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AT'AJIOBSH JIEHCEP ABI'APOBUY
(x 80-s1eTHIO CO THS POKIEHUSA)

Ucnonamnocs 80 ner co OHSA poKACHHSA BBINAOLIETOCS YYEHOTO-MEXaHMKa,
W3BECTHOTO  OOLIECTBEHHOTO  JesTeNsl, aKaJleMuKa-cekperaps «OTneneHus
MaTeMaTHIeCKUX W TeXHudeckux Hayk» HAH PA, 3aBemyromiero otaeirom
«MexaHMKa TOHKOCTEHHBIX CHUCTEM» M COBeTHHMKa jaupekropa MWHcTutyTa
Mexanuku HAH PA, 3acmyxenHoro nesrens Hayk PA, akagemuka HAH PA,
IoKTOpa (PU3MKO-MaTeMaTHYECKUX Hayk, npodeccopa Jlencepa AobGrapoBmda
ArarnoBsHa.

JLLA.AranossiH  pomwics 3  ¢deBpans 1940 roma B cene Komarak
Maprakeptckoro paiiona HaropHoro Kapabaxa B cembe yuureneit. B 1961 romy
JLA.ATaJioBsIH ¢ OTIMYHEM OKOHYMJI MEXaHHKO-MaTeMaTHUECKHH (aKynbTeT
EpeBaHCcKOro rocynapcTBEHHOTO YHUBEPCHUTETa IO CHENMAIbHOCTH MEXaHHKA.
[Tocne okoHuyaHusl yHHBEpCcUTETa OBUT OCTaBJIEH Ha paboTy B KaueCcTBE acCUCTEHTA
Kadeapel TeopeTHdeckoi MexaHukn. B 1966 rTomy yCHemHOW —3amtuTou
KAHJUJATCKOM JIHCccepTalMy 3aBepllinil OuyHyro acnupantypy EI'Y. Tpynosyiro
JeSITeNbHOCT, B KayecTBE CTapLIEro MperojaBaTelNsi MPOIOKHI Ha Kadenape
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Boiciiet marematuku EI'Y. C 1969-ro roga oTma€T mnpeanouTeHHUE HaydHOH
JIeATEeTHLHOCTH U TIepeXoauT Ha padoty B MaCTHTYT Mexannkn HAH PA B kadecTBe
crapimiero Hay4gHoro cotpyauauka. B 1980 romy B Kazanckom rocyaapcTBEHHOM
YHUBEPCUTETE 3alUIIAET JOKTOPCKYIO JUCCEPTALMIO U eMy IPUCYKAAETCS yuEHas
CTEeTIeHb JOKTOpa (u3mko-maTematnyecknx Hayk. B 1987 r. JI.A.AramoBsH
n3bnpaeTcs Ha AODKHOCTh naupekropa HWuctutyra Mexammku HAH PA wm,
HEOAHOKPATHO mepen30oupasich, noutu 20 jget paboTaeT Ha 3TOM MOCTY.

B 1996 rony uzbupaercs neiicteurenpHpM wieHoM HAH PA.

C 2006 roma mo ceit meHb JI.A.ATaJOBSH SIBIIETCS COBESTHHKOM IHPEKTOPA
HNucturyra mexaanku HAH PA u 3aBemyer otaenom «MexaHWKa TOHKOCTEHHBIX
cucrem», ¢ 2016 rona — Akanemuk-cexkperapéM OTaeneHus MaTeMaTHYeCKUX U
texHuueckux Hayk HAH PA. JI.A.AranossH saBnsgercs wieHoM [Ipesnguyma HAH
PA (2000-2006rT., ¢ 2011r1.).

Kpyr nayunbix uarepecon JI.A.AranoBsiHa AJOCTaTOYHO IIMPOK U OXBATHIBAET
TEOPUI0 aHHW30TPOIMHBIX IDIACTUH M O00O0JOYeK, CMEIIaHHbIe KpaeBble 3aJadu
TEOPUM YIOPYTOCTH W  BS3KOYIPYIOCTH, HEKIACCUUYECKUE CTATHYECKHE U
JUHAMHYECKUE KpaeBble 3aadd TOHKHUX Tel, NpoOJeMbl CEHCMOJOTHH H
CEHCMOCTONKOTO CTPOUTENHCTBA, OOOCHOBAHHE MPUKIIAIHBIX MOJIEIeH OCHOBAaHUI
1 (GyHIAMEHTOB, BOJHOBEIE TPOIIECCHI, PACIIPOCTPAaHEHHNE BOIH B CJIOUCTBIX CpeIax
u Jip.

Bceobmee mpusHanue monyuyunan pabotel JI.A.AranoBsiHa, B KOTOPBIX, Ha
OCHOBE YpaBHEHUH TPEXMEPHON TEOpUH YHPYTOCTH, BIEPBHIE ObLIA MOCTpOSHA
ACHMITITOTHYECKAsI TEOPHS aHU30TPOITHBIX CIOMCTHIX OAJIOK, TUTACTHH M 000JIOYEK.
Ora Teopus TOJNIOKWIA  HAyalo  [IMPOKOMACIITA0HBIM  HMCCIEJOBaHUIM
HaNPsHKEHHO-1e(DOPMUPOBAHHOTO  COCTOSTHUS  TOHKOCTEHHBIX  KOHCTPYKIUH,
HaxXOJSLIUXCSI B CTECHEHHBIX, C JIMLEBBIX CTOPOH, YCIOBUAX. Takue 3a1adu 4acTo
BCTpEYAIOTCsl Ha NMpakTHKE, OJHAKO, B CHJIYy SBHOTO HECOOTBETCTBHUS TMIIOTE3aM
Kupxrododa-Jlssa, He MOryT OBITH pEUICHH B paMKaxX KJIaCCHUECKOW TEOpHUH
racTuH ¥ obomouek. [locTpoeHHas Teopwsl MO3BOJSET YETKO BBIACIUTH PAMKH
IMPUMEHUMOCTH KaK KJIaCCUYECKOM, TaK M YTOYHEHHBIX TEOpUM IUIACTUH U
000J104€K, MOCTPOCHHBIX Ha OCHOBE THIIOTE3, a TAK)KE IMIHPOKO HCIOIB3YEMBIX JUIS
pacuéra ympyrux OCHOBaHHMU-(GYyHIAMEHTOB Mojeneld  Bunknepa-®Dykca,
ITactepnaka, KieitHa, BeMUCIUTH KOA(DQPUIIMEHTH IMOCTENH IS CIOUCTBIX H
HEOJJHOPOHBIX OCHOBAHUH.

JLLA.AranoBsiH sBIs€TCS OAHUM M3 IEPBOUCCICAOBATENECH 3aau MOTPAHCIOS
Uit Oanok, miacTuH U obosodek. IlomydeHHOe MaTeMaTHYeCKd TOYHOE pelIeHre
JUIS TIOTPAHCIOST TPSMOYTOJNBHUKA II03BOJIUJIO €My YCTaHOBUTH CBSI3b MEXIY
norpancioeM u mnpuHuunoMm CeH-BeHana, nokas3aTh CHpaBeIMBOCTh 3TOTO
MPUHIMIA B CIy4dae MEpBOH KpaeBOH 3aladd TEOPHH YHPYTOCTH M OOBSICHUTH
HEMPHUMEHHUMOCTh €T0 KO BTOPOW M CMEIIaHHOHM I'paHUYHBIM 3aadaMm.

Ilokazana »>QQeKTUBHOCT, AaCUMIOTOTHYECKOTO METOJa IpH pPEUICHUU
JUHAMUYECKUX 3aJad JJI1 aHU30TPOIHBIX U CIOUCTHIX Tell. HaiineHsl 4acToThl
COOCTBEHHBIX KOJEOAaHMH CIOWCTHIX IAKeTOB B BHJE IOJOC H IUIACTHH,
coJiepKallluX CXKUMaeMble M HEC)KMMaeMble, a TaKkKe BA3KOYIpPYTHE CIIOM.
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Hamedenbl myTH HCHONB30BaHUSA 3TUX pPE3yJbTaTOB B  CEHCMOCTOHKOM
CTPOUTENLCTBE, B YACTHOCTH, ITOKAa3aHO, YTO NPH HAAJEKaIleM BbIOOpE mapaMer-
POB OCHOBaHHSI MOXXHO MaKCHMaJIbHO Pa3HECTH YacTOTHI COOCTBEHHBIX KOJIeOaHUN
U celiCMUYEeCKUX BOJIH U, TEM CaMbIM, CHU3UTb PUCK pa3pyLICHUs COOPYKEHUS MPU
3eMJIETPACEHHH.

OcHoBHBIC Hay4yHbIe HOCTIOKeHHUS JI.A.AramoBsHa o0000mEeHBI B TpPEX
00béMHBIX ~ MoHOrpaduax  (JLLA.AramoBsiH  «AcHMOTOTHYECKAas  TEOPHSA
AHU3OTPOITHBIX TUIACTHH M o0oiyodek». M.: Hayka, 1997. 415c., JI.A.AranossH,
P.C.I'eBoprsia «Hekmaccudyeckue KpaeBble 3a1a4i aHU30TPOITHEIX OAJIOK, TUTACTHH
u obomnouex». Epesan: Mzn. «utytion» HAH PA. 2005. 468c. u Aghalovyan L.A.
«Asymptotic theory of anisotropic plates and shells». Singapore-London. World
Scientific Publ. 2015. 376p.) ¥ MHOTOUHCIICHHBIX HAYYHBIX CTaThsaX. OH — aBTOp
ceeie 200 HayyHBIX paldoT.

Benuka 3acnyra JI.A.AranoBsHa W B JAej€ MOATOTOBKH BBICOKOKBaIH(H-
LUPOBAaHHBIX HAay4dHBIX KaapoB. Ilox ero pykoBoacTBOM 15 4enoBek 3alUTHIM
KaHAWJATCKUE TUCCEPTALMU, TPOE U3 HUX 3AIIUTHIN U JOKTOPCKHUE AUCCEPTALIUH.

Hayunsie 3acayrm JILA.AramoBsHa mNpu3HAHBl MHUPOBOM  HaydHOM
obmectBeHHOCTRI0. OH  sBisiercss  wieHoM European Mechanics  Society
(EUROMECH), European Association for the Control of Structures, Poccuiickoro
HaunonanbHOro KOMMTETa @0 TEOPETUYECKOM M NPUKIAAHOW MEXaHUKE,
IIpesunnyma HAH PA, peaxomnerun xypaana «M3sectust HAH PA, Mexanukay,
MEXIYHApOIHBIX PENAKIHMOHHBIX COBETOB XypHanoB «llpuknamHas MexaHuka
(Yxpanna), «MexaHuka KOMIIO3UTHBIX MarepuaioB» (JlaTBus), peaxoIeruu
xKypHana «Yuenole 3amucku Apl'Y» (Pecnmybnmka Apnax), Ilpencenmarens
CrnenmanuzupoBanHoro CoBera MO 3alIMTaM JOKTOPCKUX JHUCCEpTalMi IO
cnenuaipHOCTSIM  «MexaHuka — negopMupyeMoro — TBEpHOro  Tena» |
«TeopeTrndeckas Mmexanuka» co I ero cozmanus (1990 r.).

3a OonpIION BKJIAJ B pa3BUTHE HOBBIX HAayUHBIX HAINPaBICHUN B MEXaHUKE,
pelleHre aKTyaJbHbBIX MPOOJIEM MEXaHUKH M NPUKJIAJHONH MAaTEeMaTHKH, OOJIBIIYIO
Hay9YHO-OpPTaHu3aIMoHHy0 padoty JI.A.AranoBsH HarpaxiaéH rpamoramu HAH
Apmennn «l'oBectarup» u «Bacrakarup». B 1995 rogy Accounaius apMsaHCKHX
unxeHepoB U yu€Heix CIIA npucynmuna emy npemutro wuMm. Bukropa
AwmbOaprymsHa, B 2009 r. AMmepukaHCkuii OnorpadWuecKuid WHCTHUTYT BPYUHII
JLA.Aranosny  «Gold Medal For Armenia», a MexXayHapOAHBIM
OounorpaduveckuM eHTpOoM Tpu3HaH ogHuM U3 «Top 100 Scientists-2009».

Penakuus xypuana «M3Bectus HAH Apmenuun, MexaHukay, M03ApaBisieT
Jlencepa AGrapoBuya ArajioBsiHa ¢ I00HMJIEEM U )KETAIOT eMy KPEIKOTo 3/10pOBB,
JIONITUX JIET )KU3HU, HOBBIX TBOPYECKHUX YCIIEXOB.
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PROPAGATION OF HYBRID ELECTROELASTIC WAVES IN
TRANSVERSALLY INHOMOGENEOUS PERIODIC PIEZOELECTRIC
STRUCTURE

Avetisyan Ara S. , Khachatryan Vazgen M.

Keywords: electro-acoustic hybrid wave, periodic inhomogeneity, piezoelectric medium, wave
signal, non-acoustic contact, resonant frequency.
ABetucsH Apa C., Xauatpsin B.M.
PacnpocTpaHenne ru6pHIHbIX 3J1eKTPOYNPYTUX BOJH B IEPHOINYECKH NONEePeYHO-HEOJHOPOHOM
Nbe303JIeKTPHYECKOH CTPYKTYype
KiioueBble cjI0Ba: JJIEKTPOAKYCTHYeCKasi TuOpPUIHAsL BOJIHA, MEPHOAMYECKAasi HEOJHOPOIHOCTD,
MbE302JIEKTPUIECKAs Cpelia, BOJIHOBOH CHUTHAJI, HC &KyCTI/I‘IeCKI/Iﬁ KOHTAaKT, p€30HAaHCHAs YacToTa.

B npe30anexTpraecKkoM KOMIIO3UIIHOHHOM MaTepHalie 0OHapyKeHO CyIeCTBOBAaHNUE HOBOI THOPHIHOI BOIHBL,
COCTOSIIIEH U3 CABUTOBOI 3JIEKTPOAKYCTHIECKON BOJHBI M 3JIEKTPOAKYCTHYECKON BOJHBI IUIOCKOH AehopManum.
IIbe303eKTpHYecKHe CIOH W3TOTOBJIEHBI M3 PA3HBIX MaTepHAJIOB M HAXOMATCS B HEAKyCTUYECKOM KOHTAKTe.
Jloka3aHo, 4YTO e€cIM OAWMH W3 MaTepualoB JIOIyCKAaeT pa3JelbHOE BO30YXKIEHHE M PaclpOCTpaHEHUE
9JIEKTPOAKTHBHOH BOJIHBI UYHCTOTO CJABHUra, a JpPYrod Marepuan JIOMYCKAaeT pasfelbHOe BO30YXKIEHHE U
pacrpocTpaHeHHe 3JIEKTPOAKTHBHOM BOJHBI [MIATallUM, TO B HEOJHOPOJHOM CTPYKTYpe BOJHOBOM CHIHAI
HPUBOJMUT K PACIPOCTPAHEHHWIO TMOPHAHONW 3JIEKTPOAKYCTHYECKOi BONHBI. McciaenoBaHbl pacrpesieneHus
BOJIHOBBIX MOJ| KOMIIOHEHT THOPHIHOH 3IE€KTPOAKyCTHYECKOH BONHBI, a TaKXKe IOIYyCTUMBIE YacCTOTHI €ro
PacIpoCTpaHEHHUI.

Kax gacTHbIe ciTydad, Taioke HCCISIOBAHBI PACHPOCTPAHEHUS DIEKTPOAKYyCTHIECKOTO BOJHOBOTO CHTHATA B
Pa3HBIX OJHOPOJIHBIX MBE30IEKTPUUECKUX CPEaX C CUCTEMON OECKOHEUHBIX ONEPEUHBIX TPEIHH.

Udknpyut Upwm U., uywnpyut Juqqkh U.
wswubpdus LEynpuwwnwdquijub wihpubph nwpwsnidp wuppbpuljuinpb jujiwljwb
wihwiwube uyykqniEyunpulut jurnigyubdpmu
Zhfuwpwntp.  BlEjupwiugiught  jpwswubpdus  wihp,  wwpphpulwt  wihwdwubonipyndd,
uphgnijkjupuljmtt.  dhouwjuyp, wijhpught  wqpubipwl, wihuymd  Yuwy, phqphwbuughi
hwdwhuljubnipynt i

Zhnwgnunjus £ EEjunpuwnwdquljui whpughtt wgnuowih wwpwdnudp yupphpuljuiunpk
wihwdwutn, skpnuynp wikqnbEynpuljut dhpwjuwypnud: Shpunbpp wwppkp  yybkqnkEjunpuljui
wniplinhg b, b quuuyniud Eu wuhwynid uuh dke: Uwyugnigyws k, np kpt tyniptphg dkhp poy) £ wnwjhu
hEpinpuljuiwybu wlnhy, dwpnip vwhph wihph wpwbdtmgyws gpgenud b tnwpusnd, huly djniup
pnyp E mwjhu HEjunpujubwybu wlnhy dwpnip ghjwnwghuwh whph wpwidiwgjws gpgenud b
nuwpusnd, wyw LEjnpuwrwdquljui whpught wqnubpwip wuppkpuljwinpkt wihwiwubn,
otipnnunp  yykqonbjEjunpulut  Jhowduypnid  phipnud E o jupwswubpdus  whph  wnwpwsdwi:
zhinwgnuinjus kb wswubpyws wihph pununphsubph pupunudubpp gpinbkph jujimipyudp, hywhu
twl npuitg pnyjunpth hwdwhwjuwunipiniiubpp:



Nputu dwutwyh phypbp, nundbwuhpdws b bwb LEjupwduwyiughtt whpughtt wqpuowih
nwpusnidp (ujtwlub  fwpkph widbpe hwdwlwpgny hwdwubn wikgnhEjnpulub nwppkp
Uhowuypbpnud:

In a piezoelectric composite material, existence of a new hybrid wave, which is consisting of shear
electroacoustic wave and electroacoustic wave of plane deformation is revealed. In the composite, layers are made
of different piezoelectric materials and they are in non-acoustic contact. It is proved that if one of the materials
allows separate excitation and propagation of electroactive wave of pure shear, and the other material allows separate
excitation and propagation of electroactive wave of dilatation, then the wave signal leads to the propagation of hybrid
electro-acoustic wave in the heterogeneous structure. The distributions of the components of hybrid electro-acoustic
wave modes, as well as the corresponding permissible frequencies are investigated.

As special cases, the propagation of electro-acoustic wave signal in different homogeneous piezoelectric media, with
a system of infinite transverse cracks is studied.

Introduction

Inhomogeneous composite waveguides of piezoelectric crystals are widely used in
nowadays high-accuracy technologies as transformators, filters and resonators of
electroacoustic wave signal. For the comprehensive review of perspectives, current state and
future areas of development in analysis of wave processes in periodic structures, sec Hussein
et al. [1]. During the analysis of wave processes in periodic structures, the main attention is
paid to the character of these structures as frequency filters or resonators of propagating
waves.

Occurrence of frequency locking zones for one-directional wave in periodic elastic
structure has been obtained in Rayleigh [2]. The analysis of the impedance role on existence
of locking zones has been carried out in Avetisyan & Ghazaryan [3, 4]. It has been shown
also that when the impedance of periodically inhomogeneous 1D structure is constant, then
locking zones do not exist.

The Floquet-Lyapunov theory has been applied for analyzing elastic wave propagation in
periodic structures in Lee [5] and Lee & Yang [6]. From mathematical point of view, the
spectral theory of transversal vibrations of periodic elastic beams has been developed in
Papanicolaou [7, 8]. The dispersion relations of SH-waves propagating in periodic
piezoelectric layered composites has been derived and studied in Qian et al [9]. The spectrum
of Floquet-Bloch type waves propagating in elastic periodic waveguides has been studied in
Adams et al. [10, 11]. In mentioned papers, the wave-field is homogeneous and the character
of normal wave propagating in the waveguide does not change.

The phenomenon of coupled (simultaneous) propagation of waves of heterogeneous
elastic deformations can be applied in various areas of technical electronics and high-
precision measuring equipment.

It is well-known that not in all anisotropic piezoelectric materials, electric vibrations that
are accompanied by elastic deformations allow separate excitation and propagation of pure
shear electroelastic wave or electroelastic wave of plane strain. The possibility of separate
excitation and propagation of electroactive elastic fields in specific sagittal surfaces of
anisotropy of piezoelectric crystals has been studied in Avetisyan [12] without taking into
account the hypotheses of

i) undeformed normal of the sagittal surface,
ii) absence of pressure of material surfaces onto each other,
iii) non-extensible material sagittal surface.

Problems of separate excitation and propagation of electroelastic plane or anti-plane
stress-strain states in homogeneous piezoelectric crystals has been studied also in Avetisyan
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[13]. Formulations of 2D electroacoustic problems in homogeneous piezoelectric crystals are
considered taking into account the above hypotheses. Necessary and sufficient conditions for
separate excitation and propagation of electroacoustic states of mentioned types in
anisotropic piezoelectric media are obtained. Constitutive laws and the quasi-static equations
of electro elasticity, for all piezoelectric materials in all three sagittal surfaces of
corresponding crystal texture are also received.

The electroactive waves of anti-plane deformation, after their discovery by Bluestein J.
L. [14], have been extensively investigated. A thousand works are known.

In contrast, electro-clastic waves of plane deformation in piezoelectric crystals (electro-
acoustic waves of the Rayleigh type) have been studied relatively little by Singh B. & Singh
R. [15], Chaudhary S., Sahu S.A. & Singhal A. [16], Vashishth A.K. & Sukhija, H., [17]
et al.

The problem of propagation of high frequency acoustic waves of plane strain (electro-
acoustic Rayleigh waves) at different electric boundary conditions for mechanically free
surface of a piezoelectric half-space are discussed in Avetisyan & MKkrtchyan [18]. The
possibility of a new localization of wave’s plane strain, under certain electrical conditions at
a surface is shown. It is revealed that the presence of a concomitant electric field, the waves
of plane strain result in both quantitative and qualitative changes of the characteristics of a
localization of electro-acoustic Rayleigh waves.

In this paper, we suggest a simple scheme for analysis of propagation of 1D electroactive
hybrid elastic waves in compound transversally inhomogeneous periodic piezoelectric
medium.

1. Problem statement. Electro elasticity equations and main relations for
transversally inhomogeneous periodic piezoelectric medium

Let us consider the propagation of electroelastic 1D normal waves in transversally
inhomogeneous periodic piezoelectric medium referred to Cartesian coordinate system 0x)z
(see Figure 1). The medium consists of alternating infinite plates
an (xs )@ Z) é {x € [n(al + az )5 al + n(al + a2 )]a y € (—OO, +OO)’ S (—OO’ +OO)} (1 1)
QZn (X, ys Z) é {X € [al + n(al + az )5 (n + 1)(611 + aZ)]s y € (—OO’ +OO), S (—OO,—{-OO)} '
made of piezoelectric crystals. Linear sizes of these plates towards 0y and 0z are much
larger than the wavelength of the propagating high-frequency wave.

Above, n€N" is the number of the repeating cell of two sub-layers with section
Q,(x, 1) =€ (x,¥) U (x,y) in x0y plane, where
Qlo(xay) 2 {x € [0,(11]; S (—OO,-}-OO)}; on(xa y) 2 {x € [_azao]; ye (—OO,-i—OO)} . (12)

For the sake of definiteness, we assume that in x0y plane, the material of layers with
sections € (x, ) allows separate excitation and propagation of electroactive elastic shear,

while the material of layers with sections €2, (x,y) allows separate excitation and

propagation of electroactive plane stress-strain state.

It has been shown in [13] that there are 15 possible formulations of electroactive anti-
plane states in distinct sagittal planes of piezoelectric crystals. It has also been shown therein
that there are 10 possible formulations of electroactive generalized plane stress-strain state in
distinct sagittal planes of piezoelectric crystals. Therefore, there are a large number of
possible material pairs for preparation of the proposed inhomogeneous structure.



Without losing the generality of reasoning, we assume that the material of layers
Q,,(x,y,z) allowing electroactive anti-plane stress-strain state is a piezoelectric of

Figure 1. Transversally inhomogeneous periodic composite waveguide with non-acoustic contact
between sub-layers

hexagonal symmetry class 6mm or is a piezoelectric of tetragonal symmetry class 4mm . In
these piezoelectrics, the anti-plane stress-strain state in x0y plane is possible when the axis
of 6 order symmetry of hexagonal piezocrystal, P4 , or when the axis of 4™ order symmetry
of tetragonal piezocrystal, respectively, coincide with Oz axis. Then, the sagittal plane of
piezoelectric crystals x,0x, coincides with coordinate plane xOy .
The non-zero components of mechanical stress tensor and of electric displacement vector
in layer with section Q,,(x,y) = {x €[0,a4,]; ye (-, +oo)} can be written as [13]
oV (x,y,t)=cl) (0w, /ox)+el (3, /Ox); G%)(x y,t)=cl (0w, /oy)+ell (09, /oy) (1.3)
D (x,y,t)=e}] (0w, /0x)=e} (09, /0x); D}"(x,p,t)=e}; (O, /dy)~¢}) (09, /dy) (1.4)
The quasi-static equations of electroactive anti-plane stress-strain state describing

separate propagation of electroelastic waves of SH-type in current layer have the well-known
form

2W§1)/8x2 + 82W§1)/8y2 = 61;2 -ﬁzwgl)/@tz
00, [ox* + %, Jov* = (e [ )-[ W Jox* +0*w ! [oy* ]
Coefficients ¢t} , e, € ”, P, and speed Clt \/(c(l)/p1 [14.(@1(;)) /(C(l) o } of

SH-wave in (1.3)-(1.5) characterize the piezoelectric of the class 6mm .
Without losing the generality of reasoning, we also assume that the material of
Q, (x,y,z) is a piezoelectric of hexagonal symmetry class 6m2 . In piezocrystal of that

(1.5)

class, the excitation of separate plane electroactive stress-strain state is possible both in
sagittal plane x;0x; and in x,0x, . For the sake of clarity, here we consider the case when the

electroactive plane stress-strain state is possible in sagittal plane x,0x, coinciding with x0y

, and the inverse axis of 6™ order symmetry of the hexagonal piezocrystal, p, is directed
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along 0y . Then, non-zero components of the mechanical stress tensor and of electric

displacement vector in x0y plane of layers Q, (x,,z) made of piezoelectric of 6m2 class
of hexagonal symmetry are as follows [13]:

o (x,y,t)=c{} (du,/ox)+cl; (ov,/oy)+ ety (09, /ox),
o (x,y.0) =3 (Qu, /ox)+ciy (Ov, [oy), (1.6)
ff,)(x ,b) = c(z)(avz/éx)+c§i) du, /dy)

D (x.7.0) = 7 (0, /o) ~ 7 (8, /o),
DO (x,,0) =8 (39, /2v).

Taking into account the compatibility conditions of mechanical stress G (x y,t)=0

(1.7)

and the third components of electric displacement vector D'”(x,y,t)=0 [13], the quasi-

static equations of electroactive plane stress-strain state describing the separate excitation
and propagation of P&SV-type waves have the following simplified form:

(P —c39,)(07u,/ox* )+ (0°u, /0y ) -y (1+9,,)(0°9/ax” ) = p, (67w, /0r*)
e (Ov,/ox’ )+ (e —c29,5)(87v, /0" )~ e)'9,5 (870, [axdy) = p, (7v, [or )

e} (0%, /ox” ) +&() (0%9,/0y* ) e} (6°u, [ox") =0 (1.8)
Coefficients ¢, 2, ¢, e, &, o, 6. 1) p,. 9y, =(c +c)) /e
9, = (clf) +cfj) / ¢ in (1.6), (1.7) and (1.8) characterize the piezoelectric of the

symmetry class 6m2 .
It is evident from equations (1.8) that, according to the model of generalized stress-strain
state, the reduced elastic extension stiffnesses decrease and have the following form:

a2 2 /.(2) a2 2) [ .(2)
¢, =0 [1—812( - /c )] =3 [1—813( 2/0 )] (1.9)
The reduced coefficients of direct p1ezoelectr1c effect have the following form:
ey =e, (1+9,): e, =8¢ (1.10)

Coordinate surfaces of non-acoustic contacts x,, =—a, +n(a, +a,) , x,, =0+n(a, +a,)

and x,, =a,+n(a, + az) are free of mechanical stresses:

V(x,y,0)=0; o (x,y,0)=0; ¢ (x,p,0)=0; (1.11)
and electric field conjugacy conditions are satisfied:
¢, (%, 3,0 =0, (x,»,0); D (x,,) =D, (x,,1). (1.12)

2. Solution of the mathematical boundary-value problem

In order to determine the characteristics of propagation of excited 1D forms of
electroelastic hybrid waves in transversally inhomogeneous periodic piezoelectric structure,
let us apply the Floquet-Lyapunov theory of periodic structures [9, 15]. Then, the
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mathematical boundary-value problem of normal wave signal propagation in inhomogeneous
structure is formulated for the cell (x, y) =€), (x, 1) W, (x,»).

The following system of one-dimensional quasi-static equations of anti-plane
electroactive deformation obtained from (1.5) will be solved in layer with section €2,(x, y) :

2y () /A2 252 m 260 /A2 _ (D /o) A2y () /A2
W [ox? =—’C7 - W, PP fax = (el [e) )-0° W, [ ax @.1)
Here, C, lzt = Eﬂ) / P, is the speed of transverse electroactive wave in the piezoelectric of the
symmetry class 6mm, Eﬂ) = cf&) (1+ xlz) is the reduced shear stiffness and

X12 = (el(;) )2 / cfé‘)sfll) is the electromechanical connection coefficient of the piezoelectric of

the symmetry class 6mm .
The following system of one-dimensional quasi-static equations of plane electroactive
deformation obtained from (1.8) will be solved in layer with section €2,,(x,»):

(0’0, /ax*) =(-o’/C) U,

(0@, /ox*)=(e}/e))(0°U, /ox)
(0°V,/ax*)=(-0’/C3, )V, 2.3)
Here, C;. =(1-8,, (2 /e =751+ 9,,))(c7 /p, ) is the speed of longitudinal

(2.2)

electroactive wave, szt = cﬁ) / p, is the speed of transverse elastic wave in the
piezoelectric of the symmetry class 6m2 .

It is evident from the expression of the longitudinal electroactive wave speed C,. that
for values of the electromechanical connection coefficient satisfying
1 >1-[(c +c)(e? + cf?)]/[cflz)(cfzz) +c3 +c)], the tensile stiffness (or

compression) becomes negative. This is possible in case of relation c}'c?} > ¢’ (cl(32) + cfj))

because 0 <5 <1 always holds.

According to the theory of Floquet-Lyapunov, instead of electromechanical boundary
conditions (1.11) and (1.12), considering the periodicity of the structure, on the finite interval
—a, < x < a,, boundary conditions of quasi-periodicity of the considered cell are fulfilled.

Then, based on one-dimensional problem, the full system of boundary conditions will have
the following form:

e dw,(0) o d®,0) _, (2.4)
dx dx

c® du,(0) +e? d®,(0) -0 (2.5)
dx dx

cﬁ’ av,(0) -0 (2.6)
dx

CA(;L) dW,(a;) +e1(;) do,(a,) -0, 2.7
dx dx

11



d0,(-a,)

e dUzag;az) Lol ) - 0 (2.8)
(@ M) 2.9)
dx
Conjugacy conditions for the electric field are as follows:
D, (0) =D,(0), (2.10)
D (a)=p-Dy(-a,) or Dy(a)=p-D(-a,) (2.11)
dW, (0 do,(0 du,(0 do, (0
el(;) 1( )—8511) 1( )261(12) 2( )_gﬁ) 2( )’ (2.12)
dx dx dx dx
dw (a :yal) do (a >)’J) dUu (_a ayat) do (_a ayat)
el(;) 1d; Sﬂ) 1d; = 61(12) 2 dxz Sﬁ) 2 dxz (2.13)

In (2.9) and (2.11), p=explik(a, +a,)] is the Floquet parameter characterizing the

periodicity of the structure, kK = 27t/ is the Floquet-Bloch wave number perpendicular to

the interface of sub-layers, A is the length of propagating wave and @, +a, = L is the width
of repeating cell.

2.1 Formation of electroacoustic hybrid waves in 1D transversally inhomogeneous
periodic composite.
Considering the infiniteness of the structure in y direction, wave forms of 1D elastic

displacements and electric field potential in homogeneous layers are represented as a plane
wave: f(x,y,t)= f, expli(kx — ot)].

Vibrations of electric shear and corresponding vibrations of electric potential in
homogeneous layer €,(x,y) made of piezoelectric of the symmetry class 6mm are

characterized by system (2.1) along with boundary conditions (2.4) and (2.7) and are given
by

I/I/I(x) = Dlw COS(k]W((D) : 'x) ’

®,(x)=D,, cos(klw((o) : x) +v,D,, cos(k,,(w)-x) (2.14)
Here, k,(®) and k (w) are formation parameters or moduli of wave numbers of
electroactive shear waves in €,,(x, y) perpendicular to the surface of non-acoustic contact,
Y, = (el(é) / Sfll) ) is the piezo-dielectric parameter of the piezoelectric of the symmetry class

6mm characterizing the connection of electromechanical fields.
Wave forms of 1D elastic extension and electric field potential in €2,,(x,») made of

piezoelectric of the symmetry class 6m2 are described by system (2.2) along with the
boundary conditions (2.5) and (2.8) and are given by:

U, (x) = D,, cos(k,(®)-x),
®,(x)=D,, cos(km (®)- x) +7v,D,, cos(k,(®)-x) (2.15)
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Taking into account (2.3) along with boundary conditions (2.6) and (2.9), we obtain
V,(x)=D,, cos(k,(w)-x) (2.16)
In (2.15) and (2.16), k,(w) and k,, (®) are formation parameters or moduli of wave
numbers of dilatation waves in Q,(x,y) perpendicular to the surface of non-acoustic

contact, Y, = (el(lz) / 85?) is the piezo-dielectric parameter of the piezoelectric of the

symmetry class 6m2 characterizing the connection of electromechanical fields, k, (o) is

the formation parameters or modulus of wave numbers of shear waves in €, (x, )

perpendicular to the surface of non-acoustic contact.
The eigenfrequencies of vibrations corresponding to wave forms in sublayers

Q,,(x,») and Q,(x, ) are as follows:
oy, =nnC, Ja,, o, =nnCy./a,, o, =nnC,,/a,, neN. (2.17)

It is evident from (2.15) and (2.16) that 1D longitudinal elastic vibrations in £,,(x, )

are electroactive, while the transverse vibrations are not related to electric field vibrations.
The corresponding electric field in that layer is related only to the displacement

U, (x)-exp(—i®t). The character of connection of extensional (or compressing)
displacements with electric potential @, (x)-exp(—i®?) in Q,(x,y) is the same as the
character of the connection between W,(X)-exp(—i®f) and @,(x)-exp(—icx) in
Q,(x, ).

2.2. Propagation of 1D electroacoustic forms in transversally inhomogeneous
periodic composite.

Substituting expressions (2.14) + (2.16) into boundary conditions of quasi-periodicity
(2.10) + (2.13), we obtain the following dispersion equation of propagation (frequency
filtration) of electroacoustic waves (as in [4] and [19]):

~ [1-(cosk, (w)g, )]2 +[ 1-cos (k,(w)a, )]2
2 [1 —cos(k, (w)g, ):I . [1 —cos(k, (0)a, ):I
Substituting the expressions of formation coefficients k, (®) and k,(®) into (2.18), the

solution of the dispersion equation can be represented as

k((’)):;-arccos [I_COS(O)GZ/CZI*)] J{I_COS((’)al/Cu ):I
(a,+a,) 2[1—cos(mal/(j“):|.|:1_Cos(maz/cy*):l

The region of allowed frequencies in the layered structure is determined from the
obvious constraint |cos[k(a] + az)]| <1. Since for the right-hand side of (2.18), the inequality

[1 —(cosk, (w)a, ):'2 + [1 —cos(k, (0)a, )]2 >1, (2.20)
2 [1 —cos(k, (0)a, )] [1 —cos(k, (w)a, )]

cos[(a, +a,) - k(®)]

(2.18)

(2.19)
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holds only when COS(kW (w)a, ) = cos(ku (w)a, ) , then the set of allowed frequencies

consists of the following two groups:

o e 2m,nC,,, o e 2mln(~fh
" a, |:1_(a1C21*/a2C1t):| o al[l_(azcn/alczl*):l

It is evident from the obtained dispersion equation of frequency filtration that the
electroacoustic wave signal propagates in the layered composite under study as an
electroactive hybrid wave of pure shear and as a wave of pure dilatation with two groups of
discrete frequencies (2.21).

Taking into account the values of eigenfrequencies (2.17), from (2.21) it follows that the

., m,m, €N (2.21)

main allowed frequency (D:;u with number m, =1 is always smaller than main discrete

eigenfrequencies ®;, and ®;, with number n=1. Therefore, the main frequency

cozu (m, = 2) may be of resonant type if and only if

®,, (m, >2) > min {(DOu (n<m,))=nnC,./a,; o, (1<m)= nnélt/al} (2.22)
In electronics and related fields, piezoelectric plates of magnitude of 1.0 mm or even

thinner are used for which {[[al ]];ﬂaz ]]} <107 m, and elastic wave speed has the amplitude

of order {[[Ch ]];IICZI* ]]} ~10° m/s. Then, from (2.17) and (2.22) it follows that the first main

frequency (JJZU (1) of electroacoustic hybrid vibrations has the order ®,, ~ 10° Hz.

Choosing the parameters of the composite according to a,C,. ~a,C,, it is possible to
achieve greater values for the second main frequency of electroacoustic hybrid vibrations:
®,, ~10°+10" Hz In these cases, the second main frequency cozw(l) of the

electroacoustic hybrid vibrations can always be of resonant type, i.e.,
®,, (m, >1)>min {(DOM (n)=nnC,./a,; o,,(n)= nné’lt/al} (2.23)

Comparably larger values of allowed frequencies co;w (1) will be of resonant type in sub-
layer €Q,,(x,») when the geometric and material characteristics of the composite satisfy
a,/a, =C,. / 2C, . On the other hand, comparably larger values of allowed frequencies
O)EW (1) will be of resonant type in sub-layer €,,(x,») when a,/a, =3C,/C,,. .

From (2.19), we obtain the length of propagating mode of electroacoustic hybrid waves
as)h, (®) =4(a, +a,)/(1+2m). The groups of allowed frequencies are determined as
intersection points of phase curves and line A(0) = 4(a, +a,) (see Figure 2).

In numerical computations below, we consider the following values of characteristics:

- for widths of sublayers - ¢, =10~ m and a, =2x10"m,

- for the piezoelectric material of hexagonal symmetry class 6mm —

) =1,639x10° N/m*,  p,=5,302x10°kg/m*, &) =8,786x107" F/m,
el =0,23 C/m*, C, =1,7585x10° m/s .
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- for the piezoelectric of hexagonal symmetry class 6m2 - ¢ =8,612x10'" N/m*
¢ =4,852x10"° N/m*, ¢ =1,045x10"° N/m? 2 =10,71x10° N/m*
c? =5,86x10" N/m* p2=2,648><103 kg/m3’ 8%?):4,25X10711F/m,
ey =4,63x10™" F/m, ¢} =3,21 ¢/m*, 8, =1,4231, C,. = 2,189x10° m/s.

w10®

25

Figure 2. Intersection points of phase curves and the line determines the groups of allowed
frequencies
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a) Wave surface W, (x,w) of electroelastic shear in b) Wave surface U, (x,®) of electroelastic dilatation

sub-layer €q(x,») in sub-layer Q,((x,y)

Figure 3. Wave surfaces of elastic displacements of hybrid electroactive wave in composite cells

Distributions of elastic displacements W, (x) - exp(—i®?) and U, (x) - exp(—i®t), as well
as the potentials of electric field @, (x)-exp(—iwt), @, (x)-exp(—iow?) in sub-layers

Q,,(x,») and Q,,(x,y) are determined by (2.14) and (2.15), respectively.

In the case of comparably smaller and comparably greater allowed frequencies of wave
signal, these distributions are plotted in Figures 3.a, 3.b, 4.a and 4.b, respectively.
From boundary-value problem (2.5), (2.7) and (2.14) it follows that in the case of layered

piezoelectric medium, the shear displacement v,(x,y,?) does not occur in the piezoelectric
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of the symmetry class 6m2 . The corresponding electric field in that sub-layer is connected
with u,(x, y,?) only. The character of the connection between extensional displacement and
electric potential in that sub-layer is the same as that between shear displacement w,(x, y,t)
and electric potential in the first sub-layer.

Wix)
1.0 —\
os | Wy, o
a) Forms of electroelastic shear
0.0092 W (x,0,) and W (x,0,)
in cases of allowed frequencies
s of composite
-1.0
ux)

b) Forms of electroelastic shear

1.0

! U, (x,o,) and U (x,0, )

0.5 Wy, in cases of allowed frequencies
Wo 5 of composite

Figure 4. Formation of elastic displacements of hybrid electroactive wave

3.1 Electroactive SH-waves in piezoelectric medium with system of infinite cracks
When the layers of the composite are made of piezoelectric material of the symmetry
class 6mm (or 4mm) only, and separated from each other by a system of infinite cracks,

planes of which are parallel to the polarization axis of the piezocrystal p, (resp. p,), then
the quasi-periodicity boundary conditions are simplified to

dW,(0)) d®,(0.) dw,(0,) do,(0,)

R e e

iy dw;ioi) +e? dq):iioi) =0, (3.2

(Dl (ali) =u- (Dl(oi) > (3.3)

el(;) dW,(a,,) _8511) do,(a,) = H'(el(? M_gﬂ) %J (3.4)
dx dx d dx
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Nonetheless, the solution of (2.1) will have the same form (2.14). Note that the continuity
conditions of the electric potential, as well as the periodicity conditions of mechanical

stresses on all cut-offs x = na, are fulfilled.

The dispersion equation for determination of phase velocity is obtained by substituting
(2.14) into (3.1) + (3.4) and has a simpler form

cos(a,k) = (1 +cos’(oa,/C, ))/2 cos(oq,/C,) (3.5)

From (3.5) it follows that electroactive SH-wave can propagate in this case as well.
Solution of dispersion equation (3.5) for wavelengths is obtained as

AMo) =2mna, - [arccos [(1 +cos’ (mal/élt))/(2 cos(coal/(j”lt))ﬂ_1 (3.6)

Therefore, the phase velocity will be of dispersion type

V,(0) = [aloa/arccos [(1 +cos’(oa, /én ))/(2 cos(ma, /éu ))ﬂ (3.7)

Despite the case of homogeneous space (space without periodic cracks), in this case,
zones of forbidden frequencies occur (see Figure 5.a). Actually for short waves, when they
are of the order of width layer, there are two groups of forbidden frequency zones. It is clear
that in one group of zones of permissible frequencies, the phase velocity first decreases, and
then increases. In the second group of zones of permissible frequencies, the phase velocity
first increases and then decreases (see Figure 5.b).

M) Valw)
0.05
0.04
i 0.02f j
0.004 [
I 0.01} \_— .
0.002 [ . J L . LAl i) 1B . ( 1 w108
T R W TRl : 5 10 15 20 25

@) Zones of allowed (and forbidden) lengths b) Phase velocity of electroelastic shear wave Vw (w)

IIX( m)]] of electroelastic shear wave

Figure S. The case of propagation of electroactive shear wave in piezoelectric with a system of infinite
parallel cracks

In Figures 6.a and 6.b, distributions of elastic displacements and electric potential along
width of two neighboring piezoelectric sub-layers respectively are shown.
From the figures it follows that a periodic cell is formed of two identical interlayers. At the

edges of cracks x,, =0%2na, between the piezoelectric layers, the elastic displacement has
an underlined maximum, and the electric field potential has an increased background.
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a) Electroelastic shear displacement W, (x, y) in two 6) Electric potential ®;(x,») in two neighboring

neighboring piezoelectric sub-layers piezoelectric sub-layers

Figure 6. Distributions of elastic displacements and electric potential in case of propagation of electroactive
shear wave

At the edges of the cracks x,, =a, £2na, between the piezoelectric layers, the elastic
displacement and the electric field potential smoothly pass into the next cell.

A similar picture is obtained in problem of the propagation of electroactive dilatation
waves in a piezoelectric medium of the hexagonal symmetry class 6m2, with a system of
transverse infinite cracks.

3.2 Electroactive elastic waves of dilatation in piezoelectric medium with system of
infinite cracks

When the layers of the composite are made of piezoelectric material of the symmetry
class 6m2 only, taking into account one-dimensional solutions (2.13), (2.14) and quasi-
periodicity boundary conditions (2.4)+(2.11), the plane stress-strain state of the layered
structure is described by

o dU,(0) e do,0.) _, (3.8)
dx dx
91(12) dU,(0.) —sﬁ) do,(0.) _ 61(12) du,(0,) _83) do,(0,) (3.9)
dx dx dx dx
@D, (a,)=un-D,(0) (3.10)
e du,(0) @ do,(0) _ o [61(12) dU,(a,) _g® dq)z(az)j 3.1
dx dx dx dx

In this case also, the continuity conditions for electric potential and the periodicity
conditions for mechanical stresses are fulfilled on cut-offs x =0+ na, .

The obvious similarity of solutions (2.14) and (2.15) and of boundary conditions (3.8) +
(3.11) and (3.1) = (3.4), implies a dispersion equation similar to (3.5). The reduced velocity

n, (0)) takes the form
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() =@ (a0/C,r)
ﬂz ézz* arccos [1+cos2 (maz/éz,* )/4 cos(maz/GZ,*)}

The wave of dilatation is characterized by the same properties, as the share wave in the
case described in section 3.1.

In both cases, phase velocities are dispersive. They differ from phase velocities of hybrid
waves as qualitatively, as well as quantitatively. Figure 7.b shows the dependence of the
phase velocity of electro-acoustic shear waves in a piezoelectric medium of the symmetry
class 6mm with an infinite system of transverse periodic cracks

Nye(®) = [(alco/élt )/arccos [(1 +cos’ (mal/élt))/(2 cos(oaal/@“))ﬂ (3.13)

and the dependence of the phase velocity of electro-acoustic shear waves in a piezoelectric
medium of the symmetry class 6m2, with an infinite system of transverse periodic cracks

MNuw ((D) = [(azo)/éz,* )/arccos [l +cos’ (maz/éz,* )/2 cos(maz/éw )ﬂ (3.14)

respectively.

(3.12)

Ng(0) e W)
' _ a0
20/ \ — D () | ‘ |
| |

~ | ) — @

[ Ny ¢lw)
' 20
I 0.5 1.0 1.5 20 25 1 J \_,/
-10:»\ L

\ 10+ —
| — )

w10

L1 L L 1 L
25000 30000 35000 40000 45000

a) Reduced phase velocities ng (8) and no (6) b) Reduced phase velocities 1, (®) and n, (u)) of

of electroelastic hybrid waves respectively electroelastic share dilatation waves respectively

Figure 7. Phase velocities of hybrid waves as well as of separately propagating electroactive shear waves and
of dilatation wave in piezoelectric with a periodic system of infinite parallel cracks

The zones of permissible frequencies for phase velocities 1, (®) and LI ((D) from (3.13)
and  (3.14),  respectively,  will  be néu / a, <,, < 2TCC~'U / a, and

nC, . / a, <o, <2nC,, / a, From Figure 7.b it is obvious, that the zones of permissible

frequencies of the electro-elastic shear wave can intersect with the zones of permissible
frequencies of electro-elastic wave of dilatation.
From (2.21) it follows that the allowed frequencies of hybrid waves are not dispersive.

However, they depend on the ratio of widths of piezoelectric sublayers & = (a2 / a, ) .
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The phase velocities of hybrid electro-acoustic waves in an inhomogeneous layered structure
constructed of the same piezoelectrics are determined as

My, (8 =C,(1+8)/[1-(C,/C,.)5] (3.15)
M, (®) = G, (1+8)/[8+(C,1./C,) ] (3.16)

which are plotted in Figure 7.a.
From the graphs of the phase velocities of the hybrid wave, it is obvious that, depending on

the parameter O = (a2 / al) , there is a critical value of frequency 03(*) () . In the frequency
interval 0 < ® < 0); (8), the hybrid wave propagates with the phase velocity n;u (8), and

in the frequency interval 0)3 (8) < w <0, the hybrid wave propagates with the phase

velocity m,,,(8) .
The shear component of the wave V,(x,»,¢)=0, as in the case of piecewise
homogeneous composite.

Conclusions

Non-acoustic contact within the piezoelectric layers results in hybridization of dissimilar
electroacoustic waves.

The propagation of 1D electroactive hybrid elastic waves of pure share and pure dilatation
in compound transversally inhomogeneous periodic piezoelectric space made of
piezocrystalls of hexagonal symmetry class 6mm (or of tetragonal symmetry class 4mm )
and 6m?2 is possible. There exist two groups of allowed discrete frequencies. When the ratio
of widths and elastic wave speeds in layers are inverse to each other, then the allowed discrete
frequencies are of resonant type.

The propagation of 1D electroactive shear waves in piezoelectric medium of the
symmetry class 6mm (or 4mm ) with infinite transverse cut-offs is possible with zones of
allowed and forbidden frequencies.

The propagation of 1D electroactive dilatation waves in piezoelectric medium of the
symmetry class 6m2 with infinite transverse cut-offs is possible with zones of allowed and
forbidden frequencies.

The study was carried out with the financial support of the Committee on Science of the

Republic of Armenia within the research project 18T-2C195.
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PACIIPOCTPAHEHUE IIOBEPXHOCTHBIX BOJIH B COCTABHOM
NOJYINIOCKOCTH
AMupmrkansH A.A., beayoexksn M.B., I'esopran I'.3, lapounsn A.3.
KioueBble ciioBa: BosiHa Pasesi, momepeuHoe M HpPOJOJIBLHBbIE BOJHbBI, BOJHOBOE
4HCJI0, YACTOTA, YCJIOBHUS 3aTYXaHHsI, {UCIEPCHOHHOE YPABHEHHE.

Propogation of Surface Waves in the Composite Half Plane
Amirjanyan H.A, Belubekyan M.V., Gevorgyan G.Z., Darbinyan A.Z.
Keywords: Rayleigh Wave, Transverse and Longitudinal Waves, Wavenumber, Frequency, Damping
Conditions, Dispersion Equation

The problem of propagation of Rayleigh type surface waves in the halfplane-layer system along the line of
their connection is considered. The dispersion equation of the problem  is obtained and the conditions for the
propagation of surface waves are obtained depending on the physical and geometric characteristics of the half-
plane and layer.

Uwlbplnypught whputph nuwpusmdp pugunnpu) jhuwhwppenipniiund
Udhpowiymi 2.0, Pimplyut U. 9., Suinpguit ¢.2., Funpphiyui U.Q.
Zhduwpwntp. GEh uyhpibp, tphugbuoljwt b juybwljw wihputp, wihpughtt phy, hwdwlunipndy,
dupdwb wuydwhibp, nhuwybpupnt hwjuwuewpnid:

Thunwplyyws k EEh whyh dwlbkpinypuyhtt whpubph mwpwsnudp Jhuwhwppnipniu-okpn
hwdwlupgnud dhwgdwt gdh tpluypny: Uwnwgyk] b juunph phuybpupntt hwjwuwpnudp b
Uwlkpinypuyhtt wihpibph nwpusiwl yupiwbibpp jujws $hqhuful b bplpusudulub
plnipuignhsbnhg:

PaccmoTpena 3amaua pacnpocTpaHEHHs! IIOBEPXHOCTHBIX BOJIH Tuma Panest B cucreMe MOIyNiIOCKOCTh-CIION
T10 JINHUU UX coenuHeHus. [lomydeHo qucnepcroHHOe ypaBHEHHE 3a1aul U HOJIy4eHbl YCIOBHS PACIpOCTPAHEHUS
TIOBEPXHOCTHBIX BOJH B 3aBUCHMOCTH OT (PU3HMYECKHX ¥ T€OMETPUISCKUX XaPAKTEPHCTUK MOTYINIOCKOCTH U CIOSL.

BBenenmne. PacnpocTpaHeHHe TMOBEPXHOCTHBIX BOJIH Tuma Pajes B cocTaBHOM
MOJYIIOCKOCTH OBUIO MCCIIEA0BAaHO MHOTUMH aBTopamu. O0630p paboT Mo 3TOH TeMaTHKe
MOXHO Haitu B [1-5]. B paGortax [6,7] uccienoBaHO CyIIEeCTBOBaHHE YIPYTHX BOJIH,
JIOKQJIM30BAHHBLIX Yy TpaHUIbI pa3acia ABYX YHPYIrux Cpe€a, KOTOPLIC 3KCIIOHCHIHAJIbHO
3aTyXalT 10 Mepe YyAaleHus OT TpaHulbl. 3AEeCh PAacCMOTPEHa 3ajaya IUIOCKON
nedopmanum, Koraa ynpyrue nepeMenieHns: IMEIoT MECTO B 3TOH INIOCKOCTH U HE 3aBHCSIT
OT HOPMAJILHOT'O K IaHHOM IJIOCKOCTH HAaIpaBJICHUsI.

1. ITocranoBka 3amauu. PaccmaTpuBaercs 3ajgada IDIOCKOH nedopManndu TEOpUH
YOPYTOCTH TSI MTOMYTIPOCTPAHCTBA, KOHTAKTHUPYIOIIETO O cioeM (¢ur.1)

A
N
N
<«
N
><V

Pur. 1
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J171sl KOMIOOHEHT YIPYIUX MepeMeIleHUI UMeeM:
u” =u® (x,zt), U =w" (x,zt), U’ =0 (i=1,2)

rae | =1 orHocuTCs K cnoto, a | = 2 —k monymnockoctu t —Bpems.
YpaBHEHUS ABUKEHUS B IEPEMEILLEHUSIX UMEIOT BUJ [4]

o (ou aw") g
AU + + =
+ei ) ax( ox oz ] ot?
o (ou” ow" ) o*w"
cAW? +(c —cl )= + = 1
g (< 2')62( ox oz J o’ M

rae  C;, C,,— CKOPOCTH pACIIPOCTPAHCHHs TPOJONBHBIX K IONEPEYHBIX BOJH B
COOTBETCTBYIOWMX ~ cpejax, A, W —koopduunentsr  Jlame cmos  (I=1) u
nonynpoctpanctsa (1 = 2).

I'pannynble ycnoBusl (CKONB3AUINI KOHTAKT- aHTH-Habe) [5]

Ggll) =0, W" =0 npu z=-h )
Ycnosust Hasbe
I _ (2) _ O _ <2 @O _ 2D _
6y =0,03=0,0;/ =03/, U’ =U" npu z=0 3)

Pemenue 3agaun. [locpencTBOM CKaISIPHBIX TTOTEHITHATIOB [4]

u 0P 0¥ 0P OF;

, 4
oXx oz 0z ox @
ypaBHeHus (1) cBomsTes K

2
AD, —Cll 88:12) . Ay, =C2i28;:i , )

HpI/I OTOM, U1 UCIIOJIB3YEMBIX B JalbHEHIIIEM HaHpﬂ)KeHI/If/i TIOJIYYarOoTCs CIIEAYIOIIHNE
BBIPAXKCHUA:

2 2 2
(i) _ 6(Di 8<Di 6\|}i
Csi = A ——+(A, +211. -2,
. ox (% +2m) o2 M azx

2 2 2
1:Mi(2a®i+a\l’i_a‘|ﬁ}

>

6
oxoz 072 ox° ©

OOmue pemieHust ypaBHeHU# (5) Ui MOJIYIUIOCKOCTH, YAOBJIETBOPSIONINE YCIOBHIM
3aryxaHus [4]:

lim®, =0, limY¥, =0 )
UMCHKOT BHU

D, = A e “*expik(x—ct), ¥, = Be =" expik(x—ct) 8)
rac

>-|8

_\/1 EJT]Z’ 22 V 0<E.><1§ k2C227n2 C2 DR
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Hunst cnost

®, =(C, sh(kv,,z)+ D, ch(kv,,z))expik(x—ct)

. (©)
Y, =(Ech(kv,,2)+F sh(kv,,z))expik(x—ct)
rie
Clz c.2
Vi =\/1_acon17 v, =y1-EC), =_22= G = 222
G G,
Y I0BIEeTBOPSIS TPAaHUYHBIM YCIOBHAM (2) Ha BHEIIHEH rpaHUIIE CIIOS, TOTYIHM
mpu Z=-h:
ou®  ow"
+ M 0, wh =0 (10)
0z OX
oTcroaa
oo
——1=0,y,=0
0z
Oo6urue pemieHus ypasHenui (9), yaosnerBopsitoniue yciaousm (10), UMEIOT BHI:
®, =Gch(kv,,(h+z))expik(x—ct) an

Y, =G,sh(kv,,(h+ z))expik(x—ct)
Dl Fl

1 = . G2 =
ch(kv,,h) ch(kv,,h)

YnoBnerBopsisi ycnoBusiM  (3), HONYyYUM CHCTEMY alreOpanuecKHX OJHOPOIHBIX

rie G

ypaBHeHuit otHocutensHo kooppuumentos A, B, G, G, :
G[A, + (A, + 2y, Ish(kv, ) = 2G,w,iv,, sh(kv,,h) = 0
A2y + Ay +2p,)v3, 1+ 2B yivy, =0

G,ich(kv, h)+G,v ,ch(kv,,h)—Ai+Byv,, =0 (42
2G,in, v, sh(kv, h)+ G, (1+v3,)sh(kv,h) + 2 Ap,iv, —p,B(1+v3,)=0
JUI1 CYILECTBOBAHHA HEHYIIEBOTO PELIEHHS AeTEPMUHAHT TO CHCTEMBI JOJIKEH GBITE
paBeH Hyitio. OTCIONA HOY4ACTCA AHCTIGPCHOHHOE YPABHEHHE OTHOCHTENbHO
m1-E] (2-&q,)" th(kh1-&c,) -
4 Ji—Ecm, )1 -Ec,) thkhy1-Een) |+ (13)
6| 2-8y -4 f1-&)1-En,) |f1-&c, =0
rae p=tL,

Hs

PaccmoTrpuM gacTHBIE cirydan [6]
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1. mpu Kh << 1, samenstn th X ~ X,

JI=te (o[ @-gy —4Ja=5)a-gn,) |+
+tkhu1-£[(2-£6,)* ~4(1-Een,) ]| =0,

% oy, =,

(14

2
xoropoe nmeet kopun § =0, §=1/C, = 2
22

Vpasuenue (13) MOKHO NPEACTaBUTH B BUIE

126 R(©) =0, e

R(a)zc{a—ét(l—a) Jl_;;&‘;_m}khuﬂ[a—étco(l—m)] (15)

Tax kak R(0) <0, R(l) >0, cymecrByer, no kpaiineii Mepe, OIMH KOpEHb MpH

0 < & < 1. Pacuérsl nokaseiBaroT, 4to

2
E= lez +O(kh); V, =Cq +O(kh) npu 51oM V< Cg
22
2. kh>>1
2 2
G Cony Cy» Cy»

th(khy1-&c, ) =itg(khyfEc, —1);  th(kh1-Ecn,) ~1
6| 2-8y-4fi-g)-tn,) ||fec, -1+

(16)
yf1-g[ (2-&6,)” te(khyg, -1 - 4y[1-&e, (&g, ~ D) | =0
_ _ 2-8)Y -4 Ja-e)1- ~1
tgmﬁgih=“m EnIEG D) & 2-8 ~4/1-8)1-En,) e, 6

(2-&G)’ m1-8(2-E¢)’
Tak kax & <1, momyanm C, >1.

Jlns mo6oro & W3 3a1aHHOTO MHTEpBANa CyllecTByeT GeckoHeunoe MHoxkectBo Kh,
YIOBIETBOPSIOMINX YpaBHEHHIO (13). T.e. TUTST (azoBoit CKOPOCTH

G, <V, < min (Cm sz) 110 CJIOK0 PACHpPOCTPAHAIOTCS BOJIHKI ¢ pasHbivu K N .

128t et toma th(khi—Ec) ~ th(kh/T—Ecm ) ~1

G Gn
w/1-[ 2—tc,)’ —4I-Ecm,)(1-Eg) |+
+,f1-E¢, [ 2-8) -4 Ja-E)1—En,) | =0

an
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Vpasuenue (17) wumeer TpusuanbHblii kopens & =0. Vpasmenme (9) MoxHO

MpEACTAaBUTH B BUIC

ER(©)=0
e R (& Mr[gc +4imgg, ——ad=n) } (18)

\/1 &c, +J1 e
)

R(0)=2((1-n,)+(1-n,)n)g >0
Ipu ¢, <1 R(1)=-c¢,4/1-¢, <0.

Ipu ¢, >1  R(1/¢,) =—pyf(c,—1)g, <0.
To ecTb cymiecTByet, 110 Kpaiiteii mepe, ogun kopens nmpu 0 <& <min(l,1/¢,) n

BCETIa MMeeT pemienne V, < min (q 5,Cy) )

Vi

1

®ur 2. 3aBucumocth Ppazopoii ckopoctn ot KN mpm

n={0.5,1,2} ¢, =0.5; v, =0.3; v, =0.1;
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0.293106

kh

0.34a608

®ur. 3 3aBucumocth pazopoii ckopoctn ot KN

U= {0.5,1,2} c,=12;v,=03;v,=0.1;

Vo

1.00

0.95

0.90

0.85¢

®ur. 4. 3aBucumocts pazosoii ckopoctu ot KN mpu
n=0.3;¢,=0.5 v, =03;v,=0.1
3akmouenne. [Ipu KN << 1 (upu nmmmseX BONHAX) MOMYUNM Vo =Cr t O(k h) ,

KOTOpO€ O3Ha4yaeT, 4ro (a3oBas CKOPOCTh OJIM3Ka K CKOpoCcTH BOiMH Poames B

nogymiockoctd, ocrasasch Membite. IIpu KN>>1 u €, >1 i moboro & wus

1/c,<&<1 cymecryer Geckoneunoe muoxectso KhN,  ynosnersopsromux

JUCIIEPCHOHHOMY ypaBHEHHIO. Pacdérsl MoKa3bIBaloT, 4To (ha3oBasi CKOPOCTh JOCTHUTAET
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MAaKCUMaJIbHOT'O 3HAYC€HUS NPpH kh ~ 12 " NPaKTUYECKU HE 3aBUCUT OT (l)I/I3I/l‘leCKl/IX
XapaKTEPUCTHUK, XOTA CaMO MAKCUMAJIBHOC 3HAYCHUEC YBEIIMIUBACTCA C YBEIMIYCHHUEM H, .
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®JIATTEP KOMIO3UIIMOHHOMN CJIOUCTOM IUINHAPUYECKOM
OBOJIOYKMU ITPU BOJIBIHIUX CBEPX3BYKOBbBIX CKOPOCTAX

Bbarpacapsau I'.E.

KiroueBble cj10Ba: KOMIO3MIIMOHHAS CJIOMCTasi UUWJIMHApUYecKasi 000J04Ka, d¢uaTTep,
KPHUTHYECKasi CKOPOCTh

Baghdasaryan G.Y.

Flutter of a composite layered cylindrical shell in a supersonic gas flow

Key words: composite laminate cylindrical shell, flutter, critical speed.

The stability problem of a layered cylindrical shell made of monolayers of an orthotropic composite material in
a supersonic gas flow is considered. The study was conducted in a linear formulation in the case of a closed elongated
shell. The formula for determining the critical speed of flutter is obtained. The minimum value of the critical velocity
by wave numbers was found depending on the angles of reinforcement of the layers of the shell material. Based on
this, it was shown that a) the minimum value (by wave numbers) of the critical velocity is a function of the angle of
reinforcement and takes maximum values when one of the main directions of elasticity of the material of the
monolayers forming the shell coincides with the direction of gas flow, b) the minimum values of the minimum ( by

wave numbers) critical velocity are reached at points within the interval (O, TE) . Therefore, by varying the

physical-mechanical parameters of the composite aeroelastic system, especially the angle of reinforcement of the
shell material, it is possible to optimally control the critical velocity of flutter.

Punpuuupyub ¢.6.
Quqh ghpduyiughtt hnuwtipny opghnuny Yndwynghghnt gkpunuynp quuitiught punmuph
huyni impymiin
Zpltwpwnkp’ §ndwnghghnh skpununnp guuitughb punutp, runkp, jphnpulub wpugopemp

TYhuwplyws £ qugh ghpdwyuwght hnuwupny opohnuynn oppnuipny Yndwnghghnu Wyniphg (4L)
yuupuunjws ohpniudnp  quuiuwghtt  punuuph  Juniunipjut juunhpp: ZEnwgnuinigniup
Yunwpijws £ gsuyht npujwsdpny thwly kplup punuiph nhypnid: Unwgws Edjuntph jphnhljulwi
wpwgnipjul npnodwit pwbwdl: NApnpyws b Yphnhljuljut wpugmipyu pun wihpughtt pdtpp
Uhtiptwy wpdlpp Gujujws punuiph bniph skpubkph wpdhpudnplut whlgnihg: dpw hhdwb Jpm
gnyg b wpqws, np w) Yphupjulut wpdph (pun wihpuyht pdtph) dhtpuwg wpdkpp pun
wpdhpuynpdwl wiljjut $niijghw b b pyminud b dwluhduy wpdbp, bpp punubph Wmph
Untnpbkpinkph wnwdquiljuinipyub qluwynp ninnnipnibtkphg dkp hudpulimd £ quugh ningnnipjui
htn, ) Yphwhluljut wpdtph (puw wihpunht ptph) thithiur wpdtpp hwuwtth t (0, 7) Whguljuph
ubkpphtt  Ybkwnbpnud:  Zhwnbwpwp, Yndwynqhghnt  whkpnwnwdquljut  hwidwlwupgh  $hghluljui
wupudbnpkph, b hwnjuybu punuuph ynph wpdhpuynplut whljut hwdwyuwnwupw

plnpnipyub dhgngny Yuplkh £ owunpidwy Ypuyny nkljujupty $juntph Yphunpjuljul wpugnipyui
Ubdnipyniup:

PaccmarpuBaercst 3agaya YCTOMYMBOCTH CJIIOMCTOM IMJIMHAPUYECKOH OOOJOYKM KOHEYHOHW JJIMHBI,
M3TOTOBJICHHOM M3 MOHOCIOEB OPTOTPOIHOTO KOMIO3HIMOHHOIO MaTepuanga OOTeKaeMOH CBEpX3BYKOBHIM
NOTOKOM rasa. VccienoBanue MpoOBEAEHO B JIMHEHHOW MOCTAHOBKE B Cilydae 3aMKHYTOH obGoiouku. IlomyueHna
(dopMyna omnpeneseHusi KpUTHYECKOW ckopocTu (aarrepa. HalinieHO MUHMMaJbHOE 3HAUYEHHE KPUTHYECKOM
CKOPOCTH II0 BOJHOBBIM YHCJIaM B 3aBHCHMOCTH OT YITIOB apMUPOBAHUS CIIOEB Marepuana obonouku. Ha sroit
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OCHOBE IIOKA3aHO, YTO a) MUHHMMalbHOE 3HaueHue (II0 YHCIIaM BOJNH B OKPYXKHOM HAIlpaBI€HWH) KPUTHUECKOI
CKOpPOCTH SIBISCTCS (PyHKIMEH yIiia apMUPOBaHUSI M IPHHIMAET MaKCUMaJIbHBIE 3HAUCHYIS, KOT/Ia OJTHO M3 IJIABHBIX
HalpaBJICHUH YNPYrocTH MaTepHaiga MOHOCJIOEB, 00pasymoIIHX 00O0JOYKY, COBHAJAET C HANPABICHHEM IIOTOKA
rasza; 0) MUHMMaJIbHbIE 3HaYE€HHsI MUHUMAJIbHOU (10 BOJHOBBIM YHCJIaM) KPUTHUECKOH CKOPOCTH IOCTUIAIOTCS B

TOYKAaX BHYTpPU HHTEpBala (O,Tc). CrenoBaTenbHO, Bapbupys (U3HKO-MEXaHUYECKHMH I1apaMeTpaMu

KOMITO3UIIMOHHOHM a3pOoynpyrod CHCTEMbl, OCOOEHHO YIJIOM apMHPOBAHUS Marepuana OOOJIOYKH, MOXKHO
ONTHMAJIBHO PETYJIHPOBaTh BETHYNHY KPUTHUECKOH cKopocTH (uraTTepa.

Brenenne

HMeroTcss MHOTOYHMCIICHHBIS HCCJICAOBAHMUA, HOCB}IHléHH])le yCTOﬁ‘lHBOCTH IJIAaCTHH U
000J104eK B CBEPX3BYKOBOM IIOTOKE Ta3a. B 4acTHOCTH, BOPOCKI CBEPX3BYKOBOTO (hiiaTrepa
M30TPOIIHBIX, CJIOMCTBIX M AaHWU3OTPOIHBIX (HEKOMIO3WIMOHHBIX) TOHKMX IUIACTHH U
000J109€K M3Y4EHBI I0CTATOYHO MOJHOCTEIO, U 3 (eKThl B3aNMOJEHCTBHS 31€Ch OKa3aIiCh
BEChbMa CYIIECTBEHHBIMH. AHAJIOTUYHbIE BOIPOCH! AJIS1 TOHKUX TeJ KOHEYHBIX Pa3MEepOB U3
KOMITO3MIIMOHHOTO MaTepuasa MoYTH He HCCIICAOBAHBI.

Hacrostmast paboTta mocBsIeHa BOMpocaM YCTOHYUBOCTH KOMITOZUITMOHHON CIOMCTOM
IMJTMHAPUYECKOI 000JI04YKH KOHEYHOH UTMHBI, 00TEKaeMOil CBEpX3BYKOBBIM IIOTOKOM Tasa.
HccnenoBanue mMpoBeACHO B JIMHEHHOM MMOCTAaHOBKE B Clydae 3aMKHYTOH 00OJIOUKH, CIIOU
KOTOPOH COCTaBJICHBI W3 MOHOCJIOEB OPTOTPOIHOIO KOMIIO3HI[OHHOTO Marepuana.
AdponrHAMHYECKOE JaBJICHHE BBIUMCIEHO HA OCHOBE MNPHOMMKEHHOW (HOpMYIIBI
«TOPIIHEBOM TEOpUU» TPH Manbix Bo3MylieHHsx. [loiaydeHa ¢opmyna onpeneneHus
KPUTUUYECKOM CcKopocTH (uarrepa. HalijieHO MHUHMMaJbHOE 3HAUYE€HHE KPUTHYECKOU
CKOpPOCTH T10 BOJIHOBBIM YHCJIaM B 3aBHCHMOCTH OT YIJIOB apMHUPOBAHUS CIOEB MaTepHaia
o0ooukn. MccnenoBan BONPOC ONTHMAIBHOTO PETYIMPOBAHUS BEJIMYMHBI MUHUMAabHOU
KPUTHYECKOH CKOPOCTH MPH ITOMOIIM BEIOOpA yIila apMUPOBAHUS U (PH3UKO-MEXaHHIECKUX
napaMeTpoB paccMaTpUBaeMOi 3a1auu.

1. ITocTranoBka 3a1a4u
PaccMOTpPUM TOHKYIO IMJIMHIPHYECKYI0 00OJIOYKY MOCTOSHHOH TONmMHEL N,

COCTaBJICHHYI0 U3 KOHEYHOIO YHucia (2k+1) CJIOE€B, CUMMETPHYHO PACIIOJIOKEHHBIX

OTHOCHUTCJIBHO Cpe,HI/IHHOﬁ MMOBEPXHOCTU obomouku. 3a KOOPAUHATHYIO MOBCPXHOCTH
MMPUHUMACTCA CpCAWHHAsA IMOBEPXHOCTH 000J10UKH (CpeI[I/IHHaSI IMOBEPXHOCTb CPEAHCTO

CJI0sT), KOTOpasi MPEACTaBISAETCS KOOPAHMHATAMH o, o, (OL1 — BIOJIb 00pa3yrouieH, a, -
110 JTyre MONEPEYHOTO ceueHns) U paarycoM kpunsHel R = const . Tperbs koopauHaTHas

JAuHUA  Ol; NOPAMONMHEHHAs W HPENCTABISET PACCTOSHHME IO HOPMald CPEAMHHOM
MOBEPXHOCTU OT TOYKH (Otl,OLZ,O) J0 TOYKH (OLI,OLZ,OL3) obomouku. Crow,

CHMMETPHYHO DACIIOIOKEHHBIC OTHOCHTENIBHO KOOPAMHATHOH mnoBepxHoctH O =0,
MMEIOT OJIMHAKOBBIE TONIIHMHBI, OJTMHAKOBbIE (PH3UKO-MEXaHUIECKUE CBOMCTBA U COCTOST U3

2ns JIIEMEHTAPHBIX CJIOEB OPTOTPOITHOTO KOMITO3MIIMOHHOTO MAaTepHaja, YJIO0KEHHBIX

n004ep&éaHo noj yriaamu @ (S =12,....2k+ 1) K ocu uuimeapa. Takum oOpasom,

paccMarpuBaeTCs CIIOUCTAs WIMHPUIECKast 000JI0UKa, COCTABICHHAS U3 HEYETHOTO YUCIIa
OJTHOPOJIHBIX ~OPTOTPOIHBIX CJIOEB, CHMMETPUYHO PACHOJIOKEHHBIX OTHOCHTENBHO
cpenuHHOM moBepxHocTH [1,2]. IIpemmomaraercs, dYro cjod OOOJOYKH TIOCTE
Jne(opMUpOBaHHs OCTAIOTCS YIIPYTUMU U PadOTAIOT COBMECTHO, 0€3 CKOJIBKEHHSI.
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s
CoriacHO BBIIIEU3I0KEHHOMY, YIIPYTHE XapaKTEPUCTUKH BIE ) Marepuana S-oro cios
B TJABHBIX T€OMETPUYECKUX HAIPABICHUSIX OOOJOYKH, OIMPEIEIIIOTCS dYepe3 YIpyrue
0(s ..
XapaKTCPUCTUKU B”-( ) COOTBECTCTBYIOIIUX 3JICMCHTAPHBIX CJIOCB B I'IABHBIX (1)I/I3I/I‘IGCKI/IX

HAIpaBJIeHUsX 10 U3BECTHBIM (hopmyam moBopora [3].
[Tycth 00OonoYKa OOTEKAeTCs] C BHEIIHEH CTOPOHBI CBEPX3BYKOBBIM MOTOKOM rasza ¢

HEBO3MYILEHHOH cKopocThio U (|l]| =U =const), HAIPaBJICHHOW 10 00pa3yoIM

munHapa. McciaenoBath yCTOWYMBOCTh 000JI0YKH MO ACHCTBHEM U30BITOYHOTO TABICHUS
rasa, MOSBISIOIIETrOCs BCJEACTBUE MAJbIX BO3MYIIEHMH  0OTeKaeMOW IOBEPXHOCTH
(BcnencTBre BO3MYIIEHHOTO KoJIeOaHUs 000JI0UKH).

I[J'IH MOJy4YCHUSA OCHOBHBIX ypaBHeHI/Iﬁ n COOTHOMCHHﬁ, OITMCBIBAOIINX BO3MyIIIéHHO€

IBIDKCHHE PACCMAaTPUBAEMOH ad’pOYNPYrodl CHCTEMBI, IPUHUMAIOTCSA  CIEIYIOIIHeE
MPEATIOI0KEHHS:

a) TUIoTe3a 0 HeAe(popMUPYEMBIX HOPMAJISX IS BCero makeTa 000104yku B neioM [3];

6) m3bpTounoe maBienne AP BBMHECIAETCS, HCTIONB3YS MPHOTMKEHHYIO (GOPMYITY
«TIOPUTHEBOH TEOPHUI» IPH MaJIbIX BO3MYIICHUAX [4].

B cuny DpUHATBIX NPENIONIOKEHHH IOJNYy4aloTcs CIeNYIOIle YpaBHCHUS |

COOTHOIUICHHS, OIMCHIBAIOUINE IIOBEEHHE MaJbIX BO3MYIICHHII B paccMaTpuBaeMoii
obomouke [3]:

YpaBHEHUsI BO3MYILEHHOTO COCTOSIHUSI:

an, o, o

oo, Oa., o’
oT, T, _ 2

=m— (1.1)
oo, o, o>’
o’M o’M o’M 1 , O°W
S +2 2 4 2+ —T,+Z=m—-.
o, oo oo, Oa, R ot
3Z[€CI) m>‘< - HpI/IBeﬂéHHaH Mmacca, OTHECEHHAs K CAVMHULIC IIJI0IIaau CpeﬂHHHOﬁ

IMMOBEPXHOCTHU
., 2 <
m :a Vie1Okn +zyi (6i _6i+1) )
=

rae 'Yi — yI[eJ'ILHHﬁ BEC MaTtcpuajia i-0ro CJ104, 8i — pacCToOsAHUC BerHeﬁ MOBEPXHOCTHU

i-oro cmos ot cpeauHHOi moBepxHOCTH, Z — HOpPMaNbHAS COCTABIAIONIAS BHEIIHEH
HarpysKH, Tij, Mij — BO3MYILEHHS BHYTPEHHHMX CHJI W MOMEHTOB HEBO3MYILEHHOTO
COCTOSIHHUS;

COOTHOIIEHHS YIIPYyTOCTH:
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T, =C & +Cye,, M,, =D, %, + DX, s
T, =C,& +Cye,, M., =Dp,x, + Dy, (1.2)
T12 :T21 =G0, M12 = D66X12'

3mech I KECTKOCTEH paCTIKEHUS C i

k
R -

s=1

k
o, =251, + S (5252, )|

S
TAC YIpYru€ MnOCTOSITHHBIC Blﬁ) Martepuaia S-0ro cios B IAaBHBIX TCOMETPHUUCCKUX

U n3ruba Dij UMeeM:

HATPABJICHUSIX OOOJIOYKH, COIJIAaCHO (OPMYJIBI  [MOBOPOTA, HMEIOT  CICIYIOIIUE
npexacrasiaeHus [3]:

B® = B"® cos* @, + 2B sin’ ¢, cos’ ¢, +2B%% sin* g ,

B9 = B sn g, + 25" sin” g, 05" 0, + 2B cos' g,

- 19+ B+ 820280 e 0, 0
Bé:) — Bﬁés) +[Blol(s) +BY —ZBés)]sinz 0, cos’ ¢,

B\” = B)Y +2B)";

reOMETPUUCCKHNE COOTHOIICHMA

ou o W ou ov
& == & =15 O=——+——,
oo, oa, R oo, Oq, .
1.
AL A ___ow_ o
Z oo’ X2 oo’ Liz oo, 00,

B (1.1)-(1.4), U(OLI,OLZ,t), V(OLl,Otz,t), W(OLI,OLZ,'[) — BO3MYIIIEHHUS TIepeMertie-

. . 0(s
HHUH TOYEK CPEIMHHOW IMOBEPXHOCTH OOOJIOUKH, B”-( ) YIpyrue MOCTOSHHBIE MaTepHaa
S-0ro ci10s1 B IIaBHBIX (PU3MUECKUX HANPABICHUSX (YIIPYTHe MOCTOSHHBIE 3IEMEHTaPHBIX
CI0€B, 00pa3syIOIKX JaHHEIH CIOM 000/104KH), (P — YTONl apMUPOBAaHHS MaTepHana S -oro

cIosl.

[MoncTaBnss 3HAYEHUS BHYTPEHHUX cwi U MomeHToB u3 (1.2) B ypaBaenue (1.1),
MOJIYYHM CJICIYOILYIO CHCTEMY JTMHEHHBIX MU (epeHIaTbHBIX YPaBHECHHI BOZMYIIEHHOTO
JIBIDKCHUS 000JIOYKH:
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o’u o’u ov. ¢, ow ., oUu

—+C,—+(C,+C +—= =m ,
q‘aaf * o’ (¢ 66)8ag%x2 R da, ot’
C 8_2\/+C ﬂ+(q +C )ﬂ_kiﬂ—m*a_zv
2oa2 ol 7 o000, R oo, at?’
o'w o'w o'w (12
D,, —+2(D,, +2D) +D +

22
oo, o] oo

1

+— ou v + ﬂ+m*azw—z
C12 o, sza% Cy, R Pe .

[onepeunas narpyska Z (OL1 , (xz,t) BO3MYILIEHHOIO COCTOSTHUS CKIIabIBACTCS U3 CHII

JeMIIpUpOBaHUS U U30BITOYHOTO a3POAHMHAMHUYECKOTO JaBICHHS A P
. OW
Z=—-em —+Ap, (1.6)
ot
rae € — k03D UIHEHT 3aTyXaHusl.

Hcnonp3ys hopmyiy AaBiieHHs, TOIYYCHHYIO Ha OCHOBE «IIOPIIHEBON TEOPUHMY», IS
AP B nuHelHOM NPUGIIKEHNHU TIOTydaeTcs Cleaylomee npeacTasienue [5]:

Ap =—&p, 1 ow Mﬂ M:H, (1.7)
a, El oo, a,

rae M —uncno Maxa, P, —maBnenue, @, —BeaMUMHA CKOPOCTH 3BYKA JUI HEBO3MYLIEH-

HOTO ra3a, & — rokasareJib IIOJUTPOIIBI.

Ecnu wyactora cOOCTBEHHBIX MONEPEYHBIX KoJiIeOaHUH 000J0YKM Mala M0 CPaBHEHHUIO C
4acTOTOH COOCTBEHHBIX KoyleOaHMH B CBOEH IOBEPXHOCTH, TO TaHTE€HIMAIbHBIMU
COCTaBJSIIOLIMMH CWJI MHEPIMH MOXKHO TpeHeOpeub. B atom ciydae, BBens (yHKIHIO

() (OL1 , O, ,t) , cBs3annyo ¢ U, V, W cootHomenusmu [3]

1 8 &’ &’
u=L®=— - D,
1 (a22 ; a'12 aalz ]

R oa, oo
LCIJ—ii ( ) o o d (1.8)
R da., %~ %z oo’ ™ ool | .

4 84 64
w=L®= 2 + )
; [a“ " +(8y —28,) —— o azzaa;}

¢ yuérom (1.6) u (1.7), mpuBeném cuctemy (1.5) k omHOMY pasperrarnemMy ypaBHEHHIO [6]

1 &'d 0 &p, | 0 0
PL® + +L | m—+| me+— |—+a&pM — |® =0, 1.9
L3 RZa 4 L3 atZ [ a[) J@t pO a 1 ( )
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r/ie IMHeHHbIH auddepeHImatsHbIii orepatop P nmeer Bux
84 64 64

P= D”—a -+2(D,, +2D66)—6 7 - D22—a -
o, o 0, A,

Kospuumenter @, nuHeliHbx auddepeHumanbabix  onepatopos L (i 21,2,3)

omnpezenstorces: popmymnamu [3]
a=— % a. =1 (i=12 k=12). (1.10)
GiCr G, Ceo
Takum o0pas3om, 3a7ada yCTOMYUBOCTH PacCMaTpUBAEMO IIMITMHAPHYECKON 000I0UKH
B CBEPX3BYKOBOM IIOTOKE ra3a cBeleHa K peuieHuro ypasHeHust (1.9) mpu oOBIYHBIX
YCIIOBUSIX 3aKpEIICHUs KpaéB 000JIOUKH.

2. CpeeHue K 3a/1a4e YCTOIYNBOCTH, OMUCHIBAEMOIl CHCTeMOii 00bIKHOBEHHBIX
auddepeHIUATbHBIX YPABHEHU I

PaccmoTpuM  yCTOHYMBOCTE 3aMKHYTOW NHMIMHAPUYIECKOH O0O0OIOYKH, UIAPHUPHO
OnépToi 1O TOpIAM CO CBOOOIHBIM CMEUIEHWEM B NPOJOIBHOM HAIMPABICHUH M IIPH
OTCYTCTBUH CMELICHUS B AyroBOM. Torna nMeeM ClieLyoniue TpaHMYHbIC YCITOBHS:

v=0, T,=0
npu O, =0n o =| (2.1)
w=0, M, =0
rae | — pmuma o6omouky.
Pemenne ypasuenus (1.9), ynosierBopsroree ycnosusim (2.1), npencraBum B Buze

N . n mn
D =ZZ fn(t)sini o, cosﬁocz, A =7 ) (2.2)

m=1 n=0

rae M — gmcno nonyBoIH H30THYTOM MOBEPXHOCTH BOJL 00pasytomiei, 1 — ancno Box
B OKPY>KHOM HalpaBJICHHH, frm (1) — ynxumm, moxnexkaniye onpeeneHHIO.
[Ipencrapnenne (2.2) yaOBIETBOPAET YCIOBHIM 3aMKHYTOCTH 000JIOUKH IT0 KOOPAWHATE
o,.
[Moncrasiss (2.2) B (1.9) u ucnonb3yst OOBIYHBIA POIIECC OPTOTOHAIN3AINH, TTOJTyYHM
CJIEAYIONIYI0 CHCTEMY OOBIKHOBEHHBIX u(depeHnnalbHbIX YpaBHEHUI OTHOCUTEIBHO

Oe3pasMepHbIX QyHKIME X | = frm / h:

X o D e
+ +Q + =0,
d’Cz Tn dt mXm T Wim 2.3)
(m=12,..; n=0,1,2,...)
rae
2
t=o,t, y,=—/ &+ *po , Qﬁn—w—g“
(Dln maO (’Oln

35



5 1 . , n n* Al

(DrmZE DH}\,m-f‘z(Dlz+2D66)}Lm§+D22E+—R2;}m ,
\ , n2 n*

Am:a‘llxm_’_(a%_za‘lz))\‘m?_'_azzgﬂ

2.4)

m 0 ll_(_l)m+k 4mp
=vK , K=—"2, v=M—.
Vi n 2Am ; mz _ kz k'%mxkn n m*h(l)lzn

31ech M, — YacTOTBl MallbIX COOCTBEHHBIX KoneOaHuit 0007104ky, V — mpuBenEHHbIN

TapaMeTp CKOPOCTH, a INTPHUX Hajl CyMMOil 03Hauaet, 4To unen K = M orcyTcTByer.
TakuMm 00pa3zom, mosrydeHa cucteMa JIMHEHHbIX TuddepeHnnanpipIx ypaBHeHui (2.3),
KOTOpasi BHEIIHE HE OTJIMYAETCS OT COOTBETCTBYIOIIMX CHUCTEM YPaBHEHUH, MTOTYYEHHbIX B
pabore [7] B ciuy4ae OXHOCIOWHBIX HM30TPOIHBIX 000JO4YeK W B padore [6] B ciydae
CIIOUCTBIX 00OJIOYEeK, CJOM KOTOPBIX COCTAaBJICHBl W3 OOBIYHBIX OPTOTPOITHBIX
(HEeKOMIIO3UIIMOHHBIX) MatepuaioB. OmHako, K03(h(GUIMEHTH yYpaBHEHUH cucTeMsl (2.3),

KaK M CJIEJO0BANO OXKHUIATh, 3aBHCAT OT yIJIOB apMUPOBaHHUA (g ¥ MO3TOMY, CYIIECTBEHHO

OTJIMYArOTCA OT COOTBCTCTBYIOUINX KOS(l)(l)l/IL[I/IeHTOB, TNOJIYUCHHBIX B YKa3aHHBIX pa60Tax.

3. OnpenesieHne KPUTHYECKOH CKOPOCTH (hiaTTepa
ByzmeM uckaTh Takue 3HaueHus umcia M |, mpH KOTOPBIX TpHBHATBHOE pEIICHHE
u=0, v=0, W=0 paccmarpuaemoii 3amaun (1.9), (2.1) (cmemoBatenbHO, W

tpuBuanshoe pemenne X, =0 cucrembr (2.3)) cTaHOBHTCS HEYCTOMYMBEIM, dTO

(u3MYECKU COOTBETCTBYET sBleHUIo (uarrepa. Ilpu stom "N" paccMarpupaercs Kak
mapaMeTp U CTPOUTCS IOclenoBaTelbHOCTh npubmmkennii no M. IIpu M=2, uro
COOTBETCTBYET IIEPBOMY IIPHOIIKEHHUIO, cucTeMa (2.3) IPUHUMAET BUJ

d? 2
?yzln—’_yn dgi/’lcn *+ Y _EVKnyZn =0,
3.1)
2
ddff“ +¥n ddyi“ +Q Yo +§vKnym =0,

rie Y, = Anxln > Yo = AZnXZn :
Ipencrasisiss pemenue cucremsl (3.1) B Bume Y, = zine“ (i =1, 2) , TIOJTy4HM
Clle/lyIolee XapakTepUCTHIECKOE yPABHEHHE OTHOCHTEBHO A :
4
A2y 0 +(Q§n +1+yf,)k2 +7, (an +1)X+Q§n ty Kv? =0.

HeBo3mymiéHHoe cocTtosiHUE O0O0JIOYKM OyIeT YCTOHYMBA, €CIM JEHCTBUTENBHBIE 4acTh
KOpHEH XapaKTepHUCTHYECKOTO YpaBHEHHsI OyAyT oTpHuIarenbHbIMU. ClefoBaTeibHo,
YCIIOBHSI yCTOMUUBOCTH, COIJIACHO TeopeMe ['ypBuLa, 3aI1ChIBAIOTCA B BUE!

Yo >0, v,(1+Q2,)>0, (@2, -1) +2yﬁ(1+Q§n)—%K§v2 >0.
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[TepBbie 1Ba HEpaBEHCTBA, KOTOPBIE TPEOYIOT, YTOOBI 3aTyXaHHe (BHYTPEHHEE U a3pO/IH-
HaMH4ecKoe) ObUIO HOJIOKUTEIBHBIM, BHITIONHSIOTCS BO BeeX ciiyvasix. V3 tperbero Hepa-
BEHCTBA ITOJTyYNM CIIEAYIONIYIO (hOpMYITy (COOTBETCTBYIOIIYIO MIEPBOMY MPHOIMKESHUIO) IS

o *
OIpPCACICHUA NPCACIbHbIX 3HAYCHUU CKOPOCTU 06T€KaIOHI€FO II0TOKa rasa Vn

8=

2 2
302 1| 2v2(93,+1)
* 2n n n
vV, =— 1+
" 4 K 02 —1 2
n 2n
IpU  KOTOPBIX HEBO3MYLIEHHOE COCTOSHHE OOOJIOYKHM CTAHOBHUTCS HEYCTOHUYUBBIM.
Kpurrueckoit ckopocThio (uarrepa mpu M= 2 aBIgeTcs MUHAMAIBHOE 3HAYCHHE

(3.2)

* o
Gbynkuuu VvV, mo N (MUHUMANbHOE 3HAYEHUE TIPEJIENBHBIX CKOPOCTEH).
AmnanornuneiM 06pazom pu M=4, B ciay4ae OTCYTCTBHMS 3aTyXaHHs MOJYYaeTCs

*
CIIENyIOIIEE YPABHEHHE A1 ONPEENEeHUs V

256\’ 144 36
S KAV 4—9(1—x2)(Q§n—x2)+2—5(1—x2)(gin—x2)+

175
e A e B G [ 63)

2 2 2 2 2 2 2
+(1-27) (95, 17 )(Q3, A7), -27) =0.
Otmernm, uto aHanmormussle (3.2) u (3.3) GopMysl 1 ypaBHEHUS, IOTYICHBI TAKKE B
pabotax [5-7]. 3nech CyIIeCTBEHHOE OTIIMYHNE COCTABISAET 3aBUCHMOCTh KO()(OUIIEHTOB B

(3.2) m (3.3) ot yryoB apMupoBanus (g CI0EB OOOIOUKH.

PemmB ypaBuenue (1.19) oTHOCHTENBHO V , HAXOIUM 3aBUCHMOCTH V = f(?m) [Ipu
9TOM, KPUTHYECKOMY IapaMeTpy V  COOTBETCTBYET CIMSHUE JBYX COCEIHHUX
NEeHCTBUTENBHBIX YacToT A [5-7]. CiesioBaTebHO, HAMGOMBIINI HHTEPEC PEICTABIAIOT TE
3Ha4YeHHs mapamerpa N, IpH KOTOPBIX MpEeAeNbHasi CKOPOCTh MPUHUMAET MHHUMAIbHOE
3HayeHue. 3HaueHus I, , 111 KOTOphIX V: MIPUHUMAET MUHUMAJIbHOE 3HAYEHUE, COTIACHO

(3.2), B ciry4ae OTCYTCTBHS 3aTyXaHHS ONPENENIIOTCS U3 YPAaBHEHUS
2 2
21 n
~2a,)| == | +2a, —
6(D12+2D66) 1 (a66 a‘lz)( I ) a22 R2
2 T P22 16 2 -
T R A,

(3.4)
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Benmmuuna N, , mpu xoTopoit v: HNPUHUAMAET MHHUMAaIbHOE 3HAYEHHE, OTIPEACIIACTCS KaK
OITHO W3 NIBYX YHCelN, ONMmKalmuX K KOopHIO ypaBHeHus (3.4). PaccmatpuBas (3.4), nerko
3aMETHTh, YTO KPUTHYECKOE 3HaYeHue napamerpa [, cymiecTBeHHBIM 00pa3oM 3aBUCUT OT
ynpyrux ko3¢ ¢$pUnueHToB MaTepraia 000JI04KH U OT yria apMupoBanust (P. Otmernm, 4ro
JUIS1 OTHOCJIOWHOM N30TPOITHON 000JI0YKH OHO 3aBUCHT TOJIBKO OT Koadduruenta [Tyaccona

[7].
Jns HaTISIOHOCTH W TIPOCTOTHI PACCMATPHUBACTCS CITydail OIHOCIOHHON 000JOYKH.
Torna, ypaBHeHwHE (3.4) MOKHO IIPUBECTH K BHIY:

B, (BB, - B) 16(27°Q+ 0x) )
B, +2B (167‘6431 B, +4m°Qx+gx’ )2

3.5)
2

1 ©*Q+20x hR
2 (n4|§”§66 + QX+ )2 2nl®

_ B _ _
e B, _I(l)(a Q=B,B, _B|22 -2B,,B,, 0= 322366,X=y2n2,y=|/R.
1

Takum o0pa3oM, B cliydae OJHOCIOWHOI OPTOTPONMHONW KOMIO3UI[MOHHOW 000JO0YKU

KpUTHYECKOE 3HAUCHHE TapameTpa N B IepBOM MPUOIIDKEHAN OTIPEAETICTCS U3 YPaBHEHUS
. 0

(3.5), k03¢ GUIMEHTH KOTOPOTO 3aBHCAT OT OTHOUICHUN THIIA B|k / B]1 u yria

ApMHUPOBAHUA (p MaTtepuajia 000JIOUKH. CJ'IGI[OBaTeJ'ILHO, OT YKa3aHHBbIX I1apaMETpPOB,

cormacro (3.2), 3aBuCAT TaKke 3Hauenus GyHkimm Vg (Q) =MiNV, (MHHEMATEHOE
(m

o *
3Ha4YeHHe KpUTUYECKoi ckopoctr V,, 1o ).
Jlng mnmrocTpanMu yKa3aHHOM 3aBHCHMOCTH NPHUBEICHBI YHCIIOBBIE PacuéThl: cIiepBa
ompezeneHsl 3HadeHus [, , uucieHHO pemnas ypaBHeHue (3.5) mpu onpenenéHHbIX

3HaueHusx yrna (O (tabmuma 1). 3arem, ucnons3ys Haiinennsie N, (Q), u3 (3.2) mpu

min .
OTCYTCTBHHM 3aTyXaHHs BBIYMCIIEHBI 3HAuUeHNs QyHKIMK Vg ().  Jlns pacuéra npu-
maro h=0.01l u paccmorpena oGomouka, wsroropnennas u3 CBAM-UIMM co

20 0 /R0
clefyomumy  6e3pa3sMepHbIME  yIpyruMu  xapakrepuctiueckumu B, = B, / B, B
IJIaBHBIX HaNpaBJIeHusX ynpyroctu [9,10]: EZOZ =0.26, Eloz =0.078, §606 =0.086.

*

B Tabn. 1 mpuBeneHs! Te 3Hadenust [, mpu KOTOPBIX V| IPHHUMAET SKCTPeMalbHbIC

3Ha4eHus. [Ipu 3TOM, OHU ITPEACTABICHBI B BUIE IPOOH, YUCINTETh KOTOPOH IIPEICTABISET
o *

senmunny I, mpu koTopoil V|, NpUHMMaeT MHHMMAJbHOE 3HAYCHHE, a 3HAMEHATENb —

MaKCHUMAaJIbHO€E 3HaUYE€HHE.
Pe3ynbpTaThl BBIUMCICHMNA Ul MMHHMAJbHBIX 3HAYEHMH KPUTHUYECKOW CKOPOCTH B
3aBUCUMOCTH OT yria (P mpencraieHsl Ha ¢ur. 1. Te ke camble BBIYNCICHNS TPOU3BEICHBI
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B Cllydyae MakCHMaJbHBIX 3Ha4€HHH, KOTOpble TpejcTaBieHsl Ha ¢ur.2. Kpusbie Ha sToi
(urype npeacTaBisroT coO00OW 3aBUCHMOCTH AKCTPEMAIbHON Oe3pa3MepHO KPUTHIECKOH

CKOPOCTH

1 (1
A=—| -
3n4(hj

min

Va ()= AV(9)or

4 2
5o
Pl &

2 _
, =

Bl

yria

ApMHUPOBAHUS

Q.

31ech

—, p — IUIOTHOCTh Marepuana o0OJOYKH, P, —

p
IJIOTHOCTH Ira3sa.
Tabauna 1
Y
0.5 0.8 1 2 3
¢
0 15/6 13 /3 12 /3 8 /1 7/ 1
/6 15/ 10 13 /7 12 /5 8/3 6 /2
/4 16 / 10 13/6 11/6 7172 5/2
/3 16 /7 12 / 4 11/3 772 5/1
/2 17 /3 13 /2 12 /1 8/ 1 6/ 1
I=100h, y=1 ver =100n =t
Ver 146
/N a\ 20 /TN

N\

\ / ——
J en \

1, / 4 " \// \\,f

05 10 15 20 25 30 05 10 15 20 25 30

®ur.1. Dur.2.

[TpuBenénnbie Gurypsl MOKAa3bIBAIOT, YTO a) MAaKCHMAJIbHBIE 3HAYCHUS MHUHUMAJIbHOU
KPUTHYECKOI ckopocTH Toyyarotes mpu @ =0 wm @ = n/ 2, T.e., KOT/Ia OJIHO W3 IJIaB-

HBIX HaIpaBJICHUH YIIPYrOCTH MaTepralia MOHOCIIOEB, 00pa3yronux 000JI04Ky, COBIaIaeT ¢
HalpaBJiCHUEM [OTOKA ra3a, 0) MHUHUMAlbHBIE 3HaueHUs MuHUManbHOU (mo )

KPUTHYECKON CKOPOCTH AOCTHTAIOTCA B TOUKAaX BHYTPH MHTEpBaIa (0, TE) , pactoioXeHne

o 0 /Ro
KOTOPBIX CYIIECTBEHHO 3aBUCUT OT OTHOIIeHNt THia B, / B/, . Takum 06pazom, Bapsupyst

(pU3MKO-MEXaHHMYECKHE MapaMeTphl KOMITO3MLMOHHON a’pOynpyroil CHCTEMBI, 0COOEHHO
yroJ apMHpPOBaHHs MaTeprayia 00O0JIOYKH, MOKHO ONTHMAIbHO PETYIMPOBAaTh BEIHMUHHY
KPUTHYECKOH CKOPOCTH iarrepa.

Hccnenosanue BoImoaHeHO npu (uHancoBoi momaepxkke I'KH MOH PA B pamkax
Hay4Horo npoekrta Ne SCS 18T-2C149.
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2U8UUSULP @SNk E3NPLLENP U22U3SPL UUUEURUSE St tulah,
W3BECTUS HAIITMOHAJIBHOM AKAJIEMUM HAYK APMEHUA

Uthuwtthlju 73, Nel, 2020 Mexannka
YK 539.3 Doi- http://doi.org/10.33018/73.1.4

K 3AJIAYE YCTOMYUBOCTH IJIACTUHBI, YCUJIEHHOM PEEPOM
KECTKOCTHU HA CBOBO/IHOM KPAE
BbenyOexsin B.M., bexiyOexsin J.B.

KnroueBble cj10Ba: MpAMOYTroJIbHAs MIACTHHKA, JIOKATH30BaHHAS HEYCTOWYHBOCTD, CBOOOTHBIN
Kpaii, pedpo ycujieHus.

BelubekyanV.M., Belubekyan E.V.

On the stability problem of the plate with a rib reinforcement of the free edge
Keywords: rectungular plate, localized nonstability, free edge, rib reinforsment.
The rectangular plate with three simply supported edges and rib reinforced free edge is considered. The plate is
preliminary regularly suppressed by the opposite free supported edges. The influence of the reinforcement
characteristics on localized instability near the free edges are investigated.

PEmplyjut 9.U., PEjmpkljjub k9.
Uquu kqpny Ynoinnipjui Ynnnyg mnklgdud vwh juyniinipjui pugph dwuhb
Zhdumpunkp. Nbynublnih vwy, nknujiuglus wiljuynmimpeini, wqun kqp, wdpugdwb §nn.
Thunwplyws E ninpublnit wnwdquljub uwy, nph Epkp Ynndbpp hnnpuuwwnpbt wdpuljgyus Eu
b by Yonup wquun b, puyg nidbnugdus b Ynnny: Uwp twjupwgbu ubnddws b hwjuwuwpuwswg

hwhwunhp hopulwwnpbt  wdpulgus  Ynndbpn]: Zknwgnunjws £ Ynnh  pimipwgphsubph
wqnlgnipmiin wmquun kqph opgurljuypnid nbknuyugyus wuljuyniinipiubt wpwewgdut wwydwith

Ypu:

PaccmatpuBaeTcst mpsIMOYTOJIbHASL yIpyTasl INIACTHHKA C TPeMs IIAPHUPHO 3aKPEIUIEHHBIMH KPasMH U OHUM
CBOOOIHBIM, yCHIEHHBIM peOpoM xKECTKOCTH. [lnacTHHKa IpeABapHTENbHO PABHOMEPHO CKaTa MO ABYM IIPOTHBO-
TIOJIOXKHBIM MIADHUPHO 3aKPeIUIEHHBIM cTOpoHaM. VccrneqyeTcs BIMSHHE XapaKTEPHCTHUK pedpa mKECTKOCTH Ha
YCIIOBUS IIOSIBICHUS JIOKAIN30BAHHON HEYyCTOHYNBOCTH OKPECTHOCTU CBOOOIHOTO Kpast.

Beenenne.

B cratee A.}O. NmumaCcKoro [1] mokazaHo, YTO IJIACTHHKA C OBYMS HarpyKEHHBIMH
MPOTHUBOIOJIOKHBIMY IIAPHUPHO 3aKPEIUIEHHBIMU KPasMH U € IBYMsI APYTUMH CBOOOIHBIMH
KpasMH MOXET IIOTE€pATh YCTHYMBOCTh NPH KPUTHUYECKOH HArpy3ke MeHbLIeH, YeM
KpHUTHYECKas Harpy3ka MOTepH YCTOHYMBOCTH IO HWIMHAPUYECKOW (opme moBepxHOCTH
HE3aBUCHUMO OT OTHOIICHHWA CTOPOH IJIACTUHKHU.

OTcrofa cieyer, 4To BO3MOXKHA MOTEPsl YCTOHYUBOCTH TUIACTUHKH, JIOKAJIM30BAHHOW B
OKPECTHOCTH CcBOOOAHOTO Kpas [2,3]. M3BecTHBI cHoOcOOBI CTaOWIM3alMK HArpyKEHHOM
TUTACTHHKY TpU ToMoInu péGep XKECTKOCTH M ImmaHroytoB [4,5]. B Hacrosime#t cratse
MTOKA3BIBAETCS BO3MOXXHOCTh YCTPAHEHHS JOKAIM30BaHHON HEYCTOMYMBOCTH MPH MOMOIIU
pedpa KECTKOCTH.
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1. B mpsaMoyronbHOH AekapTOBOM cucTeMe KOOpAWHAT (x, v,z ) IJIACTUHKA 3aHUMAEeT

obmacte 0<x<a,0<y<b, —h<z<h. Mnacruaxa no kpomxkam y =0, y=>

MpeIBApUTEIILHO PaBHOMEPHO ckata. [lpu momymeHusx teopuu Kupxroda ypaBHeHue
CTaTUYECKOW YCTOMUYMBOCTH IJIACTUHKU UMEET BU/L

o’w
DAZW‘FPy:O, (L.D
rae W(x, y) — dynkmms nporn6a, A — oneparop Jlammaca,
2ER’
D=———:, P=2ko, (12)
3(1-v?)
— KECTKOCTb TUIACTMHBI HAa M3rMO M ycwiue, npuioxkenHoe Ha kpomkax y =0,b,
COOTBETCTBEHHO.
Tpu CTOPOHBI IIACTHHKH IIAPHUPHO 3aKPETUICHBL:
o’w
w=0, —=0 1pn x=a (1.3)
X
o’w
w=0, —-=0 npu y=0, y=>b. (1.4)
y

ITo ueTBEPTOIi CTOPOHE IUIACTUHKA COEAMHEHA C peOpOM IKECTKOCTH, YTO MPHUBOAUT K
CIIEIYIOLINM T'PaHIYHBIM YCIOBUM [4,6]:

2 2 3
D{a W+va WJ+G1 a—W=0,

ox’ oy’ "1 oxoy?
ol . 5 . mpu X =0 (1.5)
D—| =2+ (2-v) = |+ E, ] T2 406,52 =0
ox| Ox oy oy

B (1.5) 6,5, E,] —xéctkoctu pebpa (6anku) Ha KPy4eHHE U U3TUO, COOTBETCTBEHHO.

Pemenue ypaBuenus (1.1), ymoBieTBopsroliee TPaHUYHBIM YCJIOBHSM IIAPHUPHOTO
3akperuienus ((1.4), mpencrasinsercs B Bujie

w=w (x)sinA,y, A, ="Y . (1.6)
D7 ()sind . 2, ="

IToacranoBka (1.6) B (1.1) mNpPUBOAUT K PEIMIEHUIO TOCIEAOBATENBHBIX CHCTEM
OOBIKHOBEHHBIX (D (epeHIHATBHBIX YPAaBHEHUI

LY =2l n (1-n7) £, =0, (1.7)
rie

N’ =2ho,/(DL}). (1.8)
Oomee pemenne ypaBHeHus (1.7) momyyaercs B BUIE

f,(x)=A4,sh P\, x+B,ch P x+C,shPA,x+D,chPA,x, (1.9)
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rac

p,=+1+Mn, p,=1-1n. (1.10)
TpeboBanue, uTo05! (1.6) ¢ yaérom (1.9) ynoBiIeTBOPSIIO TaKkKe TPAHUIHBIM YCIOBHSIM
mapHupHoro 3amemienus (1.3), naér

f,(x)=F,shp),(a—x)+G,shp, (a—x), (1.11)
rae [ ,G, — HOBbIE IPOU3BOIBHBIE TIOCTOSHHBIE.

2. Tloacranoska (1.6), ¢ yuérom Bepakenus mist QyHKIMH f (x) u3 (1.11) B

n

rpaHuyHbie ycioBus (1.5), TPUBOAUT K CIIEAYIONICH CHCTEME OHOPOIHBIX ATeOPAnISCKUX

ypHaHeHI/If/i OTHOCHUTECIIbHO MPOU3BOJIBHBIX ITOCTOAHHBIX F;l 5 Gn .

|:(p12 _V)Shgl 1P Chglj|Ez +|:(p22 —V)Shg2 7P, Chg2:|Gn =0

, , 2.1
[pl (pl —2+v) chg,—y,p;shg, ] F +[p2 (p2 —2+v) chg,-y,sh gz] G,=0
B (2.1) npuHATE HOBBIE 0003HAYECHHUS:
A, G,S
! (2.2)
G,1, EJ. G,S
=0y, =, -2
Yl D n YZ D n D;\’n

YcnoBue paBeHCTB HYJIIO JISTEPMUHAHTA CUCTEMBI ypaBHeHHi (2.1) mocie npeodpazoBaHuii
MPUBOJNTCS K YPAaBHEHHIO

P> |:(p12 _V) (p22 _2+V)+'Y172 :| thg,—p, [(pzz _V)(plz _2+V)+Y1Y2 :| thg,—

2.3)
_(p12 _p22 )[thhgl the, + Y1p1p2] =0.

U3 (2.3) mnsg momyOeCcKOHEYHOH IUIACTHHKH % —> C, WM B NPHOIMKEHAH th C ~1

nony4aercst (U — omeparop Unummackoro [1])

(pz _pl) I(n,V)ZO, 2.4)

rae

_ 2.2 2 _

I(H,V) =pp,t 2(1—V)p1p2 -V + (pl + P, )(Yz + Y1p1p2)+ 7Y, =0. (25
VYpaBHeHHe, aHAJOTHYHOE ypaBHeHHMIO (2.4), moiydaeTcs B 3ajade JIOKAIN30BaHHBIX
M3rHOHBIX KOJIeOaHUH TUIACTHH, YCHICHHBIX péOpamu xEéctkocTh [7].

Kopeus ypasuenns (2.4) n=0 ( D= pz) COOTBETCTBYET TPHUBHAIBFHOMY PELICHHIO

w=0 . Oynkuus I(n, V) o0amaer CleayonMy CBOHCTBAMH:
1(0,v)=(1-V)(3+Vv)+2(v,+7,)+7,v, >0 06
I(Lv)=-v’+327,+77, |
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B ciyuae oTcyTcTBUS pedpa (yl -7, = 0) u3 (2.6) cnemyer I(l,v) <0 mpu v#0 u

JIOKAJIM30BaHHAs HEYCTOHYNBOCTH HMEET MECTO, TaK KaK ypaBHeHHE (2.4) nMeeT pelieHue,
YIOBJICTBOPSIIOLIEE YCIOBUIO

0<n<l, 2.7

modToMy u3 (2.6) TmoiydaeTrcs CIeAyIoIlee YCIOBHE OTCYTCTBHSI — JIOKATH30BAaHHOM
HEYCTOHYHMBOCTH

(\/§+y1)y2 > v (2.8)

W3 ypaBHeHus (2.3) TakkKe MOXHO MOJIYYHTh YCIOBHSA TIOSBICHUS JIOKAJIM30BaHHON
HEYCTOIYMBOCTH B 3aBUCUMOCTH OT OTHOCHTEJIBHBIX Pa3MEpOB IUIACTHHKH. YpaBHEHHE

(2.3) umeer kopenb T =1, KOTOpBI pa3nenser peuleHus, yAOBIETBOPSIONIUE YCIOBUIO
N >1 or pemenuii, ynosneTopsomux yciaosuio (2.8), Mpu KOTOPOM  JIOKAIM30BaHHAS
HEYCTOWUMBOCTH CymecTByeT [8]. Mckitouus kopenb 1 = 1 ( D, = 0) n3 ypaBHeHus (2.3),

MOTYYUM:

[(2—V)2 —mz}th\/?%na —2(V =y1, )M a+

2.9)
2|y, athy2h,a+42y, |=0

Ypasuenue (2.9) ompexpensger 3HaYCHHE KOPHS Kna, C yBEIHYCHHEM KOTOPOTO KOPHH
ypaBHeHUs (2.5) —1] OyIyT yAOBICTBOPATH YCIOBHIO (2.7), T.€. YCIOBHIO CYIECTBOBAHHS
JIOKaJIM30BaHHOW HEYCTOWYMBOCTH OKPECTHOCTH CBOOOIHOTO Kpas INIACTHHKH, yCHIICHHOM

pebpom sxéctkoctH. Mcnons3opanue npubmnkxenus th \/E Xna ~ 1 naér npocroe pemenue
s A,a

2
A a> (2_V) ~—12 +2‘/§V1

' \/E(VZ_Vﬂz"'\/EYz) ’

2
7, =7,=0, Ma >M . (2.10)

V2V
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ACUMIITOTUYECKUA METO/ IIOCTPOEHMS ITPUKJIATHOM
MOJIEJIA TE®OPMAIIAA TOHKUX CTEPKHEM IO T'PAIMEHTHOI
TEOPUU YIIPYTOCTHU
Capxkucsan JI.C., Capkucsan C.O.

KiroueBsble ciioBa: rpaajMeHTHasi Teopusi, ynpyrocrb, ACHMITOTUYECKHIA MeETOo1, TOHKOM
CTepiKeHb, NIPUKJIaHasA MO/JeJ1b, PaCcTs’KeHHe-CikaTue, u3ruo.

Sargsyan L.S., Sargsyan S.H.
Asymptotic method of construction of an applied model of deformation of thin beams by the gradient
theory of elasticity
Key words: gradient theory, elasticity, asymptotic method, thin beam, applied model, tension-compression,
bending
In the present paper the plane problem of the gradient theory of elasticity in a thin rectangular region is

considered. The asymptotic method is applied and an internal iterative process is constructed. Based on the results
of the internal iterative process (respectively for the symmetric and inversely symmetric cases), the following is
constructed: a) an applied model of the bending deformation of a thin beam according to the gradient theory of
elasticity, b) an applied model of the compression tension of a beam according to the gradient theory of elasticity.

The constructed applied models of bending deformation and compression tension of thin neams according to
the gradient theory of elasticity will be further used to solve specific boundary value problems.

Uuipquyut L.U., Uupquyub U.2.
Unwdquljuinipjui qpuphkinughtt nkunipjudp pupuy dnntph Yhpurwlwh dnnkjukpp
Jurmguwh wuhdyunnnhl dkpnnp

Zhfuwmpwnkp: qpunhknughtt winwdqujuimipjmi whunieinil, wuhdwwnnnhl dkpnn, pupwy Annhp,
Yhpunrwhwi Unyhy, Agnid-ubknunud, Spnud:

Upnunuwiipnid nhinuplynud E wnwdqujuiinipjut gpunhkiinughls nbkunipyub hwpp juinhpp
pwpwly nipnuilynit whpnypnid: Yphpunynd E wuhdyununhl dkpnnp b jupmigdmd b ukpphu
hwtpwughnt wpngbup: Ukppht hunbkpughnt wypngbuh hhuwb Jpuw (updbnphl b hwjwuhdbnphly
nhuyplphtt hwlwwyuwinwupiw) jurnigdnid £ w) pun wpwdqujuinipijut gpunhtunwght nkunipjut
pwipuly dnnh sndwl nEbnplughuyh Yhpwnwlwy dnnbp, p) pun wnwdqujuiinipjui gpunhbunnught
nbkunipjut pupwly dnnh dquuti-ubnuuu nidnpuwghwh Unnkijn: Ipunhbunuyht wpwdquljuinipjut
wnkunipjudp pupuly dnnbph sndwt b dquut-ukinuwb nEdnplughwitph dwpkdwnhjulwh Unpkjutpp
htunwquynud hpundbnt ku npnpwljh bqpuyhtt punhputph nisdwt hwdwp:

B pabote paccMmaTpuBaeTcsi IUIOCKasi 3aja4ya TPAJMEHTHOW TEOPUHM YNPYTOCTH B TOHKOW IMPSAMOYTOJIBHOM
00JIacTH. HpI/IMeHﬂeTCH ACUMIITOTHYCCKHI METOA U IMOCTPOCH BHyTpeHHI/Iﬁ PITepaLIMOHHLIfI Tponecc. Ha ocnoBe
PE3yJIbTaTOB BHYTPEHHETO UTECPALlUOHHOI'O nponecca (COOTBGTCTBCHHO, JUTsT CUMMETPUYHOTO n
AQHTUCHUMMETPHYHOTO CIIy4YacB), IOCTPOEHA: a) IPHUKJIAIHAs MOJEIb U3TMOHON JedopMalyu TOHKOTO CTEPXKHS MO
TPaJUeHTHON TEOPHH YIPYToCTH, 0) IPHKIaJHAS MOAENb PACTHKEHUS-CKATHS CTEPIKHS 110 TPAIUCHTHOI TeopHu
ynpyroctu.IIocTpoeHHbIe IPUKIIaIHBIE MO N3THOHON ed)OpManiy U PaCTSDKEHNS CKaTHH TOHKHX CTEepKHEH
110 TPAJMEHTHOH TEOPUH YIPYrOCTH B AalbHEWIIeM OyIyT MCHOJIb30BaHBI JUIS PELICHHS KOHKPETHBIX KPaeBBIX
3a7ad.

1. Beenenme. V3BecTHO, 4TO MOAENb KJIACCUYECKOW YNPYTOCTH HE MOXKET Y4eCTh
MHUKPOCTPYKTYpY MaTepuasia u MacitaOHblii 3ddexr. MukpocTpykTypy Martepuana u
MacmTaOHBIA A(PQPEKT YUYUTHIBAIOTCS KaK B MOMEHTHOW TEOpPHM YIPYIOCTH, TaKk U B

rpagleHTHON TEOpUU YIPYTrOCTH.
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W3BecTHBI 1BE OCHOBHBIE (DOPMYJIMPOBKH TPAMEHTHON Teopuu ynpyroctu. Ilepsas, 3o
monenb DpurreHa (Eringen) [1], kotopas u3 ceds mpeacraBiser GOpMyITHPOBKY MOIETH
MHTETPAJIBHOTO THIIA Ha OCHOBE HEJOKAJIBLHOM TeopHu ympyroctu. Bropas moxens, 31O
Mozaens Afidantuca (Aifantis) [2-4], B KOTOpOHl B ONpPENEISIIONIMX COOTHOIIEHUSIX
HAaIIPSDKEHUS 3aBUCAT OT JedopManuii ¥ 0T BTOPOTo TpafueHTa AeGopMaryii.

B nanHoii cTatee OyzaeT paccMoTpena mozielnb AlidaHnruca.

CucremMa OCHOBHBIX YpaBHEHHUH TpPEXMEpPHOH TI'pajMeHTHOM TEOpUH YIPYrOCTH Ui
H30TPOITHOTO MaTepHaia MpeacTaBisieT coboi [2-4]:

CoOTHOLIEHUS YIIPYTOCTH

_ 2
6, =Dy, (gkl —1 gkl,mm)’ (1.1)
rie O — HaNpsLKEHUs, 3aBUCSILIE OT AeopMaumii €, 1 BTOPOro rpajmenta aepopmannui,

D,;,—renzop ynpyrux KodQQUIMEHTOB 4ETBEPTOrO paHra KIACCHYECKOH TeOpuH

yIpyrocTu, ! —mnapamerp BHYTPEHHEN JUIMHBI, CBA3AHHbINA C pa3MepaMu MUKPOCTPYKTYpbI
MaTepHana.

VYpaBHeHnus (1), Kak B KIIACCHUECKOH TEOPHUM YNPYTOCTH, PEIIAETCs COBMECTHO C
YpaBHEHHSIMH PaBHOBECHS:

c,; =0, (1.2)

a CB3b MEXIY IehopMalMsIMU U TEPEMEIICHUSIMH 3allUCHIBACTCA B BHIE KIACCHYECKHUX
TEOMETPUYECKUX cooTHOImeHuH Komm:

1
i A \ Mk, &) .
€ 2(”k1+”/k) (1.3)

OtmMeTHM, 4TO Bee MHIEKCH B ypaBHeHusX (1.1)-(1.3) npunumaror 3nauenus 1,2,3, a no
MOBTOPSIIOIIMMCSL MHJICKCAM MMEEM CYMMHPOBAHUE, 3aIsTON 0003HaAYCHO TU(PepeHIIUPO-
BAaHKE 0 COOTBETCTBYOLIEH Koopaunare. Ormerum, uto npu [ =0, ypasuenus (1.1)-(1.3)
MEPEXOIT K YPaBHEHUSIM KIIACCHUYECKOH TEOPUH yIIPYTOCTH.

ACHMIITOTHYECKUI METOJ] TOCTPOCHNUS YIIPYTUX TOHKUX CTEP)KHEH, INIACTUH B 000J109eK
MO KJIACCHYECKOW Teopuu ymnpyroctu pa3Butr B padorax K.O. ®puapuxca [5], A.E. I'puna
[6], AJL. Tonnenseiizepa [7], U.W. Boposuua [8], B. JI. bepauuesckoro [9], JI.A.AranoBsiHa
[10,11], FO.A. KamnyHnoBa [12] u ap., B MarHUTOYNpyrocTd M B MOMEHTHON Teopuu
ynpyrocta — B paborax C.O.Capkucsina [13-17].

B nanHo# paboTte uconb3yeTcs: BApHaHT aCHMIITOTHYECKOT0 METO/A, IPUMEHSIEMOT0 B
paborax [7,10, 11, 13-17] u Ha OocHOBe CHCTEMBI YpaBHEHUH B TOHKOH NPSMOYTOJILHOM
00J1aCTH TUIOCKOTO HANPSDKEHHOTO COCTOSHMS I'PaIMCHTHOM TEOPHHU YIIPYTOCTH, BBIBEACHBI
OCHOBHBIE ypaBHEHHMSI MPUKIIAJHON Moenu 1u1s AehopMaLiiii pacTsHKEHHUA-CKaTHs U U3rnoa
TOHKOTO CTEPKHS.

2. ACMMNITOTHYECKH MeTO/J NOCTPOCHHUSI BHYTPEHHEr0 HTEPAIHOHHOT0 Npounecca B
TOHKOW NPSIMOYTO0JIbHOH 00JIACTH IJIOCKOT0 HANPSIKEHHOI0 COCTOSIHAS T'PAJMEHTHOM
TeopHH YNPYrocTH.

VYpasuenust (1.1)-(1.3) npencrarisitoT co00i OCHOBHBIC YPaBHEHHUS MPOCTPAHCTBEHHOM
3a/1a4u TPAJIUEHTHOU Teopuu ynpyroctd. OCHOBHBIE YpaBHEHHsI IJIOCKOTO HAIMPSHKEHHOTO
COCTOSIHHMSI TPAJMCHTHOW TEOpUH YIPYrocTd B obmactH npsMoyromeHuka 0<x <a,

—h < x, <h npencTaBnsAOT cOOOIL:
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ypaBHCHI/ISI PpaBHOBECUA

0G,, N 95, _ 0. 0o, N 00, _ 0. @
ox oy ox oy
dusnyeckue COOTHOLIEHUS YIIpYrocTtu
e, 0O’e d’e,, 0O’e
611:(7\’—'_2”) 611—12 ?;14‘?;1 +A 622—12 ?52 ?52 ,
d’e,, O’ 0e, O’e
G, =(A+2 g, -’ —2+—2||+Ale, -1’ Ly — 1L
2 ( M) - ox’ oy’ " o> oy
i i 2.2)
Oe, Oe
G, =0y =21 | €, - axéz + ayiz ’
I'eomeTpuueckue COOTHOIIEHUS
ou, ou, 1(Ou, Oy,
e, =—, €y, =—, e, =6, =—| —+—|. 2.3)
ox oy 2\ ox oy

3mech, G);,0,,,0,, =0, — HaNPKEHUS, €,,€,,,€, =€, — NePOPMALUH, U, H U, —

nepeMeleHus, k,},l—ynpyme nocrosiudbie  Jlame, [ —mapamerp, KOTOpBI HMeeT

Pa3sMEepHOCTH JUTMHBI, XapaKTepH3yeT BHYTPEHHIOI0 MUKPOCTPYKTYPY MaTepHaa.
Byzaem cuurars, 9TO Ha JIMIEBBIX JIMHUSIX MPSMOYTOIbHUKA ) =t/ 3a/aHbl TpaHUYHbIC

YCIIOBUS NEPBOM TpaHMYHOM 3aJaud TPaAUEHTHON TEOpUM YIPYIOCTH, & Ha KPaeBBbIX
KkpoMKax npsimoyronbhuka X =0, X = a 3aj1anbl rpaHuuHbIE yCi10BHs 1160 I-ro, mi6o I1-
0, TM0O0 CMEIIAHHOTO BapHaHTa TPAaHUYHBIX YCIOBHH TPAJUEHTHON TEOPHH YIPYTOCTH.

Cuntasg HpAMOYTOIBHUK TOHKUM (8=—<<1 Majbli T€OMETPUYECKUN IIapaMerp
a
3a/1a41), OCYIIECTBIM H3MEHEeHne MacITaloB:
X Y
a h
1 BBeIEM Oe3pa3MepHBIC BEIMUHUHBL:
(e) () (e} u u
= _ 9 = _92 = _= _9Yp - _ Y = _ "
o, =—, G,,=—>, 0,=0,=—"-, u =—, U, =—. (2.5)
E E E a a

[MTocne BBeneHns Ge3pa3MepHBIX BEIMUYHMH, CUCTeMa ypaBHeHHH (2.1)-(2.3) mpumer BU:
YpaBHEHUS paBHOBECUS
0o 06 0G 06
gt 2212 12 4 1202

o8 o o8 oC,

du3ndecKkre COOTHOIICHUS YIIpYyroctu
2 2 2 2 2 2 2 2
5, = A+ ue“_’_?u A+ ul_2 86;,_’_8_286;1 _7»12 8e§2+8_zﬁe§2 ’
E a\ ¢ o Ea”\ 0¢ og

=0, (2.6)

E E €y
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_ A+2 A A+2u I? [ 0% L, 0%
Gy = Mezz"'_en - M_z §2+8 ’ 22
E E E a \ 0§ oC

Kﬁ Oe, g 0ey,

—— & , 2.7)
Ea’\ o8 oc’
2 2 2
—  — 2u [~ 0%, ,0%,
Cp=0u=—F|é~"—> ; & 2 ||
E a \ 0¢ oC
FeoMeTpI/IquKI/IC COOTHOIICHUA
ou, _, Ou. 1(ou, _ 0Ou
¢, =—= =g —2 =—| Z2+¢ (2.8)

= , €,=¢ s e,=e, =—
BE 2 aC ) BE ac
Cucrema ypaBHeHuit (2.6)-(2.8), cHHTyIsIpHO BO3MYIIEHHAS C MaJbIM MTapaMeTpoM &,

CJIEZIOBATENIFHO, PEIICHWE 3TOW CHCTEMBI CKJIAJbIBACTCS W3 JIBYX THIOB pPELICHHH:
BHYTPEHHETO0 (OCHOBHOTO), T.€. HE3aTyXaloIEro NpH YAAICHHHM OT TPaHMIBI B TIIyOb

o0nacTy, 1 THITa TTorpaHcios. Pemenne kaxaqon U3 3TUX 3a/1a4 eCTh CYMMa PEIIeHA 10 C

(vnu Mo y ) CUMMETPHUYHOI (pacTshKeHne-ckaThe) ¥ aHTHCUMMETpU4HOH (13ru0) 3axau. B

CHUMMETPUYHOM 3a1a4e U, O, 0,, —4ETHBIE, & U,, G|, = O,; —HEUYETHBIE 110 C (hyHKIIHH,

B @aHTUCHUMMETPUYHOU 3ajaye, — Ha000poT.

Hac Oyner uHTepecoBaTh MOCTPOCHUE MPHKIAIHBIX MOJIENEH CTEPXKHS 110 IPaJUeHTHO
TEOPHH YIPYTOCTH NpH AehOpMALUIX: a) PACTDKEHUsI-CoKaTus, 0) narude. CrenoBaTensHo,
B K&XIIOM Cliy4yae Oy/ieM CTPOHTb U W3y4aTh BHYTPEHHUI UTEPALMOHHBII poLecC.

Jnst 6e3pa3MepHOro reoMeTpHYECKOro Majoro mapamerpa BHYTPEHHEH MHKPOCTPYK-

lZ
Typbl MaTepHaa —- NPAMEM NPE/ICTABICHHE
a
2
/
272
— | =€, (2.9)
a
rJIe CYUTACTCS, YTO HOPSIOK [, ~ 1.
BHyTpeHHee pellieHre uileM B BUJIE

0= qui &0, (2.10)

3necs mox O moapasymeBaeTcs JI000e U3 HAIPSUKCHUH, qedopMarinii U mepeMenieHui,
¢ — UeNoe YHWCio, pa3u4yHOe JJIs Pa3lUYHbIX OTMEUEHHBIX Belu4uH. Llenoe umciao ¢

nozbupaercs Tak, 4ToObl Hociie noacTaHoBku (2.10) B ypaBHeHus (2.6)-(2.8) rpaaueHTHON
TEOPUH YNPYTOCTH W TMPHUPABHUBAHUSA KOI(Q(OUIIMECHTOB MPHU OJUHAKOBBIX CTEICHAX S,

MOJYYHUTh PEKYPPEHTHYIO (UTEPAIIMOHHYI0) CHCTEMY OTHOCHTEIEHO Q(S ),

Hns (G” u u ),(512 =G,,,0,, COOTBETCTBEHHO, MMeeM ¢ = 2,10, a s U, —q =1
B CHMMETPUYHOW M ¢ =3 — B aHTUCUMMETPHUYHBIX 33]a4ax.

B pesynbrare noayyum ClenyOIIy0 CUCTEMY YPaBHEHUI:
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a) aHTUCHMMETpHYHAS 3a/a9a

dcly) N da}y) _0, oo}y +_a"(2§) 0, 2.11)
o0& oC o0& oC
P R R S Y
ey —l—=- e ; + L 5
oC A+2u ol A+2u 0§ 2.12)
Lo ple ) B
i 2n aq A+ 2 2
2 2
el(g) _ 0 e12 e 0 812 +£G§§72), (2.13)
oc’ ol 2u
2 (S) 2 2
ol _2 &) 12 o 6222 S 2u N Ffahe TR o -
E o E o8’
(2.14)
_&lz 8282;2) 7“"2“ 2 82ell
E~ &8 E ogr
. au(s) ) au(S) ; au(S) au(S)
el(l) = 1 ’ egz) = 2 ’ e1(2) :—2+_19 (2.15)
ot oG oc  oQ
0) cumMMeTpHUYHas 3a7ada
o))  oaly _0, oo}y +_6G(2§) -0, (2.16)
& g & g
A2 g Ao Aa2u, 0 A2, 0]
Gy = € t—ey — L L 2
E E E o’ E o 217
rp e n L ey |
Eae g’
ot A2 g 0| AL p ol
E oc? E oc? @.18)
_A+2u P2 0%y A A 0%
E = o E e
() _p2 Oey) E D plb oy
€ ~h ac? _2_ 12 "7 a )
g u &
U3 3TOTO MOCJIEHEr0 YPaBHEHHS OITYYUM
2 2 (s-2)
02272) = ZFM(GI(;) _1*2 86212 1*2 0 aegz ]’ (2.19)
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a TaKXKeE

oo o o 1o o) (2.20)
11 > 22 > 12 .
o o 2 o5 €

Crenyer OTMETHTB, 4TO TpUOIMKeHus S =]ananormuno npubmmwkenuto s=0, a

npuOJIKEHHE S =3 aHAJIOrHYHO NMPUOIKEHHIO S =2 ¥ T.1. [IJIsi HOCTPOSHUS IPHKIIAIHOM
MOJIETIH M3rH0a W PACTSDKEHUS-CKATHS 110 TPAJUEHTHON TEOPHH YNPYTOCTH HCIOJIb3yeM
npubmwkennss s =0 u s =2, U B UTOTE, HX CyMMa.

3. Ilpuknagnas Moaeab U3rudHoi redopManyy cTepPKHS M0 rPaAUEeHTHONH TeOpUH

YHOPYTOCTH.
U3 popmyn (2.12), (2.13) u (2.14) umeem:
) , 5%
— 1 agj =0, (3.1
2,(0) 2,(0)
A+2u ( ) _p o’ e22 +&e1( ) 7»+2p,tl*2 0 e222 B A 12 0 e121 _o, 3.2)
E o’ E E o oC
1420 o2 AR o P2 e 8261(?) Aol o
E agsz‘ E "o E o E ot
(3.3)
2,(0)
ely 1 —66222 =0, (3.4)
2 (2) 2 (0)
2u el(zz) 1} 0 e]22 . 0 e‘22 =(5$2), (3.5)
E oC o
2,(2) 2.,(0) 2,(0)
Gg(l)) =%{e§§) _1*2 862222 ] 7\.-;‘2}1 [ell) 1*2 86221 ]_%1*2 862222 , (3.6)

S == * 2
E g’ g’ g E 08’
Ha ocHoBe ypaBuenuii (3.1), (3.4) OyaeM wumeTh (B AadbHEUIIEM IOCTPOMM TaKHE
pelenns, B KOTOPBIX BO3MOKHa ToacTaHoBka [ =0, T.e. ciydaii mepexoa K KIacCHIecKoit

(2)_}‘( 1*26622 J+7‘+2H(( I*ZaenJ &lzazegz) }\""2“[26311 (3.7)

TEOPHH):
=0, ef=o0. (3.8)
Ucnone3ys ypaenenns (2.15), npu § = 0 momyuum:
0(0)
0 0(0) (0) 1(0) 1(0) dus (E))

= U (é)C Ui =—T, (3.9)

U, =uz ((i),
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1(0) 0(0)
o 1(0) 1(0) du (&) d* u, (&)

0
ey =en (§)C, en (&)= T (3.10)
Ucnonp3ys (3.8)-(3.10), ypaBuenue (3.2) u BeipakeHue (3.6) IpUMYT BHI:
0 _p 0%y .
€5 -1 acz :—7\{+2“€11 (&)Q, (311)

) 1(0) 1(0) 1 1@
O, =01 (&)C, Ol (i)z N e (ﬁ) (3.12)

U3 ypapHenuii pasaosecus (2.11), npu s = 0 momyumm:

1(0)

©) o) ) y
oY = o1 (&)¢’ + o1 (€), o (€)= _%dﬁd_a(i) (3.13)
2(0) 0(0)
0 3(0) R 1(0) 3(0) 1don 1(0) don
0(22) =022 (&)C + G2 (EJ)C, o2 (&)=—§Gd—§(§), (o)) (Z‘,)=—Gd—§(§). (3.14)

C yuyéroMm GpopmyIibl G (3 13), ypaBHCHI/IC (3.5) mpumer Bux:

(2) o 8261(22) E 2(0)

e =$(mz (¢)-¢ +cm (i)). (3.15)
Pemenne ypasaenwmii (3.11) u (3.15) npumem cOOTBETCTBEHHO B BUJIE:
1(2)
ey =en (@) -G, (3.16)
el(z) = elz (E_,) C +elz (&) (3.17)
Toraa OyJaeM UMETh
1(2) A 10
en (i)=—k+2“ e (&), (3.18)
2(2) E 20 0(2) E (00 E . 20
en (E_.) =—0n (&), en (E_,) = —[612 (E_,) +—l*2 - 012 (i)j (3.19)
2p 2p H
ECJII/I CHOBa 06paT1/m>c;[ K ypaBHeHusM (2.15), Ho, Ha 3TOT pas, pu § =2, NONYYUM:
2(2) 112
U :m (&) - +uz (i) u2 () =7e= (%), (3.20)

2(2)
3(2) 1(2) 3(2) 2(2)
W =i ©C i @8 w (@)= e (é)—d“;f)

5
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@ d0(2)
" " )= en (&) %

(3.21)

1(2)
3(2) 1(2)
DE) = on (©)-C +en )L on ()= d”c‘lf’) en (@:"”c‘l—a@.(m

Teneps, obparumMcs K ypasHeHuto (2.12), nmpu s =4, 6yaeM UMETh:

ey (&) -1 —2 Oy —L|:G(0) L AW pO ey 6262? A

o a+2u| 2 E é E a&f a&f ac?

FLEY azeff)}

HOHCTaBJI}I}I B (2.14), npu s =4 ms Gﬁ) TIOJTY IFIM:

12)
oy 2011 (ﬁ) £’ +on (8)-C, (3.23)
3(2) L 1 3@

recn (§) = At 2 o2 (§)+ T en (£), (3.24)
clsﬁ)(é) __* cls(zz)(&)+ ! efl (E)—61*- e (g) Pl S d’ e” (i) (3.25)
A +2u 1-v? ag’ | '

Kax orMeTwid BbIIIe, IS TIOCTPOSHHUS PUKIATHOW MOJCIH M3rH0a TOHKOTO CTEPXKHS
TI0 TPaIMCHTHON TEOPUH YIPYTOCTH HCIOIB3yeM CyMMy mpHOmmKeHuit s=0 u s=2.
HOCTyrIaH TaK, JUI HAIPsDKEHHUs O, OyaeM MMETh:
— (0) (2)
o, =Ee? (c\) +&>-c\?), (3.26)
rie G§ 1) onpenersiercs popmynoii (3.6), a G — popmyoit (3.23).

U3 ypasuenus pasHoBecus (2.11), mpu s =0 nomyunm
1(0)

2 dGl] (0) 1 i (0) _ 3 27
gd—§+(% ' )L‘JI% dg =0, (3.27)
3/1eCh
1
0 = Iﬁig)dC (3.28)
-1

— epepe3bIBaroIias cujila B UICXOAHOM aCUMIITOTUIECKOM HpI/I6HI/I)KeHI/II/I.

(0)

I/ICHOJILSYH TPaHUYIHBIC YCIOBUA IJIA G Ha JIMICBBIX JTUHUAX, 6yz[eM HUMCTH

1 1 1
(0) (0) (0) (0)+ (0)-
(512 C)‘_l =0p ‘ Ci|_, D) 4 2 4 -
T.x. npu m3rube ¢\ =+¢\"", momyuanm
1
0 0
(o1 C)‘ =q"", (3.29)
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(0)+ 9

rue g =—. (3.30)
: E-¢!
Takum obpazom, ypaBaenue (3.27) ¢ yuérom (3.28) nmpumMeT BHI:
dM)
1 +Q(0) — q1(0)+’ (3.31)
dg
1
e O = _.[ o .cdC (3.32)
-1

— M3rubaIoMMii MOMEHT B HCXOJJHOM aCHMITOTHYECKOM MPUOIMIKCHUH.
Hcnonb3ys BTopoe ypaBHeHue paBHosecus (2.11), npu s =0 nonyuum

(3.33)

.. . (0) _
C yuéTOM IpaHMYHBIX YCIOBUH A O,, HA JMIEBBIX JIHMHUIX C =1, OyzmemM uMeTh

1
O _ <0+ (0)-
‘_1 =0y ~O0xn (3.34)

T.K. IpH u3rude

Oy =7 0xn (3.35)
N O +_4
e o, = Eqé") ,og = vh (3.36)
Torna, umes BBULy (3.34)-(3.36), ypasaenue (3.33) MoxeM 3anmcarh Tak:
400
a9 _ —q* (3.37)
dg

AmnanoruuHeiM 00pa3oM W3 ypaBHeHWH paBHOBecus (2.11), mpu §=2, momydnm
ypaBreHus tuna (3.31) u (3.37):

dMl(IZ) ) )+
0 T = ) 3.38
g 9T (338)
dQ(Z) )+
—Q =% 3.39
dE q, (3.39)
1 1
e 0 = [odg, MY =-[ol}-cde. (3.40)
-1

-1
Oo0bvenunss ypasuenus (3.31), (3.38) u (3.37), (3.39), B pasMepHOM BHJC MOIYYHM
ypaBHEHHsI PABHOBECHS IS IPHUKJIATHON MOEIN U3THOHOM Ae(hopMaIlii TOHKOTO CTEPKHS
MO0 TPAJUCHTHON TeopuM yMpyroctd (KOTOPBIE HICHTUYHBI ypPaBHEHHSM DPAaBHOBECHS
U3ruOHOM ehopMaIK TOHKOTO CTEPIKHSI [0 KITACCHYECKOU TEOPHH YIPYTOCTH):
dM |, dQ

+Q=h'q1, E=—q2‘ (3.41)

Hckmrouass U3 3TOH CUCTEMBI TNICPEPE3BIBAOIIYIO CUTTY Q , IPUXOJUM K CJICAYIOLIEMY

HN3BCCTHOMY YPABHCHHIO PABHOBCCUA OTHOCHUTCIILHO I/I3FI/I6aIOHI€FO MOMCHTA Mll .
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d’M,, dq,

I — =9, +h- o (3.42)
Jlst iepeMenieHnii Ha OTMEIECHHOM BBIIIIE IPUOIHKEHUN OyIeM HMETh
0(0) 0(0) 0(2)
u,=a-g (2 +e'ul?), wx)=u,(y=0)=a-e>|us +&’u> |,
(3.43)
u=a-& - +eu?).
B pa3MEpHOM BUIC IJIA HepeMemeHI/If/'I TMOJYYHM BBIpAKCHUA
1 1
=) 3wy = w(x>+§w3(x)-y2, (3.44)
rac
L d'w 1 A d'w 1dy,
x)=—— === — =275 (345
V= e e, o V0= e de 2an O
W — Iporu0 CTEp>KHS NpH U3rude.
Ormernm, uto PyHKums Y (X) onpenenser oGkaTue CTEPKHS €, :
—\V(X)y—L dzwy (3.46)
2o A+2u dx’ '
. ou, Ou,
Jns ciBuroBoit fedpopmanmu €, = €,; = —| —=+—— | HuMeeM BEIpaKCHHE
ox Oy
e —e _l(a_er ] 1y s 1oV (3.47)
2T @ TS| oo Vi 5 v, 2 ox v :
Ha ypogne ocu crepxkus (y =0) casurosas aedopmanys OyaeT:
B B _1{ow
y= e12|y:O = e21|y:0 =3 §+ v, | (3.48)

[TpuBeném Taxke BEIpasKeHHUS U OTHOCUTEIILHOM MPOJIOIBHON 1eopMalvu e, :
ell=%=6\V1(x)_y+la\|fz(x).y3' (3.49)
ox ox 3 Ox
Kak ybOenumcs, nepememennst (a Takke oOkatme, cIBUroBas jedopmanusi) B
NPUKIaJHOW MOZENN M3ruba CTep)KHS IO TPAJAUCHTHON TEOPHU YNPYTOCTH BBIPaXKaloTCs
yepe3 MPOrudHyIo GYHKIMI0 W = W(X) .

Wsrubaromuii MOMEHT M|, BbIpakaeTcs Tak:

h 1 1
M, ==, -ydy=-h[o, -LdC=—EF €[5, -CdC =
—h -1 -1

1
=—Ei* &7 [ (o) +&’0(})-¢dC, (3.50)

-1
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3nech Gf?) BeIpaxkaeTcs (opmymnoii (3.12), a Gﬁ)f ¢dopmyoii (3.23) ¢ yuérom (3.24) u

(3.25).
Humxe mnpusenéM HekoTopsle (GOpMyNbl, KOTOpble NpU BbUMCIeHUM M, Oymyt

HICIIO/IB30BaHBI:
0 1(0) 1(0) ) 1(0)
(3;( ) 142 o (§) 1 d? e (€) ;( ) 1d?en
»n == = , G =L
6 dgf  6(1-v) d¥ 6 d&’ (3.51)
1(0) :
0 0 I den (&) g
or@=a—ox@=a" g TE o ¢ Ty
B pesynbrate, qns usrubaromiero MomenTa M,,; OyaeM UMETb:
1 (12 TR 5
H=p Kﬁ_( o hz_lzjd > Pd N _ge G
1I-v 30 dx 3d-v) dx 3(1-v)
rae
d’w
== (3:53)

MpE/ICTAaBISIeT KPUBU3HY OCH CTEPIKHS IIPU M3THOHOM AedopMaIiH.

YpaBuenust paBHoBecust (3.41) (nmubo ypaBHenue (3.42)), COOTHOIIEHHE YNPYTOCTH
(3.52) u reomerpuueckoe cooTHoImIeHue (3.53) onpeneistoT MoIeb U3THOHOM neopMauu
TOHKOTO CTEPHS 110 TPaJAUSHTHON TEOPHUH YIIPYTOCTH.

4. IIpuxyiagHas MoAeJb PACTSKEHUS-CKATUS CTEP:KHSA IO TPaJUeHTHOH Teopuu
yOpyrocrtu.

Terepb PAacCMOTPUM CHCTEMY ypaBHEHHit, cumMerpuunyio no y (mo () 3amaun B
uteparsix: (2.16)-(2.20).

U3 ypapnenuii (2.19) npu s = 0 noayuum

2 ,(0)
eg’)_zjaLl;:o, 4.1)
oG
OTKyZa OyJeT clieoBaTh CIeAyIollee PaBeHCTBO:
ey =0. (4.2)
U3 ypaenenus (2.20); npu s =0 ¢ yuérom (4.2) OyeM UMETb:
o = 1ow” _
2 o

B pesynbrare nonyyum

o 0(0)
u® =u (). (4.3)
Paccmorpum ypasuenue (2.18) npu s=0:
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E e ) E

* ag

U3 ypaBuenus (2.20); ¢ yuétom dopmys (4.3) noayqnm:

Wwmes BBURy (4.5), ypaBHeHue (4. 4) l'IpI/IMeT BUJ:

A+2 o’el) A ol
— “(eﬁi’—lﬁ ea j=—— en ().

Permenne ypaBaenus (4.6) umem B BUIe

0(0) o)

ey =en (8)= e (©).
PaccMotpum ypasnenue (2.20), npus =0
o _ ouy”
€n =7
aq
Torza ¢ y4étoM (4.8) mpUXOAMM K CIEYIOIEMY YPaBHEHHIO:
ou® 0 a0
e @ @
OTKyia nonquM
. 1(0) o 00
():uz (&) C U :_7\,+2 €l (é)

Teneps, npu § =0 wu3 ypanenus (2.17) ¢ yuérom (4.8), mus G

cne/:[yiomen dopmyne:

o 1 0@
Gy _011 (ﬁ)— e ©)

228

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

MpuxoauM K

(4.10)

PaccmoTpum ypasHenue paBHoecus (2.16); npu § = 0, Torma, ¢ yuérom (4.10) 6ynem

HMCTb:

0(0)
ooy 0oy _ dou (&)

oc o8 o8

B pe3yJILTaTe MOJIy4HM:

612 _012 (&) G

4.11)

57



L) p 0(0)
re o1 (£) = _don &) 4.12)

dg

PaccmarpuBas ypaBHeHue paBHOBecHs (2.16)2, ¢ yuérom (4.11), mis o

2, HNPHUXOIMM K

crenyouel popmyie:

2(0) 0(0)
oY =02 (8)-C* +02 (E), (4.13)
,(0) L d 1(0)
rie 622 (€) = _5%@' (4.14)

Teneps paccmotpum  ypasrenus (2.18) u (2.17), npu § =0 ¢ yuérom (4.5) u (4.7) Gyzaem
UMETb!

0(0)
o = A+2p (eg) _p azeé?}r A (6(2) _p azeI(IZ)J_ 7b+2Ml*z d’en(§)

E T’ e E de’
, 0(0)
_ﬁl*z " en (§) e“z(‘tv), (4.15)
E" dt
o’ ) A o’y A+2u ,d’ o
o) = A+2p 2 _p2 6121 Al _p 6222 A2 ellz(i) B
E o ) E oc E dé
, 0(0)
—ﬁlf den(q) 6222@, (4.16)
E" dt
PaccMoTpum Takxke ypasHenue (2.19), npu § = 2 nomydanm

2 (2)
2 _ 2 0°e; _£ (0)

e * 5 — b
12 d(;z 2u 12

¢ yuérom (4.11), 1151 OpeeNIeH s € MPUXOIMM K PELICHHIO CIICAYIOUIEro yPABHEHHS:

26(2) E 1 (0)

ey -l —2-=—on(§)-C, (4.17)
dC 2u

Pemenne ypasaenust (4.17) uiuem B Bujie
1(2)

e? =en (5)-C, (4.18)

OyzeM UMeTh:

1(2) E ! (0)

€n =—- 01 (ci) (4.19)
2p

Ipu s = 2 w3 ypasrenus (2.20);, ¢ yuétoMm (4.18) u (4.9), OymeM HMETS:
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1(0)
(2) (2) (2) (2)
@ _ 1] dus (€) 0 ( 2 0

= 2012 (8- i Cru (©), w’=uw (&)-C +u (£).(4.20)
Paccmotpum ypasuenue (2.20),, Torga ¢ yuérom (4.20), mus el(lz) noJxy4um hopmyiry
2(2) 0(2)
611 =en (§)- C +en (§), (4.21)
2(2) d 22 0(2) d 0
re en (€)= u;é(&), en (&)= “;;a) 4.22)
(2) (2) 1O
2 1
0 ©=7] 200 ©- T | @23)

Ob6patumMcs k ypasaeHuto (4.15), torma ¢ yaérom (4.13) u (4.21), 310 Xe ypaBHEHHE
3alHIIEM B BHIC

e _ 252955): E
20t a2

A
}\.Zl,l

2 2(2) 0(2)
[ o2 (€)-C* +022 (@)J (611 (&)C*+eu (@)}r

0(0) (4.24)
2(2) 2

n 2 e (&)4-1*2 d eZZZ(a) 7\1 12 d ellz(a)

A+ 20 dé A+2u " dE

PemeHHe ypaBHeHm (4 24) yimeM B BUIE
ezz = 622 (i) g + 622 (&) (4.25)
Oyzem uMeTh
2(2) 2(0) o 20
en (§)= At on 02 (§)— At 2n en (§), (4.26)

en (&) 1

0(0)
d 611 ((t:) sz €22 ((t,) (4 27)
de’

0(2) E (0@ R 2(0) A
exn (é)_7\.+2|,l (022 (6)+2I; oxn (&)] —7\‘ e

Ucnone3ys ypaeuenue (2.20),, npu § =2 ¢ yuérom (4.25), 11 nepemerneHus u(z)

noJxy4uM hopmyiry

3(2) 1(2)
w? =ux (8)-C +us (§)-C, (4.28)
rae
3(2) 12 1(2) 0(2)
Uz (&) = Eezz (%), us (&) =exn (%) (4.29)
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YunTteiBas BeIpaxkeHus (4.21), (4.25), mocie HEKOTOPBIX MPEOOPa30BaHUI IS OIIPEAEIECHHS

(2)

Gl | HOJYy4YHM BBIPAKCHHUC

(0)

@) _ 1 2(2) 2 1 0(2) 2d 611 (a)
ST = en (E)C" -20)+ 1 n(§)—-1L d@
(4.30)
2(0) R 0(0)
+K+2u [Gzz (8)-C" +o2 (é)j-

B urore npubmmkenuit s =0, s =2, 111 CyMMapHOTo HanpsbkeHus G, OyaeM UMeTh
- 0 2
\=E-e7 (o) +&" o), (431)
rie Ggl) ompezemnsiercst popmyioit (4.10), a G — ¢opmymnoii (4.30).

IIpounrterpupoBaB ypaBHeHHE paBHOBecus (2.16); mo C, or -1 no +1 npu s =0,

MOy YUM
dN"’ G=+l
— +o|” =0, (4.32)
3 -
rae
1
0) _ jcﬁ?)dg (4.33)

npencraBisieT co0OH HOPMAIbHOE YCWIIHE B CTEPXKHE B HMCXOIHOM aCHMIITOTHYECKOM
TIPUOITMKECHUH.

YuureiBas, 4TO B CUMMETPUYHOMI o C; 3aJaue
1
Ggg) (C = +1) = —Gig) (C = —1) = qu(o)’ paBHeHHE (4.32) MOXEM 3aIHCaTh TaK:
dN" )

=—q, . (4.34)
d& ‘

AHanorn4HeIM 00pa3zoM, M3 TOTO e ypaBHeHUs paBHoBecus (2.16)1, mpu s =2, Oynem
UMETh

dN(z) _ _q(Z) @35
dé'; L. .

I[J'IH HOPMAJIbHOI'0 YCWJIMSA B IMOHNCPEYHOM CCUCHHU CTCPKHA B PAasMCPHOM BHUJIC
HOJ'Iy‘IPIM

N= jclldy hjc,ldz; Ehe™ jc],dcg Ehe™ i( W +e’l, )dg =

-1

(4.36)
:Eha’z(N +&2N! )
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Wmes BBUnRy BeIpaxenue (4.36), u3 ypasHenuii (4.34) u (4.35) noxyuum ypaBHEHHE
paBHOBECHS B MIPUKIIATHON TEOPHHU PaCTsDKEHUU-CKATHH CTEPIKHS 1O TPAJTUCHTHON TEOPUH
YIPYrocTu (KOTOPOEe NASHTHYHO COOTBETCTBYIOLIEMY YPaBHEHHIO 10 KIIACCHYECKOH TEOpUH

YOPYTOCTH):

dN

E =-q,. (4.37)
(3mech cienyeT UMETh BBUIY bopmymy: q,=F g (ql(o) + qul(z) )

Hcnone3ys dopmyinsl s GE?) ((4.10)) u Gﬁ)((4.30)), HOJACTAaBIAS UX B (HOpMYILy

(4.36) ¥ BBHIIONMHAS MHTETPUPOBAHKE, MPUXOINM K COOTHOUICHHIO YIPYTOCTH B MOIEIH
PacTsDKEHHSA-CKATHS CTEPIKHSA 110 TPaJHEHTHOH TEOPHH YIIPYTOCTH:

2Eh | . v hzclzé“+1—2vlzar%§11

I Ty A Iy
(4.38)
_,_Lhzﬂ_ilzﬂ_,_z_vhq
3(1-v) dx 1-v dx 1-v 7
rIae
a;%, u =u(x) (4.39)

VYpasuenue paBHoBecus (4.37), coortHomeHue ympyroctu (4.38) m reoMmerpudeckoe
cooTHomeHue (4.39) ompenensfoT MPUKIAAHYI) MOJCTH PACTSKCHUSA-CKATHSA TOHKOTO
CTEP>KHsI 110 TPAJUEHTHON TEOPHH YIPYTOCTH.

Bonpoc o0 BbIBOAe TpaHUUYHBIX YCIOBHHA IS TNPHUKIATHBIX MoJenell HU3ruOHOM
nedhopManuy M PacTsDKEHUH-CKATHH TOHKHX CTEep)KHEH OyJeT IOCBsIIeHa OTAebHas
CTaThsl.

3akiaouenue. B nanHol paboTe paccMaTpuBaeTcs IUIOCKOE HANpsHKEHHOE COCTOSHHE
TPaJIMCHTHON TEOPHU YIPYrOCTH B TOHKOW OOJIACTH TIPSIMOYTOJIHHMKA, M HCIIOJB3YS
ACUMITOTUYECKUN METOH, MOCTPOEHBI NPUKIAJHBIE MOJEIU CTEPKHSA IO TIPaAUECHTHON
TEOPUH YIPYTOCTH MIPH €T0 PACTHKEHUH-COKATUU U U3THOA.
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SHEAR WAVE REFLECTION AND TRANSMISSION FROM
SYMMETRICALLY AND ASYMMETRICALLY ARRANGED BI-
MATERIAL LAYER
Ohanyan S.K.

Key words: shear wave, transmission ratio, reflection, propagator matrix

Oraunsn C.K.

[lpe.m)M.neHue U OTpakeHue CABHUIOBOIi BOJIHBI OT CJIOS € ABYMS CHMMETPUYHO U AHTUCUMMETPUYIHO
PacnoJI0KeHHbIMU MaTEepHATIaAMHU

KuawueBble ciaoBa: CIBHUTOBas BOJIHA, Koad)qmunem‘ MPOXOKIACHMS, OTPAKEHUE, MAaTpHULIa PACIIPOCTPAHECHUA

B nanHO# paboTe H3y4yaeTcsl pacpoCTpaHEHNE CABUTOBOI BOJIHBI B IPOCTPAHCTBE Yepe3 CIOH ¢ CHMMETPHIHO U
aCUMMETPUYHO PpACIOJIOKEHHBIMH JBYMsI MaTepuajaMu. 3ajada pelleHa ¢ IIOMOLIbI0 METOJa MAaTpHIIbI
pacIpoCTpaHEHUs M HOJy4YEHO pelieHue B obmieM Buzae. i 4acTH4YHOro ciydas Ko3(hQHUIMEHTH Nepenayun
SHEPrUM PACCUMTAHBI YUCIECHHO U IPE/ICTABIICHbI HA TpaduKax.

Ohwiywh U. 4.

Uwhph wihputiph piljnudp b wigpuywpdnudp vhdtnphl b hwljwuhdbnphy nuuwdopdus tpyne
yniphg Yuqudws ghpunid

Zhdumpwnkp. Uwhph wihp, tkpputhwigdwi gnpswljhg, winpunupdnid, mupusdwb duwwnphg

Znupwdsnid nuunidtwuhpynud £ Eplne Jhuwinwpusnipniitipp pwdwing  updbnphl b
hwljwuhdbwnphly quuwynpdus gkpunnid uwhph whph wwpwsnudp: Yhunwplynny puunhpp msyty k
oquuugnpstiny mwpwddwh dwnphgh dkpnnp, nnipu o phipyty inusnwdubph punhwipugyws wkupbpp:
Uwutwnp nhwyph hudwp junwpgby E pquiht hwpquply b gpudhynpht yunltply b wihph
ubpputhwigdwi Eukipghuwh gnpswljhgutiph jujujwsdnipniup puljunn wihph wulyniuhg:

In this paper shear wave propagation through a symmetrically and asymmetrically arranged bi-material layer
sandwiched between two semi-spaces is studied. The problem was solved by propagator matrix method and solution
in general form was obtained. For partial case transmission energy ratios are numerically calculated and graphically
represented.

Introduction

Numerous problems of wave propagation in elastic multilayered medium were considered
by Brekhovskikh [1]. In this paper special cases of shear wave reflection refraction problem
in layered structure is studied. Electromagnetic reflection problems in stratified dielectric
media is studied in [2]. SH wave reflection and transmission from elastic/piezoelectric and
piezoelectric/piezoelectric interfaces are considered in [3]. Wave transmission through
piezoelectric phononic crystal are considered in [4, 5]. Electroacoustic wave transmission
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from non-acoustic interface of piezoelectric materials of different symmetries is investigated
in [6].

Statement of the problem
Bi-material layer composed of symmetrically and asymmetrically arranged elastic layers
sandwiched between elastic semi-spaces are considered. The SH wave propagates from the

lower X € (—0;0] semi-space partially reflects at the interface of layered structure X=0 and

partially transmits to upper Xe€[d;o0) semi-space. We consider two cases of layered

structure sandwiched between two semi-spaces.

X

\ case a case b
Upper semi-space (1) Transmitted 511—“7(
dl_ — — — - e e e e ol e e e e _——— o e )
d, B i
) B
0 (.‘jl A dj !{2 A - Y
Lower semi-space (1) Incident SH wave
Reflected SH wave

Fig. 1. Wave propagation in bi-material structure, asymmetrical layer (case a) and symmetrical
layer (case b)

Layered structure in case @) is composed of two sub-layers with thicknesses h, =d, and

h, =d,, in case b) layer consists of three sub-layers with thicknesses h, =d,/2, h; =d,.

Sub-layers are under ideal contact conditions with adjacent interfaces.

For anti-plane shear wave we have the following equation of motion
axcxz_'_aycjyz :pat,tuz (1)
where stresses obey the Hooke’s law

G, =M0,U,, 6, =pnoU, ()

zZ°

here UZ(X, y,t) is the elastic displacement, p,p are shear modulus and bulk density of

material, respectively. For propagating SH wave the solution of equation of motion can be
represented as

u, (X y,t)=u(x)exp[i(k y—wt)] ?3)

where K, ® are wave number and frequency respectively.
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Solution for functions U®® (X) within S= A B materials of the layer can be found as

u® (x) = af® exp(ig,X) + ot exp(—ig,X) (4)
here qszw/mz/ci —-k?, ¢2=p./p; . S=AB. L, ,pg are shear moduli and bulk

(s)

(s)

densities respectively, O .

,0” are complex amplitudes.

According to (2) one can define G(ZXS) as

o9 =19 () exp[i(ky—ot)] )

2 (X) = ip 0, o exp(ig,x) — ol exp(-igX) | ©)

At the interfaces of two materials the transmission conditions of the stress and displacement
continuities can be imposed as

u? (x)=u®(x), ¥ (x)=1(x), x=h, (casea) (7)
For case b) besides of condition (7) we have additional condition
u® (x)=u?(x), 1 (x)=1"(x), x=h,+h; ®)

Since the interface continuity conditions are imposed on functions u® (X) R T (X) it is

convenient to introduce the following column vectors

(s u(S) A(s 0Li(S)
U”(x):( (S)), A”:[ (S)] ©)
T o,

In matrix form the solutions (5, 6) can be cast as

U (x)=E® (x)- A (10)

where

B (x)= [ eeliax), - exp(iax) j
ing0g exp (ig.X), —im 0, exp(-ig.x)

Let note that the transmission conditions (7,8) lead to the conditions of continuities of the

an

field vectors U*® (X) at separation interfaces of the sub-layers.
Propagator matrix method
The solution of observed problem can be drawn by linking vectors U™ (X), ue® (X)

between top X=d and bottom X=0 surfaces of the layer with help of propagator matrix

method [7]. According to this approach we need to consider first two points Xl(s) , Xés) within

each material in domains of the sub-layers S= A B. For values of field vectors L_J(S)(X)

following conditions are valid
g® (X](S) ) —F® (XI(S) ) LA , ge (XES) ) - F® (Xés) ) LA® (12)
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Eliminating vectors A® from (12) the relation linking U® vector field values within each
material can be found as

U(S)(XéS)):T(S)(Xl(S),)éS))U(S)<X1(S)) (13)

herein T (xfs>, X ) =F® (xf’ )(13(5’ (xfs) ))71 is the transfer matrix in each sub-layer.

cos (qS (X;S) - X )) (TR )71 sin (qs (XéS) -% ))

T® Xl(S)’ XES) —
( ) _qus Sin(qs(X£S) _XI(S))) COS(qs(Xﬁs) _)(1(8)))

(14)

Let now consider the layer with two sub-layers case of the structure.
In the case &) using the continuity conditions of field vectors U(S)(X) at interface X=0, we

come to the matrix equations

U™ (d)=MU® (0) (15)
where
M=T®(d,d +d,)T®(0,d,) (16)

Herein M is the propagator matrix for shear wave field, which links the field vectors at the
top and bottom of the layered structure.

" {mn mlzj
My My,

The explicit expressions of the unimodal propagator matrix M elements can be derived as

m, = cos(dlql)cos(dzqz)—cc:l%sin(dlq1 )sin(d,0)

2572
_ cos(d,q,)sin(d,q, ) . cos(d,q, )sin(d,q,)
qZ“Z ql“l (17)
m,, =—-0,H, COS(dlql )Sin(dzqz)_ am, COS(d2q2 )Sin(d1Q1)
m, = cos(dlql)cos(d2q2)—%sin(dlql)sin(dzqz)

11

2

For the case b) the M matrix is constructed in a similar way
M=T®(d/2+d,,d)T®(d /2,d,/2+d,)T®(0,d,/2)
matrix elements of which are
. : 2.2 2.2
sin(d,q, ) sin (d,q, ) (ap; +qru3)

m,, = cos(d,q, )cos(d,q, ) - T ,
11252
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1 ) ) . (1
cos’ (2 dlqu sin (dzqz ) Op4 CcOS (dzqz ) sin (dlql)_qzuzsmz(dzqz )Sm [2d1q1)

m,= =
a1, qf“l2

(qulz(cos (dlql )_l)"'qzzu; (COS( d,q, )'H)) Sin(dzqz )
20,1, (18)
sin(d, 0 )sin (d,q, ) (ofp; +cu3)

204,051
Reflection and transmission coefficients

For shear wave propagating in lower (I) and upper (II) semi-spaces we write solutions in
the form

u (% Y, =, (X)exp(i(py—ot)), u, (% Yy,t)=u, (X)exp(i(py-ot))

u, (X) = Aexp(ic, )+ A exp(-ig, X), U, (X)=A exp(iq, X)

T (%) =ik, G (A exp(ig,X)— A exp(-ig X))

T, (X) = A, g, exp(ig, X)

where (| :W, c:=p./ps, S=1,11, A,A,A are amplitudes of

incident, reflected, and refracted (transmitted) waves, respectively, Ll are shear moduli and

m,,=—0u, cos(d,q, )sin(d,q, )

m,, = cos(d,0}, )cos(d,0,)—

P are bulk densities of lower and upper semi-spaces respectively.
At the interfaces x =0, x =d the conditions of stresses and displacements continuities

are imposed

u, (O) =U, (0), 7,(0)=1,(0)

u, (d) =u, (d)a Ty (d)= Tz(d)

or in matrix form

oo o)

Taking into account the transmission condition (20) and the link relation (15), the amplitudes

(19)

A, A, via A can be found by solving the following matrix equation

M( A+A, )]:[ A, exp(ig,d) j @)

ip, (Ai_Ar iw, g, A exp(iq”d)

Solution of (21) can be found in the form
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A —A (q|“|q|lu||ml2+mu)+i(mzquul _qnunmn)
r I(Q|”|quu||m12_nEl)+i(nE2q|”| +qnl'lnmu)
2A g exp(—iq,,d)
(M0 o+ G by M) =1 (G 1 G 1y M, =1, )

Energy flux conservation is then expressed via reflection and refraction amplitudes by the
following algebraic identity

(22)
A, =

q|H||A|2+q”Hn|A|2=Q.M||A|2 (23)
Here
40,9y 1 1
|A|2=A2 1 e Thad R adl
(le)2+(mll)2 CI|2M|2+2CI| Oy 1y 1y +qﬁ |~l|2| (mzz )2‘*‘(mlz )2 C1|zl-‘~|2
(24)
AN’ g

Al =
(mz1)2 +(m“)2 Q|2H|2 +20,0, 11y, +Qﬁ H|2| ((mzz)2 +(m12 )2 c]|2Pl|2| )

From equations (24) the transmission and reflection energy ratios coefficients can be written
as

W ;AL
Al Al

Numerical calculation results

For numerical calculations we consider that materials of the upper and lower semi-spaces
are the same. In this case we have that R+ T =1

We will consider the three layouts of material arrangements within layer which is
represented in Table 1.

(25)

Table 1
Layout Semi-spaces Material A Material B
0 Cu Si Au
B Au Cu Si
3) Si Au Cu
The material properties are presented in Table 2.
Table 2
p(kg/m) | 1 (GPa) | c(m/s)
Cu 8960 40 2113
Au 19300 27 5387
Si 2330 68 1183

For different values of the layer dimensionless thickness h=kd on the Fig. 2-7 the energy

transmission ratios R(0) are presented in dependence of angles of incident wave

0 = arcsin(kc, /®) , where ¢, = /[, /p, is velocity of the incident wave.
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Relative thickness of sub-layers is denoted by o= dl / d where d= d1 + dz (see Fig.1).

Cu—5Si—Au Cu=Si— Au

10—
0.8
0.6/
0.4/
02
00— 40 e 80

Angle of Incidence Angle of Incidence Angle of Incidence

Transmission Energy Ratio

Fig. 2. Layout (1), h=0.2, h=0.4, h=0.8,5 = 0.4 for two layered (solid curve) and
0 =0.2 for three layered cases (dashed curve)

Au-=Cu-S5i Au=Cu-8i Au-Cu-8i

0.4
02|
0.0 | I

Transmission Energy Ratio

Angle of Incidence Angle of Incidence Angle of Incidence

Fig. 3. Layout (2), h=0.2, h=0.4, h=0.8,5 = 0.4 for two layered (solid curve) and
0 =0.2 for three layered cases (dashed curve)

Si—Au-Cu Si—Au-Cu

Transmission Energy Ratio

. e,
Angle of Incidence Angle of Incidence Angle of Incidence

Fig. 4. Layout 3), h=0.2, h=0.4, h=0.8,5 = 0.4 for two layered (solid curve) and

0 =0.2 for three layered cases (dashed curve)

o Cu-Si-Au
§ 1.05'__-'? ---------------- i 1.0x
508 0.8
z )
Z06 0.6:
204 0.4}
202 02|
E gt L 1 110 ¥ 00—
= 20 40 60
Angle of Incidence Angle of Incidence Angle of Incidence

Fig. 5. Layout (1),h=0.2, h=1, h=2,8 = 0.5 for two layered (solid curve) and 6 = 0.25
for three layered cases (dashed curve)
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o Au-Cu-S8i Au-Cu-5i Au-Cu-5i
2 1.0 g S P e 10— N R P i L
5 .
E:O'S T
w
Z06
204
Z 02
= 20 40 6l 80
Angle of Incidence Angle of Incidence Angle of Incidence

Fig. 6. Layout (2), h=0.2, h=1, h=2,6=0.5 for two layered (solid curve) and 6 =0.25
for three layered cases (dashed curve)

o S1—Au-Cu Si—Au-Cu

= 1.0 . 1.0 g e 1.0 e e e

] . m

508 olf’ 0.8

o o b

8 0.6 U.G: 0.6

204 0.4 0.4

Z02 02 02!

g 00— I L L | H oob—ur | S . L 0.0 L I — I

= 20 10 60 80 20 40 60 80 20 10 60 80

Angle of Incidence Angle of Incidence Angle of Incidence

Fig. 7. Layout (3),h=0.2, h=1, h=2,8 = 0.5 for two layered (solid curve) and & = 0.25
for three layered cases (dashed curve)

As it follows from above data the values of energy transmission ratios qualitatively not
considerably differ in the considered cases of symmetrically and asymmetrically arranged
materials. By observation of differences between energy transmission ratios we can note that
when wave propagate from hard semi-space (material Au) the values of transmission energy
ratios are higher in asymmetrical case for all incident wave angles.

Conclusion

The problem of shear elastic wave propagation through a stratified bi- material layer was
studied for asymmetrically and symmetrically arranged layers. By means of matrix
propagator methods the amplitudes and energy ratios coefficients for incident and
transmission waves are obtained analytically both for the symmetrical and asymmetrical
layer. The numerical results and analysis are represented. For both cases the energy ratios are
also plotted against the angle of incidence. Based on these results it is established that when the
SH wave propagates from hard media the values of transmission energy ratios are higher in
asymmetrical case comparing with symmetrical case.
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