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Theoretical Basics of the Orthotropic Electrical Conductivity
of Isotropic Materials
Key words: isotropic material, orthotropic electrical conductivity, inhomogeneous deformation, small
perturbations, linear functional connections.

The problem of the influence of deformation properties of elastic elements on specific electric resistance of isotropic
electrically conductive materials is considered. It is shown that when in isotropic elastic elements inhomogeneity of
elastic deformation is taken into account the electric current density is changed, which in its turn leads to anisotropy

of electrical conductivity of material. The anisotropic properties of electrical conductivity O; along material

anisotropy principal axes are characterized by both of deformation influence and new physical constants O; .

IZunIpulpAnuI]ulh U.U.|

bqnuipny iymphph oppoupny hEjnpubwunnppuljuin pyub nkuwljuh hhdnitiphtpp
Zhtwpwnkp. hqnunpnuyy  Wmp, oppnupny  EEjnpuljwt  hwnnppuljwinipmy, withwdwubn

nhdnpdwghw, thnpp qpgenidubp, gduyhtt $nijghniiwg juwbip:

QYhunwplynud £ hEjupulwt  hwnnpnhy  wmpbphg  hgnuipny  wnwdquijutt  wwppbph
nhdnplghntt hwnljmpmutbph wqpkgmpmniip ympeh LHEjnpuwi phdwunpmipub Jpu: 8nyg k
wnpynud, np npdnplwghwgh wthwiwubknnipniip pun Wyniph wthqnunpnujhwgh wnwbgpubph phipnud £
hEyupulwt hnuwph junnipyut thnthnjunipniubph, npnup b hpkug htpeht hwigkgunud B yniph
hEyunpulwi hunnppuwinipjut wthgnunpnuwuh: Guhgnppny LEjunpuljut hunnppuljwinipmpniip
Uymph  wihqnunpnyhugh  qjluunp wowbgpttph Jpuw G, pimpugpymd b gEdnplwghuygh

withwdwubnni pjudp b tnp’ $hqhluljub O ; qnpdwlhgubkph wqpkgnipyudp:
PaccmarpuBaeTcst 3a/1a4a BIMSHHAS Je)OPMATHBHBIX CBOWCTB YIPYTHX 2JIEMEHTOB Ha Y/IEIBHOE IEKTPHIECKOe

CONPOTUBIICHUE U30TPOIMHBIX JIEKTPOIIPOBOAAIINX MAaTEPHUATIOB. HOKaBBIBaeTCH, YTO IpU y‘IéTC HEOAHOPOAHOCTHU
pryTOfI Z[e(i]OpMaLIPII/I B U30TPOIMHBIX YIIPYTUX DJIEMEHTAX MCHACTCS INIOTHOCTD DJICKTPUUICCKOTO TOKA, UYTO, B CBOKO

o4yepeb, IPUBOAUT K aHU30TPOITHUH SJIICKTPOIIPOBOAHOCTH MaTepUaia. AHI/BOTPOHI/M JJICKTPONPOBOAHOCTH Gi o
TJIABHBIM OCAM aHU3O0TPONHUHU MaTe€puajia XapaKTEPU3YETCA BJIMAHHUEM z[eq)opMaLmu U HOBBIMH d)HSH‘ICCKI/IMH

noctrostHabiMA Ol i

Beenenmne. [Ipenn3noHHbIe SKCTIEPUMEHTHI [ 1+3 ]| MOKa3bIBaIOT, YTO B OJTHOPOIHBIX DJICK-

-1
TPONPOBOAAIIMX MaTepuanax kodQGHUIHeHT >1eKTponpoBogHocTH G = R (R - ynensHoe
JJIEKTPUYECKOE COMPOTUBIICHHE), INHEHHO 3aBUCHUT HE TOJIBKO OT BEJIIMUMHBI Ae(OopMalun

3



[1,2,5], HO m oT 3HaKa 3TO# Aedopmanuu. B pabote [6] uccnenyercs BIUSHUEC U3MCHCHUS
00BEMHOTO PACIIMPECHUS METAUTMYCCKUX MATCPUANIOB HA BEIMYHHY YICIBHOTO JJICKTpPHU-
YEeCKOro comnpoTuBieHus. [IpuBoastcs pemieHus 3aaad il TOKONPOBOAOB € YUETOM
3aBUCUMOCTH 3JIEKTPOIIPOBOJHOCTH OT U3MEHEHUS MOMEPEYHOT0 CEUECHUSI.

1. OcHoBHBIEe yTBep:KaeHns. Kiaccuueckue ypaBHEHUsI ICKTPOJMHAMUKHI TIPU OTCYT-
CTBHH TMOBEPXHOCTHBIX TOKOB M CTOPOHHHX 3apsOB B TayCCOBOW CHUCTEME KOOpAMHAT
uMmeroT Bup [3-5]:

rot]jlzﬂjjtla—D, div B=0,

c ) c Ot (1
rotE:la—B, diVD:4npe,

c Ot

rac E — BEKTOp HaHpH)I(éHHOCTI/I QJICKTPUYICCKOTO IOJIA, H — BCKTOp HaHpH)KéHHOCTI/I mar-
HHUTHOTO I1I0JIA , B — BEKTOpD MarHUTHOM HWHAYKIOHWU, J — BEKTOD IINIOTHOCTH ITOJTHOI'O DJICK-
TPHUYECKOI'0 TOKa, pe — INIOTHOCTb 3JIEKTPUYECKOro 3apsja, C — 3JEKTpOJMHAMHUYECKas

IIOCTOSIHHAA , [ — BpEMSL.
VYpasuenus (1.1) yacTHYHO 3aMBIKAIOTCS MaTepUAIILHBIMU MTPECTaBICHUAMH [4-5]
- . eu—-1- =
B = MH —_ —M V X E,
C
- ~  gU-— 1- =
D=¢E+-=—VxB,
C

(1.2)

rac },l — MarauvTHasd MMpoOHUIA€MOCTb, € — JAUDJICKTPpUYCCKas MOCTOSAHHAA, V = 811/82‘ —

BEKTOp CKOPOCTH mepeMemieHus yacTun Tema U—(U,V,W). Jlis MOJNHOTO 3aMbIKAHHS
cucteMsl ypaBHeHH (1.1) mpemmaraercsi COBEpIICHHO HOBOE INPENCTABICHHUE I KOMIIO-

HCHT BEKTOPA IJIOTHOCTHU JJICKTPUYCCKOI'O TOKa J (ll 5 i2 5 i3 ) ,

=0 l—al? E+ll7><é +p€I7
c

X
i,=0 1—0(2@ E+117><l§’ +p,V (1.3)
oy c
=0 1—a3@ E+ll7><§ +p,V
Oz c

rae O — Kod(QQHUIHEHT SIEKTPONPOBOJHOCTH HEAE(POPMUPYMOTO H30TPOIHOTO Tena, O, —

HOBBIC TOCTOSIHHBIC, XaPAKTECPU3YIOIIUC BIMAHUC Lle(l)OpMaHI/II/I Ha KOB(l)q)I/IIII/IeHT QJICKTPO-
IMPOBOJHOCTH O, B YaCTHOCTH, npu



ou ov ow

g, =—>0,e =—>0,¢e_=—>0, a,=a
ox Yoy Oz P 14
ou ov ow '
e, =—<0,e =—<0,¢e_=—<0, oa,=0,
Ox )Y 0z

rie u(x,y,z), V(x,y,z), W(x,y,z) — KOMIIOHEHTHI TIEPEMEIIEHNUS, (., — HOBBIA

ko3¢ ¢unnent npu nedopmanuu cxarus, Ol p — HOBBI k03¢ ¢unneHt npu aehopmanun

PACTSDKCHHUSL.
JUIs TONHOTO 3aMBIKaHWs OOIIEH CHUCTEMBI TNPHUBEIEM TaKKe COOTBETCTBYIOIIUC
ypaBHEHHS ABIKEHHS [3-5]:

2
50,-j 3 ou, 1 ou, auj
L
X 4 X; X, |, (1.5)
o, =2G g, +5, g, Lji=1L23<x,y,z
rac Gij — KOMIIOHEHTBI TEH30pa HaIpsKCHUA, p — IIJIOTHOCTH marepualia,

G= E/Z(l + v), A= VE/(I + v)(l— 2v) — mocrosHEEE Jlame (£ — Moxyms ympy-

roctd, V — ko3ddumnuent [lyaccona), Fj — 00BEMHas cHiia, KOTOpasi PU HAJTMIHUH dJICK-

TPUYECKOTO TOKA U JIEKTPUIECKOro 3apsiia umeeT BUL [5]
- 1, - 2
F,==(fi+B)+p!. (1.6)
c\-

2. CoOTHOHMIEHHA NPHU MAJbIX BO3MYIIeHUsIX. OrpaHHYNBAsICh HCCICIOBAHUCM
JJIEKTPOMATrHUTHBIX TMOJed TPH MAaJbIX BO3MYIIEHHSX [2], BEKTOPHI BO3MYIIEHHOTO
IJIEKTPUUECKOTO OIS, @ TAK)KE BEKTOP COOTBETCTBYIOLIETO MepeMeIIeH s, OyayT MpecTaB-
JICHBI CeIyroIuUM oopasom [4]:
H=H,+h, E=é B=B,+b

R (2.1)

ol

=d, j=7, U,
(5]

(hohyohy),  é(enene),  b(b,by,b),

d(d,d,,dy),  F(jsini),  G(wv,w)

(B maybHelNIEM WTPUXU HAZl j U U OIYCKAKOTCS).

o
h
2.2)

CormacHo (2.1), mpeo6pa3zys cootromenus (1.2), (1.3), moxydnm cienyromiie THHEHHbIC
(YHKIOHAJIBHBIE CBS3U /ISl BO3MYIIEHHOTO MATHUTHOTO TTOJIS:
-~ -~ gu—-lou -~ - _ gu—-lou ~
b=ph - g d=ee+ 2T H, 23)
c ot c Ot

a TaKXKE, CICOTYIONIue HEJIMHEHHBIC IIPEACTABIICHUA




i :G(l—ocl ?le, i =c(1—a2 %]Jz,
X

- oW - _ ou
Lb=cll-o,—|J;, J =€ +E—><HO
oz c ot
JluHeliHbIe ypaBHEHHS SJICKTPOIUHAMUKH JUIS CPEMIBI (BaKyyMa), OKPYIKaroIIeH ICKTPO-
MPOBOZSIILIEE TEJI0, UMEIOT BUJ [4]

(2.4)

() ()
rot A\ == Ge , rotel® = _Loh ,
c Ot c Ot
div 19 =0, div ¥ =0. 2.5)

I'pannuHble ycaoBUS HAa MOBEPXHOCTH, KOTOPAas pa3feiseT BHYTPEHHIOI M BHEIIHIONO
obusiactu (BaKyyMm), UMEIOT cieaytomuii Bua [4]:

nx [H“) - H] - —V—"[E@ - sEJ
¢ , (2.6)

nx| EY - E == 1"~y |

C
rac Vn — MAKpOCKOIHNYCCKHUE CKOPOCTU MOBEPXHOCTU KOHTAKTA ABYX CpE€A NPpU MAJIOCTU
M3MEHEHHS BEKTOPA HOPMAIIU MOBEPXHOCTH Pa3phiBa IBYX 00NacTei
n=n-+n’, (2.7)
rac ﬁ, — MaJIo€ BO3MYIICHUEC HOPpMAJIH.

IIpencrapnss 00bEMHBIC CHIIBI ANEKTPOAMHAMHYCCKOTO MPOUCXOKIACHUS TIPU YCIOBUHU
OTCYTCTBUS CTOPOHHHX TOKOB M CTOPOHHHUX 3apsI0B, coriacHo (1.5) u (2.4), momyunm [3-5]:

a 2
do,, n 9G,, + 9% +pK, = pa—l;
ox oy oz ot
a 2
ag; + agy” + 2232 +pK, = p‘ZT:’ 2.8)
0 0 0 ?
cY13_+_ (523+ G32+pK3=pa\2N
ox oy 0z ot

[Ipu sToM, 11t 0OBEMHBIX CHII 3JIEKTPOJNHAMHYECKOTO MPOUCXOXKICHUS, corylacHo (2.4),
OyneM UMeTh:
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3akaouenne. HOKEBLIBaCTCH, YTO HEOAHOPOAHOCTH YHPYIUX OCCBBIX y,HJ'II/IHeHI/Iﬁ
(C)KaTI/Iﬂ) B HU30TPOINHBIX YHOPYIUX JJICMCHTAX IMPUBOAUT K HU3MCHCHHUAM IUIOTHOCTHU
QJICKTPHUYICCKOI'0O TOKa MO ITUM OCSIM. 9T0, B CBONO O4Y€pCAb, MPUBOJAUT K aHU3O0TPOIIHUU
QJICKTPOIIPOBOAHOCTU MaTepuaia. Ha ocHOBaHMU BBIIEH3TI0KECHHON 061116171 TEOpUn
OpTOTPOHHOﬁ QJICKTPOIIPOBOAHOCTHU U30TPOITHBIX MATEPHUATIOB MOKHO pCIIaTh, MHTCPCCHBIC
C TOYKH 3pCHUA HpHJ’IO)KeHPIfI, MHOTOYHUCJICHHBIC KOHKPETHBIC 3a1a4u. HpI/I 9TOM, BBOOAOM

HOBBIX 6€3p33MepHBIX KOS(i)(l)I/IIII/IGHTOB O(,l. , 3aJa4M SJICKTPOMAruuTOynpyrocTu CTaHOBATCA

HENMMHEHHBIMA. Y4Y€T 3THX Oe3pa3MepHBIX XapaKTePHCTUK MaTepuana apXWBa)KeH It
KOMIIO3UIIMOHHBIX MAaTEPUAJIOB CO CETOYHOM aHU30TPOIUEH.
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OB OJJTHOM KJIACCE HEKJIACCUYECKHUX TPEXMEPHBIX 3ATAY
TEOPHUM YIIPYTOCTH IO TPOTHO3Y 3EMJIETPSAICEHUI
Aranossin JLLA., Tarsopsin B.B.

KuioueBble cioBa: Hekimaccuueckast KpaeBasi 3a[ada, aCHMITOTHYCCKHH METOJ, BHEILIHSS 3ajava, CIOUCTBII
MaKer.
Aghalovyan L.A., Tagvoryan V.V.
On a class of non-classical three-dimensional problems of the elasticity
theory for earthquake prediction
Keywords: The non-classical boundary value problem, asymptotic method, the outer problem, layered packet.

A three-dimensional non-classical boundary-value problem of the theory of elasticity for a layered packet of
orthotropic plates, which has essential importance in seismology is solved. The case, when the measuring devices
used to obtain the values of the displacement vector components are placed between the layers of the packet with
the numbers (k-1) and (k), and separation occurs between the layers with the numbers (p-1) and (p) (p > k) is studied.
An asymptotic solution of the outer problem is found. The case when the solution becomes mathematically exact is
emphasized. An illustrative example is given.

Unuynijjut L.U., Pwuqnpyuib 9.9,
Bnypuowpdtph juipwnbudwb Jkpupkpju; wpwdquijuinipjut nkumpjut ny puuwljub towsuhg
hutmhniitph uky nuih duuht

Zhttwpunkp. Ny nuuwlwi qpuyht juinhp, wuhdwwnnnhly dkenn, wpnwpht nhp, okpunuynp
thuiphp:

Oppnuipny uwikphg punlugus skpnuynp thwpkph hudwp wuhdynnnhly dbpanny msjus k
wnwdquijuinipjut nkunipjut nupuswluwi ny puuwliwi bqpuyhtt jutinhp, npt mbh kwjwb
pwtuljmpmi ukjuunnghwnud: Munudbwuhpyws b wyt nlwpp, tpp swthhy uwppkpp, npnig
oqunipjudp unwugynid kb indjuthp nbnuthnpudw JEljinnph pununphsubph wpdbpubtnh yEpupbppuy,
utnunpiusé tu thupbph (k-1)-pg b (k)-pg 2kpunbph dhob, huly (p-1)-py b (p)-pyy 2kpntph dhel (p > k)
wnlu k jugnud: Sntdws £ wpnwpht unph wuhdypunnunpjulwi pisnudp: Cungdyws k, ph kpp wyy
nusnudp jhwinhuwbw dwptdwnhlnpkt &ongphwun: Aipdus E hyniunpughnt ophtiuly:

Pemena TpéxMepHas HeKIacCHUecKas KpaeBas 3ajJada TEOPHH YIOPYTOCTH UL CIOHCTOIO IaKeTa u3
OPTOTPOIHBIX IUIACTHH, KOTOpas MMeET CYIIECTBEHHOE 3HadeHHe B ceiicMonormu. M3ydeHn TOT ciydaif, xorma
U3MepHTEIbHbIE IPUOOPHI, IPU MOMOLIM KOTOPHIX ONPENENIAIOTCS 3HAYEHUs] KOMIIOHEHT BEKTOpa MEepeMEILEeHHs,
TIOMEIICHBI MEX]Ty CIIOSIMH MakeTa ¢ Homepamu (k-1) u (k), a Mexay cnosMu ¢ Homepami (p-1) u (p) uMeer MecTo
oTpsIB (p > k). Halineno acuMnroTndeckoe pemeHue BHemHeil 3amaud. [TomuépkHyT cirydaid, Korja penieHue
CTAHOBUTCSI MAaTEMAaTHYECKH TOUYHBIM. IIpHBEIEH MILTIOCTPALIMOHHBIH TPUMED.

BBenenne. CioUCTBIE CTPYKTYPBI SIBISIOTCS CCTECTBCHHBIMA W HCKYCCTBECHHBIMH.
OHUMH U3 SCTECTBCHHBIX CIIOMCTBIX CTPYKTYP SIBISIOTCS JIMTOC(EPHBIC TUIUTHI 3eMIH U
OTJCNBHBIC OJIOKM 3¢MHOM KOpHI. MccinenoBaHus O MPOTHO3Y 3eMIICTPSICCHUN MOKa3ally,
YTO CHJIBHBIC 3EMJICTPSICCHUS SBISAIOTCS PE3YIbTaTOM TCKTOHHMYCCKUX JIBHKCHHUU
mutocepHBIX T 3emnn (X95% 3emmerpsacenmit) [1-3]. BeigensioT cBs3aHHBIE C
BO3HHMKHOBEHHEM 3EMIICTPSICCHUI JIBE CTaIuM TEKTOHUYECKHX IBHIXKCHHUI: MEJJICHHbIC
(BeKOBBIC) U OBICTPOTEUHBIE (CKaukooOpa3Hbie). BeKOBbIe NBWKEHUS SBISIOTCS KBa3WCTa-
TUYECKHMMH M MOTYT JUIUTBCS JICCATKU JIET, B pPe3yibTaTe, B JIMTOC(EPHBIX IUIMTAX H
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OTIENBHBIX OJIOKaxX 3eMHOH KOPHI HaKaITUBAIOTCA IedopMalyi, KOTOpbIC, TOCTHUTHYB
KPHTHYECKOTO 3HA4YEHUS mopsaka 10™, a Mo JaHHBIM H3BECTHOTO SMOHCKOTO CEfcMOoIora
Rikitake [1] — mopsiaka 4.7¢1075, mpuBOAAT K TI0GATEHOMY Pa3pyIIEHUIO (3EMIIETPSCEHUIO)
Y OCHOBHas 4acTh HAKOIUICHHOH C TOJIaMH OTPOMHOM MOTEHIIUAILHOM SHEPTUH 1eOpMaIivun
BBIJIETISIETCS B BUI€ OOBEMHBIX YHPYTHX NMPOAOJBHBIX P M CABUTOBBIX S — BOJH, a Takxe
MOBEPXHOCTHBIX BOJH Penest u JIsiBa. Beerna ckopocts Vp Gosbiie ckopocti Vs. dukcupys
BpeMs INPUXOJa STHX BOJH B 33JIaHHYI0O TOYKY, MO MX Pa3sHOCTH YNAETCsl YCTAaHOBHUTH
paccTosiHie odara 3eMJIETPSCEHHS OT 3aJaHHOM CTaHIIUY, a TI0 JAHHBIM TPEX CTAHLIUM — €Tro
pacrioyioxeHue.

BreicTprie (ckaukooOpa3Hble) ABMKCHHS BO3HUKAIOT B pe3ysibTaTe (OpIIoka, camoro
3eMIIeTpsceHns U agrepmoka. TakuM 00pazoM, 3eMIIETPSICCHNE — eCTh Pe3yNIbTaT III00ab-
HOTO pazpyuieHns. CIenoBaTeNbHO, A MPeICKa3aHus 3eMIETPSACCHUH HEOOXOJMMO HAUTH
HarnpsHKEHHO-1e(OPMUPOBAHHBIE COCTOSHUS JINTOCEPHBIX TUIUT 3€MIIM U OTJCIBHBIX 0J10-
KOB 36MHOM KOPBI, KOTOPBIE TAKXKE SBJISIOTCS CIIOUCTBIMH, U ITPOCIIEIUTH 38 UX N3MEHEHUEM
BO BpeMmeHH. [loaToMy, ompeneneHne HanpsHKEHHO-IE(OPMUPOBAHHBIX COCTOSHMH TaKUX
CJIONCTBIX CTPYKTYP IPEACTaBIsECT OOJBIION TEOPETHUECKUH 1 IPAKTHIECKUIT HHTEpEC.

B cepenune aBammaroro crojetdst ObUTM 3aMKCHPOBAHBI 3aMeTHBIE aedopMaliy
(mepeMenieHusi TOUYEK) MOBEPXHOCTH 3emu 1o 3emuterpsicenns [1]. Torma ke BO3HUKIA
€CTECTBEHHAS 3a]1ada — UCIIONb3YS ATH JaHHbIE, ONPEACINTh HAPKEHHO-Ie(pOPMHUPOBaH-
Hoe coctosiue (HIIC) murocdepHoit MIUTH MM COOTBETCTBYIOMIETO OJIOKA 36MHOM KOPHI 1
MIPOBECTH MOHUTOPHHT €T0 M3MEHEHHUS BO BPEMEHH, 110 JAHHBIM HOBBIX H3MEPEHUH ¢ IETBI0
OoOHapyXeHHUsI KPUTHYECKUX Ne(POPMANMOHHBIX COCTOSHHN M MECT HUX IPOSBICHUS.
BosHukarommas 3a1a4a oka3ajach HEKJIACCHUECKOH 3a/1aueii TEOPHH YIPYTOCTH, TOCKOJIBKY
Ha JIMLEBYIO IIOBEPXHOCTh MPUXOJIUTCSI CTaBUTh ILIECTh YCJIOBHH: IMMOBEPXHOCTH CBOOO/IHA,
T.€. TP KOMIIOHEHTBI TEH30pa HaIpsHKEHUH paBHBI HYJIIO, HO M3BECTHBI 3HAYCHUS TIepeMe-
IIEHUH TOYEK STOM IOBEPXHOCTU (TPH ycioBHUs). B Kiaccuueckoil ke 3amade TEOpHH
YIPYrOCTH Ha MOBEPXHOCTH CTAaBATCS TPU YCIOBHUS. ACHMITOTHYECKHH METOZ pPelIeHHS
CHUHTYJISIPHO-BO3MYIIEHHBIX Nn((depeHINaTbHbIX YpaBHEHUH [4] MO3BOJMII PEHINTH 3Ty
npobiiemy [5].

Uro0bl yMEHBIINTH BJIWSHHWE W3MECHEHHH BHEIIHWX AaHOMAJBHBIX (B OCHOBHOM,
aTMoc(epHBIX) (aKTOPOB Ha JaHHBIE UCTHHHO MPOMCXOIIINX MPOIECCOB BHYTPH MaKeTa
(tuTocdepHO# TIIUTHI), B CEHCMOJIOTHH Hadajl W3MEPHUTENIbHbBIE MPUOOPHI (HAKIOHOMEDHI,
nedopmorpadsl 1 /ip.) MOMEIATh BHYTPH ITaKeTa Ha HEKOTOPOM PAacCTOSIHUM OT JIMIIEBOH
noBepxHoctH. C Ipyroil CTOPOHBI, HA OCHOBE NMEPHOANYECKH MPOBOJIMMBIX M3MEPEHUH U
aHaJIM3a COOTBETCTBYIOIETO PEUICHUSI CTAHOBHUTCS BO3MOXXHBIM OOHAapy»XHBaThb MECTO U
BpeMsi, KOTJa MPOYHOCTH COEAMHEHUS MEXIY HEKOTOPBIMHU CIOSMH OyIeT HapylleHa u
OyzeT IPOUCXOANTH PACCIOSHUE MEX/Ty OT/IEJIbHBIMHU CIIOSIMU IIAaKeTa U IepepacipeiesieHue
H/IC ¢ mocnemyrommumM MpoOIECCOM HAKOIUICHHS KpUTHYECKHX aedopmanuit. B manHO#H
paboTe pemieHa COOTBETCTBYIOIIAs KBa3HCTAaTHUECKas 3afada TCOPHUU YNPYTOCTH, KOTIa
W3MEpUTENbHBIE TPHOOPHI TTOMEIIEHB! BHYTPH MaKeTa, a MEKIY HEKOTOPBIMHE CIIOSIMHA HMEET
MECTO OTPHIB.
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@ur. 1 CnoucTslil TakeT U3 OPTOTPOINHBIX MIACTUH

1. OcHOBHbIE ypaBHEeHHUs]I U TMOCTAHOBKA KpaeBOW 3amauyM. PaccMOTpUM CIIOMCTHIN
nmakeT U3 N OPTOTPOITHBIX TUTACTHH, KOTOPBI MOJENHUPYET MOBEICHNE TUTOCPEPHBIX TUTUT
3eMJiIH 1 OTJENBHBIX OJOKOB 3€MHOM KOPHI B IpOIecce MOATOTOBKY 3eMierpscenuil. [laker

3aHMMaeT obnacThb D={(x,y,2):0<x<a,0<y<b, 0<z<h,
h=h+h,+..+h,, min(a,b)=1,h <<} , rze hn(lﬁnSN) —  TOJIMHBI

iacTuH (¢wur.1).

TpebyeTrcs HaiTH pemieHHe YpaBHEHHWH ¥ COOTHOIICHHH YHPYrocTH (COCTOSHUA)
MPOCTPAHCTBEHHOU 3a/laudl TEOPHU YIPYTOCTH VIS CIIOMCTOTO makera u3 N OpTOTPOITHBIX

IJIaCTUH, KOTAa JIMIICBAsA IMMOBEPXHOCTH zZ= O nmaxkera CBO60[[HaZ
Q) _ P
o) (x,y,O,t)—O, Jj=x,9,z, (1.1)

MEK/Ly CIIOSIMU JI0 CJIosi ¢ HOMepoM (k-1) KOHTaKT MOJHBIN:

o\ (x, 3. H, 1) = G(jn) (.0, H,,:1)

Jjz z

uﬁn_l) (x’ y’Hn—l’t) = u(n) (x’ Vs H"*I’t)

J

j=x,y,z, 2<n<k—1, (1.2)
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H =Yh, 2<n<k-2,

3a/IaHbI 3HAYCHNS [IEPEMCLICHUH TOYCK IIOBEPXHOCTH KOHTaKTa Z = [, | Mexy cnosivu ¢

HoMmepamH (k-1) u (k), kKak JaHHBIE HAKIIOHOMEPOB U IPYTHX U3MEPUTEIIbHBIX CPEACTB!

G(jljl)(x »H, ., )— ()(x v.H, )

i Jj=x,y,z, (13)
D 00 H, ) = (500, ) = (500 )

JUTSL IOCJIEIYIOIIHMX CIIOEB J0 CIIOS ¢ HOMEPOM (p-1) KOHTaKT IOJTHBIN:

ng_l)(x y’Hnl’ ) ()(X y’Hnl’ )

- j=x,y,z, k+1<n<p-1, (1.4)
D o, ) = (53, 1)

MEIKITY CITOSMH ¢ HOMepamH (p-1) 1 (p) ecTb OTpBIB:
o (xy.H,t) =0 (x.p H o)
i (wy,H )= (2 y H, ) =k fy (300, )
W ey H o) (w0, H o) = b (v, 0 H ot
W (wy H ) =W (. )

H IIPpH YCJIOBHUAX IMOJTHOT'O KOHTAKTa MCXKAY BCEMHU OCTAJIbHBIMHU CIIOSAMU:

GA(/:il)(x y’Hn1’ ) ()(x y:Hnl’ )
uﬁ"fl)(x v.H, ) ()(x vH, )

j=x,y,z, (1.5

j=x,y,z, p+1<n<N, (1.6)

H, :ihi, n=1,2,.,N-1,

rac sz — KOMIIOHCHTBI TCH30pa HAIIPSAXKCHHUU, l/lx 5 uy 5 uz — KOMIIOHCHTBI BEKTOpa nepemMe-

ICHU, ﬁ N f; — 3aIaHHBIC (byHKIII/II/I, BpEMA t BXOJHUT KaK napameTp (KBaSI/ICTaTI/ILIeCKaﬂ

3amada), GUKCUPYIOMNI MOMEHT BpeMEHH ITPOBEACHHUS H3MEPEHHH.

2. AcHMOTOTHYECKOe pellleHHe 3a1a4l. UTOOBI pemuTh CPOPMYIHPOBAHHYIO 3a1ady,
B YPaBHEHISIX W COOTHOIICHUAX TPEXMEPHOU 3a/1a4H TEOPUH YIIPYTOCTH OPTOTPOITHOTO Tea
nepengM Kk 6e3pa3MepHBIM KOOPAUHATAM W ITePEMEIIECHUIM:

<2=x/l,r|=y/l,C:Z/hzs’lz/l,uzux/l,v=uy/l, w=u_/l, 2.1)

B pesyabTaTe TOTyYMM CHHTYJISPHO-BO3MYIIEHHYIO ManbiM mapamerpom € =//1
CHCTEMY:
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v = 4 JFW =
o 0n aC ) ’
ou®) vk o)
N S g B B (1 S O 3 B
g on oc

(k) (k) (k) () (k) (k)
ov +aW_ _ af‘l;)c(y/;)’ g ! 8u_+ ow _ ag?ciﬁ) ov + ou _ a(()lg)G(k)
o on oac a5 og o

e,(nk) = al(,/;)ci/;) + agfn)c(yl;) + agfn)G(Zi), m=1,2,3.

) xy ?

TJle @; — NOCTOSHHBIE YNPYrOCTH, OL; — KOO(Q(OUUMEHTBI TeMIepaTypHOro paciiMpeHus,
k k k "
o) = 7! )(x, v, Z,t)—];)( ) (x, V,Z, to) — pasHoCTh Temneparyp, F',— o6bémuas cua,

5 so k) — (o) _ (k) _
Jst ciaydas yuéra Beca cinoés F —Fy =0, F’=p,g, p,— mwiorsocts, g —
YCKOpPEHHE CHIIBI TSDKeCTH. Perenue cucteMsl (2.2) CKIaabIBaeTCs M3 PEIICHUI BHENTHEH

t v
3amauu (10“ ) " IOrpaHUYHOroO CJI0A (Ib) . Pemenne BHemIHeH 3aJa4i OTBICKHMBACTCsA B

BHIC:

o =g 6 (i, j=x,y,z), u™ =g u™), (uv,w), 520,85, (23)

i

O6Gosznauenne s =0,S (Diinmreiina) osnadaer, uro B (2.3) ¥ B NOCIEAYIOUIEM IO
MOBTOPSIOIIEMYCSI (HEMOMY) MHAEKCY S IPOUCXOAMT CyMMHPOBaHHE OT HYJs 10 4HCiIa
npubmuxeruit S. [oxcrasus (2.3) B (2.2) U NPUPaBHAB B KaXIOM YPAaBHEHHMH COOTBET-
CTBYIOIIME KOI(PPUIUCHTH MpU €, IOJYYUM HOBYIO CHCTEMY, OTKyJa OJHO3HAYHO

('k,s) (k,s)  (k.9) W(k,s) :

OIpPeNCIAIOTCS O u Vi

G(jl;S) :G(/‘I;g)(a’n)—'—csl;j) (&anag)a J =X,z

G(k’s) _ Ag{) G(k,s) _ ’Yﬁ) e(k,s) + G(k,s) ((2; C)
xx Al(]k) zz0 A(k) xx* ana 5

11

s A(k) s y(k) S S
ol = _ s (k) AZ(% k) +G(yl;’*) (i,n,C),

W (k) 220
All 11

12



(k’s) 1 av(k,s—l) au(k,s—l)
o, =5 + , (2.4)
o L 05 on

ag

Ly ) = aglg)(;cilz,os) +u(()k’5) (g’n)+u£k’s) (@T],C),

v = algoly) + v (g m) + ) (8, 0),

(k.5) A§§) (ks) | (ki) cBl(f{) (k) (k.5)
Wt =2 Col) o () + [ S5 00 g™ (g m L),

k k
Al(l) 0 1(1
rae
¢ G e
(k) _ (k.s) Jx Jy .
G.Z* - + C’]_x’yaz
J _([{ J a(?; a
ks 1 I k 87/!(](’3_1) ) OV foot K) (ks |
chx*) © agz) P al(2) P A§3)G(zz*) )
Ay g i
ks 1 I k ovth) k ou'! k) _(k,s |
G(yv*) 0 al(l) P _al(z) 2 AI(B)G(ZZ*) >
A4y g i

zz*

«q
wih) = J-[al(f ot 4 ag)cs(yl;f) + ag)c(k’s) }dg,
0

2
A =l (ol AD = el ),

A = a®g®) _ g0 40 Z g8 40 _ 40 400 _ 410) 400

2 013 —dp 4 33 A T Ay Ay Ty AT,

) = o)~ 1) =l el

B = o4y -yl —alhy, 0% =0 mpw m <0,
(_k’s) (k,s) (k,s) (k,s)

Pemenue (2.4) comepxxur ON HEHW3BECTHBIX (YHKITUI Gro» Uy 5 Vo Wy /s

KOTOpBIE OJHO3HAYHO ompeAestoTes u3 yeinoBui (1.1) - (1.6). [[ist mepBoro ciiost tMeeM:
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ol =0, ol =old(Eng), J=xy.z
u™ =™ (&) + ™) (E0.0). 2.6)
v = (g m) - (£,m,0),

Bf)

= ) [ 2
11

0")dg+ ™ (gm,0),

o'—.\ﬁ

JUTSI BETWIHH c10€B 1o (k-1) momydaroTcs:
G(/ZS) _G;Ols (& n)+c/z*ls (é; n Cn 1) ]z* ((k; TI’Cn 1)
jz* (&HC) j:xa)’,Z,

u™ _ag) G0 (C G, 1)+a§5 )gn—lsgol ’ +uon N (& n)

" (Em.C, ) —u™ (Em.G, )+l (E,0),

W) = 05;4) G20 (C - 1)+a4(14 )C’n—IGSZiOLS) +V(()n71ﬁ)(§an)+

(e, )= (6,6, ) v (8n,6), 27

A(”) A(” 1)

(ms) _
w A” zzO (C Cnl) An ()

(n—l,s)
CW—IGZZO +

Cut (n-1) (n) ¢ nln)
B _ B B
+ | S8 -6 e [—r et dc
0 A11 A11 0 A11

R (1) ER T (% N B (N NS
+w"™) (£,1,0), 2<n<k-1,
JUTSI CITIOSI ¢ HOMEpOM (k) mMeeM:
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ot =6t M) (g m)+ ) (6., )~ ot (8,6, ) +
]z* ((gn C) j:xayaza

u(k’s)zass G20 (Q Ck1)+” (éanagk—l)_”’gkﬁ)(a’n’Ck-l)—I—
‘H/I* ((k; nag)’

a _a44 yzO (C G 1)+V (& N, G- 1) k,s)(éﬂn’Ck—l)—i—
+ (g,m,0), 2.8)
(k.s) k) Crt B|(1) ()
wo = zzO (C G |)+W (Eﬁnaqk—l) 9 d(;_

1] 0 |1
(k,s) (f) (k.s) (k.s)
W, (E,nnacgkfl) 0" dC_,+W* ’ (E_,,T],C),

JUTS TIOCTIEAYIOMINX CIIOEB /10 (p-1), yIOBIETBOPHB YCIOBHIM HOTHOTO KOHTaKTa (1.4), cHOBa
oIyIrM (opMydsl (2.7) ¢ TOW pa3HHUIEH, U4TO yXxe mapameTp #n OyaeT IpUHUMATh 3HAUSHUS
k+1<n<p-1.

st ciost ¢ HoMepoM (p) UMeeM:

ol =6y (Em)+ ol (8.6, ) -0l (8m.g, )+
ﬂ(ang j=xpz,
ut” =Pl (C Cp- 1)"‘“55 )C,, 105015 +kf1 (a .G, 1)
) (&)l (6,6, ) -l (86, )+ il (E8),
p(7) = gP)gl? ol (C g, 1)+a£4 I)Cp 10(;2’01"? +h, £ (& NG, 1)

7 () W (6,6, ) - (B, )+ W (Bn06). 29)
() A( ?) A(P—l)

*) = (p-Ls)
w = c +
All zzO (C Cp 1) All )C.’p 1~ 220
Cpai -
+J' Bl(fyl)e(PlY_ 1(1)61” Q+I 11 epvdg_i_
A(P—l) A
0 11 ll 11

i (e )+l (6., ) - (8,6, )+ wiY (Em,0),

JUIA BCEX OCTANbHBIX CIOEB, HauymHAsA c (p+1), mocie ymomierBopeHHs ycioBusMm (1.6)
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Hoy4aroTcsi cHoBa popmyisl (2.7) ¢ Tol pasHunel, utop + 1 <n < N.
BriBenennsle Boiie popmyist (2.3) — (2.9) HocAT UTEpalMOHHBINA XapaKTep U HO3BOJISIOT
HaWTH 3HAYCHMS BCEX KOMIIOHEHT TCH30pa HAIPSDKEHUH M BEKTOpa MEPEMEILEHHS C 3apaHee

3aJJaHHOHM TOYHOCTBIO BO BHEIIIHEH 3aave.

Ecnu Bxopsiye B rpaHUYHBIC YCIOBUS U B YCJIOBHSI KOHTAKTa MEXIY CIOAMH (DYHKIIUH
SBIISTIOTCSI  MHOTOWICHAMH OT TaHICHIIMATBHBIX KOOPAWHAT, WTCPAI[MOHHBIN TPOIEeCC
oOpbIBaeTCS Ha ONPENeIEHHOM MPUOIIKEHUN M TOTy4aeM MaTeMaTHYeCKH TOYHOE perle-
HHUE BO BHeIIHeH 3amade. [I0BTOpUB M3MepeHUs B pa3iNYHbIEC IEPHOALI BpeMeHH [ U Ipo-
BeJsl aHAIIU3 COOTBETCTBYIOMICTO PEIICHHS, CTAHOBUTCS BO3MOXKHBIM BBISBIICHHS MECT U
MepuoJia BpEMEHH, KOTIa BO3MOYKHBI BO3HUKHOBEHUS KPUTHUCCKUX COCTOSHUI U MPOIECC
MOJKET CTaTh TUHAMUYECCKMM M OBICTPOTCUHBIM, MPHUBOMASIINM K BO3HUKHOBCHHIO 3EMIIC-
TpsiceHUs. BEIYUCINB MOTEHIIMATBFHYIO SHEPTHIO JeOpPMALUU U MPOCIECINB 3a € N3MEeHe-
HUEM BO BPEMEHH, MOXXHO COCTABUTH IIPEICTABICHHE O BEPOSTHOW BEIMYMHE MATHUTY/BI
OXKHaeMoro 3emierpsiceHus [2]. PemeHne BHemrHed 3amaud, Kak MPaBHIO, HE YIOBIE-
TBOpSICT TPAaHWYHBIM YCJIOBHSM Ha OOKOBOW TOBEPXHOCTH MakeTa. UTOOBI yCTpaHHTH
BO3HHKIIYIO HEBS3KY, CIEIyeT IMOCTPOUTH pEIIeHHe IS MOTpaHMYHOro cios. Pemrenue
TIOTPAaHNYHOTO CIIOSI IMEET SKCIIOHEHITNAIBHO YOBIBAIOIINN XapaKTep 10 Mepe yIalIeHUsI OT
OOKOBOY MOBEPXHOCTH BO BHYTPH MAKETa U YCTPAHSICT BO3MOXHYIO HEYBSI3KY Ha OOKOBOI
MOBEPXHOCTH. PellieHue s MOrPpaHUYHOTO CIIOS CTPOUTCS ONMUCAHHBIM B [4] crocoOoMm.
ITockodbKy TaHreHIMATBHBIC pa3Mephbl IUIACTUHYATOTO MAKeTa BEIHKH 10 CPABHCHUIO C
TOJIIIMHOW TIAKeTa, B BOIPOCAX CEHCMOIIOTHU OHO 00BIYHO MpeHeOperaeTcs. JJunaMuyeckue
OBICTPOTEYHBIC MPOIECCHI ((POPIIOK, caMO 3eMIICTPIICEHNUE, aQTEPIIOK) MOKHO HCCIIEIO0BATH,
Kak B pabore [6].

3. O mareMaTH4YeCKM TOYHBIX pelleHMsIX. B KadecTBe WLTIOCTpPAMH TPUBEIEM
MaTeMaTHYECKH TOYHOE PEUICHHE U MIECTHUCIOWHOTO IMaKeTa, KOTJa MEXIy BTOPBIM H
TPETBUM CIIOSMH 3aJaHbl 3HAYCHUS TICPEeMEUICHHH TOYeK, KaK IaHHbIE W3MEpEeHHH
HaKJIOHOMEPOB U JPYTUX M3MEPUTEIBHBIX CPEICTB, MEKIY YETBEPTHIM U MATHIM CIOSMHU
€CTh OTPHIB, @ MEXKIy BCEMH OCTATBHBIMHU CJIOSIMH — KOHTAKT MTOJTHBIH.

I'paHrYHBIMU YCIIOBUSIMH 337249 OYTyT:

o (x,2,0,1) =0, j=xy.z C=0, G-1)
o} (&m.g) =0 (&, j=xy,2 (3:2)
W (En.¢) =0 (Em.G)

G(ji)(&,ﬂagz):G(ji)(‘tv’n’Q) j=x,,z (3-3)

u? (e 6) =ul (Em.8,) =u (En.5,)

G(jj) (ia H,Cs)
u§4) (E)J na C3 )

G(ji) (éa n,&; )
u§3) (E» n, C3 )
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(i’n’ ) 5;0 (&a n, C.>4)
(& n’(;4) ' (& H,C4) k1f1(&anaC4)
)-

" J=x,9,z, (3.5)
(&nf;4 o (anc4) kf, (Em.6,)
(&ﬂ]’ 4) W (&7117@4)
(6)
{ D (engs) =0 (&n.g,) R 56
uj (E»T]:Q):”j (i:ﬂ:@)

re GYHKINU YIaCTBYIONINE B TPAHNYHBIX YCIOBHAX UMEIOT CISAYIOMINN BHI:

+ 1
u = l(blu +€b2u +T'|b3u), (M,V, W), e(k) — 0’E F;(k) :Fy(k) — sz(k) _ 0’

A (Q,H,Q) =¢,+&, tnes, S (@ﬂ%@) =y +ECy, M0y
HTepalMoHHbIi Opoliecc 06PHIBACTCA Ha BTOPOM IIPHOIIKEHHH, B PE3yIbTaTe UMEEM:

BEJTMYHHbBI IEPBOTO CIIOS: (0 <{< Cl)

1
)=o)l =0, o) = [all, —alh, .

Xz yz zz XX (1)
11

m__L1r1.m () m__1
ny _F[all b3v —4ap b2u:|’ ny _W[bﬁz +b3u]’

11 66

)(cl) - (blu +§b2u +nb3u)+hb2w(c2 _C)’ (37)
ul? =1(b,, +Eb,, +nb,, ) +hb,, (G, - C),
S l(blw +&b2w +nb3 ) hwil’l) (é’n’ Cl)—i_hwiz’l) (é’n’ C1)_
—hw) (e, 6, )+l (£,n,6),

BEJTMYHHDBI BTOPOTO CIIOS: (Cl <¢< Cz)

Y=ol =0 ol = alb, ~db, ]

It
1 1
G(yi) - W[al(lz)b% - al(zz)bzu :| ) GE;) = W[bw +b,, ] ,
1 66
u® =1(b,, +Eb,, +nby, )+ by, (G, ~C), (3.8)
uiZ) = l(blv +&b,, +nb;, ) + hb,,, ( - Q) ,

2
”22) = l(blw +8&b,, + T]b3w) — ™! (&’ n.G, ) + ™ (a’ N> C) ’

BEJIMYMHbL TPETHETO CIIOS: (Cz <C< (;3)
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1
6(3) = 0(3) = 0(3) = 07 GE;S) = F[ag)bzu - al(;)b3v:|9
1

@ _ e, 0 @ __1
ny _F[all b3v —a, qu:|’ ny _W[bZV +b3u]’

11 66
ul =1(b,, + &by, +mby, ) +hb,, (5, ~C), (3.9)
uf l(blv +&b2v +T]b3 )+ hbaw (Cz _C)a
u(3) :l(blw +&b,,, +nb, ’

4 @y _ 4
Xz yz zz XX A(4) |:a22 b2u a12 b3v:| 4

@ __L @y @ o _ 1
G,, —W[aubh_alz b2ui|’ © _W[b2v+b3u]’
L 66

u?) =1(b,, +8b,, +nby, )+ hb,,, (6, =€), (3.10)
u)(/4 (b + éva +nb3 )+hb3w (CZ _C)’
u£4) = ( o + &bZW +nb3w) - hwp’l) (&7 nacz ) + th’l) (&7 n, C3 ) -

~ml*) (g, 6, ) + i) (E,m,0),

BEJIMYUHEI [ISITOTO CIIOS: ((; JSC< (;5)

oW =6 =c¥ =0, o = 1 [ag) (b, +k1012)_a1(§) (s, +k2023)}’

Xz vz zz > xx 5
47

1
[an , Tk Cz3 al(;) (b2u +kc, )}

3 \

o’ [ b,, +kycy, ) +(by, +kcl3):|

= l(b +Eb,, + by, )+ 1k (¢, +Ec;, +Mey ) +hb,, (G, - ), @3.11)
ul =1(b, +E&b,, +nby, ) +1k, (¢, +Ecyy +Mey ) +hby, (G, -8),
© =1(b,, +Eb,, +nby, )~ (£, )+ i) (81,8, )~
i (E,n,G, )+ ) (8,m,8, ) — ™ (£, 6, )+
+hwd™) (&.m.6),

u
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BEJIMYUHBI LIECTOTO CJIO: (Cs <¢< 1)

4O [agg) (b2u +kc, ) - al(s) (b3v +hycy )] ,
11

[an ,tk 023) al(g) (b2u +kc, )}a

o, = ol = (5(22) =0, GE;) =

[ va +k sz (b3u +hics )] )
a66

uff =1(by, +Eb,, + by, )+ 1k, (¢, +Ec, +1ey )+ hby,, (G, —C), (3.12)
ul =1(b,, +&b,, +nby, )+ 1k, (c3y +Ecy +Mey )+ hby, (6, -C),
ul® =1(b,, +Eb,, +mby, )= i) (E,1,8,)+ ) (E,m,8,) -
i (g, G, )+ ) (81,8, ) — ™ (E,m, 6, )+

> (&, n,Cs ) A (é, n,&s ) + (&, n, C),

rac
1
W) (Em.0) = WC[Z’Z“ (el —aal))+
11
+by, (aad) —alal) ], k=1234 (3.13)

1
' (8n.€) =7 [ (b, ko) (o) —allal) )+

11
+(b3v +k,c,, )(al(f)ag) —al(f)al(f) )}, k=5,6. (3.14)

3akaouenne. HaiineHo pelieHue TpexXxMepHON KBa3HCTaTHMUYECKON 3aJaud TEOPHUH
YIPYrOCTH JUIS CIOMCTOIO IIaKeTa, MOEIHMPYIOILee IMOBEACHUE JUTOCHEPHBIX IUIUT |
6510K0B 3eMHOM Kopbl. IIpennonaraercs, 4To CeCMOJIOTHYECKAE N3MEPHUTENBHBIC TaHHbIE,
TIO3BOJISIIOIHE OIPEIETUTh HAIPSHKEHHO — e OpMHUPOBAaHHBIE COCTOSIHUSI CJIOEB IaKeTa
CHATBI C HAKJIOHOMEPOB U APYTHX U3MEPHUTEIBHBIX CPEJCTB, TIOMEIIEHHBIX MEKAY CIIOSIMU C
Homepamu (k-1) m (k), a mexny crmosmu ¢ HOMepamu (p-1) m (p), (p > k) ectb
TaHT'CHI[MAIBHBINA OTPHIB. [I0TydeHO aCHMNITOTHYECKOE pEIICHHE BHEITHEN 3aa4H, yKa3aHbI
CllydaW, KOT[Ja  MONydYaloTCs  MaTeMaTHdeCKH  TOYHBIE  PELICHHs, IPHUBEJICH
WUTIOCTPAIIMOHHBIHN [IPUMEp [UIS IIECTUCIONHOTO MaKeTa U3 OPTOTPOIHBIX IIACTHH.

MOHHUTOPHHT HalICHHOTO PEIICHUS BO BPEMEHH IO3BOJISIET MIPOCIECIUTH MPOLECC MOA-
TOTOBKH 3eMJIETPSICEHUI U IPOTHO3UPOBATH BO3MOKHOCTh BO3HUKHOBEHUSI 3€MIICTPSCEHHH
Y X MarHuTypl.

HWccrnenoBanme BeimonHeHo npu ¢puHancosoit moanepxke ['KH MOH PA (aay4nsrit mpoekt
SCS 15T —2C343) .
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ZU3UUSULE @SNk E3NPLLENP ULUSHL UYUNGUDPUSE SttuUah
W3BECTUSI HAIIMOHAJIBHOM AKAJITEMUM HAYK APMEHUM

Uthuwuhju 71, Ne3, 2018 MexaHuka
YK 539.3

MNMOBEJIEHHUE HAINPSIKEHUM B YIJIOBOUM TOYKE OPTOTPOITHOM
IIJIACTUHBI ITPU U3TUBE
Bacuasau H.T'.

KnioueBbie ciioBa: nonydeckoHeuHas! INTACTUHA-10JI0CA, OPTOTPOITHAS INIACTHHA, 0000LIIEHHBIE
Tiepepe3bIBAIOIIe CHITEL, paclpe/ielieHHast Harpys3Ka.

Vasilyan N.G.
Stress behaviour in corner points for orthotropic plate bending problem
Keywords: semi-infinite plate strip, orthotropic plate ,generalized cutting forces, distributed load.

In this article is investigated bending problem of the orthotropic semi-infinite plate strip, when three edges of
the plate are hinged, and the fourth edge goes to infinity. The plate is loaded with distributed load. Is applied the
approach Nadai A., which says, that to go afar from the edge, the solution must seek solution of the cylindrical
bending. There are investigated generalized cutting forces on fixed edge.

For particular case, when we have the sinusoidal distributed load, the static equilibrium equation is satisfied,
in difference from the work of V.V Vasilyev, if we take into account generalized cutting forces.

Juwupjui L.Q.
Oppnunny vwyih dpdwh punhpubpmd jupmdutph Juppp winmibught Enkpod

Zpltwpwnkp’ Yhuwin]bpe uwp-pkpwn, oppnupny uwy, phnhwipugjus Yupng ndbp,
puwpfujud phin:

Znnudnid ntuntdiwuhpyws k oppnunpnyy Yhuwttpg uwy-okpnh ndwb juunhpp, tpp uwyh Epbp
Ynnubkpp hnpuljuynpki wipugdus ki Uwh Jpu wgnnud £ hwjuuwpuywih pughdus phin: vinph
usdwt dudwbwl hpundws E LVunujh dninkgnudp, pun nph wdpugdus tqphg hinwbwhu pugph
mwsnudp dgunid £ quutiwghtt dndwtt juunph pisdwp: Udpugqus tqph Yypw ntunidbwuhpjus Bu
punhwipugdws Yupnn nidbpp: Uwubwdnp pypnud phunwpldus b uhtintunhnu) pugjudus phinh
wqpkgnipjut twl vwh dndwb juunhpp, npuntn gnyg b wpdws, np punhwipugjws junpnn nidtph
ubpUnisdwdp uwh vnwwnhl hwjuwuwpuyoenipyut Wuydwin pudupupynid b, h nuppbpnipnii wyb
futinph, npp nhwnwnplydky kp <A Qwuhih wpiwnwbipnid:

B cratee uccieoBaHa OpTOTpOINHAs MONTYOECKOHEUHas! IUIACTHHA-NONOCA, KOTa TPU CTOPOHBI IJIACTHHBI
IIAPHUPHO 3aKPEIUICHB, a JUI YeTBEPTOH CTOPOHEI, KOTOpas UAET B OECKOHEYHOCTh, NPUMEHEH moaxon Hamam.
IloBepXHOCTh IIACTHHBI 3arpyXKeHa PaBHOMEPHO paclpenenéHHOi Harpyskoi. VccmemoBanbsl 0000mEHHEIE
nepepesbIBaloNINe CHIIbI Ha 3aKPEIUIEHHOM Kpae. B yacTHOM ciydyae CHMHYCOMAAJIBHO paclpee/IeHHON Harpy3Ku
MI0KA3aHo, 4TO, B OTJIMYKE OT paboTsl B.B.BacuibeBa, ycnoBre CTaTHUECKOTO PaBHOBECHS, C YIETOM 0000MEHHBIX
TIepepe3bIBAIONINX CHII, YOBIETBOPSIETCS.

BBenenme lcropuyeckuii WHTEpeC K TOHKAM IUIACTHHAM BICPBBIC IPOSBUIH
KOpaOJICCTPOUTENH B HAYasIe MPOILIOro CTOJETHS BBUIY TOTO, UYTO caM KOpalib COCTOUT W3
00JBIIOT0 KOJNWYECTBA MEPETOPOIOK, TEOMETPUYECKHE pPa3Mephl KOTOPBIX IO3BOJISIIOT
paccMaTpuBaTh UX KaK TOHKHUE TUIUTHI C )KECTKO 3aKpEINIEHHBIMU KpasiMu. B kimaccuueckoi
TEOPHH IUIACTHH, KOTOpas OCHOBBIBACTCS Ha JOMYIICHHSIX MPAMBIX HOpMajel, mepBas
(dhopmynupoBka KpaeBoil 3amaum Obuta mpemnoxkeHa emé 200 mer Tomy Hazan C.JI.
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ITyacconom [1]. CornmacHo 3ToH (GOpMYIHPOBKE, pPEIICHHE OUTapMOHUYECKOTO YPaBHEHHS
TEOPHH M3rHda IIACTHUH JOJDKHO YIOBJIETBOPATH TPEM I'DaHUYHBIM YCIOBHSM Ha KOHTYpE
IUIACTUHBI, YTO HAaXOAUTCS B IPOTHBOPEYMH C TOpsAAKOM ypaBHeHus. OjHako,
I''P.Kupxrodpd mokazan, uro TpEX YCIOBUIl CIMIIKOM MHOTO M 4YTO MJIsl IOJHOTO
OTIpeNleNIeHHUs] pelIeHus] YpaBHEHUS MPOTHbda JOCTaTOYHO ABYX ycioBHi. OH moKasai mpu
3TOM, 4TO 1Ba TpeboBanus [lyaccoHa (s KpyTAIIEro MOMEHTA U TIEpEPE3bIBAIOIICH CHJIBI)
JIOJDKHBI OBITH 3aMEHEHBI OJHUM TPAaHUIHBIM YCIIOBHEM, (QH3MUECKUI CMBICT KOTOPOTO OBLT
pazbsicHéH Tomconom u Tatom. HecMmoTpst Ha TO, 4TO Takas 3aMeHa Ha BCEW OCTAJIBHOU
TUTOIA/IN TUTACTHHKY Ha PacIpe/IeIEHIH HaTPy3KH HE OTPa)kaeTcs, OHO BBI3BIBACT MECTHOE
nepepacnpe/ieiecHie HamnpsoKeHUH Ha Kparo TuiacTuHku. B crathe B.B.BacmibeBa [2]
UCcle/loBaHa 3ajavya HM3ruba NpsIMOYTOJbHOM IIACTHHBI, TJE YAOBICTBOPEHO YCIIOBHE
CTaTHYECKOT0 PaBHOBECHS: MHTETPaJl IEPEPE3bIBAIOIICH CHIIBI 10 KOHTYPY IJIACTHHBI PaBEeH
MHTETpay paclpeAenéHHON 10 JIMIEBOM IOBEPXHOCTH IUIACTHHBI HArpy3kH W,
paccMarpuBaTh 000OIIEHHBIE IEepepe3bIBAIOIINE CHIIBI, HE MMEEeT CMBICHIA. DTOH 3amadeit
ObLT 3auHTEepecoBad u Menemko B.B. [3], KOTOpBIi Takke MOMYYUI YCIOBHE CTATHYECKOTO
paBHOBecUsl Mepepes3bIBAIOIIMX CHJI METOJOM CyHepHo3unuu. B HacTosmel craTbe
TIPUBEICHBI PE3YIIbTAThI, KOTOPBIE MTOKA3BIBAIOT, YTO YCIIOBHE CTATHYECKOT'O PABHOBECHS IS
0000IMIEHHBIX TTePEePE3BIBAIONTNX CHII MOKET OBITH YIOBIETBOPEHO, HCXOIS OT TOTO, KaKyIO
TUTACTHHY MBI HCCIEIyeM.

1. B npssMoyrosibHOM AEKapTOBOM CUCTEME KOOPAMHAT HCCIICAYEM MOTyOCCKOHSUHYIO
IUIACTUHY-TIOJIOCY ~ TOCTOSHHOW  TONIIMHBL 2k, KOTOpas  3aHMMaeT  OO0JIaCTh

0<x<w0,08y<b,—h<z<h (pur.l). Ha mnactuny neiicTByeT pacnpeseiéHnas

Harpyska nnrencusHoctn ().

yA
r a)

b @

<V

[
»

0 X

®ur.1. [TorydbeckoHeUHas IIIaCTHHA-IIOI0CA

[onokuM, YTO yHOPYTUX CBOWCTBAa Marepuala IUIACTHHBI O00JagaroT  TpeMms
IUIOCKOCTSIMH CHMMETPHU — IUIACTUHA OPTOTpONHas. ECIM 3TH IUIOCKOCTH TMPUHSTH B
Ka4yeCTBE KOOPIUHATHBIX I[UIOCKOCTEH, TO COOTHOILICHHS MEXAY KOMIIOHEHTaMHU
HAMpsDKeHUsT M JeopMaliid MOXHO OyJOeT MpeACTaBUTh CIEIYIOUIMMH H3BECTHBIMU
ypaBHEHHAMH [4]:

o =Eg +Ee, o, =Eg +Ee, o, =GCe,. (1.1)
IIpeanonoxum, 4To NEPHEHIUKYISIPHBIE K CPEIUHHOMN IUNIOCKOCTH IJIACTUH JIUHEHHbIE

3JIEMEHTHI OCTAIOTCSl MPSIMBIMH M HOPMaJBHBIMH K HM30THYTOM MOBEPXHOCTH IIIACTHHBI
nocye e€ m3rubda. Bocmons3yeMcs BIpakeHUSIMA KOMIIOHEHTOB JIe(OpMaInu:
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2 2 2
ou oOw ov oOw ou Ov o'w
& =——2—, §="—"-2—, & =—+_—-2z .
ox  Ox ox Oy oy Ox ox0y
HpI/I HUCCJICAOBAHUN 1/13r1/16a IUIaCTUH PACCMOTPUM TOJIBKO TMCPHECHAUKYIIAPHOC
nepemertenue [5]. CnenoBaTenbHO, A U3TUOAIOMNX U KPYTSIIUX MOMEHTOB!

(1.2)

h h 2 2
Myzj.zcxdz:—Dxaw Daw My:J.ZGdeZ—Dyﬁ—ZV— 16_‘;‘”
) 4 6x 8y ) 6)) ox (1 3)
h h :
H= jzc dz=2D,, 6 i , N_= chzdz, N, = jcyzdz
8x6y ? c
e
n 2E I W 3
szzExh,D: y ,D1:2Eh, X:2Gh,
3 ! 3 3 ! 3
, . E . Ev
Ex L Ey:—y, E =—2% (1.4)
1- vavyx l-v v, I-v, v,

XapaKTepu3yIomue K03 GUIIEHTH MEXaHIMYeCKUX CBOWCTB MaTepraa TUIACTHHEL.
IloacraBnsass (1.3) B ypaBHEHUS paBHOBECHs, IIONIYYHUM ypaBHEHHE U3ruba
OPTOTPONHOM MIacTUHKH [5]:
o'w o'w o'w
Dx n +2H1T+Dy_4=q(y)’ (1.5)
ox ox“ 0y oy
rne H, =D, +2D,

B yactHOM Cjly4dae, €CJiv IJIaCTUHA U30TPOITHAA 6y,HGM HMCTb

E;:E':_EZ,E": SEZ,G: £ ,
N Y 1-v 2(1+v)

1.6

2ER’ (1.6)

D.=D =H =D=—""_,
’ 3(1-v?)
¥ TIOJTy4MM yPaBHEHHE U3ruba miacTuH B u3BectHol popme AAw=¢q /D .

2. lpexnonaraercs, uto kpas wiactun ) = 0, b mwapHupHO 3aKpeIUIEHBI, 4TO MO3BOIISET
pelieHue ypaBHeHI/Iﬁ (1.5) HpeL[CTaBI/ITL cienyrommmM oopasom [1]:

TN
w= E f smk V. q= ansmk Y, b, =—
b @.1)
HOZ[CTaBHﬂ}I B (1.5), moryaum
1w 2 pll 4
D.f," =2H\.f, +D M, f, =q, 2.2)
PasrickuBas peHICHUC OAHOPOAHOTO ,HI/I(l)(l)CpeHIII/IaHBHOFO YpaBHCHUA B BUAC
£ (x)=4e™", 2.3)
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MNpUAEM K XapaKTCPUCTUICCKOMY YPaBHCHUIO
4 2
Dr -2Hr +D, =0,

C pelleHueM

, H*H'-DD, o

r° =
D

X
B o6mem cnyyae OyaemM HMETh YeThIpe KOPHS U o0Iee penicHrue 3a1aqyi OPTOTPOITHOM
MOJMyOECKOHEYHOW IIACTUHBI-IIONIOCH], Y KOTOPOTO JBE CTOPOHBI IIAPHUPHO 3aKPEILICHEI,
3aMuIIyTCs B BUJIC
—RA,X —rh,X A,x ryA,x q
fn(x):Ane "+ B e +C e + D et + .
4
n
Ipumenss noxxox Hamaum [6], cormacHo KOTopoMy TIpu yaanenun oT kpomku X =0,
pelICHHUE 33]]a9M TOJIKHO CTPEMUTHCS K PEIICHHUIO IWIMHAPHUYECKOTO U3ruoba:

lim £, () =

TOTYIUM

—HA,X —rh,Xx q
f(x)=A,e"™" +B e + 21 (2.5)
D}
n
VIoBNETBOpsiA TpaHWYHBIM ycnoBusiM Ha ctopone X =0, MoxHO ompemenuth
HemsBecTHbIe KOO duuuentsr 4 , B, .
Od4eBUIHO, YTO XapakTep KopHed (2.4) 3aBUCHT OT BEJIMYWHBI, BEpHEE 3HaKa,
2
nopkopennoro seipakenns H," =D D, .
PaccmarpuBaroTcest TpU BO3MOKHBIX CIIydast:

a. H'-DD >0

Torma
2
H +\H>-DD,
ho = D
X
Ipu npeanonoxenny, uto ctopona X = (0 mapHUpHO 3aKperieHa, [PaHUYHEIE YCIOBHS

o*w
oynyr umers Bum W =0, F: 0. VnosmerBopsas TIpaHMYHBIM YCIOBMSM, HaimeMm
X

HemsBecTHbIC KOO duumentsl A , B, 1 nomydnm

> g, |H =B (5 H+B -5 ™
wix,y)=> —2o_| 21— Z Vo " T2 o VP (sin 2.6

n=1

[rr2
rze BBejieHo obo3Hauenue B = [H, —Dny .
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OG600LICHHBIC TepepPe3bIBAIONIME CUIIBI Ul OPTOTPONHBIX IUIACTHH OHPEICIISIOTCS
¢dopmynamu [1]

0 o*w o*w 0 o*w o*w
Vix,y)=——|D,—5+H,— |, V,(x,y)=——| D, —+H,— |,
(x.7) Gx( 2 6y2J /(x.7) Gy( ? J

X ax2 y ay2 6x2
(2.7)
rne H,=H, +2D, =D, +4D,,.
C yuérom (2.6) 0000IIeHHBIE TIEPEPE3BIBAIOIINE CHIIBI IPUMYT BHUI:
® B H1+Bknx
Vi(xy) = 1 1/H1+B(Dny—H2(Hl—B))e Vo
n=1 2B \[
_[m-B,
+H,~B(D,D,~H,(H,+B))e ' ” ~ |sin},y;
(2.8)

_ |HuB, _ |Hi=B
=> I _1op—(B+2D,)e 5 ~(2H,+B+2D,)e ' > " |cosh,y

b. H’-DD, =

CoBnanaer ¢ u30TponHeIM ciyudaeM [7]. [lockonbky B 3TOM cilyuyae UMEEM KpaTHBIH
KOpEHb, IpefcTaBiieHne (2.5) ciueayeT 3aMeHNTh Ha MIPEICTaBICHUE

f,(x)=(4, +xB,) e +—Lo_

DA
Ecmum nmactrna Ha X = 0 CTOpOHE OIApHUPHO 3aKPEIIeHa, TO TOIYINM
- N, X }\' x —A,X
w(x,y): q—”z{l—e b 20T o7he g A % (2.9)
“~ Dk, 2

Jist 06001IIeHHBIX TIepepe3bIBAIOMINX CHIT OYZeM UMETh BBIPaKEHUS

N S T
Vx(x,y)=gi[(3—v)ex +(1—V)7»nxek ]smkny, o
V.(x,y)= zl2k |:2(1—€_)L”X)+(1—V)7\.nx€_k”x:|0057\,ny.

. H*~D,D, <0

Pemenue Oynmet
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£, (x) =€ (4, sinBh,x + B, cosPA, x) +—i—

DAY
JD.D, +H, 5 JD.D, -H,

y n
5

2D 2D

X X

Y IoBIEeTBOPSIS TPAHUYHBIM YCIIOBHSIM [IIAPHUPHOTO 3aKPEIICHHUS, TTOTyIUM

rae o=

0 2 2
o’ —fB° . _ :
w(x,y)= Dot B sinBA_x+cosPA x [e " [sinA y
D! 2 " " "
L of
I[J'If{ O606HI€HHI)IX MEPEPE3bIBAIOMINX CUJT TOJTYHaCM CJICAYIOMINEC BbIPpAKCHUA:

H, o’ +p° D,/ 5 o
Vilx,y)= Zz D a2a[3 (HE(G +B )chosBknx+

D 2 2 . —ah, X _:
+ (o + asinPBAr x |e ™ sinA
( Hz( B )] B2, Y

0

V(. y) = BD Z

:1

[ocBDy (1 —2e " cos B?Lnx) +

+(H2 (OL2 +p? )2 -D, (OL2 -p? ))e‘“k”" sin B?»nx} COSA,y

AB cepez[HHe 3a1<permeHHoro Kpasi:

V.(O0, ) Zq H, 0 ;B (H( 2+B2)+ljsin%

@.11)

2.12)

(2.13)

(2.14)

2.15)

3HavueHUE O606III€HHOI7[ nepepe%maromeﬁ CHJIbI Ha KOHIAX 3aKPCIJICHHOI'O Kpasd MJIaCTUHBL

HpUBEJICHBI B Ta0. 1.

Tabmnuma 1
(x,») (0,0) (0,b)
I/x (xa y) 0
- 9 v 4
V (x, - 2 —>» —-cosmn
(x.9) Zl 20, Zl 20

O606HIéHHI>Ie Nnepepe3bIBarONMe CHUJIbBI B YTJIOBBIX TOYKAX HNPUHUMAIOT pPAa3HBbIC

3Ha4YCHUAI.

W3 pacuetoB mnsi pa3HbIX MarepuanoB [4,5,8] monydusoch, 4TO BO BCeX Clydasx

2 y .
nonyuaeres H\"—D. D <0, to ects umeem Ttpermii crywaii. Bemmunna mepe-

PE3BIBAOIINX CUJI B CCPCAUHE 3aKPCIIJICHHOTO Kpad 3aBUCUT OT KOS(l)(l)HIII/IeHTa v, KOTOpLIﬁ
3aBUCHUT TOJIBKO OT XapaKTCPU3YIOIINUX KO3(1)(1)I/IHI/ICHTOB MEXaHUYECKUX CBOMCTB Matepuajia

U UMECT BUJ
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_iazﬂsz(z)z

(a2+[32)+1]

Dy 2a H, (2.16)
Jnst rccnetyeMbIX MaTepHaioB 3HAYCHUS Y IPUBEICHBI B Ta0J1.2
Tabnuma 2
Kesmap 49 CTeKJIOTUTaCTHK CBAM Topuen 40 ®danepa 3 u S5
AT -4c cloifHas
Y 1.87 1.22 1.26 0.59 2.33

b, &g, . mn
s 2.15) ucen +(05) = y;x_SmT ,

n

B 1abn. 3 npuBeaeHH 3HaYCHHUS 00OOIICHHBIX TEPEPE3bIBAONINX CHIT Vx JUTSL citydast

q,=¢, =const.

Tabmuua 3

Marepuan KoahdunmenTsr MEXaHHIECKUX CBOWCTB 14 /%b
Kesnap 49 [8] E, =81,8*%10" Pa, E, =5,1%10"Pa, 0,46

v, =031 v, =0,019

G=1,82*10" Pa
CTeKIIOmIacTHK AT- | £ —21*%10° Pa. E =1.6*10° Pa 0,305
40[4] x s s y s s

v, =0,07, v, =0,092

G =0,42*10" Pa
CBAM- E, =3,05%10’ Pa, E, =1,88*10"Pa, | 0315
CTEKIJIOBOJIOKHUCTEIE
AHM30TPOITHBIE v, = 0,195, V., = 0,12
MaTtepuansl [4]

G =0,49%10" Pa
Topuen 40: E =1.61*10" Pa, E, =23*10’Pa, 0.15
Vraepoausie[9] ! i

v_=0,021, v_ =03

G.=2*10’ Pa
®anepa OepesoBai 3u 5 | ' —14%10° Pa. E =0.117*10° Pa 0,58
cnoitnas[9] xv > Ty 4 >

E =0,054*10" Pa, G=0,12*10’ Pa
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L orr2
Vcenenosanue mokaswisaet, uto ciyuait " —D D >0 Bosmosxen, ecu MOXKHO

E, 1

OyJIeT HalTH MaTepHa, Ui KOTOPOro: —— > —5-

X Xy

3. PaccMoTpuM cirydaid, Korja Ha IUTACTHHY JEWCTBYET pacrlpeaenéHHas Harpys3ka
. Ty
untencusHocThio (V) = 9, Slnj. Jlns pemieHuss OJHOPOAHOTO AU QEepeHIIHATBHOTO

ypaBHeHus (1.5) nomyuarorcsi yeTblpe KOpHS W oOluee pelleHue 3ajJadyd OpPTOTPOIHOM
HOHy6eCKOH€'{HOI71 IJIaCTUHBI-NIOJIOCBHI, B 3aBUCHUMOCTU OT BbIPAKCHUA H 12 _Dny
MPUHUMACT pa3HbIC (bOpMLI. I/ICCJ'IGI[yCM PpeHICHUC B 3aBUCUMOCTH OT 3TOT'O BBIPDAKCHUS.

a. H*-D.D, >0

CrnenoBareabHO, pelieHre 3a1a4H MOTYIUM B popme

w(x,y)= ﬁ[w +(B—H,)e"™" +(B+H,)e ™" |sin\y. G.1)
y

rae 7\.=Tt/b.

O00011IeHHBIE TTepepe3bIBAIOIINE CUIIBI OyIyT:

B H1+B)LX
V(x,y)=—— | 2D, -BLJH —Be' >+
2B,/D, L

_ HI—B?LX
+(2D,, +B)\JH, +Be Vo gin y

H+B
__9q 2 b,
Vy(x,y)—ﬁ 2BD, —(Hy - D, )(B-H,)e +

H,-B
b, (3.2)

+(Hy?-D,)(B+H)e cos Ay

IJie BBEICHO clieyiomee o6o3Hauenne B = | H. 12 — Dny )

b. H’-D.D, =0, w(x,y)=&{l—e_“—%e_“}sinky

D! (3.3)
A 111 0600IIEHHBIX IEPEPE3BIBAIOMINX CHIT
V;(x,y)=;—;[(3—v)e’“+(1—v)kxe’“]sinkny, (3.4)
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V,(x,y) =%[2(1—5“)41—v)xxe*“}cosxy. (3.5)

c. H 12 -D.D, <0 . B sTOM ciyuae pelenue OyeT

q, H, . x| -
w(x,y)= 14| —-sinBAx —cosPix |e sinA y, 3.6

®dopmynoii (3.6) mpencTapisieTcs MPorud MoTyO0eCKOHEYHON IUIACTHHBI-MIOIOCH MIPH
HAIPYXeHHH CHHYCOMIAIbHOH Harpyskoilt ¢())=¢q,SINAy, xoraa Tpu CTOPOHBI

IUTACTHHBI IIAPHUPHO 3aKpeIUIeHBI, a 4YeTBepTas CTOpOHA MIET B OecKOHEeYHOCTb. Jlis
0000IICHHBIX IEPEPE3BIBAIOLINX CHJI TIOJTyYaeM CIIEIYIOINE BHIPAKCHHUS:

Vo(x,») =% g; [(H2 +D.D, )Bcoska+

+ (H2 -JD.D, ) osin B)\,Xj| sin Ay,

QO —alx 2ny :
V(x,y)=-—"|1+e —=sinBAx—cosBAx | |cosAy.
g A B, 3.7

200000 ‘\
100000 §
0
100 DDFL;'

100000

IpuBenens! rpaduxu 0OOOMIEHHBIX IEepepe3bIBa-

Kak Buamo, V_(X,)) usMeHsiercs paBHOMEpHO M B
rommx cun V_(x,p), v, (x,y) nna Kesnap 49,

YIJIOBBIX TOYKaX IUIACTUHBI NIPUHUMACT 3HAYCHUE HOJIb,
npn marpyske q() = ¢, sinmy/b. B yrnossix @ V,(X,)) usmensercs HeoqHOpOIHO,  Ta HEOMHO-

TOYKAX IUIACTUHBI PAa3HOCTh OTHX (YHKIHI IPHHU-  POAHOCTH U3MEHSET CBOIO (YOpPMY M JEPHKUTCS B TAKOM
MaeT 3HaueHUE OTJAMYHOE OT HyJd, T.€. B YIJIOBBIX  BHUJE 110 BCEH OCTaBLIEHCs JUIMHE MIACTHHBI, HAYUHAS C

TOYKaX IIJIACTUHBI UMCEM CKA4OK HaIIpHX(EHHfI. 1 Sb JUTMHBI TLTIACTHHBI

@ ©)

Our.2. I'paduky 0600MIEHHEIX IepePe3bIBAIONIIX CHII.
A B cepe/iiHe 3aKPEIUICHHOTO Kpasi HIMEeM:
b qOB D X b
V.(0,2) =P —(H2+‘/Dny), 7,0.2)=0

2 B,A\D, (3.8)

[lepepessiBaromue cuisl OyIyT:
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N, (x,y)= M D, [(Hl + ., /Dny )Bcos BAx +

B, \D,
+(Hl -D.D, )ocsin ka} sinAy,
N, (x,y) =%[1—e’°‘“ cos ka} COSAy. (3.9)

(3.10)
Ha ¢wur.2 npuseneHs! rpaguky 0000MIEHHBIX MEPEePE3bIBAIOMINX CHJI, TOKA3bIBAOIIIE
0COOEHHOCTH MOBE/ICHHS HAMIPSHKCHU B YITIOBBIX TOYKAX [IIACTHHBI.
3akiarouyenue: Takum 06pa3oM, MPH U3rUOE OPTOTPOITHOM IMOTYOECKOHEYHOM TIIACTHHBI-
MOJIOCHI, KOTJa TPU CTOPOHBI INAPHUPHO 3aKPEIUICHbI, MOJy4aeM KOHICHTPAIIHIO
0000IICHHBIX MepePe3bIBAIOIINX CHIT Ha 3aKPEIJICHHOM Kpato. B cTaThe nmony4eHbl 3HaueHUs
0000IIEHHBIX MTEPEPE3BIBAIOIINX CHJI IS Pa3HBIX OPTOTPOITHBIX MATCPUATIOB.
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ZUSUUSULEP @bhSNkhESNPLLENP ULAUSHL UHUNGUDPUSP StNtuUahr
M3BECTUSI HALITMOHAJIBHOM AKAJIEMUM HAYK APMEHUM

Uthuwtthju 71, Ne3, 2018 MexaHuka
YK 539.3
PACIHHPOCTPAHEHHME BOJIH TUITA SH B KOHEHHOITPOBOAAILIEM
BOJIHOBOJE
I'eBopksn A.B.

KaroueBsle ciioBa: SH BonHa, poBoIsIIIHMit, BOTHOBOL

Gevorgyan A.V.
SH wave propagation in finite—conductive waveguide
Keywords: SH wave, conductive, waveguide

The SH wave propagation is considered in finite—conductive layer in outside constant magnetic field parallel to
layer boundary. The dispersion equation is obtained. In long wave approximation the wave phase velocity is
deduced and it is established that this velocity is more the waveguide material transverse velocity when magnetic
field is absent.
Qlnpqqut G4
SH whuyh wyhpubph wwpwéndp Jppwynnp hwnnpyhs wihpuwwnwpnid
Zhutwpwnkp. SH wihp, hunnpnhs, whpuwnwup

Yhunwpyqus L SH whwh whpubph wnwpwsdwl hwpgp yEppwynp hwnnpnhy wpwdqulju
skpuinud’ kqphi qniquihbn wptnupht hwununn dugihuwwh nuonh wunuynpjudp: Unwgus k
nhuybpuhnt hwjwuwpnudp: Gplwp wihpubph ghwpnid npnpdus £ puquyhtt wpugnipiniup b gnyg b
s, np wjh ghpuquiignid E ughpwinwph niph juyiuljut wihpikph wupusiuh wpugnippuip
wpunwphl twqhuwljut nupnh puguljuynipjut ntypnid:

PaccmarpuBaercs Bompoc pacmpoctpaHeHns SH BONH B KOHEYHONPOBOIAIIEM YIPYTOM CJIO€ MPH HAIMYHN
BHEIITHETO TIOCTOSSHHOTO MAarHUTHOTO T10JIA, TTapaJliebHOro Tpanuie ciost. [lomydeno qucrnepcHoHHOE ypaBHEHHE.

B 11MHHOBOJNHOBOM NPHONMKEHUH omnpesieneHa (a3zoBas CKOPOCTh M yCTaHOBIIEHO, YTO OHA MPEBOCXOIUT
CKOPOCTB PacIpOCTPaHEHHMsI TOIIEPEYHBIX BOJIH MaTepHasa BOJIHOBO/A B OTCYTCTBHE BHEIIHEIO MarHUTHIO TIOJISL.

Hccnenyercss BOIPOC pacIpoCTpaHEHHs BOJMH THIA SH B KOHEUHONPOBOMAIIEM CIIOE

TomuuHE N Mpy HANMMYMK BHENIHETO OCTOSHHOTO MArHUTHOTO TIOJISL.
Ilycts ynpyruii KOHEUHONPOBOISALIUM CJIOM OTHECEH K IPSIMYIOJbHOW [EKapTOBOMI

CcHCTEME KOOpAUHAT OX1X2 X5 0Ch X, HampaBJieHa BJIOJIb TPAHHUIIBI CIIOS.

Hauansroe marnuthoe noe Hy =[H, 0,0] nanpaerero no ocu X,
MarHuTHast IPOHALIAEMOCTb MaTepHaIa ClIosk IPUHIMAETCS. PABHON €IMHALE.
VuuThIBas, 4TO B aHTHIUIOCKOH AedOpMalu TOJe CMELEHMH M XapakTepHCTHKH

UHAYIHUPOBAHHOI'O 3JICKTPOMATrHUTHOI'O IOJIA B obnactu —h < XZ < 0 HUMCIOT BUJ

=[0,0,u;(%,%,t) ], h=[0,0,h;(x,%,,t)], €=[e (X, %,t).& (%, %,t)],

U3 CHCTEMBI JINHEAPH30BAHHBIX YPABHEHUI MATHUTOYIIPYTOCTH, OMHUCHIBAIOIIEH TOBEICHUE
AIIEKTPOMATrHUTHOTO TIOJISL M IBIDKEHHE YIPYTOW TIPOBOISAIIEH CPelIbl, P MpeHeOpeKeHHH
TaKOM CMEIICHUSI OTHOCHTEIBHO TOKa MPOBOTMMOCTH MONYYHM CICAYIOUIYIO CHCTEMY
ypaBHenwuii [1-3]:
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H
c2Viu, + 4—7:;)61h3 =0,
(€

dnc dnc

2

\Y% hs——zath3=——2H0518tu3, —h<X2<0
C C

rie Ct2 =G/  — KBaJpaT CKOPOCTH TIONCPEUHBIX BONH CPEIEL, G —monaynb casura, p-

IUIOTHOCTh MaTepuana CcI104, O — yaenbHas 3JIEKTPOIIPOBOANMOCTb, Cc-
3NEKTPOJMHAMHUYECKAS IIOCTOSHHAS.

Hns Bakyyma B obmactu X, e(—OO,—h)U(O, oo) uMeeM ypaBHEHHs Makcsesia U

BBITCKAIOIHMC N3 HUX BOJTHOBOC YPAaBHCHHUC
Vxh'=c'0g", Vx& =-c'9h", V-h'=0, V*h'=c?0’h" @)
h'=[0,0,05 (%, %.1) ], & =[e] (X, %u1), & (X:%,:t),0].

I'pannuHbIe yCI0BHS pacCMaTpUBaEMON 3a1a4i UMEIOT BUJL:
oU;=0, h=h;, e=e, x,=0 -h @)

Pemenune cucrems! ypaBuenuii (1) Oyzem uckarb B Buzie

Us A, illog—ot)
=| |- ePeetaey), 4
nHe o

IMoncrasnss (4) B (1), moaydnM xapakTepucTHUECKOe ypaBHEHHE cucTeMsl (1) B Buze

k4—(2—az+zz)x2+(1—az)(1+22)—asz=0, (5)
rac
_ 4roc, _ o Vv Vo HZ
ke? ke, ¢’ 4np’

Kopau ypaBaeHus (5) UMEIOT CIEAYIONIHNA BU/:

Apg=%A,, Rei, >0, Rez>0
2 22 y2) V2
A, = 2—a;+z + (2—a22+z J —(l—az)(1+zz)+asz = (6)

12

12

2

2—oz+7° 22 +az

= + + Sz
2 2

Takum oOpaszom, pemieHus cuctemsl (1) W BOJIHOBOrO ypaBHeHHS (2) 3amumryTcs B
CJIEIyIOIIEM BHUJIE!

u, = [Aj Y Y Y- Y ]ei<kxl—mt) @)

h, = [B: i B; e L BT Lght e L B g :'ei(kxl—mt) ®)
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ikaizH ikoizH
Bf = 0 A", B(L)=—5 0 Ak
oMozl (%) A +oz-1 (%)
D _ekv*x2ei(kxl—mt)’ X, € (—oo,—h) (9)

hy = -
D, ‘ekv,,XZel(kxl—mt), X, € (0,00)

v, =l+c?-c?2? ~1

IloncraBnsas BelpakeHus (7)—(9) B rpaHuuHble ycnoBUA (3), MHOIy4HM CHCTEMY
anredpanyeckux OJHOPOIHBIX JIMHEWHBIX YPaBHEHHUIl ISl MIPOM3BOJIBHBIX MOCTOSHHBIX M
U3 YCIIOBHSI COBMECTHOCTH STOH CHUCTEMBI NOJIY4YMM JUCIEPCHOHHOE YypaBHEHHE B
CJICTYIOIIIEM BHJIE:

) sh? kh.L_k—
[B+}\‘+_B7\‘) =th2 In B+7\’+ _ 2

B+}\‘+ + B—}\'— B—%‘— - Sh2 (kh . 7\‘+ + 7\‘— j (10)

2
B, =2 +az-1

2142
Janee, B JUIMHHOBOJIHOBOM TPUOJMKECHUH, TO €CTh k“h® <« 1, 3amenss runepoosu-

YeCKHe CHHYCHI CBOWMH apryMeHTamu, ypaBHeHue (10) mepexomuT B COBOKYITHOCTH
ypaBHEHUU

A =0 az’—z* +a(l+s)z-1=0

2 ~2)? 3 2 2
(22 -2%) =0=| 2° +202° + 0’z +4os =0 (11)
1+2°=0 1+2°=0

PaccmotpuM niepBoe ypaBHeHHe coBOKyInHOCTH (11)
z—az? +(1+s)z—a ™" =0. (12)
JI1g XOpomux MPOBOISIIUX CPES MOKHO HPUHSATH o >1us CHITy OTPaHUYCHHOCTH

3HA4YCHUA HaprI)KéHHOCTI/I BHCIIHECTO MAr"uTHOI'O II0Jid, PEAJIM3yeMOIo Ha IPAKTUKE
TMOCTOAHHBIMU MarHuTaMu, IpuMeM S< 0,1 .

Anrebpamueckoe ypaBHeHHe (12) WMeeT OHHO NEHCTBHTENBHOE OTPHUIATEIBHOE
pelIeHre, He COOTBETCTBYIOLIEE YCIOBUSM 3a7aud, U KOMIUIEKCHO COIPSDKEHHOE pelleHre
C MOJIOKUTENHHON NEHCTBUTEIHLHOM YaCTBIO

YW o B s S
zl—\/ 2+\j6+ > \/6+ 3 >0,

)4 o9 ol 9, fo_s-9_
:a_l_“\/ 2+J6;\/ 2 ﬁii@.\/ z+@2\/ R

3

N )

H+

e
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4 2
o :(ﬂ)z {ET _ (a_j +1(2_5S_ij(a_lj +£1+_S)3 -0
2 3 3 3 4 3 3

[pennonaras, 4To HCKOMasi BOJIHA PACIIPOCTPAHSACTCS 110 MOJIOKUTSILHOMY HAIpaBJIe-
Hu10 ocu X, B popmyine (13) Oepércs 3HaK ITIOC.

Tak kak
L—?: z,=Rez +ilmz,,

t

10 ¢ yuétoM (7) ompenenum (Gpa3zoByr CKOPOCTh pacipocTpaneHuss SH BOJIH B BOJHOBOJIE B

HalpaBJICHUHU OCH Xl

V¢:|mZ+-Ct=§(§/—%+\/6—</—%—\/6Jct>ct (14)
Tenepsb nokaxem, uto 1Mz, >1, 1o ects,
2
N N a9

Bo3Bozst 00e qacTi HepaBeHCTBa B KyO, IOTy4YHM:

o 9, fo_s-9_ 8
2 Q+P[\/ 2+\/6 5 \/6J>3ﬁ' (16)

C yuérom (15) mokaxkem

2 8 1/(4
2 —,_P —= W —| =—P.
Q-+ 3 >3 3 «/Q>\E(3 j (17)

4
Ipu 0<P < 5, BO3BOJI 00€ yacTu HepaBeHCTBa (17) B KBaapat, IOCIEe HEKOTOPBIX
npeoOpa3oBaHUH MPUXOAUM K HEPAaBEHCTBY
S\ _ 2
[1—Zjoc ?+(s-3) >0, s<0,1.
CrenoBarenbsHO, CIIpaBeUIMBO HepaBeHCTBO (15), Tak kak
3 3
a. 5 \/ q 2 2
3I——+4Q -3——=—-Q | >2yQ+—=P>| —=|.
N 2 2 VR )TN R B

B mocnenyronieir pabore Mbl ybemumcsi, yto ypaBHeHHe (12) mpezacraBnsier coOoid
JIICTIEPCHOHHOE ypaBHEHHE pacnpocTpaHeHus SH BOJNH B ynpyroit KOHEYHOIPOBOSIIEH
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cpeac, Koraa BOJIHOBOM BCEKTOp MU BCKTOP Hal'[pSI)KéHHOCTI/I BHCHIHCTO MAr"HMTHOI'O IIOJIA

paBHOHAINpPAaBJICHBIL.
Bropoe ypaBHeHue coBokynHoctH (11)
2’ +202° +0’z+40s=0 (18)

2
mpu S <0,1u o° > 1 umeer Tpu BellecTBEHHBIE OTPHMIATENbHBIE PELICHUS, HE COOT-
BETCTBYIOIINE YCIOBHSIM 3a/1a4H:

q o’ P o) 2 o’
—=a|2s—— |, —=—-|—=1| <0, Q=4sa°|s—— |<0.
2 27 3 3 27

[Tocneanee ypaBHeHHE COBOKYMHOCTH (15) sBiissleTCS 4acTHBIM CIydaeM JIUCIIEPCHOH-
HOTO YpaBHCHHS, COOTBETCTBYIOIICTO pacmpocTpaHeHuto SH BONH mpu OTCYTCTBUU

BHEINIHEro MarHUTHOTO mos, To ecth npu S =0, u3 (6) u (10) umeem:
A, =\1+72, A =1 B_=0
ch(kh(, +1_))—ch(kh(x, —i_))=2sh(khi,)-sh(khr_)=0

B 3axmouennn otvernm, uto npu Kh — 0o ypasrenue (10) mepexoaut B amcmep-
CHOHHO€ YpaBHEHHE, COOTBETCTBYIOIIEE PACIPOCTPAHEHUIO MOBEPXHOCTHBIX SH BOJH
BJIOJIb TPAHHUITBI KOHEYHOIIPOBO/ISIIIETO OMYIPOCTpaHcTBa [4,5].
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BJUSHUE TEXHOJIOTUYECKOM PA3OPUEHTAIIAU
APMHUPOBAHUS HA JEOOPMAIIMOHHOE ITOBEAEHUE U
COINMPOTUBJIAAEMOCTSD PASPYHIEHUIO CTEKJIOIIVIACTUKOBBIX
TPYB IIPU OCEBOM PACTA’KEHMU U BHYTPEHHEM
I'MJPOCTATUYECKOM JABJIEHUUN

Kapanersu K.A., Banecsn C.11., Mypaasau H.C.

KiioueBble ¢10Ba: CTEKIOIIACT, TPYOUAThIil DIEMEHT, Pa30pHUEHTANUs ApMUPOBAHMUS, PACcTKEHUE, BHYTPEHHEES
THAPOCTATHYIECKOE JaBIeHHe, AedhopMaLys, CONPOTHBIIEMOCTD Pa3pyIICHHUIO.

Karapetyan K.A., Valesyan S.Sh., Muradyan N.S.
The influence of the reinforcement disorientation on the deformative behavior and resistance to fracture of
the glass-plastic tubes subjected to the axial tension and inner hydrostatic pressure
Key words: glass-plastic, tubular element, disorientation of reinforcement, tension, inner hydrostatic pressure,
strength, resistance to fracture.

The problem of influence of the technological reinforcement disorientation in limits of 6-8° from it zero value
on the character of the deformative behavior and resistance to fracture of the layered glass-plastic tubular elements
subjected to the axial tension or inner hydrostatic pressure is discussed. It is shown that the disorientation of
reinforcement for the pointed out limits does not practically influence on the resistance to fracture of the glass-
plastic tubes subjected to the above-mentioned forces. Meanwhile, in regard with the general strains such as
longitudinal one- for the tension and circular- for the inner hydrostatic pressure, the shear strains are appeared in
disoriented glass-plastic tubes. The problem of the reduction to the minimum of the negative influence of the
reinforcement disorientation on the operation of the reinforced composite tubular elements is suggested to solve in
a constructive way.

Yupuy byt 4.U,Jubywh U.C., Unipuryub L.U.

Udpwitunynpuimbh mnympjut nkhinnghwljmi wuyyminndinpnodwt mgnkgnipim b wuyymbuyjwunk
Junynjulutph nkbnpiwghnt Jwpph b pwjpuydwi phiwnpnyulwimpjub jpu wrwbgpuht Aquwh
b tkppht hhppnununhl &hodwmb nhypbpoid
pwpuntp’ wyuljbyuun, ungnjulwdl wwpp, wipubionpiul wygulnndinpnond, dqnd,

ulipphtt hhnpnuinunhly £uonud, wdpnipmil, nhpnpumghw, pupuyinih nhlwnpnyuljutmipyndi:

Lutuplynuid  t twhwgsjuws  qpoyuljub wpdlphg 6-8° uwhdwbtbpmd  wdpwbwynpdui
nnnipjul nkjinnghwjut  wwywynndunpnydwi  wapbgnmipmniip shpnudnp  wywbyjwunk
huinnnquljubph nEdnpuiugdwt Jupph wrwbdtwhwinlnipmiiubph b puwjpuyuiwiip nhilwnpbnt Jpw
upwbg wpwugpuyht dquwit jwu ubkpphtt hhppnuwnwwnply £updwt Bupwplbjhu: 8nyg E wws, np
wdpuiwynpdw nipnnipjut wywlnndunpnonidp hhpjw) vwhdwbbpnid gnpstwljuinid sh wqpnud
wyulbyuunt unpnjuljubph pwjpujdwt phdwnpopujuimpyut Jpu Jipp updws nidughte
gopdnuikph wqnlgnipjut nhypkpnud: Fuguwhwjndws E, np wdpwbwynpdwt wuyywlnnuunpnodundp
wyubyuunt unpnjuljutpnid wpwgwinid i twlh vwhph nhdnpdwghwtp, npnup ninkljgnd Eu
hhdbiwlui pE$npuughwibpht. Epujiwlwiht’ ungnyulibph wewigpuyhll dquwt hypnid b
opowluyhthl’  Gpwbg  Ukpphtt  hhgpnunwwhl  updwb Gbpwphbjhu: Udpubwdnpdws
Yndynqhwnttphg wwwnpuwunyws junpnjuijuwdl jueniguspughtt wwppbiph wpiwwnwiph Jpu
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wdpubwynpldwt wywinniiunpnodw puguuwu wgntgnipniup tjuqugnyih hwugiubint jpughpt
wnwowplynud £ nisk) Yntunpniynhy nubwlng:

OO6cyKaaeTcs BONPOC BIMAHMSL TEXHOJIOTHYECKOH Pa3OpUEHTALMH apMUpOBaHus B mpezenax 6-8° or myse-
BOTO €ro 3Ha4eHUsS Ha cHeuu(uKy Ae)OPMALMOHHOrO MOBEJCHUS W CONPOTHBICHHC Pa3pPYLICHHUIO CIOUCTHIX
CTEKJIOIUIACTHKOBBIX TPYOYaThIX 3JIEMEHTOB IIPU OCEBOM PACTSIKCHMM WM BHYTPEHHEM THIPOCTATHYECKOM
JIaBIICHUH.

Toka3aHo, 9TO Pa3OPHCHTALNS aPMUPOBAHKS B YIOMSIHYTHIX IIpEeiaX MPAKTHYCCKH HE BIMSET HA COIpPO-
THBIISIEMOCTb Pa3PYLICHUIO CTEKIIOIUIACTUKOBBIX TPYO MPH YKa3aHHBIX BBIIIE CHIIOBBIX BO3JCHCTBHSAX.

BbIsiBI€HO, YTO y pPa3OpPUCHTHPOBAHHBIX TPYO BO3HMKAIOT M CABHIOBBIC JAe()OpMAIMHM, COMYTCTBYOIIHME
OCHOBHBIM: IIPO/IOJIBHBIM IIPH OCEBOM PACTSKCHHUH M KOJBLEBBIM [PH BHYTPEHHEM THIPOCTATHYCCKOM [aBIICHAH.

3ajayy CBEACHHS K MHHHMYMY OTpPHLATEIBHOTO BIHMSHMS Pa3OPUEHTALMHM apMUPOBaHHA Ha padoTy
TpyOUaThIX 3JIEMEHTOB U3 ApMUPOBAHHBIX KOMIIO3HTOB IPEUIaracTcs pelaTh KOHCTPYKTUBHBIM ITyTEM.

Beenenne

Mertoapsl pacu€ToB H3AEIUN U3 KOHCTPYKTUBHO-aHM3OTPOITHBIX MaTEpHaOB, B TOM
YHucle, W W3 apMHPOBAHHBIX IIACTUKOB, OCHOBBIBAIOTCA HAa IOCTPOCHHM HIACATBHON
MOJICNIN, COCTOSINEH U3 MPSMOJIHHEHHBIX apMHUPYIOLINX HAMOJIHUTEICH, paBHOMEPHO pac-
MpeeaEHHbIX 10 CTPOTrO ONpeIeIEHHBIM HANpaBJIeHUsIM B MoAatiuBoil matpuue [1; 2]. Ha
MpaKTUKE, OTHAKO, peajbHas CTPYKTypa apMHPOBAHHBIX KOMIIO3UTOB OTIHYACTCS OT
YKa3aHHOW MOJICNH, a, CJIICAOBATCIBHO, B M3JCIHUAX U KOHCTPYKIHUAX, H3TOTOBJICHHBIX U3
TaKUX MaTEpPHAJIOB, HCBO3MOYKHO OTPHUIATh BOSHHUKHOBCHHE TEXHOJOTMYECKUX MHUKDPO- U
Makpozaedekros [3; 4; 5; 6 u np.].

OmHUM W3 PacupOCTPaHEHHBIX MAaKpOAE(EeKTOB CTPYKTYPHl apMHUPOBAHHBIX KOMITO3H-
TOB SABJISICTCSA PAa30PHUEHTALNS apMHPOBAHUS, T.€. OTKJIOHEHHE HAIPaBIICHUS apMHUPYIOIINX
BOJIOKOH B CIIOSIX MaTepHajia OT IPOSKTHPYEMOro. JTO SBJICHUE, CBI3aHHOE, B OCHOBHOM, C
HECOBEPIICHCTBOM TTepepabOTKH KOMIIO3UTOB B H3/EIHE, MOXET IPUBECTH K CYIIECTBEH-
HOMY OTJIHMYHIO TOKa3aTeled MEXaHWYEeCKHX XapaKTePHCTUK MaTepuana B H3ACTUSIX OT
JTAaHHBIX, TIOJYYCHHBIX B PE3YJIbTaTe HCIBITAHHUS CTAHIAPTHBIX OMBITHBIX 00pA3IOB, M3r0-
TOBJICHHBIX, KaK MpaBmiIo, OoJyee TmatedbHO [2]. OTMEUYeHHOE yKa3bIBaeT HAa TO, YTO NPHU
W3TOTOBJICHUY KOHCTPYKIIMOHHBIX OOBEMHBIX HW3JCITUM, UMECIOMINX CIOXHYI T€OMETpPH-
YecKyro (opMy, BEpPOSTHOCTh PAa30PHEHTAIIMU APMHUPYIOIIETO HAMOIHUTEIS MOXKET
MPOSIBUTHCS B OOJIbIeH cTeneHu [3; 6].

B nmanHOW paboTe wWccieqyeTcst BONPOC BIMSHHUS TEXHOJOTHYECKOTO OTKIOHCHHS
BEJIMYHMHEI YTIIa apMHUPYIONINX BOJIOKOH OT €T0 3aJaHHOTO 3HAa4YeHUs Ha cnenuduky aedop-
MAIIOHHOTO ITOBEICHHUS M CONPOTHUBIISIEMOCTh Pa3pYIICHHIO CTEKJIOIUIACTHKOBEIX TPYO,
MOJIBEPTaeMbIX OCEBOMY PACTSHKCHUIO WIIH BHYTPEHHEMY THAPOCTATHICCKOMY AaBIICHHIO.

1. Meroanka npoBe/ieHUs UCCIeI0BAHNI
[Ipr M3roTOBIEHNN CTEKJIOIUIACTHKOBBIX TPYO Ha OCHOBE CTEKJIOTKAaHH B J1aboparop-
HBIX YCIIOBHSX OBLIO OOHAPYKEHO BBINICYIOMSHYTOE SBJICHUC PA30PUCHTAIIUH apMUPOBa-
HUs HanoiHuTeNs [6]. TpyObl OBLIM M3rOTOBICHBI TaKUM 00pa3oM, YTOOBI HAIPABIICHUC

OCHOBBI CTEKJIOTKAaHU COBIIAAJIO C HAIIPABJICHUEM HX HpO,I[OHBHOﬁ ocH ((p = 00) . O,Z[HaKO,

B pe3yJibTaTe IPOBEAEHHBIX U3MEPEHUH, y yacTu TpyO (0K0i0 7% OT 00LIero KoJM4ecTBa)
Ha0JII01aJI0Ch OTKIIOHEHHE yTJla apMUPOBAHUS OT 33/IaHHOTO B IIpeaenax 6-8°.

Jns perennst paccMaTprBaeMbIX B JaHHOM paboTe 3a/1a4 ObUIM M3rOTOBJICHBI 2 MApTHH
TKaHEBBIX CTEKJIOIJIACTHKOBBIX TpyO4aThIX 00pa3noB. Y TpyO OJHOM MapTHM BeJIWYMHA
yriaa MeXIy HaIpaBICHUAMU OCHOBBI CTEKJIOTKAaHM M HMX INPOJOJBHOM OCH COCTaBisia

¢=0",ay apyroii — ¢=6-8°.
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B cirydae sKCnepUMEHTAIBHOTO M3YUYCHUS BIHMSIHUAS PA30PUCHTAIIMM apMUPOBAHUS Ha
JIe(OPMaMOHHOE TOBEACHUE W HA CONPOTUBISIEMOCTh PAa3pYIICHUIO TPYO IpPU OCEBOM
pacTsbKeHHH ObLIa KCIOJBh30BaHA YaCTh W3 BBINICYKA3aHHBIX JBYX MapTHH TPyOUYaThIX
00pa3IoB ¢ BHYTPCHHUM THAMETPOM 38MM, TONIIMHOMN CTEHKH 2.25MM U JUTHHOU 285MM,
M3TOTOBJICHHBIX Ha OCHOBE CTCKJIOTKAHU TOJOTHSIHOTO neperuierenus mMapku T-23 (TY 6-
11-231-76) ¢ orHOmeHuWeM BS3KH OCHOBHI W yToka 1,8:1,0. OOpasmsl ObUTH MOTYYCHBI
METOJIOM HAMOTKH, NPEIBAPUTEIHLHO MPOMUTAHHOW MOAM(DUIIMPOBAHHONW ATIOKCHIHOMN
CMOJIOH CTEKJIOTKAaHM Ha METAUTHYECKYI0 OIPaBKy C IOCIECIYIONAM TOPIINM
MpeccoOBaHUEM 110 OOKOBOW TOBEPXHOCTH B CHENMUANBHBIX (Gopmax [7]. Benmuuna
KodpdunnenTa apMUpOBaHHA CTEKIOMIacTUKa coctaBisieT [ =0.45 (Hocuosa=0.29,

Pyro=0.16). Jlo mpoBeneHusi SKCIEPUMEHTOB OIBITHBIE 00pa3lbl IIOCIE W3TOTOBIECHUS B
TeUeHHe § JIeT XpaHWIHCh B J1a0OpaTOpHOM IoMelleHuH npu Temmneparype 20+6°C u
OTHOCHUTEINIbHO BiiaxxHOCTH 60+8%.

W3ydenue BIHUSHUS Pa30pPUCHTAIIMHA aPMHUPOBAHUS HA COMPOTHUBIIIEMOCTh Pa3pyIICHHUIO
1 NeOPMAMOHHOE TOBEICHUE CTEKIOIUIACTUKOBEIX TPYyO MIpH BHYTPEHHEM THIPOCTa-
TUYEeCKOM JaBJICHHH OBIJIO OCYIIECTBICHO C WCHOJB30BAHMEM OIBITHBIX 00pa3IoB,
MOJYYCHHBIX W3 OCTAJbHOM YacTH YKAa3aHHBIX BEIIIE CTEKIOTKAHEBBIX TPYO (MCXOIHBIC
o0pas3mpl) npu oMoy numdoBanrs. BaenHUi pabounii AuaMeTp OIMBITHBIX TPyOUYaThIX
o0pa3oB coctaBisger 39,7MM, a amuHa padodeid yacth — 60mM. Jlo Havama TpOBEICHHS
WCCIIeTIOBAaHNM HMCXOMHBIE TpyOdarbie oOpa3iel B TeueHue 30 JieT Tocie WU3TOTOBJICHHS
XpaHWIUCh B J1a00OPATOPHU MPHU YKA3aHHBIX BEIIIE BO3YITHO-BIAKHOCTHBIX YCIOBUSIX.

Jis ompenencHUs MPECIIOB COMPOTHBIIIEMOCTH PA3PYIICHUIO OMBITHBIX TPYOUaTHIX

06pa3HOB Ipu OCEBOM PACTAKCHUU GZBZ U BHYTPEHHEM TI'UAPOCTATUYCCKOM JaBJICHUU

(pacTshKeHHE B KOJBIEBOM HAIPABIEHUH) G, MCIBITAHHMS OBUTH OCYIIECTBIEHBI COOTBET-

CTBEHHO IIPH JINHEHHON CKOPOCTH OTHOCHTENHHOTO ABIDKCHHS 32)KMMOB HCIBITATEIHHOM
MamuHbl 2+0,4MM/MHH. ¥ TIpH CKOPOCTH HapacTaHUS B TPpyOax BHYTPEHHETO THAPOCTa-
THYECKOr0 JaBieHus 6+0,3aTM/MHH.

C menpl0 MOCTPOCHUS JIUATPAMM HaNpshDKCHHE-NEGOpMAIs UCIBITAHUS TPyO4YaThiX
00pa3IoB MPOU3BOAMINCH TIOCPEICTBOM CTYIEHYATOrO HarpyxeHus. Kaxknas CTyneHb
yBeJIn4eHus: Harpysku coorBercrBoBana 0,06-0,08 none cooTBeTcTBYOIIEH NpeAenbHON
BEJIMYMHBI  CONPOTHBIIIEMOCTH pa3pylICHHIO TpyOdaThix o0pasmoB. B mpomecce
WCTIBITAaHUH TPyOBI BBIACP)KUBAIHMCH HAa KaXIOW CTYIEHH HArpy)XKCHHS JIHMIIL Ha BpeMS,
HEoO0X0auMOe IS CHATHS MTOKa3aHuH AeopMariiii ¢ TaTINKOB.

JUis  BBIIEYKa3aHHOTO KaXIOTO CIydass HCHBITAaHUH OBUIO HCIONB30BaHO IO 6
TpyOUaThIX 00pa3moB-OJM3HENIOB. MakcuManbHOE 3HaYeHUE KOI(PQPUIIMEHTa BapHaIlliu
MOJYYCHHBIX MEXaHMUYECKUX XapaKTePUCTHK INpH 3ToM He mpeBeimano 0,11 B cmydae
BEJIMYHH COTPOTHUBIIIEMOCTH paspymieHuto u 0,14 — B ciaydae rmokasareseit nedopMarum.

2. OO6cy:xaeHue MOJTYy4YEeHHBIX Pe3y1bTATOB
2.1 OceBoe pacTsKeHUE
[Ipexae 4yeM IPUCTYIUTh K PACCMOTPCHHUIO MOTYYCHHBIX SKCIICPUMEHTAIBHBIX JaHHBIX,

OTMETHM, 4YTO pE3YJIbTaThl HWCCICJOBAHHS BIUSHHS PA30PUCHTAIMM aPMHUPOBAHUS Ha
COIPOTHUBIIIEMOCTh PAa3pYIICHUIO U JIe(OPMANMOHHBIC CBOHCTBA CTAHAAPTHBIX ILIOCKHUX
00pa3ioB U TpyOUaThIX 3JIEMEHTOB M3 TKAHEBOI'O CTEKJIOIIACTHKA MPH OCEBOM PacTshKe-
HUH, a TAK)Ke YUCTOM CIIBHTE MOAPOOHO 00CYKIamuch B padbote [8]. 3mech UCIoNMb3yroTCs
OTIENbHBIE JaHHbBIC U3 YKa3aHHOW paboTHI C 1eNbl0 chopMyTUPOBAHUS HEKOTOPHIX 0000-
IAOIIUX BHIBOJIOB.
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Kak mokazano cpaBHeHHE HaHHBIX, MOJYYEHHBIX B pe3yJbTaTe UCIBITAHUH, OCYIIECT-
BIEHHBIX MO OMUCAHHOM B 1.1 MeTOANKe, OTKIIOHEHHE YIJia apMUPOBaHUs B mpenenax 6-8°
OT HYJIEBOTO €ro 3HAYEHHUS MPAKTHUYECKU HE BJIMSIET Ha COMPOTHUBIISEMOCTb Pa3PYLICHUIO
TKaHEBBIX CTEKIIOIUTACTUKOBEIX TPYO IPH OCeBOM pacTsikeHud. CpeqHee 3HaUCHUE yKa3aH-
HOM XapaKTepUCTUKH MOKHO MPUHSATH PaBHBIM G- =142 MIla.

Ha ¢ur. 2.1 mpencraBiaeHsl quarpaMMbl HanpshKeHHE-AeGopMaIis TpyOdaThx oopas-
IIOB, MCTIBITAHHBIX HA OCEBOE PACTSDKEHUE.

W3 maHHBIX, pUBENEHHBIX Ha TpaBoM Tmoiyie ¢wur. 2.1, 3aMeyaeM, 9TO TPH OCEBOM
CTYICHYATOOOPAa3HOM PACTSHKCHHH CTEKIOTKAHEBBIX TPYO KaK C yIJIOM apMHPOBaHUS

0=6-8°, Tak 1 mpu =0° CBA3b MEXIy HANPSKCHWSIMH G, W MPOJOJIBEHBIMU (OCHOBHBIMH)

nedopMannsiMH €], OKa3bIBAETCS HENMHEHHOM. DTO 0OBSACHIETCS, B OCHOBHOM, CTPYKTYp-
HOW 0COOEHHOCTHIO BOJIOKOH OCHOBBI HCITOJIb30BAHHOHN CTEKJIOTKaHU [9].

O, Mila

100

/ hY ;\\.\\(.P=8 (= |
<P=8°E\ = /

9=0° =8°

//

YHZX 100 B 2 0 4 8 12 16

Eoox 10

®@ur. 2.1. Kpusbie neopMHpOBaHHsI CTEKIOTUIACTHKOBBIX TPYO € yriioM
apMHUPOBAHUS @, TOJJBEPTHYTHIX OCEBOMY PACTSKEHHUIO.

CorylacHO 3THM JK€ JaHHBIM, COINPOTHBISIEMOCTH Je(OPMUPOBAHUIO B MPOJOIHHOM
HarpaBJeHUH CTEKJIOTKaHEBBIX TPYO ¢ (=06-8° Oka3bIBacTCsl MEHbIUEH, yeM TpyO ¢ ¢=0°.

Ilpu 3TOM, BENMMYNHA OTHOLICHHS HPOJOIBHEIX Aeopmaimii €. Tpy6 ¢ ¢=6-8° u ¢=0°,
3aMKCHPOBAHHBIX IPU OJAHOM M TOM JK€ YPOBHE PACTAIMBAIOIIErO HANPSDKEHUSA G,

MPAKTUIECKH HE 3aBHCUT OT dTOTO YPOBHS U cocTasiser 1,2-1,3.
W3 naHHbBIX, IPEICTABICHHBIX HA JICBOM moje ¢ur. 2.1, cieayeT, 4To B Cliydae OCEBOTO
pACTSDKEHHST CTCKJIOTKAHEBBIX TPYO C YIJIOM apMUPOBaHUS (=6-8° BO3HHKAKOT H

CYHICCTBCHHBIC CIABUI'OBBLIC ,Heq)OpMaHI/II/I Yo, » COMYTCTBYIOIINC OCHOBHBIM IIPOJAOJIbHBIM!
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TIpU yPOBHE PAacTATUBAIONIETO HANpsikeHus o, =0,6G6° BenuuuHa CABUrOBBIX Aedopma-
Ml cocTaBiseT mpuONM3UTENbHO 5,8x10, B TO BpeMs Kak BeJIMYMHA MPOJOJBHBIX
neopManuii 5THX ke Tpyd MOKET JOCTHraTh 40 3HadeHus 12,6x1073. [Ipu 3ToM, BeIUYMHA
OTHOIICHHUSA OCEBBIX M CIBHTOBBIX JAedopMariiii pa3opHEHTHPOBAHHBIX CTEKIOTKAHEBBIX
TpyO TPH OAHOM M TOM K€ YPOBHE OCEBOTO PACTSITHUBAIONIEIO HANPSDKEHUS MPaKTHIECKU
HE 3aBHUCHUT OT YPOBHS HANPSHKEHUS U COCTaBsAeT 2,2-2,3.

Pacu€Tel mMoKa3mpIBalOT, YTO TPH HArPY>KCHUH AHAJOTHYHBIX CTEKJIOTKAHEBBIX TPYO C
=6-8° pacTArMBAOMUM HanpsokeHueM o, =0,6G°, BeIMUMHA yIiia 3aKpYYMBAHHS Ha

1M muHEl cocTaBut 13-14°.
2.2. BHyTpeHHee ruipocTaTH4YecKoe JaBJIeHUe

PesynbTaThl WCOBITAaHWH, TPOBEAEHHBIX COMIACHO ONWCaHHOW B 1.1 MeTomuke,
MOKa3ajIy, YTO BIUSHUE OTKJIOHEHHS yria apMHpPOBAHUS B Tpejenax 6-8° OT HyJIeBOTO €ro
3HAYCHHUS Ha CONPOTHBISIEMOCTh PAa3PYyLICHHIO CTEKIOTKAHEBBIX TPYO IPH BHYTPEHHEM
TUAPOCTATUICCKOM JABJICHHUH (, KaK 3TO HAOIIOAaIOoCh B PACCMOTPEHHOM BBIIIE CITydae
HArpy>KeHUsl, OKa3bIBa€TCs, He3HAUUTENbHBIM. CpPEHIOI0 BEIUYUHY ITONH XapaKTEPUCTUKH

MOXKHO [IPHUHSATH PaBHOH o5, = 458,2 MIla.

O, MIIa

400

300 L A
e

Pt

200 7 . —
J= 7
/ @=0° L
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Yeex 108 1.2 04 Q0 4 8 12 16 &,x10°

®@ur. 2.2. Kpusbie 1eopMUpOBaHUsI CTEKIIOIUIACTUKOBBIX TPYO C yriiom
apMUPOBAHUS (9, IOJBEPrHYTHIX BHYTPEHHEMY THAPOCTaTHUECKOMY JaBICHUIO

CorimacHO MJaHHBIM, TIPUBEAEHHBIM Ha TpaBoM Toie ¢ur.2.2, CBsI3b MEXIy
PACTSTHBAIOIIAMH HANPSOKCHUSIMA B KOJIBLICBOM HAIPABICHUM HANPSDKCHUEM Opp H
JedhopManusiMU B TOM K€ HAIpaBI€HUU £,, (OCHOBHBIMH) KaK y CTEKIOTKaHEBBIX TPYO ¢
©=0°, Tak u y TpyO ¢ 9=6-8°, HOCHUT NPAMOJWHEHHBIA XapakTep. YKa3aHHOE SBICHUE
00YCIIOBJICHO, B OCHOBHOM, CTPYKTYPHOH OCOOCHHOCTHIO YTKOBBIX BOJOKOH CTEKJIOTKAHU
THTIA TIOJIOTHSHOTO TEPEIICTCHNS C OCHOBHBIM ITEPEeKphITHEM [9].

W3 cpaBHeHHs] yKa3aHHBIX BBILIE JAHHBIX 3aME4YaeM TaKKe, YTO COMPOTHUBISIEMOCTb
Ie(OPMHUPOBAHUIO B KOJIBLIEBOM HANpaBIIEHNH CTEKIOTKAaHEBBIX TpPyo ¢ @=6-8°
OKa3bIBACTCS 3HAYUTEIBHO MeHbIIeH, yeM TpyO ¢ ¢=0°. [Ipu 3TOM, BEeTUYNHA OTHOIICHHUS
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JedopManuii B KOIBIIEBOM HAIpPaBIEHUU &, TPyO ¢ ¢=0-8° m ¢=0° mpaxTuuecku He

3aBHCHUT OT YPOBH: HAIIPSKCHUS Gy U COCTABIIAACT Ooiee uem 1.2.

Pe3ynbTaThl TpPOBEAEHHBIX HCIBITAHUN TaKKe IOKa3ald, YTO MNPU TPHIOKCHUH
BHYTPEHHETO THAPOCTATUYECKOTO NIABICHUS K TpyOaM, C yIIIOM apMHpPOBaHUS (p=6-8°,

BO3HHUKAIOT U COBHIOBbIE JeOopMaluu 7, , COMYTCTBYIOLIME OCHOBHBIM AedopManusiM B
KOJIBLIEBOM HAIpPaBIEHUM €&y, (cM. Jiepoe mnone ¢ur. 2.2). Ilpu ypoBHE HampsKeHHs
Gy = 0,607, BenmuuHa cIBHrOBBIX jAedopMaumii coctasmser Gonee wem 1,1x107. Tlpu

YKa3aHHOM YPOBHC HAIIpsDKCHUSL Oy 3HA4YCHHUC ,ueq)opMauHﬁ OTHUX XKE pr6 B KOJILIICBOM

HAIpaBIEHNH COCTaBIAeT MpuonusuTensHo 11,2x107. IIpu 5ToM, BEIWYMHA OTHOIIECHHS
nedopmarniunii B K0JIbIIEBOM HAMPABICHUU U CIABUTOBBIX Je(OpMaIiii CTEKIOTKAHEBBIX TPYO

C YIJI0M apMHpPOBaHHUs @=6-8° IIpH yBEIUYEHUH YPOBHs HANpsUKEHUA G, oT 45.7Mlla no

411.4 MIla MOHOTOHHO YMeHbIIaetcs ot 12,5 1o 9,7.
CornacHO TpOBENEHHBIM pacy€TaM, MPH HArPy)KCHUH aHAJIOTUYHBIX CTCKIOTKAHEBBIX

B
TpyO ¢ ¢=06-8° BHYTPEHHHM T'HAPOCTAaTHYECKUM AaBIICHHEM, cooTBercTBytomuM 0,60, ,

BEJIMYMHA yTJIa 3aKPYIHBaHUSA Ha |M IITHHBI coCcTaBUT OoJee uem 3°.

CunraeM HEOOXOJUMBIM OTMETHUTH CJEIYIOIIEe.

B pabote [10] BepBEIe TEOPETHYECKH YCTAHOBJIEHO, YTO 000J0YKA M3 OPTOTPOITHBIX
MaTepuasoB B Cily4yae, €CIM UX IVIaBHbIE HAlPaBJICHUS YIPYTOCTH HE COBIIA/IAIOT C TE€OMET-
pUUYECKUMH HAIIPaBJICHUSIMHU 00OJIOUKH, TO IO/ BO3ACHCTBUEM PAaBHOMEPHO pacrpeeicH-
HOT'O JIaBJICHUS MJIM PACTSHKEHUS MOJBEPTaeTCsi KPyYSHUIO OTHOCUTEIBHO OCH CUMMETPHH.

MOXHO yTBEp)KJaTh, YTO MPEJCTABICHHbBIE B .2 HACTOAMIECH CTAThH AKCIIEPUMEHTAIb-
HBIC PE3YIbTaThI SBIISIIOTCS IPSAMBIM MOITBEPKACHHEM 3aKOHOMEPHOCTEH, YCTaHOBIEHHBIX
B YKa3aHHOM BBIIIE TeopeTndeckoi padote [10].

3aki0ueHue

Takum 00pa3oM, U3MEHEHHE COMPOTHBISIEMOCTH Pa3pyLICHUIO CTEKIOTKaHEBBIX TPYO C
OCHOBOW TKaHH, HAIMPABICHHON BJOJb OCH, BCICICTBHE OTKJIIOHCHHUS yIiIa apMHPYIOIICTO
HATIOJIHUTENIL B Mpenenax 6-8° OKa3pIBacTCS HE3HAYUTCIBHBIM KaK IPH  OCEBOM
PACTSDKCHHH, TaK U TIPU BHYTPEHHEM THPOCTATHUCCKOM JaBIICHHH.

OMHOBPEMEHHO Pa30pHCHTAIMS apMHPOBAHMS B yKa3aHHBIX IepeleliaX MPUBOIUT K
cymectBeHHOMY (0T 20% 10 30%) yBenWYCHHIO MOJATIMBOCTH Je(GOPMUPOBAHHUIO B
MPOJIOJIFHOM WM B KOJBIIEBOM HAIPABICHHUSX 3THUX K¢ TPYO, MOABEPTHYTHIX, COOTBET-
CTBEHHO, OCEBOMY PACTSKCHHUIO WIIM BHYTPEHHEMY HIPOCTATUYECKOMY JIABJICHHIO.

DKCHEepUMEHTANBHO YCTAHOBICHO, 4YTO TMPU HATPYKECHHH Pa30pPUEHTUPOBAHHBIX
CTEKJIOTKAHEBBIX TPYO KaK OCEBBIM PACTSDKCHHEM, TaK U BHYTPEHHHM THIPOCTATHYECKHM
JIABJICHHEM BMECTE C OCHOBHbIMH jAedopManusiMu (IIPOJOJIbHBIMU B yKa3aHHOM IE€PBOM
cllydae HarpyXeHHsi U KOJIbLIEBBIMH - BO BTOPOM Clly4ae) BO3HUKAIOT W COIYTCTBYIOLIHE
casuroBblie nedopmanuu. [Tpu 3T0M, aOCOMOTHOE 3HAYEHHUE COMYTCTBYIOMMX Ae(opMariuiit
OKa3bIBacTCs 00JICe CYNIECTBEHHBIM B CIIydac MPHIIOKEHHS K TPyOaM OCEBOTO pacTITUBaIO-
IETO yCHITHS.

ITo Bceit BepOSTHOCTH, YIOMSHYTHIC BBINIC SIBICHHS, OOYCIIOBICHHBIC, B OCHOBHOM,
TEXHOJIOTUYECKUM HAPYIICHUEM CHMMETPUYHOCTH apMHUPOBAHHS TPYOUATHIX IJIEMEHTOB
OTHOCHUTEIIHO OCH, MOTYT HAOJIOAATHCSA TPHU 000 Pa3HOBHIHOCTH MX HAMOTKH, B TOM
YHCIIe, U TIPH U3TOTOBIICHUH TAKUX 3JIEMEHTOB MIOCPEICTBOM MEPEKPECTHON HAMOTKH.
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Ha ocHOBe BBIIIEHU3I0)KEHHOTO MOHO KOHCTaTHUPOBAaTh, YTO TEXHOJOTHMYECKas pas-
OpHUCHTAIMsI apMUPOBAHHS B XOJAE IMEepepabOTKH MaTepuaia B H3IEIHE B TIPOIECCE
IKCIUTyaTallil MOXET CYIIECTBCHHBIM O0pa30M MOBIHATh HA CICHUPHUKY COMPOTUB-
NEeMOCTH 1e(h)OPMUPOBAHUIO TPYOUATHIX KOMITO3UTHBIX JICMEHTOB, IPUBOMIS, TEM CAMBIM,
K 00pa30BaHUI0 HEMPEIyCMOTPESHHOTO BHYTPEHHETO HATIPSKEHHOTO COCTOSIHUSA, a B ClIydac
MIPOCTPAHCTBEHHBIX KOHCTPYKIMH — M K BO3MOXXHOMY HCKQ)KEHHIO KOH(HUTypalud, B
nemoM. CrenoBaTeNbHO, 3aJada CBEACHWS K MHHUMYMY OTPHIATENBHOTO BIHSHUSA
BO3MOYKHOH pa30pHEHTAlNH apMHUPOBaHUS Ha Je(hOpMAIIOHHOE TTOBECHHE KOMIIO3UTHBIX
TpyOUaThIX 3JIEMEHTOB, 1 OCOOEHHO B TOM CIy4ae, €CIM OHU BKJIFOYCHBI B OTBETCTBEHHEBIC
MIPOCTPAHCTBEHHBIE KOHCTPYKIIMH, SBIAETCS OYEHb BakHOW. K dmCiy pammoHambHBIX
MyTel TOCTIKEHUS peIIeHHsI 3TON 3a/1a4l MOKHO OTHECTH U KOHCTPYKTHBHOE €€ pelIeHue.
A UMEHHO, JUIA TaKUX JIIEMEHTOB HEOOXOIUMO MPEAYCMOTPEHHE CUMMETPHYHO PACIIOINO-
JKCHHBIX pEOEp KECTKOCTH, OPUCHTUPOBAHHBIX TaKHUM 00pa3oM, 4TOOBI OOecrednBaiach
MaKCUMaJbHas CONPOTUBIIEMOCTh OTHOCHUTEIIFHO BO3HHKHOBEHHUS CJIBHTOBBHIX jaedopMa-
1. TeXHOTOTHYECKUEe OCOOCHHOCTH M3TOTOBJICHUS TIO3BOJISIOT 00CCIICYUTh JOCTATOUHYIO
TOYHOCTh OPUCHTALIMU YIOMSHYTHIX pEOep KECTKOCTH.
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ZU3UUSULP @SNk E3NPLLENP ULUSPL UYUNGUNUSE SEtuUah
M3BECTUS HAITMOHAJIBHOM AKAJIEMHUA HAYK APMEHUA

Ukhwmuhjw 71, Ne3, 2018 MexaHuka

V]IK 539.3
O IBYMEPHBIX YPABHEHMSIX JIBYXCJIOMHON AHA3OTPOITHOM
IJIACTUHKH HA OCHOBE 'EOMETPUYECKHA HEJIMHEMHOM
TEOPUMU YIIPYT'OCTHU ITPU HEITOJIHOM KOHTAKTE MEXKIY
CJI10sAMU
Capkucsan H.C., XauyaTpsin A.M.

KirroueBble €J10Ba: aCHMOTOTHYCCKUN MCTOI, zusyxcnox?maﬂ AHU30TPOITHAA IIJIACTUHKA, CMEIIaHHbIE
ycioBus, HETIOJIHBIN KOHTAKT, BHYTPEHHAA 3a/la4ya, TEOMETpUIECKaAA HEJIMHEHHOCTb.

Uwpquul L.U., uyunpui U.U.

Bnloipn withgnuipny uwgh Gplswth huwjwuwpnidutph dwehb wnwdquljuinipyuth
Epjpwyuhnplb ny gduyhtt nkumpjuh hhdwb Jpu okpuntph dhel ny (phy Yniwnwlnh nhypmd
Zhfbwpwntp’ wuhdwunnuhl dkpan, tplokpn wihqnupny vwy, pwep yuydwbbbp, ns ;phy
Yntunuiljin, ukpphtt paunhp, kplpuswthnpk ny gdwgh

Uuhdujinninhl]  dbpnpyny  wpwdquijuimpjut  nbunipput  bpljpusuhnpkt ny  qduyhl
hwjwuwpnidubphg noipu ko phpjws duubulwb wswbgpuitkpny bplppwth qdwghtt nhdbpkughury
hwjuwuwpnudubp  Eplpppnn wbhgnupny  uwwph  bhwpdupluwt hwdwp:  Uwh  ghdwght
dwljipiinyputphg dkhh Jpu wnipdus b jupmudubph phuqnph hwdwywnwupwut pununphsutnh
ulpdl':phhp]}, Uniuh Ypu’ wnwdqujwinipjut nkunipjut mwep qpuyghtt wuwydwubp, huly okpunbkph
uholi ny |phy Ynunnwlnh wuydwibn:

Sarkisyan N.S., Khachatryan A.M.
On two-dimentional equations two-layer anisotropic plate on the bace of geometrically nonlinear
equations of with incomplete (partial) contact between the layers
Key words: asymptotic method two-layer anisotropic plate, mixed conditions, non-full contact, interior
problem, geometrically nonlinear

Asymptotic method is applied and two-dimensional linear differential equations with partial derivatives from
geometrically nonlinear equations of three-dimensional problem of elasticity theory for two-layer anisotropic plate
are received. In the one surface of plate are given values of tensor of stress and in the other surface - mixed
conditions of elasticity theory. Between the layers incomplete (partial) contacts conditions are given. Full stress
state of plate is formed as sum of main (internal) and boundary stress states.

ACHMITTOTHYECKHM METOJIOM H3 F€OMETPHUYECCKH HEINHEHHBIX YpaBHEHHUI IPOCTPAHCTBEHHON 3a1a4i TEOPHU
YIPYTOCTH BBHIBEACHBI JIMHEIHBIC AByMepHbIe Au((epeHIManbHble YPABHEHNS! C YACTHBIMU MPOM3BOJHBIMH IS
pacuéra IBYXCIOHHOH aHM30TPOIHON IUIACTUHKH, Ha BEpXHEHl JHILEBOU IJIOCKOCTH KOTOPOil 3a7aHbl 3HAYCHHS
COOTBETCTBYIOIMX KOMIIOHCHT TEH30pa HAMpPSDKCHHH, a Ha HIDKHEH — CMEIIAHHbBIC YCIOBUS TEOPHU YIPYTOCTH.
Ha mumockoctr pasmerna cIo€B 3aaH 3aKOH pacrpenesieHus] pasHOCTH (CKayKa) TAHTCHIHAIBHBIX TIEPEMEIICHHUI.
IlonHoe HanpsHKEHHOE COCTOSIHHE ITACTUHKH 00pa3yeTcsi U3 OCHOBHOTO (BHYTPEHHETO) U KPaeBOro HANpsDKEH-
HBIX COCTOSIHUH.

BBenenme. MHorue NpUKIANHBIC 3aadyd IS CIOMCTBIX CTPYKTYp IPHBOAAT K
PacCMOTPEHHIO CIy4aeB HEMOJHOTO KOHTaKkTa MEXAy ciosmu. Hampumep, ceiicMo-
JIOTHYECKUE HAOMOCHNS YKA3bIBAIOT, YTO AUHAMHYCCKUE XapaKTEPUCTUKH OTPAKEHHBIX U
TIPETOMIIEHHBIX BOJH Ha CEHCMHYECKHX T'paHHUIAX HE BCEr/la COOTBETCTBYIOT IPE/ICTaB-
JICHHUSIM O TPaHMIE, KaK O )KECTKOM KOHTAaKTe MEXKAY IBYyMs cpenami. J{is ommcaHus moiei
CEHCMOJIOTHYECKHX BOJNH, O0pa3ylomMX Ha TOHKMX TPAaHUIAX, HCIOIB3YIOT YCIIOBHS,
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OTJIMYHBIE OT YCJIOBUH KECTKOIO KOHTAaKTa, B YACTHOCTH, YYHUTHIBAIOLIUE CKAYOK
TaHTeHIUANIBHBIX cMenieHuit [1,2].

Jliis perieHus 3a1a4 CIOUCTBIX 0aJOK, IUNIACTHH U 000JI0UEK OOBIYHO HCIIONB3YETCs Ta
WIM WHas TUNOTe3a. B TMEpBBIX HCCICIOBAHUAX MPUHUMANACh THIIOTE3a HeIepOpMu-
pyeMBIX HOpMaleil Juis BCEero makera, B meiom [4]. BrocnencTBuu ObUIM MPEIOKEHBI
MHOTOYHCJICHHBIE MOJIEJIH, 0030p KOTOpPhIX MOXKHO HaWTH, Hampumep, B [5,6].
ACHMIITOTHYECKAS TEOPHS aHU30TPOIHBIX IIACTHH M 000JI09eK mocTpoera B [7]. Bompoc
onpenenennss HIC croncTolt aHM30TPOITHON TUTACTHHKH, KOTJa Ha e€ BEepXHEH M HIKHEH
JUMEBBIX IUIOCKOCTSAX 3aJaHbl 3HAYCHHWS COOTBETCTBYIOIIMX KOMIIOHEHTOB TEH30pa
HanpsokeHuid, paccmotper B [10]. Pemenns 3amau onpenenenns HJIC aHU30TPOIHBIX
CJIOMCTBIX TUIACTHH, HA OJIHOW JIMIIEBOM CTOPOHE KOTOPOW 3aJjaHbl KOMIIOHEHTHI BEKTOpa
MepeMelleHus, a Ha APYTroil — ycloBHsl MEpBOM, BTOPON WJIM CMEIIaHHOHM 3aJay TeopuH
yOpyroctd, usnoxkensl B [11]. AcumnroTHueckoe pelleHHE CMELUIaHHOM TpéXxmepHOU
BHYTpEHHEH 3a1adyu JUisl OJHOCIONHONW M MHOTOCIOMHON aHHU30TPOIHON TepMOYyNpyroit
IUIACTUHKK B JIMHEWHOM mocTaHoBke mpuBeaeHsl B [12,13]. Pemenune cmemaHHO#
TpEXMEpPHOW BHYTpEHHEH 3aJayu i OJHOCIOMHOM aHM30TPOMHON IUJIACTUHKU B
HEJTMHEWHON TOCTaHOBKE ACHMIITOTHYECKHM METOJOM IOCTPOCHO B pabote [14], a mis
JIBYXCIIOWHOM TNTACTUHKY TIPU MTOJTHOM KOHTaKTe CI0EB — B padore [15].

B macrosmeir paboTe AaCHMOTOTHYECKMM  METOJOM  IIOCTPOCHO  pEIICHHE,
COOTBETCTBYIOII[eE BHYTPEHHEH 3ajjaue ABYXCIONHOM TUIaCTUHKU B HEJIMHEHHOM MTOCTaHOB-
Ke, KOrja Ha BEpXHEH JWIEeBOW IUTOCKOCTH IUIACTHHKU 3aJaHbl 3HAYCHHS COOTBET-
CTBYIOIINX KOMITOHEHT TE€H30pa HANPsDKEHHH, Ha HIDKHEH — CMEIIaHHBIE YCIOBUS TEOPUHU
YIPYroCTH, a Ha TUIOCKOCTH pa3Jieia CIOEB — YCIOBHS HEMOJHOTO KOHTaKTa (3aJaH 3aKOH
pacrpeeneHus pa3HOCTH TAHTCHIIUATBHBIX TICPEMEIIICHHI ).

1. ITocTanoBKa 3aa4u U UCXOJHbIe YPaBHeHHsl. PACCMOTPUM TOHKYIO IBYXCJIOMHYIO

IUIACTUHKY Qz{(x,y,z):OSxSa,OSySb, —h, SZShl},rz[e a — mmna, b

— MIUpUHA, COCTABJICHHasd M3 OJAHOPOJHLIX AHHU3O0TPOIIHLIX MAaTCpHUAJIOB. Ciou uMEIT

(k)

P k —nomep cnosm k=1,2.

pasiMuHble TOJNMUHBI /1, , KOO(PPUIMEHTI yIPYTrocTH d

06111&?[ TOJIOIMHA II0JOChI — 2h IInockocthk otTcuéta Oxy COBIIaJacT C IINIOCKOCTBIO

pasaciaa CHOéB, KOoTOopas MnapajiCiibHa JUOCBBIM IINIOCKOCTAM INTACTUHKH. VcaoBus Ha

JIMLEBBIX TIOCKOCTSIX 3aatoTcs hopmynamu:
4 4 4

ze: 7 G:z(xﬂy)’(jyz: 7 G;Z(x’y)’ GZ: 7 G:(x,y), Z:hl

(1.1)

3 4 4
_ - _ h - _ - =—_h
w= 7 w (x’y)’cxz_ 7 ze('x’y)’cyz_ 7 Gyz(x’y)’ z=—hn
Ha nnockoctu paznena z = 0 samamsr CJIEAYIOIIHNE YCIOBUS HEIIOJTHOTO KOHTaKTa:
M _ <) M _~0 0_-2 0_, (2
6, =0,, 6, =0.,0,_.=0_,w =W

(1.2)
u® =4V + £, (x,y), w2 =yl + £, (x,y),

TpeOyercss HaliTn pelleHHEe TeOMETPHYECKH HEIMHEHHBIX YpaBHEHHWH NPOCTpaH-
CTBEHHOI1 3a]Ja4¥l TEOPUH YIPYrOCTH aHU30TPOITHOTO TeJa MPU rpaHMYHbIX ycioBusx (1.1),
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YCIIOBUSAX HEIOJIHOTO KOHTakTa cio€B (1.2) W ycrmoBusAX Ha OOKOBOW TOBEPXHOCTH
nnactunku. Kpaessie yeiosus na topuax X = 0,a u Y = 0,b — noka nponssosshbre.

Jmst pereHHs MOCTABJICHHOHW 3amadn OyJaeM HUCXOJWTh W3 TPEXMEPHBIX ypaBHEHUH
TEOMETPUYECKN HEIMHEHHOHW Teopun ympyrocta [8,9]. B »Tux ypaBHeHHSX BBeméM

Gespasmepnsie niepementsie & = x/I, N=y/l, c=z/h u 6espasmepusie nepememenns
U = u(k)/l, y = v(k)/l, W) = w(k)/l, rae |- xapakTepHbIil TAaHTEHIIUATBHBIN

pasmMep IIaCTUHKU (h <<l )

BpIOOp acMMNTOTHKM M BBIBOJ JBYMEPHBbIX ypaBHeHHWii. Pemenwe BHyTpeHHEH
3a7a4u uieTces B Buze [3,7]

s
Q(k) — gl ZSSQ(/‘»‘) , (1.3)
s=0

k . o
rue Q( )(ﬁ,n,g) — moboe n3 HanpsHKeHWH uiu  0Ge3pasMepHBIX IepeMEelIeHUIH,

S — Homep npubmmkenns, kK —Homep ciosi, S — komuuectBo npubIIKeHHit. Lenoe yncio

qk HO[[6I/IpaeTC$I Tak, 4TOOBI MOoJIyunJiaCb HEIIPOTUBOPCUUBAA CUCTEMA IJIs1 ONPEACICHUA

Q(k’s):
q, =3 i ot G(k),cs(k) ol U(k),V(k),W(k), q, =4 mm o) ot (1.4)

x 27y z 27 xy? xz 2 T yz

OTa aCHMIOTOTHKA, ITO0 CYTH, HE OTIMYAETCA OT TOW, YTO MPUMEHSUIACH IS PEIeHHSI TOH
K€ 3amadud B JIMHEWHOW Teopum ympyroctd [11-13]. B HemunelitHol 3amade, d9TOOBI
MOJYYHUTh UTEPALMOHHBIN MPOIIECC, acuMnToTHdeckuid psaj (1.3) HeoOX0MUMO HAYMHATH C
MOJIOKUTEJIBHBIX ~ cTerneHed Manoro mapamerpa [14,15]. Ilostomy, ObUIO TPHHATO

q=q,+4, rae q,— 3HauCHHE aCUMITOTHKH, COOTBETCTBYIOLLEC 3ajaye B JIMHCIHON

TEOPUH YIIPYTOCTH.
Acnmnrotuke (1.3), (1.4) coorBercTBYeT BBIOOP TipenacTasinenus (1.1).
[oxacrasus (1.3), ¢ yuérom (1.4), B mpeoOpa3oBaHHBIE BBEIEHHEM Oe3pa3MEepHBIX
KOOpAWHAT 1 Oe3pa3MepHBIX KOMIIOHEHT BEKTOpa MEpEeMEIICHHs], HEeJIMHEHHbIE YPAaBHCHUS
k
TECOPUH YIPYTOCTH AHU3OTPOIHOTO TENA, JUISl OMpPEACICHUS Q( )(é,n,g) MOTYIHM
CJIC/TYIOLIYIO CUCTEMY:

(k,s) (k,s) (k,s)
oG . do,, N oo o)

XZ 1 — 0
o on g
ac(k,s') ag(k,Y) ac(k,ﬁ)
S S A
08 on ag (1.5)
(k,5-2) 66(’”_2) (k.s) ‘
o, 99 00" ot =0
o€ on o
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U

+ Uék,s—3) + Vé(k,s—3) + VVé(k,s—l) — allG(k,s) + alZG(k,s) + a130(zk,s—2) +

o ! !
(k,s—l) (k,s—l) (k,s)
+ a146yz + alSze + alGny
oy (ks=3) | 1r(ks-3) | ppr(kas) (k.5) (k) (kus-2)
on +Un +Vn +Wn =a,6, " +a,0,"" +a,0; +
(k,s—l) (k,s—l) (k,s)
+ a246yz + aZSze + a266xy
ow ) : : : _ _
+ U(k,s 3) + V(k,s 3) + W(k,s 1) —a cS(k,s 2) +a G(k,s 2) +
ag S G [« 13%x 23%y
(k,s—4) (k,s—}) (k,s—}) (k,s—Z)
+ a33(52 + a34(5yz + a35($xz + 0360@)
ow'e= gyl _ _ _ _ _
a + a + UT(llé,s 4) + Vn(gk,s 4) + Van(gk,s 4) — a140ik,s l) + a2465/k,s 1
n S
(k,s—3) (k,s—Z) (k,s—Z) (k,s—l)
+a,,0, +a,o, ~+a,o,. " +ayuo,,
6W(k,s—l) aU(k,S) 5 3§ 5 B B
+ + Uééc,s 4) n V:Z(gk,s 4) n VVg(gk’S 4) _ alscik,s 1) n azscg)k,s 1
s gle
(k,s—3) (k,s—Z) (k,s—Z) (k,s—l)
+ a3502 + a45 Gyz + aSSze + aS()ny

ou)  pyte . - . ; :
+ + U 4yl o) = g o) 4 g, 0t +

on g
+ a366(zk’S72) + a46G§i’S71) + aségil;,H) + aségii’S)
rae
Gr(k,s):GSIIc,S—S)+G$/;,s—2), G;(k,s)zc(;;,s—S)+G(2/§,s—2), G;(k,s)zcg/;,s—él) +G$/3c,s—2)
G(k’s) ~ 2 aU(k,i) acik,x—i) . acgf;,sfi) N acglz,x—i) N aU(k,i) acgcl;,s—i)
11 -
0| 0§ g o g on g

)+

)+

+

acgjk,s—i) ac(yzz,”)J aU(k,,-)( ook ag(ylz,si)J 2y (654)
+ + + o * o

o g o o o ogr 7

27 (ki) .
oy o 42

fo] ()
o oeon dkog * ondg "
R 27 7(k.i) _ (k:1) (k.s=i)
ST ) R Pl (123U, W:E,1,6)
= NS oG %

2 ki 2 ki 2 ki
0*U! )G(k,s—i) +28 U +25 U

|

(1.6)
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5 (k.i) (k,s—i) 5 (ki) (k,s—i)
(k,s) . 1 aU aU (k,s) . aU aU
U& —_Z ’ U&n —Z (U’V’W)
275 & o€ PO/ on
5 (k.i) (k,s—i) 5 (K.i) (k,s—i)
w1 oUu™ ou hy = oU™M U
UT] _E 0 o ? UCT] _Z o o > (U’V’W)
-0 ON n i=0 C n
g~ Ly UM UMy outt aut v )

Too2E g = A4
PemmuB cucremy (1.5), momyunm:

G(k,S) = G(ZIE))S) + Gz(k’S) , U(k’s) = u(k’s) + u*(k’s)’ (U’ V’ W) ,

z

k,s k,s (ks k,s
o) = p¥) ou’ +BY Gl +BY o + Gl +al o) 45,
g on on

X 11 12

(.35 L2 a,b) (1.7)

(k,s) (k,s) (k,s) (k,s)
ol =B Guaé +BY Y (82 + avag ] + ol + o)
n
(k) (k)
(ko) _ W)Y, (k) 0\ k) |+ | (0002 | (1) 00
c. = |:L11(Bij )u +L, (Bij )v }C {a3 o +c; o JC+
+olt) +ol), (x,»;1,2; a,b)

rae quddepenimanbabie oneparopsl L (BU(.k)) OTpeIENAIOTCS IO (POPMYIIaM:

W\~ pt) O o) O iy O .
Ati):ﬂla§+2ﬂﬁa&m+B%émw(Ll§n)
5 o o (1.8)
()Y _ p*) (k) (k) (k)
le (Bij ) - B16 a_(gz—i_(BlZ + B66 ) 8&@11 + B26 51]2
a KO3 HUITUEHTHI Bl](k) , al.(k), bl.(k), cl.(k) — 10 U3BECTHBIM opMmyam [4,5,7].
GE{E’S),G&E’;),G (Zlf)’s),u(k’s), V(k’s), W(k’s) — HEU3BECTHBIC ()YHKIIUU WHTETPUPOBAHUS U OYIyT

olpezieIeHbl HIke ¢ noMonibio yenosuid (1.1) u (1.2).

Bennaunsl co 3Be3qoukaMu, Bxosmue B Gpopmynsl (1.7), kak 0OBIYHO, U3BECTHBI IS
KaXXIOTO TPHUOIIKEHUS § , TTOCKOJBKY BBIPAKAIOTCS depe3 MPEeAbIIyNIie MpUOIKEeHHUS.
Crona ke BXoJaT wieHsl (1.6), 00yCIOBICHHBIE ICOMETPUYECKU HEIIMHEHHOCTBIO MTOCTAB-
JICHHOM 3aJ1a4H.

BenmuuHs! co 3Be30YKaMH OTIPEACIISIOTCA 10 (opMyTIaMm:

. 4 (k,s-2) ac(k,s—Z) .
Gz(k’s) = —j(acxz +——+ 63(k’) dg.,

0 o€ on
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(ks 2) (ks 2)

Xz

¢
*(k,s) _ (ks 1) (ks 1) (ks 1)
u = alSG + a25 + a35 + a45(5 + a55 +
0

(k,s 1
sty O ) (hsmy) ks 3)
+560y, T —Uy™ 7 -y qu
. ¢
yEs) = j(amcik’s_]) + a246(yk Sy a346(k ) a446(k 24 a456(k 2y
0
(k.5-1) ow (kis=3) (k=) ks 3)
+a,0,, - _T - UnC’ - VnC’ dg
¢
W*(k,s) _ j(alsc(ks 1) +a236(ks 1) +a,0" (ks 1) +a340(ks 2) + a6\ (ks 2) n
0

+ a%G(k,’SA) . Ués—Z) B V(S—Z) B VI/C(S—Z) ) dC_,,

o k) = an*(k,s) + Blzgz(k,s) + wa*(k,s) + W) +a£(1k)6(k,x—l) + gl

x 3 z yz 5 xz

* k,s k,s k v k v k S— 1 k s—1
cy( )_31281( )+32282( )+Bzéo) +b +b +b )

c (“)—B 6& (“)+B 6Es (k. S)+B o) (“)+c§ )G (ks )+c£ )G(k’s_l)+c§k)6(k’s_l)

xy z vz Xz
" 4 a (k 5) k)
) _[ +0,"" |dC, (L2 x,p; E,m) (1.9)
0
k,s
gr(k,s) _ ou" k) +U£ks 3 4 Vé(k,s—3) N VVé(k,s—3),
o8
*(k,s
£) = ov' ) LU ) pleas)
on n n n

*(k.s) *(k.s)

m(k,s):au +8V +U£T1:s3)+V(ks3)+W(ks3).
on o

Ipeanonaraerest, uto O 6k = @ mpu S < Kk .

Y I0BIETBOPUB YCIOBUSM HETOJHOTO KOHTaKTa (1.2), momyuum:

o) =y, ol = ol oty =l .
W0 = B 2] B 209 4 0 (2 0y 2 ) 40 (g )
rac

(e m)= £ (1&,m), £ (&m)=0 s>0,k=1,2.
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C yuérom (1.10), yHOBIETBOPMB TOBEPXHOCTHBIM ycioBusM (1.1), momydnm
CIIeIyIONIyI0 cucteMy and¢epeHINaIbHbIX YpaBHEHHH C YacTHBIMUA IIPOW3BOJHBIMU

o N s
OTHOCUTEJIbHO HEU3BCCTHBIX MEPEMECIICHUU u( ), V( ) :

L, (Cij ) ”(m +L, (ij ) V(]’S) +L11(C,§'2) ) fl(s)(E» T1)+L12 (CIS’Z) ) fz(s) (‘t-» Tl):pfs)

Lo (€ ™4 Ly (€ )+ Lo (C) A B+ L €) £ )=

O6OOIIEHHEIE HATPY3KH pl(s) u pgs) ONpeIeNOTCS 110 (hOPMyIam:

Y o o1 ’ o614 ™
pf»:_(cy-cxs>)-(as>cl—ag2>c2){ —6n) & TEnk))

o o
(e, e, ){8051”) (Gn) 26t (Gt )} ;

1.12
on on (1.12)

(0 (Em,g) - (Em.)), (L2 % e al b))

Cucrema ypasmennit (1.11) mpn  f (c";, 1’]) =/, (&, T]) =0 coBmamaer ¢

COOTBETCTBYIOIIIEH CHCTEMOW ABYXCIOWHOHM IIACTUHKH C TOBEPXHOCTHBIMH YCIIOBUSIMU
(1.1) mpu moTHOM KOHTaKTe MeXy ciosimMu [15].

HewnsBectubie (1) HKOWA WHTCTPUPOBAHUA G(k’s) G(k’s) G(k’s) W(S) ONPEACIIAOTCA 10
Y p xz0 2>~ yz0 2 z0 0
d)op MYyJ1am:

\ 1 —(s * S
W= (g g,

ol =c7 — ) (g m,q)) (1.13)
ol =o(gm) -5 (ﬁ,n,€1)+(Ln (C,S-l)) u™ + L, (C,-,(-l))v(l’s))Jr

+al¢, FGZ(M) (&) as™ (&6, )} +

3 g g

(1) 86:(1,” (aﬂ n) _ 852(“) (&a n, C.)l)
+6;°G, on on

} (05 &mu™) vl 50

rae
Giz(o),Gjﬁo),csf(o)=6;,cjz,Gf; w =y w0 ) 5" 55— 5> 0

xz 2 Tyz 27z
lel'ﬁ/hagzz_hz/h’h:(h1+h2)/2'

Omneparopbl Lij (C ly(k)) OTIPEJICIIAIOTCS 110 OopMyJIam:
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D) _ 0 O Ht) O ) O -
L,(¢)=clP—+2c; +CY 2 (1,2x,;6m)

o ogon o
O A O I (A A
le(C[j )_C16 a—éz‘F(Clz +C66 )%4_6‘26 8_1’]2 (1.14)
JK€ctrocTH onpenensroTes CIEeAYIOMHIM 00pa3oM:
¥ =(-1)" BYe,.c, =+ . (1.15)

2. Hexécrkmii koHTakT. OcTaHOBHMCS 0OoOjee MOAPOOHO HA MOJENIH HEKECTKOTO
koHTakTa. CyTh 3TOH MOJENH COCTOMT B CJIEAYIOUIEM: MPUHUMAETCS, YTO CYILIECTBYET

TOHKMH CIIOH TOMmMHON /i, ¢ Mcuesarome Manoi cBHUroBoii skéctkocteio G, Mexmy

KOHTAKTUPYIOmUMH cpefamu. OtHomenume ) = lim — Moxer NpUHUMATh J11I000e
&0 9o

snavenne ot 0 o 00. TpemensHoMy ciydaro % =0 coorBercTBYeT KECTKMII KOHTAKT,

APYroMy NIPeeIbHOMY CIy4aro |, —> 00 — CKOJIB3ALINNA KOHTAKT.

JU1s IpoMeXyTOYHOTO COCTOSIHUS TpuHUMaroTcs [1,2]

(2) _u(l) — ﬁ(Y) =9, éze (Z — O)’ V(Z) _v(l) — ﬁ(v) =%, %Gyz (Z — O) . (21)

<

3

IocTosHuEIE ), ,%, HMEIOT pa3sMepHOCTr M°/H M I aHM30TPOIHBIX MATEPHANIOB
MMEIOT, BOOOINE TOBOpS, pa3HbIE KOJMYSCTBEHHBIE 3HadeHWs. IS TpaHCBEpCaIbHO-
M30TPOIHBIX MAaTEPHAJIOB C MIOCKOCTHIO U30TPONUU Z = CONSt ¥ M30TPOIHBIX MaTepHa-
JIOB HIMEET MECTO COOTHOINEHHE ), =X, -

Ocranpuble ycnoBus koHTakTa (1.2) ocratorcs HemsmenHbMH. Torma, m3 (1.2) u (2.1)
CIIe/TyeT:

O En)=nol) . AEn) =1,0% . 2.2)
IToxcTaBUB 3HAYCHHSA fl(s)(é‘,n) u fz(s) (é,n) m (2.2) B (1.12) ¢ yuérom (1.14),

MOJIYy4YuM CHCTEMY LlI/I(l)(l)epeHHI/IaHI)HbIX ypaBHeHI/Iﬁ C YaCTHbBIMU TMPOU3BOJAHBIMU JJIA

(Ls) (Ls)

OonpeAcIcHus U uny .

b (C )u(m) +L, (Cii )V(l’s) =p”

i

Em (Cij )u(l’S) + Zzz (Cij )V(I’S) = I_9§S) | @3)
e i

l_‘n ( i ) = _L11 (Cg' ) +.L, (Cg;'z))l‘n (Cy(-l )+ X2Li (Cg/Z) )le (Csl))

L.(6,)= :LIZ (AR (e L (G EvA N (g P (e )} (24)
Zzz ( v ) N :Lzz (Cif ) ki (C"(fz )L12 (Cl;l) ) oLy (Cf))l’zz (CIEI) )}
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51(3) = pI(S) _|:XIL11 (Ciﬁ'z))c (i n)+X2L12( ) (i ﬂ)}
+|:X1L11(Cz§1 ) (é n.G, )+ X2 12( ) (‘2 n,G, )}

ooy (€. 0oy (&
—Xan(Céz)) ag a(§ ) Cgl) Oﬁfq ) €, — 2.5

o’y (€M) ) o’y (&)
o : o€,

(lzxygn, lv’ (ls); agk)’bgsk))

— YL, (Cy)) b3(I -

3amMeTuM, 4TO  ONEpPaTOpBI Lij (CU) 0 CpaBHEHHI® C  OmIeparopamu

L, (Cl.j ),(l , ] =1,2), umeror geTBEpTHIiA MOpsOK. TakuM 06pa3oM, B OTJIMYME OT CIydast

MOJIHOTO KOHTaKTa, KOHTAKT (1.2) MPWBOIUT K TIOBBINICHHUIO IOPSIKA pa3pelratonux
nuddepeHInanbHBIX YpaBHEHHH M, KaK CICICTBUE, YBEIHUYCHUIO YHCIIA MPOM3BOJIBHBIX
KOHCTaHT B PEUICHMHM BHYTPEHHEH 3aiaud. 3HAUCHHs ITHX I[IOCTOSHHBIX MOTYT OBITh
onpesieniensl u3 rpanuunbx yenosuii npu X =0,a u y = 0,b ¢ npusneyenuem pemrenus

MOTPAaHUYHOTO cosl. [ yIOBIETBOPEHHS TPAaHUYHBIM YCIOBHSM CJIEAYeT HPUMEHHTH
npuOIKEHHBIE METOABI, HAIIPUMEDP, METO HANMEHBIINX KBaJApaToB, Meto Tpedua u xp.
[16].

B cnyuae, korna xodhpduIuenTsr ¥, =%, = 0, cucrema ypasnenwuii (2.3) coBmnanaer c

CHCTEMOM, COOTBETCTBYIOIIEH TOM e 3adade JUIsl ABYXCJIOWHOM IJIACTUHKH IMPHU MOJTHOM
KOHTaKTe cloéB [15].
Otmetum, uto ipu S = () mpasble yacTu cucTems ypaBHerwHi (2.3), T.e. 0600MEHHEIE

(s) 50)

Harpysku [_)l nu pZ , HC COACpIKAT UYJICHBLI, 06y0J'IOBJI€HHI)I€ TreOMETPUICCKHU

HeNMHEHHOCThIO ToCTaBIeHHOH 3amauu. Jns npubmmwkennit S >0 Mensiorcs muuib
IpaBble YacTH YpaBHEHUH, KyJda BXOAAT KOI(QQHIHUEHTHI, XapaKTepU3yMoUHe OOLIyIo
AQHM30TPOIHIO, & TAKXKE YIEHBI, 00YCIIOBJICHHBIC T€OMETPHUYECKH HEJIIMHEHHOCTBIO UCXO[-
HbIX ypaBHeHuH. Kak BuaHo m3 dopmyn (1.6), HenmMHEHHOCTh TPOSBISETCS, HAYMHAS C
npubmmkenus § > 2. Bxiag mocienyrommx OpuoImKeHHi OyZeT CyIIEeCTBEHHBIM OCO-
OEeHHO a1 MaTepuajoB, O0Ja/AIONIMX CHJILHOW aHM30TPOIIMEH W B TOM Cllydyae, KOrjaa
BHEITHHE HATPY3KH UMEIOT OOJIBIITYIO U3MEHSAEMOCTb.

Cucremy ypaBHeHHUil (2.3) MOXKHO CBECTH K PELICHUIO OJHOI'O YPAaBHEHHUS BOCBMOTO

nopsiyika. TIpuMeHuB K 06eMM 4acTsIM MEPBOTO YPABHEHHS OMEPATOp Zzza a KO BTOPOMY —
(—[_412) ¥ CIIOKHB, TOTYYUM ypaBHEHHE

T 7 72\, =7 50 _7 5
(L11L22 _le) u'=Lyp —L,p," (2.6)

B 3aximouenun OTMETHUM, YTO 34E€Ch paCCMOTPCHA JIMIIIb BHYTPCHHA 3a/1ava. BOHpOC (6]
MOTpaHUYIHOM CJIOC U €ro B3aHMOL[eI>iCTBPIH C peuICHUueM BHyTpeHHeﬁ 3aga4yu MOXKHO
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OCYILIECTBUTH YKa3aHHBIM B [7] crocoOoM.

3akmodyenne. B paboTe HaiijieHa acHMITOTHKA W U3 TEOMECTPHUYCCKH HEIHHCHHBIX
YpaBHEHHI MPOCTPAHCTBEHHOW 3aJ[a4ydl TEOPUU YNPYTOCTH BBIBEIACHBI JTHHEHUHBIC JABYMEp-
HbIC TU(QepeHIIMaTbHbIC YPAaBHCHUS C YACTHBIMHU MPOU3BOJIHBIMU JUTS pacuéra ABYXCIIOM-
HOW aHU30TPOITHOW IUIACTHHKH, HA JIMIIEBBIX IUIOCKOCTSAX KOTOPOW 3aJaHbl CMEIIAHHBIC
KpaeBbIe YCIOBHUS TEOPHH YIIPYTOCTH, a Ha IUIOCKOCTH pasfiesia CIOEB — 3aKOH pacIpese-
JIGHWA PpPa3HOCTEH TaHreHUMANbHBIX TmepemenieHnid. [locTpoeHo pelieHre BHYTpeHHEH
3a/a4d M MOKa3aHo, YTO KOT/Ia Ha IUTOCKOCTH pa3zieia CIIOEB 3aaH 3aKOH paclpereleHus
Pa3sHOCTH TaHTEHIIMANBHBIX MEPEMENICHHH, TO 3TO NPHBOIAWT K TOBBIIICHUIO IOPAIKA
paspemaomux audpepeHnnaIbHpIX ypaBHeHNH. Takke MoKa3aHo, YTO YICHBI, 00yCIIOB-
JICHHBIE TEOMETPHUYCSCKH HEIMHEHHOCTHIO MCXOIHBIX YPaBHEHHWH, MPOSBIIOTCA B IOCHE-
JYIOIUX MPUOIMKEHUAX U OyAyT CYIIECTBEHHBIME OCOOCHHO JIJIsl MaTepPHAaIOB, 00JIaaaro-
NIMX CUILHOW aHWU30TPOIHUCH M B CilydYae, KOTJa BHCIIHUC HATPY3KH HMCIOT OOJBIIYIO
U3MEHSIEMOCTb.
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ZU3UUSULE @SNk E3NPLLENP ULUSHL UYUNGUDPUSE SttuUah
W3BECTUSI HAIIMOHAJIBHOM AKAJITEMUM HAYK APMEHUM

Uthuwuhju 71, Ne3, 2018 MexaHuka
VK 539.3
THE FORMATION AND PROPAGATION OF ELASTIC (SH) SHEAR
WAYVES IN A CELLULAR COMPOSITE WAVEGUIDE
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AserucsH A.C., Xauarpsa B.M.
Oo6pa3oBanue u pacnpocrpanenue ynpyrux (SH) cIBHToBbIX BOJIH B C€TYaTOM KOMIIO3MTHOM BOJIHOBOJIE
KiroueBble cJ10Ba: KOMITO3UTHBIH BOJTHOBOJ, CABHIOBAsI BOJIHA, JTOKAIN3ALHs BOTHOBOM SHEPTHH, IIEPHOJHICCKAs
CTPYKTYpa, HEOAHOPOIHBII CIIOH, 3alPETHBIC YACTOTHI, (Pa30Bast CKOPOCTh, CETUATHIN KOMITO3UT.

OOCyXaloTcsi BO3MOXKHBIC BapHAHTBI O0pa3oBaHUs W PACHPOCTPAHEHUs YNPYrodl CIABUIOBON BOJHBI B
CEeTYaTOM KOMIIO3UTHOM BOJIHOBOJE C KAHOHMYECKUMHU HPSMOYTOIbHBIMH sueiikamu. CeTdaTslii KOMIIO3HTHBIN
BOJIHOBO/I MOZCIMPYETCS KaK CJIOHUCTBIH BOITHOBOJ U3 MEPUOJIHICCKH IPOAOIBHO HEOAHOPOAHBIX YIPYTHX CIOEB.
IMomydyeHsl ¥ WcciIeIOBaHBl JUCTICPCHOHHBIC YPaBHEHHs (QHIBTPAlMM YacTOT BJOJb BOJHOBOJA, a TAKKe
JHCIIEPCHOHHBIC ypaBHEHHS (OpMOOOPa30BaHUS B MEPUOAUYECKHX IPOCIOHKAX, IO TOIIIMHE BOJHOBOIA.
IMoka3bIBaeTCsl, YTO HAMICKALIMM BHIOOPOM Map MaTepUaioB B CIOSX MEPHOIMYECKONW CTPYKTYpBI, a TaKXKe
OTHOCUTEIBHBIX TOJNIIMH O3THX CJIOEB, MOXHO JIOCTHYb Pa3HBIX CXEM BOJHOOOpPA30BaHHSA 110 TOJIIHHE
KOMIIO3HUTHOTO BOJTHOBOJA.

UHCIEHHO HCCIENOBaHbBl JUIMHHOBOIHOBOE (HH3KOYACTOTHOE) M KOPOTKOBOJHOBOE (BBICOKOYACTOTHOE)
HPUOIVKEHUs TUCIIEPCUOHHBIX ypaBHEHNH. DOHOHHAS CTPYKTYpa COCTABIAIONIMX CIOEB BOJHOBOJA IPUBOJMT K
Pa3HBIM 30HaM IIPOITYCKAaHUS YacTOT, 00pa3ys (MIIBTP MO OTACTBHBIM CIOSM. JIOKaIM30BaHHbBIC YIbTPAaKOPOTKUE
Me/JICHHBIE YIIPYTHe CIBHIOBEIE BOIHBI IT0 TPAHUIIAM CONPEIeIbHBIX KOMIIO3UTHBIX CIOEB HE PACIIPOCTPAHSIIOTCS.
Jlokanu3anus S3HEprUu yrpyroi CABUTOBOM CMEKHOM BOJIHBI (BoJHA THMA JIsBa) y rpaHUI] CONPENEIbHBIX S4eeK
XapaKTepU3yeTcs MOIYJIAMU (PU3NUECKHUX ITOCTOSHHBIX MAaTEPHaIOB U OTHOIICHUEM JUIMHBI 00pa30BaHHON BOJIHEI
C TOJNIIHAMH COCTaBHBIX CIIOEB.

Uygbknhyuwi U.U,, Muyunpub 4.0.
Unwdquljuit uwhph wihpubph (SH) Abwgnpoudp b mwpudmup gmbgunpy pununpyuy
whpwwnwupmyd
Zhdiwpuntp’  pununpyuy  wihpwwwp, uwhph  wihp, wihpught  tubpghugh  nbqujiugnd,
wuppbpulul jupnigusp, wihwdwubn obpn, wpghpdus hwdwhuljuinipnitttp, thnyught
wpwgnipinil, gumugunhy Yndynghun:

Yhuwpyynd £ juunthl nmunublmb pohoubpny gwigwwnhy pununpuy)  wihpwwnwpnid
wnwdquijwl uwhph wihpubph dbwynpoidwt b wwpwsdwt htwpudnpoipniip: Swigwnhy
pununpjuy  wihpwwnwpp  Unpijuynpynd Eonpybu wwppbpwlut  Epuyiuut wihwdwubn
wnwdquljul okpntphg juquyws whpuwnwp:

Unugjws b htnwgnundus i whpwwnwph Epuyipny hwdwpwljubughtt quuiwt phuybpuhugh
hwjuwuwpnudubpp, huywbu twl, pun whpwwnwph hwunnpjut yuwppkpuljut Eipwobpnbpnud
whpuyht dukph Yuquwynpoudp: 8nyg b wpynud, np wuppkpuljut wthwdwubn Gipwobpubpnud
Juunuhl pohoutiph wniptph b swihtiph hwdwywwnwupiwb punpnipyudp Jupbh b unwbwg wihpuyght
Aubkph b npuig nwpwsdwt mwuppkp uubdwibkp:

Guunupyws k Epjupwhpuyht (qusphwdwjpulwiwgh) b jupdwihpught (pupdphwdwjuuluiiughiy)
uwhdwbught nphyptph pduyhtt hbnnwgnuumipnit: Ujhpwiwph punugnighs okpnbph $nuntiught
Yupnigjuépp phpmd £ pryguunpbih b wpgbpjnn hwdwumpmbtbph wwppbp  nhpnyptph
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Aliunplijny quuhsibp wnwbidht obpinbipnid: Uwhdwbwlygnn okpintiph dhugdwb dwljkplinygpubph tnwn
nbnuyugdus nyunpuljupd puinun wewdquljut vwhph wihpubp skt wwpwdynid: Lyudh whuwh
wnwdquljwi uwhph  whph Eubpghuyh wnbnuytwgnuip  ghpnbph  uwhdwbwlgdwb  Eqpoid
punipugpynud £ juinthy mnnuuynibubph wompkph  Ynpumipmituiph b nupnublyniiubph
Epupnipiniiitbph hwpwpbkpnipnibbpng:

The cellular composite waveguide is modeled as a layered waveguide of periodically longitudinally inhomogeneous
elastic layers. The dispersion equations of frequencies filtering in periodically inhomogeneous layers, as well as the
dispersion equations of wave formation in the composite stratums are obtained and analyzed. It is shown, that
through the proper selections of pairs of materials in the layers of periodic structure, as well as of the relative
thicknesses of these stratums, different schemes of wave shaping on thickness of the composite waveguide can be
obtained.

Long wavelength (low frequency) and shortwave (high frequency) approximations of the dispersion equations are
numerically examined. A phononic structures of composing layers of the waveguide leads to different zones of the
bandwidth of frequencies forming a filter in the separate layers. The localized ultra-short slow elastic shear waves
by the borders of the adjacent composite layers don't propagate. The localization of energy of adjacent elastic shear
wave (Love type waves) at the borders of neighboring cells is characterized by the modules of physical constants of
materials as well as by the ratio of length of the waves to the thicknesses of the composite layers.

1. Introduction.

Dispersions and/or dissipations in the propagation of a normal wave signal in a
homogeneous, bounded elastic medium depends strictly on the boundary conditions, on the
physico-mechanical characteristics of the neighboring media. The possibility of localization
of the wave energy of plane strain in the surface zone of a mechanically free surface of an
elastic isotropic half-space is already shown in the primary source of research on the possible
localization of wave energy in the propagation of waves Rayleigh J.W. [1] (Rayleigh wave-
1885r.).

In 1911 Love A. E. H. [2] showed that it is possible to localize the wave energy of the elastic
shear in the near-surface zone of joining an elastic half-space with a softer elastic layer. After
some time, in 1924 Stoneley R. [3] showed the possibility of localization of the wave energy
of an elastic plane deformation in the near-surface contact zone of two isotropic elastic half-
spaces if the densities and elastic modules of the boundary media differ insignificantly.

In each of these cases, the wave formation along the thickness of composite structures is
characterized by a phase bond of the length of the formed wave from the source oscillation

frequency — A(®) (or by convenience, the correspondence of frequency and length of the

formed wave —®(A.) ). In all these and other classical problems, the phase relationship, in

addition to the relative values of the physico-mechanical constants of the adjoining media,
also depends on the nature of the surface conditions at the joint boundaries of the contiguous
bodies.

The survey of the most widely used methods for determining the structure of eigenmodes
propagating in periodic structures or the features of wave formation in different composite
structures are presented in particular in Auld's B.A.[4], Achenbach's J. D. [5], Meleshko's
V. V. etal.[6], Gazalet's J. etal. [7] works etc.

In recent years with the development of precise instrumentation, wave phenomena associated
with stratification of waveguides have been widely studied. In the scientific literature one
can find many works devoted to wave processes in transversely inhomogeneous waveguides
or in longitudinally inhomogeneous waveguides. An extensive technical overview of the
latest achievements (more than 400 titles) in the field of problems of the dynamics of elastic
and electro-acoustic waves in periodic structures is given in M.I.Husseinetal’s [8] work.
The inhomogeneity of a periodic interlayers predetermines the nature of the wave form by
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the thickness of the composite waveguide. The results of the investigation of the existence of
the Love type waves of in a three-layer elastic half-space are given in Kaptsov A.V.,
Kuznetsov S.V. [9]. In the paper Avetisyan A.S., Belubekyan M.V., Ghazaryan K.B. [10],
the authors are modeled the joining of two half-spaces, withe the canonical rectangular
projections, as a three-layer periodically inhomogeneous waveguide.

he proposed article discusses possible options for the formation and propagation of an
elastic shear wave in a cellular composite waveguide. The cellular waveguide is modeled as
a three-layer, longitudinally inhomogeneous elastic waveguide, consisting of periodically
alternating composite inhomogeneous layers.

2. Modeling of a composite waveguide and formulation of the mathematical
boundary value problem.

Three-layered waveguide consisting of the identically periodic longitudinally

inhomogeneous layers, with thicknesses 2/, 2A, and 2h, respectively, is represented by

a composite inhomogeneous waveguide of general thickness 2H =2(hy+h +h,)

consisting of periodically alternating composite interlayers of elastic isotropic homogeneous
materials (Fig. 1)

an(x;y;z):{a <x<b;

<oo} 2.1)

in(x;y;z):{OSxSa; 1; z|<oo} (2.2)

Unboundedness along the coordinate z of the constituent layers of the waveguide allows to
proceed to the two-dimensional formulation of the problem.
Each compound layer (2.1) and (2.2) in a periodic cell is formed from three, rectangular cells

{mnm (x; y)} , ideally contacting on the internal surfaces of a layered waveguide y = 1A,

{my ()} ={0<x<a; —h<y<h,}

{my,(x; )} ={a<x<b; —hy <y<h,} 23)
(my ()} ={0<x<a; hy<y<h+2h)

{m,(x;y)} ={a<x<b; hy<y<h,+2h} 2.4)
{mzl(X;J/)}:{O x< ;—hO—théyS—ho}

{mzz(x y)={a<x<b; —h,—2h, SyS—ho}} 2.5)

the waveguide, and m =1; 2 are the numbers of distinguished composite interlayers in

periodic cells.
In general, the materials in the isolated rectangular cells are different and, accordingly, are

characterized by shear modules G

.m and densities P, =~ of elastic materials.
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Fig. 1.1 The cellular structure of the periodically inhomogeneous three-layer elastic waveguide

where n=0; 1; 2 are the numbers of periodically inhomogeneous layers in if a flat normal
(SH) wave signal of elastic shear W (x; y;t) = w(x;y)-exp(—iwt) is fed into the
waveguide then along the formed three longitudinally inhomogeneous channels of the
waveguide the interrelated elastic shear modes propagate. To study the patterns of wave
propagation in a composite waveguide, rectangular cells will solve the wave equations of
antiplane deformation In order to study the laws of wave propagation in composite
waveguide the wave equations of the antiplane deformation will be solved in rectangular cells

{m,, (x; )}
62anm (‘x9 y) + 62anm (‘x9 y) — _(DZC—Z 3

ox’ oy’ "
where C,,, = «/Gnm / P, 1s the velocity of the volume shear wave in the material of the

W, (X)), (2.6)

corresponding cell {mnm (x; y)} .

In each layer n e {0; 1; 2} on all the lateral surfaces of the adjacent interlayers, the

conditions for complete mechanical contact are satisfied. On the section x = a, these
conditions will be written in the known form:

Wnl(aDybt) = WnZ(aDyﬂt)5
G, oW, (x; ;1) /x| _ =G, -0w,,(x; ;0)/0x| _ 2.7)

Taking into account the periodicity of the structure in the direction of wave propagation, the

xX=a

conditions for the conjugation of mechanical fields on the sections X =0 and x=a+b
are written in the form:

w, (a+b;y;t)=p"'w,,(0;y;1)
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G, -u-@wnl(x;y;t)/axL:M =G, 0w,,(x;y; t)/@xLC:0 (2.8)
In the boundary conditions (2.8) W =exp(Lk) is the Floquet multiplier (frequency

coefficient) and L =a+b is the linear parameter of periodicity. k(OJ) = 2712/ X(O)) —is
the wave number of the formed wave (the Floquet wave number) corresponding to the
permitted wavelengths A(®) .

In all relations (in all three layers) (2.8) the Floquet multiplier is the same, because the
canonical structure of the cellular waveguide leads to the same geometric periodicity in all
three channels.

The conditions for complete mechanical contact are also satisfied on the contact surfaces of
periodically inhomogeneous layers. Taking into account the periodicity of the waveguide

structure, the conjugacy conditions of the mechanical fields on the inner surfaces y = ho
and y = —ho of the waveguide will be written in the following form, respectively:

W oy (X5 hg58) = W, (x5 7y 5 1)

G,, - 0w, (x; y;1) /0y sy = O 0w (3 y;t)/8y|y:ho @9)
Wy (X5 =h1g32) = W, (X5 =Py 3 1)

Gy, - 0w, (x; J/;t)/8y|y:7h0 =G,, ~8w2](x;y;t)/8y|y?ho (2.10)
W, (X3 hy5t) =W, (x5 hy51)

Gy, - OW, (x; y31) /Oy o =G 0wy (x; y;t)/8y|y:h0 @11)
W (X5 =93 0) = Wy, (5= g3 1) o1

Gy, - OW (X;y;t)/aﬂy:,ho =G, -8W22(x;y;t)/0y|y}ho

On the external mechanically free surfaces y =/h,+2h and y=—h,—2h, of the
waveguide, the boundary conditions are written in the following form, respectively:

oW, (0[O, L, =0 oW, (1D, =0 (2.13)
oW, (s y0/oy] L, L, =0 owy, (/o] =0 (2.14)

3. Solution of the mathematical boundary value problem.
Taking into account the identical periodicity of all three layers (channels) of the waveguide
and 2the invariance of the systems of equations (1.6) in all cells of the cellular waveguide,
we construct the solution of the boundary value problem by the method of separation of
variables W, (xy)=X o (x)- Y (7). We obtain six systems of ordinary differential

m

equations:

d’X,,(x)/d< +k;, - X, (x)=0
d’Y,,(»)/dy’ - k.00, Y, () =0

Each system of equations (3.1) describes the state of the cell {mnm('x; y)}, where

(3.1)

n=0; 1; 2 are the numbers of the layers in the waveguide and m =1; 2 are the numbers
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. . . [ 2/p2 2 .
of the interlayers in the periodic cells, &, =+/l—® / k. c. are the wave formation

coefficients in the corresponding cells, k£, () is the wave number in the given cell.

nm
The integrity of the wave process and the interconnection of wave formation along the
thickness of the composite waveguide is ensured by the synchronism of the propagation of

waves in the corresponding adjacent rectangular cells of the selected interlayers m =1; 2.
Therefore, the solutions of the first equations of all six systems (3.1) in periodically
longitudinally inhomogeneous channels 77 € {O; I 2} are written as harmonic functions:
X, (x)=C sin(k x)+D, cos(k,x) (3.2)
For convenience in the analysis of the problem of localization of high-frequency waves, the
solutions of the second equations of systems (3.1) will be written down by hyperbolic

functions. Then the wave field in each cell of the composite waveguide will be written in the
form

w,, (5 y;0) =X, (x)[4,,-sh(k,a,,»)+B,, -ch(k,a,.v)]-exp(-iot)  (3.3)
Taking into account the same periodicity of all three layers of the waveguide, we use the

Floquet-Lyapunov theory.
Substituting the solutions in the cells of a periodic cell (interlayers numbered m =1; 2)

w,, (x; ;1) =[ C,, sin(k,x) + D, cos(k,x)] x
><|:14nl ' Sh(klanly) + Bnl ' Ch(klanly)] : eXp(_l(Dt)

. (3.4
W, (x5 y;8) = [an sin(k,x)+D,, Cos(kzx)] x

X[An2 ) Sh(k2an2y) +B,," Ch(kzanzy)] -exp(—iot)

into the conditions of complete mechanical contact on the face of the cells, taking into
account the periodicity of the channel structures (2.7) and (2.8), for nontrivial wave
distributions in periodic composite interlayers we obtain three dispersion filtration equations
for each layer by the number n

{cos (Lkn )} = {cos(lc1 a)-cos(k,b) Gk +Gky

sin| -sin(k,b 3.5
26 4Gk (ka)-sin(k, )} (3.5)

Each of these equations 7 € { 0; L 2} corresponds to one of the channels in a three-layer

waveguide. From each equation (3.5) the solvable wavelengths are determined, with the
corresponding bands of admissible (or forbidden) frequencies

A, () =27 /arccos { cos(k,a) - cos(k,b) — Axsin(k,a) - sin(k,b)} (3.6)
where A =[ Gk} () + Gk (0) ] /[2G, k(@) Gk, ()]

The solvable wave numbers determined in each channel (in layer with number
n E{O; 1; 2}) k,(®), k (w) and k, (o), and also the corresponding zones of
admissible frequencies must be matched by the condition of synchronous propagation over
the interlayers. The wave number k(co) = 2712/ 7»((0) (wave number of Floquet) of the
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formed wave corresponding to the admissible frequencies @ is already defined as the cross
section of the sets over the entire composite waveguide

{k(@)} ={k (@)} "k (@)} N {K; (@)} (3.7)
It is obvious from (3.7) that the multilayer reduces the region of admissible frequencies. The
measure of reduction depends on the difference in the physico-mechanical characteristics of

the materials and the linear dimensions of the neighboring cells (see Fig. 3.a, 3.b and 6).
At first glance, from (3.5) and (3.6) it follows that the filtration property of a composite

waveguide is mainly determined by the parameters of the longitudinal inhomogeneity Gnl ,

an , a and b. But, as it turns out later, the filtering features in the composite waveguide
are determined by the composite nature of the periodic layers. The composition of materials
and the linear dimensions of the cells in the interlayers determine the character of the formed

waveformk, (®) in the interlayers. Wave numbers &, (®) and k,(®) in the corresponding
interlayers of a periodic cell are determined from the boundary value problems formed in

these composite interlayers.

Substituting the solutions of (3.4) of the second equations of the systems (3.1) of the
corresponding cells, {mnl(‘x; y)}, where 7 E{O; 1; 2}, into the boundary conditions
(2.9), (2.10), the first of (2.13) and the first of (2.14), and the solutions of the corresponding
cells {ng (x; y)}, where 1 € {0; I 2} , into the boundary conditions (2.11), (2.12), the

second of (2.13) and the second of (2.14), we obtain two dispersion equations of wave
formation characterizing the distributions of nontrivial solutions along the thickness of the

interlayers in (x;y;z) and an (x;;z) of the composite waveguide in general form:
1m 2m

th(zaomkmho) — M’Om lth(zalmkmhl) + M’On; th(2'a‘2mkth)

1 + Hoﬁth(zalmklmhl) ' Hozth(ZG‘kath)

In the dispersion equations of the wave formations (3.8) kl (®) and k2 () are the desired

(3.8)

wave numbers in the corresponding interlayers of the periodic waveguide -cell,

a,, = \/1—(02 / (ki (co)cjm) are the attenuation coefficients of the slow waves in the

corresponding  waveguide  cell {mnm (x; y)} , ur£G, o, / G,, 0, and
“(2)2 = G,,0,, / G,, 0, are the characteristic relative coefficients of the slow waves.

By the definition of the wave numbers &, (®) and k,(®) from equations (3.8), in fact, we
determine the phase velocities V:bm ((D) = (D/ km ((D) and shapes of the formed wave in each

periodic composite layer of the waveguide when the wave signal passes with the frequency
.

By substituting the obtained values k,(®) and k,(®) into the dispersion equations (3.5)

characterizing the passage of waves, at 7 = {0; I; 2} , we obtain zones of admissible (or
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forbidden) frequencies {k; (0))}, {kl* (0))} and {k; (0))} for each channel (along the
periodically longitudinally inhomogeneous layer). The zones of admissible (or forbidden)

frequencies {k(CO)} of the cellular composite waveguide are obtained from the relation

3.7.
It should be noted that the dispersion equations of the formations (3.8) in the above form
correspond to slow SH elastic-shear waves when the phase velocity of the formed wave

. . 2 /72 : 2 . .
satisfies the condition I/m¢ (w)=o / k(o)< rI})lll’l2 {Cnm} in each interlayer. For waves
n=01;

of other characteristic types, the dispersion equations of the formations (3.8) are respectively
transformed. In the case of studying of the propagation of fast waves: — with phase velocities

Voo (0)=0" / k’i (0) > 'galxz{cfm} , or adjacent waves — with phase velocities

: 2 2 . . .
n’%lln2 {Cnm} < I/m(l) (w) < rr})alxz{cnm} in the layers of the composite waveguide the
n=01; n=0;1;

dispersion equations of the formations (3.8) are respectively transformed to the following
form:

1m 2m
vt eta(2B, k h)+v:" -te(2B, k h
tg(zﬁomkmho): Omlm g( Blm m 1) O;r;m g( BZm m 2)
1_VOm : tg(zﬁlmklmhl) ' VOm : tg(zﬁzmkth)
where vi" =G, B, /G,.B,, and vi" =G, B, /G, B,, — characteristic relative

coefficients of fast waves. In the case of studying of the propagation of adjacent waves, for
which the phase velocities in periodic interlayers in different ratios with the space velocities

(3.9)

. 2 2 . . . .
in the cells Min {cnm} < Vm¢ (®) < max {Cnm} , the dispersion equations of the formations
n=0;1;2 n=0;1;2

(3.8) are respectively transformed to the form:

8" -th(2a, k h)+8." -th(2a, k h
tg(zﬁomkmho): 1i’),lm ( 1m™“m 1) — 0m ( 2m’ " m 2)
6Omth(zalmklmh’l) '80m ’ th(2a2mkth)_l
where 3" £G,, a,,/Go.Bo, and 8" £G,, a,,/G,.B,, — characteristic relative

coefficients for adjacent waves.

From the inferential dispersion equations of formation (3.8) + (3.10) it is obvious that the
existence of their respective solutions uniquely depends both on the relationships of the
physical-mechanical characteristics of the materials and on the relative linear dimensions that
make up the rectangular elements of the composite waveguide.

On the other hand, the obtained forms will propagate in the region determined from (3.5),
(3.6) and (3.7).

It is clear that even in the case of a three-layered, periodic longitudinally inhomogeneous
waveguide, there are many choices of different possible combinations and a group of
materials and linear dimensions that make up the cellular waveguide of rectangular cells. In
practice, many applied problems in which the achievement of the desired solution depends
on the choice of different combinations of physical-mechanical characteristics of the
materials of rectangular cells and/or the relative linear dimensions of the elements of the
composite waveguide. Of course, this can be achieved by a machine choice. Here we will

(3.10)

62



investigate the characteristic model cases of propagation of a wave signal in structures with
known parameters.

4. Model cases of propagation of shear wave signals in a three-layered
cellular waveguide.
For the convenience of studying the wave process, we represent the dispersion equations of
the wave formation (3.8) in the form

G201, ke 1)+ 2% (200, K )

1 + m7m_, th(zalmkmhl) P 2m2m th(z(x‘kath)

Omu‘()m Omu‘()m
where the factors (factors of the Love problem) like (th(ZOL mknh;) / G,,o jm)

characterize the form of the wave in each layer.

Dispersion equations are easily derived from (4.1) in the limiting cases of the wave formation
process: in the long-wave (low-frequency) and short-wave (high-frequency) approximations.
In studies of limiting cases, we shall conventionally assume that in a three-layered cellular

waveguide, the thickness of the inner inhomogeneous layer is either less ho < min {hl ; hz}

, or greater /i, > maX{hl;hz} than the thicknesses of the remaining two layers. In

numerical calculations, these and other linear dimensions of the canonical rectangular cells
will be taken in accordance with the requirements of the problem under study.

Table 1. Shear Modules, densities and velocities of shear waves in some good conductors
and piezoelectric crystals

Gold Au Copper Silver Ag | PZT-4 Zinc
Cu oxide
Zn0

Shear module ofthe | 27x10"° | 4.833x10" 3.03x10"° | 2.56x10" | 4.25x10"
material of cells

G (/md)

nm

Density of the | 19.32x10°| 8.93x10° | 10.49x10°| 7.5x10° 5.68x10°
material of the cells

P, (kg/m?)

Velocity of the | 1.182x10°| 2.326x10°| 1.67x10° | 1.85x10° | 2.74x10°
volume (SH) wave

c,, (m/sec)

Also, we will assume that the speed of volume shear waves in materials of rectangular cells

{mOm(x; y)} of the inner layer is less than volume velocities of shear waves
G <min{C 'sz} or greater than the volume velocities of shear waves

Im>

G, > maX{Clm;sz} in neighboring cells m,, (x;y) and m,, (X;y), respectively,
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where m =1;2 . Numerical analysis will be carried out by choosing different combinations

of materials for contiguous cells of periodic layers from Table 1.

4.a. Propagation of low-frequency shear waves (long waves) in a three-layered
cellular waveguide.
In case of a low-frequency propagation of shear waves in a waveguide, long waves are

formed for which 2Tthn /7\,m (w) <1 or km (0)- hn <1 for all values of m € {1;2} ,

ne {0;1;2} . In this case, from (4.1) we obtain dispersion equations for the formation in

periodic layers of the waveguide simplified by long-wave approximation:

kihy =[ (05, + 041, ) 03 =, |- kB3 +(0,5,0,,,0 = p,, )y =0 (4.2)
where 9n = (1 —=8,0Y10m — 020Y20m )/4810620Y10mY20m and
P =(1=8,0P10m = S20P20m )/4810820Y10my20m are the parameters of the waveguide
that depend on the relative thicknesses of the layers composing the waveguide 6}'10 = hn / ho
, the relative stiffness’s of the shear P, =P,m / Py, and the relative densities
Voom =G /Gy »and 0, = c2. /¢, is the ratio of the squares of the velocities of the
volume waves of shear of the materials of the neighboring cells in the interlayers m € {l; 2}

and ne {0;1;2}, ®, = ((Dho / COm) is the dimensionless frequency normalized by the

parameters of the inner layer of the waveguide. From the form of the dispersion equations
for the formation (4.2) it follows that for the existence of two pairs of long waves with respect

to the thickness of the inner thin layer of the waveguide &, (®)-/, <1, in each composite
interlayer it is sufficient to require
1- 810p10m — 820[320m .

48,0850P10,P20m ,

(ohy/c,, ) > max s s (4.3)
— 059~ Oy (YZOm/Ylom)
45,0, [pZOm *+Piom (Yzom/Ymm )]
Then, for the positive determinant of the biquadratic equation (4.2)
(Dg —20,,,0,,, '|:qm - me/(e(nm —0 )2} ) (Dé + 4.4)

+q;/(901m _602m )2 20

the formation of waves along the layers of the waveguide along with the condition (4.3) will
depend on the presence of zones of the dimensionless frequency in a limited band of low
frequencies
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2p,
q,— -
2 (901»1 _602m )2
((’OhO/COm) = 610m620m X - 4.5)
~llqg - 2p, _ eélme§2m .Qi
"’ (901m - eozm )2 (eom - eozm )2

or in a semi-restricted band of relatively high frequencies

2p,
4y ——— 3 |+
(6 m- 0 m)
(('OhO/cOm )2 20,0,,00,,% - - 3 (4.6)
" (601m _eozm )2 (601m _eozm )2

The solutions of the dispersion equations for the shaping in both periodic layers of the
waveguide (4.2) in a limited band of low frequencies {(4.3);(4.5);(4.6)} will be written in the
form

12
[( 41, + 0021 ) (’)(2> B qm:l
+ 1 2
k, (@)= ™ 0 +0. o ’
0 + B
* I:( Olm 02m ) @ " G ] - eolmemmwg + p’”w(z)

4
Substituting the obtained values of the wave numbers kl () and k2 (®) into the dispersion

equations of the channels (filtration equations) (3.5) and comparing the solutions with the
frequency bands {(4.3);(4.5);(4.6)}, we find bands of admissible (or forbidden) frequencies

through the channels # € {0; I 2} . From (3.6) we also find admissible wavelengths A’ (@)

through the channels 7 € {0;1;2} . All the results obtained are related to the long-wave
approximation.  The  results, that are in the  approximation range
th2a,, k, h,) =20,k h are suitable, with the corresponding channel numbers

ne {0; 1;2} and periodic interlayers m € {1;2} )

In order not to lose the effect of the periodic inhomogeneity of the waveguide, for long-wave
approximations, it is necessary to take into account the correspondence of the linear
parameters

(n%@g}{hn}j/xm (@)=l = ( min}{hn})/min{a;b} <1 (4.7)

A, (®) <min{a;b} el
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Consequently, the long-wavelength approximation is suitable for thin three-layer waveguides
with a relatively large linear periodicity parameter L =a+b .

k(w)
i kiflwl -
1000 - .~
| ‘/‘
[ P
800 Re -
r .~ -
: ‘,' ~ P d
a0 - -~ -
[ = - -
i B - _ -
a0 -, kilel _ = -
- ko] o _ - P
[ < < kilew
200 f ~ 7 - s - 2[ ]
- < Ve 7
P L Il L I L L Il l\ L L L Il L L L L Il g\)
- 500000 10 = 108 15 x 108 20 <10

Fig. 2.a Wave numbers of wave formation in interlayers k1+ (m)ﬁ{Cu+Au+ZnO},

k; () ﬁ{PZT —4+Ag+ZI’lO} of the composite waveguide with a thick inner layer

hy=1.0x107m, h =1.0x107 mand h, = 2.0 x 10~ m. in the case of long-wave approximation.

In the first layer for the adjoining cells of copper — ¢, = 2.326 x 10> m/sec, of gold —
Cop =1.182x% 10> m/sec, of zinc oxide — c,, =2.735x% 10° m/sec and in the second
layer of the piezoelectric crystal PZT-4 - ¢, =1.848x 10° m/sec, of silver -
¢y, =1.67x10° m/sec and of zinc oxide - ¢,, = 2.735x10°m / sec , in the frequency

range € [O; 106] Hertz, the dispersion equation for the formation (4.2) for each

interlayer has two solutions (Fig. 2.a and Fig. 2.b).

Fig. 2.a shows the wave numbers for the formation in the case of a relatively thick
(centimeter) inner layer of the waveguide.

From these graphs it follows that the lengths of the first two branches of the formed wave in
the interlayers are above the centimeter thickness

{X;min (0); A ((D)} >h,=1.0x107 m, up to the value of the frequency
o =1.0x10° Hertz.
The lengths of the second pair of branches of the formed wave, which are formed at relatively

. . - 6 . . . .
higher frequencies ®,; = 0.8x10° Hertz in the interlayers remain above the centimeter

thickness {k;min((»); M min ((D)} >h,=1.0x107 m at rather large values of the
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frequency ®_. =~ 2.0x 10° +2.5x10° Hertz.

Fig.2.b shows the wave numbers of the formation in the case of a relatively thin (millimeter)
inner layer of the waveguide. In this case, two pairs of wave branches are also formed. From

these graphs it follows that up to the value of the frequency w;ﬁn =1.0x10° Hertz the
lengths of the first two branches of the formed wave in the interlayers are already at the limit

(w); A (@)} ~3.0x107° m.

of millimeter waves {7»+

2min 1min
k(w)

i ki ] i
m L e o v e e s m— s w— s s — - -

: /
1500 L

r ki l«]
100

i _ -

| — -—

: kil«] - - -
50 = -

L _ = - = - kz_[CU]

i _==

r —-—

P I I I Il I I I Il I I I I Il I I I I Il g}
- 500000 10 =108 15 x 108 20 x 10

The lengths of the second pair of branches of the formed wave which are also formed at very
low frequencies in interlayers remain above the millimeter

Fig. 2b  Wave numbers of wave formation in interlayers
k' (o) 2{Cu+ Au+ZnO}  k; (0) 2{PZT -4+ Ag+Zn0O}  of the
composite waveguide with a thin inner layer 4, =1.0x10*m, h =1.0x10"m and

h, =2.0x107> m. in the case of long-wave approximation.

thickness {k;min (0); A (0))} 2 max {h1 ; hz} =2.0x107 m also at rather large

values of the frequency (x);laX ~2.5x10° +3.0x10° Hertz.

Comparative analysis indicates that for a given choice of boundary materials and different
relative thicknesses of the waveguide layers, both millimeter and centimeter waves can be
formed in the interlayers. From the point of view of the long-wave approximation of the
widths of the cells (or interlayers) in each case of investigations the thicknesses of the layers

{a;b} ~ maX{ho;}ll;}lz;7\,max ((D)} should be taken so as for the formed wavelengths

A (@) < min {a; b} .
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Then from the dispersion equation of the filtration (3.6) we find the lengths of the admissible
waves, as well as the bands of permissible (and forbidden) frequencies along the channels of
a periodically longitudinally inhomogeneous waveguide (Fig. 3.a and Fig. 3.b).

From the curves given in the figures 3.a and 3.b it follows that the transmitted waves with
their zones of permissible and forbidden frequencies are formed both for a pair of branches

of waves with smaller wave numbers & (®) (red lines) and for a pair of branches of waves

with larger wave numbers &, (®) (blue lines).

The zones of permissible frequencies for relatively short forms formed in this case are rather
narrow. Joint zones of admissible frequencies in both cases of millimeter and centimeter
waves are located in sections of the bands of permissible frequencies of the waveguide
channels.

In the case of the given set of cell materials and their linear dimensions, the cross-section of
the permissible zones is mainly related to the wavelength spectrum

o (@) 21 (@) €[0; 10] mm.
A(w)

0.6

0_55— k,;((()) k,f;((d)

0.4 H

0.3F

02|

0.1}

1 1 1

0 500000 1.0x10% 1.5x10° 2.0x10§u

Fig.3a. The lengths of the permissible waves 7\,(0)) in the case of a millimeter inner layer of a

composite waveguide A, =1.0x 10* m with the given wave numbers k;r (o)

Zones of admissible frequencies of long centimeter waves appear immediately, even at
lower frequencies (Fig.3.b). These zones and zones of forbidden frequencies are rather
wide in comparison with the zones of long millimeter frequencies (Fig. 3.a). In the case of
millimeter long waves, the bands of permissible frequencies for the relatively short formed

forms are in the region of frequencies @, ~6.0 x10° Hertz (Fig.3.a).
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Fig. 3.b The lengths of permissible waves A() in the case of a centimeter inner layer of a

composite waveguide /, =1.0x 107 m . with the given wave numbers k& ;’; (o) (Fig:2.a).

4.b. Propagation of high-frequency shear waves (short waves) in a three-layer
cellular waveguide.
During the propagation of high-frequency shear wave signals, short waves are formed in the

waveguide, for which 27h, /A, (©)>1 for all values of the numbers of periodic

interlayers m 6{1;2} and for waveguide channels 7 6{0;1;2}. In this case, from
equations (4.1) we obtain simplified dispersion equations for the formation in the short-

wavelength approximation for both periodic layers of the waveguide m € {l; 2}
[le()meom +¥20n002m ~ 1= 01,005, } M, (@) +
+|:(1 - Y;OmOOZm ) (1 - Y120n1 ) +(1 - Y120m601n1 ) (1 - ’Y§0m )j| ' nfn ((’0) + (48)

+|:(Y10n1 + Yo20m )2 _(1 + Y10mY 20m )2:| =0

In addition to the notations adopted, in (4.8) we also introduced the notation for the
normalized phase velocities in the interlayers 1, (®) = OJ/ (k,, (@)cy,, )-

From (4.8) it follows that the possible propagation of a high-frequency waves in a cellular
waveguide, as well as the values of the phase velocities in periodic interlayers depend only
on the relative physical-mechanical characteristics of the materials in the neighboring
rectangular cells of the waveguide.

Here, the short-wavelength approximation (4.8) is given for the case of slow short waves, at

a,, km hn ~ 27 . The taken approximation makes it possible to represent the phase velocities

of possible high-frequency waveforms (and also the corresponding wave numbers) in the
interlayers in the following form:
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k, (@)= max {((D/cnm )- \/1 +(2nc,, [ho) };
V,,(®)= min {cnm/\/l+(27wnm/hn(’°)2}

n=0;1;2;

(4.9)

The obtained solutions of equations (3.9) in the interlayers 1, () must satisfy the condition

N, (®) = ,Eéﬁ%{"’/(km (0)c,, )} <1 (4.10)

From the representation (4.9) we find the suitable values for the length of the waves formed
in the interlayers, which will be short in all three layers of the waveguide

A, (®) = min {hn/\/1+(hnco/2ncnm )2} (4.11)

n=0;1;2;

Alw)
0.0020

0.0015 |

0.0010

0.0005

1 T i Il L L

20x10° 40x10° 6.0x10® 8.0x10° 1.0x10° 1.2x10° 1.4x10°

w

Fig. 4. The lengths of the formed waves in the interlayers in the case of high-frequency slow
waves

Based on the convenience for a comparative analysis of the results, the numerical calculations
are carried out for the same sets of materials of the waveguide cells for which the calculations
were made in the case of the long-wave approximation.

In the considered case the lengths of the formed waves in the interlayers have the form which
is specific for the high-frequency slow waves (Fig. 4). From the figure it is also obvious that

. —4 . .
short waves max {Xnm (0))} < rrgjllnz{hn} ~10™ m corresponding to the thicknesses of
n=0;1; n=0;1;

the layers of the waveguide are formed only at values higher than the frequency

o ~1.75x10" Hertz.

Substituting the solutions of equations (4.8), which correspond to the representation (4.9) and
satisfy the condition (4.10), into the dispersion equations of channels (3.5) and into the
relation (3.6) we find the bands of permissible (or forbidden) frequencies, as well as the
admissible lengths of the propagating short wave for each channel (Fig.5.a, Fig.5b and Fig.
5.c) of the composite waveguide and also for whole waveguide (Fig.6).
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‘a.Tue I Fig. 5.a. Transmitting hard layer with
’ ‘ } parameters C,, =2.735x10" m/sec;
u,%g» . 1 ’ | a=1.0x10"m;, C, =2.326x10°m/sec;
; | | bh=2.5x10"2m;
| | [ ] With soft cells in the interlayers
0l 1 | |
\\ ," | }{ ~.1 C, =1.182x10° m/sec;
umz\K / \\ // \ C, =1.67x10°m/sec; ~ Thinness  of
waveguide layers i, =1.0x107* m;
0
s —— v b =1.x10"m; b, =2.x10" m;
e Fig. 5.b. Transmitting soft and thin layer
o I I Ii ‘ with parameters
ok ‘ H I H C,, =1.182x10° m/sec; a=1.0x10" m,
wt (8. B ]\ | C,, =1.67x10° m/sec; b=2.5x107 m;
‘ 1 ‘ It A A B ~
wet 1 1A ABNANAN hy =1.0x107" m; b =1.x10" m;
:\f v \ | ‘n. »"‘ \/\\ f' \. ’ ‘U Y ‘Ii [ | / 9 ‘ ) 3 " " "
o000 \j \/ v \‘/v' “\/" U h2 =2.x10" m;
mf“" Fig. 5.c. Transmitting layer with parameters
| ‘ | | C, =2.326x10° m/sec; a=1.0x107 m;
0.006 -
‘ ‘ ‘ ‘ . C, =1.848x10° m/sec; b=2.5x10"m;
ooosf
\ | 1 ‘1 l‘ With soft cells in the interlayers
- ’4 l1 | | A C,, =1.182x10° m/sec;
( 3k \
=t 1| [ C,, =1.67x10° m/sec;
oo '\ / \ / \ Thinness of waveguide layers
am:/ \, / \ S \ ) h, =1.0x10" m; h, =1.x10"m;
195 B }12:2.><1()‘3 m;

Fig.5. Zones of admissible and forbidden frequencies of high-frequency elastic shear waves in
periodically longitudinally inhomogeneous layers of a composite waveguide

These calculations were carried out in the determination region of short-wave frequencies:

® >1.85x10" Hertz. From Fig.5.a, Fig.5.b and Fig.5.c it follows that when the rigid cells
(the lower layer in Fig.1.1) are adjacent, the bands of admissible frequencies are wide and
separated from each other by relatively wide bands of forbidden frequencies (Fig.5.a).

In the case of a hard and soft neighboring cells (the upper layer in Fig.1.1), the bands of
admissible frequencies are rather thin and separated from each other by relatively thin bands
of forbidden frequencies (Fig. 5.c). In the case of two neighboring soft cells with the selected
combination of materials and linear cell sizes, a continuous spectrum of admissible
frequencies is obtained. Shorter wavelengths are passed through this channel. But in all these
cases the propagation of short slow waves of length

71



max {Xnm ((D)} < min {hn} ~10™" m formed along the thickness of the waveguide is not
n=0;1;2 n=0;1;2

allowed.

Fig.6. Zones of permissible and forbidden frequencies of high-frequency elastic shear waves in
a periodically longitudinally inhomogeneous composite waveguide
The cross sections of the resulting zones of permitting frequencies along the waveguide
channels (Fig.5.a, Fig.5.b, Fig.5.c) give the band of admissible frequencies and the
corresponding lengths of admissible waves in the composite waveguide (Fig. 6).
From all these figures it is seen that along the thickness of a composite waveguide millimeter

short waves of the length of the order A(®) = 1.0x10™* m can be formed. But the channels

are allowed to propagate only waves of the length of the order A(®)>5.0x107" m.

5. Conclusion. The cellular composite waveguide is modeled as a three-layer (three-
channel), periodically longitudinally inhomogeneous waveguide of canonical rectangular
cells.

The dispersion equations of wave transmission (filtering of frequencies) for each periodically
inhomogeneous channel are derived.

In the case of propagation of a high-frequency (short-wave) wave signal of elastic shear and
in the case of propagation of a low-frequency (long-wave) wave signal of elastic shear, the
dispersion equations of wave formation in periodic composite layers of the waveguide were
obtained and investigated.

The zones of admissible (or forbidden) frequencies are obtained both along the channels of
the waveguide and in the whole waveguide from the dispersion equations of frequency
filtration in accordance with the wave numbers in vertical composite layers.

The phonon structure of the constituent layers of the waveguide leads to different frequency
transmission bands, forming a filter on separate layers, localizing the wave energy at the
boundary segments of certain cells of the composite. It is shown that the formation along the
waveguide thickness in periodic layers is determined by the physical-mechanical and linear
parameters of the constituent cells of the interlayer.

The localization of the energy of an elastic shear wave (Love-type wave) at the boundaries
of contiguous cells is characterized by the modules of physical constants of materials and the
relative thicknesses of the constituent layers.
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In the process of filtering of the frequencies of the formed waveforms, the physicomechanical
and linear parameters of neighboring cells of inhomogeneous channels play the determinative
role.
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ZUSUUSULP @bhSNhESNPLLENP ULAUSHL UHUNGUDPUSP StNtuUahr
U3BECTHSI HAIITMOHAJIBHOM AKAJITEMUM HAYK APMEHUU

Utkpwuhlju 71, Ne3, 2018 MexaHuka

|Cepreﬁ AJIeKCaAaHIPOBUY AMﬁapuyMﬁﬂl

4 aprycta 2018 roma ymen wu3 cBepx
HACBIIICHHOW M 4YpE3BbIYAalHO AaKTUBHOW JKU3HU
BBIIAIOIIUNCS YUECHBIN, KPYIHBIA rOCYAapCTBEHHBIN
zesrens, ¢uiocod, memaror, XymAOKHHK W IIPOCTO
natpuoT C.A. AMOapIyMsH.

Ero  HaydHele  TpyAabl 1O  MEXaHHKE
neopMIpyeMOTo TBEPIOTO TeJa MIMPOKO M3BECTHEI
BO BCEM MHpE U SIBISIOTCS CYIIECTBEHHBIM BKJIAIOM
B MHpPOBYI0 HayKy. Ero paboTel mepeBeneHbl Ha
MHOT'H€ S3bIKH MUPA U TaBHO YK€ CTaJIi KIaCCHKOM.

VM Oblta co3gana o01mast Teopus aHU30TPOIHBIX,
CIOHCTBIX O0O0OJOYEeK, Ha OCHOBE KOTOPOH ObLI
pemieH psii BaKHEHIINX 3a7ad NPOEKTHPOBAaHUS U
pacueTa JeTaTelbHBIX allapaToB M TOHKOCTEHHBIX KOHCTpykuuil. C.A.AmOapuyMsHOM
Npe/IoKeH sl YTOYHEHHBIX TEOPHUH pacuera IUIacTUH U obosouek. J[pyroe HanpasiieHue
HaydHbIX HHTepecoB Ceprest AnekcaHApoBHYa OBIIO CBSI3aHO C Pa3HOMOIYJIBHOH M
MUKPOIOIApHOH TeopusiMu ynpyroctd. C.A.AMOapiyMsHOM M €ro y4eHHKaMHu ObuLia
pas3BHTa TEOpHS MAarHUTOYNPYTOCTH TOHKOCTEHHBIX KOHCTPYKIHH. OcHOBoIoJararomniee
3HAQUCHWE WMEIOT TaKKe pe3yJbTaTbl, NOJyYeHHbIE WM B O00JaCTH HEIWHEHHOH
TEPMOMEXaHUKH, a TakKe B JPYTHX 00JIACTIX COBPEMEHHO MEXaHUKH.

OT1o OBII YBIICUEHHBIH YEJIOBEK, JAEBU30M €ro ObUIO: KMBU TaK, Kak OYATO 3TO
TocjIeIHee MTHOBEHHE TBOEH KM3HM, HO He 3a0bIBaif, 4To Bmepenu eme crto jer. OH
CYHTAJI, YTO BpPEeMs, OTIYIIEHHOE HaM BIIOJIHE JOCTATOYHO JUIS JIIOOBH, TBOPYECTBA M IS
CBepIIeHHUs OOJIBIINX JIENI ¥ BCE ITO OH JI0Ka3aJl Ha COOCTBEHHOM IpuMepe.

C.A.Ambapritymss pomwics B 1922 rony B Anekcanapomnoine (I'tompu). OH sBisercs
MOYETHBIM TPAXJAHWHOM POJHOTO TOpoJia, €r0 MMEHEM Ha3BaHA OJHA U3 IEHTPAJIbHBIX
yiur ropona. B 1942 r. C.A. AMOapIiryMsiH 3aKkaHYMBaeT CTPOUTENbHbIH (akynpsretr EPIIN,
B 1946 r. nony4daer yuéHyto CTeNIeHb KaHAUAATa, a B 1952 1. JOKTOpa TEXHUYECKUX HayK. B
1956 r. oH m3bmupaeTcst wieHOM-KoppecioHneHToM AH Apmennu, B 1965 r. cTaHOBUTCA
nevictBuTenbHBIM WwieHoM AH. OH nonrue rozp! Obin 1upekTopoM VHCTHTYTA MaTeMaTHKH
u Mmexanukd (¢ 1971r. MacTuTyTa Mexanuku) AH ApMennn, nanee 4eThIpHAILIATH JIET OBLT
pextopom ETY, a ¢ koHma 1991 r. sBnsercd NOYETHBIM JUPEKTOPOM HHCTUTYTa U
onHoBpeMeHHO Okojio 30 ser uwineHoMm IIpesmmuyma HAH PA. C.A.AmGaprymsH Obin
TJIaBHBIM PENAaKTOPOM M TOYETHBIM TJIaBHBIM penakTtopoM >xypHana «M3sectuss HAH
Apmennu, MexaHuKay.

ITamsate o Gonpmom yenoBeke Cepree AMOapIyMsHe HaBCETZIa OCTaHETCS B CepAlax
MTOTOMKOB, BOIUIOTHB €T0 )K€ 3aBET: HE TaCUTE CBET yXOs.

Penaxmmonnas kosmerus xxypHana «M3Bectusst HAH Apmennn, Mexanuka» riry0boko
CKOPOUT 1O TTOBOAY TSKENIOH yTPaTHI.
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ZUSUUSULP @bhSNhESNPLLENP ULAUSHL UHUNGUDPUSP StNtuUahr
U3BECTHSI HAIITMOHAJIBHOM AKAJITEMUM HAYK APMEHUU

Utkpwuhlju 71, Ne3, 2018 MexaHuka

|A.11e1ccaﬂnp Baagumuposuy Mamlmpon|

3 cenTs10ps 2018 roma CKOPOMOCTUKHO CKOHYAJICS
BBIJTAFOLIMICS YUICHBII MEXaHUK M MaTeMaTHuK, JIOKTOP
(U3MKO-MaTEeMaTHUCCKUX HayK, npodeccop,
MHOCTpaHHBIA uleH HanmoHanbHOHM akageMuu Hayk
Apmenun Anekcanap Bragumuposuu MaHxuposB.

A.B.ManxupoB pomwics 24 wmas 1957r. B
Pocrose-na-Zlony. B 1979 rony, mocie OKOHUaHUS
PT'Y, on, mno pexkoMmengauuu akagemMuka PAH
N.N.BopoBuya mocCTymaeT B aclHUpaHTypy MOJ
pyxoBozactBoM akanemuka HAH Apmenun H.X.Apy-
TioHsHa. B 1983 r. 3ammmaer kaHAWAATCKYIO, a B
1993 1. — gokropckyro auccepTanuioo. B 2014 roxy
0611 M30paH nHOCTpaHHBIM WwieHoM HAH Apmenun.

A.B. MaHXHUpOB — OJUH U3 KPYNHEHIINX YUCHBIX
B 00JIaCTM MEXaHMKHM M TNPUKIaJHOM MareMaTHku. OH MO MpaBy CYMTAETCS OJHHUM W3
OCHOBaTelel HOBOTO HAIPABJICHWS MEXaHWKH — MEXaHWKHM HapalluBaeMbIX Ted,
co3JaTesieM MaTeMaTHYecKOH TEOpPHH HapallMBacMBIX TeEJl, MO3BOJIIOMEH 3(QeKTHBHO
MOJIETIMPOBaTh IIUPOKHH KPYr TEXHOJOTHUECKHX M MPUPOIHBIX mporeccoB. OH aBTOp
Gostee TpexcoT myOnuKanui, Bkitodas 17 MoHorpaduii n cripaBOYHUKOB, OITyOJIMKOBAHHBIX
B Poccun, CILIA, Auriuun u I'epmanun.

[Ipod. A.B.MaHXxupoB MOIB30BAJICS MEXIYHAPOAHBIM Npu3HaHueM. OH sIBISUII-
Cs YWICHOM MHOTHMX MPO(ECCHOHANBHBIX MexayHapoaHbix odiiectB: RNCTAM,
EUROMECH, ASME, AMS, ASR, GAMM, IAENG, ABI u uneHOM penKoserni
6 aBTOPUTETHBIX HAYYHBIX KypPHAJIOB, B TOM YMCJIE U HALIETO KypHAaa.

Xopomo U3BECTHA HAyYHO-OpTaHU3aIMOHHAs AeaTensHocTs A.B. Mamxkuposa. Io ero
nHnnuaTtuee B MHCTHTYTE Mpobiem mexaHuku uM. A.JO.Muumuckoro PAH 6bu1a co3nana
JlaGopaTopuss MOIENHMPOBaHHUS B MeXaHHMKE Ie(hOpPMHPYEMOro TBEPAOTO Tela, OH ObLI
3aMeCcTUTENIeM JUpeKTopa MHCTUTYTa, OpraHu3aTopOM MHOI'MX HAyYHBIX MEpONPHUSTHH, B
YaCTHOCTH, OBUT compejcenateneM 7 MeXAYHapOAHBIX HAYYHBIX KOH(EpPEHIHH,
MIPOBEICHHBIX B APMEHHH 3a MOCJIEIHEE JECATUIICTHE.

biarogapss cBeoeMy HaydyHOMy pykoBoauTento akaj. Harymy XawyaTypoBuduy
ApyTioHsHy, A.B.MamXupoB eme C acnUpaHTCKUX JIeT Hayajl oOILIeHue C
ApPMSIHCKOW IITKOJIOH MEXaHWKH, KOTOPOE, BIOCIEICTBUH, EPEPOCIO B OONBIIYIO
npyxk0y. OH HHUKOT/Aa HE CKPHIBAT CBOE BOCXWINECHWE APMEHHUECH W apMSHCKAM
HapOoJIOM, TOJINKa KPOBU KOTOPOTO TEKJIA U B €r0 KHJIaX.

Ceernas mamste 00 Ajsiekcanjpe BiaammupoBuue HaBceraa COXpaHUTCS B HAIIMX
cepAanax.

Penxomnerns xypnana “Ussectuss HAH Apmennun. Mexanuka” riy0oKo CKOpOHT MO
MIOBOJIY TSDKEJIOH yTpaThl.
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