










Owsowmnasirvo� tatanowmneri �ekavarman xndir� low�vowm � �o�oxakanneri anjatman me�o{

di mijocov` membranayin �apaveni tatanowmneri te�a�oxow�yown� nerkayacnelov tatanman se�a{

kan � eri  dranc se�akan harmonikneri Fowriei �arqeri mijocov: �ekavarman fownkcian nowynpes

nerkayacvowm � Fowriei �arqeri mijocov: Ezrayin �ekavarman hamar membranayin �apaveni tata{

nowmneri se�akan harmonikner�  �ekavarman fownkciayi harmonikner� ka�owcvowm en mia�amanak`

xndri ezrayin, skzbnakan  verjnakan paymanner� bavararelowc heto:

Ditarkvowm en tarber skzbnakan  verjnakan paymanneri hamar membranayin �apaveni

hnaravor �ekavarman azdecow�yan  tatanowmneri �e�imneri hatowk depqer: Irakanacvowm �

oro�aki depqeri �vayin verlow�ow�yown:

Himnaba�er: membranayin �apaven, ger�aynayin gazi hosq, mia�a� tatanowmner, ezrayin azdecow{

�yown, �ekavarman xndir, �ekavarman fownkciayi harmonikner

A vibration control problem is considered for an in�nite in one direction membrane tape in a

supersonic gas �ow in a �nite time interval is considered. One edge of the membrane tape is rigidly

�xed. A control action is applied to the other edge of the tape using a rigid straight ruler. The

mathematical model of the problem is reduced to a control problem for one-dimensional vibrations

of a string with a boundary control.

The vibration control problem under study is solved via variables separation method by expand-

ing the de�ection of the membrane vibration into Fourier series by natural vibration modes of the

membrane and the function of its harmonics. The unknown function of the boundary control is also

expanded into Fourier series. For the boundary control, the eigenharmonics of the membrane vibra-

tions and the harmonics of the control are constructed simultaneously, after satisfying the boundary,

initial and terminal conditions of the problem.

Particular cases of possible control functions and modes of vibrations of the membrane for di�er-

ent initial and terminal conditions are considered. Numerical analysis of particular cases is carried

out.

Key words: membrane tape, supersonic gas �ow, one-dimensional vibrations, boundary action,

control problem, harmonics of control function.

Introduction

Flexible thin-walled structural elements (plates or shells) made from soft materials,
which are technically modeled as membranes are often used in modern technology.
Naturally, in technical problems of vibration control of membranes, the mathematical
boundary value problem is formulated on the basis of boundary conditions and of the
state of the membrane.

From this point of view, the proposed control problem of vibrations of an in�nite
in one direction membrane in a supersonic gas �ow when one edge of the membrane
is rigidly �xed, and the other edge is controlled, on a �nite time interval is a model.
Supersonic gas �ow streamlines around the membrane along its width, resulting in a
membrane to vibrate.

The problem is mathematically modeled as a problem of one-dimensional forced
transverse vibrations of a membrane with a boundary control. Formally, it coincides
with the problem of boundary control of string vibrations under a distributed trans-
verse external action [1]. Forced vibrations of the membrane and issues of its stability
in the aerodynamics of high supersonic gas velocities were investigated in the mid-
dle of the last century [2,3]. However, to the best of our knowledge, the issues of
controlling such a membrane vibrations were not considered so far.
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The solution to the mathematical boundary value problem of damping string vi-
brations with two control functions are given in the monograph [4].The problem is
solved by the method of Fourier series expansion applied to the string de�ection. For a
string without a distributed transverse load, a similar mathematical boundary value
problem is solved in [5], using D'Alembert method. However, D'Alembert method
does not allow to solve similar boundary value problems in cases where the general
solution of the problem cannot be represented in an integral forms containing the
given initial and terminal conditions explicitly. In the problem of boundary control
of vibrations of a string with given states at intermediate moments [6], the control of
a string with two acting control functions depending on time at the two ends of the
string is investigated.

In well-known monographs [7-10], some of the existing methods and those under
intensive development can be found for the solution of model problems of controllabil-
ity of dynamic systems or for the analysis of the nature of control of physicomechanical
dynamic processes.

In the proposed work, we seek a solution to the control problem by expanding all
functions, including the function of the boundary control in the form of Fourier series
with respect to natural modes of vibrations of the membrane and with respect to its
natural harmonics. After satisfying the boundary, initial and terminal conditions, the
modes and harmonics of the vibrations of the membrane, as well as the corresponding
control function are determined.

1 Statement of the problem. Formulation of the

mathematical boundary value problem

Consider the possibility of control of an in�nite in one direction membrane vibrat-
ing in a supersonic gas �ow, when one edge of the tape is rigidly �xed, and the other
edge is controlled (Fig. 1). The membrane has a width 0 ≤ x ≤ l and a very long
length (considered to be in�nite).

Figure 1: Diagram of supersonic gas �ow around the membrane
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The supersonic gas stream �ows around the membrane along its width, vibrating
the membrane. Vibrations of the membrane in a supersonic gas �ow are modeled as
parallel one-dimensional vibrations of the membrane[1]:

∂2W

∂x2
− β

∂W

∂x
− α2 ∂

2W

∂t2
= 0 , 0 ≤ x ≤ l, t ≥ 0. (1.1)

Here,β = χρ∞MN−1
x is a physical parameter characterizing the gas �ow along the

membrane, α2 = ρ0hN
−1
x is the inverse of the square of the speed, N−1

x is the tensile
force in the direction of the width of the membrane, ρ0 is the membrane material
density, χ is the aerodynamic constant, ρ∞ is the gas density, M is the Mach number,
h is the membrane thickness.

The edge x = 0 of the membrane is rigidly �xed. The induced vibrations of the
membrane are controlled by means of a rigid rectilinear ruler applied on the moving
edge x = l of the membrane and represented by the function µ(t) depending only on
time. The boundary conditions will therefore be

W (0, t) = µ(t) , W (l, t) = 0. (1.2)

According to the classical formulation, based on equation (1.1) and boundary con-
ditions (1.2), the boundary control µ(t) will be considered in the class of functions
µ(t) ∈ L2[0 ≤ t ≤ T0]. It is assumed that at the initial moment t = 0, the shape of
the membrane de�ection and the distribution of the rate of change of the de�ection
are known:

W |t=0 = ϕ(x) ,
∂W

∂t

∣∣∣∣
t=0

= ψ(x). (1.3)

It is required to �nd such a boundary control µ(t) for which equation (1.1) is trans-
mitted from the initial state (1.3) to the terminal state

W (x, T0) = ϕ̃(x) ,
∂W

∂t

∣∣∣∣
t=T0

= ψ̃(x), (1.4)

over the interval t ∈ [0;T0].
De�ection functions ϕ(x) and ϕ̃ (x) , as well as functions of the vibration speed

ψ(x) and ψ̃(x), at the initial moment of time t = 0 and at the �nal moment of time
t = T0 respectively, are considered to be elements of L2[0 ≤ x ≤ l]. The solution of
the formulated mathematical boundary value problem is obtained by introducing a
new displacement function V (x, t) such that

V (x, t) =W (x, t)−
(
1− x

l

)
µ(t). (1.5)

Substituting(1.5) into (1.1), boundary control µ(t) will move into the equation of
vibration of the membrane. The mathematical boundary value problem in the form
of homogeneous equation (1.1) subject to inhomogeneous boundary conditions (1.2)
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is reduced to inhomogeneous equation of forced vibrations

∂2V (x, t)

∂x2
− β

∂V (x, t)

∂x
− α2 ∂

2V (x, t)

∂t2
= −β

l
µ(t) + α2

(
1− x

l

)
µ̈(t) (1.6)

with �external in�uence� −(β/l) · µ(t) + α2 (1− x/l ) · µ̈(t), subject to homogeneous
boundary conditions for the unknown function of the reduced displacement V (x, t):

V (0, t) = 0, V (l, t) = 0. (1.7)

The initial and terminal conditions are respectively reduced to

V (x, t)|t=0 = ϕ (x) −
(
1− x

l

)
· µ (0) ,

∂V (x, t)

∂t

∣∣∣∣
t=0

= ψ(x)−
(
1− x

l

)
µ̇(0).

(1.8)

V (x, T0) = ϕ̃ (x)−
(
1− x

l

)
· µ(T0),

∂V (x, t)

∂t

∣∣∣∣
t=T0

= ψ̃ (x)−
(
1− x

l

)
· µ̇(T0)

(1.9)

2 Solution of the mathematical boundary value

problem

The new formulation of the mathematical boundary value problem in the form of
equation (1.6) and homogeneous boundary conditions (1.7) allows the representation
of the solution of the problem by the method of variable separation as follows:

V (x, t) = X(x) · f(t) =
∞∑

n=1

X0n(x)fn (t) , (2.1)

using the expansion of the reduced displacement of the membrane in the form of a
Fourier series in terms of its eigenmodes of the vibration.

2.1 Decomposition of the forced vibration of the membrane

tape on its own forms

Taking into account homogeneous boundary conditions (1.7) and the homogeneous
part of equation (1.6), the de�ection of the membrane can be represented as a Fourier
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series in terms of its eigenmodes as follows:

X(x) =

∞∑
n=1

X0n(x), where X0n(x) = Bn exp

(
βx

2

)
· sin

(nπ
l
x
)
, n ∈ N (2.2)

with corresponding eigenharmonics

f0(t) =

∞∑
n=1

θ0n (t) , and θ0n (t) = A0n · sin (ωθnt) +B0n · cos (ωθnt) . (2.3)

In this case, the eigenvalues of the vibrational motion are de�ned as

ω2
0n = (nπ/αl )

2
+ (β/2α )

2
, n ∈ N. (2.4)

It is obvious that the frequencies of eigenharmonics are determined by the physical
and geometric parameters of the vibratory system: αl, β = χρ∞MN−1

x and α2 =
ρ0hN

−1
x . The maximum value of the eigenfrequency, at a certain value of the tensile

force Nx/l =
(
χ2ρ2∞M

2/8π2l
)1/3

, is achieved for the �rst eigenmode X01(x) =
B01 exp(βx/2 ) · sin (πx/l ). Due to the inhomogeneity of equation (1.6), the newly
formed vibration modes on the segment x ∈ [0; l] will be represented by the proper
vibration modes (2.2), and the dynamics of these forms is already will be represented

by another function of time θ(t) =
∞∑

n=1
θn (t). Decomposing also the factors in the

terms on the right-hand side of the inhomogeneous equation (1.6) into the Fourier
series with respect to eigenmodes (2.2),

1 = −
∞∑

n=1

CnXn(x) and (1− x/l ) =

∞∑
n=1

DnXn(x), (2.5)

we obtain an equation for the n�th form of vibration of the membrane, in the form
of a sequential in�nite system of ordinary di�erential equations

θ̈n (t) + (λ2n/α
2) · θn (t) = −Dn ·

[
µ̈ (t) + (β/α2l) · (Cn/Dn) · µ (t)

]
. (2.6)

In expansions (2.5), Fourier coe�cients CnandDn are de�ned as

Cn =[4 exp(−βl/2 ) · (2 exp(βl/2 )− 2(−1)
n
) · nπ]/

(
4n2π2 + l2β2

)
,

Dn =
8 exp(−βl/2 ) ·

[
exp(βl/2 ) ·

(
4n2π2 + l2β2 − 4lβ

)
+ 4lnπβ(−1)

n] · nπ
(4n2π2 + l2β2)

2

(2.7)
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2.2 Control of the natural forms oscillations by harmonics of

the edge action

The right-hand sides of the ordinary di�erential equations of the in�nite system
(2.6) include the boundary control action µ(t) corresponding to the oscillations of the
eigenforms of the true de�ection (2.2), one for all orthogonal forms with its secondary
derivatives. The introduction of a new designation for the frequency of the edge
control action

ω2
µn =

βl · Cn

(lα)
2 ·Dn

=

=
βl ·

(
4n2π2 + (βl)

2
)
[1− (−1)

n
exp(−βl/2 )]

4(lα)
2 ·

[
(nπ + (βl/2) )

2 − βl − nπβl · [1− (−1)
n · exp(−βl/2 )]

] (2.8)

the function µ(t) is also represented as a series of corresponding harmonics

µ(t) =

∞∑
n=1

µn(t), where µn (t) = Anµ · sin (ωµnt) +Bnµ · cos (ωµnt) (2.9)

The in�nite system of ordinary di�erential equations for the vibrations of the mem-
brane (2.6) can be written in the form of an in�nite system of equations for forced
vibrations

f̈θn (t) + ω2
0n · fθn (t) = −Dn ·

(
ω2
µn − ω2

0n

)
· µn (t) , (2.10)

or in the form
f̈µn (t) + ω2

µn · fµn (t) =
(
ω2
µn − ω2

0n

)
· θ0n (t) . (2.11)

with respect to reduced harmonics fθn (t) or fµn (t) of displacement V (x, t)

fθn (t) = θn(ωθnt) +Dn · µn(ωµnt), fµn (t) = µn (ωµnt) +D−1
n · θn (ωθnt) (2.12)

This harmonics is the direct composition eigenmodes of the membrane vibrations and
the harmonics of the boundary action. It is obvious from the equations (2.10) and
(2.11) that the true frequencies of the reduced harmonics of the eigenmodes of the
membrane vibrations are formed in di�erent ways.

According to the equation (2.10), the frequencies of the harmonics of the reduced
eigenforms of the membrane are formed on the basis of the eigenfrequencies ωθn = ω0n,
undergoing the harmonics of the boundary action µn(t) with frequency ωµn.

According to the equation (2.11), the frequencies of the harmonics of the reduced
natural forms of the membrane are formed on basis of the "eigenfrequencies" of the
boundary action ωµn, undergoing the in�uence of eigenharmonics of the membrane
vibrations. From equations (2.10) and (2.11) it is also obvious that the vibration of
the membrane subjected to boundary control will be stable or unstable depending on
the values of the frequencies ωθn < ωµn or ωθn > ωµn.

The general solution of (2.10) for n-th harmonic fn(ωθnt) is obtained by the
method of variation of parameters in the form of addition of harmonics of eigen
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and forced vibrations of the membrane:

fθn(ωθnt) = A∗
θn · sin(ωθnt) +B∗

θn · cos(ωθnt)+

+Dn · [Anµ · sin(ωµnt) +Bnµ · cos(ωµnt)]
(2.13)

Similarly, the general solution of (2.11) for the n-th harmonic,fn(ωµnt),is obtained as

fµn(ωµnt) = A∗
µn ·sin(ωµnt)+B

∗
µn ·cos(ωµnt)+Aθn ·sin(ωθnt)+Bθn ·cos(ωθnt) (2.14)

It is evident from expressions (2.4) and (2.8) that the frequency characteristics of
the system, ωθn and ωµn, are determined by physical and mechanical parameters
βl = χρ∞lMN−1

x and α2 = ρ1hN
−1
x . Formally, these frequencies can be equal under

the condition

[1− (−1)
n · exp(−βl/2 )] =

[
4 (nπ · (−1)

n − 1) + lβ/4α2
]
+

(
n2π2

)
/
(
α2βl

)
(2.15)

It follows from equations (2.10), (2.11) and from the corresponding general solutions
(2.13), (2.14) that in this case the system vibrates with the eigenfrequency of the
reduced forms

fθn(ωθnt) = (A∗
θn +Dn ·Anµ) · sin(ωθnt) + (B∗

θn +Dn ·Bnµ) · cos(ωθnt) (2.16)

In that case, neither a control problem nor a resonance of vibrations of the membrane
occur. According to (1.5), (2.1), (2.2)and (2.12), for the de�ection function W (x, t)
we obtain

W (x, t) =

∞∑
n=1

Bn [θn(ωθnt) +Dn · µn(ωµnt)] · exp
(
βx

2

)
· sin

(nπx
l

)
.

In order to ful�ll initial and terminal conditions (1.3) and(1.4),respectively, func-
tions ϕ(x) and ψ(x), as well as ϕ̃(x) and ψ̃(x)are also expanded into Fourier series as
follows:

ϕ(x) =

∞∑
n=1

γn ·Xn(x), ψ(x) =

∞∑
n=1

δn ·Xn(x) (2.17)

ϕ̃(x) =

∞∑
n=1

γ̃n ·Xn(x), ψ̃(x) =

∞∑
n=1

δ̃n ·Xn(x) (2.18)

Taking into account the representation (2.17) of the de�ection function W (x, t) and
expansions (2.18) and (2.19), initial and terminal conditions (1.8) and (1.9) for vibra-
tions of the membrane with boundary control are written in the form of an in�nite
system of four algebraic equations for the amplitudes of the harmonics of the mem-
brane vibrations and the boundary control,

θn(0) +Dn · µn(0) = γn

θ̇n(0) +Dn · µ̇n(0) = δn

θn(ωθnT0) +Dn · µn(ωµnT0) = γ̃n

θ̇n(ωθnT0) +Dn · µ̇n(ωµnT0) = δ̃n

10



In the case of general solution (2.13), the in�nite system of algebraic inhomogeneous
equations (2.20) can be written in an expanded form with respect to four unknown
harmonic coe�cients A∗

θn, B
∗
θn, Anµ and Bnµ:

B∗
θn +Dn ·Bnµ = γn

A∗
θn + (ωµn/ω0n) Dn ·Anµ =

δn
ωθn

sin(ωθnT
0
θn) ·A∗

θn + cos(ωθnT
0
θn) ·B∗

θn+

+Dn · sin(ωµnT
0
θn) ·Anµ +Dn · cos(ωµnT

0
θn) ·Bnµ = γ̃n

cos(ωθnT
0
θn) ·A∗

θn − sin(ωθnT
0
θn) ·B∗

θn+

(ωµn/ωθn) Dn · cos(ωµnT
0
θn) ·Anµ − (ωµn/ωθn) Dn · sin(ωµnT

0
θn) ·Bnµ =

δ̃n
ωθn

Evaluating these four unknown constant coe�cients A∗
θn, B

∗
θn, Anµ and Bnµ, it will

become an easy problem to determine the boundary control function µ(t) according
to (2.9) and the de�ection functionW (x, t) of the membrane vibrating in a supersonic
gas �ow according to (2.17) on the �nite interval t ∈ [0;T0θ].

In the case of general solution (2.14), in�nite system of algebraic inhomogeneous
equations (2.20) can be reduced to an expanded form with respect to four unknown
harmonic coe�cients Aθn, Bθn, A

∗
nµ and B∗

nµ:

Bθn +B∗
µn = γn

Aθn + (ωµn/ωθn) A
∗
µn =

δn
ωθn

sin(ωθnT
0
µn) ·Aθn + cos(ωθnT

0
µn) ·Bθn + sin(ωµnT

0
µn) ·A∗

µn+

+cos(ωµnT
0
µn) ·B∗

µn = γ̃n

cos(ωθnT
0
µn) ·Aθn − sin(ωθnT

0
µn) ·Bθn+

+(ωµn/ωθn) · cos(ωµnT
0
µn) ·A∗

µn − (ωµn/ωθn) · sin(ωµnT
0
µn) ·B∗

µn =
δ̃n
ωθn

Finding four unknown constant coe�cients Aθn, Bθn, A
∗
µn and B∗

µn, it will be an easy
task to build the boundary control µ(t) according to (2.9) and the de�ection function
W (x, t) of the membrane tape vibrating in a supersonic gas �ow according to (2.17)
on the �nite interval t ∈ [0;T0µ]. In each of these cases, the required time of the
boundary control is de�ned as

Tθ0 = max

{
T 0
θn =

2π

ωθn

}
, Tµ0 = max

{
T 0
µn =

2π

ωµn

}
.

3 Numerical analysis for di�erent initial and termi-

nal states

Consider a membrane in�nite in one direction vibrating in a supersonic gas �ow
which streamlines the membrane along its width. One edge of the membrane is
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rigidly �xed, while the other edge is controlled in the direction parallel to the de�ec-
tion of the membrane (Fig 1). In numerical calculations, in order to determine the
physical and geometric characteristics of the dynamic system, the following charac-
teristics of the membrane material and the gas �ow are consider: ρ0 = 1500 kg/m3 ,
Nx = 1/50 N/m , χ = 0.32, M = 2.0, l = 2 m, h = 0.0001 m,ρ∞ = 0.01 kg/m3 ,
α = 2.738613, βl = 0.64. Obviously, depending on the physical and geometric charac-
teristics of the system,the behavior of the fundamental harmonics θ0n(t) of eigenforms
of the membrane tapeand the corresponding harmonics of the boundary action µn(t)
will be di�erent.

The boundary control problem a)
In the case when the membrane is transmitted from the initial state

W |t=0 = ϕ(x) = sin(10x) , Ẇ
∣∣∣
t=0

= ψ(x) = cos(10x) (3.1)

to the terminal state of rest,

W (x, T0) = ϕ̃(x) ≡ 0 , Ẇ
∣∣∣
t=T0

= ψ̃(x) ≡ 0 (3.2)

for the boundary control µ(t) corresponding to general solution (2.13), in the case of
n = 15, we obtain

µ1 (t) = −0.08858 · sin [0.57654 · t]− 0.348088 · sin [1.14863 · t]−
− 0.792535 · sin [1.72171 · t]− 0.05522 · cos [0.57654 · t]−
− 0.550381 · cos [1.14863 · t]− 0.5624 · cos [1.72171 · t] + ...+

+ 1.15872 · sin [7.456687 · t] + 0.88594 · sin [8.030245 · t] +
+ 0.944 · sin [8.6038 · t] + 1.23084 · cos [7.456687 · t]−
− 0.59297 · cos [8.030245 · t] + 1.0624 · cos [8.6038 · t]

(3.3)

On the other hand, for the boundary control µ(t) corresponding to the general solution
(2.14), in case of n = 15, we obtain

µ2 (t) = −0.024935 · sin [0.57654 · t] + 0.011172 · sin [1.14863 · t]−
− 0.01416 · sin [1.72171 · t] + 0.01911 · cos [0.57654 · t] +
+ 0.030467 · cos [1.14863 · t]− 0.0299 · cos [1.72171 · t] + ...+

− 0.0266 · sin [7.456687 · t] + 0.034766 · sin [8.030245 · t] +
+ 0.022 · sin [8.6038 · t] + 0.03 · cos [7.456687 · t]−
− 0.01449837 · cos [8.030245 · t] + 0.01334 · cos [8.6038 · t]

(3.4)

12



(a) membrane width l = 2 m (b) membrane width l = 5 m

Figure 2: Edge control functions in the case of damping vibrations of the membrane:
transition of the system from state (3.1) to state (3.2)

Despite the di�erence of expressions (3.3) and (3.4), in the case of the given
physical and geometric characteristics of the dynamic system, their graphical repre-
sentations match exactly (Fig. 2a). In the case of a wide tape, when l = 5 m, the
boundary control µ(t) for n = 15 has the following form:

µ3 (t) = −0.02999 · sin [0.23675 · t]− 0.035520 · sin [0.46256 · t]−
− 0.234953 · sin [0.69076 · t] + 0.004589 · cos [0.23675 · t]−
− 0.04559 · cos [0.46256 · t] + 0.025341 · cos [0.69076 · t]−
− 3.634929 · sin [2.98315 · t]− 1.711715 · sin [3.21254 · t]−
− 48.79411 · sin [3.44193 · t] + 1.867593 · cos [2.98315 · t] +
+ 1.075299 · cos [3.21254 · t] + 16.53303 · cos [3.44193 · t]

(3.5)

Boundary control problem b)
In the case when the vibrating membrane is transmitted from the initial state

W |t=0 = ϕ(x) = sin(10x) , Ẇ
∣∣∣
t=0

= ψ(x) ≡ 0 (3.6)

to the terminal state

W (x, T0) = ϕ̃(x) = sin(2x) , Ẇ
∣∣∣
t=T0

= ψ̃(x) = 2 cos(2x) (3.7)

for the boundary control µ(t) corresponding to general solution (2.13) when n = 15
we obtain

µ4 (t) = 1.4382355 · sin [0.57654 · t]− 7.03202 · sin [1.14863 · t]−
− 1.68865 · sin [1.72171 · t]− 0.054924 · cos [0.57654 · t]−
− 19.36217 · cos [1.14863 · t]− 0.6583 · cos [1.72171 · t]−
− ...− 0.4129 · sin [7.456687 · t] + 1.3702 · sin [8.030245 · t]−
− 0.3794 · sin [8.6038 · t] + 0.71193 · cos [7.456687 · t]−
− 1.2402 · cos [8.030245 · t] + 0.6841 · cos [8.6038 · t]

(3.8)
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On the other hand, for the boundary control µ(t) corresponding to the general solution
(2.14) when n = 15,we obtain

µ5 (t) = −0.024935 · sin [0.57654 · t] + 0.011172 · sin [1.14863 · t]−
− 0.01416 · sin [1.72171 · t] + 0.01911 · cos [0.57654 · t] +
+ 0.030467 · cos [1.14863 · t]− 0.0299 · cos [1.72171 · t] + ...+

− 0.0266 · sin [7.456687 · t] + 0.034766 · sin [8.030245 · t] +
+ 0.022 · sin [8.6038 · t] + 0.03 · cos [7.456687 · t]−
− 0.01449837 · cos [8.030245 · t] + 0.01334 · cos [8.6038 · t]

(3.9)

Graphical representations of control edge actions µ4(t) and µ5(t) are shown in Figures
3a and 3b, respectively.

Boundary control problem c)
The problem of boundary control of a membrane changes signi�cantly in the case

when the supersonic gas �ow is not taken into consideration. Then, the physical
parameter β = χρ∞MN−1

x = 0. Therefore, the reduced inhomogeneous equation of
forced vibrations (1.6) and the di�erential equation of the fundamental harmonics of
the membrane vibration (2.6) are considerably simpli�ed. As a result, we have forced
vibrations of a stretched membrane with boundary excitation µ̈(t).

Considering that, the dimensionless physical parameter βl in basic calculations is
taken equal to 0.64, then for much smaller values of this parameter, we will have a
weak �ow around the membrane tape.

(a) boundary control µ4(t) in the case of
general solution (2.13)

(b) boundary control µ5(t) in the case of
general solution (2.14)

Figure 3: Boundary controls in the case when the system is transited from state
(3.6) to state (3.7)

In the case, when the vibrating membrane is transmitted from the initial state

W |t=0 = ϕ(x) = sin(10x) , Ẇ
∣∣∣
t=0

= ψ(x) ≡ 0 (3.10)

to the terminal state
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(a) The case of the general solution (2.13)
- boundary control µ∗

1(t) in case of parameter
βl = 0.64,

- boundary control µ∗
2(t) in case of parameter

βl = 0.0001,

(b) The case of the general solution (2.14)
- boundary control µ∗

1(t) in case of parameter
βl = 0.64,

- boundary control µ∗
2(t) in case of parameter

βl = 0.0001,

Figure 4: The functions of edge control of the vibration of the membrane tape in the
case of the system transition from the state (3.10) to the state (3.11)

W (x, T0) = ϕ̃(x) = sin(2x) , Ẇ
∣∣∣
t=T0

= ψ̃(x) = 2 cos(2x) (3.11)

The boundary control µ4(t) for βl = 0.64 and µ5(t) for βl = 0.0001, both corre-
sponding to the general solution (2.13), is shown in the �gure 4a.

The boundary control µ∗
1(t) for βl = 0.64 and µ∗

2(t) for βl = 0.0001, both
corresponding to the general solution (2.14) are shown in the �gure 4b.

Conclusions

In the control problem by edge action of oscillations of the in�nite in one direction
membrane tape in a supersonic gas �ow, both of the de�ection of the membrane tape
and the equivalent e�orts of the edge control action are decomposed into a Fourier
series in terms by eigenforms of the vibration of tape. Mathematically, the problem is
reduced to an in�nite system of the boundary value problems of ordinary di�erential
equations with matching conditions to the initial and �nal states of the tape, relative
to the true harmonics by the oscillations of the eigenforms of the membrane tape and
the corresponding harmonics of the edge action.

The characteristic frequencies both of the true vibration and the control action
in a supersonic �ow have been determined. The edge control action, as well as the
behavior (the law of de�ection change) of the oscillating belt under the given initial
and �nal conditions, are found.

15



References

[1] Butkovsky A.G. � The theory of optimal control of systems with distributed
parameters, M.: Nauka, 1968, 474 p. (in Russian). Áóòêîâñêèé À.Ã. Òåîðèÿ
îïòèìàëüíîãî óïðàâëåíèÿ ñèñòåìàìè ñ ðàñïðåäåë¼ííûìè ïàðàìåòðàìè. Ì.:
Íàóêà, 1965. 474 c.

[2] Belubekyan M.V. � On the problem of membrane oscillation in a supersonic gas
�ow. //Dokl. AN Arm SSR. 1978. V.67. �2. Pp.74-77. (in Russian). Áåëóáåêÿí
Ì.Â. Î çàäà÷å êîëåáàíèé ìåìáðàíû â ñâåðõçâóêîâîì ïîòîêå ãàçà // Äîêë.
ÀÍ Àðì.ÑÑÐ. 1978. Ò.67. �2. Ñ.74-77.

[3] Ilyushin A.A. � The law of �at sections in the aerodynamics of high supersonic
speeds. //PMM. 1956. T.20. �6. (in Russian). Èëüþøèí À.À. Çàêîí ïëîñêèõ
ñå÷åíèé â àýðîäèíàìèêå áîëüøèõ ñâåðõçâóêîâûõ ñêîðîñòåé. // ÏÌÌ. 1956.
Ò.20. Âûï. 6. //

[4] Znamenskaya L.N. � Management of elastic vibrations. M.: �zmatlit, 2004. 176
p. ISBN 5-9221-0473-X. (in Russian). Çíàìåíñêàÿ Ë.Í. Óïðàâëåíèå óïðóãèìè
êîëåáàíèÿìè. Ì.: Ôèçìàòëèò, 2004. 176 ñ. � ISBN 5-9221-0473-X. //

[5] Ilyin V.A., Moiseev E.I., Optimization of the boundary control of displacement
at one end of a string with its free second end for an arbitrary su�ciently large
period of time, Dokladi akademii RF. 2007, òîì 417. �1, p. 12-17. (in Russian).
Èëüèí Â.À., Ìîèñååâ Å.È. Îïòèìèçàöèÿ ãðàíè÷íîãî óïðàâëåíèÿ ñìåùåíèåì
íà îäíîì êîíöå ñòðóíû ïðè ñâîáîäíîì âòîðîì å¼ êîíöå çà ïðîèçâîëüíûé
äîñòàòî÷íî áîëüøîé ïðîìåæóòîê âðåìåíè. // Äîêëàäû Àêàäåìèè ÐÔ. 2007.
Ò.417. �1. Ñ.12-17.

[6] Barseghyan V.R. - On the problem of boundary control of string vibrations
with given states at intermediate points in time, // XI All-Russian Congress on
Fundamental Problems of Theoretical and Applied Mechanics, Kazan, August
20-24, 2015. Áàðñåãÿí Â.Ð. Î çàäà÷å ãðàíè÷íîãî óïðàâëåíèÿ êîëåáàíèÿìè
ñòðóíû ñ çàäàííûìè ñîñòîÿíèÿìè â ïðîìåæóòî÷íûå ìîìåíòû âðåìåíè. //
XI Âñåðîññèéñêèé ñúåçä ïî ôóíäàìåíòàëüíûì ïðîáëåìàì òåîðåòè÷åñêîé è
ïðèêëàäíîé ìåõàíèêè. Êàçàíü: 20-24 àâãóñòà 2015 ã. Ñ.354-356.

[7] Bolotin V.V. � Non-conservative problems of the theory of elastic stability,
Moscow: Fizmatlit, 1961. 340p. (in Russian). Áîëîòèí Â.Â. Íåêîíñåðâàòèâíûå
çàäà÷è òåîðèè óïðóãîé óñòîé÷èâîñòè. //Ì.: Ôèçìàòëèò, 1961. 340ñ.

[8] Polyanin A.D. and Nazaikinskii V.E., Handbook of Linear Partial Di�erential
Equations for Engineers and Scientists � 2nd ed. � Boca Raton: Chapman &
Hall/CRC Press, 2016.

[9] Avetisyan A.S., Khurshudyan As. Zh., Controllability of Dynamic Systems: The
Green's Function Approach, Cambridge: Cambridge Scholars Publishing, 2018.

[10] Zuazua E., Controllability of Partial Di�erential Equations, Madrid; Universidad
Autonoma, 2002, 311p.

16



Information about authors

Ara S.Avetisyan - Department of Dynamics of Deformable Systems and Coupled
Fields, Institute of Mechanics of NAS of Armenia, Email: ara.serg.avetisyan@gmail.com

Manuk H.Mkrtchyan - Department of Dynamics of Deformable Systems and Cou-
pled Fields, Institute of Mechanics of NAS of Armenia, Email: mkmanuk@yandex.ru

Ïîñòóïèëà â ðåäàêöèþ 21.05.2021

17

mailto:ara.serg.avetisyan@gmail.com
mailto:mkmanuk@yandex.ru




Ââåäåíèå.

Èññëåäîâàíèþ ïîâåðõíîñòíûõ âîëí òèïà Ðýëåÿ â ñîñòàâíîé ïîëóïëîñêîñòè ïî-
ñâÿùåíî ìíîæåñòâî ðàáîò. Îáçîð ïóáëèêàöèé ïî ýòîé òåìàòèêå ìîæíî íàéòè â
[1-6] Â ðàáîòàõ [7-9] èññëåäîâàíî ñóùåñòâîâàíèå óïðóãèõ âîëí, ëîêàëèçîâàííûõ
ó ãðàíèöû ðàçäåëà äâóõ óïðóãèõ ñðåä, êîòîðûå ýêñïîíåíöèàëüíî çàòóõàþò ïî
ìåðå óäàëåíèÿ îò ãðàíèöû. Çäåñü ðàññìîòðåíû çàäà÷è ïëîñêîé äåôîðìàöèè, ïðè
ñêîëüçÿùåì êîíòàêòå ìåæäó ñëîåì è ïîëóïëîñêîñòüþ è ðàçíûõ ãðàíè÷íûõ óñëî-
âèÿõ íà âíåøíåé ïîâåðõíîñòè.

1 Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ çàäà÷à ðàñïðîñòðàíåíèÿ ïëîñêîé ïîâåðõíîñòíîé âîëíû äëÿ
ñèñòåìû ïîëóïðîñòðàíñòâî�ñëîé (ôèã.1).

Äëÿ êîìïîíåíò óïðóãèõ ïåðåìåùåíèé èìååì

u
(j)
1 = u(j)(x, z, t), u

(j)
3 = w(j)(x, z, t), u

(j)
2 = 0 (j = 1, 2) (1)

ãäå j = 1 îòíîñèòñÿ ê ñëîþ, à j = 2 � ê ïîëóïëîñêîñòè, t � âðåìÿ. Óðàâíåíèÿ
äâèæåíèÿ â ïåðåìåùåíèÿõ èìåþò âèä [4]

c2tj∆u(j) +
(
c2l j − c2t j

) ∂

∂x

(
∂u(j)

∂x
+
∂w(j)

∂z

)
=
∂2u(j)

∂t2

c2t j∆w(j) +
(
c2l j − c2t j

) ∂

∂z

(
∂u(j)

∂x
+
∂w(j)

∂z

)
=
∂2w(j)

∂t2

(2)

ãäå cl j , ct j �ñêîðîñòè ðàñïðîñòðàíåíèÿ ïðîäîëüíûõ è ïîïåðå÷íûõ âîëí â ñîîò-
âåòñòâóþùèõ ñðåäàõ, λj , µj�êîýôôèöèåíòû Ëàìå ñëîÿ è ïîëóïðîñòðàíñòâà ñî-
îòâåòñòâåííî.

Ôèã. 1

Íà ëèíèè ðàçäåëà ìàòåðèàëîâ z = 0 çàäàíû óñëîâèÿ ñêîëüçÿùåãî êîíòàêòà:

σ
(1)
31 = 0, σ

(2)
31 = 0, σ

(1)
33 = σ

(2)
33 , w

(1) = w(2) (3)
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Ïîñðåäñòâîì ñêàëÿðíûõ ïîòåíöèàëîâ ïðåäñòàâèì ïåðåìåùåíèÿ â âèäå [4]

u(j) =
∂Φj

∂x
+
∂Ψj

∂z
, w(j) =

∂Φj

∂z
− ∂Ψj

∂x
(4)

óðàâíåíèÿ (2) ñâîäÿòñÿ ê

∆Φj =
1

c2l j

∂2Φj

∂t2
, ∆ψj =

1

c2t j

∂2Ψj

∂t2
. (5)

Ïðè ýòîì äëÿ èñïîëüçóåìûõ â äàëüíåéøåì íàïðÿæåíèé ïîëó÷àþòñÿ ñëåäóþùèå
âûðàæåíèÿ

σ
(j)
33 = λj

∂2Φj

∂x2
+ (λj + 2µj)

∂2Φj

∂z2
− 2µj

∂2ψj

∂z∂x
,

σ
(j)
31 = µj

(
2
∂2Φj

∂x∂z
+
∂2ψj

∂z2
− ∂2ψj

∂x2

) (6)

Ââåä¼ì îáåçðàçìåðèâàþùèå îáîçíà÷åíèÿ

ηj =
c2t j
c2l j

=
µj

λj + 2µj
; θ =

ct2
2

ct12
=
µ2

µ1

ρ1
ρ2

; c =
ω

k
; ξ =

c2

c2t2

ν11 =
√
1− ξθη1, ν12 =

√
1− ξ θ, ν21 =

√
1− ξη2, ν22 =

√
1− ξ

β2 = 1− ξ

2
, β1 = 1− ξθ

2
, µ∗ = µ2/µ1

(7)

çäåñü c � íåèçâåñòíàÿ ôàçîâàÿ ñêîðîñòü, ω � ÷àñòîòà, k � âîëíîâîå ÷èñëî. Òîãäà
ðåøåíèå óðàâíåíèé (5) äëÿ ñëîÿ áóäåò èìåòü âèä:

Φ1 = (A1 sh(kν11z ) +B1ch(kν11z )) exp ik(x− ct)

Ψ1 = (A2ch(kν12z) +B2 sh(kν12z )) exp ik(x− ct)
(8)

Îáùèå ðåøåíèÿ óðàâíåíèé (5) äëÿ ïîëóïëîñêîñòè, óäîâëåòâîðÿþùèå óñëîâè-
ÿì çàòóõàíèÿ [4]:

limΦ2 = 0
z→∞

, limΨ2
z→∞

= 0

èìåþò âèä

Φ2 = A3 e
−kν21z exp ik(x− ct)

Ψ2 = B3e
−kι22z exp ik(x− ct)

(9)

ν2,1, ν2,2 > 0 îòêóäà âûòåêàåò ÷òî 0 < ξ < 1

Òàêæå áóäåì èñïîëüçîâàòü îáîçíà÷åíèå ξR j =
(

vR j

ct2

)2
j = 1, 2 ãäå vR j j =

1, 2 ñêîðîñòè ðàñïðîñòðàíåíèÿ âîëí Ðåëåÿ â ìàòåðèàëàõ ïîëîñû è ïîëóïëîñêîñòè
ñîîòâåòñòâåííî.
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2 Ðåøåíèå çàäà÷è

Ðàññìîòðèì ðàçëè÷íûå ãðàíè÷íûå óñëîâèÿ ïðè z = −h

à. Ñâîáîäíàÿ ïîâåðõíîñòü

σ
(1)
31 = 0, σ

(1)
33 = 0 (10)

Äèñïåðñèîííîå óðàâíåíèå èìååò âèä

µ∗

((
1− 1

ch [sν1,2] ch [sν1,1]

)
2β2

1ν1,1ν1,2 − th [sν1,1] th [sν1,2]
(
β4
1 + ν21,1ν

2
1,2

))
ν2,1−

− θν1,1
(
th [sν1,2]β

2
1 − th [sν1,1] ν1,1ν1,2

) (
β2
2 − ν2,1ν2,2

)
= 0

(11)

ãäå s = k h; Ïðè h → 0 èëè µ1 → 0 ïðèõîäèì ê çàäà÷å Ðåëåÿ. Ïðè s � 1 , ò.å.
êîãäà äëèíà âîëíû íàìíîãî áîëüøå òîëùèíû ñëîÿ, äèñïåðñèîííîå óðàâíåíèå, ñ
òî÷íîñòüþ äî ïîðÿäêà s2 , ïðèìåò âèä

− sξθ2ν1,1ν1,2

(
sµ∗

1

4
ξ2θν2,1 +

(
β2
2 − ν2,1ν2,2

))(ξθ
4

− (1− η1)

)
= 0 (12)

îòêóäà

ξ = ξR2 − s
µ∗θξ

2
R2

√
1− η2ξR2(2− ξR2)

2

2 (12ξR2 − 8η2ξR2 − 6ξ2R2 + ξ3R2 − 4(1− η2))
+O(s2) (13)

Òî åñòü, íåçàâèñèìî îò óïðóãèõ õàðàêòåðèñòèê ìàòåðèàëîâ ñëîÿ è ïîëóïëîñêîñòè
ñóùåñòâóåò ïîâåðõíîñòíàÿ âîëíà, ðàñïðîñòðàíÿþùàÿñÿ ñî ñêîðîñòüþ ξ, ìåíüøåé
ñêîðîñòè âîëí Ðåëåÿ â ïîëóïëîñêîñòè ξR2.

Óðàâíåíèå (12) èìååò òàêæå êîðåíü

ξ = 4
1− η1
θ

+O(s2) = ξS +O(s2) (14)

êîòîðûé, â çàâèñèìîñòè îò óïðóãèõ õàðàêòåðèñòèê ñëîÿ è ïîëóïëîñêîñòè, ìîæåò
áûòü ìåíüøå åäèíèöû, ÷òî îçíà÷àåò âîçìîæíîñòü ñóùåñòâîâàíèÿ è âòîðîé âîëíû.

Ïðè s� 1 ò.å. êîãäà äëèíà âîëíû íàìíîãî ìåíüøå òîëùèíû ñëîÿ, âîçìîæíû
òðè ñëó÷àÿ:

I.) 1 − ξθ > 0; áóäåì èìåòü th(kh
√
1− ξθ) ∼ th(kh

√
1− ξθη1) ∼ 1 îòêóäà äëÿ

(11) ïîëó÷àåì [5]

−
(
β2
1 − ν1,1ν1,2

) (
µ∗
(
β2
1 − ν1,1ν1,2

)
ν2,1 + θν1,1

(
β2
2 − ν2,1ν2,2

))
= 0 (15)

Ïåðâûé ìíîæèòåëü ýòîãî óðàâíåíèÿ ñîâïàäàåò ñ óðàâíåíèåì Ðåëåÿ äëÿ ïîëóïëîñ-
êîñòè èç ìàòåðèàëà ïîëîñû, ÷òî ÿâëÿåòñÿ ñëåäñòâèåì ïðèíÿòîãî óñëîâèÿ s � 1,
è èìååò êîðåíü ξ = ξR,1. Âòîðîé ìíîæèòåëü óðàâíåíèÿ (15) ïðåäñòàâëÿåò ñîáîé
äèñïåðñèîííîå óðàâíåíèå äëÿ äâóõ ïîëóïëîñêîñòåé ïðè óñëîâèè êîíòàêòà Íàâüå
(3).
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Èññëåäóåì âòîðîé ìíîæèòåëü íà ïðåäìåò ñóùåñòâîâàíèÿ êîðíÿ. Åñëè

θ < 1 è µ∗ <
θ
√
1− θη1

4
(√

1− θ
√
1− θη1 − (1− θ/2)

2
)√

1− η2
(16)

èëè

θ > 1 è µ∗ >
−1 + 4θ

(
1− θ +

√
θ − 1

√
θ − η2

)√
θ (θ − η2)

√
1− η1 (17)

òî â êîíöàõ èíòåðâàëà 0 < ξ < min (1, 1/θ) âòîðîé ìíîæèòåëü ïðèíèìàåò ðàçíûå
çíàêè, ÷òî îçíà÷àåò, ÷òî â ýòîì èíòåðâàëå îí èìååò ïî êðàéíåé ìåðå îäèí êîðåíü.
(ξ = ξ0).

Íà ôèã. 2 ïðåäñòàâëåíû ãðàôèêè çàâèñèìîñòè ïàðàìåòðà ξ , õàðàêòåðèçóþ-
ùåãî ôàçîâóþ ñêîðîñòü, îò ïàðàìåòðà s , õàðàêòåðèçóþùåãî âîëíîâîå ÷èñëî, â
ñëó÷àå (à), êîãäà ìàòåðèàëû ïîëîñû è ïîëóïëîñêîñòè îäèíàêîâû: µ∗ = 1; θ =
1; ν1 = ν2 = 0.3 è (á), êîãäà µ∗ = 1; θ = 1; ν1 = 0.4; ν2 = 0.1.

(a) ν1 = ν2 = 0.3 (b) ν1 = 0.4; ν2 = 0.1

Ôèã. 2: Çàâèñèìîñòü ξ îò s ïðè µ∗ = 1; θ = 1;

Ãðàôèêè ôèã. 2(à) óêàçûâàþò íà òî, ÷òî äëÿ î÷åíü êîðîòêèõ âîëí â îäíîðîä-
íîé ïîëóïëîñêîñòè, ñîäåðæàùåé íà íåêîòîðîé ãëóáèíå ëèíèþ ñêîëüæåíèÿ, ïî-
âåðõíîñòíûå âîëíû, ðàñïðîñòðàíÿþùèåñÿ âäîëü ñâîáîäíîé ãðàíèöû ñëîÿ è âäîëü
ëèíèè ñêîëüæåíèÿ, èìåþò îäèíàêîâóþ ñêîðîñòü, ðàâíóþ ñêîðîñòè âîëí Ðýëåÿ
ïîëóïëîñêîñòè. Ãðàôèêè æå ôèã. 2(á) ïîêàçûâàþò, ÷òî îòëè÷èå òîëüêî ëèøü êî-
ýôôèöèåíòîâ Ïóàññîíà óæå ïðèâîäèò ê ðàçíèöå â ñêîðîñòÿõ ðàñïðîñòðàíåíèÿ
ïîâåðõíîñòíûõ âîëí âäîëü ñâîáîäíîé ãðàíèöû è ëèíèè ðàçäåëà ìàòåðèàëîâ. Ïðè
ýòîì ñêîðîñòü ðàñïðîñòðàíåíèÿ ïîâåðõíîñòíîé âîëíû âäîëü ñâîáîäíîé ãðàíèöû
ñòðåìèòñÿ ê ñêîðîñòè âîëí Ðýëåÿ äëÿ ìàòåðèàëà ñëîÿ, à ñêîðîñòü âîëíû âäîëü
ëèíèè ñîåäèíåíèÿ çàíèìàåò ïðîìåæóòî÷íîå çíà÷åíèå ξ0 ìåæäó ñêîðîñòÿìè âîëí
Ðýëåÿ äëÿ ñëîÿ è ïîëóïëîñêîñòè.

Ïðè θ < 1; è µ∗ >
θ
√
1−θη1

4(
√
1−θ

√
1−θη1−(1−θ/2)2)

√
1−η2

äëÿ áîëüøèõ çíà÷åíèé s âîëíû

îòñóòñòâóþò. Â ÷àñòíîì ñëó÷àå, ïðè îïðåäåëåííûõ çíà÷åíèÿõ ïàðàìåòðîâ çàäà÷è,
ýòî ïðåäñòàâëåíî íà Ôèã. 3.
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Ôèã. 3: Çàâèñèìîñòü ξ îò s ïðè µ∗ = 3; θ = 0.6; ν1 = ν2 = 0.3

(a) Çàâèñèìîñòü ξ îò s ïðè θ = 0.8 (b) θ = 1.2

Ôèã. 4

Íà ôèã. 4à, 4á ïîêàçàíû ãðàôèêè çàâèñèìîñòè êâàäðàòà ôàçîâîé ñêîðîñòè
ξ ïîâåðõíîñòíûõ âîëí îò s äëÿ ðàçëè÷íûõ çíà÷åíèé ïàðàìåòðà µ∗ = 0.5, 1, 2,
ν1 = ν2 = 0.3, ïðè θ = 0.8 è θ = 1.2 ñîîòâåòñòâåííî. Ïðè ξ = ξR2 âñå ãðàôè-
êè ïåðåñåêàþòñÿ â îäíîé òî÷êå, ÷òî ïîäòâåðæäàåò òîò ôàêò, ÷òî â ýòîì ñëó÷àå
äèñïåðñèîííîå óðàâíåíèå (11) íå çàâèñèò îò µ∗.

II) Ïóñòü òåïåðü, 1− ξθ < 0; 1− ξθη1 > 0

th(kh
√
1− ξθ) = itg(kh

√
ξθ − 1); th(kh

√
1− ξθη1) ∼ 1

èç (11) ñëåäóåò

tg
(
s
√
ξθ − 1

)
=

=

√
ξθ − 1ν1,1

(
2µ∗β

2
1ν2,1 + θν1,1

(
β2
2 − ν2,1ν2,2

))
µ∗ (1 + β4

1) ν2,1 + µ∗ξ2θ2η1ν2,1 + θ (−µ∗ξ (1 + η1) ν2,1 + β2
1ν1,1 (β

2
2 − ν2,1ν2,2))

(18)

Â ýòîì ñëó÷àå ïîëó÷àåòñÿ áåñêîíå÷íîå ÷èñëî ìîä ïîâåðõíîñòíûõ âîëí
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Ôèã. 5: Çàâèñèìîñòü ξ îò s ïðè µ = 1; θ = 2; ν1 = ν2 = 0.3

Íà ôèã 5 ïðèâåäåíû ãðàôèêè çàâèñèìîñòè êâàäðàòà ôàçîâîé ñêîðîñòè ξ îò
ïàðàìåòðà s. Ýòè ãðàôèêè íàïîìèíàþò ãðàôèêè âîëí Ëÿâà [4]. Â îòëè÷èå îò
âîëí Ðåëåÿ ñêîðîñòè ðàñïðîñòðàíåíèÿ ýòèõ ìîä çàâèñÿò îò äëèíû âîëíû, ò.å.
èìååò ìåñòî äèñïåðñèÿ.

III) ïðè 1− ξθ < 0; 1− ξθη1 < 0 íå óäà¼òñÿ ïîëó÷èòü àíàëèòè÷åñêóþ ôîðìó-
ëó äëÿ ôàçîâîé ñêîðîñòè. Íà ôèã (6) ïðèâåäåíû ãðàôèêè çàâèñèìîñòè ôàçîâîé
ñêîðîñòè ïîâåðõíîñòíûõ âîëí îò s = kh, ïðåäñòàâëÿþùåãî âîëíîâîå ÷èñëî.

Ïðè ct,1 < ct,2 ñ óâåëè÷åíèåì s êîëè÷åñòâî ìîä ïîâåðõíîñòíûõ âîëí óâåëè÷è-
âàåòñÿ.

Ôèã. 6: Çàâèñèìîñòü ξ îò s ïðè µ∗ = 1; θ = 6; ν1 = ν2 = 0.3

Î÷åâèäíî, ÷òî ðåøåíèå çàäà÷è â êàæäîì èç ðàññìîòðåííûõ ñëó÷àåâ îïðåäå-
ëÿåòñÿ ñ òî÷íîñòüþ äî ïîñòîÿííîãî ìíîæèòåëÿ. Íåìàëûé èíòåðåñ ïðåäñòàâëÿåò
èçìåíåíèå ïåðåìåùåíèé âäîëü îñè Oz, îäíàêî, êàê èçâåñòíî, â îáùåì ñëó÷àå èõ
âû÷èñëèòü íåâîçìîæíî. Ó÷èòûâàÿ, ÷òî äëÿ âîëíû ñ âîëíîâûì ÷èñëîì k âñåãäà
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âûïîëíÿåòñÿ ðàâåíñòâî:

π
k∫

0

 0∫
−h

E
(1)
P dz +

∞∫
0

E
(2)
P dz

 dx =

π
k∫

0

 0∫
−h

E
(1)
K dz +

∞∫
0

E
(2)
K dz

 dx

ãäå

E
(j)
K = ρj

1

2

((
∂u(j)

∂t

)2

+

(
∂w(j)

∂t

)2
)

- óäåëüíàÿ êèíåòè÷åñêàÿ ýíåðãèÿ,

E
(j)
P =

1

2

∑
l,m

σ
(j)
l,mε

(j)
l,m - ïîòåíöèàëüíàÿ ýíåðãèÿ,

ïðîèçâîëüíûé ìíîæèòåëü â ðåøåíèè âûáåðåì òàê, ÷òîáû âûïîëíÿëîñü óñëîâèå

π
k∫

0

 0∫
−h

E
(1)
P dz +

∞∫
0

E
(2)
P dz

 dx = 1 (19)

Âû÷èñëåííûå òàêèì îáðàçîì ïåðåìåùåíèÿ íàçîâåì íîðìàëèçîâàííûìè. Íà ôèã.
7 ïðåäñòàâëåíû íîðìàëèçîâàííûå ïåðåìåùåíèÿ, ñîîòâåòñòâóþùèå äàííûìÔèã.2(á).

Ôèã. 7: Íîðìàëèçîâàííûå ïåðåìåùåíèÿ u (ïóíêòèð) è w (ñïëîøíàÿ ëèíèÿ) ïî
îñè z ïðè s = 15 è ξ = {0.857, 0.862} äëÿ ïðàâîé ïàðû ãðàôèêîâ è

ξ = {0.85, 0.89} - äëÿ ëåâîé ïàðû.

Ëåâàÿ ïàðà ãðàôèêîâ Ôèã.7 ïîêàçûâàåò, ÷òî âñëåäñòâèå áëèçîñòè ñêîðîñòåé
ðàñïðîñòðàíåíèÿ âîëí âäîëü ñâîáîäíîé ãðàíèöû ñëîÿ è ëèíèè ñêîëüæåíèÿ, ïå-
ðåìåùåíèÿ òî÷åê ñëîÿ ñòðåìÿòñÿ ê ñèììåòðè÷íîìó è êîñîñèììåòðè÷íîìó, îòíî-
ñèòåëüíî ñåðåäèíû ñëîÿ, ðàñïðåäåëåíèþ, â òî âðåìÿ êàê âî âòîðîì ñëó÷àå (ïðà-
âàÿ ïàðà) ÿâíî âûäåëÿþòñÿ äâå âîëíû, ðàñïðîñòðàíÿþùèåñÿ âäîëü ñâîáîäíîé
ãðàíèöû ñëîÿ è ïî ëèíèè ðàçäåëà ìàòåðèàëîâ. Ïðè ýòîì ãðàôèê íà Ôèã. 2(á),
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ðàñïîëîæåííûé íèæå, ñîîòâåòñòâóåò âîëíå, ðàñïðîñòðàíÿþùåéñÿ ïî ëèíèè ðàç-
äåëà ìàòåðèàëîâ, à ãðàôèê, ðàñïîëîæåííûé âûøå, - âîëíå, ðàñïðîñòðàíÿþùåéñÿ
âäîëü ñâîáîäíîé ãðàíèöû ñëîÿ.

Íà Ôèã.8 ïðåäñòàâëåíû íîðìàëèçîâàííûå ïåðåìåùåíèÿ u è w ïî îñè z âãëóáü
ïîëóïëîñêîñòè äëÿ ÷åòûð¼õ ìîä âîëíû.

Ôèã. 8: Íîðìàëèçîâàííûå ïåðåìåùåíèÿ u (ïóíêòèð) è w (ñïëîøíàÿ ëèíèÿ) ïî
îñè z äëÿ ÷åòûð¼õ ìîä âîëíû ïðè s = 9.5 è ξ = {0.43, 0.55, 0.711, 0.96}

Äëÿ íàãëÿäíîñòè íà Ôèã.9 ïðèâåäåíû òàêæå ðåëüåôíûå êàðòèíû, ñîîòâåò-
ñòâóþùèå ãðàôèêàì íà Ôèã.8.
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Ôèã. 9: Ðåëüåôû ïåðåìåùåíèé u (ñëåâà) è w(ñïðàâà) äëÿ ÷åòûð¼õ ìîä.

×èñëåííûé àíàëèç ïîêàçûâàåò, ÷òî ïðè óâåëè÷åíèè s ýíåðãèÿ âîëí ïåðåõîäèò
îò ïîëóïëîñêîñòè ê ñëîþ. Ïðè ýòîì äëÿ âîëíû, ðàñïðîñòðàíÿþùåéñÿ ñî ñêî-
ðîñòüþ, áëèçêîé ê ñêîðîñòè Ðýëåÿ â ñëîå ξR,1, ìàêñèìàëüíîå çíà÷åíèå ýíåðãèè
äîñòèãàåòñÿ îêîëî íàðóæíîé ïîâåðõíîñòè ñëîÿ z = −h, à â ñëó÷àå âîëíû, ðàñïðî-
ñòðàíÿþùåéñÿ ñî ñêîðîñòüþ, áëèçêîé ê ñêîðîñòè ξ = ξ0, ýíåðãèÿ êîíöåíòðèðóåò-
ñÿ âáëèçè ïîâåðõíîñòè z = 0. Äëÿ îñòàëüíûõ ìîä âîëí ýíåðãèÿ ðàñïðåäåëÿåòñÿ â
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ñëîå áîëåå ðàâíîìåðíî.

á. Çàùåìë¼ííàÿ ïîâåðõíîñòü

u(1) = 0 , w(1) = 0

Äèñïåðñèîííîå óðàâíåíèå èìååò âèä

4θν1,1
(
β2
2 − ν2,1ν2,2

)
(ν1,1ν1,2 th [sν1,1]− th [sν1,2]) +

+ µ∗ν2,1

((1 + ν21,2
)2

+ 4− 8 sech [sν1,1] sech [sν1,2]β1

)
ν1,1ν1,2−

− 4
(
β2
1 + ν1,1

2ν1,2
2
)
th [sν1,1] th [sν1,2]

 = 0
(20)

Ïðè s� 1

θ2ν1,1ν1,2ξ
(
µ∗ξν2,1 − 4η1

(
β2
2 − ν2,1ν2,2

)
s+ µ∗ξν2,1 (1− 2η1) s

2
)
+O

(
s3
)
= 0 (21)

Ïðè s → 0 ïîëó÷àåòñÿ òðèâèàëüíîå ðåøåíèå ξ = 0, à ýòî îçíà÷àåò, ÷òî ïðè
çàùåìë¼ííîé âíåøíåé ãðàíèöå ñëîÿ, äëèííûå îòíîñèòåëüíî òîëùèíû ñëîÿ ïî-
âåðõíîñòíûå âîëíû îòñóòñòâóþò. Ïðè s� 1

Åñëè 1− ξθ > 0, òî th(kh
√
1− ξθ) ∼ th(kh

√
1− ξθη1) ∼ 1 è èç (21) ïîëó÷àåì

−4 (1− ν1,1ν1,2)
(
µ∗
(
β2
1 − ν1,1ν1,2

)
ν2,1 + θν1,1

(
β2
2 − ν2,1ν2,2

))
= 0.

Ðàâåíñòâî íóëþ ïåðâîãî ìíîæèòåëÿ 1− ν1,1ν1,2 = 0, ïðèâîäèò ê çíà÷åíèþ

ξ =
1 + η1
θη1

(22)

êîòîðîå íå óäîâëåòâîðÿåò óñëîâèþ 1− ξθ > 0.

Ïðèðàâíèâàÿ ê íóëþ âòîðîé ìíîæèòåëü, ïðèõîäèì ê óðàâíåíèþ

µ∗
(
β2
1 − ν1,1ν1,2

)
ν2,1 + θν1,1

(
β2
2 − ν2,1ν2,2

)
= 0, (23)

êîòîðîå áûëî èññëåäîâàíî âûøå. Îòìåòèì, ÷òî ïðè θ ≤ 1 â çàâèñèìîñòè îò çíà-
÷åíèé äðóãèõ ïàðàìåòðîâ ëèáî ïîâåðõíîñòíîé âîëíû íå ñóùåñòâóåò, ëèáî ðàñ-
ïðîñòðàíÿåòñÿ îäíà ïîâåðõíîñòíàÿ âîëíà, â òî âðåìÿ êàê ïðè θ > 1 ñóùåñòâóåò
áåñêîíå÷íîå ÷èñëî ìîä ïîâåðõíîñòíûõ âîëí.

Íà Ôèã.10 è Ôèã.11 ïðèâåäåíû ãðàôèêè çàâèñèìîñòè êâàäðàòà ôàçîâîé ñêî-
ðîñòè ξ îò ïàðàìåòðà s â ñëó÷àå îäíîé âîëíû ïðè θ ≤ 1 è â ñëó÷àå θ > 1 ñîîòâåò-
ñòâåííî.
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Ôèã. 10: Çàâèñèìîñòü ξ îò s ïðè µ∗ = 1.5; θ = 4; ν1 = ν2 = 0.3

Ôèã. 11: Çàâèñèìîñòü ξ îò s ïðè µ∗ = 1; θ = 0.85; ν1 = ν2 = 0.3

â. Óñëîâèå ñèììåòðèè (óñëîâèå àíòè Íàâüå).

w(1) = 0 , σ
(1)
31 = 0

Äèñïåðñèîííîå óðàâíåíèå áóäåò èìåòü âèä

θν1,1
(
β2
2 − ν2,1ν2,2

)
th (sν1,1) th (sν1,2)+

+ µ∗ν2,1
(
β2
1 th (sν1,2)− ν1,1ν1,2 th (sν1,1)

)
= 0

(24)

Ïðè s� 1

ν1,2θs

(
µ∗ξ

(
ξc0
4

− (1− θ1)

)
ν2,1 + ν21,1

(
β2
2 − ν2,1ν2,2

)
s

)
= 0 (25)
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îòêóäà

ξ = ξS −
(1− 2η1)

2
(
(1− ξS/2)

2 −
√
1− ξS

√
1− ξSη2

)
µ∗ (1− η1)

√
1− ξSη2

s+O
(
s2
)

×òî ñîâïàäàåò ñ (14) â ïåðâîì ïðèáëèæåíèè.

ã. Óñëîâèå àíòèñèììåòðèè (óñëîâèå Íàâüå)

u(1) = 0, σ
(1)
33 = 0

Äèñïåðñèîííîå óðàâíåíèå èìååò âèä

θν1,1
(
β2
2 − ν2,1ν2,2

)
+ µ∗ν2,1

(
β2
1 th [sν1,1]− ν1,2ν1,1 th [sν1,2]

)
= 0 (26)

Ïðè s� 1

ν1,1θ

(
1

4
sµ∗ξ

2θν2,1 +
(
β2
2 − ν2,1ν2,2

))
= 0 (27)

îòêóäà ξ = ξR2+
µ∗θξ

2
R2

√
1−η2ξR2(4−4ξR2+ξ2R2)

2(4−4η2−12ξR2+8η2ξR2+6ξ2R2−ξ3R2)
s+O

(
s2
)
ñîâïàäàåò ñ (10) â ïåðâîì

ïðèáëèæåíèè.

Ïðîâåäåííûé äëÿ ïîñëåäíèõ äâóõ ñëó÷àåâ ãðàíè÷íûõ óñëîâèé íà âíåøíåé ãðà-
íèöå ñëîÿ ÷èñëåííûé àíàëèç ïîêàçàë, ÷òî êàðòèíà ðàñïðîñòðàíåíèÿ âîëí âäîëü
ëèíèè ðàçäåëà ìàòåðèàëîâ ïîäîáíà êàðòèíàì, ïðåäñòàâëåííûì âûøå äëÿ ñëó÷àÿ
ñâîáîäíîé âíåøíåé ãðàíèöû ñëîÿ.

Çàêëþ÷åíèå

Èññëåäîâàí âîïðîñ ñóùåñòâîâàíèÿ ïîâåðõíîñòíûõ âîëí â ñèñòåìå ñëîé � ïî-
ëóïëîñêîñòü, êîãäà íà ëèíèè ñòûêà èìåþò ìåñòî óñëîâèÿ ñêîëüæåíèÿ. Âûÿñ-
íåíî, ÷òî ïðè s � 1 (êîãäà äëèíà âîëíû íàìíîãî ìåíüøå òîëùèíû ñëîÿ) è
ξ < min

(
1
θ , 1
)
ïîâåðõíîñòíàÿ âîëíà, ðàñïðîñòðàíÿþùàÿñÿ âäîëü ëèíèè ðàçäåëà

ìàòåðèàëîâ z = 0 è èìåþùàÿ ñêîðîñòü ξ0, ñóùåñòâóåò ïðè âñåõ ÷åòûð¼õ ãðàíè÷-
íûõ óñëîâèÿõ íà ïîâåðõíîñòè ñëîÿ z = −h.

Ïðè s � 1 è θ > 1 äëÿ ëþáîãî ξ èç 1/θ < ξ < 1 ñóùåñòâóåò áåñêîíå÷íîå
ìíîæåñòâî âîëíîâûõ ÷èñåë k, óäîâëåòâîðÿþùèõ äèñïåðñèîííîìó óðàâíåíèþ.

Ïðè s � 1 (äëèííûå âîëíû) âîëíà, êîòîðàÿ ðàñïðîñòðàíÿåòñÿ âäîëü ëèíèè
z = 0 è èìååò ñêîðîñòü ξS , ñóùåñòâóåò òîëüêî â ñëó÷àÿõ ñâîáîäíîé ïîâåðõíîñòè
ñëîÿ è ïðè óñëîâèè ñèììåòðèè íà âíåøíåé ãðàíèöå.

Âîëíà, êîòîðàÿ ðàñïðîñòðàíÿåòñÿ âäîëü ëèíèè z = 0 è èìååò ñêîðîñòü, îïðå-
äåëÿåìóþ ôîðìóëîé (13), ðàñïðîñòðàíÿåòñÿ ïðè ãðàíè÷íûõ óñëîâèÿõ ñâîáîäíîé
ïîâåðõíîñòè è óñëîâèÿõ àíòèñèììåòðèè íà ãðàíèöå ñëîÿ.

Ïðè äëèííûõ âîëíàõ ýíåðãèÿ âîëíû ãëàâíûì îáðàçîì ðàñïðåäåëåíà â ïîëó-
ïëîñêîñòè, à ïðè óâåëè÷åíèè s, ò.å. äëÿ êîðîòêèõ âîëí, îíà ïåðåõîäèò â ñëîé.
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Cowyc � trva� panelayin divergenciayi  flateri a�ajacman hnaravorow�yown�: Gtnva�

en gazi hosqi hamapatasxan kritikakan aragow�yownneri ar�eqner�: Cowyc � trva� se�mo�

ow�eri in�pes apakayownacno�, aynpes �l kayownacno� azdecow�yown� <sal–gazi hosq> hamakargi

xotorva� �ar�man vra, kapva� hamakargi parametreri ar�eqneric:

Â ëèíåéíîé ïîñòàíîâêå èññëåäóåòñÿ çàâèñèìîñòü âèäîâ ïîòåðè óñòîé÷èâîñòè âîçìóù¼ííîãî

äâèæåíèÿ äèíàìè÷åñêîé ñèñòåìû �ïëàñòèíêà-ïîòîê� îò õàðàêòåðà ïåðâîíà÷àëüíîãî íàïðÿæ¼í-

íîãî ñîñòîÿíèÿ ïðÿìîóãîëüíîé ïëàñòèíêè óìåðåííûõ ðàçìåðîâ ïðè íàëè÷èè ñîñðåäîòî÷åííûõ

èíåðöèîííûõ ìàññ è ìîìåíòîâ íà å¼ ñâîáîäíîì êðàå â ïðåäïîëîæåíèè, ÷òî ïëàñòèíêà ñæàòà

â íàïðàâëåíèè, ïåðïåíäèêóëÿðíîì ñêîðîñòè îáòåêàþùåãî ñâåðõçâóêîâîãî ïîòîêà ãàçà, íàáå-

ãàþùèì íà åå ñâîáîäíûé êðàé. Íàéäåíî àíàëèòè÷åñêîå ðåøåíèå çàäà÷è óñòîé÷èâîñòè âîçìó-

ù¼ííîãî äâèæåíèÿ äèíàìè÷åñêîé ñèñòåìû ¾ïëñòèíêà-ïîòîê¿. Óñòàíîâëåíî, ÷òî ïðè îáòåêàíèè

ïåðâîíà÷àëüíîå íàïðÿæ¼ííîå ñîñòîÿíèå, îáóñëîâëåííîå ñæèìàþùèìè óñèëèÿìè, ïðèâîäèò, êàê

ê äåñòàáèëèçàöèè, òàê è ê ñòàáèëèçàöèè âîçìóù¼ííîãî äâèæåíèÿ ñèñòåìû, â çàâèñèìîñòè îò å¼

ïàðàìåòðîâ.

Ââåäåíèå

Êàê èçâåñòíî [1� 4], âûïó÷èâàíèå ïëàñòèíîê â àâèàöèîííûõ è ñóäîâûõ êîí-
ñòðóêöèÿõ ÷àùå âñåãî âûçûâàåòñÿ, â îñíîâíîì, äåéñòâèåì ñæèìàþùèõ óñèëèé,
ðàñïîëîæåííûõ â ñðåäèííîé ïëîñêîñòè ïëàñòèíêè. Òàê êàê øèðèíà ïëàñòèíêè,
ÿâëÿþùåéñÿ ïàíåëüþ êðûëà ñàìîëåòà, ïàëóáû ñóäíà è ò.ä., êàê ïðàâèëî, íà ìíîãî
ìàëà ïî ñðàâíåíèþ ñ ðàçìåðàìè êîíñòðóêöèè, òî âî ìíîãèõ ñëó÷àÿõ ìîæíî ñ÷è-
òàòü ñæèìàþùèå óñèëèÿ ðàâíîìåðíî ðàñïðåäåë¼ííûìè ïî øèðèíå ïëàñòèíêè [1].
Ïîýòîìó çàäà÷à îá óñòîé÷èâîñòè ïëàñòèíîê ïðè ðàâíîìåðíîì ñæàòèè ÿâëÿåòñÿ
òîé �êëàññè÷åñêîé çàäà÷åé�, ðåøåíèå êîòîðîé ÿâëÿåòñÿ èñõîäíûì äëÿ ôîðìóëè-
ðîâêè è èññëåäîâàíèÿ äðóãèõ áîëåå ñëîæíûõ çàäà÷.

Èçó÷åíèþ ñòàòè÷åñêîé è äèíàìè÷åñêîé íåóñòîé÷èâîñòè ïëàñòèíîê è îáîëî÷åê,
îáòåêàåìûõ ñâåðõçâóêîâûì ïîòîêîì ãàçà, ïîñâÿùåíî îãðîìíîå êîëè÷åñòâî ðàáîò,
îáçîð êîòîðûõ, â îñíîâíîì, ñîäåðæèòñÿ â ìîíîãðàôèÿõ è â ñòàòüÿõ [1� 10]. Îäíàêî
â ýòèõ ðàáîòàõ, çà èñêëþ÷åíèåì ðàáîò À.À. Ìîâ÷àíà, ïîñòðîåíû ïðèáëèæ¼ííûå
ðåøåíèÿ è íå äàíà ýôôåêòèâíàÿ îöåíêà òî÷íîñòè ýòèõ ïðèáëèæåíèé.

Â ïðåäëàãàåìîé ñòàòüå, â îòëè÷èå îò âûøåóêàçàííûõ ðàáîò, ñ ïîìîùüþ àë-
ãîðèòìà, ïîäðîáíî èçëîæåííîãî â ðàáîòå [15], ïîëó÷åíî àíàëèòè÷åñêîå ðåøåíèå
çàäà÷è óñòîé÷èâîñòè âîçìóù¼ííîãî äâèæåíèÿ äèíàìè÷åñêîé ñèñòåìû ¾ïëàñòèí-
êà�ïîòîê¿ âáëèçè ãðàíèö îáëàñòè óñòîé÷èâîñòè ïðè ñëåäóþùèõ ïðåäïîëîæåíèÿõ.
Ðàññìàòðèâàåìàÿ ïåðâîíà÷àëüíî ñæàòàÿ ïðÿìîóãîëüíàÿ ïëàñòèíêà óìåðåííûõ
ðàçìåðîâ ñ îäíèì ñâîáîäíûì è ñ òðåìÿ øàðíèðíî çàêðåïë¼ííûìè êðàÿìè îáòå-
êàåòñÿ ñâåðõçâóêîâûì ïîòîêîì ãàçà â íàïðàâëåíèè, ïåðïåíäèêóëÿðíîì ñæèìàþ-
ùèì ñèëàì; ïîòîê ãàçà íàáåãàåò íà å¼ ñâîáîäíûé êðàé, âäîëü êîòîðîãî ïðèëîæåíû
ñîñðåäîòî÷åííûå èíåðöèîííûå ìàññû è ìîìåíòû.

Ïîêàçàíî, ÷òî âîçìóù¼ííîå äâèæåíèå ñèñòåìû, òåðÿåò óñòîé÷èâîñòü êàê â âè-
äå äèâåðãåíöèè ïàíåëè, òàê è â âèäå ïàíåëüíîãî ôëàòòåðà, èëè æå òîëüêî â âèäå
äèâåðãåíöèè ïàíåëè, â çàâèñèìîñòè îò îòíîøåíèÿ ñòîðîí ïëàñòèíêè è å¼ îòíîñè-
òåëüíîé òîëùèíû. Íàéäåíû ñîîòâåòñòâóþùèå êðèòè÷åñêèå ñêîðîñòè äèâåðãåíöèè
ïàíåëè è ïàíåëüíîãî ôëàòòåðà. À òàêæå, óñòàíîâëåíû ¾îïàñíûå¿ ãðàíèöû îáëà-
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ñòè óñòîé÷èâîñòè [12], ïðè ïåðåõîäå ÷åðåç êîòîðûõ ïðîèñõîäèò ïîòåðÿ ïðî÷íîñòè
è âîçíèêíîâåíèå óñòàëîñòíûõ òðåùèí â ìàòåðèàëå ïëàñòèíêè [1, 2].

Êàê îêàçàëîñü, ïåðâîíà÷àëüíîå íàïðÿæ¼ííîå ñîñòîÿíèå ïëàñòèíêè óìåðåííûõ
ðàçìåðîâ, îáóñëîâëåííîå ñæèìàþùèìè ñèëàìè, ïðèâîäèò, â îñíîâíîì, ê ñòàáè-
ëèçàöèè âîçìóù¼ííîãî äâèæåíèÿ ñèñòåìû ¾ïëàñòèíêà-ïîòîê¿, â ñðàâíåíèè ñ ñè-
ñòåìîé ñ íåíàãðóæåííîé ïàíåëüþ [15].

1 Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ òîíêàÿ óïðóãàÿ ïðÿìîóãîëüíàÿ ïëàñòèíêà óìåðåííûõ ðàçìå-
ðîâ, êîòîðàÿ â äåêàðòîâîé ñèñòåìå êîîðäèíàò Oxyz çàíèìàåò îáëàñòü 0 ≤ x ≤ a,
0 ≤ y ≤ b, −h ≤ z ≤ h: ab−1 ∈ (0.193, 1.96). Äåêàðòîâà ñèñòåìà êîîðäèíàò Oxyz
âûáèðàåòñÿ òàê, ÷òî îñè Ox è Oy ëåæàò â ïëîñêîñòè íåâîçìóù¼ííîé ïëàñòèí-
êè, à îñü Oz ïåðïåíäèêóëÿðíà ïëàñòèíêå è íàïðàâëåíà â ñòîðîíó ñâåðõçâóêîâîãî
ïîòîêà ãàçà, îáòåêàþùåãî ïëàñòèíêó ñ îäíîé ñòîðîíû â íàïðàâëåíèè îñè Ox ñ
íåâîçìóù¼ííîé ñêîðîñòüþ V . Òå÷åíèå ãàçà áóäåì ñ÷èòàòü ïëîñêèì è ïîòåíöèàëü-
íûì.

Ïóñòü êðàé x = 0 ïëàñòèíêè ñâîáîäåí, à êðàÿ x = a, y = 0 è y = b çàêðåïëåíû
èäåàëüíûìè øàðíèðàìè. Âäîëü ñâîáîäíîãî êðàÿ x = 0 ïëàñòèíêè ïðèëîæåíû
ñîñðåäîòî÷åííûå èíåðöèîííûå ìàññû mc è ìîìåíòû ïîâîðîòà Ic [2, 11].

Áóäåì ïîëàãàòü, ÷òî ïåðâîíà÷àëüíî, åù¼ äî îáòåêàíèÿ, ïëàñòèíêà ïîäâåðæåíà
äåéñòâèþ ñæèìàþùèõ ñèë Ny = 2hσy, ðàâíîìåðíî ðàñïðåäåë¼ííûõ ïî êðàÿì y =
0 è y = b ïëàñòèíêè, ÿâëÿþùèìèñÿ ðåçóëüòàòîì íàãðåâà, èëè êàêèõ-ëèáî äðóãèõ
ïðè÷èí; ñæèìàþùèå óñèëèÿ σy ïðåäïîëàãàþòñÿ ïîñòîÿííûìè âî âñåé ñðåäèííîé
ïîâåðõíîñòè ïàíåëè, è íåìåíÿþùèìèñÿ ñ èçìåíåíèåì ïðîãèáà ïëàñòèíêè w =
w(x, y, t) [1, 2].

Ïðîãèá ïëàñòèíêè w = w(x, y, t) âûçîâåò èçáûòî÷íîå äàâëåíèå∆p íà âåðõíþþ
îáòåêàåìóþ ïîâåðõíîñòü ïëàñòèíêè ñî ñòîðîíû îáòåêàþùåãî ïîòîêà ãàçà, êîòîðîå

ó÷èòûâàåòñÿ ïðèáëèæ¼ííîé ôîðìóëîé∆p = −a0ρ0V
∂w

∂x
¾ïîðøíåâîé òåîðèè¿, ãäå

a0 � ñêîðîñòü çâóêà â íåâîçìóù¼ííîé ãàçîâîé ñðåäå, ρ0 � ïëîòíîñòü íåâîçìóù¼í-
íîãî ïîòîêà ãàçà [13, 14]. Ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî ïðîãèáû w = w(x, y, t)
ìàëû îòíîñèòåëüíî òîëùèíû ïëàñòèíêè 2h. Âûÿñíèì óñëîâèÿ, ïðè êîòîðûõ âîç-
ìîæíà ïîòåðÿ óñòîé÷èâîñòè ñîñòîÿíèÿ íåâîçìóù¼ííîãî ðàâíîâåñèÿ äèíàìè÷å-
ñêîé ñèñòåìû ¾ïëàñòèíêà�ïîòîê¿ â ñëó÷àå, â êîòîðîì èçãèá ïðÿìîóãîëüíîé ïëà-
ñòèíêè îáóñëîâëåí ñîîòâåòñòâóþùèìè àýðîäèíàìè÷åñêèìè íàãðóçêàìè ∆p, ñæè-
ìàþùèìè óñèëèÿìè σy â ñðåäèííîé ïîâåðõíîñòè ïëàñòèíêè è ñîñðåäîòî÷åííûìè
èíåðöèîííûìè ìàññàìè mc è ìîìåíòàìè ïîâîðîòà Ic, ïðèëîæåííûìè âäîëü å¼
ñâîáîäíîãî êðàÿ x = 0, â ïðåäïîëîæåíèè, ÷òî ñæèìàþùèå óñèëèÿ σy ìàëû ïî
ñðàâíåíèþ ñ êðèòè÷åñêèìè íàïðÿæåíèÿìè (σy)cr, êîòîðûå ìîãóò ïðîèçâåñòè âû-
ïó÷èâàíèå ïëàñòèíêè ïðè îòñóòñòâèè îáòåêàíèÿ.

Îòìåòèì, ÷òî â ðàáîòå, ñ öåëüþ ïîëó÷åíèÿ âîçìîæíîñòè àíàëèòè÷åñêîãî èñ-
ñëåäîâàíèÿ â ðàññìàòðèâàåìîé çàäà÷å äèíàìè÷åñêîé óñòîé÷èâîñòè ñèñòåìû �ïëà-
ñòèíêà�ïîòîê�, ðàñïðåäåë¼ííàÿ ìàññà ïëàñòèíêè óñëîâíî çàìåíåíà ñîñðåäîòî÷åí-
íûìè èíåðöèîííûìè ìàññàìè è ìîìåíòàìè ïîâîðîòà, ïðèëîæåííûìè âäîëü ñâî-
áîäíîãî êðàÿ ïëàñòèíêè [2, 11, 15]. Òàêàÿ çàìåíà âîâñå íå ïðèâîäèò ê èñêàæåíèþ
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äèíàìè÷åñêîé êàðòèíû ÿâëåíèÿ � ïîòåðè óñòîé÷èâîñòè ñèñòåìû; áûòü ìîæåò, ñ
òî÷íîñòüþ äî ÷èñëåííûõ çíà÷åíèé êðèòè÷åñêèõ ñêîðîñòåé ïîòîêà ãàçà, êîòîðûå
ìîãóò áûòü íåñêîëüêî çàâûøåííûìè.

Òîãäà, äèôôåðåíöèàëüíîå óðàâíåíèå ìàëûõ èçãèáíûõ êîëåáàíèé òî÷åê ñðå-
äèííîé ïîâåðõíîñòè ñæàòîé ïðÿìîóãîëüíîé ïëàñòèíêè îêîëî íåâîçìóù¼ííîé ôîð-
ìû ðàâíîâåñèÿ â ïðåäïîëîæåíèè ñïðàâåäëèâîñòè ãèïîòåçû Êèðõãîôà è ¾ïîðø-
íåâîé òåîðèè¿ [13,14] áóäåò îïèñûâàòüñÿ ñîîòíîøåíèåì [2, 8,18]:

D∆2w + 2hσy
∂2w

∂y2
+ a0ρ0V

∂w

∂x
= 0, (1.1)

∆2w = ∆(∆w), ∆� äèôôåðåíöèàëüíûé îïåðàòîð Ëàïëàñà; D � öèëèíäðè÷åñêàÿ
æ¼ñòêîñòü.

Ãðàíè÷íûå óñëîâèÿ, â ïðèíÿòûõ ïðåäïîëîæåíèÿõ îòíîñèòåëüíî ñïîñîáà çà-
êðåïëåíèÿ êðîìîê ïëàñòèíêè, áóäóò âèäà [2, 11]:

∂2w

∂x2
+ ν

∂2w

∂y2
= D−1Ic

∂3w

∂x∂t2
,

∂

∂x

(
∂2w

∂x2
+ (2− ν)

∂2w

∂y2

)
= −D−1mc

∂2w

∂t2
, (1.2)

ïðè x = 0;

w = 0,
∂2w

∂x2
, ïðè x = a; (1.3)

w = 0,
∂2w

∂y2
, ïðè y = 0 è y = b; (1.4)

ãäå ν � êîýôôèöèåíò Ïóàññîíà.

Òðåáóåòñÿ íàéòè êðèòè÷åñêóþ ñêîðîñòü Vcr� íàèìåíüøóþ ñêîðîñòü ïîòîêà
ãàçà â ñâåðõçâóêîâîì è ãèïåðçâóêîâîì èíòåðâàëå ñêîðîñòåé:

Vcr ∈ (a0M0, a0M2 cosm), M0 =
√
2, M2 cosm ≈ 33.85; (1.5)

ïðèâîäÿùóþ ê ïîòåðå óñòîé÷èâîñòè ñîñòîÿíèÿ ðàâíîâåñèÿ äèíàìè÷åñêîé ñèñòåìû
¾ïëàñòèíêà�ïîòîê¿ (1.1) � (1.4) â ïðåäïîëîæåíèè, ÷òî

σy < (σy)cr. < (σy)pr.. (1.6)

Çäåñü, M0 è M2 cosm � ãðàíè÷íûå çíà÷åíèÿ ÷èñëà Ìàõà M , ñîîòâåòñòâóþùèå
èíòåðâàëó äîïóñòèìûõ çíà÷åíèé ñâåðõçâóêîâûõ è ãèïåðçâóêîâûõ ñêîðîñòåé [1];
(σy)cr.� êðèòè÷åñêèå íàïðÿæåíèÿ, ïðèâîäÿùèå ê âûïó÷èâàíèþ ïëàñòèíêè â îò-
ñóòñòâèè îáòåêàíèÿ (V = 0), íàéäåííûå â ðàáîòå [17]; (σy)pr. � íèæíÿÿ ãðàíèöà
òåêó÷åñòè [1, 17].

Àíàëèç óñòîé÷èâîñòè âîçìóù¼ííîãî äâèæåíèÿ äèíàìè÷åñêîé ñèñòåìû �ïëà-
ñòèíêà�ïîòîê� (1.1) � (1.4) ñâîäèòñÿ ê èññëåäîâàíèþ äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ (1.1) ñ ñîîòâåòñòâóþùèìè êðàåâûìè óñëîâèÿìè (1.2) � (1.4) äëÿ ïðîãèáà
w(x, y, t) â èíòåðâàëå ñêîðîñòåé ïîòîêà ãàçà (1.5) ïðè óñëîâèè (1.6).

Çàäà÷ó óñòîé÷èâîñòè (1.1) � (1.4) áóäåì èññëåäîâàòü â ñëó÷àå ïðÿìîóãîëüíûõ
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ïëàñòèíîê óìåðåííûõ ðàçìåðîâ:

γ = ab−1 ∈ (0.193, 1.96), (1.7)

γ� îòíîøåíèå øèðèíû ïëàñòèíêè a(ñòîðîíà ïëàñòèíêè ïî ïîòîêó) ê å¼ äëèíå b.
Çàìåòèì, ÷òî â ðàáîòàõ [15, 16] ïîëó÷åíî àíàëèòè÷åñêîå ðåøåíèå çàäà÷è óñòîé-

÷èâîñòè âîçìóù¼ííîãî äâèæåíèÿ äèíàìè÷åñêîé ñèñòåìû ¾ïëàñòèíêà�ïîòîê¿ â
ïðåäïîëîæåíèè îòñóòñòâèÿ ïåðâîíà÷àëüíîãî íàïðÿæ¼ííîãî ñîñòîÿíèÿ ïëàñòèí-
êè, â ðàáîòå [17] � çàäà÷è ñòàòè÷åñêîé óñòîé÷èâîñòè ïàíåëè ñ íàãðóæåííûìè
êðàÿìè y = 0 è y = b. êàê ïðè îáòåêàíèè (V 6= 0), òàê è â îòñóòñòâèè îáòåêàíèÿ
(V = 0).

Äàííàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîòû [18], â êîòîðîé èññëåäîâàíà
çàäà÷à óñòîé÷èâîñòè (1.1) � (1.4) â ñëó÷àå äîñòàòî÷íî óäëèí¼ííûõ ïàíåëåé (γ ≤
0.193).

2 Ðåøåíèå çàäà÷è

Äëÿ íàõîæäåíèÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è óñòîé÷èâîñòè âîçìóù¼ííîãî
äâèæåíèÿ äèíàìè÷åñêîé ñèñòåìû (1.1) � (1.4) ñâåäåì å¼ ê çàäà÷å íà ñîáñòâåííûå
çíà÷åíèÿ λ äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Îáùåå ðåøåíèå
óðàâíåíèÿ (1.1), óäîâëåòâîðÿþùåå ãðàíè÷íûì óñëîâèÿì (1.2) � (1.4), áóäåì èñ-
êàòü â âèäå ãàðìîíè÷åñêèõ êîëåáàíèé

w(x, y, t) =

∞∑
n=1

Cn exp (µnrx+ λt) sin (µny) , µn = πnb−1 (2.1)

Cn� ïðîèçâîëüíûå ïîñòîÿííûå; n � ÷èñëî ïîëóâîëí âäîëü ñòîðîíû ïëàñòèíêè b.
Âîçìóù¼ííîå äâèæåíèå ñèñòåìû (1.1) � (1.4) àñèìïòîòè÷åñêè óñòîé÷èâî, åñëè

âñå ñîáñòâåííûå çíà÷åíèÿ λ èìåþò îòðèöàòåëüíûå âåùåñòâåííûå ÷àñòè (Reλ <
0), è íåóñòîé÷èâà, åñëè õîòÿ áû îäíî ñîáñòâåííîå çíà÷åíèå λ íàõîäèòñÿ â ïðàâîé
÷àñòè êîìïëåêñíîé ïëîñêîñòè (Reλ > 0). Êðèòè÷åñêàÿ ñêîðîñòü ïîòîêà Vcr, õà-
ðàêòåðèçóþùàÿ ïåðåõîä îò óñòîé÷èâîñòè ê íåóñòîé÷èâîñòè âîçìóù¼ííîãî äâèæå-
íèÿ ñèñòåìû, îïðåäåëÿåòñÿ óñëîâèåì ðàâåíñòâà íóëþ âåùåñòâåííîé ÷àñòè îäíîãî
èëè íåñêîëüêèõ ñîáñòâåííûõ çíà÷åíèé (Reλ = 0). Ïîäñòàâëÿÿ âûðàæåíèå (2.1)
â äèôôåðåíöèàëüíîå óðàâíåíèå (1.1), ïîëó÷àåì õàðàêòåðèñòè÷åñêîå óðàâíåíèå â
âèäå àëãåáðàè÷åñêîãî óðàâíåíèÿ ÷åòâ¼ðòîé ñòåïåíè:

r4 − 2r2 + α3
nr + (1− β2

y) = 0, α3
n = a0ρ0V D−1µ−3

n , β2
y = 2hσyD

−1µ−2
n , (2.2)

êîòîðîå â ñîîòâåòñòâèè ñ ìåòîäîì ðåøåíèÿ Ôåððàðè ìîæíî ïðåäñòàâèòü â âèäå
[17]:(
r2 +

√
2(q + 1)r + q −

√
q2 − 1 + β2

y

)(
r2 −

√
2(q + 1)r + q +

√
q2 − 1 + β2

y

)
= 0,

(2.3)
ãäå q = q(V )� ïàðàìåòð, õàðàêòåðèçóþùèé ñêîðîñòü ïîòîêà ãàçà V � äåéñòâèòåëü-
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íûé êîðåíü êóáè÷åñêîãî óðàâíåíèÿ

8(q + 1)
(
q2 − 1 + β2

y

)
− α6

n = 0, (2.4)

óäîâëåòâîðÿþùèé óñëîâèþ [17]:

q ∈ (q0,∞) (2.5)

q0 =
(
−1 + 2

√
(4− 3β2

y)
)
/3, β2

y ≤ 4/3 è q0 = 1, β2
y > 4/3 (òàáë. 1);

β2
y� êîýôôèöèåíò íàïðÿæåíèÿ, êîòîðûé

β2
y < (β2

y)cr., (β2
y)cr. = β2

y(n, γ, ν) = 2h(σy)cr.D
−1µ−2

n , (2.6)

â ñîîòâåòñòâèè ñ îãðàíè÷åíèåì (1.6) è îáîçíà÷åíèÿìè (1.7) è (2.2).

β2
y 0 0.3 0.5 0.8 1.0 1.21 1.333 >1.333
q0 1.0 0.840 0.721 0.510 0.338 0.072 -0.333 1.0

Òàáëèöà 1

γ
ν

0.125 0.25 0.3 0.375 0.5

0.193 1.0 0.840 0.721 0.510 0.338
0.20 14.202 12.359 11.605 10.456 8.493
0.30 6.822 6.029 5.695 5.180 4.272
0.33 5.799 5.150 4.875 4.447 3.686
0.40 4.245 3.815 3.625 3.332 2.797
0.50 3.058 2.792 2.672 2.479 2.114
0.60 2.416 2.237 2.153 2.015 1.745
0.70 2.032 1.903 1.841 1.735 1.523
0.80 1.785 1.687 1.639 1.555 1.379
0.90 1.616 1.539 1.500 1.431 1.282
1.00 1.496 1.434 1.401 1.342 1.212
1.20 1.341 1.297 1.273 1.228 1.124
1.50 1.215 1.186 1.168 1.135 1.052
1.80 1.149 1.126 1.113 1.086 1.016
1.90 1.133 1.112 1.099 1.074 1.0084
1.96 1.125 1.105 1.092 1.067 1.004

Òàáëèöà 2

Â òàáëèöå 2 ïðèâåäåíû äëÿ íåêîòîðûõ çíà÷åíèé ïàðàìåòðîâ γ ∈ (0.193, 1.96)
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è ν çíà÷åíèÿ ôóíêöèè (β2
y)cr. = β2

y(n, γ, ν) ïðè n = 1� ðåøåíèÿ óðàâíåíèÿ

K3 =
(√

β2
y + 1− ν

)2√√
β2
y − 1 sh

(
πnγ

√√
β2
y + 1

)
cos

(
πnγ

√√
β2
y − 1

)
−

−
(√

β2
y − 1 + ν

)2√√
β2
y + 1 ch

(
πnγ

√√
β2
y + 1

)
sin

(
πnγ

√√
β2
y − 1

)
= 0

â èíòåðâàëå β2
y > 1, ïîëó÷åííûå â ðàáîòå [17].

Íåîáòåêàåìàÿ ïðÿìîóãîëüíàÿ ïëàñòèíêà óìåðåííûõ ðàçìåðîâ γ ∈ (0.193, 1.96)
äëÿ âñåõ çíà÷åíèé êîýôôèöèåíòà Ïóàññîíà ν ïðè óñëîâèè β2

y ≥ (β2
y)cr.(òàáë.2)

òåðÿåò ñòàòè÷åñêóþ óñòîé÷èâîñòü â âèäå íåóñòîé÷èâîñòè ïàíåëè: ëîêàëèçîâàííàÿ
íåóñòîé÷èâîñòü îòñóòñòâóåò [17].

Â ðàáîòå [17] ñ ïîìîùüþ ãðàôîàíàëèòè÷åñêèõ ìåòîäîâ èññëåäîâàíèé ïîêàçà-
íî, ÷òî â äîïóñòèìîì èíòåðâàëå çíà÷åíèé ïàðàìåòðà ñêîðîñòè q ∈ (q0,∞) (2.5)
õàðàêòåðèñòè÷åñêîå óðàâíåíèå (2.2) èìååò äâà äåéñòâèòåëüíûõ êîðíÿ r1 ∈ R1,
r2 ∈ R1 è ïàðó êîìïëåêñíî ñîïðÿæ¼ííûõ êîðíåé r3,4 ∈ W ñ ïîëîæèòåëüíîé âåùå-
ñòâåííîé ÷àñòüþ, êîòîðûå ëåãêî íàõîäÿòñÿ, êàê ðåøåíèÿ êâàäðàòíûõ óðàâíåíèé
� ñîìíîæèòåëåé ñîîòíîøåíèÿ (2.3):

r1,2 = −0.5
√
2(q + 1)±

√√
q2 − 1 + β2

y − 0.5(q − 1) (2.7)

r3,4 = 0.5
√
2(q + 1)± i

√√
q2 − 1 + β2

y + 0.5(q − 1) (2.8)

Ïðè ýòîì, èìååì [17]:

r1 < 0, r2 < 0, êîãäà β2
y ∈ [0, 1), q ∈

(
(−1 + 2

√
4− 3β2

y)/3,∞
)

(2.9)

r1 < 0, r2 = 0, êîãäà β2
y = 1, q ∈ (1/3,∞) (2.10)

r1 < 0, r2 > 0, êîãäà β2
y ∈ (1, 4/3], q ∈

(
(−1 + 2

√
4− 3β2

y)/3,∞
)
è (2.11)

β2
y > 4/3, q ∈ (1,∞)

Îòñþäà ñëåäóåò, ÷òî îáùåå ðåøåíèå (2.1) äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1.1),
çàïèøåòñÿ â âèäå äâîéíîãî ðÿäà:

w(x, y, t) =

∞∑
n=1

4∑
k=1

Cnk exp(µnrkx+ λt) sin(µny), µn = πnb−1 (2.12)

Cnk � ïðîèçâîëüíûå ïîñòîÿííûå; n � ÷èñëî ïîëóâîëí âäîëü ñòîðîíû ïëàñòèí-
êè b ; rk ,k = 1, 4 � êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (2.2), îïðåäåëÿåìûå
âûðàæåíèÿìè (2.7) è (2.8).

Ó÷èòûâàÿ îáîçíà÷åíèÿ (2.2), èç ñîîòíîøåíèÿ (2.4) íàõîäèì ÿâíûé âèä çàâè-
ñèìîñòè ñêîðîñòè ïîòîêà ãàçà V îò ïàðàìåòðîâ q, n, γ, β2

y è ν ñèñòåìû ¾ïëàñòèí-
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êà�ïîòîê¿:

V (q, n, γ, β2
y , ν) = 2

√
2(q + 1)

(
q2 − 1 + β2

y

)
· π3n3γ3D

(
a0ρ0a

3
)−1

, (2.13)

q ∈ (q0,∞) (òàáë.1), β2
y ≤ (β2

y)cr. (òàáë.2) è γ ∈ (0.193, 1.96).

Â ñèëó óñëîâèÿ (1.5), îòñþäà, î÷åâèäíî, ñëåäóåò, ÷òî

V (q, n, γ, β2
y , ν) ∈

(
V (q0, n, γ, β

2
y , ν), a0M2 cosm

)
⊆ (a0M0, a0M2 cosm) (2.14)

êîãäà V (q, n, γ, β2
y , ν) ≥ a0M0, è

V (q, n, γ, β2
y , ν) ∈ (a0M0, a0M2 cosm), êîãäà V (q0, n, γ, β

2
y , ν) < a0M0. (2.15)

Òîãäà, ñîãëàñíî ôîðìóëå öèëèíäðè÷åñêîé æ¼ñòêîñòè D =
E(2h)3

12(1− ν2)
, äîïó-

ñòèìûå èíòåðâàëû çíà÷åíèé ïðèâåä¼ííîé ñêîðîñòè V (q, n, γ, β2
y , ν)D

−1a0ρ0a
3 ïðè

V (q0, n, γ, β
2
y , ν) ≥ a0M0, è ïðè V (q0, n, γ, β

2
y , ν) < a0M0 ñîîòâåòñòâåííî áóäóò âè-

äà:

V (q, n, γ, β2
y , ν)D

−1(a0ρ0a
3) ∈ (V (q0, n, γ, β

2
y , ν)D

−1(a0ρ0a
3), a0M2cosmΨ) ⊆

⊆ (a0M0Ψ, a0M2cosmΨ);

(2.16)

V (q, n, γ, β2
y , ν)D

−1(a0ρ0a
3) ∈ (a0M0Ψ, a0M2 cosmΨ) (2.17)

ãäå

Ψ = 12(1− ν2)a0ρ0E
−1(2ha−1)−3, M0 =

√
2, M2 cosm ≈ 33.85. (2.18)

Èç ñîîòíîøåíèé (2.16)�(2.18) âèäíî, ÷òî äëèíû d(ν, 2ha−1) ≤ a0(M2 cosm −
M0)Ψ äîïóñòèìûõ èíòåðâàëîâ (2.16) è (2.17) ÿâëÿþòñÿ óáûâàþùèìè ôóíêöè-
ÿìè êàê îò îòíîñèòåëüíîé òîëùèíû ïëàñòèíêè 2ha−1, òàê è îò êîýôôèöèåíòà
Ïóàññîíà ν, ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ îñòàëüíûõ ïàðàìåòðîâ ñèñòåìû. Äëÿ
ñòàëüíûõ ïðÿìîóãîëüíûõ ïëàñòèíîê óìåðåííûõ ðàçìåðîâ γ ∈ (0.193, 1.96) ïîä-
ñ÷èòàííûå èíòåðâàëû äîïóñòèìûõ çíà÷åíèé ïðèâåä¼ííûõ ñêîðîñòåé ïîòîêà ãàçà
V D−1(a0ρ0a

3) äàíû â òàáëèöå 3.

Êàê ñëåäóåò èç äàííûõ òàáëèöû 3, ñ ðîñòîì ïàðàìåòðà 2ha−1 äëèíû d(ν, 2ha−1)
äîïóñòèìûõ èíòåðâàëîâ óìåíüøàþòñÿ ïðèìåðíî â 15.6 ðàç ïðè âñåõ ôèêñèðîâàí-
íûõ çíà÷åíèÿõ ν , à ñ ðîñòîì êîýôôèöèåíòà Ïóàññîíà ν� óìåíüøàþòñÿ â 1.32
ðàçà ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ ïàðàìåòða 2ha−1.
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2ha−1
ν

0.125 0.25 0.3 0.375 0.5

0.006
(54.81, (52.03, (50.52, (47.70, (41.63,
1311.78) 1245.27) 1208.98) 1141.58) 996.35)

0.010
(11.84, (11.24, (10.91, (10.30, (8.99,
283.45) 269.09) 261.25) 246.70) 215.32)

0.012
(6.85, (6.50, (6.32, (5.96, (5.20,
164.01) 155.72) 151.20) 142.69) 124.60)

0.015
(3.51, (3.33, (3.23, (3.05, (2.67,
84.04) 79.73) 77.33) 73.10) 63.81)

Òàáëèöà 3

3 Äèñïåðñèîííîå óðàâíåíèå

Ïåðåéäåì ê îïèñàíèþ äèñïåðñèîííûõ óðàâíåíèé � äîñòàòî÷íûõ ïðèçíàêîâ ïî-
òåðè óñòîé÷èâîñòè âîçìóù¼ííîãî äâèæåíèÿ äèíàìè÷åñêîé ñèñòåìû ¾ïëàñòèíêà-
ïîòîê¿ (1.1) � (1.4). Ïîäñòàâëÿÿ îáùåå ðåøåíèå (2.12) äèôôåðåíöèàëüíîãî óðàâ-
íåíèÿ (1.1) â ãðàíè÷íûå óñëîâèÿ (1.2) � (1.4), ïîëó÷àåì îäíîðîäíóþ ñèñòåìó
àëãåáðàè÷åñêèõ óðàâíåíèé ÷åòâ¼ðòîãî ïîðÿäêà îòíîñèòåëüíî ïðîèçâîëüíûõ ïî-
ñòîÿííûõ Cnk. Ïðèðàâíåííûé íóëþ îïðåäåëèòåëü ýòîé ñèñòåìû óðàâíåíèé � õà-
ðàêòåðèñòè÷åñêèé îïðåäåëèòåëü � ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé îïèñûâàåòñÿ
áèêâàäðàòíûì óðàâíåíèåì âèäà:

χnδnA0λ
4 + (χnA1 + δnA2)λ

2 +A3 = 0, (3.1)

ãäå
δn = mcD

−1b3(πn)−3, χn = IcD
−1b(πn)−1, δn > 0, χn > 0, (3.2)

ïðèâåä¼ííûå çíà÷åíèÿ, ñîîòâåòñòâåííî, ñîñðåäîòî÷åííûõ èíåðöèîííûõ ìàññ mc

è ìîìåíòîâ ïîâîðîòà Ic, ïðèëîæåííûõ âäîëü ñâîáîäíîãî êðàÿ x = 0 ïëàñòèíêè;

A0 = A0(q, n, γ, β
2
y) =

√
2(q + 1)

(
1− e−2

√
2(q+1)πnγ

)
B1B2−

− 2B2

(
q + 1 +

√
q2 − 1 + β2

y

)
e−

√
2(q+1)πnγ sh(πnγB1) cos(πnγB2)−

− 2B1

(
q + 1−

√
q2 − 1 + β2

y

)
e−

√
2(q+1)πnγ ch(πnγB1) sin(πnγB2);

(3.3)
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A1 = A1(q, n, γ, β
2
y) = 2(q + 1)×

×
[
(q −

√
q2 − 1 + β2

y) + (q +
√

q2 − 1 + β2
y)e

−2
√

2(q+1)πnγ
]
B1B2+

+ 2B2

[√
2(q + 1)(q2 − 1 + β2

y)

(
q + 1 +

√(
q2 − 1 + β2

y

))
sh(πnγB1)+

+ 2B1((2q − 1)(q + 1) + β2
y) ch(πnγB1)

]
cos(πnγB2)e

−
√

2(q+1)πnγ+

+ 2
[
B1

√
2(q + 1)(q2 − 1 + β2

y)(q + 1−
√
(q2 − 1 + β2

y) ch(πnγB1)+

+(q + 1)(q − 1 + β2
y) sh(πnγB1)

]
sin(πnγB2)e

−
√

2(q+1)πnγ

(3.4)

A2 = A2

(
q, n, γ, β2

y

)
= 2 (q + 1)

(
1 + e−2

√
2(q+1)πnγ

)
B1B2−

− 4 (q + 1)B1B2 ch (πnγB1) cos (πnγB1) e
−
√

2(q+1)πnγ+

+ 2
(
3
(
q2 − 1

)
+ 2β2

y

)
sh (πnγB1) sin (πnγB1) e

−
√

2(q+1)πnγ ;

(3.5)

A3 = A3(q, n, γ, ν, β
2
y) =

=
√
2(q + 1)

{(
q + 1−

√
q2 − 1 + β2

y

)2
− 2(q + 1)ν − (1− ν)2

}
B1B2−

−
√
2(q + 1)

{(
q + 1 +

√
q2 − 1 + β2

y

)2
− 2(q + 1)ν − (1− ν)2

}
B1B2×

× e−2
√

2(q+1)πnγ + 2
{[

(4q2 + 2q − 1)
√

q2 − 1 + β2
y − (2q2 − 4q + 1)(q + 1)−

−
(
q − 1−

√
q2 − 1 + β2

y

)
β2
y − 2

(
(2q − 1)(q + 1)− q

√
q2 − 1 + β2

y + β2
y

)
ν+

+
(
q + 1 +

√
q2 − 1 + β2

y

)
ν2
]
sh(πnγB1) + 2

√
2(q + 1)(q2 − 1 + β2

y)(q + 1)B1×

× ch(πnγB1)}B2 cos(πnγB2)e
−
√

2(q+1)πnγ+

+ 2
{
−B1

[
(4q2 + 2q − 1)

√
q2 − 1 + β2

y + (2q2 − 4q + 1)(q + 1)+

+ (q − 1 +
√
q2 − 1 + β2

y)β
2
y + 2((2q − 1)(q + 1) + q

√
q2 − 1 + β2

y + β2
y)ν−

−(q + 1−
√
q2 − 1 + β2

y)ν
2
]
ch(πnγB1)−

√
2(q + 1)(3(q2 − 1) + 2β2

y)×

×
√
q2 − 1 + β2

y sh(πnγB1)
}
sin(πnγB2)e

−
√

2(q+1)πnγ = 0

(3.6)

B1 =

√√
q2 − 1 + β2

y − 0.5(q − 1), B2 =

√√
q2 − 1 + β2

y + 0.5(q − 1) (3.7)
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Ïðè âñåõ äîïóñòèìûõ çíà÷åíèÿõ ïàðàìåòðà ñêîðîñòè q ∈ (q0,∞) (2.5), êîýôôè-
öèåíòà íàïðÿæåíèÿ β2

y < (β2
y)cr. (òàáë. 2) è n ≥ 1 äëÿ γ ∈ (0.193, 1.9) î÷åâèäíî,

÷òî B1 = B1(q, β
2
y) > 0 è B2 = B2(q, β

2
y) > 0 , îòêóäà ñëåäóåò ñïðàâåäëèâîñòü

íåðàâåíñòâ:

A0 = A0(q, n, γ, β
2
y) > 0, A2 = A2(q, n, γ, β

2
y) > 0 (3.8)

Ââîäÿ îáîçíà÷åíèå

kn = χnδ
1
n (3.9)

õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü (3.1), â ñîîòâåòñòâèè ñ óñëîâèÿìè (3.2) è (3.8),
ïåðåïèøåì â âèäå

λ4 + (knA1 +A2)χ
−1
n A−1

0 λ2 + χ−1
n δ−1

n A−1
0 A3 = 0, δn > 0, χn > 0, kn > 0 (3.10)

Àíàëèç óñòîé÷èâîñòè íåâîçìóù¼ííîãî ñîñòîÿíèÿ ðàâíîâåñèÿ äèíàìè÷åñêîé ñè-
ñòåìû ¾ïëàñòèíêà-ïîòîê¿ (1.1) � (1.4) ñâîäèòñÿ ê èññëåäîâàíèþ ïîâåäåíèÿ êîðíåé
λk õàðàêòåðèñòè÷åñêîãî îïðåäåëèòåëÿ (3.10), îïðåäåëÿþùèõ ñîáñòâåííûå äâèæå-
íèÿ ñèñòåìû â ïðîñòðàíñòâå ñóùåñòâåííûõ ïàðàìåòðîâ = =

{
q(V ), n, γ, ν, β2

y , kn
}

- ïàðàìåòðîâ, îêàçûâàþùèõ íàèáîëåå çíà÷èìîå âëèÿíèå íà äèíàìè÷åñêîå ïîâå-
äåíèå ñèñòåìû. Çíà÷åíèÿ îñòàëüíûõ ïàðàìåòðîâ ñèñòåìû � íåñóùåñòâåííûõ¿ �
ïðèíèìàþòñÿ ôèêñèðîâàííûìè.

4 Ðàçáèåíèå ïðîñòðàíñòâà ïàðàìåòðîâ ñèñòåìû íà

îáëàñòè óñòîé÷èâîñòè è íåóñòîé÷èâîñòè

Ââåä¼ì â ðàññìîòðåíèå â ïðîñòðàíñòâå = ïàðàìåòðîâ ñèñòåìû ¾ïëàñòèíêà�ïî-
òîê¿ îáëàñòü óñòîé÷èâîñòè =0 è îáëàñòè íåóñòîé÷èâîñòè =1,=2,=3. Â îáëàñòè =0

âñå λk óðàâíåíèÿ (3.10) íàõîäÿòñÿ â ëåâîé ÷àñòè êîìïëåêñíîé ïëîñêîñòè (Reλ <
0); â îáëàñòÿõ =1,=2 è =3, ñîîòâåòñòâåííî, ëèáî ñðåäè êîðíåé λk èìååòñÿ îäèí
ïîëîæèòåëüíûé êîðåíü, ëèáî èìåþòñÿ äâà ïîëîæèòåëüíûõ êîðíÿ, ëèáî èìååòñÿ
ïàðà êîìïëåêñíî ñîïðÿæ¼ííûõ êîðíåé ñ ïîëîæèòåëüíîé âåùåñòâåííîé ÷àñòüþ.
ßñíî, ÷òî âîçìóù¼ííîå äâèæåíèå ñèñòåìû â îáëàñòè =0 óñòîé÷èâî, à â îáëàñòÿõ
=1,=2,=3 � íåóñòîé÷èâî. ßñíî, ÷òî îáëàñòü óñòîé÷èâîñòè =0 ∈ = áóäåò îïðåäå-
ëÿòüñÿ ñîîòíîøåíèÿìè:

knA1 +A2 > 0, A3 > 0, ∆ > 0 (4.1)

a îáëàñòè íåóñòîé÷èâîñòè =l, l = 1, 3 � ñîîòíîøåíèÿìè:

=1 : knA1 +A2 > 0, A3 < 0,∆ > 0 è knA1 +A2 < 0, A3 < 0,∆ > 0 (4.2)

=2 : knA1 +A2 < 0, A3 > 0,∆ > 0 (4.3)

=3 : knA1 +A2 > 0, A3 > 0,∆ < 0 è knA1 +A2 < 0, A3 > 0,∆ < 0 (4.4)
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Çäåñü ∆ � äèñêðèìèíàíò õàðàêòåðèñòè÷åñêîãî îïðåäåëèòåëÿ (3.10):

∆ = ∆(n, γ, ν, βy, kn) = (knA1 +A2)
2 − 4knA0A3. (4.5)

Î÷åâèäíî, ÷òî â îáëàñòè óñòîé÷èâîñòè =0, îïðåäåëÿåìîé óñëîâèÿìè (4.1), óðàâ-
íåíèå (3.10) èìååò äâå ïàðû ÷èñòî ìíèìûõ êîðíåé λ1,2 = ±iω1, λ3,4 = ±iω2.
Ïðè ýòîì îáòåêàåìàÿ ïðÿìîóãîëüíàÿ ïëàñòèíêà ñîâåðøàåò ãàðìîíè÷åñêèå êîëå-
áàíèÿ îêîëî íåâîçìóù¼ííîãî ðàâíîâåñíîãî ñîñòîÿíèÿ. Â îáëàñòè =1, îïðåäåëÿå-
ìîé óñëîâèÿìè (4.2), õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü (3.10) èìååò äâà äåéñòâè-
òåëüíûõ êîðíÿ λ1 < 0, λ2 > 0 è äâà ÷èñòî ìíèìûõ λ3,4 = ±iω (èç äâóõ ñîáñòâåí-
íûõ äâèæåíèé ïëàñòèíêè, ñîîòâåòñòâóþùèõ ñîáñòâåííûì çíà÷åíèÿì λ1 è λ2, îä-
íî çàòóõàåò, à äðóãîå íåîãðàíè÷åííî îòêëîíÿåòñÿ ïî ýêñïîíåíöèàëüíîìó çàêîíó).
Â ñèëó ýòîãî, ïðîãèáû ïëàñòèíêè áóäóò âîçðàñòàòü âî âðåìåíè ïî ýêñïîíåíöè-
àëüíîìó çàêîíó: â îáëàñòè =1 èìååò ìåñòî äèâåðãåíöèÿ ïàíåëè.

Â îáëàñòè =2, îïðåäåëÿåìîé óñëîâèÿìè (4.3), óðàâíåíèå (3.10) èìååò ÷åòûðå
äåéñòâèòåëüíûõ êîðíÿ λi, ïî äâà îòðèöàòåëüíûõ λ1 < 0, λ2 < 0 è ïîëîæèòåëüíûõ
λ3 > 0, λ4 > 0: èç ÷åòûð¼õ ñîáñòâåííûõ äâèæåíèé ïëàñòèíêè äâà çàòóõàþò,
à îñòàëüíûå äâà íåîãðàíè÷åííî îòêëîíÿþòñÿ ïî ýêñïîíåíöèàëüíîìó çàêîíó. Òåì
ñàìûì, âîçìóù¼ííîå äâèæåíèå ñèñòåìû â îáëàñòè =2 òàê æå, êàê è â =1 , ÿâëÿåòñÿ
ñòàòè÷åñêè íåóñòîé÷èâûì: èìååò ìåñòî äèâåðãåíöèÿ ïàíåëè. Îäíàêî, â îòëè÷èå
îò îáëàñòè=1 , â îáëàñòè =2 ÿâëåíèå äèâåðãåíöèè áîëåå ÿðêî âûðàæåíî.

Â îáëàñòè =3, îïðåäåëÿåìîé óñëîâèÿìè (4.4), õàðàêòåðèñòè÷åñêîå óðàâíåíèå
(3.10) èìååò, ïî êðàéíåé ìåðå, äâà êîìïëåêñíî ñîïðÿæåííûõ êîðíÿ ñ ïîëîæè-
òåëüíîé âåùåñòâåííîé ÷àñòüþ. Ñëåäîâàòåëüíî, âîçìóù¼ííîå äâèæåíèå ñèñòåìû
òåðÿåò äèíàìè÷åñêóþ óñòîé÷èâîñòü: èìååò ìåñòî ïàíåëüíûé ôëàòòåð. Ïëàñòèíêà
ñîâåðøàåò ôëàòòåðíûå êîëåáàíèÿ � êîëåáàíèÿ ïî íàðàñòàþùåé àìïëèòóäå.

Ãðàíèöàìè îáëàñòè óñòîé÷èâîñòè =0 âîçìóù¼ííîãî äâèæåíèÿ ñèñòåìû ¾ïëàñ-
òèíêà- ïîòîê¿ â ïðîñòðàíñòâå å¼ ïàðàìåòðîâ = ïðè óñëîâèè knA1 +A2 > 0 ÿâëÿ-
þòñÿ ãèïåðïîâåðõíîñòè [12, 15]:

A3 = 0 (4.6)

∆ = 0 (4.7)

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå (3.10) íà ãèïåðïîâåðõíîñòè (4.6) èìååò îäèí
íóëåâîé êîðåíü λ0 = 0 êðàòíîñòè 2, à íà ãèïåðïîâåðõíîñòè (4.7) � ïàðó ÷èñòî
ìíèìûõ êîðíåé λ1,2 = ±iω.

Íà ãðàíèöå (4.6) îáëàñòè óñòîé÷èâîñòè =0 ïðè óñëîâèè knA1+A2 > 0 è ∆ > 0
âîçìóù¼ííîe äâèæåíèe ñèñòåìû ¾ïëàñòèíêà-ïîòîê¿ òåðÿåò ñòàòè÷åñêóþ óñòîé-
÷èâîñòü â âèäå äèâåðãåíöèè ïàíåëè ïðè ñêîðîñòÿõ ïîòîêà ãàçà V ≥ Vcr.div. Êðè-
òè÷åñêèå ñêîðîñòè äèâåðãåíöèè ïàíåëè Vcr.div. , ñîîòâåòñòâóþùèå ïåðâîìó êîðíþ
q
(1)
cr.div. ∈ (q0,∞) óðàâíåíèÿ (4.6) è ïîäñ÷èòàííûå ïî ôîðìóëå (2.13), ðàçãðàíè÷è-
âàþò îáëàñòè óñòîé÷èâîñòè =0 è ñòàòè÷åñêîé (äèâåðãåíòíîé) íåóñòîé÷èâîñòè =1

âîçìóù¼ííîãî äâèæåíèÿ ïðÿìîóãîëüíîé ïëàñòèíêè. Ïðè ñêîðîñòÿõ V ≥ Vcr.div.

ïîòîêà ãàçà ïðîèñõîäèò ¾ìÿãêèé ïåðåõîä¿ ÷åðåç òî÷êó λ0 = 0 â ïðàâóþ ÷àñòü
êîìïëåêñíîé ïëîñêîñòè ñîáñòâåííûõ çíà÷åíèé λk, âûçûâàþùèé ïëàâíîå èçìåíå-
íèå õàðàêòåðà âîçìóù¼ííîãî äâèæåíèÿ ñèñòåìû îò óñòîé÷èâîñòè ê ñòàòè÷åñêîé
íåóñòîé÷èâîñòè â âèäå äèâåðãåíöèè ïàíåëè. Ýòî ïðèâîäèò ê ñîîòâåòñòâóþùåìó
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èçìåíåíèþ äèíàìè÷åñêîãî ïîâåäåíèÿ ñæàòîé ïðÿìîóãîëüíîé ïëàñòèíêè â ïîòîêå
ãàçà: â ïëàñòèíêå âîçíèêàþò äîïîëíèòåëüíûå íàïðÿæåíèÿ, ïðèâîäÿùèå ê èçìåíå-
íèþ å¼ ïëîñêîé ôîðìû ðàâíîâåñèÿ: ïëàñòèíêà ¾âûïó÷èâàåòñÿ¿ ñ îãðàíè÷åííîé
ñêîðîñòüþ ¾âûïó÷èâàíèÿ¿. Tàê êàê ìîíîòîííîå ¾âûïó÷èâàíèå¿ ïëàñòèíêè íå
èìååò êîëåáàòåëüíîãî õàðàêòåðà, òî ìîæåò ðàññìàòðèâàòüñÿ êàê êâàçèñòàòè÷å-
ñêèé ïðîöåññ � äèâåðãåíöèÿ.

Çàìåòèì, ÷òî óðàâíåíèå (4.6) òîæäåñòâåííî äèñïåðñèîííîìó óðàâíåíèþ, ïîëó-
÷åííîìó â ðàáîòå [17] ïðè èññëåäîâàíèè çàäà÷è óñòîé÷èâîñòè îáòåêàåìîé ñæàòîé
ïàíåëè â ñòàòè÷åñêîé ïîñòàíîâêå ñ ïîìîùüþ ìåòîäà Ýéëåðà.

Íà ãðàíèöå (4.7) îáëàñòè óñòîé÷èâîñòè =0 ïðè óñëîâèè knA1+A2 > 0, A3 > 0,
à òàê æå, íà ãðàíèöå (4.7) îáëàñòè äèâåðãåíòíîé íåóñòîé÷èâîñòè =2 ïðè óñëîâèè
knA1 + A2 < 0, A3 > 0 , âîçìóù¼ííîå äâèæåíèå ñèñòåìû ïðè ñêîðîñòÿõ ïîòîêà
ãàçà V ≥ Vcr.fl. òåðÿåò äèíàìè÷åñêóþ óñòîé÷èâîñòü â âèäå ïàíåëüíîãî ôëàòòåðà.

Êðèòè÷åñêèå ñêîðîñòè ïàíåëüíîãî ôëàòòåðà Vcr.fl. , ñîîòâåòñòâóþùèå ïåðâî-

ìó êîðíþ q
(1)
cr.fl. ∈ (q0,∞) óðàâíåíèÿ (4.7) è ïîäñ÷èòàííûå ïî ôîðìóëå (2.13), â

çàâèñèìîñòè îò çíà÷åíèé ïàðàìåòðîâ ñèñòåìû γ, β2
y , kn ïðè óñëîâèè knA1+A2 > 0

ðàçãðàíè÷èâàþò îáëàñòè óñòîé÷èâîñòè =0 è =3, èëè îáëàñòè =2 è =3. Â îáîèõ
ñëó÷àÿõ ïðè çíà÷åíèÿõ ñêîðîñòåé ïîòîêà ãàçà V ≥ Vcr.fl. ïðîèñõîäèò ¾ìÿãêèé¿
(ïëàâíûé) ïåðåõîä ê ôëàòòåðíûì êîëåáàíèÿì � ê êîëåáàíèÿì ïî íàðàñòàþùåé
àìïëèòóäå.

Îäíàêî, â ïåðâîì ñëó÷àå ïëîñêàÿ ïî ôîðìå ïëàñòèíêà íà÷èíàåò ñîâåðøàòü
ôëàòòåðíûå êîëåáàíèÿ îòíîñèòåëüíî ðàâíîâåñíîãî ñîñòîÿíèÿ, à âî âòîðîì ñëó÷àå
� ¾âûïó÷åííàÿ¿ (èçîãíóòàÿ) ïëàñòèíêà. Ñîîòâåòñòâåííî, ïåðåõîäû =0 → =3 è
=2 → =3 îïðåäåëÿþò ¾îïàñíûå ãðàíèöû¿ îáëàñòåé =0 è =2 [12, 15].

Ñëåäóåò îòìåòèòü, ÷òî â ñîîòâåòñòâèè ñ ñîîòíîøåíèÿìè (4.1) � (4.5) î÷åâèä-
íî, ÷òî ïðè kn = 0 � ïðè îòñóòñòâèè ìîìåíòà ïîâîðîòà Ic íà ñâîáîäíîì êðàå
ïëàñòèíêè x = 0 âîçìóù¼ííîå äâèæåíèå ñèñòåìû òåðÿåò óñòîé÷èâîñòü òîëüêî â
âèäå äèâåðãåíöèè ïàíåëè, êàê è â ñëó÷àå ñèñòåìû ïðè íåíàãðóæåííîé ïàíåëè
(β2

y = 0)[15]: ïàíåëüíûé ôëàòòåð îòñóòñòâóåò.
Òàêèì îáðàçîì, êðèòè÷åñêèå ñêîðîñòè äèâåðãåíöèè ïàíåëè ôëàòòåðà Vcr.div.è

ïàíåëüíîãî Vcr.fl., ñîîòâåòñòâóþùèå êîðíÿì qcr.div. è qcr.fl. óðàâíåíèé (4.6) è (4.7)
ñîîòâåòñòâåííî, îïðåäåëÿþòñÿ ïî ôîðìóëe (2.13) ñ äîñòàòî÷íîé òî÷íîñòüþ. Ïðè
ñêîðîñòÿõ ïîòîêà V ≥ Vcr.div.è V ≥ Vcr.fl. ïðîèñõîäèò ¾ìÿãêèé¿ ïåðåõîä âîçìó-
ù¼ííîãî äâèæåíèÿ ñèñòåìû ¾ïëàñòèíêà�ïîòîê¿, ñîîòâåòñòâåííî, îò óñòîé÷èâîñòè
ê íåóñòîé÷èâîñòè â âèäå äèâåðãåíöèè ïàíåëè è îò óñòîé÷èâîñòè èëè îò ñîñòîÿíèÿ
äèâåðãåíöèè ïàíåëè � ê ïàíåëüíîìó ôëàòòåðó.

5 ×èñëåííûé àíàëèç

Â äàííîé ðàáîòå ñ ïîìîùüþ ìåòîäîâ ãðàôî�àíàëèòè÷åñêîãî è ÷èñëåííîãî àíà-
ëèçà ñòðîèëèñü ñåìåéñòâà êðèâûõ

{
q(n, γ, ν, β2

y , kn)
}

∈ = , ïàðàìåòðèçîâàííûõ
íàäëåæàùèì îáðàçîì â ïðîñòðàíñòâå = . Ðàçìåð ñòàòüè íå ïîçâîëÿåò ïðèâåñòè
ïîëó÷åííûå ðåçóëüòàòû ïîëíîñòüþ. Ïîýòîìó, îãðàíè÷èìñÿ èëëþñòðàöèÿìè òè-
ïè÷íûõ ñëó÷àåâ, âûäåëÿÿ íàèáîëåå ïðåäñòàâèòåëüíûå èç ýòîãî ñåìåéñòâà êðè-
âûõ. ×èñëåííûå ðàñ÷åòû, ïðîâåä¼ííûå äëÿ ðàçëè÷íûõ çíà÷åíèé ÷èñëà ïîëóâîëí
n , ïîêàçàëè, ÷òî ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ îñòàëüíûõ ïàðàìåòðîâ ñèñòåìû
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íàèìåíüøèå çíà÷åíèÿ êðèòè÷åñêèõ ñêîðîñòåé äèâåðãåíöèè è ôëàòòåðà ñîîòâåò-
ñòâóþò çíà÷åíèþ n = 1 .

Â òàáëèöàõ 4 � 19 ïðåäñòàâëåíû ÷èñëåííûå ðåçóëüòàòû ðåøåíèÿ èñõîäíîé çà-
äà÷è óñòîé÷èâîñòè âîçìóù¼ííîãî äâèæåíèÿ ñèñòåìû ¾ïëàñòèíêà�ïîòîê¿ (1.1) �
(1.4), õàðàêòåðèçóþùèå íàèáîëåå ïðåäñòàâèòåëüíûå ñëó÷àè çàâèñèìîñòè ïðèâå-
ä¼ííûõ êðèòè÷åñêèõ ñêîðîñòåé äèâåðãåíöèè è ôëàòòåðà îò ñóùåñòâåííûõ ïàðà-
ìåòðîâ ñèñòåìû, ïðèìåíèòåëüíî ê èíòåðâàëó ñâåðõ� è ãèïåðçâóêîâûõ ñêîðîñòåé
(1.5).

Êàê îêàçàëîñü, êà÷åñòâåííûå õàðàêòåðèñòèêè ïîâåäåíèÿ âîçìóù¼ííîãî äâè-
æåíèÿ ñèñòåìû ñóùåñòâåííî çàâèñÿò îò ïàðàìåòðà γ ∈ (0.193, 1.96) . Òåì íå ìåíåå,
ìîæíî âûäåëèòü òðè èíòåðâàëà çíà÷åíèé γ : (0.193, 0.33), [0.33, 0.74) è [0.74, 1.96)
, â êîòîðûõ ïîâåäåíèå âîçìóù¼ííîãî äâèæåíèÿ ñèñòåìû ìîæíî ïðèíÿòü, ïðèìåð-
íî, îäèíàêîâûì.

Äëÿ íàãëÿäíîé èëëþñòðàöèè äèíàìèêè èçìåíåíèÿ ñîñòîÿíèÿ ñèñòåìû ¾ïëà-
ñòèíêà � ïîòîê¿ â óêàçàííûõ èíòåðâàëàõ, ñîñòàâèì öåïî÷êè ïåðåõîäîâ ñîñòîÿíèé
ñèñòåìû èç îáëàñòè =l ∈ = â îáëàñòü =k ∈ =, îñíîâûâàÿñü íà àíàëèçå ÷èñëåííûõ
ðåçóëüòàòîâ, ïðèìåíèòåëüíî ê èíòåðâàëó ñâåðõçâóêîâûõ ñêîðîñòåé (1.5). Â ÷àñò-
íîñòè, ïðè ñîñòàâëåíèè öåïî÷åê ïåðåõîäîâ äëÿ ñòàëüíûõ ïëàñòèíîê ó÷èòûâàëèñü
èíòåðâàëû äîïóñòèìûõ çíà÷åíèé ïðèâåä¼ííûõ ñêîðîñòåé ïîòîêà ãàçà, çàâèñÿùèõ
îò îòíîñèòåëüíîé òîëùèíû ïëàñòèíêè 2ha−1 è êîýôôèöèåíòà Ïóàññîíà ν [17, 18].
Â äàííîé ñòàòüå ïðèâîäèòñÿ ëèøü ÷àñòü ýòèõ äàííûõ (òàáë. 3).

5.1 Ñëó÷àé γ ∈ (0.193, 0.33)

Èññëåäóåì ïîâåäåíèå âîçìóù¼ííîãî äâèæåíèÿ ñèñòåìû ïðè γ ∈ (0.193, 0.33)
Â ýòîì ñëó÷àå ñâåðõçâóêîâîå îáòåêàíèå ïðèâîäèò ê ðåçêîìó ¾ñêà÷êîîáðàçíîìó
ïàäåíèþ¿ êðèòè÷åñêîãî êîýôôèöèåíòà íàïðÿæåíèÿ

(
β2
y

)
cr

(òàáë.2): âîçìóù¼í-

íîå äâèæåíèå ñèñòåìû âáëèçè a0
√
2 � íà÷àëà èíòåðâàëà ñâåðõçâóêîâûõ ñêîðî-

ñòåé (1.5) � òåðÿåò óñòîé÷èâîñòü â âèäå äèâåðãåíöèè ïàíåëè (îáëàñòü =1), êàê
è â ñëó÷àå äîñòàòî÷íî óäëèí¼ííûõ ïëàñòèíîê (γ ≤ 0.193) [15, 18]. Åñëè ýòî ñî-

ñòîÿíèå óäà¼òñÿ ïåðåéòè, òî â äàëüíåéøåì, â ïðåäïîëîæåíèè β2
y ∈

(
0,
(
β2
y

)
cr

)
(òàáë. 2), ïðè ñêîðîñòÿõ ïîòîêà ãàçà V ≥ V0 > a0

√
2 (òàáë. 4) è V ≥ V ∗

0 > a0
√
2

(òàáë.5), ñîîòâåòñòâóþùèõ çíà÷åíèÿì 0 ≤ k1 < 0.3 è k1 ≥ 0.3 ñîîòâåòñòâåííî,
âîçìóù¼ííîå äâèæåíèå ñèñòåìû ñòàíîâèòñÿ óñòîé÷èâûì. Öåïî÷êè ïåðåõîäîâ ñî-
ñòîÿíèé ñèñòåìû, â ÷àñòíîñòè, äëÿ ñòàëüíûõ ïëàñòèíîê îòíîñèòåëüíîé òîëùèíû
(2ha−1) ∈ [0.006, 0.015], áóäóò èìåòü ñëåäóþùåå ïðåäñòàâëåíèå:

=1
V0−→ =0

Vcrdiv−→ =1, k = 0 (5.1)

=1
V0−→ =0

Vcrfl−→ =3
V∗

0−→ =0
Vcrdiv−→ =1, k ∈ (0, 0.3) (5.2)

=1
V2−→ =2

Vcrfl−→ =3
V∗

0−→ =0
Vcrdiv−→ =1, k ≥ 0.3 (5.3)

Îòìåòèì äâå îñîáåííîñòè, ñâîéñòâåííûå ýòîìó ñëó÷àþ:
1) â èíòåðâàëå k1 ∈ (0, 0.3) èìååò ìåñòî ïåðåõîä =0 → =3, a â èíòåðâàëå
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k1 ∈ (0.3,∞) � ïåðåõîä =2 → =3:

V0(γ, ν, β
2
y) = V2(γ, ν, β

2
y), γ ∈ (0.193, 0.33), ν, β2

y ≥ (β2
y)cr (5.4)

2) Vcr.fl. < Vcr.div., k1 ∈ (0, 0.3) è V2 < Vcr.fl. < Vcr.div., k1 ∈ (0.3,∞) (5.5)

Ïîäðîáíåå îáñóäèì ÷èñëåííûå ðåçóëüòàòû äëÿ γ = 0.3 , ïðèâåä¼ííûå â òàáëè-
öàõ 4 � 11. Äàííûå òàáëèö 4 � 8 è 11 ñîîòâåòñòâóþò çíà÷åíèÿì ν: 0.125; 0.25; 0.3;
0.375 è 0.5 ñîîòâåòñòâåííî ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ îñòàëüíûõ ïàðàìåòðîâ.

β2
y 0 0.3 0.5 0.8 1.0 1.21 2.25

V0D
−1
(
a0ρ0a

3
) 88.203 89.830 90.982 93.020 94.303 95.629 102.11

89.786 91.389 92.667 94.862 95.830 97.553 102.73
è 90.435 92.331 93.151 95.638 96.128 98.342 103.36

V2D
−1
(
a0ρ0a

3
) 91.422 93.198 94.363 96.767 97.228 99.542 105.23

93.111 94.776 96.160 98.700 98.579 101.60 107.75

Òàáëèöà 4

β2
y 0 0.3 0.5 0.8 1.0 1.21 2.25

V ∗
0 D

−1
(
a0ρ0a

3
) 242.68 238.45 235.04 229.55 226.35 222.69 199.68

237.54 231.81 228.82 224.68 219.89 215.46 185.85
ïðè 235.07 229.75 226.54 220.64 216.68 211.96 176.82

k1 ∈ (0, 0.3)
231.79 226.17 222.50 216.63 211.91 206.43 -
226.09 219.70 215.75 208.68 204.02 197.06 -

Òàáëèöà 5

β2
y

k1 0.3 0.5 0.8 1 5 10 20 200

0

296.69 292.38 279.57 269.87 214.82 200.93 191.32 176.17
292.26 287.97 276.82 266.14 213.70 200.30 191.02 176.17
288.73 286.10 275.26 264.43 213.22 200.99 190.86 176.17
286.97 283.59 272.01 262.72 212.59 199.68 190.56 176.17
280.23 278.36 268.39 259.32 211.63 199.05 190.18 176.17

2.25

278.79 275.32 264.67 254.82 209.09 197.36 189.66 175.90
271.01 270.14 261.28 252.29 207.51 196.74 189.08 175.90
269.28 268.08 258.46 249.77 206.72 196.58 188.90 175.90
265.00 265.00 256.12 248.10 205.93 195.81 187.83 175.90
258.20 259.89 251.74 244.76 205.15 195.04 187.38 175.90

Òàáëèöà 6: Çíà÷åíèÿ V ∗
0 D

−1
(
a0ρ0a

3
)
= V ∗

0

(
γ, ν, β2

y , k1
)
ïðè k1 ≥ 0.3.

Ïðèâåä¼ííàÿ êðèòè÷åñêàÿ ñêîðîñòü óñòîé÷èâîñòè V0D
−1
(
a0ρ0a

3
)
, à òàêæå,

ðàâíàÿ åé ñêîðîñòü äèâåðãåíöèè ïàíåëè V2D
−1
(
a0ρ0a

3
)
ñîãëàñíî (5.4), âîçðàñòà-

47



þò ñ ðîñòîì ïàðàìåòðîâ γ ,β2
y è áîëüøå â ïëàñòèíàõ èç ìàòåðèàëîâ ñ áîëüøèì êî-

ýôôèöèåíòîì Ïóàññîíà ν (òàáë. 4). Ñëåäîâàòåëüíî, ïåðâîíà÷àëüíîå íàïðÿæ¼ííîå
ñîñòîÿíèå â äàííîì ñëó÷àå ïðèâîäèò ê äåñòàáèëèçàöèè, â ñðàâíåíèè ñ íåíàãðó-
æåííîé ïàíåëüþ

(
β2
y = 0

)
[15]. Ïðèâåä¼ííàÿ êðèòè÷åñêàÿ ñêîðîñòü óñòîé÷èâîñòè

V ∗
0 D

−1
(
a0ρ0a

3
)
, çàâèñèò îò ïàðàìåòðîâ γ ,β2

y , ν è k1 > 0: óáûâàåò ñ ðîñòîì β2
y è

ν; â èíòåðâàëå k1 ∈ (0, 0.3) îò k1 çàâèñèò íåîùóòèìî ìàëî, à â èíòåðâëå k1 ≥ 0.3
óáûâàåò ñ ðîñòîì k1, ïðèìåðíî, â 1.7 ðàç (òàáë. 5 è 6); ñ ðîñòîì γ â èíòåðâàëå
k1 ∈ (0, 0.3) óáûâàåò, à â èíòåðâàëå k1 ≥ 0.3 � âîçðàñòàåò.

β2
y 0 0.3 0.5 0.8 1.0 1.21 2.25

VcrdivD
−1
(
a0ρ0a

3
) 491.03 494.25 496.39 498.45 500.72 502.87 513.71

480.56 483.76 485.89 488.05 490.18 492.33 500.97
475.36 479.58 481.29 483.86 484.95 488.13 495.91
470.17 473.34 474.84 477.60 479.31 479.77 488.34
459.86 463.01 464.69 467.23 467.27 469.39 476.86

Òàáëèöà 7

β2
y 0 0.3 0.5 0.8 1.0 1.21 2.25

VcrflD
−1
(
a0ρ0a

3
) 106.97 110.25 112.25 116.23 118.91 121.61 140.86

109.51 113.08 115.74 120.15 122.86 125.58 150.65
k1 ∈ (0, 0.3) 110.66 114.37 117.04 121.47 124.12 128.26 159.22

(=0 → =3)
112.33 116.06 119.00 123.45 126.85 130.96 -
115.31 119.33 122.69 128.13 132.24 136.40 -

Òàáëèöà 8

k1

β2
y 0 0.3 0.5 0.8 1.0 1.21 2.25

0.3 90.44 92.19 93.51 95.63 96.37 98.35 105.36
0.5 93.33 95.26 96.55 98.51 99.81 101.13 107.37
0.8 99.45 102.04 103.36 104.71 106.05 107.39 113.23
1 104.44 105.93 107.14 108.55 109.71 111.21 116.72
5 133.69 134.74 135.63 136.25 136.98 138.19 141.55
10 143.21 144.42 144.62 145.63 146.32 146.81 149.38
20 150.53 151.68 151.74 152.45 152.97 153.36 155.63
200 163.40 163.64 163.96 164.23 164.51 164.82 166.26

Òàáëèöà 9: Çíà÷åíèÿ Vcr.fl.D
−1
(
a0ρ0a

3
)
ïðè k1 ≥ 0.3 (ïåðåõîä =2 → =3)

Ïðèâåä¼ííàÿ êðèòè÷åñêàÿ ñêîðîñòü äèâåðãåíöèè ïàíåëè Vcr.div.D
−1
(
a0ρ0a

3
)

çàâèñèò îò ïàðàìåòðîâ γ ,β2
y è ν: ñ ðîñòîì êîýôôèöèåíòà íàïðÿæåíèÿ β2

y âîçðàñ-
òàåò ïðèìåðíî íà 4%, ìåíüøå â ïëàñòèíêàõ èç ìàòåðèàëîâ ñ áîëüøèì êîýôôèöè-
åíòîì Ïóàññîíà ν (òàáë. 7). À ñ ðîñòîì γ ïðè ν < 0.25 � âîçðàñòàåò íåçíà÷èòåëüíî,
â îòëè÷èå îò îñòàëüíûõ ν, ïðè êîòîðûõ óáûâàåò.
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Ïðèâåä¼ííàÿ êðèòè÷åñêàÿ ñêîðîñòü ôëàòòåðà ïàíåëè Vcr.fl.D
−1
(
a0ρ0a

3
)
çà-

âèñèò îò ïàðàìåòðîâ γ , ν,β2
y è k1.

Îäíàêî, ïðè ýòîì, â èíòåðâàëå k1 ∈ (0, 0.3) âëèÿíèå ïàðàìåòðà k1 íà ñêî-
ðîñòü ôëàòòåðà ïðåíåáðåæèìî ìàëî, â îòëè÷èå îò çíà÷åíèé â èíòåðâàëå k1 ≥ 0.3,
â êîòîðîì ñòàíîâèòñÿ ïðåíåáðåæèìî ìàëûì âëèÿíèå êîýôôèöèåíòà Ïóàññîíà ν
íà ñêîðîñòü ôëàòòåðà. Ïðè ýòîì, ïðè âñåõ k1 > 0 ïðèâåä¼ííàÿ êðèòè÷åñêàÿ ñêî-
ðîñòü ôëàòòåðà áîëüøå â ïëàñòèíêàõ èç ìàòåðèàëîâ ñ áîëüøèì êîýôôèöèåíòîì
Ïóàññîíà ν; ñ ðîñòîì êîýôôèöèåíòà íàïðÿæåíèÿ β2

y âîçðàñòàåò íå áîëåå 16%; ñ
ðîñòîì k1 âîçðàñòàåò ïðèìåðíî â 1.82 ðàçà; ñ ðîñòîì γ âîçðàñòàåò ïðèìåðíî 1.08
� 1.3 ðàçà (òàáë. 8 è 9) .

Èç ñîïîñòàâëåíèÿ äàííûõ òàáëèö 7 � 9 ñëåäóåò, ÷òî Vcr.fl.D
−1
(
a0ρ0a

3
)
ìåíüøå

Vcr.div.D
−1
(
a0ρ0a

3
)
â 3 � 3.6 ðàçà è áîëåå, à èç ñîïîñòàâëåíèÿ äàííûõ òàáëèöû 3

ñ äàííûìè òàáëèö 4 � 9 ñëåäóåò äîñòîâåðíîñòü ïðåäñòàâëåíèÿ (5.1) � (5.3).

Â ñîîòâåòñòâèè ñ ôîðìóëîé, ïîëó÷åííîé â ðàáîòå [18] â ïðåäïîëîæåíèè V0 ≤
a0
√
2 è V ∗

0 ≤ a0
√
2, ëåãêî ìîæíî íàéòè ìèíèìàëüíóþ îòíîñèòåëüíóþ òîëùèíó

ïëàñòèíêè
(
2ha−1

)
min

, ïðè êîòîðîé âîçìóù¼ííîå äâèæåíèå ñèñòåìû âáëèçè a0
√
2

ÿâëÿåòñÿ óñòîé÷èâûì ïðè âñåõ γ , ν,β2
y <

(
β2
y

)
cr.
è k1 ≥ 0,:

(
2ha−1

)
min

=
3

√
a0
√
2

(V0maxD−1(a0ρ0a3))
· (12(1− ν2)a0ρ0E−1), (5.6)

ãäå

(V0)maxD
−1
(
a0ρ0a

3
)
= max

β2
y

V0D
−1
(
a0ρ0a

3
)
, 0 ≤ k1 < 0.3 (òàáë. 4); (5.7)

(V0)maxD
−1
(
a0ρ0a

3
)
= max

β2
y

V ∗
0 D

−1
(
a0ρ0a

3
)
, k1 ≥ 0.3 (òàáë. 5 è 6). (5.8)

Ïîäñòàâëÿÿ çíà÷åíèÿ (5.7) è (5.8) â ôîðìóëó (5.6), ïîëó÷àåì, ñîîòâåòñòâåííî, çíà-
÷åíèÿ ìèíèìàëüíîé îòíîñèòåëüíîé òîëùèíû

(
2ha−1

)
min

è
(
2ha−1

)∗
min

(òàáë. 10),
êîòîðûå, êàê îêàçàëîñü, çàâèñÿò îò ïàðàìåòðà γ ∈ (0.193, 0.33) íåîùóòèìî ìàëî.

ν 0.125 0.25 0.3 0.375 0.5(
2ha−1

)
min

, 0 ≤ k1 < 0.3 0.00487 0.00477 0.00472 0.00459 0.00438(
2ha−1

)∗
min

, k1 ≥ 0.3 0.00342 0.00338 0.00336 0.00329 0.00318

Òàáëèöà 10

Òîãäà, ó÷èòûâàÿ óñëîâèå (5.4), äëÿ ïëàñòèíîê îòíîñèòåëüíîé òîëùèíû 2ha−1 <(
2ha−1

)
min

ïðè k1 = 0 è 2ha−1 ∈
((

2ha−1
)∗
min

,
(
2ha−1

)
min

)
ïðè k1 > 0 öåïî÷êè

ïåðåõîäîâ (5.1) � (5.3) â èíòåðâàëå γ ∈ (0.193, 0.33) áóäóò âèäà:
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=0
Vcrdiv−−−−→ =1

V ∗∗
0−−→ =0

Ṽcrdiv−−−−→ =1, k1 = 0;

=0
Vcrfl−−−→ =3

V ∗
0−−→ =0

Vcrdiv−−−−→ =1, k1 ∈ (0, 0.3) ;

=2

V
crfl−−−→ =3

V ∗
0−−→ =0

Vcrdiv−−−−→ =1, k1 ≥ 0.3.

(5.9)

Èç âûðàæåíèé (5.9) ñëåäóåò, ÷òî âîçìóù¼ííîå äâèæåíèå äèíàìè÷åñêîé ñèñòåìû
¾ïëàñòèíêà�ïîòîê¿, áóäó÷è óñòîé÷èâûì âáëèçè a0

√
2 ïðè âñåõ k1 ∈ (0, 0.3), ñ

óâåëè÷åíèåì ñêîðîñòè ïîòîêà ãàçà òåðÿåò ñíà÷àëà äèíàìè÷åñêóþ óñòîé÷èâîñòü
â âèäå ïàíåëüíîãî ôëàòòåðà ïðè ñêîðîñòÿõ V ≥ Vcr.fl. (òàáë. 8) è ïîñëå ýòîãî,
âíîâü ñòàíîâÿñü óñòîé÷èâûì, òåðÿåò ñòàòè÷åñêóþ óñòîé÷èâîñòü â âèäå äèâåðãåí-
öèè ïàíåëè ïðè ñêîðîñòÿõ V ≥ Vcr.div.(òàáë. 7), ïðåâûøàþùèõ Vcr.fl.â 3 è áîëåå
ðàç. À, ïðè k1 ≥ 0.3 âîçìóù¼ííîå äâèæåíèå ñèñòåìû âáëèçè a0

√
2 ÿâëÿåòñÿ ñòà-

òè÷åñêè íåóñòîé÷èâûì: ñèñòåìà íàõîäèòñÿ â îáëàñòè =2 � â ñîñòîÿíèè áîëåå ÿðêî
âûðàæåííîé äèâåðãåíöèè ïàíåëè, â ñðàâíåíèè ñ îáëàñòüþ =1.

Äëÿ ñòàëüíûõ ïëàñòèíîê îòíîñèòåëüíîé òîëùèíû 2ha−1 <
(
2ha−1

)∗
min

(òàáë.
10) öåïî÷êè ïåðåõîäîâ â èíòåðâàëå γ ∈ (0.193, 0.33) èìåþò ñëåäóþùåå îïèñàíèå:

=0
Vcrdiv−−−−→ =1

V ∗∗
0−−→ =0

Ṽcrdiv−−−−→ =1, k1 ∈ [0, 1);

=0
Vcrdiv−−−−→ =1

V ∗∗
0−−→ =0

Ṽcrfl−−−→ =3 → =0
Ṽcrdiv−−−−→ =1, k1 ∈ [1, 20);

=0
Vcrdiv−−−−→ =1 → =2

Ṽcrfl−−−→ =3 → =0
Ṽcrdiv−−−−→ =1, k1 ≥ 20.

(5.10)

Êàê ñëåäóåò èç îïèñàíèÿ öåïî÷åê ïåðåõîäîâ (5.10), äëÿ ïëàñòèíîê îòíîñèòåëüíîé
òîëùèíû 2ha−1 ≤

(
2ha−1

)∗
min

âîçìóù¼ííîå äâèæåíèå ñèñòåìû âáëèçè a0
√
2 ïðè

âñåõ k1 ≥ 0 ÿâëÿåòñÿ óñòîé÷èâûì, êîòîðóþ òåðÿåò â âèäå äèâåðãåíöèè ïàíåëè
ïðè ñêîðîñòÿõ V ≥ Vcr.div.. Ïðè äàëüíåéøåì óâåëè÷åíèè ñêîðîñòè ïîòîêà ãàçà
âîçìóù¼ííîå äâèæåíèå ñèñòåìû äëÿ k1 ∈ [0, 1) òåðÿåò óñòîé÷èâîñòü â âèäå äè-
âåðãåíöèè ïàíåëè ïðè ñêîðîñòÿõ V ≥ Ṽcr.div., ïðåâûøàþùèõ Vcr.div. ïðèìåðíî íà
ïîðÿäîê: ïàíåëüíûé ôëàòòåð îòñóòñòâóåò.

β2
y

k1 1 5 10 20 200

0

1623.303 1689.451 1766.119 1830.869 1982.711
1721.657 1742.038 1806.497 1854.521 1994.318
1754.867 1766.118 1824.358 1879.938 2000.463

- 1814.609 1869.936 1887.342 2010.526
- - 1916.034 1896.103 2038.150

2.25

- 1727.643 1798.690 1863.824 1996.387
- 1785.756 1847.468 1896.680 2008.130
- 1831.161 1863.824 1916.485 2014.851
- 1896.680 1929.726 1949.644 2031.372
- - - - -

Òàáëèöà 11: Çíà÷åíèÿ Ṽcr.fl.D
−1
(
a0ρ0a

3
)
ïðè k1 ≥ 1 (ïåðåõîä =2 → =3)
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Âîçìóù¼ííîå äâèæåíèå ñèñòåìû â ñëó÷àÿõ, â êîòîðûõ k1 ≥ 1, òåðÿåò óñòîé-
÷èâîñòü â âèäå ïàíåëüíîãî ôëàòòåðà ïðè ñêîðîñòÿõ V ≥ Ṽcr.fl., ïðåâûøàþùèõ
Vcr.fl. áîëåå, ÷åì íà ïîðÿäîê (òàáë. 9 è 11), ïîñëå ÷åãî â âèäå äèâåðãåíöèè ïàíåëè
ïðè ñêîðîñòÿõ V ≥ Ṽcr.div., ïðåâûøàþùèõ Ṽcr.fl. â 3 � 3.5 ðàçà. Ýòî îçíà÷àåò, ÷òî
ñ óìåíüøåíèåì îòíîñèòåëüíîé òîëùèíû ïëàñòèíêè

(
2ha−1

)
ïðèâåä¼ííàÿ êðèòè-

÷åñêàÿ ñêîðîñòü ôëàòòåðà ðàñò¼ò áîëüøå, ÷åì íà ïîðÿäîê, â îòëè÷èå îò ïðèâå-
ä¼ííîé ñêîðîñòè äèâåðãåíöèè Vcr.div.D

−1
(
a0ρ0a

3
)
(òàáë. 7), êîòîðàÿ íå çàâèñèò îò

îòíîñèòåëüíîé òîëùèíû ïëàñòèíêè.
Òàêèì îáðàçîì, ïðè ìåíüøèõ çíà÷åíèÿõ îòíîñèòåëüíîé òîëùèíû ïëàñòèí-

êè, íà÷èíàÿ ñ çíà÷åíèÿ 2ha−1 =
(
2ha−1

)∗
min

(òàáë. 10), âîçìóù¼ííîå äâèæåíèå
ñèñòåìû ïðè âñåõ k1 ≥ 0 ÿâëÿåòñÿ óñòîé÷èâûì âáëèçè a0

√
2 � íà÷àëà èíòåð-

âàëà ñâåðõçâóêîâûõ ñêîðîñòåé. Ïðèâåä¼ííûå êðèòè÷åñêèå ñêîðîñòè äèâåðãåíöèè
Vcr.div.D

−1
(
a0ρ0a

3
)
(òàáë. 7) è ôëàòòåðà Vcr.fl.D

−1
(
a0ρ0a

3
)
, Ṽcr.fl.D

−1
(
a0ρ0a

3
)

(òàáë. 8, 9 è 11) ÿâëÿþòñÿ âîçðàñòàþùèìè ôóíêöèÿìè îò êîýôôèöèåíòà íàïðÿæå-
íèÿ β2

y <
(
β2
y

)
cr.
(òàáë. 2): ïåðâîíà÷àëüíîå íàïðÿæ¼ííîå ñîñòîÿíèå, îáóñëîâëåííîå

ñòàòè÷åñêèì íàãðóæåíèåì, ñïîñîáñòâóåò ñòàáèëèçàöèè âîçìóù¼ííîãî äâèæåíèÿ
ñèñòåìû, â ñðàâíåíèè ñ ñèñòåìîé ñ íåíàãðóæåííîé ïàíåëüþ [15]. Ïðè ýòîì, ÷åì
ìåíüøå îòíîñèòåëüíàÿ òîëùèíà ïëàñòèíêè

(
2ha−1

)
, òåì áîëüøå ïðèâåä¼ííûå

êðèòè÷åñêèå ñêîðîñòè äèâåðãåíöèè ïàíåëè è ôëàòòåðà: ñ óìåíüøåíèåì îòíîñè-
òåëüíîé òîëùèíû ïëàñòèíêè âîçìóù¼ííîãî äâèæåíèÿ ñèñòåìû ñòàíîâèòñÿ áîëåå
óñòîé÷èâûì.

5.2 Ñëó÷àé γ ∈ [0.33, 0.74)

Âîçìóù¼ííîå äâèæåíèå ñèñòåìû ïðè γ ∈ [0.33, 0.74) è β2
y ∈

(
0,
(
β2
y

)∗
cr.

)
ÿâ-

ëÿåòñÿ óñòîé÷èâûì âáëèçè a0
√
2 � íà÷àëà èíòåðâàëà ñâåðõçâóêîâûõ ñêîðîñòåé;(

β2
y

)∗
cr

≈ χ−1 (γ, ν) ·
(
β2
y

)
cr.
, χ (γ, ν) (òàáë. 12) � óáûâàþùàÿ ôóíêöèÿ îò γ è

êîýôôèöèåíòà Ïóàññîíà ν, õàðàêòåðèçóþùàÿ ¾ñêà÷êîîáðàçíîå ïàäåíèå¿ êðèòè-
÷åñêîãî êîýôôèöèåíòà íàïðÿæåíèÿ

(
β2
y

)
cr.

(òàáë. 2), âñëåäñòâèå ñâåðõçâóêîâîãî
îáòåêàíèÿ.

γ 0.33 0.4 0.5 0.6 0.7
χ = χ (γ, 0.125) 4.142 3.265 2.548 2.301 2.117
χ = χ (γ, 0.3) 3.482 2.788 2.227 2.050 1.918
χ = χ (γ, 0.5) 2.632 2.151 1.761 1.662 1.586

Òàáëèöà 12

Öåïî÷êè ïåðåõîäîâ äëÿ ñòàëüíûõ ïëàñòèíîê îòíîñèòåëüíîé òîëùèíû
(
2ha−1

)
∈

[0.006, 0.015] èìåþò ñëåäóþùåå îïèñàíèå:

=0
Vcrdiv−−−−→ =1

V0−→ =0
Ṽcrdiv−−−−→ =1, 0 ≤ k1 < k11;

=0
Vcrdiv−−−−→ =1

V0−→ =0
Vcrfl−−−→ =3

V ∗
0−−→ =0

Ṽcrdiv−−−−→ =1, k1 ∈ (k11, k12) ;

=0
Vcrdiv−−−−→ =1

V2−→ =2
Vcrfl−−−→ =3

V ∗
0−−→ =0

Ṽcrdiv−−−−→ =1, k1 ≥ k12;

(5.11)
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ãäå k11 è k12 � êîýôôèöèåíòû, çàâèñÿùèå îò ïàðàìåòðîâ γ, ν è β2
y . Òàê êàê

âëèÿíèå ïàðàìåòðîâ ν è β2
y íà çíà÷åíèÿ ôóíêöèé k11 è k12 íåîùóòèìî ìàëî, òî

ìîæíî ïðèíÿòü, ÷òî k11 = k11 (γ) è k12 = k12 (γ).

β2
y 0 0.3 0.5 0.8 1.0

Vcr.div.D
−1
(
a0ρ0a

3
) 14.650 13.707 13.007 11.681 10.649

13.614 11652 10.946 9.639 8.538
11.706 10.836 10.075 8.780 7.656
10.448 9.557 8.822 7.500 6.207
8.038 7.443 6.703 5.266 4.308

Òàáëèöà 13

β2
y 0 0.3 0.5 0.8 1.0

Ṽcr.div.D
−1
(
a0ρ0a

3
) 501.104 507.192 511.359 518.069 522.256

470.207 474.455 477.387 481.937 484.877
458.144 462.079 464.361 468.073 470.474
441.374 443.860 445.328 447.815 449.283
413.702 413.945 414.125 414.257 414.327

Òàáëèöà 14

k1

β2
y 0 0.3 0.5 0.8 1.0

0.5

125.501 132.932 140.407 150.003 158.154
136.261 146.933 156.815 - -
141.602 154.500 172.547 - -
151.727 - - - -

- - - - -

0.8

113.652 119.822 124.403 129.733 134.057
121.610 129.075 134.238 141.199 144.440
125.180 133.361 138.470 149.016 157.473
131.119 141.163 148.242 160.997 173.758
143.487 158.651 177.549 - -

1.0

112.627 117.532 121.796 127.478 131.407
120.011 125.722 129.670 137.726 142.886
123.752 129.501 133.473 142.751 148.350
127.535 135.736 140.796 151.785 159.882
138.256 149.310 158.629 - -

Òàáëèöà 15: Çíà÷åíèÿ Vcr.fl.D
−1
(
a0ρ0a

3
)
ïðè 0.5 ≤ k1 < 2 (ïåðåõîä =0 → =3)

Â ñîîòâåòñòâèè ñ ÷èñëåííûìè ðåçóëüòàòàìè, êîýôôèöèåíòû k11 = k11 (γ) è
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k12 = k12 (γ) ïðè γ = 0.4; 0.5; 0.6; 0.7, ñîîòâåòñòâåííî, ðàâíû:

k11 ≈ 0.5; 0.5; 0.8; 2 è k12 ≈ 0.8; 2; 3; 10. (5.12)

Èññëåäóåì ïîäðîáíåå ÷èñëåííûå ðåçóëüòàòû èñêîìîé çàäà÷è ïðè γ = 0.5, ïðè-
âåä¼ííûå â òàáëèöàõ 13 � 16.

Èç ñîïîñòàâëåíèÿ äàííûõ òàáëèö 13 è 14 ñëåäóåò, ÷òî Vcr.div.D
−1
(
a0ρ0a

3
)

ìåíüøå Ṽcr.div.D
−1
(
a0ρ0a

3
)
ïðèìåðíî íà äâà ïîðÿäêà. Çíà÷åíèÿ îáåèõ ñêîðîñòåé

ìåíüøå â ïëàñòèíàõ èç ìàòåðèàëîâ ñ áîëüøèì êîýôôèöèåíòîì Ïóàññîíà ν.
Îäíàêî, ïðèâåä¼ííàÿ êðèòè÷åñêàÿ ñêîðîñòü äèâåðãåíöèè Vcr.div.D

−1
(
a0ρ0a

3
)
,

â îòëè÷èå îò Ṽcr.div.D
−1
(
a0ρ0a

3
)
, ÿâëÿåòñÿ âîçðàñòàþùåé ôóíêöèåé îò γ ∈ [0.33,

0.74) è óáûâàþùåé îò êîýôôèöèåíòà íàïðÿæåíèÿ β2
y ∈ [0, 1.2): ïðè ðîñòå β2

y

îò 0 äî 1.0 óáûâàåò, ïðèìåðíî, â 1.5 ðàçà (òàáë. 13). À ïðèâåä¼ííàÿ ñêîðîñòü
äèâåðãåíöèè Ṽcr.div.D

−1
(
a0ρ0a

3
)
, íàîáîðîò, ÿâëÿåòñÿ óáûâàþùåé ôóíêöèåé îò

γ ∈ [0.33, 0.74) è âîçðàñòàþùåé îò β2
y : ïðè ðîñòå β

2
y ∈ [0, 1.2) âîçðàñòàåò, ïðèìåð-

íî, íà 4% (òàáë. 14).
Ïðèâåä¼ííàÿ êðèòè÷åñêàÿ ñêîðîñòü ôëàòòåðà Vcr.fl.D

−1
(
a0ρ0a

3
)
(òàáë. 15 è

16) ïðè 0.5 ≤ k1 < 20 áîëüøå â ïëàñòèíêàõ èç ìàòåðèàëîâ ñ áîëüøèì êîýôôèöè-
åíòîì Ïóàññîíà ν; ïðè k1 ≥ 20 âëèÿíèå êîýôôèöèåíòà Ïóàññîíà ν íà ñêîðîñòü
ôëàòòåðà íåîùóòèìî ìàëî. Êðèòè÷åñêàÿ ñêîðîñòü Vcr.fl.D

−1
(
a0ρ0a

3
)
ÿâëÿåòñÿ

âîçðàñòàþùåé ôóíêöèåé îò êîýôôèöèåíòà íàïðÿæåíèÿ β2
y : âîçðàñòàåò ïðèìåðíî

â 1.17�1.25 ðàç â èíòåðâàëå β2
y ∈ [0, 1.2).

k1

β2
y 0 0.3 0.5 0.8 1.0

2

112.883 118.897 122.799 128.491 132.163
118.894 125.346 129.594 135.809 139.910
121.505 128.186 132.615 139.189 143.507
125.479 132.779 137.582 144.817 149.707
131.924 141.749 147.611 154.970 161.207

5

124.886 131.785 132.510 141.199 143.663
126.398 135.234 140.796 145.482 148.744
130.996 139.877 141.964 147.049 152.089
132.970 141.046 146.271 150.992 153.882
137.134 147.724 151.414 160.188 163.517

10

138.689 143.784 148.123 152.578 154.280
140.250 146.143 150.222 153.374 157.472
142.602 148.319 152.210 157.170 161.494
144.965 150.502 154.207 160.956 162.910
146.548 154.493 155.409 162.617 168.817

20 148.135 152.257 153.348 161.320 162.707
200 169.666 172.476 174.417 177.641 178.746

Òàáëèöà 16: Çíà÷åíèÿ Vcr.fl.D
−1
(
a0ρ0a

3
)
ïðè k1 ≥ 2 (ïåðåõîä =2 → =3)

Íàðÿäó ñ ýòèì, ïðèâåä¼ííàÿ êðèòè÷åñêàÿ ñêîðîñòü ôëàòòåðà Vcr.fl.D
−1
(
a0ρ0a

3
)
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ÿâëÿåòñÿ ìîíîòîííî óáûâàþùåé ôóíêöèåé îò k1 â èíòåðâàëå 0.5 ≤ k1 < 2 (òàáë.
15), à â èíòåðâàëå k1 ≥ 2 � âîçðàñòàþùåé ôóíêöèåé îò k1. Ïðè ýòîì, ïðè
k1 ≥ 200 âëèÿíèå êîýôôèöèåíòà k1 íà Vcr.fl.D

−1
(
a0ρ0a

3
)
ñòàíîâèòñÿ íåîùó-

òèìî ìàëûì. Ñëåäóåò îòìåòèòü, ÷òî ïðèâåä¼ííàÿ êðèòè÷åñêàÿ ñêîðîñòü ôëàò-
òåðà ÿâëÿåòñÿ âîçðàñòàþùåé ôóíêöèåé îò γ ∈ [0.33, 0.74) ïðè âñåõ ôèêñèðî-
âàííûõ çíà÷åíèÿõ îñòàëüíûõ ïàðàìåòðîâ. Òåì ñàìûì, äëÿ ñòàëüíûõ ïëàñòèíîê
îòíîñèòåëüíîé òîëùèíû

(
2ha−1

)
∈ [0.006, 0.015] ñîñòîÿíèå äèíàìè÷åñêîé ñèñòå-

ìû ¾ïëàñòèíêà�ïîòîê¿ ïðè áî'ëüøèõ çíà÷åíèÿõ β2
y è γ ÿâëÿåòñÿ áîëåå óñòîé-

÷èâûì: âîçìóù¼ííîå äâèæåíèå ñèñòåìû òåðÿåò óñòîé÷èâîñòü â âèäå ïàíåëüíîãî
ôëàòòåðà ïðè áî'ëüøèõ çíà÷åíèÿõ ñêîðîñòåé ïîòîêà ãàçà. Ñ ïîìîùüþ àíàëî-
ãè÷íûõ ðàññóæäåíèé, èçúÿñíÿþùèõ ïîâåäåíèå âîçìóù¼ííîãî äâèæåíèÿ ñèñòå-
ìû ¾ïëàñòèíêà�ïîòîê¿ â ðàçäåëå 5.1, ìîæíî ïîêàçàòü, ÷òî öåïî÷êè ïåðåõîäîâ
(5.11) ïðè âñåõ γ ∈ [0.33, 0.74) äëÿ ñòàëüíûõ ïëàñòèíîê îòíîñèòåëüíîé òîëùèíû
2ha−1 <

(
2ha−1

)∗
min

≈ 0.00342 ïåðåïèøóòñÿ â âèäå:

ïðè ν ≤ 0.25, 0 ≤ k1 < 2, γ ∈ [0.33, 0.5) è ν ≤ 0.125, 0 ≤ k1 < 10, γ ∈
[0.5, 0.58):

=0
Ṽcrdiv−−−−→ =1 → =0

˜̃V crdiv−−−−→ =1;

ïðè ν ≤ 0.125, 10 ≤ k1 < 20, γ ∈ [0.5, 0.58):

=0
Ṽcrdiv−−−−→ =1 → =0

Ṽcrfl−−−→ =3 → =0

˜̃V crdiv−−−−→ =1;

ïðè ν ≤ 0.25, k1 ≥ 2, γ ∈ [0.33, 0.5) è ν ≤ 0.125, k1 ≥ 20, γ ∈ [0.5, 0.58):

=0
Ṽcrdiv−−−−→ =1 → =2

Ṽcrfl−−−→ =3 → =0

˜̃V crdiv−−−−→ =1;

ïðè îñòàëüíûõ çíà÷åíèÿõ ïàðàìåòðîâ:

=0
Ṽcrdiv−−−−→ =1. (5.13)

Îòñþäà ñëåäóåò, ÷òî äëÿ ïëàñòèíîê îòíîñèòåëüíîé òîëùèíû 2ha−1 < 0.00342,
ó êîòîðûõ γ ∈ [0.58, 0.74), ïðè âñåõ k1 ≥ 0, β2

y è çíà÷åíèÿõ êîýôôèöèåíòà Ïóàññî-

íà ν ïàíåëüíûé ôëàòòåð îòñóòñòâóåò. Îòìåòèì, ÷òî ˜̃V cr.div.D
−1
(
a0ρ0a

3
)
áîëüøå

Ṽcr.div.D
−1
(
a0ρ0a

3
)
íà ïîðÿäîê è áîëåå; Ṽcr.fl.D

−1
(
a0ρ0a

3
)
áîëüøå Ṽcr.div.D

−1
(
a0ρ0a

3
)

ïðèìåðíî â 3 � 4 ðàçà. Èç ñîïîñòàâëåíèÿ öåïî÷åê ïåðåõîäîâ (5.11) è (5.13) î÷å-
âèäíî, ÷òî ñ óìåíüøåíèåì îòíîñèòåëüíîé òîëùèíû ïëàñòèíêè 2ha−1 âîçìóù¼í-
íîå äâèæåíèå ñèñòåìû òåðÿåò óñòîé÷èâîñòü ïðè áî'ëüøèõ çíà÷åíèÿõ ñêîðîñòåé
ïîòîêà ãàçà. Òàêèì îáðàçîì, â èíòåðâàëå γ ∈ [0.33, 0.74) ïåðâîíà÷àëüíîå ñòàòè÷å-
ñêîå íàãðóæåíèå, îáóñëîâëåííîå ñæèìàþùèìè ñèëàìè, ïðèâîäèò ê ñòàáèëèçàöèè
ñîñòîÿíèÿ ñèñòåìû ¾ïëàñòèíêà�ïîòîê¿. Áîëåå òîãî, â ñëó÷àå ïëàñòèíîê îòíîñè-
òåëüíîé òîëùèíû 2ha−1 < 0.00342 ïðè âñåõ γ ∈ [0.58, 0.74) è ôèêñèðîâàííûõ
çíà÷åíèÿõ îñòàëüíûõ ïàðàìåòðîâ ïàíåëüíûé ôëàòòåð îòñóòñòâóåò: èìååò ìåñòî
òîëüêî äèâåðãåíöèÿ ïàíåëè.
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5.3 Ñëó÷àé γ ∈ [0.74, 1.96)

Èññëåäóåì äèíàìèêó âîçìóù¼ííîãî äâèæåíèÿ ñèñòåìû ¾ïëàñòèíêà�ïîòîê¿
ïðè γ ∈ [0.74, 1.96). Â ýòîì ñëó÷àå, òàê æå êàê è â ðàçäåëå 5.2, ïðè âñåõ γ ∈
[0.74, 1.96) è β2

y ∈
(
0,
(
β2
y

)∗
cr.

)
âîçìóù¼ííîå äâèæåíèå ñèñòåìû ÿâëÿåòñÿ óñòîé÷è-

âûì âáëèçè íà÷àëà èíòåðâàëà ñâåðõçâóêîâûõ ñêîðîñòåé a0
√
2 äëÿ ïëàñòèíîê îò-

íîñèòåëüíîé òîëùèíû, ïðèìåðíî, 2ha−1 ∈ (0.007, 0.015]. Çäåñü,
(
β2
y

)∗
cr

≈ χ−1 (γ, ν)·(
β2
y

)
cr.
; χ = χ (γ, ν), òàê æå êàê è â ðàçäåëå 5.2, ÿâëÿåòñÿ ìîíîòîííî óáûâàþùåé

ôóíêöèåé îò γ è ν (òàáë. 17). Ïðè ýòîì, ñ óâåëè÷åíèåì ñêîðîñòè ïîòîêà ãàçà V
âîçìóù¼ííîå äâèæåíèå ñèñòåìû ïðè âñåõ çíà÷åíèÿõ å¼ ïàðàìåòðîâ òåðÿåò óñòîé-
÷èâîñòü òîëüêî â âèäå äèâåðãåíöèè ïàíåëè: ïàíåëüíûé ôëàòòåð îòñóòñòâóåò. Çà-
ìåòèì, ÷òî äëÿ ïëàñòèíîê îòíîñèòåëüíîé òîëùèíû 2ha−1 ≤ 0.007 âîçìóù¼ííîå
äâèæåíèå ñèñòåìû ïðè ñêîðîñòÿõ ïîòîêà ãàçà V ≥ a0

√
2 ÿâëÿåòñÿ ñòàòè÷åñêè

íåóñòîé÷èâûì: èìååò ìåñòî äèâåðãåíöèÿ ïàíåëè.

γ 0.74 0.8 1.0 1.5 ≥1.9
χ = χ (γ, 0.125) 2.076 2.028 1.917 1.598 1.541
χ = χ (γ, 0.3) 1.893 1.862 1.796 1.537 1.495
χ = χ (γ, 0.5) 1.576 1.567 1.515 1.384 1.372

Òàáëèöà 17: Caption

Öåïî÷êè ïåðåõîäîâ ïðè γ ∈ [0.74, 1.96) è ïðè âñåõ çíà÷åíèÿõ îñòàëüíûõ ïà-
ðàìåòðîâ, â îñíîâíîì, áóäóò èìåòü ñëåäóþùåå îïèñàíèå:

=0
Vcrdiv−−−−→ =1, (5.14)

çà èñêëþ÷åíèåì ñëó÷àåâ, â êîòîðûõ γ ∈ [0.74, 0.82), ν < 0.25 è β2
y < 0.5. Ïðè

ýòèõ çíà÷åíèÿõ öåïî÷êè ïåðåõîäîâ áóäóò âèäà: =0
Vcrdiv−−−−→ =1 → =0

Ṽcrdiv−−−−→ =1.

Â òàáëèöàõ 18 è 19 äàíû çíà÷åíèÿ ïðèâåä¼ííîé êðèòè÷åñêîé ñêîðîñòè äèâåð-
ãåíöèè ïàíåëè Vcr.div.D

−1
(
a0ρ0a

3
)
ïðè γ = 0.8 è γ = 1 ñîîòâåòñòâåííî.

β2
y 0 0.3 0.5 0.79

Vcr.div.D
−1
(
a0ρ0a

3
) 80.471 59.318 48.836 37.305

60.094 46.393 38.673 28.934
54.320 41.877 34.945 25.759

(γ = 0.8)
46.751 35.953 29.924 21.105
35.952 25.292 21.827 13.651

Òàáëèöà 18
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β2
y 0 0.3 0.5 0.75

Vcr.div.D
−1
(
a0ρ0a

3
) 524.286 501.362 125.924 77.458

154.795 106.541 87.566 56.703
128.470 93.215 67.203 49.539

(γ = 1)
102.100 86.247 60.693 40.153
72.915 55.025 41.271 25.647

Òàáëèöà 19

Ïðèâåä¼ííàÿ êðèòè÷åñêàÿ ñêîðîñòü äèâåðãåíöèè ïàíåëè Vcr.div.D
−1
(
a0ρ0a

3
)

ïðè âñåõ γ ∈ [0.74, 1.96) ÿâëÿåòñÿ ìîíîòîííî óáûâàþùåé ôóíêöèåé îò êîýôôè-
öèåíòà Ïóàññîíà ν è êîýôôèöèåíòà íàïðÿæåíèÿ β2

y (òàáë. 18 è 19). Ïðè ýòîì, ñ
âîçðàñòàíèåì ν êðèòè÷åñêàÿ ñêîðîñòü äèâåðãåíöèè ïàíåëè óáûâàåò ïðèìåðíî â
2.2 � 2.73 ðàçà ïðè γ = 0.8; ïðè γ = 1 � â 3.7 � 5 ðàç. Ñîîòâåòñòâåííî, ñ ðîñòîì
êîýôôèöèåíòà íàïðÿæåíèÿ êðèòè÷åñêàÿ ñêîðîñòü äèâåðãåíöèè ïàíåëè óáûâàåò
â 2.16 � 2.63 ðàçà ïðè γ = 0.8, à ïðè γ = 1 � â 2.84 � 6.76 ðàç. Òåì ñàìûì, ïåð-
âîíà÷àëüíîå ñòàòè÷åñêîå íàãðóæåíèå ïðè áîëüøèõ γ ∈ [0.74, 1.96) ïðèâîäèò ê
ñóùåñòâåííîé äåñòàáèëèçàöèè âîçìóù¼ííîãî äâèæåíèÿ ñèñòåìû, â ñðàâíåíèè ñ
âîçìóù¼ííûì äâèæåíèåì ñèñòåìû ñ íåíàãðóæåííîé ïàíåëüþ

(
β2
y = 0

)
.

Èç ñîïîñòàâëåíèÿ äàííûõ òàáëèö 18 è 19 ñëåäóåò, ÷òî ïðèâåä¼ííàÿ êðèòè÷å-
ñêàÿ ñêîðîñòü äèâåðãåíöèè âîçðàñòàåò ñ ðîñòîì γ ∈ [0.74, 1.96): ïðè γ = 1 áîëüøå
â 2 ðàçà è áîëåå, ÷åì ïðè γ = 0.8.

Òàêèì îáðàçîì, â ñëó÷àå, â êîòîðîì γ ∈ [0.74, 1.96), ïåðâîíà÷àëüíîå ñòàòè÷å-
ñêîå íàãðóæåíèå, îáóñëîâëåííîå ñæèìàþùèìè ñèëàìè, ïðèâîäèò ê ñóùåñòâåííîé
äåñòàáèëèçàöèè âîçìóù¼ííîãî äâèæåíèÿ ñèñòåìû ¾ïëàñòèíêà�ïîòîê¿.

6 Îñíîâíûå ðåçóëüòàòû

Â ðàáîòå, ñ ïîìîùüþ ãðàôîàíàëèòè÷åñêîãî è ÷èñëåííîãî ìåòîäîâ èññëåäîâà-
íèé [15 � 18] èçó÷àåòñÿ âëèÿíèå ïåðâîíà÷àëüíîãî íàïðÿæ¼ííîãî ñîñòîÿíèÿ ïðÿìî-
óãîëüíîé ïëàñòèíêè óìåðåííûõ ðàçìåðîâ γ ∈ (0.33, 1.96), îáóñëîâëåííîãî ñæèìà-
þùèìè ñèëàìè, íà óñòîé÷èâîñòü âîçìóù¼ííîãî äâèæåíèÿ äèíàìè÷åñêîé ñèñòåìû
¾ïëàñòèíêa�ïîòîê¿ ïðè íàëè÷èè íà ñâîáîäíîì êðàå ïëàñòèíêè ñîñðåäîòî÷åííûõ
èíåðöèîííûõ ìàññ è ìîìåíòîâ ïîâîðîòà.

Íàéäåíî àíàëèòè÷åñêîå ðåøåíèå çàäà÷è óñòîé÷èâîñòè âîçìóù¼ííîãî äâèæå-
íèÿ äèíàìè÷åñêîé ñèñòåìû ¾ïëàñòèíêà�ïîòîê¿. Ïîëó÷åíû ÿâíûå âûðàæåíèÿ äèñ-
ïåðñèîííûõ óðàâíåíèé, õàðàêòåðèçóþùèõ äîñòàòî÷íûå ïðèçíàêè ïîòåðè óñòîé-
÷èâîñòè. Ïðîèçâåäåíî ðàçáèåíèå ìíîãîïàðàìåòðè÷åñêîãî ïðîñòðàíñòâà = ñèñòå-
ìû ¾ïëàñòèíêà�ïîòîê¿ íà îáëàñòü óñòîé÷èâîñòè =0 è îáëàñòè íåóñòîé÷èâîñòè:
äèâåðãåíöèè ïàíåëè =1, =2 è ïàíåëüíîãî ôëàòòåðà =3: îïðåäåëåíû èíòåðâà-
ëû èçìåíåíèÿ ¾ñóùåñòâåííûõ¿ ïàðàìåòðîâ ñèñòåìû, ðàçãðàíè÷èâàþùèå îáëàñòè
óñòîé÷èâîñòè è íåóñòîé÷èâîñòè.

Ââåäåíî ïîíÿòèå ¾öåïî÷êè ïåðåõîäîâ¿, çâåíüÿ êîòîðîé � ïåðåõîäû èç îäíîé
îáëàñòè =k â äðóãóþ =l. ¾Öåïî÷êè ïåðåõîäîâ¿ ïîçâîëÿåò íàãëÿäíî ïðîèëëþ-
ñòðèðîâàòü âñþ äèíàìèêó ïîâåäåíèÿ âîçìóù¼ííîãî äâèæåíèÿ ñèñòåìû ¾ïëàñòèí-
êà�ïîòîê¿ â ïðîñòðàíñòâå å¼ ¾ñóùåñòâåííûõ¿ ïàðàìåòðîâ =.
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Íàéäåíû êðèòè÷åñêèå ñêîðîñòè ñâåðõçâóêîâîãî ïîòîêà ãàçà Vcr.div. è Vcr.fl.,
ïðè ïðåâûøåíèè êîòîðûõ âîçìóù¼ííîå äâèæåíèå äèíàìè÷åñêîé ñèñòåìû ¾ïëà-
ñòèíêà�ïîòîê¿ òåðÿåò óñòîé÷èâîñòü â ïàðàìåòðè÷åñêîì ïðîñòðàíñòâå â âèäå äè-
âåðãåíöèè ïàíåëè, ëèáî â âèäå ïàíåëüíîãî ôëàòòåðà ñîîòâåòñòâåííî, â ïðåäïîëî-
æåíèè, ÷òî â ïëàñòèíêå â ìîìåíò ¾âûïó÷èâàíèÿ¿ âîçíèêàþò òîëüêî íàïðÿæåíèÿ
èçãèáà.

Íàéäåíû êðèòè÷åñêèå çíà÷åíèÿ êîýôôèöèåíòà íàïðÿæåíèÿ èçãèáà
(
β2
y

)∗
cr.
ïðè

îáòåêàíèè. Óñòàíîâëåíî, ÷òî îáòåêàíèå ïðèâîäèò ê ¾ñêà÷êîîáðàçíîìó ïàäåíèþ¿
êðèòè÷åñêîãî êîýôôèöèåíòà íàïðÿæåíèÿ, â ñðàâíåíèè ñ êðèòè÷åñêèì êîýôôè-
öèåíòîì íàïðÿæåíèÿ ïðè îòñóòñòâèè îáòåêàíèÿ [17]. Ïðè ýòîì, êîýôôèöèåíò,
õàðàêòåðèçóþùèé ¾ïàäåíèå¿, ÿâëÿåòñÿ ìîíîòîííî óáûâàþùåé ôóíêöèåé îò ïà-
ðàìåòðà îòíîøåíèÿ ñòîðîí ïëàñòèíêè γ è êîýôôèöèåíòà Ïóàññîíà ν. Âñëåäñòâèå
ýòîãî âîçìóù¼ííîå äâèæåíèå äèíàìè÷åñêîé ñèñòåìû âáëèçè a0

√
2 ÿâëÿåòñÿ ñòà-

òè÷åñêè íåóñòîé÷èâûì ïðè âñåõ γ ∈ (0.193, 0.33), â ÷àñòíîñòè, äëÿ ñòàëüíûõ
ïàíåëåé îòíîñèòåëüíîé òîëùèíû

(
2ha−1

)
∈ [0.006, 0.015]. Äëÿ íèõ íàéäåíà ìè-

íèìàëüíàÿ îòíîñèòåëüíàÿ òîëùèíà
(
2ha−1

)
min

, ïðè êîòîðîé âîçìóù¼ííîå äâèæå-
íèå äèíàìè÷åñêîé ñèñòåìû âáëèçè a0

√
2 ÿâëÿåòñÿ óñòîé÷èâûì. Êàê îêàçàëîñü, â

ýòîì ñëó÷àå ïðèâåä¼ííûå êðèòè÷åñêèå ñêîðîñòè äèâåðãåíöèè ïàíåëè è ïàíåëü-
íîãî ôëàòòåðà ÿâëÿþòñÿ âîçðàñòàþùèìè ôóíêöèÿìè îò êîýôôèöèåíòà íàïðÿ-
æåíèÿ: ïåðâîíà÷àëüíîå íàïðÿæ¼ííîå ñîñòîÿíèå ïðèâîäèò ê ñòàáèëèçàöèè âîçìó-
ù¼ííîãî äâèæåíèÿ ñèñòåìû, â îòëè÷èå îò ïàíåëåé, ó êîòîðûõ γ ≥ 0.33.

Â ñëó÷àå ïàíåëåé, ó êîòîðûõ γ ∈ [0.33, 0.74), ïåðâîíà÷àëüíîå íàïðÿæ¼ííîå
ñîñòîÿíèå ïðèâîäèò êàê ê äåñòàáèëèçàöèè âîçìóùåííîãî äâèæåíèÿ ñèñòåìû, òàê
è ê ñòàáèëèçàöèè, â çàâèñèìîñòè îò ïàðàìåòðîâ γ è 2ha−1; à ïðè γ ∈ [0.74, 1.96)
� ê ñóùåñòâåííîé äåñòàáèëèçàöèè ïðè âñåõ çíà÷åíèÿõ îñòàëüíûõ ïàðàìåòðîâ, â
ñðàâíåíèè ñ íåíàãðóæåííîé ïàíåëüþ [15].

Óñòàíîâëåíû ¾îïàñíûå¿ ãðàíèöû îáëàñòè óñòîé÷èâîñòè =0 â ñìûñëå Áàóòèíà
Í.Í. [12], õàðàêòåðèçóþùèåñÿ íàëè÷èåì çâåíüåâ =0 → =3 è =2 → =3 â ¾öå-
ïî÷êå ïåðåõîäîâ¿, ïðè êîòîðûõ ïðîèñõîäèò ïîòåðÿ ïðî÷íîñòè è âîçíèêíîâåíèå
óñòàëîñòíûõ òðåùèí â ìàòåðèàëå ïëàñòèíêè [1, 2].

Çàêëþ÷åíèå

Èçëîæåííûé â äàííîé ðàáîòå ãðàôîàíàëèòè÷åñêèé ìåòîä èññëåäîâàíèÿ ìî-
æåò áûòü ïðèìåí¼í äëÿ ðåøåíèÿ øèðîêîãî êëàññà ïîäîáíûõ çàäà÷ óñòîé÷èâîñòè
óïðóãèõ ñèñòåì êàê ïðè ïåðâîíà÷àëüíîì ñòàòè÷åñêîì íàãðóæåíèè, òàê è ïðè äè-
íàìè÷åñêîì.
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Ââåäåíèå

Çàäà÷àì ëîêàëèçîâàííîé íåóñòîé÷èâîñòè ïîñâÿùåíû ñëåäóþùèå ðàáîòû [1-
14]. Çäåñü ðàññìàòðèâàþòñÿ çàäà÷è óñòîé÷èâîñòè ïðÿìîóãîëüíîé ïëàñòèíêè ñ
äâóìÿ ïðîòèâîïîëîæíûìè ïðåäâàðèòåëüíî ñæàòûìè ñòîðîíàìè ñ îäíèì ñâîáîä-
íûì êðàåì ïðè ðàçëè÷íûõ âàðèàíòàõ ãðàíè÷íûõ óñëîâèé íà ÷åòâ¼ðòîé ñòîðîíå.
Â îòëè÷èå îò [15], ãäå íà ñæèìàåìûõ êðàÿõ y = 0,y = b çàäàíû óñëîâèÿ øàð-
íèðíîãî�çàêðåïëåíèÿ, çäåñü ýòè êðàÿ ïîëàãàþòñÿ æ¼ñòêî çàäåëàííûìè, ÷òî ïðè-
âîäèò ê òîìó, ÷òî ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ ñòàíîâèòñÿ íåïðèìåíèìûì. Â
ýòîì ñëó÷àå íåîáõîäèìî ïðèìåíåíèå ïðèáëèæ¼ííûõ ìåòîäîâ, â ÷àñòíîñòè, ìåòîäà
Ãàë¼ðêèíà.

1 Ïîñòàíîâêà çàäà÷è

Ïóñòü ïëàñòèíêà çàíèìàåò îáëàñòü 0 ≤ x ≤ a:0 ≤ y ≤ b, −h ≤ z ≤ h è ñæàòà ïî
ñòîðîíàì y = 0, b, êîòîðûå æ¼ñòêî çàäåëàíû. Óðàâíåíèå óñòîé÷èâîñòè ïëàñòèíêè
óäîáíî çàïèñàòü â âèäå:

L(w) ≡ ∆2w + α2 ∂
2w

∂y2
, α2 =

P

D
(1.1)

Òðåáóåòñÿ íàéòè ðåøåíèå óðàâíåíèÿ (1.1), óäîâëåòâîðÿþùåå ãðàíè÷íûì óñëîâè-
ÿì

w = 0,
∂w

∂y
= 0 ïðè y = 0, b (1.2)

Ðåøåíèå óðàâíåíèÿ (2.1) ïðåäñòàâèì â âèäå áåñêîíå÷íîãî ðÿäà

w(x, y) =

∞∑
n=1

ϕn(x)qn(y) (1.3)

ãäå ôóíêöèè qn(y) óäîâëåòâîðÿþò ãðàíè÷íûì óñëîâèÿì

qn|y=0,b = 0,
dqn
dy

|y=0,b = 0, (1.4)

÷òî îáåñïå÷èâàåò óäîâëåòâîðåíèþ ãðàíè÷íûì óñëîâèÿì çàêðåïë¼ííîãî êðàÿ (1.2).
Ôóíêöèè qn(y), â ÷àñòíîñòè, ñîãëàñíî ìåòîäó Ãàë¼ðêèíà, ìîãóò áûòü îïðåäåëåíû
èç ðåøåíèÿ çàäà÷è óñòîé÷èâîñòè äëÿ óðàâíåíèÿ áàëêè

d4qn
dy4

+ α2 d
2qn
dy2

= 0 (1.5)

Ñîãëàñíî ìåòîäó Ãàë¼ðêèíà (èëè Áóáíîâà�Ãàë¼ðêèíà) äèôôåðåíöèàëüíûå óðàâ-
íåíèÿ, îïðåäåëÿþùèå ôóíêöèè ϕn(y), ïîëó÷àþòñÿ èç ðàâåíñòâ:

b∫
0

qm(y)L

( ∞∑
n=1

ϕnqn

)
dy = 0, m = 1, 2, . . . (1.6)
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Àíàëîãè÷íûì îáðàçîì óñòàíàâëèâàþòñÿ òàêæå ãðàíè÷íûå óñëîâèÿ äëÿ ôóíêöèè
ϕn(x) ïðè x = 0 è x = a. Â ÷àñòíîñòè, äëÿ ãðàíè÷íûõ óñëîâèé ñâîáîäíîãî êðàÿ
(1.5) áóäåì èìåòü

b∫
0

qm

∞∑
n=1

(
qnϕ

′′
n + ν

d2qn
dy2

ϕn

)
dy = 0

b∫
0

qm

∞∑
n=1

(
qnϕ

′′′
n + (2− ν)

d2qn
dy2

ϕ′
n

)
dy = 0

(1.7)

2 Ïðèáëèæåííîå ðåøåíèå

Äëÿ êà÷åñòâåííîé îöåíêè ìèíèìàëüíîé êðèòè÷åñêîé íàãðóçêè â ðÿäå (1.3)
ìîæíî îãðàíè÷èòüñÿ îäíèì ÷ëåíîì

w(x, y) = ϕ1(x)q1(y) (2.1)

Â ýòîì ñëó÷àå, âìåñòî ñèñòåìû óðàâíåíèé (1.6) ïîëó÷àåòñÿ îäíî óðàâíåíèå

ϕIV
1 − 2γ2

1ϕ
′′
1 +

(
γ2
2 − α2γ2

1

)
ϕ1 = 0 (2.2)

ãäå êîýôôèöèåíòû γ2
1 , γ

2
2 , ñ ó÷¼òîì èíòåãðèðîâàíèÿ ïî ÷àñòÿì è óñëîâèé (1.4)

b∫
0

q1
d2q1
dy2

dy = −
b∫

0

(
dq1
dy

)2

dy,

b∫
0

q1
d4q1
dy4

dy =

b∫
0

(
d2q1
dy2

)2

dy (2.3)

èìåþò âèä:

γ2
1 =

 b∫
0

q21dy

−1 b∫
0

(
dq1
dy

)2

dy, γ2
2 =

 b∫
0

q21dy

−1 b∫
0

(
d2q1
dy2

)2

dy (2.4)

Ãðàíè÷íûå óñëîâèÿ ñâîáîäíîãî êðàÿ x = 0 äëÿ ôóíêöèé ϕ1(x) ñîãëàñíî (1.7)
áóäóò:

ϕ′′
1 − νγ2

1ϕ1 = 0, ϕ′′′
1 − (2− ν)γ2

1ϕ
′
1 = 0, (2.5)

Îáùåå ðåøåíèå îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (2.2), óäîáíî çà-
ïèñàòü â âèäå

ϕ1(x) = Ashr1γ1x+Bchr1γ1x+ Cshr2γ2x+Dchr2γ2x (2.6)

ãäå

r1,2 =

(
1±

√
1− γ2 + β2

1

)1/2

, γ2 =
γ2
2

γ2
1

, β2
1 =

α2

γ2
1

=
P

Dγ2
1

(2.7)
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Òðåáîâàíèå, ÷òîáû ðåøåíèå (2.6) óäîâëåòâîðÿëî ãðàíè÷íûì óñëîâèÿì ñâîáîäíîãî
êðàÿ (2.5), ïðèâîäèò ê íîâîìó âûðàæåíèþ äëÿ ôóíêöèè ϕ1(x)

ϕ1(x) =

(
shr1γ1x− r1(r

2
1 − 2 + ν)

r2(r22 − 2 + ν)
shr2γ2x

)
A+

+

(
chr1γ1x− r21 − ν

r22 − ν
chr2γ2x

)
B

(2.8)

ãäå îñòàâøèåñÿ ïðîèçâîëüíûå ïîñòîÿííûå A è B äîëæíû áûòü îïðåäåëåíû ïîñëå
óäîâëåòâîðåíèÿ ãðàíè÷íûì óñëîâèÿì íà êðàå ïëàñòèíû x = a .

Ïóñòü íà êðîìêå ïëàñòèíû x = a çàäàíû óñëîâèÿ øàðíèðíîãî çàêðåïëåíèÿ
(1.4), îòêóäà ñëåäóþò óñëîâèÿ äëÿ ôóíêöèè ϕ1(x):

ϕ1(a) = 0, ϕ′′
1(a) = 0, (2.9)

Òðåáîâàíèå, ÷òîáû ðåøåíèå (2.8) óäîâëåòâîðÿëî ãðàíè÷íûì óñëîâèÿì (2.9), ïðè-
âîäèò ê ñèñòåìå îäíîðîäíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî ïðîèçâîëü-
íûõ ïîñòîÿííûõ A,B. Óñëîâèå ðàâåíñòâà íóëþ äåòåðìèíàíòà ýòîé ñèñòåìû, ïîñëå
íåêîòîðûõ ïðåîáðàçîâàíèé, ïðèâîäèò ê óðàâíåíèþ

M(r1, r2) ≡ (r21 − r22)M1(β1, ν) = 0 (2.10)

ãäå

M1(β1, ν) =
r21 − ν

r22 − ν
thχ1 −

r1(r
2
1 − 2 + ν)

r2(r22 − 2 + ν)
thχ2, χi = riγ1a, i = 1, 2 (2.11)

Ïðè r21 − r22 = 0 ïîëó÷àåòñÿ êîðåíü óðàâíåíèÿ (2.10) β2
1 = γ2 − 1, êîòîðîìó, êàê

íåòðóäíî ïðîâåðèòü èç ðåøåíèÿ (2.2), óäîâëåòâîðÿþùåãî óñëîâèÿì (2.5) è (2.9),
ñîîòâåòñòâóåò òðèâèàëüíîå ðåøåíèå ϕ1 = 0 (w = 0).

Èç óðàâíåíèÿ
M1(β1, ν) = 0 (2.12)

â ïðèáëèæåíèè
thχi ≈ 1 (2.13)

ïîëó÷àåòñÿ óðàâíåíèå
r21r

2
2 + 2(1− ν)r1r2 − ν2 = 0 (2.14)

Óðàâíåíèå (2.14) ñîâïàäàåò ñ óðàâíåíèåì, îïðåäåëÿþùèì êðèòè÷åñêóþ íàãðóçêó
ëîêàëèçîâàííîé íåóñòîé÷èâîñòè ïîëóáåñêîíå÷íîé ïëàñòèíû�ïîëîñû [4,5] ñ çàìå-
íîé r1, r2 íà p1, p2.

Èç (2.7) ñëåäóåò, ÷òî óñëîâèå ñóùåñòâîâàíèÿ îòëè÷àåòñÿ îò (2.11) ðàáîòû [15]
è èìååò âèä

0 < β2
1 < γ2 β2

1 > γ2 − 1 (2.15)

Óðàâíåíèå (2.14) ïîêàçûâàåò, ÷òî, êàê è â ñëó÷àå øàðíèðíî-çàêðåïë¼ííûõ êðà¼â
y = 0 è y = b, ëîêàëèçîâàííàÿ íåóñòîé÷èâîñòü ñóùåñòâóåò ïðè óñëîâèè ν 6= 0.
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3 Óñëîâèÿ ëîêàëèçîâàííîé íåóñòîé÷èâîñòè

Â ðàññìàòðèâàåìîì çäåñü ñëó÷àå, êîãäà êðàÿ ïëàñòèíêè y = 0,y = b çàêðåï-
ëåíû, óñëîâèå ïîÿâëåíèÿ ëîêàëèçîâàííîé íåóñòîé÷èâîñòè â çàâèñèìîñòè îò îò-
íîøåíèÿ a/b,β2

1 > γ , â ðåøåíèè (2.8) ãèïåðáîëè÷åñêèå ôóíêöèè shr2γ1x, chr2γ1x
çàìåíÿþòñÿ òðèãîíîìåòðè÷åñêèìè ôóíêöèÿìè.

Ïðè ïðåäåëüíîì ïåðåõîäå r2 → 0 (β2
1 → γ). Â óðàâíåíèè (2.11) ïîëó÷àåòñÿ

óðàâíåíèå, îïðåäåëÿþùåå γ1a, ïðè êîòîðîì ïîÿâèòñÿ ëîêàëèçîâàííàÿ íåóñòîé÷è-
âîñòü

− 2− ν

ν
th
√
2γ1a+

ν

2− ν

√
2γ1a = 0 (3.1)

Îòñþäà òàêæå ïîëó÷àåòñÿ ïðèáëèæ¼ííàÿ ôîðìóëà

γ1a ≥ 2− ν2√
2ν2

(3.2)

Íåòðóäíî çàìåòèòü, ÷òî óðàâíåíèå (3.1) è íåðàâåíñòâî (3.2) àíàëîãè÷íû óðàâíå-
íèþ (2.10) è íåðàâåíñòâó (2.12) ðàáîòû [15].

Äëÿ êà÷åñòâåííîé îöåíêè âëèÿíèÿ çàêðåïë¼ííûõ êðà¼â y = 0 è y = b ìîæíî
âçÿòü â (2.1) ôóíêöèè

q1(y) = y2
(
1− y

b

)2
(3.3)

Ñîãëàñíî ôîðìóëàì (2.4), íåîáõîäèìûå ïàðàìåòðû çàäà÷è îïðåäåëÿþòñÿ ñëåäó-
þùèì îáðàçîì:

γ2
1 =

12

b2
, γ2

2 =
504

b4
, γ2 =

42

b2
(3.4)

Ñðàâíåíèå ôîðìóëû (2.13) ðàáîòû [15] è (3.2), ñ ó÷¼òîì (3.4), ïîêàçûâàåò, ÷òî
ìèíèìàëüíîå îòíîøåíèå a/b ñòîðîí ïëàñòèíêè, ïðè êîòîðîì ñòàíîâèòñÿ âîçìîæ-
íûì ïîÿâëåíèå ëîêàëèçîâàííîé íåóñòîé÷èâîñòè, â ñëó÷àå øàðíèðíî çàêðåïë¼í-
íûõ ñòîðîí y = 0,y = b áîëüøå, ÷åì ýòî æå îòíîøåíèå â ñëó÷àå çàêðåïë¼ííûõ
êðà¼â, ïðèáëèçèòåëüíî â òðè ðàçà

Çàêëþ÷åíèå

Èññëåäîâàíà âîçìîæíîñòü ïîÿâëåíèÿ ëîêàëèçîâàííîé íåóñòîé÷èâîñòè ó ñâî-
áîäíîãî êðàÿ x = 0 ïëàñòèíêè, ñòîðîíû y = 0,y = b êîòîðîé æ¼ñòêî çàêðåïëåíû,
à ÷åòâåðòàÿ ñòîðîíà øàðíèðíî îï¼ðòà. Ïðîâåäåíî ñðàâíåíèå ïîëó÷åííûõ ðåçóëü-
òàòîâ ñ ðåçóëüòàòàìè ðàáîòû [15], ãäå àíàëîãè÷íîå èññëåäîâàíèå áûëî ïðîâåäåíî
äëÿ ïëàñòèíêè, íà ñòîðîíàõ y = 0,y = b êîòîðîé çàäàíû óñëîâèÿ øàðíèðíî-
ãî îïèðàíèÿ èëè ñêîëüçÿùåé çàäåëêè. Ïîêàçàíî, ÷òî ìèíèìàëüíîå îòíîøåíèå
a/b ñòîðîí ïëàñòèíêè, ïðè êîòîðîì ñòàíîâèòñÿ âîçìîæíûì ïîÿâëåíèå ëîêàëüíîé
íåóñòîé÷èâîñòè, çàâèñèò îò ãðàíè÷íûõ óñëîâèé è ÿâëÿåòñÿ íàèìåíüøèì â ñëó÷àå
øàðíèðíîãî îïèðàíèÿ áîêîâûõ, îò ñâîáîäíîé êðîìêè, ñòîðîí ïëàñòèíêè.
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Cementagrowntayin xa�nowrd� patrastelow hamar �gtagor�vel en 40 MPa markayi portland{

cement, �o�enman sowpesnerov nerkayacva� spitakaho�(karbonatayin kazmi spitakaho�)  

xo�ovaka�ari sovorakan xmelow jowr:

Cowyc � trva�, or cementagrownte tarreri so�qi deformacianeri  larowmneri mij e�a�

kap�, in�pes na dranc so�qi deformacianeri �amanaki �n�acqowm a�man proces� analitikoren

nkaragrelow hamar kareli � himq �ndownel ayn haytni a��n�ow�yownner�, oronq, sovorabar �gtagor�{

vowm en cementayin betonneri mot i hayt eko� nman er owy�ner� nkaragrelis:

Kar�iq � haytnvowm, or cementagrownte ka�owycneri a�an�in te�amaseri kam dranc kro�

tarreri larva�adeformacion vi�aki so�qi ha�va�mamb praktik ha�varkner irakanacnelis ka{

reli � �gtvel ver� n�a� analitik artahaytow�yownneric:

Îáñóæäàþòñÿ ðåçóëüòàòû èññëåäîâàíèé ïîëçó÷åñòè öèëèíäðè÷åñêèõ ýëåìåíòîâ èç öåìåíò-
íîãðóíòíîãî êîìïîçèòà, íàõîäÿùèõñÿ ïîä âîçäåéñòâèåì ïîñòîÿííûõ ñæèìàþùèõ íàïðÿæåíèé
ðàçëè÷íûõ óðîâíåé.

Äëÿ ïðèãîòîâëåíèÿ öåìåíòîãðóíòíîé ñìåñè èñïîëüçîâàëèñü ïîðòëàíäöåìåíò ìàðêè 40 ÌÏà,
áåëîçåì, ïðåäñòàâëåííûé ïèëåâàòûìè ñóïåñÿìè (áåëîçåì êàðáîíàòíîãî ñîñòàâà) è îáû÷íàÿ òðó-
áîïðîâîäíàÿ âîäà.

Ïîêàçàíî, ÷òî àíàëèòè÷åñêîå îïèñàíèå ñâÿçè ìåæäó íàïðÿæåíèÿìè è äåôîðìàöèÿìè ïîë-
çó÷åñòè, à òàêæå ïðîöåññà ðàçâèòèÿ âî âðåìåíè äåôîðìàöèè ïîëçó÷åñòè ýëåìåíòîâ èç öåìåí-
òîãðóíòà äîâîëüíî óñïåøíî ìîæíî îñóùåñòâëÿòü ïðèíèìàÿ çà îñíîâó èçâåñòíûå çàâèñèìîñòè,
èñïîëüçóåìûå ñ öåëüþ îïûñàíèÿ òàêèõ æå ÿâëåíèé, ïðîÿâëÿþùèõñÿ ó ýëåìåíòîâ èç öåìåíòíûõ
áåòîíîâ.

Âûñêàçûâàåòñÿ ìíåíèå, ÷òî ïðè îñóùåñòâëåíèè ïðàêòè÷åñêèõ ðàñ÷åòîâ íàïðÿæåííî - äå-

ôîðìèðîâàííîãî ñîñòîÿíèÿ îòâåòñòâàííûõ ýëåìåíòîâ è îòäåëüíûõ ÷àñòåé öåìåíòîãðóíòíûõ

ñîîðóæåíèé ñ ó÷åòîì ïîëçó÷åñòè ìàòåðèàëà ìîæíî ïîëüçîâàòüñÿ óïîìÿíóòûìè âûøå àíàëèòè-

÷åñêèìè çàâèñèìîñòÿìè.

Ââåäåíèå

Òåíäåíöèÿ âîçðàñòàíèÿ èç ãîäà â ãîä îáúåìîâ ïðèìåíåíèÿ öåìåíòîãðóíòà ñ
öåëüþ ñòðîåíèÿ îòäåëüíûõ îòâåòñòâåííûõ ýëåìåíòîâ è ÷àñòåé ìàëîýòàæíûõ çäà-
íèé è ñîîðóæåíèé [1, 2 è äð] íà ïåðâûé ïëàí âûäâèãàåò çàäà÷ó îïòèìàëüíîãî èõ
ïðîåêòèðîâàíèÿ. Óñïåøíîìó ðåøåíèþ îòìå÷åííîé çàäà÷è â áîëüøîé ìåðå ìîæåò
ñïîñîáñòâîâàòü îáëàäàíèå ÷åòêèì ïðåäñòàâëåíèåì î ìåõàíè÷åñêîì, â òîì ÷èñëå è
ðåîëîãè÷åñêîì, ïîâåäåíèè ìàòåðèàëà â óñëîâèÿõ, áëèçêèõ ê ýêñïëóàòàöèîííûì.

Â ðàáîòå [3] ïðèâîäÿòñÿ äàííûå, ïîëó÷åííûå â ðåçóëüòàòå ýêñïåðèìåíòàëüíî-
ãî èññëåäîâàíèÿ äåôîðìàöèé óñàäêè è ïîëçó÷åñòè ïðè ñæàòèè îïûòíûõ öèëèí-
äðè÷åñêèõ îáðàçöîâ, èçãîòîâëåííûõ èç öåìåíòîãðóíòà íà îñíîâå áåëîçåìà êàðáî-
íàòíîãî ñîñòàâà. Â ýòèõ èññëåäîâàíèÿõ âåëè÷èíà ñæèìàþùåãî íàïðÿæåíèÿ äëÿ
íàãðóæåííûõ îáðàçöîâ ñîñòàâëÿà 0.4R (R- ïðåäåë ñîïðîòèâëåíèÿ ðàçðóøåíèþ
îïûòíûõ îáðàçöîâ).

Â óêàçàííîé ðàáîòå áûëî ïîêàçàíî, ÷òî öåìåíòîãðóíò îáëàäàåò ñóùåñòâåííî
çàíèæåííîé ñîïðîòèâëÿåìîñòüþ äåôîðìèðîâàíèþ, êàê îáúåìíîìó (äåôîðìàöèè
óñàäêè), òàê è â íàïðàâëåíèè äåéñòâèÿ íàãðóçêè, ïî ñðàâíåíèþ ñ àíàëîãè÷íû-
ìè õàðàêòåðèñòè-êàìè, óñòàíîâëåííûìè äëÿ äðóãèõ ñòðîéìàòåðèàëîâ íà îñíîâå
öåìåíòíîãî âÿæóþùåãî, à â ÷àñòíîñòè, äëÿ áåòîíà íà ëèòîèäíîé ïåìçå.

Â íàñòîÿùåé ðàáîòå ïðèâîäÿòñÿ è îáñóæäàþòñÿ ðåçóëüòàòû èññëåäîâàíèÿ ïîë-
çó÷åñòè ýëåìåíòîâ èç öåìåíòîãðóíòà íà îñíîâå áåëîçåìîâ êàðáîíàòíîãî ñîñòà-
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âà, íàõîäÿùèõñÿ ïîä ïîñòîÿííî äåéñòâóþùåé ñæèìàþùåé íàãðóçêîé ðàçëè÷íîãî
óðîâíÿ. Ñäåëàíà ïîïûòêà àíàëèòè÷åñêîãî îïèñàíèÿ ïðîöåññà ðàçâèòèÿ âî âðåìå-
íè äåôîðìà-öèé ïîëçó÷åñòè ýòèõ ýëåìåíòîâ.

Ìåòîäèêà ïðîâåäåíèÿ ýêñïåðèìåíòîâ.

Ýêñïåðèìåíòàëüíàÿ ÷àñòü èññëåäîâàíèé áûëà îñóùåñòâëåíà ñ ïðèìåíåíèåì
èçãîòîâëåííûõ èç öåìåíòîãðóíòíîãî êîìïîçèòà öèëèíäðè÷åñêèõ ýëåìåíòîâ îïûò-
íûõ îáðàçöîâ, ðàçìåðû êîòîðûõ ñîîòâåòñòâóþò ïðèíÿòûì ñòàíäàðòàìè âåëè÷è-
íàì (äèàìåòð îáðàçöîâ ñîñòàâëÿåò 5 ñì, à âûñîòà-20 ñì) [4].

Áûë èñïîëüçîâàí öåìåíòîãðóíò íà îñíîâå áåëîçåìîâ, âçÿòûõ ñ ó÷àñòêîâ, ñîñåä-
ñòâóþùèõ òåððèòîðèè Èíñòèòóòà ôèçèêè, íàõîäÿùåãîñÿ â æèëîì ðàéîíå À÷àï-
íÿê ã. Åðåâàíà. Íà îñíîâå äàííûõ ïðîâåäåííûõ ñîîòâåòñòâóþùèõ àíàëèçîâ (àíà-
ëèçû õèìè÷åñêîãî è ñîëÿíîãî ñîäåðæàíèÿ ìàòåðèàëà, ïðîñåÿííîãî ÷åðåç ñèòî �2)
áûëî óñòàíîâëåíî, ÷òî èñïîëüçîâàííûå áåëîçåìû ïðåäñòàâëåíû ïûëåâàòûìè ñó-
ïåñÿìè (áåëîçåì êàðáîíàòíîãî ñîñòàâà). Â êà÷åñòâå ñâÿçóþùåãî êîìïîíåíòà èñ-
ïîëüçîâàëñÿ ïîðòëàíäöåìåíò ìàðêè 40, ïðîèçâîäèìûé Àðàðàòñêèì öåìåíòíûì
çàâîäîì (Ðåñïóáëèêà Àðìåíèÿ). Äëÿ ïîëó÷åíèÿ ìîêðîé ñìåñè öåìåíòîãðóíòà
ïðèìåíÿëàñü îáû÷íàÿ òðóáîïðîâîäíàÿ âîäà.Îïûòíûå îáðàçöû, ïîëó÷åííûå ñïî-
ñîáîì ïðÿìîãî ïðåññîâàíèÿ, îñâîáîæäàëèñü èç ôîðì ÷åðåç 14 ñóò. ïîñëå èçãîòîâ-
ëåíèÿ. Â äàëüíåéøåì, äî ìîìåíòà ïðîâåäåíèÿ ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé
â âîçðàñòå (âðåìÿ, îòñ÷èòûâàåìîå ïîñëå èçãîòîâëåíèÿ) 42 ñóò., îíè íàõîäèëèñü
âî âëàæíûõ îïèëêàõ.

Ôèã. 1: Öåìåíòîãðóíòíûé îáðàçåö, óñòàíîâëåííûé íà èñïûòàòåëüíîé ìàøèíå
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Ýêñïåðèìåíòàëüíûå èññëåäîâàíèÿ ïîëçó÷åñòè öåìåíòîãðóíòíûõ öèëèíäðè÷å-
ñêèõ ýëåìåíòîâ áûëè îñóùåñòâëåíû íà ïðóæèííûõ ñèëîâûõ óñòàíîâêàõ (ôèã.2).

Ôèã. 2: Ñèëîâàÿ óñòàíîâêà äëÿ èñïûòàíèÿ öåìåíòîãðóíòíûõ îáðàçöîâ íà
äëèòåëüíîå ñæàòèå â ðàáî÷åì ñîñòîÿíèè

Äî ïðîâåäåíèÿ äëèòåëüíûõ ýêñïåðèìåíòîâ íà èñïûòàòåëüíîé ìàøèíå áûë
îïðåäåëåí ïðåäåë ñîïðîòèâëåíèÿ ðàçðóøåíèþ R îïûòíûõ îáðàçöîâ íà ñæàòèå
(R = 7.5 ÌÏà) ïðè ñêîðîñòè íàãðóæåíèÿ 3ìì/ìèí (ôèã.1). Îïûòíûå îáðàçöû
íàãðóæàëèñü ïîñòîÿííî äåéñòâóþùåé ñæèìàþùåé íàãðóçêîé, ñîîòâåòñòâóþùåé
0.2, 0.4, 0.6, 0.7 è 0.8 σ/R (σ- ñæèìàþùåå íàïðÿæåíèå, R- ïðåäåë ñîïðîòèâëåíèÿ
ðàçðóøåíèþ îáðàçöîâ). Â êàæäîì èç óêàçàííûõñëó÷àåâ èñïûòàíèþ ïîäâåðãàëèñü
ïî 3 îáðàçöàáëèçíåöà è íà òàêîì æå êîëè÷åñòâå îáðàçöîâáëèçíåöîâ èçìåðÿëèñü
óñàäî÷íûå äåôîðìàöèè. Çà ðàçâèòèåì âî âðåìåíè äåôîðìàöèé íàãðóæåííûõ è
íåíàãðóæåííûõ îáðàçöîâ ñëåäèëè â òå÷åíèå 158 äíåé. Â ýòîò ïðîìåæóòîê âðåìå-
íè ñëåäèëè òàêæå çà èçìåíåíèåì âëàæíîñòè W ëàáîðàòîðíîãî ïîìåùåíèÿ, ãäå
òåìïåðàòóðà êîëåáàëàñü â ïðåäåëàõ 22±50Ñ. Îïðåäåëåíèå, íà îñíîâå âçÿòûõ îò-
ñ÷åòîâ, âåëè÷èí óñàäî÷íûõ äåôîðìàöèé îñóùåñòâëÿëîñü ïî ìåòîäó, èçëîæåííîìó
â [5], à äåôîðìàöèè ïîëçó÷åñòè � ñîãëàñíî ñîîòâåòñòâóþùèì ñòàíäàðòàì [6].

Îáñóæäåíèå ïîëó÷åííûõ ðåçóëüòàòîâ

Äî ïåðåõîäà ê îáñóæäåíèþ ïîñòàâëåííûõ çäåñü çàäà÷ îòìåòèì, ÷òî ðåçóëü-
òàòû èññëåäîâàíèé ïîëçó÷åñòè öåìåíòîãðóíòíûõ öèëèíäðè÷åñêèõ ýëåìåíòîâ, íà-
ãðóæåííûõ ñæèìàþùåé íàãðóçêîé, ñîîòâåòñòâóþùåé 0.4R, ïîäðîáíî îáñóæäà-
ëèñü â óïîìÿíóòîé âûøå ðàáîòå [3].

Íà ôèã.3 ìåòêàìè ïîêàçàíû ýêñïåðèìåíòàëüíûå äàííûå ïîëçó÷åñòè öåìåíòî-
ãðóíòíûõ ýëåìåíòîâ, íàõîäÿùèõñÿ ïîä âîçäåéñòâèåì ñæèìàþùåãî íàïðÿæåíèÿ
ðàçëè÷íîãî óðîâíÿ (3.à). Ïðèâåäåíà òàêæå êðèâàÿ èçìåíåíèÿ âî âðåìåíè âëàæ-
íîñòè W ëàáîðàòîðíîãîïîìåøåíèÿ â ïåðèîä ïðîâåäåíèÿ ýêñïåðèìåíòîâ (3.á).
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Èç äàííûõ ôèã.3.à ñëåäóåò, ÷òî ñ ìîìåíòà íàõîæäåíèÿ ïîä íàãðóçêîé ó îïûò-
íûõ îáðàçöîâ íàáëþäàåòñÿ ðàçâèòèå ñ íà÷àëüíîé âûñîêîé è äàëüíåéøåé êîëåáà-
òåëüíî çàòóõàþùåé ñêîðîñòüþ äåôîðìàöèè ïîëçó÷åñòè. Óêàçàííîå äåôîðìàöè-
îííîå ïîâåäåíèå îáðàçöîâ îêàçûâàåòñÿ òåì èíòåíñèâíûì, ÷åì áîëüøå âåëè÷èíà
ñæèìàþùåé íàãðóçêè, ïîä âîçäåéñòâèåì êîòîðîé îíè íàõîäÿòñÿ.

Ñðàâíåíèå äàííûõ ôèã.3.à ïîêàçûâàåò, ÷òî ïðîöåññ ðàçâèòèÿ âî âðåìåíè äå-
ôîðìàöèè ïîëçó÷åñòè ó öåìåíòîãðóíòíûõ ýëåìåíòîâ, íàãðóæåííûõ ñæèìàþùåé
íàãðóçêîé,ñîîòâåòñòâóþùåé σ = 0.2R, 0.4R, 0.6R, 0.7R, íîñèò ïðàêòè÷åñêè îäèí
è òîò æå õàðàêòåð, ÷òî ñâèäåòåëüñòâóåò î ñóùåñòâîâàíèè íåêîòîðîãî ïîäîáèÿ â
äåôîðìàöèîííîì ïîâåäåíèè ýòèõ ýëåìåíòîâ. Ñêàçàííîå çàêëþ÷àåòñÿ â òîì, ÷òî
îòìå÷åííûé ïðîöåññ ñ ìîìåíòà íàáëþäåíèé óñëîâíî ìîæíî ðàçäåëÿòü íà 3 ýòàïà,
à èìåííî:

I- ðàçâèòèå äåôîðìàöèé ïîëçó÷åñòè ñ íà÷àëüíîé âûñîêîé è ïîñòåïåííî ïàäà-
þùåé ñêîðîñòüþ,

II- ðàçâèòèå ýòèõ äåôîðìàöèé ñ ïåðåìåííîé ñêîðîñòüþ.
III- ïðàêòè÷åñêè óñòàíîâèâøååñÿ ñîñòîÿíèå ñ íåêîòîðûìè êîëåáàíèÿìè âåëè-

÷èíû äåôîðìàöèé ïîëçó÷åñòè.
Èç äàííûõ ôèã.3.à òàêæå çàìå÷àåì, ÷òî ïðîìåæóòêè âðåìåíè, ñîîòâåòñòâóþ-

ùèå óïî-ìÿíóòûì âûøå ýòàïàì, âî ìíîãîì çàâèñÿò îò óðîâíÿ ñæèìàþùåãî íà-
ïðÿæåíèÿ, äåéñòâóþùåãî íà öåìåíòîãðóíòíûé ýëåìåíò. Ñêàçàííîå îñîáåííî îò-
íîñèòñÿ ê ïåðâîìó ýòàïó ïðîöåññà ðàçâèòèÿ äåôîðìàöèé ïîëçó÷åñòè âî âðåìåíè,
íà÷èíàÿ ñ ìîìåíòà íà÷àëà ïðîâåäåíèÿ íàáëþäåíèé.

Ôèã. 3: Ýêñïåðèìåíòàëüíûå äàííûå è òåîðåòè÷åñêè ïîñòðîåííûå êðèâûå
ïîëçó÷åñòèöåìåíòîãðóíòíûõ ýëåìåíòîâ (à).

Êðèâàÿ èçìåíåíèÿ âî âðåìåíå âëàæíîñòè ëàáîðàòîðíîãî ïîìåøåíèÿ (á)
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×òî æå êàñàåòñÿ äåôîðìàöèè ïîëçó÷åñòè öåìåíòîãðóíòíûõ ýëåìåíòîâ, íàõî-
äÿùèõñÿ ïîä ñæèìàþùèì íàïðÿæåíèåì âåëè÷èíîé 0.8R, òî, êàê ñëåäóåò èç äàí-
íûõ ôèã.3.à, îíè ñðàçó ïîñëå íàãðóæåíèÿ ðàçâèâàþòñÿ ñ ñóùåñòâåííî âîçðàñòàþ-
ùåé è ïðàêòè÷åñêè íåçàòóõàþùåé ñêîðîñòüþ. Â ðåçóëüòàòå áûëî çàôèêñèðîâàíî
ðàçðóøåíèå ýòèõ ýëåìåíòîâ, ïðîèñõîäÿùåå ïðèìåðíî ÷åðåç 60 ñóò. ïîñëå íàõîæ-
äåíèÿ èõ ïîä íàãðóçêîé.

Ïðîâåäåííûå èçìåðåíèÿ è ðàñ÷åòû ïîêàçàëè, ÷òî èçìåíåíèå âåëè÷èíû ïîòå-
ðè âëàãè öåìåíòîãðóíòíûìè ýëåìåíòàìè ïîñëå çàâåðøåíèÿ äëèòåëüíûõ ýêñïå-
ðèìåíòîâ â çàâèñè-ìîñòè îò óðîâíÿ äåéñòâóþùåãî íà íèõ ñæèìàþùåãî íàïðÿ-
æåíèÿ íå ïîä÷èíÿåòñÿ êàêîé-ëèáî çàêîíîìåðíîñòè. Çíà÷åíèå ýòîé õàðàêòåðèñòè-
êè êîëåáëåòñÿ â ïðåäåëàõ 12.1 − 14.8%. Çíà÷åíèå àíàëîãè÷íîé õàðàêòåðèñòèêè,
îïðåäåëåííîå äëÿ íåíàãðóæåííûõ ýëåìåíòîâ�áëèçíåöîâ êîëåáëåòñÿ â ïðåäåëàõ
12.3 − 14.1%. Ñêàçàííîå óêàçûâàåò íà òî, ÷òî â óñëîâèÿõ ñ íåâûñîêîé âëàæíî-
ñòüþ ñðåäû (W ≤ 75%, [7]) íàëè÷èå äëèòåëüíî äåéñòâóþùåé ñæèìàþùåé íàãðóç-
êè ïðàêòè÷åñêè íå âëèÿåò íà ðåæèì âûñûõàíèÿ ýëåìåíòîâ èç öåìåíòîãðóíòíîãî
êîìïîçèòà íà îñíîâå áåëîçåìîâ êàðáîíàòíîãî ñîñòàâà.

Â ðàáîòå [3] îòìå÷àåòñÿ, ÷òî, ïîñêîëüêó â ñîñòàâàõ öåìåíòîãðóíòà â êà÷åñòâå
ñâÿçóþùåãî êîìïîíåíòà îáû÷íî èñïîëüçóåòñÿ öåìåíò, â ðåçóëüòàòå ñõâàòûâàíèÿ
è òâåðäåíèÿ êîòîðîãî îáðàçóþòñÿ êîìïîçèòû íà åãî îñíîâå, òî ïðè êîììåíòèðî-
âàíèè äàííûõ î ïîëçó÷åñòè öåìåíòîãðóíòà ìîæíî ñ÷èòàòü äîïóñòèìûì ïðèíÿòèå
çà îñíîâó ñóùåñòâóþùèõ ïðåäñòàâëåíèé î ÿâëåíèè ïîëçó÷åñòè, íàáëþäàåìîì ó
îòìå÷åííûõ êîìïîçèòîâ � íàïðèìåð, áåòîíîâ.

Èñõîäÿ èç ñêàçàííîãî, íèæå ðàññìàòðèâàåòñÿ âîïðîñ àíàëèòè÷åñêîãî îïèñàíèÿ
ïðîöåññà ðàçâèòèÿ âî âðåìåíè äåôîðìàöèé ïîëçó÷åñòè öåìåíòîãðóíòíûõ ýëåìåí-
òîâ, íàõîäÿùèõñÿ ïîä âîçäåéñòâèåì ïîñòîÿííîé ñæèìàþùåé íàãðóçêè, ñîîòâåò-
ñòâóþùåé óðîâíþ 0.2R, 0.4R, 0.6R è 0.7R.

Èçâåñòíî, ÷òî äëÿ àíàëèòè÷åñêîãî îïèñàíèÿ ðàçâèòèÿ âî âðåìåíè t äåôîðìà-
öèè ïîëçó÷åñòè εΠ áåòîíîâ ïðè ðàçëè÷íûõ óðîâíÿõ ñæèìàþùåãî íàïðÿæåíèÿ σ
èçïîëüçóåòñÿ ñëåäóþùàÿ çàâèñèìîñòü [8]:

εΠ(t, σ) = ϕ(σ)F (t), (1)

ãäå ϕ(σ) -ôóíêöèÿ íàïðÿæåíèÿ, F (t) - àíàëèòè÷åñêîå âûðàæåíèå êðèâîé ïîëçó-
÷åñòè ïðè åäèíè÷íîì çíà÷åíèè íàïðÿæåíèÿ. Îòíîñèòåëüíî óêàçàííîé ïîñëåäíåé
ôóíêöèè îòìåòèì, ÷òî â ðàçíûõ òåîðèÿõ ïîëçó÷åñòè ìàòåðèàëîâ äëÿ ôóíêöèè
F (t), ôèãóðèðóþùåé â (1), ïðèíèìàþòñÿ è äðóãèå îáîçíà÷åíèÿ. Íàïðèìåð, â îá-
ùåèçâåñòíîé òåîðèè ïîëçó÷åñòè [9], øèðîêî ïðèìåíÿåìîé â ïðàêòèêå ïðîâåäåíèÿ
ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé ïîëçó÷åñòè ñòàðåþùèõ ìàòåðèàëîâ, îáëàäàþ-
ùèõ ÿðêî âûðàæåííûìè óïðóãîïîëçó÷èìè ñâîéñòâàìè, ôóíêöèÿ F (t) îáîçíà÷à-
åòñÿ ÷åðåç C(t, τ), ãäå τ âîçðàñò ìàòåðèàëà ê ìîìåíòó ïðîâåäåíèÿ èññëåäîâàíèé.

Â óïîìÿíóòîé âûøå ðàáîòå [8] ïîêàçàíî, ÷òî äëÿ ñæèìàþùèõ íàïðÿæåíèé,
íåïðåâûøàþùèõ 0.8 − 0.85R, êðèâûå ïîëçó÷åñòè áåòîíîâ ïðè îäíîì è òîì æå
âîçðàñòå ìàòåðèàëà íå ÿâëÿþòñÿ àôèííî ïîäîáíûìè, îäíàêî, îíè èìåþò âåñü-
ìàñõîäíûé õàðàêòåð. Ïîýòîìó, ïî ìíåíèþ àâòîðà ýòîé ðàáîòû, ïðè àíàëèòè÷å-
ñêîì îïèñàíèè ýêñïåðèìåíòàëüíûõ äàííûõ çàìåíà ïðåäïîñûëêè ïîäîáèÿ êðèâûõ
ïîëçó÷åñòè äðóãîé, áîëåå òî÷íîé, íî áîëåå ñëîæíîé, âðÿä ëè öåëåñîîáðàçíà. Îä-
íîâðåìåííî èì îòìå÷àåòñÿ, ÷òî â ýòîì ñëó÷àå ñëåäóåò ñ ìàêñèìàëüíî âîçìîæíîé
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òî÷íîñòüþ ïîäîáðàòü ôóíêöèþ ϕ(σ) [8].
Èçâåñòíî, ÷òî àíàëèòè÷åñêîå âûðàæåíèå ôóíêöèè C(t, τ), ôèãóðèðóþùåé â

óêàçàííîé âûøå òåîðèè ïîëçó÷åñòè [9], èìååò ñëåäóþùèé âèä:

C(t, τ) = ϕ(τ)f(t− τ), (2)

ãäå τ -âîçðàñò ìàòåðèàëà ê ìîìåíòó íàãðóæåíèÿ, t − τ - äëèòåëüíîñòü íàõîæ-
äåíèÿ ìàòåðèàëà ïîä íàãðóçêîé, ϕ(τ)- ôóíêöèÿ ñòàðåíèÿ, f(t − τ) - ôóíêöèÿ
äëèòåëüíîñòè íàõîæäåíèÿ ìàòåðèàëà ïîä íàãðóçêîé.

Ñîãëàñíî ðàáîòå [9], äëÿ ôóíêöèè f(t − τ) ìîæíî ïðèíÿòü ñëåäóþùóþ çàâè-
ñèìîñòü:

f(t− τ) = 1− e−γ(t−τ), (3)

ãäå γ -ïàðàìåòð, îïðåäåëÿåìûé íà îñíîâå îïûòíûõ äàííûõ.
Ñëåäóåò îòìåòèòü, ÷òî âûðàæåíèå (3) äîñòàòî÷íî óñïåøíî èñïîëüçóåòñÿ â

ïðàêòèêå ïðîâåäåíèÿ ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé ïîëçó÷åñòè ñòàðåþùèõ
ìàòåðèàëîâ, â òîì ÷èñëå è öåìåíòíûõ áåòîíîâ. Îäíîâðåìåííî àâòîð ðàáîòû [9]
âûñêàçûâàåò ìíåíèå, ÷òî äëÿ áîëåå êîððåêòíîãî àíàëèòè÷åñêîãî îïèñàíèÿ îïûò-
íûõ äàííûõ ïîëçó÷åñòè ìîæåò îêàçàòüñÿ íåîáõîäèìûì èñïîëüçîâàòü èíîå ïðåä-
ñòàâëåíèå ôóíêöèè f(t− τ).

Â ðåçóëüòàòå ïðîâåäåííûõ øèðîêîìàñøòàáíûõ èññëåäîâàíèé â ðàáîòå [10] áû-
ëà ïîêàçàíà öåëåñîîáðàçíîñòü ïðåäñòàâëåíèÿ âûðàæåíèÿ (3) â âèäå

f(t− τ) = 1− 0.5[e−γ1(t−τ) + e−γ2(t−τ)]. (4)

Ïðåèìóùåñòâî òàêîãî ïðåäñòàâëåíèÿôóíêöèè f(t − τ) çàêëþ÷àåòñÿ â òîì, ÷òî
îíàîêàçûâàåòñÿ áîëåå ãèáêîé ïðè îïèñàíèè äàííûõ ïîëçó÷åñòè ìàòåðèàëà, îñî-
áåííî â íà÷àëüíûé ïåðèîä ýêñïåðèìåíòîâ.

Êàê èçâåñòíî, ó öåìåíòíûõ áåòîíîâ âåëè÷èíà îòíîñèòåëüíîãî íàïðÿæåíèÿ
σ/R , ïðè êîòîðîì ñâÿçü ìåæäó íàïðÿæåíèÿìè è äåôîðìàöèÿìè ïîëçó÷åñòè
áëèçêà êëèíåéíîé, ñóùåñòâåííûì îáðàçîì çàâèñèò îò âîçðàñòà ìàòåðèàëà τ ê
ìîìåíòó íàãðóæåíèÿ [8,11,12]. Ýêñïåðèìåíòàëüíîå óñòàíîâëåíèå ïðåäåëîâ ñóùå-
ñòâîâàíèÿ óêàçàííîé ñâÿçè âåñüìà âàæíî. Îíî íåîáõîäèìîäëÿ ðåàëüíîé îöåíêè
íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ êîíñòðóêöèé êàê â ýòàïå ïðîåêòèðîâà-
íèÿ, òàê è â ïåðèîä èõ ýêñïëóàòàöèè. Íà îñíîâå àíàëèçà äàííûõ, ïîëó÷åííûõ â ðå-
çóëüòàòå ïðîâåäåííûõ øèðîêîìàñøòàáíûõ èññëåäîâàíèé, â ðàáîòå [11] ïîêàçàíî,
÷òî äëÿöåìåíòíûõ áåòîíîâ óêàçàííàÿ âûøå ñâÿçü âïëîòü äî óðîâíÿ íàïðÿæåíèÿ
σ/R = 0.95, â öåëîì, ñòðîãî íåëèíåéíà, êîòîðàÿ, îäíàêî, ìîæåò áûòü ðàçäåëå-
íà íà äâà ëèíåéíûõ ó÷àñòêà. Ïðè ýòîì âåëè÷èíà îòíîñèòåëüíîãî íàïðÿæåíèÿ
σ/R,ïðè êîòîðîì èìååò ìåñòî ïåðåõîä îò ïåðâîãî ëèíåéíîãî ó÷àñòêà êî âòîðîìó,
ñóùåñòâåííûì îáðàçîì çàâèñèò îò âîçðàñòà ìàòåðèàëà τ ê ìîìåíòó íàãðóæåíèÿ.
À èìåííî, ïðè τ ≤ 7 äíåé óêàçàííàÿ âåëè÷èíà σ/R = 0.75, à â îñòàëüíûõ ñëó÷àÿõ
- 0.6.

Â ðàáîòå [13] ïîêàçàíî, ÷òî çíà÷åíèå σ/R , ïðè êîòîðîì ñâÿçü ìåæäó íàïðÿ-
æåíèÿìè è äåôîðìàöèÿìè ïîëçó÷åñòè ìîæíî ïðèíÿòü ëèíåéíîé,â ñëó÷àå ñòàðîãî
áåòîíà íà ïðèðîäíûõ ïîðèñòûõ çàïîëíèòåëÿõ( τ = 18 ëåò) ñëåäóåò ïðèíÿòü ðàâ-
íûì 0.45− 0.5.

Íà îñíîâå ïðåäñòàâëåííûõ íà ëåâîì ïîëå ôèã.3.à. ðåçóëüòàòîâ ïðîâåäåííûõ

73



ïðÿìûõ èçìåðåíèé ìîæíî çàêëþ÷èòü, ÷òî çíà÷åíèå îòíîñèòåëüíîãî íàïðÿæåíèÿ
σ/R , ïðè êîòîðîì èìååò ìåñòî ëèíåéíàÿ ñâÿçü ìåæäó íàïðÿæåíèÿìè è äåôîðìà-
öèÿìè ïîëçó÷åñòè ýëåìåíòîâ èç öåìåíòîãðóíòíîãî êîìïîçèòà íà îñíîâå áåëîçåìîâ
êàðáîíàòíîãî ñîñòàâà, ñëåäóåò ïðèíÿòü ðàâíûì 0.4. Êàê èçâåñòíî, äëÿ àíàëèòè÷å-
ñêîãî îïèñàíèÿ ýêñïåðèìåíòàëüíûõ çàâèñèìîñòåé εΠ = f(σ), íà÷àëüíûå ó÷àñòêè
êîòîðûõ ìîæíî ñ÷èòàòü áëèçêèìè ê ïðÿìîëèíåéíûì, ÷àñòî ïðèìåíÿþò ôóíêöèþ
âèäà

εΠ = ασ + βσn, (5)

ãäå, α, β, n - ïàðàìåòðû, îïðåäåëÿåìûå èç ýêñïåðèìåíòîâ.
Ñëåäóåò îòìåòèòü, ÷òî â ïðàêòèêå ïðîâåäåíèÿ èññëåäîâàíèé ïîëçó÷åñòè áåòî-

íîâ, èíîãäà, âìåñòî àáñîëþòíîãî çíà÷åíèÿ íàïðÿæåíèÿ σ, ôèãóðèðóþùåãî â (5),
èñïîëüçóåòñÿ åãî îòíîñèòåëüíîå çíà÷åíèå σ/R, ÷òî öåëåñîîáðàçíî äëÿ óñòðàíåíèÿ
ïðîòèâîðå÷èé, âîçíèêàþùèõ â ðàçìåðíîñòÿõ îïûòíûõ ïàðàìåòðîâ α è β. Â ýòîì
ñëó÷àå ôîðìóëà (5) çàìåíÿåòñÿ ñëåäóþùåé çàâèñèìîñòüþ [13].

εΠ = α
σ

R
+ β

( σ

R

)n

, (6)

Èñïîëüçóÿ ôîðìóëó (1) è ó÷èòûâàÿ èçëîæåííîå âûøå äëÿ àíàëèòè÷åñêîãî îïèñà-
íèÿ ðàçâèòèÿ âî âðåìåíè äåôîðìàöèé ïîëçó÷åñòè ýëåìåíòîâ èç öåìåíòîãðóíòíîãî
êîìïîçèòà íàìè áûëà ïðèíÿòà ñëåäóþùàÿ çàâèñèìîñòü:

εΠ(t, τ) =
[
α
σ

R
+ β

( σ

R

)n] [
1− 0.5

(
e−γ1(t−τ) + e−γ2(t−τ)

)]
(7)

Íà ëåâîì ïîëå ôèã.3.à ñïëîøíîé ëèíèåé ïîêàçàíà êðèâàÿ çàâèñèìîñòè εΠ îò σ/R ,
ïîñòðîåííàÿ ñîãëàñíî (6), à íà ïðàâîì ïîëå ýòîéôèãóðû - êðèâûå ïîëçó÷åñòè
öåìåíòîãðóíòíûõ ýëåìåíòîâ, ïîñòðîåííûå ñîãëàñíî (7) ïðè τ = 42 . Äëÿ îïûòíûõ
ïàðàìåòðîâ àïïðîêñèìàöèè â (6) è (7) áûëè ïðèíÿòû ñëåäóþùèå çíà÷åíèÿ: α ≈
1320, β = 140, n = 5, γ1 = 0.025(1/cym), γ2 = 0.04(1/cym).

Êàê ìîæíî çàêëþ÷èòü èç äàííûõ ôèã.3.à àïïðîêñèìàöèè âèäà (6) è (7) âïîëíå
ïðèåìëåìû äëÿ àíàëèòè÷åñêîãî îïèñàíèÿ ýêñïåðèìåíòàëüíîé çàâèñèìîñòè εΠ −
σ/R è äàííûõ ðàçâèòèÿ âî âðåìåíè ïîëçó÷åñòè ýëåìåíòîâ èç öåìåíòîãðóíòíîãî
êîìïîçèòà íà îñíîâå áåëîçåìîâ êàðáîíàòíîãî ñîñòàâà, íàõîäÿùèõñÿ ïîä âîçäåé-
ñòâèåì ñæèìàþùèõ íàïðÿæåíèé ðàçëè÷íûõ óðîâíåé.

Èçëîæåííîå âûøå óêàçûâàåò íà òî, ÷òî ïðè ïðîâåäåíèè ïðàêòè÷åñêèõ ðàñ÷å-
òîâ íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ îòâåòñòâåííûõ ýëåìåíòîâ è ÷àñòåé
öåìåíòîãðóíòíûõ ñîîðóæåíèé ñ ó÷åòîì ïîëçó÷åñòè ìàòåðèàëà ìîæíî ïîëüçîâàòü-
ñÿ çàâèñèìîñòÿìè òèïà (6) è (7).
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