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HYBRID OF RAYLEIGH AND GULYAEV-BLUESTEIN ELECTRO-
ACOUSTIC WAVES NEAR THE INNER SURFACE OF A LAYERED
PIEZOELECTRIC COMPOSITE
Ara S. Avetisyan, Hakob S. Jilavyan

ABetucsaH Apa C., [Ixxuaassn Axon C.
I'uépun 3exkTpoakycTuyeckux BoJiH Pastest Boutn I'yisieBa-BiiiocTeiiHa 0k0J10 BHYyTPeHHeili NOBepXHOCTH
CJI0MCTOr0 Mbe303JIeKTPUYeCKOro KOMIIO3UTA

KiroueBble ciioBa: THOpUI BOJH, IbE302JIEKTPHIECKAs CPEla, HEaKyCTHISCKUH KOHTAKT, JIEKTPOAKyCTHIECKas
riorepeyHas BOJIHA, IUIOCKas JeopMaliys, JIOKaIU3alus SHEPIu BOJIHBI, AUCIEPCHOHHOE ypaBHEHHE, (a3oBas
CKOPOCTb.

Hccenenyercst rubpuan3anus JIOKaIM30BaHHbBIX JIEKTPOAKycTHYeCKUX BOJH Panes u 'ynsesa-bitocreiina y
MOBEPXHOCTH HE aKyCTHYECKOr0 KOHTAKTa JBYX IIbE303JICKTPHKOB. IIpe/uioskeHa mpocrasi cxeMa ABYXCIOWHOTO
BOJIHOBOJIa, JOITyCKAroIias T'MOpUJ 3JIEKTPOAKTHBHBEIX JIOKAJIN30BAaHHBIX BOJH ['yiseBa-Biocreiina u Pames.
IToka3sbiBaeTcsl, 4TO MHAYLMPOBAHHAS, JIOKAJIN30BAHHAS Y CBOOOIHON MOBEPXHOCTH 3JIEKTPOYIPYyras CABHIOBas
BonHa ['ymseBa-bmiocTeliHa B OJHOM Cllo€, MOXET T€HEPHUPOBATh DIEKTPOYIPYTylo BONHY Pames mimockoit
nepopManuu B ApyroMm cioe M Haobopor. Iloka3aHo Takxke, YTO COOTBETCTBYIOIIMII BBIOOp MaTepHaoB
HPUIICTAIOMINX TOJTYIPOCTPAHCTB MOXKET HPHUBECTH K YCHJICHHIO WIIM OCJIAOJICHHIO JIOKAJIM3alUH SHEPruu
9NIEKTPOYIPYTUX BOIH BOM3U MOBEPXHOCTU HEMEXAHHIECKOTO KOHTAKTA IbE303IEKTPUKOB.

BrIsBIIeHO, 4TO MHAYIMPOBAaHHAas B OXHOM H3 CJIOEB BOJIHA C HEPE3OHAHCHOH YacTOTON MOXET BBI3BATH
BHYTPEHHHMII PE30HAHC MM 00pa30BaHME 30H 3aNPEIICHHBIX YaCTOT B BOJIHOBOAE AAHHOMN CTPYKTYPBI.

IIpoBeneH cpaBHUTENBHBIM aHAIW3 PE3yIbTATOB CO CIydasMU OTCYTCTBHS IIbe303JIEKTpHUecKoro dddexra B
OJIHOM M3 CJIOEB KOMITIO3HTA.

Uytwnhywi Upw U, Qhjunjjuwb Zwlnp U.
N Gh b Soyub-Lynwuntjih HEjupuwunwdquljmi whpubph huswubkpnudlp okpuun]np
purunpyw) wikqnijkyunphlh tkppht twlkplnygph dnn

Zhfuwmpwnkp.  Ujhpubph powswubpnud,  yykgnbjunpulub  dhowjuyp, wbhuynud Yy,
hEyunpwduytught juytwfwt wphp, hwppe nhdnpiwughw, wihpughtt tubpghugh wbnuyuwugnid,
nhuybtpuhuyh hwjwuwpnud, bwquyhtt wpugnipyniu:

Zhnwgnungnud k GhjEjh b Gnuyyuib-Rpyniunbyih BEjupuwrwdquijut winujiugdwus wihpubph
Jowswubnnudp Epyne yyignbiEuphjubkph withynud juwh hwuppnipjut dnwn: 8nyg E wipynud, np vh
wykgnbiEyuphih wquwn  Eqph dnnn hwpmghind  Goygjub-fpnuunbjith nknuytugjus
EEynpuwrwdquljutt uvwhph wihp, Yupkih b qpgel] hgh nbinujiugws hwupp nidnpdughugh
hEjunpuunwdquljut unhp dnu upkqnbjkljnphynud, b hwljwewljp: 8nyg L wpjws twl, np
uwhdwbwlgnn ukqnkEiuphy ynptph hwdwywnwupwb punpnipjuip upnn b phpl) wthynod
Juwyh hwppmipjul Unwn bEjupwwnwdquljui whpubph tubkpghuwh wnbnuyuugdwt dksugdwup
Juwd poyugdwip: Pugwhuyndws b np dh uykignhEiuphynud hwpnigdus ny nhgnuwbuwghu
hwdwpwljwuntpyudp wihpp jupny b wpwewguby ukpphtt nhgniwtu, jud wpwowgul) wpghjws
hwfwhwlwunipniuubph gnunh:

Guunupjws ki unwgyws wpnniupubph hudbdwwnwlwt Jepindnipyni, obpntphg dbiu no
UEynud yyignhiEjunpujui hwnlmpjut puguljuynipjut nkyptph htwn:



PPThe hybridization of localized electro-acoustic Rayleigh and Gulyaev-Bluestein waves at the surface of non-
acoustic contact of two piezoelectrics is investigated. A simple scheme of a two-layer waveguide, which allows a
hybrid of electro active localized waves of Gulyaev-Bluestein and Rayleigh is proposed. It is shown that the
induced, localized near the free surface, Gulyaev-Bluestein shear wave in one layer can generate a Rayleigh
electro-elastic plane strain wave in another layer and vice versa. It is also shown that the corresponding choice of
materials of adjacent half-spaces can lead to an increase or decrease in the localization of the energy of
electroelastic waves near the surface of the non-mechanical contact of piezoelectrics. It was revealed that a wave
with a non-resonant frequency induced in one of the layers can cause internal resonance or the formation of bands
of forbidden frequencies in the waveguide of this structure.

A comparative analysis of the results with cases of the absence of a piezoelectric effect in one of the layers of the
composite is carried out.

Keywords: wave hybrid, piezoelectric medium, non-acoustic contact, electroacoustic shear wave, plane

deformation, wave energy localization, dispersion equation, phase velocity.

Introduction.

In modern electronics, heterogeneous composite (in particular layered, piecewise
homogeneous) waveguides made of piezoelectric crystals are widely used as converters,
filters, or resonators of an electro-acoustic high-frequency wave signal. Qualitatively
different interests are cases when the electro-acoustic signal overpasses through a
transversely inhomogeneous layered structure, and when the electro-acoustic signal flows
along the interface between the homogeneous layers of the structure.

Piezoelectric crystals are essentially anisotropic materials. Depending on the
crystallographic symmetry of the piezoelectric, it is possible to excite a purely electroactive
wave of pure shear or an electroactive wave of plane deformation in it. In the articles by
Avetisyan A.S. [1,2] issues of separate excitation and propagation of electroelastic plane or
electroelastic antiplane stress-strain states in homogeneous piezoelectric crystals are
investigated. Necessary and sufficient conditions for the texture of piezoelectric crystals
that allow separate excitation and propagation of an electroelastic wave signal of a specific
type are determined. Material relations and quasistatic equations are derived for all
piezoelectric textures in the corresponding sagittal planes.

If we also take into account the possibility of localizing wave energy under different
boundary conditions near the surfaces of the composite elements of the composite
waveguide, then these waves will be heterogeneous not only in the composition of the
components, but also in the physicomechanical characteristics.

In 1968 Bleustein J.L. [3], and in 1969 Gulyaev Yu.V. [4] showed that it is possible to
localize the energy of an electroelastic shear wave near the mechanically free surface of a
piezoelectric medium of certain symmetry, under different boundary conditions on
accompanying electric field. The features of the localization of wave energy of purely shear
electro-elastic wave of Gulyaev-Bluestein type are still being studied. Thousands of works
are known, in parts of which the patterns of propagation of electroelastic shear waves in
composite structures, or in media with complicated properties, are studied.

In particular, Yang J.S. [S] investigated the propagation of waves of the Gulyaev —
Bluestein type in materials with complicated piezoelectric properties.

The propagation of waves of the Gulyaev-Bluestein type in a prestressed layered
piezoelectric structure was considered by Liu H., Kuang Z.B. & Cai Z.M. [6].

Vashishth A.K., Dahiya A., & Gupta V. [7] studied the propagation of a Bluestein-
Gulyaev wave in a structure consisting of several layers and a half-space of porous
piezoelectric materials. The specific form of waves that can propagate only in the layer
above the half-space is investigated.



The propagation of transverse surface waves in a functionally graduated substrate carrying
a layer of piezoelectric material of hexagonal symmetry 6mm was studied by Li P. & Jin
F. [8].

Avetisyan A.S., & Kamalyan A.A. [9] considered the propagation of an electro-elastic
monochromatic wave signal in an inhomogeneous piezoelectric of hexagonal symmetry
class 6mm.

The propagation of the Bluestein — Gulyaev waves in an unbounded piezoelectric half-
space loaded with a layer of viscous fluid of finite thickness was considered in the
framework of linear elasticity theories in [10] Qian Z.-H., Jin F., Li P., Hirose S. ..

By solving the equilibrium equations of piezoelectric materials and the diffusion equations
of viscous fluid, exact solutions of the phase velocity equations are obtained both in the
case of electrically open and in the case of electrically closed boundaries.

Although the localization of wave energy for plane deformation waves in the isotropic half-
space Rayleigh J.W. [11] was discovered earlier than others, electroactive waves of
Rayleigh type are relatively little studied.

In particular, Singh B. & Singh R. [12] examined the propagation of Rayleigh wave in a
rotating initially strained piezoelectric half-space.

In the article by Chaudhary S., Sahu S.A., Singhal A. [13], the authors proposed an
analytical model for studying the propagation of Rayleigh waves in an orthotropic half-
space with a piezoelectric layer.

The propagation of bound Rayleigh waves in a piezoelectric layer of the material of
rhombic symmetry class 2mm over a porous piezo-thermoelastic half-space is investigated
by Vashishth, A.K., Sukhija, H. [13].

In the work by Avetisyan A.S., Mkrtchyan S.H. [14] the patterns of propagation of an
electro-acoustic wave of plane deformation in a piezoelectric half-space are investigated.
The problem of propagation of high-frequency electro-acoustic waves of plane deformation
(electro-acoustic waves of Rayleigh type) under different electric boundary conditions on
the mechanically free surface of a piezoelectric half-space is solved.

These electro-acoustic waves, which are heterogeneous in the composition of their
components and physicomechanical characteristics, have different applications in
technology. But the question of the possible hybrid of these dissimilar electro-acoustic
waves is also obvious.

In [15] Kuznetsova L.E., Zaitsev B.D., Borodina I.A., Teplykh A.A., conditions of
hybridization of zero and high order acoustic radiation in a piezoelectric crystal plate are
studied. It was found that hybridization occurs when the conductivity of the sheet exceeds a
certain value, which can vary widely depending on the plate material and orientation.

The scheme of organization of a hybrid medium in a layered hydro-elastic waveguide is
proposed in [16] Choi H.K., Kim B.H. et al. In this study, a hybrid of surface acoustic and
electrohydrodynamic (SAW-EHDA) waves was introduced.

In [17], Chow D.M., Beugnot J.-C., et al the presence of surface and hybrid acoustic
waves at various locations of conical fibers is experimentally confirmed and the first
measurement of the distribution of surface acoustic waves is shown.

Obviously, with mechanical contact of piezoelectric and other elements of structure that
allow heterogeneous electromechanical fields, lacking components of elastic displacements
will appear in adjacent bodies. Foreign wave fields in adjacent bodies mix. In this case, the
simultaneous localization of electro-acoustic waves of pure shear and waves of plane
deformation, or the joint propagation of these foreign waves in one composite, becomes
impossible.



In [18] Avetisyan A.S., Khachatryan V.M. the existence of a hybrid of one-dimensional
electro-acoustic waves of pure shear and waves of pure dilatation in a composite,
periodically transversely inhomogeneous piezoelectric medium from piezocrystals of
hexagonal symmetry class 6mm (or tetragonal symmetry class 4mm ) and hexagonal

symmetry class 6m2 is proved. It is shown that there are two groups of permissible
discrete frequencies. Permissible discrete frequencies are resonant if the ratios of the widths
of the bands and the velocities of the elastic waves in the bands are inverse.

A simple two-layer waveguide scheme is proposed here, allowing hybridization of
localized waves of electroactive anti-plane deformation and electroactive plane
deformation.

1. Problem modeling. Formulation of the mathematical boundary value problem.
We consider the propagation of high-frequency electroelastic waves in a two-layer
piezoelectric body assigned to the Cartesian coordinate systemOxyz. Composite

piezoelectric waveguide Q(x, y,z) = Q,(x, y,z) UQ,(x,y,z) , where
Q(x,»,2) £ {|x|< w; 0y <h |z| < oo} , Q,(x,,2) E {|x|< w;, —h<y<0; |z| < oo} ,(1.1)
are designed so that the piezoelectric layers border the surface y =0 without acoustic

contact (Fig. 1).
The crystallographic sections and orientations of the crystallographic axes of the strip
materials are compared with the Cartesian coordinate system 0xyz so that in the coordinate

plane x0y of the adjacent layers €, (x,y,z) and Q,(x,y,z) there are separate
electroactive waves of antiplane and plane deformations, respectively.
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Fig. 1 Propagation pattern of a normal electroelastic wave signal in adjacent piezoelectric half-spaces
without acoustic contact

Without disturbing the generality of reasoning, it is assumed that the material of the layer
Q,(x,y,z) belongs to hexagonal symmetry class 6mm, or tetragonal symmetry class 4mm_

The axis of symmetry of the sixth order p, of the hexagonal piezocrystal, or, respectively,
the axis of symmetry of the fourth order p, of the tetragonal piezocrystal are aligned with

the coordinate axis 0z .



Then, the isotropic sagittal plane x,0x, of the piezoelectric crystals is aligned with the
coordinate plane x0y . In the case of antiplane deformation, for the above piezoelectric

crystals, nonzero components of the tensor of mechanical stresses and the electric
displacement vector on the coordinate plane x0y are represented similarly [2]

ow op ow op
eV, ) =) L O CPL - GOy gy = e TV 0 9B 1.2
L (X, t) =cy ox 15 o w (X, 1,0) = Cyy By és 3y (1.2)
0 0
DY (xy. =6 Lol Th DY (xyn) = el Mg O (13)
X X oy oy

The quasistatic equations of the electroactive antiplane stress-strain state describing the
separate excitation and propagation of electro-elastic shear waves of type SH in this band
are written as

Owixp0) WD) _ aa OWi(X.0)

axz ayz 1t atZ
2 2
o (oléxzy,t) o q)lgx 20 (0 S)).[a wla(xz,y,t)+8 ngz,y,t)} (1.4)
X y X Y
where C,, =+/&)/p, is the velocity of the electroelastic shear wave, &) = ¢l (1+ x2) is

reduced shear stiffness, c{) is shear stiffness, z =(e?)’ / (cﬂ)gl(”)ls the coefficient of

electro-mechanical coupling, e 1 5 ) is the piezoelectric module, 511 is the relative dielectric
constant, p, is the density of the piezoelectric crystal.

For clarity, it is also assumed that the material of the layer Q,(x,y,z) belongs to
hexagonal symmetry class 6m2 . An electroactive plane stress-strain state is possible in the
sagittal plane x,0x, of the piezocrystal, combined with the coordinate plane x0y . The
sixth-order inversion axis p. of symmetry of the hexagonal piezocrystal is directed along
the coordinate axis 0y .

In the case of the plane stress-strain state, for the above piezoelectric crystals, nonzero
components of the tensor of mechanical stresses and the vector of electric displacement in
the coordinate plane x0y of the strips Q,(x,y,z) of a piezoelectric of hexagonal

symmetry class 6m2 are presented in the form [2]

o (x,y) = ou, (x, ) e ov,(x,y) e é’fﬂz(?fy)/)’
’ ox 0 Oox
o (x,y) = ou, (x, ) L 8V2(x,y)’
ox Oy
6O (x,y) = e Do) | o M (1)) (1.5)
ox Oy
ou, (x, oo, (x,
DO (x, y) = e? (%, ) @ @ ( y)’
ox ox
0p,(x,y)
D (x,y) = —&i] =L 222

oy



Taking into account the compatibility conditions for the axial stress GZ(ZZ (x, »,t)=0 and the

third component of the displacement of the electric field Diz) (x,v,t) =0 in the formulation

of two-dimensional problem of electro elasticity [2], in the plane x0yp leads to the

relationship between the characteristics of the electro-acoustic field

c® ou, (x,¥) +c? ov,(x,») e 09,(x,y) -0 (1.6)
ox 0 Ox

The quasistatic equations of the electroactive plane stress-strain state, with respect to elastic
displacements u,(x,y,?), v,(x,y,t) and the potential of the electric field ¢,(x,y,t) are

written in the simplified form

o’u o’u o) o’u
(e - 0e2) St ey S e (149) 5= O 7
o*v o’v O’ v
iy (-0 ) e S - T a9
o’ PR, ou
oip S oy ey Tt 0. (19

In relations (1.7)+(1.9) c](,z) , e, ), ¢ and ¢ are the elastic stiffnesses, e is the

piezoelectric modulus, & and 6‘(2) are the relative permittivities, and p, is the density
of the piezoelectric crystal. The introduced dimensionless coefficients

4 = c,(f) +cfj> /cfzz) and 4, = c,(f) +cfj) / c?’  characterize the anisotropy of the

piezoelectric of the class 6m2 in the plane x0y .
From equations (1.7)+(1.9) it can be seen that according to the model of the generalized
stress-strain state [2], the reduced elastic tensile stiffnesses decrease with respect to the
natural axial stiffnesses ¢, and c;, , accordingly,

¢, =c? =92, Cy =P =9 (1.10)
The reduced coefficients of the direct piezoelectric effect increase accordingly
e =e;(1+9,), e, = 9el. (1.11)

When the piezoelectric layers in the composite are in non-acoustic contact, the conditions
of the mechanically free surface for both piezoelectric half-spaces are satisfied on the
surface y =0

e ow, (x, y,1) e 0¢,(x,7,1)| -0 (1.12)
6)/ ay |»v:0
(1956‘4(;42;) 8u2(x’y’t)+el(12) a%(%)’ﬁ)) =0 (113)
ox ox =0
ou,(x, 3,0) v, (1.14)
oy Ox y=0

Condition (1.13), in which the notation J; = [(cg)) cf§>c;§>] / (cPc?) is introduced, is

obtained taking into account the second equation of material relations (1.5) and the
compatibility condition for mechanical stresses (1.6).
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The conditions for the conjugation of the electric field on the surfaces of the crack y =0
between adjacent half-spaces, taking into account the zero gap width, can be written as

[¢1(x>y5t)_¢2(x’y5t):||y:0 :O, (115)
el(;) an(X,y,l) _51(}) 5(pl(x,y,t) +€;§) a(pz(x,y,t) =0 (116)
oy oy oy o

Due to the conjugation of the electric field on the surfaces of the crack, the oscillations of
the electric field, accompanying the wave signal of one type in the first medium, leak
through the vacuum gap into another piezoelectric medium. In the second medium, another
type of electroelastic wave is already generated (and vice versa)

105 05 wy(x, 2,05 @ (x5, p, )} 2 {u, (6, 1,0 v, (x, 1,005 05 9, (x,1,0)} -

Hybridization of elastic heterogeneous waves, associated with the accompanying
oscillations of the electric field, occurs.

In case of the propagation of high-frequency electromechanical waves (the propagation of
ultrashort waves in thick layers, when the wavelength is much less than the thicknesses of
adjacent layers A < min{#;4,} ), the above equations (1.4) and (1.7) + (1.9) together with
the boundary conditions (1.12) + (1.16) and the damping conditions deep into half-spaces
from the common surface of non-acoustic contact y =0

limw,(x, y,)=0, limg,(x,y,6)=0 (1.17)
yo® yo®

lim u,(x, y,¢) =0; lim v, (x, y,t) =0, lim @, (x,y,6) =0 (1.18)
P Y0 y—>—0

constitute the complete boundary-value problem of the two-layer piezoelectric composite.
2. Solution of the boundary value problem of electro elasticity.

From the formulated mixed boundary-value problem, it is obvious that the induced normal
electroelastic waves of elastic shear

bl SZ

{Wl(x Y )}:{WO(y )}-exp[i(kx—wt)] 2.1)
@, (x,y,1) @, (»)

in the half-plane Q(x,y)= {|x| <o, 0<y< oo} as solutions of the system of equations

(1.4), due to the conjugation of electric fields at the interface between half-spaces (1.15)
and (1.16), can generate an electroelastic wave of plane deformation

u, (X, y,1) Uy (1)
Vo (X, 3,0) ¢ = Va0 (V) - explihx — wr)]. 2.2)
@, (x,p,1) Py (¥)
in the half plane Q,,(x,y) = {|x| <oy —o<y< O} .
Taking into account the attenuation conditions (1.17), the solutions (2.1), damping deep
into the half-space Q,,(x,y), are written in the known form
W, (x, 1) = 4 exp(—ka, (@,k) - v) - expliChe - )] 2.3)

(%, 3,1) =[ G exp(—ky) + (ely [£)) 4, exp(—ka,, (,k) - y) |- expli(r — o1)] (2.4)



In relations (2.3) and (2.4), the well-known notations are used: «;, :\/1—(02/ kzéf, -

damping coefficient of elastic transverse vibrations in an antiplane deformation wave,
=&Y /p)) - velocity of the electroelastic shear wave.

The permissible values of the phase velocity, as in the case of Gulyaev-Bluestein wave,

have the form 7(w,k) = w/k < C, .

Taking into account the decay conditions (1.18), solutions (2.2), which decay deep into the

half-plane Q,;(x,y), can be written as

u, (x, y.1) = 4, explhqs, (@.K) - Y]+ a,,C, explkgs, (@.k) - y]]-explihe - wn)] (2.5)

B, explkg,, (@,k)- y] +

+b,,4, explkgy, (@.k) - Y1+ b,,C, explg,, (@,k) - y]

0, (x,3,0) =[ C, explkq,, (@, k) ¥1+ ¢, 4, explkqy, (@,k) - 1 |- explike - o1)] 2.7

The coefficients of the formation of an electroelastic wave of Rayleigh type g, (®,k),

v, (x, 3,1) Z{ ]exp[i(kx—a)t)] (2.6)

q,,(w,k) and qw(a),k) are obtained from the characteristic equation of the system

(1.7)=(1.9)

[ =(a2/8) [ (47 -, )[ @~ (a3 /9.)]- 2 (1+.8,) | = 0 2.8)
2t/ V3 20 2| Yy

where 9 = (cgg) 191(:1(32) / ¢ and 9, =c / 01(12) Scl(;) are the dimensionless

anisotropy characteristics, and 7 (eff) ) / el and

7 ( f)/g(z)) : ((2)) /cﬁ)gg) are the reduced electromechanical coupling

coefﬁ01ents in the second medium

. J(az,*/&)% ) J[(az,*/&)-az,,,] e o)

2 4

s (@,k) = a3 (0. k)9, , (2.10)
qzq)(a),k) _ \/(azl*/94)+ a5, _\/((azl*/194)_052¢) i ;222 (1+ 32) ) 2.11)

2 4
In solutions (2.5)+(2.7), notations of amplitude coefficients are introduced, which
characterize the connection of the components of the electromechanical field in the second
piezoelectric

( (z)/c<2> )(91/33) . %q,(a), k)

b, (@,k)=i (2.12)
? qZ(p(a)9k)_q§V(a)9k)
2. (3 /9 . Lk
ooy =i 2B (@) (2.13)
92, (@, k) — g, (0,k) a5, —q,,(0,k)
1+3)(e®/c® 2) /o)
a,,(o,k) = 2( CHC : ¢ (@,k) = (e“—”) L (2.14)
(a3 (@.0)/8,) - g3, (. k) ol — 4, (.k)
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In the expressions (2.9)+(2.11) of the attenuation coefficients of the components of the
electro-acoustic wave and the amplitude coefficients (2.12)+(2.13), the attenuation

coefficients of elastic dilatation a,, =/l-@’C,./k* , the attenuation coefficient of the
transverse displacement a,, =/l - @’C,’ [k , the attenuation coefficient of the electric

field oscillations a,, = /&’ /&!} , are written without taking into account the piezoelectric

effect of the second medium. In these notations, Cz,*=1[(cf12)—320f22))/p2 and

C,, =+Jc?/p, are the velocities of purely elastic waves of dilatation and shear in the

second medium.
From solutions (2.5)+(2.7) it follows that in the second piezoelectric, the induced
electroactive wave of dilatation u,(x, y,#) and the oscillations of the accompanying electric

field ¢,(x,y,t) coincide in the propagation phase. The induced electroactive shear wave
v,(x, y,t) (second and third terms) is shifted from them by the propagation phase 7/2.

From the solutions (2.5)+(2.7) it is also obvious that the components of the induced
electroelastic wave in the second piezoelectric are damped along the depth of the half-space
in the zone of permissible phase velocities, when

n(@.k)< min{cz,/ 8 C.1-4 (1+92)34} if 9,50 (2.15)
or

Coy 1= <n(@,k) < Cyu-J1- 15 (1+ %) 8, if  9,<0 (2.16)
The existence of the second variant of conditions (2.16), when in an elastic medium 4, <0

, 1s associated with the choice of the model of a plane stress-strain state in the statements of
two-dimensional problems of electroacoustic in homogeneous piezoelectric crystals [2]. For

the isotropic medium & =1, and the longitudinal wave velocity will be C,, =+/c?/p, -

From the conditions for the existence of electroactive waves of the Rayleigh type (2.15) and
(2.16) it follows that such waves in a medium can exist only in the case of a small value of
the piezoelectric effect

2 < (e = 9el) [ (14 9,) (2.17)
In elastic media (taking into account the piezoelectric effect or not) of the class 6m2 with
anisotropy cl(lz) - 1926‘1(; ) <0, Rayleigh waves do not exist.

In elasticity problems, when the piezoelectric effect in the medium is not taken into account
)222 =0, and the existing pressure of the selected coordinate surface on neighboring
surfaces is not taken into account (condition (1.6)), the zone of permissible phase velocities
(2.15) turns into the known relation 7 (@, k) < min {\/ciﬁ)/pz ; \/c,(,z)/pz }.

Substituting the decaying solutions (2.3)+(2.7) into the boundary conditions (1.12)+(1.16),
we obtain the dispersion equation of electroelastic hybrid R&GB waves in the following
form

a, — 7! - Cp, 1 TouCon by
l-a—lw L= (Ef}’/eéf))[(,gﬁeﬁ)cw) (el@+gsau¢)J/((n95+eff)cW) (61(12)+n95a,,¢)} (2.18)
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If the piezoelectric effect is not taken into account in the second piezoelectric, i.e. when
el(lz) =0, ;(22 =0 and ;{22* =0, all amplitude coefficients (2.12)+(2.14) are zero. The

expressions of the shaping coefficients (2.9)+(2.11) of the electro-elastic Rayleigh wave
G, (0, k) = o, (@, k)/\/IST4 and q,,(@,k)=a,, = 81(12)/83(? are also simplified.

To maintain solutions (2.3) and (2.4) in the first piezoelectric half-space, and the
accompanying oscillations of the electric field in the second piezoelectric half-space

o, (x, y,1) = Cz(/; exp[kaz(/, - y]-expli(hx—ar)], (2.19)

from the dispersion equation (2.17) of the hybrid wave, the dispersion equation of the

Gulyaev — Bluestein problem remains [3],

@)
‘933

~2
alt = Zl : (2) ) (2.20)
833 + gll

with the difference in the dielectric constant of the media &3’ &= &' =0.885x10™"" F/m .
If the piezoelectric effect is not taken into account in the first piezoelectric half-space
el(? =0 and }212 =0, the dispersion equation (2.17) is simplified, taking the form of the
dispersion equation of the electro-acoustic Rayleigh problem

(@2 (@,0)+ 3 (1+3,) | g (@,0) = ¢ (@, 5) + & (1+ %) 0 |- 45, (@, k) -
~9 (14 9,)(0-1)(e /) =0

in order to maintain the solutions (2.5) and (2.7) in the second piezoelectric half-space, and
associated electrical vibrations in the first piezoelectric half-space

@ (x, .0 = G, exp[—kay,, - y]- expli(kx — or)] (2.22)

From the form of dispersion equation (2.17) it follows that it has a solution in the case of
permissible wave signal frequencies at which the dispersion function in the second
piezoelectric takes on values

Cou 1 92.Con 9 -
[(lgerel(lz)cw) (81(12)+'95au(p)J/[(195+el(12)c(/m> (el(]n+lgsam)]3(53?/51(}))'(1_)(12) (2.23)

Relation (2.22) determines the zone of permissible phase velocities Qo(a)/k(a))). The

(2.21)

phase velocity of the formed electro-acoustic hybrid wave is determined by solving the
dispersion equation of the hybrid of waves R&GB (2.17), taking into account the function
(2.18).

From the form of solutions (2.3)+(2.7) it follows that the wave electroacoustic signal of the

type {0; 0; w,(x,»,8); @ (x,, t)} in the first piezoelectric of the class 6mm induces an
electro-acoustic wave of dilatation of the type {uz(x, »,1); 0; 0; ¢, (x, y,t)} in the second

piezoelectric of the class 6m2 , followed by a shear component v, (x, y,t), with the phase
shift /2.

3. Numerical comparative analysis of the results.

The determination of the zones of permissible phase velocities and phase function of the
resulting electro-acoustic hybrid wave is carried out by selecting neighboring materials with
different physicomechanical constants (Table 1). Choosing the following material
constants, we calculate the dimensionless parameters of the anisotropy and wave velocity in

12



these materials for piezoelectrics of the class 6m2, P,: 9 =1.4297, 4 =1.2679,
% =1.3819, 9,=0.6808, 0=04305, C, =2.3358x10’m/s C, =6.0938x10° m/s,
C,. =39118x10°m/s m P,: 4 =3.4306, 9, =2.0756, 9, =-0.6269, 9, =0.6131,
0=0.4465, C, =2.6644x10°m/s, C, =5.8498x10’m/s, C,. =5.0924%10° m/s

respectively.

Table 1. The different physicomechanical constants for piezoelectric materials

Physico Piezoelectric materials
mechanical P,,, class 6mm P, , class 6mm P, , class 6m2 P,,, class 6m2
constants
e (N/m?) 8.682x10'° 6.17x10"
¢, (N/m?) 4.0258x10" 0.72x10"
¢y (N/m?) 4.762x10" 1.19%10"
53 (N/m?) 8.571x10" 3.28x10'°
cyy(N/m?) | 1.639x10" 14.330x10" 1.2756x10'° 1.28x10"
plkg/m*) 5.302x10° 4.820x10° 2.338x10° 1.803x10°
&y, (F/m) 8,786x107"! 9.312x107" 9.312x107" 49.8938x10™"!
&33(F/m) 19.293x107"" 14.5081x10™""
as(C/m*) | 0.534 2.723
e”(C/mz) 0.576 1.225
77 0.1980 0.5556
7 0.6120 0.2349

For piezoelectric class:  6mm  andP,: C, =2.1063x10°m/s and P,:

C, =8.4822x10° m/s .

From the expressions (2.3) and (2.4) it is obvious that when choosing different
piezoelectrics of the class 6mm , the coefficients of the Gulyaev-Bluestein wave
components differ only quantitatively.

When choosing different piezoelectrics from a class 6m2 outside the hybrid, the
coefficients of the components of a Rayleigh wave type differ both quantitatively and
qualitatively.

The forming coefficients of the components of the constituents of the hybrid of Gulyaev-
Bluestein type waves ¢, (@,k) from (2.3), (2.4) and Rayleigh type waves gq,, (@,k),

q,,(®,k) and qz(p(a), k) from (2.9), (2.10) and (2.11), are functions of the phase velocity

o/k(®) . From their expressions, it is obvious that when choosing different piezoelectrics
of the class 6mm , the coefficients of the components of the constituents of the wave of
Gulyaev-Bluestein type outside the hybrid, change only quantitatively. When choosing
different piezoelectrics of the class 6m2 , the coefficients of constituents the components of
Rayleigh type wave outside the hybrid change both quantitatively and qualitatively.

13



From the numerical data it follows that conditions (2.16) and (2.17) are fulfilled for a

piezoelectric P,, , and conditions (2.17) are not fulfilled for a piezoelectric P,, of hexagonal

symmetry class 6m2. Consequently, the induced electro-acoustic wave in the second
piezoelectric P,; will not decrease in depth of half-space.

acm — | 9u(@,k)
20| e o (@.K)
1.0 i E - 2 — | o, (@,k)
v\ |

25 - — 3.0 L 3.5 a0 M

Fig. 2 Forming coefficients of the components of the hybrid wave and the zone of permissible phase velocities
[77, (w); 1, (co)] in a composite of pairs of piezoelectrics - P, of the class 6mm and P,, - of hexagonal symmetry

class 6m2

Although in a composite of a pair of piezoelectrics P,; of the class 6mm and P, of

hexagonal symmetry class 6m2 , wave forms decaying along the depth of half-spaces are
formed, but the zones of permissible phase velocities for them are different. In a composite
of a pair of piezoelectrics P,, of the class 6mm and P,, of hexagonal symmetry class 6m2 ,
electroactive wave forms that decay along the depth of half-spaces have a common zone of
permissible phase velocities (Fig. 2).

From Figure 2 it follows that in a piezoelectric P,, of the class 6m2, the second decaying

form of elastic shear with the coefficient ¢q,,(@,k) is formed, starting from a certain value
of the wave propagation velocity 77,(@,) = C,, = 2.6644x10° m/s . Highlighted by vertical
lines in Figure 2, the zone of permissible phase velocity values 7(w) €[, (®); 17,(®)] is

determined by condition (2.16).
From Figure 2 it also follows that the corresponding frequency @, , when

q,, (@, k) =, (@,,k,) for the limiting phase velocity 77,(@,,), will be resonant in the
second piezoelectric P,, .

The formation of the electro-acoustic hybrid R&GB (a combination of electro-acoustic
waves of the Rayleigh type and the Gulyaev-Bluestein type) is determined by the solution
of dispersion equation (2.18) in the zone of permissible values of the phase velocity of the
decaying components of the hybrid wave (2.16) and relation (2.23). Consequently, for
different duets of adjacent piezoelectric materials, the zones of permissible frequencies of
the electro-acoustic wave hybrid are determined differently.
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The numerical solution of dispersion equation (2.18) in the case of a pair of
piezoelectrics P, of the class 6mm and P,, of hexagonal symmetry class 6m2 is shown

in Figure 3. The figure shows that in the case of the selected pair of media, we have the
solution of the dispersion equation in the zone of permissible phase velocities

(@) €[1,(@); 7,(0)].
The phase velocity of the hybrid 7,(@, k), which satisfies the conditions for localization of

electro-acoustic components (2.16), leads to the joint propagation of electroactive waves of
Gulyaev-Bluestein type in piezoelectrics P, of the class 6mm and electroactive waves of

Rayleigh type in piezoelectrics P,, of the class 6m2 .

Fin)

Fig. 3 Numerical solution of the dispersion equation of an electro-acoustic
hybrid wave 1,(o,k) =3.074x10° m/s

In the piezoelectric P, of the class 6mm, electroactive shear waves of length
A <8.4822(27/w) will propagate. In the piezoelectric P,, of the class 6m2 electroactive

waves of plane deformation of length 3.3984-(27/w)<A<4.5103-(27/w) will
propagate.

(] | ) ) Q.64
-3 -2 -1 [} 1 2 3 -3 -2 -1 ] 1 2 3
a) in the case of the free surface of the piezoelectric | b) in the composition of the hybrid wave in the
composite

Fig. 4 Type of localization of accompanying oscillations of the electric field
in piezoelectric P, of the class 6mm
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Taking into account the obtained numerical values of the forming coefficients of the
components of the hybrid electro-acoustic wave, the figures below show the comparative
analysis of the changes in the distribution of wave components.

When propagating, the electro-acoustic wave signal of Gulyaev-Bluestein type strongly
changes the form of localization near the non-acoustic contact between piezoelectrics (Fig.
4.a), 4.b) and Fig. 6.a), 6.b)).

Near the surface of the piezoelectric P, of the class 6mm , the oscillations of the electric
field, accompanying the elastic shear signal in the hybrid, are localized at shallow depth
and with a smaller amplitude (Fig. 4.b) than in the case of the free surface of the
piezoelectric (Fig. 4.a).

o5 T T T T

a) in the case of the free surface of the piezoelectric b) in the composition of the hybrid wave in the
composite

Fig. 5 Localization of accompanying oscillations of the electric field in a piezoelectric P,, of the class 6m?2

Along with this, in the piezoelectric P, of the class 6m2, the localization of the
accompanying electric field oscillations in the case of the free surface of the piezoelectric
occurs at a depth of approximately 3.5-4 (Fig. 5.a)), and in the composition of the hybrid,
the localization of the accompanying electric field oscillation occurs quickly, already at a
depth of approximately 0.75- 4 (Fig. 5Db).

In the composition of the hybrid, the localization of both components of displacements
occurs near the non-acoustic contact of piezoelectrics (Fig. 7.a) and Fig. 7.b)).

Figures 6.a) and 6.b) show the types of localization of the electro-acoustic displacement of
the shear in the piezoelectric P,, of the class 6mm and the electro-acoustic dilatation in the

piezoelectric P,, of the class 6m2 in the case of the free surface of the piezoelectrics.

i Fig. 6.a Localization of the electro-

acoustic displacement of the shear in
\ the piezoelectric P, of the class 6mm
al ]

| T

o
(7
o
L

in the case of the free surface of the
Ppiezoelectric

o
—8
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Fig. 6.b Localization of electro-
acoustic dilatation in the piezoelectric
P,, of the class 6m2 in the case of

the free surface of the piezoelectric

If the electro-acoustic displacement of the shear in the piezoelectric P,, has a canonical

localization form, then the electro-acoustic displacement of the dilatation in the
piezoelectric P,, has localization both near the free surface of the piezoelectric and in the

depth of about 54 of the half-spaces.

Fig. 7.a Localization of the electro-
acoustic displacement of the shear as part
of the hybrid wave in the piezoelectric
P, of the class 6mm in the composition

of the hybrid wave

Fig. 7.b Localization of electro-acoustic
dilatation as part of the hybrid wave in
the piezoelectric P,, of the class 6m?2 in

the composition of the hybrid wave

Moreover, the localization of the electro-acoustic shift in the composition of the hybrid is
located approximately at the depth 1.25-4 of the first half-space, and the localization of
the electro-acoustic dilation in the composition of the hybrid is located approximately at the
depth 4.0- 4 of the second half-space.

The phase velocity of the hybrid wave is about 2.5 times less than the speed of the
Gulyaev-Bluestein wave in the first piezoelectric with the free surface.

From Figure 7.b) it can be seen that in the piezoelectric P,, of the class 6m2 the form of
electro-acoustic dilatation in the composition of the hybrid qualitatively changes compared
to the form of electro-acoustic dilatation in the composition of the Rayleigh electro-acoustic
wave (Fig. 6.b)).
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The phase velocity of the hybrid wave is approximately 1.5 times lower than the dilatation
velocity in the Rayleigh electro-acoustic wave in the piezoelectric P,, with the free surface.
In the piezoelectric P,, of the class 6m2 , two electroactive forms of shear propagate in the
composition of the hybrid. One term propagates simultaneously with dilatation, and the
second term propagates with a phase shift 7/2 (Fig. 7). Moreover, the amplitude of the late
form is greater than the amplitude of the synchronous form about 20 times.

The phase velocity of the hybrid wave is approximately 13.3% higher than the velocity of

the shear component in the Rayleigh electro-acoustic wave in the piezoelectric P,, with the
free surface. In the absence of the piezoelectric effect in the medium of the second half-
space, when e}’ =0, the elastic plane deformation and the electric field in this medium are

separated.

a) the form propagates with a phase shift 7/2 b). the form is propagates simultaneously with the

Fig. 8 Localization of the electro-acoustic displacement of shear in the piezoelectric P,, of the class 6m2 , in

the composition of the electro-acoustic hybrid wave

With this in mind, the formation coefficients of the electro-elastic Rayleigh wave ¢, (@, k)

and q,,(@,k) are simplified.

Fig. 9.a Localization of accompanying
oscillations of the electric field in the

piezoelectric P, of the class 6mm , in the

case of the presence of a dielectric near the
free surface of the piezoelectric
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"1 | Fig. 9.b Localization of the accompanying
oscillations of the electric field in the
piezoelectric P,, of the class 6m2 , in the

case of the presence of a dielectric near the
free surface of the piezoelectric

In this case, in the first half-space of the piezoelectric P, of the class 6mm, a two-

component electro-elastic Gulyaev-Bluestein wave (2.3) and (2.4) propagates and the
accompanying oscillations of the electric field in the second layer

(%, 3,0) = Cy, explk (17 [ £1) - ¥1- explihoe — 1)) (2.24)
The phase velocity of this wave is determined from the dispersion equation
1-(V5/Ch) =22 -&2 (e + ) (2.25)

The distributions of the accompanying electroactive shear w,(x, y) of electrical vibrations

@, (x,y) and ¢,(x,y) are shown in Figures 9.a) and 9.b), respectively.

Conclusion.

In a layered piezoelectric composite, by choosing pairs of different piezoelectrics with a
non-acoustic contact, a hybrid of localized electro-acoustic waves of the Rayleigh and
Gulyaev-Bluestein types can be obtained at the surface of the non-acoustic contact.

It is shown that the localized electroelastic shear wave signal of the Gulyaev-Bluestein
wave type near the surface of the non-acoustic contact in one medium can generate an
electroelastic plane deformation wave of the Rayleigh wave type in another medium and
vice versa.

It is also shown that the corresponding choice of materials of adjacent half-spaces can lead
to an increase or decrease of the localization of the energy of electroelastic waves in the
vicinity of the no mechanical contact surface of two piezoelectrics.

It was revealed that an electro-acoustic wave signal induced with the non-resonant
frequency in one of the media can cause internal resonance, or the formation of forbidden
frequency bands in the waveguide of given structure.

This work was supported by the RA MES State Committee of Science, in the frames of
the research project Ne 18T-2C195
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JAUDPPAKIUA CABUT'OBBIX IIVIOCKUX BOJIH HA
MNOJIYBECKOHEYHOM TPEIIMHE B COCTABHOM YIIPYT'OM
MOJYIIPOCTPAHCTBE!

Arasan K.JL.

KiroueBble cj10Ba . Ynpyrue BoJIHbI, TpelINHa, (pakTopu3anus, Audpaxiums.

Diffraction of shear flat waves on a semi-infinite crack in a compound elastic half-space
K.L.Aghayan

Keywords: Elastic waves, crack, factorization, diffraction.

The problems of dynamic elasticity theory related to the processes of vibration, propagation and diffraction
of stress waves in composite elastic bodies containing various type stress concentrators are an urgent problem
from both a scientific and practical point of view. The paper investigates a dynamic contact problem of
propagation and diffraction of shear plane waves in a composite elastic half-space consisting of elastic half-space
and a layer and weakened by a semi-infinite tunnel crack on the contact surface of the material interface. The
solution of the mixed diffraction problem is reduced to a Riemann-type boundary value problem on the real axis.
Obtained solution of the defining equation in generalized functions allows us to obtain the distribution of the wave
field in the considered inhomogeneous structure.

Unuyub 4. T.

Uuwihpp hwpp wihph nhppulghwb Yhumwin]bpg d&wpm] pumumpuy wewdquijub
Yhuwwnwpwdnipniund

Zpltwpwekp’ wowdquluh wihplbp, fwp, pulnnphqughu, ghdpulghw

Lwpnudutiph mwpwpinyp §nunwlhsubp wupnibwlnn pununpu) wewdquljut dupdhtubpnud
nwwnwindubph  gqnpdpupwgubph, wjhpubph wnwpwsdwt b phdpulghugh hbkn  Juydws
wnwdqulijuinmpjul nkunipjut nhiwdhy punhpubpp ph ghnwlub, b ph gnpstiwljui nkuwljkinhg
owtn wpnhwlwl i Uphumnwbpmy nuunudtwuppynud b wnwdquijutt jhumnwpusnipiniihg i)
otipnnhg punugws pununpu) wrwdquiui fhuwnmwpwdnipiniinid uwhph hwpp whpukph
nwpwsdwd b phdpulghuyh nhtwdhly Ynunwfunuwht punhp: Yhuwnwpwsdnipniip poyugdus |
dwpdhtuibph Yntunwlunughtt dwljbpinypny wwpwdnn poiubjughtt Lwpny: Thdpulghugh juwnp
utnnph msnudp phpynud £ hpuljut wpwiigph dpu thdwuh whyh kqpuyht juunph: Cunhwipug]wus
Iniuljghwibpny unwugjws puinmpwqphy hwjwuwpdwi pisnidp pny £ vwwjhu pugwhwyn wnkupny
ubpyuyugit] nhunwplnng wihwdwube whpnypibpmd nknuhnuniemiitbph quonp wihpwght
pununphyuitph gnudwph nkupny:

3ajaul AMHAMHYECKOH TEOPUH YNPYTOCTH, CBSI3aHHBIE C IpoIecCaMH KOJNeOaHWid, pacIpOCTpaHEHUs U
muhpakiiy BOJIH HAaNpsHOKCHHH B COCTABHBIX YIPYTUX TelaX, COAEPXKAlIMX Pa3sHOPOJHBIE KOHIEHTPATOPHI
HaIPSDKSHNUH, SBISIOTCS aKTyalbHOH MPOoOIeMOl Kak ¢ Hay4YHOMH, Tak U C IPAaKTUYECKOil TOUKHU 3peHus. B pabote
HCCleyeTcsl AMHAMUYeCKas KOHTaKTHas 3a/lada O PaclpoCTPaHEHHU U JUGPAKIUU CABUTOBBIX ILIOCKHX BOJH B
COCTaBHOM YIPYrOM IOIYNPOCTPAHCTBE, COCTOSAIIEM U3 YNPYTHX MOJYHPOCTPAHCTBA U CIOS U OCITaOIEHHOM
NOTyOeCKOHEYHOH TYHHEJIBHON TPEIIMHOW I0 KOHTAaKTHOW IIOBEPXHOCTH pasJieNa MaTepualoB. Pemenue
CMEUIaHHOW 3a71a4u AU(PPaKIMU CBOAUTCS K KpaeBoM 3anaue Tuna Pumana Ha aeiictBuTenbHOM ocu. [lomyueHHoe

! Crares nocesmaercs 100-netHeMy ro6unero akagemuxa 1.1, Boposuya.
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B 0000IIEHHBIX (DYHKIHAX PEelIeHHe ONpeelsIONero YpaBHEeH s I03BOJISIeT HAlTH B SIBHOM BHJIE PAcIIpe/ielicHIe
BOJIHOBOT'O I10JIs B pACCMaTPUBAEMOI HEOJHOPOIHON KOHCTPYKIMH.

1.BBenenue. Muorue (yHIaMEHTaNbHBIE HCCIEIOBAHUS M OCHOBOIIOJIATAIOIINE
pe3yapTaThl B O0JACTAX TEOPHHM CMEUIAHHBIX M KOHTAaKTHBIX 3aJad W JAWHAMHYECKOU
TEOPUH YIPYTOCTH C OOJBLION MONHOTON OBUIM OTpPaKeHbI B MHOTOUHUCIIEHHBIX paboTax u
MoHorpadusix akaaemuka V.M. BopoBuua 1 ero copaTHUKOB — YYEHHKOB U3 POCTOBCKOU
IIKOJIBI MEXaHUKOB. B npeasiaraemoii pabote paccMaTpuBaeTcsi AMHAMUYECKasi KOHTAKTHast
3aJa4a O HarpaBJICHHOM (BOJHOBOAHOM) PacHpOCTPAHEHHH M W3JTyYCHHH FapMOHHYECKUX
C/IBUTOBBIX IUIOCKMX BOJH W3 CJIOS B YIPYroe HOJYNPOCTPAHCTBO M, HA00OpOT, W3
HOJYNpPOCTpaHCTBa B clod. KOHCTpyKkTHBHas HEOAHOPOJHOCTh M HalU4UE€ TPEIIUHBI B
cpene SBISIOTCS MPUYUHON MUGPAKIUN ¥ TOSBICHHUS JIOKAJIM30BAHHBIX ITOBEPXHOCTHBIX
BoyH. OHOW W3 aKTyalbHBIX OTpaciiedl MPUMEHEHUs Pe3yJIbTaTOB TAaKWUX 3a/1ad SBISACTCS
WACHTUQHUKAIMA W TPH  ONpPeACNEHHOM W3MEHCHHH IIapaMeTpPOB, BXOMANINX B
KOHTAKTHUPYIOIIHE Tela, YHOPSIOYUTh HYHCIO W BOJHOBBIE IApaMeTphl OTPaXEHHBIX,
HOPOXOASIIMX U Au(parMpoBaHHBIX BOJH. [10 POICTBEHHBIM BOIPOCAM HCCIECIOBAHUS
XapaKTEPHBIX OCOOEHHOCTEH pacHpOCTpaHEHUs W JUPPAKIUN TapMOHHYECKHX BOJH B
pa3MuHBIX HEOJHOPOIHBIX YIPYIHX Cpelax C PasHbIMH KOH(UIypalusiMH IOCBSIIEHO
MHOTo padboT, 0OCOOCHHO POCTOBCKHMX Y4Y€HBIX — MeXaHHKOB. OcTaHaBIMBAaThCS Ha BCeX
9THX paboTax HE IPEACTaBIsSETCS BO3MOXHBIM. [lo3TOMy, MCXOIs M3 COOCTBEHHBIX
NoOYXIeHUH, OTMETHM JInib MoHorpaduu [1-5]. Obpamasce Teneps k 6osiee OIU3KUM K
paccMmarpuBaeMoi 371ech 3amade padoTaM, OTMETUM MOHorpaduu [6-8], 0030pHBIC CTAThH
[9-10] u paGoter [11-18]. PaccMoTpeHHBIe B HHMX 3amadd, OCOOCHHO IMOCIETHHUE, IO
MMOCTAaHOBKE, METO/JaM pEIICHUS OIPENSIHIIONINX YpPaBHCHUH M aHANH3Y MOIYYeHHBIX
pELIEHN TECHO CBA3aHbI C pelIaeMoi 3J1eCh 3aaueH.

2. IocTaHoBKa M peleHne 3aga4n. PaccMOTpuM, OTHECEHHOE K JIEKapTOBOI cucTeMe
koopauHar OX)yZ, COCTaBHOE yHPYyroe IOJNYNPOCTPAHCTBO, COCTABICHHOE M3 YNPYIUX

ci1ost (BOJHOBOA) M mouynpocrpanctsa. CIIoi ¢ MOfyseM CaBura |, U INIOTHOCTBIO P,
samumatonmit  obmacts (-0 <x,z<00;0<y<h), no csoeil rpaHnUHON
nomymiockocrn S, (x >0,—0<z<0; )= h) coeMHEH  (KECTKUH KOHTAKT) ¢
nomynpoctpatnctom {2 (—00 < X,z <00;y > /) ¢ ynpyrnmu xapakrepucTukamu L, P, .

Cyoif ¥ MOTYNPOCTPAHCTBO MO TOMYIIOCKOCTH S (x <0,—0o<z<w;y= h) He

KOHTaKTHPYIOT (pa3[eNeHbl TYHHEIbHOM TPEUIMHOW) M CBOOOJHBI OT HANpsDKEHUH.

OTHOCHUTEIIEHO IMMOBEPXHOCTHU 0)0 ( X,Z < 0, y = 0) mnpearnoaaracTcs, 4ro OHa CB06OI[Ha

OT HAIIPSHKEHUM.

Buytpu cBoGommoit wactu (X <(0) BommoBoma, mo HampaBieHmio ocu  Ox
pacrpocTpaHseTcsl IIOCKasl CIIBUT0BAsi BOJIHA C aMIUIUTYA0H

Woy (X, 1) = 4, e cos%(y—h), |x|<oo, 0<y<h 2.1)
vy =k —(TN/R)", k,>nN/h, N=12,.. 2.2)
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a B nosynpoctpanctse (2, M3 GECKOHEUHOCTH MO YIIOM (0 PacnpoCTpaHseTes 3a1aHHast
CIBUTOBAst IUI0CKAs BOJHA C AMILIHTY 10

w, (x,y) =4 " cos(qu), |x| <oo, y>h, (2.3)
rae p, =Ccosk,@, ¢, =SInk,Q— BoIHOBbIE KOMIOHEHTHI NaAIOLIE BOIHDI.

B (2.1)-23) A4y wu A~ mnocrosmmbe, K, =(D/c}. — BOJIHOBBIE YMCJIA, &

c; =41 j / ,; — CKOPOCTH pacmpOCTPaHCHHs CABHIOBBIX YIPYTHX BOIH B CIIOE ( j= 0)
U TOIyNPOCTPAHCTBE ( j= 1) . N sBusiercss HEOTPULATENBHBIM IIEIbIM  YHCIIOM,

yaosnersopsiomnum  yenosuio N < hk, / T, o0ecIe4yuBaoeMy pPaclpoCTPaHIEMOCTb

BOJH (2.1) o BoHOBOY.

IIpennonaras, dYTO COCTAaBHOE IOIYNPOCTPAHCTBO HAXOIWTCA B  YCIOBHSX
AQHTHIUIOCKOH nedopmarmy, TpeOyeTcst ONpeNeNuTh PaclpeneieHne MOJTHOTO BOJHOBOTO
MOJISl B pACCMaTPUBAEMON KyCOYHO-OJHOPOAHBIM KOHCTPYKLIUH.

['apMOHMYECKHII MHOXXHTENb, Kak OOBIYHO, OIyCKaeTcs, T.e. 3ajaya pelaercs B
ammutyaax. Torna, ypaBHEHHsl IBM)KEHHMsS B aMIUIMTyJaX NepeMelleHHd B 0a30Bo

mnockoctd Z =0 mpumyt Buz [19]:

o0 0 ki w Q,
T3, =0, (x,y)e al (2.4)
ox”~ oy k; W, 0

rae w, (x, y) uw, (x, y)f IOJUIEXKAIUE ONPENEIIEHUIO aMILUIUTY Bl YIPYTUX MEpeMe-
HIEHUH B 00JacTsIX Ql u Qo COOTBETCTBEHHO. 1151 ()OPMUPOBAHUS TPAHUYHBIX YCIOBUIA

3aMCTHUM, 4YTO Ha CBO60ZIHBIX TIOBEPXHOCTAX OTCYTCTBYIOT HAIIPSYKECHUA Tyz , 4 Ha TTOBEPX-
HOCTHU CONPHKACAHMS BBINIOJHAIOTCA YCJIOBUSA IMOJHOTI'O KOHTAKTaA. Tax 4YTO, 'PAHUYHBIC U

KOHTAKTHBIC YCJIOBH IPU ITOMOIIU W1 (x, y) n WO (x, y) 3aluIyTcda B BUJC:

ow, ow
TR 80 :ula—l =0, x<0 (2.5)
y y=h-0 y y=h+0
wo(x,h—O):wl(x,h+O), x>0 (2.6)
ow, ow,
poa—o =, — , x>0 2.7)
y y=h—0 ay y=h-0
ALY S 2.8)

Y |,

Pemenue 3aJa4ur JOJLKHO YAOBJIICTBOPATH emeé u YCJIOBUAM yxoaﬂmeﬁ BOJIHBI.

Pewenue kpaeBoii 3anauu (2.4)-(2.8) B o6mactsax €2 u 2, npexcrasum B Buge

wo(x,y)= Wo(x,y)+w0N (x,y) , (x,y)e Q,, (2.9)
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wl(x,y): Wl(x,y)+w1n (x,y) s (x,y)e Q, (2.10)
rae W,y (x,y) uw, (x,y) narotcst popmynamu (2.1) u (2.3), COOTBETCTBEHHO.

Hoacrasmsas (2.9) u (2.10) B (2.4) mo oOBIYHON TpoLEdype, PEUICHHE 3aJadd IMpH
MOMOUIN HHTETPAILHOTO Ipeobpa3oBanust Oypre MpeacTaBUM B BUAE:

W, (0,)= Cych(y,y)+Dysh(y,y)+

2.11)
+2nANcos%(y—h)6(G+yN) 0<y<h,
W, (G,y)= B, (G)e_” + 274, cos(ply)8(6+pl), h<y<oo, (2.12)
e CO,DO,B1 — HewW3BeCcTHhIE (YHKIHH, a 8(0) — W3BECTHas JeJbTa — (QYHKLUS

Hupaxka, Y (G) = ,/62 —klz (] = 0,1). OrMmeruM, 4YTO B  JajbHEWIEM, JUIs

onpeeEHHOCTH, OyJeM MpeAIoiarath kl <k,, 1.e. Gynem mpuaepKuBaThCA MPEIENoB
TOSIBJICHUS JIOKAJIM30BaHHBIX MOBEPXHOCTHBIX BOJH JIsiBa [19].

OTHOCHTENILHO JBY3HA4YHBIX QYHKOMHA 7Y (G) u vy, (G) MIPEATONIaraeTcs, 49TO

/ 2 2
(&) —kj —)|G| npu |G|—>OO, a g |G|<k/. MMCET MECTO PABEHCTBO

2 12 A PR
\/ o —k; = —l\/k . =6, j=0,1, aro no3BoOMIIET OGECTICUNTH BHIOTHEHNUE YCIOBHS

yxomsmei BomHbl B (2.11)-(2.12). [lnst BbIOOpa Takux BeTBEeW JBY3HAUuHOW (YHKLUH

Yo (G) u Yy, (G) CIIe/lyeT TPOBECTH B KOMIUIEKCHOM MIOCKOCTH Ol = G +IT paspessl 10

GeckoHeyHoCTH OT Touek O =Kk, C=k, B BepxHeil MOMYMIOCKOCTH M OT TOYEK
1> 0

Gz—ko, c= —k1 B HIKHEH NOJYIJIOCKOCTU. B TakoMm ciyuyae AelCTBUTENbHAsI OCh

o6xonut Toukn G = —k,, G = —k, cBepxy, a Touku G =k, G = k, — cuusy [6,7].

[IpumennB tenepp npeobpasoBanne Pypbe K IPaHUIHBIM M KOHTAKTHBIM YCIIOBHSM
(2.5) u (2.8) m yaoBiIeTBOPSIS MM IIpH TOMOIIH TipeacTaBienuit (2.11) u (2.12), mpuxomum
crenyromeMy (yHKIMOHAIHPHOMY ypaBHeHHIO Tuna Bunepa-Xomda Ha AEHCTBUTEIHHOMN
ocu:

CT)_(G)+IZ(G)‘T’+ (G)=F(G) (2.13)
) -1
[Z(G) :H_M*M; E(G) _ B +Y1Yo Cth(Yoh) Y _Ho (2.14)
2 I+ p. B
F(o)=n4e"8(c+p)-n4dd(c+7y) (2.15)

rie @ (G)M P (G) — tpancdopmantsl Dypbe GyHKIHHA (x) u oyt (x) , KOTOpbIE

CBA3aHbI C aMIUIMTY1aMU Wj (X, y) (] = 0, 1) 3aBUCHUMOCTAMU
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wo(x,h—O)—wl(x,h+0)=2(p’(x), ?—; =\|J+(x), |x|<oo (2.16)
y=h—0

rae (pf(x)zo pu x >0, a\|f+(x)=0 mpu x < 0.

Henssecrusie dyuxumu Cy, Dy n B, u3 (2.11), (2.12) onpegenstorcst peuieHreM

(hyHKIIMOHATBHOTO YpaBHEHUS (2.14) cnemxyromum oopa3om:

C S —N T D, =0
O(G) ,Yosh(,yoh) (G)’ 0 H

B,(c)e™ = -y (o) + 214, cos%(y—h)8(6+y,v),

2.17)

Takum o00pa3oM, pelleHHe BBIIIENOCTABICHHOH — 3a7aud CBENOCh K DEIICHUIO
(yHKIMOHATIBHOTO ypaBHEeHHUs (2.14).

Vcromssyss  mssectibie  mpexctasmemma  [20] Y, (0) = \/ (o—k)(o+k),
1 1

2mid (G— o, ) = —— —, MeToIOoM (akTopusauuu [6] moIy4uMm
c-6,-i0 o-o,+i0

A 4y }

pewenune ypaBaeHus (2.14) B Buze

)

R*_(_c) c+pi+i0_c+y,:+i0 018
(T)H(G): R { 4 — Ay ‘}
ﬁ*(G—kl) c+p —i0 oc+y,—i0
rac
_* k * _*
o= 2 A=A, H_+1+YN)’ J :A1\/2uk_l+cos((p/2)
I+p R (VN) 2R (pl)
R(o)=F (o) (o). R (o)=exp(F. (o).
~ . o B 0 o (2.19)
F+ (G):J.F( ) zx(o‘-HO)d : F (G): '[F( ) 1x(c+10)d :
0 -0
o -l
Fm:iy{leﬁﬁWW}m% (2.20)

26



N F (—G), CIIeIOBAaTEIIbHO,

N3 (2.19) HerpyaHo 3aMEeTHTh, 4TO F (G)

=, = —
R (G) = R (_G) . OTMGTI/IM, YTO AJIs1 BBIYMCICHUA F'+ (G) MOXXHO HCIIOJIB30BAaTh

= 1. = | - dt
dopmyny F (6)=—InR (o +—JlnR t)—.
-(0) 27 (o) 2n J ()t—c
B (2.19) R* (G ) ABISIFOTCS. TPAHWYHBIMHM 3HAYCHUSIMHA  (DYHKIUH R* (a) B
KOMIUIEKCHOM IUIOCKOCTH OL = G +If, peryispHbIX W HE HMEIOIIMX HYyJed, COOTBET-

o o Dt
CTBEHHO, B BEpXHEW U HW>KHEW nomayriockocTsax. Ilpu stom, R (OL) —1 npu |OL| —> 0

B CBOMX 00JIaCTsIX peryJsipHOCTH [6].
Teneps, nmest pemenue (2.18), mpu nomomwu (2.10) u3 (2.11), (2.12), mocne odparHOTO

npeobpasoBaHys, 1Jis aMILIUTY ] YIPYTUX nepeMerienuii B obnactsix (2, u € nomyunm

CJIIEAYIOIIUE TPEACTAaBIICHUS
TEN iy nX
wy (X, ) = 4, cos7(y—h)e” +
2.21)

+_

1 J‘Cth(yoy)\[GTkl H*A1 _ H*AN eficxdc’ (x’y)EQO,
Y, R*(c) o+p +i0 o+y, +i0

w, (x,y) =4 cos(qu)eip‘x +

© —yl(y—h) — * m * 2.22
L J‘ \/_G+k1 e H*A1' _ “‘*AN‘ e do, (x,y)eQ, (2.22)
2 R (o) v, |o+p+i0 o+y,+i0

KOTOPBIE JAIOT PEIICHNE BHIIIICTIOCTABICHHON 3amadu.

3. AHaIu3 BOJHOBOIO MoJis B mogodaactsx. /is MOTHOTO M3y4YeHHST XapaKTepPHBIX
0COOEHHOCTEH BONIHOBOTO HOJSI YIPYTHX MEPEMEIIEHHH B COCTAaBHOM MOJIYIPOCTPAHCTBE,
CIeyeT AETAIbHO HCCIIEIOBAaTh HHTETPAIBHBIE COCTABILAIONINE, BXOISIINE B PEIICHUS

(2.22), (2.23), B xaxaon moaobmacTu Qo u Ql W, TEM CaMbIM, IOJYYNTh KOHKPETHBIE
(hopMyIIBI, ONIPEACIISIONINE BOTHOBBIC MO B ATHX 00JIACTSIX.
Paccmorpum mopoGmacts €2, (x <0; 0<y< h), IJIe aMIUTUTYAa TepeMeIIeHIUHA

naérest hopmynoi (2.22). Jlns vccienoBaHusi HHTErPaIbHOIO cocTaBisitomero u3 (2.22),
KaKk OOBIYHO, MEPEXOJUM B DPa3pe3aHHYIO BbIIIEYKAa3aHHBIM CIIOCOOOM, KOMILIEKCHYIO
IUIOCKOCTh M 3aMbIKa€M KOHTYpP HWHTErPHPOBaHUS B BepXHEil monymiockoctu. W3
npenacrasieHus [5]

sh[ Ay, (0)] & (o2 —k2)"
Yo (a) =21 (2n+1)!

CIIeIlyeT, YTO TMOABIHTerpasbHble QyHKIMHA B (2.21) MMEIOT TONBKO MPOCTHIE MOIIOCA B
TOYKaX

3.1)
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—(7wm/h 2, k, >mm/h
o, = (n/h) o> mmf m=0,1,2,.... (32)
i (nm/h)z—kg, k, <mm/h

[Tpu 3TOM, neiicTBUTENbHAs OCh BBILIEYKa3aHHBIM 00pa3oM 00XOIUT, TaK TOYKH BET-

BiIeHHs (QyHKIUH yj(G)Zw/GZ—kJZA (j=0,1), Tak W Hyma ¢yskouu (3.1),

MIPECTaBIIAIONINE IUHCTBEHHBIE ITOTI0CA TIOABIHTETPANBHBIX QyHKINH 13 (2.21).

Brruuciss HWHTETpaJibl, B UTOI'C, JJId aMIUIMTY AbI HepeMCHICHI/If/'I WOI (x, y) B obOnacTu

QOI TIOJTyYNM:
N 1ny
Wy (X,5) = 4, COST()} h)e (3.3)
1 Jky+ke ™| 4,2k, cos(B/2) Atk A
T 2khR* (ko) | R (p)(ko+p) R (vi)(ko+vy) | 2(1+p.)

Xi(—l)”h/oc +h | A2k cos(B/2) Ay th cos(ﬂy)em'"x
— ho E+(0Lm) R (pl)((x‘n1+pl) R' (YN)((X”1+YN) h

m
Ilpu paccmotpennn  nomoGmactu £, (x >0,0<y< h) IV BBIYUCIICHHUS

WHTETPaIbHON cocTaBstomedd w3 (2.21), TyTe WHTETPUPOBAaHUS B pa3pe3aHHON
KOMIUIEKCHOH IJIOCKOCTH CJI/yeT 3aMKHYTh B HIDKHEH IIOJIyIUIOCKOCTH M mepeiitu ot ,+'
¢dyskouii K ,-' pysxumsaM. [loce 3tux mpeodpa3oBaHuii 1 COOTBETCTBYIONINX BBIYHCICHUH,

MEPEMENICHUE B QOZ MOHO IIPEACTABUTH B BUAEC
. . T _h ‘ . .
Wy, (x,) = —Aisin(g,h) e e + C ig, cos(yy) e +

+;,l*°° ococosin(oc h)cos( V)R (—it) 4 JYx + K
- N

T [u*oc sin (o, h +[oc cos (o, h)] (vy =IO R" (vy)

—A 2k cos| (p/z ] e dt+ (3.4)
| —iT)
BBOSIH(Boh)C sBu)R (o) g, Nixth
[},l B, sin( Oh) +[(pcos (@, )] “(yy—0)R (vy)
—A 2k, cos B1/2) ¢ do + A x>0,0<y<h
pl_G )
rac
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=1/kf+r2, BJ:,/kf—c;2 (j=0,1); x=ki — D} (3.5)

.y sin (xh)—ig, cos(xh)
1 [, sin(ocoh)]2 +[ o, cos(ocoh)]2

Ay(x,y)= Zn:ajul, lo> -k} cos(1 [k; — G?/y)eicfx (3.7)
j=1
R (o, 1 4
a,= (GJ) { 4 A } (3.8)
) P

(3.6)

\/cj+k1Ll'(—c] -G, Yy—O,
- o2k 2 - JYy +E
4= Aleftqlh 13?5((p/ ), A, =AN# (3.9)
R p, Ryy

L{(c)=0L,/60; L (0)=nyYesh(yeh)+my,ch(v,h); o, (j = I,_n) -
TIOJIOKUTEJIbHBIC KOPHU YPAaBHEHU .

OyHKIUA L1 (G) u3 (3.9) uMeeT CHMMETPUYHO PaCIOJIOKEHHBIC NEHCTBUTEIbHbBIE

xopun G, mpu k; <O <k, a uucno STHX KOHEH M HX PACTIONOKEHUE CYNIECTBEHHO

3aBHCHUT OT mapamerpa A ko2 —k’ [11,14].

B mopobnactax obnactu Ql, JUIS aMIUTUTYZ TIepeMEIleHUil aHaJIOTUYHBIM IyTEM
HOJIy4HM:

B obmacta €, (x <0,y> h)
Wll X, y |:COS qu —isin qlh) 1’11()/—h):|eiplx+

]2 ,+itcos(a, (y—h))[ 4 4y e Mt e
. (l‘t) p it Yy tit

W[ 2 4, ],
y- ){ 4 4 } io.
p1+(5 'YN+G

(3.10)
Ttl 1+u*

e IJk +G cos p1
nz B,R

(o)

s obmactu Q, (x>0, > h)

W, (%) = 4| cos(g,y) —isin(g,h) e |+ C pysin (h) e et -
2 a1, sin ()| poat, sin (e h) o, cos(aoh)cos(2(y—h))]x

[ m.a, sin (ah) ] +[ o, cos(ocoh)]2

o'-—.
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Rt 21 _ ZN
K (ZT) =it Yy~
+i&? By sin (By/2)| 1B, sin (B,h)sin (B, (y— 1)) B, cos(B,h)cosB, (v~ 1) | )

m [H*Bo sin([_%oh)]2 + [Bl cos(BOh)]2
) Al _ ZN

xR," (G)

e Mdt

e¢“do+ A, (x,
P—6 Vy—6O 1( y) (3.11)

J

A (x,y)= —i au, \/k(f - Gi sin(\/ko2 — cz‘h)ewcﬁfklz(y*h)emfx, (3.12)
=l

rae a; paéres hopmyioii (3.8).

I[Ipy moMoOImM TOJMYYCHHBIX PEIICHUA HETPYNHO YOCOWTHCSA, YTO TPAHHYHBIC H
KOHTaKTHBIE ycIoBuUs (2.5) - (2.8) yIOBIETBOPSIFOTCS TOYHO.

B (34) u (3.12), cocramuoume A, (x,y) u A, (x,y) NPE/ACTaBISIIOT  cO00H
31Ty 4EHHBIC BOJIHBI C BOJIHOBBIMH YHCIaMH O ; , PACIPOCTPAHSIOIIMECS 110 HECBOOOAHOM
vactu cnost, A, (x, y) — JIOKaJIM30BaHHBIE TIOBEPXHOCTHBIE BOJHEI JIfBa, pacrpocTpaHs-

rommecs B nononactu €2, .

[Mepetins k o0IIEH XapaKTEPUCTHKE BOJIHOBOTO TIOJIS, 3aMeTHM, 4To opmynamu (3.3),
(3.4), (3.10) u (3.12) B ssBHOM BHUJEC TPEACTABICHBI BCC KOMIIOHCHTHI BOJHOBOTO TIOJS C
OIpe/IeIEHHBIMA BOJHOBEIMH IMMapaMeTpaMu B Kaxaoi momobnactu. Ilpyu moMomu 3Tux
dopmyn, Omaromaps SKCIIOHEHIIMATBHO YOBIBAIOIIAM MHOXHTEISIM B HWHTErpanax cC
OCCKOHEUHBIMH TIpENeNIaMH C JOCTATOYHOW TOYHOCTHIO MOYKHO OIIPENEIUTH BOJIHOBOE
mojie, Kak B ONIKHEH 30HEe, TaK M B JAIBHBIX 30HAX IPH MOMOIIM ACHMIITOTHYECKHUX

thopmy.

U3 (3.2) Bugwo, uro B Q) (x<0, 0< ySh) [OMHMO MafaoIell BOJHBI
pacmpocTpaHsoTcs: oTpakéHnble oT cedenus X = () BOTHBI M IPOXOAANIME MO TOMY K
CEUCHUIO M3Iy4YEHHbIC BOJHBI C BOJIHOBBIMH unciamu O, . IIpu 3ToM, Kak ciegyer u3

(3.2), 3 BCcex 0L, IMIIb KOHEYHOE YUCIIO BEMIECTBEHHO. CIIENOBATENBHO, B BOJIHOBOIE

x<0 Oymer BO30YXIEHO KOHEYHOE 4YHCIO AU(PPArUPOBAHHBIX, OTPAKEHHBIX M
OPOXOSIIHX- M3y IEHHBIX BOJH.

B monoGnactu €2, (x >0,0<y< h) BOJIHOBOE IIOJIE ITIPEJCTABISETCA B BHIE
CyMMI)I KOHCYHOI'O quciaa JIOKAJIN30BAHHBIX BOJIH AO (.X', y) N 06'])éMHbIX
PACIPOCTPAHSIOMMXCSL M3IY4EHHBIX BOJH C BOJHOBBIMH uuciamu P, =k, COSQ,

00YCIIOBIEHHBIX TaJAOWell B TONyNpoCTpaHcTBe ) >/, BOJNHOM, M HepacmpocTpa-

HSIOMMXCST OOBEMHBIX BOJH, KOTOPHIE B ACHMITOTHKE X —> 0O pAacCHpPOCTPAHSAIOTCS CO
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ckopocTeio C;. Ilocnennee ykasplBaeT, YTO B aCUMIITOTHKE X —> 00 IIOJIYHPOCTPAHCTBO
KaK OBl «IUKTyeT» COOCTBEHHYIO CKOPOCTh PACHPOCTPAHEHHS BOJH B CIIOC.

B Q (|x| <oo, y> h), kak cienyer u3 (3.10), (3.12), xpome mamamomen u
OTpa)XEHHBIX PACIIPOCTPAHSIOTCS TAK)KE U3Ty4YeHHbIe AU parupoBaHHble 0OBEMHBIE BOJHBI
M JIOKalM30BaHHble MoBepxHocTHble Bonmbl JlsBa A, (x,V). Cnemys [21], nomydenst

aCUMITOTHYECKHE (HOPMyNbI ¢ BIIOJHE ONpEAeIEHHBIMH Kod3((duImeHTaMu MpHu MepBOM
wnene paznoxkenus. Tak, s touek y = /1 + 0 Gepera Tpemunbl mpu X —> —00 MMeeM:

w0y B O ARG] AR |1,
1 (% x/E(1+u*) 2k, cos(¢/2) \/YN+k1 |x|

+O(|x|% ), Xx—> -0

Awuanornunas ¢opMmyna s KoHTakTHoro yuyactka Y =h (0 ykaseBaer, 49r0
3 1
mudparupoBanHas 00bEMHas BOJIHA YOBIBAET CO CKOPOCTHIO |x| 2 (kax B CIIOE), a He |x| 2

(Kak B IOyIIPOCTPAHCTBE).

4. Yactusiii cayvaii. KopoTko ocTaHOBUMCS Ha OJHOM YacTHOM Cllydae
paccMoTpeHHon 3anaun. IIpunnmas B €€ mocraHoBke |, = 00, NpuaéM K AUHAMHYECKOH
3a/laye O HalpaBJIEHHOM PACIpPOCTPAaHEHUH IUIOCKHX CIBHI'OBBIX BOJH B CIIO€-BOJHOBOJE

{—OO <x,z<0;0<y < h} C TPAHUYHBIMH YCIOBUSIMU

Mo a0 e =0,  |x]<oe, @1
ay y=0 y=h

rae W,(X,y) — ammmryna nepemewennii, 0(x) — pynxums Xesucaiina.

[Ipenmnonarasi, Kak ¥ BBIIIE, YTO MO CBOOOHOM YaCcTH BOJIHOBOZIA HaOeraeT CIABHUIOBas
BonHa (2.1) — (2.2), mo aHanorn4yHoi nponenype u3 (2.21) ansd aMIIuTy IepeMeIeHnd B
BOJIHOBO/IE TIOJTYYUM:

s x <0
Woi (an’) = Won (x,y) -4, [Eg (K, (ko)]i1 e~

(a,, +ko>cos<%y> | (42)

iy +k0)i(_l)m _
N2K!(y,) & ho, K (o, )(0, +7,y)

a s x>0
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Tc(2m - 1)
. i — 1) COoS 7}1 y
nh(YN + ko) Z(_l)m m( m eiBmx (4.3)

w (x,y):A —= — —
02 N 2K, (vy) o h3Bm (kO_Bm) [KJ(B,,, )] I(YN—B,,,)
2
2m—1
e B, = kg - % ,a o, naetcs popmyaoii (3.2).

OtMmernm, 4to nipu nonydenuu (4.2.) u (4.3) cienyer B (2.22) 3aMeHHUTH
R'(0)=2* i (o) (44)
V(o +k,)
rae [6]
K, (o) =y,hcth(y,h) =K, (c)K, (o) 4.5)

i
koh cos (kyh) = liicho((”_l/Z)z_(kohO)z) ’

. k h - 7l 2
sinkh) 1 ioh, (n = (k) )

hy=h/n

3nech 3HaKH OepyTcsl OMHOBPEMEHHO WM BEpXHHUE, WM HIKHUE. [Ipn 3TOM MMeeT MecTo
ACHMITOTHYECKOE TPECTABICHHE IIPU OL —> 00 B BEPXHEH MOJIYIUIOCKOCTH,

Ky (ky)=1-2ik,In2 mpu k, —>0. (4.6)
Hmes B BUAY, YTO U3 BCCBO3MOKHBIX (xm u Bm JIMIIIb KOHCYHOC YUCJIO BCHIICCTBCHHO

npu 3anaHoM K, u3 (4.2) u (4.3) MOXKHO OIPEJENNTH YHCIO OTPAKEHHBIX U MPOXOSILIMX
BOJIH M UX BOJIHOBBIE TAPAMETPBI B 3aBUCUMOCTH OT MAapaMETPOB MaJAOLIEH BOJIHBL.

Tak, n3 (4.2) cuemyer, YTO HE3aBHCHMO OT BOJIHOBOTO YHCIA MAJarolield BOJHEL Y, ,
ot ceuenns X =0 B o6mactu X < pacnpocTpansiercs 0TpaKEHHAsS BOTHA C BOTHOBBIM
— — -1
. + +
ancnom K n ¢ ammmrynoit 4, I:KO (vy)K, (ko )]

KOHI/I‘IGCTBO, BOJIHOBBIC YHCJIa W aMIUIUTYyAbl OCTAJIbHBIX PACIPOCTPAHSIIOMINXCS
OTpa)KéHHbIX " IPOXOJAIUX BOJIH 3aBHUCAT OT BOJIHOBBIX IapaMETPOB naﬂa}omeﬁ BOJIHBI.

Ecin, manpumep, 1,51 <kh<2m, 1o umeno N moxker npunHuMath 3HaueHHs
N =0,1,2,3, a u3 BOJIHOBBIX 4MCe] MOJIOKHTENbHBIMA OyayT Tonmsko Ky, CL;,[,,P,.

Toraa, mpu KaxI0i Moze (N ) JUT OTPAKEHHBIX M MPOXOISIINX BOJH mMorydnM [ 18]
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N Otpax. IIpoxox.
0 k>0 B,
! ko B, o
2 k>0 By
3 ko, BB, o

5. 3akmaouenne. IloCcTpoeHO 3aMKHYTOE peElIEHHE AWHAMHYECKONM KOHTAKTHOM
3a/1a44 O PaclpOCTPAHEHUU CABUTOBBIX IUIOCKUX BOJH B YNPYTOM MOJIYIPOCTPAHCTBE NpU
M3ITyYSHUH TaJaloleil BOJIHBI M3 YNPYroro cjosi (BOJHOBOJAA) B IOJYNPOCTPAHCTBO U B
YIPYroM cjoe TpH M3JIYyYEHHH MAaAaioliedl BOJIHBI M3 YHPYToro IOJyNPOCTPAHCTBA B
BOJHOBOJ. [lody4eHHbIE I aMIUIMTYJ YIPYTHX HepeMeIneHui (GopMyIibl CoAepikaT Bce
BOJIHOBBIC KOMIIOHEHTHI, OTPECIIONINE BECh CIEKTP BOJIHOBOro mois. C npyro cro-
POHBI, TOJIYYEHHbIE PELICHUS [TO3BOJISIIOT U3 CPAaBHUTEIILHOTO aHAN3a BOJIHOBBIX NapaMeT-
POB MaJaromel BOIHBI M BO30Y)KIAEMBIX BOJIH CIIENATh ONPEEIEHHBIC BBIBOJBI O YIPYTUX
XapaKTEePUCTUKAX KOHTAKTUPYIOIINX MAaCCUBHBIX TEIL.
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Uthuwtthlju 73, Ne2, 2020 Mexannka
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KOHTAKTHASA 3AJAYA AJIS1 HEOOJHOPOJHOI'O
HNPAMOYT'OJIBHUKA C IOKPBITUEM

Baryabsan A.O., [lnotuukos J.K.

KnrwueBbie CJI0OBAa:MHACHTHPOBAaHUE, q)yHKIII/IOHaJIl)HO-FpaI[HeHTHLlﬁ MarTepuajl, KOHTaAaKTHast
3ajaava, HpﬂﬁJII/DKBHHaH MOJAECJIb.

Vatulyan A. O., Plotnikov D. K.
Contact problem for an inhomogeneous rectangle with coating
Keywords: indentation, functionally graded material, contact problem, approximate model.

The approximate model of deformation of an elastic rectangle inhomogeneous along the vertical coordinate is
presented. The model is based on hypotheses about the nature of changes in the components of the displacement
field, depending on the properties of the material. The model allows to consider both continuous and discontinuous
laws of heterogeneity. Based on an approximate model, the contact problem is investigated.Solutions for different
laws of heterogeneity are constructed. The applicability region of the elastic rectangle model is described. A
comparative analysis of the results of solutions based on approximate and finite element models.

Juunniyyub U.2., Mnunihym] 4.
Uuhudwubn dwsnypn] ninuuljuih §ninwljnnught panhp
Zpfwpumtp’ jntnwljnuyghi pimhp, wihwduebe nogublyo, dnnugnp fkeny

Uownwiipnid  wnwowplpws £ punn mnpuwhwjug Ynpphttumnh  wihwiwubn  munnubljub
pidnpdwghugh  dnpkpi: Unplp Juemgqus b Wmiph hwnlnpmoibubphg judus
nbquihnjunipmibtph quowh hntnpdwt’ phnyph Ypu hputdws  Juplusttph  ogintpyudp:
Quunuwpjws L huwdbdwnwlwi wibwhq dnnuwdnp b dkpowynp EEdkunubph Jpu hhdudus
udsnidubtph wpmyniuputiph dhol:

B pabote mpencraBieHa NpHOMDKEHHAS MOAENb eOpPMHUPOBAHUS HEOTHOPOJHOTO IO BEPTHKAIBHOI
KOOpJIMHATE YIPYroro MpsMOyroibHUKa. Moellb MOCTPOEHAa Ha OCHOBE TUIIOTE3 O XapaKTepe H3MEHEHHs
KOMIIOHEHT IIOJIs HepeMeIleHHH, 3aBHCSIIUX OT CBOICTB Marepuana. Mopenb MO3BOJSET pacCMaTpUBATh Kak
HETIPEPHIBHBIC 3aKOHBI HEOJHOPOAHOCTH, TaK M 3aKOHBI, HUMEIOIINE pa3phlB WM CHIBHYIO IPafUeHTHOCTh. Ha
OCHOBE NPUOIIIDKEHHON MOJENH ¥CCIeIOoBaHa KOHTAKTHAs 3aJiada, MOCTPOEHBI PEIeHHs Ul Pa3HBIX 3aKOHOB
HeoqHoponHocTH. OmucaHa 007acTh HPHMEHHMOCTH MOJENM U YIPYroro mpsMoyronbHuka. IIpoBenéu
CpaBHHTEIBHBINA aHANIN3 Pe3yIbTaTOB PEHICHUH, IOCTPOSHHBIX HAa OCHOBE IPHONIKEHHON H KOHEYHO-)IIEMEHTHOM
MoJIeIei.

BBenenne OOnacTh MPaKTHYCCKUX IPWIOKCHUA TCOPHHA KOHTAKTHBIX B3aUMOJICHCTBHI
JIOBOJIGHO THpoka. HeoOX0oIMMMOCTh pelieHusT KOHTAKTHBIX 3a/1a4 BO3HHKACT, HAIPUMED,
MPH TPUMEHEHWH CTPEMHUTEIFHO PAa3BUBAIOIIUXCS METOAOB HHICHTHPOBAHUS, KOTOPHIE
IIUPOKO HCIIONB3YIOTCS UISL ONpEAeNICHHs CBOWCTB pPa3MUYHBIX MarepuaioB [1]. B
COBPEMCHHOW WHXCHEPHOH TNPaKTUKE aKTyaJdbHBIM B HACTOSIIEE BpEMs SBISACTCS
WCIIOJIb30BaHUE MATEPHANIOB, JUIS KOTOPBIX XapaKTepHO W3MEHEHHE MEXaHHYECKUX
CBOMCTB 10 KoopanHaTaM. [IIMpoKo NCTIOIB3YIOTCS MHOTOCIIOWHBIE KOHCTPYKIINH, aKTHBHO
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Pa3BUBAIOTCS TEXHOJIOTHH CO3/1aHMs (QYHKIMOHAIBHO-TPaANEHTHBIX MaTepuaioB (PI'M) c
HETIPEpBIBHBIM U3MEHEHHEM CBOWCTB [2]. OTCyTCTBHE paspbIBOB B CBOICTBAaX Marepuaia
MO3BOJIET M30ekaTh 0Opa3oBaHMs OONACTe KOHIICHTPAIIMM HANPSKCHHH U TIOBBICUTH
IPOYHOCTHBIE XapaKTEPUCTUKH H3TOTABIMBAEMBIX 3JIEMEHTOB KOHCTpYKIMH. OmHOH H3
aKTyalbHBIX 00JacTeil NpPUMEHEHHS TaKMX MAaTepUaloB SABISETCS H3TOTOBJIECHHE
IpagueHTHBIX MOKpHITHH. IIpuMeHeHne MeTOf0B WHACHTHPOBAHUA B Ipodieme
WIeHTU(HUKALMK CBOIMCTB HEOJHOPOAHBIX CTPYKTYp TpeOyeT HCClieIoBaHus psiaa
KOHTaKTHBIX 33124 JUlsl HEOJTHOPOIHBIX TEJl.

3amaun MeXaHWKHM KOHTAKTHBIX B3aWMOJCHCTBUH B IUIOCKOW ITIOCTaHOBKE, Kak
MPaBUJIO, CBOAATCA K PEMICHWIO WHTETPAIBHOTO YPaBHEHHS IEPBOTO pojAa C SIPOM,
HUMEIOIIUM JIOTapU(PMUUECKYI0 0COOCHHOCTh. D((HEKTUBHBIM CIIOCOOOM aHAIMTHYECKOTO
pelIeHns KOHTAKTHBIX 33/1a4 TEOPUHU YNPYTOCTU SBJISIOTCS ACUMITOTHYECKHE METOMBI |3,
4]. OpHako, B ciay4ae HEOJHOPOAHOTO MaTepuaya SApa HHTETPalbHBIX YpaBHEHHS He
MOTYT OBITh HAi/ICHBI B IBHOM BHUJIC U CTPOSATCS YUCICHHO, THOO C TIOMOIIBIO YUCIICHHO-
AHATUTHYECKUX TOAXO0M0B [5—7]. JpyruM crmoco0OOM HCCIeqoBaHUS KOHTAKTHBIX 33134
ABIsieTCsl paspaboTka mpuOmDKEHHBIX Mozeined [8—10]. Cpemu paboT, MOCBSIMIEHHBIX
WCCIICIOBAaHUIO KOHTAKTHBIX 3aJad Ul TeNl, YCHICHHBIX HAKIAJAKaMH W CTPUHTEpaMH,
ormetuM [11-12].

B paborax [13,14] mocTpoeH psin HpUOMMKEHHBIX MOJENCH Ui HEOJTHOPOIHOU
yOpYyrod MOJIOCHl, B OCHOBE KOTOPBIX JIeKAT TUIOTE3bl O XapaKTepe KOMIIOHEHT OIS
nepeMemieHnii. B HacTosmeld pa0oTe STOT IMOAXOJ pPa3BUT Ha CIy4ald KOHEYHOM
MPSMOYTOJIBHOM 00acTH.

1. KonTakTHas 3agaua ais NMPAMOYTOJIbHUKA

PaccMmoTpum 3amauy o neicTBUHM KECTKOTO MITaMIIa C OCHOBAHHEM MapadoIMyeCcKon
(opMBI Ha HEOIHOPOJIHBIN 10 BEPTUKAILHOH KOOpAWHATE YNPYIHMH NPSIMOYTOJIBHHK,
KECTKO CHETIEHHBIN ¢ Hele(OpMUPYEMBIM OCHOBaHHEM I10 HIDKHEH rpanuue. [lapamerpsr
JlsiMe TIpSIMOYTOJIbHMKA SIBIISIIOTCS IPOM3BOJIBHBIMHU  ITOJIOXKUTEIBHBIMU  (DYHKIUSMH
BEPTUKAJILHOW KOOpAMHATBL: A =A(X;), W =p(X,), B TOM YHUCIE ¥ UMEIONIIMMH Pa3pPbIBbI

IEepBoOTrO poJaa. Honaraﬂ, 4YTO TPEHUEC MCEKAY KOHTAKTHBIMH IHOBCPXHOCTAMH HLITaMIla U
NPSMOYTOJbHHKA OTCYTCTBYET, C(HOPMYIHMpYyeM CMEIIAHHYIO KpaeBylo 3ajady s
npsAMoyToibHO# obmact S=[—L,L]x[0,h]. VpaBHeHUs paBHOBECHS W ONpPEIENSIONINE

COOTHOIIECHUA JId U30TPOIMHOIO TE€JIa UMEIOT BUI:

g =(ui,j +uj’i)/2
G = M%)y, By +21(X) g

FpaHI/I‘IHBIe ycCi10BuA KOHTaKTHOH 3aa4il MMEIOT BH:

U (%,0)=u,(x,0)=0, o,(x,h)=0,
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2

1
o,(x,h) =0, a<x|<L, u3(x1,h):8—ﬁxl, | X |<a,

rae a — pasmep IUIOLIAaJKU KOHTaKTa, O — BEJIMUMHA BHEApeHus, R— paguyc KpuBH3HBI
napaboIMYECKOro MITaMIIa.

Bynem cumrare, uTO OOKOBBIE TpaHHMIBI NPSMOYTOJbHUKA CBOOOIHBI OT
HaMpsHKEHUN:

Gll(iL’XS) =0, 013(iL,X3) =0.

HOCTaHOBKy 3agavyd  JOIOJHACT YCJIOBHUE pPABHOBECHA IITaMIla, KOTOPOE IIO3BOJIICT
OIIPEACIINTD CBA3b MEXAY CHJION B BHCIAPCHUCM.

PaccMoTprM BcnomorarenpHyr 3ajady O JEHCTBMM HOPMAJbHOM Harpy3ku Ha
OTpe3Ke [—a, a] BEpXHEH I'paHMIBl MPSIMOYTOJIbHHUKA. BBenéMm cienyromue Ge3pa3mMepHbIe

TnapaMeTphl:
E.:i = hil)ﬁ 5 ai = hilui 5 B = hila, r= hilR, | = hilL’
G, = HB‘Gija fi=p'A, f,=p'n, 8. =h75,

o o = g (%)

2. ®opMyIHPOBKA NPHOIHKEHHON MOeIH

Jns wmccnemoBaHWsS KpaeBoOM 3amadyd TPUMEHHM TIOAXOM, C(HOpMYyIHMpPOBAHHBIN
B [13, 14]. CpaBHUTENBHBIN aHAIH3, MPOBEASHHBIN B [13], MOKa3al, 9To U3 MPeII0KEeHHBIX
TUnoTe3 HanOoipmiee cooTBeTcTBHE KD-MOZENM TMO3BONSIOT TONYYHUTh THUIOTE3HI,
3aBHCALINE OT 3aKOHOB HEOAHOPOJHOCTH MOJOCHI, IOTOMY B JaHHOH 3ajade B KadecTBE
THIIOTE3 O XapaKTepe KOMIIOHEHT IO ITEPEMEIIEHIH TPUMEM CIIeTyOIIHe:

LAjl = \Vl(gs )u(él)’ l:Is =V, (éz )W(gl ),

V,(E)=0,&) /g0, v;(E)=0;(&)/ g, (2.1)
& 1 & 1
(&)= ——dn, 0;E;)=|————dn
%) ?[fz(n) "G l‘fl(n)+2fz(n) k

st onpeneneHus BBENEHHBIX (QyHKLMIA U(F31 ) R W(&l) HCTIONb3YEeM BapHallMOHHBIN

npuHOMn Jlarpamka. 3amunieM (GyHKIHOHAT HOTEHIUAIBHON SHEPIUH, MOJCTABUM B HETO
cootHotueHus (2.1), mporHTerpupyem 1o &, 1 MOCTPOMM YIPOLIEHHBIH (yHKIHOHAT

| B

1 ”2 1, 2 2
H:EI(A]U +2(AUWH A UW) + AW + AU+ AW )dgl—_jﬁqwdgl, (2.2)

rie - 0e3pasMEpHOE KOHTAKTHOE JIABJICHHE, KOIDOUIMEHTBI A, ONIPEAENSIOTCS

hopmynamu

37



1

1 1
Ao :I f2\V1’2d§3» Al = J.( fl +2f2 )\Vlzdé3’ Az :.[ lelW;dZ‘JBJ
0 0 0
I

1 |
Ay = I( fi+2f,yide,, A, :j fwiy,de;, A, :j f,y3dg,.
0 0

0

[IprmenuM BapuannoHHBIH mpuHIMI Jlarpamka kK ¢yHKInoHaty (2.2). Umeem
S = (AU +A,w)dul, +(Au+A,w)dwl, +

1A+ AW = (AU = (AW) )du+
B

+( AW+ AL = (A, U) —(A,W) 3w ]dE, - [ apwdg, =0.
-B

[lpupaBHuBas KO(PQUIMEHTH] TNPH HE3ABUCUMBIX BapHALUAX, IOIYYHUM CHCTEMY
muddepeHManbHBIX YpaBHEHUH BTOPOrO IMOpsAKa C IOCTOSHHBIMU Ko3((duiMeHTaMu
OTHOCHTEJIFHO KOMIIOHEHT CMELICHUsI BEpXHEW I'PaHUIIbl NPSIMOYTOJIbHUKA, KOTOpast UMEET
TaKOM K€ BU, KaK U B 3aJiaue JUIsl 0JIOCHI

_Alu"_(A2 _AZI)W+ Au=0,

, , (2.3)
_Azzw +(A2 - Az1)u + A&owz q
1 €CTCCTBCHHBIC T'PAHUYHBIC YCJIOBUSA B BUJC
(A +AW)] =0, (Au+A,wW)|_,=0. (2.4)

Ha rpanunax KoHTakTHOH oOsactd &, =+ NOJKHBI OBITH BBIIIOJHEHB! CTHIKOBBIE
yCIOBUSA

(2.5)
T7e MHIEKCAMH «-» U «+» 0003HAYCHBI PEIIeHUs] CUCTEMBI (2.3) B 00JaCTH KOHTAKTa U BHE

ccC.

Uckmrouas u3 cuctems! (2.3) nepemenieHre U, MOIy4dM ONEpaTOPHOE ypaBHEHHE,
CBS3BIBAIOIEE BEPTUKAIBHOE CMEIICHHE Ha BEpXHEH IpaHHIEe IOJIOCHI C HOPMalIbHOI
Harpyskomn

bw" -bw' +bw=-aq"+a,q (2.6)
ITpnuem,

U =;(&W’"+(E—3]W+q'} .7)
a, a g



rae kodhduuueHtsl 8 , b onpenensorcs popmytamu

a, = Am a = Al’ bo = AOAZO’bl = Aopﬁz + Al%o _(Az _Az])2 > bz = A]Azz .

B ob6nactn koHTaKTa |&1| <P, nonaras B ypaBHeHuH (2.6) W_ (&1 ) =9. —ziélz , HAIEM
r

KOHTAaKTHOC JaBJICHHUC B BUIC

q(&)=C,ch(kE )+ BE +B, (2.8)
rae

L (p b ___h Y
B, = e (Iq 2 +b06*r], B = rak’” k .

CMeleHnst BepXHEil rpaHHIbl MPSMOYTOJIbHUKA BHE KOHTAaKTHOW 00nacTu Halaém
U3 pelieHus ypapHeHus (2.6), nonaras BHéM 0. =0 msa & >0:

W, (il ) =G eXp(_k@l ) +C, eXp(_szA ) +C,exp (}‘1&1 ) +C, eXp(Mgl ) (2.9)
lopu3oHTaNbHAS KOMIIOHEHTa CMEIlleHus1 onpeneinsiercss Gopmynoii (2.7), rae BHe
KOHTaKTHOW 30HBI (=0 u (omnpexaensercs BblpakeHHeM (2.8) B 00JacTH KOHTaKTa.

HewnsBecTHbIE KOHCTAHTBHI, a TAaK)Ke CBS3b BEJIWYMHBI IUIOIIAJKA KOHTaKTa C TIIyOMHOU
BHeJIpeHHs HanEéM u3 ycnosuii (2.4), (2.5). OkoHYaTEeIbHBINH BU] PEIICHNI HE IIPUBOANTCS
BBHIY rpomMosakocTd. OtMeTuM, uto npu | — o koaddumuentsr C,,C, — 0 u permenne

(2.9) crpemMuTcs K pemIeHHIO I TOJIOCHL. YCJIOBHE paBHOBECHs INTamMma JAaéT
3aBUCUMOCTb CHJIbI, ISHCTBYIOLIEH Ha IITAaMIL, OT ITyOHHBI BHEAPEHHUS.
3. Pe3ynbTaThl BBIYHCIUTEIBHBIX IKCIIEPUMEHTOB

[Tpu npoBeneHNN BEIYUCIUTENBHBIX 3KCIIEPUMEHTOB ObUIN BHIOPAHBI YETHIPE Maphl
0e3pa3MepHBIX 3aKOHOB HEOIHOPOJHOCTH MPAMOYTOJIbHUKA:

1. Bospacraomme f,")(£,)=0.2+0.85,, f\"(&,)=04375+0.5625¢2;
2. yowaomme {7 (& )=-048+0.7, 7 (g,)=-0.75¢, +1;
3. HEMOHOTOHHBIE

®(g,)=0.6-03cos(2nE,), £V (& )=0.625-0.375cos(2nE,);

4. pa3pbIBHEIE

“(e,)= 0.5, &, €[0,0.9) (9(,)= 0.584, &, €[0,0.9)
108, -8, g elo91] 7 ~10.088¢, +0.912, g €[0.9,1]

3aKOHI)I HCOIIHOpOIIHOCTI/I HUMEIOT OAUHAKOBBIC CPEAHNUC 3HAUCHUS, T.C.

jf (&)dg, = 0.6, _[f (&,)dg, =0.625, j=1,4.

ITockonbky rumotessl (2.1) 3aBUCAT OT CBOICTB MPSIMOYTOJIbHUKA, XapaKTep U3MECHEHHS
KOMIIOHEHT BEKTOpa MEPEeMEILEeHUH 110 BEPTHKAIBHOW KOOpAMHATE OYAeT Pa3luyuHbIM JUIs
Ka&)XJOr0 M3 3aKOHOB HeoaHopoaHocTH. Ha ¢wur.l mpencraBnensl rpaduku (GyHKIHMNA

v, (&) n v, (&,) mns saxonos 1-4.
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1 7 1
/ /
7/ vl
0.8 1 0.8 £ R
g 2 3 N
AR . 4
0.6 47 & 7
. i 0.6 ot
wl /{ /// ‘Pg _,:/'I'... /’/
0.4 g T = : 0.4 A ——r
37 -7 |7 3aKoHml 1 S 7 77 |~ 3axomm 1|
- S —=— 3aKOHBI 2 | 4 g —— 3aKOHBI 2|
0217 = 0.24+—41— |
P 3aKOHEI 3 __.-_//// “ 3aKOHBI 3|
5 o -= 3aKOHBI 4 0 o ‘"'" 3aKOHBI 4/
0 0.2 04 06 08 1 0 02 04 06 08 1
53 53
a) 0)
®ur.1: Xapakrep H3MeHeHHs cMemennii no &, : a)y, (&;); 0y (&;).
0.018 g 1
0.016 Vs _g.ogzle
0.014 /" o .
e 1 -0.003 7
" 7 -0.004{ /)
. 0010 w -0.005{ [/
i e |—“ nonoca | =000 J [— nonoca
0.006 217 fwspmg ‘ -0.007 woluwd |
0.004 =1 | -0.008" -—1=1 |
0.002 L :“"“!=0_'..I"5i ~0.0091 -=1=0.75|
3 [-’=0) ] B leore 1=0.5
0 0.002 0.006 0.010 ' 0 1 2 3
8 g
. 1
a) 0)

@ur. 2: CpaBHeHMe pelleHnii KOHTAKTHOM 3224y /ISl 0JIOCHI U NIPSIMOYT0JIbHUKOB
Pa3JMYHOI JIHHBI: a) CWJIa-BHeApPeHUe; 0) BepTHKAJIbHOE CMellleHne BepxHeii
TPaHHIBbI.

Ha ¢wur.2 npuBeaeHo cpaBHEHHE peIIEHWA KOHTAKTHOW 3amadd Jjs TIOJIOCHI H
MPSMOYTOJIbHUKA C Pa3UYHBIMH ~ COOTHOIICHUSMH TE€OMETPHYECKUX  I[1apaMeTPOB.
BoluncneHus: mpoBeieHbl U BO3PACTAIOIUX 3aKOHOB HEOAHOPOJIHOCTH 1 MpHU 3HAYCHUH
6e3pa3mMepHOro paanyca KpuBU3HbI mTaMnal =10 . AHaIM3 pe3ynbTaToB MoKa3aj, 4To JUIs
BEPTUKAJIFHOTO CMEIIECHHUs BEpXHEH IpaHHIbl HauOOJbIIas pa3HHIA PELICHUH IT0JIOCH H
HPsIMOYToJIbHMKA HabnmonaeTcst B Touke &, =1, 4To 00yCIOBIEHO CTPYKTYpO# perieHus
(2.9), u cocraBnsier 5% npu | =0.7332 . Pazuuna 5% s 3HaueHnii 6e3pa3mMepHOil CHITBI
R =P/p,h, neiicrByrome#t na mramm, mus BHenpenus O, =0.01 mocturaercs mpu

| =0.9389 . 3nauenus |, npu KOTOPBIX Pa3HOCTh B 3HAYEHHSX CHJIBI U BEPTHUKAJIHHOT'O
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cventernst B Touke & =l npu O, =0.01 mocturaer 5% u 10% st 3aKOHOB HEOIHO-

ponuoctr 1—4 npuBeneHs! B Tabm. 1.

Tabmuua 1.
3aKoHbI Ap =5% Ap =10% A, =5% A, =10%
HECOTHOPOAHOCTH
1 0.9389 0.7727 0.7332 0.5111
2 0.6569 0.5522 0.6750 0.5611
3 0.7927 0.6569 0.7101 0.5476
4 0.8419 0.6962 0.7129 0.5298

Ha (1)1/11". 3 OpeaACTaBJICHO CpPAaBHCHHUC peHIeHHI:I KOHTAKTHOM 3agaun AJid OpsAMoO-
YroJIbHUKa Ha OCHOBE HpI/I6J'II/I)KéHHOf/'I MozAean Il 3aKOHOB HCOJHOPOAHOCTHU 1-4 apu

r=10, 1=0.75. Hecmotpst Ha omuHaxoBbie cpennne snauenns ¢ymxumit f (&),

fz(’) (§3) , PEe3yJbTaThl PELICHUS KOHTAaKTHOM 3aJaud pa3ivyHbl U JaHHAs MOJEIb MOKET

OBITH MCIIOJB30BaHA JUIS UICHTU(PHUKAIMYA YOPYTHX CBOUCTB MPSMOYTOJBHHKA 10 JAHHBIM
WHACHTUpPOBaHWs. ['padukm 3aBUCHMMOCTH CHJIa-BHEApEHWE Ui 3akoHOB 1 um 4
3HAYUTEIbHO OTIMYAIOTCS OT AHAJIOTHUYHBIX 3aBHCHMOCTEH Ul 3aKOHOB 2 M 3, Tak Kak

MaKCHUMAalbHble 3HaueHus 6e3pasmepHbix Momysei  f (E_,3) , f (§3) u f@ (&3) ,
£ (§3) JOCTUraloTCs Ha BEpXHel rpaHulle npsMoyronpHuka &, =1. Takum obpasom, ams

3aBUCUMOCTU CUJIA-BHEJIPEHHUE CYLICCTBECHHBIMU XAPAKTEPUCTUKAMU SIBJISIOTCS 3HAYEHUS
YIPYIUX MOJyJIel MaTeprasa Ha BEpXHEH I'paHulle.

0.0161 w7
-0.003 yai
0.014 V=
4 -0.004 e
0.012+ 4 Aok
0.010 = 0005 HE
# 4
7, 0.008 i w ~0.006 £
£ } !
0.006 e 0,007 p
0.004 £ —axonst 1 -0.008 |— 3akoHsl 1|
g ~~ 3aKOHBI 2| " |~ 3aKOHBI 2
0.002 /// - 3aKOHBI 3 —0‘003 I -33[\'0]{!}13
0 . . 3aKOHBI 4 0.010+=2. | |Z .~ 3aKOHBI 2
0 0.002 0.006 0.010 0 0102030.40.50.60.7
8 S
A 1
a) 0)

®ur. 3: Pemiennsi KOHTAKTHOM 32124y JJ15 3aKoHOB 1-4.

[TocTpoeHo pemnienne KOHTakTHOW 3amaun ¢ mnomombio MKD. Heomnopoausrit
MPSMOYTOJIBHUK CMOJeNUpoBaH ¢ momomipio KO-makera Ansys B BUAE MHOTIOCIOHHOM
obnactu nns kommdecTBa cio€B N =21. CpaBHeHHe pelieHHd MPUOTMKEHHON MOJIETH C
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peUICHUsIMHY, IOTYYCHHBIMU Ha ocHOBe KO-Momenu, npeacrasieHo Ha ¢ur. 4. Beraucnenus
MPOBEJICHBl [JIsl PAa3pbIBHBIX 3aKOHOB HEOAHOPOJHOCTH 4 NpHU 3HAYCHUAX apamMeTpOB
r=20,1=0.75. Kak u [u1st moyrocel, npuOImkEHHAs MOJIENb AaéT 3aBIICHHOC 3HAUCHHE
TIPH OJMHAKOBOM BHEIPEHHU IO CPABHEHUIO C pemieHneM Ha ocHoBe KO-moxenn. Paznura
peuienuit cocraBiser12.5% npu rayoune BHenpenus O, =0.01 u 6.4% npu BHeApeHUH

5. =0.02.

0.04
0.03-
P, 0.02
0.01 Lo
A — MOJIe/b
[o+» MKD

0+ -
0  0.005 0.010 0.015 0.020
s

®@ur. 4. CpaBHeHME pelIeHnd Ha OCHOBE MpuoOImxkEHHON 1 KO Moaeneit i 3akoHOB 4.
3akJ/ouenue

[Mocrpoena npubImKEHHAs MOAETh 1ehOPMUPOBAHUS HEOTHOPOIHOTO TI0 BEPTUKAIH-
HOW KOOpIHMHATE YIPYTroro mpsMoyronbHuKa. CHopMyTHUpoBaHEI TPaHWYHBIE YCIOBUS Ha
OOKOBBIX CTOpPOHAX MPSMOYTOJEHHKA. B paMKax Momenw pelmieHa 3afada KOHTAKTHOTO
B3aWMOJICHCTBHAS HEOTHOPOAHOTO YIIPYTOTO TIPSMOYTONBHUKA M JKECTKOTO MITaMIia
napabommyeckoit popmbl. [IpoBeneHO cpaBHEHWE peNICHWH KOHTAKTHOW 3amaddl Jist
[IPSIMOYTOJIbHUKA € PELIEHUSIMU )i 10J0Ckl. 1IpoBenEH CpaBHUTENBHBIN aHAIN3 PELLEHUI
JUIA pasHBIX 3aKOHOB HEOJHOPOTHOCTH, KOTOPBIM IOKa3al YyBCTBUTENBHOCTH MOJIETH K
XapakTepy W3MEHEHUs YINPYTMX CBOMCTB, YTO TOBOPUT O BO3MOKHOCTH HCCIEAOBaHUS
3aja4y 00 OLIEHKE CBOICTB HEOJHOPOAHOTO Tella B paMKax IIPEICTABICHHON MOJEIH.
OCHOBHOW WH(pOpPMAIUCH MPHU PEUICHUN OOPATHBIX 3a7ad MOXKET CIY)KUTh 3aBHCHMOCTH
cuna-BHenpenue. [IpoBen€H cpaBHUTENBHBIN aHAIN3 Pe3yJIbTaTOB PELICHU, TOCTPOSCHHBIX
Ha OCHOBE NPUONMKEHHOW W KOHEYHO-JIEMCHTHOM Mojenel, OOCYKICHBI TpaHUIIBI
MPUMEHIMOCTH MOJIEITH.
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ZU3UUSULE @SNk E3NPLLENP ULAUSPL UUUNEURUSE SEntulahl
W3BECTUSI HALIMOHAJIBHOM AKAJITEMUM HAYK APMEHUM

Utlumthlu 73, Ne2, 2020 MexaHuka
VJIK 539.3 Doi- http://doi.org/10.33018/73.2.4

PEILIEHUE 3AJJAYM J1JI51 KPAEBOU TPEILMHBI C
IT'MIEPCHUHI'YJIAPHBIM ONPEJAEJAIOINM YPABHEHUEM
METOJOM MEXAHUYECKHUX KBAJIPATYP
Caaxsn A.B.

KiioueBble cJI0Ba: THIEPCHHTYISIPHBI WHTETpal, KBaaparypHas (opMyia, BecoBas (QyHKIHS
SIkobu, MeTox MeXaHWYeCKHX KBajpaTyp, KpaeBas TpEIIWHA, TMICPCHHTYIIPHOE HHTETPAIBHOE
ypaBHEHHE.

Sahakyan A.V.
Solution a problem for edge crack with a hypersingular governing equation by the mechanical quadrature
method

Keywords: hypersingular integral, quadrature formula, Jacobi weight function, mechanical quadrature method,
edge crack, hypersingular integral equation

The mechanical quadrature method, which has proven itself to efficiently solve singular integral equations of
various types, is also quite effective in solving the hypersingular integral equation. A unified quadrature formula is
obtained for a hypersingular integral with the weight function of the Jacobi polynomials. Formula is applicable for
all admissible values, both real and complex, of the exponents of the weight function.

The method has been tested to solve a simple model problem for an elastic half-plane containing an edge
crack of finite length in the framework of the plane problem of the elasticity theory, the defining equation of which
can be written in the form of a hypersingular integral equation for crack opening. The convergence of the method
is shown, and the results of solving the problem are presented in the form of a graph and a table.

U..Umhuljjui

Bqpuyhtt &wph hwdwp hhykpuhtignigyup npnghy hwjuwuwpnidng jutinph (nsnudp purwlniumgdut
pwhwdltph Ukpngny

Zpltwpuntp’ hhybkpuhignijyup htunkgpuy, pupulnuugduh puinedl, 8ulnphh Yorughh $oitilghu,
punuljmuwgiuh putimdlitiph dkpny, kqpuyh &wp, hhwykpuhtignijyup hnbgpup hujuuwpnad:

Swippkp whwh uhugnijjup htnkgpu) hwjwuwpnidubph nsdwt hwdwp npybku wpynibwybn
Enubtwl npubnpws pwrwliniuugdwt pwbwdbbph dbpnnp pwduluiht wppynmibwdbn E awb
hhybtpuhtignijjup  hunbkqpuy hwjuwuwpmdubph  psdwt hwdwp: Swlnphh  puqUuunudutph
Yonwyhtt $niujghw wuwpnitwlnn hhybpuptgnijjup htnbgpuh hwdwup vnwgws b dhwutuljub
punwlniuugdwi pwbwdl, npp oquiwgnpsdtih k Yonught dniulghuyh gnighsubph ponp, husybu
hpwljui, wjtwtu b Ynduy bpu, poyjunplih wpdbpubph hwdwnp:

Utpnnp thnpdwpldus bt Jbpouwnp tpiupnipjut tqpuyhtt fwp wwpnibwlnny wpwdquljub
Yhuwhwpemipyut hwdwp wwpq dnpbjughtt pungph nsdwt Jpu: Mugph npnohsy hwjwuwpnudp
Quptih B dbwlhbpwyl; npwbtu hhwbpuhtignjjup htunkqpuy hwduwuwpnid  dwph  pugyusdph
uuwindwdp: 8nyg E mpws dkpnnh qniquuhwnnipiniup, hywbu bwb punph msdw wpyniipubpp
qpudphlyny b wnynruwlyny:

MeTo MeXaHHYECKHX KBaApaTyp, XOPOILIO 3apeKOMEHIOBABIIHI ceOs A1 3()(HEKTHBHOTO PENICHUS] CHHTY-
JSIPHBIX MHTETPAIBHBIX YPaBHEHUH Pa3HOrO THIIA, JOCTATOYHO 3((PEKTHBEH U IPH PEIICHUH TUIIEPCHHTYIIIPHOIO
UHTerpanbHOro ypasHenus. IlonydeHa exuHas KBajapaTypHas (opmysa JUis THIEPCHHIYJIIPHOIO HHTErpana ¢
IUIOTHOCTBIO, COZlEpIKaIle BECOBYIO (DYHKIIMIO MHOTOWICHOB S[k0OH, IpHMeHHMas IIPH BCeX JOIMYCTHMBIX, KaK
BEILECTBEHHBIX, TAaK X KOMIUIEKCHBIX, 3HAUSHHSIX IT0Ka3aTelieil BeCOBON (YHKIVH.
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MeTo/ 0mpoOUpPOBaH HAa PEIIEHHH MPOCTON MOJENBHOM 3a1adun ISl yOPYTroi MONYIUIOCKOCTH, COoflepIKanieit
KpaeByIO TPEIIMHY KOHEYHOW JUTMHBI B PAMKaX IUIOCKOM 3aJa9d TEOPHH YIPYTOCTH, ONMpEIeNSIoNee YpaBHEHHE
KOTOPOW MOKHO BBINUCATh B BHUJE THIIEPCHUHTYJISIPHOIO MHTEIPAIBHOTO yPABHEHHS OTHOCHUTEIBHO PACKPBITHS
TpetuHbl. [loka3aHa cXOIUMOCTh METO/A, & TAKIKE MPEICTABICHBI PE3YIIbTaThl PEIICHUS 3a/1a4i B BUjE rpaduka
¥ TaOJIHIIBL.

Beeagenue. [1lupokoe pa3BUTHE TEOPUU THIIEPCUHTYJIAPHBIX UHTEIPAIbHbIX YPABHEHUHN
B TIOCIIEHUE AECATWIETHS OOYCIIOBJIEHO TEM, YTO HMHU OIKCHIBAIOTCS OIpPEICIsIoLIne
YpaBHCHHA MHOIUX IMPUKIAJHBIX 3aJad B pPa3JIMYHbIX O6J'laCT5{X: TCOpUU YIIPYT'OCTH,
MEXaHUKE pa3pylIeHUs,, TEOpUH IU(paKuuu BOJIH, TEOPUU BHOPATOPHBIX aHTEHH, a’po-
JUHAMUKe U Ap., HanpuMmep [1-4]. 3a peaxkuM UCKIIOUEHHEM, pPEIleHHe 3TUX ypaBHEHUN
CTPOHTCS MPHUOIIMKCHHBIMA METOJaMH, Pa3BUTUI0 KOTOPBIX ITOCBSIIEHO OYEHbH MHOTO
pabot, B yactHoctn [5-12]. Cremyer OTMETUTH, YTO MOJABIISIONICE OONBIIMHCTBO PadoOT
OTHOCHTCSI K HamboJiee PacmpOoCTPaHEHHOMY YacTHOMY CITydalo, KOT[a MOBEICHHE ILIOT-
HOCTH CHHTYJSIPHOTO WJIM THIIEPCHHTYJSIPHOTO HWHTETpajsa y KOHIIOB OTpe3Ka
WHTETPUPOBAHUSI OMTUCHIBACTCS KOPHEBOH QyHKIMeH. CyIecTBEeHHO MEHBIIIE YHCIO PadoT,
MOCBAIICHHBIX MPUOIMKEHHOMY BBIYHCICHHUIO YKa3aHHBIX HHTETPAJIOB, IUIOTHOCTH
KOTOPBIX COZAEp)KAT BECOBYI0 (YHKUUIO MHOrOWIEHOB SIkoOM C NpOU3BOJIBHBIMU
JIOITyCTUMBIMHU BEIIECTBEHHBIMH IOKa3aTensimMu. B pabote [13] mpuBeneHs! kBaapaTypHbie
(hopMyJIBl HaWBBICHICH anreOpanveckoil TOYHOCTH IUlsi WHTerpana tuma Ko, korma
oKas3aTesy BeCOBOM QyHKIUH SIKOOH KOMIUICKCHBIC.

B Hacrosiimieit paboTe CTPOSITCS HHTEPIOSIMOHHBIC KBaapaTypHbie (HOPMYJIbI IS
TUIEPCHHTYJIIPHOTO HWHTETpajia MpPU TMPEANOIOKCHUU, YTO IUIOTHOCTh 3TOTO WHTErpaia
COJICPXKUT MHOXKUTEIIEM BECOBYH (QYHKIUIO SIKOOM C NMPOW3BOJEHBIMU, B TOM YHUCIE U
KOMILIEKCHBIMH, TOTTYCTUMBIMHU TTOKa3aTesiMu. B oTmudaue ot padotsl [14], roe BeIgeIeHB
CIIydau paBEHCTBA HYIIO XOTS ObI OMHOTO W3 IMOKazaTeneil BecoBoi GpyHKImu SKko0u, 3mech
MOJTy4YeHa eIMHas KBaApaTypHas GopMyIia Ijs BCeX TOIMyCTUMBIX 3HAYCHUH TTOKa3aTeeH.

Jlist wiIrocTpaMy MPUMEHEHHs TIOJyYeHHOW KBaJpaTypHOH (OpMyIbl K PEIICHHIO
THUIEPCUHTYJIIPHOTO HHTETPAIFHOTO YPaBHEHUS, pPaCCMOTpEHa n3BecTHas, Hampumep [20],
3amavya Ui YIOPYroil IONYINIOCKOCTH, COAep)Kalled MepleHANKYJSPHYI0 K TpaHHIe
KpaeBylo TpemuHy. Onpezensiolniee ypaBHeHUE 3anaud cOpMyIMpOBaHO B BHUJE
TUIEPCUHTYJISIPHOTO UHTETPAIIBHOTO YPABHEHUsI OTHOCUTEIILHO PACKPBITHS TpeluHsl. [Ipu
MOMOUIM TOJYYEHHOW KBaJpaTypHOil (opMyIsbl ompenesnsiollee ypaBHEHHE CBEIECHO K
CHUCTEME JIMHEHHBIX anreOpanvecKuX YpaBHCHWH W HaiiieHa (YHKIHS, OIHCHIBAIOIIAs
(hopMy pacKpBITUS TPEIIIHEI.

BeiBox kBaapatrypHoil ¢opmyabl. IS NOJHOTHI HM3JI0XKEHUS 34ECh YaCTUUHO,
TIIaBHBIM 00pa3oM, B BBOJHOH YacTH, MOBTOPUM H3IIOKeHHE pabothl [14]. Paccmorpum
MHTETpaj

)
X
JO(Z):J.L)dx (zeC, z#%]), )

1 )C_Z)2

KOTOpBIN 1pHU Z € (—1,1) [MOHUMAETCS B CMbICIIE KOHEUHOTO 3HaUeHus 1o Anamapy [15]

Jy(z)=lim T%dx + j. CD(X)2 dx—zq)(z).

0 1\ X=z e\ X~ Z €
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WuTerpupys WHTETpajbl B MOCISIHEM BBIPAXKEHUH 110 YacTsAM U yCTpeMiIsisi € K HyIO,
HETPYIHO MOJYyYUTh
O(1) (1), 1 P'(x)

JO(Z)Z— - +J-

-z l+z 7

dx, )
X—Z
TO €CTh I/IHTel"paJ'[ JO (Z) MOXXHO ITOHUMATh KaK p€3yJ'ILTaT q)OpMaJ'II)HOFO I/IHTCI"pI/IPOBaHI/ISI

M0 4YacCTsAM H, CJIE€AOBATCIIBHO, BBIYHCJICHHE TUIECPCUHTYJIIAPHOTO HMHTETpajia CcBenETCs K
BBIYUCJICHUIO MHTECTpaIa

I(z)zj-mdx. €

Jox-z
IIpennonoxum, 4To
O (x)=o¢(x)(1-x)" (1+x)B (Re(oc),Re(B)ZO), 4)

3nech (p(x) — TeNbIEepOBCKas (YHKIHS Ha 3aMKHYTOM OTpE3Ke [—1,1] , KOTOpYyIO

MOKHO 3aME€HHUTH UHTEPIIOJIAINOHHBIM MHOTOWICHOM
o,(1)=3. )50
A (x-g) B ()

rne Ea‘_/ (] = I,_n)— KOPHU MHOTO4IeHa SIko0u Pn(a’ﬁ) (x) .

OTU KOpHHM, B OOIIEM clydae, OydyT KOMIUIEKCHHIMM M BO3HHKA€T BOIPOC, YTO
HOHUMATH 0] (p(§ j) ( j= l,_n), ecid QyHKLus (p(x) OIpeJIeJiEHa Ha OTPE3KE [—1,1] .
B o6uieM ciyuae, noj (p(?; j) 11e1ecO00pa3HO MOHMMATh 3HAYEHHS MHOIOYJIEHA MOPSIKA
(n—l), UHTEPIIONUPYIOMETro (QYHKIHUIO (p(x) 0 y3IaM Ha OTpe3Ke [—1,1] , HaIIpHMep,
4eObIIeBCKUM. B ciydae ke, eciau (QyHKIUS (p(x ) AHAJIMTHYECKU MPOJ0JIKACTCS B
KOMIUIEKCHYIO TLIOCKOCTB, TO (p(ij) MOYKHO CYHMTATh 3HAYEHUSAMM M caMoil (DYHKIMM

(P(X) . OZ[HaKO, CJIIEAYCT 3aME€TUTh, YTO B MOCJICAHEM CIIyda€, TOYHOCTDH AIlIPOKCUMAIIUN
6yH€T CYHIECTBEHHO 3aBUCCTh OT BEJIMYUHBI MHUMBIX YacTell ImoKa3aTeei.

HOCKOHBKy I/IHTCpHOHHL[I/IOHHHﬁ MHOTOYJICH (Pn (X) II0 CYTH ABJIIETCSA MHOTOYJICHOM

nopsiaka 1 — 1 , TO B CJIy4dae, €Clin ([)(.X) 6yHeT MHOTI'OYJICHOM mopsjaka M <n . 6yaeM

nvets @, (x)=@(x).
Torma o O (x) OyIEM HMETB:
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N (P(‘ij)Pn(a’B)(x) o B
d(x)= ~ 1-x) (1+x ®)
Bocnonp30BaBImMCh paBEHCTBOM, HEMOCPEICTBEHHO BBITEKAIOMIMM M3  (POPMYIIBI
10.8(38) [16],

%[Pn(a,ﬁ) (x)(1=x)"(1+ x)B} =-2(n+1)(1- x)w1 (1+ x)Bf1 plethy (x)

npou3Boanyto GpyHkiun O (x) 3aIUIIEM B BHJIE
CI)'(x) = —(1 - x)m1 (1 + x)B*1 X

5 o(c)) { (DB () H

P( ﬁ)(&) x-&, (X—ij)z

[loxacraBmss TMOJTYUYCHHOC TIPEACTABICHNUE B MHTETPAJl I(Z) 1 MCHSA TOPAI0K MHTET-

PHPOBaHMS M CYMMHPOBaHUS, OyIeM UMETh!

o o(g) L-x) T (1)
I(z)——jz;m{2(n+l).[ (x_Z)(x_ j) Pn(+] )(x)dx+
O ) 4

Lot gy

[Monp3ysice popmynoit Kpucroddens-IapOy mis MHorownenos Sxkobu, oTkyna moiry-
YUM

PV () ot PP () PP (&)

X — &j ) A(E“j )m=0 h(a #)

A( )_(2n+(x+[3) 2°T(n+a)T(n+B)
&)= Pn(:,B( ) F(n+1)F(n+oc+[3+1)

1 paBECHCTBOM

1 :{ 1 } 1
(x—z)(x—cij) x—z Xx-—¢g; z—?;j’

[OJIy4YUM
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y=z

](z):—zn: 2(l’l+1)(p(§j) j(l—x)a_l(1+x)ﬁ_l P(a—l,ﬁ—l)(x)dx

R A ()G | EEE S U

A R )1 () ]

+

)’=£/’

(6)

2(n+1) o hl(:’ﬁ) . x—z
y:éj
3mecs
(@p) _ 2P (m+a+1)(m+p+1)

(2m+a+B+)T(m+ )T (m+a+p+1)

y=a
a TaKKe, JUIs IPOCTOTHI 3aIMCH, MCTIOIB30BaHO 0003HaYeHHE | ( y)‘ = f (a)— f (b) .
.

BBeném B paccmoTpenune hyHKIHUIO

1 . a b
R]Ea,b)(z)zj(l x) (1+X) I)k(avb) (X)dx, (7)

e xX—z

KOTOpast TECHO CBsi3aHa ¢ (pyHKIMel SIkoou BTOporo pona Qk (2)
b
R,E” )(z)
2z=1)"(z+ l)b

U ollpejiesieHa BO BCEMl KOMILUIEKCHOM IUIOCKOCTH, pa3pe3aHHOM BIOJb OTpe3Ka [—1,1].

Qk(Z):

[Tpu ycnosun (a >-1,b> —l) 9Ta (PYHKIHUSI IMEET MHOTO Pa3IMYHbIX IPEICTABICHUN

[16], u3 KOTOpPBIX MPEACTABUM TOJIBKO OJHO:

k+1
R (2)= —(ilj 2" B(k+a+1k+b+1)x

(®)

><F[k+1,k+a+l;2k+a+b+2;1 2 }
—Z

3nech B(a,b) = %

MeTrpudeckuid psia [17].

— u3BecTHas Oeta-QyHkuus, a F (a,b;c;z) — TUIepreo-

a,b
OTMeTI/lM, 4qTO (l)yHK]_II/Iﬂ R,E )(Z) NMPUHUMACT pas3IMYHbIC 3HAUYCHUA B 3aBUCUMOCTU
OT TOTO, CTPEMHTCS JIM TOYKA Z K Todke & pa3pe3a M3 BepXHeil MOMyIIoCKOCTH (& +1i 0)

WIM U3 HUKHEH II0JIyIIOCKOCTH (i—iO). Ha camom paspese (yHKIMS R,Ea’b)(z)

OIPCACIIACTCA KaK MOJIyCyMMa 3THUX 3HAYCHUI:
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RE) =3[R i) R ei0)] (1<)

IlockonbKy, cormacHo (4), TokazaTemu OL # [3 MOTYT TpHHMMATh M HyJIEBHIE

3HAYCHHUS, TO JUIS NICPBOTO MHTETpalia B BeIpakeHuH (6) npencrasieHus (7) u (8), B oOmeM
cilyyae, HEpUMEHUMBI. Vcrosb3yst pa3Hble COOTHOLIEHHUST MEXAY MHOTro4jIeHamH SIkoOwu,
npeoOpa3yeM 3TOT MHTErpall TakK, YTOOBI M B 3TUX CIyYasiX MOXKHO OBLIO OBI UCIIONB30BaTh
npencraeierue ().

L e B-1
j(l x)" (1+x) P(“"’B’l)(x)dx:

n+l

| x_y

AL

7 ) ©)
_ 1 p OJ( ) P (Vx4 p O)(X) 1B (
_2(1+y)J( ) 2 ( y)Jl(x—y)P”(+1 ()

N o(x) OB (V4 [ o(x) o A
2(1+y)j(1+ ) P ( )d ( )I(l— )IJHH ( )d

TlepBhie Ba MHTETpPATa B MOCIEIHEM BBIPAKEHHH OTPEIeeHbl TIpH JTI06EIX OL 1 3, a

BOT TMOCINEJHUE 1BA TIPU HEHYJEBBIX 3HAYEHHMSX O M [3 paBHBI HymO B CHIy OPTOTO-
HAJIbHOCTH MHOTOWIECHOB SIKOOM M MPUHUMAIOT KOHEYHbIC 3HAUYCHHSI COOTBETCTBEHHO IPH
B =0 u o =0. Haiiném 1 3HaUeHHUs HA IPUMEPE BTOPOTO U3 ITHX HHTEIPANIOB.

[ycts o =0, Torna sToT MHTErpa NpUMeET BUL

I, = j@ P (x)dx

o1

HeTpyaHo npoBeputh, 4TO Pn(;ll ’B)(l) =0, cnemoBarenbHO, MHOTOUJIEH Pn(;ll’ﬁ )(x)

MOJXHO MPEACTAaBUTh B BUAC
P (x)=(1-x) Zak P (x). (10)

I[J'IH OIIpeACICHUA KO3(1)(1)I/IHI/ICHTOB ak BOCIIOJIb3YEMCsI U3BECTHBIM COOTHOLICHHUEM

MEKTy MHOTOYNeHaMH SIKOOM M PEKKypEeHTHOW (OpMyI o T HUX, BBITUCAHHBIMH st
cygas o =0

P (x) = (n+B+1) [P(Oﬂﬁ) (x)- plop) (x)}

2n+p+2L "

49



op _(2n+B+1)[(2n+B+2)(2n+B)x—[32] op

S T P P I Y B
~ n(n+p)(2n+p+2) 0

e pen)aap) - )

0, .
IToncrasus Pn(ﬂﬁ)(x) U3 PEKKYPEHTHOH (hOpMyJIBI B TIE€PBOE COOTHOLICHHE H

()~

IPYNIHPYS. TaK, YTOOBI BBIAEIUTH MHOXHTEIh (l—x)Pn(O’B)(x), MOJIy4aeM JApYTYIO

PEKKypEHTHYI0 hOopMyITy:

OB i () 2 ()] - o ff;’(; fim[ef%)—efff)(x)]—
Sy U9

7, KpaTHOE HCTIOJIb30BAHIE KOTOPOH IPUBOIHT K pasnoxkenuio (10) ¢ kodddummentamu

g = _% (k=01,...m).

Hoxcrasmsist (10) B unrerpan [, u y4uThiBas OPTOrOHAIBHOCT MHOTOWICHOB SIK0OH,

OyJeM UMeTh:

n 1 2B
I, :;akj(l+x)ﬁf’,€(0’ﬁ)(x)dx=a0h(§0’ﬁ) =——n+1 (11)
Taxum oGpasom, st uHTerpana [, B o0weM cirydae GyieM HMETh:
E(1=x)"(1+x) o 2°
I, = P =— o(a,0 12
o 2 (l_x) n+l (x)dx l’l+1 ((1 ) ( )

rae S(a,b) — cUMBOJI, 000Kk cumBosTy KpoHekepa u pabIii 1 Tonsko ipu d = b .

AHaJIOrMYHBIM 00pa30M JIJIsl BTOPOTO MHTErpaja OyJIeM UMETh:

c(1-x)" (1+x) (cuB-1) n 2
I, = P =(-1 o(B.0 13
[ =1y 2o @
I—II/ICHGHHLII?'I aHaJIW3 IIOKa3all, 4TO CyMMa HepBLIX HByX cl1aracMbIxX BLIpa)KeHI/IH (9)
(a-1.p-1)

paBna R ( y) B BHJE IpejcTaBieHus (8) HE3aBUCHMO OT 3HA4YCHHWH MoKa3arenei

n+l

o u . Cnenosarensho, hopmyity (6) MOKHO Nepenucarh B BUsIE
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y=z

+

n 2(n+1)olE, it yz BS(a,
e LR

; =t 2(n+1)(1—y)‘

n+l “5(PB, T A(g;) & Prr(zaﬁ) j =
+(_1) 2(2 (BO) | n (‘g;)z (F’J)R(aﬂﬁ)(y)

n+1)(1+y)‘y=€j 2(n+1) b h((x,ﬁ) m

y:gj

m

2 - (p(&j)
n+o+B+19T P (g )(2-¢))

e }+w (1)

y=z
+
,V:é/

(14)

{2(;1 +1) R ()

_+_
1-z 1+z

Tosydyennas kBagparypHas hopmyia (14) npu HeHyneBbIX OL U [3, odeBMIHO, OMKHA

COBIIACTh C COOTBETCTBYIOMICH (hopMyiol, mpuBenéHHON B pabote [14], koTopas mMeeT
00JIee KOMITAKTHBIYA M MPOCTOM JIJIsl BRIYUCIICHUH BH]T

c ¢(§,~) {2(” +1) wip RV (z)- R (‘21)
I(Z):— — R (Z)+ > (15)
;Pi1( ’B)(é,’) z-¢; (Z—ﬁj)

CrnenoBarensHo, popmyny (14) MOXHO 3ammcaTh B BUAE
_i cp(&j) lz(n +1)R(a_1,ﬁ_l) R(a,s)(z) R,E“ﬁ)(gj)} (16)
R;(a,ﬁ) ({‘:J) ~_ E.v- n+l (Z ~ f;‘, )2

Jj=1
YucneHHBIN aHaIN3 MOKa3bIBAET, YTO MOCIEHss (hopMyIia BEpHa U NPH HYJEBBIX Ol U

. Moacrasnss dopmymy (16) B npencTasienue (2), A1 THIEPCHHTYISPHOTO HHTErpana

J, (Z) (1) Gymem umeTh:

n (ouB) _ plap)
J0<z>——Zl—cf_(?)[z<n+l>zeiiﬁﬁ'><z>+R” ((Zz)_f’f) (a")] (17)

e 22[(n+(x+[5+1)P(M1’HH)(éj )]71, a QyHKIMH R,Ea’b)(y) OIIpeeNAIoTCs

n—1

thopmymotii (8).
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TakuM oOpaszom, mosydeHa eanHas KBajpaTypHas (opmylia Uil THIIEPCHHTYJISIPHOTO

nirerpana J, (Z), mpuMeHnMas KaK MPW HeHYNEBBIX, TAK W NPH HYNEBIX 3HAYEHNAX
nokazateneit O u 3.
Tpu Heobxoanmoctu Bpmenenms wunterpana  Jo(z) B ysnosoit  Touke

z=¢&, (m = l,n) CJIE/lyeT B COOTBETCTBYIOILIEM ClIaraéMoM KBaJpaTypHOH (HopMyibl

(17) ucrionp30BaTh MpeaeIbHOE 3HAYCHHE:

(@) () _ R(@) 2 p(e.f)
lim MR%LB*U(ZMR;« (z)-R : (€,) _1d'R, : (2)
=8, | z-& (z-¢&,) iz

m

z=g,

YucneHHBIN aHAM3 CXOAMMOCTH KBaJpaTypHoil ¢opmyisl (17) 3nech He IPUBOAMTCS,
MOCKOJIbKY, OH B TOYHOCTH IIOBTOpSIET JaHHbIE, NpuBeIEHHBIE B padore [14] B
JIOCTaTOYHOM KOJIMYECTBE.

PenreHne rumepcHMHryJISIPHOTO0 HMHTErpajbHOro ypaBHeHHMsl. B kaudecTBe mpmmepa
paccMOTPUM IDIOCKYIO 3a/ady TCOPHU YIPYTOCTH UL YNPYrod MOIYIUIOCKOCTH, COIEp-
JKalled TpeIMHy KOHEYHOM JIMHBI / , TIeprneHau-
KYJIIpHO BBEIXOIAIIYI0 Ha TpaHUIly. [loIymmockocTh
nedopMHUpyeTcss TOJ  BO3ICHCTBHEM PaBHOMEPHO
pacnpenenéHHol Mo OeperamM TPEIIWHBI CKMUMAIOIICH
Harpy3ku p(x)((bnr.l).

[Ipemmaraemas 3amaga paccMaTpuBajach HEOIHO-
KpaTHO W MHOTHIMH aBTOPaMH, B YaCTHOCTH, OTMETUM
kaury [20]. OOBIYHO OmMpeneNsIoImne YpaBHEHUS IS
3aJa4 C TPEIIMHAMHU BBIHCHIBAIOTCS OTHOCHTEIBHO
MIPOU3BOJIHON CKayka MepeMeIIeHnid OeperoB Tpelin-
HbI, KOTOpBI, IO CYTH, SBISETCS MEPOU PacKpbITUS
TPELLHUHEL.

Cornacao pabore [20], mocie BBemeHus Oe3pas-
MEPHBIX BEJIMYNH

t=é(r+1); x=é(&+1); “2_:1,9&(@+1)]=f(a);

d V+(é(r+1)j_v-(é(r+1)] o(r):  (—1<ni<l)

dur.1 CxemaTuueckoe
MpeACTaBICHUE 3a1a4l

(18)
dt

OIpCAC/IAIOUICC YPAaBHCHUC 3aJadu, BBIIMMCAHHOC OTHOCUTCIIBHO CKavdka HpOH3BOI[HOI>‘I

HOPMaJIbHOH KOMIIOHEHTHI TEPEMEIICHUs OEPETOB TPELTHHBI (p(‘t) , IPUHAMAET BHI:

J f(%édw [KEeve@di=nr)  (-1<g<) )

rac
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1 d = zd_2 -1
K(é,t)——m—6(l+§)d—&(t+§+2) 2(1+¢) = (t+&+2) . (20

3nece kK =3—-4v — B cmyuae muockoit medopmamuu, k =(3—V)/(1+V) - B
Ccilyyae IUIOCKOTO HANpSHKEHHOTO COCTOSHHSA, [,V — MOAYJb CABHTa M KOO(QUIMEHT

[Tyaccona MaTepuana MoJyIIOCKOCTH.

BBeném B paccMorpeHue (QyHKIHIO v(t ) , TIPE/ICTaBIIAIOUIYIO0 PACKPBITHE TPEIIUHBI U

SBIISIOMIYIOCS MHTETPANIOM (YHKIIUU (p(t ) , T.e. v'(t ) = (p(t ) . IlogcraBuB mociienHee
npeacTaBieHue B ypaBHeHue (19) u mpoMHTErpHupoBaB MHTErPaNbl MO YACTIM, C yUETOM

TOT0, YTO v(l) =0, nonyuum:

1+¢

Hetrpyano mpoBepuTb, YTO BHEUHTETpPajbHbI YJ€H B JIEBOM 4YacTH YpPaBHEHMS
TOXJECTBEHHO PaBEH HYJIIO, CJIE0BATEIbHO, IPUAEM K CIEAYIOUIEMY THIEPCUHTYISIPHOMY
WHTErpaJIbHOMY YPaBHEHUIO:

j"/(—T)zdr+jL2dr+6(l+§)ijdet+
S (=€) S(t+E+2) dg’ (1+E+2)

s d? b v(D) -
#2048 j ree] dt=nf (&) (el <1)

YuuThIBast, 4T0, UCXOAS U3 (PU3MUYECKUX COOOPaXKEHH, PACKPBITHE TPEIIUHBI B TOYKE
t =—1 npuHuMaer KoHeuHoe 3HaueHMe, a B Touke ! =1 oOpamaercs B HOIb Kak

{——K(& —1)}( 1)+ j V(;)) dr jaK@ Dydr=n/(©) (jg<1)

(21)

KOpHEBasi QyHKIHS, HCKOMYIO (DYHKIIHIO v(t ) MO>KHO IIPEJCTABUTh B BUJIE

v(t)=g(ON1-t (¢ <1) 22)

[Moacrasinsist (22) B mHTErpajbl ypaBHeHui (21) U UCoNb3ys KBaApaTypHYIO GOpMYITy
(17)mpu a0 =0.5; B=0, nomyunm:

Seal: ){B@) B(5-2)

§;—=& §;*tc+2

4B (ED) L B(2)

~6d+ é)dF,F, +&+2 dg’ g, +&+2

}=ﬁf(<i)
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1

rae éj (j=1,n) — KOPHH IOJIHHOMA Pn(o.s,o)(x)’ cj22[(I’l+1.5)f;(1'15’1)(§j)}_ ,

g (&j) — UCKOMBI€ KOHCTAHThI, IIPEACTABIIAIOIINE 3HAYCHUA HCKOMOH q)yHK]_[I/II/I g (X) B

y3J1aX KBaApaTypHOi (OopMyJIbl,

R(045,0) (Z) _ R(O.S,o) (& )
n n J

(Z_ij)

B kadecTBe TOuek KOJUIOKAIlMM AJIS CBEIEHUS ypaBHEHHUS (23) K cucTeMe JMHEHHBIX

B,(z)=2(n+1)R\ ;> (2)+

J n+l

anreOpanyecKux ypaBHEHUHM W ONpeIeSieHUs KOHCTAHT g(éfJ j) BBIOEpPEM KOPHH MHOTO-

ynena YeOwlmeBa epBoro poaa Tn ((; r ) . B urore nmpuném k cienyrouiei c.i.a.y.:

icjg(ij){B’(Ck) _Bi(=2) —6(1+gk)iw

=1 § =G & +G+2 a5 &;+5+2 E->Cy
(-6-2)| -
» d* B (=5- -

ITocne ompeneneHus] KOHCTAaHT g(éfJ j), PaCKpBITHE TPELIHHEI V(t ) BEIpazuM OoJee

yno0Ho#, ueM (5), hopmyrioi

; o1 pl05.0) (g ) pl05.0)

h(oAs,o)

=

i= m=0

82
(1-8)[(n+1.5) P10 (&) ]

0.0007

rae w.=

l

1 0.0006

0.0005

0.0004

-10 -05 00 05 10

®@ur. 2. OTHOCHUTENBHAS HOTPELIHOCTH BBIYHUCICHUN
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[TpoBenEH YnCIIEHHBIN aHAIN3 CXOAUMOCTH CHCTEMBI (24) 10 MOPSAKY anrnpoOKCHMAIN

n npu f (i) =—1. Ha ¢ur.2 npexncrapnens rpaguku pasHUIBI MEKITY (QyHKIMAME
v(t ) , PACCUMTAHHBIMH TIPH PA3IHYHBIX 71, KOTOPbIE IPEICTaBUM C MHAECKCOM, YKa3bIBa-

IOLIMM Ha TIOPS/IOK anmpoKCHMANuu V, (l‘ ) .

Beuiy cummerpun oTHocutenbHo ocu OX, Ha ¢ur.3 mokasan rpadguk (yHKIUH

0.5v (t) , KOTOPBIN TIOKA3bIBACT PEANBHYIO (POPMY PaCKpPHITOHN TPEIIHHEL.

0.5y (t)
20
15
10

05

-10 -05 05 10
®ur.3. Popma pacKpbITUS TPEILUHBI

HetpymHo HaifTH, 9TO K03()(UIIMEHT KOHIEHTpAIMHM HANpPSHKEHUH y BHYTPEHHETO
KOHIIA TPEIINHBI onpenensercs Gpopmymnoi

1 -l P’r(lo.s,o) &i Pn(10.5,0) 1
K=32meg(8)2, (h(o)s,o) U (26)

m=0

m

Jns cpaBHeHHs B TaONUIC TPUBEICHBI 3HAYCHUS KOA(QUIMEHTa KOHIICHTPALUU
HanpshkeHuH, npuBea¢HHbIe B [20] 1 paccuntanHblie o Gopmyie (26).

Tabauna
n 6 8 10 =
Dopmyna (26) 1.12145 1.12150 1.12152 1.12152
n 30 40 50 60
Pagora [20] k/pJl| o 11213 1.1214 1.1214 1.1215

I'padukn Ha ¢ur.2 u nanHble, TpPUBEAEHHBIE B TAOJHUIE, OUYEBHIHBIM 00pa3oM
yKa3bIBalOT Ha 3((EKTHBHOCTh NPUMEHEHHS METO/JAa MEXaHWYECKHUX KBaJIpaTyp JUId
PELICHUs THIIEPCHHTYJISIPHBIX HHTETPAJIbHBIX yPaBHEHHH.

3akarouenue. [lonyyena enunas kBaaparypHas (Gopmyna Uil THIEPCHHTYJISPHOTO
MHTErpaja, MIOTHOCTh KOTOPOTO COJEPKUT BECOBYIO (YHKIMIO MHOTrOYJIeHOB SIkobu c
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KOMIUIEKCHBIMH TIOKa3aTelsiMu cTeneHn. PopMyia mpuMeHnMa MpH JII00BIX JIO0MYCTUMBIX
3HauUEHUAX TNokKazatened. Ha npumepe IUIOCKOM 3ajaud  TEOpUM YHOPYTOCTH st
MONMYIUIOCKOCTH C KpPaeBOW TPEIIMHOW TOKAa3aHO, YTO TIPUBEAEHHAs KBaIpaTypHas
dopmyna BKyme C KBagpaTypHBIMH (GopMyJIaMH ISl APYTHUX WHTETPajioB, Tpen-
crapieHHBIMH B [18,19], mo3BomseTr C ycmexoM MPUMEHHTh METOX MEXaHWYECKUX
kBazpatyp [19] k pemeHnro ¥ THIEPCUHTYIISIPHBIX HHTETPATFHBIX YPAaBHEHUH Ha OTpE3Ke.

ABTOp BBIpaXKaeT OnarogapHocTh K.Qp.M.H. A.A.AMUp/DKaHSHY 32 IOJIE3HOE
o0cyxeHue pabOThI U IICHHBIC COBETHI.
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2U3UUSULP @bSNh(e3NPLLENP UQFU3PL UUUEURUSE Sttulahl
U3BECTHUS HAIIMOHAJIBHOM AKAJIEMUU HAYK APMEHUU

Uthuwtthlju 73, Ne2, 2020 Mexannka
YK 539.3 Doi- http://doi.org/10.33018/73.2.5

ACUMIITOTUYECKOE PEIIEHUE OHHOﬁ CMEHLéHHQfI
KPAEBOU 3AJIAYU AHU30TPOITHOU IBYXCJIOMHOU
OUJIMHAPUYECKOHU OBOJIOYKHA

Xavarpsan A.M., Ilerpocsn I'.A.

KnrwuyeBble cjioBa: acCHMNTOTHYECKHUH METOA, AaHU30TPOIHAasA I[ByXCJ'IOﬁHaﬂ HUWIMHIPpU4YeCKast
060.]10‘{](3, CMEIIaHHbIC YC/IOBHSI, BHYTPCHHSAA 3a/1a4a.

Khachatryan A.M., Petrosyan G.A.
Asymptotic solution of one mixed boundary value problem
two-layera anisotropic cylindrical shell

Key words: asymptotic method, two-layer anisotropic cylindrical shell, mixed conditions, interior problem.
The question of determining the stress-strain state in a three-dimensional problem for an anisotropic two-layer
cylindrical shell, on the outer surface of which the values of normal stress and tangential displacements are
specified, and on the inner surface — values of normal displacement and tangential stresses is discussed. Using the
asymptotic method, the solution of the internal problem is constructed.

vuywnpui U.U, Manpnuywi @.U.
Gplj2kpn wuhqnunpny quuituht puquph th owep kqpugh
junph wuhdwynnnpl ménwdp
Zhdtwpuinkp. wupdmwnunhl dbpnn, bplokpn wihqnupny quuiwht punuip, uwep Lqpughi
wuydwblbp, Wkppht julighp:

Uuhdyinninhl] Ukpnyny wpwdquljubmipyjui inkunipjut kpwswth hunjuuwpmuubphg nnipu ka
phipjws dvwubulwb wswigyunubpny tplsuh nhdkptkughw hujwuwpmudubp kpljpkpn wihqninpny
quiughtt punuiph hwpqupyuwt hwdwp, skpnbkph dhell 1ppy Ynbuwnwlunh nhuypnmid: Futhw
purwphtt dwltptnyph Jpu wpjws i npdw) jupdw b wwbgkighw) nmbknuithnpunipniiutph, huly
ubpphtt dwlbplingph Ypw’ inpuwg nknuignfum pput b wwbgkighuy jupdnidibph wpdbpibpp:

OO6cyxIaercst BOIPOC ONpPEAEIeHHs] HANpsHKEHHO-1e(OPMUPOBAHHOTO COCTOSIHUS B TPEXMEPHOM 3ajgaye
JUISL aHU3OTPOIHOHN JBYXCIOWHOH IMIMHAPHIECKOH OOOJOUKH, M3TOTOBICHHOH M3 MaTepHaloB, 00IaJaromux
CBOMCTBOM 00meii aHn3oTponuu. IIpennonaraercs, 4To Ha BHEIIHEH IMOBEPXHOCTH OOOJIOUKH 33/1aHbl 3HAUCHUS
HOPMAJIbHOTO HANpsDKEHHMS M TAHTCHIMANbHBIX IIepeMelIeHHil, Ha BHYTPEeHHEH IIOBEpPXHOCTH — 3HAYCHHS
HOPMAJIGHOTO MEepPEeMEIIeHUs W TaHTeHIHAIbHBIX HANpPsDKCHUH, Ha MOBEPXHOCTU KOHTAKTa — YCIOBHS IOJIHOTO
KOHTAaKTa. ACHMITOTHYECKMM METOJOM IIOCTPOCH HTEPAlMOHHBIH IIPOLECC, MO3BOJLIIOIIMN OIpPENeNuTh
BHYTPEHHEE HANpsHKEHHO-Ie(OPMUPOBAHHOE COCTOSIHUE JBYXCJIOWHOM aHM30TPONHOW  IMJIMHIPUYECKOI
000JI0UKH C 3apaHee 3aJaHHOI aCHMITOTHYECKOH TOYHOCTBIO. PacCMOTpeHbI KOHKPETHBIE IPHMEPEL

BBenenne. Teopust aHU3OTPONHBIX CIOMCTBIX OOOJIOYEK HA OCHOBE THIIOTE3bI
Kupxrod¢a-JlsBa anst makera B 1IEJIOM, a Tak)Ke YTOYHEHHbBIE TEOPUHM aHH30TPOITHBIX
CJIONCTBIX IUIACTUH M 000JIOYEK IOCTPOCHBI U PAa3BHUTHI B M3BECTHBIX MoHOrpadusx C.A.
AwmbapuymsiHa [1,2]. ACHMNOTOTHYECKHII METOJ| OIpeNeseHUs] HanpspKEHHO-Ie(hOopMu-
POBaHHOTO COCTOSIHMSI ~TIPOM3BOJIBHOW  HM30TPONHON 00oioukn paspaboran A.JL
Tlonpnenseitzepom [3,4]. JILA. AranoBsiH pacmpOCTpaHWI ACHMOTOTHYECKHH METOX Ha
AQHM30TPOIHBIC TIACTHHKN W 00OJIOYKH, BBISIBHB XapaKTepHbIE OCOOCHHOCTH, CBSI3aHHBIC C
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anusorponueid. Ha ocHOBe ypaBHEHUI! T€OpUM YHPYTrOCTH, aCUMITOTUYECKHM METOIOM,
KJIACCHYECKHE U HEKOTOpBIE KIACChl HEKIACCHYECKMX KPaeBBIX 3a1ad JUIS TOHKHX Tell
paccMoTpeHBl B MoOHOTpadusx [5,6]. Bompoc ompenenenus HanpsxEHHO-IePOpPMH-
POBAaHHOTO COCTOSHUS [IHIMHAPHUCCKON 000IOUKH C OOIIeH aHM30TPONHEH PaCCMOTPEH B
pabote [7]. Ha ocHOBE acCHMITOTHYECKOTO METOA MOCTPOSHBI UTEPAMOHHBIE TIPOIECCHI,
ONKUCHIBAIOIINE BO3MOXKHBIE HAIPSKEHHBIE COCTOSHUSI B TMEPBOM KpaeBOM 3amaue ISt
WIMHApUYECcKOi o0osnouku. Bonpoc onpenenenus HanpspkEHHO-IeGOPMUPOBAHHOTO
COCTOSIHMSI B TPEXMEpHOH 3ajaue /s aHM30TPOIHOM UMIMHIpPUYECKOW 000J0YKH, Ha
BHEINIHEH U BHYTPEHHEH IIOBEPXHOCTSX KOTOPOM 3aJaHbl CMEIIAHHBbIE KPAEBbIE YCIIOBMS
TEOPHUH YIIPYTroCTH, 00CYKAEH B padore [8]. Ta ke 3amava Juisi aHU30TPOITHOH TUIACTHHKH,
Ha JIMLEBBIX IIOCKOCTSX KOTOPOM 3aJaHbl CMEIIAHHBIE KPAeBbIE YCIOBHSI TEOPUH YIIPY-
roctu, obcyxaeHa B pabore [9]. B atux paborax ¢ nmpuMEHEHHEM acCHUMIITOTHYECKOTO
METO/1a TOCTPOEHBI PEIICHNS] BHYTPEHHEH 3a/1auu.

1. IlocTaHoBKA 3a1a4M M OCHOBHbIE COOTHOLIEeHUsI. PaccmarpuBaeTcs TpéxMepHast
3a/avya TEOPUH YIPYTOCTH U aHU3OTPOITHOW NIBYXCIOMHOM IMIIMHIPUYECKONH 000I0YKH

JUIMHOU L’ tommunoi 2N u paguycoM COIPHUKOCHOBEHUS CIIOEB R. Bocnonssyemcs
IMIMHAPHYECKOH  cucTemolt  koopmumar  [,0,X, mpm  stom, Xe[O0;L],

re[R-h,;R+h]1,0 €[0;0] . Marepuans o6onoukn o6najalT HUIMHAPHYECKOit

AQHM30TpONHEHN OOLIEero BU/a, a OCh aHW30TPOIINH COBIIAAAET C OCHIO IIMIIMHApa. Bennuunel,
OTHOCSIIMECS] K BEPXHEMY CJIOIO, OTMETUM MHAEKCOM (1), a K HIDKHEMY CJIOI0 — MHAEKCOM
(2). lpenrmonaraercst, YTO TOJMIMHBI U KOIPPHULIUEHTH! YIIPYTOCTH CIOEB pa3HbIC M PaBHBI,

k
cootsetcTBeHHO, N, 1 E:‘II(J ), K- nomep cros. 3necs u B mocrenyromey, K =1,2 . Ha
BHELIHeH W BHyTpeHHeil MOBEPXHOCTAX OGOJOUKM 3aJaHbl CIE/YIOIUE YCIOBUS TEOPHHU
yIpyrocTH:
Oy u =yt 6 oels? -
U’ =uUg,U’ =Uy;,0, =¢ © mpu I =R+h,

r r

(1.1
o =€"0,, 01 =¢ o, U =U mpu r =R-h,

a ma topuax X=0,L u xpasx 0=0,0 ( 0<O< 27‘[) MOTYT OBITH 3aJaHbI

TIPOU3BOJIbHBIE KpaeBble yciosus. Ilpu © =27 uMeeM 3aMKHYTYIO LMIMHAPHYECKYIO

o6omouky u BMecto Kpaesbix yciosuit mpu O =0,0 wueobxoammo 3amath ycioBue

HNEPUOUYHOCTU HAMPSDKEHUH U MepeMEIIeHull, TO eCTb Q(k) (r, 0+ 27‘5) = Q(k) (r, 9) ,

k
rae Q( ) — M000€ 13 HAMIPSHKCHUN U TEPEMEIIICHUI.
Mexny cinosmu ipu ' = R sbinonusercs YCJIOBHE IIOJIHOT'O KOHTAKTa:
1 2 1 2 1 2 1 2 1 2 1 2
) =@, Ul =@,y =y, 60 = 612 6l = 612 6l = 2 (12)

r 27X X rx r r
Jnst onpeneneHuss HanpspKEHHO-IE(POPMUPOBAHHOTO COCTOSHHS LIMITMHIPUYECKOM
000J104KH Oy/IeM HCXOAUTh U3 TPEXMEPHBIX YPaBHEHHH TEOPUH YIPYIOCTH B LMJIMHAPH-
YeCKUX KOOpAMHATaX, B KOTOPHIE BBOJSTCS Oe3pa3MepHbIE KOOpAWHATHL 10 (opMyiiam
[2,5]

X r-R R
= , C= , 0=0,|— 1.3
& NG G iy H (1.3)
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u  6e3pasMepHBIE IepeMENIeHH U / R, U gk) / R,U)((k) = u&k) / R, =

pe3ysbTaTe 4ero ypaBHEHUsI TCOPUU YIPYTOCTH OyAyT COAEpsKaTh MaJlblil TeOMETPUIECKUH

napaverp €=~/ R, rne 2h=h +h, .

Pewienue naHHOM 3aauu CKIIAJBIBAECTCS U3 PELICHUS BHYTPEHHEW 3ajaul U PELUEHUS
THIIa TIOTPAHUYHOTO ciost. [ pemeHuss BHYTPEHHEW 3a/adqd MCIOJIB3YETCsl aCHMIITO-
THYECKHHA METOJ MHTCTPUPOBAHUS U BCE HANPSDKCHUS U NEPEMEICHUS MIPEACTABISIIOTCS B
BUJIE CyMMBI IO CTETIEHSAM Majoro mapamerpa [3-8]

S
U =g % e (1.4)
s=0

Ilenpte umcta (f mombupaercs Tak, wroObl mocme moxactanoBku (1.4) B

npeoOpa3oBaHHBIE YPaBHEHHS TEOPHH YIPYTOCTH IONYYUTh PEKYPPEHTHYIO CHCTEMY

OTHOCHTEJILHO MCKOMBIX BEIMYMH. B paccMmaTpuBaemoii 3aa4e 3Ta 1eib JOCTUraeTes npH
[5,6]

(k)

g, =1 s o, (k)

o) g

X 2

o, o o® g =0 UNUNUY. (15

’G rx 2

[oncrasnsis (1.4) B npeoOpa3oBaHHbIE YpaBHEHUsI TEOPHH YIPYTrocTH, ¢ yuéom (1.5),
MOJIYYUM CIIEAYIOUIYI0 cucTeMy (374ech W B IIOCIENYIOLeM, sl yJoOcTBa 3alMcH,
3aISITHIMH BBIAEIECHBI YaCTHBIE ITPOU3BOIHBIE):

+Z;ckS 2 +c$'g’;1 +C6r§§_ 3)+c(r§’§_l)+c(rk’}2)—ng’s_z) =0,
S +gc,§§2>+ogk;1 +Col T +ols! 42607 =0,
(rxc +ch';jz) +0(X';’11 +Qck“)+0(k§71) +G(ks 2) =0, (1.6)
=a)o a1 +ayo +ao +a15 +a16 :
U(ks +UkH a1 G +a22695S +a236 +62 +a2
+a2 Gks+c( ksz+azz (k,5-2) +a23 ksz
+aoyy” +allol Y +ao k)

(k,s-1) (k,s-1) (k) __(k,s-1) ksl (k,s-1) k&l
a13 +a23 Ge +a33 G, +az4 +ass +ase
U k,S + U k,S 1 + C,U k S— 2 U (k,sz) _
0c =

0

k,s)

_a14 +a24ce +a34 +az(14) 9 )+az(1l;) e )+a4(16) ( +

ks ks ks
C(am ’ +a240_e ’ +a34 )
+a§';) (k.s~ 3)+a() (kS 3)+a£6) (k.s~ 3))’
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ksrl

ks) k&l k&l (k,s-1)
U, +U —315 +asze +a35

B

k k&l ksl

+alols™ ! +a55 +856

Ukd+uld +QU s2) — gl 4 Aol 1 all)otd) 4 gsls) 4

+a‘56 +a6 G +C(a1 Gk%z +azscek82)+
(k,5-2) (k,5-2) (k,s-2) k s-2)
+al)ol )+ ol + el + gl )
Wnterpupys cuctemy (1.6) mo C , momywmm:

Et o = EXO ) + G*(k ° (Xa e) ? G(rk,S) = GEE’S) + G?(k’S) ’

U =yl +u e (x,0,r), (1.7)

o9 = ¥k 4 gks) | k) oiks) | (k)

G(Xk’s) =al ( S 4 a( (ks +a5 cﬁios +1:E§)S) +0, (k ) , (x,6;a,b;4,5),

rne

(k S) _ Bl(k) (k.s) + Bl(k) (k,s) + Bl(k) (k.s) (X 0:1 2)

508 i b s

Koapunmentsr Bl(jk), ai(k),bI R CI() OIIPEAETSIOTCS. 10 M3BECTHHIM  (opMyJiam

[1,2,7], a BemuauHBI cO 3Be370YKaMH, Bxosmue B Gopmynsl (1.7), kak 0OBIYHO, U3BECTHBI
JUTSL KQKIO0TO NPUOIIMKEHHS S ¥ ONPECISIOTCS 10 (hopMyiam:

¢ _
o9 = _[[ gk 4 ks +G(rk’372) _G(k s-2) +€( (ks2) | (ks3) )}dC

r 0, %, Xri
oL
(k,s) C_(k 1), (ks-1) k2 (ks-2) o S(ks3)
*(k,s ,S— s— s s s
Gro —_I Opp 1O0y: +26! +C( Groc xeg )Jdg
oL
*i C_
Grf(k,s) __J' G(XZ,; 1)+G(k§s 1)+G(ks 2) +C( rtz 2)"‘0(;?%373)” dc,
=
4
U;(k,s):j[al(r) (k,s-1) +a24 ksl +a34 (k,s-1) +a£|;) (ksl)+a£5) (ksl)+
0
(k) _(k,s-1) ks— (k,s-3) k53 ks3
+8,,0, +U +Q(314 4 az4 )+ a34
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+a44 ks—3 +a45 (k,5-3) +a46 ks—3 +U(ks 2))_U(k,s—1)}dc,

re

¢
U*(ks ”:313 stl +a23ceksl +a33 ksl)
(1.9)

+a§3) (k,s-1) +a35 k51+836 k31:|dg,

(k,s-1) k,s-1)

U = j[a15 (o) 1 alolos) 1 allglos) 4 glldglies)
+ass k“+a56 > Ufkgs*‘)]dc,
= al¥ol +a( S 4 alsi9 L 9 L g g 4
Y 92“ +C(a"ol T +aloy T +alo)
+a¥s "“+aS k“+a6 k“))
oY =boT 9 L pHGTs) L g s gy o) 4

+CBZ6U (k,s-2) C(bl (k,s-2) +b2 ks 2) b}(k)GSk,s—z)_l_
+b’ rl;SZ +b/ kSZ +b, Xl;s_))’
xel —% +C() ( )+C() (ks)+‘t(ks+BZ6U kesl) 4

ksz) ksz)

+§BG6U"“+C( + Mol 4 riglos2) 4

+¢ 6% + ol + Mo iés'”)’
Lks) _ Bl(r)gl(k,s) + B| k,s " Bl k.s) ,(X, 9;1,2),

) - plgts) | gg (ks) + B
*k,s k,s k,s k,s k,s *k,s *k,s k,s
(ks) _1ys) (M )=Uefq, ), o9 =UEd U gl gk

(k,s-2)

& =Yy 58 & 0.t
g™ =—(al’BY +alBY ). b = —(al'BlY +alBLY),
o/t :—(a2i B! +a§'i‘)B§'6‘)), (i=12,..6).

IIpeanomnaraercs, 9To Q(S_I) =(0,eciu S<i.

k,s) ’C(k s) _(k,s) U(k,s) U (k,s) U (k,s)

Heuspectnble QyHkuum uHTErpupoBaHus Too »>Troo »Tro sYxo sYg0 > Yro

omnpezessorest u3 yenosuid (1.1) u (1.2).
Y 10BNETBOPUB YCIOBUSIM MOJHOTO KOHTaKTa cIo€B (1.2), momyunm:
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(1s) _ .(25) (Ls) _ .(25) _(Ls) _ .(29)

Ter - Trxo :Treo - Treo 9Tr0 - TrO s
(19 _ (129 (109 _ @9 (108 _1; 29
UxO _UXO ’UOO _UGO 9Ur0 _UrO .
Y 10BNETBOPUB MOBEPXHOCTHBIM ycIOBUsIM (1.1), onpenenuM Hen3BeCTHbIE (QYHKINU
WHTETPUPOBAHMS:

o) =0\¥ — o (£,9.0,).(%.0), o' =0, 1" (£,0,5,),
UlY =u¥ U (6,,¢,).(x.0), UGS =U;‘ ~U9(,0,5,).

U3 (1.7), c yuetom (1.11), momy4yrM OKOHYATENEHOE PELICHNE TIOCTABICHHON 3a1auu:

k.s) = +(S) + G*(kys) (§7 (p7c.>)_ *(1,8) (a (pﬂz;l)
)k(s)—G(s)+G*(ks)(§,(P,C) 5.9 (80,8, ), (%.0),

(1.10)

(1.11)

(e}
Uk =u® U™ (&,0,0)-U " (£,0,8,),
Uk =y +u*<k’s>(a ® c;)—u*“S)(a ¢.£,):(%.0). (12
cy(Xk,S): (k) ()+a( _|_as G
B B B s o )
(x.6;a,b;a’,b';1,2),

o) :Cgk)c;(s) O IR
+ BI S) 4 B§6) HS) | Béé)( (és) + u;f))+cigk’s) (£.9.,0)
re
o “9 (¢, @,C)=G*(k’s)(é 0.5)-a¥s," (£,0,¢,)-a 07 (£.0.8,)
~al’s, 7% (8,0.¢,)-BYU,L" (é,cp,f;l)— B Ue,; '(&9.6,)-
- By (U (8.9, )+Ux,f>(é,cp,cl)),(x,e;a,b;a',b';l,z),
(S cp,c) o (6:0,6) -0 (8,0,6,) -
ot (8.0.6,) - Ao (£,0.6,) - BRULY (8,0.6,) -
-BYUY (5,9,6)- B (Ut (5,0,6)+U,07 (2.0.6))
B ¢opmyaax (1.11), (1.12) HeOGXOAMMO yUUTBIBATE, YTO

€0) gt 60 = 5

r roMrx T Mrxo Mr

D=6 =67=0,u/ =0/ =u¥ =0 npu >0 ’

oV =c,, u”=u, u® =u,u”=u

r

(¢

BriBenennbie Boie Qopmynsr (1.7) — (1.12) HOcsT WTepalMOHHBIN XapakTep M
MO3BOJSIIOT HAWTH 3HA4YEHUS BCEX KOMIIOHEHT TEH30pa HalNpsDKEHUM M BeKTopa
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nepeMelIeHns ¢ 3apaHee 3aJlaHHOW TO4HOCTBI0. Takmm obOpasom, yciosust (1.1) — (1.2)
OKa3aJIUCh JIOCTATOYHBIMU JUIA OIPENENICHUs BCEX HMCKOMBIX BEJIMYMH BO BHYTPEHHEH
3agave. DTO pEIICHHE, KaK IPaBUIIOo, He OyIeT yIOBIETBOPATH TOPLEBBIM YCIOBHSAM H
YCIOBHAM Ha Kpasx LWIMHAPHYECKOH o6onouku. s yIOBIETBOPEHMS YCIOBHSM Ha

topuax X=0,L u na xpasx 0=0,0 neoGxomuMo NOCTPOUTH pelIeHHs THIA

MOTPAaHUYHOTO CJIOS BOJM3H ATUX TOPIOB M Kpaés [3-6].
2. [Ipumepsnl. B kayecTBe MWILTFOCTPALIUU PACCMOTPUM YaCTHBIC IIPUMEPBHI.

a) Ilyctp uMeeM aHU3OTPONHYIO NHUIMHAPUYECKYIO O0OJOYKY, Ha BHEIIHEH U
BHYTPEHHE! IOBEPXHOCTAX KOTOPOH 3alaHbl CIEAYIOIIUE YCJIOBHS Ul HANPSDKEHUH U
HEePEMEILEHHN:

G::_qa ::Oa u(;r:()ﬁ G;X:O, 0;6207 U;ZO' (2'1)

*(k,0
VYauTeIBas, 4YTO Qr( )= 0 wu orpaHMYMBIIMCL HyJIEBBIM TIPHOJIMKCHHEM, C

MOMOIIBIO peKyppeHTHBIX opmyi (1.7) — (1.12) nosyunm pemenne

R
\fq, \fag g0y = \fq g.c \fhcg a, 02

oM =0, k=1,2.
Bhrumcisis Bce TpHOMMKeHHS 10 S = 2 BKIIOUMTENBHO, MOJTYYMM pelIeHHE

> 2
BHYTPCHHCH 3a/1a4u C TOYHOCTBHIO O(g ) .

R (8 1)(r - R, ol =0l =0
O __ IRo04_| gl -R
cSx - \/;aS q |:Bl (

R-h

+

Rh
LB (a®a® 4 a®h® +a®e® £ a@ )\, 40 (p _1) T ZRZN o
E%zgag%bga%cza%hagbs e

=

) af?asuag?b?uagzc@+a§;>)

W0 4 a0 4 g0 R
+(aMal’ +ab! + ol + & )ﬁ}q,

R r-R
o) =-, /Fbwq-[Bgy(a;?ay +allef)+aljel) +al) )R
r-R-
B (ol il ol | b (b 1) T

+(bral byl by el + )—}

47
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R r-R
ol - (Rl ) (el + s+l | =R

1 2).(2 2)(2 2) (2 2 1 1 r-R-
B (ol sl e (o)) RN

h
r-R
+(qM%U+QMdU+QMéU+qm) }q

JRh
R
= R (el )+ o)+l (- Ry (x0:4,5)

= R [l i) a2l R

(e e a4 ) Jo

Jly1s BTOpOro clios UMeeM:

o = R [ (6 1)1 R (b 1) Ja. o2 =of3 =

(e

0

R r-R+
= Ral-| B (< e ) R
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R r-R+
o = - bq-| B (e el i ol )R

2 2 _R 2 1
b0 (b7 1) 7 (6 -1)

+(Bra + b+ B+ b )f}
o) = Bepa-| B (ol a4 o)) R
ol (b7 1) e (1)
(e e s ) R g
= Rl bl ol + 2 e -Reh

9 = R (e a0 a0 2R

(el bl e+l ] (x,:4.5)

Ecnu Martepuanbl CIOEB  OPTOTPOIHBIE, TO IONydYeHHble (DOPMyJIbl HAMHOIO
K k
ynpomaiores. B wactroctn, Uf( )= U((9 ) =0.

0) Ilyctp wmMeeM OpPTOTPONHYIO NWIMHIPUYECCKYIO OOOJIOYKY, HAa BHEIIHEH W
BHYTpPEHHEHN OBEPXHOCTSAX KOTOPOH 3aJaHbl CIECAYIOIINE YCIOBUS:

+ + + _ - _ - _ - _
o, =0,u =0,u; =0,0,=1,,0,,=1T,, U =0. (2.4)
Borumciss Bce mnpubmmkeHus 10 S=4 BKIIOYHTENHHO, MONYYMM pelIeHHE

o 4
BHYTPCHHCH 3a/1a4u C TOYHOCTBHIO O(S ) .

,X \/:rl ‘/Rh r-R+h)(r-2R)r,,
G(r';)=\/%rz+ﬁ /%(r—R+h2)(3r—5R+hz)rz, (2.5)

66



1

L el [oR( R )~(r-RenY (R 40 ) s

=1 [ R~ R)~(r ~Reh )l (2hR-( +h.Y) 5.

_ L Sopon “R-h)z
- (R 20 R,

1

— = [ (R=28)(r=R)-all) (r-h -20)h ]z,

B zakmrouenne OTMETHUM, YTO PCIICHUEC TUIIA ITIOTPAHUYHOIO CJI0OA MOXXHO ITOCTPOUTH C

MOMOIIEI0 (DYHKIWH THTIA TIOTPAHWYIHOTO cJios [5-7,9].
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2U8UUSULP @SNk E3NPLLENP U22U3SPL UUUEURUSE St tulah,
W3BECTUS HAITMOHAJIBHOM AKAJIEMUM HAYK APMEHUA

Uthuwtthlju 73, Ne2, 2020 Mexannka
YK 517. 934 Doi- http://doi.org/10.33018/73.2.6

HYBRID CONTROL OF A MOTION OF AN UNMANNED AERIAL
VEHICLE, CARRYING AN INVERTED PENDULUM
Shahinyan A. S.

Keywords: Dynamical systems, hybrid control, optimal stabilization, quadcopter, inverted pendulum, phase
trajectories, virtual modeling.
Marunsx A. C.
I'uGpuHOe ynpaBiieHHe ABUKEHNEM (GeCIUIOTHOrO JETATEILHOI0 ANNapaTa, HeCylero
nepeBepHYThIii MASITHUK
KiroueBble ¢/10Ba: IMHAMHUYECKHE CHCTEMbI, TMOPHIHOE YIPAaBICHHE, OITHMAIbHAS CTaOMIM3ALHs,
KBaJIPOKOITEP TEePEBEPHYTHIN MAsATHHUK, (ha30BbIC TPACKTOPHH, BUPTYaIbHOE MOJICIIMPOBAHHE.

PaccmaTpuBaeTcs mpo6iieMa ynpaBiIeHUs IBIDKEHHEM OeCHMIOTHOro JeraTensHoro ammapara (BITIA),
HECYILIEro IIepeBepHyThIH MasTHUK. OnucaHa B3aUMOCBSI3aHHAS JMHAMUKA OCCIIMIIOTHOTO JICTaTEIBHOIO
anmapara M IEPEeBEPHYTOro MasiTHHKA. s pelleHus, JMHEapu30BaHHOW Ha OCHOBE BHPTYalbHOTO
MOJIETIUPOBAHUSI CHCTEMBI MaTeMaTH4YeCKOH 3ajaud YIpaBICHUS, NPUMEHEH HOBBIA: T'MOPHIHBIA METOX
yIpaBlleHHs cUCTeMOM. PellleHa iMHeapr30BaHHas 3a/1a4a yIpaBiIeHUs] CHCTEMOM.

VYipasisirolye Bo3/ACHCTBIS Ha CUCTEMY, a TaKkxke (ha30BbIe TPACKTOPHH ABMKCHHUS COCTABIISIOIIMX CHCTEMBI
MIPHBEIIEHBI B BUJIE TPadUKOB (yHKITHI.

Cwhhiywt U. U.
Cpoqud dnfwhiuly Ypnn whonwsnt prsnn uwpph swpddw hhpphnuyht njudupnid

Zhfuwpunkp' nhtwdhl hwdwlwpgbp, nEjudupnud, owpinhdw) vnwphjugnud, punwpl UEU,
opoqud &ndwliwly, thnyuyhtt hbnwgstp, Jhpunniwy dnpljwynpnud:

TYhunwpyynud £ opoqws &ndwiwly Ypnn, punwpl whonwsnt poynn uwpph swpddwt nhjujupdui
uunhpp: Ljwpugpdus bt wbonwsnt pnynn uwpph b &ndwbwlh thnpljuwyulgyuws phtwdhljub:
Cuipddwt puinhwinip hwjwuwpnudubph gduyhtt Unnwdnpmpjut hwdwp jhpundws E hudwljupgh
owpdiwi nEjujwpiwb inp hhpphpuyhtt bpubwy: Tnisgws Ehudwlwpgh nhljujupdut paghpp:
Unwugjws b nhjudupnn wqpkgnipnibubpp b pwpddwt $wquyhtt hbnwgstpp: Ywnmigdus L
npuig gpudhlubpp:

The control problem of the movement of an unmanned aerial vehicle (UAV) carrying an inverted pendulum is
considered. The interconnected dynamics of an unmanned aerial vehicle and an inverted pendulum are described.
To solve the control mathematical linearized problem on the basis of virtual modeling of the system, a new one
was applied: a hybrid method of the system control.

The linearized system control problem is solved. The control actions on the system, as well as phase trajectories of
the components of the system are given in the form of graphs of functions.

1. Introduction

Unmanned Aerial Vehicles (UAVs) are, in general, flying vehicles which do not require a
person onboard to be controlled. UAVs can be also considered as flying robots. The history
of UAVs starts from 1880s when those robots were used mainly in military purposes. One
of the first ways people used UAVs was as high-altitude photographers. However, these
extremely simple flying drones were not popular until the times of first world war. Several
years after drones acquired popularity they were applied in military missions like
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elimination of unexploded bombs, assessment damaged buildings in an area, exploration of
enemy forces, etc. [1].

Decades later when science and technology developed side by side UAVs also became
more advanced and they are capable of completing much more complex missions not only
in military forces but also for civilians. Nowadays applications of UAVs include missions
like mapping, pollution and land monitoring, powerline inspection, fire detection,
agriculture, and among other applications.

Among all UAVs, the quadrotors of most interest amongst scientists and researchers
because of their structure simplicity, cheap price and extremely huge dynamic potential. A
decent amount of papers are dedicated to dynamics and control of these kind of robots
namely papers present control techniques like Proportional Differential (PD) control [2, 3],
Proportional Integral Differential (PID) control [4, 5], control of position and orientation by
vision [6], sliding mode control [1, 7], fuzzy logic [8, 9], and adaptive control in [10].

In [12] a UAV is considered with an inverted pendulum mounted on its body. The paper
makes trajectory constraints on the UAV-Pendulum system and, hence derives a Linear
Quadratic Regulator (LQR) controller to stabilize the system along the trajectory or the
hover point. First, they make the system hover in a point and stabilize around that point and
then they want the UAV to move around a point center in a circular trajectory

In this paper dynamics of a UAV is considered alongside with an inverted pendulum
mounted on the UAV. The dynamics of the pendulum is presented with respect to the UAV
and then both models are combined into one using some rules and theorems of the
Theoretical Mechanics. After linearizing the model, a novel hybrid method of control is
applied to the system to solve the control problem.

The hybrid model we applied is as follows. We first stabilize optimally the pendulum using
the motion of the UAV as control inputs and then we use the optimal stabilizing control
inputs to drive the UAV-Pendulum system to a desired position.

The results we gained i.e. the control inputs and state trajectories are shown in form of
graphs which were generated from virtual simulations.

2. Modelling of the System
To derive the pure theoretical dynamics of a UAV let us fix a coordinate system Oxyz . Let

O be the origin. We will also need another coordinate system OgX;YgZ; fixed in the
center of mass O, of the UAV (fig. 1). The torques and forces generated by each of the
propellers are shown in the Figure 1. The propellers are numbered 1 to 4 [13].
fa fi _ T
Let &=(x y 2)

w . N w
1/(\.\/‘ I § \I be the coordinates of
K Thy A %;‘(\\

the center of mass of
the UAV with respect

T fs “"”“\ / . to the system Oxyz.
ﬁ o a» As mentioned above,
'%(P\.Tu. T\lf ﬁ‘ the center of the mass

L L/»j ] of the UAV coincides

w3 w>  with the origin of the
Fi coordinate system
tgure 1. OgXsYgZs. Let us

describe the inclined position of the UAV about the point O, using yaw, pitch and roll
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angles. Let ® be the pitch angle, ® be the roll angle and, finally, let ¥ be the yaw angle.
Then we will have two vectors describing the position of the UAV. Those are the
following:

E=(x y 2), n=(@ © ¥) (1)

In the coordinate system the linear velocities V; and the angular velocities V are the

following
— T _
VB:(VBX VBy VB) H V:(p q r)T (2)
In this setup we will have the dynamics of the system as given below [13; 15].
X—lc C +l ; y—l C —lc ; 2——g+lcc~ 3)
m v S Co mS‘PS(D’ msxl% L v S 5 v CeCos
Ci): p+ﬁq+ﬁr; @:C®Q—S®r; \i/:iq_i_cir;
Co Co Co Co
I I r | I r
p_(yy Zz)q _|ria)r+r_®’ q:(ZZ xx)p Ir P + (9;
| | I Iy Iy Iy
o — 1
|r':(XX yy)pq—lria)r+r”";

Where the following notations are used:
C,=cosa, S, =sina, M =m,,, +m,

Ik(—a)22 +a)f)
=17 |= |k(—w12+a)32) (4)
Ty Zri

T=YF=Xke, T=(0 0 T)

As for the mathematical model of the pendulum we will consider its dynamics in the
coordinate system OgXg Vg Z; .

So, the dynamics of the pendulum will be as shown below. [4]
3% = (L = y2 )%= 253 (V%Y — (L - V2) %)
0 (Vo +%,9, =< (9+2))

O N
XD_(Lz_y’zj)ézz

(LY, %39+ V3 (6 - £ (94 2)+ (-6 - %, + £ (9+2))) )
y =—1 . —y:y—(Lz—Xﬁ)y—zy:(xpxpyp_(ﬁ_x:)y)
p (|_2_x:)é'2 +y;()'(§)+xp§(p_é’(g+2))

+p (~L%,%, 538, 436 (3 - (9+2) + L (-5 - 73+ (9+2)))

Using the formula of center of mass of a system
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X = mr, +mp,
s
m+m,
where T, =¢& :(X y Z)T and T, =T, = (Xp Yo Z, )T , we can find the coordinates of
center of mass of our UAV-Pendulum system in the coordinate system Oxyz. Let

m =m, =1, then we will have

{XC = x+%xp; Yy, = y+%yp; zZ.=z+ x+%m
To get the state space model of the UAV-Pendulum system we introduce the notations as
shown below

X=X X=X %=V X =Y

X% =Z; X=Z4; X=0; X%=0;

=Y Xo=p X=0 X;=I

X3=Xps  Xa=Xp X5 =VYp> X6 =Yp
We linearize the dynamics around the origin of the fixed coordinate system. So, we finally
get.

(6)

X =% X == X35 X3 =%y X =——Xs;
21 21

p p
X5 = X5 X = Uy; X7 = X5 X=X
. g 9 o W 9 o Y (7
X9 = X35 X10:| B X5 X :I__I_X13’ X2 :I_’

XX XX yy yy z
XA =X Xm0 D Xa X=X, —gx + 3 x
13 = X45 14 =—0% | % %is = Xe X6 = 0% | s

p p

T
where u, :V—g, U =74, Uy =75, U =7.

Using Kalman’s rule one can check that the system (7) is fully controllable. So, now we are
in a point where we can define the problem and we can go ahead to show the way we
solved it.

3. Problem Definition:

Given the system (7), the initial position of the system X (O) =X, 1= m and the final

position X (tl) =X, 1 =1,16, find control inputs U, i =1,4 such that it drives the system
from the given initial position to the given final.

As one can notice this control problem is not an optimal control problem.

Problem Solution.

Our approach to the problem solution was the following. First, we ensure that the pendulum
remains where it should be. We do this by applying optimal control input stabilizers inside
the coordinate system OgX;YzZ;. And after we know that the pendulum will remain

inverted (will not drop) we proceed to the control problem. Let us now define a subproblem
of optimal stabilization for the subsystem
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. 9., . . 9

{)(13 =X45 X4 =—9Us +|_X13» X5 =65 X6 = Qg +|_X15 (®)
p p

Note that here we use the notation

X% =Us; X =Ug )

Now the subproblem will be the defined as follows.

4. Problem Definition: Given the system (8), the initial position of the system

% (0)=Xx,,i=13,16, find control inputs u’ = (u? ul )T such that it drives the system

from the given initial position to asymptotically stable position while minimizing the linear
quadratic regulator

J[e]= T(xf4 + X+ U +U; )de
0

Solution: Notice that the system (8) can be divided into two subsystems which are

{XB = Xi45 X4 =ngl3 — Qus (8.1)
p

v oy -9 8.2

XIS_X16’X16_I X5 + QU (8.2)
p

We will show the solution steps for one of the systems (say (8.1)) as both of them are
solved absolutely identically.
We choose to solve the optimal stabilization problem by using Lyapunov-Bellman method.

In general, the method says that the optimal control input u” has to satisfy the optimization
equation as given below

min(VV (x)(Ax+Bu) +(X'Qx+u"Ru)) =0 (10)
Where
B[e]=VV (X)(Ax+ Bu)+(xTQx+uTRu) (11)

(11) is Bellman’s expression for the linear time-invariant control systems. So, in our case
for the system (8.1) we will have

oV ov (g o
B |e|=—X,+—| =X, —0Us |[+X,+U 12
[] 5‘X13 14 axm[lpxw gs} 14 5 ( )
It is obvious that the value of Ug which optimizes (10) is the extremum of (12). Thus, we
will have
Y
w-9N (13)
2 0%,
By substituting (13) back into (12) we get the following.
5 2
ﬂxM Exnﬂ_g_ N +X =0 (14)
OX,3 l, “ox, 41\0x,

Here V =V (X, % 4) is the Lyapunov function for the system (8.1) and we search for it in
the form
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1
V:E(CHX123+2C|2X13X14+C22X124) (15)
Putting (15) into (14) we get a algebraic equation which have the form

2
(6% + €% )% 12 (K, + €% )%, = (G +CoX,) 3, =0 (16)

p
From (16) the following system of equations will follow

g g, 2 |gl,+4
e 8 29 _“ /_
|pC12 4 C» G, X J,

g2 2 4
C,——0C, +1=0 = Cp=—7 (17)
2T 2 2 glp

C11+Igcz2_g?C12C22:0 szzz glp+4
P gy d,

Here the shown solutions are the ones which make V =V (Xx;,X,) positive definite.

Finally, to get u{ =u{ (Xm X, ) we put (17) into (15) and put what we get into (13). That

gives us
2 gl, +4
U =%+ =% (18)
p g,
To obtain u{ =u{ (t) we simply need to substitute (18) into (8.1) and integrate the system.
We will get
fornfyy) {orle]
0 gl p +4 e 21 —e 21y
. | 21 )
g p P (19)
{ g, [ l*} t[glp g, % |+ J [ dy-dl, g' J [gl -d, g'|+]
[, +4le e ™ e M +e
J, ol ol

Taking the exact same steps for the system (8.2) we will get u =u? (t) which will be

(a5t mmj

| _ |
T . (20)

2

SRCEICE LoolF) g ofF) (ol ol

5. Back to Core Problem.
Now, that we have the solution for the subproblem, we can proceed to our main problem.

Recall that the control inputs in the sub problem which are uj =ug (t) and ug =ug (t) are
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actually X, and x; in the system (7). In that case one can notice that two subsystems of (7)
can be simply integrated. Those subsystems are the following.

ST B . U g
{X1:X27X2:TX13J%:X11>X11:|_3_|_X13 (7.1)
P W
. . g . . u g
{X3:X4;X4:TX15; X7:X10;XIO:|_2_I_X15 (7.2)
P XX XX

As we already have X, =X, (t) and X =X (t) we can simply derive X, =X, (t) from

system (7.1) and X, = X, (t) from system (7.2). As for x =X (t), i =1,4, we will obtain

by integrating X, :%XB and X, =%X15 under the consideration of desired edge
P p

conditions. As a result, we will have the desired state trajectories of the UAV and the

control inputs U, =u, (t) and u, =u,(t) which will drive the system through the desired

trajectories. Of course, those control inputs are not optimal because of the absence of
constraint.
The remaining two subsystems of (7) which are

{%s =X % =y (7.3)

{5‘9 = X235 X, - (7.4)
I z

in this paper are not discussed. The reason is that these are independent of the dynamics of

the pendulum in the linearized model of the system we have.

Another reason is that (7.3) and (7.4) are of no interest because of the simplicity of their

solutions.

6. Simulating the Results.

We have chosen to check the theoretical result of this paper by simulating the motion of the
UAV and recording state trajectories in form of graphs with time being the independent
variable. For the simulation purposes the following values have been chosen for the
parameters

g=981ms?, I =1m |, =1, =04856 Kgnm’ 21
Finally, we are ready to present the graphs describing the motion of the quadcopter (shown
below).

In the Figures 2+5 the phase trajectories of quadrotor are shown, and in the Figure 10 and
Figure 11 the phase trajectories of inverted pendulum are shown.

From the figures it follows that in this problem of controlling the movement of the system a
quadrotor-inverted pendulum, the coordinates of the center of gravity of the quadrotor and
the coordinates of the inverted pendulum increase (Figure 2 and Figure 4, Figure 10 and
Figure 11) and the phase velocities of the center of gravity of the quadrotor are stabilized
(Figure 3 and Figure 5).

In the Figure 6 and Figure 7 the control inputs u, (t) and u, (t) are given, that bring the
system from a given initial position to a given final position. In the Figure 8 and Figure 9
the control inputs u; (t) and ug (t) are given, that bring the system from a given initial
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position to an asymptotically stable position while minimizing the linear quadratic

controller.
il xll
50 35
40+ 3.0
300 25
200 0
1.5F
10+
1.0
2 4 (i} 8 10 12 14

2 4 6 8 10 12 14

Figure 2. The trajectory of X, (t)

Figure 3. The trajectory of X, (t)
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Figure 4. The trajectory of X, (t) Figure 5. The trajectory of X, (t)
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Figure 6. The graph of u, (t) Figure 7. The graph of u; (t)
us"[] us"[t]
10} o
nla | N
s 2 4 8 8 10 12 14
0.4 -0.2
0.2 -04
2 4 5 & 10 1z u -06

Figure 8. The graph of ug (t)

Figure 9. The graph of ug (t)
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Figure 10. Trajectory of pendulum along x -axis Figure 11. Trajectory of pendulum along y -axis
on the coordinate system Oxyz on the coordinate system Oxyz

Obviously, the control inputs control inputs u, (t), u,(t) and ug (t), quickly converge to

zero. The control input uy (t) also quickly converges to zero, but after impulsive increase.

Figure 12 and Figure 13 show that how different the real trajectory of the UAV and optimal
trajectory of a Pendulum-Free UAV in 3D space.

e o //;
| s P
~ //
| 4 e
///
I > [
& i
m s~ e N
v o o 10 26 30
Figure 12. The real Trajectory of the UAV in 3D Figure 13. The optimal trajectory of a Pendulum-
Space Free UAV in 3D space

To compare this result with the case when there is no pendulum mounted on top of the
UAYV we will present the optimal trajectory of a free-of-pendulum UAV which is driven
from the same initial point to the same final position.

Conclusion

The dynamics of the pendulum is presented with respect to the UAV and then both models
are combined into one. The model is then linearized and the control problem is solved using
proposed hybrid method, which means, we first stabilized optimally the pendulum using the
motion of the UAV as control inputs and then we used the optimal stabilizing control inputs
to drive the UAV-Pendulum system to a desired position. The results we gained are shown
in form of graphs which were generated from virtual simulations.
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