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Plane stress state of an elastic compound plane with interlacial cracks and inclusions under the influence of
dynamic loads
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This paper considers the plane stress state of piecewise-homogeneous elastic planes from two
heterogeneous half-planes with absolutely rigid thin inclusions and cracks located on the interface line. It is
assumed that the plane is deformed under the action of a periodically changing concentrated loads acting on
inclusions and static static distributed loads applied to the crack faces and preventing their closure. In the
beginning, discontinuous solutions of the equations of motion of the plane theory of elasticity for the composite
plane are constructed to obtain the singular integral equations of governing system of the stated problem. The
solution of the governing equations, in the case when a piecewise homogeneous plane contains only one inclusion
and one crack, is constructed by the method of mechanical quadrature. The numerical calculation is carried out.
Behaviors of amplitudes of stress jumps, intensity coefficients, crack openings and the angle of rotation of

inclusions depending on the frequency of the forced vibrations are determined.
Zuynpyutb L., Fwonnjut L., Udhpoubywhb 2.1

Uhgbwmqmjhh &wpbp b Ukpypuljibp wpupnibuleon ponunppu wendquijui buppnipimb hwppe
nkjnpiwmghni Yhadwlnp ghtunthl phnbbph wqnbgnpyut wury
Zpitwpunkp. ghiuhy Juwep bopuyh jbghp, Ubpgpwlh,  &wplp, dhpdwquuht L.
wnunnubnniibp

Thunuwplws b phoe wwppbp jhuwhwpponysniiiiphg jugdqusd Yuop wo junp hudwuebn
huppayput hwpp gedopdughnt Jhduljp, Gpp wb gqupmbwlnd o dhebwquiht &wpkp b
pugwpdwl Ynow pupuwly thpngpuljikp: Bipugpyowd B op Juop we junp hudwubn hwppnipndp
ghbnplwg)nul £ akpgpuljabph dpu Yhpuojws dudwbulh pipwugpnud yuppbpupwp odnh]ng
Llunpntwgud phntbph b &wpkph wihbphtt jhpuefws oo dpubg puolnodp upghjputwlng o pduyg
pupjujus unwnhl phoubph wogbhgmipuit wwl: Ulgpoud juonigdl) B wowdquiljubm ppui
wmbunipjuit hwpp uigph 2upddwt hwjuwoewpnudbbph jugdng  nsnwlibpp, opnig hhdwd Jpu
wnugiky £ npuinuplp]ng jigph npnghy shignigup hunkgpuy buiduiampnuditkph hunduwljaipgp: Uyl
ghypnud, tpp Yunp we Yunp hwuppogeniop wupmbwyod | okl obpgpul b dbl S&wp, npnohy
hujwuwpnudfubph posnwip uomg|l] § dbuwthjuuwt puruinuuugdui pubwalbph dbpogh
oginipjudp: Guwnwpgwsd t pduyht hbwaduply: Oponpdus bo jwpnudibkph peohspikph dngnyubph,
punbuuhynipjut  gopdwlhgibkph pugupdwl dbhdnipiniuibph, dwph pwgwsdph b uhkphgpuljh
gyuuniwt wiljjut qoimpudwt ophtwywihnpmittbpp juudws unhynquljoi wunwinodbbph
hwfwunipmiihg:



PaccMoTpeHo mnocko-1e)OpMHPOBAHHOE COCTOSIHHE KYCOYHO-ORXHOPOAHOH YHPYroi IUIOCKOCTH H3 ABYX
Pa3HOPOIHBIX IOIYILIOCKOCTEH, COepIKAINX MeX(pa3HbIe TPEIUHEI U aOCOTIOTHO KECTKHE TOHKUE BKITIOUYCHUS.
Cuuraercs, 4YTO KyCOUHO-OJHOPOJIHAs IJIOCKOCTh JedopMupyeTcs 1oJ| BO3AeHCTBUEM NEPHOIHYECKH H3MEHSI0-
IUXCS BO BPEMEHH COCPENOTOYCHHBIX HArpy30K, NPUIOKEHHBIX K BKIIOYEHUSIM, H CTATHYECKHX HOPMAIbHBIX
pacrpesienéHHBIX HArpy30K, NPIIOKEHHBIX K OeperaM TpeIMH M He JOIyCKalomuX HX 3akpeiThe. CHawana
HIOCTPOEHBI Pa3phIBHbIE PEIECHHs YPaBHEHUH JABMKEHHS IUIOCKON TEOPHU YHPYTOCTU IJI1 COCTaBHOM IIOCKOCTH,
Ha OCHOBE KOTOPBIX IOJIYYEeHBI ONpPEAEIIONE CUHTYSIPHbIC HHTETPANbHbIE YPaBHEHHS IIOCTABICHHOU 3a/1auH.
Pemenne onpezenstomux ypaBHeHUH, B cliydae, KOrja KyCO4HO-OJHOPO/IHAs MJIOCKOCTb COAEPKHUT TOJIBKO OIHO
BKJIIOUEHHE U OJIHY TPEIIMHY, IOCTPOEHO METOJIOM MeXaHWYeCKHX KBaaparyp. IIpoBen€H ymcieHHBIH pacuér.
OmpeneneHsl 3aKOHOMEPHOCTH H3MEHEHUs] MOIyJeH aMIUIUTYJ CKAuKOB HANpPsDKCHHH, aOCOMIOTHOM BEIHYMHBI
K03 GUINEHTOB HHTEHCUBHOCTH, PACKPBITHS TPEIIMHBI H yIia II0BOPOTA BKIIOYEHHI B 3aBUCHMOCTH OT YaCTOTHI
BBIHY)K/ICHHBIX KOJICOaHHUIA.

BBenenune

JMHaMu4eckue cMeIlaHHble 1 KOHTAKTHBIE 3a/1auyl BCeTAa ObIIIM M OCTAIOTCS OHUM M3
Ppa3BUBAIOIUXCA u AKTyaJIbHBIX C HpaKTI/IlIeCKOﬂ TOYKH  3pCHUA HaHpaBJ’leHI/lﬁ
MaTeMaTH4YeCKOW TeOpud ynpyroctd. M3ydeHHI0 AMHAMHYECKOTO  HaIpPsHKEHHO-
Jle(bOle/IpOBaHHOFO COCTOSHUA MAaCCHBHBIX OIHOPOJHBIX NN COCTaBHBIX Je-
(opMHpyeMBIX TeJ, COJAEpXallMX KOHLEHTPATOPbl HANpPSDHKEHHH pa3lMyHOrO THIIA
MOCBSIILIEHO MHOTO paboT. MHOIMe OCHOBOIOJATalOIINe PE3yIbTaThl B 3TOM HAIPaBICHUN
npuBeneHsl B MoHorpagumsax [1-3]. B pasBurHe STOro HampaBieHHsS MEXaHHKH
nedopMHupyeMoro TBEPAOTO Teina OONBIION BKIAJ BHECTA POCCHUCKAS ITKOJA MEXaHHKOB.
Axanemnkom PAH B.A.baGemko m ero y4eHWKaMH OBUI TIOCTaBICH W PEIIEH PsIX
JBYMEPHBIX U TPEXMEPHBIX 3a[a4d B 3TOM HarpasieHUH. VIMu pa3paboTaHbl U MPEUIOKEHBI
3¢ deKTUBHBIE METOMBI PELICHHS JUHAMUYECKUX 3a/1a4 JJIs CJIOMCTBIX Cpell ¢ MexX(a3HbIMU
nedexramu [4-7]. YkaxeM Taxke Ha MOHOrpaduro [8], rae npuBeCHBI PEIICHUS MHOTHX
IUIOCKUX U TMPOCTPAHCTBECHHLIX JUHAMHUYECKUX KOHTAKTHBIX 3aJad, HNPEACTaBJIAIOLINX
npakTudeckuii  uHTepec. OpHako, Majo paboOT, TI/e U3Yy4YEHO B3aMMOBJIHSHHE
KOHIICHTPAaTOpPOB HaHpH)KeHI/Iﬁ pa3janu4Horo Tuiia, OJHOBPEMCHHO HaXOAAIIHUXCA B
MaCCHUBHBIX OJHOPOAHBIX WJIM COCTABHBIX TENaX, YTO SIBJISICTCS aKTyalIbHON IPOOIEMOi Kak
C TOYKH 3pPEHHSI CEHCMOJIOTHH, TaK U CEHCMOCTOMKOTO CTPOUTENbCTBA, CEHCMOPA3BEAKU U
nepekrockormmu. OtMeTrM  paboTel [9-13], TOe MOCTPOCHBI pEIICHHUs HEKOTOPHBIX
AQHTUIUIOCKMX M IUIOCKMX 33Ja4 JUIsI COCTABHOTO IOJYNPOCTPAHCTBA M OJHOPOIHOU
TUTOCKOCTH, OJJHOBPEMEHHO COJEPIKaIlMX KOHIIEHTPATOPOB HANPSDKEHUH Pa3IMdHOTO THIA
1 HETIOCPEICTBEHHO CBS3aHBI C HACTOSIIECH pabOTOM.

IHocTanoBKa 3a1a4M ¥ BBIBOJ ONpele/isIIOIIUX YPABHEHUH

ITycts coctaBHas ympyras IUIOCKOCTh W3 JABYX Pa3HOPOJAHBIX IOJYIUIOCKOCTEH ¢

ko3¢ punmentamu Jlamd ul,Xl " uz,Xz COOTBETCTBEHHO, OTHECEHHAs K AEKapTOBOH

CHUCTEME Oxy, oce OX KoTopoii HampapieHa MO JHHMM CTHIKA MOIYIUIOCKOCTEH, IO
N M

mausam - L :U(aj,bj) u LZZU(Cde ), COCTOAIIMX M3 KOHEYHOTO YHCIIA
j=1 j=t

HECECPCCCKAOMUXCA KOHCYHBIX WMHTCPBAJIOB, COACPIKUT CUCTCMbI Mem(bawmx TPCIINH "

a0COIFOTHO KECTKUX TOHKUX BKIIFOUEHHMI COOTBETCTBEHHO. ByZ[CM CUHUTaTh, 4YTO COCTaBHaA
IIJIOCKOCTD ﬂeq)OpMI/IpyeTCH o1 BO3,HGI>10TBI/I€M NEPUOANYCCKU H3MCHAIOIIUXCA BO



o jot [ & .
BPEMEHHU C YaCTOTON () COCPEIOTOYCHHBIX HArpy30K P]-e ( j=1+M ), MIPHJIOKCHHBIX

j
K BKJIIOYEHMAM B TOYKAX X(() ) M COCTaBJIAIOMMX yrol O € OChIO Oy, a rarxke mox
BO3JEHCTBUEM CTaTUYECKUX HOPMAaJIbHBIX pacipeieneHHbIX Harpy3oK

P; (X) ( j=1+N ) , IPWJIOKEHHBIX K OeperaM TPEeIvH U HE TOMyCKAIOMNX UX 3aKPhITHE

Dur. 1

B pamkax nuHEWHON TEOpHH yNPyrocTH MOCTABICHHYIO 33731y MOXHO NPEACTaBUTH B
BUJIE CYMMBI ABYX 3ajlad, B OZHOW W3 KOTOPBIX COCTaBHas IUIOCKOCTb Jedopmupyercs
TOJBKO CTaTHYECKUMH HOPMAJbHBIMHU paclpeleIEHHBIMI Harpy3kaMHu, IMPHIOKEHHBIMH K
OGeperaM TpEIIWH, a BO BTOPOH — TOJBKO IOJA BO3AECHCTBUEM IUHAMHUYECKHX HArpy3oK,
MPUIOKEHHBIX K BKIIOYEHHSAM. Tak Kak mepBas M3 3TUX 3ajnad pemeHa [14], To MbI
pPaccMOTPUM TOJILKO BTOPYIO 33j1auy. CHaOqUB XapaKTepPHbIE BEIUYMHBI JISl PA3HOPOIHBIX
TOYIJIOCKOCTEH  COOTBETCTBEHHO MHAekcaMH 1 w2, m[ocCTaBjieHHy0 —3ajady
MaTeMaTH4eCKH MOXKHO C(OPMYJIMPOBATh B BUJE CIIEAYIOLIECH IpaHUYHOM 3a1a4n:

G(yl)(X,O,t) = G(yz) (X,O,t)
r(xyl)(x,o,t)zr(fy)(x,o,t)
u (%,0,t) =u,(x,0,t)
v, (X,O,t) = VZ(X,O,t)

(xeLUL) (1a)

o (x0,t)=1))(x0,)=0 (xeL;j=12)
u, (x0,t)=u,€e" (cn<x<dy;j=12) (1b)
v (%0,t)= (v, +8,x)€" (¢ <x<dy; j=12)

roe U i (X, y,t) u Vj (X, y,t) ( j = 1,2) — FOPU3OHTAIBLHBIE U BEPTUKAJIBHBIE CMELCHUS

BerHeﬁ A HIDKHEH HOHyHHOCKOCTeﬁ COOTBETCTBEHHO, YAOBJIETBOPSIOIINE YPaBHCHHUSAM

5



(i) (i)
ABWXKCHHUA, a O (X, y,t) v Ty (X, y,t) — KOMIIOHEHTHl HalpsDKEHUsT B OJTHUX

IOTYIIOCKOCTSIX, CBSI3aHHBIE CO CMELIGHMAMHU HU3BECTHBIMM (opmynamu, U u

Vm (m=1— M ) , COOTBETCTBCHHO, I'OPU3OHTAJIbHBIE W BEPTUKAJIBHBIC COCTABJIAIOLIUC

JKECTKMX CMEIICHHH BKIIFOUCHUH, a §m — YIJIbl IOBOPOTA BKJIIOYEHHM.

UroOBbl TMOCTPOMTH pEIIEHHE TpaHWYHOM 3amaun (1) cHavana mo ¢opmyliam

ot VR o ..
f(X, y,t) = f(X, y)e mepedaéM K aMIUIMTyJaM HCKOMBIX (YHKUUH H BBeIEM B
paccMOTpEHHE aMIUIUTY/Abl HEM3BECTHBIX (DYHKIMH Pa3HOCTH CMELICHUH To4Yek Oeperos

TpeuIuH U(X), V( X) n 6e3pa3MepHBIX CKAaYKOB HANpPSOKEHWH Ha NIMHHBIX CTOPOHAX

BKIIIOUCHUH O X), ‘C(X) :

,0) =u(x) (xely)

0)=v(x) (xel,)

[0 (x0)=0(x0) |/ =0(x) (xeL,) @)
[ (x0) - (x0) ]/ =7(x)  (xeLy)

Jlamee, pemmnM BCIOMOTATeNbHYIO 3adady, COCTOAMyk w3 ycimouid (la) , (2) u
OlpeNeNIM aMIUTUTYAbl KOMIIOHEHT HAlpsDKCHHH M CMEIUCHUH Ha JIMHUM CThIKa

nonymnockocreii Y =0 uepes BBenénnble GyHKuMu. [l 9TOrO pemieHHs ypaBHEHHIA
JIsaM> a1 aMITIATY T CMETeHUH TIPEACTaBUM B BUIE CIEAYIOUINX HHTErpanoB Oypre:

i 7 - i oyl i ,
u, (% y):zl— | {kvgm (k)& sy (=1’ %Bj (k)& Lerog;
T

- )
(i

Vj (X> y):2L J’ {(—1)”1 VS“])XEI)A] (k) e(*l)jx(li)Y_,’_ Bj (k)e(fl)j;(2 )y} e_ikxdk,
Tc—oo

Torna KOMIIOHEHTHI aMIUIUTY A HaNpsDKEHUH OyayT maBaThest popMynaMu:



0

cgj)(x,y):ij{[K 2uv()(())}Ae u'y

#(-1) 20708, ok

“
(iy

T(Xi,)(X,y)z— ‘J.{2 o kvi!) X1 Ae( V'

+ [k (0 7 k} Be X(zj)y}e“"xdk.

= i _((D/C(i))z; N (q“) /60)2, n, z(co/kcgn))23

=[K|oty s 0y =410 M5 @y, =41-n,; (Mn=12).

a CI(j ) ( i,j= 1,2) — CKOPOCTH PaclpOCTPaHEHUs YIPYTUX BOJIH B COOTBETCTBYIOIIHMX

nojxymiockoctsix. [Ipu 3tom, BbIOpaHbl Te BeTBU (DyHKLUIA Xi(j)(k) (i,j=1,2),

KOTOpBIE Ha OSCKOHEYHOCTH BemyT cels Kak |k|, YyeM U 00EeCIIeUYMBAETCsl MCUE3HOBEHUE

HATPSKCHUH Ha OECKOHEYHOCTH U OJJTHO3HAYHOCTh 00paTHOro mpeobpazosanus Oypobe [15]

Hcnonp3ys npuBeAEHHBIE COOTHOLIEHMS MUl aMIUIMTY CMELICHUM M HaIpsDKEHUH,
y[lOBJ'IeTBOpI/IM yCJ'IOBI/IHM BCHOMOFaTeHbHOﬁ rpaanﬂoﬁ 3a4a4unu u onpe,ueJmM

nenssectreie  kodbdmumentsr A u B, (j:1,2) uepes TpanchopmanTsl Dypbe

HEM3BECTHBIX AMILTUTY; QYHKIMH CKAauKOB HATIPSKEHUI M CMeIeH i, 3aTeM, TIOCTaBIIss
nonyyennpie 3Havenus kodpuumentos A, B, (j = 1,2) B dopmynst (3) u (4),

HaIMIIEM Pa3pbIBHBIE PELICHUS YPABHEHUH IBIKCHHS IUIOCKOW TEOPHH YNPYTOCTH I
COCTaBHOM IUIOCKOCTH, BBIPA3UB HAIPSDKEHUS M CMELICHUS IIPU IIOMOILU HEU3BECTHBIX
ammutys,  QyHKumi  ckaykoB. [IpuBenéM  BbIpaKeHHS KOMIIOHEHTOB — aMILTUTY.I

HAaNPSUKEHH M CMEIIEHMM Ha JIMHMM CThIKa PasHOPOIHBIX monymiockocreir Y =0,
KOTOPBIE HaM MPUTOIATCS B JallbHEHIIEM:



a\(x,0)

=lo(x)—1lL,u'(x)+ Lj K, (s—x)o(s)ds+

Ky

lé[[ g—)is L~[K (s=x)t(s)ds- .[Km s—x)u'(s)ds+
I;LI\/S(i)SSJrLIKM(s—x)V’(S)dS
D x

xyflz,O)_Ilr(X)+I3V'(X)—[[Kzl(s—x)c(s)ds_
9. o

+[ Ky (s=x)u'(s)ds+ [ K, (s—x)V(s)ds;

U, (x,0) =—l,o(x)+ I7u’(x)—J' K, (s—X)o(s)ds—

Iz
TCL

s)ds
- )x _J'K32 (s—x)1( ds+J'K33 s—x)u'(s)ds—
Ll

"—n
/-\

o

__I ds‘fKu S=x)V'(s)ds

V,(X,0) = |517(X)+ |7v'(x)__6'[

_i[ Ky (s=x)o(s)ds + [ K, (s—x)t(s)ds+

L

l, - U'(s)ds
- K, s)ds+ | K v(s)d
+n£ P +£ s(s=x)u’( s+.[l w(s=x)V(s)ds

(&)

(6)

(M

®



o\ (x,0) =6\ (x,0) + p,5(x);

t(%,0) = 1) (%,0) + p,t(X);

U, (%,0) = u,(x,0) +u(x);

V,(%,0) =V, (%,0) +V(X) .

3/16Ch BBEICHBI 0G03HAUCHHS :

Ky (%) :i!;%g;)eikx dk; Q, (k)=9,,-Al; n, Z(CO/ kCgm))z
Q. (k) =-i(g,,—Al,sgn(k)); Q. (K)=g,-Al;

; Qzﬁl(k):—i(gz’l—Al2 sgn(k));
):—i(gé‘,1 —A|4sgn(k));
’ ( , k)=g7’2—A|7;

Q. (K)=Q,,(k)=g;-Al;  Q,(k)=-i(g,, Al sgn(k));

Q;(k)=g,,—-Al; Q. (k)=-i (g&2 — Al sgn(k));
Qi (k) =i (96,1 — Al Sgn(k)); Q5 (k) =i (gg,l —Alg sgn(k));
1
2R|,1R1,2 + annz (a1,2a2,1 +Q,,0,, )j}

d =(-1 i(1+u)+9i (1-p); L, =(1+66,+(1+6,)(1-6,)n)/dd,;
(6,+0,)/dd,; =(0,(1-6,) -6, (1-6,))/ d,d,;
L, =((1-6,)+p(1-6,))/dd,; I5=(0,(1+6,)—u6,(1+6,))/dd,;

>

I
_:I\)
=
I

+
oy
&
-

_ - I/

lo=((1+0,)+n(1+6,))/dd,; I, =((1+06,0,)u+(1-6,)(1+6,))/d,d,;

2
ls _“(61+92)/d1d2; H=Hy /g 9m=(0§m)/01(m)) (m=1,2);

(€))



N 1
R, =B"—a,0,; 9= Z(4R1,1 R,+nm,0 ;0,5 —4uR, , R, );
1 . .
9, = E(Th R,o, +n,R 0, ) ) g, = _( R,R,-uR R, ) ’

1
Qi = _E(nl“Rz,Z(xi,l +1n,R, a4, ); g = ( R.R,—HR,R, );

1 1
U :E(anO,za’i,l +n2”Ro,1ai,2); Os.i :_E“(anl,2ai,l +T]2R|,10Ci,z);

9, :i(‘h’tRl,lRl,z+n1n2ua1,ia2,3 i 4R0 Rz ) ( 1,2; n=0, 1’2)

OTMeTHM, YTO, YIUTHIBAs [TOBEACHHE OAWHTEIPAIbHBIX (DYHKIMH Ha OECKOHEYHOCTH,
B MOJY4EHHBIX COOTHOIIECHHSAX BBIACICHBI CHHTYIISIPHBIE YACTHU SIAEP. 3AMETUM TaKXKe, 4To,

Kak ¥ B pabore [6], B ciyyae, Korza A(k) HE UMeeT ACUCTBUTEIbHBIX KOpHEH, aapa
Km’n( X) perynspuble ¢yHkiuuu ot X . B cimyuae ke, korma A(k) HAMEET

JICHCTBUTENILHBIC KOPHH, (DYHKIMH Kmn(X) coJiepKaT HECOOCTBEHHBIC HMHTETPAJIBI
®ypbe, KOTOpbIE HYXKHO MOHUMATh B OOOOMIEHHOM CMBICIC UM TIPEACTABUTH HX B BHJIE

CYMMBI OGBIYHBIX, XOPOIIO CXOANIMXCS, HHTETPANOB M CIENHATBHBIX ByHKIHH I (X),

Ci (X) (MHTETrpaNPHBINA CHHYC U KOCHHYC).

Teneps, ucrons3yst popmynst (5)-(8), ynosiaerBopum ycioBusMm (1b), mepBoHAYATBEHO
nepeias B HAX K amiuutyaaM u auddepeHnupys nocnenaue apa u3 Hux mo X. B wrore,

yuuThiBast, uto Ha L, G(X) = T(X) =0,ana L, U(X) = V(X) =0, g onpenenenus

aMIUIMTY[ CKa4YKOB CMGIIICHI/Iﬁ u HaprDKGHI/Iﬁ nojydynM  CJIICAYIOLIYIO CUCTEMY
OIMPCACIAIOINX CUHTYJIAPHBIX MHTCTPAJIbHBIX ypaBHCHI/Iﬁ BTOPOT'O poaa:

—Lu'(x) + I K, (s— x)c(s)ds+|;2j T(S)ds+|—4j v'(s)ds+

8 DoS=x  m{ s-x

[ Kip(s=x)t(s)ds—[ Ky (s=x)u(s)ds+ [ K, (s=x)V(s)ds=0;

L L L

(10)

L2 l



[[K32(s—x) ds+IK33 (s—x)u'(s)ds— J.K34 (s—x)V(s)ds=0;

() | "S)SSJ;SLJ“S)SS_JKM(s-x)G(s)ds .

+I Ky, (s—x)1( ds+IK43 (s—x)u'( ds+IK44 (s—x)V(s)ds=3,,
L L L

Cucremy (10) HyXHO paccMaTpuBaTh IPH YCIOBUSX HENPEPHIBHOCTH CMELICHUH B
KOHIIEBBIX TOYKAX TPEIUH

bf u'(x)dx =0; jv x)dx=0 (k=1-N) (11)

&

n ypaBHeHI/Iﬁ JABHMXKCHUA BKJ'IIOLICHI/II\/’I, KOTOpPGLIC, 0e3 yqéTa X MaccC, 3allMCBIBAOTCS B BUIC:

k R, cosa, ¥ R sina,
jc(x)dX:—; jt(X)dX:—;
(% Ml C Ml
(12)
k xR cosa
IXG(x)dx:# (k=1-M.)
Gy ul

Urobs1 moctpouth pemienne cuctemsl (10), mpuBeném e€ x xkaHoHHMYeckoMmy BHIy. C
JTOH 1LIENBbI0 YMHOXHUM BTOpOoe U 4erBéproe ypaBHenus (10) Ha Xl u mpocymmupyem
COOTBETCTBEHHO C TIEPBBIM M TPETHUM ypaBHEHHWSMH. Torma, BBeOs 0003HAUYCHUS

9y (x)=0(x)+(=1)'ir(x) (i=12);
93 (x)=u ()~ (=)' IV(x) (i=3.4);
1

_[K31(X)+ K42(X)+i(K41(X)+ K32(X))];

A (X) =5
5
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*

q1:|6/|5; q2=|8/|5; q3:|4/|3; q4=|2/|3;6m=6m/|6’

cucremy (10) 3amumem B BUAE:

0, (X)- (= )Iqu' ¢,(s)ds (_1)jiq2ja-(pj+2(s)ds+

T S—X Top s—X

2
*

2" [ A (s=X) o (s)ds+ kZﬁ;jA (s=xX) @y (s)ds=i(-1)'3;,

k=1 L, L

C,<x<d, j=12
( m )

® (x)—(_l) ig, J'tpj(S)ds+(_1)Jiq4 I(pj_z(s)dSJr

: n S—X n ) s—X
2

L
2

+ZJAJ-k(S—X)(pk(S)dS+ IA s—X) @, (s)ds=0 (13)
k=1, =3

(am<x<b,j—34)

Venosus (11) n (12) npu nomomw dyHxumit @, (X) (j =1 —4) MOXHO 3aIHCaTh B
BUJIE:

(—])j iy Oy

T(P,- (S)ds:PkeM—; J-S[(Pl(S)HPZ(S)]ds:

1 G

(j=12k=1-M)

2x(()k)F{( cosa,
T (14)

b,
_[cpj(x)dx:O; (j=3,4 k=1-N); (15)
ay

Takum 00pa3oM, pellleHHE IOCTABICHHOW 3aJayll CBENOCh K PELICHHUIO CHUCTEMBI
CHUHTYJISIPHBIX HHTETPaNbHBIX ypaBHeHHH (13) mpu ycmosmsx (14) u (15).

ILnocko-gepopMupPOBAHHOE COCTOSIHME YIIPYI'OHi COCTABHOM NJIOCKOCTH € OJHOM
TPeIMHON U OHUM MeK(pa3HbIM BKIOUYEHUEM M0/l BO3/IeiicTBHEM JHHAMHYECKHX
HArpy30K

He wnapymast oOmHocTH, ¢ meiapio Oojiee IIyOOKOTO H3YYEHHUS 3aKOHOMEPHOCTEH
B3aUMOBIIUSHUSL ~ KOHIICHTPATOPOB  HANPSDKCHUS  Pa3IMYHBIX  THUIOB,  METOAOM
MEXaHUYECKUX KBAJPaTyp MOCTPOUM pEIICHHE 3aJaull B Cilydae, KOrja COCTaBHas
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TUIOCKOCTh Ha MHTEpBaie (al,b,) JUHUN CTHIKA JBYX IMOJYIJIOCKOCTEH CONEPKHUT OTHY
MeK(pasHylo TPEIIMHY, a HAa WHTEpBaie (Cl,dl) onHO Mex(da3Hoe abCOMOTHO KECTKOE
BKJIIOUEHHUE, T.€. KOTza L1 = (al,b,) u L2 = (Cl,dl). Bynem cuutaTh, YTO MIOCKOCTH

o o jot o
Je(OpMHUPYETCS MO/ BO3ACUCTBHEM COCPEIOTOUYCHHON HArpy3Kd F{)e , IPUJIOKEHHOU K

BKJIIOYCHNUIO B Touke X, mox yriaom O k ocu OY. B stom ciyuae cucrema (13) npumer

BUJT:
(16)
-1)'iq, 2o (s)ds (-1)ig, L, (s)ds
o]l et
a G
2 4 4 B
+Z.[A (s—X) ¢, (s)ds+ ZIAJK(S—X)(pk(S)dS—O
k=1c1 k=331
(a <x<b; j=3,4)
[Tpu aTom ycnosust (14) u (15) mpumyT Buz:
]l(P (S)ds—w- ]lsli(p (S)_|_(P (S)]ds—m
. T ’ W, (17)
(i=12)
b
Joi(s)as=0 (j=3.4) (18)
g

Urto0bI pemmuTh cuctemy (16) MeToqoM MeXaHHYECKUX KBAaIpaTyp MPH ITOMOIIN 3aMEHBI

EPEMEHHBIX X=pn+ kl; S= pla + k1 Ha HHTEpBAJIE (C1 , d1 ) u

X=pn+K,; S= p,E+K, na unrepsane (a1,b1) chopmynupyem cucremy (16) Ha

MHTEpBaJIe (—1,1) . Tosyunm:

)_(—l)jmjj‘\lf d‘%_i_ j.A én\vk(&)dé:

mo =1 e (19)
=Fj(r|) (—1<n<1; J=1 4)

31ech BBeAEHBI 0003HAYEHU:

v (n

14



vi(n)=0;(pn+k) (I=L2);y;(n)=0,(Pn+k) (] =34);

A’;k (im)= plAjk(pl (i—n)) (j,k:1,2);

A(&m)= pA L (RE- Ptk =k ) (i=12k= j+2);
(_l)jipzqz

p.E— pn+k, _kl)

A’;k (E.m)= pzAjk(pz‘;:_ pm+k, _k1)+(
(j =1,2;k= j+2)

A’}k(im)z PzAjk(pz(i—n)) (j’k:394);

Ay (Em)=pA (PE-PM+k k) (j=34k=]-2);

(-1)ipq,
pE— PN+ kl - kz)

A’}k(i,n)= plAjk(plé_ pn+k _kz)"'(

(j=3.4k=j-2);

2 | =12
;mjz{ql (i=1.2)

g (j=34)

p=(d-6)/2k=(d+¢)/2 p=(b-3)/2k=(b+a)/2

Yenosus (17) u (18) mpu moMory HOBBIX HCKOMBIX (PYHKITHA IPUMYT CIICAYIOIIHNA BU/I:

_n
—
=
~
Il
/_/Q\
|
[
~—
%
—
Il
~

1

[w,(g)de=pRe™;

(20)
1

[e[vi(8)+w,(8)]de=2xR cosar (j=1,2);

|

j\v g)de=0 (j=3.4). @1
rae

. P

P = ; /p,.

= X, =%/ P
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ITpu nomomu pesynpraroB A.M.MycxeaumBuim o NOBeACHUN UHTerpanos tuna Komm
B KOHIIEBBIX TOYKAaX HHTEPBAJIA WHTEIPHPOBAHMS HETPYAHO YCTAHOBHTH, YTO HCKOMBIC
(YHKIIMM B KOHLIEBBIX TOYKAaX MHTEpBaja MHTETPHUPOBAHMA, KaK M B CIy4ae CTaTHIECKOU
3aJa4ul, IMEIOT KOPHEBYIO OCOOEHHOCTh € OCIMJUISIINEH U UX MOXHO MPEACTABUTH B BUJIE :

v e L
Wj(n)_(1+n)aj (l_n)ﬁj’ (xj_2+|( 1) yj’ Bj_z I( 1) Yjv

L @alt@in) |y [ L e ) g gy

’Y4:—n
boon e (p, tEsn) 2npy T E

. * -
rie &;=3—4v, ( J =1,2) — mocTosiHHas Mycxemumeum, a (T]) ( J :1—4) -
HETPEPBIBHBIE IMIajKKe (QyHKLMH, OTPAHAYEHHBIE BILIOTH /10 KOHIOB MHTepBana[—l, 1] .

[MoncraBnsist 3HaYeHUs QYHKIMH \Vj(n) (J =1—4) B (19), (20) u (21), u

UCTIONB3Ysl COOTHOLICHMS, NpuBeAEHHBIE B [16], mo cTaHmapTHOM mpoueaype, NpUIEM K
cucreMe U3 4n anreOpayeckuX  ypaBHEHHH  OTHOCHTENIBHO  3HAYCHHUH

\lf? (E_” ) ( j=1- 4) , (i =1, n), rae & — xopHu MHOrowIeHa SIKO6H F’n(Otj P (&)=0.

[ocne onpeneneHus BeTHYMH W? (EJI ) ( j=1- 4) HETPYHO MpH  MOMOLIH
MHTEPIONAINMOHHBIX MHOTOWIeHOB Jlarpanka BOCCTAHOBUTH (DYHKIMH \|!*Jf (M), a tem
cambIM, 1 Y| (m) ( j=1- 4) , ¥ OTIPE/IEIUTh HATPSKEHHO-1e)OPMUPOBAHHOE COCTOSHHUE

B COCTAaBHOW TMOJyIUTOCKOCTH. B wactHOCTH, 6e€3pa3MepHOE pACKPBITHE TPEIIHHBI
OMPENICIIUTCS 110 POPMYJIC :

V*(n) :V( pzn"' kz)/ pz :%j‘[“%(é)_\l&(&):ld&-

st onpeneneHuss HaNpsOKEHWM, AEWCTBYIOUIMX HA JJMHHBIX CTOpPOHAaX BKJIIOYEHMIA,
OyZneM HCIOJbh30BaTh KOMIDIEKCHYIO KOMOHMHamuio ¢opmyn (5) u (6), KOTOpyro mpHu

nomonH GyHKIHH @ (1’]) ( j=1- 4) MO’KHO 3aIIMCaTh B CIIEIYIONIEM BUJIE:
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a(x,0)-itl)) (x,0)

Q;(x)= u =00, (X) =10, (x) +
2
o (s)ds il, to,(s)ds | &
-1 A, (S—X s)ds+
I m, S—X 3;! w(S=X)0(s) 22)

ey

4
+|3Z:J.A3k (s—=X)o,(s)ds (- <x<00; j=1,2);

k=3 a
(o =p+l; o, =l;u=p,/p).
Y4UTBIBASL, 9TO Ha BKIIOYCHHH (D, (X) =0, 1 mepexos Ha UHTEPBAT [—1, l] , HaléMm:
il, ry,(8)dg
-1 i_n

2 il, pz%(i)di
- I kM k d
; AL (P (E-m))w, (8)dE - Ilpzé ok K

o (T])=Q,-(pm+k1)=‘°j‘|’1(€)+

! T

> JlipA(pE-pn+k —k)y, (£)de (j=12)

k=3 _1

st onpenenenust sxe 6e3pazmepHoro koddduimeHTa HHTEHCUBHOCTH Pa3pyLIalONINX
HaTpsDKCHUH omsATh OyIeM wucmonb3oBaTh (opmymy (22) , paccmaTpuBas e€ BHE
WHTEPBAJIOB (q,h) u (Cl’dl)' Y4uuthiBasi, YTO BHE 3TUX WHTEPBAIOB (PYHKIUS CKAYKa

HaNpsDKCHUH paBHA HYJIIO, B Oe3pa3MepHbIX BEIMYMHAX €€ MOKHO 3aICaTh B CIEIYIOMEM
BUJIE:

G(yj)(pzn"'kzao)_‘tg/)(p2n+k250) _
U,

L ZI Ay (E=n)w (§)dn (In[>1).

n—l

Q,—(pm+kz)=
(23)

OueBHIHO, YTO PYHKIIUH, HAXOISIUECS IO 3HAKOM CYMMBI, OTPaHUYEHBI B KOHIIEBBIX
TOYKax MHTepBana[—l,l]. [TosTtoMy, mojCTaBiIsisl 3HAYCHUE (DYHKIHH \|j3(§) B (2.8) u

WCTIONB3YS 3HaUeHue nHTerpana [17]:

li(s—a)“(b—s)” ds 1
T S—X sinmy (b -

a

17



(2.8) mpencraBum B BUE:

_ ”4\V;(i1)
Qj(pm+kz)— Ch(TC'Y3)|1+T]|1/2_iY3 1_n|1/2+iy3 +q)(n) (|n|>1)’
L -] o
q)(n)__ll_4J. [\V (&) e (+ )] é} —ZI|3A3K(§—H)\VK(§)dn,

SE-n) () (1-m) 4S5

BEPXHHI1 3HAK COOTBETCTBYIOT iydy T > 1, a mknuii — myay 1 < —1.

Torpa, KoMIUIEKCHBIH KOX((UIMEHT HHTEHCUBHOCTH pPa3pyLIAIOIINX HANpsHKEHUN
Oynet naBatbcs (OpPMyYJION:

KI (il)_iK“ (il) =\/£ lim |l+n|1/2—iv3 |l_n|1/2+iy3 X* (n) =

X—+1+0 i
Namily) (£1)
ch(my,)

YucaeHHble pacyéThl

[IpoBen€éH uyucneHHbIA pacy€éT U  ONpeleseHbl 3aKOHOMEPHOCTH HU3MEHEHUS
JIEUCTBUTENIBHBIX YAaCTEl aMIUIUTYJ CKAYKOB HOPMAaJIbHBIX M KacaTeJIbHbIX KOHTAKTHBIX
HaNpsDKEHUM, JAEMCTBYIOIIMX HA JJIMHHBIX CTOPOHAX BKIIOUEHHUH, PAaCKPBITHUS TPELIMHBI,
a0COJIFOTHOW BEJMYUHBI KOMIUIEKCHOTO KO3(p(HUIMEHTa HWHTEHCHBHOCTU Pa3pyIIAOIINX

HaINpSHKEHUH K*(il) = \/ K|2 (il) + K|2| (il) ¥ TIPMBEJEHHOTO yIJIa ITI0BOPOTA

BKIIIOUCHUHA 8* = 8/|6 B 3aBUCHUMOCTH OT HpHBGHéHHOﬁ YaCTOTbl BbBIHYKJICHHBIX

)

. 1
konebanuit  ®, = ®/ acg B JIByX CIydYasX, KOTJa COCPEJOTOYEHHAas Harpyska
HOPUJIOKEHA K LEHTPY BKIIOYEHUS U HAIMpPABICHA BJAONb BKIHOUEHUS (OL =7/ 2) UIu
NEPIEHANKYIAPHO K HEMY (OL = O). IIpu 3TOM monaraercsi, 4TO BKJIIOUYEHHE HAXOAUTCS

Ha MHTEpBale (—a, a), TpellMHa Ha MHTEpBaje (3a,5a), a yHOpyrue MOCTOSHHBIE

Pa3HOPOJIHBIX MOy TIIOCKOCTEH HMEIOT creayromue 3HAYEHHUs
*

v,=v,=0,3, p=pn,/n,=2, P/ =1. Ha ¢ur2a-2b npusesens rpaduxu

HCﬁCTBHTeHLHLIX qacTel AMIUTUTY ] CKAYKOB COOTBETCTBEHHO HOPMAJIbHBIX U KACATCIbHbIX
KOHTAaKTHBIX HaHpH)KeHI/Iﬁ B 3aBHUCHUMOCTHU OT HpPIBe,HeHHOﬁ YaCTOTbl BbIHYXXACHHBIX

KosebaHnit (@, , KOrJa Harpy3Kka MepHeHINKYIIIpHA BKIIOYCHUIO (OL = 0) .
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-10 -05

-10 _—-0% 02 o5 10° -0

w=1.5 00} -015

w=2.5 \ oo jf
(03
\ ;
05 K ].P
w=0.5

®dur.2a. ckayoK HOPMAJIBHBIX @ur.2b. ckauok KacaTenbHbIX

nanpsokenuiit o0 =0, u=2 nanpsokenuit o0 =0, u=2

W3 HUX BUIHO, YTO TPW YBEIUYECHUH YACTOTHI BHEIHY)KJCHHBIX KOJCOAHUN aMILTUTYHa
CKayKa HOPMAJIFHBIX KOHTAKTHBIX HAINPSDKEHUH MO aOCONFOTHOW BENMYHMHE B HEKOTOPOI
YacTH KOHTAaKTHOM 30HBI BO3pacTaeT, a Ha OCTaIbHOM 4YacTH yOBIBACT W CTAaHOBSTCS
OCHWUTUPYIOIUMH. AMIUINTYZa KacaTeNbHBIX KOHTAKTHBIX HANPSKCHUH IPHU 3TOM IO
a0COJIFOTHOW BEJIMYMHE BO3PACTACT M MEHSIET 3HAK Ha OOPaTHBIM.

B Tabn. 1. mpuBeneHs! 3HaUeHWsS NPUBEACHHOTO YIJIa IOBOPOTA BKIIIOYCHHUA U
a0COJIIOTHOW BEJIMYMHBI KOMIUIEKCHOTO K03((duIMeHTa MHTEHCUBHOCTH pPa3pylIAOIINX
HampsDKeHUH B yKa3aHHOM cilydae. I3 HHMX BUAHO, YTO Kak JEHCTBUTENbHAs 4yacTh yria
MOBOpPOTa BKJIIOYEHHUS, TaK W a0COJIIOTHAsh BEJIMYMHA KOMILIEKCHOro Koldduimenra
WHTEHCUBHOCTH Pa3pyLIAIOIIMX HAMPSHKEHUH NPU YBEJIMYEHUH YacTOThl BBIHYKIEHHBIX
KosieOaHMi cHayasa 1o abCOIIOTHON BEJIMYMHE BO3PACTAIOT, a 3aTeM yOBIBAIOT.

Tabmmma 1. oo =0, p=2

o, 0.2 0.5 1 1.5 25

Red, -0.00055 | -0.0038 | -0.0039 | -0.0334 | -0.0214
[K'(=1)| | 0.0622 0.3180 | 04893 | 05939 | 02857
|K* (1) 00739 | 03466 | 0.8637 | 09143 | 02736

Ha ¢wur.3a-3b npuBenensl rpadMku JEHCTBUTENBHBIX YacTel aMIUINTY/A CKAadKOB
COOTBETCTBEHHO HOPMAJbHBIX U KACATEJIbHBIX KOHTAKTHBIX HANpPSKEHUH B 3aBUCUMOCTHU OT

MIPUBEJICHHOM YaCTOTHI BBIHYKIACHHBIX KOJIcOaHUI (D, , KOT/Ia HArpy3Ka HalpaBcHa BOJb

BKJIFOUYECHUSA (OL =7/ 2).
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Re(7)
w=15 W=2.5 ;
005
_ W \o.ls 0f
005  w=0.5

®ur.3a. ckauoK HOPMaJIbHbBIX ®ur.3b. cKa4oK KacaTeIbHBIX

HanpsokeHnit oL =m/2, u=2 Hanpsbkernit o0 =71/ 2, p=2

W3 Hux ABCTBYET, UTO YBCIIMYCHUEC YaCTOTHI BhIHYKICHHBIX KOJ‘Ie6aHHl>‘I MaJIO BJIMACT HA
pacrpe/iesieHre JIeHCTBUTENBHON YacTH aMIUIMTYJ] CKAuKOB KacaTelbHBIX KOHTAKTHBIX
HaHpHH{eHHﬁ. ﬂeﬁCTBHTeﬂbHaﬂ YacTb K€ aMIUIMTYJ] CKa4YKOB HOPMAJIbHBIX KOHTAKTHBIX
HANPSDKEHUI, IPH 3TOM, Ha MNOPAAOK Manbl. OJHAKO, UX H3MEHEHHE NPUBOAMT K
M3MEHEHMIO 3HaKa NEeHCTBUTENbHON 4acTH aMILIMTY/bl YIJa [OBOPOTA BKIIOYEHHS, YTO
NOATBEPKAAETCS Pe3ysIbTaTaMi PacuéToB, NMPUBEAEHHBIX B Tabim.2. B oroil Tabmuue
IPUBEJEHBl TAKKE 3HAYEHMS abCONIOTHOH BEJMYMHBI KOMIUIEKCHOTO KOO((duumenTa
MHTEHCHBHOCTH Da3pylIaloluX HanpsokeHmid. OHM, Kak M B NEPBOM Cllydae, NpH
YBEJIMIEHUH YaCTOTHI BBIHY/KICHHBIX KOJIEOAHUH CHAaYaa BO3PACTAIOT, a 3aTeM yObIBAIOT.

Tabmma2. o=m/2, u=2
. 0.2 0.5 1 1.5 2.5
Red, -0.00396 | -0.0039 | -0.0038 | -0.0008 | 0.00009
[K*(=1)| | 00404 01220 | 02234 0.0673 | 0.0143
K™ (1) 0.0351 0.1319 | 03029 | 02773 | 03190

Ha ¢wur.4a-4b npusenensl rpadMku JEHCTBUTENBHBIX YacTel aMIUIMTY[A CKadKOB
HOpPMaJIFHOH COCTaBIISIOIIEH CMeNIeHns] OeperoB TpelMHbl B MOMEHTHl BpEMEHH

t =27K/ (k =1, 2,..), cootBercTBeHHo B ciaydasx O0=0 m o=m/2, xorma

E3
BMECTe C JMHAMHYECKON cocpenorodeHoii Harpyskoii Py, =1, neiicreyromeit na
BKITIOYCHHE, Ha Oepera TPEUIMHBI ACHCTBYeT CTaTHYeCKas paclpenenc¢HHas Harpyska

HUHTCHCHUBHOCTHU qO’ MNPpCIATCTBYIOMIAsA 3aKPbITUKO TPCHIWHBI. HpI/I 9TOM, IIPUHATO

G =0/ p,l; =-0.1.
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®wr.4a. ckayoK HOPMAITBHBIX @®wur.4b. ckavoK HOPMAaJIbHBIX
cmemenuit o0 =0, p=2 cvemenuit aa=m/2, u=2

OHH MOKAa3bIBAIOT, YTO MPH BHIOPAHHBIX 3HAYCHHUAX ITAPAMETPOB YBEIHMUCHHE YaCTOTHI
BBIHYX/ICHHBIX KOJIOaHMH TPHUBOAUT K MOTEPE CHUMMETPHUYHOCTH (DOPMBI PaCKPBITHS
TPELIUHEI.

3akiaouenue

Taxkum o6pa3oM, B paboTe MeTo10M 00001IEHHOTO peodpazoBanusi Dypre MOCTPOCHBI
pa3pbIBHBIC PELIEHUs] YPaBHEHUI ABMKEHUS IUIOCKOW TEOPHH YNPYTOCTH JJIsl COCTaBHOM
IUVIOCKOCTH W3 JBYX Pa3sHOPOIHBIX MONYIUIOCKOCTEH € CHCTEMaMH HENepeceKarolnXcCs,
Mex(asHBIX TPEIINH U a0COTIOTHO KECTKUX BKIIOYEHHH KOHEYHBIX MIHH. Ha ocHOBE THX
pelIeHHi TOydeHa OIpeNeriomas CHCTeMa IIOCTABJICHHOH 3aJadd B BHJIE CHCTEMBI
CHHTYJISIPHBIX HHTETPAJIBHBIX YPaBHEHUH BTOPOrO pPOJa, pEIIeHHe KOTOpOH, B cilydae
OJHOW TPEIIMHBI U OJHOTO BKJIIOYEHHS, OCTPOEHO METOJOM MEXAaHHYECKHX KBaIpaTyp.
[TpoBenéH 4MCIEHHBINH aHAIM3 ¥ M3YYeHbl 3aKOHOMEPHOCTH W3MEHEHHS JIeHCTBUTEILHBIX
YyacTel aMIUIUTY/l CKAYKOB KOHTAKTHBIX HAlPSDKEHWH Ha JUIMHHBIX CTOPOHAX BKJIFOYEHUH,
HOPMAaJIbHBIX COCTABJISIFOLIMX CMEIIEHHsI TOYEK OeperoB TPEIUH, aMIUIUTY/ IPUBEIEHHOTO
yIiia MOBOPOTa BKJIIOYEHMH M aOCOJIOTHON BEIMYMHBI KOMIUIEKCHOTO KO3(QHIMEHTa
MHTEHCUBHOCTH pPa3pyIIAIOMINX HANPsDKEHWH B 3aBUCHMOCTH OT BEJIMYMHBI YacTOTHI
BBIHYXJICHHBIX KOJI€OaHWI NpH ONpeNeNEHHBIX 3HAYCHUSX YIPYTHX M T€OMETPUUYECKUX
XapaKTepUCTUK 3a1add. [loka3zaHo, 4YTO THpPH BBHIOPAHHBIX (U3MKO-MEXaHHYECKUX U
TeOMETPUYECKHX NapaMerpax, B Cllydae, KOrja COCPeIOTOYCHHAss Harpy3ka HarpaBieHa
BAONb BKIIOYCHHS YBEIWYCHHE YACTOTHl BBIHYXKICHHBIX KOJEOAHUH, NPUBOTUT K
Hepepaclpepe/ICHII0 aMIUINTY][ CKaYKOB HOPMAJIbHBIX KOHTAKTHBIX HAINPsDKEHHI B 30HE
KOHTAKTa, BCICACTBHE YEr0 N3MEHETCS AeHCTBUTENbHAs YacTh aMIUIUTY bl YIJIa TIOBOPOTA
BKIIOYeHHs. Ha 3Toif ocHOBE MOXKHO yTBEp)KAaTh, YTO IIPH IOMOIIM BBIOOPA YacCTOTHI
BBIHYXK/ICHHBIX KOJICOQHHH MOJKHO YIPAaBJIATh NEHCTBUTENLHOM 4YacTblO yIja MOBOPOTa
BKJIFOUEHHS1, B YACTHOCTH JJOCTUYb MCKIIIOUEHHUS €T0 TIOBOPOTA .

Hccnenoanue BbImogHeHO npu ¢(uHancopoii mogaep:xkke KH MOH PA B
pamMkax Hay4yHoro npoekta 18T-2C290.
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On the main directions in creep mechanics of metallic materials
Holm Altenbach, Katharina Knape
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Xosmm Anbrendax, Katapuna Kuane
Of 0CHOBHLIX HAIIPABJICHHAX TCOPHH I0/13VUCCTH MeTALIHICCKHX MATCPHATIOBR

KmodeBnle cioBa: HOJ’[By‘-IGCTL, pelakcalis, KIaCCHHECKHE MOJCIH, COBPEMCEHHBIC
TEOPHH TTOI3YHECTH

MexaHnka ION3YYCCTH ABIACTCH YACTBI0 HHAKCHEPHON MeXaHWKH. PasBHTHe HCCIIeLOBaHHI B
3TOH o0macTH OBUIO MOTHBHPOBAHO HEKOTOPBIMH aBapHUAMH, ITPOH3OMISHIIHMH B 19-0M Beke.
Iepprie Teoprmi GbmH  CcOPMYIHPOBAHEI K4K ONHOMSPHEIE YDaPHEHHTI € HECKOIBKHMI
mapameTpamu. [1o3xKe 3TH ypaBHeHHA GBITH PAcTIPOCTPaHEHH Ha TPEXMEPHBIE YPaBHEHHI, TIPH 3TOM
CKAMAPHBIE HATIPSOKEHHI B AehopMAaTiH GBI 3aMeHEHBT TEH30PHBIMH BEIpaKeHHAMI. KpoMe Toro,
U4 TIYUINETO CPaBHEHWS ¢ ONHOMEDHEIMH pPesylbTaTaMH JOIDKHEL HCIIOIB30BATHCHA THIIOTE3EL
SKBHUBATEHTHOCTH A HATIPDKEHEH M AehOpMATIHi.

Ho cux IOp He CYyLIECTBYeT TCOPHH ION3YUEeCTH, KOTopad Oblla Obl HACTONBKO CTPOrOH, Kak
MEXaHWKA CIDIOIIHEIX cpel. ONHAKO CYLIeCTBYeT MHOIO HHKCHEPHBIX TEOPHH, Ha OCHOBE KOTOPBIX
TONMyYeHBl OYeHs H OYeHh MHOTO PelieHHH M4 TMPaKTHUeCKHX 3aflad. DTa CTaThd TPEACTaBIgeT
co0oH 0030p paboT 1o MeXaHHKe IOI3YYECTH MeTAIUIHYSCKHX MaTePHAIOB H KOHCTPYKIMHA H3 STHX
MaTepHATIOB.

2npd Upnkhpuhe, unwphtw Shwwb
Uhwnwunumljmi iymphkph unnph inkunipyui hfmlwh monmpobbkph Juahb
Zlbrarpuintp . Unnp, nbjwpuwghw, quumlui doghy, unngph dunfwiwlulhg whunpniikp

Unnph  dhjuwihljui  fwpnupughuwlut dbuwithuh  dh dweid B G oppoonod
htnwgnunipniitibph qupqugnudp wuydwbwdnpus o 19-py gupnud nbgh wibkgud
upuinuthwpithpny: Unwphlt nbunipyniidihpp dludbpugd by B npogbu dhuyunh hugwawpnodithp” Gh
puwith  wwpudbnpbpny:  Zhowgunui  wje  hwjuuwpmdikpp poghwipugbght  owywh
huwjwuwpnudubp hwdwp, goewphisnd uquoup jupoodibpp b gebnpdughwibpp mbugnpughic
wpnwhwpnm Epnibbpng: Pugh wyy, dhusup wpgniipiiph hbn wewdb) ju] hudbdwnn o
juunwpbnr  tyuwnwln]  upmdikph b ghbopdwghwibph hwdwp whop £ oquugnpsyki
huwdwpdbpnypub Juplubitbp:

Uhty uydd gnynipnih yoih dh wybuyhuh ungph wbungpm, npp hos dhpwjuyph dijuwithuh
yhu juhuwm (hith: Tyunowdbiuyihy, jub sun Supnuwpughnwljui nbungynobibp, npnig hhdwi Jpu
uwnwgyky ki 2w o pwn Jhpwewlwi Sighpibph (pnosnudubp: U hagdusp hpbithg thpluywgined |
wljuwply dinmwnwljwi bmipkph b bpuighg yunpuundws juenigwspibkph unngph dkjuwihlugh
YEpuipkpiuy:

Creep mechanics is a part of engineering mechanics. The developments in this research field were
motivated by some failure cases in the 19th century. The first theories have been formulated as
umaxial equations with only a few parameters. Later, these equations were extended to three-
dimensional equations, substituting the scalar stress and strain by tensorial expressions. In addition,
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for better comparison to one-dimensional results, equivalent statements for the stresses and the strains
were introduced.

Up to now, there is no creep mechanics theory which is as strict as continuum mechanics.
However, there are many engineering theories through which more and more solutions for practical
cases can be obtained. The paper is a state of the art report of creep mechanics for metallic materials
and structures composed from these materials.

1 Introduction

Creep mechanics is a part of engineering mechanics with a history of more than 100
years and numerous technical applications. In the first part of this paper, the motivation and
a brief outline to the history are presented. After that, some approaches in creep mechanics
are discussed. In the final part, references to several applications are given. For further
reading, [1,2] can be recommended.

In the case of three-dimensional relationships, the direct (symbolic) tensor notations are
used. The basics are presented, for example, in [2-4].

1.1 Motivation

Mechanics has been established as a science since antiquity. The first steps in this field
were done by Archimedes of Syracuse (born c. 287 BC, Syracuse, Sicily, died c. 212 BC,
Syracuse) which today are known as the Archimedes’ principle, Archimedes’ screw,
hydrostatics, levers, infinitesimals, ... But the description of the mechanics' purpose that we
are familiar with nowadays only began with the corresponding developments in
mathematics during the 17th and 18th century (for example differential and integral
calculus). Mechanics is often seen in connection with physics, as a branch of physics but at
the same time, there is still a perception that mechanics can be viewed as an application for
mathematical theories [5]. This is not correct any more, ever since the development of
engineering mechanics for application purposes. Today, engineering mechanics can be seen
as an independent scientific discipline, which in a special way, based on a theoretical
foundation (increasingly formulated axiomatically), brings the problems of engineering
practice to a solution.

If one investigates creep problems, three questions arise:

o A suitable material description must be found first of all. This task is not trivial, since

the different concepts, based on considerations of material physics, materials science
and continuum mechanics have advantages and disadvantages. It is important to
ensure that the effort and benefit are in an appropriate relationship and that the
identification of the parameters in the equations describing the material behavior can
be solved in a satisfactory manner. It should be noted that not every conceivable
experiment to determine material parameters can actually be carried out in the
laboratory.
Another problem is related to the fact that a suitable structural mechanical description
must be made. Components are geometrically complex structures. Hence, their
geometrical description and the structural mechanical implementation are usually
associated with the introduction of models. These simplify reality and thus enable
practical problems to be analyzed with less effort. However, it must be clarified if the
use of certain models is allowed within the limits of the simplifications. For example,
it is known that thin-walled components (they are typical for creep mechanics
applications) can often be analyzed with two-dimensional equations. Which theory
has to be used e.g. in the case of plates (Kirchhoff, Mindlin, Reissner, Ambartsumyan,
von Kéarman, ...) has been the subject of numerous studies.

25



e The third problem - the selection of a suitable numerical analysis method (finite
element method, boundary element method, etc.) - is also important, but it is not
supposed to be content of this paper. For further reading, [6] is recommended.

In this work, the focus is on creep of components, where typical thin- and thick-walled
elements, which can be modeled as beams, plates, pipes, pipe bends, etc., are examined.
These components can be found in, for example, power plants and in chemical apparatuses,
where moderate mechanical loads but increased operating temperatures are typical. The
material behavior of metals and corresponding alloys (these are the main used construction
materials) is then characterized by irreversible time-dependent creep processes and material
degradation. The long-term behavior is influenced by mechanisms of the time-dependent
stress redistribution and the increasing damage, which occur especially in the areas of
joints, connecting elements and welds. The continuum damage mechanics, that establishes
the constitutive equations for the tensor of creep rates and the evolution equations for the
phenomenological damage variables, leads to a nonlinear initial boundary value problem
for structural mechanical analysis [7].

Creep analyses are particularly important at those points in a component where several
parts have to be connected. Welded connections are often preferred, however this is a
complex problem since the different creep behaviors in the base material, in the weld metal
and in the heat affected zone have to be taken into account. In [8], it is reported about the
lifespan increase in a petrochemical plant with respect to the creep behavior. The pipeline
system considered was analyzed with the help of the methods of classic structural
mechanics, however, only taking into account the change in thickness and ovality in the
pipe bends lead to the additional effects and adjusted the values for the stresses and strains
to the values observed in the experiment or in practice. A possible classification of the
creep damage and the corresponding measures in operating systems is given in [9]. The
starting point is the creep strain-time curve known from materials science. To determine the
time-dependent changes of state of the structure, micrographs of the material are generated
and evaluated. The following stages can be observed: (A) isolated cavities, (B) oriented
cavities, (C) micro cracks, (D) macro cracks, (E) fracture. The following actions should be
performed: (A) only observation, (B) observation with fixed inspection intervals, (C)
limited operating time until repair, (D) repair. The last stage (E) should always be avoided.

1.2 History

A historical overview of creep mechanics is given for example in [10,11]. There were
publications on creep mechanics already in the second half of the 19th century. However,
systematic investigations were summarized for the first time in [12,13]. Until today, the
Norton-Bailey law can be described as the most important creep law [14,15], which is a
power law in the sense of mathematics. Even in this case, it can be shown that the material
description in the creep range requires more effort in comparison to the elastic range. The
uniaxial Hooke's law contains only one material parameter (elastic or Young's modulus)
whereas two parameters are necessary for the Norton-Bailey law (magnitude and creep
exponent). Various industrial applications from energy machine construction were initially
in the focus of creep mechanics. Already in 1933, Stodola reported about applications in the
area of gas turbine construction [16]. Because generally, mechanical loads are
multidimensional, the stress and the strain states need to be, too. Therefore, Odqvist (1933-
1936) [17] and Bailey [15] suggested a corresponding theory for isotropic material behavior
using invariants of the stress and the strain tensors. A consistent tensorial description was
made by Prager (1945) and Reiner (1945), which also includes anisotropy. Missing matches
with experimental results led to the development of further modifications of the creep
equations, e.g. the strain hardening theory presented by Nadai (1938) [18] and Soderberg
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(1938) [19]. Due to applications related with stability problems, e.g. discussed by Hoff
[20,21], elements of the geometrically nonlinear theory had to be developed. A new class of
problems arose with the massive use of polymer materials, where analogies between
viscoelasticity and creep can be seen. However, the viscoelastic behavior is often
mathematically described with the help of integral equations, see Rabotnov (1948) [22]
among others. Another application field is creep in concrete which was studied, for
example by N.K. Arutyunyan [23].

There are numerous textbooks and monographs on creep mechanics which mainly
contain established research results. The authors prefer the engineering (inductive)
approach meaning that based on experimental observations, creep equations in the simplest
form are suggested and generalized step by step. It seems that there is no book that
represents creep mechanics as strict as continuum mechanics (for the elasticity theory or
plasticity theory there are several).

For studying creep mechanics, the following books can be recommended [2,6,10,24-
36]. While reading, one notices that theories for static (or quasi-static) applications in the
case of monotonous loads and under isothermal conditions are well established. Dynamic
loads and their consequences for the creep behavior are under discussion and require further
research.

Up to now, creep mechanics is in the focus of many research teams worldwide, selected
conferences include presentations about the topics and activities devoted to creep problems.
The International Union for Theoretical and Applied Mechanics (IUTAM) organises an
IUTAM symposium Creep in Structures since 1960 every 10 years: 1960 - Stanford/U.S.A.
[37], 1970 - Goteborg/Sweden [38], 1980 - Leicester/U.K. [39], 1990 - Krakoéw/Poland [40]
and 2000 - Nagoya/Japan [41]. The rather long time interval between two symposia is
relatively easy to explain: the research is related to time-dependent processes and their
verification in the field of metals and alloys needs long-term tests over several years. Only
recently, due to the arising questions concerning creep problems of plastics and composite
materials, shorter time periods for experiments are possible, which was also accepted
during the Nagoya meeting in 2000. However, this series of symposia is continued, but
caused by some technical issues, the next after Nagoya was only held in 2012 in
Paris/France [42].

There are more special conferences and courses devoted to selected creep problems, for
example [43-45]. The International Association for Applied Mathematics and Mechanics
(GAMM) offered plenary lectures and in 2001, one of the main topics was dedicated to
creep mechanics [46]. In the next few years, further impulses for research are mainly
expected from the following areas: power plant construction, aircraft construction and
microsystem technology. The first two represent traditional fields of application. Since the
performance and efficiency improvement leads to a further rising of temperature, the
tendency to creep and damage also increases. In microsystem technology, the influence of
temperature also cannot be neglected, like the different reactions of various materials to the
loads and temperatures. In addition, in microsystem technology, all components are
arranged in a confined space, so that their interactions become interesting as well.

2 Basic Model

The creep behavior is always analyzed from two different perpectives: of the material
and of the component. Material creep always includes creep and creep recovery processes
which are both accompanied by time-dependent microstructural modifications in the
material as a result of moderate mechanical loads (below the yield limit) at elevated

temperatures (> 0.3 of the melting temperature Tm ). The creep in components is also a

time-dependent process leading to changes in strain and stress states. One differentiates
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among other things between creep, recovery and stress redistribution. For this, multi-axial,
inhomogeneous stress states are typical.

2.1 Description Possibilities

There are different ways to describe the creep behavior. Considerations of the materials
science and physics, macroscopic observations or continuum mechanical methods are the
starting point. Until today, special phenomenological approaches based on macroscopic
experimental observation remain the beginning of the models. This concept is already
described in [12] and still dominates the literature on structural mechanical analyses. The
advantages and disadvantages of different description possibilities should be evaluated
thoroughly. For example, material science approaches and creep equations based on them
are most suitable to characterize processes at the microlevel. At the same time, three-
dimensional generalization is often complicated because the necessary equivalent stress
concepts only rely on engineering ideas, meaning there is no overriding principle in
analogy to the balance equations, etc. The phenomenological description within
engineering mechanics is not always strict enough to meet all aspects of the modeling
requirements. On the other hand, the corresponding three-dimensional creep equations can
be easily implemented into existing commercial finite element codes. A strict continuum
mechanics formulation should be preferred but at the moment, we are far from solving this
problem of including it into the existing calculation software.

2.2 Three Creep Stages

Creep curves show strains at constant mechanical load over time where the small elastic
range is often neglected. Three stages of creep behavior can be observed. The first one
(primary or delayed creep) is characterized by a decline in the slope of the creep curve, that
means the creep rate decreases. This correlates with microstructural observations, since
hardening occurs due to obstruction of dislocation movements. One can also observe
relaxation, i.e. rearrangement of lattice defects. The subsequent secondary (or stationary)
creep is indicated by an equilibrium of hardening and softening. The resulting creep rate
takes a stationary value, which is also its minimum. The tertiary (or accelerated) creep is
particularly denoted by damage (formation, growth and coalescence of cavities at the grain
boundaries, microstructure aging, etc.). This rough classification, which can be found, for
example, in [47-49] is a suitable basis for the formulation of phenomenological models of
creep mechanics. Note that temperature effects are either neglected or, for the simplest
models, are assumed to be constant because the temperature dependency is often very
complex. In addition, the form of these three stages varies for different materials.
Generally, in many cases, the secondary stage lasts significantly longer in comparison to
the primary and tertiary creep ranges but there are also materials without any secondary
creep range [50-53] (only the minimum value of the creep curve can be estimated).
Regardless of the arguments given for classification and simplification, creep curves
usually provide trustworthy statements for uniaxial creep tests, presuming material
isotropy.

3 Extensions

In the case of extending the classical one-dimensional models, two aspects should be
considered. Since the loading state is generally three-dimensional, a suitable three-
dimensional description of the material behavior is needed. In addition, the anisotropies in
material behavior are also important for creep processes. There are originally isotropic
materials which may show anisotropic behavior (damage-induced anisotropy) in the tertiary
creep stage but there are also a priori anisotropic materials (initial anisotropy).
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The simplest creep test is an analogy to the tensile test for which only a normal stress is
considered in the tensile direction resulting from a constant load (force). Another simple
creep test is the torsion test, where a shear stress can be noticed as a result of a constant
acting torsional moment. Both tests can be superposed, in this case, one gets a complex
stress state described by the following stress tensor G [2]

c=ck®k+1(e, Ok +k ®e, ) 3.1)

where k is a unit vector in the normal creep direction and e, denotes a unit vector in the

circumferential direction. ¢ and T are the normal stress in the Kk -direction and the shear
stress in the circumferential direction e, ® is dyadic product. The inelastic material

behavior is often assumed to be independent from the hydrostatic stress state. In addition to
the stress tensor, the stress deviator § needs to be introduced

s:o(k®k—§E]+r(eq,®k+k®e¢) (3.2)

with E as the second rank unit tensor. Furthermore, to ensure a better comparison of one-
dimensional and three-dimensional states, an equivalence hypothesis should be found. In
the simplest case, the von Mises equivalent stress can be suggested as

Gy = %s s =4/6” +31° (3.3)

with § as the stress deviator and the double scalar product - -. Considering the three creep
stages, the uniaxial description is made based on the secondary stage with the following
approach

er = f(o,T) (3.4)

cr

émin is the minimal creep rate, G is the existing stress responsible for the creep and T is

the temperature which is assumed to be constant in order to simplify the model. The
experimental verification is straightforward. From the literature (for example, [2]) several
approximations for the function of the minimal creep strain rate are known. The power law
is the one used the most. However, there are also reasons to use other approximations like
the exponential function or a hyperbolic sine function.

The ansatz for the secondary creep can be extended by a hardening term ( H denotes a
hardening variable)

£ = f(o,H,T) (35)
completed with an evolution equation

H=H(c,H,T) (3.6)
For tertiary creep, a damage variable ® can be introduced

£ = f(o,H,0T) (37
and a damage evolution equation is postulated

o=d(c,H,n,T) (3.8)

The procedure presented here is not limited to uniaxial behavior. By introducing
suitable tensor variables for the stress and the strain rate as well as corresponding
equivalent variables, multiaxial constitutive and evolution laws can be established. It
should still be noted that equivalence concepts for the stresses and the strains are always
just engineering hypothesises, therefore, any concept and potential modifications must be

29



examined again to determine whether the assumptions made are valid. More information on
equivalence hypotheses is presented in [54,55]. The procedure is not limited to only one
hardening variable and one damage variable, which could only be assigned to one
mechanism.

The concept has to be changed, if the anisotropy must be included since anisotropy
tensors should be justified and described. For the damage-induced anisotropy, evolution
laws have to be added and presented mathematically in a proper manner. Models become
very complex and the identification effort is increasing dramatically.

The derivation of the basic equations for isotropic creep behavior can also be performed
as follows. Assuming constant temperature and constant or slightly variable loads, the
infinitesimal creep rates are first introduced as tensor quantities

D% =& = f(o) (3.9

f is an arbitrary second rank tensor function. The potential hypothesis with the creep

condition [56]

i oW (o

D" :—( ) (3.10)
oo

and the creep potential W , taking into account the dissipation power

P=D"..6>0

then leads to a general isotropic creep equation. In addition, the isotropy conditions must be

considered

f(@e:Q0") = 0 f(0)0",
W(Q-¢-0") W(a),
Q is an orthogonal tensor. In the case of isotropy, Q is

Q=Ecoso+e®e(l-cosm)+exEsinm

where e denotes the unit vector along an arbitrary axis of rotation with the arbitrary angle
® . Finally, the following tensorial non-linear creep equation can be established

vQ:0-Q'=E, detQ=+1 (3.11)

D = f(6)=dwE+dio+da0”, &i=adi(l,l,,1,), (3.12)
with the invariants

2 3
I, =tre, |, =tre”, |, =tro (3.13)

Assuming W =W(l ,1,,1,),
D” =%E+2%0+3%02
al, al, al,

can be established. tr(...) denotes the trace of the tensor. The integrity condition for the

(3.14)

Q; is presented in [33].

The chosen set of invariants is not the only possible one. One can prove that for second
rank tensors three linearly independent invariants exist. The different sets of invariants are
discussed in the literature (e.g. [56,57]). It can be shown that from the mathematical point
of view or material theory, a preference for a certain set of invariants cannot be justified.
However, one can easily recognize that the form of presentation has consequences for the
experimental verification of the parameters in the constitutive equations. So, the question
arises if certain invariants have constructive interpretations for the experiment. It is obvious
that the first invariant of the stress tensor relates to the hydrostatic stress state. Same thing
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applies to the equivalent stress according to von Mises, which is connected to the second
invariant of the stress deviator. Unfortunately, the meaning of the third invariant is not
straightforward. In this case, it is better to consider the Lode parameter [58] which has a
practical meaning behind it. The considerations for the invariants are trivial in the case of
isotropy. Introducing other constitutive laws regarding transverse isotropy or orthotropy,
such considerations may help to structure the necessary experimental work since a lot of
information can be drawn from the theory for planning the tests [34]. The general form of
the isotropic creep law mentioned here is also given in [25,33].

Some special but yet elementary cases can be deduced. Using the separation of the
stress tensor into hydrostatic and a deviatoric part

1 1
=0, E+s, trs=0 = szgtm:glp (3.15)

the following representation of the potential is valid4
1 1
W=W(,,3,,,35p), I,p =—5trs2, NI =—§trs3 (3.16)

Since the set of possible invariants is exchangeable, the invariants of the corresponding
stress deviator can be used instead of the stress tensor's. That means the last representation

of the potential is equivalent to W(I,1,,1,) . Then the tensor of creep strain rates can be

expressed
pr W W W (sz —1trs2E] (3.17)
o, 8l 8, 3

It is obvious that the assumption of classic material behavior (inelastic behavior is not
influenced by the hydrostatic stress state [59,60]) can be considered directly: the
dependence on the first invariant should be eliminated

trD” =3%=0 (3.18)
al,

The classic creep equations will result, if the following assumption is still valid

oW

=0 (3.19)
0Jd,,
In this case, no more tensorial non-linearity is considered in the creep law and one gets
. 3¢ A oW(c
DY =="Mg o}, =-3),,, & _ Wow) (3.20)

20, 0G

This expression does not differ from [11,25,31]. For application purposes, it is
important that the latter law is not the only possible expression. For porous materials and
materials with a similar microstructure, it is better to also consider the first invariant in
order to adapt the results closer to the experiment. For materials that show tensorial
nonlinear behavior as well as so-called second-order effects (which cannot be neglected),
the inclusion of the third invariant is useful. It can be seen that the constitutive equations
discussed here can also be used if large deformations occur. In this case, a suitable choice
of the strain and the stress tensor and the time derivative is not trivial [61].

3.1 Anisotropy
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There are various application examples for anisotropic creep behavior. These include
the fiber-reinforced materials (see e.g. [62,63]) and the single crystal alloys [64,65].
However, the description is associated with numerous problems. The presumed symmetries
are difficult to verify, since the scatter of the measurement data may be up to 20%. The
symmetries that appear during creep also depend on loads applied in the past and the
damage already done [66]. There is also a clear temperature dependence (aluminum alloy
DI16AT - samples from rolled sheets: at 275°C anisotropic creep, at 300°C isotropic creep
[67]).

Symmetry considerations in connection with the direct tensor notation allow an
effective way to develop anisotropic creep equations in a simple manner. One has to
distinguish between material and physical symmetries. Material symmetries are symmetries
on the micro level (crystal symmetries in metals and alloys, symmetries as a result of the
arrangement of fibers and particles, etc.) whereas physical symmetries are the symmetries
of the constitutive equations and result from the experimental observations. Orthogonal
tensors @ are used to describe them. The following symmetries occur most frequently: the

transverse-isotropic symmetry and the orthotropy. In these cases, orthogonal tensors can be
specified as follows. For a reflection, there is

On)=E-2n®n (3.21)
with n as the normal to the mirror surface. For rotation follows
O(em)=m@m +cos(E —m @ m)+sinpmx E (3.22)

with the rotation axis m . Both tensors are sufficient to characterize the corresponding
symmetries.

Transverse-isotropic creep equations are discussed briefly below. The starting point is
the condition

W(Q-0-0")=W(o), (3.23)
which should be proven for
O(om)=mOm+cos@(E—mOm)+sinpmxE (3.24)
with =T <@ < T, m =const, m-m =1. At first, one gets
ow
(mxo—-oxm)--——=0 (3.25)
0o
This differential equation yields the following characteristic system [68]
(g
—=mXo6—06XxXm (3.26)
ds
with the general solutions
6“(s)=Q(sm)-of-Q"(sm), k=1,2,3 (3.27)
and the corresponding integrals lead to
tr(e), tr(¢’), tr(¢’), m-6-m, m-¢°-m, m-6’-(mxc-m) (3.28)

Such sets of transverse-isotropic invariants are also derived in [69]. From the
mathematical viewpoint, the characteristic system only has 5 independent integrals [68]. In
[70,71], it was shown that the six integrals introduced are not completely independent from
one another.

The creep equations can be presented as follows. Firstly, the stress tensor should be
splitted

c=m-cmm®®m+6,+7, OmM+mOT (3.29)
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where m is the direction of the transverse isotropy (normal to the isotropy surface),
G, is the plane part of the tensor 6 in the surface, which is orthogonal to the direction of

the transversal isotropy, and T, is a shear stress vector. With the split of G,

1
op:sp+5tr6p(E—m®m), trs, =0 (3.30)
the following invariants can be introduced
lw=m-c-m, |, =—tre, Iy = trSs,
2 (3.31)
L =T Tos s =T Sy T lom :m-(rm S, x‘rm)
The constraint for the invariants yields
Lo = Ll am =15, (3.32)
The ansatz for the potential is
W =W (1, s Lo Lis L5 ) (3.33)
Assuming, incompressibility one gets
oW
a—o_-.E:O = W=W(2l,,, =Ly 5ms Lamo s ) (3.34)

with 21, =1, =3m-6-m—tre =3m-s-m. In addition, if there is an analogy to

the classic von Mises-type material, the equivalent stress Ceq will be introduced as

quadratic with regard to the arguments: 21, —1, .1, .1, .|, . Then, the definition is
the following

2 2
O, =Jo +3aJ, +30,d,, o, >0, a,>0 (3.35)

where the abbreviations below were introduced
1

J,=m-6-m-—tr¢,, tré6, =tre6—m-c-m,
2 P P

2J, =trs, =tr6’ —2m-o’ -m+(m-cs-m)2 —%(trcp )2 , (3.36)

2
J,=1,-T,=m-¢"-m—(m-c-m)
With the Norton-Bailey-Odqvist potential

a
W = G:q“ (3.37)
n+1
one gets the creep equation
. 3 1
D ZEaGS: {‘]0 (m ®m—§E]+oc1sp +0,(1, ®m+m®T, )} (3.38)

The classical constitutive equation results from o, = 0, =1. The parameter identification

is presented in [34,70].
The anisotropic creep law derived here for transverse isotropy (initial isotropy) can also
be extended to the case of tertiary creep. The starting point is the creep law already
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discussed and a postulated damage that is described by its evolution. The effective stress
concept is used as in the isotropic case

Do =%a6”_1 J, (m ®m—%EJ+al§p +o,(7,®m+m®7,) (3.39)

eq

() denotes effective values of the variables. However, it should be noted that there are

no consistent suggestions on the formulation of these effective variables (see e.g. [72-74]).
In addition, evolutionary equations for anisotropic damage have to be found but even here,
the variety of options shows that there is still a need for further research. The current state
of research is reported in [34,44].

4 Examples

The following examples on the one hand are supposed to demonstrate the application of
creep mechanics to lower-dimension structural problems (shells, plates, beams, ...).
Sometimes the dimension reduction will yield unexpected difficulties, if initially three-
dimensional creep damage laws are used. On the other hand, these examples can be seen as
benchmarks for testing commercial finite element software.

4.1 Beams

The classic beam theory according to Euler-Bernoulli is based on simplified kinematics.
It is assumed that cross-sections that were orthogonal and straight to the beam axis before
the deformation still have these properties after the deformation. The validity of these
assumptions can be proven experimentally for classic construction materials and linear-
elastic material behavior for small deformations. In connection with creep damage
problems, however, one must assume that the above-mentioned effects no longer exist. The
reason for this is, among other things, that the creep processes are no longer expected to be
distributed uniformly across the cross-section and that the deformations are non-linear in
the direction of the cross-sectional coordinates. Therefore, the theory according to Euler-
Bernoulli has to be improved. The simplest form is the Timoshenko theory.

If the elastic solution is neglected, the creep problem can be solved analytically in the
simplest case. For a beam that is simply supported on both sides and loaded with a constant
distributed transverse load, the Euler-Bernoulli theory yields a polynominal of the
order 2N+ 2, where N is the creep exponent. It is known from strength of materials theory
that the elastic solution is a polynomial of 4th order. For classic creep materials, the value
of the creep exponent ranges from 3 < N < 7 (there are also examples where N goes up to
12 and higher). In conclusion, it can be said that for tasks about stationary creep treated
with variation methods, the test functions need to at least be of 2N+ 2 degree. It should
also be emphasized that the degree is material-specific, since the polynomial order also
depends on the creep exponent. If the elastic approximation is taken as a starting solution
(as is often recommended), the results can be far from reality.

Even in the simplest case, no analytical solutions can be calculated for the creep damage
case. The corresponding tasks have to be treated approximately with the use of semi-
analytical methods. The qualitative and quantitative statements known from the stationary
case are principally still valid.

For the first time, an improved theory considering the transverse shear was proposed in
[75]. The basic idea is analogous to the elastic case but with an added rotatory degree of
freedom (rotations of the cross section, so that it is plane, but no longer orthogonal after
deformation with respect to the beam axis) to the translatory degree of freedom
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(deflections). A corresponding theory was derived based on the principle of virtual
displacements, assuming specific distributions of the displacements and/or stresses over the
thickness. From the classic elasticity theory, it is known that the normal stresses are
linearly, the transverse shear stresses are parabolically and the normal stresses are cubically
distributed in the transverse direction. Is an initially unspecified distribution law regarding
the shear stress over the beam thickness chosen, one will get the usual equlibrium
conditions after applying a mixed variational principle. In addition, there is an equation for
the transverse shear force, which can be interpreted as a constitutive relationship. If this
equation is written in the way known from elastic Timoshenko beams, it can be seen that
this constitutive equation contains a correction factor (analogy to shear correction). It
depends on the previously introduced and yet not specified distribution function. In the case

of the postulated linear law, the value of the correction is K =1. Using a cubic approach, it
follows K = 5/ 6, i.e. the Reissner approximation is obtained. The best correction for
station creep is

k:3n+2
4n+2

It is obvious that the correction of the material-specific creep exponent depends on N.
The correction becomes smaller the more the creep exponent grows. The increase of the
creep exponent is associated with an increase in the creep rate. Since the damage also is tied
to this effect, it can be assumed that this results in a further decrease of the factor.

@.1)

4.2 Pipe Bend

The second example should give a brief insight into the problems that can be expected
when dealing with practical tasks. In [76], the creep damage analysis is extensively
presented for a pipe bend. The focus was on the question whether this thin-walled
component should be computed with two- or three-dimensional finite elements. The
internal pressure load case is assumed, the temperature was kept constant. Just translatory
(only displacements), but also the combination of translatory and independent rotatory
degrees of freedom were chosen as boundary conditions. The pipe bend was made of 316
steel. The creep damage behavior was described using the Kachanov-Rabotnov-Leckie-
Hayhurst model [77-79], whereby all parameters were known from the literature. For the
case considered, the evolution of damage can be influenced by two stresses: the maximum
tensile stress and the von Mises equivalent stress. It has been confirmed experimentally that
the damage for the given steel is mainly influenced by the maximum tensile stress.

All calculations were carried out with the help of the commercial finite element system
ANSYS, using the elements SHELL43 and SOLID45 recommended for plastic and creep
calculations. First, the elements were tested for the elastic case. Here, the calculations based
on the two-dimensional and the three-dimensional elements showed a very good agreement.

The transition to creep damage calculations did not result in such a correspondence any
more. The first calculation was made for the correct material model (damage caused by the
maximum stress) and the obvious boundary conditions (purely translatory). The results for
the stresses and for the damage showed no similarity especially with regard to the critical
areas (maximum stress, maximum damage). Further calculations, for which the boundary
conditions or the material model were changed, brought a qualitatively and quantitatively
satisfactory agreement, i.e. an "incorrect material model" and "non-classical boundary
conditions" led to this.

Those effects are difficult to explain. In this case, a brief analysis of the material model
shows that the von Mises equivalent stress is not sensitive to tension and pressure or
generally to the type of stress state. However, creep damage processes are highly sensitive
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to the type of stress state, if the tension stress is increasing, so does the damage while the
pressure does not "heal". The effects associated with the change in boundary conditions
indicate that the cross sections are simulated too stiff using only translatory boundary
conditions. With the introduction of a computational model in the sense of Timoshenko
(shear-soft model), the two-dimensional and three-dimensional calculations could be
adapted much better. In addition, it was demonstrated that the integration over the thickness
using the SHELL43 element is not provided with enough Gauss points (here 5). Test
calculations with other commercial software showed that 17 integration points yield a very
good match [34]. Other interesting effects in thick-walled pipes are described in [80].

5 Further Developments
As it was shown in the previous sections, the application possibilities of the presented
theories are suggested. Below, some brief information is added.

5.1 Rheological Models

The method of rheological modeling is one possibility to establish constitutive
equations for complex material behavior. The basics are presented, for example, in [60].
The approach was later developed for general continuum mechanics purposes in [81,82]
(note that [82]} is the translation of the Russian original book from 1976). In [83], a phase
mixture model is suggested for simulating the mechanical behavior of tempered martensitic
steels at high temperatures. Assuming only two phases (hard phase and soft phase) with an
unified description of the rate-dependent deformation including hardening and softening,
the model starts from an iso-strain approach (similar to composite mechanics) along with a
hard and a soft constituent. For both phases, a two-element model (elastic and inelastic
branch connected in series) was suggested and the elastic part in both branches was
assumed to be identical. Finally, they were connected in parallel, the parameters were
calibrated for the uniaxial model, which can easily be extended to the three-dimensional
case.

After the implementation of the model in a finite element code and testing the
correctness of the numerical solution by simple benchmarks, the behavior of an idealized
steam turbine rotor during a cold start and a subsequent hot start was simulated. The heat
transfer analysis was conducted, while prescribing the nonstationary steam temperature and
the heat transfer coefficients. The resulting temperature fields served as input for the
structural analysis of the rotor.

The original constitutive and evolution equations were proposed in [50,51],
computational tasks were discussed in [84] and the calibration procedure was described in
detail in [85]. Note that a similar approach was used in [86] for POM.

5.2 Double Power Law

The Norton-Bailey law is used in many technical applications - the law is simple, so is
its calibration and it can easily be extended to the primary and tertiary creep ranges. The
disadvantage of this law is the validity in a limited stress range. With respect to the need to
simulate creep behavior even for small and moderate stresses, in [87], a double power law
was suggested. Published experimental data for advanced heat resistant steels indicate that
the high creep exponent (in the range 7-12) may decrease to the low value of
approximately unity within the stress range which is relevant for engineering structures like
the transition from the power law to the viscous law and vice versa. The double power law
matches the behavior in both ranges in an acceptable manner and the transition region itself
is described by a smooth function.

5.3 Hyperbolic Sine Stress Response Function
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A classic conventional material behavior model can be extended, if varying thermo-
mechanical loading should be taken into account in wide stress ranges. In [88], a creep
constitutive law in the form of a hyperbolic sine stress response function is used. The
original proposal was suggested by Nadai [18]. For the analysis of a failure case in a power
plant, the original model was extended assuming a damage process described by a scalar
damage parameter and appropriate evolution equation in the sense of Kachanov—Rabotnov
[77-78]. In addition, several parameters were added to reflect the hardening and recovery
effects under cyclic loading. The uniaxial simulations were compared to cyclic stress—strain
diagrams and other experimental data (creep curves, tensile stress—strain diagrams,
relaxation curves, etc.) for the austenitic steel AISI type 316 at 600°C in a wide stress
range.

6 Outlook

The outlook formulated below is purely subjective and does not claim to be complete.
Only perspectives on the questions discussed in the article are given. Likewise important
problems, such as the behavior during dynamic load changes, etc., are not taken into
account, although there is still a great need for research. Those load changes are the usual
case in practice, however, the experimental validation of certain facts and the theoretical
basis for their description have not yet been sufficiently developed. Adapting static
solutions by modifying the equations to dynamic processes is not the most elegant way out.

6.1 Own Challenges

Creep mechanics is still not entirely discovered, since numerous questions have not
been adequately or finally clarified. Taking the three tasks described in the beginning as a
starting point, the following main problems can be formulated. In connection with the
description of the constitutive behavior, an open question is the formulation of uniform
laws for the low, moderate and higher stress ranges. Different creep mechanisms occur in
the range of lower stresses in comparison to higher ones. As part of the phenomenological
concept, an analytical equation must be formulated which applies to the entire range of
stresses. It should be as simple as possible (linear laws are used at low stresses, the power
law is usually applied at higher stresses). As simple as possible also means that not too
many material parameters have to be determined and that the expansion to three-
dimensional stress states and non-isothermal processes can be carried out elementarily.
First approaches to include the temperature dependencies are shown in [89-91]. Since creep
processes are sensitive to the type of stress state, new ideas concerning this must be
employed. Finally, it should be clarified whether the concept treating anisotropy introduced
in [70] can also be transferred to all cases of anisotropy. In the contribution named above,
only the case of transverse isotropic creep is discussed even though at least the orthotropy
would be of special interest for practical applications.

6.2 Open Questions

There are numerous problems with the open questions, from the theoretical point of
view which also have not been solved yet. This includes for example a consistent
continuum mechanical representation of the theoretical foundation considering
thermodynamics and the theoretical justification of creep equations. A lot of creep
mechanics problems are related to thin-walled structures, which in the sense of structural
mechanics are treated as one-dimensional or two-dimensional models. The starting point
for such models is often the three-dimensional theory. The derivation of the governing low-
dimensional equations can be realized with the help of hypotheses or mathematical
techniques. Also, the direct formulation of one- or two-dimensional structural mechanics
equations can be applied. In the case of creep problems, there are still no fully satisfying
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approaches. This is due to the fact that creep-damage yields strong inhomogeneities over
the thickness. In addition to the known problems with the derivation or the establishment of
two- or one-dimensional equations, the direct approach results in the difficulty of finding
suitable constitutive laws. Finally, it also is not clear whether micro-macro approaches in
analogy to the plasticity theory can be applied. These concept are focused on solving the
problem within a reduced representative volume first and then using appropriate
homogenizations known from composite mechanics to get the solution on the macro level.
However, the limits and possibilities are not yet well enough described so that it remains
open whether this approach can be used in creep mechanics.
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KOMIILOTEPHOE MOJIEJIMPOBAHHUE ITPOIECCA ITPECCOBAHUWA
KP¥YTJIOI'O CITEHEHHOI'O OBPA3ITA B KOHHYECKHX MATPHITAX
Maprapsaun M. A.

Kiuwuvepble caoBa: CHeUeHHLIH HeyﬂpO'—IHﬂthIﬁ MATEPHAN, TIOPHCTOCTh, MPECCOBAHHE, HAMPAKEHHO-
HC(bOpMHpOBB.HHOC COCTOAHHS, KOMIBIOTCPHOC MOIOCITHPOBAHHC.

Margaryan M.A.
Computer modeling the process of pressing a round sintered sample in conical die
Keywords: sintered material, porosity, pressing, stress-strain state, computer simulation

The process of pressing a round sintered sample in conical dies with different tapering was modeled in the
ABAQUS software environment. On the upper butt-end of the cylindrical sample, displacement in the vertical
direction is given, with which it passes through the container, the die, and calibration part of the press mould.
The zones of the distribution of Mises stress, the main components of the stress state, the strain intensity and
porosity of the material are obtained, from which the data in zone of the conical die are analyzed. The values
of the components of the stress state and porosity are determined. The graphs of these quantities were plotted
at the entrance to the die and at the exit from the die, as well as graphs of averaged data over the cross section
along the die. Based on the obtained data, the features of the effect of the angle tapering of die on the pressing
process are revealed and some assumptions used in solving the problem by the analytical method are confirmed.

Uwpgupyumh U, 0.
Unhwljwh dundjuniuwpipmy bowljw)jws jop infniph
duduwh gnpsphipuigh hundwluipgswyht dnpkjun]npoudp

Zhifbwpunkn. bowljupwd ignge, dSwlnolbingyod,  dwdiood, popjusugbdnpdwghnin Jhawl,
hwdwlupgyuyht dogbjudnpood

Browljuuws Yop hwunnypnd wimsh wwppbp Yntwljwinippuip dudjuduypbpood dwdjdwi
gopdpipugp Unghjudnpdl] & «ABAQUS> wjundwwnwg]ws spugpuyhtt dhewduypmd: Guibwljwib
winwh Jeplh Ewlunht npdb) E Jipohlyu amagocpudp huuuwpusud mbguidmpungsnca, hiush
gpund&weny wit wiginud Edwdjuljuguyuph Yninkyibpnd, §nbwot dudjodugpng bswhupbpdwi
dwum]: Uwmwgdl & Uhgbuh (wpdwi, jwpjwdswht  dhawih  hhdbuwid  pungugphsiubph,
ghbnpiwghwikph hunbiwhympuit b youph sSwhnnlbinipowi pupjuinb gonnhibpp, npnbghg
sy by b dhuyt dwdjujuguyuph niuowt doedjudugpood goin]ng idnesh odpugubppe Qpog gk
ki pupqusuyhtt dhdwlh pugugphsubph b swhnnlbimpiot wpdbpibpp b junmgyl) i gpubg
dwdjwduyp dnbbhe b goope quijhe, hisybe twh dudjoduph Gpugipny] guitwljui bdntibph
(uyuwljui hwwnnypibpnud dhehtiwgws wpdbpubph pusfudwi gpuedhljibpp Tnwgws ndjuyikph
hhdwi Jpuw puguhwndl) bt dwdjuwdwph §ntwioinpuob wiljut dbsnpub wophgmpui
wowbdbwhwnniypnittbpp dwdjdwi gopspiipugh Jpu b hwunanl) i juiigph Jbppooswljoi
bquwiwlnyg pusdwi dudwbwl) pugniagng dh pwith bupwgpm pnciibp:

B nporpammuoi cpene «ABAQUS» CMONETHPOBAH NPOLIECC NPECCOBAHHS ClieuéHHoro ofpasua Kpyrioro
CCUCHHA B KOHHUGCKHX MATPHIAX PailM4HOH KOHYCHOCTH. K €ro BepXHEMY TOpUY NoAadTcs paBHOMEPHOS
NEPEMEIEHHE B BEPTHKANLHOM HANPABICHHH, B PE3YAbTATE HEro o0pasel] MPOXOOHT YEPEe3 KOHTEHHED,
KOHHYECKYI0 MATPHIY H KATHOPOBOYHYIO YACTH npecc-Gopmel. ITomyueHbl 30HbI PACIPENENEHHs HAMPS KEHHS
MH3eca, OCHOBHBIX KOMIIOHEHTOB HANDSKEHHOIO COCTOAHHS, HMHTEHCHBHOCTH JedopmalHii H MOPHCTOCTH
MATEPHANA, HA OCHOBE KOTOPBIX OBUIH NPOAHATIH3HPOBAHBI TONBKO JaHHBIE AnA 00paszia, HaxoAsLEerocs B
KOHHUECKOH MaTpHLE. ONpeneneHnl 3HaUCHHS KOMIOHEHTOR HANIPSKEHHOT0 COCTOAHHNA H IOPHCTOCTH, NOCTPOCHEI
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rpadUKy TUX BEIMYUH IIPU BXOJE B MAaTPHILy U Ha BBIXOJE U3 Heé, a Takke rpadUKy yCpeTHEHHBIX JAaHHBIX MO
NOIIepPEYHOMY CEYEHHIO BIOJb MaTpuibl. Ha OCHOBE NOIYy4YEHHBIX NAHHBIX BBISIBICHBI OCOOCHHOCTH BIIMSHHS
BEJIMYMHBI yIJla KOHYCHOCTH MAaTpMIbl Ha MPOIECC NPECCOBAHUA M IOATBEPKIEHBI HEKOTOPbIE MOMYIIEHHS,
HCTIONb3yeMble IIPH PELICHUH 3aJa491 aHATUTHIECKHM METOIOM.

MogenupoBanue HH)XXEHEPHBIX 3a1ad C HCIIOJIB30BAHHEM aBTOMAaTH3MPOBAHHBIX
nporpamMmHEIX cpell (AIIC) mo3BomseT B TedeHNnE KOPOTKOTO BPEMEHH TOTy9aTh Pe3yIbTaThl
C IOCTaTOYHO OOJIBIION TOYHOCTHIO. [Ipy 3TOM, BOSHHKAaeMbIe POOIEMBI MOTYT PEIIaThCS
Kak B o0xacT ynpyrux nedopmanuii (pacdéT IpoOYHOCTH), TaK U B 00TaCTH TIACTHYECKIX
nedopmanuii  (TexHOJIOrMuYeckmii pacuér). llemecooOpasHocts ucmosb3oBanus AIIC
MOATBEPKIEHA 110 pe3yjbTaTaM MHOTOYHCICHHBIX HAyYHO-TIPAaKTHYeCKnX pabor. B
YaCTHOCTH, MOXXHO OTMETHTH paboThl, IpoBe€HHbIE B cpeae «ABAQUS» [1,2]. UHorna, B
3aBHCHMOCTH OT THINA 3aJady, B UX PEUICHUSAX MCIOIb3YIOTCA METOIbl COMOCTaBICHUS
ananmutuyeckoro meroga u AIIC unm conocraBnenus apyx pasueix AIIC [3].

HccnenoBanusi MpoLECCOB MPECCOBAHUS CTEpXKHEHM U3 CHEYEHHOTO Marepuana
AQHAJMTHYECKUM METOJIOM JJOCTATOYHO CJIOXKHBI M MAJIO M3Y4EHBI U3-3a HAJINYHS TOPUCTOCTH
B Marepuaie [4-6]. UTo kacaercss KOMIBIOTEPHOIO0 MOAECTUPOBAHUS ATUX 3aJa4 JIsl MATPUI]
pa3IMYHON KOHYCHOCTH, TO TAaKOBOE IPAKTHYECKH HE MPHUMEHSIOCH, CIIEO0BaTENBHO,
paboTHI B 3TOM HAIIpaBIICHUH aKTyaIbHEI.

Iemp paboTel — B aBTOMATH3UPOBAHHOW mporpaMMmHON cpene «ABAQUS»
HCCIICIOBAaHHE PACIIPEACIICHIS HAIPSDKEHHO-1e(OPMUPOBAHHOTO COCTOSIHUSL M TIOPUCTOCTH
CIeUEHHBIX CTeP)KHEH NP MPECCOBAHUN B MATPHIIAX PA3IMIHON KOHYCHOCTH H BBISIBICHUE
BIIMSTHUS yTJIa KOHYCHOCTH Ha MapaMeTphl TEXHOJIOTHYECKOTO MpoIiecca.

Ha ¢ur. 1 B Tpéx wuactax mnpecc-popmbl (KOHTEiHEpe, KOHUYECKOH MaTpule u
KaJIMOPOBOYHOM 4acTH) [TOKAa3aHbl 30HBI IEPEMELICHUS B TOPU30HTAIBHOM U BEPTHKAIbHOM
HAalpaBJICHUSAX LWIMHIPUYIECKOro 00pa3lia, MOoJy4deHHble MyTEM NOAa4Yd PaBHOMEPHOTO
NIEepPEMEIIEHUS CO CTOPOHBI BEPXHETO TOpIa.

U, u1 v, v2
+8.115€-06 +0.000e+00
-2.299e-04 -2.922¢-03

| -4.579¢-04 | -5.844e-03
| -7.058e-04 -8.767e-03
-9.438e-04 -1.169e-02
11182603 -1/461e-02
“1/420e-03 -1.753e-02
-1.658¢-03 -2.046e-02
-1/896e-03 -2.338e-02
12134e-03 -2.630e-02
-2/372e-03 : -2.922€-02
-2/610e-03 : 3121402
-2.848e-03 i -3.507e-02
a
a) 0)

®@ur. 1. 30HbI nepemernieHus, nonydeHuse B AIIC
B TOPH30HTAIEHOM (2) U BEPTUKAIBLHOM (0) HarpaBiIeHUsIX

MopenupoBanue 3agaun B AIIC «ABAQUS». HauanbHble ycioBusi 3aaayu:
HayaJIbHBIA M KOHEYHBIH (TOTOBOE M3[eiHe) quaMeTphl cTepskHs — Do=25 mm u d=22,5
MM, KO3(POUIMEHT KOHTAKTHOTO TpeHus — f=0,1, yriIbsl KOHYCHOCTH MATpPHUIBI — () =
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159,209,300, tun YEThIPEXYTOIBHBIX AJIEMEHTOB CETH IPU JIEJIEHUN CTEPKHS KOHEUHBIM
qyprciioM 3j1ieMeHToB — CAX4R, kommaecTBo — 1250.
IMapameTpb MaTepuana: WIOTHOCTHL — 8000 x2/M°, OTHOCHTENBHAS TIOTHOCTH — 0,9 (B
COOTBETCTBHH C KOTOPOH HayajbHAs MOPUCTOCTh MaTepuana — vy = 0,1), momyns FOura
210 [Tla, xoaddunment Ilyaccoma — 0,3. Jlns peumeHus 3amaum ObLT BBIOpaH
HEYIIPOYHAEMBIN MaTepuai ¢ IpeaesoM Tekydect or =350 Ml1a.

B pesynprare pemeHus 3amaun OBUIM IIONY4YEHBl BCE KOMIIOHEHTHI HAaIpsOKEHHO-
JnehopMUpOBaHHOTO cocTossHusA. Ha ¢ur. 2-8 Ha moJOBHHE OCEBOrO CEUCHHS MMJIMHIpPA
MOKa3aHbl 30HBI paclpeieeHUs XapakTePHBIX BEIMYMH €ro HarpskEHHO-IedopMa-
LMOHHOTO COCTOSIHMSI: MHTEHCHUBHOCTEH HampsbkeHuidl o; (HanpsbkeHus Museca) u
nedopmanuii €; [7], KOMIOHEHTOB HANpPsHKEHHOTO COCTOSHMS (pafualbHBIX Sij = 0y,
OKPYXHBIX S33= 0y, OCEBBIX Sy = 0, M KacaTeNbHBIX Si2 = T,, HANPSHKEHUH) 1 TOPUCTOCTH
MaTepHana v.

5, Mises S, Mises 5, Mises

(Avg: 75%) 52 : (Avg: 75%) (Avg: 75%)
+3.475e+08 +3.483e+08
+3.192e+08 4 +3.201e+08
+2.909e+08
+2.626e+08
+2.343e+08
+2.060e+08
+1.777e+08
1.494¢4+08
+1.210e+

+7.797e+06

S, 511
(Avg: ?s%)

S5, 511
(Avg: 75%)
+2.626e+08

s, 511
(Avg: 75%)

(Avg: 75%)

s, 522 5,522

s, 522
(Avg: 75%) (Avg: 75%) (Avg: 75%)
+3.987e+08 +4.001e+08
+3.299+0 :
+2.610e4+08

42770408 1 ‘S'101e+08 - -7.4066+08

@ur.5. 30HBI OCEBBIX O, HAMPSKESHUH MIPH @ = 5", 20°, 30° ¢ AIIC «ABAQUS»
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5, 512
(Avg: 75%)

+1.673e+08
l- Hidrie 08

s, 512
(Avg: 75%)
+1.907e+08
l- +hisglero8
- +1.255e+
" b33%er0r

= +6.032e+07
+2.772¢+07
-4.879%9e+06

73960107
-1.041e+08

PEEQ PEEQ PEEQ
(Avg: 75%) (Avg: 75%) (Avg: 75%)

+5.414e-01 086e- +1.172€+00
+4.963e-01 X & ! 10

+0.000e+00 +0. CIODei-DD t +0.000e+00

@ur.7. . 30HbI MHTEHCUBHOCTH Jehopmanuii € npu ¢ = 15°, 20°, 30° ¢ AIIC

«ABAQUS»
VVF = VW VVF
(Avg: 75%) (Avg: 75%) (Avg: 75%)
+1.251e-01
+1.150e-01
+1.048e-01
+0.466e-02
+8.451e-02
+7.436e-02
+6.420¢-02
+5.405¢e-02
+4.390¢-02
+3.374e-02 ' R
+2.35%-02 . +1.977e-02
+1.344e-02 . - +9.885¢-03
+3.285e-03 +3.286e-04 +1.887e-08

(I)nr.S..30HLI nopuctocTu v ipu @ = 15°, 20°, 30° ¢ AIIC «ABAQUS»

Ha d¢ur. 9-11 mnpexacraBieHsl rpaguku paclpesielieHus BeIUYMH HOPMaJIbHBIX
HarnpsDKeHUi (BEJIMYMHBI KacaTelIbHBIX HAaNpsDKeHHH He 00CYKAAloTCs, Tak KaKk OHH B
HECKOJIbKO pa3 MeHblle HopManbHbiX) B ATIC npu BXxozie B MaTpuily M Ha BbIXOJE M3 Heé
(Touka 0 HaxomuTCs Ha OcH 00pa3sla, a TOYKa 25 — Ha ero KpaeBoM KOHTYPE).

B pesynbrare uccienoBaHusi TpadMKoB, MONy4YeHHBIX Ha ¢ur 9-11, MoxHO caenatsh
CJICIYIOIME BBIBOJIBL: HANPSDKEHUS! Og M O IOYTH OJUHAKOBHI (YTO NPHHUMACTCS IpU
pemieHun TpoOJIeMBl  aHAMUTHYeCKHM MetoaoM [4,8,9]); aOcomoTHBIE 3HAYCHHSA
HaNpsDKEHWH TP BXOJE B MaTPHILy 3HAYMTEIHHO BHIIIE IO CPABHEHHIO C HAMPSHKEHUSIMH
IIPA BBIXOJE€ W3 MAaTPHIBL; BO BCEX TOYKAX KOHTAaKTa C MaTpPHUIBI BCE HAIMPSIKECHHS
OTpPHUIATENIBHBIC, @ HA OCH — B OCHOBHOM, ITOJIOXKHUTEIIbHBIE.

Ha ¢ur.12 mnpencrasnensl rpadukd  pachpejieneHus YCpPEeAHEHHBIX 3HAYCHUI
KOMITOHEHTOB HAIPSHKEHHOTO COCTOSHUSL B IONEPEYHBIX CEYCHUSX LMJIMHIPUYECKUX
00pas3IoB - BJ0Jb MATPHUIIBL.
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®ur.9. KprBble KOMIIOHEHTOB HAMPSKEHHS TIPU BXOJIE B MATPHILY
(1 — 0, 2-0,, 3-0p ) u na evixode uz neé (4 -, 5-0,,6-09) npu @ = 15
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®ur.10. KprBble KOMIOHEHTOB HANPSKEHUS IPU BXOJE B MATPULLY
(1 — 06, 2-0,, 3 -0y ) v Ha BBIXOJIE M3 HEE (4 - 0, 5 -0y, 6-0g ) ipu @ = 20°

48



GU Mlla

200

-200

-400

-600

-800

®ur.11. KprBbie KOMIOHEHTOB HAMPSDKEHUS MIPU BXOJE B MATPHILY
(1 — 0, 2-0,, 3 -0y ) v Ha BBIXOJIE U3 HEE (4 - 0, 5- 0y, 6-0g ) npu @ = 30
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®@ur. 12. YcpenHéHHble 3HaUCHUS HANPSHKEHHOTO COCTOSIHUSA 0, (1), g (2) 1 0, (3) B

MOMEPEYHBIX CEUCHUAX UITHHAPHICCKUX 00PA3IOB BAOIb MATPHIIB! ph ¢ = 15°
Kax BuHO 13 ¢ur. 12, B ciiydae ¢ = 15° MakcMMabHbIC 3HAUCHHUS COKATHS HANIPSOKCHUI
00, moNy4aroTcst Ha oTpe3ke ~ 1/rp= 0,97, To ecTh B CEYEHUX, OJIM3KO PaCIIONOKEHHBIX
K BXOJly KOHMYECKOH MaTpPHULIbl, 4TO COBIAJAET C JaHHBIMHU [4].
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UYro kacaeTcsi DaHHBIX KPHBOH 1 OCeBBIX HaNpsDKEHHH O, (puc. 12), MOCTPOSHHOM 110
Tabnuie, TO MPUYMHOW €€ MaJbIX ITOJIOKHUTENIBHBIX BEIWYMH SIBISETCS HEPAaBHOMEPHOE
pactipeneneHue G, B TOMEpedHOM cedeHud (puc. 9-11). DTo pesymbTaT ClIemyromero
OCHOBHOI'O TPaHHUYHOIO YCIOBHA AeGOpMHpOBaHHMs oOpasla: K €ro BEepXHEMY TOpILY
NoJiaeTcs paBHOMEPHOE TiepeMeliieHue i, (puc. 16). B aTom cityuae B 00pasiie cxxumaromiue
OCEBbI€ HAIPSKEHUS BOSHUKAIOT TOJIBKO B KOHTAKTHBIX C MaTPULIEH CIIOSX.

Tabnuna
[Jannble 6, (B8 MIla) B0k BRICOTHI MATPHILIBI B IIECTH
JIMHUSIX CETKH KOHEYHBIX JIEMEHTOB 110 paJinycy OT ocH obpasiua

Howmepa
JIMHUA 1 > 3 4 5 6 VYcpenHeHHble

Howmepa 3HaueHus, Mna
TOYEK

1 294 255 131 -52 -307 -378 -9,5

2 325 272 145 -31 -291 -393 4,5

3 340 281 155 -13 -267 -395 16,8

4 337 283 158 2 -230 -402 24,7

5 324 276 155 10 -176 -409 30

6 307 262 145 12 -115 -417 32,3

7 279 237 129 5 -71 -423 26

8 234 205 108 -8 -47 -428 10,7

Ha ¢wur. 13-16 moka3anbl kpuBble pactpeneieHust nmopuctoctd B AIIC mpu Bxome B
MaTpHIly M Ha BBIXOJIE M3 HEE U yCpeqHEHHbIC 3HAYCHUsI TIOPUCTOCTH BJIOJIb MATPHIIBI IIPU
pa3HbIX @.

"4
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0.08

 §
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0 5 10 15 20 25

Puc. 13. 3naueHus NOPUCTOCTH V B MONEPEUYHOM CEUEHUU

npu Bxojie B matpuily (1) u Ha BeIxozie u3 Hee (2) pu @ = 15°
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Puc. 14. M3meHeHue 3HAYCHHS IOPUCTOCTH V IIpu @ = 20°

0.12
0.1
0.08
0.06
0.04 2

0.02

0 5 10 15 20 25

Puc. 15. V3meHenue 3Ha4eHus HOpUCTOCTH U tipu ¢ = 30°

CpaBHUTENbHBIE JaHHbIE, IPUBEAEHHBIE Ha (ur. 13-15, MoKa3pIBaIOT, YTO YIJIOTHEHHE
00pa3iioB HAYMHACTCS ¢ KOHTAKTHPYIOLIMX C MaTpuiiell cinoés, mpuuéM mpu ¢ = 15° Ha
BBIXO/I€ M3 MaTPHIbI 3TH CIIOW IMOJHOCTBHIO YIUIOTHSIOTCS, IPU BXOXKAEGHHHM B MaTpPUILy B
LEHTPAJIFHON YacTW MarepHuaja MOPHCTOCTh HE MEHSETCS, a NpH BBIXOAE M3 Hee - OHa
yBenuuuBaetcs. [Ipu ¢ = 20° Ha BXOoAe B MaTpully HOPUCTOCTh MaTepuaia HaYuHAeT

yBenuuuBarbcs, npu @ = 30° B pesynabraTe Ipolecca MPECCOBAHUS HapyKHas
IMOBEPXHOCTH MaTc€puaia NMoJHOCTbIO YIUIOTHACTCA, a B ICHTPE NOPUCTOCTL YBEJIMINBACTCA,
u kpuBble 1 u 2 coBmamaroT. DakTHYSCKH, MPU NPECCOBAHUHM 00paslia ¢ HaYaIbHOUN
MOPHUCTOCTHIO Vy = 10% B MaTpuile ¢ KOHyCHOCTRIO (@ = 30°, oOpaser mpeBpaiaercs B
CTEPIKEHB C IEPEMEHHON MMOPUCTOCTHIO B 3aBUCUMOCTH OT €T0 pajinyca.
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Puc. 16. YcpeaHeHHble 3HaU€HUs pacpeaeseHus] HIOPUCTOCTH BAOIb
marpuiel ipu vy = 0,1, ¢ = 15°(1),20°(2),30°(3)

U3 ¢wur. 16 BugHO, yTo mpu yriaax 15° u 20° 3HaYeHus ycpeHEHHOMN MOPUCTOCTH PU
BXOJIe B MaTpuIly (v;) ¥ Ha BEIXoze M He€ (V2) AOCTaTOYHO paznudarorcs (v; > v;), a mpu 30°
OHM TIOYTH COBMajgalOT (V; = V), TO €CTh TOJNy4YaeTcsl MPUMEPHO PABHOMEPHO
pacnpenenéHHast BIoJib 1ehOpMUPOBAHHOTO 00pa3iia yepeHEHHAS IOPUCTOCTh U v3=6,5%.

Takum 00paszoM, NpM 3HadeHUsX yriaa KoHycHoctd ¢ = 15°,20°,30° B AIIC
«ABAQUS» ompenencHbl 3HAYCHUS KOMIIOHCHTOB HANpPsHKEHHO-1e()OPMUPOBAHHOTO
COCTOSIHMSI 00pa3lia ¥ BEJIMYUHBI paclpe/iesieHHs] TIOPUCTOCTH MIPU BXOJIE B MaTpPUIly U Ha
BbIX0JIe U3 He€. Ha OCHOBE MOIYYEeHHBIX JaHHBIX IIOCTPOCHBI COOTBETCTBYIOIINE KPUBBIC U
MPOBEAEH aHAJIN3 ITOTYICHHBIX PE3YIBTATOB.

3AKJIOYEHUE

B aBToMaTusupoBanHO# nporpammHoi cpene «ABAQUS) BBITIOTHEHO MOAETUPOBAaHNE
KOMITOHEHTOB HaNpsHKEHHO-e(OPMHUPOBAHHOIO COCTOSHHMSL W BEJIWYMH DPaCIpeelieHUs
MOPUCTOCTH B MPOLIECCE MPECCOBAHUS CHEUEHHOr0 IMIMHAPUYECKOro obpasua mpu
Ppa3JIMYHBIX YIJIaX KOHYCHOCTHU MaTpulbl.

HOK%&HO, YTO HAIPSXKCHUSA Og U Oy IIOYTH OAUHAKOBBI, B KOHTAKTHBIX CJIOAX 06pa3ua
MO0 BCCH MPOTSHKEHHOCTH MATPHUIBI HMMEIOTCS  JOCTATOYHO OOJBIIHE CIKAMAFOIIUE
HANPSDKCHUS, ¥ TIPU BXOJC B MATpHIy aOCONOTHBIC 3HAYCHUS HANPSHKCHUS HAMHOTO
Gosbiiie, ueM Ha Bbixoge u3 He€. Ilpu ¢ = 15° MakcHUMaibHblE 3HAYCHUS COHKATHS
HAMpPSDKCHUI Og & O, MOJY4YaloTCs Ha OJM3NIEKAIIMX K BXOJYy KOHHYECKOH MATPHILbI
y4acTKaX, YTO COBMAIACT C MMEIOIIUMUCS B JINTEPATYPE JaHHBIMU.

[MonydeHHble 3HAYEHHS HM3MEHEHUSI TOPHCTOCTH CBHUIETEIBCTBYIOT O TOM, HYTO
MOPHUCTOCTh B MOMEPEYHOM CEUeHHH 00pasia pacrpenensiercss HepaBHOMEPHO: NP yriie

koHycHocti @ = 30° W HauanpHOW mopucTOCTH Martepuana vy = 10% B pesynbraTe
MPECCOBAaHMS BHEIIHSI TOBEPXHOCTH 00pa3na IMOJHOCTHIO YIUTOTHSETCs - V = 0, a B LIEHTpe
MOPUCTOCTD yBenmmuuBaercs - v =~ 11,8%.

AHanu3z pacnpeneneHus yCpeIHEHHOW MOPUCTOCTH BIOIb KOHWYECKON MaTPHIIBI B

nedopmuposanHoM obpasue mpu @ = 15°9,20°,30° mokasan, uto B cmyuae @ = 30°
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MOJydYaeTcss NPUMEPHO pABHOMEPHOE paclpelelieHHe CpeiHed  IMOPUCTOCTH B
nedopmMupoBaHHOM 00pas3Iie - BOJIb MAaTPUIIBI X HAa BBIXOJE U3 MAaTpHUIIBI v3=6,5%.
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PROPAGATION OF MAGNETOELASTIC WAVES IN A PERIODIC MEDIA
Papyan A. A,

Key words: magetoelastic wave, perfectly conductive, periodic structure.

IamanALA.
PACIIPOCTPOHEHHUE MATHUTOYIIPYI'MX BOJIH B
HEPHOI[BIQECKOfI CPEAE
KnioueBkiec ¢/I0Ba: MATHHTOYIPYTHE BONHEL, HOSANBHBEIN NIPOBONHMK, NEPHOSMUECKAS
CTPYKTYpa.

PaccmaTpHBAETCA 32/1a4a PACIPOCTPAHEHHS BOJIH B 0/JHOMEPHOI [epHOJHUECKOH aleKTponpoBoasmeh
cpenle, HaxomseHcs BO BHEMHEM NOCTOAHHOM MATHHTHOM MN0Je. 3a7aua PEIIaeTcs Ha OCHOBE TeopHH QIoke.
YCTaHOBIIEHO BIHAHHE BHEIHETO MATHUTHOTO IO/ HA YCIOBHSA CYLIECTBOBAHHMS 3aNPETHEIX 30H YACTOT.

Mumugmi WU,
Mupphpmbjub Jhowijuypnul hmuwnunnnih tmgihumbjub qusnnnd Jdoghummnniquljmb
whpitph mupuénidp
Zhitmpunkp. dwqihuwwndquljui whpibp, hphwpuljwb hugopnhy, wuppbpuljui dhewduypood:

Uppuwtnwiipnid  nuunudbwoppdmd £ dwqihuwwowdquljui wihpibph  wwpudsmdp  dhwsug
wpuipphipuljwn uonigwbdpny niikgng dhewuypbpoud: dinlkh nbungpqui ppewbwlnud unwgyky ki
ghuybpuhnt hwjwuwpmdibpp, npnbop opnpnud & wyhpubkph pug pogidwid be juwobgdwi
hwdwhwljwim ppot mhpoygpibpp: Yunwpdws b ghuybpehnt wueiympncabbph Jbpoom pncabbp:

We consider a problem of elastic wave propagation in a perfectly conductive periodic structure in a external magnetic
field. In the framework of the Floquet theory the dispersion equations are obtained defining magnetoelastic wave
frequency gap bandstructure. The influence of an external magnetic field on the magnetoelasic wave properties and
forbidden frequencies arestudied.

Introduction:

The presence frequency stop or forbidden gaps in a periodic unidirectional elastic structure
was first noted in [1]. The detailed studies of elastic wave propagation in a periodic structures
are given in [2-10]. In the [6,7,10] from a mathematical point of view the Floquet-Bloch
waves in elastic periodic waveguides are investigated The spectral theory of transverse
vibrations of periodic elastic beams is given in [8-9]. The problems of a magetoelastic wave
propagation in electroconducting solid deformable bodies and thin elastic structures are
considered in [11,12].

Here we consider a problem of wave propagation in 1D bi-material periodic structure
consisting of periodically alternating perfectly conductive materials in an external constant
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magnetic field. We will investigate the effect of magnetic field on the properties of the
magnetoelastic wave propagation in periodic structure.

The statement of problem:

The purpose of this paper is to investigate properties of magnetoelastic waves in an1D infinite
periodic elastic structure in an external constant magnetic field. The unit cell of a period d
consists of two piecewise elastically bonded perfect conducting homogeneous materials
(Figure 1).

L s DA LN ey LW \_,-\_,'--'3\_,-.__ [T
| | 1

!

dy

2
<

\
)
|II‘|
)

Fig. 11D periodic electro conductive elastic structure in an external constant magnetic field /.

The structure of a periodically repeating unit cellare characterized by the material density
and the modulus of elasticity as follows:

p, E,—>—(n-1)d-d <x<(n-1d,

1
pza E27_>(n_1)d<x<l’ld—d1 ( )

In the rectangular Cartesian coordinate system Oxyz axis X is directed along wave

direction, when axis Z can be chosen so, that the displacements to the axis X the component

of the magnetic field coincide with the axis Z  when H 0o =H,, i +H 03 k

The pondermotive force vector for a perfect conductive material is as follows [11].

ﬁ:i{rotrot(ﬁxﬁo)}xflo Q)
4n

where # is the vector of elastic displacement, ; magnetic permeability of the material.

The components of ponderomotive force vectorare as follows:
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2 2
R :L[Z_f;% ZV;H i } ROy
X

(3)
2
R = [aWng 6”1{ H, J

82

According to the Floquet theory, we consider solutions only in the elementary cell
—d, <x<d, (n = 1), applying the Floquet-Bloch quasi-periodicity conditions at the

ends of the elementary cell.
The motion equation in for 1D waves can be written in the following form

2
aGMRx= 8(2]’6612+R _ 8[;)8613+R2= oU s, @
ox ot~ Ox ’ ot ox ot

where G, are components of stress tensor.
The motion equation(2) in displacements in the interval —d, < x <d,, (n = 1) can be
written as

0u O*w

s HS N N azu
© Mo © g2 M 0]

c H, |=
I(s) ax2 4Tl?p(s) ax2 0z axz 0x""0z 81‘2

(6))
2 2 2
0, P [T e Oy O W)

c H =
) ax? 4np,, o ) ot’

) . . L 2 2
where indexes s = 1,2 characterize materials of periodic structure ¢; , ¢; are the speeds of

the longitudinal and transversal waves, correspondingly.
We have the conditions of elastic contact on the boundary of separation of materials

”1)(0’1):“(2)(&0’ M}(l)(o’t):m}(2)(0’t)’
Gy (0,8) 2, (0,) =05 (01) +2,) (0,2), 6)
Sy (0.2)+1. (0.7) =0 (0.2) +1,, )(0 t),

and the Floquet quasi-periodicity conditions

U (—dl,t) = 7\,1/!(2) (dz,t), W) (—dl,t) = XW(2) (dz,t),

wi) (Fds )+t (—dyt) = K(GM(Z)(dz,t)—ktm(z)(dz,t) : @)

( —d,t)+1, )( —d, )= X(ze(Z)(d2’t)+txz(2)(d2’t))’
Here A = exp (lkd ) , k - Floquet’s wave number.
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t _,t_ are components of the Maxwell tensor, that are as follows[11]:

ou ow,
Le(s) :? — -
T\ Ox ox
(3
=Eﬁl &%”fﬁ _G%ﬂ
xz(s) A1 ax 0x ax ox*4o0z

Presenting solutions of equations (3) and (4) in the form

u, (x,0) = uy, (x)exp(ior), u,(x,1)=u, (x)exp(iot),
w (x,1) = wy, (x)exp(ior), w,(x,1)=wy,(x)exp(iot), 9)

We have

" "

Uiy = PisyWisyo +9spp =0 (10)
U0 = O Py Wopo + O (sptspo =

Here the following notations are made:

M) Hes)
‘?is) = s Gy =

= , = H., a,. ,a  =—"H, H
4 Tfp( | 0z 1(s) 4 Tcp(s) 0x 3(s)° 1(s) 4 Tcp(s) Ox

A

an
c

o, - ) D) M) ®

s p(g) - c[z( ) +a§( ) s q(g)

5
S) N N

2 2
1(s) T
2 ' + 2

2 2
Ciis) T A Ciis) + )

N N

The solutions of the differential system equations (10) satisfying the conditions of elastic
contact and on the boundary of separation materials and the Floquet conditions, we obtain
the dispersion equation for

cos(kd)=F(n,H,,H,) (12)

The dispersion equation (12) determines the wave number k£ depending on the frequency of
n (non dimensionless frequency) and external magnetic field.

Special case:
Let consider a special case when the magnetic field is directed along the axisZ,

H,=H,_ k

In this case the system of differential equations are separated from each other regard to and
we have only one the electro-magneto active equation regard to longitudinal displacement

Uisy
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If magnetic field is directed perpendicular to wave propagation direction we will have the
electro-magneto active equation regard to transversal displacement Wiy

We consider now the equation
o+ it =0 (13)

with the conditions of elastic contact on the boundary of separation of materials:

”(1)(0’t):”(z)(0>l)’

cy)oc(l) (O’Z) + Zxx(l) (O’Z) = cFxx(2) (O’Z) + txx(2) (O’Z) ’

and Floquet quasi-periodicity conditions

Uy, (—d,.t)= At (d,.t),
O gy (=) + 1y (=) =1 (000 (1) + 1,0 (d10)),
The solutions of differential equation (13) can be written as:
to (x) = B,sin /g, ) + B, cos (g, x))
= £,\Ja, (B, cos(\Ja x) - B, sin (g, x))
:(q sin /g, x) +C, cos qzx))

O, (x) =4+ 2G2)\/q—2(C1 cos(\/q—lx) -C, sin(\/q—lx))

where E(S) = ﬂ(s) +2G(S), ﬂ,Gare Lameconstants.

Satisfying the solution (14) conditions of the elastic contact on the line of separation materials
and Floquet condition, we obtain homogeneous system equations regard to constants

B, B,, C,C,.

Equating to zerothe determinant of this system, we obtain the following dispersion equation

cos(kd) = cos(dl\/qTerz\/z)
i +/117Hoz3 B oy Helle /UzHoza

1 1 2
2 Eﬂv‘jﬁ \/\/% E+ /JIM \/\/: sn{efa Jin{ )

Let note that when magnetic field is directed perpendicular to wave propagation direction

(14)

(15)

(16)

an

we get the same dispersion equation changing Crisy ™ Cusy -
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Discussions and numerical results:

The dispersion equations (17) define ranges of frequencies associated with waves that can
propagate in perfectly conductive periodic solid (pass bands), alternated with ranges of
frequencies of waves that cannot be transmitted (stop band gaps).
In the case when the material -electromagnetic impedances are equal
2 2
El + /'IIHOZ - 1 - — E2 + lLlZHOz 5 1 >
4r cy tay 4r Cp Ty,

we have

cos(kd):cos(dl\/;ﬁdz\/qj) (18)

which means that in this case the stop band gaps donot occur.
When the magnetic field is vanished we get the classic result considered in [2]:

The dispersion curves 7 (kd ) of dimensionless frequency 77 = wd 10;21 in the first Brillouin

zone 0 < kd < 77 defining the stop band gaps, are illustrated in the Fiqure.2, Fiqure. 3

for certain values of dimensionless parameters.
a: c a:
2 _ 30 11) 3(2)

:—’ }/:—’ ﬂ:—’ 9:—’ é,:ﬂ’

2 2
Sy ) Ay d, P>

characterizing mechanical and geometric properties of periodic structure and the magnitude
of the external magnetic field. The dashed curves correspond to magnetoelastic case, the solid
curves correspond to the classic elastic case.
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Figl. Dispersion curves 77 (kd ), @=0.75; & =0.5; =0.55; y=0.25; 6=0.25

10 ==

kd
Fig. 2 Dispersion curves n(kd),a=0.5; £ =0.5; p=0.25; y=0.2; 6=0.2

Analysis of the dispersion curves shows that the external magnetic field change the position
and essentially diminish the width of band gaps.

Conclusions:In the framework of the magneto-elasticity equationsand the Floquet theory the
magnetoelasic wave propagation in 1D perfectly conductive piecewise periodic media is
studied.The corresponding dispersion equation are obtained in the case when the direction
of magnetic field is perpendicular to the wave propagation direction. The dispersion curves
illustrating the magneto elastic wave properties are presented.Analysis of the dispersion
curves in thefirst Brillouinzone shows that the external magnetic field essentially change the
positions and diminish the widths of band gaps.

Acknowledgement: This work was supported by the RA MES Science Committee, in the
frames of the research project Ne 19YR-2C044.
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METO/I 'PAHIYHBLIX HHTEI'PAJIGHBIX YPABHEHUIL B 3AJIAUE
JIMPPAKITHN HA Y3KOM IPEIISITCTBUH C OCTPOI 3AJTHEA
KPOMKOI
Cymbaran MLA,, Mycatosa HK.

Kmouepble CI0Ba: aOPOAKYCTHKA, JeTATeJbHLIA armapar, MeToJ TIPaHHYHBIX HHTETpaibHBIX
ypaBHeHHi, MeTo) CHMIICOHA, aKYCTHYeCKoe JapleHHe, decceldeBbl GpyHKUHY, GyHKIMA I'pHHA, yCIoBHe
MeiikcHepa, I0JHOE 11018, OTPaREHHOE M0.Je.

Sumbatyan MLA., Musatova N.K.
Boundary elements method in the problem of diffraction at a narrow obstacle with a sharp back edge

Keywords: aeroacoustics, aircraft, boundary element method, Simpson’s method, acoustic pressure,
Bessel functions, Green function, Meixner condition, total field, reflected field.

The problem of sound radiation by point source located in the tail of an aircraft is studied. The diffraction of
sound on the sharp edge of two-dimensional model of the region is investigated. The diffraction problem for an
acoustically solid obstacle is reduced to solving the Fredholm integral equation of the second kind. The method of
boundary integral equations is applied, due to which the equation over the entire area is reduced to an equation along
the boundary curve. The behavior in the vicinity of the comer is determined by the Meixner condition. For the
numerical solution of the basic integral equation, discretization is applied to the nodes of the grid selected on the
boundary curve. Numerical integration is performed using the Simpson method. A system of linear algebraic
equations is formed, from which the total acoustic pressure is found. The influence of the location of the source
point and the value of the contour angle on the total acoustic pressure is considered. The reflected field is built at
the far receiving point.

Unwlpanwh UG, Untownmjm .Y
Bqpuyht pinnkgpuy hwjumwpmubkph dkpogp ump hknhb
. kqpoy bk wpgkph ypw ghbpulhghunh impod
Znftmpuntp  wipnwljmuwnhljm, pnsoy wwpp, bqpuyhh htankgpuy hunjwuwpomdhbph kpan,
Uhdipunbth bpan, Flulh $mbyghw, Gphth Imblghw, Uljpubbph wuydwh, |phy mupw,
whypuympadu puyn

Thuwpljws £ pesnn vupph wynsh Jpu nbqugpius Yhnughlt wypmiphg dwjih wwpusdwl
uuaghpp: Dumdbwuehpdnoi | duyith ghppulghwi unip wilninod yupg bplpywdg doghjood: Shpom]b
Ehgpuyhit punbgpuy hwjuwuwpnidubph dhpogpe: @ught pnbgpoodp unwp]b) B Uhdgunth depagh
oginipjudp: Thuwwpldl) E Yhoughtt wgpoiph nbquljupdwit b inioogph pugdusph  widjjuib
dbdbnipput waphgnyrniip (phy winuonhl) £opdwh Jpue Qwomgll] B wigpugupaud guzunp
pugniinfwi hben fhnnad:

H3yuaeTcs 387a4a H3TYYEHHS 3BYKA TOYEUHBIM HCTOUHHKOM, PACNONOKEHHBIM B XBOCTE JIETATENBHOIO
annapara. Meenenyeres audpakuus 38yka Ha OCTpOM VITE NpocTelimell AByMepHON Monenu ofnacTd. 3ajaua
oubpakiHH AN AKYCTHUECKH TBEPOOLO MPEIATCTBHA CBOAHTCH K PEOEHHI0 HHTCTPATLHOTO YPaBHEHHA
@pearoisMa BTOporo poga. IIpHMEHAETCS METOJ TPaHHYHBIX HHTETPANBHBIX YPABHEHHH, Gnarofapsd KOTOpOMY
YPABHEHHE 110 BceH 0GNIACTH CBOJHTCA K YPABHEHHIO N0 IDAaHHYHOH KpHBoH. [ToBefeHHE B OKPECTHOCTH YITa
onpenensercs yolopHeM MelkcHepa. [N YHCIEHHOTO PEMICHHA OCHOBHOTO HHTETPANBHOIO YPABHEHHA
NIPHMEHAETCA THCKPETH3ALHS 110 V271aM CETKH, BLIGPaHHOH Ha IpaHHUHOH KpHBOH. YHCIECHHOE HHTETPHPOBAHHE
MPOH3BOJIHTCA € MOMOWBK MeToAa CHMNCOHA. OOpasyercs CHCTEMA NTHHEHHBIX anreSpanuecKkny YpaBHEHHH, H3
KOTODOI HAXOHTCA [TOJTHOE AKYCTHUECKOE 1ABIIEHHE. PaccMaTpHBAETCS BIHAHHE PACIIONO KEHHA TOUKH HCTOUHHKA
H BEJIHUHHBI YII4 PACTBOPA KOHTYPA HA MOJIHOE AKYCTHYECKOE fapneHHe. CTPOUTCA OTPaXEHHOE I10JIE B JaIbHEH
TOUKE NPHEMA.
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Beenenne

3amaua W3My4EHHS 3BYyKAa TOUCYHBIM HCTOYHHKOM, pACIIOJIOKEHHBIM B XBOCTE
JIETaTeNbHOTO ammapara, SBISIETCS OJHOM W3 aKTyalbHBIX NpobieM aspoakycTukd. Ha
NPaKTUKE JaHHAs 3aJa4da UrpaeT BaKHYIO POJb, HAIIPUMEp, B PACHPOCTPAHEHWH LIyMa OT
JBUTATENs JIETATETIbHOIO ammapara WM MOABOJHOM JOIKH TOCNE B3aUMOJAEHCTBUSI C €ro
OCTpOIl HOBEPXHOCTHIO. Il M3yUEeHUsI 3TOTO SABJICHUSI HEOOXOANMO HCCIIEN0BaTh TU(paKIHio
[1,2] oT TOueuHOro UCTOYHHUKA 3BYKa Ha OCTPOM YIJIE XBOCTA JIETATEIHOTO WM MOBOAHOTO
anmapata. llens paHHOM pa®oTel — NIpPHUMEHEHHE MeToJa TPAaHUYHBIX HHTETrPaJbHBIX
ypaBHenuii [3,4] k 3amaue qudpaKIMU Ha OCTPOM YIJe, M3yYEHUE BIMSHHS OCTPOTO yriia
JIETAaTENbHOIO anmnapara Ha BEIMYMHY aKyCTHUYECKOrO JaBJIEHHs B IOJIHOM IOJIE, a TaKXKe
MOBE/ICHNE IaBJICHNS B PACCESIHHOM II0JIE B ClTy4yae JAaJbHEW TOUKU MpUéMa.

ITocranoBka 3amaun

PaccmoTpuMm nmByMepHYyIO 3amady IUQpPAKIAH TapMOHHYECKOH 3BYKOBOH BOJHEL,
M3JIy4aeMOW TOYEYHBIM HCTOYHMKOM S, PAacCIOJIOKEHHbIM BOJU3M OCTPOro yria
HekoToporo Tena (¢ur.1). J[yis oneHKH BIUSHIS OCTPON KPOMKH Ha TU(PPAKIIUIO T Iar0Iei
BOJIHBl PacCMaTPHUBAETCsl ABYMEpPHAas MOJENb JIETATENBHOrO ammapara B BUJAE CETMEHTa
Kpyra pajauyca r, CONpsDKEHHOTO C Mapoil OOKOBBIX MPSAMOJIMHEHHBIX OTpe3KoB. [TonHbIH
yroa pactBopa paBeH 20. ['paHHYHBIi KOHTYp — DJIaAKHH, KPOME OCTPOH KpPOMKH.
I'eomeTpuyeckne pa3mMepsl Uil PACCMOTPEHHBIX YHCIICHHBIX PUMEPOB HOAPOOHO ONUCAHBI
B paznene «Pe3ynbraTsy. OTpaHHYMMCS PACCMOTPEHUEM aKyCTUYECKH KECTKOM I'paHHIIbI
(omHOpOmHOE TrpaHW4YHOEe YycioBue HeliMaHa) W CHMMETPHYHBIM  PacIoOKEHHEM
MCTOYHMKA, KaK [TOKa3aHo Ha ¢ur. 1.

Yo

®@ur. 1. Cxema JieTaTesIbHOTO anmapaTa
Ha ¢ur. 1 Touka S 0603Ha4aeT TOUEUHBIH UCTOYHUK 3BYKA; OCH X; U X, COOTBETCTBYIOT

JIEeKapTOBOM cHcTeMe KoopauHat; O — Havyano KoopauHat; 4 — LEHTP OKPY)KHOCTH,
o0pasyromiel KpHBOIMHEHHYIO 9acTh KOHTYDA.

Merton pemenus
B pamkax MeTosa rpaHUYHBIX MHTETPANIbHBIX ypaBHeHul (nanee 'MY) 3amava audpakium
JUIsL aKyCTHYECKHU TBEPAOIO MPEMATCTBUS CBOAUTCS K HHTETPAIBHOMY YPaBHEHMIO
®pearoabma BTOPOro poja:

oD (|y -
() —419@%
! y

dl, =2p™ (y,) (1)

3neck [ — rpaHUYHBIA KOHTYp 00ylacTH; p(y) — aKyCTHYECKOe JaBlieHHEe Ha KOHType [ ;

BHYTPCHHSISI TOYKA ) ¥ BHCIIHSS TOYKA y, — JBYMEpHbIC TOUKY Ha rpanune; @ — dpyHkims
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I'puna; n

\, — HOpMaJlb K KOHTYpY B Touke ' ; dl,, — semMeHTapHas JUIMHA AyTH B TOUKE Y

; p""°()y) — aKycTHYECKOE NaBIEHHE Ma/JAIOIIEH BOIHEL.
IIpu 3TOM TIOBEIeHNE B OKPECTHOCTH YTJIa OIpeaenseTcs ycnosueM MeiikcHepa [S]:
5 s
p(»=D+0(r"),8=—— 2
2(n—0) )
3mecr r — paccTosHHE MEXAY TEKyIled TOYKOW M TOYKOH B yrie, D — HeKoTopas

KOHCTaHTa. PelleHne BOMM3M yIiia He SBISETCA CHHTYIAPHBIM, TOCKOJIBKY MapaMeTp O
BCerja MoJIoKuTeNneH. braaromaps 3ToMy CBONCTBY, BKJIaJ MajlOld OKPECTHOCTU yrja B
unrerpai (1) sinsercs mansiM. CiieoBaTeNIbHO, HET HEOOXOIMMOCTH IOMEIIATh y3€Jl CETKU
HETOCPEICTBEHHO B YTOJI P AMCKPETU3ALNH, YTOOBI TOIY4YNTh O0JIee TOUHOE PEIICHHE.

Oynkuus 'prHa U1 AByMEpHOW 3a1a4M NPEeICTaBIsIeT co00H (DYHKIMIO XaHKEIs! IEPBOTo
pona

i
®(|y 3o} = @) = HYP (k7). ©)
Eé MMPOU3BOAHAA IO HOPMAJIU BBIYUCIIACTCA B ABHOM BUAC

oD 0 o _ ikHl(l)(kr)'(r,ny).

P Y @
ny (4 ny r
Hal[aIOIHaSI BOJIHA OT TOYCYHOI'O UCTOYHHUKA 3ByKa HUMCECT BU/
. l 1
P o) = HY (k) )

re 7, — PaccTOsHHE OT UCTOYHHKA 3ByKa 10 TOUKH ) .
IToce mocTaHOBKY MPOM3BOHOM (DYHKIMY ['pHHA M TABJICHUS B MAIAFOIIEM TI0JIC yPaBHEHHUE
(1) mpuaIMaeT BUA

ik (r.m i )
P+ (,,—’)Hf” (kr) ()l =2 H (k7 ) ()
!
[Mepenmiiem ypaBueHue (6) B BHE

o ik (r,n
PO+ [ K. y)pdl, =2p™ (30) » K(3.30) =’5QH1“) [k (2. 0] ™
i

O0603HauNM TOYKY HAaOMIOAEHUS y, Kak 1], & TOUKy WHTerpupoBaHus kak §. C ydétom
3TOro nepenuiieM ocHosHoe 'Y

P+ [ K(Em)p©)dl, =2p™ (n) ®

I[J'ISI YHCJIICHHOI'0 PCHICHUA HWHTCIPAJIbHOTO YPABHCHUSA MPUMCHACTCA AUCKPETU3ALNA 110

y3J7aM CeTKH TPaHWYHOHM KpuBoil. Ha mpsMonmHeHHOH JacTi BepXHEH TpaHUIBl BEIOEpeM
crenyromiee pasoneHme:
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nY =-(j-1/2)h-cos®, j=1,.,N

NP =(j-1/2)h-sin®, j=1,...N ©)
cmaroM A=L/N, rame N — KOJIMYECTBO Y3JI0B, PACIOJIOKEHHBIX HAa NPAMOJIMHEHHOM
yacTH KOHTypa. IIpu 3ToM, mepBbIi y3es1 HaXOOUTCS Ha PACCTOSHUM IOJTyIIara OT yIJia.

3necrk u nanee BepxHUNA MHAEKC (1) COOTBETCTBYET TOPM3OHTAIBHOW KOOpAMHATE, a (2) —
BEPTUKAJIbHOM.

QopMmyna g NPSIMOJMHEHMHON 4YacTH HW)KHEW I'paHULbl OTJIMYAETCS TOJIBKO 3HAKOM
BEPTUKAJIBHOI KOOPAMHATHI:

nY =-(j-1/2)h-cos6, j=1,.,N
N® =—(j=1/2)h-sin6, j=1,.,N (10)

st onucaHusi KpUBOJIMHENHOM 4acTH I'paHULbl BBEAEM JIOKAIBHYIO IOJSPHYIO CUCTEMY

KOOPJUHAT C LIEHTPOM B Touke A (cM. ¢ur.2). B 3101 cucteme KoopIuHATHI TOYEK 1) j Oynyt

paBHBI

. ’ 1
n=(Roo,), j=heoMome @ =ator| =), (1
_n+20
oM

KOJIMYECTBO Y3JIOB, pACHOJIOKCHHBIX Ha MMOJIYAYyTC.

— OJIEMEHTapHBIH yroj, oOpasyrommiics npu pasouenuu ayru, M —

@ur. 2. CxeMa JUCKPETH3AIMH KOHTYPa KPUBOJIMHEHHON YaCTH TPAaHUIBI / DJIEMEHT JUCKPETH3aIUI
Ha KPUBOJMHEWHON YacTu

Bepuémcsa k nekaproBod cucreme. B cunmy Toro, 4ro mosigspHas cucTeEMa KOOPIMHAT
«OTO/IBUHYTa» OT (aKTUYECKOro Havajga koopauHaT Ha BennuuHy AO (cm. ¢wur.l),
MpHUOAaBHM ATy BETMYMHY K IEPBOI KOOPAWHATE:
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ﬂ(jl) Z_(AO—Rcosq)j), j=L..,M

®) M (12)

N, =Rsing,, j=1..

KoopaunaTel HOpMasel [uist Bcero KOHTypa OnpeesstoTcs: popmyiaMu

y. —y -
PO N SR b S ) B

J >
hj hj

(13)

UYucneHHOe MHTErpUpOBaHME MPOM3BOAUTCA IpU nomou Merona Cummcona [6,7]. s

. - h
3TOTO Ha MHTepBaie &£ € (nj ——m; + Ej BBEIEM TOUYKHU JBYX KOHIIOB éi =n,-—Hu

2 2

J — h _ .
£ = n,+ 5, ¥ OJIHy CPEIMHHYIO TOUKy & = n,:

b, - .[ K(gynm)dgz%[K(g{,nm)+4l<(§$,nm)+K(ﬁﬁanm)]- (14)

n,;—h/2

Juckperuszanus npuBOAUT OcHOBHOe I[MY k cHcTeMe JHMHEHHBIX —anreOpamyecKux

ypaBHeHmid (CJIAY) ¢ KOMIUIEKCHBIMH KO3((HIIMEeHTaMl OTHOCHUTENIHHO BEKTOpa P C

marpuiei pazmepom K x K
rie koMnoHeHTsl CJIAY onpeaenstoTcs Kak

A= (amj ), @y = Opj +by; » B, - cumBor Kporexepa

f=(fn)s S =éH(§”(kT;Z), (16)

p=(p;)=r(n,)=r(g)

CToUT OTMETHUTh, UTO 3aJaHHWE TaKOH CeTKH pa30WeHHs TPaHWYHON KPUBOW IO3BOJIIET
n30exaTh MONaJaHus y3/1a B yroJl KIMHA, YTO TEOPETHYECKH MOTJIO OBl OBITH € AMHCTBEHHOH
CHHTYJISIPHOM KOMOMHAIIMEH, Natoleil HeMHTerpupyeMoe nmoBeieHue (OyHKIHH.

Pe3syabTaTsl
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s mpoBeieHUs YNCICHHBIX pacuéToB OblIa pa3paboTaHa mporpamma Ha s3bike C++.
PaccmaTtpuBaemast 3ajaua gudpakuMyd Ha OCTPOM YIJIE ammapaTa pelieHa MEeTOAO0M
TPAaHUYHBIX WHTETPAJIbHBIX ypaBHEHHWH. [ YMCIEHHOrO MHTETPUPOBaHMS NPUMEHSIIACh
kBazaparypHas popmyna Cumicona, kotopas ceena [MY k CJIAY. Ilpu auckpernzanun
KOJIMYECTBO Y3JIOB Ha MPSIMOJIMHEHHON 4acTH KOHTypa B3sATO paBHbIM N =1000, a Ha
KPHBOJIMHEHHOM yactd — M =500 . Takum 0Opa3oM, Mbl HUMEEM MAaTpPUIy KOMILUIEKCHBIX
ko3 dumentor pasmepom 3000 x 3000, I BEMIECTBEHHBIX KO3()(UIIMEHTOB Pa3MepoOM
6000 x 6000 . s permenust CJIAY ucnons3oBancs anmroputm LSQR [8], koTopsrii mokasan
XOPOILYI0 TOYHOCTh U XOpOIIee BpeMsl paboThI Ul YKa3aHHOW pa3MEPHOCTH.

st Hayana pacCMOTPUM BIMSHUE PACIIONIONKEHHSI TOUEYHOIO UCTOYHHKA 3BYKa S (xO , 0) Ha

MOJTHOE aKycTUdeckoe mnaBieHue (¢wur.3). 3amagmM cremyromme mapamerpsl: L =10,

0.2 : | : J . 1:d
0 1000 2000 3000

@ur. 3. BerectBenHast (CIUIOIIHAS JIMHUS) M MHAMAas! (IIyHKTUPHAS! JIMHUS) YaCTH aKyCTHYECKOTO
HaBJIEHUs p TP IABYX 3Ha4YEHUAX X . [lo ropuzonTamy oTaoxen j — HOMED y3ia
Cnyyait x, =1 mpexacTaBiser Ui Hac OONBIIMI MHTEpEC, IMOITOMY jaiee OylaeM

paccMaTpuBaTh TOJIBKO €ro.
PaccMoTpuM BiMsHHE BETMUYUHBI yIJla PACTBOPA KOHTYypa Ha aKyCTHYECKOE JABJICHHE NPH

¢uxcupoBaHHbIX napameTpax L =10, k=0.1, x, =1 (¢pur.4).
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st ———6=n/3
——— ¢=/6
— 6=w12
B —0=w/18

42 I ! ' I ' 1.7
0 1000 2000 3000
Pwur. 4. BeH.[eCTBeHHaS{ YacTb aKyCTHYCCKOI'O 1aBJICHUS p IIpY pa3JIMYHbIX 3HAYCHUAX yTJla 9
PaccmoTpuM akycTHuUecKoe JaBieHHE B OTPaKEHHOM IOJIe B JajdbHEeH Touke mpuéma. Jlms
9TOro NepeiaéM B MONISIPHYIO CHCTEMY KoopauHar (¢ur.S).

@ur. 5. O6nactp 1 ToUYKa MpuéMa B JaNbHEH 30HE B MOJIIPHON CHCTEME KOOPAWHAT
Ja kaxkporo yrma o oT 0 10 360 TIpaayCoB BBIUUCIISIEM PACCESIHHOE AKyCTHUYECKOE
nmapienue (¢ur.6). PaccTosHue OT Havajga KOOPAMHAT 10 TOYKHM NpuéMma OepéM paBHBIM

R =10000 .
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— 0=n/3
— O=n/6
— 0=n/12
O=r/15

90

— k=0.01

=}
=

3 3
h
(a) (®)
@ur.6. [[asieHne B OTPOKEHHOM JaIbHEM I10J1€ Kak (YHKIMS OJSIPHOTO yIJia HAOIIoAeH s TIpH (2)

T
¢uxcnposanubix L =10, x, =1,0 = — u nepemennoit k ; (6) duxcuposannsix L =10,

Xy =1, k=0.1 nnepemennoii 0

=
o

®ur.7. [laBienne B 0TpaxEHHOM JaJbHEM I10J1e KaK (YHKIHS MMOJSIPHOTO yIila HAOMIOACHHS TIPH
s
L=10,x,=1,0=—,k=10
12

3aki04ueHue
o pe3ynbTaTtaM MpoBEeAEHHOTO UCCIEIOBAHUS MOXKHO CIIENATh CIEIYIONINE BHIBOIDIL:
1. bnarongaps ycnoBuio MeiikcHepa BKJIaa Majlo OKPECTHOCTH yIjla B MHTErpalbHOE
ypaBHeHHEe sBisiercss MaibiM. ClenoBaTelbHO, HEOOXOAMMOCTh IOMEIIATh Y3€Jl CeTKH
HETOCPEJICTBEHHO B yroJjl MPH JUCKPETU3AIUH, YTOOBI MOJIyYUTh 0O0JIce TOUHOE PEIICHHUE,

OTCYTCTBYET.
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2. PaccMoTpeHHbIE pe3yabTaThl Al PACCESHHOIO MOMs B AaJbHEN 30HE MOKa3alH, 4To
YeM MEHBINE YTOJl pacTBOpa OOJAcTH, TEM MEHBINE OHA aKyCTHYECKH «BHIHA» B JalbHEH
TOUKE NMpHuéMa.

3. Ha GonpLroii yactoTe quarpaMma paccessHus oKa3ajia HEKOTOPhIE IBHO BEIPAKCHHBIE
MakcuMyMBI (¢ur.7). Ha cooTBeTCTBYyIOIMX yriax CHCTeMa ammapar - UCTOYHHK 3BYyKa
aKyCTHUYECKU «BUHA» B JanbHeM moie. [lo ocTaabHBIM HalpaBieHUAM OHA MPaKTHYECKU
«HEe BHAHA». DTOT (aKT NaéT TeopeTHUecKylo 0a3y Uil KOHCTPYHPOBAHHS CHCTEM THUIIA
caMoJIeT-HeBUIMMKA UM MOJBOJIHAS JIOJKA - HEBUIUMKA.

PaGora BbimosiHeHa mnpu  ¢(uHaHCcOBO  mnoagep:xkke Poccuiickoro  ¢gonga
ynnamentansubix ucciaeaopannii (PO@DUN), npoext Ne 19-29-06013\19.
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