us () + \jw's (z) (j =1,2), cucremy ypasrennii (9) 3amumem B BiIe ABYX
HE3aBUCUMbBIX CUHTYJIIPHBIX WHTErPAJIbHBIX yPABHEHUIL:

gpj(a:)—k%/i%(ids:gj(x) (—a<z<a; j=1,2), (10)
A= (0 Var /B = (=17 ¢ = ()T aB = (1) g
gj (x) = A0 + \;Bf ().
ITpu srom ycnoBus (6) upumyT Bu;
[er@d=0 (=12 (1)

—a

Cuauasia pacCMOTPHUM CIIyd9aii, KOrJaq — JeHCTBUTEILHOE TOJOKATEILHOE YHCI0. B
9TOM ciIy4dae pernenus: ypasuennii (10) Oynyr caenyromue [6]:

ijfU [ i(s)ds
Sﬁj(x)zqujg gj(a?)-i-q ;( )/Xfrgzg()()sd—x) (—ra<z<a; j=1,2)

6= (22) X0 -va (L) - va @)

zZ—a J a—x
L et (g<1)
—Aarc ;
i+ oI 2 e 1 - (—1)"ig
B=ED"Tn =90 9 ; Gj=——771.
—+ —arctg q (g>1) L+ (=1)"""iq
2 27 1—¢q2

OrmvernM, 9TO 37€Ch, Kak U B [6], BBUIY SHEPreTHUECKUX COOOpPAYKEHWH B Tex



KOHIIEBBIX TOYKAX, TJe IOKa3aTe/]b 0CO0eHHOCTH GoJibine 1/2, B3ATO OrpaHudYeHHOe
pemenve. [loncrasiasas 3navenus bysxnuu ¢; (¢) B (12) u yuuTHBasg HHTErPAIbHOE
coornoienue [14]:

o v ¥
d
/(a—!—s) 5 o7 [1—c0s7r’y<a+x> ] (lz] < a; |Revy| < 1).
a—s) s—x sinmy a—x

Haitmem

! | gy (@) | NgiBwy (@) [ f(s)ds
_1—|—qj2- MBS (@) sijnjrfyj + = 7TJ /wj(s)(s—:lc)

pj ()

—a

Ynosnersopsis ycaousam (11), i KECTKOrO CMENIEHUs MITAMIIA, Oy IHM CJIE/LYI0-
IIee BBIPAZKEHHE
a
_AjBsinmy; [ f(s)ds
2may; A w; (s)

—a

6:

)

a s Cy OGysieM uMerh CIepyonyo (popMyJy:

c. AjboBsinmy; [ f(s) ds'
- 2mabyy; A w; ()

—a
Hasee, 1151 KOMIIOHEHTOB AMCJIOKAIUU CMeIneHuil 1o gopmyiam

(@)= @ 2@ M (@) = e (@)

A1 — Ao ’ A1 — Ao ’
Halizem:

, . _ B Aqlw(@) —w(-2)] | q [[w@) w(a)]f(s)ds
w*(x)—1+q2 S @)+ 2AB sinmy +27r/[w(8) _w—s)] s—ux
S A i@ rw(-a)] AB [[w@) | w(-2)]f(s)ds |
e (@) = 2(1+¢?) sin 7y +A7r7a L}(s) +w(—s)} s—xz [’
(v =1 @)= (2] 5w 0) =w(-2)



CanenoBaresibuo u3 (7) [1s CKAYKa MPUBEIEHHBIX HOPMAJIbHBIX HAIPSAKEHU HOJTy IuM:

[l - ()]

1
e

o (x) = vy (x) =

Aq[(ﬁél)) - (o) } o) +w(-o) B | [w(x) w(—m)]f(s)ds
ﬂgl) (1+¢2) sin 7y Am

—a
B wactHOM ciyuae, xorma po (1) = Py/ma? = const,

P, P,

£ )_/mrdr__
* T ma? V2 — 2 mwa2
0

Torga, nCnoONb3ysa 3HAMEHUS UHTErPATA
a a -
— i .
/ dr / (a x) dp — 2may,
. )
wj (x) a+x sin 7y;
—a —a
Haiizem

a
fls)ds _ 2Ry;”
wj(s)  sinmy;’

—a

CJ’Ie,ZLOBaTeIIbHO, B YKa3aHHOM CJiy4ae, AJjid 2KEeCTKOI'o0 CMEHIeHHdA IIITaMIla IIOJIYYIHM
BbIpazKeHu:Ad

Ajvi BPy MBF
5= 2Bt 1
raA maA "’ (13)

a mocrogrnast C, Oymer maBaTbcs GOPMYIION:

o _ _AsbaBPRy _ MbaBRy
* maby A mabgA

ITpn srom u3 (12), yunThiBast 3HaYeHne nHTErpasa |14]

a

[ f(ds P [ ds R ds _ _
/wj (s) (s —x) _7ra2_a wj(s)+wa2 /wj(s)(s—m)

—a —a

P i
C P o gy BT
a? siny; w; (z)
st GyHKIuH @) (x) HafieM BbIpaKeHne
g;; (x) [ () <j>}
(z) = —-——— |AY) —aBY |, 14
01 0) = [ (149)
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rae
) . Rl i PoBA
AV = 22220 U = (1 20
™a Ta
A HpI/IBe,ZLeHHbIe KOMIIOHEHTBI CKaA4YKOB JUCJIOKaIIUH1 CMeHJ;eHI/Iﬁ u HOpMaJ[I)HbIX HaHpH-

KeHui OyayT 1aBarbCsa (POPMYJTaMU:

' () = — L ayw(z) +w(—z zlw(z) —w(—2)]};
u's () 2m21951)(1+q2)sin7w{7[ (z) tw(—2)] +zw(x) —w(-2)]};
o, (@) oy () —w (~0)] — 2 o (@) 4+ ()]}

~ 27a2 (14 ¢?)sinmy

) (1951))2 B (1951))2 / i PyB [(1951))2 B (1951))2]
0. (x) = 19?) u'y () = — 2719(21)612 (1+ q2) siny X
Aoy [w (@) +w (=2)] + 7 [w (z) —w (=2)]}.

Ckav0K WCTUHHBIX HOPMAJbHBIX HAMPSKEHWIl, NeHCTBYIOMMUX HA Oepera TPEIuHbI,
OIpeneuTCsa 1Mo (popMyIe OOPAIEHHUsT:

a
1d «
7 ()=o) (r,0) = 0 (1,0) = P () = po () = 1 [ S g,
rae P(r) = —o? (r,0) koHTaKTHOE maBieHue 1oz mrammoM. CiexoBarenbHO, KOH-

TAaKTHOE [[ABJIEHNE Ha HUXKHUK Oeper TpemuHbl onpeaeanTcs hopMysioi:

Ld ] o) n POB|:(’19(21))2_ (ﬂgl))z} X

290 g = 20
rdr ) /s?—r? Ta? 27r0§1)a2 (14 ¢?)sinmy
K

P(r)=po(r) -
(15)

8 1d/as{cw w(9) +w(=9)] +slw(s) —w(=s)]}

rdr s2 —r2

T

st onpeiesieHnst KOHTAKTHBIX HAMPSIKEHWH HA TJIOCKOCTH CTHIKA PA3HOPOIHBIX
TIOJTy-TIPOCTPAHCTB BHE O0JIACTH THCKOOOPA3HO TPEIMHBI HCIIOIb3yeM (GOPMYIIbI, TO-
aydensble B 6], B ciydae 7, (t) = 0. Torma, yaurbiBas mosydeHHbIe (GOPMYIBI 7151
'y (x), Wy (x) u o4 (x), HOCIE HEKOTOPBIX HECIOXKHBIX BBIKJIAIOK, TOJLY 4UM:

a

!/
= d 0

z Ar dr V2 =2
’ . (16)
b3POB d t (G/}/ + t) w (t) dt
T 27a2 (1 + ¢2) sinmyAr dr V2 — 2 (r>a),

—a

11



0 L d Hdt by d [l (t)dt
7D (r0) = — 2 & Bl e DR
"z Ad 7’2—]52 A dr Ve — t2

0

95 by P\ d /a lay — t]w (1) dt
2’(951)71'20,21)3 (14 ¢?)sinmy dr,a Vr? —t2

0

(r>a).

Tenepsn, npu nomomutu Gopmya (16) u (17) onpenennm koaddunuentsr paspyia-
IOMPX HANPAKEHWH HA OKPY?KHOCTH 7 = a. JIJIsT 3TOr0, MCIONB3ysl 3HAYEHUE WHTE-
rpana [14]

a—1

a
/ a+t dt o
a—t t—r sinma

—a

«
r+a

B —1] (Ir > a).

r—a

3t (HOPMYJIBI IPEJACTABAM B BUIAX:

: P 2%+ —1 1
o) (r,0) = =0 {( Ay n v+ }+
r

wq3r a)1/2+7(r+a)3/2—"/ (T—a)l/Q(r—f—a)S/Q (18)
+@1(r) (Ir[>a),
) (r.0) = MO DU BaRy 1
(r ) ,19(1) 2 1/2+,Y 3/2_'7 +
) q*bs (r—a) (r + a) 1)
y+1
+ + Os (7 rl>a).
(r—a)l/Q(r+a)3/2} 200
31ecn
] (7‘) = — Fo i W}U (ta’r) — g (a,r)}w(t) dt.
' 2r (1 + ¢?)sinmy dr 2 _ 12 ;
By (r) = 950 PoA d [ [ (tr) — s (a,r)]w(t)dt
1951)772(121)3 (14 ¢2)sin 7y dr_a 2 _ {2 )
o (tr) = (@ +0) oty oy (t7) = (ay — £) 4|
o \U,T) =1(ay 7“—|—t, (0, r) = (ay r+t'

Ucnonb3ysa npeacrasiaenus (18) u (19), ayis k03D HUIMeHTOB HHTEHCUBHOCTH Pa3pyIiia-
TOIIUX HAIPAKEHUH Ha OKPYKHOCTH T = @ IIOJyYdM CJIeAyrormume popMyIbl

V2(22 +7 1) Py Kir () V205D (v + 1) bo APy
) II - .
Vg2 (20)*7 Vg0 by (2a)°/*

OrMeruMm, 94TO B CJIy4ae, KOrda ¢— 9UCTO MHMMOE 9HCI0, § = i¢*, TO HECJIO0XKHO JI10-
Ka3aTh, uT0 G; (j = 1,2)— AeficTBUTEIbHBIE TTOJIOKHUTEIbHBIE YNCIA U, CII€I0BATEb-

K[(CL) =

12



HO, TOYKHU +a SBJISIOTCS KOHI[AMH aBTOMATHIECKON OrpanudeHHoCTH. B 9TOM Cciygae
pellieHusi PaCCMOTPEHHOI 3a1a4u OyayT gaBarbes dbopmynamu (14), eciau B aTux ¢dop-
mysnax 3amenutb v Ha i3 (278 = In(1 + ¢*) — In(1 — ¢*)). IIpu 97OM KaK KOHTAKTHbIE
HAIPSKEHUS, TAK U PA3PYLIAIOIIAE HAIPSKEHUS HA OKPYKHOCTU I = @ Oy/yT UMEThb
KOPHEBYIO OCOOEHHOCTH C OCIUJLIISIITHEH.

B konrte, pacemorpuM ciaydaii ¢ = 0, KOTOPBIH BO3MOXKEH JIUITH B CIydae, KOT/IA
B1 = 0. B srom ciydae u3 cucremsl (9) u yciosuit (6) momyanm

a

B [ B -
W', (x) = Bf (2) u/*@):AM‘“7 %dt; 5:20;:QA/1n<Z+z)f(t)dt.

—a —a

Hasee, o dopmysie (7), HeTpyaHo nosyduTh HGOPMYIy st onpenesnenus QyHK-
uuu o, (), a 3aTeM U JJisi UCTHHHBIX KOHTAKTHBIX HAIPSXKEHWH, AefCTBYIONUX KaK
[OJI, IITAMIIOM, TaK ¥ BHe Tperiuibl. [IpuBegeM ykazannbie GOpMyJibl B BbIIIE Pac-
CMOTpEeHHOM HuacTHOM ciiydae, Korja f (z) = Pyx/ma®. B atom ciydae us (20) Gynem
UMETh:

BP 2Aa, P - 39Wp. P
w', (95):7095; u'*(m)zw a—zln a-r : 5:_1700;
Ta m3a2bg a-+x 7TQcmgél)bg

4| (v g o *| ap, .
i AT Jon oy

7T3a219§)b3
Torna
1d [ 504 (8) a
o= [ St =t

r

a a a—s
1d a— S 1n(a+s)
—— | [ Vs2—r21 ds—r? | —=2"L4
T / o n<a+s> o 22|

W, CJIe0BATENbHO, JIJI KOHTAKTHOTO JABJIEHUS TOJ MITAMIIOM OyIeM WMEeTh:

aA
p(T) =Po (T) + T—OTZ—’_

A d [ ] , fm(52)
+— /\/52—7"21n ds — r /7ds

a—s
r dr a-+s

r

| (08)" = (o) am

7T3a219é1)b3

3aech

Ay =

13



IIpu 3TOM paCKpBITHE TPEIWHBI, B YKA3AHHOM CJIydae, OMpeaeauTcs (hopMyIIoii:

_1d [sw.(s)ds  BP
w(r)__;a 32—7'2 __7T(12 “

15t KOHTAKTHBIX HALPAKEHUN, 1efCTBYIOIMMX BHE TPEIUMHbI HA CTHIKE PA3HOPO/I-
HBIX TIOJTyTTPOCTPAHCTB, TTOJYYUM BBIDAXKEHUS:

() (r,0) = _bs d / 'y (H)dt _ _hhB a4 — arcsin (f) ;
7N T T A dr V2 =2 wmalAr |2 — g2 a’|’
0

W oy Dd [oWdt b d [ @dr
US| = Adr ] ee—p
0 0

Ey 272 r?
Ty 7“2—a2[1+a21n<r2—a2 ’

2P, [ﬂg”bg +2 ((195”)2 - (199))2) bl]

9IS 73bg

rae

Eo =

OrmeTnM, 9TO MPU BHIBOIE 3TUX (GOPMYJT OBIIO MCIOIH30BAHO 3HAYEHNE WHTErPa-

Jia:
a a—s
/ lwn/—(mrs) d 2a arct ¢ +Vr? —a?l -
—F—Aas = —zaarctg \ —F/—m—— r—a*m\ -——"51)-
r2 _ g2 Vr2 — g2 r2 — g2

0
W3 nomy4ueHHbIx (GOPMYT ABCTBYET, YTO HOPMAJIbHDBIE HAMPSAXKEHUA HA OKPYKHOCTH
r = q ©UMEeIOT OOBIYHYIO KOPHEBYIO OCOOEHHOCTD, & KACATE/IbHbIEC HAIIPAXKEHHS, IOMIMO
KOPHEBOM, MMEIOT TaKKe JIOTapU(MPMUIECKYI0 OCOOEHHOCTD.

HexoTopbie uncieHHbIE PE3YJIbTATHI

3BecTHO, 9TO MCIOIB30BAHNE OIEPATOPOB BPAINECHHUS IIPH PEIIEHUN OCECHMMET-
PUYHBIX KOHTAKTHBIX U CMEITaHHBIX 3aJa4 o6nerqaeT penienne 3TuX 3aJa9 U 9aCTO
JJId TIPUBEIEHHBIX MCKOMBIX (byHKLLI/Iﬁ TIOJIYY9al0TCA 3aMKHYTBHIC pDEHICeHUsA B KBapa-
Typax. OgHAKO, TaKKe W3BECTHO, YTO JAXKE MPU YUCIEHHOM OOPAIIEHUU OMEPATOPOB
BpameHud 9aCTO MOXKHO CTOJKHYTBHCA C HEIPEOJOJTUMBIMU TPYIHOCTAMU BBIYHUCINA-
TeIBHOrO Xapakrepa. Huke IpHUBOAUTCSA AJITOPUTM, MPHU MOMOIIHA KOTOPOIO MOXKHO
MOJIY9ATD IUCJIEHHOE OOPAIEHNEe OIIEPATOPOB BPAIIEHUS /TAKe B CJIydasiX, KOTJIA IPHU-
BeIEHHBIE MCKOMBbIe (DYHKIMHM WMEIOT TMOKA3ATEebHYI0 OCOOEHHOCTh C OCIUJIISIINEH.
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Paccmorpum nHTErpasib BUIA

1d s”wa,g (s)ds
T d?" \/32 — r2

r

Gna,p(r) =

e Wa g (s) = (1—8)*(1 + 5)P. Uenonbayst coornomenue

] - j/ <\/sgz(i)r2 - \/892(?7“Q> i+

o |

:] (7“(9 (s) —g(r)) _ g (r) > ds + i (g (r) arctanh m> _

Ghn,a,p (T) MOXKHO IIPEICTABUTE B BHJIE

1
o) = [ i (8) =T (1)

—2
3 s —1"""Wa—0.5,6-05 (")
o R—

r

YUr06n! BHIABUTE mOBeAeHue Gy, o 3 (1) IpH ', GAM3KHEX K HYJII0, PACCMOTPHM HHTErPAJT

b
~fa(s)—q(r) ., _ i
Q(r)= st, rie  q(s) = ;als

Ioncrasnsaa npencrasnenue ¢ (s) B Q (r), MeHsAd MOPATOK WHTErPUPOBAHUSA U CyM-
MUPOBAHWS, BBIYUCIISASA HHTETPAILI B CIATAEMBIX W, JAJIEE, PA3JIATas TTOJIyIeHHOE I
Q () BbIpazKeHue B psijl, HaliJeM, 9TO CUHTYJIAPHAA YaCTh MHTErPaJja He 3aBUCHT OT
BEPXHETO IIpeiesia HHTETPUPOBAHUS W HMEET BH/L

2T (n + 1/2)
Hn,k,a,ﬁ ( = *1 Z / 0,217'

Ecin BMecTO @; B3:ATh KOI(DODUIHEHTH! PA3IoKeHust QYHKIUH S"Wq, g (S) B DAL IpH
w5 (0)
(i —n)!

mupyeMoif 9acTuio Gy, o g (7).

s =0: a; = , @ > n; 10 Hy k.8 (1) Oymer coBmagarh ¢ mI0X0 HHTEPIO-

YucmeHnubre pacaéTbl MOKA3BIBAIOT, YTO KOMOMHAITAS

G n
fn(a’ﬁ,r):ﬂ— n2.0,8 (1) + 1 ?

Wa—0.5,8-0.5 (T)

15



raaaKas QyHKIU OT 7, o U 3, XOPOIIO WHTEPIIOJUPyeMas MPU MOMOIIHA TTOJIHHOMOB.

T 6 (m)
aKUM 00pa30M eCJii 3aMeHNTh [, (o, B, 1) WHTEPTOAAIMOHHBIM MOJINHOMOM fr ~ (av,

TO MOZKHO IIOJTYyIUTh IIPOCTYIO AHATUTUIECKYIO GopMyity 1st G, o g (), KOTOpOE Tpe-
OyeT YUCJIEHHOrO WHTEIPUPOBAHUS TOJIHKO B MAJIOM KOJUYECTBE TOUEK

Gn,0,0 (1) >
—————— | Wa—0.5,8-0.5 () .
w_0.5,—0.5 (1) 05,8-05 (1)

i )= (47 051+

Ncnonb3yst METEPHOIANMOHHBL TIOJIMHOM IS 0 ($), IErKO IOy 9UTh BBIPAZKEHHE
(m)
ast o (r) gepe3 Gy o5 (7)

- i 50 ( (m)
* = Wa,—a iS5 3 = = G,L .
7 (5) = (9D as's o) =~ 4 / - § o)

B uwncienHoM mpuMepe TPWBEIEHHOM HUIKE, yKe TPU TeCATH TOYKAX HA BCEM
uaTep-Base 0 < 7 < 1, 3HAYEHMWSI, IOy Y€HHbIE C TIOMOIIBIO HHTEPIIOJSIIIAN, COBIATAIOT
CO 3HAYEHUSMH, TOTyIeHHBIMI YNCICHHBIM HHTEIPHPOBAHIEM, ¢ TOYHOCTHIO 10 1075,

Ucnonb3ys ykazaHHBIN aJrOpUTM ObLIO IOCTPOEHO YUCIEHHOE OOPAIEHNE OImepa-
TOpa BPAIIEHUS JIJIsi KOHTAKTHOTO JABJIEHUS B CIy4Yae, KOTJIA ¢ JeHCTBUTEIHHOE THC-
jo. Ha ®@ur.2 npusesennbl rpaduky NPUBEIEHHOIO KOHTAKTHOTO JABJIEHUS Dy (T) =
a’p(r)/Py B 3aBUCUMOCTH OT COOTHOIIEHHS [i = fiz/p1 B ciaydae, korga v = 0.3
u vy = 0.2. I3 HUX BUIHO, 9TO MPU BO3PACTAHUU [APAMETPA (i, YTO MOKHO TPAK-
TOBATh KAK BO3PACTAHWE [lo IIPHU MOCTOSHHON [i1, KOHTAKTHOE JIABJIEHUE B CPEIHEN
9acTH KOHTAKTHOMN 30HBI YBEJIMUNBAETCS, CTPEMSICH K OTPEJETEHHOMY MPeIesy, COOT-
BETCTBYIONIEMY CJIYYal0, KOTJA BTOPOE MOJIyTPOCTPAHCTBO aDCOTIOTHO XKECTKOE.

P (r)

0.6]

0.4]

0.2,

; g rfa
| '2 0.4 0.6 0.8 1.0

-0.2'

Q@ur. 2

IIpu sTOM B caydae, KOrJa mepBoe MOJyITPOCTPAHCTBO XKECTYe, 9eM BTOPOe, H0Ib-
e 9eM B I4Th pa3, B HEHTPAJIbHON 4acTh KOHTAKTHOM 30HBI KOHTAKTHOE JIABJICHUE
CTAHOBUTCS OTPUIIATE]bHBIM, T.€. B 3TOH 00JIaCTH HITAMII MOXKET OTOPBATHCHA OT MaT-
PHIIBI U, CIEI0BATEIHHO, HY’KHO PACCMATPUBATH 33/a49y B HOBOH MOCTAHOBKE.
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3akJroueHue

Takum 06pa30M, MOCTPOEHO TOYHOE PEIIeHrEe MOCTABJIEHHOM 33a49U B KBAIPATYy-
pax ® MOJydYeHbl HPOCTbie (DOPMYJIbL /I OIPEIeJIeHNs] HOPMAJIbHOIO KOHTAKTHOI'O
JABJIEHNST U KOHTAKTHBIX HAIPSAXKEHWH, TEeHCTBYIONINX BHE TPEITUHBI Ha, CTHIKE PA3HO-
POIHBIX TIOTyTTpOCTpaHCcTB. Ilokazano, 9To HOpMaTbHbIE KOHTAKTHBIE HANPAYKEHUS Ha,
OKPY2KHOCTH, OTPDAHUYUBAIONIEN TPEIIMHY UMEIOT KOPHEBYIO OCOOEHHOCTD, 8 KACATEIb-
HbI€ HAIPSKEHUsI, TOMUMO ITOr0, UMEIOT TaKKe U JIOrapudMuIecKyio 0OCOOEHHOCTbD.

Pazpaboran TakKe aJropuTM JIJist YUCIAEHHOTO OOPAIIeHNsI OTIEPATOPOB BPAIEHNS,
KOTOPBIN YCIIENTHO MPUMEHEH /I BRITUCIIEHNST NCTUHHOTO KOHTAKTHOTO /TABJICHUS.

Wccaenopanne BbinoaHeHo npu puHAHCOBOM moauepkke Komurera no nayke PA
B pamMkax HaydHoro mpoekta Ne21T-2C209.
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QhSNFE3NFLLENP UQAUSPL WHUNEUDPUSh SEtyUUah,
N3BECTUS HAIIMOHAJIBHON AKAJTEMIN HAYK APMEHNN

Ukfuwbhlu 74, Ne 3, 2021 Mexannka,
VYAK 539.3 Doi- http://doi.org/10.33018,/74.3.2

OB YCTOMYNBOCTU IIAHEJI C CBOBOJHBIM KPAEM,
C2KATOM B HAIIPABJIEHUN, IIEPIIEHINKYJ/IIPHOM K
CKOPOCTU CBEPX3BYKOBOI'O IIOTOKA T'A3A, ITPA
HAJINMYN COCPEJOTOYEHHBIX MHEPIITMOHHBIX MACC "1
MOMEHTOB

’EenyGeKﬂM M.B. |, Maprupocau C.P.

KmroueBble CJI0Ba: JOCTATOYHO IIUMPOKAs IIAHENb, CZKUMAIOIIUE CUJIbI, CBEPX3BYKOBOE 00TEKAaHUE,
a’dpoynpyrasgd yCTOHYUBOCTb, COCPEJOTOYEHHBIE MHEPITMOHHBIE MACChl M1 MOMEHTHI, AHAJIHUTHYECKUH

MeTO PeIleHnd, JJOKAJU30BaHHadA JUBEPIreHIuA

M.V. Belubekyan |, S.R. Martirosyan

On the stability of a panel with a free edge compressed in a direction
perpendicular to the velocity of a supersonic gas flow in the presence of
concentrated inertial masses and moments

Keywords: sufficiently wide panel, compressive forces, supersonic flow, aeroelastic stability, concen-
trated inertial masses and moments, analytical solution, localized divergence

By analyzing, as an example, a thin elastic compressed sufficiently wide panel streamlined by
supersonic gas flows, we study the influence of the initial stress state of the panel on the stability
of the disturbed motion of the dynamic system «plate — flows under the assumption of presence of
concentrated inertial masses and moments on its free edge. An analytical solution to the problem was
found. We establish the relationship between the characteristics of natural vibrations of the plate
and the velocity of the streamlining supersonic gas flow, which enables one to draw some conclusions
concerning the stability of disturbed motions of the system depending on the stress factor and the
relative thickness of the plate. The possibility of loss of stability of the disturbed motion of the
system we have shown only in the form of localized divergence. For various values of the «essential»
parameters of the system, we determine the critical velocities of the gas flow leading to the localized
divergence. We have shown that in the flow around the initial stress state caused by compressive
forces leads to a significant destabilization of the unperturbed equilibrium state of the plate.
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NMunuiiwuhpguwd £ ghipdwyiughtt qugh hnupnid utinujwd puduyubh juwyb mnnublyynid uvwh twhibwlub
unjudwghtt yhdwyh wgntignmpymop twp — hnup” hwdwluwnpgh Juynibnipjud Jpuw. qugh hnupp ninnjud L
uwih wquip tiqphg niyh hwjunhp hnpuuwnptt wdpuyggwd tigpp qniquihtin Wnue tpyne hnpujuwnptt
wdpulggwd tgptiphti: Unugquwd £ juynbnipyub fuinph wiwhphujub jnednwip: 8nyg L ppgwd, np wnlju
t dhuytl penuybwgqud nhytpgtiighw, huly wwitjwhtt nhytpgiighwi, htgwbu twl $ruptipp, puguljwynud
til: Guiguwd GO phinuybugud nhytingtitghwyh Yphphujub wpugnipynibbtiph wpdtipbtipp, npnbp thwugqnud
Ll utininn nudtiph wywuwymbwgdwh wqntignipjul dwuhb:

B nuHeiiHON mOCTaHOBKE HCCJEIYeTCs 3aBUCUMOCTb BHJOB IOTEPU YCTOUYHBOCTH HEBO3MYIIEH-
HOTO COCTOSIHUSI PAHOBECHS JOCTATOYHO IMHPOKOIl TOHKOH yNpyro#l HNpsaMOyTOJIBHOHM IJIAaCTHHKHU OT
XapaKTepa MnMepBOHAYAJIBLHOTO HaHpH)KéHHOI‘O COCTOAHWS TIPU HAJUYUU COCPEAOTOYEHHBIX MaCC U MO-
MeHTOB Ha €€ CBOOOAHOM Kpae B IPEIIOJIOKEHUM, 9TO IJIACTUHKA CXKATa B HAINPABJIEHUU, HEPIeH-
JUKYISPHOM CKOPOCTH O0TEKAIONUIEr0 CBEPX3BYKOBOIO IIOTOKA ra3a, HADETalomero Ha ee CBOOOIHBIH
Kpaii. HalineHo anaiuTudeckoe peleHne 3aJa4u YCTOMYHUBOCTH BO3MYUIEHHOTO IBUXKEHUS JUHAMHU-
YeCKOW CHCTEeMBI <IJICTHMHKA-NOTOK». [loKazaHa BO3MOXKHOCTB IOTEPH YCTOMYMBOCTH BO3MYIIEHHOI'O
JBU2KEHUSI CUCTEMBI TOJIBKO JIMIIL B BHJIE JIOKAJIM30BAHHON JUBEPTEHITNU. YCTAHOBJIEHO, YTO IIPU 00-
TEKAHUHU IePBOHAYAIBLHOE HAMPS?KEHHOE COCTOSIHUE, 00YCIOBJIEHHOE CKUMAIOIIUMY YCHIUSIMHA, IPU-

BOAWUT K CYIIECTBEHHOM jecTabuin3alun COCTOSHUS HEBO3MYIIIEHHOIO PABHOBECHUS ILJIACTUHKH.

BBenenue

Paccmorpenue 3amad aspoynpyroit yCToiduBOCTH TPU KOMOMHUPOBAHHOM HATDY-
JKEHWM MMEET BAXKHOE IPUKJIAJIHOE M TeopeThdeckoe 3uadenue. Bompoc 06 ynpyroi
YCTOWYMBOCTH TIaHE e ODIMMBKYU JIETATEIHHBIX AMMTapaTOB, MPEICTABIISIONINX CODOM
IUIOCKWE TUIACTUHKU WJIN MOJIOTHE O00JI0YKHU, HEem30€KHO BO3HHUKAET HA, ITAIME TPO-
€KTUPOBAHUS U KOHCTPYUPOBAHUS JIIOOOTO JIETATEIFHOTO AMIapaTa /I 0DeCIedeHust
6e301aCHOCTH TOJIETA.

TeopeTndeckue UCCIEIOBAHUS ITUX 33729 MO3BOJSAIOT BBIIBUTH PA3THUYHBIE BH-
JIbl TIOTEPY yCTOMYUBOCTH, O0YCIOBIECHHBIE XapakTepoM gedopMaliuii, a TakxKke, IaTh
OIIEHKY BJIMSIHUS KOMOMHUPOBAHHBIX HAIPY30K HA HOPOr YCTOWYUBOCTH, C HEIHIO MO~
CJIEIYIOIIEr0 AHAJIIN3a BO3MOXKHOCTHU yIpaBiaeHus uM. [103TOMy, B COBPEMEHHBIX HC-
CJIeZIOBAHUSX OCOOEHHO BAYKHBIM SBJISIETCS M3YydY€HNE TUHAMUYIECKOTO TMOBEIECHUS CH-
CTEMBI «ILJIACTUHKA-TIOTOK», [0 BO3MOXKHOCTH, aHAJATHIECKAME METOIAMU, HAPSIY C
YUCTIEHHBIMHU.

N3ydennio craTndeckoit 1 JUHAMITIECKONH HEYCTONINBOCTH IJTACTUHOK U 0DOJIOYEK
MOCBSAIIEHO OIPOMHOE KOJUYIECTBO paboT, 0630p KOTOPBIX, B OCHOBHOM, COIEPXKUTCS B
monorpadusx u B crarbax [1H10]. Oxnako 34ech, 3a uckiaouenuem pador A.A. Mos-
qaHa, TTOCTPOEHBI TPUOIMKEHHBIE DEITIeHN S U He JaHa, 3D (MEKTUBHAS OIEHKA TOYHOCTH
TUX TPUOIUAKEHUIA.

B mpemraraemoii ctarbe ¢ MOMOIIBIO AJTOPUTMA, MOAPOOHO W3JIOXKEHHOTO B pa-
6ore [15], moyUeHo aHAIMTHYECKOE DENIeHHe 33/a9d YCTONUNBOCTH JAMHAMUYECKON
CHCTEMBI «ILIACTHHKA—TIOTOK» BOJIM3U TPAHUIL ODJACTH YCTONYMBOCTU TPU CJIETYTO-
mmx npeanoaoxkenusnx. [leppoHadalibHO cKaTas JOCTATOYHO MIMPOKas nanesb [17] ¢
OJIHUM CBODOJIHBIM M € TPEMs HIAPHUPHO 3aKPEILIEHHBIME KPAsSMU ODTEKAETCs CBEPX-
3BYKOBBIM TOTOKOM Ta33 B HAMPABJIEHWH, MEPIEHINKYISIPHOM CXKUMAIOIINM CUJIAM;
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[OTOK Ta3a Haberaer Ha €€ CBOOOMHBIN Kpail, BI0Jb KOTOPOrO IPUJIOKEHBI COCPEI0-
TOYEHHBIE HHEPIUOHHBIE MACCHI 1 MOMEHTBL.

C nmomompio TpadOaHAIMTHYECKAX W YUCIEHHBIX METOIOB MCCIECIOBAHUI TIPOn3-
BEJIEHO pa3bueHne MpOCTPAHCTBA MAPAMETPOB CUCTEMbI Ha OOJACTH yCTOWIUBOCTH W
HeycroitunBocTu. VccnemoBana rpanuria o0JacTu ycroidmBocTr. Kak 0Ka3aioch, B
Cjlydae JOCTATOYHO INUPOKHMX HPAMOYTOJbHBIX HAHENel, B OTJIMYMe OT IIaHesel J10-
crarovHo yanuHERHBIX [20] 1 maHeseil yMepeHHBIX pa3Mepos [21], Bo3MyIIEHHOE TBH-
JKeHUe TUHAMWYECKON CHCTEMBI TEPSET YCTOHYMBOCTD JIMIIH TOJIBKO B BHJIE JIOKAJIH-
30BAHHON IWBEPTEHIMA B OKPECTHOCTH CBOOOJHOrO Kpas IUIACTHHKH: JABEPTEeHIns
NAHEJM U TaHeabHbIH (dhaTTep oTCyTCTBYIOT. HaliIeHbl KpuTHYECKHe CKOPOCTH JIOKA-
JIN30BAHHOM IMBEPreHIMHA M KPUTUIECKHME 3HAYEHHMS KOI(DMUIMEHTa HANPSKEHAS B
TIPENITTONIOYKEHAN, 9TO B MOMEHT «BBITyYNBAHUS» B HEll BOBHUKAIOT TOJHLKO HATPSIKE-
HUS U3TH0A.

YcTaHOBIEHO, YTO, KAK M OXKUJAJIOCH, NEPBOHAYAIBHOE HAIPIKEHHOE COCTOSHUE
JIOCTATOYHO TMHPOKOI TTAHE N, 00YCIOBICHHOE CKAMAIOITAMA CAJIAMU, TPUBOINT K Cy-
MIECTBEHHOM TeCTAOUIN3AIMHA BO3SMYIIEHHOTO NBUYKEHUST CHCTEMBI «TIJIACTAHKA-TTOTOKY,
B CDaBHEHUM C CUCTEMOIi ¢ HEHArpyKeHHOI nanesbio [15,/17].

Hawunast pabora siBisiercst mpogposkenneM pabor [17,20421].

1 IlocraHOoBKAa 3a1a4n

PaccmarpuBaerca TOHKas ympyrasi JOCTATOYHO IMHPOKAsS MPSIMOYTOJbHAS ILIa-
crunka (ab~! > 1.96), xoTopast B JekapToBoif cucreme KoopauHat Oryz 3aHEMAaeT
obsact 0 < z < a, 0 <y < b, —h < z < h [17]. HexkaproBa cucrema KoOpiu-
nar Oxyz BbiOupaercd Tak, 4o ocu Ox u Oy JieKar B ILJIOCKOCTH HEBO3MYIIEHHON
IJTACTUHKHU, & 0Cb Oz MEPNEHINKY/IIPHA MJIACTHHKE W HAMTPABIEHA B CTOPOHY CBEPX-
3BYKOBOI'O TIOTOKA I'a3a, 0OTEKAIOIIero MIaCTUHKY C OJHON CTOPOHBI B HAMPABICHUU
ocu Ox c HeBO3MYyIIEHHOM ckopocThio V. Tedenme raza OymeM CUMTATH IJIOCKUM U
MOTEHIUATHHBIM.

Ilycts xpait mmactuaku © = 0 — cBobomeH, a kpas ¢ = a, y = 0my = b —
3aKpEIIeHbl UAeaTbHBIME MMapHUpaMu. Baomb ¢cBoGoaHOro kpas £ = 0 TpUIOXKEHbI
COCPEJIOTOYEHHbBIE WHEPLIMOHHBIE MACCHI 1M, U MOMeHTbI noBopora I. [2,/11].

Byneum nmomarars, 9T0 IepBOHAYATILHO, €I1E 10 OOTEKAHUS, IIACTHHKA TIO/IBEPIKEHA
Jeiicrsuio czkumaromux cuin Ny = 2hoy, paBHOMEPHO paclpe/ie/IéHHbIX 110 KPadM Y =
0 u y = b IWIACTUHKY, ABJIAIONMMEICS PE3YJIBTATOM HAIPEBA, UM KAKUX-JTHO0 JIPyTIUX
IpUYNH; CKUMAIOINIHAE YCUIUS 0y TPEeIIOIaraloTCsS MOCTOSHHBIMI BO BCEil CpeJUHHOM
TIOBEPXHOCTHU TMAHE/IW, W HEMEHSIONUMUCS C W3MEHEHWEM MpPOruda IMJIACTUHKU W =
w(z,y,t) [152].

ITporu6 miactnaku w = w(z, y, t) BEI30BET W30BITOYHOE JaByieHne Ap Ha BEPXHIOK
00TEeKaeMy 10 MOBEPXHOCTH TIJIACTUHKH CO CTOPOHBI OOTEKAOIIEr0 MOTOKA ra3a, KOTOPOe

.. . . w .
YYUTHIBACTCS TPUOIMKEHHOH hopmytoit Ap = —aopoVa— «TIOPIITHEBOH TEOPUU », TIE
b

ag — CKOPOCTh 3BYKa B HEBO3MYIIEHHOH Ta30BO# cpejie, pg — MIAOTHOCTH HEBO3MYIIEH-
Horo noroka rasza [13}[14]. ITpu srom mpeamonaraercs, 9ro nporudel w = w(z,y,t)
MaJIbl OTHOCHUTEJIBHO TOJINIUHBI IIJIaCTUHKN 2h

Briscunm ycaoBud, TIpU KOTOPBIX BO3MOZKHA TIOTEPSA yCTOﬁ‘IHBOCTH COCTOAHUA
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HEBO3MYIIEHHOI'O PABHOBECUA JIMHAMUYECKON CUCTEMBI «IJIACTUHKA-TIOTOK» B CJIyYae,
B KOTOPOM u3TH0 TPAMOYTOIbHON IJIACTUHKHA OOYCJIOBJIEH COOTBETCTBYIOIIMMHI a3PO-
JUMHAMMYECKUMU HArpy3kaMu Ap, CZKUMAIOMUMU yCUIUAMU 0y B CPEJIUHHON [OBEPX-
HOCTHU ILJIACTMHKM U COCPE/IOTOYEHHbIMU MHEPUUOHHBIMU MacCCaMU M. U MOMEHTaMuU
mOBOPOTA [, TPUIOKEHHBIMEU BIOJIb €€ cBOOOIHOTO Kpas r = (, B IPEINOI0KEHNH,
9TO CKHAMAIOUIUE YCUIHA 0y MAJbI IO CPABHECHUIO ¢ KPUTUYCCKUMHU HANIPAKCHUAMHA
(0y),, » KOTOpbIE MOI'YT IIPOM3BECTH BBLIIY4YMBAHUE IJIACTHHKH B OTCYTCTBUM OOTEKa-
aug (V = 0).

OrmernM, 910 B paboTe, C IEIHIO MOJIYIEHUs] BO3MOKHOCTY AHAJIUTHIECKOTO UC-
CJE€JOBAHUA B PACCMATPUBAEMOI 3aJa49€ TUHAMUYECKONH YCTOMYUBOCTHA CUCTEMBI «ILIa~
CTHHKaTIOTOK », PACTIPEeIEIEHHAST MaCCa IJIACTHHKY YCIOBHO 3aMEHEHA COCPEJOTOYEH-
HbIMYU MHEPUMOHHBIMY MAaCCaMU U MOMEHTaMU 1I0BOPOTA, IIPUJIO2KEHHbIMU B/10JIb CBO-
6oxnoro kpas mactuuky [2,/11,/15]. Takast 3aMeHa BOBCE He MTPUBOINT K MCKAYKEHHIO
JUHAMAYECKON KAPTUHBI SBJIEHUS — MOTE€PU YCTOWYMBOCTH CHCTEMbBI; OBITH MOXKET, C
TOYHOCTBIO JI0 YMCJIEHHBIX 3HAYEHUIl KPUTUYECKUX CKOPOCTEH MOTOKA ra3a, KOTOpbIe
MOT'YT OBITH HECKOJBKO 3aBBINIEHHBIMU.

Torna, muddepennuraabHoe ypaBHEHNE MAJIBIX U3THOHBIX KOJEDAHUN TOUEK Cpe-
JWHHON TIOBEPXHOCTH CXKATOH MIPsIMOYTOIBHOM MJIACTHHKY OKOJIO HEBO3MY IIIEHHOH (HOop-
MBI DABHOBECHSI B IPE/IITOJIOXKEHNAN CIIPABEIINBOCTU runore3bl Kupxroda u «mopii-
ueBoii Teopuuy [13L|14] 6yxer onucbiBarbes coornomenuem [24[820421):

2

0w ow
DA?w + 2haya—y2 + appoV —

= =0, (1.1)

A’w = A(Aw), A — muddepenmuanbublii oneparop Jlamnaca; D — numuaapuaecKas
KECTKOCTD.

I'parn4nbe yCaoBus, B IPUHATHIX MPEINONOKEHUSAX OTHOCUTENBHO Crocoba 3a-
KpeLUIeHUsi KPOMOK 1LIacTUHKY, OyayT Buja [2L[11]:

0w 0w OPw 0 (0w 0w 0w
e =pt S (D2t ) =D ime e, (1.2
922 Vo 92022"  ox (8x2 +(2-v) 8y2> me gz (12)

mpu x = 0;
0w
w =0, W:o, py T = a; (1.3)
2

w =0, 887?;):0, mpuy =0wuy="b; (1.4)

rae v— ko3 dumnuent Iyaccona.
Tpebyercsa HaifiTh KPUTUIECKYIO CKOPOCTH V,,— HAWMEHBIIYIO CKOPOCTH MOTOKA
ra3a B CBEPX3BYKOBOM U IHMIIEP3BYKOBOM HMHTEPBAJIE CKOPOCTENt:

‘/;r. S (aOM07 aOMQ cosm.)a MO = \/ia M2 cosm. ~ 3385’ (15)

MIPUBOJSIIYIO K MOTEPE YCTONYNBOCTH COCTOSTHNS PABHOBECHS INHAMHYECKON CHCTEMBI
<aacTuHka—1oroky» (1.1) — (1.4) B npeanosokeHuu, 410

oy <(oy),. <(oy),,.- (1.6)
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3necb, My u M3 cosm.— TPaHuYIHBbIE 3Ha4eHUs dncaa Maxa M, cCOOTBETCTBYIOIITE
MHTEPBAJLY JOIyCTUMbIX 3HAYEHUII CBEPX3BYKOBBIX U I'MIEDP3BYKOBbIX ckopocreil [1];
(0y),, ~ KPHTHYECKHME HAIIPSAXKEHHH, NPUBOJANINE K BbIILYYMBAHMUIO ILJTACTHHKM B OT-
cyrersuu obrexanus (V= 0), naiinennste s pabore |17]; (o), — nuxHas rpanuua
rexyduectn |1L[17].

AHanm3 ycToiunBOCTH BO3BMYIIEHHOIO [IBMKEHUS THHAMHYECKONH CHCTEMBI «ILIa-
crunka—1morok» (1.1) — (1.4) cBogurcsa K uccnenosanuio auddepennuanbHoro ypas-
wenus (1.1) ¢ coorBercrBytomumu KpaesbiMu ycaosusmu (1.2) — (1.4) ans uporutba
w(zx,y,t) B uHTEpBAIE CKOpOCTeil HoToKa ra3a (1.5) npu yciaosuu (1.6).

Bamauy ycroiiunsoctu (1.1) — (1.4) GyaeM uCCaeI0BATH B CAyYae JOCTATOYHO IITH-
POKHUX MPSIMOYTOJIBHBIX TJIACTHHOK [15/17]:

v =ab"! > 1.96, (1.7)

Y — OTHOIIEHKE IIUPUHBI IJIACTUHKY ¢ (CTOPOHA IJIACTUHKY 110 [IOTOKY) K €€ JjiuHe b.

Bamerum, yro B paborax [15,16] nosyueno anasuruueckoe pelienue 3a1a491 ycroii-
YUBOCTU BO3MYIIEHHOTO BUKEHUS TUHAMWYECKON CHCTEMBI «IJIACTHHKA—TIOTOK> B
TIPEITOIOYKEHUH OTCYTCTBUS TIEPBOHAYAIBLHOTO HAMPSKEHHOTO COCTOSTHUS TLIACTHH-
K#, B pabore |17] — perrenne 3amadu CTATHYECKON YCTOWIMBOCTH TAHEIH C HArpPY-
JKeHHbIMU Kpasivu y = 0 u y = b, kKak npu obrekanuu (V # 0), Tak u B OTCYyTCTBUM
(V=0).

Hamnmast pabora sisisiercst mpoposzkernem pabor [20,21], B koTOpsIX mccaemoBa-
Ha 3amada ycroiiuumsocru (1.1) — (1.4) B caydae JZOCTATOYHO YJIMHEHHBIX MaHesied
(v <£0.193) u naneseii ymepenubix pazmepos (0.193 < v < 1.96) coorBeTCTBEHHO.

2

I HAXOXKIEHUs PEIIEHUsl MOCTABJICHHON 38/1a9M yCTORUIUBOCTH BO3MYIIIEHHOTO
JIBMKEHUs tuHaMudeckoil cucreMbr (1.1) — (1.4) cBezem eé K 3a7ade Ha COOCTBEHHbIE
3HaYEHUsT \ I8 OOBIKHOBEHHOTO Auddepennuaabuoro ypasaenus. Obiee pemeHne
ypasuenus (1.1), yaosiersopsitomee rpanudnbiM ycaoBusm (1.2) — (1.4), Gyxem uc-
KaTh B BHJIE FAPMOHUYECKUX KOJIe6aHMit

w(z,y,t) = Z Cy exp(pnre + \t) - sin(pny), pin = mnb 1, (2.1)

n=1

C), — IPOU3BOJILHBIE MOCTOSTHHBIE; 7 — YUCJIO TIOJYBOJH BIOJb CTOPOHBI TIACTHHKH b.

Boamyménnoe npuxenue cucremsl (1.1) — (1.4) acumnroruyecku ycroiuuso, eciu
Bce cOOCTBEHHbIE 3HAYEHUSI A UMEIOT OTpunaresbHble BemiecrseHuble yacru (Re A <
0), u HeyCTONUNBA, €C/IU XOTS OBl OJHO COOCTBEHHOE 3HAUEHWE A HAXOAUTCS B Mpa-
BOIi wacTu KoMIiekcHoii miockoctu (Re A > 0). Kpurnueckasi CKOpOCTb TIOTOKA ra3a
Ver, XapaKTepu3yIoIas Mepexo OT yCTOWYUBOCTH K HEYCTONIMBOCTH BO3MYIIIEHHOTO
JIBHKEHUSI CHCTEMBI, ONPEJIETSAETCA YCIOBAEM PABEHCTBA HYJI0 BEIMIECTBEHHONW 9aCTH
OZIHOTO HJIM HECKOJIbKUX coOcTBeHHbIX 3HadeHuil (Re A = 0).

IMoucrasisas Boipaxkenue (2.1) B nuddepennuanbuoe ypasaenue (1.1), nosyua-
€M XapaKTepUCTHYECKOe YPaBHEHWE B BHIE aIreOpanvdecKoro YPaBHEHWs YeTBEpTOM
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CTeleHN:
rt—2r® adr+ (1- 5;) =0, al=appVD 'u,?, 65 =2ho, D', %, (2.2)

KOTOpPOE B COOTBETCTBUU C MerozoM pererns Peppapu MOXKHO IPEJACTABUTH B BUJE

|17]:

(P +V2lar Dr+a— @2 —1+82)-(* = Vala+ Dr+a+ [ —1+52) =0
(2.3)
rne ¢ = q(V) — mapamerp, XapakTepu3yHOMmuii CKOPOCTh TMOTOKA Ta3a V — neficTeu-

TeJIbHBIA KOPeHb KyOUYeCKOro ypaBHeHUs
8 (q+1)(¢* =1+ 57) —ay =0, (2.4)
YIOBJIETBOPSIOIIHIL ycaoBuio [17]:

q € (g0,0) , (2.5)

= (_1 HM)/& Br<4/3mq=1, B >4/3 (rabn. 1);

ﬁ; = ﬁ; (n,7,v) — K03 duIEHT HAPIAZKEHUS, KOTOPbIi

82 <8, (B, =2h(0,), D 'u> (raba.2) (2.6)

B coorBercTBHA ¢ orpanmdenueM (1.6) u obosnadenusamu (1.7) u (2.2). B coorser-
crBun ¢ 0603HaueHuaAME (2.2), OYEBHIHO, YTO HAPAMETPBI 05 U 7 XapaKTePU3yioT,

COOTBETCTBEHHO, HEKOHCEPBATUBHYIO U KOHCEPBATUBHYIO COCTABJIAIONINE HAIDY3KU.

/35 0] 03 0.5 0.8 1.0 1.21 1.333 | >1.333
go | 1] 0.840 | 0.721 | 0.510 | 0.338 | 0.072 | —0.333 1

Tabmuna 1

Janubie Tabauipl 2 — 3HaYeHUs (DYHKIUH (ﬁ;)cr = (ﬁi)w (n,y,v) mpu n =
1 — gBadAOTCA peIIeHuAMU CAEAYIONINX JIWCIEPCUOHHBIX YPaBHEHHII — XapaKTepu-
CTUYECKUX ONpeaeanTesNeil 3a/1a9u CTATUYEeCKON YCTOMYMBOCTHA HATPY2KEHHON MaHeIn

(mC =0, I. =0, ﬁz #* O) B orcyrcrBun obrekanus (V = 0) [1}7,/17]:

ko= (i VB (VB i R (1))
xshwn“y(\/l—k\/ﬁ»i—\/l—\/ﬁ»,!%)—( 1+4/B2-(1—/B2
—m-(l+@—y)2>~shﬂn7< L+ /B2

X
2
_V)

+
«
—
|
=
<0
N——
Il
o
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npu [35 <1

Ky = (2—v)% sh(vV2-mny) = V2 -7y - V2 - ch(vV2 - mnry) = 0, (2.8)
npu 55 =1;

Kgf(\/>+1fy <m\/ﬁ> <7rm 2 —
_(\/E—Hu) : 1. m(m §+1> bm<m 82

<0
—_
\—/
\

5 <

<N
v

npu 63 > 1.

B pabore |17] nokazano, 1ro
Ki(n,vv,B) >0, y<vl, Bi<l (2.10)

Ky (n,v,v,8 ) = 0 umeer 1Ba KOpHA B HHTEpBate ¥ € (Yi, Ygr.), & IPH Y > Ygp.—
OJIUH KOPEHb, PABHbI B2 (52) oe (rabur. 3) — eAMHCTBEHHOMY KOPHIO yDaBHEHUSE

2
Kiocinst. (,8) = (1+/1-83) =20 (1+/1-82) (1 =v)* =0, B2 <1,
(2.11)
ABJIAIOIINMCA JUCTIEPCUOHHBIM yPDaBHEHUEM JIOKAJIN30BAHHOMN HeycTOﬁqHBOCTH oIy -

GECKOHEYHOM ILTACTHHBI-TIONOCHL (7 = 00) [17], momy4eHHBIM U3 yCIOBHS 3aTyXaHHUs
kosiebanuii Ha Kpae ¢ = a [3})6,/18].

- 0.125 0.25 0.3 0.375 0.5
1.96 1.125 1.105 1.092 1.067 | 1.0040
2.00 1.120 1.101 1.089 1.064 | 1.0015
2.025 1.117 1.099 1.086 1.062 | 1.0000
3.00 1.052 1.041 1.033 1.017 | 0.9702
4.226 1.026 1.018 1.0123 | 1.0000 | 0.9605
5.00 1.018 1.0115 | 1.0067 | 0.9956 | 0.9586

7.226 1.0084 1.0036 | 1.0000 | 0.9910 | 0.9573
10.00 1.0042 1.00054 | 0.9975 | 0.9896 | 0.9571
11.03 1.0033 1.00000 | 0.9971 | 0.9892 | 0.9571
20.00 1.0008 | 0.99860 | 0.9962 | 0.9892 | 0.9571
40.00 1.000076 | 0.99836 | 0.9962 | 0.9892 | 0.9571
50.643 | 1.000000 | 0.99835 | 0.9962 | 0.9892 | 0.9571
> 80.00 | 0.999920 | 0.99835 | 0.9962 | 0.9892 | 0.9571

Tabauna 2: 3HadeHnst KpUTHIECKOTO KOIDDUIIMEHTA HATIPSIKEHN ST (63 )CT mpu n = 1.

25



0.125 0.25 0.3 0.375 0.5

v
(g)loc 0.99992 | 0.99835 | 0.9962 | 0.9892 | 0.9571

Tabumna 3

3pec, 74 = 71 (n, v) — pemenue ypapuerus (2.8) — sHadenus y npu f3; = 1
(tabim. 2); Ygr. = Ygr. (n, v) (Tabu. 4) — rpaHUTHOE 3HAUEHHE MAPaMeTPa’y, HATHHAS
C KOTOPOro HeBO3MYIEHHAs (HOPMa PABHOBECHUS CZKATOH MPAMOYTOIBHO MIACTHHKY
upy 3nadenusx 3 > (ﬂ;)m (n,v) = (ﬁg)loc (v) <1 (rabum. 2 u 3) repsger ycroitau-
BOCTh B BUJIE JIOKAJIM30BAHHOW HEYCTONYHBOCTH, TPH KOTOPOM MPOTH0O JIOKAIN3YETCst
B OKPECTHOCTH CBOGOTHOrO Kpast & = 0 IUIACTHHKH, aHAJOTHYHO TOJIyOECKOHEYHOMN
nnacrure-nosnoce (v = 00). [lo cyTu, HANpPsAKEHWsI, BOSHUKAIOIINE B CPEIMHHON TIO-
BEPXHOCTHU NIPSAMOYTOJIBHOf [IACTHHKY IIPUY > 7Ygr. , TAKUE K€, KaK U B CIIydae IIOJy-
6GECKOHEYHOM [JIACTUHBI-I0JI0ChL (7 = 00).

Tem cambIM, TIpH BCEX N TMEEM

lim K; = lim K (nv’%V’ﬁZ) = Kioc.inst. (V; 62) ) 2 > (62) (V) <1 (212)
=, Y Y Y Y/ loc
*Ygr

Y Ygr

v 0.125 | 0.25 | 0.3 | 0.375 | 0.5
Ygr. (n, V) mpur n =1 80 42 18 11 9

Tabauma 4

Bamerum, uTo Kak Obuio ormedeno B pabore [17], ycroituusocth HeoGTEKAEMBIX
NPAMOYTOJIBHBIX TIJIACTUHOK [PU PA3TUIHBIX TPAHUYHBIX YCJIOBUSX W MPU PA3HBIX
3HAYEHUSIX OTHOIIEHUS CTOPOH Y HPSAMOYIOJIbHOM IJIACTUHKH PACCMATPUBAJIACD, B
vactHocTH, B paborax [1,/31[6[7,[19]. B crarke [3] u B Monorpadmusax [6,[7], B KoTOphIx
PACCMOTPEHA YCTONIMBOCTH CZKATON TIACTHHKH, COOTBETCTBEHHO, C ABYMSs CBOOOIHDI-
MU KpasiMU ¥ C OJHUM CBOOOTHBIM U YKECTKO 3aJeJIaHHBIM Kpasmu, npu v = 0.3 u
7 = 0O MOJIYYEHO TO YK€ CAMOE 3HAYEHWE KPUTUIECKOTO KOIDDUIMEHTA HATPIKEHUS:
(65)10 = 0.9962 (rabs1. 2 u 3). D10 CoBLAIEHUE CBAZAHO € JIOKAIM3ALMeH 1poruba
w(x,y) BOIM3M cBOGOAHOrO Kpast & = 0 MIACTUHKU MPHU JOCTATOUHO GOJIBINNX 3HAYe-
HUAX Y 2> Ygr, B PE3yJbTaTe KOTOPOW IPaHUYHbBIEC YCJIOBUS HA KPae & = a MepecTaioT
oka3biBaTh BiusiHue [6[19)].

Takum o6pasom, HEBO3MYIIIEHHAS (DOPMA PABHOBECHS C2KATON IPSAMOYTOIbHOM I1Ta-
CTHHKW TIPH Y < gy (Ta0m1. 4) m 87 > (B7), (n,v) (Tabm. 2) Tepsier ycroiiausocTs B
BUJIe HEYCTORYMBOCTU TIAHEU, & IPU Y > Ygr U 32 > (ﬁg) v) <1 (rabxn. 3) — B
BH/IE JIOKAJIM30BAHHON HEYCTONYMBOCTH.

loc (

2.1. B paborte [17] ¢ momorpio rpadboaHaINTHIECKNX METO/IOB MCCIEOBAHMUI MO
Ka3aHO, YTO [IPU JOIyCTUMbIX 3HAYEHUSX [IapaMeTpa cKopocTu (2.5) XxapakTepucrude-
ckoe ypasaenue (2.2) umeer ABa JefcrBUTeIbHBIX KOPHs 71 € R, ro € R u napy kom-
IJICKCHO COLPAKEHHDBIX KOpHel 134 € W ¢ HOoJ102KNUTeIbHOH BemeCTBeHHOH 4acTbio,
KOTOPBIE JIETKO HAaXONATCA, KAK PENIeHNA KBQJPATHBIX YPABHEHWIT — COMHOXKHUTETEH
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coorHorenus (2.3):

rio=—05v2(qg+1) + \/\/m —0.5(q— 1), (2.13)
r3a=0.5v2(q + 1) j:i\/\/m—f—Ob(q— ). (2.14)

IIpu srom, umeem [17]:

r <0, 15 <0, xorma B2 € [0,1), g € ((—1 +2,/4— 355)/3,00) : (2.15)

ry <0, ro =0, xorma 55 =1, g€ (1/3,00); (2.16)

r <0, 15> 0,82 € (1,4/3), g € ((—1 +2,/4-382)/3, oo) u o1
B2 >4/3,q € (1,00).

Orciona ciexyer, uro obree pemenne (2.1) muddepennuanbaoro ypasaenus (1.1),
3aMUIIEeTCA B BHJE ABOWHOTO pAIA:

co 4
w(z,y,t) Z Z 'k - eXP(nTex + M) sin(pny),  pn = b1, (2.18)
n=1k=1

Chrk — TPOU3BOJIbHBIE MOCTOSHHBIE; 1 — YUCIO IOJYBOJH BJOJIb CTOPOHbBI ILJIACTUH-
ku b; 15, k = 1,4 — KOpHU XapaKTEPUCTUUECKOTO ypasHenus (2.2), ompemesseMble
BhIpakennsmu (2.13) u (2.14).

A rakxke, kak uzBectHo |17,|18|, nepasencrsa (2.15), B cOOTBETCTBUU C yCJIOBUEM
3aTyXaHUSA KOJeDaHuil Ha Kpae T = @ IUIACTHHKH, OIPEIENSiOT HEOOXOIUMOe YCI0-
BHE [OTEPU YCTOHYMBOCTU CUCTEMbI <ILIACTUHKA—TIOTOK» B BUJIE JIOKAJIU30BAHHOMN Jiu-
BEPreHINN B CJIydae JOCTATOYHO IMMPOKUX TIACTHHOK (7 >> 1) M MOIyGecKOHEeuHOM
IIACTUHBI-TIOJI0CHL (7 = 00). Ilpu 3roMm, obmee pemenune (2.1) nuddepeHpranbLHOro
ypaBuenus (1.1), 3anumiercsa B Buje

co 2
w(x,y,t ZZ ks eXP(Un TR + M) sin(pny), ftn = bt (2.19)
n=1k=1

YuaursiBas obosHadenus (2.2), u3z coornomenus (2.4) HAXOAUM ABHBINA BUJ| 3aBH-
CHMOCTH CKOPOCTH MOTOKa Ta3a VoT mapamMeTpoB CHCTEMBI «IJIACTHHKA—TIOTOK », KO-
TOPBI U1 IOCTATOYHO MIUPOKKX TUIACTHH (7 > 1.96) U m0IyGeCKOHEYHOM TIACTHHBI
HOJIOCHI (Y = 00) UMeer creyiomee onucanne [17]:

V (g, n,v, ;) = 2\/2 (q+1)- (> —1+82)-x°n®- D(agpob®) . (2.20)
B cuny ycnosus (1.5); orciona, O4eBUIHO, CJELYET, YTO

V (qa n,v, ﬁ;) S (V (qu n,v, 65) ) aOMQCos m) g (aoMo, aOMQ Cosm.) ) (221)
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Korma V' (qo,n, v, 63) > agMy, n

V(gq,n,v, ﬁ;) € (aoMo, aoMscosm.), Korna V (qo,n, v, ﬂ;) < agMy. (2.22)
Lo E-(2h)®

Torma, cormacuo dpopmyre MUIRHAPAIECKON KecTKoCcTH D = m, JIOITy-
(1-v

CTUMbIE WHTEPBAJIbI 3HAYEHUI MPUBEIEHHON cKOpocTu V (q, n, v, ﬁs) -D7! (aopobg),
COOTBETCTBEHHO, OYyIyT BUJIA:

|4 (Q7 n,v, 65) D_l(a‘OpObS) S (V(qu n,v, BE)D_l(GOPObB), GOMQ cosm\I/) g

) (2.23)
C (aoMo¥,a0Mscosm. V) 1pu V (qo,n,v, 5y) > agMo;

|4 (q7na v, 55) Dil(aopobg) € (CLOMO\I/, a/OMQCOS'm\Ij) npu v (QQ,TL, v, B;) < aOMO;

U =12(1 - 1/2)a0p0E_1(2hb_1)73,

My =2, Mscosm. ~ 33.85.

U3 coornomenwuii (2.23) BUAHO, YTO JJIMHBI COOTBETCTBYIOIIUX JIOIYCTUMBIX HHTEP-
BasioB d(v,2hb™1) < ag(Mz cosm. — M)V apnsiorTcs yobBatomuMu ByHKIUAME KaK
OT OTHOCHTEJILHOH TOJIIMHBI MIacTuHKY 2hb~ !, Tak m or Ko dummenta ITyaccoma
v npu (PUKCUPOBAHHBIX 3HAYCHUAX OCTAILHBLIX IIAPAMETPOB CUCTEMBL. JIJId CTaIbHBIX
JIOCTATOYHO IMMUPOKHUX MPAMOYTOJBHBIX IIACTHHOK 7 > 1.96 momcuuTaHHble WHTED-
BaJIbl JOIYCTHMBIX 3HAYEHHH NPUBEJSHHBIX CKOpPOCTeil moToka raza VD! (a0p0b3)
JaHbl B TAabIUIE 5.

Kak cieayer u3 manHbIx TaOJUIBL 5, AJIUMHBL d JOMYCTUMBIX WHTEPBAJIOB C POCTOM
mapaMeTpa 2hb~! yMeHbIIarOTCS IPIMEpHO B 52 pa3a IpH BCeX (PUKCHPOBAHHBIX 3Ha-
qeHusx v, a ¢ pocrom kodddurmenta Ilyaccona v — ymenbmarorcs B 1.32 pasa npu
(bUKCHPOBAHHBIX 3HAUEHHAX mapaMerpa 2hb~ 1.
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ohp-1 0.125 0.25 0.3 0.375 0.5
0.0040 (184.98, | (175.61, | (170.49, | (160.99, | (140.52,
’ 4368.81) | 4147.43) | 4026.55) | 3802.27) | 3318.59)
0.0045 (129.92, | (123.34, | (119.74, | (113.07, | (98.69,
' 3068.36) | 2912.88) | 2827.98) | 2670.46) | 2330.75)
0.0060 (54.81, (52.03, (50.52, (47.70, (41.63,
’ 1311.78) | 1245.27) | 1208.98) | 1141.58) | 996.35)
0.0100 (11.84, | (11.24, | (1091, | (10.30, | (8.99,
' 283.45) 269.09) 261.25) 246.70) 215.32)
0.0120 (6.85, (6.50, (6.32, (5.96, (5.20,
’ 164.01) 155.72) 151.20) 142.69) 124.60)
0.0150 (3.51, (3.33, (3.23, (3.05, (2.67,
84.04) 79.73) 77.33) 73.10) 63.81)
Tabaumna 5




IMepefizeM K OMMCAHUIO JUCTIEPCUOHHDBIX YPABHEHUI — JOCTATOYHBIX TIPU3HAKOB T10-
TE€PU YCTOWIMBOCTU BO3MYIIEHHOTO [BUKEHUS JUHAMUYECKON CHCTEMBI «IJTACTUHKA~
norok» (1.1) — (1.4) B6au3uM rpadun 06/IaCTH YCTORIUBOCTH.

IMouncrasisas obuee pewenue auddepennuanbioro ypasuenus (1.1) B Buze (2.18)
n B Buge (2.19) B rpannunsie ycmosus (1.2) — (1.4) u (1.2), (1.4) coormercTBeHHO,
MOJIy9aeM OJIHOPOJIHBIE CHCTEMBI a/Ire0panvdecKuxX ypaBHEHUIl YeTBEPTOr0 U BTOPOTO
HOPSIZIKA OTHOCUTEIHHO TPOU3BOJIbHBIX MOCTOAHHBIX Cyy k. IIpUpaBHEHHBIIH HYJIIO OIpe-
JeJIATEJIb KaxKJ0W U3 3TUX CUCTEM YPABHEHUU — XapPaKTEPUCTUYECKUI ONpelenTe b
A; IPUBOAMT K COOTBETCTBYIOMIEMY IUCIEPCUOHHOMY YPABHEHHUIO:

Ay = A1 (q(V),n, 7,0, B2 X 0n) = Xan0nAoAt + (xn A1 + 0, A2)A* + A3 = 0; (3.1)

Xn = Ichlb(wn)_l, Op = mCDfle(Wn)_s. (3.3)

Hucrnepcrontoe ypasHenue (3.1) mpuBeneHo n MOApoOHO n3ydeHo B paborax |20,
21| npu uccaenoBanun 3ama9n ycroitansoctr (1.1) — (1.4) B cayvae 10CTaTOMHO YW~
uénnbix macrtut (v < 0.193) u miacruHok ymepenubix pa3mepos (v € (0.193, 1.96))
coorBercrBenHo. Tak Kak jaHHas pabora sBisgeTcs nponoszkenuem pador [20,21], To
B €€ Tekcre auciepcuonHoe ypasaenue (3.1), B cuily €ro rpoMO31KOCTH M OrPaHUYeH-
HOCTH 00bEMA, CTATHH, MOYKHO HE TMPUBOAUTH, UCIOIH3YST CCHLIKY HA 3TU PADOTHI.

Pe3yabraThl YMCIeHHBIX HCcaefoBannil ypasHeHnit (3.1) u (3.2) mokasanm ux pas-
HOCH/IBHOCTH B MHTepBane (o > (ﬁ;)loc (v) < 1 (rabn. 3) upu v > v*(v) =~ 1.96
Is Beex v: BnusgHue kodddunuenta Ilyaccona v ma rpanmdHoe 3HadeHume y = y*
HeOIyTHMO MaJio. VIHBIMI CJIOBaMH,

lim A; = Ay = Xn0n AGA* + (xn A} + 0, A5)A* + A% =0, (3.4)

A3=17A*:\/m-(q—\/qQ—lJrﬁi);AS:\/m; (3.5)
§=(q+1—,/q2—1+5§)2—2(q+1)u—(1—y)2. (3.6)

Crenosaresio, B unrepsane [, > (87), (v) < 1 (rabm. 3) mpm Beex v €
[1.96, c0) auHAMUYECKOE HOBEIEHUE CHCTEMbI «ILJIACTUHKA—IIOTOK» AHAJIOMMHO JUHA~
MHYECKOMY ITOBEJIEHUIO CHCTEMBI «IITACTHHKA—TIOTOK», B KOTOPO# OOTeKaeMasl IITa-
CTHHKA — MOJIy6ecKOHeUHas TIIacTHHA—TIoNoca (Y = 00).

rie

YuaursiBas coorHomenne (2.4), n3 Boipaxkenuii (3.5) o4eBHAHO cremyer

(XnAl +06,45) >0 (3.7)

B obacTn {7 € [1.96, 00), B > (87),,, (v) < 1} npu Beex q € (go,00) (taba. 1).
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Herpyano mokasarhb, 9T0 AUCKPUMHUHAHT OMKBAAPATHOTO YPABHEHUS (3.4)
Diskr (Ag) = (knAf + A5)? — 4k AL > 0,k = Xn - 0, 5 (3.8)

i ¢ € (g0, 00) (ra6n. 1), 52 € [0, (52),,, () (va6n. 3), k> 0w v

B camom gene, nopcrasiss B dpopmyiy auckpumunanta (3.8) Boipazkenus (3.4) u
(3.5), mocsie HeCAOKHBIX IPEOOPA3OBAHUI 0Ly YaeM

Diskr (As) = 2(q + 1) [kn (q— Ja -1 +5§) - 1}2 + 4k (1= B2 + (2¢ 4+ v)v) > 0.

Nrak, B COOTBETCTBUHU C YCIOBMEM 3aTyXaHWs KOJeDAHWII HA KpAaro IJIACTHHKH
& = a, AaHAJN3 YCTOWYIMBOCTH HEBO3MYIIEHHOIO COCTOSTHISI DABHOBECHS THHAMIYECKOIT
cucrembl «1iacTuHKa-1oTok» (1.1), (1.2) u (1.4) ansa Beex v € [1.96,00) u v = 0o cBo-
JWTCs K MCCJIEJIOBAHUIO IOBEICHHUs KOPHEH A XapaKTEPUCTUYECKOrO ONPEeIUTes
(3.4), oupenensomux cOOCTBEHHbIE JIBUXKEHHUSI CUCTEMbI B IPOCTPAHCTBE CYIIECTBEH-
HBIX MapaMeTpoB & = {q(V), n, v, ﬁ;,kn} — MapaMeTpoB, OKA3BIBAIOIINX Hambosee
3HAYNMOE BIIMSIHUE HA THHAMWYIECKOE TTOBEJIEHNE CHCTeMbl. SHAYEHHS OCTAIBHBIX Ma-

pPaMeTPOB CHCTEMBI — «HECYIIECTBEHHBIX> — TPUHUMAIOTCS (DUKCHPOBAHHBIMU.

3 criocoba pa3bueHus IpOCTPAHCTBA IAPAMETPOB ¥ CHCTEMbI <ILJIACTHHKA—IIOTOK »
Ha obsiacTb ycroituusoctu S u obuacru neycroiuusocru 1, S, S [124|15]20,21], B
cuny yenosuii (3.7) u (3.8) 09e€BHIHO, UTO B JAHHOM CJIy4ae MPOCTPAHCTBO MAPAMET-
poB & cocTout u3 AByxX objacreit Sg u §1: B obracTu Iy BCe KOPHU \j, ypaBHEHUS
(3.4) maxonsATCA B JIeBO wacTH KoMIuteKcHO# mtockoctu(Re A, < 0); B obnactu §q
cpey KOpHeH Ap MMeercss OIUH IIOJIOXKUTEeJIbHbIA KOpeHb. A crajio ObITb, 00/IacTh
ycroituusoctu o Oyzer oupezgensarbes coorHomenuem A3 > 0, coorBercTBeHHO, 00-
Jacth HeycTofumBocTn 1 — coorHomenneM A% < 0. Tem cambim, ypapuenue (3.4)
B 00/IaCTH yCTOWYMBOCTM ) MMEET JBe Maphl YMCTO MHUMBIX KODHeHl \jo = Fiw,
Ag,.4 = Fiwy: obTeKaeMast IPsIMOYTOIbHAS MITACTUHKA mpH 7y € [1.96, 00) KaK U mOJIy-
6GeCcKOHEeYHAsl IIACTUHA-110J10ca (7 = 00), COBEPIIAIOT TapMOHUYECKUE KOoslebaHust OKO-
JIO HEBO3MYIIIEHHOI'O PABHOBECHOI'O cOCTOsiHus. B obsactu 9 ypashenue (3.4) umeer
aBa geficrBuTesbHbIX A < 0, A2 > 0 KOpHA M LAPy 4YUCTO MHHUMBIX A34 = Fiw
KOpHe# (U3 JByX COOCTBEHHDBIX JIBUYKEHUH IJIACTUHKU, COOTBETCTBYIOMINX COOCTBEH-
HBIM 3HAYEHUSIM A; U Ao, OJHO 3aTYyXaeT, a APYroe HEOrPAHUUIEHHO OTKJIOHSIETCS IO
SKCIIOHEHIMAJIbHOMY 3aKOHY). B coorBercrBuu € 3TUM, NPOrubbl MJIACTUHKU OyILyT
BO3pacCTaTh BO BPEMEHHU MO KCIOHEHIIMATHLHOMY 3aKOHY: B obacTu & MMeeT MecTo
HoTepsa CTaTUu4eCKON yCTOMYUBOCTU.

I'panuneit obsactu ycroauBoctu g, B COOTBETCTBHM € COOTHOIIEHUSIME, OIPE-
Jensomx obmactn o u I, sABAAETCA runepnosepxHocTh [124[15L/17]: A3 = 0, wom,
corsiacHo o0o3Hauenuio (3.6),

§=(q+1—,/q2—1—|—B§)2—2(q+1)u—(1—1/)2:O, (4.1)
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Ha KOTOpPOil JucrnepcuoHHoe ypasHenue (3.4) umeer HyseBoil KopeHb Ag = 0 Kpar-
HOCTH 2 ¥ Iapy 9HCTO MHUMBIX KODHel A3 4 = Fiw. OueBunno, 1ro ypasuenue (4.1)
SABJISIETCS IOCTATOYHBIM YCIOBUEM IOTEPH CTATUYECKON yCTONINBOCTY BO3MYIIIEHHOIO
JBUKEHHSI CUCTEMbL B BU/IE JIOKAJIM30BAHHON IUBEPIEHIINKA B OKPECTHOCTH CBOOOIHOIO
kpas macruekn x = 0, Korga v € [1.96, co) u v = 0.

Bamerum, 9ro ypasuenue (4.1) TOXKIECTBEHHO IUCIEPCUOHHOMY YPABHEHUIO, Oy~
yenHomy B pabore [17] npu uccienoBanuu 3a1a4u yeroituuBocTr 06TEKAEMON C2KATOl
[MAHEJIU B CTATHYECKOM MOCTAHOBKE 110 MeTO/Ly Jdiliepa.

Kputmyeckne CKOpoCTH TOTOKA Ta3a Vipe.div., HANJIEHHBIE TOJICTAHOBKOMN perrie-
HUA Qloc.div. € (go,00) ypasuenusi (4.1) B dopmyny (2.20), pasrpanuguBaior 06-
JacTh ycroitauBoctd o U 00JIACTH JIOKAJTU30BAHHOM JguBeprenimu 1. [Ipu ckopo-
ctax V' > Vige div TIOTOKA ra3a MPOUCXOIAT «MATKU mepexomy depe3 TodkKy Ag = 0
B TPABYI0 YaCTh KOMIIJIEKCHOM TJIOCKOCTH COOCTBEHHBIX 3HAYEHWH Af, BBI3BIBAIOIIUI
TJIaBHOE M3MEHEHNe XapaKTepa BO3MYIIEHHOTO JABUKEHUS CUCTEMBI OT YCTONINBOCTH
K CTaTUYIECKON HEYCTONYIMBOCTHU B BUIE JIOKAJIN30BAHHON IUBEPTEHIINA: TPOTHObI TIJ1a-
CTUHKH JIOKAJITM30BAHBI B OKPECTHOCTH CBOOOIHOTO Kpasd T = () NJIaCTHHKH.

TaxknM 06pa3oM, B OTIAWYNE OT JOCTATOYHO YIJIHHEHHBIX TIacTWHOK (v < 0.193)
[20] m nmacTuHOK ymepenHBIX pasmepon (0.193 < v < 1.96) [21], B cayuae mocra-
TOYHO IMHUPOKKUX MJIACTUHOK (7Y > 1.96) BO3MYIIEHHOE JIBUKEHUE CUCTEMbI <ILJIACTHH-
Ka~TIOTOK» TEPSIeT YCTOWYMBOCTH TOJIBKO JIWINb B BUE JIOKATH30BAHHON JUBEPIEHITNH,
110100HO 110J1y0ECKOHEYHOM 11acTuHe—10s0ce (7 = 00).

5

Uccnenyem puHaMUKY BO3MYMIEHHOIO JIBUXKEHUSI CUCTEMBI «ILIACTHHKA—TIOTOK»
upu 7y € [1.96, 0), B € {O, (ﬁ;)loc (V)) (rabi. 3) B mHTepBaJie JOLYCTUMbIX 3Ha-
4deHuit ¢ € (g, 00) (rabm. 1).

Pe3ynbrarhl 9McIeHHBIX MCCAEIOBAHM MOKA3aJM, UTO BO3MYMIEHHOE IBUKEHWE
CHCTEMBbI SIBJISIETCST YCTOWYNBBIM BOIU3M HAYaIa MHTEPBAJIa CBEPX3BYKOBBIX CKOPOCTEH
aoV/2 1718 IIACTMHOK OTHOCHTEILHOM TOJIMHBL, mpuMepHo, 2h~1h € (0.006, 0.015]
IpH Bcex 3HaveHusx Koapdunmenta I[Iyaccona v. A B ciaydae mIaCTMHOK OTHOCH-
TeJbHOMN TOMIUHLL, npuMepHo, 2k~ b < 0.004 BO3MYIIBHHOE JIBUKEHUE CUCTeMbI 1P
CKOPOCTSIX TIOTOKA Ta3a V > ag\/2 ABJIAETCS CTATHIECKN HEyCTOWUMBLIM: HMeeT Me-
CTO JIOKaIM30BaHHas auBeprentns. [Ipm 5ToM, cBepX3BYKOBOE 00TEKaHWE MTPUBOIUT K
«CKQIKOOOPA3HOMY MaJEHUI0» KPUTUIECKOTO KOIMDPUINEHTA HATTPAKEHU ST (ﬂ;) loc (v)

(Tabm. 3): B2 € (0, (82), ), (82), ~x"t(v)- (B2 v)),,, (rabm. 6).

loc. loc.

v | 0125 | 0.25 0.3 0.375 0.5
x | 1.541 | 1.527 | 1.495 | 1.432 | 1.372

Tabauma 6

Ienoukn mepexomnos [20,21| B nHTEpBaE ﬁ; € (0, (65) ) mpu Beex v > 1.96 u

loc.
v = oo, ipu 2h~1h € (0.006, 0.015], mpu Beex 3Hauenusx koabdummenta [Tyaccona
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v OyIyT UMETDH CJIEAYIOIIee OMUCAHUE:
& Vioc.div,
o — Gy (5.1)

Toncrapmusis pemenne qpoe.div. € (4o, 00) ypasHenust (4.1) B dopmyry (2.20), momy-
qaeM 3HAYeHUs TMPUBEIEHHON KPUTHIECKOH CKOPOCTH JIOKAJIN30BAHHON JUBEPTEHIINH
Vioe.div. D™ ? (ao p0b3), MIpeICTaBIeHHbIE [IJI1 HEKOTOPBIX 3HAYEHUN KO3 PUIneHTa Ha-

npsokennst 7 € (0, (ﬁ;);c ) u ko3 dunnenta Iyaccona v B Tabmue 7.

W3 mgauHbIX TAOMUIBI 7 CAEAyeT, YTO MPUBEIEHHAS KPUTHUIECKAS CKOPOCTH JIO-
KaJIM30BAHHON THBEPTeHIHT Vg, giv. D (aopob3) SIBJISIETCST MOHOTOHHO yOBIBAIOIIEH
dyukmueit or kodpdunuenta Ilyaccona v npu GUKCHPOBAHHOM 3HAYEHHH KOIDDU-
IMEeHTA HAMPSIKEHU ST 55, a TakzKe, MOHOTOHHO yObIBafomeit pyHKITHEi 0T ﬁ; npu puk-
CUPOBAHHOM 3HAYEHUU V.

By 0 0.3 0.5 0.6 0.7 0.72

295.420 | 227.320 | 181.029 | 156.386 | 130.327 | 124.636
169.690 | 128.511 | 102.902 | 87.480 | 70.749 | 67.216
Viee.div. D1 (a0p0b3) 143.916 | 110.280 | 85.591 72.310 | 58.134 | 55.180
114.692 | 86.247 | 66.136 | 55.249 | 43.875 | 41.526
79.937 | 58.238 | 42.789 | 39.011 26.282 | 24.640

Tabauma 7

W3 marabix TaOAUIBI 7 CIEIYET, YTO MPUBEIEHHAS KPUTHIECKAS CKOPOCTD JIOKAJIU-
30BaHHOI HUBEPreHIAT Vo div. D (a0p0b3) yowiBaer B 3.02 —9.11 pa3 ¢ poctom v, a ¢
pocTom 55 —B 2.84 - 6.76 pa3a, B CpaBHEHUU C IPUBEJEHHON KPUTUIECKON CKOPOCTHIO
JIOKQJIM30BAHHON NWBEPTEHIINA CUCTEMBI C HEHATPYXKEHHON MaHEeIbIo (ﬂg = 0) [15].
9T0 O3HAYaeT, YTO IIEPBOHAYAILHOE HAIPSIKEHHOE COCTOSHUE JJOCTATOYHO IIMPOKON
IJIACTUHKA IPUBOIUT K CYIIECTBEHHON IeCTaOMIM3ANny BO3MYIIEHHOIO IBUKEHUS
CUCTEMBI «TIJTACTUHKA-TIOTOK», B CPABHEHUN C BO3MYIIEHHBIM JIBUKEHUEM CUCTEMBI C
TMEPBOHAYAJILHO HEHAIPYKEHHON MOCTATOYHO MIMPOKON TJTACTUHKOIL.

CormocraBiienne TaHHBIX TAOIHUI] 5 U 7 MOATBEPKIAET UCTUHHOCTH BBIBOJA O HEYC-
TORYMBOCTH BO3MYIEHHOIO [BUKEHUS CHCTEMBI BOIH3U ap\/2 — Hadaa HHTEPBAJIA
CBEPX3BYKOBbIX ckopocreii (1.5), Korjga oTHOCHTE bHAs TOJIIKMHA JIOCTATOYHO LIUPO-
KuX maacTuHoK 25~ 1h < 0.004. Bosee Toro, mpu najbHEHINeM YBeINIeHNH CKOPOCTH
TIOTOKA Ta3a BO3MYIIEHHOE JIBUMKEHWE — MPU CKOPOCTIxX V > apV/2 Tak XKe SBJIAETCS
CTATUIECKN HEYCTONYIMBBIM TPHU BCEX JOMYCTUMBIX 3HAYEHUSX OCTAJIHHBIX MapaMeT-
POB: UMeeT MECTO JIOKAJTU30BAHHAS JIMBEPTEHIIHS .

Takum 06pa3oM, BOBMYIIEHHOE IBUKEHHE CHCTEMBI «ILJIACTHHKA — IOTOK» B CJIy-
4ae JOCTATOYHO MUPOKUX miactut (7 > 1.96) u noayOecKOHEeUHOH MIacTHHBI-TIOIOCKT
(v = 00) Tepsier yCTOHYUBOCTD TOMBKO B BUJIE JIOKAJIU30BAHHON UBEPI€HIIUY TIPU CKO-
poctax notoka ra3a V > Ve qgiv. . IlpuBeénHast KpuTrdeckas CKOPOCTh JIOKAJIU30BAH-
HOiT uBepreHuy Ve giv. D" (aopobg) SABJISIETCST MOHOTOHHO yOBbIBafoIeil (pyHKIuei
oT KoddpuimeHTa HATIPAKEHIST 55’ XapaKTEePU3YIOIIEero epBOHAYAIbLHOE HAIIPSKEH-
HOE COCTOSHUE IIJIACTUHKH: YObIBAET IPUMEPHO HA IMOPSI0K, B CPABHEHUU C HEHATPY-
JKeHHOI maHenbio. Tem camMbiM, TepBOHAYAILHOE HATPS>KEHHOE COCTOSHUE MPUBOINAT
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K CYIIECTBEHHOW JeCTaOM/IN3alny BO3MYIIEHHOIO JIBHKEHHUS CHCTEMbI «JIOCTATOYHO
MUPOKAS [IACTHHKA — TOTOK».

B cuny mesaBucuMOCTH (DYHKIUH Viee.div. D! (a0p0b3) or mapamerpa ki, SCHO,
410 KO3 UIMEHThL Y1 U J1, XapAKTEPUIYIOIIUE COCPETOTOYEHHDIE HHEPIIUOHHBIE MO-
MEHTBI I, ¥ MacChl M., COOTBETCTBEHHO, BJIMSIOT BCErO JIMIH HA MOKA3aTesb IKCIIO-
HEHTHI COOCTBEHHOT'O JBUXKEHUS TIACTAHKU, KOTOPBIM OIPEIEISeTCS NWHTEHCUBHOCTH
HApACTAHWS «BBITYYUBAHUS> B OKPECTHOCTU CBOOOIHOIO Kpas MIacTuHku x = 0.

Bamerum, 4rTo gucnepcuonnoe ypashenue (4.1) npu 55 = 0 TOXKJECTBEHHO JWC-
[IEPCUOHHOMY YDABHEHUIO, LOJlydeHHOMY B pabore [15| upu uccienoBanuu 3amaqu
YCTOWYIMBOCTH BO3MYIIEHHOTO nBMxKeHust cuctembl (1.1) — (1.4) B ciyuae mocrarod-
HO IIUPOKUX TUIACTHHOK C HEHATPYYKEHHBIMU, TEPBOHAYAILHO, KpasMu. A Takxke, u3
CpPaBHEHWS I'PAHUYHBIX 3HAYeHWil 7 = v* ~ 1.96 npu ,8; =0mu ﬂg > 0 ciemyer, 9TO B
JAHHOH TTOCTAHOBKE 33Ia9M YCTOWIUBOCTH BIUSHAE KO3(M(DUIIMEHTA HAMPSIKEHMUsT 65
HA IPAHUYHOE 3HAYEHUE Y* HEOILyTUMO MAJIO.

6 OcHoOBHBIE PE3YyJILTATHI

B pabore wucciemyercsi cBoeoOpa3HOe BIIMSHUE MEPBOHAYAIBHOTO HAMPSIKEHHOTO
COCTOSTHUS JIOCTATOYHO IINPOKOI TIPSIMOYTOIBHOM TIacTHHKY (7 > 1.96) ¢ cBoGOIHBIM
KpPaeM Ha yCTOWYHMBOCTH BO3MYIIEHHOTO JIBUKEHUS JUHAMUYIECKOH CHCTEMBI <«ILTa-
CTUHKA—TIOTOK» [PU HAJMYUH HA CBOOOTHOM KPae MIACTHHKE COCPEIOTOUYCHHBIX HHEP-
[IUOHHBIX MACC U MOMEHTOB [TOBOPOTA.

Haiimeno anasuTuyeckoe perreHne 331a9u YCTONIMBOCTH BO3MYIIEHHOTO JIBUKE-
HUST TUHAMWYECKOU CUCTEMBI «ILIACTUHKA—TIOTOK» B TPEJNOJIOKEHIH, 9TO KPasi MPsi-
MOYTOJIbHOM TIJIACTUHKMW, TMAPAJLIEbHbIE CKOPOCTH MTOTOKA T'a3d, HATPYKEHBI eIé 10
oOTeKaHusT PABHOMEDHO PACHPENETEHHBIMU CXKUMAIONMME yCUIUAME. AHamuTude-
CKOE DeLIeHUe HAiJICHO C OMOLIbI0 METOAA, OAPOOHO onucanHoro B pabore [15].

[Tonyuenbr siBHbIE BBIPAXKEHUsI JIUCIEPCUOHHBIX YDPABHEHUH, XapaKTEPU3YIOIUX
JOCTATOYHBIE MPU3HAKYU TMOTEPU YCTONINBOCTH.

C nomorpio rpadOaHATUTHIECKUX U YUCJIEHHBIX METOJ0B aHAJIN3A IIPOU3BEIEHO
pa30ueHne MHOrONApaMETPUIECKOrO MPOCTPAHCTBA, ' CHCTEMBI «ILTACTUHKA—TIOTOK»
Ha 00acTh ycroitumBocTu g u obsjactu Heycroiumsoctu Sy, ¢ = 1,2, 3. Ilokaza-
HO, 9TO MPOCTPAHCTBO «CYMIECTBEHHBIX» MAPAMETPOB CHCTEMbI COCTOUT JIHIIb TOJbKO
w3 IByX o0JacTeil: 00acTi yCTOWINBOCTH Sy UM OOJIACTH CTATHYECKON HEYCTOWIMBO-
ct 1, B KOTOPO# MMeeT MeCTO JIOKAJIU30BaHHAS AuBepreHims. [Ipu srom, B ciaydae
CTAJIBHBIX MJIACTHHOK OTHOCHTEIBbHOI Toummubl 2h~1h < 0.004 mpocTpaHCTBO Hapa-
METPOB COCTOUT TOJBKO u3 obnactu . OnpesesieHbl WHTEPBAIBl U3MEHEHUS «Cy-
MECTBEHHBIX> [APAMETPOB CUCTEMbI, PA3rPAHUYMBAIONIME ODJACTH YCTONYIUBOCTU U
meycroitauBoctu. UccienoBana rpanuia mepexona u3 obsactu ycrowuupocru Iy B
obaactk 1, KOTOpasi, OUEBUIHO, sBIsETCs «6e3onacHoits [12].

Haiinensr kpurrdeckne CKOPOCTHU JIOKAJIN30BAHHONW TUBEPTEHIINY Vipe. diy., B TIPEI-
MTOJIOYKEHWH, 9TO B TJIACTUHKE B MOMEHT «BBITyYMBAHWSA> BO3ZHUKAIOT TOJBKO HAIIPSs-
KeHns u3ruba: IMph CKOPOCTSAX MOTOKA ra3a V' > Vi giv. BO3MYIIEHHOE IBUKEHHE
CHCTEMBI TePsIeT YCTONIUBOCTD.

Haiinensr kputndeckue 3nadeHus: KodgpuiuenTa HanpskeHus u3rubda mpu oore-

KaHUU (,65):00_. YCTaHOBJIEHO, 9TO KPUTUIECKUN KOIDDUIIMEHT HAPSIKEHS (B;)l*oc.
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npumepHo B 1.37 — 1.54 pa3a MeHbIIe KpUTHIECKOTO KO3DDUIMEHTa HAPSIKEHUST TTPU
orcyrcrsun obrexanus ([ (1/))10C [17].

ITokazano, 9T0 KPUTHIECKUE CKOPOCTH JIOKATIU30BAHHOW AUBEPTEHINH Ve, div. TB-
JIAIOTCsI MOHOTOHHO yObIiBaOmmMu (PyHKIuAMEU OT KO3 DUIMEHTa HAIPAKEHUS /35 €

* o
{0, (/6’5) loc ): yOBIBAIOT TPUMEPHO HA MOPSIIOK, B CPABHEHWY C HEHATDYKEHHON MmaHe-
abio |15].
Takum 0b6pazom, B ciiydae JOCTATOYHO WHMPOKKUX miaacrud (v > 1.96) u B ciyuae
MOTyOECKOHEUHOH TLIACTUHBI-TIONOCH (7 = 00) MEPBOHAYAIBHOE HAMPSIKEHHOE COCTO-

SIHUE MPUBOJUT K CYIIECTBEHHON MeCTabuIM3anuy BO3MYIIEHHOTO TBUKEHUST CHCTEMbI
«TLJIACTUHKA, — TTOTOK ».

3akJroueHue

N310keHubIii B JaHHOM paboTe rpadoaHaIuTHIECKUT METO NCCIIETOBAHNSA MOYKET
OBITh TPUMEHEH 1715 TMOTYYeHNs AHATUTAYIECKOTO PEIIeHHUS IITHPOKOTO KIACCA 3a1a9
YCTORYIMBOCTH YIPYTHX CHCTEM, B YaCTHOCTH, IPH KOMOMHUPOBAHHOM HATDPYZKEHUH.
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QhSNFE3NFLLENP UQAUSPL WHUNEUDPUSh SEtyUUah,
N3BECTUS HAIIMOHAJIBHON AKAJTEMIN HAYK APMEHNN

Ubkhuwbhyu 74, Ne 3, 2021 Mexanuka
YAK 539.3 Doi- http://doi.org/10.33018/74.3.3

CMEIIIAHHAS 3AJTAYA JIJI YIIPYI'OM1 COCTABHOM IIOJIOCHI,
COJIEPYKAIIE BHYTPEHHIOIO TPEIIIMHY, BEIXO/IAIIYIO HA
JINHUIO PA3J/IEJIA MATEPUAJIOB

Caaksan A.B., Capkucsu B.T., Xauuksaa A.C.

KuaroueBble cioBa: COCTaBHAsI MOJI0CA, KPAEBAs TPELINHA, YIPYTOCTh, CHHTYJISPHOE HHTEIPAIbLHOE yDABHEHUE,
HEIIOABMKHAA 0COOEHHOCTH, KOI(MDMDUIIMEHT KOHIEHTPAINY HAIPAXKEHUH, PDACKPHITHE TPEIIHHBI, MEXAHUIECKHe

KBaJIPATYPHI.
Sahakyan A.V., Sargsyan V.G., Khachikyan A.S.

Mixed Boundary Value Problem for an Elastic Composite Strip Containing an
Internal Crack Terminating at the Interface of Materials

Keywords: composite strip, edge crack, elasticity, singular integral equation, unmovied singularity, stress concentration

coefficient, crack opening, mechanical quadrature formula.

The stress state of a piecewise-homogeneous elastic strip is considered, composed of two strips from different
materials, one of which contains a crack of finite length, perpendicular terminating at the interface of materials.
It is assumed that the composite strip on the side of the strip, in which there is a crack, is rigidly restrained,
and the other side is free from stress. The strip is deformed under the influence of a normal load symmetrically
applied to the crack edges.

The stress intensity factors at the crack tips, contact stresses at the material interface, as well as the shape of
the crack opening were determined. The study of the dependence of the indicated values on the elastic constants
of the strip materials and the relative widths of the strips has been carried out.

Uwhuljjwh WL, Uupquyui J.9-., lvwshljjua W.U.

hownp Gqpuyhtt jutinhp Gymptph puduwtvwt ¢dh Yypw nnipu GYnn Gpphtt 6wp wuwpnibwlng
wpwaquljubt pununpyuy 2kpgph hwdwp

Shitwpwnbp pununpjuy otipy, bgpuyht Swp, wowaqujubnpmb, uhtgmjup hbptgpu) hwjwuwpnud, wipwpd bquijhnipym,
[wupnuititiph mdqunpjwd gnpdwlhg, dwph pugywop, thluwbthjuwuwd pupwimuugiub pubwaltip:

Thpupyud £ pym pupuwiyne 2tpgtiphg uqiqud pununpyu; wowdqupub ptpgh updwdwihtt Jhdwyp, tpp
otipnptiphg daymud Yu Yyhpoun|np tpupmpjub dwp, npp ninnuhwjwug nmipu £ quihu ymptph pudwidwb ghd: Ghpunpynud
£, np pununpyuy 26pgp Swp wwpnibwlynn 2pgh Ynndhg Ynop wdpulgywd B, hul djnu Ynndp wquig b pupnuddbphg: Shpgp
ntdnpdugynid £ Swph whtipht hwdwgswth Yhpwedwd tnpdw) pinh wgnbtgnipjwb puly:

Npnpquwd L Gwph ququpbbtpnd jwpnuittiph ndquniejub gnpdwlhgitipp, tynptiph pudwbdwb gdh Ypw Ynbypualypught
(wpmubdbph pwuonip, hbgybu bwb Gwph pwgyuwdph pbupp: Ntpugmpyty b opdwd dGdmpynibibph juiuwdnipnip
stipmtinh wpwaqujub hwuypupnibitiphg U 2ipyptiph hwpwpbpuwub hwugpmpnbhg:
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PaccmarpuBaerca HalpsaKeHHOE COCTOAHHE KyCOYHO-OJHOPOINHON yHpPYyro# IOJIOCHI, COCTaBJIEHHOH U3 ABYX
Pa3HOPOJAHBIX IIOJIOC, B OJHOH M3 KOTODPBIX COAEPIKUTCA TPEIINHA KOHEYHOH MJINHBI, NEePHEeHIUKYIAPHO BBIXOIA-
mas Ha JUHUIO pa3jesa MaTepHaJoB. llpeamosaraeTcs, 9TO cOCTaBHAS IOJIOCA CO CTOPOHBI NOJOCHI, B KOTOPOit
HMeeTCs TPEIIUHA, YKeCTKO 3alleMJIeHd, a Apyras CTOpoHa cBobogHa oT Hampsxeruii. [lomoca nedopmupyercsa
oA, BO3AeHCTBHEM HOPMAJIbLHON HATPY3KH, CHMMETPHIHO MPUIOKEHHOE K Oeperam tpemunsl. OmpemeseHb! KO-
9 DUMEHTE HHTEHCUBHOCTH HAIPSXKEHUHN B BEPIINHAX TPEINUHBI, KOHTAKTHLIE HAIPAXKEHUS HA JUHUN PA3Lea
MaTepHaJsoB, a TaK:Ke popMa PaCKpLITHA TpemuHLl. [IpoBeseHo nccaeoBaHne 3aBUCUMOCTH YKa3aHHBIX BeJIHIHH

OT YOPYTUX HOCTOAHHBIX MATEPHUAJIOB IIOJOC U OTHOCUTEJbHBIX MIUPUH IIOJIOC.

1 Bsexaenue

UccnenoBannio HAMPSAKEHHOTO COCTOSTHUAST COCTABHBIX MACCUBHBIX TEJI, COMEPKAIITNX KOHIIEH-
TPATOPBl HAIIPAXKEHUN B BUJE TPEIWH, TOHKUX BKJIIOYEHUNA MW HAKJIQJOK, MOCBAIIEHO MHO-
JKECTBO MCCJIEIOBAHWIA, Cpeu KOTOPbIX, B yacTHocTH, ormeruM [IHB]. Ocoboe mecro 3anumarorT
3a/la4y OlIpe/le/IeHNsd HAIIPAXKEHHOI'O COCTOAHUA COCTABHOM IIJIOCKOCTH, KOIJIa TPEIIUHA IepIIeH-
JUKYIAPHO WM 110J1, YIJIOM BBIXOJIUT Ha JIMHUIO pa3jiesla MaTepUajioB, B 3TOU CBA3U OTMETUM
qib paborst [6HE].

B macrosmeii pabore paccMOTPEHO HAIPSKEHHOE COCTOSHHE KYCOUHO-OTHOPOIHON yIPyTOi
10JIOCBL, COCTaBJIEHHON U3 JIByX PAa3HOPO/HBIX I10JI0C, B OJIHONM U3 KOTOPBIX COAEPKUTCA TPELIUuHA
KOHEYHOM JJINHBI, TEPIIEHANKYIAPHO BBIXOAAIIAA HA JUHUIO PA3/eaa MATEpHATIOB.

2 IlocTraHoBka 3aga4n

IIycts mMeem ynpyryio KyCO9HO-OIHOPOIHYIO IOJIOCY, KOTOPasi COCTOUT U3 JIBYX PA3HOPOJI-
HBIX OECKOHEYHBIX TMOJIOC IMMUPUHBI hy U ho W BO BTOPOIN W3 HUX COIAEPIKUT TPEITUHY KOHETHOMN
JUTHHBI G, BBIXOISAIIYI0 HA JUHUIO pas3zena marepuasnos y = 0. IIpeanomoxum, 910 cocTaBHas
OJIOCA TI0 CTOPOHE Yy = ho KECTKO 3aIleMJIeHa, Apyras ee CTOpOHa y = —hy CBOOOIHA OT Ha-
npsizkennii. BHeITHaa Harpy3ka B BHAE HOPMAJIbHOIO JABICHUSA P CHMMETPHYIHO MPUIOKEHA K
6eperam rpeuunbl (Puc.1).
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s cocTaBHO# MOJIOCHI Oy/IeM UMETDH CJIeAYIOINe TPAHUIHBIE YCIOBUSA:

Uo (1} hg) = 0, V2 (1'7 h2) = 07

2.1
(1) (x,—hy) =0, 0.:1(/1) (x,—h1) =0 1
Ha IUHAY COCIMHEHNUS TI0JI0C UMEEM YCJIOBHUS TIOJHOTO KOHTAKTA!
up (2,0) = ug (2,0), vy (2,0) = vy (2,0), (29)
Té? (2,0) = ngz) (z,0), 0?51) (x,0) = 0152) (z,0), ’
a Ha Geperax TPeNIMHBLI 3a/aHbl HAIIPS KEHUSL:
2 _
72 (0,9) =0 (2.3)
o@D 0,y)=-p (0<y<a)

B cuny cumMmerpum B mOCTaHOBKe 3ajadu OyIeM PaCcCMATPUBATH JIUIIL MPABYIO MOJOBUHY
cocraBuoit nosiocel x > 0. Jasee, ungexcom «1»OyayT OTMe4aThCs BEJMYUHBI, OTHOCHIIUECH K
HKHel mosoce (—hy < y < 0), a HHIEKCOM «25- K TToJ1oce, cofepsKareii Tpenmny, (0 < y < hs).

3 BrIBoja omnpeiesigioniero ypaBHeHusd 3a/Jaun

7151 BBIBOJA OIIPEIeIAIONIero yPaBHEeH!sI IOCTABIEHHON 3a/1a491 BOCIOIb3yeMCsi OUrapMOHM-
qeckoil (pyHKnueit Ipu, KOTOPYIO B COOTBETCTBYIONIUX ODJIACTAX MPEJACTABUM B BUJIE

Dy (z,y) = [ (A1sh Ay + By ch Ay + Ay (C1 sh Ay + Dy ch \y)) cos zAd);

Dy (x,y) = [ (Agash Ay + Bach Ay + Ay (Cash Ay + Da ch Ay)) cos zAdA+ (3.1)

0\8 0\8

o0
+ Z ai + xbg) e AT i A\Ly;
k=1

rae A\ = wk/hg .

Wcnonb3yst (hopMyIIbl, BRIparKaloIiine KOMIIOHEHTbI HAITPS?KEHUH 1 TiepeMertienuii gepe3 dbyHK-
uuio Hanpsizkenuii [9], 1t KOMIIOHEHTOB HaNpsizKeHUil U nepemerieHnii, HeobXoau MbIX JJIs Y0
BJIETBOPEHUsI IPAHUYHBIM ycaoBusAM (2.1) HA CTOPOHAX COCTABHOM 110J10CbI, OyIeM UMETh:

(J) A]
TI?/ Y / T (z,\)S; (A y) gj
J

)
;d)\—l—Vj(x,y,)\k) G=12 (32
v] Dj (A
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rue
COS \T 0 0 0
0 sin Az 0 0

Tj@A) =93 0 sindz 0
0 0 0 COS \X
Sj (>‘7 y) =
—Ms, =A%, —Nys, —Nye,
A2 (cy + yAsy) (3.3)

B )\;cy /\;sy A2 (yAey + sy) ‘
- 2 g Owsy + (0 + 1) ey) 5 Qwey + (65 + 1)sy)

2&3‘ 24 N \
_ NGy __ NSy _ — 0. A — 0.
21, 20, 215 ()‘ycy sty) 215 ()\ysy ejcy)

(sy =shyX; ¢, =chyl)

Vl (xay7 )\k) = 0;
So e TN [apA + by (—2 + 2Ap)] sin Ay
k=1
(o)
>0 e "M [ap Ak + by (—1 4 zAg)] cos Ay (3.4)
Vs (ZL’, Y, )\k) = k:(l)o . ,
> o larAr 4 b (02 + 2A)] sin Ay
2. e;;:k [—ar A + br (1 + 02 — 2Ag)] cos Ay
k=1

FE.
i = TJ:V) - MOIYJb cABUTA, ;- Momyns FOnra, v; - koabdunuent Ilyaccona marepnaios
J
nosioc, §; = 1-2v;. Obo3nadennsd s,, ¢y BBEJAEHbI HCKJIIOUUTEIBLHO i IIPOCTOTHI IIPE/ICTaB/ICHUS

maTpuist S; (A, y).
U3 nmepBoro ycnorust B (2.3) HETpyAHO HaliTH, 9TO by = Apak. CraemoBaTenbHo,

e~ T )\iak (xAg — 1) sin A\gy
e~ TMAZapz N coS ARy
Vo (2.5 M) = ) 20 00 (14 05+ 20 sin Ay (8:5)
e "2k arA (02 — zAp) cos Ay

s yCJI0BUA CUMMETPUN UMEEM TaKzKe YCIIOBUA

ou ou

== =Oupna<y<hyu —> (3.6)

Y |,—o 0
rre w (y) - nckoMasi GYHKIWMs, MPeCTaBIsIOmast coboil TPOM3BOIHYIO MepeMeleHnst bepera

=w(y) upu 0 <y <a

=0

rperuibl. [lonb3ysch npeacrasiaenuamu (3.2) u (3.5), naiigem

a

_ dpz
ap = ,WW/M(C)COSAdeC

(3.7)
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ITepeiineM K yIOBIETBOPEHUIO IPAHUIHbIX yeiaoBuit (2.1) n (2.2). IIpeacTaBiiss KOMIIOHEHTHI
JIEBO! 9ACTH M BTOPOTO CJIAraeMOro IPABOil YacTd paBeHCTBa (3.2) B BHJE COOTBETCTBYIOIIMX
KOCHHYC WK cuHyC uHTerpanoB Pypbe, paBeHcrso (3.2) 3anuiieM B BHJE:

”E; (A y) A; (V) 55 (A, y)
=0 B; () 0 (N y)
Ty ANy L g J +(—-1 y 3.8
ﬂjo\)y) J( ' Y) Cj()\) (j ) 5 (N 1) (3.8)
’l_}j ()\7 y) DJ ()\) 5'0 ()‘7 y)
rzie KOMIOHEHTBI TOCJIEAHErO CTOIONA, ¢ yueToM (3.5), UMEeIoT BUIL:
b0 Z —————— sin \zy
T = + A% )
0 2
o0r (N y) = 2 Z )\iak% COS Ay
=1 (A +A2) (3.9)
A3 1+¢92)+)\(3+92))\2 '
Z Ay sin Ay
(A + /\2)
Z)\Q (1+05) = (1—6,) )\i CoS Ay

(A2 +A2)?

IMoacrasass B (3.8) y = 0 u yunreiBag yciosus (2.2), Bocemb kodbdurmentos A,, B;, C;, D;
(j = 1,2) Beipasum yepe3 3uavenus {oq, 7o, Uo, Vo frpancdopmantos Pypbe KOMIIOHEHTOB Ha-
upsizkenuii u nepemertenuii Ha guaun y = 0 u Besmuun u3 (3.9), comepKaiux B cebe OCHOBHYIO
uckomyo dyukuuro w (¢):

Aj (M) o0} 0

Bi(M) | _ g1 T - (\,0)

a5 A0 et =G =187 (0,037 (3.10)
Dj(}) vo 8, (1, 0)

Hasee, nozcrasiss NoJydYeHHbIe IpeAcTaBieHus B (3.2) U yJOBIeTBOPss PAHUYHBIM YCJIO-
Busim (2.1), Bbipasum Komuonentol {og, 7o, U, Vo }, & CJIIOBATEJIHHO U BCE KOMIIOHEHTbI HAIPSs-
2KeHuil u nepemerenuii, yepes dyukuuu o, (A, 0), 0, (A, 0) u 0, (A, ha), KoTOpbIE, € yaerom (3.7),
MOYKHO TIPEJICTABUTE B BAIE:

chA(hs — Q) shA(hs — () ch \C
L(A0) = M Y — M\ d
0) / ( sh Mg “ Mg *sh2\hy ¢

sh(hy — C) ch A chA(hy — C) 1+ 6

5y (A,0) = M h 0 - d
(4,0) /w(g) [C a2 Ashaig 2Ty ] ¢
0
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a

ch A (ho + €) ShAC  Bych A 146,
- M GV — A1
b Ovte) =1 [0 |1y RG2S (g 0 4 220 IER 0 )
0
dpo
M=_F
77(1 + 92)

[Tonydennbie mpeACTaBIEHNST HE TPUBOAATCS BBUIY TPOMO3IKOCTH, OOYCJIOBJIEHHO, TiiaB-
HBIM 00pa30M, MHOTOMApPaMeTPOBOCTHIO MOCTABJIEHHON 3a7a4un. Ha mpumepe KOMIIOHEHTHI 0
MPEICTABUM ODOIIYIO0 CTPYKTYPY MOy 9€HHBIX BBIPAYKEHUIA.

cos x&

Aoy 1) 8 (k) +G2 () 6 (A0 + G2 () & A0] - (312)

gg =

3nech

Gy ()\) =-A (]. + 92) {/\h180h2)\h1 [—/1, (]. + 91) (]. + 02 + Mg th )\hg) +
+ Ay (Mhg (= 1) — (1 4+ (2 — p) 02) th Mho)] + th Ay [ (14 01) (1 + 65) +
+ (1 + 2609 + 9192”) th Ahy th Ao + Ao ((1 + 91/1) th Ahy + (1 + 01) Mth /\hg)}} s

G2 (A) u G3 () uMeror OXOXKuil BUJ, (= %,

AN) = p® (1+ 205 + (A2h3 + 03) sch®Aho) (1 + 2601 + (N?h3 + 607) sch®Ahy) +
(—Ah3sch?Aha + (14 202)*h%Ahz ) (1= (1+ Ah3) sch®Ahn ) +
20 (1 + 91) (1 + 92) (AthhQSChQ)\hlschQ)\hQ + (1 + 292) th Ah; th )\hg) +
201 (—N*h3sch®Aha + 05 (1 4 202) th®Aha) (A*hT — 01) sch®Ahy + 61) .
OueBHIHO, YTO AHAJUTUUECKHE TIPEICTABICHUS Jjisd WHTErpasoB @ypne (38) OyayT mocra-

TOYHO TPOMO3JKHMHE, HO OHH JIETKO PEATM3YIOTCS NMPH YHCJIEHHBIX pacderax. U3 rpaHHYHBIX
ycenosuii (2.1)-(2.3) HeyZOBIETBOPEHHBIM OCTAIOCH TOJIBKO BTOpoe w3 ycyosuii (2.3). Bemucas

2
BbIpazKeHUE HaIPAKEHUS 0’; ) (z,y) nocpencreoM (byHKIMHU DPU U IPOCYUTAB CYyMMY C yUETOM

2
upejcrapienus (3.7), 118 KOMIOHEHTb Ug(g ) ha swnnu = 0 OyJeM uMeThb

c@(0,y) = / A2 [(By + AyDy + 2C5) ch Ay + (Ay + 2D5 4+ AyCs)sh Ay] dA —
0

pe 7y =) Ty +<)
_ F (1 - 92)0/11;(() (ctg o + ctg T >d§

(3.13)

IMoucrasnsig B (3.13) mosyuenubie Bbiuie upezacrasiedus ko3 duuuenros As, Ba, Co u Do
4epe3 unrerpasbl (3.11) u MeHss LOPsIOK MHTErPUPOBAHU, U3 BTOPOro u3 ycjosuil (2.3) 1o-
JIVYUM OTIPEIEIA0IIee YpaBHEHNE MOCTABICHHOM 3a1a4N:
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pi2 f ™ 7 (y—¢) T(y+¢)

SR ~ T (g TS Twrs) - 14

g [0 |00 - g (o™ e TG ) o - (3.14)
0

rae dynxmua @ (y, () asaserca materpasom Pypee no myay A € (0,00). JderanbHoe uccaeno-

BaHME MOBEIEHUsT MOABIHTErPAIBLHON (DYHKIMN Ha GECKOHETHOCTH TMO3BOJIAIO BHIICIUTH CHHTY-
JIApHYIO YacTh sapa @ (y, €):

a1 coy csy?
+ +
y+¢ w+0? w+Q

3aecs Q* (y, () aBsgeTcsa perysspHON 9acTbio d/pa, IPUHUMAIOIIEH KOHEYHOe 3HAYEHUE [IPU
Y, ¢ — 0,

Q (y7 C) = 3 +Q" (y’ C) (315)

—u— k) (1 1 1
c1 = (3 - SMKJ H HQ)( + KQ)’ Co =6 # , C3 =4 H , Rj :3*4Vl
2 (p+ k2) (14 prr) p+ Ko p+ Ko

VuuThiBas moseneHre THMEPOOJINIECKOTO KOTAHTEHCA OKOJIO HYJIsl, TATIEPOOIAIeCKHe CIara-
emble B (3.14) mpeacraBuMm B BHJE:

™ m(y—¢) Ty+9Y)_ 1 1
2h2<ctg2h2+ctg s >—yc+y+C+Qo(y,C) (3.16)

rae peryasipruas dyukuusa Qo (y, () onpenensercs Ghopmyioii:
™ (y+ C)) %
y2 — (2
B wurore, onpeensioniee ypasuenue (3.14) MOKHO HMEpENucaTh B BUIE CUHTYJIAPHOTO MHTE-
TPAJIbHOTO ypaBHeHus ¢ 0000IeHHbIM siapom Korrn:

Qo (y,¢) = 2% <Ctg W(‘gh; <t ete o

1 o c2y c3y? _ 71+ 09)
O/w(c) L_y + T+ C + @t O + @+ OF —I-R(y,C)]dC— T p  (3.17)

R (y> C) = Q* (y> C) - QO (y7 C)

1 -1 1
00261—1:*1—3('[1 )— + K2
2 W+ Ko 14 pry

VYpasuenue (3.17) MOKHO LEpELMCATH U B BUJE, KOTOPbIT U Oyuer MCIOJIB30BAH LIPU €ro
perenun
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/aw<<> on| ]+ R ac - -TLER, (318)
0

roe L— nuddepennmnaabHbIil onmeparop:

d csy® d?
L= g

(3.19)

Bumecre ¢ ypasaenuem (3.18) He0OXOAMMO TaKKe YIOBJIETBOPUTD yCJIOBUIO CMbIKAHUS KOHIIOB
TpeLIuHbL

/w (C)dC =0 (3.20)
0

(3.20) Takum 06pa3oM, peleHue IOCTABIEHHON 3a/1a91 CBEJIOCh K PEIICHUI0 CHHIYJISAPHOIO WH-
TerpajbHOro ypasHenus ¢ 06o6mennbiM sapom Ko (HenonsuxkHoit ocobernnocrbo) (3.18) npu
ycnosun (3.20).

4 PeineHue onpeesdonieii cucreMbl ypaBHEHU
Pewenue oupeuessoneii cucrembr ypasuenuit (3.18), (3.20) mocrpouM npu HOMOIIM METO-

JTa MeXaHWYIeCKUX KBAApaTyp. st MpUMeHeHus TIOCIeAHero CBeIeM yPaBHEHWS Ha WHTEPBAJI
(=1,1), 6ymem mMerh:

1
/ E—2 z+E+2
e
) (4.1)
[e@as=o
21
rue
2 2 2 (1 + 6
a a a 112
d  es(z41)° &2
Le=co— ) LpsEry) @
o= ez )dz+ 2 dz?
IIpu srom B peryusipaom supe R, (z,€) nosBATCs OTHOCUTEJbHBIE TOJAMHBL b = hi/a

u hy = hs/a , a Takke OTHOIIEHME MOMYJI€H CABUTA (i, IO KOTOPbIM U OyJET B NajbHEHIEM
NPOBEJEH YUCAeHHBIH anam3. Pemenune cucrembr (4.1) GyzemM uckarh B BUIE

PO =01-9"1+8 0. (&) (-1<a,p<0), (4.2)

ITokazarenn 0cOOEHHOCTH (v U 3 OMPEAEIAIOTCA U3 UCCJIEIOBAHNS TOBEICHUS CUHTYJISIPHOTO
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UHTErpaJIbHOrO YPABHEHNs B OKPECTHOCTU KOHIIOB HHTEpBaJia uarerpuposanus (—1, 1). Vcnosb-
3ysl M3BECTHBIE PE3YJIbTATHI O MOBEAEHWH CHUHIYJISPHBIX WHTEIPAJIOB B OKPECTHOCTH KOHIIEBBIX
rouek [9], maituem, uro a = —0.5, a nokazarespb [ ABJIAETCH KOPHEM CJIEAYIOIIErO TPAHCUEH-
JIEHTHOI'O yDaBHEHUA

B(B-1)
2
YucieHHBIN aHAIN3 MTOKA3BIBAET, YTO MPH JIOOBIX JOMYCTUMBIX 3HAUYEHUSAX YIPYTUX XapaK-

TEPUCTUK MATEPUAJIOB IOJIOC ypaBHenue (4.3) uMeer eJMHCTBEHHBIH KOPEHb B yKA3aHHOM WH-

repBasie. [Ipu 5TOM, NpU BO3PACTAHUU MOJYJIsl CIABUTA (1] MATEPUAJIA MOJOCHI, HE COMEPIKAIIEH

TpeLuHy, T.e. [t = lg/p1 — 0 nokasaresnb § npubiuKaercs K HyJI0, a upu vo = 0 obpainaercs

B HOJIb, IIPK yOBIBAHUU K€ MOJLyJIsl CABUIA fi1 IIOKa3aTesb [3 npubimkaercs K —1.

[ocste onpeenenus moka3areis (3, pereHne OnpeJesaoero CHHTYISPHONO HHTEMPATBHOTO
YDABHEHUsI C HEIOJBUXKHOI OCOOEHHOCTHIO CTPOUTCS MeroJoM Mexanudeckux ksaaparyp [10].
Bocuosnb3yemcs kBaaparypuoit dpopmysioit aus unrerpana tuna Koww [11], npumenumoit miis
000UX CHHTYJIIPHBIX CIATAEMbIX B f/Ipe MHTErpajbHOro ypasuenus (4.1),

cosmfB + ¢o — Bea + c3=0 (-1<pB<0) (4.3)

/ i(_xi(l —2)*(1+2)de ~ Zwlg(fli 1—g @) @t#=£1, a,8>-1) (4.4)

rae {&};; — Kopuu MHOro4wena SkoGu pleP) (x),
v — 2 ngaﬁ) (&) g (t) = M
"onta+ B+l pletlirl ey T 9 &)
(L)”“Qaﬂg D(ntatI(n+f+1)
1 T(2n+atp+2)
QA (t) = xF(n+1,n+a+1;2n+a+5+2§%t> t¢[-1,1]
(@ (¢ +i0) + QP (1 —i0) ) /2 (-l<t<1)

IIpasyio yacrb ypaBHenus (4.1) 3amenum kBajparyproil ¢popmy.ioi, 6ysem umernb

;ww* («Ei){l —a(z) g [1 —a (—z—Q)} ‘R (Z,&)} .

& — = &+2+2
(4.5)

D wipn (&) =0
i=1

JIJig NOy9eHusl CHCTEMBI JIMHEHHBIX alre0pandecKuX ypaBHEHHHA OTHOCHUTETHLHO HCKOMBIX
BesmauH @y (&) (1 = 1,n) Heobxouumo mist 11€pBOro ypasHenus Boibparsb (n — 1) To4ek Koo
Kaluu. 3aMeTuM, 4T0 KBaJaparypHas (hopMysia JJisi TPETHErO CJIAraeMoro sipjsercs GopMyJoi
HAMBBICIIEH anrebpandeckKoll TOYHOCTH MPH JIIOOBIX 2, B TO BpeMsl KaK sl IEPBOrO CJIAraeMoro
KBaJparypHas (HOpMyJia sBJIAETCS TAKOBOIl TOJBKO TOr/a, KOrIa 2 COBIAIAET ¢ KOPHAMU (DYHK-
uuu g; (z), rounee dbyHKIMU Q%a’ﬁ ) (z), AU BTOPOrO K€ CJIaraeMoro 3Toro He MMeeT MeCcTa HU
npy Kakux 3HadeHusx z. O4YeBuIHO, YTO B KAYECTBE TOYEK KOJIJIOKAIMU CJIEAYeT BbIOPATh KOPHU
dbyHKIMN @¢; (2), YNCTO KOTOPHIX, KAK HETPYIHO TPOBEPHUTh, PABHO WMeHHO (n — 1).
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Taxkum o6pasom, monoxkuB B (4.5) z = (¢ (k= 1,n — 1), (x — kopuu Gyukuuu g; (2), HoayIUM
3aMKHYTYIO CUCTEMY JIMHEHHBIX aarebpandecKux ypaBHeHui OTHOCUTEIBHO Besnaut o, (§;) (i = 1,n),
MOCTIE OMPEIENIEHUs] KOTOPBIX (PYHKIHIO ¢4 (£) MOKHO OyJeT WHTEPHONUPOBATEH CJIEITYONTAM
MHOTOYJIEHOM:

n—1

1 a @
o 'tm

. (x) = Z wip (&)

3
I

rae
2000 (m+a+ 1) T (m+ B+ 1)
Cm+a+p+)I'(m+)T'(m+a+5+1)

m =

5 YwucjeHHBI aHaJIN3

ITpoBesieM mcciemOBaHMEe CXOAMMOCTH DellieHusi cucreMbl (4.5) K perrennio cucreMbr (4.1).
OquHILHO, 9TO KaK TeOMETPUICCKNE, TaAaK U MEXaHNYIeCKHNe MmapaMeTpPhbl 3aJa9n JOCTATOYIHO CY-
MIECTBEHHO BJIUAIOT Ha CKOPOCTHb CXOAUMOCTH METOJa MEXaHNIEeCKHUX KBaJAPaTypP. OCO6€HHO CHJIb-
HO 3TO BIMSHHUE 3aMETHO B CAyYasgX, KOL/a XOTA Obl OJWH M3 dTUX MAaPaMeTPOB MPHUOIMKACTCS
K KPATHYIECKOMY 3HAYEHHIO, IMPUBOIMIIIEMY K CTPEMJIEHHIO XOTsS ObI OJHOIO W3 IOKa3areseit
ocobenHocTn permennst (4.2) K KOHEUHBIM 3HAUEHNSM OOJIACTH WX OIMPEIEJIEeHNs JINOO K MOsTBIIe-
HUIO OCODEHHOCTEl B peryisipHoM siape R, (z,€), a ciemnoBaresibHO, M K U3MEHEHUIO CTPYKTYDBI
nepsoro ypasHenus B (4.1). B paccmarpuBaemoii 3a/aue TAKUMU KPUTHYECKUMU 3HAYEHUAMU
apagiored h] =0, hy =1n p =0, 00.

qu/ITbIBaH, 9TO HaI/I60.7'[bH_IO€ OTKJIOHEHNE MHTENOJINPYIOIETO MHOTOYJIEHA OT WHTEPIOJINPY-
eMoit (pyHKIIMU nMeeT MEeCTO Ha KOHIAX OTPEe3Ka MHTEPIOJUPOBAHWS, B KAUECTBE MMOKA3aTe el
CXOIMMOCTHU METO/1a BHIOPAHBI KOI(DDUIIMEHTHI MHTEHCUBHOCTH HANIPSI?)KEHWH B KOHIIAX TPEIIUHBI,
omnpeenseMbie (POPMYTaAMI

1+ k) [(1+28) (1+ pr1) — (3+2B) (1 + K2)]
2(1+ pk1) (1 + ko) sinmf

_20'5+ﬁp*90* 1),

a TakkKe CPEJHEKBAJIPATUIHOE OTKJ/IOHEHHWE JIeBOH YaCcTH TIEPBOr0 ypaBHEHHs cucreMbl (4.5),
PACCUMTAHHONW BO BHYTPEHHMX y3/1aX DPABHOMEPHOH ceTkwu, aessdrieii uurepsan (—1,1) ma 20
OTPE3KOB, OT MPaBO 4acTu:

Ky =

1 2

9 n
. PRI FEPEN }
Kern = 20 RSN e 1 L, R, (tr, & *
(err) 20; ;w@ (5){ i e bR () 4 p

te=—1+ k=1,19) .

20’ (

B Tab6u1. 1 npuBeieHbl 3HAYCHNS YKA3ZAHHBIX BEJINIUH TTPU PA3HBIX MOPSIIKAX AMMTPOKCAMAIIH
N U PA3/UYHBIX 3HAYEHUsX napamerpoB hi, hi u p. g koaddunuenrtos Ilyaccona npunsaTs
guavenus v, = 0.35, vo = 0.25, a Takzke moJ0keHO p, = 1. Pe3ysbrarsl npuBenensl i IATH
IPyIl 3HAYEHUN YKA3aHHBIX 1aPAMETPOB, U3 KOTOPHIX B II€PBOI 3HAYEHUs I1APAMETPOB JlaJie-
KA OT KPUTHUYECKWX, & B OCTAJbHBIX XOTsI ObI OWH U3 MAaPAMETPOB OTHOCUTEIHHO OJIM30K K
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KPATHUIECKOMY 3Ha4eHn0. V3 Tabauiibl BUAHO, 9TO I BCEX TPYII, 3a UCKIIOYCHUEM, MOXKET
OBITH, TIOCJIETHEN, CXOAUMOCTH JOCTATOYHO XOPOIas U YNCICHHBIH AHAJIN3 TIOCTABJICHHON 3313491
MOKHO mposectu 1ipu n = 10.

n 6 10 14 18
hi = K1 0.1109 0.1121 0.1124 0.1126
hs =25 | K 0.3550 0.3549 0.3549 0.3549
=5 K(err) 0.0031 7T6x10 %[ 92x107° | 1.2x10 %
hi =2 K1 0.5644 0.5628 0.5623 0.5621
hs=1.05 | K 0.1894 0.1896 0.1900 0.1901
=05 [ K | LIX10° | 53x 107 [52x10° | 27 x 1077
hi =005 | K_q 0.3664 0.3649 0.3644 0.3647
hs =25 | K 0.3726 0.3716 0.3717 0.3717
=2 Kierr) | 39%x1077 [ 14Xx107% [46x10°° [ 1.3x 10"
hi=28 | Ky 1.7809 1.7536 1.7466 1.7442
hy=4.2 [ K 0.2751 0.2756 0.2757 0.2757
= 0.0001 | K(erm 0.0031 [86x10""[1.4x10"" [8.9x107°
hi =28 | Ky 0.0083 0.0084 0.0082 0.0084
hy =42 [ K 0.4414 0.4490 0.4440 0.4417
p=100 | K 0.0018 0.0054 0.1134 0.0004

Tabmna 1: CXxoauMoCTh YUCIEHHOIO METOIa,

Ucxons u3 pe3ynbraroB TabOJIUIbI, YUCICHHBIA AHAJIU3 IIPOBEIEH JJis 3HAYEHUN MCXOTHBIX
1apaMerpoB OTHOCHTEJIbHO JAJIEKUX OT Kpurndeckux 3uadenuit upu n = 10. Uccnenosana 3a-
BUCUMOCTH KO DUITNEHTOB MHTEHCUBHOCTY HATPSIYKEHW Y KOHIIOB TPEIINHBI, TTOKA3ATEIS 0CO-
6ennocTu 3, a TakkKe (POPMBI PACKPBITHS TPENIAHBI OT UCXOIHBIX TaPAMETPOB 33/Ia4M.

Ha Puc.2-Puc.5 upesncrasienst rpaduku 3aBucumMoctu KO3MOPUIMEHTOB KOHIEHTPAIMH Ha-
npsyKennii K (_q) y KOHIIA TPEIIMHbI, BEIXOAAIIEr0 Ha JTMHIIO Pa3/esia MaTepHalioB, (1ajee, BHe-
Huil Kower) (criomubie TuanN) W K (4 1) y BHYTPEHHETO KOHIA TPENIMHbI (TTyHKTHPHBIE JTHHIN)
OT OTHOILEHUsI MOJLyJIell CABUTA MATEPUAJIOB HOJIOC [t = o/ (11 TPU PA3TMYHBIX 3HAYECHUIX OIHO-
ro u3 napamerpos hj, h3, v1 U vy IPU HEM3MEHHBIX TPEX OCTAAbHbIX. IIpH YHC/IEHHBIX pacyeTax
napamerp u u3MeHsics B npenenax [0.1, 8.35]. B 3aBucuMOCTH OT 3TOrO 2Ke ImapaMeTpa uCeen0-
BAHO TaKKe W3MEHEHNE TIOKA3aTe st OCOOEHHOCTH 3 TIPU PA3IMIHBIX 3HAYEHUAX KOIDDUITNEHTOB
Ilyaccona v; u vo. Boisacaeno, aro koaddunuent [lyaccona vy mMarepuajia HUXKHETO CJIOS Ma-
JIO BIIMSIET Ha IOKA3aTeIb OCOOEHHOCTH [3, OCOOEHHO TpH MPHUOIMKEHNN K KOHIIAM HHTEPBAJIa
U3MEHEHUs (i, B CPDEHEN 2Ke 9aCTh YeM 0oJibire KOI(hMUIUEHT /1, TEM MEHbIIIE IO MOYIII0 TTOKa-
zaresb . Koaddunpenr xe vy Bauser Ha 3TOT [I0Ka3aTe/lb B PABHON Mepe 110 BCEMY HHTEPBAJLY
MU3MEHEHUs (4, IIPYU 3TOM 4eM Oouiblie KO3 puuueHT o, TeM OoJIblIe 110 MOJLYJIIO [I0Ka3aTe/ib 3

(Tab.2).
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vy = 0.25 71 =035
b T =015 [ 1 =025 | 1, =035 | o =0.15 | 15 = 0.25 | v = 0.35
01 | -03221 | -0.3116 | -0.3001 | -0.2398 | -0.3001 | -0.3538
21 | -0.5965 | -0.5809 | -0.5596 | -0.5413 | -0.5596 | -0.5788
435 | -0.6744 | -0.6627 | -0.6462 | -0.6307 | -0.6462 | -0.6632
835 | -0.7421 | -0.7335 | -0.7211 | -0.7074 | -0.7211 | -0.7363

Tabsmuna 2: ITokaszarens ocobernnocru 3

08 (=)

B

Puc.4 hi = 2.8; hs = 4.2, vo = 0.25 Puc.5 hy = 2.8; h3 = 4.2, v1 = 0.35

W3 npuBeeHHBIX IPAPUKOB MOKHO CAETATD CJIEAYIOIIHE BHIBOIDI:

e C Bo3pacranueM OTHOIIEHUs KOIMDMUIMEHT KOHIIEHTPAIMY HAIPSKEHUI Y BHEITHEr0 KOH-
[[a TPEIWHBI CYIIECTBEHHO TAIaeT, CTPEMSICh K HYJII0, & BTOPOil KO3(DDUIMEHT MeIIeHHO
BO3pAacCTaeT, CTPeMACh K OLpeeIeHHOMY Npeey,

o Kosddumnmentsr [Tyaccorna ob6omx MarepraoB TPAKTHIECKN HE BIUSIOT Ha KO3 dumenT
KOHIIEHTpPaIlunu HaHpH}KeHI/Iﬁ Y BHYTPEHHETO KOHIIa TPEIINHbBI,

e HawubGouibiiee Biusgane Ha KOI(PDUIMEHT KOHIEHTPAIMH HANPSKEHUN y BHEITHErO KOHIIA
TpemuHbl nMeeT Ko3ddunment [lyaccona marepraja BEPXHETO CJIOs,



e lI3MeHeHWE TOIMMHBI BEPXHETO CJIOS BJIMSET, IJIABHBIM 00pa3oM, Ha KOI(MMDUIIUEHT KOH-
[EeHTPAINU HaIpPAXKEeHUl y BHyTPEHHEro KOHIA TPEelIuHbI,

o ll3merHeHne TOIMHBI HUYKHETO CJIOS MOYTH OJWHAKOBO BJIMSAET HA KOI(PDUIIMEHTHI KOH-
[IEHTPAIMN HANPSAKEHUN y 000UX KOHIIOB TPEIUHBI.

Ha Puc.6 — Puc.7 npuBenennt rpaduku pacrnpeaeaeHns 0e3pa3MepHbIX KOHTAKTHBIX HAIIPSI-
JKeHUR Ty (2,0)/(ape) u oy (z,0)/(ape) 0O AuHUE pa3fesa MATepHATIOB BOIU3H BEPIINHBI
TPENIUHBI JJIs PA3JINIHbIX 3HaYeHnit mapamerpos 3a7a4u. Ha Puc.6 npusenensr ykazannbie rpa-
dukn g pa3iMYHbIX 3HAUYEeHUil To/IUHbL HUuXKHel nosnocel b = 1.5; 0.75; 0.5 npu Heusmen-
HBIX OCTAJBHBIX: hy = 4.5; 1 = 0.5; v; = 0.35 u vo = 0.25, a Ha Puc.7 Te xe rpaduxn nna
w=20.5;1;2m hy =4.5; hi =0.5; 11 = vy = 0.25.

oel '[:lg_(x,()) GJ'(X’O)

Puc. 6: Pacupenenenue raHreHIuaIbHbIX (CI€Ba) U HOPMAJIbHBIX (CIpaBa) HANPSKEHHI O
JIMHUY DA3/e/1a MATEPHAIOB [l PA3JIMYHbIX 3HAMEHUN TOJIIIMHbL HUZKHEH 11010ChL R

Cyng no rpacduxam Puc.6, n3aMeHnenre TOJIINUHBI HUXKHEH DOJIOCEL h] He CHJIBHO BJIUAET HA
pacipe/jiejieHne TaHTe€HIMAJIbHBIX HANIPAXKEHN, HOpMaJbHBIE YKe HallPAXKeHUdA, HeCMOTps Ha TO,
YTO OHU I10 BEJIMYUHE CYIIECTBEHHO MEHbIIe TAHI'€HIIUAJIbHbIX, JOCTATOYHO CUJIbHO PEarupyior
Ha 310 u3menenue. IIpu 3ToM TaHrEeHIMAIbHBIE HAIPSAXKEHUS P YAAJIEHUN OT BEPIIUHBI TPEIn-
HBI YyOBIBAIOT MOHOTOHHO, & HOPMAJIbHBIE HAPSYKEHUS HA, JOCTATOYHO OJIU3KOM PACCTOSTHUH OT
BEPIIUHBI TPEIUHBI MEHAIOT 3HAK, JOCTUTAIOT JIOKAJHHOTO MUHUMYyMa, BO3PACTAIOT J0 OIpee-
JIEHHOTO JIOKAJIbHOT'O MAKCHMYMa, ¥ [Tajiee MOHOTOHHO yOBIBAIOT /10 HYJIsS. Y MEHBITIEHHUE TOJIIIITHbI
h] OPUBOJUT K yBEJIMYEHUIO AOCOMIOTHBIX 3HAYEHUl JIOKAJIbHBIX SKCTPEMYMOB M YMEHBIIIEHUIO
MHTEPBAJIA 3TUX AKTUBHBIX W3MEHEHWI, [10CJIe KOTOPOr0 HAYMHAETCHS MOHOTOHHOE yObIBaHUE 10
nysid. [Ipudyem ymenbinenue 310l 30HbI 0OYCJIOBJIEHO, TVIABHBIM O0OPAa30M, CABUIOM JIOKAJIBHOI'O
MaKCHUMyMa.
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0.05; G.,v (x’ 0)

-1 o/ 10 15 20 25 430
S )/

-0.10

-0.151

25 3.0

Puc. 7: Pacupenenenue raHreHnuaibHbIX (CI€Ba) U HOPMAJIbHBIX (CIpaBa) HAIPAKEHHH 10
JIMHWN Pa3fiesia MaTePUAJIOB /IS PA3INYHBIX 3HAYEHWH OTHOIIEHNsT MOJyJIel CIBHUra. L.

N3mvenenne OTHOIIEHN ST MOJIYJIEH CABUTA (1 PABHO3HAYHO BJIMSET HA PACIpeIesenne 000nxX Ha-
NpsyKeHnii. Y BeJIMYeHre OTHOIIEHUS [ TPUBOANAT K YMEHbBIIIEHUIO KAK TAHTEeHIINAJIbHBIX HAIPs-
2KEHUH, TaK 1 aOCOIOTHBIX 3HAYEHNI HOPMAJIbHBIX Hanpskenwnii. [Ipu 3T70M mHTEPBAaT AKTHBHBIX
U3MeHeHU HOpMaJIbHbIX HALPAXKEHUI yMEHbIIAeTCH, & JIOKAJIbHbIA MAKCUMYM, OCTaBasdACh Ha OJ1-
HOM YPOBHE, U JIOKAJIbHBIN MUHUMYM, YMEHBIIASChH O aOCOJIOTHON BETHIIHE, TPUOINKAIOTCI K
BEpIIIHHE TPEIUHBL. 31eCh, B OTJIUYNE OT MPEABIIYIIIX TPAGUKOB, 00, TOKAJIHHBIX SKCTPEMYMA,
B PaBHOI Mepe MPUO/INKAIOTCS K BEPITUHE TPEITHHBI.

[Ipu momommy xKBaapaTypHOH (DOPMYJIBI [IJIsT BHIYUC/IEHNST WHTEIPAJIA, C TIEPEMEHHBIM TIPE/Ie-
soum [12] braucieno Takxke packpbitre Tpemmabl. Ha Puc.8 npeacrasienst hopMbl pacKpbITHS
TPEMIMHBI IPU PA3IUYHBIX 3HAYEHUAX HapameTpoB. /IBa mapamerpa OPUHATHI MOCTOSHHBIMU

5 =4.2; vy =0.25.

. 1— hl* =0.55p=4;v, =0.35
i 2>k =28u=06;v,=0.15
3 005¢ 3>k =28pn=2.1v,=025

-1.0 -05 05 1.0

Puc. 8: ®opma pacKpbITUS TPENTUHBI

3akJIr0o4eHue

UccnenoBano HAPSKEHHOE COCTOSTHUE JIBYXKOMIIOHEHTHOW COCTABHOI IOJIOCHI BOKPYT TPe-
IIUHBI KOHEYHOH /JIMHBI, IEPIEH/UKYJISPHO BBIXOAMAINEN Ha JIMHUIO pa3iesa marepuason. 1lo-
JIy9€eHO OTIpeJIeisfioliee ypaBHeHe 3aJa49W, ABASIONIeecd CUHTYISPHBIM WHTErPATbHBIM ypaBHe-
HueM C 0000meHHbIM siapoM Kormmu, nHatve HA3hIBAEMBIM YDABHEHUEM C HEMOIBUKHONU OCOOEH-
HOCTBIO. IIpu momoIu MeToma MEXaHMYIECKUX KBAJIPATYP MCCJIEI0BAHBI 3aBUCUMOCTH K03 hu-
[IMEHTOB KOHIEHTPAIMK HAIPSYKEHWI B KOHIAX TPEIIWHBI, MOKA3ATess OCOOEHHOCTH HA BHEIII-
HEM KOHIIE TPemuHbl, (POPMbI PACKPBITUS TPEIINHBI, & TAKXKe PACIIPE/IeIEHNE HOPMAJIbHBIX U
TAHI'€HIUAJIbHBIX HAIPAXKEHUN Ha JIMHUM pa3/iesla MarepuasioB OT YIPYI'UX U IeOMeTPUYECKUX
MapaMeTpoB 3aa4H.

30



BoisiBieHa CTemeHb BJIMSHHSA OTIAEILHBIX IIapaMeTpoB Ha KO3(M(DUIUEHTHl WHTEHCUB-HOCTH
HAIIPSXKEHWH B BEPIIMHAX TPEIMHLL: TOJIIIUHA HUKHEH MOJIOCHI MOYTH OJMHAKOBO, C IIpeodia-
JaHWeM y BHEIIHErO KOHIIA, BIUAeT Ha 00a K03 ()UIMEeHTa MHTEHCHBHOCTH; TOJIIUHA BEPXHER
IIOJIOCHL 3AMETHO BJIMAET TOJIbKO Ha KO3(D(PUIMEHT MHTEHCUBHOCTH HAIPAKEHUN y BHYTPEHHErO
KOHITa TpemuHbr; 06a kKoddduimenta [lyaccora cyIecTBeHHO BAUSIOT HA KOIDDUIMEHT HHTEH-
CUBHOCTHY y BHEITHETO KOHIIA W MPAKTHIECKHU HE BIUSIOT HA KOI(DDUIIHEHT Y BHYTPEHHETO KOHIIA
TPEITUHEL.

IToka3aHO, 9TO TOMIMHA HUXKHEH IIOJOCHI BAUAET TaKXKe HA PACIPEIETICHHE KOHTAKT-HBIX
HAIIPS2KEHHI 110 JIMHUU PA3Ie/ia MATEPHAJIOB, IPHYEeM 3HAYUTE]bHO CyIIEeCTBeHee HA HOPMAJb-
Hble KOHTAKTHBIC HAMPSYKEHWS, OTHOIIEHNE YKe MOIyJeil CIBUra BIUsET Ha 008 KOHTAKTHBIX
HaIps>KeHUsI B PaBHOM Mepe.

ABTOpPBI BBIPAXKAIOT NIYOOKYI0 MPU3HATETHLHOCTH CBOEMY MOJIOIOMY Kojutere K.p.m.H. A.A.
AMupmkansHy 33 O9€Hb [OJIE3HOE 0OCYK/ICHIE HA BCEM, JOCTATOYHO JIOJITOM, IPOTSKEHUH MO/
POTOBKU CTaTbU U 1IOMOUIb IIPU BbIIOJHEHUN YUCJIEHHDIX PACYeTOB.
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AbhSNAFE-3NFLLENP TQAUSPL WHUYEUDPUSh Sttulah,
N3BECTUS HAIIMOHAJIBHO AKAZTEMIN HAYK APMEHIN

Ubfuwbhluw 74, Ne 3, 2021 Mexannka,
YIOK 539.3 Doi- |http://doi.org/10.33018/74.3.4

HYBRID OF SURFACE SHEAR WAVES AT THE CONTACT
INTERFACE BETWEEN PIEZOELECTRIC AND ELECTRICALLY
CONDUCTIVE HALF-SPACES

Avetisyan Ara S., Gevorgyan A.V., Avetisyan L.V.

Keywords: piezoelectric, perfect conductor, surface shear wave, electro active wave, magneto active

wave, wave dispersion, Alfven velocity.

FHGPHL[ IIOBEPXHOCTHBIX BOJIH CABUTr'a Ha Ipa—HHIIE€ pa3JaeJia
IIbEe303JIEKTPUYIECKOI'O U 3JIEKTPOIIPOBOAAIIIEIrO IIOJIYIIPOCTPAHCTB

ABetucan Apa C., I'eBopkan A.B., ABerucan JI.B.

KumroueBble cJI0Ba: IbE303JIEKTPUK, HAEATbHBIN IPOBOIHUK, IOBEPXHOCTHAS BOJIHA CABUTA, 3JIEKTPO

AKTHBHAS BOJIHA, MATHETO aKTHBHAS BOJIHA, AUCIEDPCHs BOJIH, CKOPOCTh AbyideHa.

AnHoTanus: PaccMaTpuBaeTcs COBMECTHOE PACIPOCTPAHEHHE HJIEKTPO-MATHETO AKTUBHBIX, [10-
BEPXHOCTHBIX BOJIH YIIPYTOrO CABUTA B JIBYXCJIOHHOM KOMIIO3UTE. KOMIIO3BUT COCTOUT M3 NbE303JIEeK-
TPHUYECKOTO U HIEAJTBHO IPOBOJSIIETO MOJYIPOCTPAHCTB, U Pa3MellleH B TapaJjebHOM IOBEPXHOCTU
pa3zzesia MOJIYyIPOCTPAHCTB BHEITHEM MOCTOSHHOM MAaraHuTHOM mnose. CopMmyanpoBana MaTeMaTHde-
CKas KpaeBas 33Ja49a. AHAIN3 IOJIYIE€HHOTO AUCIEPCHOHHOTO YDABHEHHUS IO3BOJISIET OIPEJeIUTh
YCJIOBUSA CYLIECTBOBAHUSA JIOKAJIM3OBAHHBIX IIOIIE€PEYHBIX BOJIH HA IDAHULE Pa3Jesia JBYX Cpel M Xa-
PaKTep JIOKAJAM3anuil MAarHUTOYIIPYTUX U 3JIEKTPOYIPYyrux BoaH. [[oKazaHo, 4TO BOJTHOBOM IpoIecC B
KOMIIO3UTE MOXKHO ONTHMHU3UPOBATH, U3MEH:S HAIPIKEHHOCTh MAarHUTHOTO IoJsi. Hasmmyue nmapas-
JIEJITBHOI'O MATrHUTHOI'O IIOJIsI MOXKET IIPUBECTH K YCTPAHEHUIO CYIEeCTBYIOIIEro Iubpu/Ia MOBEPXHOCT-
HBIX 3JIEKTPOAKTUBHBIX U MAarHUTOAKTUBHBIX YIPYTUX MOMEPEYHBIX BOJIH MJIM MOXKET IPHUBECTH K UX

BO3HHUKHOBEHHUIO.

Uwhph dwybtpumpuyht whpibtph hhpphn whtqnkEyppujut b Ghpppuui
hwnnpnhs Jhuwgpupudnpymiuitph wipuljgdwt dhetiptuht

WJGyphuywtn Upw U., Gbnpgyuia WJd., WJtaphuyywt Lunt Jd.

Shiwpwnbp’ whngntitlppphy, hntwpulub hwnnpohg, uwhph dwytipbneuwht wihp, Haippuwlphy wihe,
dwqbhuwwlphy wihp, wihph gpnud, Wdkbh wpugnipynii:

Yhpupyynud £ tpptipg §ndynghynd tgppudwgbhuwub wipgphy dwtipbmpuiht wpwaqujub uvwhph
wihpbtinh hwdwptin pupudnuip: Undwynghypp punugwd E whngnbiiypuud b Juypupyu; hwnnpnhg
Jhuwipupwopbtiphg b pnuwiuywd £ jhuwpupuonyeynibbitiph dhetintiuhtt gmiquihtin wpuphtt hwugpugni o
dwqbihuwub pupynid: Quutpyywd L dwptdwphuyjubd tqpuyht wpdtiph ppinhp: Ugpugud nhuybpuhwh
hwjwuwpiwb Ytipndnipniip hbwpwynpnipinid £ ypuihu npnptijnt ipne dhewdwyptipnh dhetintiuh dnyp ptinwy-
Owgywd uwhph whpbtph wnjuwynipjut wuydwdbtpp, hbswbu bwb twqbhuwwnwaqujub b Ltpppunwé-
qulwl uwhph wihpbtiph pbnujiwgdwd ptinyep: Snyg L ppdwd, np yndunghypnud wihpuyhtt gnpdplipugp

53


http://doi.org/10.33018/74.3.4

Yuptith £ owyphdwjughty thnfutiing wppuphtl dwqbhuwud nuoph jupdwdnipyniip: Qmquhtin Gwqbhuwub
nuwomnh woluwynipgniip Jupnn £ hwbgkgitp dwytpunyph bhyppuiphy b dwqbhuwwlphy wowaquju
Yupppnn wihpbtiph welw hhpphnh ytpugdwip jud jupnn £ hwbghgitp nputg wnwowgdwib:

9niquhtin dwqhuwud nuoyph weuynpeynbp Jupnn b hwbgbgbty dwytpunyph LEGppuipgphy
dwqbhuwwyphy wnwaquub uwhph whpbtiph hhpphnh wowowgiwi, Jud Jupnn £ hwbgtightiy wnuw hhpphnh
Jtpwgdiwin:

Abstract: The propagation of electro-magnetically active, surface elastic shear waves in a bi-
material composite is considered. The composite consists of the contacting piezoelectric and perfectly
conducting half-spaces. There is an external constant magnetic field parallel to the interface of
the half-spaces. A mathematical boundary value contact problem is formulated. An analysis of the
derived dispersion equation provides the conditions for the existence of surface shear waves localized
at the interface between two media. The effects and nature of the localizations of magnetoelastic
and electroelastic waves are discussed. It is shown that the wave process in the composite can be
optimized by changing the magnetic field intensity. It is shown also that the magnetic field can
eliminate the existing hybrid of surface electroactive and magnetically active elastic shear waves, or
can lead to their origin.

Introduction

In [1], 1911 Love A. E. H. showed that, unlike plane strain waves, localization of
the wave energy of pure elastic shear is possible in the near-surface zone of an elastic
half-space at the junction with a layer of softer material. In 1924, Lord Stoneley R.
[2], investigated the possibility of the existence of waves similar to Rayleigh waves
and Love waves, which propagate along the inner joints of the layers of the earth’s
crust. In his work, he also investigated the circumstances under which a Love-type
wave can exist if a layer of constant thickness is bounded on both sides by very thick
layers of various materials.

In [3], 1968 Bleustein J.L. and in [4], 1969 Gulyaev Yu.V., are showed the possibility
of localizing the energy of an electroelastic shear wave near a mechanically free surface
of a piezoelectric medium of certain symmetry, under different boundary conditions
for the accompanying electric field. After these primary sources, soviet and foreign
scientists solved a number of problems on the propagation of electroacoustic waves
in piezoelectric crystals and in electrically conductive media, a review of which was
given in books [3], 6] already in the eighties. The features of the localization of the
wave energy of a purely shear electroelastic wave of the Gulyaev- Bleustein type, in
multifunctional media, or in layered composites are still being studied. There are a
thousand works where the regularities of the propagation of electroelastic shear waves
in composite structures, or in media with complicated properties are investigated.

In modern electronics, inhomogeneous composite (in particular layered, piecewise
homogeneous) waveguides are widely used as converters, filters or resonators of electro-
magneto-acoustic high-frequency wave signals with the use of piezoelectric crystals
[7H9], etc.

Qualitatively different interests are represented by the cases when the electroacoustic
signal overcomes a transversely inhomogeneous layered structure [10], and when the
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electroacoustic signal flows along the interface of homogeneous layers of the structure
[IT]. In these works, the formation of a hybrid of electroactive waves of elastic shear
and elastic plane deformation in the case of non-acoustic contact between layers of
piezoelectric materials is investigated.

Naturally, a hybrid of an electroactive elastic shear wave and a magneto active
elastic shear wave in a layered composite of a piezoelectric and an electrically conductive
material (multifunctional composite material) can provide a peculiar interest. In this
case, different surface conditions of mechanical fields at the interface between layers
can allow different hybridizations of elastic shear waves.

The proposed work studies the formation and propagation of a hybrid of electroactive
and magneto active surface elastic shear waves at the interface between contacting
piezoelectric and perfect conducting half-spaces, in an external constant magnetic
field parallel to the interface of half-spaces.

1 Formulation of the mathematical boundary value
contact problem

The composite medium of piezoelectric and electro conductive half-spaces is referred
to a rectangular Cartesian coordinate system Oxjzoxs. The coordinate plane Ozzzq
is the contact interface between half-spaces, the coordinate plane 0z, is coincides
with the isotropy plane of a 6mm piezoelectric medium with hexagonal symmetry. The
coordinate axis Oxg is parallel to the polarization axis of the piezoelectric crystalpg,
and the coordinate axis Oz is directed into the piezoelectric half-space (Fig. 1).

Electro conductive medium X, 1

o

Piezoelectric 6mm

A\

X;

Fig. 1: Located in an external magnetic field Ion(Hgl7 0,0) a composite space
consisting of a piezoelectric medium and an perfectly conducting medium

Constant initial magnetic field ﬁg (Ho1,0,0) is directed along the axis 0z7. The
magnetoelasticity equations for a perfectly conducting isotropic medium, in the general
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three-dimensional case, have the form [12]

@) 92i(®
ot?

@ (. - ~ -
G2V2ﬂ'(2) + /17 {V X [V X ’LI(2) X Ho]} x Hg = P

(1.1)

The coupled equations of elasticity and the equations of electrodynamics for a
dielectric piezoelectric medium and material relations have the form [3, [6]

5 2,1
8% _ p(l)a U, (1.9)
aTj ot? "’
e e 4 e2ptY  gpM
= o MT : 5 — =0. (1.3)
Oz}, Ox;0xy, c§ ot ox;
Uz(;) = C'ijkl“gz) - emijE,SP, Dfl) = eikzug) + EijEj(l). (1.4)

In equations (1.1) + (1.4), the indices i, j, k,I,m € {1,2,3},G2 is the shear elastic
modulus of the conducting medium, p™) and p(® are the bulk densities of materials,
7 = {ugn) (x4, CEQ,.’Eg,t)} are the vectors of elastic displacements, u") and () are
the magnetic fields permeability in piezoelectric and electrically conductive media,
respectively. éijkl is a tensor of elastic constants, é,,,; is a tensor of piezoelectric
modules,é;i, is a tensor of dielectric constant of piezoelectric, and @;; = du;/0x; +
Ou;/Ox; is the tensor of linear deformation of piezoelectric medium.

Hereinafter, the permeability of the magnetic field of the piezoelectric will be
considered p) = 1.

The superscripts (1) and (2) denote the quantities corresponding to the piezoelectric
half-space and perfect conducting half-space, respectively.

Since the electroactive elastic shear wave is possible in the sagittal plane 0zixo of
a piezoelectric material, the displacement field can be represented by two-dimensional
equations in the plane Oxjx2 in the half-spaces n € {1,2}.

Elastic displacements field of this type is permissible if, in the solutions of equations
(1.2) and (1.3), we put Eél)(xl,xg,t) = 0 taking into account the material relations
(1.4).

Then, an electric field is potential also in a piezoelectric medium E(l)(xl, Zo,t) =
—grade™ (x1,x4,t). For piezoelectric half-space under consideration, we obtain the
following system of equations

5)2 (1)
2w2, (1) Ug (‘Tlvx%t)
ciVauy(x1, T2, t) 2 (L5)

V2 [U;(gl)(thl?z,t) — (e1s/€11)- 90(1)(951@27t)} =0

Where, ¢; = 1/G1/p() is the speed of the volume shear wave, G1 = Cus(1 + x?)

is the piezoelectrically stiffened elastic shear modulus, x = v/e%;/(£11Cs4) is the
coefficient of electromechanical coupling in piezoelectric medium.
For a magneto active elastic shear wave travelling in perfect conducting half-space,
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from equation (1.1) we obtain

To,t) 82ué2) (21, x9,1t)

(¢ +2) 15 a ot

(’“)Quz(f)(xh X, t) 5 Bgug)(a@ 16
p (1.6)

c
2 2
Oxy

Here ¢y = \/G2/p?) is the velocity of the bulk shear wave and ay = Hy/+/4mp(?)
is the speed of Alfven in a conducting medium.

Since the accompanying magnetic field is neglected in a piezoelectric medium,
and the accompanying electric field is neglected in a perfect conducting media, the
electroelasticity equations (1.5) in the piezoelectric media and the equation (1.6)
of magnetoelasticity in the perfect conducting media can be obtained in a rather
simplified form.

Accordingly, they will be small of the ordera 10~°.

The boundary conditions can be also simplified. Taking into account that the
corresponding component of the Maxwell stress tensor is identically zero at the
interface, zo = 0 we obtain

8u(1)(x1 X, 1) oM (x4, 24, 1) 8u(2)(x1 Ta,t)

C 2 — R = Gyt 1.7

44 O + €15 O1a 2 O ) (1.7)
Ugl)(l“hwz,t) = u§2)($1,9€27t)7 oW (1, 22,t) = 0. (1.8)

The condition (1.7) is obtained from the condition of continuity of mechanical
stresses. The conditions (1.8) are obtained from the condition continuity of elastic
displacements and the tangential component of the electric field at the interface of
the half-planes.

Since we consider the surface waves, the conditions of disturbances attenuation
for damping of disturbances over the depth of half-spaces must be satisfied also

;(32) (‘rlv x2, t)

. (1) _ . (1) _ .
mlggoou:s (x1,2,t) =0, mzlirgmgo (x1,22,t) =0, mlgrjmu

= 0.
(1.9)

2 Formation of the hybrid of the electroactive and
the magneto active SH elastic waves

Based on attenuation conditions (1.9), the solutions both of the equations (1.5)
and (1.6) can be represented as
ugl)(xl,xQ,t) = A - exp(—kayxs) - explik(x; — vt)],
@M (1, 29,t) = [By - exp(—kxa) — (e15/e11 ) - A1 - exp(—konxs)] - explik(z; — vt)]
(2.1)

U,:())Q)(l‘l,l‘g,t) = As - exp(kasxa) - explik(xzy — vt)] (2.2)
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Here o = 1—v%/c? > 0and o = 1+a3/c3 —v?/c3 > 0 are attenuation coefficients
of waves in half-spaces, v(w) = w/k is the unknown phase velocity of a surface hybrid
wave localized at the contact interface of the adjacent half-spaces of the composite
media.

Substituting solutions (2.1) into boundary conditions (1.7) and (1.8), we obtain a
system of homogeneous algebraic equations for arbitrary constant amplitudes. From
the condition for the existence of nontrivial solutions to a system of homogeneous
algebraic equations, the dispersion equation is obtained

(1= v2(W)/3)? +(G1/G) - (1+ a3/ —vw)/3) " =x*  (23)

The condition for the existence of real roots for the dispersion equation (2.3) is
v2(w) < min{c3, %+ a3}.

The left side of equation (2.3) is a monotonically decreasing function of the phase
velocity v(w). This makes it possible to obtain the conditions for the existence of a
hybrid of surface waves depending on the ratio of the shear wave velocities in the
media and on the magnetic field intensity. Let’s consider different cases:

i) Let the speed of an elastic transverse wave in the piezoelectric medium be less
than the speed of an elastic transverse wave in the perfect conducting medium ¢; < ¢s.
Since the parameter on the right-hand side of Eq. (2.3) must be between the extreme
values of the function on the left-hand side of the Eq. (2.3). The condition for the
existence of surface waves in this case can be written in the following form

(G1/Ga) - (14 (a2 —2)/E2)? <2 <14(Gh/Go) - (1+a2/2)? (24)

Since the coefficient of electromechanical coupling of the piezoelectric medium is
less than unity 0 < x? < 1, the condition (2.4) can be reduced to the form

1/2
Ho < 2/mp® - [[(G2/G1) * - x* — 1) + ]

(2.5)

It follows from this condition that in the absence of an external magnetic field,
(Ho1 = 0), the surface elastic shear waves of phase velocity v(w) < ¢;, can exist in
the composite if x? > (G1/G2) - \/c2 —c3/ca < 1.

The weak external magnetic field, satisfying to condition (2.5) does not eliminate
the surface waves. The strong external magnetic field can lead to elimination of the
existing hybrid of surface shear waves, at the following values of the magnetic field
intensities

_ 1/2
Hy > 2v/7p® - [ — (1 - *G3G52) - 3]

ii) In velocity ratios ¢? > ¢3 + a3, the condition for the existence of a hybrid of

surface shear waves can be defined as

(2.6)

1/2

(1 —(c2 —&—a%)/c% )1/2 <x?<1+4 (G2/Gy) - (1 +a2/c3 ) (2.7)

Obviously, in the absence of an external magnetic field, when Hy; = 0, for
composite materials where ¢; > ¢o the surface shear waves always exist. Such waves
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can be eliminated outside of the narrow interval of external magnetic field intensities

9 7_[_,0(2) . [(1 _ X4) 'C% . C%] 1/2 < Hy < QW. (C? — 63)1/2 (28)

iii) When ¢ < ¢ < ¢} + a3, instead of relation (2.7), the existence condition for
the surface shear waves can be written as

(Go/Gr)- (1= (2 —ad)/2)"? <2 <1+ (Go/Gy) - (14a2/2) (29

In this case, in the absence of a magnetic field, the condition for of the surface
shear wave existence is

(1— /) <2 <1+4(Ga/Ch) (2.10)
The external magnetic field can lead to the elimination of existing surface waves if

}1/2

Hy < 23/7p@ - [cf —[1 = (G2/G1)? - xYe2 (2.11)

From condition (2.10) it follows, that in case of absence of an external magnetic
field, shear surface waves always exist.

In the cases both of a weak magnetic field, when Hy < 2y/mp3 - (¢} — c3)
and a strong magnetic field, when Hy > 2y/mp®@ - [} — (1 — x*G3G5?) - 03]1/2 , the
elastic surface shear waves disappears.

An external magnetic field can lead to appearance of waves, if

2V/mp® - (3 = B)'* < Ho <2v/mp® - [ - (1-x1G3G52) -] (212)

1/2

Numerical Analysis

For piezoelectric medium, we take the material Cadmium Sulfide CdS, with the
following material parameters: p; = 4.82 - 10% kg/m? - bulk density, cqy = 1.43 -
10'° N/m? - shear modulus, x? = 0,047 - coefficient of electro-mechanical coupling,
Gy = 1.4972 - 10'°N/m? - piezoelectrically stiffened elastic shear modulus and ¢; =
1.7625 - 103m/sec is the speed of bulk shear waves.

For perfect conducting medium we take the material Tin Sn, with material parameters:
po = 7,29 -10% kg/m> is the bulk density and c; = 1.7563 - 103m/sec are the shear
stiffness of, and the velocity of bulk shear waves is G = 2.2487 - 101°N/m? .

For this selected materials ¢; > ¢y and the condition for the existence of waves
(2.10) is also satisfied. In the absence of an external magnetic field, the surface elastic
shear waves propagate in both of half-spaces. In the piezoelectric half-space, the
surface shear wave is accompanied by oscillations of the electric field, and in the electro
conducting half-space we have a purely elastic shear wave. For the weak magnetic field,
when Hy < 3.558 - 10%a/m or strong magnetic field, when Hy > 3.797 - 10%a/m , the
surface waves in the composite do not exist.

For the intensities of the external magnetic field satisfying to condition (2.12):
3.558-10%a/m < Hy < 3.797-10%a/m , there exist the hybrid both of the magnetically
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active surface elastic shear wave in electro conducting medium and the electrically
active surface elastic shear wave in a piezoelectric localized at the contact interface
of these media.

Conclusion

In a composite consisting of 6mm class of hexagonal symmetry piezoelectric medium
contacting with perfect conducting medium, in the absence of external constant
magnetic field the elastic shear surface waves are always exist localizing at contact
interface. In the piezoelectric medium, this wave is accompanied by oscillations of the
electric field. The presence of an external magnetic field parallel to the interface can
eliminate these surface waves.

At other values of the external magnetic field intensities, the hybrid both of a
magnetically active elastic surface shear wave in perfect conducting medium and an
electrically active elastic shear wave in a piezoelectric medium is exist localized at the
contact interface of these media.

This kind of compound composite makes it is possible, by means of changing
intensities of external magnetic field, to control propagation modes of electro-magneto-
elastic surface waves in composite devises.
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QhSNFE-83NFLLENP UQAUSPL WHUNEUPUSEh Sttulah,
N3BECTUS HAIIMOHAJIBHOI AKAJTEMIN HAYK APMEHIN

Utihuwbhlu 74, Ne 3, 2021 Mexannka
YK 62-50 Doi- http://doi.org/10.33018/74.3.5

OPTIMAL CHOICE OF THE TYPE OF THE FINAL CONFIGURATION AT
THE LIMITED CONTROL OF GRIPPER MOTION OF THE TWO LINK
MANIPULATOR

Avetisyan V.V,

Keywords: two link manipulator, limited control, the type of the final configuration
ABerucan B.B.

OnTuMaJIbHBIN BBIOOP THUIIA KOHEYHOM KOH(Urypaliuu NpU OrpaHUuYeHHOM
YIpaBJIeHUHU II€peMeIeHNeM cXBaTa JBY3BEHHOI0 MaHUMYJIATOPA

KuaroueBble cjioBa: : IBYy3BeHHBIH MAaHUIYISATOD, OTPAHUYEHHOE YIIPABJIEHUEe, KOHEYHBIN THI KOH(MUTYpAIUn

PaccmarpuBaerca 3amada OTpAHHYEHHOIO YIPABJIEHHS MEPEMEIEHHeM TOYETHOr0 CXBATA ILIOCKOTO JIBY3BEH-
HOrO MAHHUIYJATOPA C MPIAMOJIUHEIHBIMU 3BEHbSMH DABHOW IJIMHBI M CO BTOPBIM CTATHYECKH YPABHOBEIIEHHBIM
3BeHOM. Ha mIockocTu 0600IEeHHBIX KOOPAMHAT MAHUILYJISITOPA MOCTPOEHBI 00JIACTH, MO3BOJISIONINE TI0 33 TaHHBIM
KOOPAMHATAM TEPMHUHAJIBHOIO MOJIOXKEHUS] MAHUIIYJIATOPA OIPEIEJUTD YIIPABICHNS, 00ECIeYNBAIOIINE IEPEMEIIEHIE
MAHHUILYJISITOPA M3 HAYAJIBHOIO IIOJIOZKEHUs IIOKOsS B 33/aHHOE TEPMUHAJIBHOE II0JIOXKEHHE IIOKOsi 33 KOHEYHOE Bpe-
Ms 6e3 HapYIIeHus] OrPAHWYEHNH Ha YIPABJIEHUS, & TaKyKe BBIOPATH TUI KOHEYHOH KOHMUTYPAINH, IPU KOTOPOM
BpeMs IepeMeIleHns] CXBATa MUHUMAJIbHO. UHCIeHHBIMIA pAacieTaMH YCTAHOBJIEHO, YTO ONTHMAJBHBIA BHIOOD THIIA
KOHEYHON KOH(MUTYPAIMK MOYKET MPUBOJAUTH K 3HAYNTEIbHOMY YMEHBIIEHWIO BPEMEHU TEePEMEIeHMs CXBATa, MAaHU-
nynaTopa. Jlana omeHka 0IHM30CTH PE3YJILTATOB, IOJIYIAEMBIX C IOMOMIBI0 PACCMATPHBAEMOM CIIOCOOe YIPABICHHS

¥ ONTHUMAJIBHOM IO OBICTPOAEHCTBHUIO yIPABICHUN.
WYtyphuywin Jd.Jd.

Gplonul dwithwymypyuypnph pptwlui Yniphgmpughwih puwih owpyphdwy pinppnipymip
prihsh pinuihnpufwt vwhdwbwthwl nEjujupduwt pypmd

Nhdtwpwntp tpyonuly dwihwynijuynp, vwhiwbwthwly ntjuupnd, YJepetiwlui Ynbphgnipughwyh phuwy:

Yhypwplynud E mnnughd b hwjwuwp Gpupnipyudp onuyjutipny hwppe tponuly dwihwnijjuypnph Yaqpught prbhsh
ptinupwpdiwd vwhdwbwthwy nhjudupdwb pbnhpp, tipp dwihwni jupnph Gpypnpng onuyp uypugphnptit hwjwuwpunyud
E: Uwbhwyniyjugpnph pinhwipugyuwd Ynnpnhbunpbtinh hwppnipijub dbe unniggwd th hwuwbtith Ynbdhgmpughwitiph yphpnypbtn
, npnbp hmpwynpnipynid GO puwthu puyp dwbhwnyjupnph yptpdhtwy nhpph Ynnpnhtwpotiph npnptp wyt nEjuyupnudbtipp,
npnip wwywhnymd G0 dwbhyniyupnph plinuthnpunudp uyqpbwyud hwbquph nhpphg ppjwd ptipdhtwy hwbquiph nhpp
Ytpowynp dwiwbwlyn wpwig nijujupnidtiph ypuw npjwd vwhdwbwthwynitbph ewfugqpdwd, hbsytu bwb pbypty Jipebwub
Untdhgnipughwyh puwlyp, nph nhypnid ppthsh phnuihnfudwt dwdwbwyp bfuqugny bl £ GJuyht hwpguplitipnyg hwugqugy by
L, np Jtpotwlwl Ynbdhgnipughwyh phuwhh owyphdwy plppnieyniip Yupnn £ pipt dwhwnyjuwypnph pebihgh plinuthnfudwi
dudwbwyh qquih jugtgdwbn: Spywd L wprynmbpbtiph dnyphympyjut qbwhugpuuip, npnip upugynid b nphypupyynn
ntjujupiwb b owyyphdwy puyp wpuqugnpdnipyub nEjujunpdwd nhypbpnd:

We consider the limited control problem for the motion of a point gripper of a plane two-link manipulator
with linear links of equal length, the second link being statically balanced. Regions are constructed on the plane of
the generalized coordinates of the manipulator that allow, based on the specified coordinates of the manipulator’s
terminal position, to determine the controls that ensures the manipulator moves from the initial rest position to
the specified terminal resting position in a finite time without violating the controls constraints, and also to select
the type of final configuration in which the movement time is gripper is minimal. It is established by numerical
calculations that the optimal choice of the final configuration can significantly reduce the motion time of the
manipulgtor gripper. An estimate is given for the proximity of the results obtained using the considered control
method and time-optimal control.
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Introduction

Two-link robotic manipulators are widely used in various branches of modern industry. They
are used both independently and as part of the structures of multi-link manipulation robots for
which it is these two links that perform the bulk of the robot’s motions when it performs various
technological operations. One possible approach to the rational calculation of control modes is their
optimization according to some manipulator performance criterion (time of transport operations,
energy consumption, etc.). An essential component in the formation of algorithms for controlling
the motion of a two-link manipulator is taking into account its design and geometric features. For a
plane two-link manipulator, each position of the gripper corresponds to two feasible configurations
differing by the sign of the angle between the links. Consequently, the performance of the gripper
motion to the terminal position depends both on the type of the final configuration and on
the control method that brings the manipulator into this configuration. In [1l 2], optimal and
suboptimal control laws were constructed for a two-link manipulator with zero-lag links in the
two-point problem of moving a gripper with a load. A significant dependence of the time it takes
to bring the gripper to the terminal state on the manipulator configuration type was revealed,
and the problem of choosing the optimal configuration type was solved. In 3], a graphic-analytical
approach was developed to constructing time-suboptimal open-loop controls that bring a two-link
manipulator with arbitrary geometric and lag characteristics from the initial rest configuration to
an arbitrary final rest configuration. The publications [4H9] deal with optimization methods for
solving the problem of controlling robots, including two-link manipulators, and calculating their
design parameters. Models of mechanical and electromechanical plane two-link manipulators with
statically balanced second link and with arbitrary lag characteristics are considered in [TOHI3].
Assuming that the manipulator design allows full clockwise and counterclockwise rotation of the
links, it was established that the manipulator can be brought to the same final configuration by
various combinations of rotations of the links. For each of the two types of final configurations,
the graphic-analytical procedure solved the problem of choosing the directions of rotations of the
manipulator links and determining the control method for which a given control criterion (the
response speed [I0, 1], the energy consumption [13], and a combined functional [12]) attains
its minimum value. The optimal type of the final configuration was found by a straightforward
calculation. In [I4] [I5], a parametric optimization method was used to construct a quadratic-
functional-suboptimal control of the motion of a plane two-link manipulator taking into account
feasible manipulator configurations corresponding to given gripper positions at the beginning and
end of the motion. In [I6], a mechanical model of a two-link manipulator [3] is considered, the
design of which allows only half a revolution of the links in the positive and negative directions.
For a given terminal position of the manipulator gripper, the type of final configuration and a
control method have been determined, which ensure the movement of the gripper to a given final
resting position in a minimum time. In [I7] 18], using the generalized method of constructing a
limited control [19], explicitly found the controls and the corresponding finite time, at which the
two-link manipulator of the initial state of rest is brought to any final state of rest in the working
zone without violating the restrictions on the speed.

This article discusses a mechanical model of a two-link manipulator [I6]. On the plane of the
generalized coordinates of the manipulator, regions are constructed that allow, based on the given
coordinates of the terminal position of the manipulator, to determine the limited controls that
ensures the movement of the manipulator from the initial resting position to a given terminal rest
position in a finite time, as well as to determine the type of final configuration at which the time
of movement of the gripper is minimal.

1 Design of the manipulator model
Consider a mechanical two-link system consisting of two absolutely rigid links G; and G5 of the

same length joined with a hinge Os. The link G is attached to a stationary base using the hinge
O1. The hinges are perfect and cylindrical, and their axes are parallel to each other. A gripper is

62



mounted on the end of the second link at point O3. We will assume that the linear sizes of the
gripper are much smaller than the lengths of the links and consider the gripper to be a material
point when studying transport motions. The manipulator control under study is accomplished with
two independent drives Dy and Dsy. The first link and the base interact via the drive Dy and Do
is responsible for the interaction between the links G; and G2 of the manipulator. The control
functions in the manipulator model under study are the torques M; and M, about the axes O;
and O3 generated by the drives D1 and Ds, respectively. The system performs a plane-parallel
motion in a horizontal plane perpendicular to the axes of the hinges O; and Os.

The Lagrange equations describing the motion of the system under consideration in the case
when the link of the manipulator is statically balanced have the form [3]:

(I + moL?)p1 = My — Mo,  Irjo = Mo, (1.1)

Here we have introduced the following notation: ¢; is the angle between the axis O;z and the
straight line O103; 9 is the angle between the axis O;x and the straight line O203; L = |0103] =
|O20s] is the length of the first and second links; I; and Is are the moments of inertia of the links
G1 and G about the axes of the hinges O; and Os, respectively; and mo is the mass of the link
G2. We assume that the positive sense of the angles ¢, and ¢s is counterclockwise from the line
011‘.

The control torques M; and M, are subject to the constraints

[Mi| < MY, |Ms| < My, (1.2)

where MY and MY are given constants.

2 Statement of the problem

The manipulator control objective is to bring the gripper into a given spatial position by rotating
the manipulator links in the positive and negative directions within a half turn. It follows from the
geometry of the two-link manipulator that there exists a one-to-one correspondence

x = L(cospy +cosps), y = L(sing; + sin ¢s). (2.1)

between the Cartesian coordinates x,y of the projection of the point O3 and the generalized
coordinates 1, 2.

However, the angles ¢1, o are not uniquely determined by the Cartesian coordinates z,y. Let
the working area of the manipulator be a semicircle R = {(fc,y) sl y? <AL x> O}. We
solve system (2.1) with respect to 1, 9

%+ y2 —2I2

i 1
vi(z,y) = arctg% + (—1)15K(5, 0 = arccos { 512

], K=4+1, i=1,2. (2.2)

It follows from (2.2) that each gripper position (z,y) inside the manipulator working area R is
associated with two configurations of the two-link manipulator that differ in the sign of the angle
0 = o — 1 between the links. The quantity ¢ in (2.2) is the angle at the vertices O; and O3 of
the triangle O1020s3. As follows from (2.2), the values K = 1 and K = —1 are associated with
the configurations for which 6 > 0 and 6 < 0, respectively; i.e. K = signf. Let us denote them by
{pi(z,y), p2(z,y)} g, K = £1. In what follows, the arguments (z,y) of the functions ¢;(z,y) will
be dropped.
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Fig. 1

Thus, on the plane ® = {1, p2: —7 < 1,2 < 7} of manipulator’s generalized coordinates,
the points (@1, p2) and (p2, ¢1), corresponding to the configurations {y1, 2},_; and
{¢1,92 } o, respectively, are symmetric about the bisector of quadrants I and III, and one
has

(P15 @2) €{p1, p2 € P 2 > @1} = P(+1),

(2.3)
(2, p1) €E{p1, P2 € P 2 <1} = O(—1).
We will consider system (1.2) under the initial conditions
0i(0) =), i(0)=0, i=1,2, (2.4)
which are associated, according to (2.1), with the initial gripper rest position
x(0) = L(cos ¢y + cos ©9) = 2°, #(0) =0, (2.5)

y(0) = L(sin g} +singy) =4°, 5(0) = 0.

Assume that we are given distinct initial gripper position (z°,y°) (2.5) and final gripper position
(2T, 4T) in the manipulator working area R. Since the position (z,y?) is associated with the two
configurations {golT,gog}K, K = +1, for the terminal conditions for system (1.2) we take the
conditions

Pi |K (T) = (PzT ‘K y Pi |K (T) =0, i=12 K==I1, (26)

which are uniquely associated with one and the same gripper rest position

z(T) = L(coscptlp |k + cosapQT k) = 2T, z(T) =0,

K =41 (2.7)
y(T) = L(singp] |k +sineg] |x) =y", §(T)=0,

System (1.2), (1.3) is completely controllable in the class of piecewise continuous functions
M (t) and Ms(t) [3], therefore, for given edge gripper states (2.5), (2.7), each combination of
conditions (2.6) (K = +1, —1) and each feasible controls M; and M, are associated with some
transfer time 7). From the above it follows that there is a dependency for the travel time
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T =T [{oT, 03} |k . M1, Ms], K = +L. (2.8)

Consider the following problem of control of the manipulator gripper motion with allowance
for the final configuration type.

Determine the type K = +1 of the final configuration (2.6) and the law of change of the controls
M = M, (t) and M = M;(t), that ensure the minimum of functionality (2.8)

= min T ({6767} i , My, My) (29)

when bringing the manipulator gripper from the initial rest state (2.5) into the given rest state
(2.8) without violation of restrictions (1.2).

3 Construction of bounded controls

In (1.1), (1.2), (2.4) - (2.7) we pass to the dimensionless variables

t = (MO (msL?)'?t, Ty = L/ (mal?), M’y = M;/M,

,0,T

(3.1)
:Cl:,’E/L, y/:y/La 80/1‘2801‘—80?7 "2} :(P?7T_Q0(i)7 1=1,2.

If now we omit the primes, then relations (1.1), (1.2), (2.4) are simplified <p(1)’2 =0, mg =1,
L =1, MY =1, and system (1.1), the constraints (1.2), and the boundary conditions (2.4), (2.6)
acquire the form

(L + 1)@ = My — My, (3.2)
Iy o = Mo,
[My| < M7, M| <1, (3.3)
pi(0) =0, ¢;(0)=0, i=1.2, (3.4)
¢ile (M) =] | @il (T)=0, i=1,2; K==1. (3.5)

First, consider the problem of constructing a limited control M = (Mj, Ms) of the system (3.2)
- (3.5) without taking into account the type of the final configuration. When solving this problem
under the boundary conditions (3.5), we omit the parameter K.

The change of variables

@ = (I + 1), 92 = I2p2 (3.6)
reduces system (3.2)-(3.5) to the form

G = My — M, G2 = Mo, (3.7)

My < MY, |Mp| <1, (3.8)

@1(0)=¢) =0, ¢1(0)=0, ¢(0)=g5=0, ¢2(0)=0 (3.9)

o) =qf =(Li+1¢f, @) =0, @) =g =Ly, @T)=0. (310
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The phase vector of system (3.7) is formed by the variables q1, g1, ¢2, g2. We represent the
system of equations (3.7) in the vector form

i = Az + BM, (3.11)

© = (21,09, 23,24) = (q1,41,2,d2) , M = (M, My)"

with constant matrices A and B having dimensions 4x4 and 4x2, and a fundamental matrix
Q(t), respectively

01 00 0 O 1 ¢ 0 0
0 0 0O 1 -1 01 00
A=1g 00 1l B=lo o> ®O=1g o 1 ¢ (3.12)
0 0 0O 0 1 0 0 0 1
We write the initial (3.9) and final (3.10) conditions in the form
z(0) =0, (3.13)
o(T) =o' = (a},0,23,0)". (3.14)

We will use the well-known approach to constructing the control [I9]. Following the indicated
approach, we seek the control solving the problem without taking into account constraints (3.8) in
the form

M(t)=Q'(1)C, Q)= Q7' (t)B (3.15)

Here C' = (C1, Cs, Cs, C’4)T is the constant vekctor determined from the system of the following
linear algebraic equation

T
R(T) - C =d YT)z', R(T)= /Q(t)QT(t)dt. (3.16)
0

Since the system (3.11), (3.12) is completely controllable, then the matrix R(T) is nondegenerate
[19] and therefore (3.16) has a unique solution

C=RYT) QYD)a!, 2'=(2},0,2}0)". (3.17)

After calculating the matrices Q1 (¢),Q~1(T),R~Y(T),C, taking into account (3.12), the
components of the sought vector control (3.15) can be represented in the form

Ml(t) = g(tv T)xi + g(tv T)*T:l%v M2(t) = g(tv T)mil’n g(ta T) =—12T"% + 6T72' (318)

Solution z(t) of system (3.11) - (3.13) under control M (¢) with components (3.18) for any T > 0
satisfies the boundary condition (3.14). In this case, however, the components of the constructed
control do not necessarily satisfy the imposed constraints (3.8). In order to take these constraints
into account, let us estimate the control modules M; and M

[Mi(t)] < |g(t, T)| a1 + 3

.| M| < |z |g(t, T)]. (3.19)

Since the linear function g(t,T") (3.17) decreases monotonically on the interval [0, 7], taking
maximum ¢(0,7) = 672 and minimum ¢(7,7) = —67~2 values at the ends of this interval,
respectively, then inequalities (3.19) can be rewritten as

|My| <6|af +as| T2, |Ma| <6|a| T2 (3.20)
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If now the required transition time T of the system (3.11), (3.12) from state (3.13) to the state
(3.14) is chosen from the relation

T = max(Tl,Tg), (321)

where

Ty = /6ot + 2l (M)}, T, = \/@ (3.22)

is the roots of the following equations 6 |z{ + x§| =2 = MY, 6 |x3| T~2 = 1 respectively, then
constraints (3.7) will be satisfied for all ¢ € [0, T'.

From (3.21), (3.22) we obtain

Ty = \f6 12t + 22| (M), if MO |ad| < |2t + 4], (o)

T=91 = M, if M7 |x3| > |21 + 3 (b) (3.23)
Ty =Ty, if MY |zs] = |o] + 23] (©)

)

After the time of motion (3.23) is determined for a given final state x! (3.14), the control
functions M (t) and, M2(t) can be calculated at each moment using formulas (3.18).

In the initial variables (3.6), (3.11), relations (3.18), (3.23) take the form

My (t) = (=12T3 + 6T?) (I + 1) + (=127t + 6T?) ],

3.24
My(t) = (1273t 4+ 6T%) LT, (8:24)

where

Ty = \J6](I + DT + Lol | (M), if (o7, 0]) € 01, (a)

T=91, = \/6|Lel|, if (o], 0F) € s, (b) (3.25)

T =Ty, if (<p1T7ap2T) cd' U (¢)

On the plane of finite configurations (¥, ¢1"), the regions ®;, i = 1,2 and @', ®”, appearing
in formulas (3.25) are determined as follows:

—ApT < T < BT, T >0} U
o= LT Ty ca: (A < L7 : 3.26
SR IELTse e Dl A (320
BoT <ol oI >0} u{-ApT <ol, T <0}u
b, — T,TE(I)I{ 1 2 1 = 1 2 1 = , 3.27
2 {“”1 22) €® 1 Gror < DA, o >0} U {of < BT, of <0} (3.27)
O ={(p],03)e®: o =-Apl }, " ={(¢],¢])€®: ¢} =Byl }, (3.28)
where

-1 -1

A= (L +1)(M+1) I;Y, B=(L+1)(M) 1) Lt (3.29)
Thus, according to the given values 7, | the time of the process (3.25) is first determined,
and then the desired controls (3.24), at which the required displacement of the manipulator is

carried out without violating the constraints (3.3).

67



4 Determining the optimal type of the manipulator’s final
configuration

Let us assume that the manipulator is characterized by the following dimensional parameters
appearing in (1.1), (1.2)

L=1m,my =4kg, I, = I, = (10/3) kg -m*, MY =1 N-m, MY =1 N -m, (4.1)

which correspond to the manipulator, the links of which are the same homogeneous rods.
After passing to dimensionless parameters according to (3.1), we obtain from (4.1) that

L=1my=1,1 =1, =1/3, M} =1, M) = 1. (4.2)

Note that the problem solving procedure does not substantially change for other geometric and
physical manipulator parameters.

Let us proceed to finding the minimum with respect to the parameter K in (2.9). Let the end
position of the gripper (z7,y7) € R = {(:U,y) cat+yt <4, x> O} be fixed. Then from formula
(2.2) we find two terminal points (o7, ¢I) € ®(+1) and (¢I, pT) € ®(-1) (2.3), which, according
to (2.2), are associated with the manipulator configurations {goip7 0¥ K—t1 and {(,0{7 cpg}Kz_l,
respectively. In both cases, we write down the constructed controls, in which the superscripts ()
and (=) will correspond to the values K = +1 and K = —1, respectively.

If K = +1, then according to (2.3) (p7,¢2) € ®(+1). Then (3.24) takes the form

12 6 12 6
M) = (- t+ ——=)I1 + 1] + (———t+ ——) L3,
1 () ( T(Jr)g T(Jr)z)( 1 )‘pl ( T(+)3 T(Jr)z) 2¥2 (4 3)
12 6 :
My () = (——t + —— ) Iro¥,
2 () ( T(+)3 T(+)2> 2¥5
where
7 = \/6 |+ 1)l + It |, (a)
6
if (o1, 05) € U1 (+1)U i(+1) |,
T (], 3) = L:J3 (4.4)

T, = /6| L], if (o, ¢3) € Ua(+1), (b)

T =1 i (o] ,p3) € 2(+1) N (R US"). (o)

The following notation is introduced in formula (4.4):

Ui(+1) = {o1, 03 € B(+1): ¢ <3, @] >0},
Uy(+1) = {95 € ®(+1): —Ap] <¢3, ¢ <0},
Us(+1) = {o] 95 € B(+1) : —pf <95 <—Ap], ¢l <0},
T T -1 T T T T (45)
Uy(+1) = {p1,05 €®(+1): —A7'p] <¢3 <—pf, ¢ <0},
Us(+1) = {o], 905 €(+1): 0< ) <—A7'ol, o] <0},
Ug(+1) = {o], 05 € B(+1): o] <3 <0, ¢f <0},

6
where, taking into account (3.29), (4.2), A = 2. At the same time <U \I/i(Jrl)) = P(+1).

i=1
Since the domains ®(+1) and ®(—1)(2.3) are symmetric to each other about the straight line
03 = o' we conclude that the change of variables o] — oI | I — T transforms the domains
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U, (+1),i=1,...,6, into the respective domains ¥,;(—1), i = 1, ...,6, symmetric about the straight
line o2 = ©T.
Therefore, if K = —1, then the point (¢, ¢T) € ®(—1). Then from (3.24) we obtain

12 6 12 6
M T)(t) = + I +1 -t LT,
1 () ( T(7)3 T( )2)( 1 )302 ( T(7)3 T( )2) 2901 (4 6)
12 6 ’
My () = (———t + LT,
2 () ( T(7)3 ( )2) 2‘:01
where
T(—):\/6\11+1¢§+12901T, (a)
_ f 9027901 < \I/ ) U\Ijﬁ(_l),
T (pF T = U (4.7)
1) =4/6|Le]|, if (¥3,¢7) € Us(-1), (b)
7 =10 i (0 e]) e (-1 N (@' UP"). (o)
where

0 <3 <<P1}
—A7ol <] <0, 9] >0},

(-1)
(-1)
el 08 €®(-1) : —pl <pf <-A71l, of >0},
(-1)
(-1)
(-1)

(4.8)
Uy(—1) = {1, 03 €P(-1): —Ap] <3 <—p1, ¢ >0},
U5(—1 {901 902 € P(-1 (pgS—AQO{, @{20}7 A=2,
Ug(—1) ={pf, 03 €B(-1): ¢ <¢f, o] <0}.

Thus, calculating the minimum in (2.9), taking into account (4.5), (4.6) and (4.7), (4.8), reduces
to choosing the smallest of two times:

7™ = min [ (+) (Qpl 7902) ‘(@?,@%)E‘Pi(+1) ) T(i)(cpgwa 90?) ‘(cp;,tp’f)e\l&(fl)v 1<i< 6:| . (49)

Calculating the minimum in (4.9) for the numerical values of (4.2), as a result, we obtain

Ty (ol 03), i (0], 93) € Tr(+1) U Ts(+1), (1)
T (], 03), if (07, 93) € Ua(+1), (2)
T = STV (5, 01), i (93, 01) € Ta(=1) U T6(=1),  (3) (4.10)
T (03 7). if (3, ¢7) € Us(—1), (4)
Ty (], 03) =T (05, 0]), if 0 =¢i.  (5)

where U;(£1), ¢ = 1,...,6 determined from (4.5), (4.8). Let us provide a numerical example.
For the manipulator with the dimensionless parameters in (4.2), we take the gripper initial and
terminal coordinates in the form

=2 4y'=0, 2T =1, 4T =-0,5. (4.11)

The values of the coordinates of the gripper initial and terminal states (4.11) are associated
with the initial configuration ¢§ = ¢9 = 0 and with the two terminal
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Fig. 2

configurations (2.2), wich are in turn associated with the two points, symmetric about the
straight line o2 = ¢T on the angular manipulator plane (the angles are given in radian and angle
degree measures):

{e1,03 } oyt (91.93) = (—1.699rad, 0.514rad) = (—97°37’, 29°46), (4.12)

{1,035}t (¥3,01) =(0.514rad, —1.699rad ) = (29°46’, —97°37"). (4.13)

In the case under consideration, the point (o, ) € W5(+1), and the point (pZ,p?) €
U5(—1)(fig. 2). Consequently, according to formula (4.10) (4), the minimum travel time of the
gripper is achieved at point (4.13), which corresponds to the final configuration corresponding to

the value K = —1. In this case, one should use the controls M), M2(7)(4.6), in which the travel
time is determined by the formula (4.7)(b): T* = 757 = ,/6 |27 | and equal T* = 1,84 (2.925).
The figure in parentheses give dimensional values of these times with the use of the conversion
formulas (3.1). For comparison, note that if we choose the terminal configuration (4.12) (K = +1),
then the gripper transfer time turns equal T3 P (o7, pT) = \/6 |(I1 + 1)l + I3[ (4.4) (a) and

out to be much worse; namely, T3 (V) = 3.54 (5.59s).
The constructed controls are not time optimal, but simple enough for calculation and practical
implementation. It is established by formulas (3.25) - (3.28) that

1) the domains ®; and ®5 up to notation, coincide with the domains constructed in a similar
time-optimal problem [16],

2) between the time of optimal movement 7°[16] and the time (3.25) there is the following
ratio: T°/T* =~ 0.816. For comparison, we present the results of calculating the time-
optimal movement T° for the end positions of the gripper (4.12) and (4.13). With the final
configuration K = —1 the time-optimal is equal 7% = 1.5 (2.37s) and with K = +1 is equal
TO = 2.89 (4.57s).

Conclusions

On the configuration plane of a two-link manipulator with a second statically balanced link,
regions are constructed that allow, based on a given terminal position of the manipulator, to
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determine the laws of controls change, which brings the manipulator from the initial resting
configuration to the terminal resting configuration in a finite time without violating controls
constraints, and also to choice the type of final configuration for which the time of movement
of the gripper is minimal. It has been established by numerical calculations that the optimal choice
of the type of the final configuration can lead to a significant decrease in the travel time. An
estimate is given for the proximity of the results obtained using the considered control method and
time-optimal control.

The work was supported by the Science Committee of RA, in the frames of the research project
Ne21T-2D255
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|Be.11y6e1csm Meuic BarapmaKOBnq\

(1935-2021)

Ilocne 55-neTHell HaydyHO-IIEAArOTMYECKON JEATENBHOCTH, HA 86 TONY KU3HU
MOIPOINAJICS C 3€MHOH JKH3HBIO Mpodeccop, TIaBHBIA HAay4yHBIH COTPYAHUK
WuctutyTa Mexanuku HaruonanbHOUM akajgeMuu Hayk ApmeHun — benyOeksH
Menc Barapuakosuu.

ApMsHCKas IIKOJIa MEXAaHUKH IOTepsia TaJaHTJIMBOIO YYEHOIrO, YMEIIOro
nejarora, NpeAaHHoro NaTpuoTa U rpaX/JaaHuHa CBOEH CTPAHBI.

IIpodeccop M.B.benyoeksn poauics 8 mas 1935r. B r. Epepane. B 1958 r.
OKOHYMJ (U3UKO-MaTeMaTH4eCKuil ¢axyiapTeT EpeBaHCKOro rocynapcTBEHHOTO
yHHUBepcuTeTa, a B 1964 r. — acnupanTypy JIEHHHIpaacKOro MOJMTEXHUYECKOTO
HMHCTHUTYTA MO PYKOBOACTBOM Mpodeccopa Jloitrsackoro JLI.

Hayunsie wuccnemoBanuss M.B.BenyOeksiHa TOCBAIIEHBI COBPEMEHHBIM
npobjeMaM MEXaHWKH CIUIOIIHOM CpeAbl M TOJNYYHIM IIUPOKOE MpPHU3HAHUE B
Hay4yHBIX Kpyrax. OH HpeIOKII U Pa3BUBAJ TEOPHUI0 TOKOHECYIIUX IUIACTHH U
o0oyiodek, ABNSETCS OAHMM U3 OCHOBaTeled TEOPHH MAarHUTOYIPYTOCTH
TOHKOCTEHHBIX Tesl. Co cBouMu yueHukamu, M.B.benyOexsin paszpaboTan u co3aain
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3¢ deKTUBHbIE METOABl pElIeHMs 3aJad B OONAacTH pPaclHpoCTPaHEHHs BOJIH B
ANEKTPONPOBOSIINX U MBE303IEKTPUICCKUX Cpeax.

Ipodeccop M.B.benybeksin aprop mmu coaBTop Oonee 250 HAyIHBIX cTaTel U
0K0J10 15 MoHOrpadwmii, KOTOpPBIE TMOCTYKUIN OCHOBOW IJIsl YCHEIIHOTO Pa3BUTHS
HOBBIX HaIllpaBJICHUH MEXaHUKU B ApPMEHUH.

B 1972 rony, B Mactutyre Mexannku HAH PA, M.B.benyGeksn co cBonmu
MOJIOZBIMH KOJUIETaMHU OpPraHM30Bajl HAy4HbIH ceMuHap «BosiHOBBIE mpoLecch».
JelictByronmii 10 CHUX TMOp CEMUHAp, TMOA pPYKOBOJACTBOM mpodeccopa
M.B.benyOeksiHa, TOMy4ns HIMPOKOE MpPHU3HAHME B Cpele YYEHBIX, W HrpaeT
OTPOMHYIO POJIb B IOJATOTOBKE MOJIOJIBIX HAYYHBIX KaJpOB.

Honrue rogst M.B.beny6eksin paboran B Mucturyre mexanuku HAH PA. On
0o0beTUHMI BOKpPYr ce0s OoMNblyr0 TPYNIy MOJOABIX Yy4eHbX. I[log ero
HETIOCPEACTBCHHBIM ~ PYKOBOACTBOM  ObUIM  3allMINEHBl  Ooyiee  IBaALATH
KaHAUJATCKUX U TOKTOPCKUX AMCCEPTaLUK.

IIpod. M.B.benyOeksiH BHEC OrpOMHBIM BKJIaJl B pPa3BUTUC MEXaHHKH.
IToaroroBieHHbIE UM BBICOKOKBAIM(UIIMPOBAHHBIE yUEHbIE-MEXaHUKH PaOOTarOT
U TIPENOAIOT B HAYYHBIX YUPESIKICHUAX U By3aX ApMeHHuH. Bol

ITpodeccop M.B.benybeksn sBisiics wienoMm Harmonanbabix KomureToB mo
TEOPeTHYECKOoll M TMpUKIaAHON MexaHuke ApmeHuH U Poccuu, ero HaydHas u
npernojaBarenbekas pabora Oblla yJOCTOCHA MPABUTEIBCTBEHHBIX HArpai, B TOM
yncie menanu "Ananus [upakaun" PecryOniku ApMeHust.

MHorue TOABI, SBISSICH WICHOM pEAKOJUIETHH KypHanma M3Bectus
Hauuonansnoit  Akamemun  Hayk ~— Apmenun «MexaHuKay, CBOUM
NPUHIMIIMAIBHBIM OTHOLIEHHEM U CBOEH 3a00TIMBOCTBIO MO OTHOIIECHHIO K
KoJUIeTaM, B OCOOCHHOCTH, MOJOABIM, mpodeccop M.B.benyOeksiH cHHCKaT
YBa)K€HHE aBTOPOB HAIIETO JKypHaja.

Beunas mamsTh 0 KM3HU U AesTenbHOCTH Mbajca Barapimakosuua Hascerna
OCTaHETCs B HAIIUX CepAlax.

Hupexuusa Nucturyra Mexanuku HaunonansHoit Akanemun Hayk Apmenuu
Penmakmus sxypHama W3Bectuss HammonanpHOU Axagemuun Hayk Apmenun
«MexaHuka»

Haumonansnsiit Komurer no Teopernueckoit u [lpuknannoit Mexanuke ApMeHuu
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IIpaBuia juist aBTOPOB

«MsBectun HAH Apmenun. Mexanuka» OCBELIA€T BOMPOCHI B  06iacTH

TEOPETHYECKONH M NPUKIAJHON MEXaHHKH: TEOPHIl YNpyroctH, oOoJiouek M

IUIACTHH, TUIACTHYHOCTH, ION3YYECTH M BA3KOYNPYIrOCTH,  3JICKTPOMAarHHTO-

YOPYroCTH, a’pOrHAPOMEXAHHKH, YCTOMYHBOCTH JABHMIKCHHS, CTPOUTEIBLHOII

MEXaHHKH H TEXHHKH YKCIIEPUNM.CHTHPOBAHMA.

1. Craten, npeacrasnsemsle B «M3sectns HAH ApMeHHH. MEeXaHHNKa», NOJIKHBI
CONPOBOMKAATHCSI PEKOMEHIANMEH Ha OIMyONIMKOBAHHE OT CEMHHAapa, Ha KOTOPOM
oJI0KeHa pabora.

2. CraTbH MPEACTABIAIOTCS HE APMSTHCKOM, PYCCKOM HIJIH QHIVIHMCKOM S3bIKax B
ABYX 3K3eMIuIspax ¢ ykazanueM Y JIK u IOJKHBI BKJIIOYATh KJIIOYEBbIE CJI0BAa U
KpaTKHe aHHOTAUHH Ha TPEX sA3bIKax, B KOTOPBIX HE MIOMYCKAIOTCS CChUIKH Ha
UMTHPOBAHHYIO JINTEpaTypy M rpoMosakue dopmyinsl. OTAEIBHO B OCHOBHOM
TEKCTC BBIACIHUTH: BBEAEHHE, MOCTAHOBKY 3aa4H, PElIeHHE H 3aKJIIOUYCHHe.

3. BmecTe ¢ OpuruHanoM ctaThi Heo6X0AMMO MPEACTABHTE 3JIEKTPOHHYIO BEPCHIO
B cpene Word: Gymara— ¢popmar A4; Fonts —Times New Roman, Sylfaen.
Iloast — cieBa m cnpaga — 4 ¢M; CHH3Y M CBEpPXY — 5 CM; AHHOTAI(MH — 8pt;
OCHOBHO TekeT — 10pt ¢ muTepsagom 1. @opmyusl — MathType, Defaults.

4. Jlutepatypa (10pt) npuBoguTCs OOIIMM CHHCKOM B KOHIIE CTATBH HA SI3BIKE
OpHIHHAJA, a TAKXE Ha aHIVIMMCKOM s3bIKC, NPH 3TOM, B HHJKECICAYIOLLCH
NOCJIEIOBATENBHOCTH YKA3BIBAIOTCSI:

AJIsl KHHTH — GaMunus ¥ MHMLMANbl aBTOpA, MOJHOE Ha3BaHHE KHHIH, HOMEp
TOMa, MECTO u3AaHus (ropoa), HM3AaTENLCTBO, IOA H3NAHUS H KOJIMYECTBO
CTpaHHLI;

AJIs1 KYPHANA — GaMHIMA M HHHLMAIbLl aBTOpa, MOJIHOE HAMMEHOBAaHHE pPaGoThI,
HA3BaHMC JXXypHaJla, roA U3aHHsl, TOM, BbIITYCK HJIM HOMEP H CTPAHMUBbI.

5. B KOHIIE CTaThH MOJDKHBI GBITH NPUBEJEHBI CBEIECHH 00 aBTOpax C yKaszaHHEeM
KOHTAKTHBIX JAHHbIX.

6. Tlpy Hanu4uM HECKONBKAX ABTOPOB PEAKO/UIEIHS PEKOMEHAYET (aMuIHi
ABTOPOB CTAaTbH PACIIONIOKUTh B andaBUTHOM ITOPSIAKE.

7. B ciy4ae oTkasa B nyGnMKaLMH, peAKOJUICTHs OCTaBIsieT 3a coboii IIpaBoO HE
BO3BPALUATHL aBTOPY OJIMH IK3EMIUISIP CTATHH.
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