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I'EBOPKSH PYBEH CTEITAHOBHUY
(K 80-s1eTHIO CO IHS POKIEHMS)

Pomuncs 17 wHosiOpst 1939r. B cenme Asar Xanmapckoro paiiona A3.CCP, B cembe
pEeMeCIICHHUKA.

B 1957 r. oxonumn apmsHCKyto mkoiy Nel2 r. Kuposabana (I'armzak) u mocTymmt Ha
Mex.-MatT. QakyiapreT EI'Y, okoHUmMI mo crenuanbHOCTH «MexaHnka» B 1962 1. u ObII
HasHayveH JabopanToMm Kadenpsl MexaHHUKH.

C suBaps 1968r. T'eBopksn P.C. Bén mpemomaBarenbckyio paboty B EpeBanckom
300BeTEpUHAPHOM HHCTHTYTE M B ApPMSHCKOM [ OCyaapCTBEHHOM arpapHOM YHHBEPCH-
tete. bein crapimMm npenogasateneM (¢ 1988 r.), nouentom (¢ 1990 r.) u mpodeccopom
kadenpsl «Bpicuias maremMaTHka M TeopeTnueckas MexaHukay. [Ipo¢. I'eopksnom P.C.
Harnucansl cBblie 20 y4eOHO-MEeTOJUYECKUX PadoT.

Haumnas ¢ 1981 r., T'eBopksn P.C. cranm akTHBHO 3aHMMAaThCS HaydHOU padoroit. OH
3ammTHI Kauaunatckyro (1987 r.) u gokropekyro (1999 r.) muccepramy, mpod. ¢ 2000r.
C 2007r. pabotaet B H-Te Mexanuku HAH ApMeHnn BeaymuM Hay9H.COTPYIHUKOM.

Hayunast nmestenpHOCTh MOKT. (u3.-mar. Hayk, mpod. I'eBopksna P.C. mocsmeHa
MOJTYYEHHUI0 ACHMITOTHYECKHX DEIICHUH HEKJIACCHUECKHX CMEIIaHHBIX KpaeBbIX 3a/1ad
TEOPUU TEPMOYIPYIOCTU CIIOUCTHIX OalOK, MIACTHH M OOOJIOUEK M3 CKHMAEMbIX H
HECKMMAEMBbIX, aHM30TPOIHBIX, YHNPYTHX M BA3KOYNpPYTrHX MarepuanoBPe3ynbraTsl ero
nccienoBaHuii orpakensl B kHuUre: JI.A.AramossH, P.C.I'eBopksH — Hekiaccudeckue
KpaeBble 3aJayll aHMW3O0TPOIHBIX  CJIOUCTBIX OajJoK, IulacTMH W obojouek. EpesaHn:
«T'uryTion», 2005. 468c. u B Oonee 70 HayuyHbIX craThsix. HeoaHOKpaTHO y4acTBOBal ¢
MHTEPECHBIMHU JIOKJIAIaMH Ha MEXTyHapOIHBIX HayYHBIX KOH(PEPEHLUIX Kak B ApMEeHUH,
TaK ¥ 3a pyoeKoMm.

Penaxius xypnana «M3sectus HAH Apmenun. Mexanuka» mosnpasiser PyOena
CrenanoBuua ['eBOpKSHA CO CIIaBHBIM I0OMIIEEM, JKellaeT eMy 100poro 3710poBbsi U HOBBIX
TBOPUYECKIK YCIIEXOB.
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CAPKHUCSH CAMBEJI OTAHECOBHNY
(K 75-1€THIO0 €O THSI POXKIEHUS)

Ucnonusgercs 75 ner co OHS POXKAECHUS H3BECTHOIO YYEHOTO-MEXAHUKA 4YIIEHA-
koppecniongenta HAH Apmenun, poxropa (HU3MKO-MaTeMaTH4ecKHX Hayk, rpodeccopa
CamBena OranecoBuua CapkucsiHa.

HSIT]:HGCHT JICT €TI0 KU3HU MPOUUIN B HEYCTAHHOM U IIJIOJOTBOPHOM CITYKCHUN HAYKC-
MEXaHUKE.

C.O. CapkucsHy OpUHAIUIERKAT CYIIECTBEHHBIC PE3yNbTaThl B NPUKIAIHOW TEOPHH
YOPYTOCTH U CTPOHUTEIBHON MEXaHHUKE, B YACTHOCTH, B MATHUTOYIPYTOCTH TOHKHX 000JI0-
yek u wiacTuH (C.O. CapkucsH. Obmas aByMepHash TEOpUs MarHUTOYIPYTOCTH TOHKHX
obomouek. Epesan: U3a-8o AH Apmenun. 1992. 260c.); KOHTaKTHBIC 3a]]a91 TOHKOCTCHHBIX
anemeHToB ([Joxmamer AH Apmsackorr CCP. 1977. T.64. Ned); ¢u3ndeckun HeIMHEHHON
TEOPHH YIPYTUX TOHKHX IUIacTuH u obonouek (M38. AH Apm. CCP. Mexanuxka. 1972. T.25.
Ne4; 3. AH Apm. CCP. Mexanuka. 1972. T.25. Ne5; 13B. AH Apm. CCP. Mexanuka. 1973.
T.26. Ne3).

Becbma BaxxHOe MecTo B HayuHOM TBOpuecTBe C.0O.CapkucsiHa 3aHUMAIOT UCCIIeI0BAHUS
mo 0000IIEHHOW MexaHHWKe TBEPAOro aeGOpMUPOBAHHOTO Tena. V3BecTHa cO3AaHHAs
C.O.CapkucsHOM NpHUKIaaHAs TEOpUS MHKPONOJAPHBIX YNPYIMX TOHKUX CTEpIKHEH,
racTiH U obonouek (J. of Materials Science and Engineering. 2012. V.2. Nel; Ilpuknanzas
MeXaHWKa u TexHudeckas ¢pusuka. 2012. T.53. Bem.2; ®usudeckas me3omexanuka. 2011.
T.14. Nel; Toxnaasl poccuiickoit akagemun Hayk. 2011. T.436. No2; J. of Thermal Stresses.
2013. V.36. Nel1; Advances in Pure Mathematics. 2015. V.5. Nel0; Advanced Structured
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Materials. 2019. Vol.103. Dynamical Processes in Generalized Continua and Structures.
Springer.; BeruncnurensHas MexaHuka crutomsbix cpen. 2016. T.9. Ne3; Materials Physics
and Mechanics. 2018. V.35. Nel.). O0uyie NpUHIMUIIBI YIIPOIIEHHUS UCXOJHBIX YPaBHEHUH 1
IPaHUYHBIX YCJIOBUH (aCUMITOTHYECKas TeopHs W (GOpMHpPOBAaHHE TUIIOTE3 Ha OCHOBE
CBOWCTB aCUMIITOTHYECKOTO PEIIEHHsI B TOHKHX O0JIaCTSAX) MPEACTABISIOT cOOOW OpUru-
HaJIbHBIN MMOJIXO0J1 K PELICHUIO IPOOJIEMBI TIEpexoaa OT TPEXMEPHOU 3a7a4u K OJJHOMEPHOU
WIN JABYMEPHOH 3a/aue MPUKIAAHOW TEOPUM MHKPOIOJSIPHBIX YNPYTHX TOHKHX TEw, C
JI0Ka3aTeIbCTBAMU COOTBETCTBYIOIIUX HEPTETUIECKUX TEOPEM U BapHUAIMOHHBIX IPUHIH-
noB. CyIIEeCTBEHHBIM NOCTHXEHHEM B OOJIaCTH MPUKIATHOW TEOPHH MHUKPOIIOJISIPHON
YIPYTOCTH SIBISIETCS pa3pabOTKa (COBMECTHO ¢ yUCHHKaMH) BapHaHTa METO/A KOHEYHBIX
3JIEMEHTOB JJIsI PEUICHUs Pa3HOOOpa3HBIX NPHKIAJHBIX CTATHYECKUX U JTUHAMHYECKHX
KpaeBbIX 337[a4 MUKPOIIOJISIPHBIX TOHKHX TeJl.

K ¢yHnameHTadbHBIM Hay4yHBIM JIOCTIDKEHHSM OTHOcsTcs wuccienoBanust C.O.
CapkucsiHa, MOCBSIIEHHBIC OOBEAMHEHUIO MPEACTAaBICHUN NPHUKIATHON TEOPUH MHUKPO-
NOJIAPHBIX YIPYTHX TOHKUX CTEP)KHEH, IIACTHH M 000JI0YEK C HOBEHILEH TEeXHUYEeCKOU
npobnemarukoii-HaHomexaHukol (IlepcriexTuBHBIE MaTepuansl U TexHoioruu. MoHorpa-
¢us. Tom 2. HAH benapycu. 2019; Tpynst XII Beepoccuiickoro cwe3na no ¢yHmameH-
TaJIbHBIM MPOOJIEMaM TEOPETHYCCKON U NpuKIagHol Mexanuku. Y da. Poccus. PAH. 2019;
Omnueckas me3omexanuka. 2019. T.22. Ne5.), B pesymbraTe KOTOPOTO, BO-TIEPBHIX,
MTOCTPOEHBI AUCKPETHBIE W KOHTHHYaIbHbIE MOMEHTHBIE MoAenn Aedopmaiuii rpadeHa u
JIPYTHX HaHOMAaTEpPHAJOB U, BO-BTOPBIX, ONPEIEICHH] MOMEHTHBIE YIIPYTHE IOCTOSIHHBIC,
uyepe3 mapaMeTpsl UX aTOMHOM CTpyKTypsl. MccnenoBanus B 9TOM COBPEMEHHON TEOPETH-
YeCKOM M NMPUKIAIHOW 00IacTIX MEXaHUKH Je(OpPMHUPYEMOro TBEPIOIrO Tejla MpOIoIDKa-
IOTCSL U YCHEIIHO Pa3BUBAIOTCA.

Bcé tBopuecTBo CamBena OraHecoBHYa HOCUT OTIIEYATOK €T0 SpKOM MHIUBUYaTbHOCTH
U TaJIaHTa, €0 YYEHUKH OTHOCATCS K HEMY C NPEIaHHOCTHIO U BOCXHUILEHUEM.

Bronmae ecrectBenHo, uro CamBeny OranecoBmuy CapKHCSHY NPHCY)XKICHO 3BaHHE
3acayKEHHOTO AeATeNs HayKu ApMEHHH.

PenakiiioHHas KOJUIETHSI M MEXIyHapOJHbIA PEJaKINOHHBIN COBET XypHaa CeplIeuHO
nozapasisitor CamBena OraHecoBHYa € CEMMICCATHIITHICTHEM CO JHS POXICHUS W
JKEal0T €My J10OpOTrO 30pPOBBS, CUACThsI M HOBBIX TBOPUYECKHX JOCTIDKCHHI B HAyIHOU
JeSATEBbHOCTH.
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XAYATPSIH AJIEKCAHAP MOBCECOBHUY
(K 70-1eTHIO CO THS POKIEHHA)

Xauatpssa Anekcanap MoBcecoBud poawiacs 6-ro okTsaOps 1949r. B ceme Xuamar
AckepaHckoro paiioHa Pecniyonuku Aprax, B ceMbe yauTensl.

B 1967r. okOHYMI CPEOHIOI IMIKOJY cela XHamaT M MOCTYNWI Ha MEeXaHHKO-Mare-
marnueckuid pakynprer EI'Y. B 1972 r. no okonyanuu EI'Y Obu1 Hanpasien B MHcTHTYT
mexanuku AH Apwmsuckoit CCP. C 1973 no 1975rr.— aciupant UHCcTUTyTa Mexanuku AH
Apm. CCP nox HayyHBIM PYKOBOJACTBOM akazemuka JI.A.AramossHa. B 1981r. 3amutun
KaHAUJATCKY10, a B 2001r. TOKTOPCKYIO JUCCEpTALIH.

C cents16ps 2003r. 1o 2018r. A.M. XauarpsiH paboTan B ApLaxcKoM rocy1apCTBEHHOM
yauBepcurere (Apl'Y). bemr yuéneim cekperapém (2003-2008r), 3aBexyrommm Kadenpoit
matematukd Apl'Y (2010-2017rr.). B sHBape 2005r. emy OBUIO IPHUCBOCHO YIEHOE 3BaHHE
mpocgeccopa. beur nzbpan wierom YuéHoro coera Apl'Y, YuéHoro coBera ApIaxcKoro
HayuHoro nenTpa, SBISETCS WICHOM PeIKOJIICTHH XypHana «Yuénsle 3amucku Apl'Y». B
2014r. mpuxazom IIpesunenta Pecybmmxkn HKP A M. XauaTtpsHy npHCBOCHO MOUYETHOE
3BaHUe «3aciyxeHHbI nesitens Haykun Haropno-Kapabaxckoit PecryOmuku». Ilox ero
PYKOBOJICTBOM J[Ba IperiogaBaTesist kKageapbl MareMatuku Apl'Y 3aliUTHIN TUCCEPTALIUU U
MOJIYYHITH YUEHYIO CTETICHb KaH/I. (hU3.-MaT. HAyK.

Hayunas pestenpHOCcTh Tpodeccopa A.M. XayarpsiHa IIOCBSIIEHA IIOJyYEHHUIO
ACUMITOTHYECKUX pEIIeHW KpaeBbIX 3a7ad TEOpUH YIPYrOCTH OJHOCIOWHBIX W
MHOTOCJIOWHBIX aHM30TPOIHBIX 0ajloK, IUIACTUH M 00O0JIOYEK TPH ITIOJIHOM M HEMOJHOM
KOHTaKTe MEXIy CJOSMH B paMKaX Te€OMETPUYECKH HEIMHEHHOW TEeOpHH YHPYTroCTH.
PesympraTel ero wmccienoBaHWE omyOnmkoBaHBEI B Oomee 50 HaydHBIX CTaThiIX B
ABTOPUTETHBIX PECIMYOJMKAHCKUX W WHOCTPAHHBIX JKypHANIaX M TPYAax MEKTyHapOIHBIX
koH(pepeHmid. A.M. XagatpsiH — aBTOp TpEX yueOHBIX mocobuit mist BY3-0B.

AM. XauaTpsiH OTJIMYAETCS TPYHOIIOOMEeM, LeNeyCTPEeMIEHHOCTBIO M TOJIHOM
OTAa4yel CUIT HAyYHBIM HCCIICIOBAHHSM.

Penaxmms sxxyprana «M3Bectuss HAH Apmennn. MexaHnukay mo3apasisieT Anekcanapa
MoBcecoBuya XavaTpsiHa CO CIIaBHBIM FOOMIIEEM, KenaeT eMy 100poro 3110pOBbsi U HOBBIX
TBOPUYECKHX YCIIEXOB.
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AVERAGED CONTROLLABILITY OF EULER-BERNOULLI BEAMS
WITH RANDOM MATERIAL CHARACTERISTICS: THE GREEN'S
FUNCTION APPROACH

Avetisyan A.S., Khurshudyan A. Zh.
Keywords: averaged dynamics, mathematical expectation, parameter-dependent systems
AsetucsH A.C., XypmyasiH A. K.

Ycpennénnast ynpasiasieMocTh 0a10Kk Jiiiepa-BepHy/uH co cIy4aiiHbIMH XapaKTepHCTHKAMH MaTepHaJia:
mero] pyHkuuu I'puna

KiioueBbie ciioBa: prCHHéHHaﬂ JUHAMHKA, MATEMAaTUYCCKOC OKUTAHUEC, CUCTEMBI, 3aBUCAIIIAC OT mapaMeTpa

Uccnenytoress TouHas M NpUOMIDKEHHAs ycpelHEHHas yIpaBiseMocTh Oanku Oilnepa-BepHymmm co
CIy4ailHbIMH XapaKkTepHCTHKAaMH (KECTKOCTh Ha M3rMO M IUIOTHOCTh). PaccMarpuBaloTcs ciiydam, KOrjia
MaTepHalIbHBIE XapaKTePHCTUKAMH SIBISIOTCSI PABHOMEPHO ¥ HOPMAJILHO paclpe/IeNéHHbIe CIIyJaiiHbIe BEIMYHHEL.
3ajjaua 3aKII0YAETCsl B ONPEACNICHUH JOIyCTHUMbIX YHPABICHUH, TOYHO WM HPUOIIHKEHHO 00ECIeUHBAIONINX
Tpebyemoe ycpeIHE, HHOe COCTOsIHIE Oasky 3a 3a1aHHOE KOHeYHOe Bpemst. [IpecTaBuB obliee pelieHne ypaBHeHHUs
n3ruba 6anku ¢ moMorsio GyHknuu ['pruHa, MOTydYaloTces sIBHBIE NIPECTaBICHUS JUIS IPOTHOa U CKOPOCTH TOYEK
0ajKkM, TeM caMbIM, YIpoLas aHAIW3 YCPEAHEHHOW ympaBisieMocTH Oanku. BeIBojsATCS HeoOXoauMBIE M
JOCTATOYHbIC YCJIOBMSI TOYHOH YCPEAHEHHOW yNpaBIsAEMOCTH OallkM, a TaKXKe JOCTATOYHBIC YCIOBHUS
NpUOIIIDKEHHON yCpeTHEHHON ympaBiaseMocTd Oaynku. OCHOBHBIE Pe3yJbTaThl ITOATBEPIKNAIOTCS YHCICHHBIMU
pacuéramu. Dynkuum [puHa mns ypaBHeHHMs wn3ruba Oalku TNPU PA3IMYHBIX TPAHUYHBIX YCIOBHAX H
COOTBETCTBYIOIINE YCPEAHEHHBIC PEIICHUS IPUBO/STCS B IPHUIIOKCHHSX.

Ugbnhywh U.U., ppomnyuh U. d.
Umph wunwhwljwb pimpugphsutpny Bykp-Lpnhh hEswhubph dthohttwg]wus
nhljuduplhmpbp. Iphth $mbhghuyh bqubwlp
Zfowpwnbp. uUhghtugdus phuudhlju, dwpbdwnhiuljut vywund, wwpwibnphg jupws
hwdwlupgkp

Zhnwgnunud £ iymph wwunwhwlwb punipugphsubipnyg (ndwt Ynonnipmnit b junnipinil)
Ejtp-Rtipunihh hidwuh dhohtmgyws £2gphwn b qplipk nEwduptjhnipniup: Thunwpldnud o hkswth
Wniph punipwgphsbph hwjwuwpuwswth b unpdw) puohujus wuwnmwhwlwt dkdnipnit (hukno
nhypbpp: Apnuynud Eu mpqus JEpownp dudwbwlnid hkdwuh wwhwigyny Jhdwljn (dpgphn
Unnuwnp)  wwwhnynng  poyjunpkh - phjudupnudubkpp: Uhohtugdws nhljuwjwupbhnmpjut
htwwgnunudp  wupgbghtym  tyuwnwyn] hbdwih spdwh hwjwuwpdwi phghwbmp msndp
ubpuyugynid £ Qphuh $niuyghuyh dhongny: Zkdwuh vhohtmugdws &pgphuin nhljwyupbihnipjuu
hwdwp unug]mu kb withpudbow b pudupup, huly Uhghtug]ws qpbph nhjw]upbjhnipub hudwp’
pudupup yuydwbbbkp: Zknwgnuinnipjut wppyniipp hwunwnynud tophtwlubpny: Zugbpdusubpnud
phpdnud kb hkdwhh spdwh hwjwuwpdwh Gphih $niblghut’ nwpunbuwl kqpughlt wupdwibkph
hwuwp, hgytu twh hwdwywinwupwy vhohttwgyws nisnidubpp:

We examine the Euler-Bernoulli beam with random material characteristics (bending stiffness and mass per
unit length) on exact and approximate averaged controllability. Cases when the material characteristics are standard
normally and uniformly distributed random variables are considered. The problem is in an appropriate choice of
admissible controls providing a required averaged state of the beam (exactly or approximately) within a desired
amount of time. Representing the general solution of the beam equation in terms of the Green's function, it becomes
possible to derive explicit closed-form representations for the averaged deflection and velocity of the beam. This
makes controllability analysis a matter of straightforward computations. Specifically, necessary and sufficient
conditions for the exact averaged controllability, as well as sufficient conditions for the approximate averaged
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controllability are derived with respect to admissible controls. Numerical analysis allows to make a sensible
understanding of theoretical derivations. Green's functions for the main types of boundary conditions and closed-
form representation of the averaged dynamics are defined in appendices.

Introduction
The dynamics described by random state constraints (e.g., differential equations
accompanied by initial/boundary conditions), generally, is a random function. Therefore, if
such a dynamics is controlled, then the control function also must be random. However,
dealing with controllability analysis, control function must not contain any randomness. A
way of overcoming such situations for systems containing random parameters has been
suggested by the prominent mathematician Enrique Zuazua in [1] where a general theory of
controllability of finite-dimensional system has been developed. The compromise is found in
a smart way by controlling the averaged dynamics or the mathematical expectation of the
dynamics over all possible values of the random parameters. This new type of controllability
is called averaged controllability. A general theory for infinite-dimensional or distributed
parameter system is currently under development by Zuazua and colleagues. See [2-5] for
some of existing contributions. See also [4] for a handful of open problems related to
controllability of random evolution equations.
Suppose that the controlled state of a dynamic system is described by a function (for the
sake of simplicity, we restrict ourselves by the scalar case) W: U x R"'XR"xQ—>R

where Q2 € R™ is the domain of random parameters contained in the state constraints on W

(imagine, e.g., a differential equation with initial and boundary conditions), and I/ is the set
of admissible controls. Then, instead of the usual controllability residue [6]

Ry (u)= Hw(u, x,T;m)—"“erT ’

where T is the control time, @ € Q is the vector of random variables, W is the desired

terminal state and W, is the space of terminal states, Zuazua suggests to consider the

averaged residue [3]
R (u) = jﬂw(u,x,T;m)dIP’(m)—mH )
Wy

where the integral of W over () would be the averaged state or the mathematical

expectation. After computing the expectation and substituting it into 7?,?\/, it will be
guaranteed that the control U does no longer need to be dependent on @ .

At this, following to [3], we distinguish two concrete types of averaged controllability. If
for any initial and desired states, control time T, 7—\’,|-av (U) =0 fora Ue U, then the

system is exactly averaged controllable. If for any initial and desired states, control time T
and a desired accuracy € > 0, R.rav (U) < ¢ fora Ue€ U , then the system is approximately

averaged controllable. Null-averaged (exact and approximate) controllable systems are
defined analogously. Admissible controls providing exact (approximate) averaged
controllability, are called exactly (approximately) resolving average controls.

In this paper, we study the averaged controllability of Euler-Bernoulli beam with random
parameters. The cases of uniformly and normally distributed random variables are
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considered. Representing the general solution of the Euler-Bernoulli beam equation in terms
of corresponding Green's function and making use of the Green's function approach [6, 7],
we derive exact and approximate averaged controllability constraints. Numerical analysis
reveals non-triviality of theoretical derivations. At this, it is worth mentioning that the averaging
process considered in this paper has nothing in common with the averaging of material
characteristics widely applied in mechanics of inhomogeneous materials (see, e.g., [8]).

Note that the averaged controllability of Euler-Bernoulli beams has been considered in a
recent paper [9]. However, we would like to point out two principal differences between that

and the current papers. First of all, in [9] only the flexural stiffness E is considered as a
random variable, where E is the Young's modulus, | is the moment of inertia of the cross

section of the beam, while in this paper, besides El , another important characteristic of the
beam -, the mass per unit length, is considered as a random variable. This becomes

important especially when dealing with problems for beams made of specific material with
distinct Young's modulus and density. The second distinctive feature is that the average
controllability analysis based on the Green's function approach is quite straightforward and
it is easier to apply in particular cases, since the Green's function of the beam equations with
various boundary conditions has been found explicitly.

1. Governing equation and its Green's function solution

We consider a Euler-Bernoulli beam subject to a distributed control influence. Then,
the vertical displacement of the beam is determined from the fourth-order PDE (all variables
and quantities are dimensionless)

4 2
o 0w ow 1
——+—=—u(t)v(x), 0< x<I, t>0, (1.1
o, X' o o,

where ®, = EJ >0 and ®, = >0 are the beam flexural stiffness and mass per unit
length, respectively. Control influence is described by U with distribution V. By a proper
choice of V, boundary controls can also be considered.

Hereinafter, we limit the consideration by the case when both ®, and ®, are either

standard normally or uniformly distributed independent random variables. Then, their
probability density functions are given by

1 ® + o’
p(wl,wz)=ﬂexp{—f} (1.2)
or
1
R 1.3
p((’ol’(DZ) H(Q)XQ(O‘)I’O‘)Z)’ (1.3)

where 7y, is the indicator function, and M(Q) is the measure of ().

Let at t =0 the beam is in equilibrium. Then, the general solution of (1.1) can be
represented in terms of Green's function [10]



I ot

W(X,t;(ol,o)z)=L.[ I G(x&t—10,0,)u(t)v(E)dtdE, (1.4)
0)2 0J0

G(x&to,0,) i—(p (pn(ci)sin[kﬁ\/gt}
®,

= Aaflol

For determination of A, and @, for multiple boundary conditions, see Appendix 1.
Therefore, (1.4) can be rewritten as follows:

0 t ®
w( X, t; u(t)sin| A2 /—1 t—1) |dr, 1.5
( ®;, O, Z] ”(Pn”Z n IO (T)Sll’l|: n , ( T):| T ( )

o, = jo'cpn(a)v(a)da.

The particle velocity of the beam is determined by differentiating (1.5}) w.r.t. t:

B O[ums s 29 e o

E(X’t’ 1 2 3/2
2. Averaged controllability via the Green's function approach

The averaged controllability problem for the beam can now be formulated as follows.
Given any W,W, € L [O, |] and control time T, find control functions

uel = {u el? [O,T], Supp(u) C [O,T]} such that the averaged residue

2
v e 2 ol OW
Re (u) = [na? [w] - we L, +HM [ p } " @1
satisfies R.?V (U) =0 or 'RTaV (U) < € with a desired accuracy € . Here,
M7 [w]= jQW(X,T;ml,mz)d]P(ml,mz) = _[QW(X,T;ml,mz)p(ool,ooz)dQ
is the mathematical expectation of W over 2 at t =T .
Straightforward calculations provide
M2 W)=Y e (x) [, (T du=3 B, (T.u) 9, (%)
n=l /in ”(P L2[0.1] n=1
|: :l Z _[J\Pnl (T ZZBM T u (Pn 9
”(pn 2[o,l] n=l
where
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B, (T.u) =#j\y (T-7)u(t)ds,

L[o.1]

¥ (t)= Q(Dism kz\/gt p(w,,0,)dQ,

||<Pn

L*[o,1]

Yo (t ) o cos{ p(o,»,)d.

Furthermore, note that

W oy = 20 (B (T0) =W, ) o

n=1

[ [w] - we

L*[0.]°

reducing (2.1) to

o0

Re () = [ (B (To)=we ) + (B (T.) =) o

) o]’ 22)

where W, and W, are the expansion coefficients of W, and er into series of

{0nf o

2.1. Exact controllability
Then, from (2.2) we straightforwardly obtain the following result.

Theorem 1. For the beam exact averaged controllability it is necessary and sufficient that for

given T,
Bn (T, ) Wi, =0, n=1,2,... 2.3)
Bnl (T’u)_\Nl'ln :O’

forueld .

Remark 1. Note that system (2.3) is linear in U. Therefore, the set of exactly resolving
averaged controls can be described by solving (2.3) as a infinite dimensional linear problem

of moments, L”— optimal solution of which for 1< P <0 has been explicitly derived in
[11]. The heuristic method [12] can be applied, too.
2.2. Approximate controllability

Making use of the triangle inequality, for 'RTaV we obtain the following estimate:

11



R < i[ﬁﬁ (T,u)+B7 (T, u)+w, +V\é1n}”(Pn”i2[0,l] :

Then, the following assertion holds.
Theorem 2. If for given T,

ni)[ﬁi (Tou)+ B2 (Tou) + g, + ey, gy < 2.4)
fo_r U € U , then the beam is approximately averaged controllable.

Remark 2. Note that (2.4) makes sense only when

é:zs—i[\/\én +W$m]||(pn iZ[o,q > 2.5)

Moreover, making use of the Cauchy-Schwartz inequality implying

;
D‘O LPH(T ) ( dr} OT]“\P L[o.T]?
we obtain
o T 2
B3 (Tu) B3 (Tau) = 22— | [T, (T=o)u(e)de | +
A ” nli?[o,l]
o’ T : “2”“ iZOT 4
b [T (T=n)u(e)de | <mB Ly a9
|, 2[0.] Aalen nll2 o]

Therefore, the following assertion holds.

Corollary 1. Assume that the desired state W, Wy, is constrained by inequality (2.5). If

for given T,
© ai

G(T)_Z4—|:”\Pn”i2[o'r +7\‘4 ||\Pnl||L2 0,T j| 0 (2'6)
n=1 7\. ” LZ OI]

is finite and

”U L*[0,T] (T) < é’ 2.7

then the Euler-Bernoulli beam is approximate controllable.

Remark 3. Moreover, if the conditions of Corollary 1 hold, then (2.7) defines a subset of
approximately resolving controls. Namely, any admissible control U € {{ with

<

”U 2[o.T] W

12



is an approximately resolving control.

Remark 4. When Q) = {0)1,0)2 eR"o,<0 <o,,i= 1,2} is a rectangle, using the

boundedness of ¥ and ¥, on [O,T] for all N=1,2,..., we see that ”\Pn

[,

Llo,1]’

are finite, so that o is finite for T >t > 0. Therefore, as soon as ‘¥, # 0

L[0,T]
or W, #0 for at least one N, then (2.6) holds.
3. Numerical analysis

In this section, we carry out a numerical analysis of a particular case when €2 is a
rectangle. For the sake of simplicity, as well as in order to be eligible to involve the Euler-
Bernoulli assumptions, we limit the consideration only by metals (see Table 1). Assume that
the beam is of unit length, has a square cross section of side h=1/100, and is simply
supported (for explicit representation of the corresponding Green's function, see Appendix 1,
case 2). The beam is subjected to a control concentrated at the mid-point of the beam, i.e.,

V( X) = S(X— 1/ 2) , where 0 is the Dirac function.

Table 1. Young's modulus and densities of some metals

Metal E [GPa] pkg/m’]
Aluminum 10 2800
Cast iron 13.4 7300
Titanium 15.5 4500
Al-Bronze 17 8200
Monel 400 26 8600
Steel 29.2 7850
Cr-Mo Steel 31.7 8000

Based on the values presented in Table 1, we compute ®,, =25/3 (Aluminum),
®,, =26.4167 (Cr-Mo Steel), ®,, =7/25 (Aluminum), ®,, =17/20 (Monel).

3.1. Uniformly distributed random variables

First, let us consider the case of uniformly distributed independent random variables
with (1.2). Numerical analysis shows that, in this case, both ¥ and W, are bounded
functions of T and tend to 0 very fast as { increases (see Fig.1). For explicit representation

of W and W, see Appendix 2.

nl>»
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Fig.1. Plots of \Pn and ‘Pm against { for N = 1, 2, 3. the case of uniformly distributed random

variables
Evaluation of G as in (2.6) shows that as T increases, G(T) increases from 0 and
approaches the value of =3.13125 (see Fig. 2). Therefore, the first condition of Corollary

i2[0|] :19 then (25) hOldS Wlth 8:10‘4’ e.g., for

1 holds. Since in this case, 2||(pn

W, = asin(Tl:X), W, =0 in [0,1] with @<107. Implying Corollary 1, we see that
2

2[0] <1.66-10” provide approximate averaged

admissible controls with ||u

controllability of the beam.

3.0
2.5
2.0

15
1.0
0.5

0.0 |
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Fig. 2. Plot of G against T : the case of uniformly distributed random variables

3.2. Normally distributed random variables
Consider now the case when ®, and ®, are normally distributed independent random

variables with (1.2). It seems that it is impossible to express W, and W, in an explicit
form. Nonetheless, numerical analysis shows that |‘I’n| <3.10" and |le| <8-107"° on

[O,T] forall N=1,2,..., providing in (2.6), 0 < 107, Evidently, in this case Corollary

1 does not hold, and for the establishment of approximate averaged controllability of the heat
equation, inequality (2.4) must be evaluated.

Conclusions

Using the Green's function approach, necessary and sufficient conditions for exact
averaged controllability, as well as sufficient conditions for approximate averaged
controllability of a Euler-Bernoulli beam with random material characteristics subjected to
multiple boundary conditions are obtained in this paper. At this, both cases of standard
normally and uniformly distributed independent random variables are covered. The averaged
dynamics of the beam is represented in terms of the random characteristics explicitly, which
simplifies the controllability analysis significantly. The determination of exactly resolving
average controls is reduced to an infinite-dimensional linear problem of moments, the general

solution of which in L?, 1< p< 00, is known. A simple inequality on the L* -norm of the

approximately resolving average controls is derived. Numerical analysis reveals the efficacy
in the sense of computational complexity of the derived constraints.

Acknowledgments. We express our sincere gratitude to Enrique Zuazua for a useful
discussion that encouraged us to consider this problem.
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Appendix 1

In this appendix we define the eigenfunctions ¢, and eigenvalues A, for five

commonly considered boundary conditions. Below,
Kinsn (X) =sinh (A ) Fsin(1,X), K, ,, (X)=cosh (A, x)Fcos(A,X),

are the Krylov functions.

w

1. Both ends are clamped:

=Z—W=O at X=0 and x=I.

X

Then,

1 A

4 n
Ml 1 Lon ()]

7> @0 (X) = Ky (1) Ky (%) = Ky (DK, (),

A, are the positive roots of the transcendental equation cosh (M )COS (M ) =1.
2. Both ends are simply supported:
o'w
W=——=0at Xx=0 and x=I.
OX
Then,
1 2l 7n

o (Pn(X)=Sin(knx), Ay :|_.

Ml 7

3. One end is clamped, one end is simply supported:
2

Wza—W:O at X=0 and W=g—w—0 at X=1.

OX X

Then,
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12 N
}“i ”(Pn”2 oy (I )(Pn” (I)

A, are the positive roots of the transcendental equation tan (M ) —tanh (7\.| ) =0;

@0 (%) = Kip (1) Ko (%) = Ko (1) Ky, (%),

4. One end is clamped, one end is free:

ow W
W=-—=0at X=0and W=——=0 at x=1.
OX OX

Then,

2.2 ”; ”2 :;iki(pliﬂ)’ (Pn(x): K3n(I)K2n(X)_K4n(|)K1n(X),

A, are the positive roots of the transcendental equation cosh (M )COS (M ) =-1;

5. One end is simply supported, one end is free:

2 3

W=a—\;v=0 at X=0 and W=a—\g\l:0 at X=1.
OoX OX

Then,

L. S , @, (x)=sin (Al )sinh (1, X)+sinh (A ] )sin(%,X),

Ao 1 2w (1)

A, are the positive roots of the transcendental equation tan (M ) —tanh (M ) =0;

Appendix 2
In this appendix, we compute functions W' and ¥ explicitly when ®, and ®, are

uniformly distributed random variables.
Let Q= {0)1,(1)2 eR"o,<0 <m,,i= 1,2} be a rectangle. Then, the joint

probability density function of ®, and ®, reads as

1
p(@p@z)=(—xo ((01’0)2)’

n(Q)
where ¥ is the indicator function, and u(Q) = (0)11 - 0)10)((011 - 0310) is the area of
Q) . Then,
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_M(Qz)kzt[mlogn(t)_(’)nsm(t)]’
4
o) = LS (0o O} gyl Cn ) -Cu (1)
where
Sn(t):sin{kﬁ Dot |—sin| 22 Dt ],
5 L @y

@, L Wy |
t)=si| a2 [Dog [_si a2 Doy |,
S, (1) ;
L ) ©y |
S, (1) =Si| A2 [Pt |—si| 22 |2t ],
L Wy | L Wy |

and Si is the integral sine.
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LOCALIZED SHEAR WAVES IN PIEZOELECTRIC LAYER COVERED
BY ELASTIC THIN COATING
Ghazaryan K.B., Papyan A.A.

Key words: localized wave, piezoelectric, thin film, composite.

Kasapsau K.B., Ilansan A.A.
Jloka/IM30BaHHbIE CABHIOBBIE BOJHBI B Ib€303JeKTPHYECKOM CJI0€ ¢ TOHKHM YIPYTHM HOKPbITHEM
Ki1ro4yeBblie €J10Ba: JIOKaIN30BaHHAS BOJIHA, IbE303JIEKTPUKU, TOHKOE MOKPBITUE, KOMIIO3HT.

B cratbe paccmarpuBaeTCs pacnpOCTpaHEHHE JIOKAJIM30BAHHOW BOJHBI CABHMra B ABYX(asHOil cpexe:
YIpyroe IOKPHITHE H IIbe30ICKTPUUECKUH ciIod. B pamkax mHpuKnagHOW MOIENN TOHKOIO CJIOS IOTydYeHO
JIMCIIEPCHOHHOE YPaBHEHME I YacTOT CBSI3aHHBIX JJIEKTPOYNpyrux BosH. OOCyxaaercss BIMSHHE YIPYroro
MOKPBITHS U Tbe303(PeKTa Ha JTOKaTU30BaHHbIE (ha30BbIE CKOPOCTH BOJIH.

Nwqupui 4.8., Muuyymiu U.U.
Stnuyuwugdud uwhph wihpukpp pupwl wpwdquljut Swsynypny whtqnhEywphly sbpunmd
Zhfuwpunkp. nknuyugyus wihpubp, whkgnbkhuphly, pupul] Swslyniype, Yndynghun.

Znpjudnid nuunidtwuppynud £ uwhph  wibnujiwugdué wihpubph wwpwsnudp Gpyokpn
dhpwJuypmud: Punjugus wpwdquijub Swdynyphg b whhgnbikunphly otpnhg,: Fwupwuly okipnp
Yhpwpwlwt  dnpkh  hhdwt  Jpuw  uwnwgdl] B phuybpupnt hwjuwupnd  juywlgdwus
hEynpuwpwdquljut whpubph hudwp: Lutwpldl B wnwdquijubt swélnyph b whkqnkdkljnh
wqnlignipniip nknujtugywsd wihph thnyuwyhtt wpugnipjub Jpus:

The paper focuses on shear localized wave propagation in two phase medium: elastic thin coating and
piezoelectric layer. In the framework of an applied model of thin layer a dispersion equation is derived for coupled

electro elastic wave phase speeds. The influence of elastic coating and piezo effect on localized wave phase speeds
are discussed.

Introduction.

Piezoelectric composites that are made of by two or more of piezoceramic materials are
widely studied and discussed in [1-11]. In the problems of wave propagation in the
composites the perfect bonding at the interface between two materials is routinely assumed.
The composite structures consisting of piezoelectric ceramics with several types of partial
contacts at the interface between two materials i.e., the electrically shorted or electrically
closed, mechanically compliant (sliding) interfaces are considered in [4-8]. Electro elastic
shear surface (localized) waves in composite structures: inhomogeneous piezoelectric layer
— piezoelectric substrate, dielectric layer- piezoelectric substrate, piezoelectric layer -
inhomogeneous substrate are considered in [8-11 ]. The localized waves in piezoelectric layer
with different electrical and mechanical boundary conditions at walls of layers are studied in
[12]. A model of boundary contact for electro-magneto-elastic composites with interface
roughness is proposed in [13].

In the paper an analytical solution is given for a problem of shear localized wave
propagation in bi-material media constituted by thin elastic thin coating and piezoelectric
layer. The interface between elastic coating and piezoelectric layer is considered to be
elastically perfect and electrically shorted one. Analogous problem for pure elastic bi-
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material media is considered in [11]. For thin coating the applied model is used which brings
to averaged boundary conditions at contact interface between piezoelectric and thin coating.

Statement of the problem

Let’s consider shear wave propagation along a bi-material layer consisting from thin
elastic coating and piezoelectric layer. The geometry of the bi-material layer in the Cartesian

system (X, Y,Z), —@, < X<, —0 <Y<, —0 < z< o is depicted in Fig.1.

Elastic material

-a,

S

)

S S

Piezoelectric material

Figl. Bi-material layer in Cartesian system (X, Y, Z)

For piezoelectric layer of piezo crystal of 6mm hexagonal class of symmetry with polling
axis parallel to Z coordinate direction, the anti-plane problem is described by the following
equations and the constitutive material relations, based on the decoupled linear dynamic
equations of theory of elasticity and quasi- static set of Maxwell equations [1,16]

2,
V-Gzpaat—lj, v.B=0, E=-V.g
=V(GU +e,9) , D=V(-ep+gU) (1)

c
Gz(csxz(x, y,t),o, (% y,t));E:(EX(x, y.t),E, (X, y,t),O);
D :(Dx(x, y.t),D, (X, y,t),O),

Here, G, and G, are shear stresses, E is the electric field intensity vector, D is the

electrical displacement vector, P = (P( A t) is the electric field potential, p is bulk density,

V is the nabla vector, G is the shear modulus, € is electrical permittivity coefficient, €;
is the piezoelectric modulus.
Using (1) we get the following set of equations

2, 2 2
CZAU—aatLZJ ~0; A(U —%cpj:o, a=l O @
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For elastic layer the following equation and material relations are valid
6c,, 06y, OV Y oV
P = =0, 0 =G, G, =G —— 3)
OX oy ot OX oy
In (2, 3)pP,is the bulk density, Go are the shear modulus of piezoelectric material,

(G + s"lef5 ) p”!

At the bi-material interface Y =0 we consider the partial contact conditions of

Xz

electrically shorted contact for electric potential and continuous mechanical displacements
and tractions

(0, y,t)=0; 6,(0,Vt)=0,,(0,yst); U0, y,t)=V(0,y,t) @
At the bi-material layer external surfaces we take the following conditions
Ope(—8, Y1) =0, o (ayt)=0, o(a y.t)=0. (5)
Assuming that @, << @ we average [10, 14, 15] the equation (3) by elastic layer thickness
along coordinate X

0 a 2
o OX oy ’ ot

Taking in a view of the smallness of the thickness &, , assuming that the displacement

V(X, y,t) do not vary along the thickness of the elastic layer and taking into account the

boundary and contact conditions (4, 5) the averaged boundary condition at X =0 interface
can be cast as

0, (0., )+aOG oV —a,p OaU =0; x=0. (7)

Presenting the solutlons in the form of plane wave propagating along Y direction
U (% y,t)=U,(x)exp(iky—i cot),(p(x, Y,t) =, (x)exp(iky—iot) (®)

we get solutions for U, (X) NON (X) as

U, (x)=C, cos(x\/ﬁ)+Czsin(X\/ﬁ) (9)
0 (X) = Aexp(kx)+ A eXp(—kX)+%(C1 cos(x\/m)+c2 sin(x\/ﬁ))

-1
Here C,,C,, A, A are the arbitrary unknown constants, 1 = CO(Ck) is the dimensional

phase speed of electro elastic vibrations.
Substituting these solutions into the boundary conditions we obtain a homogeneous set

of algebraic equations, with respect to the arbitrary constants C,,C,, A, A . For nontrivial
solutions, the determinant of this set has to vanish. Equating the determinant to zero we
obtain the following dispersion equation determining phase speed 1] .
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) 2(%* +7)
cosh(K l—nz)cosh(K)
tanh(K l—nz)tanh(K)

+2(X2+X) +

+ (10)

+((n2 —1)()(4+1)2 —xz)

J1-1°

o2 tanh(K 1—n2)
+&KO(—0 nzj X —(x+1)tanh(K) |=0
p

Cz_ -1

Here the following notations are used

2
1=, K=ka, K, =ka: ¢ =G,/p,.

The dispersion equation (10) defines a localised wave phase speed n( K) as a function of

the dimensionless width K and the elastic and electromechanical coefficients of the layered
structure.
Now we shall restrict ourselves to consideration the case of localized vibrations of the piezo

elastic layer when 1 <1 only.

Elastic layer dispersion equation

When the thin elastic coating is absent (a, — 0 ), the equation (10) results in

/ 2
fl(n):_(x+1) l_nz ta]flh “T_n +Xtanh(§j! (11)
/ 2
fz(n)thanh KlT_n _(X"‘l) —n? tanh(gj

The equations (11) have been obtained first in [8].

Here we will only mention that the first equation of (11) corresponds to a dispersion
equation of symmetric vibration of layer with boundary condition

0,(0,,t)=0, ¢(0,y,t)=0; 5, @, y,tj =0, D, @ y,tj =0 (12)

and the second equation of (11) corresponds to a dispersion equation of anti-symmetric
vibration of layer with boundary condition
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6. (0,y,t)=0, ¢(0,y,t)=0; U@,y,tjﬂ, cp(g,y,tjﬂ); (13)

The phase speed —wave number (dimension less thickness) dispersion curves T ( K ) are

depicted on the Fig.2 for piezoceramic PZT-5H, where 80 is the well-known Bluestein-

Gulyaev solution for semi- space with electrically shorted and mechanically free interface
[12]., O,, is the limiting value of localized wave speed at K—>0

1
8 =1+2/(1+2%) =y1-%5 . 8o =(1+7) 7 <3, (14)

-1
The notation ¥, = e|25 (GS + qz 5 ) was used by Bluestein in [12].

i

11 Anti-symmetric vibration

:

B e e e e e e e e e e e - =

0.9}

Symmetric vibration

N | — - e — ——

(3]
= |

Fig.2. Dispersion curves “r]( K) for elastic layer, 50 =0.935, 501 =0.803

Modal structure of the localised wave in the bi-material layer

First it will be noted that the bi-material layer dispersion equation does not decoupled into
symmetric and anti-symmetric types of vibration which means that two phase structure may
not in some cases support two types of localized waves.

In the case of K >>1 the dispersion (10) can be rewritten as

m(l—ylnz)+((1+x)\/1—n2 —x)zO (15)

G

For thin layer K <<1 instead of dispersion equation (9) we get
23



(16)

Here v = Cg / C? is the ratio coefficient of phase speeds of bulk shear waves in the elastic

layer and piezoelectric layer. The analysis of the dispersion equations (11, 15, 16) reveals
that its solutions are very sensitive to coefficienty . For the «soft» elastic coatingy <1 we

have thatn <1 for any values of K , but in the case of the «hard» elastic coating y >1 the

equation (9) may have no localised solutions for small values of K . Moreover, in this case,
for some classes of materials, only one localized wave can exist in a layered structure, in
contrast to the case of a «soft» elastic layer.

These circumstances and more are illustrated in Table 1, for certain class of materials
(M, M, are the speeds of localized waves).

Table 1
x=0 x=03 x=0.5 x=0 =03 x=0.5
Kilm|mn uh M, uh n, uh M, uh M, uh M,
0.5 - - - - - - 0.885 - | 0.805 - 0.762 -
1.0 - - - - - - 0.933 - 0.841 - 0.793 -
30| - - 0980 | - | 0936 | - 0.973 - | 0.897 - 0.856 -
50| - - 0.973 - | 0.938 - 0.981 - | 0.924 - 0.890 -
70 | - - 0.973 - | 0941 - 0.985 - | 0.936 - 0.905 | 0.962
10 - - 10973 - 10942 | - | 0987 | - |0.943 | 0.980 | 0.911 | 0.945
p/P=2, g/c=4 K,=0.1 p,/P=2, ¢ /c=02 K,=0.1
Conclusion

The localized vibration of layered structure is considered consisting from elastic coating and
piezoelectric layer of piezo crystals of 6mm hexagonal symmetry class. Based on an applied
model of thin elastic coating the dispersion equation is obtained for phase speed as a function
of the layer dimensionless width and the elastic and electromechanical coefficients of the
layered structure. It is defined that the solutions of the dispersion equation are very sensitive
to the coefficient of ratio of phase speeds of bulk shear waves in the elastic layer and
piezoelectric layer. For some classes of materials it is shown that the layered structure with
the “hard” elastic coating can support only one localized wave, contrary to the case of the
“soft” elastic coating where two localized waves may exist.
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ON AXTAL SYMMETRIC STRESS STATE OF UNIFORMLY LAYERED
SPACE WITH SYSTEM OF PERIODICAL INNER DISK-SHAPED
CRACKS
HakobyanV.N., Dashtoyan L.L., Murashkin Ye.V.

Keywords: discontinuous solutions, periodic system of cracks, axial symmetric stress state.

Axonsu B.H., lanrross JI.JI., Mypamkus E.B.
OcecuMMeTprYHOE HANPSIKEHHOE COCTOAHNE PABHOMEPHO C/IOMCTOTO IPOCTPAHCTBA, COAEPIKaIneH
TepHOAMIECKYI0 CHCTEMY BHYTPEHHHX AUCKOOGPA3HEIX TPEIUH
KiaioueBble CjI0oBa: paspbiBHbIE PpelIeHUs], NEPUOAMYECKAs] CHCTEMAa TPEeIIdH, OCeCHMMETPHYHOEe
HANPSKEHHOE COCTOSIHME.

B cratbe paccMaTpuUBaeTCS OCECHUMMETPUYHOE HANpPSUKEHHOE COCTOSHME —KyCOYHO-OZHOPOAHOTO,
PaBHOMEPHO CJIOMCTOTO IIPOCTPAHCTBA, 06PasOBAHHOIO YepelyIOLUMCs COeSUHEHNUEM [BYX HEOLHOPOLHBIX
CJI0EB OAMHAKOBOM TOJIWHBI, KOTOPBIE COZEPXAT MEPHOLUYIECKHMEe CHCTEMbl KPYIJIBIX JUCKOOGPasHBIX
HapaJUleIbHbIX TPEIUH B CPeAUHHBIX IUIOCKOCTX. [ToydeHa cucTeMa onpefelsiolinX YpaBHEHUN 3a1a4u B
BUJie CHCTEMBl MHTEIPajbHBIX ypaBHeHuil tuma Ppezronbma, pelieHue KOTOPOH —IOCTPOEHO METOZOM
MeXaHHYeCKUX KBagparyp. I[IpoBefi€H YHMC/IEHHBIH AaHAIM3 W BBIABIEHBl 3aKOHOMEDHOCTH H3MEHEHUT
K03(hPUINEHTOB MHTEHCHBHOCTY Pa3pylIAION[MX HANPSKEHHH M PACKPBITHA TPEI[UH B 3aBUCHMOCTH OT
(bUBMKO-MEXaHUYECKUX U TEOMETPUIECKHUX XaPAKTEPUCTHK 3aa4H.

2uiynpjuls 9.'L., Fuwonnyuit L.L., Unipuoypt G.4.
Cpowtuwdh ukppht Lmpkph hwdwljwpg wupnibwlny hujuwuwpwswh skpuudnp nwpudnipjuh
wnwhgpuwhwdwyuh jupjubughit h&wlp
Zhdtwpunkp:  huqynn  ymdmdubp, Lwpkph wwpphpuljuit  budwljupg, wrwigpwhwdwgwh
(upjubuyhii Jhdwly:

Uphnunuipnid nhinwpljqws £ hujwuwp hwunnpniiubp niikgnn kplint wmthwdwube okpintph
hwgnpnuljut  dhwgnulhg uwnwgqus lJwnp we funp hwdwubkn, shpudnp  wwpusnipjul
wnwigpwhwiwswih jupduswght Jhdwlyp, kpp oipntph dhoht hwppnipjut ke wnljw ku qniquhtn,
opowlwdl fwpkph wwpphpwlwt hwdwlupgbp: Unwgdl) ' juunph npnohs hwjwuwpnidubpp
Sptnhnjuh whyh tpyne htnkqpu) hwduwuwpmdubph hwdwlwpgh wkupny, nph (nwsnudp jurnigqus
Edkwuhjuljub punuljniuugdwt putwdbbph dkpnnny: Nrunidbwuhpdws B puypuynn jupnidubph
htunbkbupymput gnpswihgubph U gwpbph pugwéspubph thnnfudwb  ophtwswthn pynibubpp’
Yuifugus $hahlyulhrubhlulut b bphpusuhulut pimpwgphstbphg

This paper considers the axisymmetric stress state of piecewise homogeneous, uniformly layered space formed
by alternate junction of two heterogeneous layers with same thickness, which contains the periodical systems of
circle disk-shaped parallel cracks in median plane. The governing system of integral equations for problem is
obtained using the Hankel integral transformation. Using rotation operators the governing system of equations is
reduced to the system of Fredholm integral equation of second kind. The system is solved by the method of
mechanical quadratures. The numerical analysis is carried out and the regulations for changing of intensity factors
of fracture stresses and opening of crack depending on physical and mechanical and geometrical characteristics of
problem are revealed.

Introduction
Few research studies are dedicated to the analysis of the axisymmetric stress state of an
elastic piecewise-homogeneous, uniformly layered space of two heterogeneous layers with
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interphase disc-shaped defects. Among them, the work [1], where the discontinuous solutions
of the equations of the axisymmetric theory of elasticity are constructed for a piecewise
homogeneous, uniformly layered space obtained by alternately junction of two
heterogeneous layers of the same thickness, which contain a periodic system of circular disc-
shaped parallel interphase defects is noteworthy. The solutions of two certain problems when
the defect is an absolutely rigid disk-shaped inclusion and when the defect is a disk-shaped
crack are obtained. Also, a complete review of the papers directly related to this article is
presented here. We also cite papers [2—4], where many of the main results on axisymmetric
contact and mixed boundary value problems of the theory of elasticity are demonstrated. As
regards the axial symmetric stress state of a piecewise-homogeneous, layered space with a
periodic system of circular disk-shaped parallel internal defects, which is interesting and
relevant both from scientific and practical points of view, there are no available studies
conducted to our best knowledge.

1. The statement of problem and discontinuous solutions
In a cylindrical coordinate system OF (pZ, we consider the axisymmetric stress state of a

piecewise-homogeneous elastic space, obtained by alternately sequenced junction of two
heterogeneous layers of thickness 2N with Lame coefficients AL, and A,,L,,
respectively, when on the median planes of heterogeneous layers Z = (2n + l) h (n € Z)
the space is relaxed by two systems of periodic circular disk-shaped, parallel cracks with radii
a, (] = 1,2). We assume that the space is deformed under the influence of the same
axisymmetric normal loads F’l (I’) ( =1 2) acting respectively on the banks of cracks in

heterogeneous layers. Problem is to determine the patterns of change of the opening of crack
and the intensity factors of fracture stress at the circles I = a, depending both on the

physical and mechanical as well as geometric characteristics of the heterogeneous layers. It
is obvious, with such a formulation of the problem, all the middle planes

zZ= (2n + 1) h (n € Z) of heterogeneous layers are planes of symmetry, which allows us
to separate the base cell as a two-component layer occupying a region
Q{|Z| <h;0<r<ow;0<p< 21‘:} in space and state the problem as a boundary value
problem for this layer. Fig.1 shows the axial section of the base cell.

ZA
P (r)
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Using indices 1 and 2 for all the parameters describing the stress state of the
heterogeneous layers of the base cell, respectively, we write the problem as the following
boundary value:

W(r,(-1)" =0 (0<r<w)

u(z”(r,(—l)j+1 h):o (aj<r<w) (j=12) (1.1a)

u(r,0)=u?(r,0) (0<r<w)

u(r,0)=u®(r,0) (o<r

0(r0) = (1.0) (051 <v) .
o) (r,0)=c(r,0) (0<r <)

W (r,0)=12(r,0) (0<r<w)

Here Ufj) (I’, Z) and U(j) (r, Z) ( j =1, 2) are respectively the radial and vertical

z

displacements of the points of the layers, and G(Zj ) (I’, Z) and ’CE? (r R Z) are the normal and

radial stresses acting in the corresponding layers. To construct a solution to the boundary
value problem (1.1), we represent the solutions of the Lame equations in the form of Hankel
integrals [1]:

ui(r, z):T [(AJ (s)+2B;(s))ch(zs)+(B, (s)+zA}‘(s))sh(zs)}s]1(rs)ds;

0

o (1.2)
ul(r, z):_([ [(Cj (s)-zA/(s))ch(zs)+(D, (s)—zB]’(s))sh(zs)]sJO(rs)ds,
A (5)=—-(A(9)+D;(5)): B;(s)=—-(B,(5)+C,(5)) (i=12).

j j
J; (X) ( j= 0,1)— the Bessel functions of the real argument, A (S), B; (S),Cj (S),
D i (S) are the unknown coefficients to be determined, and &, (j = 1,2) the known

constants of Muskhelishvili. To solve the boundary value problem (1.1), we introduce into
consideration the unknown functions of the displacements of the crack edges.

uz(r,(—l)"+1 h)z%wj(r) (0<r<a), (1.3)

and solve an auxiliary boundary-value problem consisting of conditions (1.1), in which the
last conditions (1.1a) are replaced by conditions (1.3). Then, using Hooke's law and
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representations (1.2), we determine the stress components, satisfy the conditions of the
auxiliary boundary value problem, and determine the wunknown coefficients

A (S), B; (S),Cj (S), D, (S) through Hankel trasponants of the functions of the

displacements of the crack edges. The following is obtained

. [Hzmlg(zl) 1 (K _Hz)BthB] _ H,sW,(s)
As)=- 20,90, (B)chp (s)- 24, (B)chp’
v LLISV_VI(S) _|:u12628(22)+H1(”1_H2)Bthl3]s_ )
AZ(S)_ 2A2 (B)ChB 2&23(2) (B)ChB WZ(S)’
& 8 &, 8
A9 ()L ) = |

coreior =

5 (5) -~ (5) - T a*(s)=&*(s)thﬁ+%;

. N X %
Bj(s):—Cj(s)+?JBj (s); Dj(s):—Aj(s)+?’Aj(s);
Here we use the notation:

A, (B)=2x;9A" (B); A% (B)=thB+(-1) (1, —u,)E (B);
Ej(B)=2;(zj)|:thB— Bz }; VVJ(S,Z)zfrwj(r)Jo(g)dr;

&;ch’p 0
_ 2 . A+ 20
9l = M ;3(21):“1( i “1); (B:hs; j:1,2),
A +3u, A +3u,

Further, using the obtained values of the coefficients, we determine the normal stresses
acting on the cracks through the unknown dislocation functions W; (I’) ( j= 1,2) . The

following is found:

cf(”(r,(—l)j” h)==-8,L [w, |- L5 w ]+ L7 [w] (i=1.2), (4

z

L& [w, jwm r,&)ew, (&)dg; Wnﬁ,kn)(r,&):Tthm(tr)Jn(ti)dt

0
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ku (r. a):T (th)t"Jm(tr)Jn (t&)dt;

m,n

el jsK (sh)W, (s)J, (sr)ds= jWk" r,&)&w; (&)dg;

p,thh[_’)[(ul(ae1 +1)+%1u2)sh B+ (e, +1)(1, +u2)/2]
m (2, +1) A (B)A; (B)ch® (B)

Q. (B) By B
i, +1)4; (B)AL (B)eh’ (B) 9(2)[ e 1}
N 2[3th[3[(u1 +2{31],L2)sh2[3+u2 (aa1 +1)/2J o

(2, +1)" &, (B)eh’ (B) 2(1=v)
ulthB[ & 1,sh’B+ (2, +1)(y, +u2)/2J—QL2 (B) ~
m (22, +1)A[ (B) A, (B)ch® (B)
 uphp
(2, +1)A; (B)ch® (B)”
Hzthﬁ[aezulshZB"F(Z% +1) (1w, +“2)/2]+Q2,1 (B)
D TN (T N (R
Y
(&, +1)A; (B)ch* (B)”
uzthB[(uz(aez+1)+a32p1)sh2[3+(ae2+1)(u1+u2)/2J
1, (2, +1) A (B)A; (B)ch® (B)

Q. (B) K, BB
T A e
_2Bth5[(u2+ae2ul)sh B+u, (z, +1)/2] W,
(e A Ee () 20

Q. (B)=-mmE {(ul v, )sh?p+ (3321 +1)}u13(&,2+1)E1 N

+1; (&, +1)sh’B[ E, —E, —(n, — 1, ) E,Eycth |;

Kis (B) -

K, (B) -

Kz,z (B) ==
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2 2

— K, (aal +1)Sh2B[E2 = _(PH —1,) E|E2CthB];
Q. (B)=-mm,E {(Hz +ae,p,)shp o+ (&22 H)} = (&22”) =
_HM; (332 +1)ShZB[E2 -E _(H1 _“2) E1E2Cthl3];

Q. (B)=mm,E |:(M2 +,11,)sh?B + Hy (3322 +1)}r u; (&, +1)E,

Q. (B) =B, |:(“1 +&1H2)Sh2B+ a (Eel +1)}+ M? (Eel +1) E

+

2

3 2 = _ . o Hi
+M2(332+1)Sh B[Ez E (M1 Hz)E1E20thB]a L‘gj 2(1—\’]-)}.

Note that kernels Wr&kn' 1) ( r, F;) are regular functions of both arguments. Now we satisfy

the last two conditions (1.1a). As a result, to determine the displacements of the points of the
edges of cracks, we obtam the following governing system of integral equations:

2 (2.3.1) (2,j.2 .
—9 L0 [wy |- L5 [w ]+ L [wy = =P (r) (0<r<a, j=12), .5
which should be cons1dered takmg into account the conditions of continuity of displacements

on circles I = aj

w,(a,)=0 (j=12) (1.6)
2. The solution of the governing system of integral equations
To solve the system of 1ntegra1 equations (1.5), using the rotation operator

[ol-[

we reduce it to a system of Fredholm integral equations of the second kind. In this order, as
in [2], we introduce functions

I 1_12) @.1)
continue them on the interval (—aj R 0) as an even function and, taking into account the
relations,

2% Frw, (r)dr %
W (s)=— ———|cos(ts)dt = |V, (t)cos(ts)dt;
’”n![fm ()3t = [V, (t)cos(t)

g

L[ w, | = Ivj (t)dt[s’J, (sr)cos(ts)ds = —jvj’(t)dtIsJO(sr)sin(ts)ds;

0 0



L) IV dtJ. K, (s)sJ,(sr)sin(ts)ds,
0
rewr1te the system (l 5) in the following form:

SJ. (t.,r)v dt+ZIRJ,tr dt =P, (r);

i (2.2)
@«<%j=uy

R(r,t)=

S sy 8

sJ,(sr)sinstds; R (r,t 'HJ.K sr)sin stds.

From representation (2.1) it appears that Vj ( i ) =0 . In this case, the conditions (1.6) are

satisfied automatically, since using the inverse operators of rotation operators [ 1-3], functions
can be written in the following form

49 d - J'

r dr Jg
Further, we apply the operator I to both parts of equations (2.2). After calculations, using
the values of known integrals

(rt)rdr Sm(Xt); Tsin(st)sin(sx)ds=g[5(t_X)_S(t+x)l’

IW—r t 0

where 5( ) is the well-known Dirac function, we come to the following system of integral

(i=12) (2.3)

equations of the second kind of Fredholm type:

Zj R, (LX)V/(t)dt=f, (x) (j=12); 24)

'1—a

R (t,x) :QJ. K,;(s)sin(ts)sin(xs)ds. (i, j=1,2)

With the help of the replacements of variables t = &;§, X=a;n ( j=1, 2) , we formulate

the obtained equations on the interval (-1,1) and denote @, (T]) :Vj’(ajn) / a; we come

to the system
2 1

n)+iZjQ}'} (&m)o (&)de=1f(n) (-1<n<l, j=12), 2.5)

=1 —1
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Qil(i,n)ﬂﬂ*, ('ilm) sz(‘i T])—I Rz (zi,lm);
Qiz(@n)%%(lzé,lm); Q;“,l(ém)fR;“,l(hé,lm);
fr(n)=-1|P(ag)]/a; (1,=3/h j=12).

Thus, the solution of the problem was reduced to solving a system of integral equations
of the second kind of Fredholm type (2.5), the solution of which can be constructed by the
method of successive approximations. It is obvious that the solutions of this system functions

?; (X) (j = 1,2) are bounded on circles I' =@, , respectively. We will also write
formulas with the help of which, after determining the functions @; (n) , it is possible to

find the crack opening and the intensity factors of fracture stresses on the circles I = a;.To

determine the crack opening, we use formulas (2.3), from where we get the formulas for
dimensionless crack openings:

. wi(am) o
W, (H)ZT=—I—%0@

To determine the intensity factors of fracture stresses Kl(')(aj) on the circles

2.6)

r=aq ( j=1, 2) the formulas (1.7) with (I’ > a) are represented in the form:

cs(zj)(ra(‘l)j+1 h)szIR(t,r) +ZZ:

i=1

R, (t.r)V/(t)dt (2.7)

S ey

Further, using known formulas [5]

0 t>r
1d K .
s]o(rs)zFa(rJl(rs)); J)'Jl(sr)smtsds: % 21 = e :
r' —
(2.7) we write in the following form
| j+ 9, d Ftv/(H)dt %
(i) _ j+l N [ _
O, (I‘,( 1) h) r dl‘ o AJr?—t2 +.Z'(|).Rj’i (t’r)vi(t)dt_ (2.8)
__SJ'VJ'(ai)_’_F
r’-a’
2 4 Vi 9 g4 [ ’(t)—Vj'(aj)]dt '
IZ_;}[R )dt+T]EO —— +81Vj(aj)/r,

bounded functions respectively on circles I' = aj ( j = 1, 2) . From (2.8) we find
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(i) — 1 _ (i) R AYALE™ N ' —
K" ()= lim \2(r-a)d, (r( 1) h)_ 8V (a)/fa =
=—/a%,¢,(1) (i=12).
Consequently, the dimensionless intensity factors of fracture stresses on circles
r=a, (j = 1,2) can be determined by the formulas:

| N o,(1)
K’ (a)=K"(a )/ Jau = 2L L 2.9

@)=k (a)/Jau, (M1]2(1—VJ) 2.9)
3. Numerical analysis

Using the method of mechanical quadrature, the numerical analysis is carried out and the

%
regulations of change of dimensionless intensity coefficients of fracture stresses K| j (aj )
and dimensionless crack opening VVJ* (X) =W, (aj X)/ a, depending on the parameter

l; =a; /h change in the case where a=a=3al=I1,=I, Pj(r):F{]:const,

P =R /p=0LP =R/p=02v=025 v,=03 (j=12). At the
same time, the right parts of system (2.5) have the following form:
4 (1 -V, )
* _ ] 3k - _
£ (n)=———2F (j-12)
The results of numerical calculations are shown in Table 1 and in Fig. 2a and 2b. Table 1
shows the values of the dimensionless intensity factors KI*, i (a) ( j=1, 2) depending on

the parameter | =@/ N . The calculations show that with a decrease of | , which can be

interpreted as an increase in the height N of the layers, with a constant @, the intensity
factors increase, tending to a certain limit, corresponding to the case of a homogeneous
space, made respectively of the first and second materials with one disk-shaped crack.

Figures 2a and 2b show the graphs of crack opening depending on the parameter | .

Table 1. Intensity Factors depending on |

| 0.1 0.2 0.5 1 2 10

Kl*l(a) 0.06662 | 0.06649 | 0.06543 | 0.06197 | 0.05459 | 0.03327

s

K’ (a) 0.07138 | 0.07121 | 0.06981 | 0.06566 | 0.05833 | 0.03832
1,2

It can be seen from Figures that when | is decreasing, i.e. when removing cracks, the
openings of crack also increases, tending to a certain limit, corresponding to the opening of
one disk-shaped crack in a homogeneous space, made respectively of the material of the first
and second layers.
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1=10

™

1=10

-10 -05 05 10 -10 -05 05 1.0
Fig. 2a. The first crack openings Fig. 2b. The second crack openings

Table 2 and Fig. 3a and 3b show the values of the dimensionless intensity factors
* . . * .
KI, j (a) (j :1,2) and the graphs of crack openings Wj (X) as a function of the

parameter [l = WL, / [, in the case when | =2, v, =0,4, v, =0,25 Pl* =0.1.

Table 2. Intensity factors depending on [L
1) 1 2 5 10 50 100

* 0.0707 0.0662 0.0608 0.0578 0.0544 0.0538
Kii(a)

K’ (a) 0.0377 0.0349 0.0311 0.0289 0.0261 0.0257
1,2

B

The Tables show that in the this case, with an increase of |1, which can be interpreted as

an increase of LL,, with a constant L, as the intensity factors of the fracture stress on the

bounding circles of both cracks, and the opening of crack decrease.

w

=10
K 4
10 -o0s 05 10 -10  -05 05 1.0
Fig. 3a. The first crack opening Fig. 3b. The second crack opening
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CONCLUSION

Thus, a governing system of integral equations for a piecewise homogeneous, uniformly
layered space with periodic systems of circular disk-shaped parallel internal cracks is
obtained. The solution of system is constructed by the numerical-analytical method of
mechanical quadratures. By numerical analysis, it is shown that the mutual influence of
cracks increases when they approach each other. In the case of the removal of cracks from
each other, they work as separate, single disk-shaped cracks in homogeneous spaces, made
respectively of the material of the first and second layers. It is also shown that with an
increase of the rigidity of one of the layers, when the rigidity of the other layer does not
change, it leads to a decrease in both the intensity factors of the fracture stresses on the
bounding circles of both cracks and their opening.

The study was carried out with the financial support of the Committee on Science and
Education of the Ministry of Education and Science of the Republic of Armenia and
the Russian Foundation for Basic Research (RFBR) within the framework of the joint
research project SCS 18RF061 and RFBR 18-51-05012.
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ON THE STRESS-STRAIN STATE OF AN ELASTIC INFINITE PLATE WITH A
CRACK EXPANDING BY MEANS OF SMOOTH THIN INCLUSION
INDENTATION

Mkhitaryan S.M.
Keywords: clastic plate, crack, inclusion, cracks gap, stress intensity factor (SIF)

Mxurapsin C.M.
O nHanps:xEéHHO-1e(POPMALHOHHOM COCTOSIHMH YNPYToii 6€CKOHEYHOM NIACTHHBI C TPELIMHOM,
pacummpsiiomeiics nocpeAcTBOM BAABJIHBAHHS B He€ IJ1aIKOr0 TOHKOI'0 BKJIIOYEHHSI
KiioueBble ciaoBa: ympyras IUIaCTHHA, TpeIWHA, BKIIOYEHHE, DACKPBITHE TpPeIUHBL, Kod(HIeHT
MHTEHCUBHOCTH Hanpsbkenuii (KUH).

PaccmatpuBaeTcs mnockas 3aada 00 onpeeIeHHH KOMIIOHEHT HAPsDKEHHO-Ae(OPMUPOBAHHOTO COCTOSHHUS
YIpyrol H30TPONMHONH OECKOHEUHOH IUIACTUHBI C MPSAMOIMHEHHOH TpEeIIMHOM KOHEYHOH JIMHEL, B KOTOPOU
BCTaBJICHO TOHKOE a0CONIOTHO »KECTKOE BKIIIOUCHHE C IJIafKOW IOBEpXHOCTHIO. I[Ipenmmonaraercs, 4ro sTa
MIOBEPXHOCTh 00NajaeT HEHTPAIbHOU U OCEBOH cUMMeETpHell, uMeeT (opMy THIA CIUIIOCHYTOIO JJUIMIICA HIU
(hopMy TOHKOTO CTEpIKHS IIPSMOYTOIBFHOTO CEUSHUs U IPY BAABIMBaHUHM IIOTHO IIPUIIEraeT K OeperaM TPeUIuHEL,
a Ha 00pa3oBaBLIEMCs IIPH ITOM KOHTAKTHOM y4acTKe JNEHCTBYIOT TOJIBKO HOPMaJIbHbIE KOHTAKTHEIE HAIPSDKCHYS.
Pemenne obOcyxnaeMoil 3amauu CBeJEHO K PEIICHHIO HHTErPalbHOrO ypaBHeHHs Ppearoimbma mepBoro poaa ¢
CHMMETPUYECKUM JIorapHMHUIECKUM SIpoM. I1ocTpoeHs! TOUYHOE M YHCIEHHO-aHATUTUYECKOe MPHOMIKEHHOES
pELIeHHs 9TOr0 ypaBHEHMs. PaccMOTpeHbI yacTHbIE Cilyyad, IPOBEIEH MX YMCICHHBINH aHAJIU3 U MCCIIEOBAHbI
3aKOHOMEPHOCTH H3MEHEHHS XapaKTePUCTHK 3aJauu.

UNuhpupwui U.U.
&wpny wmnwaqulymi winjkng uwh jupjudmpkbnpumghnt yh&wmbh dwuhb, kpp &wph plpjuyignud £
upwt uknunn nnnplj pupuljwywn thpppulng
Zhttwpwnbp: wpwdquiljul uwy, Lwp, tkpppul, L&wph pugdwsp, jupnulubph nidqunipyui gnpswlhg:

Thunwplynd E dbEpownp Epjupmipjut ninpughs wpny wnwdquljutt hgnuipny  uwgh
Jupjusuntdnpiughnt fhwljh pununphsutiph npngdwh hwppe pbghpp, Epp dwph dkg tkpgpjws
nnnpl dwltpbnypeny pugupdwy Ynon pupujuyun tkpppuly: Gupwunpdnud b, np wyn dwljpbngep
odujws L Yhunpniwlwi b wpwigpujhtt hwdwswihnmpjudp b nitith wwhwligpws bhuyuh jud
nunughd pupwlijuwuwwn dnnh nbup b ubknuykihu phth hyynwd & gwph wihkpht, hul] wowewmgus
nunufunuhtt ninudwunid gnpsnud ki huyg unpdw) Ynunwljunught jwpnidubp: vugph (nisnudp
pipdwsd k updtwnphy (nquphpdwlwut Ynphqny dptinhnjdh wpwehtt uknh htntgpu) hwjuwuwpdwi
musdwi: Guemgws b wyn hwjuwuwpdwi thwl b dnnwdnp pduyht-ybpnswljuts nusnidubip:
Thunwpus ki dwutwnp nhypkp b junwupdws G pyuyht Jipnwsnipniuukp, hbnwgqnujus Eu

uunph punipwqppsutph thnthnpudwb ophiwywthnipmniutpp:

The plane problem of determining components of the stress-strain state of an elastic isotropic infinite plate with a
rectilinear crack of finite length, in which a thin rigid inclusion with a smooth surface is indented, is considered. We
assumed that the inclusion surface has a centrally-axial symmetry, its shape is an oblate ellipse part or a thin
rectangle, and during the indentation, the inclusion surface is tightly adjoined to edges of the crack, and only normal
stresses act in the formed contact region. Solving the problem is reduced to solving the Fredholm integral equation
of the first kind with a logarithmic symmetric kernel. The exact analytical and approximate numerical-analytical
solutions of this equation convenient for engineering calculations are constructed. The main characteristics of the
problem (such as contact normal stresses in the region of contact between inclusion and crack edges, the cracks gap
(opening) outside the inclusion, normal breaking stresses outside the crack on its location line, their stress intensity
factors (SIF)) are represented by explicit analytical formulas. In particular cases, the numerical analysis of these
characteristics is carried out, regularities of their changes are revealed. The phenomenon of infinite increase of SIF
is established at infinite approach of the end points of inclusion to the crack tips. As a result, the crack begins to
propagate and brittle fracture of the plate occurs. Proceeding from this, as an application of the obtained results, an
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estimation of crack resistance of a plate with a crack is given; namely, the critical value of the relative length of the
rectilinear inclusion, at which the crack propagation begins, is determined.

1. Introduction. Cracks and foreign inclusions in deformable solid bodies are stress
concentrators, around which the local stress fields characterized by large and rapidly
changing gradients are formed. The stress concentrations have a significant influence on the
strength characteristics of structures. Therefore, the qualitative and quantitative investigation
of the stress concentrations as well as the development of ways to reduce them have
theoretical and practical significance. Problems of determining the stress strain state of
deformable bodies with cracks and inclusions, issues regarding the interaction of cracks and
inclusions and their influence on strength properties of structures are often encountered in
the mechanics of composites, in geomechanics, in thermoelasticity, and in their engineering
applications. These problems are the subject of numerous studies [1-7]. In [3] the problem
on the development of a crack in the vicinity of the rigid inclusion top was studied, and SIFs
near the crack, on the continuation of the linear rigid inclusion, are determined. Different
cases of combination of cracks and rigid inclusions in an elastic matrix were investigated in
[8]. Many results on this topic are summarized in the handbooks of SIFs [9, 10].

In the present paper, we consider the plane problem of determining components of
stresses and displacements (playing an important role in fracture mechanics) of an elastic
isotropic infinite plate with a rectilinear crack of finite length, in which a thin absolutely rigid
inclusion with a smooth surface is indented. We assume that the surface has a centrally-axial
symmetry, its shape is a part of an ellipse oblate along its length or a thin rectangle. During
the indentation, the inclusion surface is tightly adjoined to the crack edges and only normal
stresses act on formed contact regions. Solving the problem is reduced to solving the
Fredholm integral equation of the first kind with the logarithmic symmetric kernel; its exact
solution is obtained (the necessary formulas and transformations for construction of the exact
analytical solution are transferred to Appendices A, B, C). Based on the Gauss-type
quadrature formulas (like in [11]) in combination with the method of collocation, the
approximate numerical-analytical solution of the governing equation is also obtained.

It should be noted that the problem discussed here represents a flat analog of the
axisymmetric problem, previously considered in [7], where only SIF is approximately
calculated using the model based on the solution of the classical contact problem on the
indentation of a round punch with the flat base into the elastic half-space. Such model is
applicable only for small relative lengths of inclusion. However, while investigating the
problem of crack propagation and clarifying the issue of the maximal inclusion length which
an elastic matrix with a crack can withstand, it is necessary to consider exactly the large
values of the relative length of the inclusion. On the other hand, these problems are closely
related to the problems of wedging elastic bodies by thin, absolutely rigid wedges of various
shapes, widely covered in the handbooks [9, 10]. On this concern let us point out also the
works close to our subject [12-16]. However, the problem formulations are different: in the
problems on wedging elastic bodies, the positions of the end points of cracks and contact
zones are unknown in advance and are determined in the course of problem-solving. In our
case, these parameters are given in advance.

The main characteristics of the problem mentioned above are represented by explicit
analytical formulas. In particular cases, regularities of change in these characteristics
depending on the specific parameters are revealed by the numerical analysis.

As an application of the obtained results, an estimation of crack resistance of a plate with
a crack is given for the rectilinear inclusion. For this case, the critical value of the relative
length of the inclusion, at which the crack propagates occurs, is determined. Thus, a plate
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with a crack cannot withstand inclusion of any length; especially the inclusion with a length
equal to the length of the crack, i.e. when there is a complete contact of the inclusion with
the crack edges.

2. Problem formulation. Assume that an infinite elastic plate with the elastic modulus
E , the Poisson’s ratio v and the thickness / in a rectangular coordinate system Oxy has a
crack along the abscissa axis (mathematical cut) of finite length 2/, L={y =0, -/ <x<I}

(Fig. 1). It is thought that the plate is isotropic, homogeneous, and is in the generalized plane
stress state. Suppose that a thin absolutely rigid inclusion of length 24 (a <) with a smooth

surface is indented into the crack. The surface is described by equations
y=%/(x)(-a<x<a),where f(x) is an even nonnegative function (f (—x)=f(x));

both the function f(x) and its first derivative are continuous on the interval [~a,a] and

A=f(0)= Mgz(f(x) <<a(a<l).
rigid v isotopic IaFnsﬁc plate
inclusion
4 crack
_i$_ -X
+ “a a

(Ev)

Fig.1. Smooth absolutely rigid oblate along its length inclusion with an upper surface y = f (x) and

lower surface y = —f(x) putting pressure on crack edges L = {y =0,—-/<x< l} in an elastic infinite

plate.
In particular, the thin inclusion may be in the form of a strongly oblate along its length
ellipse part
x2 2
—2+y—2=1 (b <<a,—a<x<a,a<a <l).
a b

The minor semi-axis bl of the ellipse is much shorter than the major semi-axis a, . Whence
f(x)=—"+ alz—xz(—aéxéa;a<alﬁl). )

Such a choice of the shape of the inclusion is due to the fact that according to [17-19]
the crack is considered as the limiting case of an ellipse when 5 — 0 (4, =1); in this sense
geometric forms of the thin inclusion and crack are compatible. In addition, under this
limiting transition, the stress state of an elastic infinite plate with a thin elliptic hole becomes

a stress state of the plate caused by a Griffiths crack [19] (pp. 308-309).
Besides the described form, a thin inclusion can also be in the form of a rectilinear

segment with length 24 and height 20 , where & << a (Fig.2).
Hereafter we consider the possibility of approaching the inclusion endpoints to the crack
tips (a — /). In accordance with the crack interpretation as a limiting case of the ellipse (1)

when b, —0 [17-19], and taking into account well-known asymptotic formulas for
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displacements near the crack tips, it will be assumed that the function f(x) has the

following behavior

F(x)=0((1£x)") (x> =),

YA isotropic elastic
rigid plate
inclusion
@ crack
_h X
-L —3 a ]
(Ewv)

Fig.2. Smooth absolutely rigid linear inclusion with length 2a and height 20 (6 <<a,a< / )

putting pressure on crack edges L = { y=0, —=/<x<] } in an elastic infinite plate.

Then we suppose that the thin inclusion with a smooth surface, indenting into the crack
edges, tightly adjoins them along its entire length, i.e. contact region is the line segment
—a < x < a . Because of the smoothness of the inclusion surface, we assume that only normal
stresses arise in the contact region.

Under these assumptions, it is required to determine the pressure of the inclusion surface
on the crack edges or normal contact stresses, crack opening outside the inclusion, normal
breaking stresses outside the crack along the line of its location and SIFs.

Due to symmetry about the x-axis, within a well-known approximation [20, pp. 114-
115], according to which the boundary conditions from the walls of the inclusion can be
transferred to its midline, the posed problem can be formulated as the following mixed
boundary-value problem of the mathematical theory of elasticity for the elastic upper half-
plane y>0:

V(x,y)‘y:m:f(x) (—as xSa,f(—x)zf(x)ZO), V(x,y)‘y:+0 =0 (|x|21),
=0 (—00<x<00), Gy(x,y)‘ =0 (a<|x|<l), (2a-e)

y=+0

W y=40

o (x,y), G, (x,y) T, (x,y) -0 as x +) oo
Here v(x,y) is a vertical displacement of the point M (x, ) of the upper elastic half-

planeand G, © ,» T, are components of normal and tangential stresses, respectively.

xy

Reduce solving the problem (2a-e) to solving an integral equation. For this purpose, we
use the solution of the auxiliary problem from Appendix A. Namely, with the help of (A7)
fulfilling the boundary condition (2a), we arrive at the following Fredholm governing integral
equation (IE) of the first kind with a symmetric kernel for unknown pressure

p (x) (p (—x) =p (x)) of the rigid inclusion on the crack edges:
1 ]‘. n I? —xs+\/(l2 —xz)(l2 —sz)
TE P —xs—\/(12 —xz)(l2 —52)

p(s)ds = f(x) (|x| < a) (3)
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Further, in (3), (A8) — (10) we proceed to dimensionless coordinates and values,
assuming

=x/a, n=sla, p,(&)=p(a€)/E, [, (&)=S(d&)/a,
8, =8/a, p=lla (p>1), ¥,(&)=¥(at)/a, )

K’ =-/nlK, [aE, c,(€)=0(at)/E, o,(E)=0,(a&,+0)/E.

As aresult, these formulas are transformed to the followings:
ljln p*—&n+(p* =€) (p> - 1)
m ot -gn-y(pr-g)(pP - )
1 j \/ﬁ po dn

po(n)dn=£,(&) (-1<&<1); (5)

o, (8)=-0,(8)= e (&>p); (6)
= (aB/\xl ) K K}’=f g%:po(n)dn; (7

2¢ P —§n+\/(p ~&)(p* - )p (i (<e<p). @

gt (0 -8)(pt )

The formulas (5)—(8) are the basic equations and relationships of the posed problem.

\Po(‘:):

3. Method of analytical solution. We proceed to the solution of the governing IE (5) and
first transform it to a simpler trigonometric form, assuming that

E=pcos9, n=pcosp;, o=arccos(l/p)=arccos(a/l);
o, (9)=p,(pcos9)sin9; g,(8)= f,(pcos9); 9)
a<d, o<P;B=n—-oa(0<a<m/2).

As a result, after simple manipulations the equation (5) gets the following form:

%jln{sm(gg‘p)/ n(9=0)]

sin"— dmo((p)d(p:go(\()) (<9 <B). (10)

Represent the solution of the integral equation (10) equivalent to the original
equation (5) in the form of an infinite series with unknown coefficients x, (n =0,1,2,...) as

follows (see Appendix B):

1
o, (9 ; oc <3<n—-a (11)
0( )= Jeos2a - cosZSZ )
where X is given in (B9), T, (X)are the Chebyshev polynomials of the first kind. Further,

we substitute (11) into (10), change the order of integration and summation, and use spectral
relationships (B9). As a result, we get
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20> wx T (X)=g,(9) (a<8<n-a).
n=0

Whence using the orthogonality conditions (B11), we find

J2cos? % h, — 2(n=0):
—2. h — gO (8)7—;1(X)d8 . k — (n )’ (n:()’l’z"”) (12)
1 (n # 0);

" pK'kp, " 2 Jeos2o—cos29’

where L1, is given by the formula (B9). Thus, the coefficients x, are determined by formulas

(12).
To solve the integral equation (5) forp =1 (a =/ ) , according to (B19), we represent

its solution as an infinite series with unknown coefficients y, (n=1,2,...)

2 (&)= 00, (5) (-1<E<), (13)

n=1
where U | (EJ) are Chebyshev polynomials of the second kind.
Further, as above, we substitute (13) into equation (5) for p =1, change the order of

integration and summation, and then use the relations (B19). As a result, we obtain the
equality

TN -1 -1
=&y u, (8)=2"4(5) (-1<&<)).
n=1
Now multiply both sides of this equality by U, (&) (m = 1,2,...) and integrate
with respect of & from -1 to 1. Using the orthogonality condition of the Chebyshev
polynomials of the second kind, we find

v, =2"ng,; g, =20 [ £, (&)U, (8)de (n=12,.). (14)

If we assume that the function f (&) is a twice continuously differentiable function

on the interval (—1,1) and we take into account that f; (£1) = 0, then after integration by

parts it becomes possible to get the estimation of the Fourier coefficients:
g, = 0(1/}’12+8) (8 > 0) for n - oo

and, consequently, the series (13) or corresponding Fourier sine series converges uniformly
on any interval [-r,r] (r<1).

4. Solution of IE (5) by numerical-analytical method. We will also construct
approximate solutions of the discussed integral equations using the numerical-analytical
method based on the Gaussian quadrature formula for calculating definite integrals in
conjunction with the collocation method. The same approach is in the basis of the well-known
numerical-analytical method for solving singular integral equations (SIE) proposed in [21]
and [22]. Based on these considerations the solution of equation (5) can be represented in the
form
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Q(g,p)/1-8 (-1<g<1),

where Q (@, p) is the Holder function in the interval —1 <& <1. Further, following the

well-known procedure, solving the equation (5) is reduced to solving the following finite set
of linear algebraic equations

K, X, =a, (r=1N)
Krm=iln p2—§mm+\/(pz—<i;)(92—n;n)’ X,,,:Q(Tlmap)’ ar:f()(gr)’
N progm, - (0 -8) (0 )

n, :cos[(Zm—l)n/2N], E. :cos[nr/(N+l)] (m,r :L_N) (15)

Here 1, and & are Chebyshev knots, roots of Chebyshev polynomials of the first
kind T, (1’]) and the second kind U (?;) , respectively, where N is any natural number.

After solving the system of equations (15), the solution of (5) at Chebyshev knots, 1, , will

be determined by the formula

po(n,)=X,/J1-n2  (m=TN). (16)

In a similar manner, the solution of the same equation (5) for p =1 reduces to that of
the system of equations (15), in which, however, one should put

p=1 X, =y1-1,Q(n,.p) (m=LN).

5. Analytical results. Let us calculate the basic mechanical characteristics of the
problem under consideration in the explicit analytical form. Turn first to the formula (11),
from which the dimensionless pressure of the rigid inclusion on the crack edges is
determined. In this formula, we return to the former variables and quantities. From (4) and
(9) we get
x=a&, E=pcosd, (p=I/a), ic. x=IcosY (a<I<m—oa).

In the light of the above, we transform

Jcos 200 —c0s 29 = /1 + cos 20— (1+c0s 29) =+/2+/cos? o — cos> 9 =
J ( ) =2+

N S p+l p-E|[p-& p-1 22\/a2_x2
PV Cosa(p+é)\/(p—1 p+&j(p+§ p+1j W2

(-a<x<a).
On the other hand, in formula (B9) assuming that

X s
8:arccos7, t:arcc0s7 (-a<x,s<a),
after simple transformations we get

44



“ ds
[
2K’(aJr )!.\/(az _Sz)(lz _Sz)
Then from (9)

@, (8)=p,(pcos9)sin 9 = p, (£)y1-8"/p* = p(x)NI* - x’ /El.

Taking into consideration these transformations, the formula (11) for the pressure of the
inclusion on the crack edges is represented as

_EP

px nn
f’ 12_x aO

where X is defined by (17).
Now in the expression for the pressure p (x )we replace x by s and XbyV, and

X=cos®, O=

(—a<x<a). a7

(~a<x<a), (18)

substitute it into the right-hand side of (A8). Using the relations (B17), we get
| I’E > ch(mnuk’)

Ol = \/2()62 _az)(xz _lz) nz::;(_l)n % ch(TmK/K')

where coefficients X, are defined by formulas (12) and the variable u (0 <u < K') is given

by the formula (B17).
Let us find the crack opening on the intervala < x < /. In the variables of (9), the
formula (8) for dimensionless opening takes the form

b4 (pcosS pj‘ln{sm 8 (‘D /‘ S (pj:|w0( )d(p (O<8<oc a—arccos%j

Substituting in this expression o, (9 ) from (11) and taking into account the relations (B10)

(x>1), (19)

for 0 < 9 < a as well as (B7) where sin = sn(u,k), we get

‘Po(pcos{})=4pix—”vnsh(%J (0<9<a or 0<u<K),
n

n=0

sin (20)
i 2
w= I & =F((P,k); k=tgzg;(p=arcsin(MJ’
o 1-2) (k) 2 tg(/2)
where F(¢,k) is an incomplete elliptic integral of the first kind (B3a).

The SIF is determined by the formula (A9) (the dimensionless SIF is determined by the
formula (7)) where the pressure p(x)is given by (18).

Let us express characteristics of the problem through the solution of the finite system
of equations (15). Then the solution of the equation (5), i.e. the dimensionless pressure of
rigid inclusion on the crack edges, will be determined by the formula (16) in terms of the

solution X (m = L_N) of the system (15). However, using the Gauss quadrature formula

for integrals with the Cauchy kernel and for definite integrals, from (6)—(8) we have the
following formulas for the dimensionless normal stresses, the dimensionless SIF, and
dimensionless opening:
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1 Z\/P -n,’X (&>p). K= Z P+T”Im X,

N\/ﬁ —p*m M, =& pP=M,

€2y
v p* =&, +4/(p" =€) (P -1,
ZX In - \/< - 2)( — ) (lSiSp).
N " e, - (0 -8 (2 - )
Calculate also the resultant pressure on the crack edges
P= j X)dx = P = jpo )d¢ (P, =PJaE); P, :%ixm. (22)
m=1

6. Particular cases. Let us consider two important particular cases of the discussed
problem where the thin rigid inclusion has the form of a line segment, more precisely, the

form of a thin rectangle of length 24 and height 26 (8 << a) , and where it has the form of

a strongly oblate along its major axis half-ellipse part (1).
In the case of a rectangular inclusion (Fig.2), f (x) = and the right-hand side of the

governing integral equation (5) is f (&) =9, (80 =5/ a) . Then for the right-hand side of

equation (10), equivalent to (5), we also have g (8) =0, . Hence by the orthogonality of
the Chebyshev polynomials of the first kind (B11), it follows from (12) and (B9) that

x,=h,=0 (n=1,2,..).
1/cos20L —co0s29
Calculate the integral

s d9 1 " . 9+a . 9-a S+a 9-a)”
= = sin sin cos dd
" \/l+c052a—(1+cos28) N2 2 2 2 2

_;ﬂ'—[a (Ct ZE_t Zgj(ct Zg_t Zgj 71/2&
J2sina 3 SR8 T cos’ (9/2)

Passing to the variable y and parameters ¢ and d by formulas (B4), we get from the above

xO:(8000s4(0L/2)/pKK')hO, hO:nI

expression
_ N2 [ dy
e )]
Using the value of this integral [23] (p.260, f.-la 3.152.10), we finally have

hy = K'[\2 cos* (a/2).

As aresult,
(l+p)8 (a+1)8 ( p-1 l—a)
= k=——=——|, =0 =1,2,...). 23
2\/—sz 2\/—K( ) p+1 l+a xn (l’l ) ( )

Now taking into account (23), we obtain from (18)
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E(a+l)8
x)=
4K(k)\/(a2 —xz)(l2 —xz)
or in the dimensionless form

_ (1+p)80 _1<E<]).
Po(a) 4K(k)\/(l—§2)(p2—§2) (1 € 1)

Then with the help of (24) we calculate SIF K, by the formula (A9):

(—a<x<a) 24)

—a

© _1\/EE(a+z)6T ds
N
n\N 1 4K (k) (Z—S)(\/az—sz)
Again, using the value of the well-known integral [24] (p. 175, f.-la (21)), we get

n ES [l+a aE ,
K, = /_ =—K 25
"Nrak(k)Ni-a u ! *)

where K is the dimensionless SIF:

o +1
0= T% PT (26)
4K (k) p—1
By the formula (19) using (23), we find immediately the normal breaking stresses
outside the crack

(a+1)8E

o, = X > l (27)
)‘y:O 4K(k)\/(x2_a2)(x2_lz) ( )
or in the dimensionless form
1+p)d
(g (s

B 2 2 2
4K () (& -1)(& -0")
Now SIF K, can be also calculated by the formula (27) that once again will lead to (25).

Finally, the dimensionless opening of crack edges outside the rigid inclusion according
to (20) and (23) is determined by the formula

~ (1+p)3,
‘I’O(pcosS)—pK(k)Cosz(a/z) (0<9<a), (
u= 0 dr :Sinq’ dr = ; (p=arcsin _tg(8/2)] )
!x/l—kz sin’t ! (1-2*)(1-k7¢) Flok): o (tg(a/z) ,

where I ((p, k) like that in (B3a) is the incomplete elliptic integral of the first kind of the

modulus £ .
Calculate also the resultant pressure from (24):
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L Ry p :aE(1+p)501 de .
e (R N (wr ey

The last integral is the complete elliptic integral of the first kind of module y = a / [ . Hence,

E(a+1)6 -1 1-

p_Llaxs K(x) |k=P=="X|
2K (k) p+1 14y

Relationship (29) establishes the dependence between the resultant pressure P and the half-
width of inclusion 8, i.e. the measure of the vertical settlement of longitudinal sides of a
rectangular inclusion into an elastic matrix. In the dimensionless form, we get
By =(1+%)8,K (x)/2K (k) (B, = P/aE). (30)

Consider the second particular case. Equation of the upper oblate semi-ellipse (1) is
represented in the form

(&)= (at)/a=e\a; -8 (e=b/a;a,=a/a; e<<1). G1)
Then all mechanical characteristics of the problem may be calculated by formulas (16)

and (21) - (22).
Let us discuss the limiting case « — 7, assuming that a thin absolutely rigid elliptical
inclusion, indenting into a crack across its entire surface, is closely adjacent to the edges of

the crack along its entire length. In this case, in (31) € = b, / [, a, =1 should be taken and

29

based on the integral relationship (B19), the solution to the governing integral equation (5),
where p =1, should be represented in the form of an infinite series (13) of the Chebyshev

polynomials of the second kind with unknown coefficients y,. These coefficients are
expressed by (14), from which for the function (31) we have

yi=¢/2, y,=0 (n=12,..).
Hence by (13) p, (&)28/2 (—lﬁﬁ,ﬁl) or
p(x)=cE/2 (-I<x<I). (32)

Substituting (32) into (A8) and taking into account the value of the well-known integral [24]
(p.175, f.-1a (19)), we easily obtain

| :i(x—\/xz—lz) (x>1). (33)
Yly=0 2 2

2Nx" =1
Calculate the SIF K, from (33):

K, = lim [ \2r(x=0)o| _ |=eE /2 (34)

or in the dimensionless form
K'=¢/2; K°=K,/Enl.
The same result (34) can be obtained directly by means of (32) and (A9) for ¢ =/ .

For a comparative analysis of the analytical expression of SIF (25) and the other known
similar expressions, we consider the following cases.
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1) As a comparison, we consider the case of a normal opening of a crack by a dipole
of concentrated at the origin forces with a magnitude P determined by (29). In this case, for
SIF we have [20]

K, =P/nl.

Then writing the SIF (25) with the help of (29) as

K, = TcP/Z\/EK(x)\/l— ’

we get for their ratio

b=k (x)=K, /K, =n/21-%*K (%) 35)

2) With the same case of dipole forces we compare SIF (7) when the inclusion shaped
as a strongly oblate half-ellipse (31). In this case, taking into account (22), we have

-1
b =k ()= —Z Loy [ﬁ:xj 6)

1 Xnm m=l
where X, is the solutlon of the system (15).

3) We also compare SIF (25) with SIF calculated by the model proposed in [7]. We
assume that normal forces p (x)are symmetrically applied to the crack edges along the

segment (—a,a). In accordance with Sadovsky's solution to the problem on the indentation
of a punch with a flat base into the elastic half-plane [25] we have:
p(x)=P/nNa’-x* (-a<x<a).

Then by (7)

[+5 2P
I = K (x)
l n e NIl—s \qg* TE\/ nl
and hence
K
kz=k3(X):KTI=“2/4K2(X)\/1—X2- G7
1
7. On estimation of crack resistance of a plate with a crack. Now proceeding from
(25), we note that linlK ;, =, i.e. when the inclusion ends are approaching the crack tips,

the SIF K, increases infinitely, taking on also its critical value K. at which the crack starts

to propagate. It follows that the crack will propagate before inclusion ends reach the tips of
the crack. This phenomenon is quite similar to the phenomenon of cracking the brittle elastic
bodies during their wedging by an absolutely rigid thin wedge [12]. The quantity X,. is
called the crack resistance or the limit of the ductile fracture of materials during normal
separation at the maximum constraint of plastic deformation and is an important charac-
teristic of materials. The values of K, for a large number of materials are given in [26].
With the help of (25), we evaluate the critical value of the parameter , = p_l = a/ [,at
which the crack begins to propagate. For this, we require the fulfillment of the condition

> K \/ﬁ l+a
e = l 4K (k) l—a
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From this

[1+a Ji 4K (k)
—2K, = 38
[-a “Jn ES (38)

Evaluate the complete elliptic integral of the first kind K (k). It is evident that

1 1
K =v1-k* <V1-k# <1 (0<¢<]) =  1€——<—
( ) R

Hence

§SK(k):£\/

dt <
(1-2) (k) 2¥
If we now require the fulfillment of the condition
l+a 4K 7
I—a rES 2k

then the condition (38) is a fortiori fulfilled. Further elementary transformation of this
inequality leads to a quadratic inequality fora :

Kla*+a-1’K} >0, K,=+rK, [ES.

The solution to this inequality has the forms

>—1+\/1+412K5‘ a>—1+,/1+4lzK§
22— 5 -2

2K, l 2K;1
Finally, we have

2
=all=%,, % :{_1"' 1+(K;)c) j|/KIOC =

- KIOC/[1+ 1+(Kp. )2 };K?C =2miK}. [ E*8’.

We will call the dimensionless quantity K. the reduced crack resistance.

(39)

At 7 2y, the crack propagation begins and brittle fracture of the plate occurs. Hence,

it follows that according to condition (39), a plate with a crack of a given length can withstand
a thin rectilinear inclusion indented into crack edges only if the inclusion has proper length.
Consequently, a complete contact of the rectilinear thin inclusions with the crack edges along
its entire length from the point of view of fracture mechanics is impossible. Therefore, it is
necessary to introduce corresponding corrections in the formulation of the Sherman-
Muskhelishvili classical mixed boundary-value problem [19] (pp. 444-446), where full
contact is considered. This issue was studied in detail in [6].

8. Numerical analysis of the mechanical characteristics. To determine changes in the
basic mechanical quantities of the discussed problem and to reveal regularities of their
changes depending on specific geometrical and physical parameters, the numerical
implementation of the obtained analytical results were carried out.
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In the case of a thin rectilinear inclusion (Fig. 2), values of the dimensionless SIF K,
are calculated by the exact formula (26) at §,=0,05, and for different values of the
parameter y (29), the relative distance from the inclusion right end to the crack right tip

(x =a/l) . At the same time for the same values of parameters, K} has been also calculated

by the high-accuracy approximate formula (21), where X, is the solution to the linear system

of equations (15). The calculation results obtained by both formulas, which practically
coincide for large N, are represented in Table 1.

Table 1. Values of K, (exact and approximate)

X 0,03 0,05 0,09 0,1 0,2 0,5 0,8 0,9
K° 0,0161 | 0,0179 | 0,0207 | 0,0214 | 0,0266 | 0,0421 | 0,0748 | 0,1089
I 10,0161 | 0,0179 | 0,0207 | 0,0214 | 0,0266 | 0,0421 | 0,0751 | 0,1096

The Table of exact and approximate values of the dimensionless SIF K [0 for different values of the parameter
xX= a/l and for a fixed value of 60 = 6/61 = 0,05 in case of the thin linear smooth rigid inclusion, wherein

the upper row shows the exact values of K [0 , and the bottom row — approximate values of K 10 .

Here, in the first row values calculated by the formula (26), in the second row those
calculated by (21) are given. According to these values, for the sake of visual illustration of

the change of dimensionless SIF, the graph of K is plotted (Fig.3). It shows that the value

of K| increases significantly asy —1.

15 -
0.06 -/

0 >y
0 02 04 06 08 1

Fig.3. The graph of dimensionless SIF, K? depending on the parameter 7 (x= a/ /) and for a fixed
value of 8, (8, =8/a =0,05).
Turn to the quantity . defined by the formula (39) and consider a specific calculation

example to determine the order of magnitude of K7 . Let the elastic plate be made of extruded

aluminum strip alloys for which according to [26] (p.113, Table 2.2) K, =410MPa-~cm
and according to [27] (p.63, Table 1) E =0,7-10°kg/cm® = = 6,9-10* MPa . Assume that
21 =40cm and 6=0,1lcm; 0,3cm; 0,5cm; 0,7cm; 1em; 2cm; Scm; 10cm . For these values

of physical constants and geometrical parameters, the critical value of y at which the crack
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propagates, . , as well as the reduced crack resistance K are calculated from the formulas
(39). According to the results of calculations, Table 2 was compiled. As it follows from Table
2, the values of K ;’c are small numbers (e.g. for = lem Kfc =4,435-107 ), and therefore,
we can simplify (39) by taking 1+( K, )2 ~1. As a result, we can practically assume that
%. ~ K. /2 which is confirmed by the first row of Table 2.

Table 2. Values of y, and K.

5/1 0,005 0,015 0,035 0,05 0,1 0,25 0,5

X. | 0.211885 | 0.02463 | 0.00453 | 0.00222 | 0.00055 | 0.00008 | 0.00002

KIOc 0.44369 | 0.04929 | 0.00905 | 0.00443 | 0.00111 | 0.00018 | 0.00004

Table of values of the parameter (., the critical value of the relative distance from the right end of linear

inclusion to the right crack tip (¥, = a/ / ) and the reduced crack resistance K 10c for different values of 6/ l.
Note that the results of calculations of the dimensionless resultant B] according to the

formulas (22) and (30) also coincide with high accuracy, and the value of Poincreases
appreciably with increasing of y .

Next, the numerical realization of (35)-(37) is carried out and results of calculating
the deviations of the compared SIFs k g and their errors |1 -k j.| ( j=12, 3) depending on the

values of the characteristic parameter are given in Tables 3 and 4 (a, =1.2 and a, =2 are

taken when calculating £, )

Table 3. Values of kj and errors |1—kj| (j=123;a,=12)
X |k -k |k -k, k, - k|

0.01 | 0.997542 | 0.00245798 | 0.999983 | 0.0000165878 | 0.99504 | 0.00495967
0.1 | 0.97908 | 0.0209196 | 0.999947 | 0.0000532126 | 0.953793 | 0.0462066
0.2 | 0.965995 | 0.0340055 | 1.00176 | 0.00176355 0.914292 | 0.085708
0.3 | 0.960763 | 0.0392368 | 1.00682 | 0.00681802 0.880549 | 0.119451
0.4 | 0.964197 | 0.0358027 | 1.01642 | 0.0164202 0.852062 | 0.147938
0.5 | 0.978277 | 0.0217226 | 1.03251 | 0.0325148 0.828809 | 0.171191
0.6 | 1.00714 | 0.00714397 | 1.05857 | 0.0585711 0.811471 | 0.188529

0.7 | 1.05984 | 0.0598409 | 1.10182 | 0.101817 0.80217 | 0.19783
0.8 | 1.15984 | 0.159839 1.18098 | 0.180976 0.807135 | 0.192865
0.9 | 1.3978 0.397799 1.3702 0.370199 0.85166 | 0.14834

Table of the values of compared SIFs kj and their absolute errors |1 _ki| (j = 1,2,3) for different

values of the parameter y , where a, = 1.2.
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As follows from (35) - (37), k, (0) =1 and, therefore, the quantities |1 -k /.| (j=1,2,3)
are the absolute deviation kj from the unit. These values simultaneously give the relative
errors of the compared

SIFs, since according to the cases discussed above |1 —kj| = |K1 —K,|/I€I .

Analysis of the data in Table 3 show that for small values of y , the errors |1 -k j| ( j=L2, 3)

are very small numbers. For instance, for 3 =0,5 these errors are about 3%, for 1 <0,5 —
even less. The highest accuracy is provided in cases 1) and 2) (section 6). The values of
|1—k/.| (j=1,2,3) increase significantly with the increase of y and .

We also present the results of the numerical analysis that illustrate the course of the
change in the crack opening, which can be used in deformation theories of cracks
propagation. Values of the dimensionless crack opening on the interval ¢ < x </ or on the

corresponding intervals p<E<1 and 0<3<a (a =arccos o. = arccos /! ) are calculated
by the exact formulas (28) and by the approximate formula (21) (Z‘, =pcos 3) at nodal points
9, = ja/n ( j= O,_n) of the interval 0 < 9 < a . The graph of the change of ¥, (&) depending
on& for §,=0.05 and % =0.5is shown in Fig. 4, in which points corresponding to exact
and approximate solutions practically merged. ¥, (é) reaches its highest value at the point

£=1(x=a), ie. at the right end of the inclusion.

k]}u{‘:}

w
-

! 1,25 1.5 1,75 2

£

Fig.4. Graph of the dimensionless crack opening ‘¥, (é) onthe interval 1< E<p=1/a (a <x<l! )

in case of a linear inclusion for fixed values 8, = 8/a = 0,05 and ¥ = a/l =0,5.

We turn now to the second particular case when a thin inclusion has the shape of a
strongly oblate along its length ellipse (31). In this case, by solving a linear system of
algebraic equations (15) the main mechanical characteristics are expressed by formulas (21)—
(22). For different values of the parameter y and fore =0.05, a, =1.4, the values of
dimensionless SIF K, are calculated by the formula (21) and using these values, the graph
of SIF change is plotted in Fig. 5.
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Note that values of K| increase appreciably with the increase of the parametery . It is
also confirmed analytically. Indeed, it follows from formulas (C1) - (C2) of Appendix C that
limK; = lim| BK (%)] =, i.e. the values of Kj as y% —>1not only increase but increase

1>

p—l
infinitely. Now, it should be emphasized that at the end of section 6 the passage to the limit
was formally carried out,y — l(a -1 ), i.e. it was formally assumed that the rigid thin

elliptical inclusion of length 2/ entirely fits into the crack along its entire length, which is

also equal to 2/ . This problem as a mixed boundary value problem of the mathematical theory
of elasticity is correct and has a simple solution with characteristics (32)-(34). However, from
the point of view of fracture mechanics, this solution is unfounded and devoid of real physical

content since K, —> o as p—>1 and therefore when p —> 1 the crack propagates earlier than
the end points of the thin inclusion reach the tips of the crack.

N

K;

] ) )v/

o 025 0s 075 1

Fig.5. The graph of the change of dimensionless SIF, K [0 , depending on the parameter yy for
e=0.05, a, = 1.4 in case of a rigid strongly oblate elliptical inclusion

8. Conclusions. In the paper, by the method of integral equations an exact solution to
the plane problem of the theory of elasticity on the stress state of an infinite elastic plate with
a finite rectilinear crack, in which a thin smooth absolutely rigid inclusion shaped as an oblate
along its length ellipse is indented, is obtained.

At the same time, an approximate solution of the problem is obtained by reduction of
the governing integral equation to a system of linear algebraic equations. The main
mechanical quantities and characteristics of fracture mechanics are represented by explicit
analytical formulas of simple structures.

The important special cases of rigid inclusions shaped as a thin rectangle and as a
strongly oblate ellipse are considered; to reveal and promote understanding the regularities
of the change in the characteristics of fracture mechanics, their numerical analysis is carried
out.

It is established that the crack extension occurs when the inclusion end points are
approaching the crack tips, while the crack propagates earlier than the end points of inclusion
will reach the crack tips. Proceeding from this phenomenon, an estimate for the crack
resistance of a plate with a crack is given; namely, the critical value of the relative length of
the inclusion at which the crack starts to spread is determined.
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It is shown that the model of the complete contact of the inclusion along the entire crack
length, adopted in the classical boundary-value problems of the theory of elasticity, is
unacceptable from the point of view of fracture mechanics.

Appendix A. Let us consider an auxiliary boundary-value problem of the stress state of
an infinite elastic plate with a crack along the line segment —/ < x </, to the upper and lower

edges of which normal distributed forces of intensity p (x) , equal in magnitude but opposite
in direction, are applied and p(—x)= p(x), p(x)=0 for a<|x|<!.

Due to the symmetry about the abscissa axis, this auxiliary problem is equivalent to the
following mixed boundary-value problem for the upper elastic half-plane:

=—p(x) (—l<x<l); T, =0 (—oo<x<oo ; V| ,=0 (|x|21);

2 2
6,,0,,T,>0asx +y >

Yly=+0 y=+0

(AT)

A solution of the problem (A1) in displacement can be immediately obtained using the
solution of the well-known Flamant’s problem for an elastic half-plane in combination with
the linear superposition principle. Namely, introducing the notation

-plx) (—I<x<l),
J =S e 2
y=t0 —o(x) (|x| > l)

and using the known formula [25, pp.95-96] for vertical displacements of boundary points of
the upper elastic half-plane (upper semi-infinite plate) we have

(@

v(x,+0) = Iln|x S|z s)ds +const (—o<x <m).

By differentiation of both sides of the equation with respect to x we get
1 T Z(S)ds ( ) dV(x,+0)

—_— , \lj‘ x ==

S S—X dx

From (A3) by Hilbert’s inversion formula, we will come to the key equation of the
problem taking into account the boundary condition (2b):

)d. )d.
> (x)= st " = 2njws > (—o<x<om). (A4)

X X

(—o0<x <o), (A3)

Now considering the key equation (A4) on the interval (—l , ) , in accordance with (A2)
we can write
ds
p(x IW ) (—l<x<l). (AS)
27‘C §—Xx

Then the equat10n (AS) is treated as singular integral equation (SIE) and the following
well-known formula from [28] (pp 445-446) is used:

dv(x,+0) j’- 2o’ p )d . C
dx ? lz_xz

w(x)= (A6)
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Integrating both sides of this equation and using the well-known integral expression
given in [29] (p.111), we obtain

p(s)ds+

+Carcsin£+C1 (-1<x<lI),
a

where ¢ and G are constants. Since v(+/,+0) =0, then C=C, =0.

Consequently,

1 - Zz—xs—i-\/(lz—xz)(lz—sz)
— | In
nk °, lz—xs—\/(lz—xz)(lz—sz)

Formula (A7) coincides with the result of the monograph [30, p.33] obtained earlier by
the same author with the help of complex potentials of the plane theory of elasticity.

V(x,+0)= p(s)ds (—leSl). (A7)

Considering the key equation (A4) outside the interval (—l N) ) , we get an expression of

normal stresses outside the crack along its location line:
\u ds
(5,‘ =—o(x) I ) (|x|>l).
I y=+0 27‘C

Substituting the expression (x) from (A6) where C =0, after simple
transformations we obtain
signy ¢ V12 —s’p(s)ds
Gy‘y:w =—o(x)=- e J‘ - (|x| > l). (A8)
Here, the expression for the known integral [24] (p.175) was used.
Proceeding from (A8), we calculate the SIF K, and due to the symmetry we restrict

our consideration only by its value at the right tip of the crack, x =1 :

) /l
KI:x1—1>rl£lo|: 2n(x—l) (x +O J- +S ds (A9)

Formula (A9) coincides with the known result obtamed in [10
Finally, again taking into account the symmetry, we get from (A7) the following
expression for the crack opening out of inclusion, calculated only for the right segment

a<x<l:
o) j_l lz—xs+\/(lz—x2)(12—sz)
— | In

nE °, lz—xs—\/(lz—x2 )(lz—sz)

Appendix B. To construct the exact solution of Eq. (10), let us find eigenfunctions and
eigenvalues of the integral operator

‘P(x)zZV(x,+0): p(s)ds (anSl). (A10)
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Kh(S):%iln(sin(‘g;@j/sin(g;pjjh((p)d(p.

For this purpose, we use the results obtained in [31] and in [32], where by the methods
of logarithmic potential and with the help of conformal mapping of the complex plane with
two identical and symmetrically located cuts onto an annular ring, the spectral relationships
are established by means of Jacobi elliptic sine functions:

=kT(Y) (c<y<d; O<c<d, n=0,1,2,...)

v (B1)
V=cos®, (1)—1’.[ dt : k=—;K=K(k):j dt
Ko e -n)(-wr) d 0 J(1-2)(1-#7%)
l ! ! — .
¥ =cos®, @<= j s, - — K" th(nnK/K') (n=1.2,..);
K'3 2 =1)(1-k) K/d (n=0).

Here K (k) is the complete elliptic integral of the first kind of the modulus k, K'=K(k'),

where k' =+/1-k’ is the complementary modulus; n( ) are Chebyshev polynomials of

the first kind of the argument X ; ® and @ are incomplete elliptic integrals of the first kind.
In addition, the following integral relations cognate with (B1) were also obtained in [31,32]:

YtV ( )dv _
_[1 |y V|\/ cz)
_Ttdnch(ljcnK/K')[H(c )+ (_l)nH(y—d)]Sh(nnu/K') (B2)

(ye(0,c)u(d,»); n=0,1,2,.. 0<u<K)
where H (x) is the well-known Heaviside function. If in (B2) y €(0,¢), then y = csn(u,k)
and if y €(d,), then y = d/sn(u,k) where sn(u,k)is the Jacobi elliptic sine function of

the modulus & .
Note that in the theory of elliptic functions [23] the quantity u, called the argument

(u =arg (p) , is given by the formula

(0<k<1)

?
uzj
o V1 SlIl T

where the limit ¢ , called the amplitude ((p =am u) , 1s considered as a function of u .

Supposing  =SINT, we get
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sin@
U= I i = F(o,k), (B3a)

] \/(l—tz)(l—kztz)

where F' ((p, k ) is the incomplete elliptic integral of the first kind. However, by definition

sin p=sn (u, k ) = Snu . As a result, from (B3a) the well-known formula is obtained [23]

(p.924, f--la 8.141):

e di (B3b)

I[J(l—tz)(l—kztz)'

Now, in the relations (B1) we pass to new variables 3, @ and parameters o, 3

9 ¢ a B
=tg—, v=tg—; c=tg—, d=tg— (<3, @o<P). B4
y=tg> g g5 gz( <P) (B4)

By corresponding replacements in (B1) and slightly changing notations, after simple
transformations we come to the following spectral relationships:

lﬁ . sin(9+¢) sin(S—(p)| T.(Y)do
n;!:l { 2 / 2 d\/(coscp—cos[})(cosa—coscp)
p

=\, secgsec—Tn(X)
22

9
X =cos®, O =l,cosgsinﬁj dr , (B5)
K 2 2a\/(cosa—cost)(cost—cosﬁ)
¢
Y =cos®, d)zi,cosgsinﬁj- di
K 22 a\/(cosoc—cost)(cost—cos[})
(n=0,1,2,...) (a<8,(p<[3, k:tg%ctg%).
Passing to the variables (B4) in the integral relations (B2), we get
g - T(Y)d
lJ.ln[sin(g-i_(pj/sin(8 (Pj] "( ) hd = (B6)
T 2 2 \/(cosoc—cos ®)(cosp—cosp)

_ Sec(;;/ 2‘(3216;55‘(/ j)K TH(@=9)+(-1) H(9-p)Jsh (rm/K')

(SE(0,0L)U(B,TC); n=0,1,2... 0<u<K)

Here according to the above
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2arctg(tg%sn(u,k)j (0<9<a);
9= (B7)

2arctg[tgg sn(u,k)j (B<9<m).

Then we write the orthogonality conditions of Chebyshev polynomials of the first kind
entered in the relations (B5)

T (m=n=0),
d dy K'?% K'|n
IT,,(Y)Tm(Y)\/(dZ 2)( - 2) :=gj.cosn<l>cosm®d®:g 5 (m=n=0);
e -y )y -c 0
0 (m:tn).

(m,n=0,1,2,...).
Here we used the integral value from [23], (p.260, f-la 3.152.10).
Hence, the orthogonality conditions are given in the form

. K'[d (m=n=0),
[1,(1)T, () d = K'/2d  (m=n=0),
4 \/(dz_yz)(yz_cz) 0
(m#n).
Transforming these conditions into variables (B4), we obtain
5 K'/d (m=n=0);
ds a B
J.T (X)T, (X) =secsec K'/2d (m=n#0);
% \/(cosa—cos\‘})(cosS—cosB) 0 (min).
(B8)
Note that the relations (B5)-(B7) take place on a more general interval
(OL,B) (0 <a<P< Tc) (OL,B) (0 <a<P< Tc) than the interval in the integral

governing IE (10) where [3 =7 — .. Therefore, these relations should be modified in the

equation (10) assuming [3 = 70— .. Then after simple transformations, the spectral relations
(B5) turn to the followings:

n—o _ T Y d
1 I In sin(8+(p)/sin(9 (pj‘ "( ) Al =u,.Tn(X);(0L<9<Tr—0c;n=0,1,2..-)
T 2 2 \/COSZOL—COSZ(p
9 %
X =cos0, ®=TE VZCOSZEJ*; Y =cos D, (I)zTE VZCOSZEJ‘* (B9)
K 2% ~Jcos 20— cos 2t K 2+ Jcos 20— cos 2t
K'sec? 2
2th["”’fj (n=12,..);
n2n K ( ,a j
u, = k=tg"—;a<9, o<n—a
Ksec® =
mnK
th n=0);
20 2 (a-0)
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and integral relations (B6) turn to:

U s 25) o 05| e

2 \/cos20c—c052(p B
:%[H(a—8)+(—l)”H(S—W“X)}h(ﬂz_fq (8e(O,OL)U(TE—OL,TC);Z0,1,2...),

vn:K’secz% nv2 ch(nmnK/K'), (B10)

where the case n = 0 is replaced by the limiting case » — 0 and the orthogonality conditions
(B8) become:

o s [ (m=n=0),
T (X X = K'{1 m=n#0 , B11
2[ m( )T”( )\/COSZOL—00828 2\/5 ( ) (B11)
0 (m # n)
and X is expressed by formula (B9). Note that in (B10) according to (B7)

2arctg[tg%sn(u,k)j (0<9<a),
9= (0<u<K) (B12)

2arctg(ctg(;/sn(u,k)) (n-—a<9<m)
where k =c/d =tg2(0L/2) (0 <0 <m/2) and hence k'zwll—tg“(OL/Z).

Spectral and related to them integral relations for the integral operator in (5) can be
obtained directly from the relations (B9) — (B10) by returning to the previous variables (9)
and taking into account formulas (B12). However, the relations (B9) - (B10) in the
trigonometric forms are somewhat simpler.

We also transform the integral relations (B2). We get

ljfln y+v T, (V)dv _(-1)"K'sh(mnu/K")
T,

|y _V| \/(a'2 —Vz)(V2 —cz) mnd Ch(TmK/K’) After differentiation of
(n =0,1,2,...,0<u<K, y> d).

both sides of this relation with respect to y and taking into account that according to (B3b)

in case y > d , we will come to equality
l]‘- Tn(V)Zvdv :(71),,” ch(;z'nu/K') 1
TN (e ) BTN e [y
Introduce new variables &,7 :
y = é’+(c2 +d2)/2, v :T+(c2 +d2)/2 (—b <C&,r<bb :(d2 —cz)/Z).

After elementary transformations we obtain

n=0,1,2,.., y>d).
y
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.[ V)dr ),,H ch(znu/K") 1
ﬂ T Ch ﬂ'nK/K’)\/é’z_bZ
where accordmg to (B1)

Y(T

V=cos®, j
1

(n=0,1,2,.., {>b), (B13)

N2t+c*+d> (Bl4)

1
(2 -1)(1-k ) y(r):m
and for variable u (0<u < K’) again by (B3b) we have
d _d\2
I\/l ) (1Kt { J-2) (k) X(C)_\/2C+cz+d2.

Since here b= (a’2 -’ /2: ctg 0(/2—tg2 u/Z)/2=ZCos afsin®a (0<a<m/2), then

0 <b <oo and hence in (B13)—~(B15), we can formally replace b by a; C by x; t by s and
express other parameters in terms of @ . Namely, it is easy to find that

\/ 1+a* —a, d—\/a+ 1+a*, k=+l+d*—a, cosq =———
1+\/1+a (B16)

2 2 1 1
ctd _ 1+a*; coszzz—(a—l+\/1+a2); cosza:—2(2+a2—2 1+a2).
2 2 2a a

Now taking into account these changes, we rewrite the relationships (B13)—(B15):

snu X(g

(B15)

a ds a1 Ch(mnu
TIJ Vc)l (1) (mK//lli)) 1a2 (n=0,1,2,..; x>a),

¥(s)

T
K’ -!. \/(tz—
x]f) dt

0 \/(l—tz)(l—kztz)
where the value of modulus £ is given in (B16).

Let us consider also the limiting case of the discussing problem as a —/ . In this case,
p =1 should be substituted into the equations (5) - (7), the relation (8) is excluded from
consideration, and the integral equation (10) takes the form

%Iln[sinﬁ;@j/sm[?n%((p)dq,:go(&}) (0<8<m)  (BIS)

The eigenfunctions and eigenvalues of the kernel of the equation (B18) can be easily
found using well-known Fourier series [23] (p.52, f-la 1.441.2):

V=cos®, &=

(B17)

u=
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. X
S —

1[1/ 2

] = icosnx(_zn <x< 27t).
Whence we get

n=l1 n
ln[sin[‘gﬂpj/ sin(g_@j
2 2

Now if we multiply both sides of this expansion by sin m@ (m =1, 2,...) and integrate

n=l1 n

jzzisinn\‘}sinnq) (0<8, (P<7T)-

the resulting equality with respect to ¢ over the interval(o, TE) , we come to the following

spectral relations (m - n)

()

This relation in the former variables (9) with p =1 takes the form [29]

_l_j1n1_§n+ (&) (' ) 1«/ U, L(8) (~1<é<l; n=1,2,...)

R (S
(B19)

Appendix C. To analytically explore the behavior of K, as y—1 or p—1, we

Jsin n(pal(p:l sinnd  (n=1,2,...,0<9< 7).
n

substitute in the formula (7) (as in section 4)

&p/\/ Po(-1<g<l),

where Q(&,p) is the even Holder function on the interval [—1,1] . Then we transform this
formula as folloWS'

f p+n Q(n,p)dn f p+n An+B , f p+1 Q(n,p)—An—Bd

Ne-n - N Ji-n®

where 4 and B are not yet known constants. Set then €, (n, p)=

(n.p)—4n-B
(—1 <n< 1) and determine the constants 4 and B from the conditions €2, (il, p) =0.Asa

result,
4=1Q,(Lp)-Q,(-Lp)]/2; B=[Q,(Lp)+Q,(-Lp)]/2
and due to the parity of the function (T], ) A=0, B#0.Then we can write

+ d +n Qy(n,
BJ- pTh n J- prn 2 (n.p) dn, Q,(n.p)=Q(n,p)-B. (C1)
P=m1-n> Z\Np-m JI-n?
Since Q, (il, p) = 0, the second integral in (65a) is limited when p —> 1, and the first integral
is easily calculated. Namely,

f PN dn

P*‘”’” :pj M k()(x=1p) (€

JJ =) (et )
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U3BECTHUS HAIIMOHAJIBHOM AKAJIEMUU HAYK APMEHUM

Uthuwthju 72, Ned, 2019 Mexannka
YIK629 Doi- http://doi.org/10.33018/72.4.5

OB YCTAJIOCTHOM MPOYHOCTHU KOMIIO3UTHBIX MATEPHUAJIOB
I'eBopksan A.B., lllexsn I'.I'.

KntoueBble ciioBa: xommo3utHele MaTepruansl (KM), MUKpOTpeIiHa, MUKIMIECKOe HArpy>KeHHE,
yCTaJ0CTHAs IPOYHOCTb, BBIHOCIUBOCTD, IPEEI IPOUYHOCTH.

Gevorgyan A.V., Shekyan G.G.
About fatigue strength of composite materials

Keywords: composite materials, micro crack, cyclic loading, fatigue strength, endurance, strength limit.

Composite materials are classified as anisotropic, and then the analysis of their fatigue strength requires special
approaches. In this work, a deformation theory of fatigue penetration CM based on a review of the deforming process
by cyclic loading has been developed, as an elastic-plastic material. A differential equation for uniaxial oscillations
with variable, coefficients of the Mathieu-Hill type was obtained. For low-cycle loading an equation for the fatigue
curve was obtained.

Qunpqyuit U. 4., Chljuu 2.9
Unuunqhnuyght ynplph hnqiwduyhtt wdpnpejub dwuph
Zhfuwpwnbp: Yndwynghunughtt yniptp, dhjpndwp, ghlyhy pintwdnpjusnipnil, nhiwgyniinipmnd,
hnquwbwjhtt wpnipnii:

Undynqhunughtt ymptpp gquunjwind Bt withquupny tymptph owpphtt b nppuw hwdwp tpu
hnquwbuyhtt wdpnipjut Yipnisnipjut hwpgbipp ywwhwignid Gu jmipwhwwnnty dnnbkgnid: Syjuyg
wolmmnwbpmyu  dpwljuws b Yndwynghwnughtt ymphph hnqwsuyhtt wilpmpjut nhdnplughni
wnbkunpinill, npunkn ghlphl phobudnpdws Wynmipp phunwplynd ' onpyhu  wpwdqu-ujjuunhly:
Unugyws E dhwpwiigp munwbdwh thnthnpuwlwt gnpswljhgubpny Uwwnk-Zhyh whyh nhtipkughuy
hwwuwpnud: 8wdp hwdwhwlwinmpudp thnthnpynn  ghljhy (wpdusuyhtt Jhdwlhh hwdwp
unwugyuwsd k hnquwswght ynph hwjwuwpnudp:

Kommo3uTHble MaTepuanbl OTHOCATCS K AaHH30TPOIHBIM MaTepHalaM, II0TOMY BOIPOCHL aHAIH3a HX
YCTAJOCTHOIH NPOYHOCTH TPEOYIOT 0COOBIX MOAX0/0B. B nanHoil pabore pazpaboraHa nedopMalliOHHAs TEOPHS
ycranocTHoW npoyHoctd KM, rie HMKIMYecKH HarpyKEHHBbI MaTepHal IMOJBEPrHYT YHPYro-IUIACTUYECKOit
nedopmaryu.

[Monyueno auddepeHimansHoe ypaBHEHHE ¢ TepeMeHHbIMU KoddduiinenTamu THita Matbe-Xuinis s citydast
OJIHOOCHOTO KoneOaHHs CHCTeMbl. IlolydeHO Taikke ypaBHEHHE KPHBOM YCTalOCTH IJISI COCTOSHHS HU3KO-
YaCTOTHBIX IIUKJINYECKH H3MEHSIOMET0CS HAIPSHKEHHOTO COCTOSHHS.

BBenenne: OmHa U3 OCHOBHBIX TPYIHOCTEH COBPEMEHHON TEOPHUU MPOIHOCTH TBEPIBIX
IPH LUKINYECKOM HAarpy>K€eHHMH COCTOUT B TOM, 4YTO IOKa €mé HEIOCTaTOYHO SICHO
[IOHUMAIOT MEXAHU3M «YCTaJIOCTHOW» NMPOUYHOCTU. PaspylieHue neraneil npu nepeMeHHOM
pEKUME H3MEHEHHs HArpy>K€HHs HPOMCXOOUT IPU HANPSHKEHUSAX, HAMHOTO MEHBIIMX
npezenia MPOYHOCTH U AAaXKE MPeielia TEKYUECTH, €CIH TOIBKO 3TH H3MEHEHHS TOBTOPSIOTCS
JIOCTaTOYHO OOJIBIIOE YMCIIO pa3. BciencTBue TOro «ycranocTHBIE» MOJOMKH JeTalei,
H3rOTOBJICHHBIX M3 KOMIIO3UTHBIX MAaTepuajaioB, IMMPOUCXOAAT O6])I'-IHO 0e3 BHEIIHUX
NPOSIBJICHUH IIaCTHUECKO jaedopMalMi M HOCAT XapakTep BHE3ANHBIX pa3pyLICHUI.
KpuBele, BbIpakaromue 3aBUCUMOCTH MEXIY 4YHCIAMH LUKIOB U HANPSDKEHHSIMH,
YCTaHABJIMBAIOTCS HKCIIEPUMEHTAIBLHO M CTPOATCS B KoopaumHatax o — N wm o — IgN.
KpuBble MO3BOISIOT OMpenenuTh HauOOJbIIee HANPSHKEHWE LUKJIA BBIHOCIMBOCTH, TPH
KOTOPOM 3JIEMEHT KOHCTPYKIMU He pa3pymiaercs. OCHOBHOM 0COOEHHOCTBIO IEPEMEHHOTO
nedopmupoBanns KM sBisieTcss HEOTHOBPEMEHHOCTD pa3phlBa apMUPOBAHHBIX BOJIOKOH H3-
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3a CYLIECTBYIOLIET0 NEPBOHAYATIBHOIO HATAra OTAEIbHBIX BOJIOKOH. OUueBHIHO, YTO Ipe-
JIETTbHOE COCTOSTHHE JUTA NPEABAPUTEIHHO HATSAHYTHIX BOJIOKOH JHOCTHUTACTCS! paHbIIE, YeM
JUIL OCTAJBHBIX BOJOKOH. OJTO NPUBOAMT K OOPa30BaHUIO HOBBIX IEPCHANPSOIKEHUH B
BOJIOKHAX. DKCIIEPUMEHTAJIbHBIE HCCIEAOBAHMUS MOKA3bIBAIOT, YTO TAKOW Marepualn emé B
COCTOSIHMM BOCIIPHHUMATh Harpy3Kd JI0 TEX IOp, NOKa HE pa3pylIaTcs mepe3arpyxEéHHbIe
ocTalbHbIE BOJOKHA. [Ipy 3TOM, mociie pa3pyleHusl 3THX BOJIOKOH Harpyska Iepepacmpe-
JIENIIETCA MEXKAY OCTAIbHBIMH BOJOKHAMHM PAaBHOMEPHO M IPH MOBTOPHBIX HArpyKEHHUSIX
MNOCTCIICHHO HaKaIllJIMBarOTCA Ile(l)eKTbI, CBA3aHHBIC C PpaspymiCHHUECM CBA3BIBAOMICTO U
TIOSIBJISIFOTCSI HOBBIE TPEIIMHBI B BOJIOKHAX. JTO BBI3BIBAET MOTEPU HECYIIEH CIIOCOOHOCTH
MOIIEpeYHOTro ceueHus1. Torna ecTByolee CpeaHee HalpspkeHne OyIeT YBEIMUNBAaThCS U
KOIZla OHO TI0 BEJIWYMHE CTaHET PaBHBIM Mpe/eNy CTaTHUECKOH MpodYHOCTH (0} UJH 0;),
MIPOM3OUIET IMONHOE pa3pylleHune. B cymecTByromeld Teopun He OOBICHAETCS NpUYMHA
pocra mop u TpemuH B KM. IIporecc pa3BUTHS TPEUINH B HCIBITyeMBIX oOpa3nax m3 KM
MOTYT HAa4YMHATHCS B HECKOJNBKHMX YYaCTKax OJHOBPEMEHHO M JalbHEHINEEe pa3BUTHE B
JpYTHX HOBBIX Y4acTKax Hempezackazyema. CieoBaTeNbHO, ONPENEeICHNE TIPeiesia BBIHOC-
muBocty it KM tpeGyeT 60bInoro KoaudecTBa UCTIBITAHUI U 3HAYUTEIILHOTO BPEMEHHU.
Wnero TeopeTnaeckoro BeIBoAa (HYHKIIMOHATBFHOM CBS3H POCTA HANPSDKEHHHA B 3aBUCHUMOCTH
OT YHUCIIa [IUKJIOB Harpy>eHUs, CYMMHPOBAHHUEM yCTaJIOCTHBIX MOBPEXICHUN U MUKPOTpe-
IHH, leeSBbI‘laf/llHO TPYAHO, U €CJIN YUCCTb, YTO YaCTO pa3zpylICHU IIPOUCXOOAT HE TaM, I'IC
OouiblIasi MUKPOTpEIIMHA, a COBEPILEHHO B JPYroM MecTe, a 00bEMBI padoT MO M3YyUSHHUIO
MHKPO- U MaKpOTpPEIINH OIPOMHBI, TO 3HAYUMOCTb TaKOTO MOJX0/a CTAHOBHUTCS Hed(p(ek-
TuBHBIM [4,5]. JIns MCKIIOYCHHS MOMOOHBIX CHUTYallMid MPEICTABISACTCS HEOOXOIUMOCTH
pa3paboTKM CIIeNUAIBHON TEOpUH, MO3BOJIAIONIEH BBHINNOIHATH OOBEKTHUBHBIE pacyETHBIE
OLICHKM YCTaJOCTHOM MPOYHOCTU M JOJTOBEYHOCTH 3JEMEHTOB KOHCTpykuuu u3 KM. B
HacTosmmeH paboTe Mo pe3yiabTaTaM aHanu3a c(OPMYJIMPOBAHBI OCHOBHBIC MOJOXKCHUS
JIe(OPMAIMOHHOW TEOPHH YCTAJIOCTHON MPOYHOCTH 1eMeHToB u3 KM, KoTopeie MOTYT
UCIIONb30BaThCsl TIPM WHXKCHEPHBIX pacuyéTax Ha JTamax »3CKU3HOTO U pabouero
MPOEKTUPOBAHMUSL.

HocranoBka 3agaum W penieHue. [IpoGnembl (GOPMUPOBAaHUS TPOYHOCTHBIX
rnapamMmeTpoB KM Ipy HUKIIMYCCKHU H3MCHAIOIUXCSA HArpyKC€HUAX B CHUCTEMax MallluH,
MEXaHU3MOB M JICTATCIbHBIX allraparax JOJIKHbI 6bIT]> peuICHbl Ha OCHOBE TEX TCOPETU-
YEeCKHX I10/IX0/I0B, KOTOpPbIe pa3paboTaHbl M JOBEIEHBI J0 WHXXEHEPHOTO IPUIIOKCHHUS.
Heo06xo0a1Mo cuHTE3UpOBaTh aHATUTHYECKHUE ITOJIXO0/IbI M HA UX 0a3e MOJy4YnTh IPHEMIIEMbIC
pe3yJIbTaThl.

W3BecTHO, 4TO MpeAen BHIHOCIMBOCTH JUISL JIOOOT0 Marepuaia 3aBHCHUT KaK OT 4HCiIa
IIUKJIOB M XapakTepa M3MEHEHUs] Harpy>KeHWs, TaK M OT THIIAa HaNpPsDKEHHOTO COCTOSHHUS
(xapakTepa M3MEHEHHUS HANPSDKEHHS BO BPEMEHH), T.€. OT CTEIIEHH aCHMMETpHHU LUKia. B
OOJIBIIMHCTBE CIy4acB MCHBITAHUS HA BBIHOCIUBOCTH BBIITOIHAIOTCS Ui CHMMETPUIHOTO
IMKJIa U3MCHEHUS HANpsDKCHUS, B TO BPEMs, Kak B OONBIIMHCTBE CIy4acB H3MECHCHHUS
HAIpPsDKEHUS] TIPOUCXOAAT 110 aCHMMETPHYHOMY LUKIy. IlepBbIii SKCIIEpUMEHTATOp 3TOH

obactu Bennep MoKa3aj, 4TO AUAIla30H HAIIPSKCHUSA Gmin i) HeO6XOI[I/IMOFO JUIsL

max

ompeneneHus K03 UIIEHTa ACHMMETPHH «1», OyAeT:

O._.
— . — min
c,=06,+0,,; r——c . €

max

31eck G, — aMINIMTya HAOPSDKEHHs!, G, — CPEHEE HAPSDKEHHE.
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Ha ¢ur.l npuseseHa cxemaTHM3MpOBaHHas JuarpaMma 3aBUCMMOCTM G, oT G, . Ilpu

6, =0 nmeem cuMMeTpHUHBIIT LUK, T/Ie TIPEIETBHOE HAMPSDKCHHE PABHO G .
U3 ¢wur.1 nmeem:
Ga _ Gmax _Gmin _ 1—1"

tgp=—*= =— 2)
Gm cSmax + cjmin 1 +r
20
s ()n(2) o, =6, +6, =—". 3)
1+r
Torna ypaBaenue npsiMmoil AC MOKHO NPEACTaBUTh B BUJIE:
() (&)
a 4 Om 4
G, Gy
Os
A
I Gt mm1 G- -
AT
8 an
r g o
! : B 1 Om
- Om -
®ur.1. /luarpamma npeesibHbIX HalpsKCHUH
C yuérom (4) G, mpuMmer BUI:
26,0,
c, = 6))

7 - .
o, (l—r)+(l+r)cr_1
Orcroma cnemyer, 4TO 3Has TpeleN CTAaTHMYECKOH MPOYHOCTH G, (Gr ) U Tpenen

BBIHOCJIUBOCTH G _;, MOXHO ONPENEIMTH IIPEJEN YCTalOCTHOH HPOYHOCTH IS JIHO0OTO

ACUMMCTPUYHOTO TUKJIa HATPYKCHUA.
HpI/I OLICHKE MNPOYHOCTHU aeTaneﬁ N3 KOMIIOBUTHBIX MATCpHUAJIOB, 3HAUCHUS Hpeaciia

BBIHOCJIMBOCTH G—l MOHO OINPCACIINTL Ha OCHOBAHUHN JaHHBIX HUCIBITAHUN C KOPPEKTU-

POBKOH pe3yJIbTaTOB B CBA3MU C YUETOM BIMSHUH psila M3BECTHBIX (DAKTOPOB HA MPOYHOCTD
(opMmbl M pa3Mepsl AeTanci, COCTOSHHE NMOBEPXHOCTEH, HANWYME PA3IHYHBIX KOHIICH-
TPaToOB, N3MEHEHHUS PeXHUMa HarpyxeHus u T.1.) [1,2,3].

Ouenb Ba)KHO 3HATh, KaK ObICTPO KpuBas G — [N mpubIimkaeTcs K aCHMITOTE, T.K. YHCIIO
[IUKJIOB, HEOOXOJUMBIX AJIS YCTAHOBJICHUS MPEAEia BBIHOCIUBOCTH, XapaKTepU3yeT JOJIro-
BEYHOCTbH JieTany. ONBITHI TOKA3bIBAIOT, YTO JUI YEPHBIX METAIIOB MPEAEN BEIHOCIHBOCTH

7
ycranosies 1 npu ancie waknos N, =10" o, = 0,56, (a1 cummerpraroro uukia).

Jl1s1 LBETHBIX METAUIOB M KOMIIO3UTHBIX MAaTE€pPUAJIOB HET OIPENEIEHHOIO Mperela
BBIHOCJIMBOCTH, U OpPJIMHATHl KpUBOU O —1gN YMEHBIIAKOTCA 0 HyJs C BO3pacTaHUEM
4HCIIa TUKIIOB.
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Ha nam B3misa, cyMMUpOBaHMEM HOBPEXIEHUN U MHKPOTPELIUH YpPEe3BbIYANHO
3aTPyIHUTENIFHO OCYIIECTBUTh HACI0 TEOPETUYECKOTO BBIBOAA (YHKIIMOHAJIBHOU CBS3H
pocta HanpspkeHud B KM B 3aBUCMMOCTH OT 4MClia HUKJIOB HarpyXeHus. B BeIpaxkeHUsX
MHTETPAJIbHOW CyMMBbI HOBPEXICHUI MPUCYTCTBYIOT BEIMYMHBI MUKPOTPELIMH, KOTOpPbIE
MOTYT OBITH ONpPEJEICHBI C MOMOIBI0 KOPPEISIIMOHHOTO aHAlN3a PE3y/IbTaTOB U3yUCHUS
MHUKpPOCTPYKTYpBI 00pasna. Eciu yuecTs, 4TO paspyLIeHUs] 4acTo HPOUCXOIST HE TaM, I/ie
6oJbIIasi MUKPOTPEIINHA, a COBEPIIEHHO B APYIOM MECTE, TO 3HAYMMOCTh 3TOr0 MOAXO01a
CTaHOBUTCS a0CYPIHBIM.

Jist  omucaHuWsl  ynpyro-miacTHYeCKOd JeopMalyy KOMIO3UTHBIX —MarepualioB
UCTIoNb3yeM (hOpMBI 3aIicH, 4acTO NMPHMEHSIEMBbIE B DIIEKTPOTEXHHKE Ul y4éra CABUTA
MEK1y HalpsbKeHHeM W cwiiod Toka. Toraa, uist ynpyro-ruiactuaeckor pedopmanun KM
IPU OJHOOCHOM PACTSKEHUU-CKATUN MOXKHO HAIUCATh:

o
o= Fee”, 6)
rae € u © — ynpyras Jedopmanus 1 HarpspkeHue, OL— HEKOTopast IIOCTOSIHHASL, 3aBUCSIIAst
OT CBOWCTBa KOMIIO3HTA, XapakTepa JeGopMUpPOBaHHs U BUAA HANPSHKEHHOI'O COCTOSHHUS
a o
(OL << 1). Paznoxus €~ B psan Teistopa u npenedperast MaJIbIMHU 4ieHaMH, BeIpaxxeHue (6)

MOXKHO HpeﬂCTaBI/ITL B BUJIC:

o=Ee(I+a), (7
31ech OLE — IwtacTuueckas nedopmarus. [[py MHOTOKPATHOM MOBTOPEHUHU LUKJIOB HAMPS-
JKEHHUs, TUTaCTHYecKast aedopmaitis OyJIeT pacTH, 4To MPUBEAET K H3MEHEHUIO KECTKOCTH

ucciegyemoro 06pa3ua. Ecin HavanpHas KECTKOCTH paccMaTpuBacMoro 3JIEMCHTa
KOHCTPYKIUU ObL1a C(), TO IOCJIC OHpCZ[eJ'IéHHOFO KOJIMYECTBAa LUKIIOB U3MCHCHUSA HAIIps-

KeHui xECTKoCTh yMeHbinaercs 0 3Hauenns Co-Cy, rne C, = aCyn, n — xommdectso
4yCell Harpy>KEHUs B J0JISAX lg N, T.e.
n=IgN, N=10". )
[TockonbKy MmaacTuyeckass naedopmanusi pacTéT IO HKCIOHEHIHAIFHOMY 3aKOHY
a .
(Sn =¢&e ), TO >KECTKOCTH 00pa3la Tak)Ke YMEHBIIUTCS M0 IKCIIOHEHIHAIEHOMY 3aKOHY.
Torma, X€CTKOCTP HCHBITYEMOrO 00Opasia Iociieé BO3ICUCTBHUS IUKINYECKUX HArpy30K
MOXHO IIPEACTaBUTh B BUJIE!
’ r_ _
C,(l1-algN), C,=C,-C,.
Ecnu ucneiTyembiii 06paser ¢ U3MEHSIOMEHCS 0 BpeMEHH Harpy3KOi paccMOTPETh Kak
KonebaTeNnbHyI0 CHCTeMY ¢ Bo30yxatotieit cuioii P(t)=Psin wt, rae w — yriosas uncrora

BO30YXkeHus, | ® = 27T— |, TO OJJHOOCHOE KOJIEOATENBHOE JBUKEHUE 00pa3la MOKHO

omrcaTh TUQPepeHIHaTbHbEIM YpaBHCHHEM:
!

P . . L.
P+ ’;y:Wsmcot I y+%(1—algN)y=WSln0)f, ©)

m
rae ) — aMIUIMTyAa KosebaHus (pacTsKECHUS-CKATHA), m* — Macchl eIUHMIBI 00bEMa

obpasma, P — aMmimTyna Harpysku.
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VYpasHenue (9) ¢ nepeMeHHBIM K03 dUIreHTOM TIpH "y"', 3aBUCAIIMM OT YUCIIa [IUKIIOB
Y BPEMCHH, ABIISICTCA YpaBHEHHEM MaThe- XMW U He IMeeT aHATUTHYECKOTO PEIICHUs, eTro
MOJKHO PEIIUTH MPUOIIKEHHBIMI METOIAMU.

[Ipn m3MeHeHHH HArpy3Kd ¢ 9acToToi MeHspmie 20rm (MaJOUMKIOBOE HANPSKEHHOE
COCTOSIHNE) WHEPIIMOHHBIMHU CHJIAMH MOXHO NPeHeOpeds U Toraa Oy1eM HMeTh:

P .
wo(l—algN)y=$smoot Wi

P (-algN)y=Psinwt, (10)
rie y=y. sinot,a C,(1-algN)y,, =P. (11)
Hpunss C, =—"* rpe P__— MakcuMajibHas CWIa, KOTOpas IPH HAYalbHOM
ymaX
cedennn [ 06pasiia MOKET BBI3BIBATH HANPSKCHHS, PABHBIC G, HIH G, , TOIy4HM:
P (l—algN)=P. (12)
Pasnenus o6e wactn ypaBuenus (12) va F , Oynem umers:
o,(1-algN)=o0,, (13)
max P
e =g, —=0,
£ F
wwm 6, +ac, - 1gN =0,, oG, =m, torna 6, +mlgN =, . (14)

Jns onpenenennst KodQPUIUEHTa « OL», HCIBITYEMBIH 00pa3el pacCMOTPUM KakK IpsSMO-
YTOJIEHBIN OpYyC ¢ pasmMepaMu ao, by 1 1o (ap — TommmHa, bg— mmpuHa, l) — HaYaTbHAS IITHHA).
Torma MoXeM HalKCaTh:
Coa
— =m,— . (15)
a z |, b, z |,

)

/

[Tocne naTErpUpOBaHUsl OyIEM UMETh:

w i by +a By i
a (Y b (6, ab (¢,MOF (e, )"
—=| 2] = — =[] =] (16)
d, \t) b \t) apb, \ ¢ F, /¢
3meck W, U p, — KoddduuenTs [lyacoHa BO B3anMHO-TIEPIIEHIMKYIISIPHBIX HAMPABIEHHUAX
B o0pasie. Fo— HaganpHas ruromanp cedeHus oopasima, F— mmomanp cedenus odpasia mocie
Je(OpMHUPOBAHUSL.
BennunHa yMeHbIICHUS IUIOIAAN CEYCHHS Oy IeT:
My tHy

4 0

AF =F,—F wm AF =F|1- 7 (17)

o, O ©
ITockonapky € = —=—+—0Q, monyunMm € = ¢, +&_ =¢&, +OE,,
E o 1T %, 1 1
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G
— R 18
&7 (18)

Hi+Hy

P P P F 1 a F (I
= +a ; =—=+—; == .

EF EF, EF, EF E E F |\l

U3 (16), (17) u (18) Oynem umers:

My +Hy
o= i —1; (19)
[EJ

(e
=—, OyJIeM UMETb:
E

Wwmes B Buay, uto £ ={  +A; K_ZS
0

Vv

E+o '™ KE+ac, \'™
a= -1 wmm o= —= -1, (20)
E KE
rie K=&.
(e}

a

Torna ypasaenue (14) mpumMer BUI:

c,+mlgN =0,; 210

Hit+H,
@] -1 (22)

rpe m=o, ( KE

BoiBoabl: Ha ocHOBaHMM MPOBENEHHBIX MCCIIEIOBAHUI U OIbITA MUPOBOW MPAKTUKH
BIIEPBBIE [10JIYYEHBI:

— bopmyJiel pacuéra npeesibHbIX HanpspkeHuin KM [p1st 1106010 acCHMMETPUYHOTO UK
W3MEHEHUs HAPSDKEHUS TTPHU U3BECTHOM TPeJIeNie BHIHOCIUBOCTH CUMMETPUYHOTO 1IUKJIIA;

—ypaBHCHHE KPHBOH  BBIHOCIMBOCTH, yYUTHIBAIOIIeEe  (hU3UKO-MEXaHUUCCKUC
xapaktepuctuku KM u xapaktepa HanpspkEHHOTO COCTOSIHUSA.

—dopMynBl  pacuéTa TMpENeNbHBIX HampsokeHmd ycramocth KM ¢ yuérom
AHU30TPOIHOCTU BO B3aUMHO MEPHEHIUKYIISPHBIX HAIIPABICHUSX.
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