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KOHTAKT, CMEIIaHHbIe I'PAHUYHBIC YCIOBU, PEHICHUE THIIA IOTPAHUYHOI'O CJIOA.
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On solutions of the boundary layer type one mixed boundary problem of anisotropic
two-layeredplate
Keywords: asymptotic method, anisotropic two-layered plate,full contact, mixed boundary conditions, boundary
layertype solution.

The question of constructing a solution of the boundary layer type for a rectangular orthotropic double-layer
plate is discussed, on the face planes of which mixed homogeneous conditions are specified. Using the asymptotic
method, solutions of the boundary layer type are constructed, a transcendental equation is derived to determine the
eigenvalues, which characterize the decay rates of the found solution. It is shown that for orthotropic materials the
solution of the type of the boundary layer disintegrated into flat and anti-flat boundary layers

Pujuuuiyuh 6.U., \nynuqupui L.Q., uyunpyub U.U.
Ulihqnupny kpljokpn uuyh dh jpwep bgpuyhts pagpoud wwhdwbughb okpunh wpyh
owsnudubph dwuht
Zhdtwpwnkp. wuhdyunnhl dbenn, wihqnupny bplobpn uwy, 1phy Yntnwuln, pwuep Gqpuyh
wuydwiiibp, vwhdwbuyght okpinh nhugh (nisnud:

Uoluwwnwiipp udhpjws b tplotipn wihqnuipny uwwih vwhdwbuyghtt obipnh wmhyh jupjusw-
phdnpdwghntt Jhdwlh ujuwpugpduwit m Jepmsmipjuip: Gupunpynud b, np uwwih nhuwght
hwppnipniuubph Jpu wpdws ko hwdwube puep Eqpuyhtt yuydwubp, hul dnie hwppnieniattph
Ypw Jupnn Eu wupdws (hil] wowdquljuinipjut nkunpjut wwuppkp bgpuyhtt wuydwhubp: Ujg
musnudubipp phipdnud Eu ubthwlwb wpdbpubiphl ubthwlub $nijghwbph npnpdw funph: Ypulju
hpuwljut dwu niikgnn ubthwljut pytphg wdktwhnpnpt k) hkug npnonud Euwhdwiughi gkpinp inisdwt
dwpdwl wpugnipniip:

Oppnuipny  Wymphkph  phwypmd  wwhdwbwhtt  okpnnh whwh  (wpduéughtt  Jhdwlh
hwjwuwpndibpp npnhymud i kpne hwwuwpnudubph hwdwlwpgbph, npnip tjupugpnud B
hwpp b hwjuwhwppe vwhdwbughl gkpinh nhwyh) wpuswght Jhdwljubpp:

O6cyxknaeTcss BOIPOC IOCTPOCHHS PEIICHHUs TUMA MOTPAHUYHOTO CIIOS A MPSMOYTOJBHOW OPTOTPOIHOI
JIBYXCJIIOMHOHM IUIACTUHKM, HA JIMLEBBIX IUIOCKOCTSX KOTOPOW 3aJlaHbl CMEIIaHHBIE OJHOPOJHbIE ycinoBus. C
TIOMOIIBI0 ACHMIITOTUYECKOTO METOa IOCTPOCHBI PEIICHHUs TUIIA OIPAHUYHOTO CJIOS, BBIBEJCHO TPAHCLEHICH-
THOE ypaBHEHHE I OIpPENENICHHUs COOCTBEHHBIX UHCEN, XapaKTePH3YIOIIUX CKOPOCTH 3aTyXaHUsS HaiEHHOro
pemenus. IlokaszaHo, YTO IUIsI OPTOTPOIHBIX MATEPHAJOB PEIICHWE THIIA IIOTPAaHWYHOTO CJIOS pacHaiércs Ha
MJIOCKUH U aHTUIUIOCKUH TIOTPaHUYHBIE CIIOH.



Beenenune. Knaccuueckne kpaeBble 3afadqd JUIsl W30TPOIHBIX IUIACTHH M 00OJIOUYEK
ACHMIITOTUYECKHUM MeToioM paccMoTpensl B [1,2]. Kiaccumueckme m HeEKITacCHUecKue
KpaeBble 3aJaudl AJIsl aHU30TPOIHBIX OJHOCIOMHBIX M MHOTOCIOHHBIX OajoK, IUTACTHH U
000JI0YeK aCHMIITOTHYECKAM METOIOM paccMoTpersl B [3,4]. Hampsokénuo-nedopmupo-
BaHHOE COCTOSIHME TUIACTHH C OOIIel aHM30TpONMMel B MEPBOM KpaeBOW 3ajadue TEOPUH
YOPYTrocTH HccienoBaHo B [5]. Pemenue ais aHW30TPOMHOW TEPMOYIIPYTOH IIACTUHKH
noctpoeHo B [6]. BHyTpeHHee penieHne B CMEIIaHHON KpaeBo# 3a/iade AJisi aHU30TPOIHOM
OJTHOCJIOMHOM MJIACTUHKH aCUMITOTHYECKUM METOAOM IOCTPOEHO B [7]. AcHMITOTHUYECKHUE
peLICHHs CMELIAHHOM KpaeBOM 3ajauyd aHU30TPOIHOM ABYXCJIOMHOW IUIACTUHKU IpU
MOJTHOM U HENOJIHOM KOHTAaKTe MEXJy CJIOsIMU IpuBeeHsl B [10,11].

1. [locTanoBKa 3a1a4M U OCHOBHbIE YpaBHeHUsl. PacCMOTpUM TOHKYIO JIBYXCJIOMHYIO
miactunky () = {(x,y,z) 0<x<a, 0<y<bh,—h,<z< /’ll}, rie - pmHa, b

— IOUpHHA, COCTABJICHHYIO H3 OJHOPOAHBIX AHU3OTPOIIHBIX MATCPUAIOB. Ciou uMeroT

(k)

i > k —momep cosi m k=1,2.

pasiuuHBIe TOMIHHEL /1, , KO3(GHIMEHTH YIPYroCTH d

O6mas tommuHa monockl —2/ . IImockocTs oTcuéra 0xy COBITAJIACT C INIOCKOCTBIO

paszena cioéB, KOTOpasi MapauIeNbHA JIULEBBIM MIIOCKOCTSIM IUTACTHHKH.

OO6cyxmaeTcst BOIIPOC PEIICHHUS 331a49X TUIA TOTPAaHWYHOTO CJIOSl B OJHOM CMEIIaHHON
KpaeBoi 3ajaue Il aHU30TPOITHOM MPSAMOYTOJIBHOHN TUTACTUHKH, HA JIMIEBBIX INTOCKOCTSIX
KOTOPOH 3a/1aHbl CJIEAYIOLINE OJHOPOJHBIE YCIOBHS:

u = 0, W = 0, G(zl) =0 npuz=h,

o=0, o =0, u

(1.1)

=0, w/=0 mpu z=-h,

Kpaesbie ycnosus Ha toprax x =0, a u ¥ =0, b— noxa npoussonsHee, a MexILy
CJIOSIMH BBITTOJTHSIETCS TTOJTHBIA KOHTAKT, TO €CTh!

N_5® 0=® &W=® ,0=,3 ;0

— @ L,
xz xz ° cyyz yz ? 6, =G, ", W s U

=u, v =%

c =G =w mpu z=0 (1.2

JI1s IOCTPOEHHS PelIeH s THIIA TOTPaHMYHOrO ciios BOmmu3u kpas X = 0 B TpéxmepHbIX
YpaBHEHMSIX TEOPUHM YOPYTOCTH aHu30TpomHoro tena [3,8,9] BBoasTcs Oe3pa3MepHbIe

xoopmunatel 1 =x/h,n=y/l,{=z/h n 6espasmepusie nepememenus U = u/ [,
V= v/ [, W= W/ [, B pesynbTaTe Yero moydaeM CHHIYJISPHO-BO3MYIIEHHYIO CHCTEMY
YpaBHEHMHl OTHOCHTENBHO MAaJOr0 TEOMETPHYECKOTO IapaMerpa €= h/ [, rme
/= min(a,b) ,2h=h+h,. Dty cucremy ypasHenmii yji0GHO pemaTh MeTOIOM

ACHMIITOTUYIECKOTO HHTETPUPOBaHus [3-6].
Pemenue nonmy4eHHBIX ypaBHEHHH OTHICKUBAETCS B BUAE (GyHKIMH THIIA TIOTPAaHUYHOTO

cios [3,4]
N
k p+s (ks
R}S) 2 Ré ' (,¢)exp(-At), (1.3)
5s=0
rae R;k) — m06ast U3 KOMIIOHEHT HANpsKEHUH 1 nepeMelienuii k -oro cios (k = 1,2), pu
3TOM, Rel >0.
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HenpoTuBopedrBbie 3HAYCHHS VIS ) , TOIOMPAIOTCS CIEIYIOMIIM 00pa3oM:

Ao, =X Xy =% F1
R (1.4)

race  — IMPOU3BOJIBHOC YHCIIO, KOTOPOC ONPEACIIMTCA U3 yCIOBHUA B3aUMOIEHCTBHUS rmorpa-

HUYHOTO CIIOSI C BHYTPEHHHM HATIPSKEHHBIM COCTOSIHHEM, A XapaKTepH3yeT H3MEHSAEMOCTh
HaNpsDKEHUM U IepeMEIIeHU TOTPAHUYHOTO CIIOS.
[Moncrasmss (1.3), ¢ yaérom (1.4), B mpeoOpa3zoBaHHBIE YPaBHEHUS TEOPUH YIPYTOCTH H

(kss)

BBIPA3UB BCC HCHU3BCCTHBIC BCIIMYMHBI IIOIPAHUYHOIO CJIOA YC€pEC3 HANPSKCHUA O u

yap
(ks)

c.,

, TIONyYNM H3BeCTHBIE PopMyIIsl [3-6]:

2 ks (k.5)
G(k,s) — 1 a +R(kos*1) (k,S) _ 1 acj}zp +R(k,s—l)

X x > Gx Xy °
P 7\‘2 ac} VP 7\‘ ac 3l
(ks
o) = l—aczl’ + RS,
NP
2 _(k.s) (k.s) (ks
G(k’s) — 1 al(g) a GZP a;lg) 66217 (k) aGyZP

= + +4
» afl At e’ L oC x o

22

+adol () 4 g (yzp))+R(ks )

k) 725k (k) - (k)
k) _ A11 0 GZP AlS aGZP A aGyZP

(
u - _ —
g ook A & e a¢ 05
A e A ) gl
}\' zp 7\’ )/ZP
2 (k,s) (k,s) ks
V(k’s) :_Al(éc) 0 GZP _ As(é) ﬁczp (k) aGyZP B
? ook A & E a¢
(k) (k)
_ A e Ais (k) | ples)
}\' zp 7\4 yzp
3 (k,.s‘) 2 ks (k,s)
k) :_Al(f) 0oy A(k) 0o }zp _L(Auf) +A<k>)aGZP -
P 4 3 3 2 2 \ 413 55
At e et A oc
2 _(k.s) (k.s)
24900, 1w, 0\ A ) A ), ples
e 8C2 2 A+ Ay o o G, N G, tR, 7,
T/Ie UCIIOJIb30BaHbI Cleayromue ooo3HaueHus [3,5]:
AW = (a¥a —alal)Ya®) )", (i, =13,4,56). (16)



(k.s)

BennuuHb! Rk W3BECTHBI M ONPENENIAIOTCA M0  CIEAYIONNM PEKYPPEHTHBIM
¢dopmynam:
1 o™ L1 oc'* 1 oc') 1 oc'“:
R(k,s) yzp xyp R(k,s) _ - W (k,s) yzp
' 2 oo x on YA on =0 on

(k)
R(E) ZL[QS) R 4+ g R 4 g0 o j

26 “txy

Tay on
R :%(‘fo) RO 4 RO 4 glRE) 4 g0 R}(;,s)), (1.7)

56 “txz 66 " xy a
n

(k)
R = %[al(é R +al)R™ + al) RE) + gl R — %y j :

' ' ' R(k,s)
RO = %ﬁagmyw R R s R P J .

o k,s k,s
Jns onpeneneHus e HEM3BECTHBIX (YHKUIUH G(yz; ) u G(Zpb) MOJTYyYUM CIIEIYIOUIYIO

cucremy nuddepeHnnanbHbIX ypaBHEHUI:

I06%) 4 [0tk gl

12 yzp s (1 8)
L(é) (k S) +L(22) E)Zp) — R;k,s—l).
Aubdepennmanbabe omepaToph! Lg() ¥ 060OmEHHBIE HArpy3KH Rl(k’s_l), ng’s_l)
UMEIOT BUJ;
4 3
L(lf) = Aff)a—4+2Af§)ka—3+(2Af§‘) )xz o 2A( )33 0 +A3(§)7n4,
oC o¢ o P

ol 0° 0
L= Al(é)xa_ﬁ + (Al(f) +AY ) % 8_(;2 + (A§j;> + AW )7& 6_(; + AN (1.9)

a4 v s

=A% 7& 6 +240003 ;CJFA(W

k,s—1 aR(k’Sq) k k,s—1 k k,s—1 k k,s—1 k k,s—1
R = PR R g Rkt g ) 4 g R o

ag 13 “*x 23 “ty 35 "Mz 36

R(k,s—l) —

2

(k51)
[ oR"ow) o
gl on '

+ agl;)R(k,s—l) + a(k)R(k,s—l) + a(k)R(k,s—l) )7\,4

y 45 T txz 46 " xy



Hy*)HO y4ecT, 4To Ri(k’sfm) =0 mnpu s<m.
Mpus = 0 ypasuenus (1.8) CTaHOBATCA OHOPOIHBIMH.
B nanpHeiinem nmoxpoOHO paccMOTpeHa 3a/1a4a JUIsi OPTOTPOIHBIX MAaTEPHAIIOB.

2. TlorpaHu4HbBIH CJIOH ABYXCJIOHHONW OPTOTPONHONH mjaacTHHKHM. Eciau cioun
TUTACTUHKH COCTOSIT u3 OPTOTPOIHBIX MaTepHaoB, TO

alg.k) = O,(i =1,2,3,4,5; :4,5,6), a K09 PHUIIEHTHI Al;k) ONPENENSAIOTCS 110
thopmynam:

AL = A1 = 8 = ) = AY) = A= A = A = A =0

36 46

A =) A9 Z gl g0 g0

qa = Qyy s Ass” = dss =g »
2
A (A0 () ) fl A~ (a0

B pesynprare, hopmysl A HanpspKeHUi 1 nepemeniennit (1.5) yrpormaroTes U AensaTcs
Ha JIBE TPYIIIbL:

.0
o 10%05" g 100y
(&) - s sz - 4
xp }\'2 aCZ xzp )\, 6C
k) A2, (k.0)
otk — _ 1 al(z) d"c,, 295+
p a®l A agz S
22
3_(k.0) (k,0)
W0 A7 ai_L(AUf) 4 AW )aG_P @.1)
p 7\’4 aC3 ?\‘2 13 55 aC ’
2 (k,s)
(k.s) _ _ Al(f) 0 Gzp _ Al(?':() (k.s)
u, = 3 2 O
Aac A
u
(k,0) (£.,0)
S0 105 wo)_ ai 09, 2.2)
0p Ao > 7p 22 o ' '

k .
Omnepatop ng) TOKIECTBEHHO IIpPEBpaIlaeTcsl B HyJb, a cucTeMa ypaBHeHui (1.8)

pacmagaeTcs Ha JJBa CAMOCTOSITEIIbHBIX YPABHEHUSI, KOTOPBIM COOTBETCTBYIOT PEIIICHUS THITA
NI0CKO20 U AHMUNIOCKO20 nocpanuunbix c1oég [3—5]. Ilpu 3ToM, MOBEPXHOCTHBIE YCIOBUS
(1.1) m ycoBus koHTakTa (1.2) Taxke pacmamaroTcs Ha JABE TPYIIIIHL

Ipu § =0 6ynem umeTs:
a) NIOCKUL NOSPAHUUHDILL CLOU

L% =0 2.3)
o (&m.8,)=0, w(gn,¢C,)=0,
u(en,6)=0, o(&m,g)=0.

2.4)



0) aHmunoCKUll NOSPAHUUHBIL CLOU

L,c%" =0 2.5)
o (en.6,)=0, W (&n.g,)=0. (2.6)
IMocpencTeoMm popmy (2.1), (2.2) u (1.9) 3agaqy (2.3) — (2.4) npencraBuM B BUzIE
w05 w0120 ek
Zj 2 Z) 4 B
Al a—é’+(2Al3 + AW ?mnx ot =0, 27
2_(1,0) (2.0) 3_(2,0)
) _0 8% g B g% | 238)
Pl 7o G T ’ '
CJ < C ¢=C, C ¢=C,
a 3amaqy (2.5)-(2.6) — B BuzIC
aZG(k,O)
A =224 A6 =0, 2.9)
G
) (1,0)
ol g, = | . (2.10)
P =g, og

¢=¢,
Kpaesbie 3amaun (2.7)~2.8) u (2.9)+(2.10) sBisAroTCs 3amadyaMyd Ha COOCTBEHHBIS
3HaYeHHs W coOcTBeHHBIe (yHKIMH. [locme Toro, xak OyayT HalWIEHB COOCTBEHHBIE

3HA4YCHU }\« COOTBETCTBYIOIIIUC cOOCTBEHHBIE (I)yHKIII/II/I MOXHO 6yZ[CT OIpCAC/IuTbL C

no

nomMoteio ¢popmy (2.1) wu (2.2).

3. IInockmii NOrpaHUYHBIN €101 ABYXCJIOHHON OPTOTPONHOM MJIACTHHKH.
VPpaBHEHUIO OJHOPOJHOIO IUIOCKOTO IOTPaHMYHOro cios  (2.5) COoOTBETCTBYET
XapaKTEepPUCTUYECKOE YpaBHEHUE

A7+ (248 + AD )22+ A2 =0, G.1)
310 YpaBHCHUC MOXKET HUMETb KOPHU TpéX THUIIOB B 3aBUCHUMOCTH OT 3HaA4YCHUSA

2
DY = (248 + AY) — 44 4 391

k
a) Ilycts pW > 0. Toraa, KOpHH XapakTepUCTHUYECKOro ypaBHeHus (3.1), uto yarue
MMeeT MECTO JJI PealIbHbIX OPTOTPOIHBIX MaTEPHAIOB — MHUMBIE U OTJIMYHBI APYT OT Jpyra

0+ 43D
24%
KopasM (3.2) cooTBeTCTBYET ClleAyoliee pelieHne ypaBHeHus (2.7):
G(zjo) = Cl(k’o) cos ql(k)kg + C§"’°) sin ql(k)kg +
+ C3(k’0) cos qgk)?»f; + Cik’o) sin qgk)XQ

£0) (-
rae Ci( ) (l = 1,2,3,4) — HEM3BECTHBIE IIOCTOSHHBIE HHTETPHPOBAHM.

. (24
R =xig!h, ) = +ig!"h(g)) = ( <0 (32)

>

Torna, u3 gpopmyn (2.1) st OCTANBHBIX BETHYHH MOTYYHM:



o) = —Cl(k’o) (ql( )) cos q1 XC C (#9) (q ® )2 sin q1

xp
2
C(k 0)(q§ )) Ccos qgk)kQ— ( ) sin q2
Gizp) —C(k O)ql( sin q1 XC+C (k0) ql( ) cos ql( )xg

=g sin g 0g + € Vg cos gL,

2

1 2
() :W[kaﬁ) (al(;c) (ql(k)) _ag))cos %(k)}‘Q-i_

p

(3.3)

(-0 =%(ml(k)(cl(k,0) cos g"Ag + CY sin ql(k)xg)Jr
+m§k)(C3( )cosqz kQ+C§k’° smqg )Xc)),
wg‘ 0 = —%(mgk) (Cl(k % sin q, '\ — Cgk’o) cos ql(k)KC) +
+m£k) (C§ sin ql kg ) cos ql( )kg) ,
rac

() A(k)(ql( )) — A m (k) _ (A(k)(ql( )) —(A1(§)+A§§)))ql(k),

= A0 () 2, )= () (0 2))al

Y I0BIIETBOPUM YCIIOBHSIM HOJIHOTO KOHTaKTa (1.2) M HEN3BECTHBIE BEJIMYNHBI C BEPXHUM
MHJICKCOM «2» BBIPA3UM 4Yepe3 BENNUMHBI C HHIEKCOM « 1»:

C(“) = k,CM) + £, CHO, €20 =k, c(““ +k,CM)

= (1= k)C™ + (1= k), ) = ) 4k, M,
rac
ol —mlal ol emdg) ! —m)
mg? +mPg®” T Mg +mPg? T )



o el g g gl ) -
3 6

2),(2) 2),2)° () (2) ), 02" " (2 2) °
my'q,” +m, g, q, +m, q, ml()—mg)
V IOBIIETBOPHB OHOPOIHBIM yCIIOBHM (2.4), HOIYYHM CIETYIONTY 0 CHCTEMY OTHOPOI-
HBIX ~ anreOpaHyeckWX  ypaBHEHHHl  OTHOCHTENFHO  HEH3BECTHBIX  HOCTOSHHBIX

Cl(l,o)’ Cél,o)’ C3(1’0), Cé(‘l,o):

CI(LO)(PI + ngo)q)z + C3(1W0)(P3 + C£1’0)(P4 =0,
2 2 2 5
C(‘ o)(ql(l)) 0, +C§1’°)(ql(])) 0, +C3(1’°)(q§‘)) 0, +C§l’°)(q§1)) 0, =0,

C(l o [ks%( )(PG (1 — ks ) qu)q)s ] - CS,O) |:k3‘I1(2)(P5 + qugz)(m :| +

(3.4)
+C3(LO) |:k6Q1(2)(P6 (1 k )% (Ps} C( )|:k4%(2)(|)5+k2q§2)(|)7]:0,
[ 5% (Ps Qz (Ps] kﬂl (P5+k1‘I2 @7}
+C(l & |:ke%( )(Pc (1 k )qg )(ps} C(l 9 |:k4q1 )(Ps +k2% )(P7j| 0,
r7ie IS YIIPOIIEH!S 3aMUCH BBECHBI 0003HAYCHHUS:
¢, =cos ql(l)}\'g > P, = sin ql(l)}"Cp P; =COS 6151)7@1’@4 = sin qz }"Ql > (3.5)

9; =c0sqAL,, 9, = singPAL,, 0, = cos AL, o, = sin gL,

OpnHopoaHas cuctemMa ypaBHeHui (3.4) OyseT uMeTh HeTpHBHAIBHOE PELIEHUE TOJIBKO B

TOM CJry4dae, Korga eé OIIPEACIIUTEIIb A(K) PaBE€H HYJIIO.

OJIeMEHTBI OIPeEIUTENS A(?u) olpesieNIIoTCs o GopMyam:

d=0,d,=0,,d;=05,d,=0,,

dy = (%(1))2 ¢, dy = (%(1))2 ®,, dyy = (qgl) )2 @, dy, = (qgl) )2 Dy

dy, = kqPos +(1-k) ¢y, dyy = ~kigPos — kDo,

dy, = keqPo, +(1-k ) 40y, dyy =~k g0, — kg,

d, =k (91(1)) (1 k )( ) O5, dyy =k, (%(1) )3 05—k, (qgl) )3 P75
d;; =k (%(1))3 Qs + (1 k )( ) Py, dyy _kzx(%(l))3 ¢s—k, (qgl))3 P,
[IpupaBHHBas onpenenuTens cucTeMsl (3.4) HyII0
=det|d,|=0

TMOJTYIHM CJIEAYIOMICE TPAHCUEHACHTHOC YPAaBHEHUE JUISL OTIPEACIICHUSA 7\, .

(3.6)
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a, cos qf‘)xg cos qgl)kg cos qf”xgz cos qu)qu +

+a, sin ql(l)M;l cos qgl)kg cos ql(z)qu sin qu)xgz +

+a, sin qf”xz;l cos qgl)kg cos qu)xgz cos qu)kcz +

+a, sing!"A¢, sin ¢\"A¢, cos ¢!?AL, sin ¢\ IAE, +

+a; sin qfl)xg sin qgl)kgl sin ql(z)kgz sin qu)qu +

+a, cos qfl)kcl sin qg”xg] cos ql(z)kgz sin qu)kcz + 7
+a, cos ql(l)KQI sin qgl)kg sin ql(z)qu cos qu)xz;z =0,
rzie Koo(dHIuenTHI &, ONpPEaensioTes mo GopMyIam:

a, =k,ky —kk,, a,=—k,(1-ks),ay = kks,

a, =k,(1-k,), a; = (ks —k;), a, =k(1-k,), a, =—k/k,. (3.8)

TpancuennenTHoe ypasHeHue (3.7) uMeer OeckoHeUHOE MHOXecTBO KopHeit [1,3]. Mx
MOXHO PeIlaTh YUCICHHBIMH HJIM ACUMIITOTHYECKUMH METOaMu. V13 KOMIUIEKCHBIX KOpHEH

HAC HHTEPECYIOT TOJLKO KOPHM, YIOBJIETBOPAIOIIME ycIoBuio Re A>0.
OTMeTHM, YTO JIJI1 OJHOCIOMHOM IIACTUHKU

1 2 1 2
¢ =-C=1 a;(/) :ag(j)a ql() :ql‘( ) =g, ki =k, =ky=0,k, =k, =ks =1,
a=a,=a,=a;,=1,a,=a,=a,=0
TpaHCIEHIEHTHOE ypaBHeHUE (3.7) ynpolaercs U NIpUMeT BU:
cos? ¢ cos? ¢\ —sin® ¢\"A cos? ¢ A +
+sin’ ql(l)k sin qgl)K —sin’ ql(l)k cos’ qgl)K =0.
ITocne HecnoXHBIX MpeoOpazoBaHui noydum [7]:
cos 2¢,\-cos2g,A=0. (3.9)
ITyctp Kn — KopeHb ypaBHeHHS (3.7).

ITockonbky ompenenuTens A(?\,) paBeH HYJI0, TO MEXAY €€ CTPOKaMH CYyLIECTBYET

TUHEeHHas 3aBUCUMOCTh. OTOPOCHUB TOCIeIHEee YpaBHEHHE CUCTEMEI (3.4), TOTyIUM CHCTEMY
U3 TpEX ypaBHEHHH C YeTHIpbMs HEeM3BECTHBIMH. OHa IO3BOJIAET IIEpPBbIE TPH KOHCTAHTHI
BBIPA3UTh Yepe3 4eTBEPTYIO 110 hopMyJiaMm:

A A A
¢ ==Lp® " ==2p i == pl) (3.10)
A A A

n n n 2

rae A —ocHoBHOI, a A ; — BCIIOMOTaTeNbHbIE ONPEIETUTENH CIEAYIOIER MaTPHIBL:
d11 d12 d13 d14
d21 dzz d 23 d24
d31 d32 d33 d34
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0
a D’(l ) — HOBas HEU3BECTHASA NOCTOAHHAA, COOTBETCTBYIOILIASA COGCTBCHHOMY 3HAYCHHIO 7\4}1

U OyJIeT OnpenensaThes u3 OOKOBBIX YCIIOBUIA.
Torna, Ui EPBOro CJIOS HAMPSKEHUS U TIEPEMEIIEHHSI TUIOCKOTO TOMPaHUYHOrO CJIOS
OyayT omnpenensTbes mo GopMyaaM (MM IMPUITHIIEM JOTIOTHATEIFHBINA HIOKHAN HHACKC — «

P»):
o) _5 1 ) )
c _ZZ{Al cosq, 'A,C+A,sing '\, C+

zpp
n=1

+A, cos qgl)kq + Asin qgl)kQ} D}SO) ,

N 1 '
GSSS) =_Z_;Z{A1(‘h()) cosql 0y L+A, ( ())2 smql(l)an+

2 2
+A,(q)") cosgt"n,&+A(q)") sin qEI)MC}D,EO),

N
xzpp Z { IQI Sln ql 7\’ C + Aqu Cos ql 7\‘ C
= A (3.11)

~Agsin g%, g+ Agl) cos g\, c} DY,

o) 5 LA 00V 0 cos oM
Opp _ZW (%2 (% ) —ay; |cosq A, C+
n=1 d A

A,
+—= A mg)cosq2 A C+m2 s1nq2 ?LHC} (0)

0 -0 LT A g 0y Be 0 g s,
Wop _;x_n Am3 Sm% C"‘ A my’ cosq, '\, C—

A )
g0 sing2, 2 ) cos!1, 2| DL

HanpspkeHnss W nepeMemeHus IUIOCKOTO IIOTPAHCIIOS BTOPOTO CJOSI 3alHIIyTCS
AHAJIOTUYHBIM 00pa3oM.
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Ecmm 7un— kopeHs ypaBHeHus (3.7), To w3 (2.9) wm (2.10) cuenyer

O = Oy =V =0.
6) Myers DY) = (249 +48)f —4494% = 0.
Torma, KOpHH XapaKTepUCTUIECKOTO ypaBHEHUS (2.11) — MHUMBIE U KpaTHEIE:
(k) (k) Q
W =tigh, A =g, (¢ = Aﬁz; éf’w - j??), (3.12)
Pemenue 3amauu (2.7)—(2.8) npeacraBurcs B BHIE:
ol =+ £t eos g g+ (I +£CY Y )sin g, (3.13)

B) Ilycts D(k) < 0. Torma KOpHM XapakTEpHCTHUECKOro ypasHemus (2.11) —
KOMILIEKCHO-CONPSKEHHBIE:

i =(p tig ), 8 =(==p £ig)n

3.14
o AV A 24 o 2T D oAy 10
(1) - 247 (4") - -

4 24%
Pemenne 3anaun (2.7)—(2.8) npencraBuTcs B BUIE:
G(Zf,’()) _ Cgk,o)(ng,O) n C(Zk,O)(p(zk,O) + Cgk,o)(pgk,o) + Cgk,o)(ng,O) ’ (3.15)
rae

o = chp™¢ cos g VAL, oY = shp™AC sin AL,
oy = ch p“agsin g“Ag, off ¥ = shpng cos g g

CoOcTBeHHBIE 4HCTIA Kn B (3.13) m (3.15) ompemensioTCsT W3 COOTBETCTBYIOIIMX

TPaHCUEHJICHTHBIX ypaBHeHUH. OOLMif HHTErpall IUIOCKOTO MOTPaHCIIOs JUI ClIy4aeB 0) u
B) 3aIMIIETCS aHAJIOTHYHBIM 00pa3zoM. OHH 371eCh HE paCCMaTPHUBAIOTCSI.

OTMeTHM, YTO COOTBETCTBYIOIIME TPAHCLEHICHTHBIE ypPaBHEHHs, a TaKkKe OOIue
MHTETrpaibl IIOCKOTO MOIPAHCIOs Ul OAHOCIONHOW OPTOTPOITHOM IUIACTHHKY IPHUBEICHBI
B [7].

Yucnennvie pacuémol. B olmeMm ciaydae TpaHCIEHIEHTHOE ypaBHeHHe (3.7) mmeer
CYETHOE MHOXKECTBO KAaK KOMILIEKCHO-CONPSIKEHHBIX, TaK W JEHCTBUTEIBHBIX KOPHEIl,
KOTOPBIC BO3PACTAIOT JOCTaTOYHO ObICTpO. IlpuBenéM 3HauCHHMS HECKOJNBKHX KOPHEH,
pacrojoKeHHbIX B BO3pacTaronieM Tnopsake ReA > 0, Ui HEKOTOPBIX OPTOTPOIHBIX
MaTepualioB. YIIpyrue XapakTepUCTUKH 3THX MaTeprualloB IpUBeIeHb! B Tadm.1 [3].

Tabiuma 1

HaumeHnoBanne MaTepuaaioB

VYupyrue
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xapakrepuctuku | Crexnomnactuk | CBAM 10:1 CBAM 2:1 I'paduro-
ACTT (6) —C»- AMOKCHUHBIN
(0] MaTepHa
u ITH-3 (I'5M)
E,-107°a 17,6 38,26 36,0 7,26
E,-107°Tla 12,9 17,65 26,3 7,26
E;-107°Tla 4,2 8,61 10,8 84,66
G, 107%TMa | 2,7 5,2 4,9 2,75
Gy,3+107°Ta | 2,4 3,14 4,0 4,21
Gi3°107°Ma | 24 3,83 4,4 4,21
Vi 0,15 0,22 0,105 0,323
Vo3 0,31 0,31 0,431 0,0257
Vi3 0,08 0,07 0,405 0,3002

C momoinpro nporpamMMmuoro nakera Wolfram Mathematica BeIYnCIICHBI 3HAYCHUS
MIEPBBIX BOCEMH KOpHEW ypaBHEeHHS (3.7) M1 HEKOTOPHIX MaTepuanoB. OHU IPUBEIECHBI B

Tabm. 2.
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Tabiuma 2

HaunmeHoBaHne MaTepuaioB

Kopun I cnoii — CBAM 2:1; II caoii —-I'9OM
YPABHEHUH ToamuHbI CJIOEB B MeTpax
hl = 0,1 h’l = 0,1 hl = 0,1 hl = 0,1 hl = 0,1
hz = 0,1 hz = 0,5 hz =1 hz =10 hz =100
A 0.993475 0.696414 0.6397 0.589155 0.584122
+0.046941i
A, 2.139626 2.15426 1.92793 1.76755 1.75237
+0.207307i
A3 3.461697 3.10981 3.27566 2.94671 2.92062
+0.511703 i
Ay 3.757270 4.14044 3.99713 3.47207 3.42575
+0.464828 i | +0.979963i
o 5.385286 5.12115 4.64684 4.12277 4.08884
+0.819447
i
e 5.785335 6.42381 5.79124 5.3019 5.2571
> 5.958607 7.20376 7.01281 6.4807 6.42534
Ag 6.984753 7.76791 8.28427 7.65981 7.5936
I caioii — Crexanomnactuk ACTT (6) —C2-O u IIH-3; II caoii —
CBAM 10:1
hz = 0,1 hz = 0,1 hz = 0,1 hz = 0,1 hz = 0,1
hl = 0,1 h’l = 0,5 h’l = h’l =10 h’l =100
A 0.552327 0.664174 0.595621 0.539892 0.53453
A, 1.20738 1.1829 1.1232 0.958029 0.947397
+0.273232 i
A3 1.25807 1.57878 1.21233 1.18468 1.17661
+0.485119
i
Ay 1.9309 2.18521 1.99342 1.83545 1.81924
As 2.56509 2.99793 2.76475 2.48721 2.46196
+0.418209
i
e 2.81385 3.54196 2.857 2.87409 2.84207
+0.399207 i
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Ay 3.66728 4.3653 3.47546 3.12497 3.10345
+0.0320142
i

Ag 4.82472 4.60452 4.11947 3.77996 3.74642
+0.0426689 | +0.20938 i
i

OtmeTuM, 4TO Uil OJHOCIONHON IIACTUHKH COOTBETCTBYIOIIEE TPAHCLEHIEHTHOE
ypaBHeHUe (3.8) UMeeT TONBKO JeHCTBUTEILHBIE KOPHH.

4. AHTUIJIOCKHUI MOTPAHMYHBIN CJION IBYXC/I0i{HOI OPTOTPONHOI NIACTUHKH.

B kpaesoit 3amade (2.9) u (2.10) KOpHH XapaKTEPUCTHIECKOTO yPAaBHEHUS:

(K)y 2,2 (k)4 _
AN 1 A% =0 (4.1)
— MHUMBIE U UM COOTBETCTBYET CIEAYyIOIlee pelleHHe (MM MPUIHUILEM OMOJHUTEIbHBIN
HIDKHAN HHAEKC « d »):

o0 = Cl(k’o) cos g + C§"’°> sin uAg

yzpa
GE:;;,? = —Cl(k’o)p(k) sin u(k)XQ + Cgk’o)u(k) cos u(k)kg
(k) (k)

(k) (k) (k
PO Cl(k’o) ‘166;l sin u(’f)xg _ Cgk’o) a667t’t cos M(k)xc’

pa
rue
G A
V) W Al Tw 4.2)
Age Qg6
W3 ycnoBuii koHTakra (1.2) BbITEKaeT
2,0 1,0 2,0 1,0
(o = ), (o = )
rue
(UM
a
= = 43)
Qoo M

VYIOBIETBOPUB OJHOPOAHBIM YCIOBHSIM (2.6), TONy4YdM CICAYIOUIYIO CHCTEMY
OJTHOPOJHBIX AIreOpPandecKux YPaBHEHUH OTHOCHTEIBHO HEU3BECTHBIX MMOCTOSHHBIX

Cl(l,O), CS,O) :
Cl(l’o) oS u(z)M;z +u C§1’°) sin p(z)kgz =0

M, 1) : 44)
—C0 JesE ; sinp"2.g, + —aé"; cosp!AL, =0

[TpupaBHUBas onpenesuTenb CUCTEMBI (4.4) K HYyIIO, TTOJY4YUM CcJeoyloliee TPaHCLeH-
JIEHTHOE YpaBHEHHME JUTS ONpEIeeHUs A

utgu(l)kg tgu(z)KCZ +1=0. 4.5)

OTMeTHM, YTO [JIs OJHOCIOHHOM INIACTUHKU
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C.)l :_C_;z :1, Cl!«(jl) =CZA(A2) =a?/’ M:L u(k) — ﬂ )

y

TpaHCICHICHTHOE ypaBHEHHE (4.5) ynpoImaeTcs U puMeT BUI:

tg? /ﬂx—l -0, (4.6)
Qo6

KOTOpOE UMEET TOJBKO BEIIEeCTBEHHBIE KOPHHU [7]

Aes

by = [~ Z(1420), n=0,1,2,...

n
Ay

(1,0)

OTOpoCHB BTOpOE ypaBHEHHE CUCTeMbI (4.4) 1 BBIpa3UB C1
1,0 2 1,0
M = —ptgu®g, -, @.7)

HOCKOHLKy KaXXaI0My 3HAYECHUTO 7\4 = }\’n COOTBETCTBYET OJTHA HECU3BECTHAA TOCTOSAHHAA

(1,0)

4yepes C2 , IOJIy4YuM:

1,0 ..
Ci ), TO C y4€TOM (47) JJId BEJIMYUMH aHTUILIOCKOTO IMOTPaHUYHOTO CJI0S INIACTUHKH

HOJIy4HM:

N
ol = {~ntgnn,ceosnn, g +sinnn, g

n=

—

N
o) = > f-utgu®h,geosp?n, C+psinu®n, g

=

N
A2 o
an (48)
S = 21" {tgu %, Gsinp®4, &+ cos pl xg}

n

=1
N0 (1)

Vg,lao) ==y 6;“ {ptgp A, Csinpa ¢ +cos A Q}C(l’o)
n=1 n
N2,

==y “}b“ {tgn¥2,Csin 2, ¢+ cosp®, Ll
n=1 n

o) =)~ o) i ol 0.

[Tpu pemennu 3anauu (2.7) — (2.8), KOTOPOE COOTBETCTBYET aHTHIUIOCKOMY ITOTPAaHHUY-
HOMY CJIOI0, OyZIeM TaKkKe UMETh:

(k.0) _ <(k0) _ (k0) _ (k0) _ (k0) _  (k0) _
cSzpa pra zepa G ypa =u pa Wpa - 0 :
Vpaerenus (2.7) u (2.9) npu § > 1 cTaHOBSATCS HEOTHOPOIHBIMU U OHH JIOJIKHEI OBITH

pelleHbI IPK JBYX PaslIMuHBIX BAPMAHTAX. B mepBoM BapuanTe A €CTh KOPEHb TPAHCIICH-
JeHTHOTo ypaBHeHHs (3.7), a BO BTOPOM BapHaHTE — KOPEHb TPAHCLIEHAECHTHOIO ypaBHe-
HUA — (4.5). Pemenus ypasaenuid (2.7) u (2.9) B kaXJ0M BapuaHTe 3anuinyTcst B Buze [3]:
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oY =0 +0l, (p.a) (4.9)

s s
rae Qép) SABJIACTCA PCUHICHUEM OJHOPOAHOIO YpPAaBHCHUS, a Q’Ep)_ YaCTHOC pClIICHUEe

HEO/IHOPOHOTO YpaBHEHUs. PellieHNs! OTHOPOIHBIX CHCTEM TLIOCKOTO MOTPAHCIIOs IEPBOTO
BapMaHTa M AaHTHIUIOCKOTO [OrPAHCIIOS BTOPOTO BapuaHta OyAyT TOXICCTBEHHO
YAOBIETBOPATh I'PaHUYHBIM yCIOBHAM (1.1) B CHily HEM3MEHHOCTH CTPYKTYPBI PELICHHUS

OJTHOPOJIHOM 3a7auM [T KaKI0TO S M yAOBIETBOpeHHs 7THX ycnosuii mpu s = 0 .
AHaTOTHYHBIM 00pa30M MOYKHO IMOCTPOUTH PEUICHHS TUIA TOTPAHUYHOTO CJIOSI BOJIM3U

TOpLOB X = d U y=0,b.
Pemenre npocTpaHCTBEHHOW KpaeBOM 3aJadd €CTb CyMMa BHYTPEHHEH 3aJadd U
MOTrPAHUYHBIX CJIOEB:

J=0,+0,+0,, (4.10)

rie O, ,0,,0, — cOOTBETCTBERHO, peleHne BHYTPEHHEH 3a/1a4H, MHTErPasIbl TIIOCKOTO

Y aHTHUIUIOCKOTO MOTPAHUYHBIX CIOEB.
[IpencraBnenne (4.9) COMEPKUT AOCTATOYHOE KOJIMYECTBO HEHM3BECTHBIX KOHCTAHT,
MO3BOJISIIOIINE YJIOBIETBOPUTH TOPLIEBBIM YCIOBHSIM.
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2U3UUSULP @bSNh(e3NPLLENP UQFU3PL UUUEURUSE Sttulahl
W3BECTUSI HALIMOHAJIBHOM AKAJIEMUM HAYK APMEHUM

Uthuwthju 72, Ne3, 2019 Mexannka

YK 539.3 Doi- http://doi.org/10.33018/72.3.2

O CBEPX3BYKOBOM JJUBEPTEHIINN CKATOM MAHEJIHN
Bbeay6exksan M.B., Maptupocsn C.P.

KuroueBble €10Ba: yCTOHYMBOCTH, COKUMAIOIIME YCHIIUS, ECTAOMIN3AIMS, AUBEPICHIUS MaHEIH,
JIOKaJTM30BaHHAs TUBEPICHIIMS, CBEPX3BYKOBOE OOTCKaHHE.

Belubekyan M.V., Martirosyan S.R.
About a problem of the supersonic divergence of a compressed panel

Key words: stability, compressive forces, destabilizing effect, divergence of the panel, localized divergence,
supersonic overrunning

By analyzing, as an example, a thin elastic rectangular plate with one free and clumped edges streamlined by
supersonic gas flows, we study the loss stability phenomenon of the overrunning of the gas flow at is free edge
under the assumption of presence of compressed forces at the two hinged edges. Critical velocities of divergence
of the panel and localized divergence are found. It is established that the compressed forces leads to the
destabilizing of unperturbed equilibrium state of a plate in supersonic gas flow.

PEmipkyut U4, Uwpnppouyywi U.LE.

Qhpduyyiuyghtt quugh hnupnid ubnuqws vuyh nhykpghighuyh vh mph dwuhic
Zhfhwpunkp'  Yuynimipnit, ubnunn  mdbp, nhydbpgiighw, wbnujbugduws  nhykpghughu,
qhpdwiughtt gpohnunid

Thunwpyyws b ghpdwjiiughtt qugh hnupnud munublymb vwih juniinmpyut th jinhp: Znupp
nnnjus £t wquun kqphg nhuyh hwlunhp Yoo wilpulgyws tqpp qniqubbn dmiu Eplm
hnnuljuwynpbt wdpuyguws tqpbipht, pintdws ubkndnn nidtpny: 8nyg £ wipdwsd uwh nhytpghughuygh
b wquu Eqph dhowluypnid |nlwihqugus nhykpghughuyh wrwowgdw huwpwynpnipniin:
Qutws tu nhdtpghughwih b niwihqugjws nhbpgkughwih Yphinpjuljut wpugnipiniubkph
wpdbpubkpp: 8nyg kwupdws, np ubindnn nidbpp tywunnd B wywljuynibugdw:

B craree wuccienyercs BIMSHHE HEPBOHAYAIBHOIO HANPSHKEHHOTO COCTOSIHUS HA MOTEPIO CTaTHYECKO
YCTOWYMBOCTH HEBO3MYIIEHHOTO COCTOSHHMS PAaBHOBECHS CXKATOW NPSAMOYTOJbHOW IUIACTHHKH, OOTEKaeMoit
CBEPX3BYKOBEIM IIOTOKOM I'a3a, HaOeraromero Ha € cBOOOJHEII Kpaii, B IPEIIIOI0KEHIH, YTO CKUMAIOIIHUE CHIIBI
HAIpaBJICHbI MEPIIEHAUKYIIIPHO K CKOPOCTH IIOTOKA ra3a.

ITomyyeHo aHanMTHYECKOE pEILICHHE 3aJayl YCTOHUMBOCTH CHUCTEMbI «IUIACTHHKA-TIOTOK» B JIMHEHHOMH
MOCTAHOBKE. Y CTAaHOBJICHA 3aBUCHMOCTb, CBSI3BIBAIOIIAS XapaKTEPUCTUKH COOCTBEHHBIX KOJIEOaHHI TUIACTHHKHU CO
CKOPOCTBIO OOTeKalomero e¢ MOTOKa rasa, MO3BOJLIIOIIAs B HPOCTPAHCTBE «CYIIECTBEHHBIX)» HapaMeTPOB
CHCTEMBI BBIJECIUTh OOJIACTH YCTOMYMBOCTH M HEYCTOMYMBOCTH: OOJIACTH AMBEPrE€HLIMH IAHEIH U JIOKaJH-
30BaHHOM JuBepreHimu. [TokazaHo, 4To npu 0OTEKaHWH MEPBOHAYAIBHOE HATPSUKEHHOE COCTOSHUE MPUBOAUT K
CYIIECTBEHHOH JiecTabMIIM3aLMK COCTOSHUS HEBO3MYIIIEHHOTO PAaBHOBECHS TUIACTUHKU.

BBenenne. Kakx m3BectHo [1, 3], BeITydnBaHME INIACTUHKY B aBHALIMOHHBIX U CYIIOBBIX
KOHCTPYKIUSAX Yallle BCErO BBI3BIBACTCS, B OCHOBHOM, NICHCTBHEM CKHUMAIONINX YCHIINH,
PACIONIOKEHHBIX B CPEIMHHOW TMOBEPXHOCTH IIACTHHKHU. [IpW 3TOM, Tak Kak IMHpUHA
TUTACTHHKH, SBJIIOIIEHCS MaHeIbl0 KPhlIa caMoJeTa, MaxyObl CyAHa U T.1., KaKk IMPaBuiIo,
Ha MHOTO MaJjia [0 CPaBHEHHIO C pa3MepaMHu KOHCTPYKIIMH, TO BO MHOTHUX CIy4asX MOXKHO
CUUTATh CKUMAIOIINE YCHUIIUSI PaBHOMEPHO PpaCHpEleIEHHBIMU IO IIUPUHE IJIACTHHKH.
[TosTomMy, 3amavya 00 yCTOHYMBOCTH IUIACTHMHOK IPU PABHOMEPHOM CHKATHH SIBJISICTCSI TOM
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«KJIACCHYECKOW 3a/1aueid», pelIeHre KOTOPOU SBISETCS MCXOIHBIM JUIs (DOPMYIHPOBKH U
HCCIICIOBAaHMS APYTUX O0Jiee CIOKHBIX 3a1ad.

B npemaraemoil cratebe HUCCIENyeTCS 3aBUCUMOCTb BHUJIOB IOTEPU CTAaTUUYECKON
YCTOHYMBOCTM TaHENH, OOTEKaeMOil CBEpPX3BYKOBBIM IIOTOKOM Tra3a, OT Xapakrepa
MEPBOHAYAIBHOTO HANPSHKEHHOTO COCTOSIHHA. VICCIemoBaHUIO ITHUX 3aJad TOCBSIIEHO
0oJBIIIOe KOJIMYECTBO PaboT, 0030p KOTOPHIX, B YaCTHOCTH, COJEPIKUTCS B MOHOTpadUsIX
[1,3-6]. Onnako 371ech, 3a UCKIOUeHHEM paboT A.A. MoBuYaHa, OCTPOCHBI MPUOIKEH-
HbIE pelIeHus U He 1aHa 3G dexTHBHAs OlleHKa TOYHOCTH STHX MPUOIIIKEHUH.

B npeunaraeMoﬁ CTaThbC, B OTJIMYHUC OT BI)IH_leyKa3aHHI)IX pa60T, K pe]_lleHl/IIO 3aaa4yun
CTaTUICCKON YCTOWYMBOCTH OOTEKaeMOW CBEPX3BYKOBBIM IMMOTOKOM ra3a MaHEIH C JBYMS
MApHUPHO 3aKPCIUIEHHBIMU KpasMH, C OJHHM CBOOOJHBIM H IPOTHUBOIIOJIOKHBIM EMY
KECTKO 3alIeMJIEHHBIM KpasMH, PABHOMEPHO CXATOH 10 HAMPaBICHUIO CKOPOCTH IOTOKA
ra3a, Haberaromero Ha e€ CBOOOIHBIN Kpail, MPUMEHEH HOBBIH AaHATUTHYCCKUHA METOI,
MOJPOOHO M3IOKEHHBIH B pabote [7], yOOOHBIA AN HAXOXKICHHUS TOYHOTO PEIICHUS
IIMPOKOTO KJIacca MmoIo0HBIX 3a1ad.

PesynbraTel paboThl MOTYT OBITH HCIIOJIB30BaHbI IIPH 00PA0OTKE IKCIEPUMEHTAIBHBIX
UCCJIeIOBaHUI AMBEpreHny U (baTTepa naHenell oOIIMBKY CBEPX3BYKOBBIX JIETATENILHBIX
anmapaToB Ha ATaIe MPOSKTUPOBAHMS U IIPH 3KCILTyaTallH.

1. PaccmarpuBaercsi TOHKas ynpyras HpSMOYIONbHAs IUIACTHHKA, 3aHMMAOIIAs B

nexaptoBoii cucteme koopaunar Oxyz obnacte 0<x<a, 0<y<b, -h<z<h.
Jlexaproa cuctema koopaunar OXyz BeiGupaercs Tak, uto ocu Ox u Oy nexar B
MIOCKOCTH HeBO3MYIIEHHON miacTvHkd, a och (JZ meprneHMKy/IspHa K TUIACTHHKE H
HATIPABJIEHa B CTOPOHY CBEPX3BYKOBOTO MOTOKA ra3a, 0OTEKAIOIIErO MIACTHHKY C OHOM

CTOpOHBI B HanpasieHuu ock JX ¢ HeBO3MyIIEHHOM ckopocThio V . TeueHue rasa Oyaem
CUHUTATh INIOCKUM U IIOTCHIIMAJIbHBIM.

IMycte kpail X =0 mmactuuku cBoGOMIEH, Kpail X = @ XECTKO 3alleMIEH, a mapal-
JNeNbHbIE TOTeHIMAIbHOMY TI0TOKY rasa kpas ¥ =0 u )y =b wmapuupHo 3akperuieHsL
IIpu 5TOM NonaraeM, 4To MWAPHUPHI UJEATBHBIL.

[InacTMHKA TOABEp)KEHA NEHCTBMIO CHKUMAOIMX cun IV » =2h6y B CpEAUHHOM
TUIOCKOCTH TAHENH, SBITIONIMMHUCS PE3yJIbTaTOM HArpeBa WIH KaKUX-THOO JPYTHX
MPUYIHH; CKUMAIOIME YCHIMA O, MOXKHO CYHTATh PaBHOMEPHO pactpenenéHHBIMU TI0
MIUPUHE IDIACTUHKH ( (CTOpOHA IUTACTHHKH II0 TIOTOKY), IIOCTOSHHBIMH BO BCeil
CPEIMHHON TOBEPXHOCTH W HEMEHSIOMHMMUCS C W3MEHEHHEeM MpoTrnda IIaCTUHKU
w=w(x,y) [1,5].

[poru6 mnactuakn W= W(X, ) BBI30BET U30bITOUHOE AaBieHue AP Ha BEPXHIOW
00TeKaeMyI0 TOBEPXHOCTh IDIACTUHKH CO CTOPOHBI OOTEKAIOIIETO MOTOKa ras3a, KOTopoe

ow

YUHTBIBAETCS IPHOIMKEHHOI (hopMyIoi «ropiHeBoil Teopum» [2]: Ap = —aOpOVé—,
X

a, — CKOpOCTh 3ByKa B HEBO3MYIIEHHOM razoBoil cpesie, P, — IUIOTHOCTh HEBO3MYIIEH-

HOTO MOTOKA ra3a. Byiem nomarath, uto nporu6sl W= W(X, y) MIaCTMHKH Malbl OTHO-

CUTCIIbHO TOJIIWHBI INTACTUHKHU 2h .
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BbIssicHUM yciioBHS, TPH KOTOPBIX Hapsily ¢ HEBO3MYIIEHHOW (OpMOW paBHOBECHs
(HeW3oTHYTas IJIACTHHKA) BO3MOXKHA CMEXHAas ¢ He MCKPHUBIEHHAs (opMa paBHOBECHS,
KOTOpasi COMPOBOMKIACTCSI PE3KUM MOHOTOHHBIM BBIITYYHBAHHEM TUIACTUHKH (JIMBEPrEHIINs
MaHenn) JMOO BBIIYYMBAHMEM MAaJOil OKPECTHOCTH CBOOOJHOTO Kpas IIIACTUHKHU
(JlokanM30BaHHAsT JUBEPreHLus), B Cly4ae, B KOTOPOM H3rH0 IUIACTHHKH OO0YCIOBJICH

OOHOBPEMECHHO COOTBETCTBYHOIIIUMHA a3poaAHaAMUNYCCKUMHU HarpyskaMmu Ap n

CKUMAromMMu cmiamu N )= 2hc , B CPE/IMHHOM IUIOCKOCTH MAHENH B NPETONOKEHNH,

9T0 yCwius G, Mallbl [0 CPABHEHHIO C KPHUTHICCKIMH (Gv) KOTOpBIE MOTYT NPOM3-

cr.”?
BECTH BBITYYHBAHUE IUTACTUHKY [IPU OTCYTCTBUU OOTEKaHMU.
B npeanonoxkeHuy CrnpaBeNIMBOCTH THNOTe3bl Kupxroda u «IIOpIIHEBOH TeopHun»
mddepeHnmansHOe ypaBHEHUE M3rHOa TOHKOW M30TPONHOM MPSIMOYTOJIBHOM IUIACTHHKH,
CKaTOW B HAIPaBJIEHUH, NEPIIEHANKYISIPHOM K IIOTOKY ra3a, ONMUCBIBAETCS COOTHOLIEHUEM
[1,3]:
2

) o'w ow

DA*w+ N, —+a,p,V —=0 (1.1)
y 2 oo >
oy ox

2 N
A"w = A(Aw), Aw — oneparop Jlannaca; DD — nmiuHapudeckas KECTKOCTb.

I'paHuYHBIC YCIOBUS B MPUHSTBHIX MPEANOIOKEHHIX OTHOCHUTEIBHO CIOCO0a 3aKper-
JieHUs Kpa€B IUIACTUHKU UMeEtoT BU [ 1, 3]:

O*w 0*w o[ o*w 0*w
+v =0, — +(2-v =0 x=0; 1.2
o Vo el TETY G e (2
w=0,a—W:O npu X =4a; (1.3)
Ox
o*w
w=0,—=0mpu y=0, y=>b; (1.4)

V — ko3¢ dunuent [lyaccona.

Tpe6y€TCH HaWTH HAaWMCHBIIYHO CKOPOCTH IMOTOKA ra3a — KpUTUYCCKYIO0 CKOPOCThb V

cr?
[IPUBOALIYIO K IIOTEPE CTATUYECKOM YCTOMUYMBOCTU HEBO3MYILIEHHOIO COCTOSIHMS PAaBHO-
BeCUsl 00TEKaeMOW MPSIMOYTOJBHOM IIACTHHKH, MOJBEPIKCHHOMN MEHCTBUIO CKUMAIOIINX

CHJ1 Ny B Cpe,[[PIHHOfI TMOBEPXHOCTHU NMAHEIIN, B IPEATIOJIOKECHNHU, YTO YCUIINA Gy MaJibl I10

CPaBHCHHIO C KPUTHYECKUMH (Gy) KOTOpBIE MOTYT TIPOM3BECTH BBIYy4YHBaHHE

cr.”?
IUIACTUHKH TIPH OTCYTCTBHU OOTeKaHus. VIHBIMM CcI0BaMH, aHaIN3 yCTOWIMBOCTH INIOCKOH
¢opMbl paBHOBecHs OOTEKAaeMOH IPSIMOYTOJbHOW IUIACTHHKH, CXAaTOW YCHIIUSMHU

Gy < (Gv) CBOOMUTCA K HAXOXIACHUIO MUHUMAJIBHOT'O 3HAYCHUA CKOPOCTH IOTOKA ra3a

cr.?

V', nmpu xoropom kpaeas 3amaua (1.1)-(1.4) wuMeeT pelleHUs, OTIMYHBIE OT
TPUBHAIIBHOTO, COOTBETCTBYIOIUE PA3BETBICHNUIO ()OPM paBHOBECHSI.

2. JIna mosrydeHus: JOCTATOYHBIX MPU3HAKOB CTATHYECKOW HEYCTOHYMBOCTH CHCTEMBI
«IUTACTMHKA-TIOTOK»  obmiee  pemenue  auddepenHumansHoro  ypaBuenus  (1.1),
yIOBIETBOpstoNee rpaHuYHbIM ycioBusiM (1.2) — (1.4), Oynem uckaTh B BUJE ABOMHOTO
psina:
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o 4
w(x,y) =Y. C, exp(p,r.x)-sin(u,y), p, =mnb™", @.1)

n=1 k=1
an — IPOU3BOJIBHBIC ITOCTOAHHBIC, N — 49uciio TOJIYBOJIH BJ0JIb CTOPOHBI b INIACTUHKH,
7, — KOpHH XapaKTePUCTUIECKOTO ypaBHEHUS

rt=2-r 4o, r+(1-B2)=0, o =a,p, /D', BL =N, D'’ 2.2)

KOTOpOE B COOTBETCTBUH C pemeHreM deppapyu MOXKHO IpeACTaBUTS B Bue [12]:

(r2 +\/MF+q—1 lg® -1+ Bi ) . (r2 —\/Mi%qh lq” —1+Bi ):O , (2.3)

I€ ¢ — MapamMeTp CKOPOCTH MOTOKA rasa, V — JeHCTBUTENBHBIA KOPEHH KyOHIECKOTO

ypaBHEHUSI

2 2 6 _
8:-(¢g+1)(¢"—1+B))-a, =0, (2.4)
ge ((—1+21/(4—3Bj )/3,00) npw B2 <4/3 u g e (L) mpu B2 >4/3;  (2.5)
Otz u Bi — [apaMeTphl, XapaKTepPU3YIOIIHe HEKOHCEPBATHBHYIO M KOHCEPBATUBHYIO

COCTAaBJISIOLINE HATPY3KU, COOTBETCTBEHHO.
Kax nokasano B pabote [12], B unTepBaie (2.5) 3HaueHUl apaMeTpa ¢ XapaKTepuc-

THYECKOE ypaBHEHHE (2.2) HMEET IBa NEHCTBUTENBHBIX KOPHA: 7, ¥, U Iapy KOMIUIEKCHO

CONPSUKEHHBIX KOPHEH 7, C IOJOKMTEIHLHOW BELIECTBEHHON 4YacThO, KOTOPBIE JIETKO

HaxoJATcsl, Oy/yuH pelIeHreM KBalpaTHbIX YpaBHEHUH — COMHOXKUTENIeH ypaBHeHus (2.3):

1, =-0.52(qg+1 i\/1/q2 —1+[3§ -0.5(g-1), (2.6)
o = 0.5\2(g + D) £iy\ g 1+ +0.5(g 1) @7

IIpu sTOM HMeeM:

7 <0, 7 <0, xorza B €[0,1) n g e((—1+21/4—3[3i )/3,00); 2.38)
7 <0, >0, o B e (1,4/3], qe((—1+21/4—3B§ )/3,00) " (2.9)
B2 €(4/3,2), q € (1,00);

7 <0,7,=0,korma B> =1u ge(1/3,0). (2.10)

y

~ ~4 ~2 2
Kopun 7, xapaxrepuctuueckoro ypasuenus 7 —2-7° +(1-]) =0, coorsercrsy-

romero kpaepoil 3amade (1.1)-(1.4) npu orcyrctBun obrekanus (¥ =0), 6yayr suma
[1,12]:

Fe LB R =l fB L B = 1B 7 = 1B mpu B2 <1
F=—N2,7,=0,7 =2 npu B2 =1; .11)
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171:—’14-\/%,172,3:11',\/@_1’?4: [1+\/Enpnﬁi>l.

B cootBercTBHM ¢ HEOOXOAWMBIM YCIIOBHEM IIOTEPH YCTOWYMBOCTH B BHJAE JIOKAJH-
30BaHHON HeycToMunuBOCTH [9,12]:

Rer <0uRer <0, (2.12)
3 BbIpaxkeHudl (2.6)—(2.11) cnemyer, 4TO HEBO3MYUIEHHOE COCTOSIHHME PaBHOBECHS
JIOCTATOYHO IIMPOKMX MPSAMOYTONBHBIX miacTud (Y > Ver > 1) moxer mnorepaTs
CTaTUYECKYI0 YCTOMUYMBOCTh B BHJIE€ JIOKAJIM30BAHHON HEYCTOMUMBOCTU B OKPECTHOCTH
cBoboaHoro kpast X =0 TONBKO JMUIL NP 3HAYEHHAX f)i <1. 3necs ¥ ¢r — TPaHHYHOC
3HAUCHUE [apaMeTpa Y — OTHOLICHHS MIUPUHBl IUIACTUHKU ( (CTOpPOHA IUIACTHHKH IO
N0TOKY) K €& jmune b :

y=ab™', (2.13)
HauMHAasT C KOTOPOTO TIOBEIACHHWE MJOCTATOYHO IIHUPOKUX MPSIMOYTOJIBHBIX IIIACTHH
(Y2Y,,) MOXHO CYMTATb AHANOTMYHBIM IIOBC/CHUIO MOITYOECKOHEUHON ILIACTHHBI-

2
nosockl (Y =00). A, COOTBETCTBEHHO, NPH 3HAUEHUAX [3 y >1 cymecrByeT BO3MOKHOCTE

NOTEepPU CTATHYECKOH YCTOHYMBOCTH TOJNBKO JIMIIb B BHIEC JUBEPreHUWH IAHEIW IPH
OOTEKaHWH, a B OTCYTCTBUHM OOTEKaHUs — B BUJIe HEYCTOWYMBOCTH MaHEIH. DTOT Pe3ysIbTar
Ka4eCTBEHHO COTJAacyeTcs C pe3ylbTaToM, IONydeHHBIM B [12], mms apyroro cimydas
3aKpeIUIeHUs KpaéB IUIACTHHKH KaK IPH HOTEHIUAIbHOM OOTEKaHUM, TaK U B OTCYTCTBUH
00TeKaHM.

Obmree pemrenue (2.1), yaoBIeTBOpstOIce HEOOXOAUMOMY YCIIOBHIO JIOKATU30BAHHOM
HeycTorunBocTH (2.12), B cHily ycJOBHs 3aTyXaHHs KolleOaHWI Ha Kpae X = d IUIac-

tuuky, npu kotopom C . =C , =0, npexcrasurcs B Buge [6,9,12]:

w(x,») =Y (C,; exp(p,rx)+C,, exp(p,;x))-sin(, ») . (2.14)
n=l1

U3 coorHomenus (2.4), B COOTBETCTBUM ¢ 0003HaueHUeM (2.2), mosryyaeM SIBHBIH BHIL
BBIPKEHUS 3aBUCHMOCTH CKOPOCTH MOTOKAa Taza } OT CylIeCTBEHHBIX MapaMeTpoB
CHCTEMBI «IUTAaCTUHKA—TIOTOKY!

V(g.m7.B2) =2y2q +1)(¢* =1+2) -y’ D(a,pya’)” (2.15)
JUISL IPAMOYTOJIBHBIX IUIACTUHOK yMEPEHHBIX PA3MEPOB M I0CTATO4HO mmuHHbIX (Y <K 1) n
V(g.nB)=2{2(g+1)(q" ~1+P}) -w'n’ D(a,p,b*) " (2.16)

JUISL IOCTATOYHO MMPOKUX rractud (Y>> 1).

3. IlepeiigéM K ONMUCAHUIO AWCHEPCHUOHHBIX yPAaBHEHHWH — JIOCTATOYHBIX IPHU3HAKOB
CTaTUYECKON HEYCTOWYMBOCTH HMPSAMOYTONBHBIX IIACTHH KaK MPH OOTEKaHWH, TaK M B €ro
OTCYTCTBUH.

3.1. Iloacrasnsist obmee peuienue (2.1) auddepenumanbuoro ypaHenus (1.1), B

KOTOPOM KOPHHU 7, XapaKTePUCTUYECKOro ypaBHEHHUs (2.2) OHpeNeNstoTCs BhIPAXKEHUAMU

(2.6) u (2.7), B rpannunbie ycnoBus (1.2) u (1.3), moiaydyaeM OJHOPOAHYIO CHUCTEMY
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anreOpanyecKux ypaBHCHHH YETBEPTOrO IMOPSAKA OTHOCHUTEIBHO IMPOU3BOJILHBIX
MTOCTOSTHHBIX an. IIpupaBHEHHBII HYJIO OIpPENEIUTENb 3TOM CUCTEMBl YPABHEHHHA —

XapaKTEePUCTUIECKUH ONPEAEINTENh UMEET B!

F(q,n,y,v,ﬁi):{(q+1—,/q2—1+B§)2—2(q+1)v—(1—v)2}3132+ 3.1)
+{(q+l+«/q2 —1)2 —2(q+1)v—(1—v)2} ‘B\B, -exp(=2+/2(q +1) - mny) +
128, {\/2(q+1)-(q2—1+Bj)-(q+1+,/q2 ~1+B ) sh(mayB,) +

+B,(4q° +2q —1+P +2qv+V*)ch(mnyB, )} exp(—~/2(q+l)nny)-
~cos(7cnsz)+{2\/2(q+1)~(q2 —1+B2) (g+1-\Jg" ~1+ B2 |ch(umB,)+

+(2¢° +3g-1-gB} +B. —2(3¢(g + D -201-B))v+ Bg + v’ )
sh(nnyB,)}-exp (—« [2(q + l)nny) - sin(nnyB,) = 0;

B, =\/1/q2—1+[3i -0.5(¢-1), B, =\/,/q2 —1+Bi +0.5(g-1) . (3.2)

2
OueBUIHO, YTO B1 >0 u 32 >0 IIPU BCEX JONMYCTHMBIX 3HAYEHUAX ( U By,

onpenenseMbix cootHomenusamu (2.5); Y € (0,00)— napamerp OTHOWIEHMS CTOPOH
acTuHKY; V — koaddumment Iyaccona.
B coorsercTBun ¢ o6o3nadenuem (2.13), snauenns Y =0 um Y =00 cooTBETCTBYIOT

JIBYM TIpEIENBbHBIM CIy9asiM HCXOMHOH 3a/1a4M YCTOHYNBOCTH, COOTBETCTBEHHO, OECKOHEY-
HO yJUTMHEHHOH IJIaCTUHKE H MTOTyOSECKOHEYHOH ITaCTHHE—TI0NI0CE.
[Toncrapnss obrmee pemieHne pacCMaTPHUBAEMOH 3a1a4M yCTOHUUBOCTH B BUae (2.14), B

KOTOPOM KOPHH #; ¥ 7, OHpEJENeHbl BhIpaXeHUAMH (2.6), B rpanudnbie ycaosus (1.2),
MOJy4aeM OJHOPOJHYIO CHUCTEMY alreOpaudeckux YpaBHEHHH BTOpPOTrO IOps/IKa
orHocuTenbHO npon3BoubHbIX noctosHubix C | u C ,. [IpupaBHeHHbI HyIO OnpeseNy-

TeJIb ATOW CUCTEMBI YPABHEHUU MPUBOJUT K IUCIIEPCHOHHOMY YPaBHEHHUIO, COOTBETCTBYIO-
1eMy JIOKaJIH30BaHHOI JMBEPreHIUK B OKPECTHOCTH cBoboqHoro kpas X = 0 mocrarouno

IIMPOKUX NPAMOYTOJBHEIX miacTud (Y > 7. > 1):

2
Fran(@V-8) = (1= g =18} | =2(q+Dv=(1-v)’ =0, B <1. 33)

MoxHO IMOKa3aTb, 4TO, Ha4YMHasA ¢ HCKOTOPOr'o 3HAUCHUS MMapaMeTpa }/ = ]/* JJI1 BCEX

N HUMEECT MECTO YCJIOBHUE:

ylgnyrg(F(q,n,v,v,Bi)) = Floein(q,V,P3) =0 mpu B2 <1, (3.4)
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2
Y zy*(v,By) — IpaHHYHOE 3HAYCHHE TNapameTpa 7, pasrpaHHyMBaroliee o0JIacTH

JUBEPreHIUN MaHeIH M JIOKAIU30BAaHHOM IUBEPIEHINH, ONpeAesieMOoe YHCICHHBIMU
METOJIaMH aHaJIN3a JUCIIEpPCHOHHBIX ypaBHeHui (3.1) u (3.3).

OTtmern™M, 49TO YypaBHeHHe (3.3) TOXKIECTBEHHO YPaBHEHHIO JIOKAJIM30BaHHOW
JMBEPreHIUy, TOJy4eHHOMY B pabote [12], mpu uccrienoBaHMM 3a/adudl yCTOWYHMBOCTH
IaHeNu B Cilyyae, B KOTOpPOM Kpail X = d — IIapHUPHO 3aKPEIUIEH, B CHIIy YCIIOBMs
3aTyXaHus KoyleOaHWH Ha Kpae X = d TUTACTHUHKH.

3.2. AmanormdHo, moACTaBisAs obmee pemenne (2.1), B KOTOpOM KOpPHH 7

ompenersroTess BeipaxkeHusmu (2.11), B rparnunsie ycnosus (1.2) u (1.3), momydaem tpu
OJHOPOJHBIX CHCTEMBI aNreOpanvyecKuX ypaBHEHHH 4eTBEPTOrO MOPSIKa OTHOCHTEIHEHO

2 2 _ 2

npoussonbhbix noctosunbix  C,, , coorserctsenno, mpu B <1, Bl =1 u B >1.

IlpupaBHEHHBI HYJNIO ONpPENEIMTENh KaXIOH M3 OSTUX CUCTEM YpaBHEHMH —
. 2

XapaKTepUCTHICCKHii onpenemurens A, =Ak(n,y,v,By)=0, k=1,3 npusomur x

COOTBETCTBYIOIEMY AUCIEPCHOHHOMY YPAaBHEHMIO HEYCTOWYMBOCTH naHemu [1]:

8y =218 (0= =g (141 ) -
—2(1+M)v—(l—v)z)-ch(nny(\/nﬁ +\/1—\/ED—
T -
—(1—v)2)-ch(nny(\/1+JE%,—Jl—J[TjD:O npu B2 <1 (3.5)

A, =4(1—(1—v)2)+2(1+(1_v)2)ch(ﬁnny)_
2y sh(\2mny ) v* =0 wpu 5} =1 (3.6)

Ay =B _I(Bi _1—(@—1)v)+1/[3i —1-(B2+(1-v))-

ch(mnyy[B2 +1)-cos(mnyy\[B2 ~1)+ (B2 —2B>v—(1-v)*):
-sh(mny \/EJrl)-sin(Tcny./\/E—l) =0 npu Bi >1. (3.7)

COOTBETCTBEHHO, MPHUPABHEHHBIH HYJIO ONPENEIHUTENb CHCTEMBl  ypaBHEHHH,

TIOTy4YeHHOM IOJCTaHOBKOH o0miero pemenus B Bune (2.14), B KOTOpoM KOpHU 7, U 7,

omnpeneseHsl BbIpaxkeHusMu (2.11) npu 3HadeHnn ﬁi <1, B rpannunsie ycnoeus (1.2),

MPUBOJNT K TUCIICPCHOHHOMY ypPaBHEHHIO

A,oc,,.,m,(v,[x)=(1+\/@)2 —2v(1+M)—(l—v)2 —0,B <1, (8
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COOTBETCTBYIOLIIEMY JIOKAJIM30BaHHOU HGYCTOﬁqHBOCTH B OKPECTHOCTH CBO6OHHOF0 Kpast

x =0 He 0OTeKaeMbIX TOCTATOYHO MIMPOKUX MPAMOYTONBHBIX TUIACTHH 7Y > Vi > 1.

30ech, Y. — IPAaHUYHOE 3HAUCHHUE ITapaMeTpa Y, HauMHas ¢ KOTOPOro HOBeJeHHEe IPsMO-

YTOJNbHOW IUTACTUHKH AHAJIOTHYHO IIOBEICHHIO MOIYOECKOHEYHOH IIaCTHHBI-TIOJIOCH

(Y = ©0) B cMBICIIE IOTEPU CTATUYECKON yCTOHUMBOCTU. VIHBIMH CIIOBaMH, UIMEEM:

. 2) _ 2 2

Yliryn A (n, y,v,By) =Ny inst (V,By) mpu Beex 71, V, B <1. (3.9)
3ametuMm, uro ypaBHeHHe (3.8) TOXAECTBEHHO YpPaBHEHHWIO JIOKAIM30BAaHHON

HEYCTOWYMBOCTH, IIONy4YeHHOMY B pabortax [6,8,11,12], mpu wuccienoBaHuM 3amauu

YCTOWYHMBOCTH MaHENN B CIIydYasX, B KOTOPBIX Kpah X =d — CBOOOAEH WM 3aKpEIUIEH

JIpYTHMH crioco0aMy, 4To 0OyCJIOBJIEHO YCIIOBHEM 3aTyXaHHs KoJieOaHWH Ha Kpae X = d

TUTACTUHKH.

3.3. Pe3ynprarhl 4yncieHHOro aHanu3a ypaBHeHuit (3.5) — (3.8) nmokazanu cnenyromiee.

Vpasnenue (3.5) B unrepsane sHavenuit Y < V.. =80 peumenus He mmeer, Tak Kak
A=A (n,y,v, Bi) > (. D10 03Hauaer, uTO MIOCKas (hopMa paBHOBECHS HEOOTEKAEMOil
IUIACTHHKK yMepeHHBIX pasmepoB (Y < V.. =80) ycroituusa.

Hauunas ¢ 3Havenns V.. =80, ypasnenus (3.5) u (3.8) B unreppane Bi € (0,1)

-5
PaBHOCWJIbBHBI € TOYHOCTBIO OO TIIOpAAKa 10 n HUMCIOT CIWHCTBCHHOC PCHICHUC

2 .
(By )[ (tabn.1) mpu BceX Y 2 Vi, M,V . DTO O3HAYACT, YTO B UHTEPBAIC 3HAYCHHUIT
ocinst

Bi E((Bi )l _ ,1) JIOCTaTOYHO — MMPOKMe TIAcTHHKH (Y 2 Y. =80)  Tepstor
ocinst

CTaTUYECKYI0 YCTOHMYMBOCTb B BHJE JIOKAIU30BAHHOW HEYCTOMYMBOCTH, IIPU KOTOPOM
u3rub JOKAIM30BaH B OKPECTHOCTH eé cBoboaHoro kpasg X = 0.

Ta6nuna 1
\Y 0.125 0.25 0.3 0.375 0.5
( 2 ) 0.9998 0.9983 0.9962 0.9889 0.9567
Y Jlocinst

2
Pemenne Y, =Y, (n,V) ypasuenns (3.6), coorserctsyroutero suauenmio [ =1,

SBJISIETCS MOHOTOHHO YyOBbIBatomieil (yHKUuMed OT 7 1npH (UKCUPOBAHHOM 3HAYECHUH
napamerpa V, a Takke oT V IpH (GUKCUPOBAHHOM 3HAYCHHH mapamerpa 7. SICHO, 4To
JUIsl BceX 3HavYeHHWH mapamerpa # u koadduimenra Ilyaccona V B ciyyae, B KOTOPOM

2 y
B =1, npu suavennsx y(n,v) 2 y,, (n,V), miockas hopma paBrosecus HeobTekaemoii

IPSIMOYTOJIbHOM IUIACTUHKU TEPSET YCTOMYUMBOCTb B BUJE HEYCTOMYMBOCTU IIAHEIH, IIPU
KOTOPO#1 «BBIILyYMBACTCS» BCSA CPEIUHHAS IIOBEPXHOCTD IUIACTUHKU.

B Tabmune 2 npuBeneHB! 3HAYEHU KOPHS . ypaBHEHHS (3.6) IS pa3sIM4HbIX 3HAYCHUN

v,korma n=1.
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2
B Tabn. 3 MNPUBEACHBI 3HAYCHUA KPUTUICCKOT'O K03(1)(1)I/IIII/IeHTa HapsyKCHU (B y) —
inst.

2
MEepBOTO KOpHSA ypaBHeHHs (3.7) B HWHTepBaie By >1 npu pasnuyHBIX 3HAYEHHAX

napameTpoB Y, V W npu 3HavyeHun 1 =1 .

Tab6muma 2
\Y 0.125 0.25 0.3 0.375 0.5
Y. 50.82 11.20 7.51 4.45 2.24
Tabmuma 3
0.125 0.25 0.3 0.375 0.5
i
0.1 1348.0 1332.0 1325.0 1316.0 1300.0
0.3 25.00 23.40 22.70 21.82 20.0
0.5 5.99 5.45 5.21 4.90 4.23
0.8 2.40 222 2.15 2.03 1.77
1.0 1.78 1.69 1.65 1.55 1.40
1.2 1.52 1.45 1.39 1.35 1.22
1.5 1.29 1.26 1.23 1.19 1.11
2.0 1.15 1.13 1.11 1.09 1.02
2.5 1.09 1.07 1.06 1.04 1.01
5.0 1.02 1.012 1.008 1.00 1.00

2

2
lpu sHavennsx koodduumenta wanpsoxenns 3] > (B )

) >1 nnockas ¢dopma
inst

paBHOBecHsI  HEOOTEKaeMOW  MPSIMOYTOJbHON  IUIACTHHKA  TepsSeT  CTaTUYECKYIO
YCTOHUYMBOCTh B BHJE HEYCTONYMBOCTH HAaHEIH, MPH KOTOPOM CPEIOMHHAS MOBEPXHOCTH
TUTACTHHKH PE3KO «BBITYYMBACTCS C OTPAaHMYCHHON CKOPOCTBIO «BBIITYIHBAHUS.

K 61.3 7 (Bz)
aK CIle/IyeT U3 IaHHbIX Tabu.3, kputudeckuii kodpduument nanpsoxenus (7, npu
ymepennbix 3nauenusx Y € [0.1;5] saBucur or napamerpa ¥ u xosdpdunmenta Iyaccona
V: yOblBaeT C BO3pacTaHWEM Y M MEHbIIE B IIACTHHAX M3 MATEpHAlOB C OOJBIIAM

koo durmentom Iyaccona V. B ciydae nocrarouno mmuaHbx mwiactun (Y < 1) 3aBucn-

2
MOCTh KPUTHUECKOTO KO3(D(HIMEHTa HATIPSIKECHHSA (By) OT mapameTpa V HeCyIIecT-

unst

2
BEHHA, M0YTOMY MOXHO npubsth, 4to (f3)),,, 3aBHCHT Tombko or mapamerpa Y. B

unst

Cllydae JOCTATOYHO WIMPOKMX MiacTuH (Y >>1), B oTiM4Me OT MIACTMHOK yMEPEHHBIX

2
pasmepos, sasucumocts (f37),,,, Kak or mapamerpa Y, Tak M OT napamerpa V sBuseTcs

unst

N -4
HECYIIECTBEHHOM: HaumHas ¢ 3Hadenus Y =10 c¢ Tounocteio mopsaka 107 u menee

2
(By )unst ~ 1 :
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Jlerko moxaszaTh, 4TO CpeAd MHOXECTBA {ycr_(n,v)} pemennii ypasHenus (3.6) u

TIEPBBIX KOpHEH {(Bi) ‘ (n,y,v)} ypasHenus (3.7), TOMy4eHHBIX TIPH PA3IHUHbIX A |

unst
pu (bI/IKCI/IpOBaHHBIX 3HAYCHUAX OCTAJIbHBIX MapaME€TpOB, HAWUMCHBIIEMY 3HA4YCHUIO

KPUTHYECKOTO CKUMAIOIIETO yCHITHS (G y) , B cuity 0003HaueHus (2.2), COOTBETCTBYIOT
cr.

2
3HA4YCHHS Y, H (By)

SaMeTI/IM, 4qTo yCTOfI‘IPIBOCTI: CIKATBhIX MPAMOYTOJIbHBIX IUIACTUHOK IIPpU PA3JIMYHBIX

npu 7 =1, npuBenéHHbIX B Ta0J1. 2 U 3 COOTBETCTBEHHO.
unst

-1
TpaHUYHBIX YCJIOBUAX W PA3JIMYHBIX 3HAYCHHUAX OTHOLICHUSA CTOPOH 'Y = ab B OTCYT-

CTBUH OOTEKaHWs PACCMOTPEHA, B YaCTHOCTH, B paborax [1, 5,6,8,12]. B cTatesx [8, 12] u B
MoHorpaduu [6], B KOTOPBIX PacCMOTpPEHa YCTOMYMBOCTH CXKaTOM IUIACTHHKH, COOTBET-
CTBEHHO, C JIByMSI CBOOOJHBIMU KpasMd M C OJHMM CBOOOJHBIM M XKECTKO 3a/CJIaHHBIM

2
kpasmu, noydeno pu V = 0.3 u Y =00 10 ke 3HaueHue (BV )1 =0.9962 ,utou B
+ Jlocinst

naHHoM pabote (Tabn. 1). DTO coBNajeHue CBA3aHO ¢ JoKatusaueil mporuba W(X,)) B
OKpecTHOCTH cBOGOaHOTO Kpas X = () rmuacTvHKM 1mpu J0CTaTOYHO GOJBIIMX 3HAYEHHAX
Y 2> V s =80, B pe3ysbTare KOTOPOH I'paHUYHBIE YCIOBHUS Ha Kpae X = d IUIACTUHKU

IIEPECTAIOT OKA3bIBATh BJIIMAHHUEC.
2

2
Takum oOpa3oM, Ipu Bcex 3HAYEHUAX Y € (0, OO) , korjaa By 2 (By

) >1 (rabn. 3), u

2
mpu Yy €[y, ,©) (rabn. 2), xorga 3 K =1, cxaras npAMOyrojibHas IUIACTHHKA TEpSET

CTATHHYECKYI0 YCTOHYMBOCTH B BHJE HEyCTOMYMBOCTH TMaHETH, a MpH 3HAYEHHAX
2 2 y y
Y €[Ye,0) u B €((B; . ,1| — B Bue nOKAaMM30BAHHOI HEYCTONYMBOCTH.
ocinst

4. TlepeiinémM K aHAIN3y YCTOWYMBOCTH IUTOCKOH ()OPMBI pPaBHOBECHS OOTEKaeMOM
CKaToOW NPSIMOYTONBHOM IUIACTHHKU NPH JOMYCTHMBIX 3HAYEHHSAX IapaMerpa CKOPOCTH
HIOTOKA

q €(qy,°) < (q(aM,),q(a,M,,)) . (4.1
rie MOZ\/E u M

COOTBETCTBYIOIINE HHTEPBAITY AOMYCTUMbBIX 3HAYCHHI CBEPX3BYKOBBIX U THUIIEP3BYKOBBIX
ckopocreii [1,14].
Hccrnenyem 4ncIeHHBIMA METOAaMHU ITUCTIEPCHOHHOE ypaBHeHHE (3.1), mpyu 3Ha4eHUsIX

Bi €[0, (Bi ) iocinst) U[l,(Bi )..), Y€(0,00) unpu Becex V, a TakKe AMCIEPCHOHHOE

reosm. ©33.85 —  rpannunbie 3Hadenms uncna Maxa M,

ypaBHeHnue (3.3) Npy 3HaYEHHUAX Bi €[0, (Bi )iocins;) M TIPH BCEX V', SIBISIOLIMECS 10CTa-

TOYHBIMU IIPU3HAKAMH HEYCTOWYHMBOCTH IUIOCKOH (DOPMBI PaBHOBECHS HPSMOYTOIBHBIX
IUIACTMHOK JOCTaTOYHO JJIMHHBIX M YMEPEHHBIX Pa3MEpOB, U, COOTBETCTBEHHO, HOCTa-

u (Bi )cr >1 xosdduuuenta

2
TOYHO HIMPOKHUX. KpI/ITI/I‘IeCKl/Ie 3HAYCHUA (By )l
ocinst

2
HaPsDKEHUS By npuBeAeHB B Tabmuiax 1 U 3 coorBercTBeHHO. [IpM 3TOM, B COOTBET-
cTBHUH ¢ ycnoBusami (2.8) — (2.10), sicHo, uTo
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qe((—1+21/4—3ﬁi )/3,00) npw B2 <4/3 u g e (L) mpu B2 >4/3. (42)

BBeném B paccMOTpeHHME B IPOCTPAHCTBE «CYLIECTBEHHBIX» NapaMETPOB MCXOAHOU

2 y y
3aauu SZ{q(V),n,y,V,By} o6macts ycroifunBocTH 3, M OGNACTH CTATHYECKOi

HEYCTOWYIMBOCTH Sl, 32 , COOTBETCTBYIOIINE NWBEPTCHINN TAHEIH U JIOKAIM30BAHHOM

JIMBEPTE€HLUU COOTBETCTBEHHO.
U3 criocoba pa3OMeHHsl IPOCTPAHCTBA <3 MapaMETPOB CHCTEMBI «CKaTasi MIACTHHKA—
MOTOK» Ha O0JIACTH YCTOWYMBOCTH U CTATHYCCKON HEYCTOMYMBOCTH CIIEIYET, YTO 00JIaCTh

ycroifunBoctnt I, € I HEBO3MYIIEHHOTO COCTOSIHHSL DABHOBECHsS CHCTEMBI Oyler

OIIMCBIBATHCA COOTHOIICHUAMM

2 2
F(q’n,YJv,By)>O’ F}ogdiv(q’Bxi‘V) >0’ (43)
a 00JIaCTH HEYCTOWYHBOCTH Sl u 52 — COOTBETCTBEHHO, COOTHOLUEHUSIMU
2 2

F(q,n,y,v,B;)<0u F, . (q,v,p;)<0. (4.4)

I'parnnamu o61acTé yCTOHYINBOCTH So B IPOCTPAHCTBE €& MapaMeTpPoB < SABJISIOTCH
TUIEPIIOBEPXHOCTH:
F(q,n,y,v,p})=0, (4.5)

2

F}ocdiv(q’f)x’v) = 0’ (46)

omnpenenseMbie BeipakeHusMe (3.1) u (3.3) COOTBETCTBEHHO.

l'umeprioBepxnocTh (4.5) pasrpaHu9YuBaeT OONACTh YCTOWIHBOCTH 30 n 001acTh

JMBEPreHIMH MAHENH <3, B MNPOCTPAHCTBE «CYIICCTBEHHBIX» I1aPAMETPOB CHCTEMbI
~_ 2
«IUTAaCTHHKA — TTOTOK» <5 = {q(V), n,y,v,[_’)y} .
o ~
['neprnoBepXHOCTH (4.6) pasrpaHMYMBaeT 00/1acTh YCTOHYMBOCTH 3, U 00NACTh JIOKa-
. 2
JIN30BAHHON AMBEPICHUMH 3, B IPOCTPAHCTBE <3 = {q(V), n,y,v,B y} )

Ha rpanure (4.5) 06:1acTH yCTORYMBOCTH <3, HEBO3MYIUEHHOE COCTOSHHE PABHOBECHSL

CKAaTOM MJIACTUHKYU TepsAeT CTaTUUECKYI0 YCTOWYMBOCTh B BUJIE€ JUBEPIECHIUH TTaHENH, a Ha
rpanuie (4.6) — B BUJIE JIOKQIN30BaHHOH JMBEPTeHIIIH.

I'pannnelt Mexay oOmacTIMH CTaTHYECKOH HEyCTOWYMBOCTH 31 u 32 SIBIIAETCA
THIIEPIOBEPXHOCTB!
2 2
F(g,n,y,v,)=F, ;. (q,B.,v) =0 npu ycnoun ¥ >y, >>1 wun seex 1, (4.6)
rae Y =Y. — IpaHUYHOE 3Ha4YeHME IIapaMeTpa Y, pasrpaHHYUBarollee 00JacTH HEYCTOMU-

auBocTH I, U 3, .

_ 2
Kpuruueckne ckopoctu auseprenumn nanema V, . =V . (n,y,v,B }), momyuae-

y y Lo 1 2
MBIE TOJCTAHOBKO 3HAYCHUIl epBHIX KOpHEH ¢, = qc(,r?div(n,y,v,ﬁy) ypaBHEeHHUsI
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(4.5) B BBIpaxeHue (2.15), pasrpaHMYMBAIOT OOIACTH YCTOMYUBOCTH <3, M CTATHYECKOI
HEYCTOMYMBOCTH B BHIC JMBEPreHUMH maHenu <5;. [IpM CKOpOCTAX IOTOKA rasa

V=V

cr.div TIDOUCXOIUT «MATKHMI» HEPEXOA OT YCTOMYMBOCTH K CTaTMYECKOH HEYCTOM-

YMUBOCTHU B BUAC AUBCPICHLMNU MAHCIIU. B NEepBOHAYAJIBHO CXKaTOM HpHMoyFOHLHOﬁ miac-
TUHKE YCUIUAMU Gy < (Gy) npu 00TEKaHHH BO3HHKAIOT JONOJIHUTCJIbHBIC HAIIPAKE-
cr.

HUS, TPHUBOMAIINE K U3MEHEHHo e€ (opMBl — IIOBEPXHOCTh IUIACTHHKH PE3KO
«BBIITyYUBAETCS» C OTPAHUMYCHHON CKOPOCTBIO «BBIYYHBAHMS). 37€Ch, B COOTBETCTBUH C

o6o3HaueHueMm (2.2), (Gy) = 7'112112}(2D(2ha2 )_1 (Bi )inge. (12012 1 3).

_ 2 y
Kpuruueckne cxopoern V. =V, . (n,v,p]), mnomyuaemble NoACTaHOBKON

oc.div

. _ 2
3Ha4eHUH KOPHA G, 4 = Qioeaiv(VoB,.) ypaBHeHus (4.6) B Bbipanenue (2.16),
PasrpaHUYMBAIOT 00IACTH YCTOHYMBOCTH 3, M CTATHYECKOi HEYCTOHYMBOCTH I, B BUIE

JIOKQJIM30BAHHON JIMBEPTEHIIMM B OKPECTHOCTH cBoGoaHoro kpas X =0 gocrarouno

WMPOKOH IUIACTUHKM IIpH ycaoBuu Y =Y, . Ilpu ckopocrsix moroka rasa V =V, .

OPOUCXOOUT «MATKUI» Tepexox OT YCTOMYMBOCTM K HEYCTOIUMBOCTH B BHJE
JIOKQJIM30BAHHON JIMBEPTEHIMU B OKPECTHOCTH cBoGoaHoro kpas X = (0 mnepsonauanbHo

CXKaToM J0CTaTO4YHO HII/IPOKOﬁ IJIAaCTHHKH ycuniusamu Gy < (Gv ) N
cr.

-1
2 2 2 2
(G y) =n'n D(2hb ) (B Wiocing:. (1201 1). AHasorn4Ho, BenencTsre 0GTEKaHNs B
cr. o

IUTACTUHKE BO3HUKAKOT HOIOJIHUTECIBHBIC HAIPSHKEHUSA, MPUBOIAAIINE K «BBITYYUBAHUIOY
y3KOﬁ IMMOJIOCHI MOBEPXHOCTU IUNTACTUHKHU BOJIb eé CB060Z[HOFO Kpas X = 0 .

2
Crenyer — orMernts, uto  Kpurmueckue  ckopoctd V. . (n,y,V,p)) m

V.

2
ocAdivA(n’ Vv, By) CUCTEMbl «IIJIACTUHKA-TIOTOK», COOTBETCTBYIOLIUEC II€PBBIM KOPHAM

ypaBHeHus (3.1) m pemenuto ypaBHeHus (3.3), ompexpemstores no dopmymnam (2.15) u
(2.16) ¢ toCTaTOYHON TOYHOCTHIO.
5. B panHo#ii paboTe ¢ MOMOIIBIO METOAOB TIpado—aHATUTHIECKOTO M YHUCICHHOTO
. 2
aHaJIM3a CTPOMINCH cemeiicTBa kpusbix {q(71,Y,V,])}, mapaMerpu3soBaHHBIX HaUIeKa-
muM oOpazoM. PasMep cTaTbn HE TO3BOISET TPUBECTH IOIYYCHHBIE PE3yIBTATHI
MOJHOCTBIO. [loATOMY OrpaHMYMMCA WUTIOCTPALMSAMH THIIMYHBIX CIy9aeB, BBLACIL

. 2
HauGosiee mpecTaBHTENbHbIE U3 cemelicTBa kpusbix {g(7,7Y,V,B))} B MHOromapamer-
~
PHYECKOM TIPOCTPAHCTBE S .

y WM 2 _ 2
Halinenpr  MHOKeCTBa {qcr.div_qcr.div(n’Y’By’v)} 1 {qloc.div_qloc.div(V’By)}

3HaYeHHUH MEepBBIX KOpHEH ypaBHeHU (3.1) u enuHCTBEHHOTO KOpHA ypaBHeHU (3.3) npu
2

y b
uHTepBane (4.2) pomycTUMBIX 3HA4YEHWI mapameTpa ¢ COOTBETCTBEHHO. J[laiee,

Pa3IMYHBIX 3HAYCHHUAX IIapaMeTpoB 71, B 'Y U V CHUCTEMBI «IUIaCTUHKA—IIOTOK» B
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1
MOJICTABJISAS 3HAYEHUS qf,r')div‘ U {,,. i » COOTBETCTBEHHO, B BhIpaxkeHMs (2.15) u (2.16),

HAXOJMM  TpPHUBEIEHHBIE  KPUTHUYECKHE  CKOPOCTH  JMBEPreHIMM  MaHesu
-1 3 y -1 3
V, D (ap,a’) n noxamusosaunoit musepremumu V.. -D™ (a,p,b”). Tlpn

9TOM, KaK IIOKa3al YHCIICHHBIN aHaJin3, HAWMMCHbUICMY 3HAYCHUIO HpI/IBe,HéHHBIX

y -1 3 -1 3
kpurnueckux ckopocreit V. . D™ (a,ppa’) u VD (a,p,b’) coorsercreyer

oc.div
3HayeHue 7 =1 npu PUKCHPOBAHHBIX 3HAYEHUSAX OCTAJILHBIX 1APAMETPOB.

B COOTBETCTBUM C 3HAUEHMEM IMIMHAPHYECKOil xécTkoct [, nomycTHMble
WHTEPBAJIBI W3MCHCHHS 3HAYCHHUIM MPUBEACHHBIX CKOPOCTCH AMBEPreHIMU TAaHEIH U
JIOKAaJIN30BAHHOW JTUBEPTCHIIMU MPUMEHUTEIHHO K MHTEPBAY CBEPX3BYKOBBIX CKOPOCTEH
(4.1) umetor Bun [14]:

Vcr.divD_l (aopoa3) €V, a4, )D™ (Clopoa3 ), @My, Y1) (5.1)
< (aM ¥, a,M,, '¥)),
Vloc.divD_l (a0p0b3) € Voe.an (o )D™! (aopob3 ) @M, Y5 S (5.2)
< (aM ¥y, a,M,,, 'Y5) .

¥, =12(1-v*)a,p,E'(Qha™)?, ¥, =12(1-v*)a,p,E"' (2hb "),
MO = \/5 4 MZcosm. ~ 3385 >

Tab6muma 4
\Y 0.125 0.25 0.3 0.375 0.5
B,
0.00 324.761 173.371 149.854 120.741 77.398
1-107* 315.780 169.907 143.878 114.922 76.865
1-107 289.523 168.325 142.374 113.390 75.732
0.10 267.024 160.853 131.075 106.909 72.643
0.20 249954 146.091 125.277 95.056 71.283
0.30 229.367 132.122 117.723 86.243 57.706
0.40 207.652 115.081 99.107 78.311 47.424
0.50 183.146 103.084 87.564 67.196 43.956
0.60 152.743 86.676 71.532 53.324 34.241
0.70 124.604 68.526 57.471 41.562 27.147
0.80 95.948 53.077 42.506 30.817 15.352
0.85 82.261 37.475 33.923 24.164 —
0.90 60.942 32.161 — - -
0.95 41.193 - - - -

B Tabn. 4 mpexacraBieHbl NPUBEAEHHBIE KPUTHYECKHE CKOPOCTH JIOKATM30BAHHON

-1 3 y 2
muBeprexuyn V), D7 (ayp,b’) nnst nexoropbix sHauennit V u B npu n=1.

oc.div.

U3 pmamHpix Tabm. 4 ciemyer, UYTo TNpHUBeNEHHAS KPUTHYECKas CKOPOCTh

-1 3 2
D7 (a,p,b’), 3aBucsmas or napamerpos 3| u

JIOKAIM30BaHHON uBeprenuun V) )

oc.div.
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2
V, yMEHbIIAETCsS MPUMEPHO B 4 — 5 pas ¢ poctoM KodhduuuenTa HanpskeHus [3 , B

MHTEpBale (0,0.95) ¥ MeHbIle B TJACTHHAX M3 MaTepuaioB C  OONbIIMM

ko3 duimentom Iyaccona V. Jlanee, U3 conocTapieHus 1aHHBIX Tabuun 1 u 4, cienyer,
2 .

4To KpuTHUeCKHe 3Hauenus Koddduumenta wmanpsoxernus (). HaliieHHbe B

oTcyTcTBUM oOTekaHus (Tabm.l), oxasbiBatoTCs Ooublie mnpuMepHO Ha 14%, dyem
KPUTHYECKHE 3HAa4YeHus Kod(QHIUEeHTa HampsbkeHust (Tabn. 4), HaWaEHHBIX IpU
oOTekaHnH. MHBIMH CIIOBaMH, B Ciydae JOCTATOYHO MIMPOKHX IUIACTHH NPH OOTEKaHWH
MPOHCXOJUT 3aHIKEHHE TOopora KPUTHYECKOro 3HaueHWs KoddduipeHTa HanpspKeHus
cKaTHs, npuMepHo, Ha 14%. Otcloga cienyer, 4TO IE€PBOHAYAIBHOE HAaNpsDKEHHOE
COCTOSIHHE TIPHBOJMT K CYLICCTBEHHOM JeCTa0WIN3alid PaBHOBECHOTO COCTOSHHS
00TeKaeMOoH CKaTO# JOCTATOYHO MIMPOKOH IIIACTHHKH.

Tab6muma 5
BZ
J 0.0 0.1 0.3 0.5 0.8 0.9
Y
10.765 10.732 10.667 10.605 10.457 10.370
9.946 9.919 9.806 9.757 9.689 9.610
0.3 9.697 9.511 9.502 9.458 9.340 9.321
9.202 9.120 9.081 9.045 8.823 8.810
8.408 8.394 8.193 8.116 8.093 8.086
22.042 21.423 20.288 19.771 18.510 18.161
19.357 18.786 18.028 17.278 16.151 15.690
0.5 17.988 17.724 17.021 16.213 15.307 14.674
16.613 16.115 15.502 14.792 13.844 13.494
13.788 13.643 12.925 12.405 11.169 11.151
71.435 67.112 60.359 52.780 43.240 40.332
58.835 55.885 49.695 42.803 35.706 32.703
0.8 54.086 51.237 45.838 39.717 32.328 30.377
47.945 45.221 40.140 34.406 27.163 25.116
37.330 35.483 30.883 26.358 19.852 18.096
193.506 165.073 132.125 105.004 74.655 65.353
126.227 118.027 98.124 81.603 58.135 50.544
1.0 112.615 104.641 88.437 73.480 53.053 44.561
96.085 88.323 74.946 60.689 44.302 36.912
72.910 67.944 55.022 43.954 - -
729.920 703.051 583.17 546.92 123.345 119.398
267.470 241.328 288.88 217.80 91.676 75.670
1.2 225.828 203.951 22277 178.67 79.644 63.785
178.466 164.914 176.87 137.43 67.001 -
130.726 117.407 122.07 95.07 - -
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B Tabn. 5 w 6 mpuBeneHbl 3HAUCHHS NPUBEIEHHOW KPUTHYECKOHW CKOPOCTH

-1 3 o
mueprenuun nanemn V. -D7 (a,p,a’). 3nech 3HAaYCHHS KPUTHYECKOH CKOPOCTH

cr.div

-1
V, D (aOpOaS), B3AThIE B (DUI'ypHBIE CKOOKH, COOTBETCTBYIOT 3HAUEHHAM KO3 H-
muenTa Ilyaccona Vv, pasusim 0.125, 0.25, 0.3, 0.375, 0.5, COOTBETCTBEHHO.
Tabnuma 6
B 0.95 1. 00 1.21 1.44 2.25 5.0
Y
10.305 10.244 10.186 10.110 9.797 8.512
9.599 9.532 9.503 9.331 9.026 7.819
0.3 9.312 9.275 9.057 9.055 8.676 7.543
8.808 8.796 8.672 8.628 8.189 -
8.028 8.024 7.868 7.838 7.441 -
18.103 17.848 - - - -
15.204 15.092 - - - -
0.5 14.500 14.330 - - - -
13.342 13.206 - - - -
10.912 10.683 - - - -
39.138 37.430 - - - -
31.714 30.369 - - - -
0.8 28.748 27.453 - - - -
23.859 19.254 - - - -
60.281 56.767 - - - -
46.600 43.822 - - - -
1.0 42.123 38.852 - - - -
34.361 - - - - -
89.913 - - - - -
66.454 - - - - -
1.2 59.375 - - - - -

Kak CJICAYCT U3 NaHHBIX Ta6J'II/III S5u 6, HpI/IBeHéHHaﬂ KPpUTHUYECKAsA CKOPOCTb JUBEPICH-

1y nasemn V.

-1 3 2
wrai " D (@gPy@”) , 3aBucsimas ot napametpos Y, B u v, Bospacraer ¢

poctom Y na untepsane (0.2,2) npumepHo Ha 1Ba TOpsAAKA NMPU (DUKCHPOBAHHBIX

2
3HAYEHUAX [APAMETPOB By u Vv, nagaer B npumepHo 1.2—3.8 pasza ¢ pocrom

2
B y € [0,5) npu dukcupoBanHbIX 3HaUYEHHAX Y,V U MEHBIIE B IUIACTUHAX M3 MaTepHa-

J0B ¢ OonpmM koddduipenTom Ilyaccona V. DTO CBUAETENBCTBYET O CYIIECTBEHHOM
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JIECTaOIN3aI[M  PABHOBECHOTO  COCTOSHHSI  CXKATOM  MPSMOYTOJMBHON  IUIACTUHKH
YMEPEHHBIX pa3MepoB MpU OOTEKAHWH, B CPABHEHUH C IUIACTUHKON C HEHArPYKCHHBIMU
Kpasmu [7].

Hau6onee sipko sddext necradunuzanuu npossisiercs npu snauenusx Y € (0.8,2) u

2
B 1 €(0.95,1), npn xoToperx obTeKkaHue NPHBOMT K «CKAYKOOGPA3HOMY» YBETHIEHHIO

K03(Q(PHIUMEHTA HANPSHKEHHS /10 3HAYEHUH, OOJIBLIMX (Bi) (Tabn. 3): mpoucxoaut

inst.

«MI'HOBCHHAasA» IMOTEPA yCTOfI‘IPIBOCTPI IUIOCKOM (bOpMI)I PaBHOBECHsL HpHMoyFOHLHOﬁ
TUTACTUHKH B BUJI€ NUBCPTCHIINA ITaHEIIN.

2

Hecmotpst ma To, uto rpamuunoe suauenne V. =7.(V,[)), onnaxo, xak noxasamm

Pe3yNbTAThl YHCIIEHHBIX MCCITEI0BAHMH, 3aBUCUMOCT Y, OT kod(hduimenta Iyaccona Vv

SABJIAETCSA HECYIIECTBEHHOM, B OTJIMUME OT 3aBUCHMOCTH Y, OT Kod(hHIlMeHTa Hanpsike-
2 2

mis B ¢ ysemmuennem xoopduumenta wanpsxenns [3) €[0,0.95)  rpanuunoe

3HAUCHUE Y, PAcTET OT 2 JI0 3, UTO TAKXKE YKa3bIBAaeT Ha CYIIECTBEHHYIO JECTaOMIN3ALIUIO

IIOCKOH  (OopMBI  paBHOBECHs] OOTEeKaeMOW IUIACTUHKM NOPU  OOJBIIMX 3HAYCHUSIX
2

Vv

ko>(pduuuenta HanpsokeHus [, XapakTepU3YIOLIEro MEPBOHAYATLHOE HANPSKEHHOE

COCTOAHHUEC IIIACTHHKH.
B cIydyac HOOCTAaTOYHO [JJIIMHHBIX TIJIACTHH 'Y < 001 HpI/IBe,HéHHaH KpUTHU4CeCKas

-1 3 -6
CKOPOCTb AMBCPICHUUU IaHCIIN V D (aopoa ) C TOYHOCTBIO OO IOpsAAKa 10

cr.div
O/lHa U Ta e JUIA BCEX 3HAUEHMH MapameTpoB V Bi ¥ PaBHA 3HAYCHUIO NPUBEAEHHOMN
KPHTHYECKOI CKOPOCTH JIMBEPTEHIMN GECKOHEUHO Y/UTMHEHHONW KOHCOJIBHON IIACTHHKY:
V. . -D7(a,p,a’) = 6.33, nonyuennoii A.A. Mosuarom B paGore [13].

cr.div
Jlamee, 13 OIEHKH MOJMYYSHHBIX YUCIECHHBIX Pe3yNbTaToB (Tabmu. 4—6), MpUMEHUTEIHHO

K nomyctumbiM  uHTepBaiam (5.1) wu (5.2) 3Hauenwmii V,r'div-D’l(a0p0a3) u

C
= 3
Viea. D (a,pyb”)  cootsercTBeHHO, Ccrliemyer, dYTO C  POCTOM  Iapamerpa

. -1 1
OTHOCHTENLHOH TOJIIMHEL, cooTBercTBeHHo, 2/a  u 2hb™, pasHOBecHOE cocTosHHE
CIKATBIX MPAMOYTOJBHEIX TIIACTHH CTAHOBUTCS CYIIECTBEHHO YCTOHUMBBIM.

6. OcHoBHBIE pe3yJbTaTbl. B pa0doTe MONMydeHO aHATUTHYECKOE pEIICHHE 3aJadd
CTaTUYECKOM  YCTOMYMBOCTH HEBO3MYIUEHHOIO  COCTOSIHMSL  PaBHOBECHsI  yNpPYroi
HPSIMOYTOJIBHON TJIACTHMHKUA C OJHUM CBOOOJHBIM KpaeM, OOTEKaeMOil CBEPX3BYKOBBIM
MOTOKOM Ta3a, Ha0eraromero Ha e€ CBOOOMHBIA Kpad, B TPEANOJIOXKEHHUH, UTO
NEPBOHAYAJILHO B CpeHHHHOﬂ TOBEPXHOCTU INUIACTUHKHM HMCIOTCA CKUMAIOIHNE CHUJIbI,
HarpaBJIeHHbIE TIEPICHINKYIISIPHO K CKOPOCTHU TIOTOKA rasa.

Haiineno anamuTHueckoe pelIeHHE 3aJadd CTaTMYECKONW YCTOWYMBOCTH CXKATOM
TUIACTUHKH TIPH OTCYTCTBHM OOTEKaHMs, C LIEJIbIO MOJY4YEHHs CTPOTOM M ITOJHOH OLEHKH
BIMSIHUSL TEPBOHAYAIBHOIO HAMPSDKEHHOTO COCTOSIHMS Ha HEBO3MYIIEHHOE COCTOSHUE
paBHOBeCHS IUTACTHHKY ITPU OOTEKaHHH.
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C mnomompio rpadoaHaTUTHYECKHX METOJOB aHajih3a IPOU3BEACHO pa3OuecHue
MPOCTPAHCTBA CYIIECTBEHHBIX MapaMETPOB CHUCTEMBI «IUIACTHHKA—TIOTOK» Ha 0O0JIacTH
YCTOHYMBOCTH M CTATHYECKOW HEYCTOHYHMBOCTH, B KOTOPBIX HEBO3MYIIEHHOE COCTOSIHHEC
PaBHOBECHS IUIACTUHKH TEPSET YCTOWYMBOCTh, COOTBETCTBEHHO, KaK B BUJE AWBEPTeHIINN
MaHeIN, TaK ¥ B BHJE JIOKAIM30BAaHHON MuBEepreHiuu. lccmemoBaHa rpaHuma o0i1acTH
YCTOMYMBOCTH, a TAK)KE TPAHUIA MEXKITY 00JIaCTIMH HEYCTOMIMBOCTH.

Kak okasanoch, B CpaBHEHHH ¢ 00TEKaeMOil ITAHEJIbIO C HEHArPY)KEHHBIMHU Kpasmu [7],
MEPBOHAYAILHOE HANPSHKEHHOE COCTOSIHUE CXKATOM MaHeNd NP OOTCKaHUW MPUBOIUT K
CMCIICHUIO I'PaHUIBI MEXKITY 06ﬂaCTﬂMl/I JUBCPICHIMU MMaHCIN U JIOKaJIU30BaHHOM JAUBEP-
TCHIIMU B HAIIPABIICHUY YBEIMYCHUS MapaMeTpa OTHOIICHUS CTOPOH MaHEeIH — K pacIIupe-
HUIO 00JIACTH AUBEPIeHIIMY TTAHEH U CY)KCHUIO 00JIACTH JIOKATH30BaHHON TUBEPIeHIINY.

Haiinensl kpuTHYeCKHEe 3HAYCHUS KOIPQPUIMCHTA HANPSDKCHUS W KPUTHUYCCKHE
CKOPOCTH TIOTOKAa Ta3a, NPH TPEBBIIICHHH KOTOPHIX IUIOCKas (opMa paBHOBECHS
00TeKaeMOH TUIACTHHKH TEPSeT CTATHYECKYI0 YCTOWYMBOCTh, COOTBETCTBEHHO, WM B BHIE
TUBEPTCHIMN TIaHENH, WM B BHJC JIOKAJM30BAHHOW AWBEPTeHIMH, B 3aBUCHMOCTH OT
MapaMeTpoB CHCTEMBI, B MPENNOJOXKEHWH, YTO B MOMEHT «BBIIYYHBAHUS» B HeEll
BO3HHUKAIOT TOJIBKO HANPSHKEHUS U3rHOa.

[Toka3aHo, 4TO KPUTHYECKHE CKOPOCTH IUBEPICHIIMH IAHETH W JIOKAJTM30BAHHOU
JAUBCPIreHUINHU, COOTBETCTBYIOLIUE, COOTBETCTBCHHO, IJIACTUHKAM YMEPCHHBLIX pasMEpoOB U
JIOCTATOYHO IIHMPOKHM, TMaJalOT NPUMEPHO Ha MOPSAOK C pocTtoM Ko3dduimeHTa
HaMpsKEHUS.

B ciydae nocTtaTouyHO AJMMHHBIX IUIACTUH NEPBOHAYAIbHOE HANPSHKEHHOE COCTOSHUE
OKa3bIBa€T HE3HAUMUTEIbHOE BIMSHUE Ha IMOBEACHHUE CHUCTEMBl «IJIACTHHKA—TIOTOK»:
KpUTHYECKasi CKOPOCTh AWBEPTEHINH MAHEN PaBHA, MPUMEPHO, 3HAUCHUIO KPUTHIECKOI
CKOPOCTH TUBEPTCHINU OECKOHEYHO yIUTHHEHHON KOHCOJBHOH TUTACTHHKH, TIOTYYCHHON B
pabore [13].

HccnenoBana 3aBUCUMOCTb BHUAOB IIOTEPU CTAaTUYECKOM YCTOMYMBOCTH CHCTEMBbI
«IJIACTUHKA—TIOTOK» OT OTHOCUTEIBHON TOJNIIMHBI TIJIACTUHKH IPUMEHUTEIBHO K
paccMaTpruBaeMOMY WHTEpBAIy CBEPX3BYKOBBIX CKOPOCTEH MOTOKa rasa. [lokazaHo, 4rto ¢
pOoCTOM TMapamMeTpa OTHOCHTeHbHOﬁ TOJIOUHBI CXaATbIX MNPAMOYT'OJIbHBIX IIJIAaCTUH HX
PaBHOBECHOE COCTOSIHUE CTAaHOBHTCSI CYILECTBEHHO YCTOWYHMBBIM MNpPU (PUKCHPOBAHHBIX
3HAUYCHHUAX OCTAJIbHBIX MMapaMETPOB CUCTEMBI.

Takum 00pa3oM, IepBOHAYATIFHOE HANPSHKEHHOE COCTOSHHE, 00YCIOBICHHOE CIKUMATO-
NIMMHU CHJIAMH, HAIIPaBJICHHBIMU IEPIICHINKYISPHO K IOTOKY ra3a, IPUBOJIUT, B IIETIOM, K
CYIIECTBEHHOU JeCTAOMIM3AIMU IDIOCKOW (POPMBI PAaBHOBECHS OOTEKAEMBIX MPSMOYTOJb-
HBIX TUTACTHHOK — K «CKauKOOOpa3HOMY» ITaJeHHI0 3HAUYCHUH KPUTHYECKUX CKOpPOCTEit
JTUBEPTCHIINN TAHETN W JIOKAJTM30BAHHOW NWUBEPTEHIWH B CPaBHEHHH C COOTBETCTBYIO-
IMMH 3HAYCHUSMH KPUTUYECKHX CKOPOCTEH NWBEPreHIWH W JIOKAJIM30BaHHOW TUBEp-
TeHIINU 00TeKaeMOi aHeN ¢ HeHarpy>KeHHBIME Kpasmu [7].
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2U3UUSULP @bSNh(e3NPLLENP UQFU3PL UUUEURUSE Sttulahl
W3BECTUSI HALIMOHAJIBHOM AKAJIEMUM HAYK APMEHUM

Uthumthju 72, Ne3, 2019 Mexannka
YIK 539.3 Doi- http://doi.org/10.33018/72.3.3

MATEMATHYECKASI MOJEJb CTATUYECKOM IE®@OPMAILIMA
MHUKPOIIOJISAAPHOI'O YIIPYT'OI'O CTEPKHS C KPYTOBOM OCBIO IO
TEOPUM CO CTECHEHHBIM BPAIIIEHUEM U METO/]I KOHEYHBIX
9JIEMEHTOB

Capxkucsn C.O., Xauyatpsaun M.B.

KiroueBble cjioBa: MUKPONOJSPHBIM, CTECHEHHOE BpallleHUE, YIpPYTUH, CTEep)KeHb, KPyroBas OCh,
MaTeMaTH4YecKas MOAEIb, METOJ KOHEUHBIX 3JIEMEHTOB.

Sargsyan S.H., Khachatryan M.V.
Mathematical model of static deformation of micropolar elastic beam with a circular axis on the
theory with constrained rotation and the finite element method
Key words: micropolar, constrained rotation, elastic, beam, circular axis, mathematical model, finite element
method.

In present paper the applied (one-dimensional) model of micropolar elastic thin beam with a circular axis is
constructed including the variation principles, on the basis of the two-dimensional equations of micropolar theory
of elasticity with constrained rotation written in the polar coordinate system and previously developed hypotheses
for thin bodies. Within the framework of this mathematical model, boundary problems with applied values are
formulated, which are solved in the final form. Further, the scheme of application of finite element method (FEM)
is developed for the boundary problems of micropolar elastic beam with a circular axis with constrained rotation.
The boundary problems stated above are solved by using the FEM and on the basis of an analysis obtained through
the numerical results, the specific property of micropolarity of the material is established, that it raises the rigidity
of the beam as compared with the classical theory.

Uuipqujub U. 2., vugunnpyui U. 4.

Gpgwituyht Ynpnipjunip Uhypnunjjup wnwdquijub pupul dnnh mnunhl ghdnpuiughugh
twpbiwnhulwb dnphjp pun jupiuinjuws yunynukpny nkunipjui b Jipewynp wwpphph
Ukpnyp
Zhdtwpwnbp: Uhypnynjup, juojuindus yunnynibp, wnwdquljul, dnn, sppwbwmgduyht wnwgp,

dwpbdwnhjulwb dngl), Jppwynp nupptph dbpny

Uoluunwiipnid, hhup punniubny jupjuinjws wyunnywnukpny dhjpnunjjup wnkunipjub kpljswt
hwjuwuwpnudubpp gpws  pubnwghtt Ynnpphtwnuwlut hwdwlupgnid bt twhwybu  dowldus
Juplusubpp pwpuwly dwpdhbuubph hwdwp, Jueniggl) b opowbwgdwhtt Ynpoipjudp wnwugpny
Uhypnynpup wpwdquljmb pupul Angh Yhpuewlwh ((hwsuth) dnglip uphwghnt uljqpntiplbpng
hwiinkpd: Uwpbdwnhlulwb uju dnnbjh opowtmlnud dhwljbpupynid i Yhpunwljub ipwbwlnipjul
Eqpuyhtt juinhpukp, npntp wbuwlwinpbt msynd Eu pwbwdbughtt nbupbpny: Ujunihbnl,
Juowunws wunywnubpny dhijpnynpup wowdqujub opptwgsuyhtt Ynpnipjudp wpwigpny Ynp
Adnntiph Jhpwnwlwb dnnkh Eqpuyht jpunhpubph pnsdwt hwdwp dywlgnid £ ipowdnp mmwuppkph
dbpnnh (ASU) Yhpwpydwt ujubdw: 4SU dbkpnnh Yhpundwdp jnsynud B Jpbnud phunwpldwus
Eqpuyhti fpinhpibpp b vnwugdws pyughtt wpyniiputph whwihqh hhdwi Jpu hwuwnwnynd  iyniph
dhypnynjupnipjut hwpyundwt  wjtt  jpmpwhwnympmnitp, np wjt  pwpdpugind E dnnh
Ynounipynitp hwdbdwnws nuuwlwl nkuntpyub hkn:
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B pabore Ha OCHOBAaHHMHU [BYMEpPHBIX YpaBHEHHH MHKpPONOJIIPHOH TEOPUH YIPYTOCTH CO CTECHEHHBIM
BpallleHHeM, HaIlHCaHHbIMU B IIOJIPHOM cHCTeMe KOOpAMHAT U paHee pa3pabOoTaHHBIMH HIIOTE3aMH JUIS TOHKUX
TeJl, MOCTpoeHa (BKJIIOYAas BapUAlMOHHbIC NPHUHLMIBGI) NPUKIAAHAS (OJHOMEpHAs) MOJENIb MUKPOIOJSPHOTO
YIPYroro TOHKOTO CTEPXHS C KPYroBOMl ocblo. B pamkax 5TOil MaTeMaTHueckoil Mmopenu (GopMyIupyroTcs
TpaHUYHBIE 33J1au¥, MMEIOIMEe INpPUKIAIHble 3HA4YEHMs, KOTOpBIE DPEeIIaloTcsi B KOHeyHoM Buue. [lamee, st
TPaHUYHBIX 3a/[a4 MHKPOIOJIAPHBIX CO CTECHEHHBIM BpAIEHUEM YNPYTHX KPUBBIX CTEp)KHEH ¢ KpYroBoil OChIO
pa3pabaTbIBaeTCsl cXxeMa NpUMEHEHUst MeToja KoHeuHbIX 3neMeHToB (MKD). C npumenennem MKD usywarorcs
[IOCTaBJICHHBIE HAaBEpXy TIpaHMYHbIC 3aJa4d M Ha OCHOBE AaHAIM3a IIOJYyYCHHBIX YHCIEHHBIX Pe3yJbTaToB
yCTaHABIUBAeTCS TO cHeUUdUIecKoe CBOMCTBO y4€Ta MHUKPONOJSPHOCTH MaTepHalia, 4TO OHA BO3BBIIIACT
JKECTKOCTB CTEPIKHS [0 CPABHEHHIO C KJIACCHYECKUM CIITy4YaeM.

BBegenne. B cTpouTenbHOM MEXaHMKE Ba)XXHOE€ MECTO 3aHMMAeT IOCTPOEHUE
MaTeMaTHIECKUX MOJEIEH U pacuéT yIpyrux TOHKHX CTep)KHEH ¢ KpyroBoii oceio [1-3]. B
MPUKIATHOW MUKPOIIOJIIPHON TEOPUH YIIPYTOCTH aKTyaJIbHO TIOCTPOCHUE MOJEIEH YIIPyTHX
TOHKHUX CTEP>KHEH C KPYTOBOH OCBIO KaK [0 TEOPUH C HE3aBUCHMBIMHU TTOJIIMH ITEPEMELICHUH
Y BpallleHUH, TaK U 110 TEOPUU CO CTECHEHHBIM BpallleHUEM.

B pabGorax [4-7], Ha ocHOBe Mmerona rumore3 (KOTOpble ObUIM CHOPMYIHPOBAHBI
aJIeKBaTHO CO CBOMCTBAMH ACHMOTOTHYECKOTO PEIIEHHUS COOTBETCTBYIOLIUX TPEXMEPHBIX
IPaHUYHBIX 33/1a4 B TOHKHX 00JacTsX [8]), MOCTpOeHbl NPUKIaAHbIE TEOPUU MUKPOIIOISP-
HBIX YIIPYTUX TOHKHX NPSIMOJIMHEHHBIX CTEp)KHEH, IIIacTHH U obonouek. B pabdorax [9-11]
pa3BUBaeTCAd 3TOT MOJXOM U B pe3yibTare, IOCTPOEHA MOJIENb MUKPOIOJISIPHBIX YIPYTHX
TOHKHX CTEP)KHEH C KPyroBOH OCBHIO IO TEOPUH C HE3aBUCUMBIMHU MOJISIMH TIEPEMEILCHUI 1
BpallleHNH 1 pa3paboTaH BapuaHT METO/1a KOHEUHBIX 31ieMeHToB (MKD) nist perienus coot-
BETCTBYIOIIMX T'PaHUYHBIX 331a4. B paborax [12,13] aHamoOrn4HbIM MOAX00M HOCTPOCHA
KJIaCCHYECKasi MOJENIb TOHKOTO CTEPXHS C KPYTOBOM OCBIO C YYETOM HMONEPEYHBIX CABUTO-
BBIX edopmarmii u pazpadoran MKD 1iist perieHns: COOTBETCTBYIOIINX KPASBBIX 3a/1ad.

B nanHO# paboTe aHATOrMYHBIM ITOIXOIOM ITOCTPOEHA MPUKIAIHAS MOJEIh MUKPOIIO-
JSIPHBIX YHPYTHX TOHKUX CTEPKHEH C KPYrOBOH OCBHIO TI0 TEOPUH CO CTECHEHHBIM Bpallle-
HHEM ¥ pa3paboTaH COOTBETCTBYIOIINI BApPHAHT METO/Ia KOHEUHBIX JIeMeHTOB. Paccmarpu-
BAIOTCS HEKOTOPBIC NPUKJIAAHBIE TPAHUYHBIC 33Ja4H 10 YKa3aHHOW MOJEIH, Ul KOTOPBIX
MOCTPEHBI KaK TEOPETUUECKHE PEILICHNUS], TAK U YHCIIEHHbIE PELICHHs IIPH IOMOLIN pa3pado-
taHHOro MK3. Ha ocHOBe aHanmn3a 4HCIEHHBIX Pe3yJIbTaTOB yCTAHABIMBACTCS OCHOBHOE
CBOMCTBO yu€Ta MUKPOINOJSIPHOCTHM MaTepuaja O MOBBIMEHUH XKECTKOCTH YIPYToro
CTEP>KHA M0 CPABHEHUIO C KIACCUUECKUM CIydaeM.

1. BbIBO OCHOBHOI cHCTeMbl YPaBHEHHH MHKPONOJISIPHOTO YNPYIoro CTep:KHs €
KPYI'OBO#l 0CbI0 €O CTeCHEHHBIM BpalieHHeM. PaccCMOTpUM CTEPKEHb C KPYrOBOM OCBIO

(¢ur. 1), MErOLIHIT MOCTOSHHOE TOMEPEYHOE CEUCHHE: BBICOTON 2/ = 7, — ¥, U WIHPHHOK

b. Ocb cTepikHs — Ayra OKPY)KHOCTU pajMyca ¥, ; MaTepuayl CTEP:KHS — HM30TPOITHBIMA,
0

MuKponosspro-ynpyruit. [llupuna b 3TOro cTepHsA HACTONLKO Maia, uTo €€ aehopMUpoO-
BaHME BO3MOXKHO paccMaTpuBaTh Kak 3a/7ady OOOOMIEHHOTO IUIOCKOTO HANpsDKEHHOTO
COCTOSIHHS B €70 CPEIMHHOM IIOCKOCTH.
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®ur. 1

Takum 00pa3oM, B CPEIMHHOW IIOCKOCTH CTEPXKHSI, B TOJSAPHONH CHCTEME KOOpAWHAT

(7’ s (P) n<r<r,, 0<@<@,, nvMeror MecTo ypaBHEHHs 0GOOIIEHHOTO ILIOCKOTO

HaIPSLKEHHOTO COCTOSIHUS MUKPOIIOJIIPHOM TEOPUH YIIPYTOCTH CO CTECHEHHBIM BPALLEHUEM
[14]:
YpaBHEHUS paBHOBECUS

1%4_%4__(52] +Gl2)=0’ 60_224_1(0-22 _(5“)4_1%:0

r o or r or r r oQp

1_8“13 +_8M23 +l“23 +0,,—0, =0 (1.1)
r o0 or r

CooTHOLIEHUs YIPYTOCTH

y =l[0 —vo,,], v =l[6 —vo, ], T =YL +Y =L(G +0,,)
11 E 11 22 1> 22 E 22 1] 12 12 21 2“ 12 21

1 1
X3 :EHB’ X3 ZEH% (1.2)
I'eomeTpuueckue COOTHOLIEHUS
1ov, 1 a, 1ov, ov, 1
=——L1+—V, =—, =Y, +Yy =——=+——=V,,
n rop r° T2 or N2 =Y roe or r'
1 do, om, I({1oVv, oV, 1
=90 == g =—| -2 9 1y 1.3
ks r oQ Kas or’ 7 2lroep o r' (13
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3mece Op, Oy, O , Oy — cmwioBble (OOBIYHBIC) HANPSKEHHS; L5 , Moy —
MOMEHTHBIE HanpskeHus; Y1y, Yy, Yo — Aeopmanum; ¥,5, X ,3 — H3THO-KPydEHHUS; Vl,

sz HEPEMEIICHHS; (D — HOBOPOT TOYEK CPEIMHHOM IIOCKOCTH BOKPYT OCH, IEPIIECHAUKY -

JSIPHOM K CPENMHHOW IUIOCKOCTH (ITOT IOBOPOT OIPENEISIETCSl 110 COOTBETCTBYIOIIEH

E
2(1+v)

Bynem cuuTath, YTO Ha JMLEBLIX JUHUAX /' =1, V=17, 3anaHbl BHEIIHUE yCUIHUA U

gopmyne kmaccuueckoir Teopuu [15]); £, v (U= ), B — ynpyrue

IMOCTOAHHBIC MUKPOIIOJSIPHOI'O MaTepurala.

MOMEHTBI:
G, =4,5 Oy =4, 5 Llyy=m Ha r=rn, (1.4)

_ + _ +. _ + _ :
Gy =4,,0 =45 Lyy=m Ha r=r,,

a Ha KpalHUX CEYCHUSIX O0JIACTH ((p =0, O =0, ) HMMEIOT MECTO OJUH U3 CIIEIYIOLINX

BapHaHTOB I'PAHNUYHBIX YCIIOBHH:
! !

!
G,,=0,,,0,, =0y, l3=Hl;; 1pu ¢=0;
2) 5 ; . (1.5)
G611 =0y » O3 =0y, M3 =Hy; UPH Q=Qy,
1 ’ !
=V, Vy=V,,o;=0; npu ¢=0; (1.6)

n n n
n=n.v,=V,, o;=0, mpu ¢=9,
’ [ 1
6,=6y, V,=V,, u;=n; npu ¢=0;
B) " " " (17)
6,=0,,V,=V,, u;=n; 1pu ¢=0,.
VienbHas IOTEHUUANbHAs SHeprus AeOpMaluM  MHKPOIOISAPHOIO  YIPYTOro
M30TPOIHOIO TeJa CO CTECHEHHBIM BPaLEHUEM BhIpaxkaeTcs cliemyromeil popmyoii:

1 1 -
7= 5 C1Yii T OnYn +5(612 T 0y )YIZ T HXis T HasXos (18
Win

1| FE 2Ev - 1
925 ﬁ()’ﬁ+V222)+ﬁ3’113’22+PW122+§(X123+X223) : (1.9)

Jlist OCTPOSHHS MPUKIIATHON MOJIENIH MUKPOIIOSIPHOTO YIPYTOro TOHKOTO CTEPIKHS C
KPYrOBOH OCBIO CO CTECHEHHBIM BpAI[CHUEM B OCHOBY Oy/JeM MPHHHUMATH THUIOTE3bI,
KOTOpBIE U3JI0KEHBI B paboTax [7].

1. B kaduecTBe NCXOJHONW KMHEMATHIECKOW THIOTE3bI IJIS TIEpEMEIICHUH, TIPUMEM THIT0-

Te3y NpsIMOM JIMHUH, T.€. TMIIOTE3y THUMOIUEHKO; 3TO O3HAYAET, YTO JMHEWHBIN 3JIEMEHT,
[IEPBOHAYAJILHO MEPIICHIUKYJISIPHBIN K CPEIHEN JTMHUYU CPEJUHHOMN IJIOCKOCTU CTEPKHS 10
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nedopmanum, ocraéres nocie aedopManuy NPsIMOJIMHEHHBIM, HO yXKe He TepIeHIUKYJISp-
HBIM K JIe(OPMHPOBAHHOU CpeIHEW JHMHWH, a MOBOPAYMBAETCS HA HEKOTOPHIM yroi, He
M3MEHSl TPH 5TOM CBOCH IUIMHBEL. BcneacTBue yka3aHHBIX IOMyIIEHHH OylneM HMETh
CIENYIOUIMM JMHEHHBIH 3aKOH H3MEHEHHs IIEPEMEILEHUH M IIOBOpPOTa IO TOJILIMHE
CPEANHHOM INIOCKOCTH KPYTOBOTO CTEPIKHSI:

Vi=u(@)+z2y(0), V,=w(9), (1.10)
e u(([)) u W((P) — TEpEMENIEHHs] TOYEK CPEJHEN JIMHWM B HANPaBJIEHHSX MO €€

KacaTeJbHON M 10 HOpMaiH (T.e. W( (p), 9TO MPOTHO CTEPIKH); W((P) — yroi moBopora

IIePBOHAYAILHO HOPMAJIBHOT'O 3JIEMEHTA.
Jly1st MoBOpoTa TOYEK CPEANHHOM TIOCKOCTH BOKPYT OCH, EPIEHANKYIISIPHON K CpEArH-
HOH IJIOCKOCTH, Hcnoub3yst popmyity (1.3)s 1 (1.10), momyunm:

o, =Q,(¢)==| —————u-y (1.11)

®opmyasl (1.10) u (1.11) BepakatoT KHHEMAaTHYECKYIO KapTUHY Jedopmanuii ynpyroro
CTEP2KHA C KPYTOBOM OCBIO TI0 TEOPUU CO CTECHEHHBIM BPALIICHUEM.

2. I'mnoTe3a 0 TOHKOCTEHHOCTH CTEP>KHsI, IPX KOTOPOH OyaeM NMPUHUMATH NPHOIIVIKEH-
HOE PaBEHCTBO:

1 1 1 1

roortz

z K 0

| 1+ —

T

3. IIpenmnonosxkeHus: 0 MaJOCTH B IIEPBOM ypaBHeHUH 3akoHa ['yka ((1.2);) HopManbHOTO
HanpskeHnst Oy, OTHOCHUTENIbHO HOPMAJILHOTO HampsiKeHus O .

4. Tlpu ompenenennu aedopmMariii, M3rHOOB-KPYUCHUH, CHIIOBBIX M MOMEHTHBIX

HaHpH)KeHHfI, CHa4daJia AJid KaCaTCJIbHOI'O HAIIPAKCHHUA 021 MMpUMEM:
0

6, =621(9). (1.12)

[Tocne ompeneneHus BBIIEYKAa3aHHBIX BEIMYHH, GopMyiy Juisi O,; OyaeM yTOYHSTh

cnenyromM obpasom. [Ipounterpupyem mo Z Bropoe u3 (1.1) ((1.1)2) ypaBaenue paBHOBe-
CHsI M IIPU ONPE/IEIECHUH MOCTOSHHOTO MHTErpUpoBaHus (BepHee QyHKuuu oT () Oyaem

TpeGoBaTh PaBEHCTBO HYJIIO HHTerpana oT— /1 o A oT monyuennoro Bepasxenus. Iloce
YKa3aHHOTO WHTETPUPOBAHUS TIOTYYEHHOE OKOHYATEIbHOE BBIPAKCHHE MPHOABUM K
thopmyme (1.12).

Teneps nmepexouM K ONpeaeIeHnIo aeopMalifii U HalPsHKCHHH.

Ha ocnoBanuu dopmyn (1.10), (1.13) u (1.3) ansa nedopmarmii ¥ U3THOOB-KPyUCHHIA
Oyzem uMeTh:
lﬂ-i-lw +zld—w, Y, =0, (1.13)

G de ry, do
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_1do,

T . A =0. (1.14)
r de
Ecmm MNPUHATDH 0003HaYCHUS

rll :ld_u_l,_lw’ f]Z :Ld_w_Lu+W’
rydo 1 rnde 1,

K, = Ldv g 1d (1.15)
vy d@ 7y do

TO JuTs nepopmarinii, K3rHOOB-KPYUCHUH Oy IHM:

Yo =0y +2K, v, =0, ¥, =1, % =k, % =0. (1.16)

3nech rll Npe/CTaBIsieT COOOM MpPOJOJBHYI0O OTHOCHTENBHYIO JedopMaluio cpeaHei

~

JIMHUY; Kll* U3MEHEHHE KPMBU3HBI CpeJHEll JIMHUM (OT CHIIOBBIX HANpPSKEHHMH); Flz -

CIBUrOBas Jedopmarius; k13 — W3MEHEHHE KPHBU3HBI CpPEIHEH JMHUHM (OT MOMEHTHBIX
HarpspKeHuH).

Hcnonp3ys runoresy 3) o MaJoCTH HOPMaJIbHOrO HanpspkeHus O,y u dopmyny (1.16)1, u3

¢dopmynsl (1.2); i HanpsbkeHuit O} OyJeM HMETb.

0 1
c, =G11((p)+ZG11((p), (1.17)
rie
0 1
Gll((P):EFH, Gll((p):EKH. (1.18)
Hcnonw3ys popmynst (1.2)3,(1.14)3, (1.15), , momyunm Takxe:
C,+0, =2ul,. (1.19)

Paccmorpum Bropoe ypaBHenue paBHoBecus ((1.1)2), koTropoe npouHTerpupyem no » ¢

y4€TOM TOHKOCTEHHOCTH 00JIaCTH U IpaHUYHBIX ycnoBuil u3 (1.4) g1 O,,, OKOHUATEIBHO

MOJTYYUM:
0
G 1(++ ) hzlcls+z Ls 1d(m+1clsz2 (1.20)
=— ———0n —On—— —Ou—"-. .
22 T 7 7 7y do A 2

Jas MoMeHTHoro HampsbkeHHs |lj; Ha ocHoBaHuu ¢opmynsl (1.2)s n ¢ ydétom
bopmyasl u3 (1.16) nna Y5, Oynem uMeTs:
M3 =Bk (1.21)

3HayeHue Uil MOMEHTHOrO HampshkeHus |l,; TMONy4uM U3 TPETBETO YpPABHEHUS

paBHoBecus ((1.1)3) 1 cOOTBETCTBYIOMUX I'PpaHUYHBIX yciaoBui u3 (1.4) :
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0
0 0
oy =5 (m" +m )=z Tdws oo ol (1.22)

r, de¢

B ocHOBY npMHHMAs THIIOTE3Y 4), B PE3yIbTaTe, OKOHIATEIBHO MUl G, HOIyIHM:

oy =0 (9)+ ==L 2L, g, |2 L (1.23)

B npuknagHoil TEOpUM MUKPOIIOJISIPHOIO YIIPYIOro CTEp)KHsS C KPYTOBOM OCBIO CO
CTECHEHHBIM BPAIICHHEM, BMECTO KOMIIOHEHT CHJIOBBIX M MOMEHTHBIX HAIIPsDKEHHHA OyemM

BBOJUTH CTATUYCCKH DKBUBAJICHTHBIC UM MHTETPAJIbHBIC XaPAKTCPUCTUKU: YCUIINSA N . Qz,

Q21 1 MOMEHTBI: A/[llv Ll 3, KOTOPBIE BBIPAXKAIOTCSA CIECAYIOMUMU (POpMyJIaMu:

h h h
N= J.Glle, 0, = jclzdz, 0, = IGZldz,
—h -h —h

h h
M, = J.Gllzdz, L;= I W,dz . (1.24)
-h —h

Tenepb, Ha ocHoBe Gopmynsl 1t Oy ((1.23)), Oy ((1.20)) u M,y ((1.22)),

YIOBIETBOPSIS TPaHUIHBIM ycioBusaM (1.4), ¢ yaérom popmyn (1.24), mpuxoaum K cieayro-
L€l cUCTeME YpaBHEHMM paBHOBECHUS INPHUKIAIHOM MOIENM MHMKPOIOJISIPHOTO YIIPYIOro
CTEPKHS C KPYTOBOM OCBIO CO CTECHEHHBIM BPaLICHUEM:

1 1 dQ _ 1 1 dN _

_N___u: +_ s - +—_ = _

" r do 9, =4 " 0, r do (ql ql)
1 dM . 1 dL N _

0, —— - zh(% +4q, ) v 00, ———F=mT—m . (1.25)
vy do ry do

Janee npu omouu dpopmya (1.17), (1.19), (1.21) nonyuyum COOTHOIICHHS YIIPYTrOCTH
JUIsl yKa3aHHOW MOJIENH:

NZthFu: 0, +0, :4h|vlf12a

2ER’
M, =TK“, L, =2Bhk;. (1.26)
[pucoemuunmM k ypaBHeHUsM paBHOBecHs (1. 25) u cootHomeHusM ynpyroctd (1.26)

emé u reomerpudeckue ypasnenus (1.15):

Ly :ld_u"'lw’ T, =T, +T, :idl_i”+w=
nde T r do
1({1d 1
K, =194V kB:LdQs’ Q,=—| L "y (1.27)
r, do Ty do 2\, do 7,
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VYpaBHenus paBHoBecus (1.24), coorHomenust ynpyroctd (1.26) m reomerpudeckue
cootHomeHus (1.27) mpencraBisioT co0Oi OCHOBHBIC ypaBHEHHS NPUKIATHOW MOICIH
MHKPOIIOJSIPHOTO  yIIPYTOTO TOHKOTO CTEP)KHSI C KPYTOBOH OCBIO CO CTECHEHHBIM
BpameHneM. K 3Toif cucTeme ypaBHEHHH CleyeT HPHUCOCIUHUTH COOTBETCTBYIOLIHE
TPaHUYHBIE YCIIOBHSI.

WO — IUIOTHOCTH TIOTEHIMAIBEHON SHEPTUH 1e(OpPMaIMU TOCTPOSHHOM NPHUKIIAIHON MOJEIIH

TUIOCKOTO M3ruda MUKPOIOJSIPHOTO YIPYTroro W30TPOIHOTO CTEPXKHS C KPYTOBOM OCBIO MO
TEOPUH CO CTECHEHHBIM BpallleHHEM ITOyduM Ha ocHoBe (opmyisl (1.8) u moxydeHHBIE
BbIIIC BbIPAKCHUS:

1 1 ~
W()ZE NF11+M11K11+E(Q12+Q21)F12+L13k13 (1.28)
1501071
3
W, = EhT}, + E%Kﬁ, +hul?, + Bhk,. (1.29)

OO6umii BuA QyHKIOHANIA TOTEHIINATIBHOM YHEPTUH AepopMariun (TOTeHIINaIbHAS SHEPTH
Jnedopmanuy CTEpXKHS TUIIOC MOTEHIMA] BHEIIHMX YCWIIMH) NpPU NPUKIAJHOM IUIOCKOM

M3rude ynpyroro CTep KHsl C KPyroBoil OCbI0 OyJIeT BBIpaXaThCs Tak:
a

U= .[(WO —2hg,y —2qw—2qu—2mQ,)ds —
0 (1.30)

_((Q12W+Nu+M11W+L13Q3)|S:a —(Qpw+Nu+M, y+L,Q,) s:0)7

1, ., .
rIe BBEACHBl CIEAyoLHe OOO3HAYCHHUA: ( =5(q2 -q, ), q, ZE(% —-q, ),
1,
9, :5(% +4q, )

OTMeTHM, 4TO CHCTEMa ypaBHEHHWH NMPUKIAIHOW MOJENHM IUIOCKOTo M3ruba yrpyroro
CTEep>KHSA I10 TEOPHUH CO CTeCHEHHBIM BpatmeHueM (1.25)-(1.27) npeacrasiser coboii cuctemy
HEOJHOPOJHBIX OOBIKHOBEHHBIX MH((epeHINaTbHBIX YPaBHEHHI, 001IIee perIeHne KOTopoit

CKJIazBIBaeTCs M3 00mero peuenus oaxopoauoil cucremsl (¢, =0, ¢, =0, m=0,) u

YAaCTHOT'O PELICHHsI HEOAHOPOAHOU CHCTEMBI.

Ioncrasnsas (1.26) B (1.25), umes B Buny (1.27), u3 ypaBHEHHIA paBHOBECHS MOIYIHM
CJIEIYIOIYI0 CHCTEMY OIHOPOIHBIX An(depeHIInaIbHbIX YPAaBHEHUI BOCBMOIO IMOPSIKa
OTHOCUTENBHO QYHKIMU U, W, Y :
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2 3 2
AL XL XA
4’ Jdss r, ds 4r, ds’ 4r, ds

}"0 ro
2 2 3 2
Eh’ B d‘i’_ﬁd?}+£d?—ud—w+£u—u\v=0 (1.31)
3 4)ds’ 4ds’ 4 ds ds 1,
4 3 3
l(E+},L)ﬂ+£2 Bdw Zv—id—?_éd_\f_
7 ds 4 ds* 4r, ds 4 ds
d*w dy
_ —-u—=0, s=r,
H ds? H ds o

Pemenne  cucrembr  ypaBHeHwit  (1.31) MOXHO TpPHBECTH K  PEIICHHIO
InddepeHnnanbHOrO ypaBHEHHU MIECTOTO MOPAAKA OTHOCHTENBHO DYHKIMH Y

d% 4y’ (ER +3B)=BER g%y 4u(ER +3B) g2y
ds* 1, BEW’ ds* r’BER  ds’

=0, (1.32)
XapaKTEepPUCTUYECKOE ypaBHEHHE KOTOPOIl, B UTOTre, MpEACTaBisieT co00il OMKBaxpaTHOE
ypaBHEHHE.

Oo1ee pemieHne 3TOTO ypaBHEHHS OyIeT:

kss

vy =C,+C,s+C,sinBs+C, cosBs + Cie"” + C e, (1.33)

ree C,,C,,C,,C,,C,,C; —IOCTOSAHHbIE HHTETPUPOBAHUS,

1 Au(ER* +3B)
p=—: ks,ﬁ S| E—
7 BEh

W3 (1.31) mociie HEKOTOPBIX MPe0Opa30BaHUil IOTYUUM CBSA3b MEXAY \y U W :

2u (d*w Lw __ KWB &y
E+2ul ds® 1’ 3(4;,Lr02—B) ds’
_ER (8w (E+w)+ EB)-12u’B(E+2w) d’y  2un dy
3E(E+2p)(4pr,’ - B) ds’  E+2u ds

(1.34)
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Tenepp, (1.33), moacraisist B (1.34), ans pyHKuMH W HONYyYUM HEOAHOPOIHOE
muddepeHmansHOe ypaBHEHHE BTOPOTO HOPSIIKA:

2
d ZVJF%W:DIZB(C3cosl3s—C4SinBS)+
i (1.35)

+D, (I +B7)(Cokse™ + Cohoe™ )= C,,

rae

E+2p B'W’B_ WB’(-8w(E+u)+EBpP’)
D, = - N A
4u | 3(4p-Bp°)  3(E+2u)(4n-Bp’)

4wB  2p
E(4p-Bp*) E+2n)

E+2u h*B . | P(—8u(E+p)+EBpP?) 4uB )
D, = - 2\ T 2\ 2 ks
4 | 3(4n-Bp°) 3(E+2u)(4u-Bp*)  E(4n-Bp’)

2
E+2p
O6mee pemenne quddepenunansaoro ypasaenus (1.35) umeer Bun:
w=C, cosPs+CysinPs+ D, (C,sinBs+C, cosPs)s+
+D, (Cskse™ + Coleye™ ) =1,°C,,

rne C, u C, — HOBBIE TIOCTOSHHBIE HHTETPUPOBAHHS.

(1.36)

Haiee, u3 cucrem auddepeHnmanbaeix ypasHeHu (1.3 1), MOTyYHM TakKe CICIYIOIYIO
bopmyny a1 nepemelieHus U yepes Wu \ :

WRE* dy  Ery d’w  6Ewn’ —ERR(E+2u) d’y

__6u(E+2u) ds*  E+2p ds’ 6u(E+2p) ds’ (137
J2aErw e
E+2n ds
Moncrasmss (1.33) u (1.36) B (1.37), momy4nM OKOHYATEIILHOE BBIPAXKEHUE IS U |
u =D;(CysinPs+C,cosps)+ D, (C;cosPs—C,sinPs)s+
(1.38)

+D, (Cseks“' +Ce* ) + % C + % C,s —C, sinBs + C; cosPs.

pu nomomu (1.33), (1.36) u (1.37), (1.11), nomyunm BeIpakenus Takoke i Q. :
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Q, = 1D1+LD3 (C,sinPs+C, cosPs)+
2 2r,
(1.39)

1 1 1 ; .
+ EDzkf —5-Di—3 (Ce™ +Cpe™ )= Cps - C,,

0

rae

_ 1 ( E%Wp 3E _6uE—Eh2[32(E+2p)+
PCE+2ul 6p B 6uB

S ED |

__\ [ EF ., E
E+2u| 6pp’ ° P’

6UE — ER*B*(E +2p)
6up’

k!D, + k: +

4

2 1
(E+WkiD,+—
+B( +1) +B]

Takum  oOpa3oMm, TMOCTpoeHO  oO0llee  peuieHHe  OJHOPOJHOH  CHCTEMBI
muddepenumaneipix  ypaBHenuit  (1.31). ns  onpeneneHHs 4acTHOTO — pELICHHS
HeoqHOpoaHOH cuctembl (1.25)-(1.27), B kaxIoil YacTHOM 3amaye OyleM paccMaTpUBaTh
OT/ICIIBHO.

Jns  ompeneneHHns TOCTOSHHBIX HHTETPHPOBAHUS Cl, C , C , C , Cs’ C6,C7,C8

YAOBJIETBOPUM TpaHUUYHBIM yCIOBUAM. [IOHATHO, YTO B pe3ynabTaTe MOIYYHUM BOCEMb
JIMHEHHBIX anreOpandecKuX HEOAHOPOAHBIX YPAaBHEHUH OTHOCHTENIFHO MCKOMBIX ITOCTOSH-
HBIX HHTETpUpoBanus. [locne pemieHns anredpandeckoi CHCTEMbl ypaBHEHHH ITOJTydHM BCE
3HAYEHHUs IOCTOSHHBIX WHTETPUPOBAHUS M OKOHYATENBHO BBIPAXKEHHUS JUII HCKOMBIX
OCHOBHBIX QYHKIMH W, U, Wy 1 Q).

2. ITocTaHOBKa M pelleHHE HEKOTOPBIX MPHK/IAAHBIX TPAHUYHBIX 32124 MHKPOIO-
JSAPHBIX YNPYIMX TOHKHMX CTepKHeill ¢ KPYroBoOil OCbI0 II0 TEOPHU CO CTECHEHHBIM
BpalleHueM.

Bynem u3ydaTh 3amaun U3rnda TOHKOI'O CTEPXKHS C KPYrOBOH OCBIO NPH CIEIYIOIINX
Harpy>KeHUsIX ¥ 'PaHUYHBIX YCIOBUSX: 1) KOTAa OJJMH KOHEI CTEP>KHsI KECTKO 3alleMIIEH, a

T
HA JPYyroM KOHIIE TNPHIOKEHa BEPTHKaNbHas cocpenorodenHas cwia, a 0 <@ SE
(¢ur.la), 2) xorma ogWH KOHeN KECTKO 3ameMJIEH, a Ha APYTroM KOHIE MPHIIOKEHA

3n
BepTHKalbHas cocperoroueHHas cuna, a ) < @ < 7 (¢ur.16), 3) korma oQMH KOHEIl

KECTKO 3aIeMIIEH, a Ha IPYroM KOHIIE TIPHII0KEHA TOPU30HTAIBHAS COCPEOTOUEHHAs CHIIA,
a 0< Q<271 (dur.1B), 4) Korma ONMH KOHEI| KECTKO 3alIEMIEH, a JAPYroil KoHel —
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CBOOO/IHBIN: HA CTEPIKEHb JEWCTBYET PABHOMEPHO paclpesieNiEéHHas HOpMallbHasl HarpysKa,

al0<o Sg (¢mr.11).

dur.1a dur.16

dur.18 @ur. Ir

Jns pemenust 3amau la-1B ucronbp3yeM oOmiee PEIUCHHE OJHOPOAHOH CHCTEMBI
muddepennmanbHbIX ypaBHeHH (1.31) ( T.€. BEpaxkerus (1.33), (1.36), (1.38), (1.39)) u ans
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OMpPCACICHUA TMOCTOAHHBIX HWHTCTPUPOBAHUA YAOBJICTBOPUM CICAYIOIMIMM TI'PaHUYHBIM
YCIIOBUAM:

w=0,u=0,y=0, Q,=0 npu s=0;
=P, N=0,M,,=0,L,=0 npus=a.
w=0,u=0,y=0, Q, =0 nopu s =0;
0=00N=-P,M,,=0,L,=0 npu s =a.

Juist pewienus 3anaun 1, BO-NIEpBBIX, HEOOXOANMO K OOILEMY PEIICHUIO OJHOPOJHOM
cucremnr ((1.33), (1.36), (1.38), (1.39)) mpubGaBuTh YaCTHOE PEUICHUE HEOTHOPOIHOM
cuctremsl (1.25)-(1.27). D10 yacTHOE pelieHHe A 3aJadd 1T JIETKO MOCTPOUTh M TOTIa
o011ee penreHre HeoXHOPOIHOH 3a1auil MOXKEM TIPEJICTAaBUTD B BUJIE:

Y =C, +C,s+C,sinBs+C, cosPs+C.e™ + C.e', (2.2)
w=C, cosPs+Cysinfs + D, (C;sinPs+C, cosPs)s +

3amaya l1a,16: 2.1y)

3amaya 1B: (2.12)

2.3)
1D, (Cykye™ + Cokee'™ ) =1, 2C + ——,
2( s%s 6" ) ° 2 T g
u =D, (C,sinPs+C,cosps)+D,(C,cosPs—C,sinPs)s+
2.4)
+D4(Csek53+CGekﬁs)+%Cl+%C2S—C7 sin s + C, cos s.
1 1 .
Q,=| =D, +—D, |(C,sinBs+C,cosPs)+
2 27,
2.5)
1 2 1 1 kss ks
+| 5 Dok —2—%04—5 (Ce™ +Cye™ )= Crs—C,

Y 10BIETBOPUM CIIEIYIONIMM IPaHUYHBIM YCIOBUSM JJIs 3a7aun 11:

w=0,u=0,y=0, Q, =0 npu s=0;
0,=0,N=0,M,,=0,L,=0 npu s =a.

3. Pa3puTHE METO/1a KOHEYHBIX 3JIEMEHTOB /sl KPAaeBbIX 32/1a4 MHKPONOJISIPHOTO
YIPYroro TOHKOIr0 CTepsKHsl ¢ KPYroBoOii 0CbI0 10 MO/IE/IH CO CTECHEHHBIM BpallleHHeM.
IMocTpoeHne MAaTpHIBI KECTKOCTH KOHEYHOro 3JjieMeHTa. OCHOBHBIMU KHHEMaTHYeC-
KAMHM TapaMeTpamMH B 3ajade W3ruba MHUKPOIOISPHOTO YNPYTOro TOHKOTO CTEPXKHS C

KPYTOBOii OCBIO TI0 MOJIENH CO CTECHEHHBIM BpAIlEHUEM ABJIAIOTCS: Mporu6 - W(s), oceBoe
nepemelenue -4(S) U yron noBopora HopmaabHOro snementa - \J(S) . Pacnpenenenne

OCHOBHBIX KHHEMAaTHYECKMX IIEPEMEHHBIX BJIOJIb JJIEMEHTA JyIH OCH CTEpXKHS
aIIpPOKCUMUPYEM HOJIMHOMAMMU:

w(s)=a, +as+a,s’ +a,s’, u(s)=b,+bs+b,s’+b,s’, G3.0)
V(s)=c, +cs+e,s’ +e,8°, s =10.
3necey 4;, bl» »C; — K03()DUINEHTHI, KOTOPBIE HHKE OyIeM BBIPaXkaTh YePe3 Y3JIOBbIE EpeMe-

[IEHUS ¥ TOBOPOTHI. /|1 y3/IOBBIX NEepeMenIeH I IPUMEM CIeTyrone 0003HaueHHs:
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W0)=5,, W(O0)=5, u(0)=5, w(0)=3,
y(0)=5;, y'(0)=5,, w(a)=35,, w(a)=23, 3.2)
u(a)= 0,, u'(a)= 8,9, W(a)=39,,, y'(a)= Oy,

Kak BuauM, JaHHBIA KOHEYHBIH DJIEMEHT UMEET ABEHAIIATh CTENEHEH CBOOOIBI.

IMoncraBum pasznoxkenust (3.1) B (3.2), BbIpasuM KO3 DHUIIUESHTHI ai,bi,cl. gyepes
Y3IIOBBIE TIEPEMEIIEHUS ¥ TTOBOPOTHI 8k . TloncraBue TakuM 00pasoM OINpeseTEHHbIE

a, ,bl- ,C; B (3.1), 115 nepeMelieHuii 1 MOBOPOTOB UMEEM aNMPOKCUMALIUH:

w(s) = Z O,N;(s), u(s)= Z O, N, (s), w(s)= z 5, N, (), (3.3)

i=1,2,7,8 i=3,4,9,10 i=5,6,11,12

rze Nl (S)f (byHKIMKM HOPMBI 2JIeMEHTa, KOTOPbIE HUMEIOT BUIL

N, =N;=N; :1_%52 +%S3, N,=N,=N; =S—%S2+izs3,
. . a “ (3.4)

N, =N, =N, :%52 —%S3, Ny =N, =N, Z—ls2 +L2s3.
a a a a

[oncrasus (3.3) B Gpyukuonain (1.30), mocie BHIOTHEHUS HHTETPUPOBAHUS MTOIYUIHM
GYHKIMIO  OT  JIBEHAAUATH  HE3aBHCHUMBIX  MEPEMEHHBIX 61,52,63,64, ...,812.

Munnmuzanust Gyskumonana (1.30) mpuBOOUT K HAXOXKICHHUI0O MHHUMYyMa (DyHKIUH
JIBEHAIUATH HE3aBUCHUMBIX MEPEMEHHBIX. BBIUHCINB COOTBETCTBYIOLIME YaCTHBIE
NPOM3BOJIHBIE, O0paIast UX B HOJIb, IPUXOIUM K CIIEIYIOLIEMY MaTpUYHOMY YPaBHEHHIO:

[K]-{6} =[P]. (3.5)
3meck K — Marpuma xkécTkocTH snemMenTa pasmepoM 12 x 12, npencrapisrormero co6oit

. T
BaKHelilllee TOHATHE METOa KOHEUHBIX JJEMEHTOB; {0} = (51 ,0,,05,0,, ...\ 812) —

BEKTOP Y3JIOBBIX IIEPEMEICHHUI 1 IOBOPOTOB; & BEKTOP Y3JIOBBIX HATPY30K BBIPAKAETCS TaK:

Samaua 1a,16: (P} ={0,0,0,0,0,0,P,0,0,0,0,0},

Samana 1. {P} ={0,0,0,0,0,0,0,0,~P,0,0,0},

2

2
Samaua Ir: {P) = aq,“—6‘1,o,o,o,o,aq,—“—6q,o,o,o,o :

B pesynbrate, pemenne cuctemsl (3.5) ¢ y4€TOM COOTBETCTBYIOMINX TPAHUYHBIX YCIIO-
BUI JacT BENMYMHBI Y3JIOBBIX OOOOMIEHHBIX mNepeMenieHHid. [IJIs MOBBIICHUS TOYHOCTH
peLICHMI, MOHATHO, YTO HEOOXOOMMO pPa30OHMBATh CTEPXKEHb Ha HECKOJBKO KOHEYHBIX
3JIEMEHTOB.
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PesynpTaT BBIUMCICHHI NpUBEAEM Ul Ciydas, Koraa (pU3MYecKue MOCTOSHHBIC H
TEOMETPUYCCKHE Pa3Mephl OAJIKH HMEIOT 3HAUCHUSL:

w=7-10"Ia, E=1,8-10"IIa, 7,=9,6-10"u,

h=3,75'10_4ﬂ/l, B=3-10" H. P=10'H (nnsa 3agaun 1a,6,8), q=10517a (nns

3aaay 1r),

IIpuBeném Tarxe pe3ynbTaThl 10 KJIACCUYECKON TEOPUH YNPYIOro TOHKOTO CTEPIKHS C
KPYTOBOI OCbI0 IIpH €€ n3rude ¢ yu€ToM nomnepeuHsix casuros [12,13].
Tabauna 1. MakcumanbHble MPOTHOBI MUKPOIIOJSIPHOTO M KJIACHYECKOTO YIPYroro
TOHKOTO CTEPXHs IS 33124 1a).

KonnuectBo W mpn s=a=15-10" (m)
NIEMCHTOB Mukpononspuas ( x10%) Knaccuueckas (x104)

2 2,381 10,61

4 2,395 10,87

TouHoe pemeHHe 2,395 10,88

Taﬁ.lmua 2. MakcuMaibHbIe l'IpOl"I/I6LI MUKPOIIOJIAPHOTO U KITACUYECKOI'0 YIIPYTOro TOHKOIro

CTEep KHS 115 3a1a49u 10).

KonuiecTtso W (v)ipu s =a =45-107 (w)
SJICMEHTOB Muxkpomnonsphas ( x10%) Knaccuueckas (x10°)

2 2,129 0,394

4 6,563 2,361

8 7,168 3,231

TouHoe penreHne 7,187 3,265

Tabéauna 3. MakcuManbHBIE TPOTUOBI MUKPOTIOJIIPHOTO U KJIACHYECKOTO YIIPYTOTO

TOHKOTO CTEePKHS JUISI 3aJa9i 1B).

KomnuuectBo U (mopu s =a=60-10"(v)
SJICMCHTOB Muxpononsapras ( x10°) Knaccuaeckas (x10%)
2 -2,086 -5,61
4 -2,712 -11,43
8 -2,888 -13,04
TouHoe penieHne -2,896 -13,18

Tabaunua 4. MakcuMalibHbIE TPOTUObI MUKPOIIOJISIPHOTO U KIIACHYECKOTO YIIPYTrOro TOHKOTO

CTEPKHS JUIs 3aj1a4m 1T).

KoIH4ecTEO W (mpn s =a=15-10"(m)
SJIEMEHTOB MuxkpononspHas ( x10°) Knaccuueckas (x10%)

2 2,895 1,288

4 2,911 1,321

TouHoe penreHne 2911 1,322
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Kak MoxHO yOenuTbes, yu€T MUKPOIIOISIPHOCTH MaTepHajia NPUBOIMUT K ITOBBIICHHUIO
JKECTKOCTH CTEPIKHS.

3akmiouenue. [locTpoeHa mpuKiIagHass MOAETh MHUKPOIOISIPHOTO TOHKOTO CTEPIKHSA C
KPYTrOBOM OCBIO Ha OCHOBE TEOPUU CO CTECHEHHBIM BpAILEHUEM U Ul 3TOH MOJEIH
pa3paboTaHa pacu€THas cXeMa METOJa KOHEUHBIX 5JeMeHToB. Ha ocHOBe aHamm3za
YHCJIEHHBIX Pe3yJIbTaTOB YCTAHOBJICHO Cliei(ruiecKoe CBOMCTBO y4éTa MUKPOIOIISPHOCTH
MaTepHaja O MOBBIIIEHUHN JKECTKOCTH CTEPKH I10 CPABHEHHUIO C KJIACCHUYECKHUM CITydaeM.

Pabora Beimonnena npu ¢unancosoit nomuepxkke 'KH MOH PA u PODU (PD) B
paMKax COBMECTHBIX Hay4yHbIX mporpamm 18RF-106 u 18-53-05022, cOOTBETCTBEHHO.
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2U3UUSULP @bSNh(e3NPLLENP UQFU3PL UUUEURUSE Sttulahl
W3BECTUSI HALIMOHAJIBHOM AKAJIEMUM HAYK APMEHUM
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TWO-DIMENSIONAL PROBLEMS OF ELECTROACOUSTICS IN
HOMOGENEOUS PIEZOELECTRIC CRYSTALS
Avetisyan Ara S.

Keywords: electroelastisity, stress-deformed electroactive state, anisotropy of piezocrystal, refined
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Asetucsin Apa C.
JIByMepHBbI€e 321a4H 3JIeKTPOAKYCTHKH B 0JJTHOPOJIHBIX Mbe303JIEKTPHYECKUX KPUCTAJLIaX
KawueBble ciioBa: DJIEKTPOYIIPYTOCTh, JJIEKTPOAKTUBHOC HaHpH)KéHHO—I[C(bOpMI/IpOBaHHOC COCTOSIHUE, aHU30TPO-
1A IbE30KpUCTalIA, yTO'—IHéHHLIe MaTepraJIbHBIC COOTHOIIICHUA, KBA3UCTATUYCCKUEC YPABHCHUA.

Hccnenyrorcss BOIpoChl BO3MOXKHOCTH Pa3IeNbHOIO BO30YXKICHHS M PACIpPOCTPAHEHHS IEKTPOYIPYToro
IJIOCKOTO MIIM 3JIEKTPOYIPYrOTr0 aHTHILIOCKOTO —HANpPsHKEHHO-Ie(OPMUPOBAHHBIX COCTOSHHH B OJHOPOIHBIX
MIHE30IEKTPHUECKUX KPUCTAIIAX.

ITosrydeHs! HEOOXOIMMBIE U JIOCTATOUYHBIE YCIOBHUS PA3IeNIbHOIO BO30OYKACHUS U PACIPOCTPAHCHUS IIEKTPO-
YIPYTOTro IJIOCKOTO U 3JIE€KTPOYIPYToro aHTUIIIOCKOTO HAIPSHKEHHO-Ae()OPMHUPOBAHHBIX COCTOSHUI B IThE30IIEK-
TPUUYECKHX KpUCTAJLIaX.

OmpenenieHbl  TEKCTYPHl  NbE30JHINICKTPHYECKHX  KPUCTALIOB, CTPYKTYpHl 0OOOMIEHHOTO  TeH30pa
JJIEKTPOYINPYTrOCTH  KOTOPBIX ~ IO3BOJIIOT  pa3felieHHe  IUIOCKOTO  HANmpsDKEHHO-Ae(pOPMUPOBAHHOIO
3JIEKTPOAKTUBHOTO COCTOSIHUS OT HEAJIEKTPOAKTUBHOIO AHTHIUIOCKOTO YIIPYTOTrO COCTOSIHHS.

B paccmarpuBaeMbIX 3ajayax I10Jy4€Hbl MaTepUallbHbIE COOTHOIIEHUS M KBA3HUCTATUYECKHE YPaBHEHHS
9NIEKTPOYIPYTOCTH AN BCEX MbE30XTICKTPHUIECKUX TEKCTYP B KaKIOH M3 BCeX TPEX CArHTTANBHBIX INIOCKOCTEH
COOTBETCTBYIOIIEH KPHCTAILINUECKOH peméTky. [IpoBenéH cpaBHUTENBHBIH aHAIN3 BHOBD IIOXYyYEHHBIX COOTHO-
LICHHH HaNpsHKEHHO J1e(OPMHPOBAHHBIX COCTOSHHMII C COOTBETCTBYIOIIMMY COOTHOLICHUSIMHU DJIEKTPOAKTHBHBIX
COCTOSIHUH TIIOCKOW M aHTHILIOCKOW Jie(opManiuii.

Upw U. Udtwnhujui
EiEyupuwlniunhluyh Gplswih jpughpubpp hudwube yhtgnhjiupwlwb ppoopnubpood

Zhfuwpwnkp. EEjupuwrwdquijuinipentt, LEjupujutuybuy winh] jupdusw-ndnpldughnt
yhdwl, whtqnpniptinh wthgnuuipnuyhw, Logpudus wnipwlwb webynipniuubtp, pjughunwnhy
hwjuwuwpnidukp:

ElEyunpulubwybu winhy, hwdwubn yhiqnbEjupuwb pnipbnubpnud hEnwgqnungnud ko hwppe
Juwd hwlwhwpp LEjunpuwrwdqujut jupjusw-nEdnpdughntt Jhdwlubph wpwbdht-wnwudhu
gqpgnuwit b nwpwsdwy htwpuwynpnipjut hwpgtpp:

Unugjws ki wpwdquijut nebnpdugynn dhowjuyph wihgqnuupnuhwny wuydwbwdnpjusd
EEynpuwrwdquljut hupp  jupjuwsunbdnpdughntt Jhdwljh wigwwn qpgedwt b nwpwusdwb
htuwpuwynpnipjut withpwdbown b puupup wuydwbtkpp:

Puguhwpnjws ku uhiqnpnipbknubph wyt nuukpp, npnbg HEjnpuunwdquljutinipyub phuqnph
Jupnmgyuspp pnyp b nuhu bEjunpujuwbugbue wlnh] hwpe jupjusuntdnpimghnt h&ulh
whgwnnudp bEnpulwbwybu ny wlnh] hwljuwhwupp nednpuiwmghugh Jhduljhg:

Unugjws ki wpwdquijut nEbnpdugynn dhowjuyph wthgnuupnuhwny wuydwiwdnpjusd
hEyunpuwpwdquljut hwjwhwpp jupjuswundnpiughnt Jhdulh wigwn gpgrdwt b mwpusdw
huwpuwynpnipjut withpwdbown b pujupup wuydwbtkpp:

Pugwhwpnjws tu twlb whbqnpmiptnubph wju nuubkpp, npnig hEjupuwpwdquljuinipyui
ptugnph  Jupnmigwdpp pny; £ wwhu REjupuljutugbue  winh] hwlwhwppe jupdusw-
nhdnpdwughnt 4hwlhh whgwwnnidp LiEjunpujubwybu ny wijnhy hwppe npidnpdwughuygh Jhdwlyhg:
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Ptpywsd punhpubipnud uinwgdus bu Ejunpuwnwdquljuinipyut nipuljut wntynipmniuibpp b
plugh-ununhly huuwuwpnidbpp  whiqnkEjnpulwt dhoujuyptph hwdwp whkqnpmpbnuht
Qurpnigusph pnnp Gpkp punpjws  hwppnipnibbpnud: Ywnwpduws b updws  fuinhpubpnod
unnwugyws wnbgnipmniuubph nt LEjupujuwiuybue winhy hwpp b hwlwhwpp nidnpdughnt
Jhdwlutiph hwdwywnwupwt wetsnipyniuttiph hwdbdwnwlwb JEpnisnipinii:

The problems of the possibility of separate excitation and propagation of electroelastic planar, or electroelastic
anti-plane stress-strain states in homogeneous piezoelectric crystals are investigated.

The necessary and sufficient conditions for the separate excitation and propagation of electroelastic plane and
electroelastic antiplane stress-strain states in piezoelectric crystals are obtained.

The textures of piezodielectric crystals are determined, the structures of the generalized electroelasticity tensor of
which allow the separation of the plane stress-strain electroactive state from the non-electroactive anti-plane elastic
state.

The textures of piezodielectric crystals, the structures of the generalized electroelasticity tensors of which allow
the separation of the anti-flat stress-deformed electroactive state from the non-electroactive flat elastic state, are also
determined.

In the considered problems, the material relations and quasistatic equations of electro elasticity for all the
piezoelectric textures in each of all three sagittal planes of corresponding crystal lattice are obtained. A comparative
analysis of the newly obtained ratios of stress-strain states with the corresponding ratios of electroactive states of
plane and anti-plane deformations is carried out.

Introduction. In many structural schemes of modern electronic technology, various new
crystalline elements, layered composite waveguides, formed from various natural or
artificially grown piezoelectric materials with different physical and mechanical properties,
are widely used. The operation of these elements is often based on the emission (or delay) of
only electro-acoustic waves of a plane stress-strain state or only on the emission (or delay)
of an electro-acoustic wave of anti-plane deformation (pure shear waves). As a rule,
structural elements used in modern technology are thin-walled and in the formulation of two-
dimensional problems, we must take into account possible approaches that allow separate
formulations of the problems of electroactive plane deformation and electroactive anti-plane
deformation.

In applied problems of studying stress-strain states in thin-walled elastic structural
elements, two-dimensional problems of elasticity theory were modeled. In order to avoid
taking into account the violation of the plane stress-strain state in the middle surface of a
thin-walled element, scientists adopted various hypotheses Kirchhoff G. [1], Timoshenko S.,
Woinowsky-Krieger S. [2], Reissner E. [3], Ambartsumian S.A. [4]: the hypothesis of direct
normals, the hypothesis of the absence of pressure of the plate layers on each other, the
hypothesis of the inextensibility of the middle surface of the plate.

Hypotheses were accepted as additional restrictions, based on the nature of the
distribution of the mechanical load on the element and the conditions of fastening of the end
face of the elastic element.

The hypothetical approach has also been successfully implemented in the problems of
electro-magneto-elasticity of thin plates and shells [5], where, along with hypothetical
distributions of mechanical characteristics over the thickness of a thin-walled element,
characteristic distributions of the electromagnetic field are also accepted.

In piezoelectric media, the electroelastic wave field is four-component. In addition to
elastic displacements, the electric field potential is also a characteristic component. Separate
excitation and propagation of electro-elastic waves of plane or anti-plane deformations in the
composite continuum suggests the formation of different groups of interconnected wave
components. It is obvious that in the case of a possible separation of elastic wave fields into
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plane or anti-plane stress-strain states, the electric field potential can be present only in one
of the formed groups of elastic wave components. Then the divided second group of
components will be non-electroactive.

The question of the possible separation of the electroactive wave of plane elastic
deformation from the purely shear elastic (non-electroactive) wave in infinite homogeneous
piezoelectric media, depending on the anisotropy of the physical properties of the material,
was investigated in [6]. The question of the possible separation of the wave of electroactive
antiplane elastic deformation from the wave of purely elastic plane deformation was also
studied there. However, the material relationships and the equations of electroelasticity in all
three sagittal planes of crystals are not given in the work.

The results of these studies are also given in the monograph [7].

In these studies, as in solving many specific problems of the separate excitation and
propagation of the electroactive plane strain wave, the problem of the occurrence of the non-
planar electroelastic stress state is not discussed. The occurrence of the third axial mechanical
stress and the third component of the electric displacement vector will obviously violate the
picture of planar changes in the parameters of the separated wave fields.

Naturally, the need to introduce additional restrictions (hypotheses) also arises when
modeling two-dimensional problems on the propagation of electroelastic waves of plane or
antiplane deformations in model semi-infinite waveguides. The formulation of the two-

dimensional problem in the plane X OxB also implies the invariance of deformations of any

linear element perpendicular to this surface and each sagittal plane as a thin material layer
should be in a plane stress state. These conditions make it possible to formulate the
generalized plane stress-strain state equivalent to the state of plane deformation also in semi-
infinite waveguides.

Similar to the hypothesis that the elastic surface is inextensible, when there are no acting
forces in its plane, the assumption allows us to formulate the equivalent generalized antiplane
stress-strain state.

The introduction of additional restrictions eliminates the possibility of simultaneous
excitation and propagation of separated electroactive stress-strain states in homogeneous
piezoelectric composites. The question of the possible separation of electroelastic wave fields
into plane and anti-plane stress-strain states is naturally complicated in the case of composite,
piecewise homogeneous bodies. This issue is relevant because in modern electronic
technology there is a technical need: by exciting an electroactive wave of anti-plane
deformation in a composite waveguide, obtain an electroactive wave of plane deformation
from the receiver (or vice versa).

In the following works, it will be shown that this problem can be solved in layered,
piecewise homogeneous composite waveguides, by choosing layers of different piezoelectric
materials that are in the state of non-acoustic contact.

In this paper, we study the statements of two-dimensional problems of electroelasticity:
1. In what textures of homogeneous piezoelectrics is it possible to separately excite and
propagate electroactive plane deformation, in which the electroelasticity problem will be
plane-stress in the selected sagittal plane of the piezoelectric crystal?

2. In which textures of homogeneous piezoelectrics is it possible to separately excite and
propagate electroactive antiplane deformation, in which there are no acting forces in the
selected sagittal plane?
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1. Basic concepts and relations of an electroelastic stress-strain state in homogeneous
piezoelectric media

In the linear theory of electroelasticity of homogeneous piezoelectric media, we use the
complete system of quasistatic equations

dc, [ox, =p(0°u,/or*), D, féx, =0, (1.1)

taking into account the potentiality of the electric field £, = —(5(0/ ox, ) and linear material
relations of the medium
o, :c(y.)(nk)(aun /ox, )+em(y)(8(p/8xm ). D, :em(nk)(ﬁun/axk )€, (00/0x, ), (1.2)
where the mechanical and electric fields are interconnected by the piezoelectric coefficient
tensor (éj(mn)).

Physicomechanical constants of a homogeneous piezoelectric medium: elastic stiffness
“

#)(mm) » Piezoelectric coefficients ¢, and dielectric constant &; , form a generalized

electroelastic tensor of piezoelectric materials of the type

(}A’jn )9><9 - (@U )6><6 > (émn )3><6 “ (éik )3><3 [9,10]

(G )pre (Grn),.
(ém(?f) )3><6 (éik )M

In the equations of electroelasticity (1.1), in the material relations (1.2) and in the generalized
tensor of linear electroelasticity of piezoelectric materials (1.3) the notations and known

transitions from four-digit indices to two-digit indices (ay)Z2 o if o=y and

(1.3)

(ay)229—-a—vy if ao#y are used. It is also assumed that the indices
{OL; B;y} € {1; 2;3} ,a#B,P#Y and y # o indicated by the Greek letters, are dumb,

and summation over them is not carried out.
The conditions permitting separate excitation and propagation of a plane or anti flat stress
strain states in the uniform piezoelectric medium of this anisotropy, are imposed on the

structure tensor of elastic material stiffness (é[/.)() ;38 well as the corresponding structure

X

tensor of piezoelectric coefficients (énj) and the coefficients of permittivity (éik ) 23

The generalized linear electroelastic tensor of piezoelectric materials (1.3), as well as the
material relations and basic equations are given following the rules for installing crystals
according to syngonies (table 1) and according to the rules for choosing crystallographic axes
in them (table 2) [9, 10]. These tables describe the order of the axes of symmetry (and / or
inversion) and the anisotropy planes of the piezocrystals, the commensurability of the unit
vectors and angles of the selected orthogonal system of base coordinates, as well as the order
of alignment of the coordinate system with the base axes and planes of piezocrystals.

Without loss of generality, we will formulate the problem in one of the sagittal planes

X, O)CB , where all the components of the electroelastic field depend on the coordinates X,

and X, and there are no changes in the third base coordinate 6/ axy =0.
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It should be noted that in the quasistatic problem of electroelasticity, the two-dimensional
electric field is potential and plane

E, (%, Xg,1) = =00(x,,, X;,1) [0, ,

Ey (%, Xy,1) = =00(x,,, X3,1) [0y, E, (X,,%,,1) =0 (1.4)
Naturally, in the main relations (1.1) and (1.2), the electric field potential @(x,, Xg, 1 )

can be present either only in the group of wave components characterizing the electroactive

state of antiplane deformation {0; 0; u, (x,, Xyt ); o(x,, Xgt )}, or only in the group of

wave components characterizing the state of electroactive plane deformation

{u, (x,, X5, 0); ug(x,,X,0); 05 O(x,,X5,0)}

Table 1. Crystal installation rules by syngonies

Triclinic Monoclinic Rhombic

XX X, 211, X, 22 o0rm X, X5 X, 220rm,
ay#by #¢, , a,#b, #c, , a,#b, #c, ,

a0¢ﬂ0¢70¢900 a0:702900¢ﬂo a0=ﬂ0=7/0:900

Tetragonal Trigonal and | Cubic
Hexagonal

X X X} — x,ye22m; X,y 2m; X, v,z 2442
crystallographic axis of the | 4 = 4;1 Z;)3;§;6;6; a,=b, =c, ,
texture, _
{a,, By, 7} - angles in the W =b#¢ . G =0y %6y ,0 a0:ﬂ0:70:900
sagittal planes, a=pfy=7,=90" | % =5 =90,
{ay,by,c,} - measures of 7, =120°

axial unit vectors

Therefore, in the case of the possible separate excitation and propagation of waves of
elastic strains in an electroelastic medium, only one of them will be electroactive. In both
cases, a group of wave components separated from a given electroelastic wave will already
characterize the non-electroactive state of deformation.

The problems of the possible separate excitation and propagation of the wave of electroactive
plane deformation from the non-electroactive elastic wave of anti-plane deformation, as well
as the separate excitation and propagation of the wave of electroactive anti-plane deformation
from the wave of non-electroactive elastic plane deformation in homogeneous piezoelectric
materials, were studied in [1]. The article shows that if in elastic anisotropic homogeneous
media the separation of the plane elastic deformation wave from the anti-plane elastic

deformation wave in a selected sagittal plane X, ()x[3 of the crystalline medium is ensured by
the absence of the corresponding constant in the structure of the elastic stiffness tensor
Catra) = Calpr) = er) = olre) = Capre) = Capipr) =0 (15
then it is possible to separate the wave of electroactive plane deformation from the non-

electroactive elastic wave of anti-plane deformation when, along with conditions (1.5), the
conditions for the absence of piezoelectric coefficients are satisfied
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0 (1.6)

Cafra) = Ca(sp) = Blra) = G(1p)

Table 2. Rules for selecting crystallographic axes in

Syngony x. X, X,
Triclinic In a plane perpendicular to the | [001]
direction [001]

Monoclinic [100] [010] [001]
Rhombic [100] [010] [001]
Tetragonal [100] [010] [001]
Trigonal and | [100] [010] [001]
Hexagonal

Cubic [100] [010] [001]

Separation of the wave of electroactive anti-plane deformation from the non-electro-active
elastic wave of plane deformation is possible when, along with conditions (1.5), the following
conditions are satisfied in the piezoelectric coefficient tensor of the material

Coa = Cop = Co(ap) = Cpa = €pp = Ey(pa) =0 (1.7)
The problem of separate excitation and propagation of elastic waves of plane and
antiplane deformation in a selected sagittal plane X, 0)CB of anisotropic homogeneous media

(without taking into account any kind of coupled physical fields) was raised in [4]. The author
showed that in elastic anisotropic homogeneous media, the separation of a plane elastic strain

wave from an anti-plane elastic strain wave in a selected sagittal plane X, OxB of a crystalline

medium is ensured by the absence of material constants in the tensor (¢;) of elastic stiffness

(1.5).

The above conditions (1.5) and (1.6), or (1.5) and (1.7), as restrictions on the anisotropy
of the medium for separate excitation and propagation of plane or antiplane stress-strain
states, are necessary, but not sufficient.

Below we will discuss conditions additional to relations (1.5) and (1.6), in which case
separate excitation and propagation of the plane electroactive stress-strain state is possible,
when all components of the electroelastic field belong to the sagittal plane. We will also
discuss conditions additional to relations (1.5) and (1.7), in which case separate excitation
and propagation of antiplane electroactive deformation is possible, when all other
components of the electroelastic field belong to the sagittal plane.

2. Electroactive plane stress-strain state in homogeneous piezoelectric textures

When only the conditions for the absence of the third component of elastic displacement

u, (x,,Xg,1) =0 and derivatives of all other wave field characteristics 8/ ox, =0 are
accepted, the Dbasic relations of general planar electroactive deformation
{ug (X, X, 0); U (X, ,Xg,0); 05 ©(x,,X;,8)}  are obtained from the quasistatic

equations of electroelasticity (1.1), material relations (1.2), taking into account the structure
of the generalized tensor of electroelasticity of piezoelectric materials (1.3). From the
material relations obtained, taking into account the form of the electric field (1.4) and the
corresponding conditions (1.5) and (1.6), it follows that, along with the non-zero stresses
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G0 xa,xﬁ,t), GBB(xa’xﬁ’t) n G, (x,, B,t) characteristic to the plane stress state,

axial mechanical stress also arises in the case of electroactive plane

G, (X, Xg,0) =C, (61,t01/8)cm)+cyB (ﬁuﬁ/axﬁ)Jr
Cyiupy | (O, /Oy )+ (B J0x, ) |+ €, (B0 0, ) + ey, (G0 O, )

Along with the nonzero components of the electrlc displacement of the plane electric field
D, (x,,xg,t) and Dy(x,,x
can also arise

D, (x,,X;,1) :ey(m)(ﬁua/éxa)-}—e (6uﬁ/8x )+e [(Gu /Gx ) (8uﬁ/6xOL )] (2.2)

In all piezoelectric crystals for which conditions (1.5) and (1.6) are satisfied, the dielectric

2.1)

. B,t) the third component of the electric displacement vector

constant tensors (éik) are diagonal. Therefore, in expression (2.2), the third component

3x3

of the electric displacement is represented only by the elastic elongations (aua / axa) s
(51/1B / Ox, ) and the shift ((%tOL / Ox, ) + (8145 / ox, ) in the sagittal plane.

It is known that in any basic plane x, 0x; the elastic stiffnesses ¢,, #0 and ¢, #0,
as well as the elastic compliance coefficients S, = (—I)OHY -ACOLY / A° and

= (—l)ﬁ+y -ACBy / A° cannot be zeros. Therefore, the existence of a non-zero axial
stress O (X,,X;,#) can lead to the axial tensions (compressions) 7, (X,,X;,?) in the

direction of the axis Oxy , violating the planar deformed state.

The existence of a non-zero axial component of the electric displacement vector
D, (xa,xﬁ,t) along the axis Ox, violates the plane electric field.

From relation (2.2) it is obvious that, taking into account the arbitrariness of elastic

elongations (u,/dx, ), (auﬁ /axﬁ), and elastic shear (61/1(1 / 6xB)+(6uB / 8xa) in the

sagittal plane, the axial component of the electric displacement vector DY (xa, B,t)

disappears in the piezoelectric crystals in which
€ (up) = 0, € (0a) = 0, €,mp) = 0. (2.3)
The fulfillment of identity (2.3) means the absence of a direct piezoelectric effect in the
perpendicular direction to a given sagittal plane of the piezocrystal. Then the condition for
compatibility of axial elastic elongations (compressions) and polarizations of the electric field

in the basal plane X OXB relative to axial elongations (compressions) can be written as

¢, (Ouy [Ox,)+c, (8uB /ox, ) +Cyop) [(ﬁua/éxﬁ ) + (8uB Jox, )] = (2.4)
=—¢,,, (0p/x,) ey, (&p/@xB )
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If we take into account that in all piezocrystals for which conditions (1.5) and (1.6) are
satisfied, there are no constants C,lap) in the elastic stiffness tensor:
€y =0, 2.5)

then, the compatibility ratio of elastic non-zero axial elongations (compressions) is finally
written in the form

(0u, /0x,) =~(e Je ) (Ouy o5, ) =] ey, (00/ 0%, )+ (B0/0%, ) [, 20)
If there is also no inverse piezoelectric effect in the perpendicular direction to a given
sagittal plane X, Ox13 of the piezocrystal, when ea(w) =0 and eﬁ(w) =0, the compatibility

condition for elastic non-zero axial elongations (compressions) is written as in the case of
non-electroactive elastic anisotropic medium

Co (6uOt /Gxa) =—C, (Guﬁ/éxﬁ) 2.7

Statement -1: Electro-elastic state of plane deformation
{ua (%, %5,0); 1y (%, %5,0); 05 OQ(x,, X, t)/axu ; G(p(xa,xﬁ,t)/ax ; 0} (2.8)
in the sagittal plane X Oxﬁ of a homogeneous piezoelectric medium induces an electroactive
generalized plane stress state

O (X5 Xgs0); Opg (X, X5,0); 0 05 0; o,5(x,,%5,0)

D, (xa,xﬁ,t); D[3 (xa,xﬁ,t); 0;

in piezoelectric crystals, in the generalized electroelastic tensor of which the following
conditions are satisfied

2.9)

€ar) =0 Capn =05 =0 €001 =0 Capyre)=0> oy =0 Cria=0> (2.10)
=0, €,(5p)= 0.

The compatibility condition for elastic non-zero axial elongations (compressions) in the
sagittal plane, in this case, has the form

(Ou, Jox, )= —(cyﬁ/cw)(('iuﬁ/ﬁ)c[5 ) — [ea(w) (0/0x, )+ ey (ch/axﬁ )}/cm (2.11)

The electroactive generalized planar stress-strain state of type (2.8) and (2.9), taking into
account conditions (2.10) and compatibility conditions of elastic axial elongations
(compressions) (2.11), is represented by the nonzero components of electromechanical
stresses

O (X Xy) = o (001, [0, )+ €, o | (B, J O3 )+ (Ot fx, ) |+
+e,, (00/0x, ) + e, (0p/ox,)

O (X %y) = g (Ot 0% ) + €y, [(a”a/axﬁ )+ (0uy fx, )] *
+ e, (09/0x, )+ ey, (0/0x, )

Co1a) = 0, ea(yﬁ)EO, €hre) = 0, eﬁ(yﬁ)EO’ €, o) = 0, e,

Yo ¥ ao)

(2.12)

(2.13)
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and the non-zero components of electric displacement

(o) (O0/0x, ) + ey,

 (00/

Gx)

e (018,05, ) 4 gy [ (O, f 2, )+ (0 0, ) |+

O (X, Xp) = c(oLB

D, (x,,x;) =e,, (0u, [ox, )+ea(aﬁ)[(8ua/8xﬁ)+(8uﬁ/8xa)}—

Dy(x,,x5) =

—&,, (0p/ox, ) —¢,, (a(p/axﬁ)

e;; (8uOL /ox, ) + €405 [(8%/8)% ) + (8% /qu )] -

—gg, (00/0x, ) — g (ﬁcp/éxﬁ)

(2.14)

(2.15)

(2.16)

In the newly obtained material relations (2.12)+(2.16), the physicomechanical constants
corresponding to the two-dimensional electroelastic problem are indicated with asterisks

(table 3).

Table 3. Reduced physicomechanical constants of electroelastic

generalized plane stress-strain state

Cou Cou ~ Cop (C}/a / cyﬂ) e:z(aﬁ) Cotap) ~ (cwﬂw /¢ ) Ca
Cpp Cpp = Cpa (C;/ﬂ /¢.) €ap) esap = (Capn ) e
Capra | Cama = Camp (€ /) Cuc (€ /Cn)
o ¢ ~(Cap /)€ € o~ (Cyﬁ/ € ) e
| (/) 2 Eua +(Capur /)
e e ~(Cap /)€, Egp £ +(€pupy )
Cup e (/)€ Zp (e /<)
S;xa (e 1€y [ Cra )

From (2.12)+(2.16) and from Table 3 it follows that the electroactive planar stress-strain state
in the sagittal plane is formulated with reduced anisotropy. The reduced anisotropy in the
selected sagittal plane differs from the natural anisotropy both qualitatively and
quantitatively. New piezoelectric coefficients and dielectric coefficients may appear. The
electromechanical properties of the medium in the modeled material plane can also change.

Taking into account the material relations (2.12)+(2.16) and the expression of the new
constants in Table 3, the quasistatic equations of the electroelastic plane stress-strain state
can be written in a single form

[cm —(c +c

(aB)(aB) )(Cvoc /¢ )] (azua fox; ) t Capyap) (azua/ o ) *

FTCo(ap) (azuﬁ/ o, ) + [c(umﬁ - (coc(ocB) t Clapa )(cvﬁ/ o )J (82“3/ ox; ) +
+ [e(m —e,, (Cas + Clupyap) )/ ](82 /8x ) [eﬁa + €4 up) ] (82(p/8xa8xﬁ ) -

64



—[ew (Camﬁ) +C(aB)[3) ¢ty (caﬁ +Clapyap) ) / cyﬁ](ach/ 8xu8xﬁ) +

+[eﬁ(am ~2¢, (Ca(am/ cw)](ach/ o, ) =p (azua/ atz)’

| Clapre =y (/) | (00 /052 ) + Gy (00, [ 07 ) +

FTCapyap) (az”‘ﬁ/ o, ) + [CBB _(Cﬁa F Clapyap) )(CYB/ %a )] (azuﬁ/ o ) +

+ [eawm - (ew/ /¢ )(c(aﬁ)ﬁ tCap) T Caprop) )] (82(9/ o, ) +

+ [eﬁﬁ - (el?»v /€ )(Cﬁu *Cagap) T Clapyop) )} (aZ(P/ ox; ) +

+ (e;ﬁeg(am_eav (c(aﬁ)(aﬁ)/ Cra )_eﬁv (CB(aB)/ Cyp ))(az‘p/ O, 0 ):p(a%/ ot 2)

[ =y (/) | (0, /02 )+ €y (0, f 07 ) +

+ [e;}; ~ Caop) (CYB/ % )] (azuﬁ/ ox; ) t Co(op) (82”13 / ox, ) -

—[g:a + (eﬁ(aﬁ)euv [ )} (azq’/ o, ) - [SEB + (eummeﬁv /€1 )} (azq’/ oy ) -
[ et + &0+ (€atupyCar /) (€ [ ) | (0700, 0, ) = 0.

From the deduced quasistatic equations of the plane stress-strain state (2.17)+(2.19) it can
be seen that, taking into account the compatibility conditions of axial elastic elongations
(compressions) (2.11):

— the equations do not contain mixed derivatives of the components of the elastic
displacement,

(2.17)

(2.18)

(2.19)

£ kS
— non-diagonal reduced coefficients €,5 and €g, of permittivity may appear in the
equations.
In non-piezoelectric anisotropic media, for which ej(mn) =0 the necessary and sufficient

conditions for the possible separation of the plane stress-strain state are the conditions of the
first row (2.10) and the compatibility ratio of axial elastic elongations (compressions) (2.7).

In this case, in Table 3 there are only expressions of reduced elastic stiffnesses. The
material relation (2.12)+(2.14) and equations of electroelasticity (2.17) + (2.19) are
simplified.

O oo (X5 Xg) = € (O /O, )+ Coopy [(&tm/(’ﬂxB ) + (8%/6)60L )J ,
O (X5 X5) = Cyp (8uB /0%, ) +Chap) [(&ta/&cﬁ ) + (8uﬁ /ox, )] , (2.20)

G (%05 X5) = Clugya (Ol /0%, )+ Capyiap) [(8%/6)6[3 ) + ((’ﬁu[3 /ox, )]
The equations of electro elasticity (2.17) and (2.18) take the form
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[C;a ~ Clop)op) (Cva [ )] (az’“‘a fox; ) +Coprop) (azua/ 2n ) +
+Cy(aop) (quB /ﬁxi ) + Crapyp (82% /8x§ ) =p (azua /81‘2 )
Copro (62% /ox ) * Coiap) (ﬁzua/éxé ) * Clapyop) (62”13 Jox; ) *
+ [C;B ~ Clapyap) (CYB [ )] (82uﬁ/ax§ ) = p(azuﬁ/atz )

In the two other sagittal planes of piezoelectric crystals Xyoxa and XBOXy, the

2.21)

(2.22)

conditions for the existence of an electroelastic generalized plane stress-strain state, the
material relations of non-zero electromechanical components, the reduced electromechanical
coefficients, as well as the quasistatic equations of electroelasticity for the corresponding
plane stress-strain states of the type (2.8) and (2.9)

U, (x,,%,,0); 05w, (x,,x,,0); 09(x,,x,,t)/0x,; 0; Op(x,,X,,t)/0x,; (2.23)
G (X,5%,,1);0; o (x,,x,,0); 0; o, (x,,%,,0); 0;D,(x,,x,,0); 0; D, (x,,x,,)
and
0; 1y (xyx, 005 10, (xyx,00; 05 03 Q(xy,x,,0)/0x,5 O0(x,,x,,1)/0x,
0; 04, (x5,x,,0); O, (x5, %,,8); Op, (X5, %,,8); 05 05 05 Dy(xy,x,,8); D, (xg,,,7)
(2.24)
are obtained by rotating silent indexes {y,a,B} = {a,B,y} = {B,y,a} in relations
(2.1)+(2.19), respectively.

2.1. Material relations and quasistatic equations of an electroelastic generalized plane
stress-strain state in the sagittal plane x,Ox, .

In this sagittal plane of piezocrystalline textures, the conditions for the existence of an
electroelastic plane stress-strain state (2.10) take the form

¢, =0, ¢.=0,¢,=0,c¢,.=0,¢,=0, c.=0, ¢,, =0,
14 15 24 25 64 65 36 (225)
€,=0,¢5,=0,¢,=0,¢,.,=0,¢6,=0, ¢,=0, e, =0.

Only the generalized tensors of electroelasticity of piezoelectric media from classes 6,

6m2 of hexagonal symmetry correspond to such restrictions.
Taking into account the compatibility conditions of elastic non-zero axial elongations
(compressions)

(6, /0x,) =—(cy3 /s ) (O, [Ox, )~ (&3 /5, ) (O@/Ox; ) — (€33 / 3, ) (8p/ Ox, ) . (2.26)

the material relations of non-zero electromechanical components in these media can be
written in the general form

6, = (011 _CIZ)(aul/axl)+e:1 (a(P/axl)"'e; (8(p/6x2),
G,, = (c11 —cp, )(8u2/6x2)+el*2 (acp/&xl)+e;2 (8(p/8x2), (2.27)
G, =Cy [(aul/axz )+(0u, /ox, )] +e,,(00/0x, ) + e, (Op/ Ox, ).
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D,=¢,,(0u, /ox, J+e,,(Ou, [Ox, )+e; [(&tl Jox, )+(0u, /ox, )]—811(6(p/8x1 ),
D, zezl (Oul /0x, )+e;2 (8u2 /0x, )+e;6 [(6u1 /ox, )+(8u2 /0x, )]—81 . (8([)/6)62 ) .

In the selected sagittal plane of these classes of media, it is also convenient to write down
the quasistatic equations of electro elasticity (2.17)+(2.19) in general form

Ceo (0w, [0 )+ g (07w, [0 ) - p (7w, [0 ) =

=—¢, (0°p/ox] ) (e, +ey; ) (0°p/axox, ) - €3, (0°0/ x5 ),
Coo (0uy [0x7 )+ i (07w, [ 07 )~ p (&7, /0 ) =
=—e,,(0°0/ox} )~ (e} +ei, ) (0°0/ox0x, ) - 5, (0903 ),
(e —e3 ey, ) (07w, /07 ) + € (071, 057 ) + ey (7w, 0] ) +

* * * 2 2 2 2 2 2
+(€22 —e, —621)(6 u2/6x2 ) =g, (8 (p/@xl )+811 (6 (p/ax2 )
The coefficients with asterisks in the relations (2.23)+(2.25) are given in Table 4.

(2.29)

Table 4. Values of reduced coefficients with asterisks of the simulated two-
dimensional problem in the sagittal plane X10x2

* * * * * * *

Ces € €, € €»n €5 €
. 6 (C“ —Clz)/z e —€ €y | €pn €y | ~é
D
w
»n —
g e |0 0 0
C 6m?2 (C“ —Clz)/z e €n €

In view of Table 4, it is obvious that the material relations of the non-zero electromechanical
components (2.23) and (2.24), as well as the equations of electroelasticity (2.25) for

simulated two-dimensional problems in the sagittal plane x,0x, of the media of class 6m2
have more simplified forms than for the media of class 6. Despite this, from the derived
material relations and the equations of electroelasticity it follows that in the media of class
6m2 , axial elongations (compression) aul/ Ox, =—0u, / 0Ox, lead to electric polarization

with induction D, (x;,x,,1) =¢, (0w, /0x; ), and the elastic shear (0w, /0x, ) +(0u,/dx,) leads

to electric polarization with induction D,(x,,x,,?) = ¢, [(aul Jox,)+(0u, [ox, )] .

2.2. Material relations and quasistatic equations of the electroelastic generalized plane
stress-strain statein the sagittal plane x,Ox;, .

In this sagittal plane of piezocrystalline textures, the conditions for the existence of an
electroelastic plane stress-strain state (2.10) take the form

€5 =0, =0, ¢35=0, ¢,=0, ¢,;5=0, ¢,=0, ¢, =0, (2.30)
e, =0, e,=0,¢e,=0,¢,=0, ¢,=0, ¢,=0, ¢,=0. '
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Such restrictions on the anisotropy of the medium correspond to the structure of the
generalized tensors of electroelasticity of piezoelectric media, only from the classes 6mm
of hexagonal, 4mm of tetragonal and mm2 of rhombic symmetries.

Taking into account the compatibility condition of elastic non-zero axial elongations
(compressions)

(auz/axz) = _(013/012)(au3/ax3)_(621/012)(a@/axz)_(631/012)(6@/8763) (2.31)

the material relations of non-zero electromechanical components in these media can be
written in the general form

6, =¢, (Ou,/0x, )+ (Ouy /ox,) + e, (Op/Ox, ),

Gy =Cp5 (0, /Ox, ) + ¢35 (Ous [ 0xy ) + €5, (O Ox, ),

6,3 =y ((Ouy /0, ) +(0u, /0x,) ) + €3, (Op/ex, ). (2.32)
D, =e, ((6u3/6x2 )+ (0u, [ ox, )) —&,, (0¢/ox, ),

D, = ey, (0u, [0x, ) + ey, (Ouy /ox,) — €5, (Op/ ox; ).

In the selected sagittal plane of these classes of media, it is also convenient to write down
the quasistatic equations of electro elasticity (2.17)+(2.19) in general form

(cn—cpn ) (0%, f0x3 )+ 3, (07w, /07 ) — p(%u, [0 ) = (€3, + €5, — €3, ) (07 /O, 0x; )
(c3s—cn )(0°us Jox3 )+ ¢y (OPus [0 ) — p(0%us f0r7 ) =
=—c,, (0°0/ax] ) (e}, — ey, ) (0P 0/0x5 ),

&) (ach/axg)+[833 ~e, (e, +¢l,) /cu](ach/axf) =

=e, (8 u3/8x2 )+ (e33 —(624 +e32)823)(8 u3/8x3 )
The coefficients with asterisks in the relations (2.32)+(2.33) are given in Table 5.

(2.33)

Table 5. Values of reduced coefficients with asterisks of a simulated two-dimensional
problem in the sagittal plane X20X3

* * * * * *

Cis Ciy & € | n
( (01261*3 )/013 & (01*3/012) € s €
amm | (¢ +c,,) (clch3 )/c13 e, (c;/clz) e | es | g,
( (

mm?2 * *
C2Gi3 )/(213 & (013 /CIZ ) € €2 €y

6mm Cl3 + C44 )

Classes

Gy +ey)

In view of Table 5, it is obvious that the material relations of the non-zero electromechanical
components (2.32) and the electroelasticity equations (2.33) of the simulated two-
dimensional problems for the classes 6mm of hexagonal and 4mm of tetragonal symmetries
in the sagittal plane x,0x, coincide.
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From the derived material relations and equations of electroelasticity it also follows that axial
elongations (compression) in these media lead to the electric polarization with induction

Dy(x,,x,,t), and the elastic shear (Ou,/ 8x2)+(8u2 / 8x3) leads to the electric polarization

with induction D, (x,, x;,t) . The equations also include the compatibility coefficient of axial
elongations (compressions) 3,, = (013 / C12) (Poisson's ratio).

2.3. Material relations and quasistatic equations of the electroelastic generalized plane
stress-strain state in the sagittal plane x,0x, .

In this sagittal plane of piezocrystalline textures, the conditions for the existence of an
electroelastic plane stress-strain state (2.10) take the form

€3=0,04=0,¢,=0,¢,=0,¢,=0,¢,=0, ¢, =0,
(2.34)
e, =0,¢,=0, ¢,=0,¢,=0,¢e,=0, ¢,=0, ¢, =0.

Such restrictions on the anisotropy of the medium correspond to the structures of the
generalized tensors of electroelasticity of piezoelectric media, only from the classes 6mm

and 6m2 of hexagonal, 4mm and 422 of tetragonal and mm2 of rhombic symmetries.
Taking into account the compatibility condition of elastic non-zero axial elongations
(compressions)

(8”1/ax1) =—(023/021)(&13/8)63)—(612/621)(8@/5)61)—(632/021)(8([)/8)63)(2_35)

the material relations of non-zero electromechanical components in these media can be
written in the general form:

0, =¢, (0w, /ox,)+ ;5 (Ous [oxy) + e, (Op/ox, ) + ey, (O/Ox, ),

Gy =05 (Ou, [Ox,)+ ¢y (Ouy O, ) + €, (D) x5,

O, = Cis [(8u3/8x1 )+ (0u, /ox, )] +e,5(0¢/ox,). (2.36)
D, =¢, (0u,[ox, ) +e;s [(8u3/8x1)+(8u1/8x3)]—811 (0¢/ox,),

D, = e, (0u, [ox, ) + ey, (Ou, /0x,) — &, (Op/Ox, ).

In the selected sagittal plane of these classes of media, it is also convenient to write down
the quasistatic equations of electro elasticity (2.17)+(2.19) in general form

[cn ¢, (e +cis) /c13](62u1 Jox? )+ css (0%u, /ox?) —p(0%u, [or* ) =

- [el*l —epy (e +ci) /c;}(ach/axf)—[e;; ~¢; (cis /013)](62@/6x18x3),

cis (0%, fox? ) + [033 — ey (s ) /clz](az% Jox?)+

+e, (82(p/<9x12 ) + [e; —e), (013 +c. )/c12 ] (62(p/<9)c32 ) + (2.37)
+[e;; (e +cis) /clz](ﬁz(p/axla)%) =p(0%u, for?),
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811(62([’/63612 )"’(833 -, (el*S +e;, )/Cl2 )(az(p/@xf )_61*1 (61*5 +ey, )/012 (82(p/8x16x3)

=e (qul/axf ) +e (62u3/8x12 ) + (e;ﬁ3 _(61*5 +e, )(cn/c12 ))(62u3/6x32).
The coefficients with asterisks in the ratios (2.36) and (2.37) are given in Table 6.

From the material relations of non-zero electromechanical components (2.36) and
electroelastic equations (2.37), taking into account Table 5 it follows that in the sagittal plane

x,0x, of piezoelectric classes 6m2 of hexagonal and 422 of tetragonal symmetry classes,

direct and inverse piezoelectric effects are formed by axial polarization 8([)/ 5xl .

Table 6. Values of the reduced coefficients with asterisks of the simulated two-dimensional
problem in the sagittal plane x20x3

* * * * * * * *

Gy Css € €y €5 € € €33
8 6mm Ci3 Cyy 0 0 €5 € € €33
172]
cc pa—
S 6m2 Cis Cyy e, —é 0 0 0 0
Q
£
g 4mm Ci3 Cyq 0 0 s €3 €3 €33
£y
g 422 C3 Cyy 0 0 s 0 0 0
=
© mm2 Ci3 Css 0 0 s €3 €3 €33

In media with the 6m2 hexagonal symmetry class texture, the axial polarization (3([)/ 6xl
results in axial elongations only. In media with the 422 tetragonal symmetry class texture,

the axial polarization 8([)/ axl leads only to elastic shear (8u3 / 6‘x1) + (&t1 / 8x3) in the plane
x,0x, .
3. Anti-flat electroactive stress-strain state in homogeneous piezoelectric textures
When the conditions for the absence of two components of elastic displacement
u, (xa > X t ) =0 and Ug (Xa, Xg> t ) =0 and derivatives of all other characteristics of the

electroactive stress-strain field J[-]/0x, =0 are accepted only, the main relations of

electroactive antiplane deformation
{0:05 1, (x50 0); B, (X, X5.0); By (x,.%,.0); 0} @3.1)
in the sagittal plane X, ()xB of an anisotropic piezoelectric medium are obtained from the

equations of electroelasticity (1.1) and material relations (1.2), taking into account the
structure of the tensor (1.3). Taking into account only the corresponding conditions (1.5) and

(1.7), it follows that in this case, along with the nonzero pure shear stresses O, (xa s Xp t),
Oy, (xa s Xp t) characteristic to antiplanar stress state and nonzero components of electric

displacement D, (X,,,Xy,) and Dy (x,,,X;,7)
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Gﬁy(xa,xﬁ,t):
C(or)(a) (6u /ox, )+cYB 1) (8u /6xﬁ)+e (6(p/ax )+e (6@/8)63)

G (Xys Xp,1) =

3.2)

= Cla)ior) (6u /8)613)7%‘0LB o) (614 Jox, )+e0L 1 (09/0x, )+ ey, (acp/axﬁ) G
D, (x,,%5,1) =€, (auy/ax )+e (Guy/ax ) oo (00/0x,,) (3.4)
Dy (x5 X5.1) = € (8u [ox, )+e (au [ ox, ) €4 (a(p/@xﬁ) (3.5)

axial mechanical stress G, (x,, Xg, 1 ) and the third component of the electric displacement
vector D (xa,xB,t ) also occur

G, (X5 Xp,0) =

=Cp) (&ty/@)cB ) +C, ) (8u Jox, )+ e (8(p/8x )+ 8y (Ekp/@xB )
D, (x,,x;,t)=¢, (auy/éxa)+ey(ﬁy)(Guy/axﬁ) (3.7)

As in the case of an electroactive plane stress-strain state, the existence of axial stress

(3.6)

c,, (xa,xﬁ,l‘) can lead to axial tensions (compressions) disrupting the anti-plane strain

state. The existence of the axial component of the electric displacement vector Dv (x,, Xg > t)

can lead to axial polarization, violating the plane electric field.
To exclude the violation of the antiplanar stress—strain state of the sagittal plane, it is
necessary, similarly to the hypothesis that there are no pressure of the thin layers (sagittal

planes X, Ox[3 = const ) of the continuum on each other, to accept the compatibility of

elastic shears and the third component of the axial polarization of the electric field.
The compatibility condition is obtained from the condition for the existence of nontrivial
solutions of the system of algebraic equations

cymy)(8uy/8xa)+cy(ym(8uy/6x )+e (6([)/8)6 )+e (8([)/8)6 )
(8u /ox, )+e (8u [ )

From (3.8) it follows that nonzero elastic shifts (@uy / axa) and (ﬁuy / axB) are

(3.8)

possible in piezoelectrics, in the electroelastic tensor (1.3) of which there are no coefficients
of piezoelectric constants e and e
() (

v(B)
€, (o) = 0, €,y = 0. (3.9)

In contrast to the case of plane deformation, included in the first equation of system (3.8),

the elastic stiffnesses ¢

- (ay) and C,(,p) are not imperatively nonzero. Therefore, the linear
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relation with respect to arbitrary non-zero elastic shifts (ﬁuy / 6xa), (ﬁuy / axB), and

electric field strengths (8([)/ axa) and (8(p/ 8xB ) , is equal to zero at zero coefficients
=0, e

Cyom = 0, Cap) = 0, Ca(r) B(vy)
In the cases of restrictions (3.9) and (3.10) on the anisotropy of the medium, the
compatibility condition for nonzero elastic shifts and the electric field under which there are

=0. (3.10)

no pressures of the thin layers (sagittal planes X, OxB = const) of the continuum on each

other is automatically satisfied.
If in the electroelastic tensor (1.3) of the piezoelectrics at least one of the elastic

stiffnesses C. and Cyyp)» OF the piezoelectric constants e () e

y(ay) a(ry)> “B(vy) > v(oy) and ev(ﬁ“/)

is nonzero, then the elastic displacements (ﬁuY / ox,, ), (8uY / ﬁxﬁ) and the electric field

strength (8(p/ axa ) u (a(p / 8xB ) will not correspond to the non-zero antiplane stress-strain

state.
In the absence of the piezoelectric effect in the medium, the compatibility condition of elastic
shifts becomes the hypothesis that there is no pressure of the thin layers (sagittal planes

X, Oxﬁ = const ) of the continuum on each other, when

Cap =05 € =0 (3.11)
Statement-2: State of electro-elastic anti-flat deformation
{0; 05w, (0 X0 0); 0Q(x,,X,.0) /0%, 5 0Q(x,,%,,1)/0xy 5 0 (3.12)

in the sagittal plane XQOXB of the homogeneous piezoelectric medium induces an
electroactive generalized antiplane stress state
{05 0; 05 6,5 (3,0 %5.0); 0, (%0 %5.0) 03 Dy (3,2 %, 0); Dy(x,.%,1); 0f (3.13)

in piezoelectric crystals, in the generalized electroelastic tensor of which the following
conditions are satisfied

Cotra) = 05 Cogp) =05 oy =05 Chi) =00 Capyia) =05 oy =05
€, =0, e, =0, €oap) = 0, €,=0, ¢€;,=0, €h(pa) = 0, (3.14)
Crap) = 0, Cropy = 0, ev(ow) =0, ev(BY) =0, eﬂ(W) =0, eB(W) =0.

Compatibility conditions for elastic non-zero shifts and electric field strength in the sagittal
plane, in this case, are performed automatically.

The electroactive generalized antiplane stress-strain state of the type (3.12) and (3.13), taking
into account conditions (3.14), is represented by the nonzero components of
electromechanical stresses

O, (X5 X 1) = Cpypy) (a“y/ Oixg ) + €, (09/ 0, ) + €, (a@/ Oxg ) (3.15)
G (%05 X551) = Clorpan) (Guy Jox, ) +€,00) (00/0x, )+ €50, (8@/8)6[3 ) (3.16)

and nonzero components of the displacement of the electric field
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D, (x,,X5,t) = €, (8uy/8xﬁ ) + €, 0,0 (Guy/ﬁxa ) —£,, (0p/ox,) (3.17)
Dy (x,,X5,1) = €55, (Guy /0%, ) + €50 (Guy /0x, ) — g (8@/8)%) (3.18)

The form of material relations (3.15)+(3.18) allows us to formally preserve the general
form of the system of quasistatic equations of the electroactive antiplane stress-strain state

oo (071, /003 )+ €y (O, /055 ) + €y (070/ 0 )+
+ (ea(vﬁ) ) )(azq)/ OxOX, g ) t ) (azq’/ ox; ) =P (azuv / or’ )
Caya) (62%/ o, ) + (eawm t ) )(azuv / Ox,, 0, ) tE0p) (azuv / O ) B

6, (0°0/0x} )~y (0°0/0x; ) =0 (3.20)

Obviously, the material relations (3.17)+(3.20) and the quasistatic equations (3.21) and
(3.22) of the generalized antiplanar stress-strain state coincide, respectively, with the material
relations and the equations of electroelastic antiplane deformation [1].

The automatic fulfillment of the compatibility conditions for nonzero elastic shifts and
electric field strength in the sagittal plane of the chosen piezoelectric textures does not change
the material relations and quasistatic equations, but can narrow the quantity of textures where
an anti-plane stress-strain state is possible.

(3.19)

In the other two sagittal planes of piezoelectric crystals )CYOJCOt and xBOxy, the

conditions for the existence of an antiplane stress-strain state, the material relations of
nonzero electromechanical components, the reduced elastic stiffnesses and piezoelectric
coefficients, as well as the equations of electroelasticity for the corresponding antiplane
stress-strain states of the type (3.13) and (3.14)

0;  uy(x,,x,,0); 0; 8(p(xa,xy,t)/6xa; 0; 8(p()cm,xy,t)/8xy

3.21
0; 0; 0; 0,5(x,,%,,1); 05 G (x,5%,,0); Dy (X, %,,); 05 D, (x,,X,,7) e
or
Uy (X, %,,0); 0, 05 05 O0(xy,x,,1)/0xg5  Op(x;,X,,1)/Ox, ;
(3.22)

0; 0; 0; 0; 0., (X3, %,,1); Oop(xp,%,,8); 05 Dy(xy,x,,0); D, (x5,%,,1)

are obtained by rotating silent indexes {y, o, B} 2 {a,[,7} 2 {B,V,a} in all relations
(3.1)=(3.22).
3.1. Material relationships and quasistatic equations of the electroelastic generalized
antiplanar stress-strain state in the sagittal plane x,0x, .

In this sagittal plane of piezocrystalline textures, the conditions for the existence of an
electroelastic antiplane stress-strain state (3.14) take the form

€y =0, ¢5=0, ¢, =0, ¢;5=0, ¢, =0, ¢5=0, ¢;;=0, ¢;, =0, ¢;, =0, (3.23)
€,=0,¢,=0,¢,=0, ¢,=0,¢,=0,¢e,=0, e,=0, e,,=0, e,; =0.

Only the generalized tensors of electroelasticity of piezoelectric media from the classes

43m and 23 of cubic, 622, 6 , 6mm of hexagonal, 4 , 4, 4mm , 2m of tetragonal and
222 , mm2 of thombic symmetries correspond to these restrictions.
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Material relationships of non-zero electromechanical components in these media can be
written in the general form

0,5 (x;,X,,1) = ¢, (Ou, /Ox, ) + e, (0¢/0x, ) + €, (Op/ox, )
63, (X,, X, 1) = 55 (Ous [Ox, ) + €5 (O/ Ox, ) + e,5 (Op/ Ox, )
D, (x,,x,,t) = e, (Ou, /Ox, ) + €5 (Ou, [Ox, ) — &, (O¢/0x, )

D, (x,,x,,t) = €,, (Ou; /0x, ) + €,5 (Ou, [ Ox, ) — &5, (Op/ 0x, )

In the selected sagittal plane of these classes of media, it is convenient to write down also
the quasistatic equations of electroelasticity in general form

Ca (82u3/6x12 ) +c,, (62u3/8x22 ) + (el*4 +e, )(82(p/8x16x2 ) +
+e;s (0°0/ox] )+, (8°9/0x] ) = p(0°u, [or’)
es (62u3 /lez ) + (el*4 +e, )(82u3/8x18x2 ) +e,, (82u3/6x22 ) -

, , . (nd , , (3.26)
—&p (a (P/axl )_822 (6 (P/axz ) =0
The coefficients with asterisks in the relations (3.24)+(3.26) are given in Table 7.

(3.24)

(3.25)

B

Table 7. Values of physicomechanical coefficients with asterisks for the
problem of antiplane stress-strain state in the sagittal plane X10x2

" " - " " "
Css €y €;s €y €s &n

Bmf23 | e, 0 0 e, &,
6mm Cyy 0 s [ 0 &

§ 6 Cyy €. € €;s —€y 2t
‘; 622 Cus € 0 0 €y &y
E 4 Cyq €y €;s €5 —€y &y
E 4 Cuy €4 ;s ek s &
§ 4mm Ca 0 e e 0 &,
& 42m Cyy €y 0 0 €y &
222, Css e, 0 0 eys &5

mm?2 Css 0 e ey, 0 &

From Table 7 it is seen that the material relations of the electromechanical components (3.24)
and (3.25), as well as the equations of electroelasticity (3.26) of the problems of the antiplanar

stress-strain state in the sagittal plane x,0x, for media from the classes 43m and 23 of

cubic, 622 of hexagonal, 42m of tetragonal and 222 of rhombic symmetries fundamentally
coincide.
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In the sagittal plane x, Ox, , the material relationships and the equations of electroelasticity

of the problems of antiplanar stress-strain state for media from the classes 6mm of hexagonal,
4mm of tetragonal and mm2 of rhombic symmetries also fundamentally coincide.

3.2. Material relationships and quasistatic equations of the electroelastic generalized
antiplanar stress-strain state in the sagittal plane x,0x; .

In this sagittal plane of piezocrystalline textures, the conditions for the existence of an
electroelastic antiplane stress-strain state

{ul (%, X,,0); 0, 0; 0; 00(x,,x;,0)/0x,;  OQ(x,,X,,8)/0x;; }

(3.27)

0; 0; 05 05 6,5(x,,%5,0); ©15(%,,%5,8); 05 D, (x,,5,1); Dy (x,,x5,1)

are written as follows

¢s=0, ¢5=0, =0, ¢,5=0, ¢;5=0, ¢;3=0, ¢,4=0, ¢,;=0, (3.28)

e,=0,¢,=0,¢e,=0,¢e,=0,¢e,=0,¢,=0,¢,=0,e,=0,e,=0, e, =0.
Only the generalized tensors of electroelasticity of piezoelectric media from the classes

6m?2 of hexagonal and 422 of tetragonal symmetries correspond to these restrictions.

Material relationships of non-zero electromechanical components in these media can be
written in the general form

0,5 (x,%,,1) = ¢35 (O, /Ox;y ) + €5 (O9/ Ox, ) + €55 (Op/ O, )
61, (X,,Xg,1) = ¢4 (Ou, [ Ox, ) + e (O/ Ox, ) + €5 (Op/ Ox, )
D, (x,,x;,t) = €5 (Ou, /0x, ) + e (Ou, /Ox, ) —¢,, (0¢/0x,)
Dy (x,,%,,1) = ey (Ou, /0x; ) + ey (Ou, /Ox, ) — €5, (O¢/0x, )

In the selected sagittal plane of these classes of media, it is convenient to write down also
the quasistatic equations of electro elasticity in general form

czé (82u1 /8x§ ) + C; (azul /8x32 ) + (e;5 + e; ) (82(p/8x28x3 ) +
+ey (0°p/0x; )+ el 670/ ax} ) = p (07w, /0t

e; (a2ul /ﬁxf ) + (e;6 + e; )(82”1 /8x28x3 ) + e; (azul/ﬁxf ) -
—€, (62([)/6x§ ) —&y, (62(|)/6x32 ) =0

Table 8. Values of physicomechanical coefficients with asterisks of the problem of antiplanar
stress-strain state in the sagittal plane X20x3

(3.29)

(3.30)

B

, (3.31)

* * * * * * * *

Css Ces € €6 €35 €3 25 &3

g |2 | e | 0 0 0 o | & | &
g 422

o Cus Ces e 0 0 0 én €33

The coefficients with asterisks in the relations (3.24)+(3.26) are given in Table 8.
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Table 8 shows that the problem of an antiplane stress-strain state in the sagittal plane x,0x,

is not electroactive for media of the hexagonal symmetry class 6m2 .

3.3. Material relationships and quasistatic equations of the electroelastic generalized
antiplane stress-strain state in the sagittal plane x,0x, .

In this sagittal plane of piezocrystalline textures, the conditions for the existence of an
electroelastic antiplane stress-strain state

{0; u,(x,%,,0); 0, 09(x,x;,0)/x,; 0; 00(x,,x;,1)/0x, } 532)
0; 0; 0; 6,5(x;,x5,0); 05 0y, (x;,x5,2); Dy(3x,,%5,0); 0 Dy(x,,%;,1) '
take the following form

€3 =0,¢4=0, ¢,,=0, cs=0, ¢;,=0, ¢;,4=0, ¢, =0, ¢;,=0, e, =0, (3.33)
e, =0, ,=0, ¢;=0, ¢,=0 ¢,=0, ¢,=0,¢e,=0, e,=0, e, =0,

Only the generalized tensors of electroelasticity of piezoelectric media from the classes
43m and 23 of cubic, 42m of tetragonal, and 222 of rhombic symmetries correspond to
these restrictions.

Material relationships of non-zero electromechanical components in these media can be
written in general form

s (X, %5, 1) = €y (Ou, /Oxy ) + e, (0p/ox, )+ e, (6g/ox,) .
G, (X, x5,1) = 626 (8142/8)61 ) + 81*6 (8@/8951 ) + 6;6 (8([)/5)63)
D, (x,,x,,t) = e]*4 (8u2/8x3)+e]*6 (Guz/éxl)—sll (a(p/ax] ) (3.35)

D, (x,,x,1) = e, (Ou, /0x, ) + ey (Ou, /Ox, ) — &5 (Op/Ox;)

In the selected sagittal plane of these classes of media, it is convenient to write down also
the quasistatic equations of electro elasticity in general form

Ceg (82u2/8x12 ) +c,, (82u2/6x§)+ (61*4 + e;)(ach/axl@)@ ) +
+e, (82(p/6x12)+ e, (ach/éxf) = p(azuz/aﬁ)
ey (62u2/8x12)+(el*4 +ez6)(62u2/8x18x3)+e:4 (quz/éxf)—

, (3.36)
2 2 £ (2 2
—&n (5 (P/axl )_833 (a (p/6x3 ) =0
The coefficients with asterisks in the relations (3.34)+(3.36) are given in Table 9.

B

Table 9. Values of the physicomechanical coefficients with asterisks of the problem of
anti-planar stress-strain state in the sagittal plane X10x3

* * * * * *
C6 €4 €6 G4 &6 &3
Bmf23 | ¢, e, 0 0 e, &,
wn
]
3 -
E 42m C(,@ e]4 0 0 e}é 833
Q
222 Co6 €y 0 0 €36 &3
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From Table 9 it follows that in all three cases in the equations of electroelasticity (3.36) of

the anti-planar stress-strain state for media from the classes 43m and 23 of cubic, 42m of
tetragonal and 222 of rhombic symmetries, the coupling of the elastic and electric fields
occurs through mixed derivatives of the electric field potential and elastic displacement,
respectively. From the equations of electroelasticity (3.36) it also follows that in problems of
the antiplanar stress-strain state for media from the classes 43m and 23 of cubic symmetry,
in contrast to problems for media from the classes 42m of tetragonal and 222 of rhombic
symmetries, the piezoelectric effect is equivalent in coordinates x, and x,.

4. Comparative analysis.

Comparative analysis shows that, taking into account the conditions of compatibility of
nonzero elastic axial elongations (compressions) and electric field strengths (2.11) and (3.8),
the sets of piezocrystalline classes of anisotropy, which allow separate excitation and
propagation of electroelastic planar or electroelastic antiplane stress deformed states in
piezoelectric media do not change accordingly.

Taking into account the conditions of compatibility of nonzero elastic axial elongations
(compressions) and electric field strength, leads to refinement of the notation of material
relations, electroelastic equations, and necessary and sufficient conditions that allow separate
excitation and propagation of a plane (or anti-planar) electro-elastic stress-strain state in the
corresponding problems.

Using the simple interaction of mechanical and electric fields as an example, we see that
the two-dimensional problem of plane deformation in the sagittal plane x,0x, for the class

6m2 is formulated by material relations of non-zero electro-mechanical characteristics

o, =¢, (Ou, /0x,)+ ;s (Ouy /Ox;y) + e, (O9/0x, ),
G,y = €1 (Ouy [0, ) + 5 (Ous /0x; ) — e, (09/ Ox, ),

(3.37)
033 = ¢y (Ou, [0x, )+ ¢35 (Ouy [Oxy), 05, =cyy [(8u3/8x1 )+ (0u, [ ox, )] ,
Dy =e, (aul/axl ) —&n (a(P/axl)> Dy =—gy (6@/&‘3)-
Quasistatic equations in this case are written as follows
¢, (82u1/8x12 ) +c,, (82u1/8x32 ) +( ey + ey )(82u3 /6x18x3 ) +
(3.38)

+e, (0g/ox) ) =p(0u, [or’)
Cuy (82u3 Jox? ) +cy3 (82u3 Jon? ) +( 3 +cuy) (82u1 /ox,0x, ) =p (82u3 ot ) (3.39)
e, (0u, [ox] ) —&,, (0°¢/ax} )~ &4 (097 /ox7 ) =0 (3.40)

The problem of the plane stress-strain state in the same plane for the class 6m2 is formulated
by the material relations of non-zero electromechanical characteristics (4.1) with the

compatibility condition of elastic non-zero axial elongations (compressions) G,, = 0:

¢, (Ou, /0%, ) + ¢, (Ouy [ Ox, ) — e, (Op/dx, ) =0 (3.41)

In view of (4.5), equations (4.2)+(4.4) can be written as follows
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“ on? ox; o’
o’u NGET . o’¢ o’u
Cua ax123 +(Cs3 _613) ax323 —4 (013/013)8 ox, =p 82‘23 ; (3.42)
o’u 0’ 0’
e = &, (2p_833 (2P=O’
Oox; Ox, Oox;

where it is clearly seen that both the new stiffness coefficients ¢ s = (c,; +¢,, )¢, /c,, and
¢, =(c3+¢y)e, fe,  “soften” the longitudinal stiffnesses and “tighten” the direct

piezoelectric effect in the medium.

The equivalence of two-dimensional problems of electroelasticity of plane deformation and
plane stress-strain state is ensured by taking into account the electro-mechanical conditions
in the infinitely distant ends x, =+ oo of a long waveguide.

5. Conclusion.

The necessary and sufficient conditions are derived that allow separate excitation and
propagation of the electroelastic plane and also anti-plane stress-strain states in piezoelectric
media:

- Conditions of type (2.10) and the compatibility condition of non-zero elastic axial
elongations (compressions) and electric field strength (2.11) allow separate excitation and
propagation of a plane electroelastic stress-strain state of type {(2.8), (2.9)} in the sagittal

plane x,, 0x;.

- Conditions of the type (3.14) allow separate excitation and propagation of the antiplane
electroelastic stress-strain state {(3.12), (3.13)} in the sagittal plane X 0)6B .

The introduced compatibility conditions for elastic non-zero axial elongations
(compressions) and electric field strengths (2.11) and (3.8) correspond to the requirements of
hypotheses about the nature of the distribution of the mechanical field in thin-walled

structural elements:
- In the case of a plane electroelastic stress-strain state of the type {(2.8), (2.9)}, all the

characteristics of the wave field lie in the sagittal plane X ())CB and there is no pressure of

parallel material planes X, = const on each other.

- In the case of an antiplane electroelastic stress-strain state of the type {(3.12), (3.13)}, the
mechanical characteristics of the wave field do not distort the sagittal plane x,0x;, the

characteristics of the electric field lie in the sagittal plane and there is no pressure of parallel
material planes X, = const on each other.

In all sagittal planes of all textures of piezoelectric crystals, the material relations of
nonzero electromechanical components and quasistatic equations of electroelasticity are
derived. This allows to choose different combinations of piezoelectric materials in layered
waveguides in studies of the joint propagation of electroactive waves of plane and antiplane
stress-strain state.
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