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BATOJACAPAH I'EBOPI' EPBAH/IOBIY

(x 85-seTHIO CO JHS POXKIAEHUST)

Wcnonuumocs 85 j1eT co [iHsT POXK/IEHUST BUIHOTO YIEHOIO-MEXaHUKA, 3aCJIyKEHHO-
ro pesrens Hayku PA, akanemuka HAH PA, mokropa ¢pusnko-mareMarniecKux HayK,
npodeccopa I'eBopra Epsammosuda Barnacapsaa.

I'E.Barnacapsia poauics 13 ssuBapst 1936 . B ceste [laxkaoBuT objiacTu AparaiioTH.
B 1953 1., OKOHYUB CPEIHIOO NIKOJIY B AllapaHe, OH IOCTYIIUI HA OTIEJIEHIE MEXAHUKI
bU3nKO-MaTEMATHIECKOTO (haKyabTeTa EpeBaHCKOro rocyIapCTBEHHOIO YHIUBEPCUTE-
Ta, KOTOPBIA ¢ orsimaneM OKOHYWI B 1958 . B 1964 r. mocse 3amuThl guccepranun
mo Teme "3ajaun yCTORYMBOCTH AHU3OTPOIHBIX ODOJIOUEK U ILJIACTUH, 00TEKAeMbIX
CBEPX3BYKOBBIM IIOTOKOM Ta3a'" emy OblLia NpUCYXKJEHA YUEHasl CTeleHb KaHIUIaTa
TEeXHUYECKUX HayK, a B 1977r. mociie 3amuThl guccepranyu " 3a1adu MarHUTOYIIPYTO-
CTU TOHKHUX ILJIACTUH U 000JI04eK" OH MOJydmsi yUEHYIO CTEINEHb JIOKTOpa (PU3UKO-
maremarndeckux Hayk. B 1990 r. [.E. Barmacapsta 6611 n36paH 4€HOM-KOPPECIOH-
neaToM, a B 1994 r. — geiicrBurensuniM wienom HAH PA.

Tpynosyto nesarensuocts I.E. Barnacapsu nadan B 1958 rony B ncTuTyTe Mexa-
nuku HAH PA, npopaboras Tam g0 1964 1. MJIaIIIIMM HayYHBIM COTPYHUKOM, ¢ 1964
mo 1979 TT. - cTapmuM HayYHBIM COTPYIHUKOM, a ¢ 1979 mo 1988 rr. — 3aBemyrommum
OTZIeJIOM MarauToynpyroctu, B 1986-1987 rr. oH 3aHUMAaJ JOJKHOCTH JUPEKTOPA
9TOTr0 MHCTUTYTA.

Honrue roapr akagemuk [.E. Barmacapsin coweras HayJIHO-MCCJIEI0BATETHCKYIO
paboTy ¢ IJIOOTBOPHOM HAY YHO-OPTaHU3AIMOHHON U ITeIarOIMIeCKOI JeATeTbHOCTHIO.



C 1983 rosa u 1o HACTOsIIEe BPEMsI OH SIBJISIETCsT IIPOGreCCOPOM KadeIphl MATEMATHIE-
CKUX METOJOB U MOJIEJINPOBAHUs (DAKYIbTETA MPUKJIAIHON MATEeMATUKNA U WHMDOPMA-
Tuku EpeBanckoro rocymapcrBennoro yuupepcurera. B 1988-2001 rr. on 3anumas
JIOJIZKHOCTD 3aBeyioriero Kadeapoit, ¢ 1993 mo 1995 rr. ObL1 mekaHoM dakyabTeTa
npukJaaHoil Maremaruku u undopmaruku ELY. B 1994-1998 rr. T'.E. Barmacapsia
3aHNMAJI JIOJZKHOCTh PEKTOPa, APMSTHCKOTO MOCYAapCTBEHHOTO TI€JarOTMTIeCKOrO HHCTH-
Tyta, a B 1998-2002 rr. — mpejcenarenst Breiciieit arrecranuonnoit komuccuu PA,
¢ 2002 mo 2007 rr. 3aHMMAJ JTOJKHOCTH coBerHHKa pexrTopa EIY. C 2006 roma u
o Hactosinee Bpemsa [ E. Barnacapsu siBiaseTcs rIaBHBIM HAYYHBIM COTPY/IHUKOM
WNucruryra mexanuku HAH PA.

Ony6smkosannbie [ E. BarmacapsiHom MHOrOYNC/IeHHBIE HAYYHBIE CTATHU U CEMb
MOHOTpadUil ABJIAIOTCA CYIIECTBEHHBIM BKJIAJOM B MEXaHUKY CILJIONIHOW cpembl. B
9TOM 00JIACTH, COBMECTHO C OJHUM W3 OCHOBATEIEH apMIHCKON ITKOJBI MEXAHUKH
akagemukoM C.A. AmbGapiymsinom u mpodeccopom M.B. Benybekstaom, I.E. Barnaca-
P<H CO3JaJI ¥ pa3BUJI TAKOE aKTyaJIbHOE HallpaBJieHUe MEeXaHUKH, KaK TeOpUsl MarHUTO-
YIIPYTOCTH.

B oregecrBennom nayuanom mupe I E. Barnacapsia siBisiercst nmorepom B obactu
HCCJIEIO-BAHUS YCTOWIUBOCTH TOHKOCTEHHBIX T€JI, 00TEKAEMBIX CBEPX3BYKOBBIM MOTO-
KoM raza (diarrep).

Pa6otrwl [.E. Barpacapsiia, B KOTOPBIX IIPe/JIOXKEHBI (D (DEKTUBHBIE aHAJIUTUIECKHE
METOIbI M PACUETHBIE CXEMBI [IJIsi UCCJIEI0BAHUS HEJIUHEIHBIX BBIHY2KJ/IEHHBIX, [1apa-
METPUIECKUX U (DIATTEPHBIX KOJIEOAHUN CJIOMCTHIX aHU30TPOIHBIX IJIACTHH U 00010~
Y€K, IIPU IIOMOIIM KOTOPBIX B BBIHY2K/IEHHBIX KOJIE0AHUAX ObLIIN BBISBIIEHBI PE3OHAHCHI
HOBOI'O THUIIA, OOYCJIOBJIEHHbIE YYETOM HEJIMHEHHOCTH, B CIydae JOKPUTHYECKUX CKO-
pocreii obTekaHus ObLIA IOKa3aHa BO3MOXKHOCTD CYIIIECTBOBAHUSI CTAIIMOHAPHBIX KOJIe-
OaHUil, CynecTBOBaHNE HUKHENW KPUTUIECKONH CKOPOCTH U IIyTU €€ BBIYUCJ/IEHUSI, TIOJTY-
qmm Bceobiee mpu3HaHue. llocTpoeHa obIasi TeOpus ONMUCAHWSA W WCCIEIOBAHUST
B3aMMOCBSI3aHHBIX MEXAHMIECKAX U JIEKTPOMATHUTHBIX SIBJIEHUN I TOHKOCTEHHDBIX
upoBognmx rest (coBmecrHo ¢ akajgemukoMm C.A. AmbGaprymsinom u npodeccopom
M.B. Beny6eksirom). Boiim chopMyInpoBaHbl IOCTAHOBKHM HOBBIX 337189 MaTeMaTH-
JeCKOll (DU3MKM, HA OCHOBE PEIlleHNsl KOTOPBIX BbISIBJIEH PsiJl HOBBIX sIBJIEHUI, 00y CJIOB-
JIEHHBIX B3aUMO/I€fICTBUEM CILJIONTHOM Cpeibl U (PU3NIECKUX ITOJIei PA3HOTO XapaKTepa.
K takum siBitenusiM, B 9aCTHOCTH, OTHOCATCS UCKJIIOYEHIE BOSMOXKHOCTH IIAPAMETPUIe-
CKOT'O PE30HAHCA, 3aTyXaHIEe OMACHBIX (DIATTEPHBIX KOJIEOAHUIT, CYIIIECTBEHHOE YMEHb-
I[IeHIe aMILINTY bl BBIHYK/IEHHBIX KOJIe0aHUii [IpU ITOMOIIHU [TOCTOSTHHOI'O MarHUTHOTO
I10JIsI, BOBMOXKHOCTB BO30Y2KJI€HUsI PE30HAHCHBIX KOJIEOAHUN BBIHYKJIEHHOIO U I1apa-
METPUYECKOrO THUIIA IPHU IOMOIINA HECTAIIMOHAPHOTO MATHUTHOTO TI0JIsl, ONTHMAJIbHOE
yIIpaBJIEHUE AMILIUTY/ITHO-9aCTOTHON XapaKTEPUCTUKON HEJTMHETHBIX MATHUTOYIIPYTHAX
KOJIeDAHUI, a TaKKe YIPABJICHHUE IIOBE/IEHUEM BBIHYXKJIEHHBIX U MapaMETPUIECKUX
KOJIeDAHUI PA3IMYHOIO XapaKTepa IIOCPEICTBOM IIOCTOSTHHOTO MArHUTHOT'O IIOJIS.

Axagemukom [".E. BarmacapstaoMm pazpaboTaHbl TeOpeTHIECKIE OCHOBBI UCCJIeI0Ba-
HUS PACIPOCTPAHEHUs] MArHUTOAKYCTUIECKIX B3aNMOCBI3aHHBIX BOJIH B MTHE303JIEK-
TPUYIECKUX, [THE30OMATHUTHBIX, MAIHUTOCTPUKITUOHHBIX 1 (DEePPOMATHUTHBIX CPEIax,
JOKa3aHa BO3MOXKHOCTDH BO30Y2KJI€HUs CABUTOBBIX IMOBEPXHOCTHBIX W IEJIEBBIX BOJIH
HOBOT'O THIIA, OOYCJIOBJIEHHBIX THE30MAIHETHIECKUM (MJIM MAIHATOCTPUKIIMOHHBIM )
3¢ PeKTOM, BBISIBJIEHA BO3MOXKHOCTD CYIIIECTBOBAHUS TAKKe COILY TCTBYIOIINUX ITOBEPX-



HOCTHBIX KOJIEOaHMIT, YTO TO3BOJISIET AKYCTUIECKUE BOTHBI I3 OMHON The30MAarHATHON
cpeJibl 6e3 MEXaHHIECKOro KOHTAKTa MePeiaTh B JAPYIYIO MTbE30MATHUTHYIO CPELy.

[IpeanokeHbl TaKyKe METO/IBI MATEMATUIECKOTO MOJIEJINPOBAHUS M PEICHIsT BaK-
HBIX, UMEIONUX [PAKTUIECKOe 3HAUYEHNe 3a/[ad MPOYHOCTH, KOJIeOAHUN U yCTOWInBO-
CTU CBEPXITPOBO/ISIINX U MATHUTOMSITKUX (DEPPOMArHUTHBIX TeJI, B YACTHOCTU, TOHKIX
IUTACTUH, B CTAIIMOHAPHBIX U HECTAIIMOHAPHBIX MATHUTHBIX 110J1s1X. OCHOBHBIME XapaK-
TepucTUKaMu HaydHON mearespbHocT [.E. Barmacapsna sBISIIOTCS aKTyaJabHOCTD,
HOBATOPCTBO, YHUBEPCAJIBHOCTD U IEJIEYCTPEMJIEHHOCTh. Kro HaydYHbIE CTATHH, JOK-
JIaJIbl Ha MEXKJIYHAPOJHBIX KOH(DEPEHINAX U 0030pHbIE CTATbU U3BECTHBI BO MHOT'UX
Hay4HBbIX IeHTpax Poccun, Epporeiickoro Corosa, AMepuky u Apyrux CTpaH MUPA.

Axkanemux [.E. Barnacapsia siBjisieTcst OJIHON U3 BBIIAIOMIUXCST TAIHOCTEH apMsiH-
CKOf1 IIIKOJIbI MEXaHUKH, CO3/[aTesleM COOCTBEHHON HAayYIHOMN INKOJbI. Besuka 3aciayra
I''E. Barnacapsina B jiejte IOArOTOBKY BBICOKOKBATMMDUIINPOBAHHBIX HAYIHBIX KAIPOB.
[Tos ero pyKoBOACTBOM BAIUINEHBI OKOJIO JBAJINATH KAHIUJIATCKAX W JTOKTOPCKHUX
JHUCCepTaIuid.

I'.E. Barmacapsia siBjisieTcst 4JIEHOM PEJIKOJLIErUil Psijia Hay YHbIX Ky pHAJIOB — JloK-
gaasl HAH PA, Ussecrus HAH PA "Mexanuka", "Maremarudeckue MeTOIbI U (Hu-
3uko-Mexanndeckue 1oJs" (JIbBoB, YKpauHa), 9I€HOM HAIMOHAJILHBIX KOMHUTETOB
[0 TeOpeTHIecKoil m mpukiIagHoil mexannke Apmennn um Poccum, yuénoro Cosera
Nucruryra mexannku HAH PA, cnenmanmsuposansoro cosera Mexannka-047 BAK
PA.

Ilozapasnsasa akagemuka HAH PA T'E. Barnacapsina ¢ 85-yeraum obuneem, Perak-
mus xypuana “Uzsectus HAH PA, Mexanuka” kejpaer eMy JOJITUX JIET YKUZHHU,
KPEIIKOTO 3/I0POBbs, YCIEXOB B HAYYHOU M HAYTIHO-OPTraHU3AIMOHHON /1€ TeTbHOCTH.
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B sroit CTaThe, U3 COOTBETCTBYIOMUX MUKPO-CKOIINIECKUX ypaBHeHHI‘?I, BBIBOJATCA ME€30-CKOIIYeC-
KHre ypaBHEHUA usruba 6asiku rI‘I/IIVTOIHeHKO7 yCI/IJIeHHOfI JacTUulaMm, Korjga MacITabHbIH ITapaMeTp
paBHbeI OTHOIIEHUIO paJuycCa YaCTUIl U TOJIUHbI 6asIKu y6bIBaH CTPEMUTCH K HYJIIO. Baunka xecTko
3aleJlaHa Ha OJHOM KOHIIEe, a K JPYTOMYy €€ KOHIlYy IIPDHUMEHAETCA OcCeBasd HOpMaJibHAad HArPy3Ka
IIOCTOSTHHOM MHTEHCUBHOCTH.

IIpumensiss MeTO KOHEYHBIX 9JIEMEHTOB, YUCICHHO OIPEeeISIOTCS II0JIe TIePEMEeINeHUil i HAIIPAYKEeH-
HO-1eOPMUPOBAHHOE COCTOsIHUE GajiKé JIsi yObIBAIOIIMX 3HAYEHHI MacmTabHOIO mapamerepa u

IIOKa3bIBAE€TCA CXOOAUMOCTDH peI_HeHI/Iﬁ MO,ZLeIIHpOBaHHOfI 3a1a49u.

Uwuthljutipnd mdtinugywd Shinptuynyh htidwuh Whqn-dwupup dnnby
WJGyphuywt W U., vnmpmnyut Qu. d., 2nthmpyub U. U.

Shdtwpwntp. puquudwupup dnptijuynpnid, hwdwutnwgny, dwubhyotpng ndtnugqud pununpyuy iym-
Rtn, (wytwlwb uwhp, Shunptiynjh htidwh

Wu wohnwypuiipnmy, hwdwyugpuupuowd dthypn-dwupypup hwjuuwpnuiitiphg upugynid G dwubthyopny
mdtnugywd Shunptlynjh htidwih dndwlb dhgn-dwupypup hwjwuwpmdbtipp, tpp dwubhybtiph pwpwynh b
htdwbh hwupnipywd hwpwptpmpymbp Gjupugpnn wupgpuph wupwdtppp dgpumd £ qpgh: Sadwbh dh
owypn Ynoyp wdpwygqwd k, hul npu dymu dwypht jhpuwngwd L htdwbh wnwbgpny wgnnn hwupupni md:

Unntpuynpywd fulinph pmdnuwidiph gmquippnipymbp gnyg pugnt hwiwp hadwbdh pinuihnfunpub
nuoyp U pupjudwntdnpiwghnd Yhdwyp htipugnpynud &b Jtipowynp qpupptiph pyuyhtl tnubwyny” dwu-
stpuph yupwdbtyph tduqgnn wpdbpbtinh hwdwp:

In this paper, we derive the meso-scale equations of motion for particle reinforced Timoshenko
beam from corresponding micro-scale equations by letting the scale parameter denoting the ratio of
the particle radius and beam thickness decrease to zero. The beam is cantilevered at one end and
is subject to a normal pressure of constant magnitude at the other end. The displacement field and
the stress-strain state of the beam are determined for a decreasing sequence of values of the scale

parameter to establish the convergence of solutions numerically using the finite element analysis.



Introduction

Materials with new target features and improved properties are of extremely high
demand in all areas of engineering ranging from civil to aerospace and even medical.
The reason is that most of the current needs of engineering are not fully satisfied by
existing homogeneous or even some of the composite materials anymore stimulating
new experimental and theoretical research in different areas of materials science.

Usually, composites are reinforced either by fibers or particles. Each of these two
types has its own wide area of applications. Current material science has powerful
tools of modelling reinforced composites with even very chaotic micro-structure. One
of the main modelling tools for finer description of reinforced composites is the so-
called multiscale approach [1]. In the most vast description, the multiscale approach
develops the micro-scale description of the composite taking into consideration all
possible micro-inhomogeneities and micro-defects [2,|3]. Then, the most appropriate
homogenization tool [4/5] is applied to derive the meso-scale of the macro-scale de-
scription of the composite. Nevertheless, application of the homogenization for specific
cases is not that straightforward and each case may require an extensive research.

Particle-reinforced composites are widely used in many important areas of mod-
ern engineering. By appropriate choice of the reinforcing material properties of the
volume fraction, it becomes possible to design in some sense optimal structures. This
motivates us to study another important factor that may have influence on the desired
properties of the composite- spatial distribution of particles. As of now, most of the
research about modelling and characterization of PRC materials is carried out when
the particle distribution follows a specific random distribution. However, evidences
show that the uniform distribution of reinforcements may not always be optimal [20].
In other words, it may be possible to achieve better properties for the composite
with a properly chosen particle distribution. For that purpose, the dependence of
the target properties of PRCs (such as bending or flexural stiffness) from the particle
distribution law must be analyzed. Apparently, this can be easily done in case when
that dependence is explicit.

In this short note, we consider the homogenizaiton of a particle-reinforced, can-
tilever Timoshenko beam and show the convergence of the micro- and meso-scale
displacements field numerically. The theory of the particle reinforced composites
(PRCs) is well developed and currently includes results allowing to model anisotropic
behavior, interface defects, material surface effects, two-phase materials, non-uniform
and arbitrary distribution of particles (see [6-19]).

We start from micro-scopic description of the beam and apply the convergence
definition given in [18,[19] to derive its meso-scopic description. In the micro-scopic
description, the beam is represented as a continuum with spherical inclusions having
specific geometry within the beam. The limiting description corresponds to a beam
with point inhomogeneities. The finite element method is used to capture the dis-
placement field of the beam for a decreasing sequence of the scale parameter denoting
the ratio of the inclusion radius and the beam height. A clear convergence of the
micro-scale displacements field to the meso-scale one is observed.



1 Main assumptions and beam model

In Cartesian system Oxyz, consider the beam B={x € R, 0 <2 < 1,0 <y < hy,

0 < z < ha} of constant, rectangular cross section. Let the beam be reinforced by a
N

finite number of spherical particles b® := U b;, C B with center xg, and radius
n=1

of the n' particle. Here, ¢ > 0 is a scale parameter allowing to zoom in or zoom out

the scale at which the composite is studied.

In order to be able to develop a consistent theory for the beam, we are going to
accept the following assumptions.

Assumption 1. Suppose that B; := B\ b is connected.

Assumption 2. We assume that both b® and Bj are isotropic, linear elastic,
homogeneous and free of all types of defects and voids.

Assumption 3. During the deformation of the beam, particles do not interact
mechanically, meaning that for any ny # nao,

bs, NbS, = 2. (1.1)

Assumption 4. For the sake of simplicity, the consideration is limited by in-
finitesimal strains such that for any n; # no,

g;; < dist (b, , b5, ) -

Here, ¢;; are the components of the strain tensor of the beam, dist (-, -) measures the
distance in R3.

In addition to Assumptions above, with respect to the beam, we accept the Tim-
oshenko assumptions [21].

It is important to emphasize that when changing the scale parameter, the volume
fraction of the particles remains constant. In other words, by decreasing ¢, we change
only the visual representation of the composite corresponding to the current scale and
not its geometric configuration.

1.1 Beam equations at micro-scale

Assume that the beam is subjected to an axial load of constant intensity F' acting
at the end of the beam, while its other end is cantilevered. The axial load is dis-
tributed uniformly over the whole end-section of the beam, so that, without losing
the generality, we assume uniform displacement field over the width of the beam (see

Figure .
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Figure 1: Schematic representation of the beam reinforced by spherical particles

Timoshenko assumptions lead to the following non-zero components of the strain

tensor: S5 1 7 8w
%) w
Eim (IIZ,y,Z) = -z oz’ 522 (x,y,z) = 5 < Oz - (pq (x)> .

Moreover, since the beam is isotropic, the non-zero stress components will be

U;z (CL’, Y, Z) = E* (mv Y, Z) Eacvac (CL‘, Y, Z) ) U;z (:Ev Y, Z) =2p° ("Ev Y, Z) ;—;;Z (ZE, Y, Z) :
Here, E° and u° are the Young and shear moduli of the beam. At that,

EC
2(1+v)’

<

‘U:

Substituting the strain, the bending moment and the shear force are defined as

< <
M, (z) = /zofm (z,y,2)dA = —ai /ngg (x,y,2)dA = —E5 (2) %, (1.2)
or ox
A A

S
Q; (1‘) = H/O-;z (x,y,z)dA: ZL <aau; _(pg) /Eg (z7yvz)d‘4:
A A

(14+v) 13)
_ R g (z) {awg _ g} '
T2(1+v) 0 ar 7|
where
ES (2) = /zkE< (2, 2)dA, k=0,2, (1.4)

A



Substituting (1.2)) and (1.3)) into the equilibrium equations of the Timoshenko beam,

Qs ow*
€T F —
Ox + oz 0,

oM., .
w0

we get

K 0 . ow* Y
2(1—|—1/)83U{E0(x)<8x —cp)} =0

Owt 9 Jpe () 2% F gy |2 ] =
8x+8x{E2(x) 8w}+2(1+u)EO(x)[6x 7| =0

Here, k is the Timoshenko shear factor. The cross section of the beam is assumed to
be uniform, so that « is considered to be constant. Hereinafter, it is assumed that [22]

(1.5)
F

_10(1+v)
124 11v

Taking into account the microstructure of the beam, its Young’s modulus at mi-
croscale, can be represented as

Eb) (x7y’z) € BZa

Ep7 (5'373/’3) €b§7

E* (xayvz) = {

where E} and I, are the Young’s moduli of B; and b*. Moreover, using the definition
of the characteristic function xps, we may write

E* (l’,y,Z) = EbXBz (xayaz)+Epr‘ (I',y,Z). (16)

1.2 Beam equations at meso-scale

In the context of this paper, we will consider the case ¢ = % with h = min (hq, h2).

Then, using the theory developed in recent papers [18,/19], we can prove that the
meso-limit of system (|1.5) with coefficients derived from (1.6]) is the system

K 0 [0 ow* o\| _
2(1+v)0x {EO (@) <8x oY )] =0
o 9 [ o, 0° K o ow® ol _
e T os [E @ax} oty @ {ax—%" } =0

where EJ and EYJ are defined exactly as in (1.4]) but using the following expression
for EO:

(1.7)

E

pVB a
N 25(33—$0n)5(y—y0n)5(z_20n)_

EO($7y’2) = (1_¢P)Eb+¢,ﬂ'

n=1
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Here, § is the Dirac function, Vg is the volume of the beam, ¢, is the constant volume
fraction of particles. See for details.

2 Numerical analysis of a cantilever beam subject to
axial load

In order to make sure that solution to (|1.5)) converges to solution to (1.7, we
involve the numerical method of finite elements. The beam is discretized into tetra-

hedral elements as shown in Figure 2] Note that the beam material is considered to
be made from copper, whereas the material of the particles is made from steel.

Figure 2: Finite element discretization of the beam and particles

Then, the displacement field of the beam described by is captured for ¢ =
0.075, 0.05 and when ¢ — 0. The latter case is modelled using the discretization of
D).

Figures show the evolution of the normal displacement ug3, normal stress o5,
and tangential stress o, when ¢ = 0.075, 0.05 and when ¢ — 0.
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Figure 3: Distribution of w*®
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Figure 4: Distribution of o%,
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Figure 5: Distribution of o,

It is evident from the corresponding values of the quantities shown on plots above
that as ¢ — 0

0 0 0
w* \‘ w-, a'gcac /‘ Oga> Uagcz \( Oz

3 Conclusions

In this study, we derive explicit dependence of PR Timoshenko beam stiffness
on particles distribution and material properties giving enough theoretical base for
optimal design of such beams by a proper choice of particles distribution. The method
of multi-scale modelling allows to derive the meso-scale model of the beam from
corresponding micro-scale model when the scale parameter describing the ratio of the
particle radius to the beam thickness tends to zero. Using the numerical method of
finite elements, the stress components and the displacement field of the beam are
shown to converge to the corresponding quantities at meso-scale.

The model is important for many applications including, e.g., derivation of mate-
rials with improved target properties and material or structural optimization of PRC
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structures.
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OCECUMMETPUYHOE HATIPAXKEHHOE COCTOSITHUE
KYCOYHO-OAHOPOJHOTI'O, CJIONCTOI'O ITIPOCTPAHCTBA C
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KurodyeBble cjioBa: IepUOAMYECKHE CMEIIAHHBIE 3a0a4u, MexK(a3Has TPEIIHNHA, OCECUMMETPUTHAST

3aJa4va, CJIOUCTOE IIPOCTPaAHCTBO

Axially symmetrical stress distribution of piecewise-homogeneous, layered space with
a periodic system of semi-infinite ring-shaped interfacial cracks

Hakobyan V. N., Grigoryan A. A. Amirjanyan H. A.

Keywords: periodic mixed problems, interface cracks, layered space

This paper considers the axially symmetrical stress distribution of piecewise-homogeneous, equally
layered space obtained by alternating connection of two heterogeneous layers of the same thickness,
which along the planes of their junction contain semi-infinite interfacial parallel circular ring-shaped
cracks, forming a periodic system. With the help of Hankel integral transform and rotation opera-
tors the solution of the problem is reduced to a system of singular integral equations, the solution of
which is constructed by the method of mechanical quadratures. Some special cases of the problem
that are of independent interest have also been considered. For one of them an exact solution of the

problem in quadratures was obtained.
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B pabore paccMOTpEHO 0OCECHMMETPUYHOE HAIPSIKEHHOE COCTOSTHHE KYCOYHO-OHOPOJIHOIO, PaB-
HOMEPHO CJIOUCTOI'O IIPOCTPAHCTBA, IOJIyYE€HHOI'O IIPU ITOMOIIY IIOOYEPETHOTO COEIMHEHUST IBYX Pa3-
HOPOJIHBIX CJIOEB OJMHAKOBOI TOJIIIMHBI, KOTOPOE Ha IJIOCKOCTAX COEJIMHEHHSI CJIOEB COMAEPIKHUT MErK-
dazHbIe 0IyOECKOHEYHbIE, KDYTOBBIE KOJIbIIEOOpa3Hble IapaJslIeIbHbIE TPEIIUHBI, KOTOPBIE 00pa3yoT
[IEPUOANYIECKYIO CHCTeMy. I[Ipu moMoImu MHTErpasjbHOrO IpeoOpa3oBaHUs XaHKEJs U OIIepaTOpOB
BpAIIlEHUsl PEIIeHNe 33Ja49U CBEJIEHO K CHUCTEeMe CUHIYJISPHBIX MHTErPaJIbHbIX YPaBHEHUM, pelleHue
KOTOPO# IIOCTPOEHO METOIOM MEXaHUYECKUX KBaIpaTyp. PaccMOTpeHbl TakKe HEKOTODBIE YaCTHbIE
cilydau 3a/ia4u, IIPEJICTABISIONINE CAMOCTOATENbHBIN HHTEpeC. B OJHOM M3 HHUX IIOJIyYEHO TOYHOE

penieHne 3aa4u B KBaJApaTypax.

1 BBenenue

KoOHTaKTHBIM ¥ CMEITaAHHBIM 3a/[adaM OCECHMMETPHYHONW TEOPUN yIPYTOCTH TOC-
BSIIEHbI MHOI'HE HCCJIEIOBAHUS OTE€YECTBEHHBIX M 3apyOeXKHBIX yUYEeHbIX. JacTh U3
HUX TIOCBAIIEHA NU3YyYEHUIO OCECUMMETPUYIHOTO HAIPSXKEHHOTO COCTOSIHUSI YIIPYTOro
OJTHOPOJTHOTO UJTH COCTABHOI'O IIPOCTPAHCTBA € JIUCKOOOPA3HBIMU WJIA KOJIBIEOOPA3HBI-
mu TpemuHamu. 13 Hux ormerum paborsl [1-8], KOTOpBIE HEIIOCPEICTBEHHO CBA3AHbI
¢ Hacrogmeil paboroit. UYUTo Ke Kacaercs WCCIIEIOBAHUIO OCECUMMETPUIHOIO Ha-
NPSI?KEHHOT'O COCTOSTHUSI KyCOYHOOTHOPOIHOI0, PABHOMEDPHO CJIOUCTOI'O IIPOCTPAHCTBA
C MEePUOAMYIECKON CHCTEMON KPYIOBBIX JMCKOOOPA3HBIX ITapa/lIebHBIX MeXK(Ma3HbIX
Wi BHYTPEHHUX M1e(dEKTOB, KOTOPbIE HA HAI B3IV MPEJCTABJSIIOT WHTEPEC He
TOJILKO C HAYYHON, HO M ¢ MPAKTUUIECKONW TOYEK 3PEHUsi, HAYAJIOCh COBCEM HEIABHO
7 ONMyOJMKOBAHO JIMIIHL HECKOJIBKO paboT. B sToM HampapieHnn OTMETHM pabOTHI
[9-12]. B pabore [9] mOCTpPOEHBI pa3pHIBHBIE DEIIEHUS] OCECUMMETPUIHON Teophn
VIPYTrOCTH JjIsi PAaBHOMEPHO CJIONCTOTO IMPOCTPAHCTBA C MEPUOIUYIECKON CHCTEMOIt
KPYTOBBIX JIMCKOOOPA3HBIX MapaJLIeJbHBIX MeK(a3HbIX 1e(EeKTOB U Ha UX OCHOBE
MOJIYYEHBI PEIeHns 33/1a9 B CJiydae, Korma JedeKThl MPeJCTaBIISIOT TPEIUHY I
abCoJIIOTHO KECTKOe BKJIoYeHne. B paborax [10-12] paccMoTpeHbl ocecuMMeTpUIHbIe
HAIPSIKEHHBIE COCTOSIHUSI PABHOMEPHO CJIOMCTOTO MPOCTPAHCTBA C TEPUOINIECKON
CUCTEMOI KPYIOBBIX JIMCKOOOPA3HBIX BHYTPEHHUX TPEIIMH M abCOJIFOTHO KECTKUX
BKJIIOYEHUHA.

2 IlocTaHoBKa 3a1a41 U BBIBOJI PA3PbIBHBIX peIlleHnii

PaccmorpuM ocecuMMeTPUTHOE HALIPSIZKEHHOE COCTOSTHIAE KYCOTHOOHOPO/IHOTO YII-
pPyroro mpoCTPAaHCTBA, MOJYIEHHOIO TPHU ITOMOIIU COEJIWHEHUsI IBYX DPa3HOPOIHBIX
cimoeB toanuHbl 2h ¢ kosddurmentamu Jlams Aj, g1 @ Mg, {3, COOTBETCTBEHHO,
OTHECEHHOTO K IWJIMHJPUIECKON cucreme KoopAumHaT OTpz, HAYAIO0 KOTOPOH HAXO-
JIATCST Ha, OJTHOM M3 TJIOCKOCTEH CTBIKA PA3HOPOJHBIX CJIOEB. ByraeMm cauTarh, 9TO Ha
IUIOCKOCTSIX CThIKA Pa3HOPOJHBIX CJI0EB z = 2nh (n € Z) B obnactax {r > a; 0 <
p < 27} OPOCTPAHCTBO CONEPIKUT MEPUOAUIECKYIO CHCTEMY OJMHAKOBBIX KPYTOBBIX
KOJIBIIEODPA3HBIX TOJyOECKOHEIHBIX MeK(MA3HBIX NAPAJIIeIbHBIX TPEmuH u 1edop-
MHUDPYETCsl TPHU MOMOIIN OCECHMMETPHIHBIX HOPMAJbHBIX HAIPY30K WHTEHCHBHOCTH
po (1) ¢ KoHeuHOIT pesyibTUpYyOIIeil Py, neficTByomux Ha 6epera TpeIiuH, U Harpy30K
C pe3yIbTUpyIoNieil Po, MPUIOKEHHBIX Ha OecKOHeuHOCTH. HecaoKHO 3aMeTUTh, 9T



IIPU 9TOM BCE CPEJIHUE IIOCKOCTH z = (2n + 1) h (n € Z) pasHOPOJHBIX CJIOEB OyayT
IJIOCKOCTSIMA CHMMETPHH. BCJIEICTBAE 3TOTO MOXKHO OTIENNTH 0A30BYIO S9YEHKYy B
BUJIE JIBYXKOMIIOHEHTHOT'O COCTABHOTO CJIOsI, 3aHMMAIOIIEro B MPOCTPAHCTBE 0BIACTH
Q = {|z]| <h0<r<o00;0 < <27}, u nocTaBIeHHYIO 3a7a1y ChOPMYIUPOBATH
KaK TPAHUYHYIO 3aJ[a49y JJIsl 9TOrO CJIOs, Ha BHENIHUX ILIOCKOCTAX 2 = th KOTOPOro
3a/1aHbI YCJIOBUS CAMMETPHH, 8 Ha IJIOCKOCTH 2 = () MMeeTcst KpyroBas KoJIbleobpas-
Hag nosrybeckoneunas mexkdasnas rpenuna. Ha (Pur.l) npuseneno oceBoe cedenue
0a30BOil TIEUKU.

Hy.Ay

1

Po(r) PBy(r)

ttt

v

o e——p

a 0 P
Po(r)i l i Py (1)
2 h /
s /l\ <
®ur.1

Tpebyercss oupenesnTs HOPMAJbHBIE U KACATEJbHbIE KOHTAKTHBIE HAIIPSIKEHUS,
JIefCTBYIOIIIE B 30HE KOHTAKTA PA3HOPO/IHBIX CJIOEB, 3HAYUEHUE MO/IYJIsI KOMILIEKCHOTO
K03 DUINEHTa THTEHCUBHOCTU HAIIPSI?KEHUN HA OKPYKHOCTH ' = .

CuabuB nHIekcaMu 1 U 2 Bce BEJIMUYMHBI, OMMCHIBAOIIIE HAIPSIXKEHHO-eDOpMU-
POBaHHOE COCTOSTHUE PA3HOPOIHBIX CJI0EB, COOTBETCTBEHHO, IIOCTABIECHHYIO 33724y, B
OOIENTPUHATHIX 0003HAYEHUX, JIsI 0A30BOT0 CJIOS MPEICTABUM B BHUIE CJIEIYIOMIEH
IPAHUYHON 3a/1a4u:

D) =uP(r,h) =0

0<r< 1
72 (r,—h) = ulP (r,—h) = 0 (07 <co) (1a)
uf (r,0) = 0 (r,0) (0< 7 <a)
ugl) (r,0) = u,z2) (r,0) (0<r<a) (1b)
o (,0) = o (,0) (0<r<a)
D0 =72 (r,00 (0<r<a)
Ugl) (r,0) = 022) (r,0) = —po(r) (a<r <o)
720 =72 (1,0)=0 (a<r< o) (1c)

aﬁj)(nz):O r — 00 (1=12)

YT06BI IOCTPOUTH PEIeHne IPAHIIHOM 3a4a1u (1), BBeZEM B pacCMOTpEHHE HEn3-
BECTHBIE HOPMAJIbHBIE M KacaTeJbHble KOHTAKTHDIE HAUpsiKeHus o (1) u 7 (), pemum
BCIIOMOTaTe/IbHBIC 38JIa41 JJIs KaxKI0I0 U3 PA3HOPOJHBIX CJIOEB Ha JHUIEBBIX IOBEPX-



HOCTSX z = +h KOTOpBIX 3ajaHbl ycaoBus cummerpun (la), a Ha mwiockocruz = 0
3aJlaHbl HAIIPAXKEHNA:

0 (r>a)
o) (& o(r) (r<a)_p,.
(2,0) = —po (r) (r>a) Pr)

(j )(x 0) = 7(r) (r<a) T(r)

Trz =

(1=1,2) (2)

" OIIpeaejiiM CMEIIeHUdA TOYEK 30Hbl KOHTaKTa 000UX CJI0EB qepes BBe,ZLéHHbIe Heus-
BECTHbIC KOHTAKTHBIC HAIIPAZKCHMIA.

YT0o6bI MTOCTPOUTH PEIIEHNEe BCIIOMOTATE/IbHBIX I'PAHUMYHBIX 33/1a4, IIPEICTaBUM
pelieHnst ypaBHeHuit Jlama Jisi pa3HOPOJIHBIX CJIOEB BUJIe MHTErPAJIOB XaHKejs [9]:

uld) (r,z) = / [(Aj (s) + 2B; (s)) chzs + (B (s) + 24 (s)) shzs] s.Jy (rs) ds;
0
, 7 3
gj) (r,2) = / [(Cj (s) — zA;j (s)) chzs + (Dj (s) — 2B (S)) sh zs] sdo (rs)ds— ®)
0
— (z + (—1)jh) w(j),
rie
A6 =S A+ 6D B = S (B (9+G() (=12,

Jj(z) (j =1,2) — dyukuun Beccens meitcruresnsroro aprymenra, A, (s), Bj(s),
C; (s), Dj (s)— nHeusBecTHBle KO3(DDUNHEHTEI, MOIEXKAINNE OILIPe/IeIEHNIO, hw(()] ) tte-
U3BeCTHasl KOHCTaHTa, K; (j = 1,2)— usBecrable nocrosuuble Mycxemumpuu. Ilpu
9TOM, HAIIPSIPKEHUS TPECTABIAIOTCA (POPMYJIaMU:

(J) (r,2) / 19(]),4 ﬁgj)Dj (s) + MjZB;‘k (S)} chzs—
0

- [195)0 (s) — 19(J)B (8) — pjzAj (s)} shzs} s2Jp (rs) ds;

7D (r,2) =2 / {[95B; (5) = 97C; (s) + 45 (5)| ehizs+ "
0
+ [ﬁéj)Aj (s) — ﬁgj)Dj () + p;jzBj (s)] sh zs} s2Jo (rs) ds,
e
2
j i h g (AN 2u)
o) — i gl) — Hi\Aj J -1,2
PV Aj + 3u; ( )



ITpu nomormu tpescrasiaenuii (3) u (4), yIOBIETBOPUM YCIOBUSIM BCIIOMOTATEJLHBIX
IPAHNYHBIX 3aJa4 U OLpeIe]nM HemsBecTHble Kosbdummentsl A; (s), B; (s), Cj (s)
u D (s) (j =1,2) uepe3 TpancdopmanTter Xankenas dyHkuumit Hanpsizkeruit P (r) u
T (7). Homyunm:

A (s) = P(5)shBch B+ (—1)T (s) ch?.
1) = GhBeh B 1 )

i P (s)sh?B + (~1)’T (s)shfch 3
2p1 (shBch B+ ) ’

; (1=1,2; B=sh);

95 P(s) 9 T (s)
A — 172 A _ - B _ 371 p= .
J (S) SiL; j (S) 28/1,]' » b (S) s/, J (S) + 28”]_ )
99 T(S) 9 P (s)
. — iB* . D. —J71 A* .
Cj (s) sy (s) 2sp; (s) sy (s)+ 2511
re
P(s)= /TP (r) Jo (sr) dr; T (s) = /TT (r) Jy (sr)dr.
0 0

Tenepb, UCIOIB3Ys Oy I€HHBIE TIpeIcTaBaeHns Koabdunnentos o dopmynam (3),
HalIEM KOMIIOHEHTBI CMEIEeHN TOYeK KOHTAKTHOI 30HbI 000UX Pa3HOPO/IHBIX CJIOEB,
COCTaBJISIIOIUX 0A30BYIO sIYEiiKy Uepe3 HEN3BECTHBIE KOHTAKTHBIE HAIIPSIYKEHMS:

ud (r,0) = (=1 ai” Lo o] + 07" Loy [r] + L8 (o] + LG ] -
=5 )+ (1) s

A . 0 | (5)
ufd) (r,0) =07 Ly g [0] = (=1)ay” Ly, [7] + LEFY o] + LY [r] -
—g;(r) (j=1,2),
311ech BBEICHBI 0003HAYECHNS:
Ly lel = / W (n€) €0 (O)dE; W, (r€) = / T (87) T (16)dt
0 0
L&D [ / WD) (r,€) € (€)de; WD (r,€) = / KX (1) T (tr) T (86)dt
0

£ () = (=1)a" Lo o [po] + L§y " [pol s g5 () = b7 Ly g [po] + LY [po]
L [¢] Z/Wm,n (r,€) Ep (§)dg;  LEED [ /W(k 29 (1, €) Ep (€)dE;

(])B
sthhB+ﬂ

jriePshp+p
shBchp + B’



(e PchB—B o) = R0 a1
L shpBchp+p3’ 2u3 ! A+ g

B upencrapienusx (5) BbleIeHbI IJIaBHbIE 9aCTH B BuJle naTerpasos Bebepa—Conuna.

EY)(8) = (1) a . B=hs (j=1,2).

Bcenencrsue sroro sapa W,(f i ) (r, &) — perysspuble hyHKIEU OT 060UX aAPI'yMEHTOB.

Jlastee, 9TOOBI OJIYINUTH KJIIOYEBbIE YyPABHEHU IIOCTABIECHHON 3a/1a9H, IIPHU IIOMOIITH
opmyut (5) yI0BIETBOPUM yCIIOBUSIM KOHTAKTA JBYX PA3HOPOIHBIX CIOEB, T.e. IEePBBIM
asyM yeaosusm (1b). Tlocsie HEKOTOPBIX BBIKJIAIOK MPUIEM K Cleaylommeil cucreme
MHTETrpaJbHBIX yPaBHEHUN:

of +a{) Log o] + (07 =) Loy [7] + LEGY (o] + LGS [7] = Fa () -

(62 Eulo) + (o 40 Ly )+ 28 o) + 22211 = Py 0
(6)
rje
L& [0] = LS Y 0] — L&Y (o] L8 1) = L8 2 [ — L§ 7]
L3V (o) = L8V [0] — L&Y [o]; L3 m = L3 1) = L3P [
Fi(r)=— ( (1) + a(2)) L o [po] + (1 1) INE ( (1) (()2)) :
B (r) = (08 = b) Ly o o] + L85 [po]
Passepuys, cucremy ypasuenuii (6) Hanuiem B Buje:
At / / [1— K, (8)] o (rs) Jo (€5) ds S0 (€) de+
0 0
+ / / (B~ — A K:y (8)]Jo (rs) Jy (€5) ds b7 (€)dE = F () — b
0 0
o (o (7)
/ / (B~ — A= (8)] 1 (rs) Jo (€5) ds béo (€) dé—

0 0
a

—ar [ U KL @) ) 3 69 ds (e (€)de = Fa o).
0

0

31ech
.o e Pshp4B Lo B
KT (B)= hBshA+ B Ki,(B) =K, (5)——m,
e _€PB=B ) @) e )0
K2,2 (5) = m7 AT =a; xay’; B =0 by .



Cucremy mHTErpasbHBIX ypaBHeHuii (7) cieyer paccMaTpUBATh [IPU YCJIOBUAX

a

27r/ro(r)d7":Po; (Po= P+ P), (8)
0

rne Py— paBHOIEHCTBYIOMAs HATPY30K, IPHJIOKEHHBIX K HOJIyIIPOCTpaHcTBaM z > 0
wimz < 0. Yrobbl OCTPOUTH pEIlleHre CUCTEMbl WHTerPaJbHbIX ypaBHeHuil (7) npu
ycaosuii (8), ciemyst paboram [4-12], cBeiéM €€ K cucreMe CHHIYIISIPHBIX HHTEIPAJIBHBIX
ypaBHenuit. [Ijs1 3TOr0, Kak M B yKa3aHHBIX pabOTaxX, BBEIEM (DYHKITIH

a a
2 [ o()ds 2 [ r(&)de
T /c2 42 T [c2 42’
t $ ¢ t § ¢
PO0JKUM 0, (t) Ha nHTEpBaJ (—a, 0) Y6THBIM 06PA30M, a Ty (t)— HeYETHBIM 06pa3OM

U IpuMeHdsl K 00erM 4acTsM IepBoro ypasuenus (7) omeparop I, a KO BTOPOMY —
omneparop I

oy (t) Ty (1)

T

How) = [T new =g [ LA [t
0 0

0

[OCJIe HEKOTOPBIX BBIKJIAJIOK, sl onpeenenust GbyHKIui o, (t) u 7 (t) moaydnm
CJIETYIONLYIO CUCTEMY CUHTYJISIPHBIX WHTEIDAJIbHBIX YPaBHEHMIl:

o (2) = B [ Wit L f o (tx) o, () di+

—a

+hr [ Qua(ta)m () dt = —F (z) + do (-l<z<1);

B B~ o)t | A- | 9)
@)+ | B A [ Qi) os () di+
+1 [ Q2 (t,2) 7 (t) dt = —F3 (x) (-l<z<1).

e

Qi1 (t,z)= /Kf1 (B) cos stcossxds; Q2 (t,x) = /Kf2 (B) sin st cos sz ds;
0 0

Q21 (t,z) = /K;l (B)cosstsinszds; Qoo (t,x) = /K;Q (B) sin st sin sz ds;
0 0

2 d 20

R @)= g IR0 B @ = S onlmol 6= 2

ITpu stom, byrkuus Fy (x) npomosnkena Ha naTepBade (—a, 0) 9éTHBIM 06pa3oMm, a
dbyuxust Fy (x)— HeuérabiM 06pazoM. Vcnosb3yst 9eTHOCTD byHKIUY 0 (Z), HEI6THOCTH



dbyukun 7, () 1 ycnosue (8), mobaBovHBIE YCJIOBHS Jyist pelleHHust cucreMbl (9)
3AIACBIBAIOTCS B BUJIE:

a a

71'/0* (z) dz = Py; /T* (z)dz =0. (10)

—a —a
OrmeTnM, 9TO IpH BBIBOJIE CHCTEMBI (9) GbLIN HCIOIB30BAHBI 3HAYEHNST H3BECTHBIX
nHaTerpaJsos [14]:

r

/J1 (rs)dr = —% [Jo (rs) —1];

0

[ Jo (rt)rdr _ sinat

vz — 2t
0

x
d t)—1
4 [T (rt) rdr = costx — 1;

dx “/3?2 _7‘2
0

TaxkuM 06pa3oM, pelleHue II0CTAaBJIEHHON 3aJa4dl CBeJIOCh K PelIeHHIO CHCTEeMbI
CHHTYJISIDHBIX MHTErpaJIbHBIX ypapHenuit (9) mpu ycmosusix (10).

3 CocraBHOE IIPOCTPAHCTBO C II0JIy0EeCKOHEYHOI MeXK-
da3HOI1 KOJIbIIEOOpa3HOII TPEHIMHOI

IIpexk1e 9eM MOCTPOUTD pellleHne 3a/1a491 B O0IIeM CIydae, PACCMOTPUM JIBa 9aCT-
HBIX CJIydasi paCCMaTPUBAEMON 3aJ1a91, TIPECTABIIAIONIAX CAMOCTOATEILHBII HHTEPEC.
B mepBoit m3 9THX 33709 PACCMOTPUM CJIydail, KOTJa BBICOTA CJIOEB h cTpeMuTcs K
GeckoneunocTu. HecmoxkHO mpoBepuTsh, 4TO B 9TOM CiIydae Bee sapa @, ; (z,t) B (9)
NCYEe3alT U MbI IIpI/IXOLLI/HVI K cucremMme OIIpeﬂeﬂHIOHLI/IX CI/IHFyﬂHprIX I/IHTeraJIbeIX
YPaBHEHUil JIJIsi KyCOYHO-OJHOPOHOTO MPOCTPAHCTBA, C MOJIyOeCKOHEIHOH KOJIbIeo6-
pasHoit Mexkda3HOI TPEIINHOI:

0. ()~ 2= /M=—Ff‘ (2) + bo;

CTAT )] -z
Ta (11)
B~ o (t)dt .
Te(@)+ — [ = (@),

—a

KOTODYIO HyKHO pemarh npu yeiaosugx (10). C 97oil 1e1bpi0 yMHOKUM BTOPOE yPaB-
merwe (11) Ha OTpPHUIATENBHYIO MHUMYIO €IUHWUILy —i, MPOCYMMHDPYEM C TIEPBbLIM,
nepeiinem Ha mHTEpBa’ (—1,1) W BBemst M3BECTHYIO GE3pA3MEPHYI0 KOMILIEKCHYIO
KOMOMHAIMIO HANpsKeHuit x (2) = a [ox (ax) — i7y (azx)] / Py, cBenéM pelreHne cucreMbl
(11) upwu ycsosusix (10) K peIeHuo CIeyIONero CHHIYIJISIPHOTO HHTETPAJIbHOTO YPaB-



HEHHA BTOPOI'O poaga:

1
X(m)—k%/X(t)dt:—F(x)—i-aé—o (-l<z<1), (12)

IpU yCJIOBUU

31ech

B-

= F(2) =alFy (az) —iF; (az)] /Py = ¢1 () — ip2 (2).

Q%

Jlyist HoCTpOEHUS 3aMKHY TOTO pelenus ypasaenus (12) BBOIUM B pacCMOTPEHHE KOMII-

JIEKCHYTO (DYHKITHIO
1
1 X (t)dt
d(z)=— 14
()= [ 522 (14)
-1

211

u ucnosb3ys dopmyasl [Tnemens-Coxonkoro [13], cBegéM ero K perieHuo 3ajadu
Pumana:

ot (z) =GO (z) + Fi (2) (-l<zx<1). (15)
311ecn
F,. (z) = Cy[-F (z) + ado/Po] = —CoF (x) + ds;
*:20,00(5; :1—0/*:/1,124-/1,2>0; CO: A+ ‘
7TPOA+ 1+ a, H21 +/,1,1 A+—|—B_

Tak kak koaddunuent G 3amaun Pumana (14) nosokurenbHOe YUCIO, TO TOYKU
+1 ABJIAIOTCA TOUKAMH ABTOMATHYECKON orpanudeHnoctu [13] u, cienoBaresbuo, pe-
menne ypasaernii (14) Gyner gaBarbes GOpMyYIION :

(2) = );(rj) / X+F;*t§t) - (16)
21

(t=2)

<X (2)=1+2P1-2"" g= 217TlnG> .

Orcrona o dpopmynam [remesns-Coxonkoro Haiiaém:

—1

(w @) =1+2)P1—2)" —l<z< 1) .



JJ1s1 oJTy YeHnst TOYHOTO pellleHnst ypaBHeHui (12) 0CcTanoch onpeienThb HOCTOSTHHY IO
04, BXOJSIIYIO B IIPABYIO YaCTh ONPEEIAIONIEr0 CHHIYISAPHOIO HHTEIPATIBHOIO yPaB-
uerns (12). C s1oil 1espio, ucmoab3ys npezacrasienns (14) u (16) bynkuun O (2),
cpaBHuM K03bbUIMEHT ! IPH 2~ ! B PAa3/IOKEeHUsIX STUX IPE/ICTABJICHUI B DAl BOKPYT
BeckoHeIHO yaanéHHol Toukn. [lomydnm:

1

1 T
-ngx@w=—;5/3;mn

-1

rne X (t) — snadenne dbynknun X (z) ma unrepsase (—1,1) csepxy u maércst dop-
MYJIO:

Xt (z)=VGw(z) (-l<z<1).

YumreBag yciaosue (13) u mpencrasienne dyuxnmn Fl (1) depes dyuxmum ¢ (t)
(j =1,2) u J,, MOXKEM HaIUCATD:

1 1 1
1 (5*dt C ¥1 (t) dt _Z_CO/ »2 (t) dt

r )Xt °) Xt
-1 -1 -1

Xt ()’
OTKY/Ia, MCIOJIb3ysl 3HaUeHne nHTerpasa [14]

1 i8
/ 11—z do — 2n 3
1+2 ~ shnp’

-1

yérHocTh MYHKIWK 1 (1) 1 HeY€THOCTD QYHKIUU @ (1), JJisd OlIpeieseHnst KECTKOrO
cMerenust & moJyauM (POPMyJIy:

4maBCy e

B
11—z
(i) e

B uactHOM ciaydae, Korja Gepera TPeNUH CBODOJHBI OT HAIPY30K M KYCOYHO-OJHO-
POJIHOE HPOCTPAHCTBO PACTATHBACTCH TOJIBKO YCHIIMSMHE, MPUJIOKEHHBIMU Ha GECKO-
ueuynocrd, u3 (17) u (18) mosyuanm:

1
5— PyATV/Gshrp 2 /
0

(18)

5. _ P,AYGshrp

X()=—Tu(); 8= 20T

Tenepb OIIpeJeJInM KOMILJIEKCHBI KOS(b(bI/IHI/IeHT MHTCEHCUBHOCTHU B KOHIIEBBIX TOYKaX
TPEUIH. ,ZLHH 9TOr'o 3aMETHM, YTO HCTUHHbIC KOHTAKTHbBIC HAIIPAZKCHUA OIIPEACIAIOTCA

10



dbopmymamu [8]:

1d asa*(s)ds. d [ Ty (8) ds

=) ez TG ae

nim . )
ao (ax) 1 d [ so.(as)ds d o (as)ds
-4 - - ()
PO PQQ? dx 32 — xz Podx \/52 — 332
1
at (ax) d T« (sa) ds

Py Pz ) 242

riae ®; (z)— orpannuenHas GyHKiws B Touke x = 1. Torya GyjeMm uMeTh:

o () = 42 (ax)];O ir (az)] % ngszdjz + P (2). (19)

Dyukimio x ($) IpeIcTaBuM B CJIE/YIONIEM BUJIE:

1
B '  F.(z)  G—1 [F.(t)—F(x)
X (@) =x0@)w(x); xo(x)=-— JG + Qm(;/l w(t)(t—x) dt.

Torma (19) MoxkeM 3amucarh CJeLyIOmuM 00Pa3OM:
d [w(s)xols)d
w(s)xo (s)ds
xo () = - [ X E
dzx 52 — x2
xT

VT (1/2—iB)T (1 —if) ) )
= T a—ip g H e

+(I)1 (ZL’) =

rje

b ()= [ Ml ds VB 1)y 1,0+ 0 (o)

1-9)"Vs—=z I'(3/4—1iB)

)"
(i/::T)-TXO (5)7

a I’ (z)— usBecrnas ramma-dyHnkims Ditepa. 3amerum, 4T0 NPU BBIBOAE (DOPMYJIbI

7#(5795) =

11



(20) 6bLIO MCIIOIB30BAHO 3HAYEHHE HHTErpaJa [15]:

[ ds VA0
/(15)0‘ s—x I'(3/4—a) (1-2) '

x

Torma koMmIiekcHBIN KoM dumeHT 6e3pasMepHBIX Pa3PYIIAIONNX HAIPSIXKEHU Ha
OKPY2KHOCTHU I = @ OyJIET OIPEeIeasaThCsd (DOPMYIIOii:

Kila] —iKr[a] = V2r lim (1- x)1/2+i5’

z—1-0

V2r (1/2—iB)T (1—if)

X« (1) = T (3/4—if) V(1) =
_ 2P (1/2—iB)T(1—iB) | F.(1) L G- [ E. (1)~ F (1) .,
T (3/4—iB) VG 2miG o w(®)(t-1)

4 OpgHOpOAHOE MPOCTPAHCTBO C MEPUOIUIECKOIl CHC-
TEeMOI1 TT0JTyOEeCKOHETHBIX KOJIbIIeOOpPa3HbIX TPEInH

Terepb 06paTnMCst K €II¢ OTHOMY YACTHOMY CJIyYaIO MOCTABJIEHHON 3a/1a11, KOTIa
BCE CJION, COCTABJISTIONTHE ITPOCTPAHCTBO, U3TOTOBJIEHBI U3 OJHOT'O U TOTO K€ MaTepuaJia
¢ koapdurmerramu JIams gy 1 A1, T.e. PACCMOTPUM OCECUMMETPUIHOE HAIIPSIXKEHHOE
COCTOSTHVE OJHOPOMHOIO IPOCTPAHCTBA C MEPUOIUIECKON CHCTEMOI MApasIeTbHBIX
0Ty OECKOHETHBIX KOTBIIEOOPA3HBIX TPEIUH. B 9TOM JacTHOM CIydae KO3(POUITMEHTDHI
A~ u B~ obpaniaiorcst B HOJIb U olipe/iesistionas cucrema (9), Kak U B IUIOCKOI 3aj1a4e,
pacrajaercst Ha JiBa HE3aBUCHUMBIX YPaBHEHUSI:

0. (z) = % /Qm (t,z) o, (t) dt = —F} (2) + do;
. (21)
m@)+ 1 [Qualta) (=0

—a

VpaBHenus Hy:KHO paccMaTpuBarh 1pu yciaosusx (10). 13 sroporo ypasuenus (21)
u Broporo yciosus (10) cpasy cuemyer, uro 7, (z) = 0. Ilepsoe ke ypasHeHue
(21) upexcrasisier coboii unTerpaibHoe ypasaerne OpearoabMCKOr0 THIIA U MOYKHO
peluTh Pa3HBLIMH METOJAME, HAIIPUMEP METOJIOM IOC/IeJ0BATEIbLHBIX IIPUOINKeHNi
UJIA METOJIOM MEXaHWYECKUX KBaJparyp. g sroro nepeiiném na unrepsan (-1,1) u
BBesd 0003HAUYECHUS

A1) = o (an); @r(ng = 5o FF (an); 8= 5oo; Q) = = Qi (o, an),

12



nepsoe ypasuenue (21) npeicraBum B Bue:

1

A(n)+/@<g,n>A<f>ds:m(n)m (-1<n<1). (22)

IIpu sTom,
1

W/A (€)d¢ = 1. (23)

Pemenve ypasuenus (22) 3anumiem B BUJe CyMMBbI JABYX DEIIEHUIL:

A(n) = Ay () +6.A2 (n), (24)

rie Ay (n)— pemenne ypasaenuit (22) npu npasoit qactu —p1 (1), a Ay (n)— pemenue
ypasHeHnil (22), Koryja mpapasi 9acTh PaBHA euHUIE. 1loJCTaBIsis NPEeJICTABIEHIEe
(24) B ycaosue (23), BBIpa3UM IPHUBEIEHHOE JKECTKOE CMEIEHNe J, Yepe3 yKa3aHHbIE

pernieHus:
1

I; :/Aj (n)dn; j=1,2

-1

1—nl 1
O = ————

™ 12
IIpuBeém Takzke GOpMyIy /I ONpeaeeHns KodpOUIMEeHTOB NHTEHCUBHOCTH pa3-
pYIIAOMNX HANPSKEHUI HAa OKPYKHOCTH 1 = a. C 3TOi Heapio 3aMeTHM, YTO
HCTUHHBIE KOHTAKTHBIE HAIIPSIKEHUS OTIPEJIETISIOTCs Yepes byHKIHUIO oy (2) 1o dopmyire:

J(T)ZL@—Q)(r) @(r)zli s[ox (s) — 0. (a)] ds

a2 — r2

rdr s2 2
T

CiieioBaTesIbHO,

Ki(@) = Va7 Jim Va7 () = [Zo. @) = Aoy TA 1),

z—a—0

a 6e3pa3MepHbBIil KOI(MPUITHEHT THTEHCUBHOCTH PAa3pYINAIONINX HAIPSKEHU Ha OK-
PyKHOCTH 1 = a OyIeT J1aBaThcs POPMYJIOit:

K (@)= YL — ).

Ormerum, 910 B IepBoM ypaBHeHuu (21), ycrpemiisisi BBICOTY OIHOPOIHBIX CJIOEB
h K 6ECKOHEYHOCTHU, MPUIEM K 3aMKHYTOMY PEIIeHUIO 3a7a9u 00 0CECHMMETPUTHOM
HAITPSI2KEHHOM COCTOSIHUU YIPYTOro IPOCTPAHCTBA C MOJIyDECKOHETHON KOJIbIleoOpas-
HOU TperuHON. JlelicTBUTE/IBHO, HECJIOXKHO MPOBEPUTH, UTO B TOM CJIyYae sIpO
Q11 (t, ) ucyezaer u Mbl UPUXOJAUM K COOTHOINEHUIO:

o« () =—F{(z)+0y (—a<z<a), (25)

13



rJie, Ha 3TOT pa3

oo f o0

Fi (5) = —— [I[fl (r)]] =2 [{ [ cossu (s s  €a(e)de.
0

™
a

Orcrona, ucmons3yst (popmysTy oOpaleHns OrepaTopa BpalleHns, HalIeM

oo L4 fro@ds  1d fs[F (@)t a)ds _h B @ g
=N Ve T Trar Ve Var

T T

Ld [s[F(x) - Fy(a)]ds

’I“d’l“ 52—r2
T

O (r)=-

— orpaHuyeHHas PYHKINA HA OKPYXKHOCTH ' = @.

Torma, mia koadduimenTa NHTEHCUBHOCTH PA3PYINAIONINX HAMPSKEHNNH Ha, OK-
PYKHOCTH 7" = @ TIOJIyYUM BBIParKEHUE:

r—a—0

Ki(a) =271 lim \/a—ro(r):\/j[éo—Fl*(a)].

IIpuBeném Takke HOPMYJIBI AjisT KOHTAKTHBIX HAIPSKEHU 1 KO3pDUInenTa nH-
TEHCUBHOCTH Pa3pYIIAOIINX HAIIPSIKEHWT B CIy4dae, Korja Ha Oepera TpeIuH JefcT-
BYIOT PABHOMEPHO PACIIPEJIEJIEHHBIE 10 OKPYXKHOCTH I' = T > G HAI'PY3KU C PE3Yilb-

5(r —
tupytomeii Py, T.e. xorga (r) = Pow. ITpu nomormu dopmyssr [14]:
Tro
x 0 £ <,
/cossa:Jo (&s)ds = 1 £> 1
0 V€2 — 22

HETPYAHO YCTAHOBUTH, 9YTO B 3TOM YaCTHOM CJIyvae

* PO PO
Fy (x):—ﬁ; a*(x):ﬁ—&—&) (—ra<z<a).
w2\/1§ — x w2\/T§ — x

Hasee, u3 ycmopuii pasnosecus (10) 1yist IPUBEIEHHOIO KECTKOIO CMeIIeHHsl dg I10-

JIYUHM:
P, 2
= =0 [1 — —arcsin (Q)] .
2ra s To

Torma, ucnonb3ys 3Hadenue uarerpaa [14,15]

/ 2sds s o1l +1r? —2a?
\/ = — —arcsin ———————

—72) (ro2 —s2) 2 ro2 — 12

14



JJIgd TCTHUHHBIX HaHpH}KeHI/IfI TOJIyYIUM BbIpazKE€HUE:

P, 2 2a+/r2 — a?
O‘(T)Zio 1—arcsin(a>+a2r02a 0<r<a).
2rav/a? — r? T o m(rg —r?)

KosddurmenT nHTEHCHBHOCTH Pa3pyIMAIONNX HAPSIKEHNH Ha OKPYXKHOCTH I = a
IIpH 9TOM OyJIeT AaBaThCI (DOPMYJION:

. Py 2 . a 2a
K (a) = \/QWwEIariox/a—ra(T) = Suvma 1- — arcsin (7"0) —I—W] .

Orcrona BUIHO, UTO KOTZA Ty — 00, T.€. KOIJIa PaIuyC OKPYKHOCTH, TJe IMTPUJIOZKEHA
HArpy3Ka, CTPEMHUTCH K OECKOHEYHOCTH KOHTAKTHBIE HANPKEHUS U KOIDuiment

MHTEHCUBHOCTH Pa3pyIaIOIIUX HalIPsZKeHU IPUHUMAIOT COOTBETCTBEHHO CJIC/IyIOIITe
BH/IBI:
Py Py
o(r)= ——— 0<r<a); Kj(a) = ,
2mav/a? — r? 2a+/Ta
KOTOPBIE COOTBETCTBYIOT 3HAYEHUAM KOHTAKTHBIX HAIps?KeHui u KoaddurnmenTa nn-
TEHCUBHOCTHU Pa3pyIIAIONIUX HaIlIPSyKeHUil B cilydae, KOIJa HAIPy3Ka ¢ paBHOJeHcT-

Bymomeil Py npuiokeHna Ha OECKOHEIHOCTH W TOYHOCTHIO COBIAJIAIOT C PE3YJILTATAMI,
NpUBEISHHBIME B MOHOTpadwun [16] 1151 ocecnMMeTpIIHOTO TIaIKOTO KOHTAKTA JIBYX
TeJI, KOTJIa OHU M3TOTOBJIEHBI U3 OJTHOTO U TOI'O K€ MaTepuaJa.

5 Perienne ornpejendionieit cucreMbl ypaBHEHU B
o0111eM ciry4dae

Tenepb MOCTPOMM peIIeHUE CUCTEMBI ONpeIesionux ypasienuii (9) B obuiem
ciydae. s 9T0ro, KaK u BbIIE, YMHOXKUM BTOpoe ypasHerue (9) Ha —i, HpOCyMMU-
DPYEM C IIEPBBIM U IIPU [IOMOIIU 3aMEHbI lIepeMeHHbIX {x,t} = {an, a&} nepeiiném na
unrepsas (—1,1). B urore, BBess 0603HaueHUS

1 . do
X (n) = P [0, (an) — T (an)];  0x = Fo;

0= rs P) = 5 U (an) = if3 (an)) = o1 (n) = 2 ().
a 1A~
Ry (n,§) = or {Qw (an, a&) — Q1 (an, a&) + ar (Q12 (an, a&) — Q21 (an, 05))} ;
Ra (n,€) = —% {Qm (an, a&) + Q11 (an, af) + % (Q12 (an, af) + Q21 (aﬁ»af))} ;

15



NPUIEM K CIeILyIONeMy CHUHIYJIAPHOMY UHTEI'DAJIbHOMY YPAaBHEHUIO:

1 1

o+ 2 [ Xy [Rimex©de+ [ a9 v -

=—F(n)+9. (-l<z<1),

(26)

KOTOPO€ HYXKHO paccMarpuBarh npu yciaosuu (13). 3amernm, 9T0 aHAIOIUIHbIE
ypaBHeHUsI ObLIN TOJy4YeHbl B pabore (9], B ciyuae KOrja KyCOUHO-OIHOPOJHOE PaB-
HOMEPHO CJIOUCTOE IIPOCTPAHCTBO PACCIA0/ICHO IIEPUOAMIECKON CHCTEMON KPyTOBBIX
JMCKOOOPA3HBIX MexK(a3HbIX TpeluH win Britodennii. Ciiemrys 9Toit pabore, perienne
ypaBHenus (23) upezgcraBuM B BUjie CyMMbl AByX dyHKIuii x () = d.x1 (n) + x2 (0),
rae x; (1) (j =1,2) — pelmeHus: HHTerpaJbHOrO ypaBHeHHsI (23), KOIIa ero mpasast
4yacTb coorBercrBenHHo paBHa —F' (n) m 1. Torma uz yciosus (13) miust oupesesnenus
HPUBEIEHHOTO JKECTKOTO CMeINeHusl d,, KOTOPOe SIBJISETCA OJHUM M3 BasKHBIX MeXa-
HUYECKUX XapaKTePUCTHUK 388491, Kak 1 B [9], nosyunm cieayormyo GopMyity:

11

s
I,

I :W/Xj (mdn  (j=12). (27)

Pemenne ypasrenusi (23) npu yciaoun (13) mocTpoumM METOIOM MEXAaHUIECKHX
kBazparyp. C 9TOil I1e/ibI0, yIUTHIBasi OCOOEHHOCTH PEIIeHUs] B KOHIIEBBIX TOYKAX
TpeIIyH, mojTydeHnoe Bolte, dbyukmun x; (1) (j = 1,2) mpencraBum B BuIe:

xim=x;mwmn  (G=12), (28)

riae ynknug w(n) Ta e camad, uTo U BBINE, a X (1) (j = 1,2)- menpepnisubIe
dbyHKIMHN, OrpaHnUEHHBIE BILIOTH JI0 KOHIOB OTpe3ka [—1,1].

IMoncrasisas mpencrasrenus dyukmuit x; (1) (j=1,2) u3 (25) B (23) n (13),
UCIIOJIB3Ysl COOTHOIIEH s, IPUBEASHHDIE B [17], 0 cTaHmapTHO# npouemsype, s Kazk-
JI0¥ W3 IMPaBBIX YacTell, MPUAEM K CHCTeMe U3 2n aaredbpandecknx ypaBHEHUH OTHOCH-
TesbHO 3Havenuit X7 (§;) 1 X (&) (j =1,2;1 = m) [Tocue onpeestenns x4 (§;) npu
[IOMOIIIU MHTEPIIOJIAIINOHHOTNO0 MHOTOUIeHa JlarpaHrka BoccTaHABINBAIOTCH (DyHKIINN
X; () 1 olpeenAIOTCS Bee HEOOXOUMBIE BE/IMIUHDI, XaPAKTEPU3YIOLIIE HAIPIKEHHO-
J1ehOPMUPOBAHHOE COCTOSIHUE B KYCOYHO-OJTHOPOHOM PABHOMEDPHO CJIOUCTOM ITPOC-
TpaHncTBe. B wacTHOCTH, JUTs OmpenesieHns Oe3pa3MepHBIX KOMIIJIEKCHBIX K03hdu-
[UEHTOB NHTEHCUBHOCTHU IIPUBEJIEHHBIX PA3PYIIAONIINX HAIIPSXKEHWH B KOHIIEBBIX TOY-
KaxX TPEIINH OIyduM (hOPMYyJIy:

Ky lo] =iy [] = V2r lim (1=m)"*" "y () =
27 (1/2 = iB) T (1 = iB) [ (1) + x5 (1]

I'(3/4—ip)
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6 YwucieHHble pe3yJabTaThl

IIpoBeén wmciaeHHBIT PACIET W M3YUEHBI 3aKOHOMEDHOCTU WM3MEHeHUsi Oe3pas-
MEPHBIX KOMILIEKCHBIX KO(DDUIMEHTOB NHTEHCUBHOCTH IPUBEIEHHBIX PA3PYIIAIONNX
HAITPSIKEHW B KOHIIEBBIX TOYKAX TPENIUH U IPUBEIEHHOTO XKECTKOTO CMEIEHUsT 0, B
3aBHCHMOCTH OT T1IapameTpa | = h/a ¥ OTHOIIEeHNsT YIPYTUX XapaK TePUCTHK [i1 /s =
(4 B ciydae, KOIjia Ha Oepera TPEIMUH JefCTBYET PABHOMEPHO DACIpEIC/ICHHAs 10
OKPY2KHOCTH T = T¢ > a Harpy3ka seauuunbl Py. Ilpu srom, dbyaxuua F (7)),
BXOJIAIIIasl B IIPABYI0 4acTh ypaBHenus (23), Oyner maBarbcst (pOpMyJIOii:

Lt T o (8 o (8 s
F(n)__ﬂ\/WJrlw?O/K“(ﬁ)JO( 7 )cos(l>dﬁ

_ Z;TH /K;l (B) Jo (773ﬂ> sin <’7f> dg.
0

[Ipu BeramcimTenbHBIX paboTax npuaaTo Takxke v; = 0.3, vo = 0.25 u g = 2.

PesynbraThl BerIuC/IMTEIBHBIX pabOT NpUBEIEHBI B Buje Tabsmi u duryp. B
Tabsunax 1 u 2 npuBeseHbl 3HAYEHUS MOJLYJIs KOMILIEKCHOTO KO3 duimenTa nHTEH-
CHUBHOCTH Pa3PYMIAIOININX HANPSKEHAN B 3aBUCUMOCTH OT IIaPAMETPOB [t U | COOTBET-
CTBEHHO B CJIy4asix, Korma | =2 u u = 2.

p | 01 | o5 | 1 | 3 | 5 | 50 | 100 | 120
[K (a)] | 0.3141 | 0.2984 | 0.2962 | 0.3160 | 0.3303 | 0.3766 | 0.3807 | 0.3807
Tabsmma 1
g o5 |1 | 2 | 4 | 7 | 10

|K (a)] | 0.2719 | 0.2942 | 0.3051 | 0.3058 | 0.3063 | 0.3065

Tabmuma 2

OHu TOKA3BIBAIOT, 9TO MOJLYJ/Ih KOMILIEKCHOTO KO3 hUIenTa MHTEHCUBHOCTH Pai3-
PYIIAIONINX HANPSKEHUI PN YBEJUIEHUU ITapaMerpa [ CHAdYaJa yObIBAET, a 3aTeM
BO3PACTAET, CTPEMSICh K OIpeieséHHOMY npefeny. lIpu yBeaundueHun ke mapamerpa
[ MOJTyJIb KOMILJIEKCHOT'O KO3 UIIMEeHTa HHTEHCUBHOCTU Pa3PYIIAIONINX HAIIPKEHIH
MOHOTOHHO BO3DACTAET, CTPEMSICH K OIPEJICJIEHHOMY IIPEJIEITY.

Ha ®ur. 2 npuseens rpaduKu 3aBUCUMOCTHU TPUBEIEHHOTO XKECTKOTO CMEITECHUST
COOTBETCTBEHHO OT MapameTpa u npu [ = 2 u napamerpa [ npu p = 2. VI3 HUX BUIHO,
YTO [PU yBEJUYEHUN [apaMeTpa jt PUBEIEHHOE YKECTKOEe CMEINEHNEe YMEHbIIaeT s,
CTPEMSICh K OIpPEIEeJEHHOMY IIPEJIey, COOTBETCTBYIOIIEMY CJIyYai0, KOTIa IepPBBIi
cyioit k€cTkuil. B cirydae ke, KOT/1a yBEeJIMINBAETCS BBICOTA CJIOEB, IIPU IIOCTOSTHHOM
pajuyce KOHTAKTHOM 30HBI, IIPUBEIEHHOE YKECTKOE CMEIEeHNEe CHAYAJa BO3PACTAET,
a 3aTeM YMEHbBIIAeTCs CTPEMSCh K OIPEIeIEHHOMY IIPEJNEJy, COOTBET-CTBYIOIIEMY
CJIyJar0 JBYXKOMIIOHEHTHOI'O IIPOCTPAHCTBA.
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SaKJII0YeHue

Taxkum obpaszoM, B paboTe moJiydeHo 3hdOEKTUBHOE peIleHne 3a1a9u 00 0CeCHM-
METPUIHOM HAIPSKEHHOM COCTOSTHUU KYCOYHOOIHOPOIHOTO, PABHOMEDHO CJIOMCTOTO
IIPOCTPAHCTBA C MEPUOINIECKON CHCTEMON KPYTOBBIX KOJIBIIEOOPA3HBIX IOJIyOECKO-
HEYHBIX, TMapasyIesbHBIX MeKdasHubix Tpemui. [lomyuensr mpocTbie GhOpMyIIbI JiTst
OTIpeJIeJIeHUsT BaXKHBIX MEXAHUIECKUX XapAKTEPUCTUK 3aJIa"1, KAKOBBIMU SIBJISIIOTCS
KOHTaKTHBIE HAIIPSIXKEHUSI U MOJLYJIb X KOMILJIEKCHOT'O KO3(hUIeHTa NHTEHCUBHOCTH.
B cityuae, Koria BbICOTA CJIOEB CTPEMUTCS K OECKOHETHOCTH, IIPY ITOMOIIH ITPEIETBHOTO
epexoia, Moy YeHa OIPeIe/IAonast CHCTEMA CHHTYISPHBIX MHTETPAIbHBIX YDABHEHIH
3aJ1a49n JJIs JIBYXKOMIIOHEHTHOTO MMPOCTPAHCTBA C KPYTOBOI MOJTyOECKOHEYHON KOJTh-
1meobpa3Hoit Me:K(Ma3HON TPEIUHON 1 TOCTPOEHO €€ TouHoe perrerue. [Ipu momormm
YUCJIEHHOIO aHAJIM3a BbISIBJIEHBI 3aKOHOMEPHOCTH M3MEHEHUsI MOJLYJIsS KOMILJIEKCHOTO
KO3 DUINEHTa THTEHCUBHOCTH PA3PYIIAIOININX HAIPSIKEHUI U YKECTKOI'O CMEIEHUS
CJIOEB B 3aBUCHMOCTH OT (DU3MKOMEXAHWIECKAX U T€OMETPUYECKUX XaPAKTEPUCTUK
3aJ1a90.
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SUSUUSULD &hSNHE3NFLLEND WQGUSPL WU GUPUSh Stbulabh,
N3BECTUS HAIIMOHAJIBHON AKAJTEMIN HAYK APMEHNN

Utilumbhlyw Tom 74, Ne 1, 2021 Mexannka
YK 517.977: 534.112 http://doi.org/10.33018/74.1.3

OIITUMAJIBHOE TPAHUYHOE VYIIPABJIEHUE KOJIEBAHUAMMN
CTPYHBI C 3AJJAHHBIMU 3HAYEHNSIMUI CKOPOCTEIN TOYEK
B ITPOMEZ2KYTOYHBIE MOMEHTBI BPEMEHN

Bapcersn B. P.

KuaroueBble ciioBa: KosiebaHHUs CTPYHBI, TDAHUYHOE YIIpABJIEHUE, OITHMAJIBHOE yIIpaBIeHue Kojeba-

HUSAMHU, TPOMEXKYTOUHBIE YCJIOBUS, Pa3jesieHne TepeMeHHbIX

Optimal boundary control of string vibrations with given values of the
velocities of the points at the intermediate moments of time

Barseghyan V. R.

Keywords: string vibrations, boundary control, optimal control of vibrations, intermediate conditions,
separation of variables
We consider the problem of optimal boundary control for the equation of string vibrations with

given initial and final conditions and given velocities of the points of the string at intermediate
moments of time and with a quality criterion specified over the entire time interval. Using the
method of separation of variables and methods of optimal control theory with multipoint intermediate
conditions, optimal boundary controls are constructed for arbitrary numbers of the first harmonics.
As an application of the proposed constructive approach, an optimal boundary control is constructed
with given values of the velocities of the points of the string at some intermediate moments of time.

Gqpuyht pEinuhnfunyeymuttpny puph puypuitmditbph oupphdwy nbljjuyupnudp,
Gpp dwiwtwh dhowblyu wquhtphtt ypypjud G puph YEpbph wpugnpynabtpp

Puwipubinyuib 4. 0.

Nhitwpwnebp. jwph puypubnd, Ggpught nEudupnud, guguimdbtph owpgqhdwy nEudupnud, Shewblyjuy
wuwydwbbtp, thnthnpuwlubbbph whowgpnud

Thipupydwd toppwd ulqplwluwd b Jopolwlwh wwydwbibpny, dwdwbwlyh dhowllyjw wwhbtphl jwph
Utaptinh wpmgmpymbbtph ppduwd wpdtipbtinny Ggptph phnuhnfunipgnibbtpny pupubnuddtiph oupyphuiuy
nuupdwb fpwbnhpp, tipp npuiih hwygputhop ppywd L wdpnne dudwbwljwhupuoh ypu: @nthnpuwjubitiph
whowdwlh I dhowlljuwy puqdwitipuyhl wuwydwbbtipng owyphdw nEjuwduwndwb punipniabtinh Yhpunduedp
wnwehl Juwdwywlwh pyny hwpdnbhyubph hwdwp Juengqwd L owpyphdwy bqpuyhl nijudwpnuibbpp: Npytiu
wnwowpygwd Yntuwppniyphy dmptigdwd Yhpwenipin Juenigqwd b oupphiwy tqpuyhl nhjudwpnudp, tpp
dundwluih vhewlyyur nput wquhh ppywd GO juph Ytaptph wpmgnmeymbatipp:
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PaCCManI/IBaeTCH 3a4a49a OIITUMAJIBHOTO TPDAHUYHOI'O YIIPDABJICHUA [JIA YPDABHCHUA KoJiebaHusIMu
CTPYHBI C 3aJlaHHBIMA HaYaJIbHBIM, KOHEYHBIM YCJIOBUAMHU U 33aJaHBIMU CKOPDOCTAMU TOYEK CTPYHBI
B IIPpOMEXKYTOYHbIE MOMEHTHI BPEMEHU U C KPpUTEpHUEM KadeCTBa, 3aJaHHBIM Ha BCEeM IIPOMEXKYTKE
BpEeMEHH. I/ICHOJIBByH METO/] Pa3Ae/ICHuA II€PEeMEHHDBIX U METOJAbl TEOPHUU OIITHMAJIBHOTO YIIPDABJICHUA
C MHOTOTOYCYHBIMU IIPOMEXKYTOYHBIMHU YCJOBUAMU, O IHIPOU3BOJIBHBIX YHCEJ IIE€PBBIX I'OPMOHHUK
TIOCTPOEHBI OIITUMAJIBHBIC I'DAHUYHBIC YIIDABJICHUA. B kauectse IIPUJIOZKEHU A TIPEIIOKECHHOI'0O KOH-
CTPYKTUBHOT'O IOAXOAA IMOCTPOEHO TPAaHUYHOE ONTUMAJBHOE yHOpaBJeHHe C 3aJaHHBIM 3HaYE€HUEM

CKOPOCTEN TOYEK CTPYHBI B HEKOTOPOM IPOMEXKYTOYHOM MOMEHTE BDEMEHH.

BBenenue

Yupagsiisiemble KOJjiebaTeIbHbIE CUCTEMbI IMUPOKO PACIPOCTPAHEHBI B PA3IHIHBIX
TEOPETUYECKUX U [PUKJIAJIHBbIX objiacrax nayku. HeobxomumocTs ynpasjeHus u Oli-
TUMAJILHOTO YIIPABIEHUS KOJIe0ATETFHBIMU MPOIECCAMY KaK PACIPEIeeHHBIME, TaK
U TPAHUYHBIMU BO3JEUCTBUAMU, ABIAETCA AKTYyaJbHON 3a/adell, pereHnui0 KOTOPO#
YAEJISI0T BHUMaHue MHorue uccienosaresnu [1-14]. Ha npakruke 9acro BO3HUKAOT
3a/a9U IPAHUYHOIO YIPABJIEHUS U ONTUMAJIHHOTO yIPABJIEHUS, B 9aCTHOCTH, KOL/A
HY2KHO CI€HEPUPOBATH C 3apaHee 33/IaHHbIMK (2KEJIAeMbIMK) LIPOMEXKYTOUHBIMU [1APa-
merpamu (bopmoit mporuba, CKOPOCTHIO TOYEK CTPYHBI U T.1.) Kojaebanusa. Monenu-
pOBaHWE U yIPABJIEHWE JUHAMUYECKUX CUCTEM, OMUCHIBAEMBIX KAaK OOBIKHOBEHHBIMU
muddepeHnnalbHBIMU YPABHEHUSAME, TAK U YPABHEHUSIMA C YACTHBIMY TTPOUIBOIHBI-
MU, C IPOMEXKYTOYHBIMA YCIOBUSIMU SBJISIOTCS AKTUBHO PA3BUBAEMbIM HAIIPABJICHIEM
B COBPEMEHHOH Teopuu ynpasjienus. K ucciaeqoBaHuSaM TaKUX 3334 [TOCBAIIEHBI, B
JacTHOCTH, paboTsl [8-16]. B pabore [12] paccMoTpeHa 3a1ava ONTHMATIBHOTO TPAHNY-
HOTO YIIPABJI€HUsT KOJEOAHUSMY CTPYHBI CO CMEIIEHNEM OHOTO KOHIIA, TIPY 3aKPETLIEeH-
HOM JPYTOM KOHIIE C 33JAHHBIMU OTPDAHUYCHUSMY B TTPOMEKYTOYHBIE MOMEHTHI Bpe-
menu. B pabore [13] npemioxken KOHCTPYKTHBHBINA MOAXO0J] IIOCTPOEHUSI TPAHUIHOTO
yIpaBjeHus KOJIeOAHUSMH CTPYHBI C 33JaHHBIMA HAYAJIbHBIM M KOHEYHBIM YCJIOBHS-
MU, KOTOPBIH II03BOJIIET yCTAHOBUTD B IIPOMEKYTOYHbIE MOMEHTHL BDEMEH!U 33/ IaHHbIE
sHavenns byHkunn nporunba. Januas pabora mpuMbIKaeT K padoram [12, 13].

lenp mamHON CTAaThu COCTOUT B pa3spabOTKe KOHCTPYKTUBHOTO IMTOIXOIA TMOCTPO-
ennsi QYHKIUU ONTUMAJIBHOTO TPAHUYIHOrO YIPABJIEHUST KOJEOAHUSME CTPYHBI CMe-
IeHueM Ha JIByX KOHIAX C 33/ JaHHBIMHU 3HAYEHUAMHU CKOPOCTeN TOYEK CTPYHBI B IIPO-
MeKyTOYHbIe MOMEHTBHI BPEMEHU W C KPUTEPHEM KAadeCTBa, 33JaHHBIM HAa BCEM IIPO-
MEKyTKE BpEMEHH. 3a/a4a CBOAUTCS K 3aJ/a4e yIpPaBJeHUus Paclpee/leHHbIMU BO3-
JEHCTBUAMY C HYJIEBHIMU TPAHUYHBIMHA YCJIOBUSMU U, MCMOIB3YsS METO, Pa3/ieeHns
TIepeMeHHbIX, TTOJIyYeHHasd 3a/1a49a CBOANTCA K 3a/iade ONTUMAJIHLHOTO YIPABICHUA I
OOBIKHOBEHHBIX IuDepPeHITNANbHBIX YPABHEHNN C 33JaHHBIMY HAYAJbHBIME, KOHEU-
HBIMHU ¥ MHOTOTOYE€IHBIMH IIPOMEKYTOIHBIMHI YCA0BUAME. MeTomoM mpobieM MOMEH-
TOB JIJIS IPOU3BOJILHBIX YHMCEJ MEPBBIX TOPMOHUK MOCTPOEHBI ONTUMAJIbHbIE TPAHUY-
Hble yrupasienusd. IlomydeHnbe pe3yabraTbl WTIOCTPUPYIOTCS HA KOHKPETHOM IIPH-
Mepe.
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1 IlocranoBka 3aja4n

ITycth cocTostHME pACTIPENETEHHOM KOIeBATETHLHON CHCTEMBI (MAJIBIE MOMEPETHBIE
KOJIEOAHUS HATSHYTON CTPYHBI), T.€. OTKJIOHEHHSI OT COCTOSTHUST PABHOBECHS , OTINCHIBA-
torcst byukmumeit Q (z,t), 0 < a <1, 0 <t < T, koropas nogunHsercs mpu 0 < x < |
u t > 0 BOJITHOBOMY yPaBHEHHIO

32Q 9 82Q
C HaYaJIbHbBIMA yCI[OBI/IHMI/I
0
Q(z,0) = po(x), a—cf =Yo(z), 0<z<lI (1.2)
t=0
U I'PAaHUYIHBIMHA YCJIOBUAMMA
Q0,t) =p(t), QU =v(), 0<t<T, (1.3)

rue dyukuuu p(t) u v(t) - rpaHUYHbIE YIDPABJICHUS.
T
B ypasmenuu (1.1) a® = =9 rne Ty - HATHAXKEHHE CTPYHDI, p - IVIOTHOCTD OJHO-
P

pouuoit crpyust. Ipeanonaraercs, yro dyukuus Q (z,t) € C? (Qr), e MHOKECTBO
Qr = {(z,t): z€0,1], t€[0,T]}.

ITycrb B HEKOTOPBIE IPOMEXKYTOUYHbIE MOMEHTbL Bpemenu ty (k= 1,...,m),
O=to<thi <..<tpm <tmg1 =T
3aaHbl 3HAYEHUsT (DYyHKIMU MpOorubda CTPyHbI

an =Yi(z), 0<z<l, i=1,...m. (1.4)
Ot |-,

3a1a4a rpaHuIHOrO ONTUMAJIBHOTO YIIPABJIEHHs KOJIEOAHUSIMEI CTPYHBI C 38 JaHHbI-
MU 3HAYEHUSMHA TIPOU3BOIHON dyHKIum nporuba (CKOPOCTeil TOYeK CTPYHBI) B IPOMe-
JKYTOYHBIE MOMEHTHI BDEMEHH CTABUTCSA CIEIYIONIMM OOpPa30M: CPEIr BO3MOYKHBIX
yupasnenuii p(t) u v(t), 0 < t < T, tpebyerca HaiiTu ONTUMAJIbHbIE YIIPABJIEHUS,
TIePEBOJISAIIAE CUCTEMY U3 33JJaHHOTO HAYATBHOTO COCTOstHUS (1.2), yIOBIeTBOPSIA MPo-
MexKyTOo4YHbIM ycsioBusiM (1.4), B KOHEYHOE COCTOSTHUE

0Q

Q(va) :@T(gj)’ ot

=Yr(x) = VYpyi(z), 0<2 <1 (1.5)
=T

¥ MUHAUMU3UPYIONe OyHKIMOHAI

T
/(;ﬂ(t) + 2(t)) dt. (1.6)
0

Byznem npenonarars, 9to GyHKIMA ©o(x) M @7 () TPUHALIEKAT TPOCTPAHCTBY
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C?[0,1], a dbynxuun ¢;(z) (i = 0,1, ..., m, m+1) npunaanexkar npocrpanctsy C*[0, 1].
ITpenmonaraerca Takzke, 9To Bee (DYyHKIUHE TAKUE, YTO BBIIOJTHAIOTCH YCIOBHS COLIACO-
BaHUs, KOTOPbIE IIPUBEICHDI HIZKE,

OTMeTHM, 9TO TaK KaK B OT/IEJbHBIE TPOMEXKYTOTHBIE MOMEHTHI BpeMenH t, (k =
1,...,m) 3aaHbl TOJLKO 3HaUYeHHUs OPOuU3BOAHOI (yHKuuu nporubda (1.4) crpywsbr,
TO HUCIOJIB30BATH MOJXO/ IIO3TAIIHOIO PEIICHN 334291 ONTUMAJIBHOIO YIIPABJICHUS He
nesiecoobpasuo. [losTomy B paboTe MpeiaraerTcss Takoi MOIXOM PENIeHus PacCMOT-
PEHHOM 3a/1a91 ONTHMAJILHOTO YIIPABJIEHUS, B KOTOPOM yUYATHIBAETCA CriennduKa mpo-
MEKYyTOUYHBIX yciioBuii (1.4).

2 CsBeneHme 3aJa4m K 33ja4e C HYJIEeBbIMU T'DaHUY-
HBIMW yCJIOBUAMMU

Tak kak rpanudnblie ycaosus (1.3) HEOAHOPOIHBI, PElIeHNe NOCTABJIEHHOI 3a1a4u
CBOJIUM K 33J1a4€ C HYJIeBbIMU IPAHUYHLIMU yCJIOBHUSMH.
Pemenue ypasuenus (1.1) uuiem B Buje cymmbl

Qz,t) = V(z,t) + W(z,t) (2.1)
rae V(z,t) - HensBecTHas PyHKIMS € OMHOPOJHBIMY IPAHUYHBIMA yCJIOBUSAME
V(0,8) = V(I,£) = 0 (2.2)

u npezcTodias onpeenennio, a W(x,t) - pemenue ypasaenus (1.1) ¢ HEOXHOPOIHBI-
MU I'DaHUYIHBIMHA YCJTOBUAMU

W(0,t) = p(t), W(,t)=uv(t). (2.3)
Dyuxiua W(x,t) umeer Buj

T

W(z,t) = (v(t) — ut)) 7 + p(2). (2.4)

IMogncrasus (2.1) B (1.1) u yuurbiBas (2.4), nonyuum ypaBrenue i byHKIMU
V(1)

%T‘; ZGQZTZ + F(x,t), (2.5)
rie
Fla,t) = (j(t) - /() T = i(t): (2.6)

B cuiy Ha9aJIbHBIX, TPOMEKYTOYHBIX W TPAHUYIHBIX YCJIOBHil, COOTBETCTBEHHO
(1.2), (1.4) u (1.5), dyukums AOIKHA YAOBIETBOPATH CJIELYIONIUM HAYAIBHBIM YCJIO-
BHSAM

V(@,0) = ¢o(@) = (#(0) — p(0) 7 — (0).
. (2.7)
Tl =@ - 60 -] i),
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TPOMEXKYTOIHBIM YCJIOBUAM

B, =D 600 ) —p), i=1om (29
" KOHEYHBIM YCJIOBUAM
V(@,T) = pr(e) - (UT) = u(T))T = p(T),
oV . . r . (2.9)
Br| = Ur(@) = 1) = ()T — D),

U3 ycnosuit (2.7) - (2.9), ¢ yuerom (2.2), Ho1y9uM CIIEIYIONME YCIOBHs COIJIACO-
BaHUs

1(0) = ¢0(0),  A(0) =v0(0), v(0) =o(l), ©(0)=r1ho(l), (2.10)
M(tz) 2%(0)’ V( 1) :¢z(l)7 i=1...,m, (2'11)
w(T) = r(0), MT)=v¢7(0), v(T)=e¢rl), >(T)=1vr(). (2.12)

CrenoBarenbHo, ¢ yaeroM yciosuit (2.10)-(2.12), ycnosus (2.7)-(2.9) s3amumryTcs
caeayomumM 06pa3oM, COOTBETCTBEHHO:

xT

V(2,0) = po(z) = (¢o(l) = ¢0(0)) 7 — 0(0),
oV - (2.13)
o = vo(z) — (Yo(l) —’¢b(0))j’—’¢b(0%
t=0
ov T .
ol bi(@) = (i(l) = i(0) 7 = :(0), i=1,...,m, (2.14)
V(@,T) = er(@) - (pr(l) - p2(0) 7 — or(0),
ov N (2.15)
o = ¢r(z) — (Yrl) — ¢T(0))7 —97(0).
t=T

Takum 06pa3oM, pelenne 3aJa91 ONTUMAIBHOTO IPAHUYHOTO yIPABICHUSA KOJIe-
GaHusMK CTPYHBI C 33JaHHBIME 3HAYEHUAMU HPOM3BOAHOM dyHKUmM nporuba B mpo-
MeKyTOUHBIE MOMEHTHI BDEMEHH CBeJIeHa K 3aade yrnpasienns (2.5), (2.6) ¢ rpannd-
HbIMEU ycaoBusME (2.2) u MunuMu3UpyeMbiM dyukimonasom (1.6), koropas dopmy-
JIUPYeTCs CIEAYIOMNM 00pa3oM: TpebyeTcs HaiTH ONTHMAJIbHbIE TPDAHUYHBIE yIIPaB-
nermsa p(t) u vO(t) mpu 0 < t < T, mepeBoasmHme KomebaHne, OMICHIBAEMOE yPaB-
HeHEeM (2.5) ¢ TPAHUYHBIME yCJIOBUAMHE (2.2) U3 3aJaHHOIO HAYAIBHOIO COCTOSHUSA
(2.13) wepes npomexxyrounsie cocroauug (2.14) B koneunoe cocroguue (2.15) u Mu-
uuMusupyomue dbyaxinuonan (1.6).
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3 CBegenme perieHus 3a/ia9W C HYJIEBbIMU T'DAHWY-
HBIMU YCJIOBUSAMM K ITpOOGJIeMe MOMEHTOB

YuureiBas, uro B 3aua4e (2.5), (2.6) rpanudnbie yciaoBus (2.2) 0HOPOAHBL, HPE-
TIOJIO’KEHNE BHITIOJHEHNUST yCIoBuii cornacosantocTn (2.10)-(2.12) u npuHAIIEKHOCTH
MCIONb3yeMbIX (DYHKIMI yKa3aHHBIM COOTBETCTBYIONIMM MPOCTPAHCTBAM, COTJIACHO
Teopun psaaoB Pypee, penieHne ypaBHeHus (2.5) UieM B BUe

1
o0
k 2
V(z,t) = ZVk(t) sin WTx, rie =7 /V x,t) sin —xdm (3.1)
k=1 2

Ipencrasum dbyuxuuu F(z,t), ¥;(z), (i =0,1,...,m+1), po(z) u or(x) B BUZE
panos ®ypbe u, MOJCTABUB UX BbIpaxkenus smecre ¢ V (z,t) u3 (3.1) B ypaBHenus
(2.5), (2.6) u B ycaosus (2.13)-(2.15), moayunm

0+ V0 = R, = () (52
Vel0) = o = 22 [0 0) ~ o) (1)
’; (3.3)
Vi0) = v = = [0(0) = () (~1)*]
k
Tult) =9 - 15 [0 - (D], i=1..m, (3.4
V(@) = o = 22 or(0) — er@)(-1)"]. -
3.5
(@) = 947 = 22 [42(0) - vr@)(-1)"].
rae
Filt) = 5 [P0 = (o). (3.6)
31echb uepes 1/},(:) (i=0,1,....mm+1), ¢ (0) u gak D) oBosnatennt K03 PUIUeHTHI

Dyphe, COOTBETCTBEHHO QYHKIMAM 1, (1) (z =0,1,...,m,m+1), po(z) n or(x).

O6ee permenvie ypapaenust (3.2) ¢ HaYalIbHBIMK ycaoBusME (3.3) nMmeer BU

1.
Vi (t) = Vi (0) cos At + )\—Vk( ) sin Apt + —/Fk sin A\, (t — 7)dr. (3.7)
k

Teneps yuureiBast npomexyrodusie (3.4) u xkoneunste (3.5) yciaosud, u3 (3.7) mo-
ayuanm, uro byrkuun Fj(7) ms kaxaoro k JOMKHBI YIOBIETBOPSITH CJIEAYOIIEH
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CHCTEME PABEHCTB:

Fi () sin \p (T — 7)dr = C1(T),

Fi(7) cos \e (T — 7)dr = Coy(T), (3.8)

Fi (1) cos A\g(t; — T)dr = ézk(tj), ji=1,...,m,

O — s Ty T

rae

Ciu(T) = MeVie(T) — Mo Vie (0) cos AT — Vi (0) sin A T,
Coi(T) = Vi(T) 4+ M. Vi (0) sin \y T — Vi (0) cos A T, (3.9)
Cgk (t]) Vk (tj) + MV (0) sin A\gt; — Vk (0) cos At;.

Moxncrasnas Boipazkenue dbyuxiyu Fi(t) u3 (3.6) B (3.8) u unTErpupys 1o 4acrsm,
¢ yaerom yciosuit (2.10)-(2.12), nonyunm

T
w(T)sin A (T — 1) dr — /1/(7)(—1) sin \g (T — 7)dr = C1(T),

T
wu(r)cos \g (T — 1) /V Ycos A\, (T — 1) dr = Coi(T),
0

T (3.10)
w(r)g® () dr / v(r)(~1)g (7) dr = Cor(tr),

St — 5 T T

v(m) (=D g™ (7)dr = Cor(tm), k=1,2,...,

O\s}
=
2
S

)
=
U
ﬂ
O\H

rie

1 [ Mgl

Cii(T) = 3| iClk( T)+ X1 — (_1)kY1k::| ,
k
1 )\kl k

Con(T) = 5 70213( )+ Xop — (=1)"Yai | , (3.11)
kL
1 )\ | ~ i )
kL
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X1k = Aepr(0) — ¥o(0) sin AT — Agpo(0) cos A T,
Xop = 1hr(0) = 1p0(0) cos AT + Aripo(0) sin AT,
Ylk = )\ngT(l) — ’lﬁo(l) sin )\kT — )\k(po(l) COS )\kT,
Yor = (1) — ¥o(l) cos AT + Appo(l) sin A\ T,
Xéi) = 1;(0) — 10 (0) cos Axt; + Ak (0) sin Axt;,
Y = (1) — 1bo(l) cos Aet; + Apepo (1) sin At

; cos \g(t; —7), 0<7<ty,
g](ﬁ,‘j)(’r) _ J J
0, tj <7< T7

(3.12)

j=1...,m.

U3 coornomenus (3.10) caemyer, 9ro Jyia KazK A0l rapMOHUKY JBUKeHue (T.e. JJist
kaxzaoro k =1,2,...), onucsbiBaemoe ypasuerueM (3.2), (3.6) ¢ ycrnosuamu (3.3)-(3.5)
BILIOJIHE ylLIpaB/iseMa TOJa U TOJLKO TOL/A, KOA JJid JIOObIX 3aJaHHbIX 3HAYeHUi
nocrostHHbIX C1i(T), Cor(T), Cor(t1), - . -, Cox(tm) B (3.11) MOXKHO HafiTH yIIpaBIeHHe
w(t) uv(t), 0 <t <T, ynosiersopsioniee yciaosuio (3.10).

Beenewm ciemyiomue ob603HadeHMsA:

sin A, (T—7) (=) sin g (T = 7)
cosAp (T —7) (=) cos A (T — 7)

Hy(r)= | gV (r) D) ()|
9" () (=)™ (7) 5.13)
C1x(T)
Cox(T)
Ci(tr, .. tm, T) = | Coxt) || U () = (’:gg) .
Cop(tm)
Torma coorrorrenue (3.10) 3amumiercsa CaeayOImM 06pa3oM
T
/Hk(T)U(T)dT = Chltrye et T), ki =1,2,... (3.14)

0

CrnenoBarenbho, mas Haxoxkaerusa Gyuakmuu U (1), 7 € [0, T], nomyqarorcs Gecko-
HeYHbIe WHTerpasibHble cooTHOmeHns (3.14).

Takwum 06pa30M, perenne MOCTABICHHON 3a1a91 ONTUMAIBLHOTO YITPABJIEHAS CBO-
JIUTCS K HAXOXKIEHUIO TAKUX IPAHUYHBIX yrpasienuii u(t) u v(t), 0 <t < T, koropbie
JUUIst KaxKoro k = 1,2, ... yJOBJIeTBOPSIOT MHTErPaibHbIM cooTHOmenusM (3.10) (uiu
(3.14)) u nocrapisor munumyM dyskuuonasy (1.6). 3asady onruMabHOrO yrpasJie-
nud upu dyukunuonase (1.6) ¢ uarerpansabivMu yesaosuamu (3.10) (uium (3.14)) MoxKHO
PACCMaTPHUBATh KaK 3379y YCJIOBHOTO 3KCTPEMYMa W3 BAPMAIMOHHOTO MCYMCIICHHUS.
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4 Penienne 3aga4un

Tak kak dyukuuonas (1.6) gBisiercs: KBaAPATOM HOPMbI JIMHEHHOTO HOPMUPOBAH-
HOT'O IPOCTPAHCTBA, a HHTerpaabHble cooTHomenus (3.10) (wiu (3.14)), nopoxK jeHHbIe
dyukuusvu p(t) u v(t), suHeiinbl, TO 334a4y OLUPEEIEHUs OIUTUMAILHOIO YIPABJIEe-
HUS U1 Kaxkaoro k = 1,2,... MOXKHO paccMaTrpuBarh Kak MmpobieMy MOMeHTOB |1,
15, 17]. CemoBaresibHO, PEIeHre MOXKHO TIOCTPOUTH C TIOMOIIBIO AJITOPUTMA PEIIEHH s
TIpOoOIeMBI MOMEHTOB.

Ha nmpakTnke 06bIMHO BHIOMPAIOTCS HECKOJIBKO NMEPBBIX 7 TADMOHUK yIPYTHUX KO-
nebaHuii U PEIaeTcs 3a/a49a CHHTE3a yIPABICHHH, MCIOIb3YS METOIBl TEOPHUU YII-
paBJieHusl KOHEYHOMEPbIMK cucremamu. 1losromy nocrpoum pemienue 3aga4du (1.6) u
(3.10) upu k = 1,2,...,n ¢ HOMOLIbIO AJIIOPUTMA DELICHUs LIPOOIEMbI MOMEHTOB.
s pemenus koneunomepuoii (mpu k = 1,2,...,n) npobiembl MomenToB (1.6) u
(3.10), cenys [17], HY>KHO HAWTH BEJIWIUHBI Pk, Gk, Yik, kK = 1,...,m, ¢ = 1,...,m,
CBSI3aHHBIE YCJIOBUEM

> | peCax(T) + qrCan(T) + Z%kclk ] =1, (4.1)
k=1
JIJIST KOTOPBIX
T
—min [ [12,(r) + 13,(r)] (4.2
0
rie
hin(T) = Z lpk sin A\, (T —7) + qucos A\ (T — 1) + Z%kg,(:) (7’)‘| )
i =t (4.3)
hon(T) = (1) [pk sin A\ (T —7) +qrecos A\, (T — 7 +Z%kg ]
k=1
s ompenesieHnsl BEJTUINH pg, q,g, ’y?k, k=1,...,n,1 = 1,..., m, MUHUMHU3H-

pytomux (4.2), npUMEHUM METOJ] HEOIPEIEIeHHbIX MHOKHUTE el Jlarpanxka. Beemem
dyuknmo

T
fn= / [(hln(T))2 + (hQH(T))ﬂ dr+
0

+ Bn

Z (pkclk + e Cor(T) + Z%kcm ) - 1] ;

rae By, - HeonpeIe/IeHHbI MHOXKUTE b Jlarpamn:xka. Ha ocHOBe 3TOro Mmerosa, Berauc/isis
TMPOU3BOIHBIE IO Pk, Gk, Vik, k= 1,...,n, i =1,..., m byakuu f, u npupaBHUBas K
HyJ110, ¢ yuerom obo3navenus (4.3), (3.12) u npucoeuHsis K 1101y Y€HHBIM Y DABHEHUSAM
ycaosue (4.1), nosyuum 3aMKHYTYIO cucremy 2n—+mn+1 ajnrebpanyeckux ypaBHeHuii
OTHOCHUTEIFHO CTOJIbKUX K€ HEM3BECTHBIX BEJIUYUH P, Gk, Yik, k = 1,...,n, i =
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Lomoua By

D1
j=1

R
j=1

[djkpj + ejkq; +

n

2.0

n

>

lpkcm( ) + ¢ Cor (T
=1

k=1,..

M 7”7
rae
sin\; (T'— 1) sin A\, (T —

aj, = T)dr,

T
/
T
<a>_/
J
0

Ci =

cos A (T

\
Ot~

g

—7) g (T)dr,

(@)

fj(,(j) = [ g; (1)cos A, (T —

/

Ilycros BemmanHbL pg, qg, 7?k: k=

[ajkpj + bjrq; + Z C((;];)'Yaj

()
l ajip; + 05 a5 + ZQOZ? Yo

) (P sin M (T — 7)dr,  dj =

T)dr,

L.,

a=1

Z I fﬁé)%j

a=1

(4.4)

)+ Z%kczk

=1
1=1,...,m,

>] -1

T

bjr = [ cos\; (T —1)sin A\ (T — 7)dr,

0
T
sinA\; (T'— 7) cos A\, (T — 7) d,

0

T)cos A, (T —

/

(i) _
9k

7)drt, (4.5)

cos\j (T — 1) g,(:) (1) dr,

g

nyt=1,...,

b =

g\ (r) g? (7) dr.

mu 3%, apnsioTca permenuem

3aMKHYTOW crcreMbl anrebpandecknux ypaprennii (4.4). Torma, cormacuo (4.3), (4.2)

OyzemM mMmeThb

n

(1) =3

k=1

n

0
th

(1) =

k=1

(- [p(zi sin Ay (T —7)
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= [ 08,00 + (18(0))"]

Cnenys [17], onTumasibable rpannunble ynpasaenns pd (1) u v (7) aasa moboro
n=1,2,... IpeacTaBATCA B BUJIE:

OT:L}LOT V(1) = 1h0
:u‘n( ) (p%)Q 171( )7 n( ) (pn)Q 2n( )

Taxum ob6paszom, onTumabhbie ynpassenus ud (1) u v2(r), 7 € [0, T, cormacuo
dopmynam (3.12) u (4.6), 3anuceiBaiOTCa B BUJIE:

(pf})2 > [Gk (pk7Qk,)\k,T T) > 'ykcos)\k (t; —7-)] 0<71<t
" k=1 =
o0 [Gk (0. q0, A, T, 7) + Z 0 cos A, (t; _T)] to<r <ty
) =1 -
pin (1) =
(p‘}) > [Gk (plqu?)‘va 7’) + 99 cos A\ (tm T)]’ b1 < T <t
n) =1
(pg)2 > Gr (D0 G M To7)y by < T <ty =T
n k:l
()2 kZ (-1 )k+1 {Gk (PY. a2, M\, T, 7) + Z 79 cos Ak (t; — 7)]
" =1
0<7<t
& k m
(pé)2 kE (_1) +1 I:Gk (p27q27 )\k);Ta T) + 22’770,% COS)\]C (tz — 7’):|7
Tok=L iz
vn(7) = t <7 <t

n
(P(}J2 > (=1 )k+1 [Gk (Pk,qk,)\mT T) +'mG cos Ak (tm 7)]7
tm—1 <T <t

(p(})z E (_1)k+1Gk (pgaQIga Ak7T7 T)a tm <7< tm—i—l =T
"k

raoe Gy, (pg7 @, A, T, T) = [pg sin A\, (T — 7) + g9 cos Ag, (T — 7')]
Temneps mocrponm pyHKIHIO Tporubda, COOTBETCTBYIOILY IO ONITAMAIBHBIM yIIPAB/IE-
musm 1 (7) 1 v0 (7). ToacTasiss Moy YeHHbIe BHIPasKeHUs 7Tt OMTUMATBHBIX YTIPaB-

aennit p (1) u v2(7) B (3.6), a momyuennoe nus FY(t) Boipaxkenne — B (3.7), momyaum
byukmmo V2(t), t € [0, T), k =1,...,n. danee, u3 bopmyast (3.1) Gyaem uvers

Z VAt sm (4.7)
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au3 (2.4) byukimua W2 (x,t) umeer Bus
Wi(a,t) = WA(t) = H (D) T + Ko (D). (48)

Takum o6pazom, corsiacuo (2.1), aJis nepBbIX 1 PAPMOHUK ONTUMAJbHAS (DYHKIHS
nporuba crpyust Q0 (x,t), ¢ yaerom (4.7) u (4.8) zanmmercs B BUe

Q0 (x,t) = Vo(x,t) + WP (z,1). (4.9)

5 IlocTpoeHue penreHus B ciaydae m = 1

JI71s MILTIOCT AN BBITTIEN3/TOKEHHOTO TTPEITIONOKUM, YTO B TPAHUYIHBIX YCJIOBU-
x (1.3) Q(I,t) =0,0 <t < T (re. v(t) =0), ¥ B IPOMEKYTOIHBIT MOMEHT BPEMEHH
t1 (0 =1ty <t; <ty =T) 3a1aHbl 3HAYEHUS CKOPOCTEH TOUEK CTPYHBI B BUJIE:

=i(z), 0<z<lLl (5.1)

t=t1

ot

B srom ciayuae uz dopmyint (3.6) cienyer Fy(t) = —/\Z—Zlﬂ(t), a corsacHo (hopmy-
jam (3.10) GymeM uMeTh CJIEAYIONME HHTErPAJIbHBIE COOTHOIIEHMS

w(r)sin A (T — 1) dr = C1(T),

Ot~

w(r)cos A\ (T — 1) dr = Cox(T), (5.2)

Ot~

T
//L dT_ Cgk(tl)
0

rue
1 [ Mgl 1 [ Al ~
Ci(T) = )\2 [ b Cii(T )+X1k:|7 Cor(T) = )\2 [ i Cor(T) + Xo,
1 [ Al =
Cgk(tl) )\2 [ k Czk(tl) +X( ):| )

ITocrosunbre C’lk(T), Cog (1), Con (t1) onpenensitorcs uz dopmyast (3.9), a Xqp, Xog,
x$) us (3.12).

[IpuMeHsist BBIMIENPEIJIOKEHHBIA MOIX0, TOCTPORM ONTUMAIHHOE TPAHNIHOE YTI-
pasyerne pl (1) mpu n = 1 (cregosarensho k = 1).

g ornpesenenus 3HaYEHUsT BeJUIUH P1, q1, Y11, U P1, cormacuo (4.5) u (4.6),
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OyzeM MMeThb CJIEJYIOUIYI0 CHCTeMY ajirebpanydecKuX ypaBHEHUil:

B
ap1 +buig + 0511)711 = —§C11(T)7 duypr +enq + fﬁ)%l = —%021(T),

aﬁ)Pl + b§11)q1 + 95111)711 = —%021(151), Cii(T)p1 + Co1(T)q1 + Cor(t1)yn1 =1
(5.3)
e
T
T 1
a1 = /sin)\l (T—7)sin\ (T —7)dr = PR sin 2\ T,
1

0

T
1
b1 =di = /cos M((T —=7)sin\ (T —71)dr = Ksin%\lT,
1
0

T
1 t
agll) = cﬁ) = /gg) ()sin A (T = 7)dr = e sin Aty sin M T + 51 sin Ay (T —t1),
1
0

T
e11 = /cos)\1 (T —71)cosh (T —7)dr =
0

T 1
5 + R Sin 2)\1T7

T
1 t
b§11> = 1(}) = /g§1) (T)cos A\ (T —7)dr = I sin A\1¢1 cos M T + 51 cos A1 (T —t1),
1
0

T
t 1
gt = / gV (1) gt (r)ydr = 2+ S sin2\t.
2 4\
0

l am
st mpocToThI, TpeanooxkuM, 9to t1 = 4—, T = 8—. Torma, ¢ ygerom A\ = T
a a
nonyauM t1 A1 = 4w, TAy = 8w, A\ (T — t1) = 4w, cinenoBaresbho, 6yJeM UMeTh

4l 21
ail = €11 = P bin =dnn = aﬁ) = 0511) =0, 6511) = 1(1) = gﬁl) = -

B sroMm ciyuae pemas cucremy ypasaenuii (5.3) 1j1g BeJIMUUH P1, G1, Y11, HOLYIUM

p) = gCu(T); @) = A[Cor(T) — Can(t1)], Ay =—A[Cor(T) — 2Ca1(t1)],

rie
1
A™H = SOW(T) + G (1) + [Can(T) = Con (1)),

e1(0) = ¢0(0)

Cu(T) = - (1) - V() + ZLO =20,
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l

- ¥r(0) — %o(0)
2@)\1

A2 ’
Y7(0) —1o(0)
A2 '

Con(T) (@ V1)) +

Cor(ty) = (Vl(tl) - V1(0)) +

l
2(1)\1
Crie1oBaTeIbHO, ONTUMAIBHOE TPAHUTHOE YIIPABICHUE u(l)(T) 3alnChIBACTCA B BU-
Ie:

—z [pYsin A (T —7) + Y cos Ay (T = 7) + 7 cos Ay (1 — 7)), 0< 7 < 1y,

pir) =1 Y
ﬁ[p(l)sin)\l(T—T)+q(1)cos)\1(T—T)], t1 <7<T,

rie
ty
(p(l))2 = / [p? sin\ (T — 1) + q? cos\ (T —71)+ ’y?l cos A\ (t1 — 7)]2d7+

0
T

+ / [pYsin Ay (T —7) + ¢} cos Ay (T —7)] 2dr.

ty

Hautee, cornacuo npusejenubiv opmynam (4.7)-(4.9), byuem umernb

Q. t) = VP, t) + Wi 1) = VP(B)sin Ta+ (1- 7 ) ud0).

3akJo4YeHnue

Hpe,qﬂox(eH KOHCprKTHBHbIﬁ METOI MMOCTPOEHUA ONTUMAJIBHOTO TPAHUYIHOTO YTI-
paBJIEHUS TTPOIECCOM KOJIe0aHU OHOPOIHONW CTPYHBI C 33IaHHONH CKOPOCTHIO TOYEK
CTPYHBL B IPOMEXKYTOYHBIE MOMEHTHI BPEMEHHN U C KPUTEPUEM KadeCTBa, 33TaHHBIM
HA BCEM MPOMEXKYyTKe Bpemenu. IIpemioKeHHblit MOIX0/ ONTHMAIBHOIO TPAHUIHOTO
yIpaBJIEHUS KOJIEOAHUSIMY CTPYHBI, C UCTIOIb30BaHNeM MeTona @yphe BMECTO METOIA,
Jamambepa, HOMyCKAaeT pacIpOCTpAHEHNE HA APYTHe HEOIHOMEpPHbIE KOJIe0aTe/IbHbIE
CHUCTEMBI.
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N3BECTUS HAIIMOHAJIBHON AKAJIEMII HAYK APMEHNN
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BJIMSTHUE TEMIIEPATYPBI HA JINCCUIIATUBHBIE CBOMICTBA
I'PYHTOB

ITerpocsau T. JI.

KuroueBble cjioBa: MUCTEPE3UC, OUCCUIANNA, O3y IECTh, IEPUOANIECKOE HAIPYKEHUE

Influence of temperature on the dissipative properties of soils

Petrosjan T. L.

Keywords: hysteresis, dissipation, creep, periodic loading

In order to study the effect of temperature changes on the dissipative properties of soils, a certain
temperature function is introduced under the integral sign in the equation of the theory of heredity
and at the same time takes into account the dependence of the elastic modulus on temperature. As a
result, on the basis of experimental data on the thermal creep of soils, an expression was obtained for
determining the hysteresis energy losses with periodic voltage changes depending on the temperature

change.

Qtiptwuphtwmth mqntgmpniap gpniiypatiph nhuhwunphy hwpmpymbaabph Yypu

Mbyppnuywb S L.

Shdtwpwntp. hhupbtptighu, gpnud, unnp, wupptpuub pinbwynpnud

Gnmipbtiph nhuhwyuwmhy hwpynieynubbtiph obipdwumhéwbhg Juhijwhinipyut numdbwuhpdwb byw-
uyny unnph dwnwiquijuinieyub phunipjul hwjuwuwpdwb ke hiptigpuih tpwbh pul dipgdwd £ npnpuyh
otipdwuypphwiwghtt $nidijghw b Jhwdwdwbwly hwyyh b wnijuwd wpwaquijuinigpjub dnnnith juhijudnip-
Jnuhp stipdwuyppéwithg: Wpnymbpnd gpmibnpitiph otipdnunnph thnpawpupuub yy juitph hhdwb ypuw ugpug-
Juwd L wupptpuub ptintwdnpdwd dudwbwy, Juujwd otipdwuphwdhg, hhuptipighuwghtt thtipgtgphy Yyn-
pnuupbtinh npnpuw hwdwp wpypuwhwyypnieynib:

B pab6ote ¢ nenbio ucciiefoBaHns BINSHAS N3MEHEHNN TEMIIEPATYPBI Ha JUCCUIIATUBHBIE CBOMCTBA
CPYHTOB IIOJ] 3HAK HHTErPaJia B yPAaBHEHUN TE€OPUU HACIEICTBEHHOCTH BBOJUTCS HEKOTOPas OYHKITHS
TEeMIIEPATYPbl U ONHOBPEMEHHO YUHUTBHIBAETCHA 3aBUCHMOCTH MOIYJs YIPYTOCTH OT TeMIeparypbl. B
pesyJibTaTe 4ero Ha OCHOBE 3KCIEePHMMEHTAJIbHBIX JaHHBIX O TEPMOIIOJI3YyYeCTH TI'PYHTOB IIOJIy4€HO
BBbIpazKeHue JJIs1 ONPeJIeJIeHUsI TUCTEPE3NCHBIX SHEPIeTUIEeCKUX IIOTEePhb MPU IIePUOJUIECKUX U3MeHe-

HUAX HAIIPAXKEHUA B 3aBUCUMOCTU OT U3MEHEHUA TeMIIepaTypPhbI.
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BBeaenne

Bo muOrmx paborax ([1 - 4] u n1p.) Tpwm uccIeIOBAHUN PACCESTHUST MEXaHUIECKOM
SHEPI'UHU U 32TyXAHUSI COOCTBEHHBIX KOJIeOAHNUI JIe/IaeTCs TONBITKA HAfITH CBA3b MEXK Iy
paccesiHIEeM HEPrHH U [apaMeTPaMH XapaKTepUCTUK MaTepuada. B pabore [5] no-
Ka3aHO, YTO PACCEsSHHE SHEPIHH OT IUKJIAa K IUKJY CYIIECTBEHHO H3MEHAETCH, &
napaMeTphl HATPYZKeHUs CHJIBHO BJIHAIOT Ha BeJIMINHY KO3(bdUIIEHTa IOIJIONIeHN.
B paGore [6] HA OCHOBE JAHHBIX O HOJ3YYECTH IPYHTA IIPH UCIOJb30BAHUU TEOPUH
CTapeHusl ¥ TeOPHU HACJIEJCTBEHHOCTH IIOCTPOEHBI NETJIH TUCTEPe3NCa B CPaBHEHHN
C IKCIEPUMEHTAJIbHBIME JAHHBIMU IIPU MAJIOIUKJIOBOI IIOJI3y4YeCcTH, U Ha IIpUMepe
IPYHTOB IIOKAa3aHO, YTO TEOPUs HACJIEICTBEHHOCTH, B OOMIEM, MOXKET OBITh PEKOMEH-
JIOBaHa JIJIsT ONMCAHUsI [OIVIOIIEHNs SHeprun. B pabote [7] 1aH aHAIN3 3aBHCHMOCTH
K03 unneHTa IOIVIOMIEHHs OT II€PUOA IUKINIECKIX HAIDY2KEHUIl, CTEIIeHN achM-
MeTPHUH IMKJIa ¥ OT HOMepa IUKJa JJIsi Marepuasa, JedOpMHUPYIOIIETrocs: COrJIacHO
JINHERHON TeOpHU HACJIEICTBEHHOCTH. B paccMOTpeHHBIX paboTax He yIHTBIBAIOTCS
yCJI0BUsI (TeMIlepaTypa, BIasKHOCTb, CTapeHUe U JIP. ), BO3JEHCTBUE KOTOPBIX IPUBOIUT
K H3MEHEHHIO J1e(OPMAIMOHHBIX U JUCCUIIATHBHBIX CBOICTB MaTe€PHAJIOB.

IIpu npoexTupoBaHUU U PACIETE KOHCTPYKIINIL, 3JIEMEHTHI KOTOPBIX [IPEJICTABIISIOT
€o00it MATEPHATIBI C APKO BBIPA’KEHHBIMI PEOJIOTHIECKAMHE CBOMCTBAMH (IIOJI3yYeCTh,
peJIaKcalys HAIPSIKEHNUH, JUCCUIIAIUST), IaCTO BO3HUKAET HEOOXOJANMOCTh 3HAHUS O
BJIMSHUU BBIIIEYKA3aHHBIX YCJIOBHI Ha IOBEIECHUE MATEPUAJIOB.

Mozkuo ormeruth psis pabor [8, 9, 10], HOCBAMEHHBIX YKCIEPUMEHTAIBHOMY HC-
CJIEJIOBAHUIO BJIMSTHUS TEMIIEPATYPHI Ha MPOYHOCTHBIE U JIUCCUIIATUBHBIE CBOHCTBA
MeTaJIJIOB, CIIJIABOB U IIOJIMMEPHBIX MaTEPUAJIOB. B HUX IOJIydYeHO, YTO IOBBIIIEHUE
TeMIEPaTypPbl METAJIJIOB U CILIABOB IIPUBOJMT K yBEJIUYEHUIO KO(DDUIMEHTa TIOrJI0-
IEeHNsl, TPUYEM, MPU BBICOKUX TEMIIEPATYpPaX HAOJIOMAIOTCS MHUKA KOIMDPUIMEHTa
W, KOTOpBIE COOTBETCTBYIOT PA3JIUIHBIM TEMIIEPa—TypaM JIJIS PA3HBIX METAIIOB. B
pabore [10] uccieoBaIMCh BTYJIKU U3 IOJILYPETAHA, BHIIOJHEHHBIE U3 TPEX XUMHUIEC-
KUX cucreM, B auanasone temieparyp ot —40°C no +60°C. Us auarpamm K = f(T)
BHUJIHO, ITO BCE UCCJIEIyeMble TUIThI HECTAOUIBHBI 110 KOI(PDUIMEHTY TTOTEPH BO BCEM
JIMAITa30HE TEMIIEPATYP.

Bausaune namenenust reMiiepaTyphl Ha TIOBEIEHAE MATEPUAJIOB OOBITHO MCCJIETYIOT
C IIOMOIIBIO TEeMIIEpATypPHO-BpeMenHoit anajoruu (12, 13, 14, 15|. Ilpunmun remuepa-
TYPHO-BPEMEHHON AHAJIOIMU COCTOUT B TOM, UTO B yPaBHEHUE COCTOSHUS BBOIUTCS
IPUBEJIEHHOE BpEMsI, KOTOPOE MPUBOJUT JIUIIb K M3MEHEHUIO MacIiTaba BpEeMeHH,
BCJIEJICTBUE Y€r0 MOXKHO PACCMATPUBATH TEPMOPEOJIOTHIECKUE TOXKJIECCTBEHHBIE TTPO-
1ecchl. AHaJIM3 BBIMENPUBEIEHHBIX PAOOT MOKAZBIBAET, UTO TIPU MCCIICTOBAHUN BJIUsI-
HUS TEeMIEPATypbl Ha AedOpMAIMOHHBIE CBOWCTBA MATEPUAJIOB C IOMOIIBIO HACJIEI-
CTBEHHOI Teopum BA3KOYIIPYTOH CPEebl, TOMOOHBIN MOIXO TaCTO OKA3BIBAETCS He-
YI0OHBIM, ITIOCKOJIBKY J1JIs HEU30TEPMUYECKUX IIPOIIECCOB BBIYHUCJIEHNS BEChMa 3aTPY/I-
HUTEJIBHBI, & JjIs HeJIMHEWHBIX MPOIeCCOB (haKTOP TEMIIEPATYyPHOI'O CIIBUTA 3aBUCUT
KaK OT TeMIIepaTypbl, TaK U OT HampsikeHusi [12, 13]. DTo NPUBOAUT K BBEJECHUIO B
OTIPEIEJISIONTNE YPABHEHNUST OOJIBIIOTO YMCJIa HEU3BECTHBIX TAPAMETPOB.

B paGore [16] mpesaraeTcst WHOM TOAXOM K MCCIEOBAHMIO AedopMaruii Haces-
CTBEHHBIX BA3KOYIIPYTHX CpeJl IIPU Pa3HbIX TeMileparypax. B ompeelistoliee ypaBHe-
HIe, TIpeJyIoyKeHHoe B [17], BBosuTest HekoTopast dbyukiust f(T'), mocsie uero ypasHeHne
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3allUChIBaEeTCd B BI/I,ILG
t
o(e) = o(t) + / K(t — m)o(r) fIT (), T(r)]dr
0

rie ¢ (6)— ypaBHeHHe KPUBOH MIHOBEHHOIO /1e(hOPMUPOBAHUSI.

CoryiacHO JaHHBIM, IPUBEACHHLIM B [16], moBezeHMe MaTepuaa 3aBUCUT JIHIIb
OT TeMIlepaTypbl B JaHHbII MoMeHT Bpemenu. Ilosromy, nasee dbyuxius f[T(7)] B
YPABHEHUU HE PACCMATPUBAETC.

ITocTranOoBKa 3aaa4n

[lenpio JaHHON pabOThI ABJISAETCA MCCIEJIOBAHNE BJIMSHUS U3MEHEHUI TeMIepa-
TypBI Ha JMCCHIIATUBHBIE CBOICTBa TPYHTOB. J[ls1 3TOrO B ypaBHEHWH TeOpHH Ha-
CJIEJICTBEHHOCTH TI0J 3HAK HMHTETrPAJa BBEIEM HEKOTODPYIO (DYHKIMIO TEMIIEPATYpBI
F[0(t)] (o ananoruu ¢ paboroii [16]), 0HOBPEMEHHO yIUTHIBAS 3ABUCHMOCTD MOJLYJISI
yupyrocru E or temneparyps 6 [18]. B urore, 0CHOBBIBAsICH Ha 9KCIIEPHMEHTAIBHBIX
JIAHHBIX O TEPMOIIOJI3YHYECTH TPYHTOB, JIOJZKHBI MOJYYHTH BBIPA’KEHWE IS OIpe-
JIEJIEHAs] THCTEPE3UCHBIX SHEPTETUYECKUX MOTEPh IPH IIEPUOMICCKAX M3MEHEHHSX
HAPSZKEHUs] B 3aBUCAMOCTH OT U3MEHEHUs] TEMIIEPATYPBI.

1 Pemenune

ITycts nedopManus MoJ3ydecTu NpH Hanpsbkenun o = 1 (Mepa noszydecTn)
ormcbiBaercst popmyoit [19]

C(t) = Co(1 — e~ ) + vt, (1.1)

riae Cp, @ U vV — mapaMerphbl [MOJI3yIECTH.
Jnst onmcanust edopMaluit Ipu IePEMEeHHBIX HANPSKEeHUSIX o (t), CONJIaCHO TeOPUN
HACJIEJICTBEHHOCTH € yU€TOM M3MEeHEeHHUs TeMIlepaTypbl Oyjem uMersb [16,18]:

¢

(t

e(t) = —Q)—F/F ) [Coae =) 4 vldr, (1.2)
0

rie E(0) — dyHKIus 3aBUCHMOCTH MOJIyJIsl YIIPYTOCTH OT TeMueparypbl, F'(0)—dyHKmst
TeMIIepaTYPHI.

Bunpr dynkmmit E(6) u F(f), KOTOpble HCIOIB30BAINCH B HACTOSAIIEH pabore,
npescrasiessl B pabore [20], B KOTOpOil OHM OBLIM MOJYUEHBI OPU PA3JIMIHBIX (DUK-
CHPOBaHHBIX TE€MIIEPATYpaX JJIs [NIMHUCTBIX TPYHTOB B PAMKAX HCCJIEJOBAHUI MIHO-
BEHHO} KOMIIPECCHOHHOI JiehopManui n ux MOJLysell ¥ KOMIPECCHOHHOM TepMOIOJI-
3y9eCTH:

E(0) = Eo — 89, (1.3)
F(6) = 6™, (1.4)
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Coorromenye (1.3) H0Iy9eHO My TEM AIIPOKCUMAIN YKCIIEPUMEHTAIBHON KPUBOIA,
npusenéunoii B pabore [20] (puc.4.16, crp. 108).
PaceMoTpuM JIefiCTBIE IMKTMYECKOTO HATPYKEHUST

o(t) = op[sin(wt + ¢o) + A, (1.5)

rJIe W — MUKJINTECKas IacToTa, g — HadaabHas a3a, A — IOCTOsTHHAS, OTIPe e ISIONIAsT
CTEIIeHb ACUMMETPUH [IUKJIUIECKOIO HATPYKEHUSI.

Jlj1s1 onpeaesieHns IJIOMAIM T/ IUCTePE3NCa, IIPEICTaB/IIoNeil coboi SHePIuo
AW (n), paccessHHYIO 3a OJUH IUKJI, UCIOJIb3yeTcs opmya [4]

T(n+1) 9e(t
AW (n,0) = / o(t) ‘;(t)dt, (1.6)
Tn

2
rine T = — — 1nepuoJ, IUKJIa, 1 — HOMEP [HKJIA.
w

Jnst onpesieseHnst moHON MexaHmIeckon sueprun W(n), 3aTpadeHHON 3a OIUH
KJT 1ebOPMUPOBaHUs, UCIOJb3yeM dbopmydry [6,7]

T(n+3) 5
W(n,0) = / o(t) Ea(;)dt. (1.7)
Tn

Koadbdunuent norsomienus 1(n, 0) oupenensiercs |3

B AW (n,0)

Y(n,d) = Win0) (1.8)

Ucnonsays (1.2), (1.5) u (1.8), coracHo Teopnu HACIECTBEHHOCTH, IOCTE Dsijia
IpeoOpa3oBaHuil OJIy9UM BhIpaKeHue Jyist P (n, §) B M30TepMUIECKUX YCIOBUAX DU
pa3Hoil TemIieparype:

2

—aln — % :
¥(n,0) = ™{Coe *T"(1 — ¢ T)[m(ofsmz(po — w?cos?pg)+
222 sin g ] + Corwa  wv(l+ %) y
a? + w? a? + w? w
/{GmCoe_aT”(a2 sin <p02 jrozo: COsPo /\)[aQ sin gooz—lJ—rauzJ €OSs ¥ (1.9)
a? +w a? 4w
20 CoA )
(1+ efo‘T/Q) + A1 - e*aT/2)] — Wfﬂ(a2 sin g — aw cos pp)+
0" Coowm VO™ 9 2\ sin g
—+A 4\ -
oz +o?) T w (2—1- 7+ 4\ cos o) Eo—ﬂﬂ}

Huke paccmarpuBaeTcs rpadutdeckoe IpeicTaBIeHne 3aBUCUMOCTH KOO DUITIEH-
Ta MOTJIONIEHNsI ¢ OT PsiJia XapaKTepucTuk coraacHo dopmyse (1.9) B yenosusx, Korma
¢o = —m/2, v = 0, UpH CIIEAYIOMNUX JAHHBIX, TIOJIYYeHHbIX JJIst TuHb [6,7], Ey = 21.5

54



MIla, a = 0.8CyLT Cy = 0.00955 u m = 0.45.

¥ A=1, 9=2,5,10,1520,30°C
0.8

A\ -

@ur. 1: Kpussle 3aucumoctu ¢)(n, ) or n upu pasHbix Temneparypax 6 (A =1)

CAY) A=1, n=1-8
0.8

o4 %

0.2

0,
5 10 15 20 25 306C

@ur. 2: I'pacduku 3aBucuMocTu KO3(MMUIUEHTA TIOIJIONIEHNS 1) OT TeMIlepaTypsl 6,
PN PAa3HBIX NUKJIaX HAT'PY2KEHUAX

®ur. 3: IloBepxHOCcTH B KOOpAWHATAX ¢ — n — @ NpHW Pa3HBIX 3HAYEHUSIX CTEIECHU
aCUMMETPUA A
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Ha @ur. 1 B kayecTBe mpuMepa TPUBEIEHBI FPAMUKI 3aBUCUMOCTH KOI(DDUITHEHTA
JINCCUTIATIMN ) OT HOMEPa [UKJIA 1 B U30TEPMUICCKUX YCJIOBUSAX MMPU PA3HBIX TEMITE-
parypax, nocrpoentsie 1o gopmyde (1.9) (upu A = 1).

Ha ®@ur. 2 npuseaens! rpaduku 3aBUCUMOCTH KOI(MMDUIIMEHTa TUCCUTIAITAT 1) OT
TeMIepaTypol 0 Jjis PA3HBIX UKJIOB HATDY3KH-PAa3TPy3KU.

Ha Q@ur. 3 nmpuBeeHbl MOBEPXHOCTH, OIMUCHIBAIONINE 3aBUCUMOCTD KO3h durimenta
1) OT HOMepa IUKJIA N ¥ TEMIEPATYPHI § TP PA3HBIX 3HAYEHUSAX CTEIIEHU aCUMMETPUH

A

SakJIroueHue

Kak M0KHO 3aK/TI0YUTD U3 JAHHBIX, IPUBEIEHHBIX Ha dbur. 2 u 3, kosdduiment
JIMCCUTIAIIE Y TIIMHACTOTO I'PYHTA C BO3PACTAHUEM TEMIIEPATYPBI PACTET, & YeM BBIIIEe
HOMED IIMKJIa HAIPYKEHUsI, TeM HUXKe KOI(MDPUIIMEHT JIUCCUIIAIIAN.
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SHEPTETUYECKUE TEOPEMBI I BAPUAIIMOHHBIE
IIPUHIINIIBI MOJEJIN OBOJIOYEK HA OCHOBE MOMEHTHO
TEOPUU YIIPYTOCTH C JE®OPMAIIMOHHOMN KOHIIEIITNEN

«CIBUT IIJIFOC IIOBOPOT»

Capxkucsia C. O.

KuroueBbie cjioBa: Mojiejib 0D0JIOYKHA, MOMEHTHAasi TeOpus, AedOpMalOHHAasT KOHIEIIUS «CIBUT

IJIIOC IOBOPOT», dHEepreTuvecKue TeopeMbl, BapHualllOHHbIe IIPUHIIUIIBI

Energy theorems and variation principles of the shell model based on the
momental theory of elasticity with the deformation concept ‘“shear plus
rotation”

Sargsyan S. H.

Keywords: shell model, moment theory, deformation concept “shear plus rotation”, energy theorems,
variation principles

In this paper for the model of a thin shell, which obeys the deformation concept of “shear plus

rotation” and which is built using the moment theory of elasticity, energy theorems are proved and

variation principles of Lagrange and Castiliano type are established.

«UJwhp gmuiwpud upypnyyp» pidnpiughnt §nughyghuwyny odypwmd Wndbiypught
wnwaquljuinpjui phunpjudp punuipltph dnnkh Ebtpgyhl pinptdatpp L
Jwphwghnii uljqpniuptpppp

Uwpquyui U. N,

Shdtwpwnbp. punuiph dnnb), dndtiygughl phungegnil, «awhp gnidwpud upgnyyy» phdnpdwughnd §nbghuy-
ghw, tutipgtiyphy ptinptidbtp, Juphwghnt ulyqpnbplbtp

Whwpuipnd, pwpwl punuiph wyb dnnbth hwdwp, npbt odypJwd £ «uwhp gnuiwpwd wypnyyp» nbi-
$npiwghnt Ynbgtiyghwyny b npp Junniggud L wnwaquijuinipyuid dndbbypuyhd phunipyuwd hhdwb Yypw, w-
wugnigymu tb Ehtipgtphy ptinptidttpp bW hwupugpynmud G Lugpubdh m Ywugphihwingh phyh Juphwghnt
uljgpnibiplitipn:

B pabore st Mmozesin TOHKON OOOJIOUKH, KOTOpas MOAYUHAETCS AeOPMAIMOHHON KOHIIEIIINU
«CJIBUT ILIFOC TIOBOPOT» U KOTOPasi IOCTPOEHa Ha OCHOBE MOMEHTHOMN T€OpUM yIPYTOCTH, JTOKA3bIBa-
FOTCsI HEPreTUYEeCKUe TeOPEMBl U YyCTAHABJIMBAIOTCA BAapUAIMOHHBIE NIPUHIMIBLI TUIa JlarpaHxka u

Kacrunmano.
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BBeaenne

DHepreTudecKre TeOPEMbI, METOIbI U BAPUAIMOHHBIE IPUHITUAIIBI CTATUKHA JIJIS JIH-
HeHHO 1eDOPMUPYEMBIX CUCTEM COCTABJISIOT OCHOBY MEXAHUKH JepOPMUPYEMOTO TBED-
JIOTO TeJIa. DTU TEOPETUIECKHEe PA3/IeIbl B KJIACCHIECKON TEOPUN yIIPYTOCTH U CTPOU-
TesIbHOM MexaHuke [1-4] mosyunim BceoOIine NpU3HAHWSI, HAILIM IMUPOKHE IPUME-
HeHMsI U B Teopuu 06OJIOUeK U IUIacTHH [4-6]. DHepreTmueckne TeopeMbl, MeTOJbl
¥ BapUAIMOHHBIE TPWHIUIIBI YCTAHOBIEHBI TAKXKE B MOMEHTHOW TEOPUU yIPYTOCTH
C HE3aBUCHMBIMU IIOJISIMU IIepeMeleHuil 1 Bpamienuil [7]. BaskHocTh BapuanuoHHbIX
IIPUHIIATIOB CTAJIO sICHO OJ1arofapst pa3BUTUAIO METOIA KOHETHBIX 9JIEMEHTOB U, B UTOTE,
OHM CTAJIM MOIIHBIM CPEJCTBOM IIPH MaTeMaTUIecKoil (pOPMYINPOBKE ITOTO METO/A.

B pa6orax [8,9] Ha OCHOBe MeTO/a THIIOTE3, KOTOPHI MMEEeT ACHMIITOTHIECKOE
0b0CHOBaHME, TOCTPOEHA ITPUKJIATHAST MOJIEIb 000JI0YEK B paMKaX MOMEHTHOU TeOPUH
YIPYTOCTH C HE3aBUCUMBIMU MOJISIMU [TEPEMEIEHNI U BPAIeHuii, ¢ 1edopManoHHON
KOHIIEIIHEHl «CABUD IUIIOC [IOBOPOT» (UHAYE, 9Ty MOJEJb MOYXKHO Ha3BATh TaKXKe MO-
MEHTHO-MeMOPAHHON MOJIEJIBIO 0BOJIOYEK ).

B nannoit pabore st yKa3aHHOH MOMEHTHO-MeMOpaHHOH Momenn o6osouek [8,9]
YCTAHABIUBAIOTCS YHEPIETUIYECKUE TEOPEMbl U BAPUAIMOHHBIE TPUHIIAIBI TUTA Jlar-
pamxa n Kacrunmano. Ha ocnose Bapmanmonnoro npuniuna Kactuimano s mMo-
MEHTHO-MeMOPAHHON MOZe/n 000JI09€K BBIBOISITCS COOTHOIIEHUS] HEPA3PBIBHOCTH J1€-
dopmanuu (ycsioBus CIUIONIHOCTU U IVIAKOCTH) CPEJAUHHON [TOBEPXHOCTH OOOJIOUKHY.

1 IlocTranoBka 3aJadun

B pabore [8], npuHumMas 3a OCHOBY TPEXMEPHbIE yDABHEHUsI MOMEHTHON Teopuu
VIPYTOCTA C HE3ABUCUMBIME IIOJISIMU IIEPEMEINEHN U BpalleHuil, GopMUpyroTcs ru-
IIOTE3bI, KOTOPBIE UMEIOT ACHMIITOTHYIECKYI0 0O0CHOBAHHOCTD, TIOCTPOEHA, MOJIETh 0060~
JIOUKY ¢ iehOPMAIOHHON KOHIENIHeH «CABUT ILIIOC TTIOBOPOT» (MOMEHTHO-MeMOpaH-
Hast Teopust 000JI0YEK ), YPABHEHU KOTOPOil UMEIOT BUI:

YpaBHEHUST PABHOBECHST

L O(AT) 1 O(AS;) 1 A 1 04, Nig _
AiAj (9041‘ AlAj aaj AiAj 80&]' * AiAj (9041‘ 73 Rz B
=~ =),
& + @ . 1 8(A2N13) _ 1 3(A1N23) - ( + _)
R1 RQ A1A2 6a1 AlAQ 8a2 — \Ps P3 )
1 9(A;Ly) 1 9(A;Lj) 1 04 1 04,
L — 20 1.1
AiAj 80@ + AlAj 80@ * AZA] 60[j L” Az'Aj 8%- j]+ ( )
Li . B . _
+ o+ (C1 Njs = —(mif —m) + (=1 h(p] + 1),

R;
Lll n @ B 1 6(A2L13) 1 8(A1L23)

R71 RQ A1A2 (9041 - A1A2 (9042
= (m:;r - m5)=

i#j=1,2;

— (S12 — 521) =
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CooTHoMIEHHST YIIPYTOCTH

2h
T = ;=5 Wi +vly5),  Sij = 2h|[(n+ )Ly + (1 — )Lyl
i P
Nig =2G"hTis, Lz =20 +727 208 + 7)kii + Bhj;), (1.2)
Lij = 2h[(y + €)kij + (v — €)kji] ,  Liz = 2Bhk;3,
iFj=12
FeOMeTpI/I‘{eCKI/Ie COOTHOIIIEHU A
L. — 1 0w . 1 aAiw w
v A7 3017; AlA] 60éj J Ri’
1 ou 1 0A
I, = oW = 9%, (1)
1T X day  AiA; oyt T D
1 ow ;
Tine ——— —1Y Q. 1.3
i3 Az aai Rz +( ) 7 ( )
1 09, 1 0A4; Qs 1 09, 1 0A4;
kii= —o— Qi+ =, kij= L — —— 57—,
Ai aai + AlAJ 60[j J + Rl J Al 30&1' AZA] 80éj
.o L0
BT A o Ry
iAj=1,2

3aecw T, Sij, Nig- yemmud; Ly;, Lij, Liz— MOMEHTBI OT MOMEHTHBIX HallpPAKCHHIL;
Ly, Ty, Tiz— nedopmanun; ky;, kij, ki3—n3ruOb-KpydeHHs CPeJIMHHON IIOBEPXHO-
cTtu 000JIOUKY; U;, W—IHepemernenus, §2;, {23 —CcBOOOIHBIE IOBOPOTHI TOYEK CPEIMHHOMN
TIOBEPXHOCTU ODOJIOUKU; pii7 pét, mli, mgi—ycnﬂnﬂ U MOMEHTBI, IPUJIOKEHHBIE HA
JIMIIEBBIX MOBEpXHOCTAX (z = +h) obosouku; A;, R;—xo3ddbuiuenTsl 1epBoil KBaI-
paTuyaHO#l (DOPMBI U IJIaBHBIE PA/INYChl KPUBU3HBI CPEINHHOM TOBEPXHOCTU OOOJIOYKY;
1, Qg —TIPEJICTABJISIIOT COOOM JIMHUU TJIABHBIX KPUBU3H CPEIUHHOI IIOBEPXHOCTH 000-
souku. Bee Bemmaunbl B ypaHenusix (1.1)-(1.3) spisttorest dyHkuusmu ot (aq, az).

Crenyer ckazarb, 4TO KOrja usBecTHBI ycmius u MoMentsl (Tj;, Si;, Nis, L,
L;j, L;3), nanpsixennst (o, 05, 0;3) I MOMEHTHBIE HAIIPSIZKEHUS ([ii, [ij, [bi3) OYOYT
onpenenarbes o dopmymam [8):

T Sij Nig
Oii = 575 0Oij = y  04i3 = 7
2h 77 2p MDY
Ly Ly L
Mii = oh Hij = oh’ Hi3 = on’

T.€. OHU PACIPEJEJIEHBI [0 TOJIIIHE 000JIOYKA PABHOMEPHBIM 00pa3oM (nMest B BUIY
5TH CBOMCTBA pacCHpeJiesIleHns] HAIPSIKEeHNH 1 MOMEHTHBIX HAIPSYKEHUH ), IPUKJIaJl-
Hasl MOJIEJIb MOMEHTHBIX 000JIOUEK ¢ JeDOPMAIMOHHOM KOHIEIIMEN «CIBUT [UTFOC HO-
BOpOT» Obljla Ha3BaHA TaK)Ke MHAUE: «IIPUKJAJHAS MOJEIb MOMEHTHO-MEMODAHHBIX
000JI09€K ».

K cucreme ypasuennii (1.1)-(1.3) upuksiagHoil MO#eIH MOMEHTHO-MeMODAHHBIX
060JI0UeK CJIe/IyeT TPUCOEMHATD TPAHNIHBIE YCJIOBHSL.
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Ha gacru rpasunet I o6siactu cpeguanoil mosepxuocTu 0605109ku (.S), Te 3a1aHbl
YCUJIASL U MOMEHTDBI, DAHUYHBIE YCJIOBUS MMEIOT Bu, (HALPUMED, JJisd Kpasl, COBIa-
JTAIOIIEr0 ¢ KOOPJAWMHATHON JIMHUEH ag):

* * *
Ty = T117 512 = 5127 Niz = N137 (1 4)
* * * °
Ly = L11> Lip = L127 LlS = L13~
Ha wactu rpanuis [V obmactu cpemunHoi opepxHocTn obosoukn (S), rue 3ama-
HBI IepeMeIleHusl U CBOOOJHbBIe HOBOPOTHI, IPAHUYHLIC YCJIOBUS OYIyT BBIPAXKATLCS
CJIEIYIONMAM 06pa3oM:

up =y, uz=uy; w=w', (1 5)
* * * °
Ql :Ql? QQ: 2 93293_
MoryT uMeTb MECTO TaKKe TPaHMYHbIE YCJIOBHs CMEIaHHOro Buja. Takum obpa-
3oM, ypasHerus (1.1)-(1.3) u rpannunsle ycaosust (1.4), (1.5) npeacrapisor coGoit
MOMEHTHO-MeMOPAHHON IPUKJIAAHON MOJeIbio 06oa0uek. OTmernm, uro B padore (9]
BBIBEJIEHBI COOTHOIIEHUS HEPA3PBIBHOCTH JiehOpMAaIuii (COOTHONIEHNs CILIOIHOCTH
U IVIaJIKOCTHU) CPEIMHHOI [TOBEPXHOCTH MOMEHTHO-MEMODAHHON IIPUKJIAIHON MOJIeIn
000JI0Y€eK.

Tenepnb, HalTa 1ML JJIT MOMEHTHO-MEMOPAHHON MPUKJIAIHON MOJETN 000JI0YEK
(1.1)-(1.5) ycTaHOBUTDL YHEPreTUYECKUE TEOPEMbI I BAPUAIUOHHBIE [IPUHITHIILL.

2 DHeprerndecKne TeOpeMbl

Paccmorpum manpsixéunoe cocrosiuue (Ty;, Sij, Nis, Li;, Lij, Lis, i # j = 1,2)
u coorsercTByomee eMy nedopmuposannoe cocrosuue (L, Tij, Tis, ki, kij, kis,
i # 7 = 1,2) MOMEHTHO-MeMOPaHOil IPOKJIAIHOM MOJIeJu 060I0UEK, KOTOPBIE YI0BJIe-
TBOpsAIOT OCHOBHBIM ypaBHeHHsAM (1.1)-(1.3). Cucrema ypasuennit pasuosecust (1.1)
cocTouT U3 6-TU ypaBHEHHUl, 9TW ypaBHEHUs, YMHOXKAasl, COOTBETCTBEHHO, HA U1, U2,
w, 21, Qo, 3, cyMMEUpyeM IOJIy9YeHHbIE BBIPAYKEHUSI U PE3YJIbTAT UHTErPUPYEM 110
obsactu (S) CpeIuHHON MOBEPXHOCTH 0OOJOYKHU, IIOC/IE HEKOTOPBIX IIPEOOPA30OBAHUM
[PUXOJUM K yPABHEHUIO 3aKOHA COXpaHeHWs dHepruu (T.e. K TeopeMe tuna Kianei-
poHA):

// WoAlAQdOéldOéQ = %Ao, (21)
(5)

e Wy— moBEepXHOCTHAS TJIOTHOCTD ITOTEHITHATLHON SHeprun JeopMaIiii 000JI0YUKHA,
a %Aof paboTa IPUIOKEHHBIX K 000JI0YKE BHEITHUX YCHUJIMI U MOMEHTOB:

1
Wo = §(T11F11 + T5ol'90 + S12IM12 4 S211'21 + Ni3l'iz + Nosl'as+ (2.2)

+ Li1k11 + Lookas + Liskia + Loikar + Liskis + Lagkas),
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ao= [[ 16 =p0)ws + 0F =07) = (5 = p3)
()
+((mf —my) =h (P +p5)) @+ ((m3 —my) +h(pf +p1)) R+
+ (’I"I’L;_ — m3_) Qg] A Asdardas + / [(T11U1 + Sious + Nisw + L1124 +
I
+L1292 + L1393) AQdOLQ — (521’11;1 + T22u2 + N23w + Lglgl +
+ L1290 + Lo3Q3) Ardas],

(2.3)

rae (I')— xouryp obnactu cpeauuoit nosepxuocTu 06010uku (S).

YuureiBasg coorHouiennst ynpyrocru (1.2), INIOTHOCTD HOTEHIMAILHOM SHEPruu Jie-
dopmarmu 0booukn Wy MOKEM MPEJICTABUTH B BHJIE:

E
Wy = 72h — (F T T3, + 20T 1) + (p+ ) (I, +13)+

4y(B+ )
B+ 2y

4
ke -+ )k ) + 200 — haakan + B + k).

KOTOpast u3 cebsl IPEJICTABIISIET MOJIOKUTEHHO OMPEJEIEHHY 0 KBAIPATHIHY O (POPMY.

+2(p — )T1aTo1 + G* (T35 +T33) + (k31 + k3p)+ (2.4)

_|_

Ha ocnoBanum 3akoHa coxpaneHust sHeprun (2.1), I MOIENN MOMEHTHO-MEMO-
PaHHBIX 000JI0YEK U3BECTHBIM CIIOCOOOM MOYKEM JI0KA3aTh, UTO Kpaesas 3a1ada (1.1)-
(1.5) umMeeT TOJBKO €JMHCTBEHHOE PelleHue (T.e. JJIsi PACCMATPUBAEMON MOJEIH 060-
JIOYEK mMeeT MecTo TeopeMa Tuna Kupxroda).

Pacemorpum 171s1 MOMeHTHO-MeMOpaHHO# Monenn (o6mactbio S u koHTYpoM I)
JIBA COCTOSTHUSI paBHOBeCI/IH Ha3biBaeMble cooTBercTBeHHO | m II, xapakrepusyembie

BeJTmaHHAME Ul | u2, Lol ol of ITH, con LI L kL BrsBamHEbIVE yCI/IJII/IHMI/I
U MOMEHTAMU (p1+ +p1 )7 ey (MAT + m3 7), a TakxKe, U{I, udl, wll, QI Q , QAL
T11 oo LTI KL BbISBaHHbIMI/I YCUIHAMI U MOMEHTAMU (le' +pl ), -

( II+ +mII )

Hpex,ue BCero ClipaBe/IJIMBO TOXKIAECTBO
T+ Th T8 4+ o+ Lkl =TTl + THTL, + .+ LAkl (2.5)

KOTOPOE JIETKO MOYKHO TPOBEPUTDH C TIOMOIIBIO IIPUMEHEHUS] COOTHONIEHNH yIIPyTOCTH
(1.2). ®opmyna (2.5) sBistercs onHOil u3 GopM TeopeMbl Tuna Berru s paccmar-
puUBaeMoit Mo 000JI0UEK.

Nurerpupys paBerctso (2.5) 10 obaacTu cpeaunHoil oBepxaocTu 060m09ku (S),
[I0CJIE HEKOTOPBIX IIpeobpa3oBanuii, NPUXOAUM K TeopeMe O B3auMHOCTU pabor (K
TeopeMe Tuna BerTn) s MOMEHTHO-MeMOPaHHON MOJien 060JI049eK:

App = Ay (2.6)

Ecnu dusudeckue coornomenus ynpyrocru (1.2) Gymem perarb OTHOCUTENIBHO Je-
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dopmaruit 1 n3rub-KpyIeHui

1 1 [p+a w—«
F“:ﬁ(ﬂi—yTji)’ Fij_2h[4ua I T pe
1 1 1
8= oo, Vi h 27(3»3+27)[ (B+7) BLj;] (2.7)
1 |v+e Y—e€ .
ij — ij T Lz ) k’b = Li‘> :1727
i 2h[4’ye I e J] 3= gl 17

IJIOTHOCTH IOTEHIMAIbLHOM sHeprun nedopmanuu (2.2) MOXKeM BbIPAYKATH Yepe3 yCH-
JINA 1 MOMEHTBI:

*

+ «
Wo=Wy= =

dpa
2(8+7)
2y (38 +2v)

(Li + ng) -

1 1 2
PYS { (T121 + T222) - fy TiT2 + (5%2 + 551) -

1
2 2h | E
w—« 1
-9 1o S12591 + @ (N123 + N223) +
273 vy+e

. A S §
2y(38+29) 2 drye
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Ucnonb3ys BbIpazkeHue IJIOTHOCTU HOTEHIUAJIbHON sHeprun jedopmarmu (2.4),
JIETKO TOJIyInTh (hopMy/bl Tura ['puna:

6W0 N 8W0 8VVO

T = = ooy Log =
11 8F11 ) 22 5T22 ) ) 23 8k23 )

(2.9)

u, Hao06oPOT, ucnob3ys dopmyiy (2.8), jserko nouaydurs hopmydast Tuina Kacruiuano:

8V[>;0 8V[*/0 8VE;O
I'ii=— = —, ... ko = —. 2.10
11 3T11 3 22 8T22 ) ) 23 8L23 ( )

3 BapwmanuoHHBIl ITPUHIIATT BO3MOXKHBIX IIepeMertie-
Huit Tnna Jlarpan>ka

Bosmozkublie mepemeriennst du;, dw u MOBOPOTHI O€);, 0§)3 SIBIASIIOTCS ITPOU3BOJIb-
HBIMHI HEIPEPBLIBHBIMI (PYHKIMAMI TOYKH CPEIUHHON IOBEPXHOCTH O0OJOYKH, CJICI-
CTBHEM KOTOPBIX ABJISIOTCA BO3MOXKHBIC medopmanuu 61, ..., 0I';3 m m3rubb-Kpy-
yenus 0ki;, ..., Ok;s (TeM caMbIM, OHU YJIOBJIETBOPSIOT I'€OMETPUYECKUM COOTHOIIE-
HusiM (1.3) 1 ycs10BUsSIM HEPA3PBIBHOCTH CPEMHHO oBepXHOCTH [9], KpoMe TOTo, OHN
HAXOJATCS B COMJIACUU ¢ KUHEMATUIECKUMU CBA3aMU, HAJIOXKEHHBIMU Ha 00O0JIOUKY.

Hua medbopmupoBannoit o6osouku (obracts cpeaunnoii nosepxuoctu (S) ¢ rpa-
nuanbiM KouTypoM ' = IV 4+ T'), naxonguieiics B paBHOBECUY, CUPABEJIUBbI YDaBHE-
Hus paBHoBecus (1.1) u rpanuunble ycsioBus Ha I'. YpaBHeHUsI paBHOBECHsI COOTBET-
CTBEHHO YMHOXKHUM Ha du1, Oug, 0w, 6§21, 622, 023, HIOJIyUeHHBIE YpaBHEHUSI CJIOXKUM,
pe3yJIbTaT IporHTerpupyeM 1o (S), mocse HEKOTOPBIX NPeodpasoBaHMU IPUXOIANM K
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YPaBHEHUIO:

(5/ WoAq Agdaldag—// —pl_)5U1+...+
(S) (5)

(Tn3 — mg )593}14 Asdados+ (31)

+ / [(T116u1 + ...+ L13593)A2da2 - (5215U1 + ...+ LQg(SQg)AldOéﬂ
1"/

na I, The 3a/aHbl IepeMeleHns U He3aBUCUMbBIe TOBOPOTHI, BO3MOXKHBIE IepeMeIre-
HUS U TIOBOPOTHI PABHBI HYJIIO. 37€Ch,

5// Wo Ay Agdagdag = // (T110T11 + T220T 22 + S120T"12 + S216T21 +
(S) (9) (3.2)
+ N130I'13 + No36la3 + L116k11 + Loabkao + L120k12+
+Lo10kor + L130k13 + Loszdkas) A1 Aodadas.

VYpasuenwue (3.1) BBIpazkaeT IPUHIMI BO3MOXKHBIX MepeMernennit Jlarpanxka st Mo-
MEHTHO-MeMOpaHHON Mojeaun obosmodek. [lo sromy mpunnuiy, s gedopMupyemMoit
0060J109KH, HAXO/AIIeiics B COCTOSTHIN PABHOBECHUS, IOJTHAS BO3MOXKHAs pab0Ta BHEII-
HUX CHJI I MOMEHTOB, paBHA BO3MOXKHO paboTe BHYTPEHHUX YCUJIMH U MOMEHTOB Ha,
JHOOBIX KMHEMATHYECKH JIOMYCTHMBIX HEpeMEINeHNuAX U CBOOOTHBIX IoBoporax. OT-
METHM, 9TO M3 BAPUAIMOHHOIO YPABHEHHS OyAyT CJICJOBATH YPABHCHHA JIBUZKCHUS
o6osoukn (1.1) u rparnunbie yeaosus (1.4) Ha koHType [, THE 3a71aHBI BHEITHNE yCH-
JIIST U MOMEHTBI. TaK KaK yCUIMs B MOMEHTBI, KOTOPbIe JeHCTBYIOT B TOYKAaX 00JIaCTH
(S) u Ha KoHTYpe I’-3T0i ObGIACTH, HAM 3aJIaHBI U, CJI€JI0BATEIILHO, HE BAPbUPYIOTCS,
rorya ypasaenue (3.1) MoxHO nepenucath B popme

STy =0, (3.3)

rae 11y ecTh moTeHNUABHAS IHEPTUSA BCEl CUCTEMBI:

Hoz/ Wo A1 Asdaydog—
()
// F=p)ur + ...+ (m3 —m3z) Q3] Ay Asdardas— (3.4)
()
— / [(Th1ur 4 ...+ L13Q3) Asdas — (Sorug + ... + LosQs )Arday] .

T

Bapuanuonnoe ypasuenue (3.3) OyueT BbIpazkaTh IPUHIUI CTAIMOHAPHOCTH [OJI-
HOII TOTEHIINAJIbHON 3HEPTrur, KOTOPBIA IVIACUT: U3 BCEX MNOIIYCTUMBIX IIepeMeleHni
1 cBOOOIHBIX TIOBOPOTOB, YOBJIETBOPSIONINX 38 IaHHBIMI I'PAHUIHBIMA YCJIOBUASIMA HA
I, ucTUHHBIE TIepEeMEIIEHNs U CBOOOIHBIE TOBOPOTHI, KOTOPBIE COOTBETCTBYIOT COCTO-
SHUIO PABHOBECHSI OOOJIOYUKY, JIOCTABJISIOT MOJHON MOTEHITNAJIHHON SHEPTUU CTAIHO-
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HapHOe 3HaYeHUe UIH Kopode: ecau fedpopMupyeMas 000JI09Ka HAXOAUTCA B PaBHOBE-
CHH, TO IIOJIHAL IOTeHIINAIb AL SHEPIUs NMeeT CTallHOHAPHOE 3HadeHue. B34B BTopyIo
Bapuanuio I, MorkeM IOKa3aTh, ITO B PACCMATPUBAEMOM HAMHU CJIyae TOTE€HIINAIb-
Hasd Heprus mMeerT MuHHMaiabHoe 3Hadenue (IIf > IIp). T.e. B ciaydae ycroiiumBoro
paBHOBECH: 000JIOYKH CTAI[IOHAPHOE 3HAUEHNUE TIOJTHOI IIOTEHINATBHOM SHEPTUU COOT-
BETCTBYET MHHUMYMY. DTO COCTABJIAET IPUHIAI MUHUMYMA IIOJIHOH IOTEHIUAILHON
SHEPIUU JJIs MOMEHTHO-MeMOPAaHHONR MOJEIH 0DO0JIOUEK.

YKa3aHHBI MUHUMAJIBHBIA IPHHIUI HMeeT OOJIbIIoe 3HAYEHHE IIPEKe BCEro Io-
TOMY, 9TO OH JIE2KAT B OCHOBE BaXKHBIX NPUOJIKEHHBIX U YUC/IEHHBIX METOIOB pe-
II€HNs COOTBETCTBYIONIUX TPAHIYIHBIX 3aad, B YACTHOCTH, IIPU PA3BUTHH METOIa KO-
HE'HBIX JIEMEHTOB.

4 Bapuanuonnsiii npunnun tTuna Kacrumuano

T'eomerputieckue coorrorenus (1.3) MoMeHTHO-MeMOPAHHOI MOIen 060I09eK Iie-
pelIHIeM TaK:

18u2 1 aAiu'_’_E —0
A 8041 AIA] 8(1]‘ J Rl o

Louw, 1 04 P\
(A s ~ A A da, T 93)0’

1 ow  uy j B
Liz — <Ai 90, R +(=1) QJ) =0,

109, 1 oA
R L 0. 423 =
ki (AZ- Doy T AA Oay 0T RZ-) 0

Lo (109 1 0Ai N
I A1 8041- AiAJ 80éj Yy

1003 .
kis — | — - =) =0, =1,2.
3 (Az 8a,~ R7,> ! ?éj

(4.1)

IIpearnooKumM, 9TO yCUIUA B MOMEHTHBI B 000JI0UKe UCIILITLIBAIOT MAJIbIe BAPUAIAN OT
nojyiozkenust pasuosecust (675, 05,5, N3, 0Li;, 6L;j, 0L;3). Torma moxem Hamucarsb
PaBEHCTBO:

1 8u1 1 8A1
ry, - [ 9n 941 T
//{[ 1 (AlaozﬁAAzaozz)”“}zlﬂ‘S ...
)

1 090 Q
+ |:k23 - <142(%“j - }%Z)] (5L23} AlAgdalda2+

+/ [(m —U1> 0T + <u2 —32) 0512 + (w—z%) N3+

I

0 0 0
+ (Q1 - Ql) 0L + (Qz - Qz) 0L12 + (Qg - Q3) 5L13} Asdan—
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— / [(m —81) 5501 + (u2 — 82) 5T + (w - 8)) 5 Nog+
2

0 0 0
+ <Q1 — Q1> 0Lo1 + (Qz - 02) 0Loo + (Q3 - Q3) 5L23} Aidog =0,
KOTOPOE IIOCJIe HHTEIPUPOBAHMUS IO UACTSIM II€PEXOJUT B COOTHOIICHIE

1 0(A26T;
(A2 11)_|_+

/ {(F115T11 + T990To0 + ... + kag 6La3) + [

A Ay o
(s)
* A11A2 6(/225 = A11A2 gﬁ; 0512 = ﬁ% 22 ﬁﬂ mr
ot {—5211 - (ZL%ZQ A11A2 m%ff”’u
+A11A2 3(1‘22523) — (6812 — 5521)} Qs} A1 Asdandos— (4.3)

— / [ (’LL15T11 + UQ(SSlQ + w5N13 + Ql5L11 + QQ5L12 + anng) Agdag—
F/
— (u16S21 4+ u20To2 + wWIN23 + Q10La1 + Q20 Las + Q39 La3) A1day | —

0 0 0 0 0 0
- / [(210T11 + 126512 + WIN13 + Q16L11 + Q20L12 + Q30L13) Asda—
F//

0 0 0 0 0 0
— (410821 + w2075 + W Nag + Q10La1 + Q20La2 + Q30L23) Ay doy] = 0.

BeiGepéM Temeph BUPTYaTbHBIE YCUJINS U MOMEHTBI TaK, ITOOBI yDABHEHUS DaB-
HOBECUsI U TPAHUYHBIE YCJIOBHsI B YCHUJIUSIX M MOMEHTAX He HAPYIIAJUCH, & UMEHHO:
9TOOBI BUPTYAJIbHBIE YCUJIUS M MOMEHTBI YIOBJETBOPSIU OJIHOPOJHBIM YPABHEHUIM
pasuosecus (1.1) B (S) u opnoponabiM rpanuaabiM yeaosuaMm (1.4) ma IV, Torga (4.3)
CBOJIUTCS K PABEHCTBY

5 / / WoAr Asdas das —
(S)

0 0 0 0 0 0 (4 4)
= [ [(u10T11 + u26S12 + WIN13 + Q10L11 + Q20L12 + Q30L13) Aedoa— :

F//
0 0 0 0 0 0
— (u10521 + U 20Tas + WINag + Q10L21 + Q20Los + Q30 La3 )Arday],

rie

5//V>E/0A1A2d0¢1d012 = // (T'110T11 + Tagdag 4+ I'128512 + T'210521+

6 ) (4.5)
+ 1136 N13 + I'a3dNag + k110 L11 + koo Log + k126 L12 + k210L21+

+k136L13 + k235[/23) AjAsdadas.
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VYpasuenue (4.4) nepenuiem B CIEAYIONEM BHIE:

riue

ﬁo = // ﬁ/oAlAQdaldaz—
(S)

0 0 0 0 0 0
- / u1Tyy + upS12 + W Nis + Q1L + QoLio + Q3Llis ) Asdas—  (4.7)
F//

0 0 0 0 0 0
- (U1521 + upTho + WNa3 + Q1La1 + QaLos + Q3L23> Aldal] .

Beipaxkenwne (4.7) npencraBiser coG0M MOTHYIO JOTIOTHATENHHYO TOTEHIUATIBHY O
SHEPI'UIO CUCTEMBI.

Teneps, Bapuanuonnoe ypapHenue (4.6) MOxKeM [PeJCTABUTH KaK [PUHIMIL CTa-
IIMOHAPHOCTU IIOJIHON JIOIOJHUTEIbHOI IOTEHIIUAJIBbHON 3HEepruu: U3 BCEX yCUIUN U
MOMEHTOB, KOTODBIE yI0BJIETBOPSIOT yPaBHEHUSAM PaBHOBECHUS, T.€. KOTOPbIE COOTBET-
CTBYIOT HCTHHHOMY 7e(OPMUPOBAHHOMY COCTOSIHUIO OOOJIOUKH, COODIIAIOT TIOJHOMN J10-
TOJTHUTEJIbHOY ITOTEHIINAJBHON SHEPrAy CTAllMOHApHOE 3HAUCHUE.

Ha ocHoBanmm 3TOro MpUHITUIIA MOXKHO M3BECTHBIM 0OPA30M 3aK/IIOYUTH, U9TO B

*

clIydae yCTOMYIMBOIO PAaBHOBECHsI, CTalMOHapHoe 3Hadenne Il cooTBeTCTBYyeT MUHU-
MyMy. DTO ¥ €CTh UpUHIUI Tula KacTUINaHO IJisi MOMEHTHO-MeMODPAHHON MOIEIH
000JI0YEK.
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HYBRID CONTROL OF LINEAR MODEL OF AN UNMANNED
AERIAL VEHICLE CARRYING A PENDULUM

Shahinyan A. S.

Keywords: dynamical Systems, Control, Optimal Stabilization, Quadcopter UAV

T'ubpunHoe ynpasiieHue JUHEHHONU MoAe i 6ECHUJIOTHIIBIO JIETATEJIbHBIO
annapara, HeCcyliero MasiTHUKa

HTaruuana A. C.

KuroueBbie ciioBa: ﬂI/IHaI\/II/I‘{eCKI/Ie CHUCTEMBI, yIIpaBJICHUE, OIITUMaJIbHad CTa6I/I.J'II/I3B‘L[I/IEI7 KBaJIpoO-

xorrep BJTA

IIpo6siembl ynipaBiieHUsi 6eCIIUIOTHUKAMUA UMEIOT BayKHOE TEOPETUYECKOe W IPUKJIAJHOE Ha3Ha-
gyeHue. B 3Toil craThe paccmarpuBaeTcs 3ajada yupabiieHus OecrusoTHoro JIA, kKorma mom HuUM
HaXOJINTCS MAsATHUK. lIpercrasnena nuunamuka Kak BIIJIA, tak u mastauka. [Tocie nmuneapuzanum
MOJZIE/IM B CHCTEME MPUMEHSETCsl HOBBIA TMOPUIHBIA METO/ YIPABJIEHUs /i PEIIeHUs 3aJa4bl yII-
pasiienus. [losiyueHHbIe pe3yJsbTaThl, TO €CTh yIPABJILIONINE BO3AEHCTBUA U (a30Bble TPACKTOPHH,

IIOKa3aHbl B BU/IE Fpad)I/IKOB, KOTOpbIEe ObLIN CreHepupOBaHbl U3 BUPTYaJIbHOTO MOJETNPOBaAHULA.

Sn6whwl Ypnn wonwsnt pnsnn uwpph gdwyhtt dnnbth hhpphnuyhtt nGjuywpnd

Cwhhiywi Q. U.

Nhitwpwntip.ghtudhy hwdwlupgtp, njudwpnd, oupphiwy uypuphjugmy, punwpl WE-U

Woonwgnt pnsnn uwpptiph nEujupdwd pbnhpttpb motb uplinp phuwub b jhpupwub Gyubwynip-
il Whuwypubipnud nhypupyynid £ punwpl whonwgnt pnsnn uwpph ntijujupdwb fulinhpp, Gpp wyb Yypnmd £
hptithg Jupdwd dndwiwy: Lhpjuyugyud b W WE-U-h, W Sndwbwyh nhiwdhljub: Atpdwd hwjwuwpnidbtph
gdwyhl dnypuynpnipywl hwdwp Yhpwnywd E tnp” hhpphnwyht nhjudupdwi tpuiwy b mdywd L hwdwlupgh
ntuyupdwd fubnppp: Uypugdud tb nijuupnn wgntignigynibitipp b $wquyhtt hpuugdtipp: Gunnigqud
Gl npwibg gpudhlitipp:

Control problems of UAVs have important applications in both science and life. In this paper
a control problem of UAV is considered when it has a pendulum hanging from it. The dynamics
of both UAV and the pendulum is presented. After linearizing the model, a novel hybrid method
of control is applied to the system to solve the control problem. The results we gained i.e. the
control inputs and state trajectories are shown in form of graphs which were generated from virtual

simulations.
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1 Introduction

Control problems of UAVs have important applications in both science and life.
The history of UAVs, the examination and the research about the UAVs is thoroughly
discussed in [1]. In this paper dynamics of a UAV is considered alongside with a
pendulum hanging below from the UAV. The dynamics of the pendulum is presented
with respect to the UAV and then both models are combined into one. After lineariz-
ing the model, a novel hybrid method of control is applied to the system to solve the
control problem.

The hybrid model we applied is as follows. We first stabilize optimally the pen-
dulum using the motion of the UAV as control inputs and then we use the optimal
stabilizing control inputs to drive the UAV-Pendulum system to a desired position.

The results we gained i.e., the control inputs and state trajectories are shown
in form of graphs which were generated from virtual simulations. The results are
compared with the case when an inverted pendulum is sticked to the top of the
UAV. Used energy is calculated for same values for both cases (UAV with inverted
pendulum and UAV with hanging pendulum) and it is shown that in the case when
the pendulum is inverted the energy cost is almost two times as high as in the case
when the pendulum is hanging down from the UAV.

2  Modelling of the System

To derive the pure theoretical dynamics of a UAV let us fix a coordinate system
. Let be the origin. We will also need another coordinate system fixed in the center
of mass of the UAV (Figure 1). The torques and forces generated by each of the
propellers are shown in the Figure 1. The propellers are numbered 1 to 4 [2].

fi fi
*ﬁ\\ P ‘ ‘/N
S TM, T\;\!:'-

f2

Figure 1

Let {=(2 y =z )T be the coordinates of the center of mass of the UAV with
respect to the system Ozyz. As mentioned above, the center of the mass of the UAV
coincides with the origin of the coordinate system Opgxpygzp. Let us describe the
inclined position of the UAV about the point Op using yaw, pitch and roll angles.
Let @ be the pitch angle, © be the roll angle and, finally, let ¥ be the yaw angle.
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Then we will have two vectors describing the position of the UAV. Those are the
following:

T T
E=(z y z), n=(® © V) (1)
In the coordinate system the linear velocities V3 and the angular velocities v are the
following

Ve=( Vs VBy VB )T, v=_(p ¢ T)T (2)

In this setup we will have the dynamics of the system as given below [2; 3].

i = 4icusece + 1pSuse, i = 1pSusecs — 17Cuse, £ =—g+ 11CeCo,
q)—p—ﬁ—s‘lc’f)oq—l—cqc’zor @—Cq>q—8q>7" U= S:q+czr 3)
' Jyy—1I:z)qr _ _q T 5 (Loz—Iza)pr o D 3
P I I“’II IT Imsz + Ty’ 7= Iyy Ir Iyy

,':,:(wz_ yy)pq_lrliwf“f'}—i

where the following notations are used:
Cy:=cosa, S, :=sina, M =myay +mp

T® lk (—w% + wi)
B = TO = lk (—w% + w%) (4)
Ty 27 Ti

T=>F= ka“ (00 T)

As for the mathematical model of the pendulum we will consider its dynamics in the
coordinate system Ogzpypzp. So, the dynamics of the pendulum will be as shown
below. [4]

ip = ﬁ (—apd — (L —yp) & — 227 (ypiptp — (L* —yp) &) +
a3 (U2 4 yplip + C (9 + 2)) + 2 (—L2plip + vpiip + v3 (22 +C (g + 2)) +
, 1 (i =iy = (9 4 2)))) ) (5)
= moaye (=4pii — (L* — 23) i — 2up (2pdptp — (L2 — 27) §) +
+yp (g'c + 2pdy +C (9 + 2)) +
+yp (—LPapiy + adiy, + 22 (12 + C(g+ 2)) + L? (22 — g2 — C (g + 2))))

Using the formula of center of mass of a system

Ko = miT1 + Mot
mi + mo
_ = T _ _ T
Whereﬁ:{:(x y z) andrgzrp:(x+xp Y+ Yp z—ﬁ) , wWe can
find the coordinates of center of mass of our UAV-Pendulum system in the coordinate
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system Oxyz. Let m; = mo = 1, then we will have

:cC:erl:rp
yc:y+§yp

— 1 f12_ 2 _ .2
ze=z— 5\l — 7 — Y

To get the state space model of the UAV-Pendulum system we introduce the notations

as shown below
Ty = Te, Tz = Te, T3 = Yoo T4 = Yo, T5 = Ze, Te = Ze, Ty = P, 183 = O,
9=V, Ty1g=p, T11 =¢, T12 =7, T13 = Tp, T14 = Tp, T15 = Yp, T16 = Yp

(6)

We linearize the dynamics around the origin of the fixed coordinate system. So, we
finally get.

&y =T, &y = ixm, &g = T4, Tg = ﬁxls, &y = w6, L6 = U1, L7 = T10,

U2

L L L g .
Ty = x11, T9 = T12, L10 = 7= — 7,015, L11 = 7

_ 9 ’ — U4
Iyy Iy T13, 12 1.’ (7)

13 = T14, T14 = —gT8 — %9313, 15 = T16, T16 = gT7 — %5615

where u; = % — g, Uz = Tp, U3 = T, Uq = Ty.

Using Kalman’s rule one can check that the system (7) is fully controllable. So, now
we are in a point where we can define the problem and we can go ahead to show the
way we solved it.

3 Problem Definition

Given the system (7), the initial position of the system z; (0) = z1,0,23(0) =
Z3,0,%5 (0) = 5,0 and the final position 1 (t1) = x11,23 (t1) = 31,25 (t1) = 251,
find control inputs ui,us,us such that it drives the system from the given initial
position to the given final.

As one can notice this control problem is not an optimal control problem.

Solution: Our approach to the problem solution was the following. First, we ensure
that the pendulum remains at its lower equilibrium position. We do this by applying
optimal control input stabilizers inside the coordinate system Opxpypzp. And after
we know that the pendulum will remain stable (will not oscillate with respect to the
UAV) we proceed to the control problem. Let us now define a subproblem of optimal
stabilization for the subsystem

13 = T14

L g

T14 = —gus — 7713

e 9T (8)
T15 = T16

T16 = gue — i»’ﬂw

Note that here we use the notation

{mzw )

7 = Ug
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Now the subproblem will be the defined as follows.

4  Problem Definition

Given the system (8), the initial position of the system x; (0) = x; 0, ¢ = 13,16,
find control inputs u® = (ug ug)T such that it drives the system from the given
initial position to asymptotically stable position while minimizing the linear quadratic

regulator

o0
/ :L'14 Jr:cw +u5 Jruﬁ) dr
0

Solution: Notice that the system (8) can be divided into two subsystems which are

T3 =214

. 8.1
{ T4 = —%xm — gus (81)

T15 = T16

. 8.2
{ 16 = — {5215 + gus (82)

With optimality constraints

J[e] = / (234 + u2) dr and J [e / Tl + ug)
0 0

respectively. We will show the solution steps for one of the systems (say (8.1) ) as
both of them are solved absolutely identically.

We choose to solve the optimal stabilization problem by using Lyapunov-Bellman
method. In general, the method says that the optimal control input has to satisfy the
optimization equation as given below

mgn (VV (z) (Az + Bu) + (2" Qz + v Ru)) =0 (10)

Where
Ble] = VV (z) (Az + Bu) + (2" Qz + u” Ru) (11)

(11) is Bellman’s expression for the linear time-invariant control systems. So, in
our case for the system (8.1) we will have

oV oV g 2 2
—Z — + + 12
B [0] = s T14 + 9 ( lp.’L‘13 gu5> T4 Us ( )

It is obvious that the value of u which optimizes (10) is the extremum of (12).
Thus, we will have

0o_ g9V
FE = = 1
uo 2 ax14 ( 3)

By substituting (13) back into (12) we get the following.
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oV g 1°1% e < oV
T14 — 7713
013

2
2 = 14
L B0, 4 > +27, =0 (14)

81‘14

Here V =V (213, z14) is the Lyapunov function for the system (8.1) and we search
for it in the form

1
V = 5 (cllx% + 2012%13%14 + ngxil) (15)
Putting (15) into (14) we get an equation which have the form
(c11%13 + c12714) T14 — g (c12%13 + C2214) T13—
l

P
(16)
- ﬁ( + )+l =0
4 C12713 T C22714 Tig =

From (16) the following system of algebraic equations will follow

2

9. _g 2 _ _ 2

5,027 162 = 0 =i
2

2 _ _
cio— e +1=0 = c12 =0 (17)
2

_ 2

c11 — 11022 - 97612022 =0 C22 =
P

Where the shown solutions are the ones which make V' =V (z13, 214) positive definite.
Finally, to get ud = u? (713, 214) we put (17) into (15) and put what we get into (13).
That gives us

Ug = T14 (18)

To obtain u = u? (t) we simply need to substitute (18) into (8.1) and integrate

the system. Under the initial conditions
213 (0) = 0.5, 214 (0) =0

we will get

(colp—iTp/ TG (~slpt /Ty /T
oo (T L
= (19)

\/Ev —4+glp

o

u

Taking the exact same steps for the system (8.2) we will get u) = —x16, and finally
ug = ud (t) which will be.

— €

\/E\/ =4+ glp

( (=9lp—+/9Tp\/=AFglp)t (leJr\/m\/‘“rglp)t)
05 e 20, 20,

V9

Under the initial conditions z15 (0) = 0.5, x16(0) = 0.
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5 Back to Core Problem

Now, that we have the solution for the subproblem, we can proceed to our main
problem. Recall that the control inputs in the sub problem which are u? = u2 (¢) and
ud = ud (t) are actually z7 andzg in the system (7). In that case one can notice that

two subsystems of (7) can be simply integrated. Those subsystems are the following.

i‘l = X2

oo g

T2 = 577713

P (7.1)
Iy = T11

y — u3 _ 9

11 = Tyy Tyy x13

I3 =24

o g

Ty = 5-T15

G (7.2)
X7 = T10

. U

Ty = 75— ﬁxls

As we already have x7 = 27 (t) and xg = x5 (t) we can simply derive x1; = 11 (t)
from system (7.1) and z19 = 10 (t) from system (7.2). As for x; = x; (t), i = 1,4
we will obtain by integrating &o = i.ﬁﬁlg and ¢4 = ixw under the consideration of

desired edge conditions. As a result, we will have the desired state trajectories of the
UAV and the control inputs us = usg (t) and uz = ug (t) which will drive the system
through the desired trajectories. Of course, those control inputs are not optimal
because of the absence of constraint.

Only the first of the remaining two subsystems of (7) which are

{”'35 e (7.3)

Te = Uy

(oo »

f12 = 7+
are discussed in this paper. The reason is that the second subsystem will have trivial
solution for in the scope of this problem and, hence will not affect the energy spent
for the control process. What refers to the subsystem (7.3) is that it describes the

movement of the system along Z-axis. We will assume the system goes up the Z-axis
with a constant speed for simplicity.

6 Simulating the Results

We have chosen to check the theoretical result of this paper by simulating the
motion of the UAV and recording state trajectories in form of graphs with time being
the independent variable. For the simulation purposes the following values have been

(0]



chosen for the parameters.

g=981ms 2

lp=1m,

IZ(E

= I, = 0.4856 Kgm?* (21)

As for the initial and final positions of the system we have chosen the following values.

21 (0) = 0,25 (0) = 0,25 (0) = 0,2 (0) = 1 @1 (15) = 30, 23 (15) = 30, 5 (15) = 15

Finally, we are ready to present the graphs describing the motion of the quadcopter

(shown below).

xlt]
30+

251

20

xft]
30

251

20

(a) The trajectory of 1 (t)

x3[t]
30

25

20

2 4 6 8 10 12 14

(a) The trajectory of z3 (t)

us[t]

2 4 6 8 10 12 14

(a) The graph of us (t)
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(b) The trajectory of x2 (t)

(b) The graph of us (t)



us°[t] "It

t
2 4 6 8 10 12 14 0.4
-0.1 0.3
-0.2 0.2
-0.3 041
-0.4 ¢
2 4 6 8 10

12 1a
(a) The graph of ug (t) (b) The graph of ug (t)
x,lt] yelt]
05 0.5
04 0.4
0.3 0.3
0.2 0.2
01 04
2 4 & 8 w0 12 14 " 2 4 & 8 10 12 1 !
(a) Trajectory of pendulum along z-axis (b) Trajectory of pendulum along y-axis
on the coordinate system Ozxyz on the coordinate system Ozyz
30 20 x3[t]
10 0
—u- 15
10
xslt]
5
30 5 0
10 0
xq[t]

The real Trajectory of the UAV in 3D Space.

Now, that we have seen a numerical example, we can proceed to compare the
results with another case scenario that is when the UAV carries an inverted pendulum.
Namely we are interested in comparing the energy usage in both cases. For the case
of current paper, we can calculate energy usage using the energy integral as shown
below

7



/16 4
> 2?4+ u? | dt = 9699.85 units. (22)
5 \i=t j=1
As for the other case scenario we can use the result of [1] to calculate the amount
of energy used. Using again the energy integral we will have

t (16 4
> ai 4> u? | dt =18427.4 units. (23)
5 \i=1 j=1

So, we see that the energy consumed for controlling the UAV with a pendulum
hanging underneath is almost twice as easy as in the case when the UAV carries the
pendulum inverted on its top. Of course, this result was expected and it is quite
natural, that we have this huge difference.

Conclusion

The dynamics of the pendulum is presented with respect to the UAV and then
both models are combined into one. The model is then linearized and the control
problem is solved using proposed hybrid method, which means, we first stabilized
optimally the pendulum using the motion of the UAV as control inputs and then we
used the optimal stabilizing control inputs to drive the UAV-Pendulum system to
a desired position. The results we gained are shown in form of graphs which were
generated from virtual simulations. Then, we calculated the energy spent during the
control process for the same values of parameters for both cases: when the UAV
carries an inverted pendulum on top of it and when the UAV carries a pendulum
hanging down from it. It is shown that the amount of energy used to control the
UAV with an inverted pendulum is almost twice the energy used to control the UAV
with a hanging pendulum.
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NU8UUSULD @hSNFE3NFLLEND WQGUSPL WHUNTGUPUSEh SENtulah,
U3BECTUS HAIIMOHAJILHON AKAJIEMNN HAYK APMEHNU

Ubfuwbhlu Tom 74, Nel, 2021 Mexanuka

JIABPEHTUI AJIEKCAHJIPOBUY MOBCUCSH

12 oxTsa6ps 2020 roma CKOHYAJICS N3BECTHBIN yUYEHBIH-MEXaHUK, JOKTOD TEXHHUYe-
CKHUX HayK, Ipodeccop, IIaBHbIA HaydHBIA coTpyauauk Vucruryra mexannku HAH
Apmennn Moscucsin JlaBpenTuit AJileKcanipoBu.

Moscucsn JI.A. pomuiicst 24 oxrsiopst 1933r. B ¢. Apauanzop HKP B cembe yun-
Teseit. JlyXoBHBIE IIEHHOCTH M BBICOKHE MODPAJIbHBIE NPUHIIMIBI, IIPUCYIIHE KI3HEe-
JIeATeIbHOCTH CEJIbCKON MHTEJUINTEHINN, OKa3aJIu OIIPeJIesIdioniee BinusdHne Ha (op-
MUpOBaHNe MUPOBO33peHus 0b6misipa. [locie okonuanus mkoabl B 1951r. mocTytut
Ha dusuko-maremarnydeckuit paxynaprer EpeBanckoro 'ocymapcrBenHoro YHuBepcu-
terta. [lo 3aBeprennro yuéonr B 1956r. mampasien Ha pabory B UHCTHTYT MaTema-
tukn u Mexanuku AH Apm.CCP, rine mauasiach ero Haydnasi nesTeJbHOCTb B 00Ja-
ctu MexaHUKH nedopmupyembix cpes. B 1959r. nmpomomxkun y4éby B acnupaHType
Nucruryra mamunosenerns AH Ykpanuckoit CCP (r.XapbKoB), KOTOPYIO 3aKOHIHI
MpeACTaBICHNEM K 3allluTe KaHauaaTckoil auccepranun B 1962r. C 1963r. — kamau-
AT TEXHUIECKUX HAyK, ¢ 19751, — mokTop Texamdeckux Hayk. B 1985r. mpucyxieHo
3Banune mnpodeccopa. [lom ero HaydHbIM PYKOBOJICTBOM IOJTOTOBJIEHBI U 3aIUIEHDI
5 KaHIUIATCKUX jauccepranuii. /orme rofpl 3aHNMAJICS MIPEoIaBaTEIbCKON Pabo-
TOM 110 MO/INOTOBKE MOJIOJIBIX CIEIMAJIICTOB-MEXaHUKOB Ha (DaKyJIbTeTe MATEMATHKH
u mexanuku EI'Y. fBigercs apropom 6osee 150 HaydHBIX IyOJUKAIUi B PA3IMIHBIX
AKaIEMIYECKUX JKyPHAJIaX U HAYIHBIX COOPHUKAX KaK B ApMeHNH, Tak U 3a PYOEsKOM.

Kpyr nayunsix uarepecos JI.A.MoBcucsina 6611 mupok u paznoobpasen. Ero mc-
CJIeJIOBAHUS TIOCBAIIEHBI, B OCHOBHOM, PA3BUTUIO TEOPHUH ILUIACTUH U obosouek. Vm
OBLJI IIOCTaBJIEH U PEIIEH BOIIPOC PAIMOHAJIBLHOI'O UCIIOJb30BAHMS BO3MOXKHOCTEH Ma-
Tepuasia (aHU30TPONNHN) UIMHAPUIECKON OGOJIOYKM, & MMEHHO, OIpEJeJIeHHe TeX
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OpHMEHTAITNIl TVIABHBIX HAIMPABJIECHUN YIPYTrOCTH, IIPU KOTOPHIX MOJIYIACTCS HAMMEHB-
muil mporud Wan HAMOOJIbINAsd KPUTHYIECKAs CHUJIA, & TaKyKe HAMOOJIBbIINEe COOCTBEH-
Hble 9acTOTBI. [IpesyIoxKeHHbIN TTOAX0, B JaJbHEAIIeM ObLI MIPUMEHEH K MpaKTHYIe-
CKHUM 3aJ[adaM [IPOEKTUPOBaHMsT 000JI0OUEK U3 KOMIIO3UTOB. VlccienoBanbl HECTAIHO-
HapHbBIE BBIHYXKJIEHHBIE KOJIEOAHUSI OPTOTPOITHON IUJIMHIPUIECKON 0DOJIOUKH, KOTIa
JeMIibupoBaHue MPOUCXOIUT coryiacHO 3akoHaM Poxrta n COpoKrHa, a TaKKe 3aa9u
YCTONYIUBOCTU CTEPKHEH U IUINHIPUIECKAX U30TPOIHBIX U OPTOTPOIMHBIX 000JI0YEK
[IPU YJIAPHBIX HAPYZKEHUAX C PA3JIMIHBIMU IPAHUIHBIMUA YCJIOBUSIMHU.

ComectHo ¢ A.I'BarjoeBbiM paccMaTpuBajMCh 3aJa9i YCTOWIUBOCTH PACIpPO-
CTpaHeHUs yIapPHbIX BOJIH U BOJIH MOJLYJIAINI B HEJIMHEHHO-YIIPYTUX U P€OMETPUIECKH
HEeJIMHENHBIX TIacTUHAX U 000/0ukax. [Ipu 9ToM HeumHeliHAsT yIIPyTroCTh ObLIa B3sTa
crenennoit no Kayznepepy, a reoMeTprudecKas HeJIMHEHHOCTD — 1o Teopuu Kapmana. B
PeOMETPUYIECKH HEJIMHEHHOM MIacThHe TpeHeOpeXKeHne MPOIOILHBIM HHEPITHOHHBIM
YWIEHOM MPUBOJUT K YCTONIMBOCTH BOJHOBOTO IIAKETA, B TO BPeMsl KaK IIPHU €ro y4aére
BOJTHOBOII MMAKeT BCerjia HeyCTONINB. B pa3maHbIX MOCTAHOBKAX MCCIIET0BAJIACH TLI0-
CKasl 33/1a9a O PACIPOCTPAHEHUH T0JIyOECKOHEUHOM TPEIMHBI B M30TPOIIHON BA3KOYII-
pyroii cpesie, Korja Ha e€ Geperax 3aJIaHbl MOCTOSTHHBIE HOPMAJIbHBIE HAIIPSIYKEHMS.

[Mocieanune mybauKaIUy MOCBAIIEHBI, B YACTHOCTH, UCCJIEIOBAHUIO 3a/a9 OITHU-
MAJIBHOTO YIIPABJIEHUs KOJIEOAHUSIMU YIPYTHUX, TEPMOYIPYTUX U BSI3KOYIPYTUX CH-
creM. B aTux 3a/1a1uax ynpaBiieHre OCyIIEeCTBIISIETCS Yepe3 BHEITHIE PACIIPeIe/IEHHbIE
BO3JIeICTBUS WU Yepe3 IPAHUYHbBIE YCJIOBUSI IIPU YCJIOBUH MUHUMYMAa KBaJIPATUIHOTO
dyHKIMOHAJIA, 33JIAHHOTO JJIsl ITPOU3BOJILHOTO WHTEPBAJIA, BPEMEHHU.

Hayunas obmiecrBennocts ApMennu u pepakius Kypaasa "Mssecrus HAH Ap-
Mennu. Mexarnka'"Tiryboko CKOpOSAT 1O MOBOJY Ts»KEJI0# yrparsl mpodeccopa Jlas-
pertus Anekcangaposuda Moscucsina. Cserias naMmsatsb o JI.A.MoBcucsine HaBceria
COXPAHUTCs B HAIUX CEPJIIax.
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