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O ITIPOCTPAHCTBEHHBIX IMHAMMNYECKHUX 3AJJAYAX IIJIACTUH
N OBOJIOYEK"
Arajgossan JLA.

KuroueBble ¢J10Ba: IIaCTHHA, BBIHYXK/ICHHBIE KOJIEOaHHsA, PE30HAHC, aCHMIITOTHYECKOE PEIICHNE, IIOTPaHUYHBIH
CIIOH.

Key words: plate, forced vibrations, resonance, asymptotic solution, boundary layer.

Putiwh purtp’ vw), uvnhynqujwt nwnwinudubp, phqpuwbu, wuhdyunnhly psnud, vwhdwbwht
otipu.

Ununyjub L.U.
Uuntph b punubpttph mupuwswlut ghtwdhl mughpitph dwuhi

Munidtwuhpdws G oppnwnpny uwtph hwpunthl unhynnujuwt muwnwinidubpp: Npnous B
Eptp nuwuh wwpwswliwb phtwdhy puughpubph  wuehdyunuhl osnwdubpp: Upnwsdus  bu
nhgnuwuh wpwewgdwt wuydwbbpp: Loyws L wyb nhwypbpp, Epp wpuwpht ¥ubkpphue jutnpp
nsnudp nuntnud |k dwpbdwwnhlnpki dogphwn, junnigyus b vwhdwbughtt ghpinh jnsnudp: 8nyg k
upws, np ponp punpnphy  Ubkdmipynitiutpp, dwubwydnpuwbu  npiwy  wibknutnpunipniup,
juunugnyu Yupdws tu nmpnwdhq Ynnpphtwnhg: Uy hwbqudwipp juwulwsh wwl b pund

nuuwlui nkunipjut quplwsutph Jhpunkihnipniup phtudhly unpoud, pwh np Juplusubkph,
punniudwdp wnudunynid £ nuwnwtdw ypnghuh punyph pun ningnudhq Ynnpphtiwnh:

Aghalovyan L.A.
On Space dynamic problems of plates and shells

Forced harmonic vibrations of orthotropic plates are investigated. Asimptotic solutions of space dynamic three
classes of problems are found. Cases, when the solution of the outer (inner) problem becomes mathematically
exact, are noted, the solution of the boundary layer is built. It is denoted that all the values, particularly, the normal
displacement, strictly depend on the transverse coordinate, which casts doubt on the applicability of the
hypotheses of classical theory of plates in dynamic problems, as by the hypotheses acceptance the character of the
vibration process on the transverse coordinate distorts.

HccnenoBanbl  BBIHYXKACHHBIC ~ TapMOHHYECKHE  KojleOaHWs — OPTOTPONHBIX  IuiacTHH.  HaiineHst
ACUMITOTHYECKHE PEIICHHs NMPOCTPAHCTBEHHBIX JHHAMHYECKHX TPEX KJIACCOB 3ajad. YKa3aHBI CIydad, Korja
pellicHHe BHEIIHeW (BHyTpeHHei) 3aJayd CTAaHOBHUTCS MAaTeMaTHYeCKH TOYHBIM, IOCTPOGHO peIICHHE
HOrpaHUYHOrO ciosl. [TokaszaHo, 4TO BCe BEIMYHMHBI, B YACTHOCTH, HOPMAJIbHOE MIEPEMEILECHHE, CTPOTO 3aBUCSAT OT
MONepevHO KOOPAUHATEL, YTO CTaBHT IO COMHEHHE IPHMEHHMOCTb THUIIOTE3 KJIACCHYECKON TEOpHHU ILUIACTHH B
JUHAMHYECKHX 3aJa4yax, MO0 MpPHUHATHEM THIOTe3 HCKaXaeTcs XapakTep KoyiebaTelnbHOro Iponecca Mo
MONIEPEYHOM KOOp/IMHATE.

BBenenue. YpaBHEHHs TEOpPHM YINPYroCTH MJIsl TOHKHX Tell (Oanku, CTEpIKHH,
TUIACTUHBI, 000JIOUKH), HAITMCAHHbBIE B 0€3pa3MepHBIX KOOPJAMHATAX, SBIISIOTCS CHHTYJISIPHO
BO3MYIIEHHBIMH MaJIBIM TE€OMETPUYECKUM mapamerpoM. /[l pemeHns 1momoOHBIX

*
TlnenapHslii foKIax aBTOpa HA MEXIYHAPOAHON IIKOIE-KOH(EPEHIIMH MOIOABIX y4€HbIX. Mexannka —2016, 3—7 oxtsa6ps 2016,

axxanzop, ApmeHust
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ypaBHeHHH u cucTteM S(QEKTHBHBIM OKa3aJICsi aCHMIITOTHYECKMH Meron. Pemenue
CKJIaZIbIBAETCS M3 PEUICHUH BHYTpEHHEH (BHEIIHEH) 3a/1auu 1 3a/1aud MOTPAHUIHOTO CIIOS
[1-3].

I=1"+1, (1)

Knaccuueckast teopuss mmactuH M obOonodek Kupxroda-JIsBa u yTOUHEHHBIE Teopuu
Peticcaepa, Ambapuymsaa C., Tuna THMOIIEHKO paccMaTPHUBAIOT JIMIIb OAHMH KIIACC 3a7ad
(x0T M OYEHb HIMPOKHI), KOTAa Ha JIUIEBBIX MOBEPXHOCTSAX TOHKOTO Tela 3aJaHbl
3HAYEHHUsI COOTBETCTBYIOIIMX KOMIIOHEHT TEH30pa HampspbkeHuid. Ecim Ha  JIMIEBBIX
MOBEPXHOCTAX 3aJaHbl YCJIOBUS BTOPOM WM CMEIIAHHOM KpPaeBBIX 3aJad TEOpUHU
YIPYroCTH, JO0Ka3aHO, YTO JJIsl PELIeHHUs] MOJOOHBIX 3aJad THMIIOTE3bl KJIACCUYECKOW H
YTOYHEHHBIX Teopuil He mpuMeHuMs! [3]. BuauMo, mo 3Toi mpuuymHe K0JITO€ BpeMs 3TU
3aJayy He ObLIM pelIeHbl. ACUMITOTHYECKUI METO/I O3BOJIII PEIUTh U 3TOT KJIacC 3a1ayu
[3]. Pemenne BHyTpeHHEH (BHEUIHEH, 10 TEPMUHOJIOTHU B €BPOIIEHCKUX M aMEPHKAHCKHX

t
I/I3Z[aHI/I$IX) 3aga4u (Iou ) npeaAcCTaBJIACTCd B BUJIC CHGIII/I(l)I/I‘-ICCKOFO pdaa 1mo Majiomy

reometpuyeckomy mapamerpy € =h /[, rne h — monmyronmmna, [ — xapakTepHslii TaH-
reHIMATBHEI pa3Mep TOHKOTO Tela:

out +5 S
17 =g [9  §=0,N, 2)
TAC (;— WHTEHCUBHOCTH COOTBeTCTBy}OLueFI HCKOMOM BEJIMYUHBI, N — ugucno HpI/I6JII/I-

JKeHMH. 3HadeHus ¢, yCTaHABIMBAIOTCA TAKUM 00pa30M, 4TOObI OCIIE OICTAHOBKH (2) B

npeoOpa30BaHHBIE BCICICTBHE MEPEXoa K 0e3pasMepHbIM KOOPIHMHATAM M EPEMEIIECHHAM
YPaBHEHUSI M COOTHOLICHHUS TEOPHH YNPYTOCTH IOJYYUTh HEIPOTHBOPEUMBYIO CHCTEMY

) v
niis onpezesenus | ( ). OTbICKaHHe HENMPOTHBOPEYMBLIX 3HAUCHMH ¢, — Haubonee Tpya-

HBIIl MOMEHT IIPH UCIOJIb30BAaHUH aCUMIITOTUYECKOTO METO/1a.
B cnywae nepBoil kpaeBoW 3ajaud TEOPUM YNPYrOCTH AJII aHU3OTPOIHBIX IUIACTUH
ycTaHoBIeHO [3]:

49, =—2pmo,0,06, UV

xx? T xy?

3)

q, =—1 o _,c q=0mac_, q,=-3 ma W.

xz?% T yz?

B ciryuae BTOpOIi ¥ cMelIaHHOH KpaeBbIX 3a1a4 Julsl 0aJloK M IJIACTHH YCTaHOBJIEHO [3,4]:
q, =—1 ua seex 6, q,=0 mna u,v,w. 4

ij?

Acumnrotuka (2), (3); (2), (4) ocraércs B cwiie W Ul CIOUCTHIX OajlOK M IUIACTHH.
Coo0TBeTCTBYIOIIKE KPAEBbIE 3aJjauu pellieHs! B [3,5].

Pemenne a1t HOrpaHUYHOTO CJIOSE CTPOUTCS BOJIM3H TOPLEBBIX CEUCHUI TOHKOTO Tena,
OHO, KaK NPaBUJIO, SKCIIOHEHIIMATILHO YOBIBACT IPH yIAJIICHUH OT TOPLIOB BO BHYTPb Tela.

Ilpn pemeHun IWHAMHYECKMX 3a7a4 TOHKHX TeJl, Kak OOBIYHO, B YypaBHEHHS
KJIaCCHYECKOH Teopuu (OpMalbHO HOOABIAIOTCS YNPOLIEHHBIE IPHHSATHEM THIOTE3
WHEpPLUOHHBIE  cjaraemble. BcnenactBue 3TOro HmW)Ke, Ha  OCHOBE  PEIICHHS
COOTBETCTBYIOLIEH MPOCTPAHCTBEHHON TWHAMHYECKOHN 3a1aun yOeIuMCs, 9TO NCKaKaeTCs
XapakTep KojebaTeIbHOro Mpolecca M0 MOIepeyHON KOOpANHATE.

1.BeIHy KAeHHbIe KOJe0aHNs AHU30TPONHBIX IJIACTHH. IIycTh mmacTuHa 3aHUMaeT

o0acTh Dz{(x,y,z);OSxSa, 0<y<b,—h SzSh,min(a,b)zl,h << l}

(¢wur.1). PaccmorpuM ycTraHOBUBIIHECS KOJEOAHMS MJIACTHHBI, BBI3BAHHBIE TAPMOHHYECKI
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M3MEHSIOIIMMHUCS BO BPEMEHH BHEIIHUMH BO3JEHCTBHAMHU. J{J1s1 prIitoskeHnit HanO oI
MHTEPEC MPEACTABISIOT CIIEAYONINE KJIACCHI BEIHYXKICHHBIX KOJICOAHHI:
a) koneOaHMs, BBI3BAHHBIE BEKTOPOM IIEPEMELICHUS, TNPHIOKEHHBIM K JIMIEBOH

NOBECPXHOCTU Z = —h IIJTaCTHHBI

v

X

®ur. 1
u(x,y,—h):u’ (x,y)exp(iQt), (u,v,w), 5)
a moBepxHOCTh Z =/ cBOGOHA
G, (x,y,h):csyz (x,y,h)zczz(x,y,h):O, 6)
WJTH KECTKO 3aKperuieHa
u(x,y,h):v(x,y,h)zw(x,y,h):o; (7)
0) KoyeOaHuUs TIACTUHBI, 3aKPETDIEHHON ¢ a0COTIOTHO JKECTKIM TUIOCKUM OCHOBaHHEM
u(xaya_h)zv(xaya_h)zW(x5ya_h)=05 (8)
a le/I zZ= h 3a1aHbl COOTBeTCTBleLHI/le KOMIIOHCHThbI TGHSOpa HaHpﬂ)KeHI/lﬁ
c, (x,y,h)zcjjz+ (x,y)exp(iQt), Jj=x,9,z 9)
WJIA BEKTOP MEPEMEIICHUS
u(x,y,h)=u"(x,y)exp(iQt), (u,v,w); (10)

B) BBIHY)K/ICHHbIC ~KOJIcOAHHs IUIACTHH, BBI3BAHHBIC [PUIOKEHHBIMH K JIUIIEBBIM
MOBEPXHOCTSIM ILJIACTHHBI HOPMAJbHBIMU M TaHICHIUAIBHBIMU Harpy3kamu (mepBas
KpaeBas 3aJja4a TeOpUH YIIPYroCTH)

i . .
G, (x, y,ih) =10, (x,y)exp(th), j=x,9,2, (11)
rie Cffz,ui,vi,wi — sagannble GyHkmud, () — 4acTOTa BHENIHErO BBHIHYKIAIOMIErO
BO3JICUCTBUS.

TpeOyercst HalTH pelleHHe YpaBHEHUH TpPEXMEpHOH 3aayd TEOpHUH YIPYTOCTH,
KOTOPBIE U1 OPTOTPOIMHBIX MJIACTUH UMEIOT BUJ:
YPaBHEHUS JBHKECHUS
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Ooc. Ooc. Oo, o%u

Jz
o oy ez e

COOTHOIICHUS yIpyrocTu (0000meEnHbIH 3aKk0H ['yKa)

(j=x,y,z3u,v,w), (12)

ou
a =40, + a0, +4,,0._.,
5 = alZGxx + aZZny + a23czz’
(13)

ow
oz =430, + a236yy + a0,
6u+6v 6w+8u 8w+8v
—+—=4a,6,_,—+—=a,6_,—+—=0a,0 ..

66 xp 2 559 xz0 449,
oy Ox Yox oz oy oz ”

3TO pelieHne J0JHKHO YIOBIETBOPATH OJTHOM M3 IpyII rpaHUYHbIX yciosui (5)—(11) n
YCJIOBHSIM Ha OOKOBOI MOBEPXHOCTH IUIACTHHBI, KOTOPBIE IOKa HE KOHKpeTH3upyeM. [lpu
ACHMIITOTHYECKOM TMOAXOJEe pelICHHe BHENIHeH (BHYTPeHHEW) 3ajadd OIHO3HAYHO
orpenernsercss B pe3yibTaTe yIOBISCTBOPEHUS KAXKIOTO M3 BapHaHTOB YCIIOBHH a), 0), B).
CreoBaTeNnbHO, TOTPAaHUYHBIA CIOW OyAeT YCTPaHATh BO3ZHHMKAIOIIYI HEBA3KY IIpH
YIOBJIETBOPEHUHU YCIOBHAM Ha OOKOBOH IOBEPXHOCTH (TOPLAX).

ITockoNIBKY OUHAMHYECKUH NPOLECC CYMTAETCS YCTAHOBUBLIMMCS, PEIICHHUE CHCTEM
ypaBuenwii (12), (13) Oyaem uckaTh B BuIe

Ous (X 3.2,1) =0, (x,,2,)exp (i), o.B=x,y,z:j,k=12,3
u(x, v, Z,t) = z7(x, y,z)exp(iQt), (u,v,w).

[oncrasus (14) B ypaBHenust (12), (13) u mepelias x Oe3pa3MEepHBIM KOOpAWHATAM H
nepeMeLIeHHUAM

§=%m=%,é=7,U=J/,V:%,W=7, (15)

MOJIYYUM CHHTYJIIPHO-BO3MYIIEHHYIO MaJIbIM [TapaMETPOM € CHCTEMY.

(14)

0, DO, o doy e7QXU =0, 00y, , 00z , ¢ doy , e7QV =0,

o on G o  on
0015 + 0053 +g! 0033 +e72QW =0, U =4a,,0,,+d,,0,, + ;053 ,

% " on o .
oV el (
a =4a,,0,, +Ay,0y + 4,055, € E = @30}, T 4,;0,, +a3305;,
ow  _,oU ow oV oV oU

+ + =05 -

—+& —=0a,05, —+& ——=0a,,0,, —+—
o€ ac 55013 on o 44023 % on
rre QF = phZQZ, p— miotHocTh. Pemenue cucremsr (16) umeer sun (1). C camoro

Hayaja Ipolecc SBISIETCS MUHAMHYECKHM, 3TO OyIeT O3Ha4aTh, YTO B HCXOJHOM
MPUOIIMKEHNHU Pa3lIoKeHusl (2) TODKHBI MPUCYTCTBOBATh MHEPLUHUOHHBIEC claraeMble. MBI
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MOJYYHM HEMPOTUBOPCUMBYIO CHUCTEMY IS IIOCIEIOBATEIHHOTO OIPEACICHUS BCEX
MCKOMBIX BEJIMYHMH BHEITHEH (BHYTpEHHEH) 3a/1a4r, €CITH pa3iokeHue (2) mMeeT BHI:

o =g al) (em.L), j k=123 s=0,N
(Uout , Jrout , W(Oul) ) —g (U(S), V(?) : W(?) )

IIpencraBnenne (17) coOTBETCTBYyeT Ciydaro, Koraa mpucyTcTByomas B (16)

)

2 242 2
Q. =ph”Q)” — nopsxa eqununpt. [pu Q) = 0(8) npouecc 6yaeT KBa3UCTaTHUECKKM.
2 _of o1
Ipu Q) = 0(8 ) ¥ BBILIE OY/IET MMETH MECTO BBICOKOYACTOTHOE COCTOSHHE, KOTOPOE
y 2 242
MOeET ObITh omsTh omucaHo cucremoil (16), ecom Q) =ph™C)”, 3amenuts Ha
2 2 2 ) 2 242
Q. =phlQ”, a npu =0(8 )— na () =pl°Q)". Honcrasus (17) B (16) u
NIPUPABHAB B KaXJIOM YpaBHEHMH KOO()(HIMEHTH MPU OJMHAKOBBIX CTENEHSX € , I

onpeeNeHus G(.b,;) , U (S), V(S), w) TIOJIY4MM CUCTEMY:

J
Gcﬁ_l) N GGS_I) N Ocsg‘;) 80%2_1) N 80(;2_1) N 8022)

+QUY =0, +QrY) =0,

o on oG g on oG
(s-1) (s-1) (s) (s-1)
On 00 0% ot o, Y o) va0l) +anol)
o€ on og o€
s—1 K
W s Y 8
4,61 TdyG0;y) Tax053 @130 Tdy0;, T043303;, (18)
on aq
aW(S‘l) aU(S) ) aW(S—l) aV(S) )
+ =ds5s0;3, + =0,
g oG on oG

aV(S*I) aU(S*I)
+
G on

U3 cucremsr (18) Bce HanpspKEHHST MOXKHO BBIPA3UTh Yepe3 NepeMeleHus 1o Gpopmynam:

1 (ou"  ow"™ 1 (or®  awt
o) = | 2 | o= L 2 P,

= a0l 0™ =0 npn m<0.

as\ o o AN
s 1 aV(Y*I) aU(S*I) s aW(S‘) aU(S‘*l) 8V(S71)
ng):_[ + ) Ggl) =—4y +4

22 - A12

66 o€ on og o on
, aw® auth eyt
(22) = _A13 - A12 + A33 >
oG o8 on
) aW(b) aU(S—l) aV(b—l)
(3A3) = All A23 A13 > (19)
g o on



rae
2
A4, = (auazz alz)/A 4y, = (%2“33 %3)/A 4, = (a11a33 a13)/A>
A :(allaZS a12a13)/A Ay = (a22a13 a12a23)/A, (20)
2 2 2
4, = (a12a33 —d3dy; ) [A, A=ay,ayay + 20,030y, — 0,05, — Ay dy; — Ay,
() <06 <0

IloncraBus 3Havenus O,; ,0,; ,05; B HepBble Tpu ypaBHeHus (18), mns ompenenenus

U , ) , W) nonyunm ypasuenns:

(5 (s-1) () agl)
o U O .U = RW, R - o'W “a, doy, ', oy, ’ 1)
aaag o€ on
1% 2y (s-1) (s-1)
aa +a, Q" =R, R = aa S R Nce T Y
- oG oG on

4, —a + QW) = RV,
C

w

(23)

R, =4y + 43
gace onag oG on
PemeHI/m YypaBHEHHH (21) (23) nmeror BUL:

U =Ud (g,n,0)+UY (g,m,0), (U VW), (24)

T/Ie TIepBOE caraeMoe — pelIeHNne OJHOPOIHOTO YPAaBHEHHS, BTOPOE ClIaraéMoe — 9acTHOE
pemeHne HCO,I(HOpO,Z[HOFO ypaBHeHm{ PerrenusMu 0THOPOTHBIX YPAaBHEHHUHN SIBISIOTCS:

o, ou 82V(S‘1)_(80§§‘1)+8cs(;3‘1))

Uy =Y (gn)siny, g+ C (Em)cosy s, v, =Q,4fag
vy = (g m)siny,C+CL (Em)cos .8, v, = Quay,, 25)
Q,

I/VO(S) (»i H)SIHY3C+C (é n)COSY3C Y3 =

All

Wmes 3HaueHuns nepememenuii (24), (25), no ¢opmynam (19) onpenensrores Hampsoke-
HUS. 3aTeM YZOBJIETBOPSETCS KakKaast rpyrma rpaHnuHbIX yeinoBuit (5)—(11) u ogHO3HAYHO

OTIPEJICISIFOTCS. HEM3BECTHBIE (PYHKIIMU C (ct3 1’]) U OKOHuUaTenbHOe pemieHue. [lpuse-

JIEM peleHus 3a1ad, COOTBETCTBYIONINE IPaHUYHbIM ycioBusM (5), (6); (5), (7), koropsle,
B YaCTHOCTH, MOJEIHPYIOT CEHCMHWYECKHE BO3AEHCTBUS HAa OCHOBAaHHS COOPYKCHHI.
Ucnone3yst popmynsr (14), (17), (19), (24), (25) u ymoierBopuB ycioBusiMm (5), (6),
HOJIyYHM PELICHHUE:



(1 ~(s) _77(s) _ A\
U _Cos2yl (U Ur (gana 1))COSYI(1 C)

_%Gg)r (E.nnvl)Sin YI (1+ C))+U1(_9) (E_ﬂ nag)v(ua\/;aSS’aM;laz):

1

(1 ) _qrls) _ A

W = sy, (w =1 (g,m,=1))eos, (1-¢) (26)
oy Gg‘;)r(&,n,l)sin%(1+Q))+WT(‘Y)(§,1"|,§),

VEXET

u—(o) _ u%’u(s) =0,5 %0, (u,V,W),

g 1 [{ouY awt

$3)r :_[ oc + OE :(1’2;1/"\’;‘155"144;&,“)-
I'panmussM yenoBusM (5), (7) COOTBETCTBYET peIICHHE

S 1 —s s .

U = ——((u" U (g m.-1) Jsiny, (1-€) -

sin 2y,

U0 & t)sing, (146)) U0 (B L) mviaeanins).

_ 1 ) _ppr9) -
_sin2y3(w -W: (&,n,—l))51ny3(1—(;)— 27

) ((g,n, ~1)siny, (1+ &)+ (&, C))’

u O =y /Lu=0,s%0, (u,v,w).
Vwmes 3HadeHns mepeMelieHuil, HanpspkeHus: OyayT ompenaeieHsl no dgopmymnam (19).
Pemenne (26) Oyner KOHEUHBIM, €CITU

cos2y, #0, cos2y, #0,cos2y, #0. (28)

[Ipu HapymeHun Kakoro-inbo u3 ycioBui (28) OyJIeT BO3HHKATh PE30HAHC, 3HAUEHUS
Y4acTOT, NMPU KOTOPHIX B (28) BBIMOJHSAETCS PAaBEHCTBO HYJIO, COBMAJAIOT C TJIABHBIMH

Qss

W(S)

3HAYCHHMSIMH 4aCTOT COOCTBEHHBIX KoneGanmil. Hanpumep, ycnosuo €082y, =0 coor-

BETCTBYIOT CIICAYIOIIUC 3HAYCHUS PE30OHAHCHBIX YaCTOT:

Qn:(2n+l)% /&,neN. (29)
p

B ciyuae perenus (27) pe3oHaHC BO3HHKHET, €CJIM OY/IET BBITIOJIHEHO XOTS ObI OJTHO U3
YCIIOBHIH:

sin2y, =0, sin2y, =0, sin2y, =0. 30)



YuureBas, uro dgs=1/G, a, =1/Gy, R,SO) = RSO) =R”=0, coracmo

w
dhopmynam (26) u (27), B IuIaCTHHKE OyyT BO3HUKATH J1BA THIIA CIBUTOBBIX M MPOJIOJIBHOE
konebanus, kotopsie pu S =0 OyayT He3aBUCHMBIMHM, T.€. OJMH TUI KoleGaHuil He

Oyer BiusATh Ha apyroif. [Tpu § >0 koneGanus OyayT 3aBUCUMBIMHU M OJMH TUI Kolleba-

HUH OyZeT BBI3BIBATH KOJEOaHHS NPOTHUBOIOJIOXKHOTO THra. OTMETHM TakXke, 4TO €CIH
BXojsimue B rpanuunble ycioBus (5), (9)—(11) ¢yHKuMu sBISIOTCS anreOpanvyecKuMu
MHOTOWICHAMH OT TaHTCHIHANBHBIX KOOPAMHAT X, ), TO UTEPAMOHHBIA Iponecc oOphI-

BaeTCsl Ha OMPENCIIEHHOM MPUONMKCHUH, B PE3yJbTaTe Yero MOJIydYaeTcss MaTeMaTHICCKU
TOYHOE pPEIICHHE BO BHEIIHEH (BHYTpPeHHEH) 3amave (peleHue Ui MpOCTPAHCTBEHHOTO
ciost). DTO pellieHne, Kak MPaBuiIo, He OyAET yIOBIETBOPSTH TPAHHYHBIM YCIOBHSM Ha
OOKOBO¥ MOBEPXHOCTH IUIACTUHKH. BO3HMKAIOIAsl HEYBS3Ka YCTPAHSIETCS PEIICHUEM JUIs
MOrPAHUYHOTO CIIOSI.

I'parmunsM ycnoBmsiM (8), (9) COOTBETCTBYET pelieHue:

s 1 +(s s .
Uv = @(Gx()—cgl (&,n,l))smy1 (1+¢)-

cos2y, | Q, V' °©

—UT(S)(Z;,n,—l)cosyl(1—C))+U£S)(§,U,C),
a +(s s
Ggg) :L Q(GX( ) —GE3)T(E_>’T]91)) COs Y, (1+C)_

vA
as | Q,

_UT(S)(E)’n,—l)siny1 (I—C)) "‘5131(& n.¢), (u,v;ass,a%yl,yz;x,y;l,Z),

cos 2y,

s l '
= cos2y, | Q \/_( _6331' (&, ))Slny3 (1+¢)-
W) (g’n’_l)COSYs(1—C))+WT(S)(g,n,§)’

s A 1 s
o) = ey (o o Eneosn, (10)-

(3D
W (&n,~1)siny, (1-£))+ ol (&n.6).
[pu ycnosusx (8), (10) umeem:
() __ 1 W) _p7+0) : _
U _sin2y1((u U. (cﬁ,n,l))sm(lJr(;)y1
~UY (&m,-1)sin(1-¢)y,)+UY (&,n,C), (32)

O =yt /L ut) =0, 520, (u,v, w).
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Pemenne s V(S),W(S) MOXHO MNOJYy4uTh OT (32) IMKIMYECKOH IepecTaHOBKOMH
UV W5 9,,Y Y u',v,w' ) AHaJOrMYHBIM  00pa30M  BHIBOAATCA  YCIOBHS

BO3HUKHOBEHHS PE30HAHCA.
Y 10BIE€TBOPUB TPaHUYIHBIM yCIoBIsIM (11), momydnm pemreHue:

A —ﬁ((cf - cﬁgl (&,n,l))cos(l +C)y, +

+(o. +of (& m-1))cos(1-0)y, )+ U (E1,).
s 1 Hs s .

o) = —M((Gx(z) —ol) (&,nal))sm(H 0y, -

_(G:ZS) +G£;1 (Fvn’_l))Sin(l_C)%)—l— Gg)r (E.»ﬂaC),

+(0)

(&) = &0

Xz xz?2

G:) =0,5#0, (x,7,2),
(u,v; ass,a,,;5 x2,y2, 13,23, 7,,7,),

O (o2 o) )
T iy (o2 = e (&) Jeos(1+C) v +

(o +ol) (& m~1)cos(1-0) v, )+ WY (&n.C),

s 1 +(s s .
ol = M((G( 'l ((to’nal))mn(l-i' C)vs -

(33)

_(G;Z(S) +G(3§)r (Fw n’_l))Sin(l_Q)Y3)+G(SS3) ((tw WC)—
(040l (& m-1))sin(1-G) v, )+ o4t (£, ).

OkoHUYATENBFHOE pEIIeHHE IS 3TOr0 ciydas ompexenurcs mo dopmymam (14), (17),
(33). Pe3oHanc BO3HHKHET, €CIM  BBIIOJHHUTCS XOTb OJHO W3  YCJIOBHIl:

sin2y, =0, sin2y, = 0,sin 2y, = 0. CooTBeTcTBYIOMME 3HAUCHNS YACTOT COBNIANAIOT C
IJIaBHBIMH 3HAYEHHSMH 4acTOT COOCTBEHHBIX Kosebanuii. Kak M3BecTHO, B KIIaCCHY€ECKOit
TEOpHH IUIACTHH M 000JI04eK Ha OCHOBe runote3 Kupxroga-Jlssa nepememenue W ue
3aBHCHT OT MonepedHoil koopaunatsl ( , pemenue xe (33) yKkasblBaeT, 4To BCE BETUYMHbI

CYIIIECTBEHHO 3aBHUCST OT 3TOH KOOPAMHATHI. JTO O3HAYAET, YTO B AMHAMMUYECKHX 3a/ad4ax
TUNOTE3bl KIACCHYECKOM TEOpPHU CTPOr0 HE NPUMEHUMBL. [IpMHIMNNANBHO OTIMYAeTCs
TaKKe acCUMNTOTHKA (3) KJIACCHYECKOW TeopuH OT acuMnToTHKH (17) B ITUHAMHYECKHX
3ajjadax IUIACTUH M 00OJIOUEK, YTO O3HAa4yaeT, YTO JUHAMHYECKUIH HPOLECC MOXKET PE3KO
M3MEHUTh XapakTep HanpspKEHHO-Ae(OPMUPOBAHHOTO cocTostHuS. PopmanbHoe m00aB-
JEHHEe K KJIACCHYECKHUM YPABHEHMSAM CTATHKH HHEPLHOHHBIX CJIaraéMbIX HE MOJKET
o0ecIeunTh OMMCaHNE HCTHHHOTO TMHAMUYECKOTO COCTOSTHMS TIACTHHBI MITH 00O0JIOUKH.

11



2. MareMaTH4eCKH TOYHBbIE pemenml BO BHemHeil 3amade. Ecim Bxonmgmue B

rpanudsbie yenosus (5), (9)—(11) byukuun ou R /& R W™ sssiores anreOpandecKuMu

Jz?
MHOTOYIEHAMH OT TAHTEHLMATbHBIX KOOPAMHAT &,T), UTEPALMOHHBIH MPOUECC OOpHIBA-

eTCsl TI0CIie KOHEYHOT'0 YHCIIa IIaroB, 3aBHCSLIETO OT CTENIEHH MHOrowieHa. B pesynbraTe
MOJTy4YaeTCsl MaTeMaTHYECKH TOYHOE pellieHUe BO BHENTHEH (BHYTpeHHeH) 3a1aue (pelieHne
IUIsl TpOCTpaHCTBeHHOro ciosi). IlpuBenéMm 3Tm pemieHns I HEKOTOPBIX BapHAHTOB

rpannuHbIX ycioBuil. Eciu uepes () 0603Ha4MTh JH000€ U3 HANPSIKEHUI U IEPEMENIEHNUI,
coracHo Gopmyiam (14), (15), (17), pelieHre MOXKHO 3aIKCaTh B BHIE:

O(x,y,z,t)=0(&n,5)exp(iQx). (34)

Eciu B 3amaue (5), (6) u ,V ,W =CONSt, urepalMOHHBIA IpOLECC OOPHIBAETCS Ha
HCXOTHOM HpI/I6JII/DKCHI/II/I u cornacHo opmynam (19), (26), (34) umeeM TOYHOE pElICHHE:

. L u vy
n=——-—cos(1- , =—————sin(1- ,

cos2\(1 (1=8)n, 5. s h cos2y, (1=6)n

(u,v;x, y; a55,a44;y1,y2) (35)

~ w- w- v .
W =———cos(1- s =4 —— sin(l- ,

cos 2’Y3 ( CJ) ’Y} zz 11 h COS 2'Y3 ( C.)) ,Y3
~ Wy, Wy
6, . =—A4,—————sin(l— , =—A,———=—sin(1- ,
xx »7, c0s 27, ( C)Ys G, 37 cos 27, ( C)Y3
&, =0.

I'panuuneiM yenosusM (5), (7) mpu 4,V ,W = CONSt COOTBETCTBYET MaTeMaTHYECKU

TOYHOE pEeLICHHE:

3 u 1 u Y

= 1 T T T T A 1 ’

(uav;xay;aSS’a44;YI’yz)

W LA

~ " Gin(1- =—A4,— - 3
v sin 2y, sinzy, (=67 - “h sin 2y, smay, (7 "
3 W ~ wo_ ¥
Om 1 sin 2y, cos(1=6)15- 6, = *h sin 2y, snay, U
G, =0.

o o + _
B ciyudae rpanmusbIx ycnosuit (8), (9) uTepauMoOHHBIH mpouecc npu O s = const

00pBIBaeTCA Ha UCXOTHOM MPUONIMKEHUH U TIOJydaeM TOYHOE PeIleHHe:

12



ha + +

i =—Y1 C::g;l siny, (1+¢), 6. =%§chosy1 (1+0),

(U, VX, V3855, a443715 7, )
ﬂ/=ﬁsiny3(l+§),6zz=COCS$—ZZZy3cosy3(1+C), 7
G, =W s AW s o,

’”‘ hooc’ ” hog Y
OcoOblii  MHTEpPEC MpeICTaBIIsieT II0JIyYEeHHE MaTeMaTHYeCKH TOYHBIX pEeLIeHUi,
COOTBETCTBYIOIIMX TpaHW4YHBIM ycioBusaM (11) mepBoii kpaeBoil 3amaum Teopuu
YOpyroctu, XotTs 6];1 NOTOMY, YTO HAXOKICHHUE COOTBCTCTBYIOLICIO PCUICHUA B CTATHU-
YeCKOH 3aga4ue CBA3aHO C MPCEOAOJICHUEM 3HAYUTCIbHBIX MAaTCMATUYCCKUX pr,HHOCTeﬁ.

Ucnonesyst dopmyssr (14), (17), (19), (33), (34), npu G; =const nomyuum TOYHOE

peleHue (uTepanys OnsTh OOPHIBAETCS HA HCXOIHOM MPUOIIMKEHUH).

- h N _
u=—ﬁ(6m cos(1+8)y, +o, cos(l—(;)yl),
é}ch :ﬁ(c;rz Sln(1+C)YI _G;z Sln(l_c)’Yl)a
(U, V3 X, 5 Gs5,0437,,7,)
1 h
Ww=—————(0o_ cos(1+)y;+0o_cos(1-C)v,), (38)
A, y3sm2y3( ( ) ’ ( ) 3)
6zz :ﬁ(c; Sln(1+C)Y3 _G;z Sin(l_C)Y3)>
L S LI )

* hoeg ” hooc’ Y

Ucnonezyst obumme pemenust (26), (27), (31)—(33), HeCIOXHO BBINMUCHIBATH TOYHBIC
peLIeHMs, COOTBETCTBYIOIME BHEIIHUM IIOJMHOMHAIBHBIM HATPYKCHUSIM Pa3IHMYHBIX
crernieHel. VI3 BRIBEJCHHBIX BBILIE (JOPMYII CIEIYET, YTO B INIACTHHKE BO3HHUKAIOT JBa TUIIA
CIIBUTOBBIX M IIPOJOJBHOE KOJEOaHHUH, KOTOPEIE B HCXOJHOM NPHUOIMKCHUN HE3aBHCHUMBL,
B IIOCJIEYIOIIMX K€ NPHOJIIDKEHUAX OHM 3aBUCHMBI M OAWH THUII KOJICOaHUH MOpOXKAaeT
KoJie0aHus APYTOro THIIA.

[TpuBenéHHbIE MaTEeMaTHYEeCKH TOYHBIE PELICHUS IOKA3bIBAIOT, YTO B JUHAMHYECKHX
3ajavyax IUIACTHH MONEPEYHOE HOPMAlbHOE IIepPEeMEIleHHe W  SBHO 3aBHUCHT OT

MOTIepEeYHON KOOPINHATHI C; , OTKy/1a CIEeIyeT, 9T0 HEOOXOIMMO MPOSBUTH ONPEICIEHHYIO

OCTOPOXKHOCTh B HCIOJIb30BAHUHM KJIACCUYECKOW TEOPUM IUIACTHH B JIMHAMUYECKUX
3aavax.

3. Horpanuynsiii cjoii B mjactuHax. Pemenwe BHemHed (BHyTpeHHEW) 3amayun
MOJIHOCTBIO OMNPEEIHIOCh MOCHE YIOBIETBOPEHUS! TPAHUYHBIM YCIOBHSM Ha JIMIEBBIX
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MOBEPXHOCTSX IUIACTUHBI. JTO pelleHne BooOIiie He OyneT yHOBIETBOPSTH I'PAaHWYHBIM
YCIOBUSIM Ha OOKOBOH IMOBEPXHOCTH IUIACTHHBI. BO3HMKaiOIIas HEyBsS3Ka yCTPaHSETCS
pelIeHHeM AJIsl MOTPaHUYHOTO Ciiosl. M31I0KuM mpoueaypy MOCTPOEHHS ATOTO PEIICHHS

BGIH3H GokoBoii moepxroctn X = (). BBomuTcs HOBas 3aMeHa mepemenHoit Y = E/€ B

ypasHenus (16) ¥ BCeM HCKOMBIM BEIMUMHAM TIPHIHCHIBaeTcs mHaekc «b » (oT cmosa
boundary). CooTBeTcTByIOIllEe pElICHHE BHOBb MOJYYEHHOW CHCTEMBbI JOJDKHO OBICTPO

yOBIBaTh NMpH yAAJIEHUH OT OOKOBOI IMOBEPXHOCTH X = 0(y = 0) BO BHYTpPb IUIACTUHBI.

910 PEIICHNE OTBICKUBACTCA B BUIE:

Gy =€ s s (n,C)exp(—M/), Jj.k=1,2,3;s =O,_N,

jkB

(U, V. W,) =" (U (n.0). VY (n.6), WY (n.€) Jexp (1),

rje A — HEeM3BECTHOE MOKa YMCII0, KOTOPOE XapaKTepH3yeT CKOPOCTh yOBIBAHHS BETMYHMH

(39)

norpanmanoro cios, ReA > 0. Ioxcrasus (39) B BhIeyKa3aHHYIO NMPeoOpPa3OBAHHYIO
CHCTEMY, HOIYYHM:

(s-1) (s) (s-1) (s)
—7»0111 asi %+§25U§) =0, _kgg)g +86¢+%+Qﬁ/€(-¥) =0,
on  og o o
ool ool . ) )
Aot 823b n a33b +Q2W( 5) _ -0, XU _ 0116513, +61126(22)17 n a136(33)b9
oy } . ) GWS(S) S S S
ﬁbn = 0126513; + a226(22)b + 0230(33)1), a = 0136512 + a230(22)b + a330(33)b, (40)
0, 20" (5 o, 0Uy )
_kV;) + a = a66clib’ —7\,% + = aSSGlég’
m
omy ™ ey )
+ = 444053+
on oC

N3 cucrembr (40) HampsokeHHsT MOXKHO BBIPA3UTh 4Yepe3 KOMIIOHEHTHI BEKTOpa
MepeMelIeHHS:

(5-1) (5
ol = | M+ T ol = | A
a66 61] a55 6C

(s) (s-1)
éél=i(agz +6ngn J 0" =0 wn  m<0,
) aW(S) aV;’(S—l)

Gﬁ;;:_y\‘AzzUb _A23 aé _AIZ on

aw;)(S) 61/;7(8—1)
+ 45
on

22[7 }\“AIZU

5
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(s) (s-1)
33b 7‘A23U A aWb _A13 aV;’
o on

(s) ~(s)

rae A, onpenemstores no dpopmynam (20). Iloacrasus 3HaueHus G, ,C5;, BO BTOPOE

ypasHeHnue (40), 115 onpeneneHus Ve( )

27/(s)
v, +(ai7f +a44Qf]Vb(S) A

, (41)

[I0JIy4YUM ypaBHEHHUE!

oc’ a

C 66 42)
f(S) _ﬂx 8U1£H) —a aczvzhl) asz( B

" oag on Y oonacon
[TogcTaBuB ke 3HAYEHUS Gﬁl,cgl,cg;)g B MepBOe W TpeThe ypaBHeHus (40), mis

onpeueneﬁm U ,ES),W;,(S) HOJIy4UM CHCTEMY:

0° U i aW(S) .
+a55(x2A22+QZ)U,§>+x(A23a55—1) aé = 1),
o w, . out

Anass— 5~ 6(;2 (7&2+a55§22)W;()+7»(A23a55—1) @Cb - 11(/3)’ (43)

‘ ‘ 0 0 0
IJIE HECJIOKHO BBIMUCAThL BBHIPAKEHHS fu(;), fé;) B 4aCTHOCTH, u(b) =f (b) =f (b) =0.

(s)

W3 cucremsl (43) W;(s) MOKHO BBIPa3UThb 4Epe3 Ue , a JUId OllpeAeIICHuUs U(ES) oJly4a-

€TCs YpaBHECHUE

84Ub(s) 82 b

8@4 +B,, C . BzzU( ) = LP( )a 44)

e

A Q?

A_( 4,,4,, A223)+2A23) A11(1+A”a55)

AL( L+ Q) (07 +a,02), @)
Wi =L (321 a,02) £ - L

4,05 Allass o

Pemenue ypaBaenus (44):
UY = AN+ A, + 4P, + 4D, +UY, (46)

rne U T(;) — yacTHOE penieHue ypaBHeHus (44), a

15



¥, =chk(, W, =shk(, ¥, =chk,l, ¥, =shk,;

1 47)
k1,2 = \/E(_Bll i\jBlzl _4322 )

Onpenemus U, }SS), o popmynam

. U ouY .
VVIJ():CI(AMGSS acé’ +G, ag +fu(wz); 5

1
MW + a5, Q] ) (Apass 1)

C, = A, a% (N Ay, + Q) =17 (Aya, 1)

(43)

L=
2

OIIPEACIIHUTCS VVb(S). Pemennem ypaBuenus (42) sBisiercs

Vb(s) = B sinm¢ + B\ cos m¢ + Vr(lf) (n,)

a (49)
m= -4\ +Qla,.
g

Wmes 3mauenuss U és),n(s),%(s), HanpsykeHus onpenenarca no Qopmymnam (41).

ITockoNbKy pelieHre BHEIIHEH 3aJa4l YAOBICTBOPSAET YCIOBUSIM HEOJHOPOIHBIX KPAEBBIX
3anad (5)—(11), pemeHre NOrpaHMYHOTO CIIOSI JOJDKHO YIOBIETBOPATH COOTBETCTBYIOIINM
HYJIEBBIM YCJIOBUSIM:

a) U, (0,n,-1)=0, ¥, (0,n,-1)=0, W, (0,n,-1)=0, 5,5, (0,n,1)=0, (50
6) U, (0,n,£1)=0, ¥,(0,n,£1)=0, W,(0,n,%1)=0, (51
5 6,5 (0,m,21)=0, j=1,2,3. (52)

Tpn s =0  npassie gactn ypasnennii (42), (43) pasisi nymo u V") we sapucur or
U " u waosopor. Bermenus V", 6% i yrosersopus yenosmm (50)

OTHOCHTENIBHO V), U Gy, , HONyYNM OJHOPOJHYIO ANreGpaHdecKylo CHCTEMy, KOTOpast

OyZeT UMEeTh HEHYJIEBOE PElLeHHE, €ClTU e€ ONpeaeNuTeIb paBeH Hymo. 3 cooTBeTCTRYIO-
1IIETO TPaHCLEHIeHTHOTO ypaBHenus COS 2 m = 0 onpenensercs 7\,n c Re 7\,n >0

2
a 2 TC
A= |2 (2n+1) —-Qla,, ,neN 53
" \/ a, ( ) 16 “ &)
nu pe].HCHI/Ie AHTHUIIIIOCKOT' O HOrpaHCHOH
v =y exp (—%,7), y1 = B (n)(tgmsinm& +cosmg), (54)
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rie Bgo) (1’]) JOJDKHA OBITH OIpeieseHa NpH YIOBJIETBOPEHHM YCIOBUSM Ha OOKOBOM
nosepxuoctu Y =0, T.e. npu conpsbkeHuM peleHUii BHEIUHEH (BHYTpEHHEH) 3a1aun u
3amaud  morpaHmyHoro  cuos.  Ilo  dopmymam  (41), (46), (48),  ompenenus
U éo)’m)(o)’cgg),cgg) U yJIOBJIETBOPHUB OCTAIBHBIM YCJIOBHAM (50) M COOTBETCTBYIOIIUM
yenmoBusiM (51), (52), Ay KaXI0ro ciiydasl MOJIyddM CBOE TPAHCICHIICHTHOE ypaBHCHUE
Juis 7\,n. [IpuBeném ero st ycnosuii (52):

(C,—C,)sh(k +k,)£(C,+C,)sh(k, —k,) =0,
C, =(MCi A agsk +C,C, =1)(hdy, + C Al assks +CCo A K3 )k, (55)
C, =(AC Ak +C,.C, —1)(My; + C AL assh + CCo A K] )k,

Kak npaBuio, ypaBHeHus (55) UMEIOT KOMILIEKCHO-CONPsDKEHHBIE KOpHU. [lepBomy ypas-
HeHU1o (55) COOTBETCTBYET INIOCKUI CHMMETPUYHBIH MOrpaHciol (pacTshKeHne—CoKaTue) u

(0)

peiienne (46) npuanMaet B ( A§°) = Aio) =0, 4; "’ Bopaxaercs uepes AI(O) ):
hk,

U = 4% (n)| ¥, +5, P, |,

6 1 (n) 1 1 shk 3

2
(MC 4 assk! +C,C, 1)k,
(2C A a5k +C,C, 1)k,

BTOPOMY YypaBHEHHUIO (55) COOTBETCTBYET KOCOCHMMETPWYHBIH (M3rH0) AMHAMHYECKUI

(56)

1

b

norpascoii ( AI(O) = A3(0) =0, AA(‘O) BBIPAKAETCS Yepes3 Ago) )

chk
U[EO) = Ago) (T]) \PZ +bl J\Pé‘ . 67
2

HecnoxxHo BRINMCaTh TPAaHCIIEHACHTHBIE YPABHEHUS M COOTBETCTBYIOIIHNE PEIICHHS IS
octanbHbIX ycioBuid (50)-(52). Takum 00pa3oM, B IUIACTUHE BO3HHKAIOT aHTUIUIOCKHN U
IJIOCKUM JTMHAMUYECKUE TOTPAHUYHBIE CJIOM, BEIWYHHBI KOTOPBIX MPH YJAJICHUU OT
OOKOBOI IMOBEPXHOCTH YOBIBAIOT SKCIOHCHIMAIBHO M C PA3IMYHBIMH CKOPOCTSIMH. Jlist

AHTUILUIOCKOTO MOTPAHCI0N A, BEIIECTBEHHbIE, A UL IIOCKOTO IOTPAHCIION KOMILIEKCHO-
conpspkénHble, BemecTenHas uactb kotoperx (ReA, > 0), xapaxrepusyer cxopocts
yOBIBaHMSA (exp(—Re 7»ny)) senuuuH. [Ipu § =0 5Tn pelieHns He3aBUCHMEIL, a NPU

s> 0 OHMU 3aBUCHUMbI M KaXJIAOMY HOI'PAHCION COIIYTCTBYCT HpOTHBOHOHO)KHLIﬁ

norpchnoffl, HO C aMHHI/ITyHOf/'I Ha TOpAAOK MCHBIIEC npe,umz[ymeﬁ. B CUlly 5TOro, B
MPAKTUYCCKUX NPUITOKCHUAX MOKHO OTPaHUYUTHCS UCXOAHBIM HpI/I6J'II/I)KCHI/ICM. B O6IIICM

P a
o K s
JKe ciiydae 6YZ[€M HUMCTD JIBa TUIIA PCIICHUU! Q ( ) u Q ( ) , COOTBETCTBYIOIIINUC 3HAUCHUAM

kn I IINTOCKOT'O (Xpn ) W aAHTHUILJIOCKOI'O (Xan ) MOTrpaHUYHbIX cioéB. SBisgercs

OYCBUIHBIM, YTO
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P 0 P 0 P a0 a0 2 0 a0 a0 a0
ol=ol=V,=0 0} =0h=0=00=0, U=w{"=0. (58)

VuuThIBas, uTO KOPHH A »  TPAHCIEHICHTHBIX YpaBHEHH IUIOCKOTO TOTPaHCIIOA

KOMIUIEKCHO-COTIPSDKEHHBIE,  COOTBETCTBYIOIIEE  pelieHne  OyleT  BELIeCTBEHHBIM.
Hanpumep, npunumas B (56)

40 :%( A9 A;g))’ 0,, =ty exp(-1,,7), (59)

_ 4
rae U,, — xodpdunuent npu A; ’ B (56), pelieHne MIOCKOro IOrPaHCIOs 3aMMIIETCS B
BUJIE!

UY = 49ReU, +41 U

en 1n 6n’

U.w),
o) =A"Res +AY1 & & =o_exp(-A,¥), jik=L3.

Jhkn 1n Jken jken > jhen Jjhen
OTMETHM TaKXKe, YTO VISl IIOTPAaHUYHOTO CJIOS pelaeTcsl OAHOPOIHAS JIMHEeHHAs chHcTeMa ¢
OTHOPOITHBIMH (HYJIEBBIME) TPaHWUYHBIMH ycioBHUsAMHU. ClemoBarenbHO, pemieHne OyneT
OIIPE/IeNICHO ¢ TOYHOCTHIO IIOCTOSHHOTO MHOXKHUTEIIS,, KOTOPYIO MOYKHO TPEICTaBUTh B BUIE

(60)

€" mwmm €. B cumy 9T0ro, 06IIee aCHMITOTHYECKOE PElIeHHE ([ ) OyneT uMeTh BUL:
¢ L p
1=1"+€"Q+e" Q. (61)

4. ConpszkeHne pelleHHil BHeUIHeH 3aJa4M W 3aJa4M MOTPAHHYHOIO €Ja0s1. MBI
MoKa3aJy BBIIIE, YTO PElICHHE BHEIIHEH (BHYTpEHHEi) 3ajau MOJHOCTBIO OTpeIeNsaeTcst
yepe3 JJaHHbIE Ha JIMIEBBIX OBEPXHOCTSX ITacTHHBL. OIHAKO, 3TO PEHICHHE, KaK MPaBuiIo,
He OyZeT yIOBJIETBOPATh I'PAHUYHBIM YCIOBUSM Ha OOKOBOW moBepxHOCTH. [lokaxkeM, 4To
pemenue (61) TO3BOISIET YCTPaHATh BOZHUKAIOIIYIO HEYBS3KY.

IycTh GokoBast moBepxHoCTh iactuiku X = 0 cBoGonHa
((Sxx =6, =0, = 0 mpux = 0). Cornacao (17), (61), oTH ycioBHs 3amuuIyTcs B

BUJIE:
p(s) (s)
1

871”65? ((z: _ O,n’g) n 871+u+s G (Y = 0,1’], C) 4l gl b (’y = 0, n, g) = 05 62)

s

(s) a
871+SG$;) ((z:: 0’ n’ C) + 871+H+S gl?)b (ry — 0’ T], C) =+ 871+X+S O13b (Y = O) nﬂ C) = OJ

() a(s)
g6l (£=0,m,0)+& ™ G12s (Y=0,m,8) + &7 o1 (y=0,1,5)=0.  (63)
VYuTBIBAs, 9TO BEJIMYMHBI BHEIIHEH (BHYTPEHHEN) 3a1a4H Y)KE M3BECTHEI, UMES B BULY
(58), MBI OJTYyYMM HEMPOTHBOPEUHBEIE YCIOBHS IS OMPEIETCHUS HEU3BECTHBIX (YHKIIHIA
peHIeHI/Iﬁ IUIOCKOIroO MW aHTHUIIIIOCKOI'O HOFpaHCJIOéB, €CJIn H = X = 0 . I[HH IIJIOCKOI'O

rorpancios u3 (62) ciuemyer:
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p(5) als)

Giib (y = O,T],C) = —Gﬁl (é = O,n,C)—an (y = O,n,(;),
p () als)

G13b (Y = O,T],C) = —652) (& = O,H,C)— C13b (Y = O,n,(;),
a JUIsl aHTHIUIOCKOTO TIOTPaHCIIos U3 (63) cileyeT ycioBue

al®) p(s)
Gi2b (y = O,T],C) = —Gg)b (i = O,T],C)—Gub (y = O,T],C). (65)

CornacHo (60), ycnosus (64) npu § = 0 3anuceiBarotcs B Buje

AV Res!) (0,m,0)+ A1, 60, (0,m,6) =—0 (0,m,0),

(64)

2n " m

Al(r(l)) Re 6?32)1 (O’ n’ C) + Ag(;)[m&ggzm (O’ n’ C) = _Ggg) (é = O’ n7 C) >

B (66) B KaXXIOM YPAaBHCHHUH IO HEMOMY HHACKCY «n» IMPOUCXOAUT CYMMHUPOBAHHEC OT

(66)

eanHUIBl 710 N—BBIOPaHHBIX AJIS BRIYUCIUTEIBHBIX MPOIETyp 7\.’1. Cucremy (66) MOXHO
PELINTh pa3MYHBIMH METOAAMH, HallpuMep, METOIOM Koulokaui, @ypbe, HaMMeHbIIHX
kBaaparoB. [Ipu § >0 MeHs0TCS ML NpaBble 4acTH ycosuit (66). M3 ycnosus (65),
ucnons3ys (41), (49), metonom Dypre onpenenseTcs aHTUILIOCKHHA orpaHciol. Eciau Ha
OOKOBOW TMOBEPXHOCTH 3a[aHbl HMHblC YycioBus, Hanpumep, U=Vv=w=0 wum
6,=0, = 0,w=0 npu x =0, npouenypa ocraércs HEU3MEHHOIA.
[Tokaxem 3To 17151 yCIAOBHM KECTKOTO 3aIEeMIICHUS
u=v=w=0 npux=0. 67)
Jns  onpeneneHus BeNMYMH HOTPAaHUYHOTO CJOS HOJMYYUM HEHNPOTHBOPEUHBBHIE
ycnosust, ecii B popmyre (61) w=0, y =0. B pesyasrare, 17151 onpezeneHus BETMUUH

IIJIOCKOT'O MOIrpaHUYHOI0 CJIOs 6yz[eM HUMCTb yCJIOBUSA:

) a
Uy (y=0n.0)=-U" (g=0,n.0)~U}" (y=0.n.0), (68)
) a

) (y=0,n,6) =" (£=0,m,0) - (y=0,n,5).
Cornacao dopmynam (58), (60), ycnosus (68) mpu § =0 mpumyT Bu:

AV ReU,, (y=0m,0)+AV1,0, (y=01n,6)=-U" (£=0,1,5), n=0,N,

2n " m
A)ReW,, (y=0.n.0)+ 417, (v=0n,0)=-W" (=0n.0). (69
OTK A0 40
yJa OJIHMM M3 BBIIICYKa3aHHBIX MeTOA0B onpenenstores A,,’, A, n oxoHuatensHoe

pemenne npu § = 0. IIpu § =1 MensroTcs nuuib IpaBble YyacTy yciosuii (69). Ycnosue,

cootserctBytomee V = (), 3anuchiBaercs B BUIE
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B P
Vb(s) (.Y _ O,n’g) —_y® ((x; — O,n,c)_ V;,(S) (Y =0, n’(;)_ (70)

Ucnone3ys dopmyner (49), (58) u3 ycnoBus (70), meromom ®Dypre ompenensercs
Hen3BecTHas QYHKIMA OT 1] -peIIeHHs aHTUIUIOCKOTO IOTPaHCios. 31ech, HConb3ys (49),

3apaHee JOJDKHO OBITh yIOBIETBOPEHO COOTBETCTBYIOMIEe u3 yemoswid (50)—(52).

W31n0xeHHBIM METOJIOM PEIeHHUs] MPOCTPAHCTBEHHBIX JWHAMHYECKHX 3a1ad IJIaCTHH
MOXHO PEIIUTh JUHAMHYECKUE 3a7a4yd Ui CIOMCTBIX IUIACTHH [6], TWIACTHH ¢ 0Ouien
aHm3oTponuei [7], a Taxke oborouek [8.9].

3akarouenue. [l OPTOTPONHBIX IUIACTHH HAMJEHB ACHMITOTHYECKHE pEIICHHS
MPOCTPAaHCTBEHHBIX ~ JUHAMHMYECKHX 3afad TpéX KiaccoB. BeIBeseHBI  yCIIOBHSA
BO3HMKHOBEHMS pE30HAHCA. YCTaHOBICHBI CJIydYaW, KOTJa pElIeHHe BHEIIHeH
(BHyTpeHHEW) 3ajaud CTaHOBUTCA MaTeMaTH4ecKH TOUYHbIM. [locTpoeHo pelieHue uis
MIOTPaHUYHOTO CIIOS M CONPSDKEHO C pelleHreM BHentHel (BHyTpeHHel) 3anaun. [Tokazano,
YTO BCE PacuETHBIC BEIWYMHBI, B YACTHOCTH, HOPMAJIbHOE MEPEMELICHUE, CTPOTO 3aBUCST
OT TIOTIEPEYHON KOOPAMHATHI, YTO CTABUT IIOJ COMHEHHE IPUMEHHMOCTH THIIOTE3
KJIaCCHMYECKOH TeopuM TIUIACTUH B JUHAMHUYECKMX 3amadax. [IpuHATHEM rHmore3
MCKa)KaeTCsl XapakTep KoebaTelbHOTo Ipolecca IM0 IONEPEeYHOH KOOpAWHATE W UMHU
CJIelyeT BOCIOJIB30BAThCS C OONBIION OCTOPOKHOCTHIO.
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W3BECTUS HALIMOHAJBHOM AKAJIEMHUU HAYK APMEHUMA
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MATPHUIA )KECTKOCTH KOHEYHOI'O DJIEMEHTA
MUKPOIOJISIPHOM YIIPYTOM TOHKOM IJIACTUHKHA
Kamakousnn K.A., Capkucsu C.O.

KiioueBble cj10Ba: MHKPONOJSIPHBIN, YOPYTHH, IUIACTHHKA, H3rHO, (yHKIMOHAN MOTEHUMATILHOH JHEPruu
CHCTEMBI, METO/] KOHCYHBIX HJIEMCHTOB

Key words: micropolar, elastic, plate, bend, potential energy functional of the system, finite element method
Pultunh punhp: dhypnwnpup, wpwdquiub, uw), dpnmud, hwdwlwpgh wnunbughwy tukpghuygh
dniuiljghntiwy, Yepounnp Ekdkinubkph dkpnn

dunduiljnsjut L. U.,, Uupquyuh U. 2.
Uhlpownjjup wowdquljui pupul) vwih JEppu]np fEdkunh npunipjut duwnphgp

Uoluwwnwipp tdhpqws b dhypnynpup wewdquijut pupwl wuybph sndwb phdnpdwughugh
unwnhljulut kqpuyhtt juunhpubph hwydupyuwy Jeppuwnp Likdkunubph dbpnnh Yhpupyuwi
hhuptph dpwluwip: Sknwpinjumpnitutph, wquun yunynibkph b hwdwlwpgh 1phy wnwnkughwy
Eubpghugh $miuhghntiuh Yhpwndwt bhhdwh Jpu dowldl; Eu snpuwilnibwlught kpownp
htdkunutp: Uhypnynpup pupuly vwikph Yhpwewlywb mbunipyutp hwduwywnwujpwt Lugpudh
Juphwghnt uyqpniph oqunipjudp npnpynud ki Jkppwynp Lkdkunh Ynonnipju punipwqphsubtpp,
nph hhdwb Jpw £ jurnigynwd £ junph Ynonnipyuts dwnphgp, hpujwiwgynid Ehwiipuwhwyquljub
gduyhtt hwjwuwpnudubph hwdwlwpgh dbwdnpdwl gnpdpiipwgp: Thunwpldmd £ dhljpnuyngup
pwnwlniuh uwh Spdwl Ynbljptn flinhpp, Gpp vwp quidnud b hwduuwpwswt  pughdus
wpuwphtt inpuu) nidught wgplignipjutt iy, hull vwh kqplpp hnpuljuwynpbit wdpuygqus Lu:
Unuwugws pYughtt  wpynibpubpp  hudbdwngnd - Bo wbuwljut fwbwyuphng  unwugdus
wpiyniupubph htiwn: Jughtt wpyniipubph whuwphqh hhdwt Jpu hwuwnwnynid h?l dhypnunjjup
Wniph wpynitwdbn hwnlnipniiubpp wdpnipyutt b Ynonnipyutt. hdwuwnbtpng  hwdwdwnws
hudwywnwuwb puuwlwi yniph htwn:

Zhamakochyan K.A., Sargsyan S. H.
Stiffness matrix of the finite element of micropolar elastic thin plate

The present paper is dedicated to the development of the foundations of the application of the finite element
method to calculate the boundary value problems of statics of micropolar bending deformation of thin elastic
plates. On the basis of application of laws of displacements, free rotations and functional of the total potential
energy of the system, effective quadrangular finite elements are developed. With the help of the corresponding
Lagrange variation principle of the applied theory of micropolar plates stiffness characteristics of finite element
are determined and on the basis of the constructed stiffness matrix procedure of forming the resolving system of
linear algebraic equations is performed. Concrete problem of bending of square micropolar elastic plate under a
uniformly distributed power load is considered, when the edges of the plate are hinged-supported. The numerical
results are compared with the results obtained on the basis of the theoretical study of the problem. The analysis of
numerical results sets effective properties of the micropolar material from the point of view of stiffness and
strength of the plate compared with the classic material.

PaboTa mocBsmieHa pa3pabOTKe OCHOB IIPUMEHEHUS METOJa KOHEUHBIX JJIEMEHTOB UL pacuéra KpaeBBIX
3aj1a4 CTATHKU M3THOHOH nedopMaluy MHUKPOMOJSIPHBIX YHNPYTHX TOHKMX IUIacTMH. Ha ocHOBe mpHMeHeHus
3aKOHOB IIepeMelIeHHl, CBOOOIHBIX MOBOPOTOB M (DYHKIHOHAIA MONHOH NMOTEHIHANbHOW JHEPTHM CHCTEMBL,
paspaboranbl G (eKTUBHBIC YETHIPEXYTOIbHBIC KOHEUHbIE 31eMeHTh. C IOMOIIBIO COOTBETCTBYIOIIETO BapHa-
IIMOHHOTO INpUHIMNA Jlarpamxa NpUKIaJHON TEOPUM MHKPOHOJISIPHBIX IUIACTHH OINpPENENIOTCs KECTKOCTHBIE
XapaKTePUCTHKH KOHEYHOTO 3JIEMEHTa U, Ha OCHOBE IOCTPOSHHON MATPUIIBI )KECTKOCTH, BBIIOIHACTCS IPOLERypa
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(opMHpOBaHUS pa3penraronieil CHCTeMbl anredpandecKuX IHHEHHBIX ypaBHeHHH. PaccMarpuBaeTcs KOHKpeTHas
3ajada M3ruba KBaJgpaTHOW MHUKPOIOJIIPHON YIPYTOi IUTACTHHKH IOJ JEHCTBHEM PAaBHOMEPHO paclpeieNEHHON
CHJIOBOH HOpMaJIbHOM HAarpy3KHu, KOrja Kpas IUIACTMHKH INapHUPHO-onépThl. IlodyueHHbIe YMCIEHHBIE Pe3yib-
TaThl CPABHUBAIOTCSA C Pe3yIbTaTaMH, MOJyYeHHBIMH HA OCHOBE TEOPETHYECKOTO HCCIENOBAHHSA 3aJaui. AHAIN3
YHCIICHHBIX Pe3yJIbTaTOB YCTaHABINBACT d((PEKTUBHBIC CBOMCTBA MHKPOIOJISIPHOTO MaTepHalia II0 CPaBHEHHIO C
COOTBETCTBYIOIIUM KJIACCUYECKHM C TOUYKHU 3PEHHUS KECTKOCTH U NPOUYHOCTH IIACTHHKH.

BBenenne. B HacTosmel paboTe paccMOTpeHa CcTaTWdecKas 3ajada HM3ruda
MUKpONOJISIPHON yNpyroil TOHKOW MNpPsMOYIOJbHOW IIacTHHbL. KOHEUYHO—3JIEMEHTHOE
pemieHne 0a3upyeTcss Ha MaTeMAaTHICCKONH TEOPUH MHUKPOIIOAPHBIX IDIACTHH M 000JI0YeK
pabot [1-3]. OcHoBoOMOMararonye MaTpUIbl TEOPUH METOJIa KOHEUHBIX dJeMeHToB (MKD)
MOJTyYeHbI BapHAIlMOHHBIM CII0OCOOOM. BrIpaskeHHe MONHOM NOTEHIMANBHOW 3HEPTrUU
KOHEYHOI'O 3JIEMEHTa MHKPOIOJSPHOW IIACTHHBI MHUHHMH3HUPYETCS 10 KOMIIOHEHTaM
Y3JI0BBIX KHHEMATHYECKUX apaMeTpOB, CPEIU KOTOPBIX — YIIIBI CBOOOJHOTO BpAIICHUS U
MoTIepeyHbIe CABUTH. MaTpuiia )KECTKOCTH YeTHIPEXY3ITOBOTO MPSIMOYTOIBHOTO HIEMEHTa U
BCKTOPD OKBHMBAJCHTHBLIX Y3JIOBBIX CHUJI W MOMEHTOB HWMCIOT 72 nopsaka. Oun
npeaHasHauCHbl JI TPUMCHCHUSA B YHCJIICHHBIX pacqéTax MUKPOIIOJIAPHBIX IUIACTHUH,
3arpy’KCHHbIX pa3sHbIMHU BUAAMH pacnpeuenéﬂﬂmx WK COCPEAOTOYCHHBIX BHCIIHUX CHUJI U
MOMEHTOB, a TaK)Ke IIPU Pa3IMIHBIX TPAHUYHBIX YCIOBHSX.

MeTo/1 KOHEUHBIX JIEMEHTOB PELICHHs 3aa4d M3TMOHON aedopMaIiii MUKPOIIOJISIPHBIX
YIPYTUX TOHKHX 0aJOK, KaK CTaTHYeCKOro, TaK M JMHAMHYECKOrO XapakTepa, paspaboTaH
B paborax [4,5].

OtmernmM, uto MKD B ImJI0CKO# B IPOCTPAaHCTBEHHON 3aJjaduaX MUKPOIOISPHON TEOPHH
YOpYrocTH pa3BUTHI B paborax [6-9]. MKD B kimaccmueckoil Teopuu W3rHOHOU
Jnedopmanui ynpyrux TOHKMX IUIACTHH C y4€TOM IONEPEYHBbIX CABUIOB Pa3padOTaH B
paborax [10,11].

1. Dueprernyeckuii GyHKUHOHAJN 151 M3THOHOW AedopMalUu MUKPOMOJIAPHBIX
YIOPYruX TOHKHMX IUIACTHH. BBIBOX pa3pemaronmx ypaBHEHHI pacdéra MHUKPOIIOJIAPHBIX
yOpYyruxX TOHKHMX IUIACTMH ¢ nomomp0o MKD BapHallMOHHBIM METOJOM IpeAIoiaraet
(opMHpOoBaHHE OSHEPreTHYECKOro (QYHKIMOHANA, TI0J KOTOPBIM IOApa3syMeBaeTcs
BBIpQ)KEHUE IOJIHOW NOTEHUMaNnbHOM sHepruu I1 cucrtembl. DTO BBIpaK€HHE COCTOUT W3
CYMMBI TOTEHUMAILHON dHepruu Jnedopmaumu W  MHUKpOIOJSIPHOM IUIACTUHKH U
MOTEHLIMaja BHEIIHUX CUJI U MOMEHTOB (—A) [3]:
m=w-4 8
B sTOM BBIpaxeHuu

1
w :EII(N13F13 + Nyl + Nyl + Ny Iy, + M Ky + My, Ko + MKy, + MK +
(s)

Lllkll +L22k22 +L33k33 +L21k21 +L12k12 +Al3ll3 +A23123 )dS, (2)
rne N,,,N,;,,N;,N,,—yeumus; M, ,M,,,M,,,M, —MoMeHTbl (n3rubaromme M KpyTs-
Iye) OT CWIOBBIX HampsbkeHud; L,,,L,,,L,,L, ,L;;— MOMEHTBI (M3rubaroniye u KpyTs-
IUe) OT MOMEHTHBIX HalpsDKeHUH; A, A,,— TUIEPMOMEHTbl OT MOMEHTHBIX HaIpsDKe-
muit; I,,15,,1 5,1 — cosurossle aedopmaruu. K,,,K,,,K,,, K, — n3ruGHbIE-KPYTHIIb-
Hble nedopMaluy, CBSI3aHHBIC C CHJIOBBIMH HalpsDKeHUSIMU; k,,,k,,,k,,k,,,k;,— M3ruo-
Hble-KPYTHJIbHBIE JAe(OpMaluu, CBA3aHHBIE C MOMEHTHBIMU HANPSDKCHUAMY; 15,1, —

THITeP-U3rHOHO-KPYTIIIbHBIE AedopMarn; A — paboTa BHEITHUX CHJI U MOMCHTOB.
YcpenHéHHbIe YCWIUS, MOMEHTHI W THIICPMOMEHTHI, Je(QOpPMAalUy, W3THO—KPYUYCHUS
CBsI3aHbI (PU3NYECKUMHU COOTHOIICHUAMH yrpyrocty [1]:
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Ny =2h[(p+o)l;+ (-l ], Ny =2h[(n+a)ly +(p—o)ly, ],
Ny =2h[(n+ o)l + (=)l 5], Ny, =2h[(n+ o), +(u—o)l ],

2ER 2ER
M, ZW(KH +vK,,), M,, :m(Kzz +vK,)),
281 2h°
M, = 3 [(H +o)K, +(n- G)KZI]’ M, = T[(H +o)K, +(pn— q)KUl
L, = 2h[(2y + B)kll + B(kzz +kss ):L Ly, = 2h[(2Y + B)kzz + B(ku + ks )]»
L= Zh[(Zy + B)k33 + B(ku +ky )]:
L, =2h[(y+e)k,, +(y—e)ky ], L, =2h[(y+e)ky +(y—)k,, ],
20 [ dye 20 [ dye
A13 = _ll3 > A23 = 123 > 3
3 [ y+e 3 |vy+e
rae E, vV, U, A, B, Y,€ — ynpyrue KOHCTaHTbl MHUKPOIIOJSIPHOTO MaTe€puajia MIACTUHKHA
B E
o) (1+v)

3anuieM TakKe I€OMETPUYECKHE COOTHOIICHHS B MHKPOIOJISPHOW TEOPUH YIPYTUX
miactuH [1]:

0 0 0
K =M g, N g N g W
ox, ox, ox, ox,
ow ow
Dy=——+Q,, 15, =y, -Q,, Iy =—-Q.,[, =y, +Q,,
X, 0ox,
oQ oQ oQ oQ o1 o1
k, = Lk, = 2k, =—2k, = Ll =— L, =— .k, =1 4
11 o, 2 o, 12 o, 21 o, 13 o, 23 o, 33 4)

rge W-—mnporu0® IUIACTHHKY; \,,,— YIJIbl IIOBOPOTa HOPMAaIbHOIO K CpPEIUHHOH
HOBEPXHOCTH JIMHEIHOTO 3JIEMEHTa BOKPYI Oced X;,x,; €2,,€), — cBoOOAHBIE MOBOPOTHI

YKa3aHHOTO HOPMAJIbHOTO 3JIEMEHTa BOKPYT COOTBETCTBYIOLIMX OCEH; 1— MHTEHCHBHOCTb
MOBOPOTa YKa3aHHOTO HOPMAJIBHOTO 3JEMEHTa BOKPYTI OCH, NCPIEHIUKYISPHON K
CPEAMHHO# TUIOCKOCTH ITACTHHKHU.

PaboTa BHEUIHUX CHJI © MOMEHTOB JIJIsl MUKPOTIOJIIPHOW IUIACTUHBI, HATPYKEHHOU MO
BEpXHEH JIMIEBON MJIOCKOCTH PACMPEACAEHHBIMU YCUIIUSIMA U MOMEHTAMH, OIPEIEIISETCS
uHTEeTpasiom [3]:

A= .U[(hpl\ul +hp, vy, +p3w) +(lel +m, Q2 + 1hm3)]ds +
()
+I[(M11w1 + My, +wN,y )+ (L, Q + L,Q, +1A ) | dl +

/1
[ [(Mw, + Moyy, + W )+ (L, @ + L,Q, +1A,,) ] dl. 5)
b
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Takum 006pa3om, BEIpasKeHUE TTOJTHOM MOTEHIMATBHON YHEPTUH MUKPOIIOJISIPHOH IIJIaCTHHBI
umeet BuA (1), B KOTOPOM MOTEHIIMANBEHAS SHEPTHA AeQOopMaIiun 3a1aéTcss HHTErpaiom (2),
a TIOTEHIIMAJI BHEIIHUX CHJI U MOMEHTOB — HMHTErpasioM (5) ¢ oOpaTHBEIM 3HaKOM. B maib-
HEHIINX BBIBOJAX COCPEJOTOYMM BHHMAaHHE Ha ()YHKIMOHAJe MOTEHIMAJIbHOH 3HEPrHH
nepopmanuu (2). [IpencraBum ero B Bune (pyHknmoHana Jlarpamka. s atoro, BHyTpeH-
HHE YCWIHMS U MOMEHTHI B (2) 3aMEHHM COTJIACHO (PM3NYECKUM COOTHOLICHHSAM YIPYTOCTH
(3) mMukpomomspHOTO Tela, B KOTOPBIX y4YTEM reoMeTpuueckue cootHomierus (4). B
pe3yabTaTe ITHX NPeoOpa30OBaHUM IOy YUM:

W= jf[l%dxdy, 6)

rac v

%:3(%’;)[ o+ §Z}+%K11Kﬂ+%}(u+o®[&ﬂ+K122:|+2Th3(p—oc)K12K21+

+h(u+a)[l"§l+l"f3+F§2+F§3]+2h(u—(x)[l"l3l"3l+F23F32]+h(2y+[3)[kfl+k222+k333]+

F2hB [k, ey, + Ky ey + ey |+ (v +€) | ey + A |+ %
I 4dye

+2h(y— &) ky,ky, +?m(;§3 +13,).

B utore mmeeM (yHKIMOHAN MOTHOW MOTCHIMAIGHOW YHEPTHUH IUIACTUHBI B BHIE
BeIpakeHus (1), crmaraeMbIMH TPaBOM YaCTH KOTOPOTO BBICTYHAIOT ITOTCHIMAbHAS
sHeprus nedopmanuu (6), (7) 1 MOTEHIWANT BHEITHUX CHII U MOMEHTOB (5). C moMOIIBI0
9TOr0 BBIPAKEHHWS NOIYYHM OCHOBONOJAraromue MaTpuisl Teopun MKD  mus
MUKPOTOJISIPHBIX YIPYTUX IIACTHH.

2. MaTpuna K€ECTKOCTH KOHEYHOI0 3J1€MEHTA MHKPOIOJISPHO IJIACTHHKH.
PaccMoTpuM NpSAMOYTONBHBIA YeTHIPEXY3I0BOM KOHEYHBIH 3JIEMEHT MHKPOIOJIIPHOI
IJIACTHHBI. Bbl6epeM B Ka4Y€CTBC€ OCHOBHBLIX CJICAYIOMIME KHHEMATHYCCKUE MapaMETpbI:
MEPEMEILIEHUE TOYKU CPEIMHHOM TIJIOCKOCTH W ; YIJbl IOBOPOTa HOPMAJIBHOIO K

CPEIMHHOMN TUIOCKOCTH 3JIEMEHTa— | ,\J, B IUIOCKOCTAX X,X; M X,X;; YIJbl CBOOOIHOTO
IMOBOPOTa HOPMAJIBHOTO K CpeI[I/IHHOf/'I IINTIOCKOCTHU DJJIEMCHTAa— Ql 5 QZ U HUHTCHCHUBHOCTH
[I0BOPOTA — 1 3TOTO JIIEMEHTA BOKPYT OCH X, . [IpMMeM ISl 3THX IapaMeTpoB CIIeIyOIIHe
pacnpeesieHus o NPSAMOYTOJIbHOM 00J1aCTH CPEAMHHON IIOCKOCTH JIEMEHTA:
2 2 2 2 3
WX, X)) =0 + 0,X, + 0X, + 0,X, + 05X, +0lX, X, +0l,X, X, +0gX,X,” +0l,X, +
3 3 3
QppXy +0y X X, +0XX, ,
2 2 2 2
Wi(X,X,) =0y + 00X + Qs + X, A X, F O X X, + QX X, F O X X,
3 3 3 3
+ 0, X F Xy F U X X, F Ay X X,
2 2 2 2
Wo(X)52X,) = Oos + Qg Xy + 0y Xy + Qg Xy + UpgXy” + Qyg X)X, + Uy X, Xy + A3 X, X, +
3 3 3 3
+ a33x1 +a34x2 +a35x1 x2 + a36x1x2 .
Q(3X,,%,) = Uy + Qi Xy + Uy Xy + gy X, + Uy Xy + Oy X, Xy + Xy Xy + QX X, +
1 (X, X)) = U3y 38X 39%2 40%1 a% 02X X 53X X 14X %

3 3 3 3
FOysX; T OuX, Ty X Xy A XX,
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2 2 2 2
Q, (X, X,) = Uy + U5 X) + 05X, + Ay X, + A X, + Ay X, X, + Uss X)X, + A XX, +
3 3 3 3
+a57x1 +a58.x2 +a59x1 xz +a60x1x2 .

2 2 2 2
l(xnxz) = aﬁl + a62x1 + a63x2 + 6‘(64‘)61 + a65x2 + a66x1x2 + 6‘(67)61 xZ + a68x1x2 +

3 3 3 3 ®)
Qg Xy +a70x2 +a71xl X, +a72x1x2 .
OCHOBHBIE KHHEMATHYECKHE napaMeTphl 3aITUIIEM B BUIC BEKTOpA:
ow Oow oy, Oy, oy, oy,
0= Wo—H—H V¥ ’ sWys ’ st
0x, O0x, 0x, 0x, 0x, O0x,
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0x, ’ 0x, e 0x, ’ 0x, ’ ’6x1 ’ax2

TOTJa CUCTEMY ypaBHEHMH (§) MOKeM NpeCTaBUTh B MATPUYHOM BHUJIE:

0 =Sa, (10)

rZie 0. — BEKTOP MOCTOSHHBIX B hopmyrax (8):

=1 j'
O =050, 0y peeey O pencllyy |

00, 0@, R, 0, & }T

S — marpuia pasMepHOCTBIO 18X72, KOTOPYIO B JaHHOM Cliyyae ynoOHO MPEACTAaBUTH B
0JI09HOM BUJIE:
S= [SI,SZ,S3,S4].

3neck S,,S,,S;,S, — noamaTtpunsl pazmMepom 18%18 co cTpykTypoii ¢ KOMIIOHEHTaMH:
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Bektop y3MOBBIX KHHEMAaTHYECKHMX TMapaMeTpoB O, OJHO3HAYHO OMNpEAeseT

e
Hanpspk€HHO-edopMupoBanHoe coctosiune (HJAC) BHYTpHM KOHKpEeTHOro syieMeHTa. B
ClIydae 4YeTHIPEXY3JIOBOTO 3JIEMEHTa IUIACTHUHBI, B OOIIEM BHAE, 3TOT BEKTOP HMEET
Clle/Iyrollee TIpeICTaBIeHHeE:
T
6e2{61’62363964} 5 (11)

rue 9, (i =1,2,3,4) — BeKTOp HEU3BECTHBIX I -TO Y3714,

ow ow 0 0 0 0
6i: Wi, ’ "Il]i’ L D) L LA &%) ‘Ilz ’ & ’
ox, ).\ 0x, ). ox, ).\ 0x, ) ox, ).\ 0x, ),
oQ oQ oQ oQ a o
Qlia ! 9 ! 9= —1 ’ 2 slis| — (12)
ox, ). \ 0x, ox, ).\ 0x, 0x, 0x,

i i i. i

Bbipa3uM BEKTOpP OCHOBHBIX KHHEMATHYECKUX MEPEeMEHHbIX (9) B MPOU3BOJILHON TOYKE
BHYTPU KOHEYHOTO 3JIEMEHTa IUIACTHUHBI Yepe3 BEKTOpP Y3JIOBBIX mapamerpoB. Jljst 3Toro
CleIyeT 3amucarh 3HaueHus QyHKIMH (§) A y3I0BBIX ToUeK. PasMeps! MpsMOyroIpHOTO

3JIEMEHTA IIACTHHBI 0003Ha4nM a (pa3Mep BIOJIb OCH X, ) U b (pa3Mep BIalb OCH X, ) U
chopmupyem BekTopel 0,(k=1,2,3,4) (9) mna d4eThIpéX TOUEK € KOOPIMHATAMU
(0,0),(a,0),(a,b) u (0,b). B emHOM MaTPUYHOM COOTHOUICHHH 3TO OYAET BBITJIAICTH
CIEIYIOMIIM 00pa3oM:

6, =Ta, (13)
rne T— kBagparHast MaTpuia pasmMepoM 72x72, copmMupoBaHHas U3 MaTpulbl S T1pH TeX
3HAUEHUSX X, U X, , KOTOPBIE COOTBETCTBYIOT Y3JIOBBIM TOUKAM:!

S, =0,x, =0)

S(x, =a,x, =0)
- S(x, =a,x, =b) )

S, =0,x, =b)

T
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IMoncraBum BekTOp @, ompeaencéuubii m3 (13) B (10) m, mocie 3TOrO, MOIYYHM
COOTHOUICHHS [yl OCHOBHBIX KMHEMAaTHYeCKUX (DyHKLMH, BBIPRKEHHBIX uepe3 y3JIOBbIC

HCU3BCCTHHIC:
3=P5,,

rae

P=ST"

3neck Matpunia P pasmepHOCThIO 18X72 nMeeT ciaeayonryo OJI09HYI0 CTPYKTYPY:
P= [P17P27P39P4]a

rre P,,P,,P,,P,— nogmaTpuisr pasmepom 18%18 co cTpyKkTypoit 1 KOMIIOHECHTaMH:
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P17 Pis P O 0 0 [} 0 0 0 0 0 0 0 0 0 0 0
P2y Pazs Pazy 0 0 0 0 0 0 0 0 0 0 (1} 0 0 0 0
Piyy Pax Pap 0 0 0 0 0 0 0 0 0 0 0 (1} 0 0 0
0 0 0 Piw Pow Puiz O 0 0 0 0 0 0 0 0 0 0 0
0 0 0 Py Psy Pse 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 Pew Pear Per 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 Pry Pru Pras 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 Psy Psas Psas 0 0 0 0 0 0 0 0 0
P 0 0 0 0 0 0 Py Poss Pous 0 0 0 0 0 0 0 0 0
*Tlo 0 0 0 0 0 0 0 0 Py Pug Pus O 0 0 0 0 0
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0 0 0 0 0 0 0 0 0 0 0 0 Pier Puags Piago 0 0 0
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rac

2
_ _ _ _ _ 1 3 5 2 5 oxx, 3x'x,
Pi=Pas = P77 = Piogo = P13z = Piegs =L~ 7% +t—3X — t—
a a ab ab
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ox, ), ox, ox, ),

oy oy oy
t PyaVis+ Dy 41[ axl ) + p4,42[?) t PyssWia T Dy 59( ﬁxl + Do
173 2/3 1 /4

oy oy oy oy
6_1 =PV + Pss| =+ | +Pss Hl o+ PspVint Dsos Ll +p
X, ox; ), ox, ), ox; ),

+ ps,so(

0 0 0 0
2 L= PV T Pes Sdl *+ Pes A t PsuVia T Pons d +p
X, ox, ), Ox, ox, ),

0 0 0
t PsaVis T ps,41(%} + D5 (%J t PsssWia t Ps 59[ a\)':l J
1/3 2 /3 1 /4

\

oy 8\4/
t PsaVis t p6,41( ax] Ps.ax *+ PsssWia + Ps 5o —| +
1 4

(
=
=
=),

3
)
):

v, P77\V21+p78( o, J P79[ ] t P15V t Py 2{ j + P77
2
oy
D1V T Py 44( P 2] [ ] t DVt Pre -
X, axl

oy,
ox,

ox, ) Ox,

oy ov oy
= P71V +p88( ZJ +p89( xzj + PsosWar + Dy 26(_2 + Dg o7
1 2

+

l+

v,
ox, 4’

0.
oy oy oy oy
T PgasVos + Ps,44(§2] + Dy 4s (ﬁ] *+ Ds6iVas T Pyer [gz + Dy 3 Ez
1/3 2 /3 1 /4 2 /4

)
Y2 )s



a\VZ = PorVWo +p98(—a\sz +p99( \VZJ + DoysVs +p9’26(&J +p9y27(&] n
X, X 1 ze | 8x1 ) axz ,
0 P P
TPsVn p9’44(%] T Pos [%} T Dos1Was P9,62[ e J + P9,63[ 2 J >
X Js Xy )s ox, ), ox, J,

oQ o0 20 50

Q = Pm,loQu + plo,n(—a 1} +p10,12[—1) + plO,ZSQIZ + plo,z{_lJ + p10,30(_1J n
X ox, ), ox, ), ox, ),

o0Q, o0Q, o0Q, oQ,
+ P10,46913 + Do K + Pioas g + p10,64QI4 + Pioes g *+ Pioss g 5
1 /3 273 1 /4 2 /4

0Q, 0Q, 0Q, 0Q,
2 :pll,]OQ]] + Pun + P +p]],28§212 t Pl +
X, ox, ), ox, ), ox; ),

0Q, o, 0Q,
+ Piiso P + pll,4GQI3 + Puar + Diias + p11,64QI4 +
X, ), ox, ), ox, ),

0Q, 0Q,
+ Piies E + Diies E 5
1 /4 2 /4

oQ, 0Q, oQ, oQ,
P = P12,10Q11 T P + D + Plz,szlz + P +
X, ox, ), ox, ), ox, ),

oQ, oQ, 0Q,
+ p12,30 a + p12,46913 + p12,47 a + p12,48 + p12,64Q14 +
x, ), X, ), ox, ),

0Q, o,
+ Piaes g *+ Piaes g >
1 /4 2 /4
oQ

oQ o
Q, = p13,13921 *+ Diss B 2 + Disgs 2 +P13,3lez *+ Dz o+
X, ), ox . ox 5

1 2 1

oQ oQ oQ
+p13,33[ a ZJ +p13,49923 +p13,50[ ZJ +p13,51( 2J +p13,67QZ4 +
x, ), ox , ox R

2 1 2

oQ, 0Q,
t Pises K + Piseo o s
1 /4 2 /4
oQ oQ,

oQ oQ
—2= P14,13921 T Piaa 21+ Piags 21+ p14,31922 *+ Dun +
Ox, ox, ), ox, ), ox, ),

oQ oQ oQ
+ p14,33 (a_zj + p14,49Q23 + p14,50 [G_ZJ + p14,51(a_2j + p14,67QZ4 +
2 3 3

Xy X Xy

o0Q, 0Q,
+ Dises ox + Diseo o s
1 /4 2 /4
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oQ 59 oQ oQ
P L= p15,13921 + Pisia — | + Piss — | + p15,31922 t PDisxn —| +
X, ox; ), ox, )| ox; ),
oQ oQ oQ
+ Disas 8_2 + p15,49Q23 *+ Pisso —= | + Pis 51 — |+ p15,67QZ4 +
X, ), Ox, R Ox, R
oQ, 8(2
* Dises 8_ * Piseo >
X, ), 6x2 A
oy oy, oL,
L= Pisisht T Pisyr 3 t Pisas| = | T Piesala T Pisss Pis36
x, ), ox, ), ox, ),
oL, oL, oy
t Piosals T Piess 8_ t Pissal = | T Pisrola T Pisnn + Pi6 2
X, ), ox, ), le X,
o oy o 812 6
6)61 = Piish T P o, 1 + Pi7s 8_)62 1 + Dizsaly t Digss P17.36 8
oL, oL, oy
t Pirsals + Digss 8_ t Pisal = | T Pizsols T Pir + Pin
X, ), ox, ) le
o oy oy o,
a_:pls,léll t Pisir| = | T Pisas| = | T Piszsla + Pigss + Pis 36 +
X, o ), ox, ), ox, ), 6x2 R
o1 ol a o1
t Pigsols + Digss 5_3 + Digsa — | + Pigzola + Dig 7 — + Disn — . (15)
X1 Js ox, ) o, ), ox; ),

IToxcraBuM pasznoxenus (15) B BelpaxeHue i W, a 3aTeM IOMy4eHHBIH pe3yiabTar
MpouHTErpupyeM 1o dhopmyie (6).

B wurore ¢QyHKIMOHAN MOTEHUMANBHOW »dHepruu naedopmanmu (6) Ui OIHOTO
KOHEYHOIO BJIEMEHTa IUIACTHHBI NPEBPAaTHTCAd B (YHKLUIO, 3aBHCSALIYIO OT Y3JIOBBIX
KUHEMaTHYEeCKHUX NIePEMEHHBIX:

w=w w;, @ 5 ﬂ sWiis % 5 a\VI sWois a\VZ H a\VZ °

ax, )\ ox, ), ox, )\ ox, ), ox, )\ ox, ),

Ql[s % ) an :ins % ’ & 5l,'9 ﬁ ) i s i:13253s4' (16)
ox, )\ ox, ), ax )\ ox, ), ox, )\ ox, ),

B cmydae m3rmba IuUTacTHHBI, HApUMeEp, PaBHOMEPHO-PACIPEICNEHHON MO BepXHEH
IUVIOCKOCTH HOPMaJIbHOW HAarpy3koif, pa0oTa BHEIIHMX CHJI, NPHXOIILIIMXCA HA OIUH
KOHEYHBIH 3J1eMeHT, OyAeT NpeCTaBIeH HHTETPaIoM:

A= p3j’.j.wdxdy.
00

[MoacraBuM crofa BelpaxkeHue sl QyHKIUM nepeMerieHuid u oBopoToB u3 (15). B
pesynbTare, IOCIE HWHTETPHPOBAHUA padOTa BHEMIHMX CHII IPEACTAaHeT (yHKLUEH,
3aBUCSILEH OT Y3JI0BBIX 3HAYCHHIA MPOrnda u yriioB u3ruda o0ouX HampasieHui (10 ocsIM
X U X,):
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ow ow .
A=A w,| —|,|=— | i=123,4 a7

ox, ).\ Ox, ).

1 1

Teneps, TpeOys YCIOBHS CTAallMOHAPHOCTH TOJMHON TOTCHIHMANBHOW SHEPTHH
KOHEYHOTO 3JIeMEHTa IUIACTHHBI, KOTOpas MPEACTaBIsieT co00M cyMMy BbipaxkeHuit (16) u
(17), mo xoMIIOHEHTaM BEKTOpa Y3JOBBIX KWHeMmatudeckux mapamerpos (11), (12),
HOJIyYHMM CHCTEMY alreOpandecKuX ypaBHEHHH paBHOBECHUS:
Ke6e = Fe’
rae K,— marpuna k€cTKOCTH KOHEUHOTO 3JIEMEHTa IUIacTHHBI; F, — BEeKTOp SKBUBAJICHT-

HBIX Y3JOBBIX CHJI.
B oOmem cimydae wmarpuma KECTKOCTH KOHEYHOTO »dJeMeHTa IiacThHel K

e
pa3MepHOCThI0 72X72 mMeeT OJTHOE 3allOJHEHNE, T.€. B Hell MaJlo HyJIeBBIX JIeMEHTOB. B
paMKax JaHHOW pabOThI HET TEXHMYECKOH BO3MOXXHOCTH NPHBECTH BBIPAKEHUS [UIS BCEX
KOMITOHEHTOB MaTPHIIbI )KECTKOCTH JIEMEHTA IUIACTUHBI, JAKE C yUETOM CUMMETPUYHOCTH
e crpykTypsl. IloaToMy, Kak NPHHATO, NPEICTaBUM COOTHOMIEHHS Ui KOMIIOHEHTOB
TJIaBHOM JWaroHamy Jjs 3JIEMEHTOB MAaTpHIbl JKECTKOCTH KOHEYHOTO KBaJIpaTHOTO
JJIEMEHTa:
184

k. =ko.o=k =k =—h(a+p),
11 19,19 37,37 5555 105 ( w

34
ky, = k33 = kzo,zo = k21,21 = k}s,ss = k39,39 = kso,sc» = k57,57 = %azh(a +1),

k44 = k77 = k22,22 = k25,25 = k40,40 = k43,43 = k58,58 = k61,61 =

E

h|1727a’ (o +p) +1840h° | o+ p——

_ v -1
6300 ’
kss = kog = k23,23 = k27,27 = k41,41 = k45,45 = k59,59 = k63,63 =
2 140°E

=—a’h| 3(a’ + h* Yo +p) ——— |,

945 vi—1

k66 = kss = k24,24 = k26,26 = k42,42 = k44,44 = k60,60 = k62,62 =

2 , ,
=—d’h|3a (@ +p)+ i |14(a+p) -
945 vi—1

klO,lO = k13,13 = kzs,zg = k31,31 = k46,46 = k49,49 = k64,64 = k67,67 =

1h(17274°a +1380 (B + 3y +¢))

b

1575

k11,11 = k15,15 = k29,29 = k33,33 = k47,47 = k51,51 = k65,65 = k69,69 =

= %azh@aza +144+31y +3¢),
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k12,12 = k14,14 = k3o,3o = k32,3z = k48,48 = kso,so = k66,66 = kes,es =
2
= Eazh(4a2a +3B + 20y + 14¢),

h(44160h"ye +1727a° (4h’a. + 3B + 6Y)(y + €))
kl6,16 = k34,34 = k52,52 = k70,70 = 5
18900 (y + €)

k17,17 = k18,18 = k35,35 = k36,36 = k53,53 = k54,54 = k71,71 = k72,72 =

_ 2a’h(68h*ve+a’ (4h" a+ 3B+ 6y)(y +¢))

945(y +¢)

3nech, Al cpaBHEHHs, HEOOXOIUMO TaK)Ke MPUBECTU AMPOKCHMAIIMIO PACHIPEe/ICIICHHs
OCHOBHBIX KHHEMATHUECKUX IO MPSIMOYTOJILHUKY 0a30BOM MJIOCKOCTH 3JIEMEHTOB MOJIUHO-
MaMHU B CJIy4ae KJIaCCUUYECKOW MOJIEH MJIACTUHKH C YYETOM MOMEPeYHbIX cABUToB [11]:

2 2 2 2 3
WX, X,) =0 +0X, + A X, + 0 X + 00X, + XX, + 00X X, +0gx X, +agx +
3 3 3
+ X, +a11x1 X, +a12x1x2 N
2 2 2 2
Wi (X, X,) = Oy + QX+ 05Xy + QX+ 00X, + QX X, + X X, + 0 X X, F
3 3 3 3
+ 0, X +0X, F X X, F Ay XX,
2 2 2 2
V/z (xl’x2) = aZS + a26x1 + a27‘x2 + a28xl + a29‘x2 + a30x1x2 + a}lxl xZ + a32‘x1x2 + (18)
3 3 3 3
+ 05X, U Xy F QX Xy + QX X,
3. MopeJabHbIl pacyéT MUKPONMOJSAPHBIX MJIacTHH. B kauecTBe mpumepa paccMoT-
pPUM MHKPOIOJSIPHYIO H30TPONHYIO KBaJpPaTHYIO IUIACTHHY, KOTOpas omnépra Mo BCEM

9eTBIPEM CTOPOHAM M M3THOaeTcss HOPMAIbHOM Harpyskoi p, = const, (B aTom crydae
p,=0,p,=0,p;, #0,m, =0,m, =0,m; =0). [lna TrpaHUYHBIX YCIOBHH IIAPHUPHOTO
ommpanus umeeM [1]:

8 o0
w= 9i: s 2:09 91:07\“2:05i:0 l'IpI/le=0;a.
0Ox, X, ox,
8 o0
w=0, M2 X o0 —0,y, =02 ~0 npux, =0;a (19)
0ox, 0ox, 0x,

Oynkuauonan (1) st aToro ciydast OyJIeT UMETh BU:

M= ”[W — (p3w)]ds.
(5)

CHavana pacCMOTPHUM 4YETBEPTYIO 4acTh IJIACTUHKU. BBUHCINM COCPENOTOYECHHBIE
Y3JIOBBIE CHJIBI M MOMEHTHI, SKBHBAJICHTHHIC PABHOMEPHO pAaCIpeNeNEHHON Harpyske

p; =const:

ot L

, 0,...0
—

71pa3

[Mocne nocrpoenust marpuisl xécTkocT [K] cocraBuM cuctemMy JMHEWHBIX anreOpau-
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YeCKHX ypaBHEHHH, COOTBETCTBYIOIIYIO pacCMaTpUBaeMOH 3a1aue:
[K]-{8} = {P}.

J11s1 IOBBIIIEHHST TOYHOCTH PEIICHNH TOHATHO, YTO HEOOX0ANMO pPa30MBaTh IIACTHHKY
Ha HECKOJBKO KOHEYHBIX 3JIEMEHTOB. PaccMOTpUM ciydau, KOT/Ja IJIaCTHHKA pa3OuTa Ha
YeThIpe, Ha MIECTHAALUATh W Ha TPUALATHIIECTh KOHEYHBIX 3JIEMEHTOB. Pe3ynbrar BhIUHC-
neHnit (MAKCUMAIBHBIN MPOTHO) TMpUBEAEM IS CiIydas, Koraa (U3HYecKHe MOCTOSHHBIC
MHUKPOTOJISIPHOTO YIIPYTOro MaTepraia UMEroT 3HadueHus [ 12]:

eV 3702 p= B 100352 =462 y=2.4re,
(1+v)(1-2v) cm 2(1+v) cm cM
e=2.4xke, p=120ke, ¢=0.5-10" K22 , @ TeOMETPUYECKHE pa3Mephl MJIACTUHKU TAKUE:
cm

a=b=10cm,h=0.1cm (mas cpaBHEHUS MPHUBEIAEM TAKKE PE3YNbTAT MO KIACCHUECKOM

TEOPHUH yIPYron TOHKOM turacTHHKH (18) mpu e€ nzrube ¢ yu€ToM MONEPETHBIX CIIBUTOB).
B ciyuae, koraa mracTuHKa pa3duTa Ha YeThIpe KOHEYHBIE SJICMEHTHI:

) w=0,0052cm, wt =0,0073cm.

max
B cnyyae, korja riiacTuHKa pa3ouTa Ha MECTHA/IAaTh KOHEYHBIXJIEMEHTOB:
2)  wet=0,0059m, wh. =0,0081cm.
B cnyvae, korja riacTuHKa pa3ouTa Ha TPUILATH HIECTh KOHEUHBI 3JIEMEHTOB:
3)  wohe =0,0061cm, wi =0,0085cHm.
Teoperndeckne perieHHs o0eHX 3aaad, KOTOPHIE MOIYYEHBI C NMPUMEHEHHEM METOZa
paszeneHus NepeMeHHbIX, JaloT CIeAyIONe YUCICHHbIE 3HAUCHNUS:
4)  wi=0,0061cm, wir =0,0085cm.
3nech, B MPOLIECCe BBIYMCICHHIA JIETKO YOSAUThCS B YUCICHHON CXOJMMOCTH PacyéToB,
a TaKk)Ke, YTO MUKPOIOJIIPHOCTh MaTepHaa (10 CpaBHEHHIO C KIIACCHYECKUM MaTepHajioM)
MPOJIEMOHCTPUPYET BBICOKHE J>KECTKOCTHBIE W TPOYHOCTHBIE CBOICTBAa (aHAJIOTMYHBIC
YHCJIEHHBIE PEe3yJIbTaThl TOJNYYaArOTCs M JUIl MaKCHMaJbHBIX HOPMAaJbHBIX CHIJIOBBIX
HarpspKeHuH).
4. 3axuloyenue
Takum o0pa3oMm, B JaHHOW paboTe BBIBEACHHI MATPHIA KECTKOCTH M BEKTOP IKBUBA-
JICHTHBIX BHEIIHUX yCWJINH Y3JIOBBIX CHJI 1 MOMEHTOB, ITPEAHA3HAYCHHBIX [UIS IIPOBEACHHS
KOHEYHO-3JIEMEHTHOTO pacuéra MHUKPONOJIIPHBIX YNPYTMX TOHKHX IUIacTHH. Paccmarpu-
BaeTcs MpHUMep IpuMeHeHus paszpaboranHoro merona MKD 1o momydeHUs: KOHKPETHBIX
YHCIIEHHBIX pe3ybTaToB. [IpoBeiéH aHaIN3 YHCIEHHBIX PE3yIbTaTOB, HA OCHOBE KOTOPOTO
ycTaHOBIEHbl A((EeKTUBHbIE CBOWHCTBA MHKPOIOJSPHOTO MaTepuaiga IUIACTUHKH 110
CPaBHEHHIO C KJIACCHYECKUM MaTepHajoM C TOUKHU 3peHUs e€ )KECTKOCTU U MIPOYHOCTH.

Pabota Brmonnena npu ¢uHancosoi nognepxxke 'KH MOH PA B pamkax Hay4HOTO
npoekTa Ne SCS 15T-2C138.

JINTEPATYPA

1. Capkucsa C.O. MaremaTuyeckass MOAENb MHUKPOIOJSIPHBIX YHPYTHX TOHKHMX IIJIACTHH U
0COOEHHOCTH MX MPOYHOCTHBIX U )KECTKOCTHBIX XapakTepucTuk.// [IpukianHas MexaHuKa U
texHuueckas ¢pusuka. 2012. T.53. Boin.2. C.148-156. Sargsyan S.H. Mathematical model of
micropolar elastic thin plate and peculiarities of their strength and stiffness characteristics//
Journal of Applied Mechanics and Technical physics. 2012. V.53. Ne 2. P.148-156.

38



2. Capxkucsi C.O. O6mas Teopusi MUKPOIOSIPHBIX YNPYTUX TOHKUX oOonouek// dusnueckas
mesomexanuka. 2011. T.14. Nel. C.55-66. Sargsyan S.H. General theory of micropolar
elastic thin shells//Physical Mezomechanics. 2011. V.14. Ne 1. P.55-66.

3. Sargsyan S.H. Energy balance equation, energetic theorems and variation equation for the
general theory of micropolar elastic isotropic thin shells//International Journal of Mechanics.
2014.Vol.8. P.93-100.

4. Sargsyan S.H., Zhamakochyan K.A. Finite Element Method for Solving Boundary Value
Problems of Bending of Micropolar Elastic Thin Bars//Proceedings of the XLII Summer
School-Conference Advenced Problems in Mechanics. St.-Petersburg, Russia. June 30-July
5,2014. P.427-434.

5. amakousn K.A., CapkucsH C.O. MeToJ; KOHEUHBIX AJIEMEHTOB B TUHAMHUYECKUX 3ajadax
MHUKPOTOJSIPHBIX YIpyrux ToHKuX Oanok //Tpyaet XVII MexayHapomHoW KoHGpeEpeHIHH
«CoBpeMeHHbIe IPOOIEeMbl MEXAHUKH CIUIOIIHON cpenbl». PocToB-Ha-lony 14-17 okTs6ps
2014. T.1. C.186-190. Zhamakochyan K.A., Sargsyan S.H. Finite element method in
dynamic problems of micropolar elastic thin bars//Proceedings of the XVII" international
conference of Modern problems of continuum mechanics. Rostov-on-Don. 14-17 October
2014. V.1. P.186-190.

6. Nakamura S., Benedict R.L., Lakes R.S.  Finite element method for orthotropic micropolar
elasticity. //Intern. J. Eng. Sci, 1984. V.22. Ne 3. P. 319-330.

7. Nakamura S., Lakes R.S. Finite element analysis of stress concentration around a blunt crack
in a Cosserat elastic solid. / Comput. Methods in Appl. Mech. And Eng. 1988. V.66. Ne3.
P.257-266.

8. Kopemnanos B.B., Marseenko B.I1., [Hapnakos 1.H. Uncnennoe nccnenoBanne AByMEPHBIX
3a7a4 HECUMMETPUUYHOH Teopuu ympyroctu// M3sectus PAH. MexaHuka TBepAoro Teia.
2008. Ne2. C.63-70. Korepanov V.V., Matveenko V.P. and Shardakov [.N. Numerical study
of two-dimensional problems of nonsymmetric elasticity //Journal of RAS. Mechanics of
Solids. 2008. Ne2. P.63-70.

9. Kopenanos B.B. UucnenHoe 000OCHOBaHHME SKCIIEPUMEHTOB IO OOHapyxeHUto 3(hexToB
MOMEHTHOTO TOBeZieHUs1 MaTepuanos//BectHuk Hukeroponackoro ynuepcutera um. H.H.
Jlo6ageBckoro. 2011. Ne 4(4). C.1536-1538. Korepanov V.V. Numerical verification of the
experiments on detection of couple-stress effects in the behavior of materials//Vestnik of
Lobachevsky State University of Nizhni Novgorod. 2011. Ne 4(4). P.1536-1538.

10. Pukapac P.b. MeTon KOHEUHBIX 2JIEMEHTOB B TEOPHH 000JI0YEK U IUIacTHH. Pura. «3HaHue».
1988. 285c. Rickards R.B. Finite element method in the theory of shells and plates. Riga.
«Znanie». 1988. 285 p.

11. HectepoB B.A. MonenbHbli pacuéT IIIaCTUHBI, OAATIIMBOW IIPU TPAHCBEPCAIILHOM CIIBUTE
//Mexannka KOMIO3UTHBEIX MartepuanoB. 2011. T.47. Ne3. C.399-418. Nesterov V.A.
Stiffness matrix of the finite element of a plate compliant in transverse shear//Mechanics of
composite materials. 2011. V.47. Ne 3. P.399-418.

12. Lakes R.S. Experimental methods for study of Cosserat elastic solids and other generalized
continuum//Continuum models for materials with micro-structure/ed. H. Muhhaus. 1995.
P.1-22.

CaesieHue 00 aBTOpax:

Kamakouan Kwnapuk  ApaparoBHa- acnupaHT  [loMpuiickoro  TrOCIEAMHCTHTYTa

nm.M.Han6annsaa. Ten: (093)873294.

E-mail: knarikzhamakochyan@mail.ru.

Capkucsn Camses OranecoBud — wi.-kopp. HAH PA, n.¢.-m.H, npo., 3aB. kad. Beicuieit
MaTteMmaTuku [ tompuiickoro rocnenuHctutyta uM.M.Hanbanasna.
Teu.: (093) 15 16 98. E-mail: slusin@yaoo.com

Ioctynuna B pegakuuto 01.09.2016

39



2U3UUSULP @bSNh(e3NPLLENP UQFU3PL UUUEURUSE Sttulahl
W3BECTUSI HALIMOHAJIBHOM AKAJIEMUM HAYK APMEHUM

Uthuwmthju 70, Nel, 2017 MexaHnuka

FEATURES OF LOCALIZATION OF WAVE ENERGY AT ROUGH
SURFACES OF PIEZODIELECTRIC WAVEGUIDE
Avetisyan A.S., Kamalyan A.A., Hunanyan A.A.

Keywords: composite waveguide; rough surfaces; normal wave signal; MELS hypotheses;
wave modes; frequency zone; dispersion dependencies; shear electro-elastic waves.
KJiioueBble ¢JIOBa: KOMIIO3UTHBIA BOJIHOBOJ; HE TJajKas MOBEPXHOCTh; HOPMAIIbHBIN
BOJIHOBOH curHa, Turnore3sl MELS; BOTHOBBIE MOJBI; YAaCTOTHAs 30HA; AUCIEPCHOHHAS
3aBUCHMOCTb; BJIEKTPO-YIPYTUE CIABUTOBEIC BOJHEI.

Puiwih puntp. pununpju) whpwnwp; wthwppe dwybkplngpe; tnpdw) wihpugh
wqnupwl; MELS Juplwsubp; wihph Albkp; hwdwhwlwbwhtt whpnyp;
nhuybpuhntt wnsmpniuitp; uwhph LEjnpuw-wnwdquljut wihpubp:

ABerucsH A.C., Kamaasin A.A., YHaHsIH A.A.
XapakTepHCTHKH JOKAJU3ALMN BOJTHOBOK YJHEPIrHH 0K0JI0 HEPOBHBIX MOBEPXHOCTEH
Nb€303JIEKTPHYECKOr0 BOJIHOBOIA

Hccrnenyercst pacnpocTpaHeHHE BBICOKOYACTOTHOTO 3JIEKTPOYIPYTOro BOJHOBOTO CHTHAlIA B KOMIIO3HTHOM
BOJIHOBOJIE. BOJHOBOJ COCTOMT U3 6a30BOrO IbE303NEKTPUUECKOTO CIOS C IIEPOXOBATHIMH MOBEPXHOCTSIMH,
KOTOPBIE 3aJIUThl COOTBETCTBEHHO MICaJIbHBIM [IPOBOJHHUKOM U HJICAIbHBIM AUIICKTPUKOM. PelieHne npoBoanTcs
HCIIOJIb30BAaHHEM BUPTYaJIbHBIX cpe3oB i BBojioM runiote3 MELS (hypothesis of Magneto Elastic Layered Systems).
OO0Cy)Jal0Tcs KaK BO3JCHCTBUE IIEPOXOBATOCTH MOBEPXHOCTEH, TaK M 3(P(HEKT MOBEPXHOCTHOTO CIrIIaXMBAHMS
pasHeiMH  Marepuanamu  (3G¢deKT pasHbIX (HU3MKO-MEXAaHMYECKHX TPAaHHYHBIX YCJIOBHH) Ha IIpolecc
PacIpoOCTPaHEHHs BBICOKOYACTOTHOTO 3JIEKTPOYIPYroro HOPMaIbHOTO CHIHAA.

YuCIEHHO MCCIICI0BAHBl AMILUTHTYJHOE PACIPENCNCHHUs] W YacTOTHAs XapaKTEPUCTHKA BOJHOBOTO MOJS B
KOMIIO3UTHOM BOJIHOBOJIE IIPU PAcCIPOCTPaHEHHH HOPMAJbHOTO BOJIHOBOrO curHama. llokaszaHo dTo, eciu
MOBEPXHOCTHBIC LIEPOXOBATOCTH HE 3alIMThI, B BOJIHOBOJEC BO3HHKAET TOJBKO OJHA KOPOTKOBOJHOBAas MOJQ.
3anMBKa MOBEPXHOCTHBIX HEINAKOCTEH IPUBOIUT K MOSBICHHUIO 0 YETHIPEX TAKUX BOTHOBBIX MO/ B 3aBUCHMOCTH
OT JUIMHBI BOJIHOBOT'O CHTHAJIA. [IpHBE/ICHBI AUCIIEPCHOHHBIE 3aBHCHMOCTH JUISl BCEX BO3MOXHBIX XapaKTePHBIX MOJ{
BOJIHBI yrpyroro casura. OkasbIBaeTCs, YTO B CiIy4ae PacHpPOCTPAHCHHs MEUICHHBIX BOJH, BO3HHMKACT 30HA
YaCTOTHOTO YMOJIYaHUsI LS BOJIH ONPEAENEHHBIX ITHH.

Ugtnphyuh U.U., Ludupuh U.U., Zmbutyub U.U.

Uhpuht Eulipghuyh nbnujugdwh pinypp wykqnkiljuphy uhpunwnh
wihwppe dwltpinyputph Unn

Thunwplynd o opwpdp hwwhwlwbught  HEjupw-wprwdquljut wihpwjhtt  wqnpupwh
nwpwénidp pununpu) wihpwwnwpnid: Uthpwwnwpp punugus £ wihwppe dwlbiplngpiutpng
hhluwlwb  wykgqnikljnphly okpwnnhg, npp unubdqws bt huwdwwywinwupwbwpup  hpbwjwlwt
hwnnpnhyny b hpnbuwlwi nhkjEnphyng: viunghpp psynud £ dhpuinny hwinndubph dkpnyng W MELS
Juplusubph tkpdndnudng: Lubwpyymd E hsybu dwlbpinyph wihwppnipjut wqpkgnipniup,
wjiybu b wwppkp Wmpbpnd  dwlbplnyph dindwgdwt wqpbgnipoiup  (nmuppkp  $hqhlu-
dbjuiwthuljwt Eqpuyhtt wuydwbtbph wgqpbgnipnitubkpp) pwpdp hwdwpwlwiuwht HEyjnpw-
wnwdquljub unpiwy wihph nwpwsdwt dudwbwy:

Gunupylk] Eu wdyhnniquyh puppudwtt b whpughtt nuonh hwdwpwlwbwghtt pinipwuqpbph
pPYuyht htnwgnunipniibp wpwdqujub wihpwwnwpnud: 8nyg E mipdws, np tpt dwlkplnygpwht
wihwppnipniutpp unubtiddws sk, whpwnwpnid wpwewinid k dhwyt Ukl jupd hwdwhiwljuiwght
Al Uwljkpbinypuyhtt wihwppmpniiikpp unubdnuip phpnud © dhtish snpu, juhjws wihpught
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wqnuipwih Epjupmipnithg, wnyhuh wihpughtt dukiph wpwewgdwi:  Fhpjws b nhuwybpuhnu
Quhijwsnipniip wpwdquljutt uwhph wihpuyhtt dukph pojnp punipwgphsutphg: 8nyg b wpjws, np
nuinun wihpubph nwpwsdwy nkypmd, npnowlh tpluwpnipjut wihpubph hwdwp, wpwewunid £
hwfwhiwljwinipjul |pnipjut gninhukp:

Propagation of high-frequency electro-elastic normal wave signal in a composite waveguide is investigated.
The composite waveguide consists of a base piezoelectric layer with rough surfaces, which respectively are filled
with an ideal conductor and ideal dielectric. The problem is solved by the method of virtual cross sections and input
of Magneto Elastic Layered Systems (MELS) hypotheses. The influence of surfaces roughness, as well as and the
influence of surface smoothness (the effects of different physical and mechanical boundary conditions) on the
process of propagation of high frequency electro-elastic normal wave signal is discussed.

The behaviors of wave amplitude and frequency characteristics in the composite waveguide are numerically
investigated at the propagation of normal wave signal.

It is shown that if the surface roughness of the piezoelectric layer is not filled, only one shortwave mode occurs.
The filling of the surface roughness with dielectric and conductor, leads to the appearance of up to four such wave
modes, depending on the length of the wave signal. The dispersion dependencies for all possible characteristic modes
of shear elastic waves are given. It is shown that on the propagation of slow waves, occurs frequency zone of silence
at certain wave lengths.

Introduction. The localization of wave energy near body surfaces is ordinary at the
propagation of wave signals in mediums with geometric constraints. It is known that the
reason of localization near boundary sections of medium is the interruption of homogeneity
of physico-mechanical characteristics of fields, which leads to loads on surface sections of
medium. Often, based on the technical requirements, this phenomenon, as unnecessary, may
be eliminated by proper selection of geometry of structural elements or by material
characteristics of medium. But, often it is possible to take the advantage of the presence of
such phenomenon and select the structural elements in different devices with appropriate
geometrical and physical characteristics.

Different types of localization of the wave energy are found in the sources about elastic
surface waves [1-4]. More details about the conditions of wave energy localization near the
boundary sections of medium, their varieties depending on the nature of the surface
compounds and their applications in various devices can be found in [5-9], etc.

The reason of distortion of the propagating normal wave signal or localization of wave
energy, together with the effective physico-mechanical characteristics of the material can
also be geometric surface heterogeneities, such as roughness and waviness of the surfaces of
the waveguide [10-15].

Surface roughness and waviness of the waveguide formally form peculiarly efficient,
geometrically thin heterogeneous layers in the near-border areas of the waveguide [16-18].

In the proposed work we consider the problem of possible localization of wave energy
near to rough surfaces of homogenecous piezoelectric waveguide at different electro-
mechanical boundary conditions. The electro-mechanical boundary conditions, different by
nature, are obtained due to filling of surface heterogeneities with dielectric or conductive
materials.

1. Problem Statement. Let us assume have a piezoelectric layer
Q= {|X| <oo; h (X)S y<h, (X); Z| < oo} with rough surfaces Y= hi(X), in

Cartesian coordinate system {X; A Z}. Generally, surface roughness is described by a

random function Y=H (X; Z). But, the roughness (heterogeneities, waviness), which at
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high accuracy can be described by function Y = I'L_r (X) € ]Lz , are often obtained by modern

technological methods of processing. Based on these, without losing the generality of further
considerations, the surface roughness can be set respectively by functions of weak

inhomogeneity Y = I‘L_r (X)
h (x)=-h, [1 +&_sin(K.x)+8_ cos(k_x)],

(1.1)
h, (X)=h,[1+¢,sin(k,x)+3, cos(k,X)],

Y+

where the coefficients €, and O, characterize the amplitude and the initial phase of surface

roughness, moreover Yy, = */83; + Si <1 which is the height of the profile roughness, and

multipliers K, = 27E/ A, , where A, is the step of the profile roughness, characterize

surfaces waviness respectively.

= ¥ : ? N —
| N i

Fig. 1. Piezoelectric waveguide, surface roughness of which are filled with dielectric and
electrical conductor materials

Assume that the surface roughness Y = h+ (X) up to the surface Y= ho (1 +y +) is
filled with a perfect dielectric material, and the surface roughness Y = h (X) up to the

surface Y= —hO (1 +7_ ) is filled with a perfect conductor material.
Then we obtain a composite waveguide of constant thickness consisting of three layers:
conductor -Q° = {|X| <oo; —h, (1 —yi) <y<h (X); Z| < oo} which has thickness

& (X) é‘ho (1 +vy_ ) +h (X)‘ , piezoelectric -
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Qé{|x < o0; hﬁ( ) y< h( ; Z|<oo} which has the following thickness
é; X

( ) ( )‘ nd dielectric —

<ow; h (X)<y<h(1+7,); |[Z<w}  which  has  thickness

Eq (X) =h, (1 +v, ) —h, (X) . These three layers are of variable thickness.

During processing of the basic piezoelectric layer, in addition to the surfaces roughness,
material heterogeneity also occur in the near-surface zones. It is important to take into
account that near-surface zones especially in studies on the propagation of shortwave signals
in the composite waveguide. For accounting these heterogeneities in the near-surface zones

take virtual sections Y =, (1 -V, ) and Y=-h, (1 - y_) . Instead of the waveguide base

layer of variable thickness, we already will consider a three-layer piezoelectric waveguide
consisting of a base homogeneous layer

Q, 2{|x|<o; -h(1-y_)<y<h(1-v,); |7 <o}, (12)
and two inhomogeneous, through the thickness, near-surface thin layers of variable thickness
(g-gél){IXk w; h (x)<y<-h(1-7.)
QF &{|x|<w; hy(1-7,)< y<h, (x);
Thus, in the near-surface zone at the surface Y = (X) will have a composite layer
Q, 2{|x|<o; -h(1+y_)<y<-h(1-7.)

inhomogeneous piezoelectric and homogeneous, perfectly conducting materials

Q =0Pu0°.

z|<oo} (1.3)

7 < oo}. (1.4)

Z|<oo} composed of laterally

Also in the near-surface zone at the surface Y= h+ (X) will have a composite layer

Q, &{|x|<o0; hy(1-7,)<y<h (1+7,);

dielectric and laterally inhomogeneous piezoelectric materials Q, = QP U Q.

Z|<oo} composed of homogeneous

Thus, the homogeneous piezoelectric waveguide surface roughness of which are filled,
is modeled as a multilayered waveguide made of different materials. We will investigate the
localization of the shear elastic wave in the formed near-surface inhomogeneous thin layers

Q =QPUQ’ and Q, =QPUQ! (Fig. 1.1).
Let us assume high-frequency (shortwave) elastic shear (SH) wave signal, whose length
is much less than the base layer thickness A, << 2h,, is propagating in the composite

waveguide. And let us assume the material of the main piezoelectric layer €2, belongs to the

tetragonal class 4MM, or to the class of hexagonal symmetries 6IMM, for which, when the
axis OX, is parallel to the axis of symmetry of the fourth (or sixth) order piezoelectric crystal

P . electroactive shear deformation {0; 0; W( XY, t); (p( XY, t)} is separated from the
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non-electroactive plane deformation {U(X, y,t); V(X, y,t); 0; 0}. Quasi-static

equations of electroelasticity for these crystals, in the base layer of the composite waveguide,
have the following forms:

2 2
VW(X y,t) =G WX v.t), (1.5)
2 2
Vio(x y.t)=(gs/e, ) - V’W(X, Y.t). (1.6)
Here Cgt 2G / p is the speed of the bulk shear electroelastic wave in the homogeneous
piezoelectric, G is the shear modulus, p is the density, € is the piezoelectric modulus

and €, is the dielectric coefficient of the medium.
The equations of electroelasticity of laterally inhomogeneous piezoelectric layer already

will be solved in virtually selected layers QE respectively:

oW, (X, y,t o, (X y,t
Gi(y)%+ei(y)—a(7)+

+ (1.7)
+6c5;z(x, y.t)

:pi(y)'wi(xa yat)a

0’ (%, y,t) aD; (X y.t)
e (y T () T0lenl) DO 0

where the material relations for the component of mechanical stress and induction of the
electric field have the forms

+ 9 7t a n " ’t
o (% y,) = G, (y) e % %t) +e+(y)%
ay gi(y) a

The motion equation for perfectly conducting layer Q° will have in the following form
2 c
. W (X, Y, t) N dcs, (%, y,t)
il ox’ oy
where the relation for mechanical shear stress is the following
oW (X, y,t

ol (% y,t)=Gf—-(ayy )

The equations of elastic shear motion and electrostatics in the dielectric layer Q? will
have the following forms

o*w! (X, y,t)+ao‘;z(x, y,t)
ox’ oy

2

(1.9)

Dy (% y,t)=e.(y)

(1.11)

G! =pl Vil (X y,t), (1.12)
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2 d d
0 O*@l (%, y:t) ) oDy (X, y,t)
' ox’ oy
where the material relations for the component of mechanical stress and induction of the
electric field have the forms

oy, (X, y,t):GfW; Dy (%, y,t)=—¢

=0, (1.13)

d
4 005 (X, y,t)
+ 8y :
The separation of the near-surface zones to multiple layers leads to the increase in the
number of boundary conditions on existing and introduced virtual surfaces of the multilayer

waveguide.
Only one boundary condition will have on the mechanically free surface

y= —h) -(1 + y_) of the perfectly conducting thin layer
W (X, y,t)
% y=—hy-v-

The continuity conditions of the electromechanical fields of piezoelectric and the

(1.14)

oy (x—-h -y ,t)=G° =0. (1.15)

continuity conditions of the perfect conductor are satisfied on the rough surface Y = h (X)
w (xh (x),t)=wf(x.h (x),t): ¢_(xh (x),t)=0, (1.16)
h' (X)- o, (x, h (x),t)+ o, (x, h (x),t) =

=N (x)-05 (% h (x),t)+0% (xh (x),t).

The continuity conditions of the electromechanical fields of homogeneous and
heterogeneous piezoelectric layers are satisfied on the virtually selected surface

y=-h(1-v.)

W, (%=t (1=v.),t) =w (3 —hy (1=7.). 1),

¢ (%=1 (1=7.).t) =9 (x=hy (1-7.).1).

oy, (%~ (1-v.).t) =0, (x-h (1-7.).t), (1.19)
DY (% —h, (1-v.),t) =D, (x—h, (1-7.),t). (1.20)

Similarly, the continuity conditions of the electromechanical fields, taking into account
the fact that the electric field is related to the vacuum half-space of outside through the

(1.17)

(1.18)

dielectric layer, are satisfied on the mechanically free surface Y = h) (l +v +)
(Pi(X’ho(1+Y+)at):(P(e)(xaho(lﬂu),t), (1.21)

c‘;'z(x,ho(1+y+),t):GfM =0, (1.22)
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20 (x, y,t
O 907 (% y,t) ~0. (1.23)
ay y=h(J(1+V+)

The continuity conditions of electromechanical fields, considering surface roughness,

Dy (x.hy (1+7,).t) =~

are satisfied on the rough surface Y = h, (X) respectively

w, (xh (x),t)=w! (xh, (x),t), o, (xh (x),t)=0!(xh (x),t), (.24
h (x)-o5 (% h, (X).t)+c%, (xh, (X),t)=

=h (x)-5 (xh, (x),t)+0% (x.h, (X).t),

h (x)-D; (% h, (x).t)+D; (xh, (X),t)=

=h (x)-D§ (x.h, (x),t)+DJ (% h, (x),t),

(1.25)

and on the virtually selected surface Y = h) (1 =Y. ) respectively are satisfied the continuity

conditions of electromechanical fields

w, (% h (1=7,),t) =w, (x.h (1-7,).t),
0, (X0, (1-7.),t) =@, (X h (1-7.).1),
oy (% (1-7.).t) =03, (6 Ry (1-7.).1),
Dy (% (1-7.),t) = Dy (x Iy (1-7,).t).

It is shown from the introduced boundary conditions, that tangential components of
mechanical strain and induction of electric fields are participating in conditions (1.17) and

(1.26)

(1.27)

(1.25) due to the rough surfaces m(X) respectively. The tangential components of
mechanical strain and the induction of electric fields have the following forms

. ow, (X, Y.t oo, (X, Y.t
o2 (o) =6, (1) I g () B LEVL),

(1.28)
. ow, (X, Y,t oo, (X, Y.t
sz(xayat):e-*—(y)(a—x)_gh(y)#’
ow! (%, y,t) oS (X, y,t)
d _ d + 2 J d —_ d + s Yo
o (X Y,1) =G o D, (%, y,t)=—¢€} " (1.29)
c;(x,y,t)=G°W. (1.30)

The values of potential and normal component of induction of the electric field of the

vacuum half-space on the surface Y = h, (1 +y +) are involved in the boundary conditions

(1.20) and (1.21) too. Quasi-static potential of the electric field (p(e) (X, y,t) is determined
from the equation
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V2o (x,y,t)=0. (1.31)

Considering its decay at infinity Y —> o0, it will have the following form

0¥ (%, y,t) = E,e e, (1.32)

Thus, the homogeneous piezoelectric waveguide with geometrically heterogeneous
surfaces, smoothed by dielectric and perfectly conducting materials, is modeled as a
multilayer waveguide of different materials. So, the problem of wave process (localization

of shear elastic waves in formed near-surface heterogeneous thin layers ) = QPuQ’

and Q, =QPUQ,, delay of normal waves of certain frequencies, dynamic surface load

etc.), when electroelastic normal shear wave is propagating in the multilayer waveguide,
leads to the boundary-value problem, system of quasi-static equations (1.5)-(1.8), (1.10),
(1.12), (1.13) and (1.31) with related electromechanical boundary conditions (1.15)-(1.30).

2. Problem Solution. The obtained boundary-value problem from a mathematical point
of view is complicated by the fact that the equations of electroelasticity (1.7) and (1.8) for
laterally inhomogeneous piezoelectric, with variable coefficients, should be solved in

virtually selected both layers of variable thicknesses Q2 and Qf . Also, there are boundary

conditions with variable coefficients on the rough surfaces Y = h (X) and Y= h+ ( X) .

To avoid from mathematical complexities, for building the solution of the mathematical
boundary value problem apply a hypothetical approach.
The normal wave solution of the system of equations (1.5) and (1.6) in the base

homogeneous piezoelectric layer €3 at propagation of normal wave signal in the composite
waveguide, will be written in the following form

W, (%, y.t) =[ A" + B,e o |t @.1)
0o (% y,t)={C,€¥ +D,e™ +(g;/2, )-[Abe(’“)"y + Boe’“""q} glocent), (2.2)

1- T]g is the formation coefficient of elastic waves through the thickness

~ \12
of the base layer, and 1, = (COO / k) : (po / Go) is the phase velocity of the normal wave

in the base layer Qo , which already will be functions of variable wave number k(X) in the

common case.
Considering the thinness of the other four boundary layers and the complexity of the
analytical solution of the electroelasticity equations in virtually selected heterogeneous layers

QP and Qf, through the thickness of each layer input hypothesis of MELS [16-18] for

distributions of elastic shear and potential of electric field.
The elastic shear and electric field potential in the virtually selected heterogeneous

piezoelectric layer Qf introduce in the following forms
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e smneam LT L
wxhi-r)Y,

x,h (x),t)-
¢, (X y.t)= f+(kho;h+(x)/m>' T:p((th(l)—ti ),t)]+ (24

+(P0(X>ho(1_3’+)’t)'
Here
f, (khysh, (x)/hy) 2sh[ o k(y—h, (1-7,))]/sh[ a.k(h (x)=h, (1-7,))]

is the distribution function (or formation) of electromechanical field in heterogeneous
piezoelectric layer, corresponding to the electroelasticity equations (1.7) and (1.8).

Obviously, here the formation function f, (kh), h, ( X)) of the indefinite characteristics of

the wave field is represented by the formation coefficient Ol ( ) |:( p, oy / k’G ) i|

and by the variable thickness &, (X) =h (X) -h, (l -y +) of the layer.

+

Similarly, the elastic shear and potential of electric field in the homogeneous dielectric

layer Qf introduce in forms

+w, (x.h, (x),t), )
04 (60)= (k0 (/) “"‘(X’““”*)’t)‘]+
¢, (xh.(x).t) 2.6)
+(p+(X,h+(X),t), )
where the formation coefficient

fy (khyh, (x)/hy ) 2sh[ ok (y=h, (x))]/sh agk(h, (1+7,) = (x))] inthe

homogeneous diclectric layer already is presented by the appropriate parameters of the

homogeneous layer Ocd( [(pd(oo/k2 )_ :|1 and & (X) él’b(l+y+)—h+(x)

. In this case the representations (2.5) and (2.6) are automatically satisfied to the boundary
conditions (1.24) and (1.26).
Analogically, the elastic shear and potential of electric field in the virtually selected

heterogeneous piezoelectric layer QP will be introduced in the following forms
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W (X, y,t)= f_(kho;h+(x)/ho)-[wc(x, h_(x),t)—wo(x,—m(l—y_),t)]+
+w, (%, —h, (1-7.),t),

2.7)
¢ (% y,t)= {1— f (kho;h+ (x)/ho)} @, (x,—ho (1+y7),t), 2.8)
where the formation function

f(Khysh, (x)/hy) 2sh[ o k(y+h, (1-7.))]/sh[ e k(h (x)+h (1-7.))]

in the inhomogeneous piezoelectric layer is represented by new formation coefficient

o (k) é[(pf@é/szf ) — 1]1/2 and variable thickness &_ (X) £ h) (1 -y ) -h (X)
for the given layer.

The potential of the electric field is absent in the perfectly conducting layer Q°, and for

elastic shear will have the following representation

w, (% —h, (1+7_),t)-
W (6 :t) = f (ks (x)/h) -w_(x h (x),t) " (2.9)
+w_(x,h (x),t),
where the formation function
fo (Khysh, (x)/hy ) 2sh ak(y—h (x))]/sh[ ak(-h (1+7_)=h (x))] in
the homogeneous perfectly conducting layer is represented by formation coefficient
o, (k) é[(pcmé/szc ) - IT/Z and variable thickness ac (X) = h (X) - h) (1 + Y_) .

It is important to note that the boundary conditions (1.16), (1.18), (1.21), (1.24) and
(1.26) for elastic shear and electric field potential are automatically satisfied by the selection

of formation functions fd (kh), h+ (X)/I’b), fJr (kl'b, h+ (X)/h)), f (kh(), h+ (X)/I’b),
fC (kf‘b, h+ (X) / h) ) and hypothetical representations (2.3)-(2.9).

In addition, the characteristic formation coefficients for each layer are involved in the
distribution representations, as well as electromechanical field values on surfaces of adjacent
layers are involved.

We receive all elastic shear and electric field potential values on the smooth and rough

surfaces Y=h ty,, y=-hty, y= h_r (X) expressed by arbitrary amplitude

constants {A)aBoa CO,DO,EO} of piezoelectric waveguide and vacuum half-space,
satisfying the boundary conditions (1.15), (1.19), (1.22) and (1.27) on smooth surfaces
y= h() iY+ and y:_h() Ty..

The representations for elastic shear and potential of the electric field, using the obtained

surface values of distributions (2.3)-(2.9) for elastic shear and potential of the electric field,
can be written in expanded forms
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w(x.y)=w (xh ()=
A exp| —akhy, (1-7_) | {

1+ oo,k +

(/e )E (xk )O+mﬁ+

xooc k-

(/0 )& (K )0+m&+

o (6 (%K) +ka.)

+B, exp [aokho (1 —7- )] {
+{CO exp [—kh0 (I-y_ ]}
)

W (%)=

¢

A, exp| —o,hy (1-7_) ]+ B, exp| ayh, (1-
{[A)exp[ ok, (1-7.)]- B, expl ok, (1-7 )]
(JWJD+mé( K)- (& (k) +ka) |+
+[ G, exp[ K, (1-7_) |- D, exp[ khy (1-
(&W=ﬁ—€%&©ﬂ{wkw+m( 7)) ]

C, exp[—kho (1-y. )]+ D, exp[kh0 (1-v_ )]+

(p+ (X9 y) -
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_(q)/ )[A)exp[aokho ]1 [C pexp khy (1-v.) ]+

B, exp[ —o,khy (1-v,)] | | +D,exp[—kh, (1-7,)]
(CYCH R
shak(y-h(1-1.))] x{/xexp[aow%(l—v;)]— ]+
o, —B, exp| —o,kh, (1-7, ) |
+[CoeXp[kho(1Y+)] ]
~D, exp[ —kh, (1-7,) ]

]+sh[oc k(y+l‘5(1—

7))

v )]J (e ke (xk »}

(2.10)

,(2.11)

(2.12)
(e /¢, )[A) exp[—ocokhO (1-v_ )] +B, exp[ocokhO (I-y_ )ﬂ}

P

(2.13)



W+(Xv y) =
[ A exp[onky (1-7.) ]+ Byexp[ ok, (1-7.) ]|+
+(0to/0t+)sh[oc+k(y_ h, (1y+))J[A) exp[(xokho (1—y+)]_ }

-B, exp[—ocokh0 (1 -, )]
W, (X, Y) =W, (x,h (X)) =

_[A)exp[aokho(l—%):l+ ]+

+B, exp [—ocokh0 (1-vy, )] ,
A exp| okt (1-v,) |- ]

-B, exp[—(xokh0 (1-v, )]

(2.14)

(2.15)

+(ag /o), (%, k)[

(Pd_(X’ y)=
f, (kf‘b’h+ (x/h)) Eoefkfb(lm) +[1_ f, (kl‘b,l‘L (X/h))}x

(&/20) [ Aexp[akty (1=7.)]+ By exp[ -k (1-7,)] ]+
+Cyexp| Khy (1-7,) |+ Dy exp[ —kh, (1-7,) |+ - 216)
oo L (x Avexplagkhy (1-v.) |- .
(@) (oo )2, (%K) {BO o M)]}
+oc &, (k) [ Gy exp[ Ky (1-7,)]- D, exp[ K, (1-7.)]
Here introduced  assignations &, (X, k) =sh [(lik(hi (X) +h, (1 —V: ))]

characterizing the functions of near-surface distributions in the formed heterogeneous layers

QP and QP respectively.

The introduced distributions of wave field characteristics (2.10)-(2.16) allow to build the
picture of distribution through all thickness of the composite waveguide, if in them put the

value of wave number K ( h, (X) / h;v.; (00) determined from the dispersion equation.
We obtain a system of five homogeneous algebraic equations related to amplitude
Constant{A),Bo,Co,Do,Eo} , satisfying boundary conditions (1,17), (1,20), (1,23) and

(1,25). The dispersion equation of the formed wave field is obtained from the condition of
existence of nontrivial solutions in the following form
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Gss (crg36”/e%5h (x): Ky )
xdet|g; (G pii 8 & h. (X); 00k (x.0y)), = 0

where the variable coefficients {gij (Gk Pk €€l I‘LI (X) VIS k ( X, M, ))}4 y (tensor) of

(2.17)

dispersion equation have bulky appearance (Appendix-1). The coefficients of the fifth
column of the tensor equal to zero §;s =0,s = 0,5 = 055 =0, and 0,5 is positively

definite g, (ad;s(e) / g’ ;h, (X);kho) >0 and characterizes oscillations of the electric
field in vacuum.

Obviously this is due to the presence of expressions hi (X) GJZIX(X, h, (X),t) and
h;(X) D;‘r (X, h+(X),t) in boundary conditions (1.17) and (1.25). But, for selected

formation functions fd(kh);th(X)/h)), f+(kh);h+(X)/h)), f_(kh);th(X)/h))

and fc(kl'[);h+(X)/ h)) the imaginary part of the dispersion equation is satisfied
automatically.

It is easy to see from the coefficient relations in Appendix-1, that and amplitude
distribution and frequency of wave field through the waveguide depend on as physico-
mechanical constants of boundary materials, as characteristic linear dimensions of the surface
not-smoothness of composite waveguide.

3. Numerical Calculation and Comparative Analysis.
Table 1. Numerical test data of constants of composite waveguide materials

G-c| o oo | g-¢
pic lj:rl;s‘ffg‘;‘:f;s 149x10°|  4.82x10°|  7.99x10™| —0-21
Z
N/m? kg/m? F/m
6mm (4mm)

Nonhomogeneo | 1 39,10 | 5302x10° | 8.789x10™" | —0.231
Elsassl)lezgzﬁgzimgi N/m? kg/m3 F/m —0.189
+10% 1.341x10" 4338x10° | 7.191x10™"

N/m? kg/m? F/m

Dielectric 1.788x10° | 5.784x10° | 9.588x10™"

N/m? kg/m3 F/m
1.192x10" 3.856x10° | 6.392x10™"
N/m? kg/m? F/m
Conductor 1.788x10° | 5.784x10’
N/m? kg/m?
1.192x10"° | 3.856x10°
N/m? kg/m?
Vacuum 1041 F/m
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The study on the propagation of high-frequency (shortwave kh > 1) wave signal in

waveguides with rough surfaces, of course are due to the fact that the linear dimensions of

these roughness are small compared to the thickness of the base layer y, = \/81 + Si «1

. Also in paper [20], it is shown that the interaction of propagating waves and weak roughness
hardly occurs at the propagation of long-wave signals.

On the basis of numerical calculations are taken the numerical test data of material
constants for appropriate layers, shown in table 1, as well as the geometric linear dimensions

of the base layer and the surface roughness (h, =1; &, =8, =1/100).

3.1 Frequency characteristic of propagating wave. The dispersion equation (2.17)
certainly does not have intuitive analytical solutions. But, obviously there is a short-wave

approximation when |<h0 >>1, and a long-wave approximation when |<h0 <<1. It has

already been said that in the second case, the normal propagating wave signal does not
interact with the surface roughness.

Fig. 1.a Dispersion surface for wave with distribution functions sin |:Otok : ( y— hi (X))} ,

where the wave number K = k(X)

In the case of propagation of short-wave (high-frequency) electro-elastic signal, the
presence of a surface geometrical heterogeneity leads to the wave number dependence on the

coordinates of the propagation exp [k ( X) cX— (Dot:l .
Although, in this case, we can ignore the damped, from the surface up to the depth of
base layer, wave forms of type exp [—ai (030; k ( X)) . y] and obtain two unrelated tasks

of half-spaces with rough surfaces which are filled with dielectric and conductor materials,
but we will lose the ability to accurately calculate the influence of surface roughness on the
forming waves in the base layer of the waveguide. Therefore, quantitatively small, but
qualitatively important components are saved in the calculations.

For the comparative analysis, first we present the frequency characteristic of the
propagating plane electro-elastic wave signal in piezoelectric homogeneous waveguide with
mechanically free, rough surfaces, when one surface of the waveguide is electrically open
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and the other surface is electrically closed. Practically, this means that we ignore the
mechanical effects of thin surface layers of dielectric and conductor.

0.00 -, 't ' ' L 3

' '
a zoo =00 e00 200 1000 1200

Fig. 1.b Dependence of wave number k(X) on X coordinate at fixed source frequency ®, = 100

Fig. 1.c Dispersion surface for wave with distribution functions sh |:OLOk . ( y— h_r (X)):I , where

the wave number K = k(x)

The dispersion surface and the dependence of the wave number for normal wave with
harmonic oscillations sin [(xok( y—h, (X))] are shown in Figs. l.a and 1.b. The
calculations show that they exist only at low frequency (long-wave) signals, up to certain
length K ~0.046, which is determined by the physico-mechanical material constant and

geometric ratio of the linear dimensions of the base layer and the surface roughness of the
waveguide.
It is seen from these figures, that the long-wave signals have numerically small distortion

of the dispersion surface (Fig. 1.a) and to each source frequency ®, = const correspond
two wave numbers K, and K. The cycle period of the wave formation (in the above

calculations it is T =2007) is determined by the ratio of the linear dimensions of the base
layer and surface roughness.
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The dispersion surface and the dependence of the wave number for waves with non-
harmonic distribution sh I:(xok( y—h, (X))] are shown in Figs. 1.c and 1.d respectively,

from where it is obvious that the dispersion surface at high frequency (short-wave) signal
varies strongly.

ano [T T T T T T T .l

ANl

Fig. 1.d Dependence of wave number K ( X) on X coordinate at fixed source frequency ®, = 100 Hz

W
Qo
a

1000

This leads to weak quantitative change of the second wave with the wave number koz-
Wave number |<01 of the first wave changes qualitatively for quite short wave signals
Ky, ~100 (A, ~0.0628 mm), opening space for the appearance of new wave mode (Fig.

1.d). It is also interesting that approximately when kn > 350, ultrashort wave solutions do

not exist.

1108

1108 |

Fig. 2.a Dispersion surface for wave with distribution functions sin I:Otok . ( y— I"L_r ( X)):I , where

the wave number k = k(X)

The investigation of emergent frequency images gives interesting results, when one of
the waveguide surface roughness is filled with a perfect conductor and the other is filled with
is a good dielectric.
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Fig. 2.b Dependence of wave number k(X) on X coordinate at fixed source frequency

®, =100 Hz

The calculations show that in this problem, the dispersion surface and the dependence of

the wave number K ( X) for normal waves with harmonic oscillations are almost identical to

the previous case (Fig. 2.a € Fig.1.a and Fig. 2.b 22 Fig. 1.b) at low-frequency (long-wave)

signals, up to some length k0n, which is determined by the physico-mechanical constant of

adjacent materials and by the ratio of geometrical linear dimensions of the base layer and
surface roughness of the waveguide.

This means that surface weak heterogeneities, and very thin material layers on the
surfaces of the layer of the waveguide don’t have any effect on the low-frequency, electro-
elastic wave signal at it’s propagation.

Fig. 2.c Dispersion surface for wave with distribution functions sh |:OLOk . ( y— hi (X)):I , where

the wave number K = k(X)
The dispersion surface and the dependence of the wave number for waves with non-
harmonic distribution sh [(xok ( y—h, (X))] are shown in Figs. 2.c and 2.d respectively,

from where it is obvious that the dispersion surface at high frequency (short-wave) signal
varies strongly.
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Fig. 2.d Dependence of wave number k(X) on X coordinate at fixed source frequency

®, =100 Hz.
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Fig. 2.e Curves for wave number functions K,, (X) and Kk, (X)
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Fig. 2.f Curves for wave number functions k41 (X) and K, (X)
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Here, as in the previous case, high frequencies lead to weak, quantitative change of the
second wave with the wave number koz» which is well seen on Figs. 2.c and 2.d. More
interesting transformation occurs with a low-frequency form, with the corresponding wave
number k01 . At relatively short wave signals k01 ~25 (ﬂm ~ (0.25 mm), wave number

k“ (X) strongly changes the direction, opening space for the emergence of new wave modes

(Fig. 2.d). The wave number k21 (X) of the newly emerged wave mode at first decreases,

making the leap on the vertical X, =const, and then increases up to the limit of the
existence of high frequency oscillations. According to the same scheme, two high-frequency

wave modes (Fig. 2.d) with changeable wave numbers K, (X) and K,, (X) occur there. It

is interesting that the existance limit of these ultrashort waves again is the same K <350.

It follows from Figs. 2.c and 2.d, that at higher frequencies of the wave signal occurs
branching of first low-frequency harmonic (Fig. 1.b) on four waves with different wave

lengths A, (X) =2Tc/ K, (X) respectively. So, it means that the function K, (X) has

multiple branches which are not intersecting. On some points the branches are becoming
very closer to each other which is shown on Figs. 2.e and 2.f.

soo0 T T T T -

4000

3000

2000

1000

Rl o L
0.0 o.5 1.0 1.5

Fig. 3.a Dependence of fast, long wave frequency ( k) from wave number, when K € [O; 1 .6]
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Fig. 3.b Dependence of fast, short wave frequency (1)("() from wave number, when

k €[1.6;350]

Different orientations of the closer curves describing wave numbers, implies that there
is fuss of new mode due to the surface roughness of the waveguide (Fig. 1.d), which is

dissected on newly formed wave modes K, (X) , |(31 (X) and K, (X) under wave
interaction of the first main mode. Moreover, for all of the newly formed wave modes on the
primary phase section X;, = const.

Such branching of course is a consequence of the wave signal dissipation on surface
roughness and scattering of wave energy along selected layers of the waveguide. It also
follows from Fig. 2.d, that the branching into different lengths (on different wave number)

occurs at different wavelengths A, (X) = 2TI:/ K, (X) (at different values of wave number

kn1 (X) ), which should lead to different dispersions.
For fast waves when the phase speed is greater than values of shear body waves in the

adjacent materials V¢(k;co) > C,, the dispersion of long waves, when k 6[0;1.6],
happens in the interval @(k)E[O;SOOO] (Fig. 3.a) and is close to the value
@y (K) = 316000

Fig. 3.b shows that, the second frequency is induced at a certain value of wavelength.
Also, for the fast, short wave the frequency is quite great m ( k) € [1 7x10%;:8x10° ] Ltis

necessary to pay attention to the fact that, starting from some value of the wave length, a
wave with a specific length can be propagated with three different frequencies.
In the case of slow wave signals, when the phase velocity is less than the values of shear

body waves in the adjacent materials V¢ (k; 0)) < C,,, Teceive an interesting phase picture
(Fig. 3.c and Fig. 3.d).
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Fig. 3.c Dependence of slow, long wave frequency ( k) from wave number, when K € [O; 0.5]

00000 [
500000
400000 [ E
300000 [ ]

200 000 /l"' 4

L # N

100000 |- r)r/rr‘ :

Fig. 3.d Dependence of slow, short wave frequency (D(k) from wave number, when
ke [60;350]

It is seen from figure 3.c that in contrast to the fast, long waves (Fig. 3.a), where to each
wavelength corresponds two frequency values, here to each frequency value correspond two
wave modes with different wavelengths. In this case the interval defining long

S [271:/ 1.6;2m/ 0.5] is larger than in the case of faster, longer waves.
For slow, short waves, when A € (TC/ 175; TC/ 90] , to each wave length corresponds two

frequencies, and in the interval A € (TC/ 90; TE/ 30] correspond already three oscillation
frequencies. In the case of slow waves it is noteworthy that there is a frequency zone of
silence. For waves of the length A€ [ﬂ:/ 30; 271:/ 0.5] , frequencies does not exist
o(k)ed .

Comparing Fig. 1.b, 1.d and 2.d with Fig. 3.a-3.d it is easy to see that, if long waves are
propagating in the range of relatively low frequencies g € [0;300] and
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W, € [0; 5000] , then short waves are propagating in the range of very high frequencies
®,, €[170000;800000] and e, € [0;600000].

3.2 Amplitude distribution at propagation of wave signal. Given distribution of wave
field characteristics (2.10)-(2.16) allow to note that, in the thin surface layers of conductor
and dielectric, elastic shears equal to the surface shears of virtually allocated layers from the

base layer W, (X Y,t)=w (X h (X),t) and W (xy,t)=w, (xh (x),t)

respectively.
It is also clear that, in all relations the main dominant is the wave signal (2.1) and (2.2),
and the components due to the interaction of the wave signal with surface roughness, in them

appear in the form ﬁgl(x,k)-sh[ank(y+ ho(l—yn))] and
((xo/ocn ) -sh [ocnk ( y-h, (1 -, ))] . These components at any wavelength can’t cause

internal resonance, since at values 0., (X) . k( X) — 0 they do not go to infinity.

Relations (2.10)-(2.16) also show that due to the summation of the surface values and
the effect of the interaction of the wave signal with surface roughness, amplitude distributions

of slow and fast, short waves (at high-frequency oscillations OJ( k) ~10° ) have maximum
values in the formed near-surface inhomogeneous thin layers Q =QPUQ° and
Q. =0y QY (Fig. 1.1). This corresponds to the case when the length of the propagating

wave signal is comparable with the linear characteristics of the surface roughness A ~7y +-
Then using relations (2.10) and (2.11), the elastic shear in the geometrically and
physically heterogeneous near-surface layer Q= QP U Q° will be presented in the form
w, (%, y) ye[-h(1+7.); h(x)]
W (X y)= 3.1
w(xh(x)  ye[h(x); -h(1-7.)]
As well as, the elastic shear in the geometrically and physically heterogeneous surface
layer Q, =QP U QY will be presented in the form

W, (x,y) ye[h(1-7.); h(x)]
w, (x.h, (X)) ye[h, (x); hy(1+7,)]

All the above numerical calculations have been done for test numerical values of the
material constant of composite waveguide and linear dimensions of surfaces roughness of
the waveguide. The algorithm of calculations and formulas allow to calculate and construct
the needed parameters of the composite waveguide from both real and newly created
materials.

W4 (X Y)= (3.2)

Conclusion. A mathematical modeling of the problem on propagation of electro-elastic
wave signal shear in a homogeneous piezoelectric waveguide with filled surface roughness
is suggested. Using MELS hypotheses (hypothesis of Magneto Elastic Layered Systems),
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analytical distribution of the elastic shear and the electric potential in the base layer, as well
as in each formed layer of the composite waveguide are built by inputting hypothesis of
MELS.

Numerically investigated the amplitude distribution and frequency characteristics of the
wave field in the composite waveguide at the propagation of normal wave signal.

It is shown that, in the case of non-filled surface roughness of the waveguide occur only
one short-wave mode (Fig. 1.g), but the case of filled surface roughness leads to the
appearance of up to four such wave modes, depending on the length of the wave signal (Fig.

2.d). The dispersion dependence OJ( k) of all possible characteristic modes of shear elastic

waves is shown (Figs. 3.a-3.d). It is shown that in the case of slow wave propagation
V¢ (k;(D) <C,, occurs frequency zone of silence for waves with length

A €[n/30;21/0.5].
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2U3UUSULP @bSNh(e3NPLLENP UQFU3PL UUUEURUSE Sttulahl
W3BECTUSI HALIMOHAJIBHOM AKAJIEMUM HAYK APMEHUM

Uthuwmthju 70, Nel, 2017 MexaHnka

VK 539.3

O JIBYMEPHbBIX YPABHEHUAX JIBYXCJIOMHOM
AHM30TPOIMHOM IVIACTUHKH IO HEJITMHEMHOM TEOPUN
YIPYIOCTH

Capkucsin H.C., XauaTpsn A.M.

KiioueBble €J10Ba: acHUMITOTHYECKHII METOJ, aHH30TPOIHAS IUIACTUHKA, CMCIIAHHBIC YCIIOBHS,
BHYTPEHHSIS 3a/[a4a, TeOMeTPUUIecKasi HeJIMHEHOCTb.

Key words: asymptotic method, anisotropic plate, mixed conditions, interior problem, geometrically
nonlinear.

Putimh puntp: wuhdywnnunhly dbpnn, wihgnupny vwbp, pwnp wuydwbibp, tkppht
lutiphp, Ephpwsuthnptl ny gsuyght:

Uwpquui L.U., Muswnpui U.U.
BnYyotipnn wuhgnunpnyy vwyh Gplywth hwjwuwpniditph dwuh
2tpntiph thol ippq] Yntnuljnh phugpnud

Uuhdyuinnply dbpnngny  wpwdquljuinipjutt nwbunipjut Gppwswithnpit  ny  gdwyhl
hwjwuwpnulutphg nmipu & phpdws  dwubwluwb  wbwigubtpny  btplsuth  nhdbptughuy
hwjwuwpnudubp  Eplppipn wihgnupny  uwh hwyqupluwt hwdwp: Uwh ghdwght
dwlbpunyputnhg dkhh Jpu wpws L jupnudutph phugnph hwdwywwnwujwt pununphsutph
mpd?phbp]}, Uniuh Ypu’ wpwdquljuiinipjut nkunipjub pwep tqpuyhtt wuydwbkp, hul skpnkph
dhol 1nhy Ynunwlunh wuydwkp:

Sarkisyan N.S., Khachatryan A.M.
On two-dimentional equations two-layer anisotropic plate, with full contact between the layers
Asimptotic method is applied and two dimention differential equations with partial derivatives from
geometrically nonlinear equations of three demention problem of elastisity theory for two-layer anisotropic plate
are received. In the one surface of plate are given values of tensor of stress and in the other surface- mixed
conditions of elasticity theory. Between the layers full contacts conditions are given. Full stress state of plate is
formed as sum of main(internal) and boundary stress states.

ACHMITOTHYECKMM METOJIOM U3 F€OMETPUYECKH HEJIMHEHHBIX YpaBHEHUH POCTPAHCTBEHHON 3a/1a4u TEOPUU
YIPYTOCTH BbIBEJCHBI JBYMEpHbIC au(pdepeHIranbHble ypaBHEHU ¢ YaCTHBIMU INPOM3BOAHBIMU JUIs pacuéra
JIByXCIIOMHOW aHM30TPONMHOM IUIACTMHKM, Ha BEpXHEH IMIEBOM MJIOCKOCTH KOTOpPOM 3aJaHbl 3HAuUCHMS
COOTBETCTBYIOIMX KOMIIOHEHT TE€H30pa HaIpsDKEHUH, a Ha HWKHEH — CMELIaHHbIE YCJIOBUS TEOPUU YIPYTOCTH.
Ha nnockocty pasiena cioéB 3a7aHbl yCIOBUs IIOJHOIO KOHTaKTa. IToqHOe HanpsHKEHHOE COCTOSIHME IIACTUHKU
o0pa3zyeTcst U3 OCHOBHOTO (BHYTPEHHET0) U KPAaeBOT0 HANPSHKEHHBIX COCTOSIHUM [1].

BBenenmne. [l pemieHus 3amad CIOMCTHIX OaloK, IJIACTHH W O0OJOYEK OOBIYHO
WCTIONB3YeTCS Ta WM WHas THIOTe3a. B mepBRIX MCCIeNOBaHMAX NMPUHUMAIAch THIOTE3a
HeneopMUpyeMbIX HOpMaliei jjisi Bcero makera B 1eioMm [2,3]. BrocnenctBuu Obuin
MIPEUIOKEHBI MHOTOYHCIICHHBIE MOE/IH, 0030p KOTOPHIX MOKHO HAalTH, HApUMep, B [3-4].
AcuMnToTHYECKasi TEOPHsl aHU30TPOIHBIX TUIACTHH U 000JI04ek moctpoeHa B [5]. Bompoc
onpenenenns HIC cionctoit aHM30TPONHON MIIACTUHKH, KOTJa Ha e€ BEpXHEH M HUKHEH
JIMOCBBIX TUIOCKOCTAX 3adaHbl 3HAYCHHUA COOTBETCTBYIOIIUMX KOMIIOHEHTOB TCEH30pa
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HanpspKeHul, paccmoTpeHa B [8]. Pemenust 3amau ompenenenuss HJIC aHHM30TpONHBIX
CIIONCTHIX IJIACTHH, Ha OJHON JIMIIEBOH CTOpPOHE KOTOPOI 3aJaHbl KOMIIOHEHTHI BEKTOpa
MepeMELLEHUs, a Ha APYroil — ycloBHs MEPBOM, BTOPOM WM CMEIIAHHOHM 3aJay TEOPUH
YOPYTOCTH, H3JOXKEHB B [9]. ACHMNTOTHYECKOE pEIIeHHEe CMEIMAaHHON TpEXMepHOU
BHYTPEHHEH 3aJauu [Ulsl OJHOCJIONHOW W MHOTOCJIOMHON aHHU30TPOIIHOM TEpMOYNpYyroi
IJIACTUHKY B JIMHEHHOW moctaHoBke mpuBeaeHsl B [10,11]. B pabote [12] acummro-
THUYECKUM METOJOM IOCTPOEHO PEUIEHUE CMEUIaHHON TPEXMEPHON BHYTpPEHHEH 3a1a4uu i
OJTHOCJIOMHON aHU30TPOITHOW TEPMOYNPYIroM IIACTUHKH B HEMWHEWHOHW mocTaHoBKe. B
paboTe acCUMNTOTHYECKUM METOJIOM IOCTPOCHO PElIeHHEe, COOTBETCTBYIOILEE BHYTPEHHEH
3a/a4e CIOMCTOH IUIACTMHKHU, KOTJa Ha BepXHEH JIMIEBON MIOCKOCTU IUIACTHHKH 3aJlaHbl
3HAYEHUs COOTBETCTBYIOIIMX KOMIIOHEHT TE€H30pa HalNpsDKeHU, a Ha HIKHEH —
CMEILIAHHBIE YCIOBUS TEOPHU YIPYTOCTH.

1. IlocTaHoBKA 32124 U MCXOAHbIE YPaBHEeHHUs. PACCMOTPUM TOHKYIO IBYXCJIOMHYIO
miactunky (2 = {(X, Y, Z):O <x<a,0<y<b, —h <z< hl}, rie & — JivHAa,
b — mmpuna, cocrapneHHy0 U3 0JHOPOAHBIX AHM3OTPONMHBIX MaTepuanoB. CIOU HUMEIOT

pas3IuYHbIE TOJIIHHBI h(, K03(h(DUIMEHTHI yIIPYTOCTH ay(jk), K— nomep cnoss m k=1,2.

O6mas Tonmuua monocsl — 2N, TTnockocts orcuéra Oxy COBIIAJIaET C IJIOCKOCTBIO
paszena ciio€B, KOTOpas mHapajieibHa JIMUEBBIM IUIOCKOCTSIM ITUIACTUHKU. YCIIOBUSL Ha
BEpXHEH Z= h1 W Ha HWXKHEU Z = _hz JIUIEBBIX TUIOCKOCTSX 3a7ar0TCs (hOPMyIIaMu:

4 4 4

h + + h +
O =| 7| Ta(XY). 0u=| 7] olXy). 0, =| 7| o2 (xY). z=h

(1.1)
h 3 ) 4 ) 4 .
w=|—| W (xYy), o T o.(XY), o T 6,(xy), z=-h,

Ha nnockoctu paznena Z = 0 samansr YCIJIOBHUS IIOJIHOTO KOHTAKTa

2 0 =53 50 =50
@O 0T 0O 02

u® =u®, W =W =)

Tpebyercst  HaWTH  peIICHHE  TEOMETPHYECKH  HENMHEWHBIX  ypaBHEHHH
MPOCTPAHCTBEHHON 3afaddl TEOPUH YIPYTOCTH AaHWU3OTPOIHOTO TeNa MPH TPaHUIHBIX
yermoBusix (1.1), ycmoBmsx moxHOTO KOHTakTa cioéB (1.2) m ycioBusx Ha OOKOBOH

m _

(&) ()

TNoBEpXHOCTH IacTUHKK. Kpaesbie ycrmous Ha topmax X=0,a u Y=0,b noka

IIPON3BOJIBHBIC.

g pemierns mocTaBiIeHHON 3afadu OylneM HCXOOUTh U3 TPEXMEPHBIX ypaBHEHHN
TeOMEeTPUYECKH HETMHEHHOW Teopuu ynpyroctu [3,6,7]:

0 ou ou ou 0 ou ou ou
—||1+— |0, +—0, +—0,, |[+—||1+— |0, +—0 +—0, |+
OX OX oy ¥ oz *| oy ox) ¥ oy V oz ”
0 ou ou ou
+—||1+—|o,+—0,+—0c,|=0

0z ox) “ oy * oz
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0| ow ow 0| OW ow
—| Oyt —0,+|1+ Oy |*—| =0yt —0,*|l+— [0, |+
OX| OX oy z oy| oy X 0z
0| ow ow ( ow
+—|—o,+—o0,+|1+— |0, [=0
oz| oy * ox 0z
B (&) 2] (2 |2 v a0, w2,
ox 2|\ ox OX X A0 T80y T &30, (1.3)

+ a‘14Gyz + a‘lSze + a‘16ny
3555
5+— — | = | t| = | |=a.,.0,ta,0,+a,0,+

+ a24Gyz + aZSze + a266xy

6'—W+l @2+@2+8_vv2_ G.+a,.6,+a.0, +
oz 2|\ oz 0z oz B30 + 830y + 850,

+a,0,, +&;0,, + &0,

QU oW R N DWW o
0z OXx 0OXodz Oxo0z OX 0z X v
+8,,0,,+8,;0,, +3,,0,,
QU oW R NN WO oo
dz oy oyodz oyoz oy oz X PV RTE
+8,,0,, +8,0,, +3,0,,
O R NN O
dy Ox Oxdy oOxoy ox oy % Ty erE
+8,0,, +850,, + 3,0,
B  ypaBHemmsax  (1.3) mepedimém K 0e3pasMEepHBIM  TIepEMEHHBIM

E= X/ l, n= y/ [, c= Z/ h u 6e3pazMepHbIM MIEPEMEIICHUSIM
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u® = u(k)/l , v = V(k)/| , wk = W(k)/| , rae | — xapakTepHBIi TaHTeHIMANBHBIH
pasmep mIacTUHKHU (h << )

Bbi6op acMMNTOTHKH M BBIBOJ JBYXMEPHBIX ypaxKHeHHWil. PelieHue BHyTpeHHeH
3a1a4u uiercs B Buze [9-12]

s
Q(k) =g ngQ(k’S) , (1.4)
=0

k N N
rne Q( )_ m1000e W3 HANPsHKCHUH WM Oe3pa3sMEpHBIX IEepeMENICHUN, S— HoMep

npuGmwkenns, K —momep cinos, S-— kommuectBo npubmmkenuii. Llenoe wumcio (o)

no,u61/1paeTca Tak, YTOOKI NnoJjyunjiaCb HCHOPOTHUBOpEYHBAA CUCTEMA Jid OHNPEACICHUA

Q(k,S) :

— (k) <) () (&) (k) ys(k) k)
G =3 amoy,ol ol ol Ut v Wi, (15)
(k) (k)
xz 2Oyz -

OTa aCUMNTOTHKA, 110 CYTH, HE OTIIMYAETCSI OT TOH, YTO MPUMEHSUIACH JJIsl PEIICHUs TOU
JKe 3a/1a4¥ B TMHEHHOHN Teopuu yrpyrocta [9-11]. B HenmuHeliHOM 3a1a9e, 9TOOB TOTYIHTh
UTEPAIMOHHBIN Tpolecc, acuMOTOTHYeCKUH psin (1.4) HeoOXO0OUMO HAYWHATPH C ITOJIOKH-

0, =4 mwm o

TeNbHBIX CTeneHeil Manoro napamerpa [12]. Ilosromy, 6buto npussito =0, +4, rae

(, — 3HaUYEHHE ACHUMIITOTHKH, COOTBETCTBYIOIIEE 3a11a49€ B IMHENHOW TEOPUH YyIPYTOCTH.

Acumnrotuke (1.4), (1.5) coorBercTBYeT BBIOOD TipenctasierHus (1.1).
IMoncrasus (1.4) B mpeoOpa3oBaHHbIC BBEACHHEM Oe3pa3MEepHBIX KOOPAUHAT U Oe3pas-
MEpHBIX  KOMIIOHEHT  BEKTOpa [MepeMEIICHHs, ypaBHEHHsS TEOPUU  YIPYTOCTH

aam3orponHoro tena (1.3), ¢ yuérom (1.5), momydnm cucremy Ais onpeaeaeHus Q(S) :

k,s (k.s) k,s

0 v =0
g on dg
(k) (k.s) (k.s)
chy N ch N acyz N G;(k,s) ~0
g on ag
(ks-2)  pglks2) (k.s)
0n__, A . o9 =0
o on dg
ou (k-

8@ +Uék,s—3) +Vg(k,s—3) +Vvé(k,s—l) _ a“GE(k,s) +8126(yk,s) +a136(zk,s—2) n

+ a140(yl;’5_1) + a15cg<l;’s_l) + 3160255)
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av
o

ksz

+0 ) v oWl = g 689 1 a6 + a,,00

+a,0 (k,s-1) +325 (k,s-1) +826G(XI;’S) (1.6)

(k9)
avgg +Ug(k,s—3) +Vg(k ,5-3) +W (k,s-1) _ 313 st 2) +a23 yk =)

k s—4 k s—3
a0l + 0y,

(k,s-1) (k, s)
8V\i311 N 5\/8g +U1(1|;,574) +Vn(gk,374) +W (kis—4) _ _a,0 (k;s-1) +a24 (ks-1)

ks3 ksz ksz ks—l
+8;,0, +a440 +a54 +a64

aW (tks) aU (ko) (k,s-4) (k,5-4) (k,s—4 (k,s-1) (k,s-1)
o + o +U 7 +V +W =a,,0, +a25
+835 k53+a45(5k52+a55 ksz+aS6 xl;sl)
oU™d oV ks (k)
on + o +Ug 7+, +W = a16 +a26
+a36 k52+a460k51+a56 ksl+a666(xl;)
rae

G1f<(k,s) _ Ggllgs— ) +G§I2( ,5-2) Gz(k S) _ _ G(ZI;s 3) +G(ZI; ,5-2) G3(k S) _ _ G(;; ,5-4) +G§I3( ,5-2)

s (ki) (k.s—i) 0 (k,s-i) (k,s—i) (ki) 0 (k,s-i)
TR o o .2 o
' g g on 2le on g

(k,s-i) (k,s—i) K,i K,s—i (k,s-i) K,i
0o ooy, N au ) [ aglls? N doy, N 82U(2 : gtk
g g o g

RUA (k.s-i) RV (k,s—i)+252U(k’i) (k,s—i)+282U(k°i) (k,s—i):|

(k,s-3) (k,5-2)
+a35 +336 xy

+ 17

(¢} (e} (e} (¢}
o ogon 7 G onog "

kg | 02U (ksi) Uk goke
o —0,
g o 6@

:| (192333U9V:Ws éanag )
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s (ki) (k,s-i) s (ki) (k,s-i)
gk,s _ lz aU 8U , Uék,s) _ Z oU ouU (U ,V,W)
2T 8 ¢ " o 0§ on
s (k.i) (k,s-i) s (k.i) (k,s-i)
U (k.) _ l ouU ouU ’ Uék,s) _ Z oU ou ’ (U ,V,W)
N 2 i=0 an an " i=0 ac an
s (k.i) (k,s—i) s (ki) (k,s-1)
kg 1=oUu™) oy s ou™ oy
U =22, U= (U.V.W)

¢ 2 i=0 ag aC i=0 a& 8C
Pemmus cucremy (1.6), momyunm:
o) = k) 4 ksl g d) _ k) 4 tes) (U,

<
z2

k.s) k,s k,s k,s
Gg(k,s) _ Bl(i() 6u( 4 Bl(;) 6’\/( ) + Bl(:) 8u( ) 4 8V< ) +a§k)6(zl(<],s) +G=:((k,s)’
o on on g
(x, y;1,2;a,b)
(k,s) k,s) (k,s) k,s)
ol g U g O g QU AT ) gty g0 g
g on on g
ook ook .
(ks)__ (%) ),,(k:s) () Yy f(ks) [+ | ak) YO20 (k) ¥920 (k.s) (k.5)
Oy = |:L11(BI] )u +L12(B|j )V( JC [az o€ +G on 10,0 t0y
(% y;1,2:a,b)
rie ,un(l)(bepeﬂunanbﬂme orepaTophl L11 (B,(]k)) OTIpeeISIFOTCS 10 (hopMyIam
2
(k) (0 0" .
Ln(Blj )_ Bl ZBI 55_,8 + By anz > (1’2’@”) 0
L (B(_k))z Bl(k)a_+(Bl(k)+B(k)) 0> gl 5 .
2 1j 6 aaz 2 66 aaan 26 anz

a K03 PUITHEHTHI BIE , a1 R bl(k), Cl(k) — 110 n3BecTHBIM (opmynam [3,5,8].

(ks)  _(ks) _(ks) ks ks Vv(ks 6
Oyz0 »Oyz0 502 »U — Heu3BecTHbIe (DYHKIUM WHTEIPUPOBAHMS M OYIyT

OTIpeIeIIeHBI HIDKE C ToMoIbio yeiouit (1.1) u (1.2).

Benmaunst co 3Be3moukamu, Bxozsue B Gopmynsl (1.8), kak 0OBIYHO, U3BECTHBI IS
Ka)XJO0r0 MPUOMIKEHUSI S, MOCKOJBbKY BBIPOKAIOTCS 4Yepe3 MpeAblIyIIne MPUOIHKESHUS.
Croa ke BXOAAT WICHBI, OOYCJOBJICHHbIE TI'EOMETPUYCCKOW  HEIMHEHHOCTHIO
MOCTABJICHHOW 331a4. DTH BEJIHMYUHEI ONPEACIISIOTCS Mo (hopMyiam:
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g (k;s-2) (k.s-2)
“(ks 0 oo .
o9 = j e v L5 dg,
0 o€ on
4
u*(k’s)=f(a150(xk’sfl)+azs (k,s-1) +a35 (k,s-1) +a45c5 (k,s-2) +a55 (k,s-2) +a56
0
aws" (ks3) _y\y(ks3) k s3)
- a& _U§C _V§C dC
4
_ J‘(aMG(Xk,s 1) +a24 (k.s-1) +a34 (k.s-1) +a440(k 5= 2)+a450(k 5= 2)+a466(
0

k,s-1
_ 8W( ) iy (k,s-3) _V(k,s—3) k ,5-3 Jdg

an ng né
*(k.s ; (k.s-1) (k.s-1) (k.s-1) (k.s-2) (k.s-2)
S— S— S— S— S—
W= [(a0l N+ a0l +aol a0l a ol P rac
0
(s-2) (s-2)
~Uf -y )dz;
=an1‘<k’5>+azsf’s +Bm Yra0, Y ra0, ! raoc, .
G;(k’s) =B,e,*¥ +B,,e.*Y + B, 0™ +b,oi +b6kSl +hols,
Gig,k’s) =B, + B, .Y + B,o ™ + 0. +c, G(ks V+co (ks W

Y o de, (1,2 X, ; &,
o€ on G, C( yén)

*(K,s) _ GU*(k’s) +U(k’573) +V(k,s—3) _I_W(k,s—S)

| [ac*(k’s) oG )

0

€ - a& € € < ’
(kg OV
2 an n n n ’
*(k,s *(k,s)
RO ou" N ov +Uék,s—3) +Vé(k,s—3) +Vvé(k,s—3).
an aa n n n

Ipenmnonaraercs, uTo Q(S_k) =0, ccm S<K.

Y 10BIIETBOPUB YCIOBUAM MOJIHOTO KoHTaKTa (1.2), momyunm:
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ksl)

(k,s=1)

Xy

(1.10)



Vv(l,s) _ V\[Z,s) _ \N(S), u(l,s) _ u(z,s) _ U(S), V(l,s) :V(Z,s) _ V(s)
(L) _ (29 (19 _ (29 (L9 _ (29
cTzo _Gzo > zeO xz0 ° ~yz0 _Gyzo

C yuérom (1.11), ynoBneTBOpHB IOBEPXOCTHBIM ycioBusM (1.1), momyunm

CIIEAYIONIYI0 cHucTeMy An(pGepeHINanbHbIX YPaBHEHHH C YacTHBIMHA IPOW3BOJHBIMU

(1.11)

=0 (o)

o (s s) .
OTHOCHUTEIIBHO HEU3BECTHBIX NIEPEMEIICHUN U( ),V( ) .

L, (C) )u®+L,(C, )V = p?

s s s 1.12
LIZ(C”-)U()+L22(CU)V(): pg)- (112
O000mEHHBIC HATPY3KH pl(s) u pgs) OTIPENIEIIOTCS IO (hOpPMyIIaM
pl(S) = _(GXS) - GQS) ) - (Gi(zLS) (aa n.G ) - G’;(zz’S) (aa n, G, )) ’
(1.13)

B = (017~ 0, ~(010% (g )~ o1 (Em.cy)).
(ks) (ks) (ks)

s)
HewnsBecTtHple QyHKIIMA UHTETPUPOBAHUS zeo ,O y20 »O050 s V\f ONPENCIAIOTCS 1O

hopmynam

\Ms—mf (&HAJ ol? =0, =01 (g n.q,),

GE(IZ,(?): ( +L12( ) (S))CI_GZ(ZI,S)(EJ:nagl) (X’ ya 1a2)a
rie

Gio),cf,io),cﬁ(o) =033 042: 075 w=w; Wf(s),cis),cis),cﬁ(s) =0, s> 0,

=h/h,¢,==h/h, h=(h+h)/2.

Oneparopsr L (C-(-k)) OIIpeeIsIIoTCs 1o (hopMyJiam

©)_ 0 O 0 A o
L, (c{)=c ot 200 5 t O 5 (LZXYEM),
2 2 2
cl 0 K, ~k))_O (k) O
LIZ( ) 16 aaz +(C12 +C66 )aéan+c26 anz . (114)

JXKe€ctrocTH onpenensroTcs CleAyoMHUM 00pa3oM:

cl = (_l)kJr1 ngl(jk)aCij = CS '+C?

i i (1.15)

Jlerko y6enutscs, uto npu S=0 cucrema ypasnenuii (1.13), kak B Toif xe 3anaue
JUTA OgHOCTOWHOM macTuHKY [11,12], coBmamaeT ¢ ypaBHEHMSMH O0OOIIEHHOHN IUTOCKON
3aj1auM, KOTJa MMeeTcsl TUIOCKOCTh yrpyroii cummerpun [2]. Jlns npubmmxennii S > 0
MEHSIOTCS JUINb TpPaBble YacTH YpPAaBHEHHWH, Kylna BXOIAT KOX(PQHUIMEHTH, XapakTe-
pusyromue OOMIyI0 aHW30TPOINHUIO, a TAaKKe UICHBI, OO0YCIOBJICHHBIE T€OMETPHUYECKON
HEJIMHEWHOCTBI0 ypaBHEHHH TEOPWH YIPYrocTH. Brian mMmocienyromux HpUOIKEeHU
OyZeT CyIIecTBEHHBIM OCOOCHHO ISl MaTE€PHUAIOB, OONANaroIINX CHIBHONW aHW30TpONHUEi
1 B TOM CJIy4ae, KOT/Ia BHEIITHIE HATPY3KH UMEIOT OOJIBIIYI0 H3MEHAEMOCTb.
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Cucrema ypaBHeHnil (1.12) MOXHO CBECTM K pELICHHIO OJHOTO YpPaBHEHUS
4eTBEPTOrO mopsaKa. JJist 3Toro NMpruMEeHUM K 00€UM YacTsIM IIEPBOTO YPaBHEHUsI OTIEpaTop

L22 , 4 KO BTOpOMY — (_ LIZ) U CJIOXKHUM, B PE3YJIBTATE IIOJIYYUM YPAaBHCHUE

R T R
(LiLy, -, )u® =L,p% - L, p. (1.16)
OTMeTUM, 4YTO MBI 37€Ch PACCMOTPENH JIMIIbL BHYTPEHHIOW 3amady. Bompoc o

MOTPAaHUYHOM CJIO€ M €r0 B3aUMOJICHCTBUHM C pElICHHEeM BHYTPEHHEHW 3aJauu MOXKHO
OCYILIECTBHUTH YKa3aHHBIM B [1,5] crtocobom.

3akmouenne. B pabore HalizeHa acMMITOTHKAa M W3 T€OMETPUUYECKH HEJIMHEHHBIX
YpaBHEHMH MpPOCTPAHCTBEHHOW 3ajaud TEOPUU YIPYTOCTH BBIBEJIEHBI JABYMEpHBIE
muddepeHnmanpHple YpaBHEHNS ¢ YaCTHBIMH NPOM3BOAHBIMHU IJISI PAacuéTa JIBYXCIIOHHOM
AQHM30TPOIIHOM IITACTHHKM, HA JMILEBBIX IUIOCKOCTAX KOTOPOH 3aJaHbl CMeEIIaHHBIC
KpaeBble YCJIOBHS TEOPHM YIpyrocTd. llocTpoeHO penieHHe BHYTpEHHEH 3ajaudl U
MOKa3aHO, YTO AJISI TOYHOTO YAOBJICTBOPEHMS TOPLEBBIM YCIOBHSAM HEOO0XOIOMO HMETh
TaK)Ke PEIICHNE TUIIA TIOTPAHUYHOTO CIIOSL.
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ELASTIC-SPIN WAVES PROPAGATION IN A PERIODIC
FERROMAGNETIC LAYERED MEDIUM

Atoyan L.H,,

Key words: spin wave, elastic-spin wave, ferromagnetic periodic structure.

Puwbwh pupkp uwhtwht whp; wowdqu-uwhtwht wihp; $Epndugihuwlul, wuppkpujwh
Junnigdudp:

KirroueBble cJI0Ba: CIIMHOBBIC BOJIHBI; YIPYTO-CIIMHOBBIE BOJIHBI;, (pepPOMArHUTHAsI, HEPHOANYECKAs CTPYKTYpA.

Upnjuit L.Z., [ulnjub Q.U

Unwdqu-uyghtiughtt wihpubph nupusnidp yuppbpulwi, bkpndwquhuwywl, sbpununp
Jupnmgjuspmd

NMupphpuub $Epndwuquhu/ngduquhu jurniguspnid hbnwgnunynud ki uyhttughtt b wnwéaqu-
uyhtiughtt wihpubph wwpwsdwt wupgbgws unphjubp: Zknwgqnuynn wihpubpp Wyupugplnt
hwdwp oquugnpdynid L Unpkjukip, npuntn hwoyp G wntiqus thnjuwbwljdwt thnpiwgqntgnipniup
dtpnuwmquhunid, hsybu b dnnkitkp hwodh wnting dvhgwjuypiph wnwdquiljut hunnlnipinibitkpp:
8nyg kL inpws, np wmnwdqui-uughiughh wphpubph hwdwimpiniubkph uykljnpp npnhydnud Ewhpkph
wlgkihnipju b wpghjwthwldwh gnnpubph:

Atosin JLA.,

PacnpocTpanenne ynpyro-ciMHOBBIX BOJIH B ePHOIMYeCKOii, peppoMarHuTHOI, C10HCTON cpeae

Hccnenyrorcss yOpoINEHHBIE MOJEIN PACIPOCTPAHEHMS! CIHHOBBIX M yHPYrO-CIIHHOBBIX BOJH B
NIEPHOJNIECKOU cpeie peppoMarHeTHK/HeMarHeTuK. JJJIisi ONHCaHus HCCIeyeMBIX BOJH HCIIOIb3YIOTCS MOJCIH,
yuuThIBaromye ooMeHHble 3G dexTsl B heppoMarHeTuke, a Takke MOJEH, Oepylre B pacyér ynpyrue cBoicrsa
ctpykrypsl. [Toka3aHo, 9TO BECh CIIEKTP YIPYro-CIMHOBBIX BOJIH Pa30MBAETCS Ha IOJIOCHI YaCTOT MPOIMYCKAHUS U
3alupaHus.

Simplified models describing the spin and elastic-spin wave propagation in periodic ferromagnetic structure,
consisting of ferromagnetic and nonmagnetic layers, are investigated. For a description of the elastic-spin waves are
used models that take into account the exchange effects in ferromagnetic as well as models, taking into account the
elastic properties of the structure. It is shown that the frequency spectrum of elastic-spin waves is divided into
transmission and locking bands.

Introduction. More and more attention of researchers attract the problems of spin waves
existence and propagation in artificial

i . 'vz periodic constitutive media called

yy — =l met.am.aterials [1-14]. Years ago §uch
h H, 7) Nonmagnet. periodic structures were called supeFlattlces.
0 If the structure composed of magnetic layers

X

with different magnetization or magnet/non-
magnet layers, then such structures called
vy magnetic metamaterials or magnonic crystals

by analogy with photonic crystals. In this
Fig. 1. paper, some one-dimensional mathematical

i h 1) Ferromagnetic
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models, describing magnetic oscillations, spin and elastic-spin waves in considered structures
are analyzed.

1. Problem statement. Suppose that a periodic layered structure is consisting of an
infinite series of ferromagnetic and nonmagnetic layers of different thicknesses of

h s hz . The structure assigned to the Cartesian coordinate system as shown in Fig.1.
It assumed that the anisotropy axis of easy magnetization of ferromagnetic layers are
parallel to each other and coincide with the direction of Oz axis. Suppose that the
structure is in an external homogeneous constant magnetic field H, =(0,0,H,) and

the vector of the saturation magnetization per unit volume of ferromagnetic layer

—

Mo Zplﬁo (Hy is the ferromagnetic saturation magnetization per unit mass, P is

the mass density of the material of ferromagnetic) is parallel to |:|O and both |\7|0 »Hy

are directed along the axis of easy magnetization, that is Oz axis. We suppose, that
the excitations in the structure does not depend on the Oz coordinate and are
characterized in the ferromagnetic layer by the vector of the elastic displacement

u = (0, 0,u, (X, y,t)) , vector [L= (M(X, y,D), V(X y,1), O) of the magnetic moment,
magneto static potential (I)l (X Y,t) and in the nonmagnetic layer by the vector of

elastic displacement U, = (O, 0,u, (X, y,t)) and magneto static potential ¢, (X, Y,t)
. The excitations of magnetic field intensities in ferromagnetic and nonmagnetic are:
H, =—grade,,H, =—grade,.

The equation of mechanical motion of the medium, the Landau-Lifshits equation of
magnetization moment motion and the quasi-static Maxwell’s equations for the
magnetic field in the ferromagnetic layer [1, 2, 3, 9] are:

2
alzjlzszulJrMof o, ov
at ax oy

%—mM (pl’l%+ﬁv+ﬁuo%—xm/}

ot oy
ov 409, o © Ou T
= L bp+ by, —-—2A
at @y (pl ox b+ by, ox HJ

ou ov
A, =p, (a_l; +6_yj

(1.1)
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Here S =+/G,/p, is the velocity of the elastic wave, QJis the shear modulus,
W\ :YMO, Y is the gyromagnetic constant, f is the coefficient of

piezomagnetism, D=b+H,/M,,b=b+f  bis the constant of magnetic

anisotropy, A is the two-dimensional Laplace operator, A is the coefficient of the
exchange interaction. The exchange interaction should be taken into account when
different magnetic layers are in contact, or if the nonmagnetic spacer is very thin

0
(d2 <30A). The equation of motion and the magneto-static equation in the

nonmagnetic layer are:

62

=sAu,, Ap, =0 (1.2)

S, =,/G,/p, is the velocity of the elastic wave, Q is the shear modulus, P, is the

density of the nonmagnetic.

Contact and boundary conditions for displacements, stresses and magnetic potentials
are:

u,(0) = u,(0); ¢,(0) =, (0);
(0 =0 0 A —pv(0) = 2B
u(h) =2u,(=h); @, (h) =21e,(=h,); (1.3)
| 2 ap,(h) 09, (= Q)

% (h) =%at PV A—E—=
oy (h) 5 (=h),———= oy pv(h) = o

ou
G(213) :plqz L+ HobplV 0(223) _pzi 5'y2 5

A — is the Floquet constant. It should be noted, that if exchange interaction is taken into
account, then we need to add to relations (1.3) the condition for magnetization density i:

ou(0) _ v(0) _
oy oy

Let us consider the simplified one-dimensional mathematical models with the aim of
understanding the nature of elastic-spin waves in periodic structures.

n(0)=v(0)=0 or (1.4)
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2. Consider the model when the ferromagnetic layer is non-deformable (U1 = 0) and

exchange interactions neglected (1=0). It is obvious that this model can describe only
oscillations, not waves. From (1.1) it follows equation for the normal component of the
magnetization v :

2
%sz: f(t) @2.1)

Here I = 0, Qq,,Qq, = \/6(6 +1), f (t) is an arbitrary function of time. In order to

identify the character of oscillatory process, assume that the right side of (2.1)
f (t) = Acosmt, A is a constant. The solution of (2.1) is as follows:

cos ot (2.2)

VvV =

2o
From (2.2) it follows that the frequency = r is the frequency of resonance. Now we can
state that the oscillatory process has a resonance character for this case.

3. Accounting of exchange interaction (7_\,7&0) in non-deformable (U, =0)

ferromagnetic layer. To the problems of propagation of spin waves in non-deformable
media are devoted works [3-5, 7, 8] and many others. The equations in ferromagnetic layer
are:

ot ! 2
o N
EV:—mM (bu—xa—y*j} 3.1)
o’p, ov
2 :pl_
oy oy

The solutions we seek in the form:
V,0)=(M,N,D,)e@ (3.2)
W, v, Q, 1

here M, N, ® | are constants. Substituting (3.2) in the system (3.1) and using the non-zero

solutions existence condition, we come to the following dispersion equation:

2r,.2 2 (A2 S A2
qlo" —o,(b+Ag")(1+b+Aq’)]=0 (3.3)
From (3.3) follows that q2 can have three values:
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q ={- QDE+,/—+QZ b \/—+Qz 0}, (3.4)

where QDE b 2 Q— > Wy ’YM Volume homogeneous wave exists only
Wy

when qzhas a positive value. It means that, when the following inequality is true:

q :—QDE+‘/%+QZ >0

then the wave process exists. Thus, we conclude that the model, when it is taken into account
the exchange interaction, even for non-deformable ferromagnetic, describes the spin wave

process.
4. The ferromagnetic layer is elastic (u1 #0), exchange interaction is neglected

O\,= 0). In addition to these conditions for the model farther simplification, we neglect the

magnetic potential also. To the problems of propagation of elastic-spin waves are devoted
the works [1, 2, 6, 9, 12]. The equations in ferromagnetic layer are:

2 2
oy ljl = , O'U E |\/|0fa_V
ot oy oy
0 A — ou
a_tl:w“”bv”’“”b“‘)a_; 4.1)
ov ~
L o,b
ot 0y b
The general solutions of (4.1) we seek in the form:
(1, v, ) = (M (y), N(y).U, (y) e ™ 4.2)

Substituting (4.2) in (4.1) we come to the equations:
-o’U, =5U,,, + M, N,

ioM =, bN +o,, BuoUly (4.3)
ioN = -, bM

Expressing M, N through U1 from (4.3) we obtain the following equation:

U,, +qU, =0. (4.4)

This is the equation of harmonic oscillations of displacements amplitude in ferromagnetic.
Above are used the following notations:
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q=—2 o= M, fowr, 1,
NS o’ - b’
The solution of (4.4) is as follows:
U,(y)=C, singy+C, cosqy; 4.5)

C,,C, are unknown constants. Using (4.5), we find the solutions of the system (4.1):

U (y,t) = (C; sinqy+C, cos ay)e™;

v(y,t) =aq(C, cosqy —C, sin qy)e™"; (4.6)
oo . i
u(y.t) =~ (C, cos ay — C, sin ay)e™";
oyb
. . _ bbo’p
Here we use following notation: ot = ——¥—%_ . In analogous way, we find the

o —oy,b’
displacements of nonmagnetic layer from (1.2):
U, (y,t) =(C; cos py+C,sin py)e”, p=w/s, (4.7)
C3 R C4 are constants. As we can see from (4.6) and (4.7) the solutions of the problem depend

on spatial coordinate also, i.e. that there is a wave process in the structure. Thus, despite the
fact that we did not take into account neither the exchange interaction, nor the magnetic
potential, but owing to elasticity, this model is suitable for describing the elastic-spin wave
propagation.

Let us examine them more detailed. Substituting solutions (4.6) and (4.7) in the boundary
and contact conditions (1.3) we obtain the system of equations for amplitudes. The solvability
condition of this system gives the following dispersion equation:

M +DA+1=0 (4.8)
where:

D sd sin ph, —msingh +hcos ph, + gcosgh
ssingh —hcosgh ’

h= Pﬂl(%z + MOB(_X) coS th,d — p1q(§2 + Hoba) COS th

pzsz2 p

m=p,s, psin ph,;s=—p,a(§’ +p,ba)singh; g =p,s pdcos ph;

Substituting A = €@ (a=h +h,), K cross-wave number, averaged over the period of the

2

structure, called Bloch’s wave number) into (4.8) we obtain typical for periodic structures
dispersion equation:

coska = cosgh, cos ph, — %|:%+ %} sin gh, sin ph,, (4.9)

1
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pl(sl + “()b(x)

S +a

From (4.9) follows that the frequency spectrum of elastic-spin waves divided into bands of
wave transmission and stopping. Let us consider some special cases:

here z ,Z, =p,S,are impedances of the layers.

a) Impedances of two layers are equal Z = Z, . The dispersion equation takes the form:

ka=w thi (4.10)
S+a S
If the thicknesses of the layers are equal, then the Bloch’s wave number is as follows
k=3tP
2

b) Let us consider the structure when instead of ferromagnetic layer is nonmagnetic one. In
(4.9) we must take o, = o = 0, after that we come to equation:

coska = cosgh cos ph, — {plsl P25 }sm gh, sin ph, . (4.11)
P2S,  PiS

This is the known dispersion equation for layered periodic elastic nonmagnetic structure with
two different impedances. To investigate the interaction between elastic and magnetic
excitations we return to the system (4.1). The solutions of the system we seek in the following
form:

(1, v, ) =(M,N,U)e¥e" (4.12)

Substituting (4.12) in (4.1), after some transformations we obtain the relations between the
magnetic and elastic waves amplitudes:

iM fq 0o, bu,q iM, fgp,a
. N M . M HO U 1_ 20 p12
o's -’ ®* — o} b’ q’s - o

As we see from (4.13), the relationship is resonant. The resonance frequency is in the region

U, = N. (4.13)

. . 1 .
of ultrasonic and hypersonic waves (~ 10' —— ). This phenomenon known as magneto-
sec

acoustic resonance, which used in practice to construct ultra-acoustic or hyper-acoustic
generators and other devices.

¢) Let us consider the case when the thickness of ferromagnetic layer h, — 0. Dispersion

equation takes the form:
2 = 2
1 p(s +P2loba)+ PSS £ & | on Gin ph.
pzsz\/s +a pl(sﬁ +“0ba)

We would like to make a remark, which may be of practical value. After solving the problem

coska = cos ph, —

(4.1) and finding functions L, V, we can calculate magnetic potential Py, satisfying the

boundary conditions, from the equation:
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v "oy

Here are the results of some numerical experiments:
Q

20 f T

0.0 05 10 15 20 25 30 k

Fig.2. Dispersion curves for elastic-spin waves in the structure ferromagnetic/nonmagnetic. Frequency
spectrum divided into wave pass-bands and stop-bands (gaps). The solid curve corresponds to the

particular case when h, < m , the dashed one corresponds to the case when h, > hz,

Q=0/0,.

From the Fig. 2 we can conclude that by changing the ratio of the layer thicknesses it is
possible to ensure the desired frequency appeared in either the pass-band or the stop-band of
the wave’s frequency spectrum. It may find application in the construction of magnetic filters
and other devices of spintronics.

5. Concluding remarks. The investigation of the simplified one-dimensional models,
describing the propagation of elastic-spin waves perpendicular to the surfaces in magnetically
ordered periodic media bring us to conclusion, that to describe the mentioned waves we must
take into account exchange effects, or elasticity of media. If we neglect both of them, the
considered model can describe only the oscillatory process. The frequency spectrum of
elastic—spin waves in magnetic periodic structure divided into frequency bands of wave
transmission and stopping. It finds application in practice.

We emphasize an important property of magnonic crystals, by changing the external
magnetic field we can change the properties of crystals, this means that we can control the
wave process. Photonic crystals do not possess this property.

In conclusion, we would like to express our gratitude to Professor Belubekyan M.V. for
useful discussions.
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LOAD TRANSFER FROM TWO PARALLEL ELASTIC INFINITE AND
FINITE STRINGERS TO ELASTIC HOMOGENEOQOUS INFINITE PLATE
|Hovhannisyan H.V., Sargsyan K.S., Sukiasyan J.S.

KiodeBble cJI0Ba: IUIACTHHA, KOHTAKT, CTPHHIEP, CUHTYJSIPHOC MHTEIPAIbHOE YPaBHEHHE,
¢byHKUMOHATBHOE ypaBHeHue, npeodpasoBanue Oypbe, MHOrowIeHs! YeOblieBa

Keywords: plate, contact, stringer, singular integral equation, functional equation, Fourier transform,
Chebishev polynoms

Putimh pwnkp: uw), Yntwnwlw, Jhpunhp, uhtgnyjup hunbgqpuy hwquuwpnid,
Iniujghntiw] hwjwuwpnid, dniphtjh dbwthnjunipinit, 2kpholh puquuunudutp

lZm[hulhhhu]mh Z.‘{.|, Uwpqujmt 4.U., Umphwuyub 2.U.
PLnh hnpuubignidp widkpg b JEpgunjnp Eplym qniquihbn wewdquywl
Ytpunhpikphg hmiwule wnwdquijuth windkpg uuyhic

Uphiwnwupnid nhinwplyuws k phinh thnjuwbigdwt Yntnwljunnuyhtt punhp' widbtpe b pgwynp
Eplnt gniquhbp wpwdqujub Ykpunhpitphg hqnunpny hwdwubn  wowdquiljut widkpe uwwphi:
Glupunpynud k, np hnphgnuwljub wpwbgph tljunuudp withwdwsuh nuuudnpjus Jekpunhplbkpp
non wdpugud (unuddud) b wnwdquljutt uwht b nikt mwpplp wpwdquju hwnlnipniubp:
Uw-Jkpunhp Ynunwlunuwght qnyqp phdnpdugynid £ wowdqulju Jpunhputph Jpu hpundus
YEunpnuwgyws nidtiph nt widkpgnid wnwdquljut uwih Ypw gnpénn hwunwnni hunkuhynipjudp
hwjwuwpwywth puohdws hnphgnuwlju dgnn jupniudubph wgnkgnipjut ounphhy: Munph nsnudp
dwpbdwwnhynptt  dbwlbpydws b wnpwehti ubnh uhugnijjup hunbtgpu) hwjwuwpnidubph
hwdwlwupgh wbkupny npnowlh wuydwbibph weljunipjut phypnud:  $niphkh  hunbgpuy
Atwthnpunipjut b 2kphoth puquuinudutph hwynuh dwuptdwnhjujut wywpunh oguntpjudp uyy
hwdwljupgh  msnudp  phpdus L pywghthnht  nhgnigpup  winjkpg  hwipwhwyyuljui
hwjwuwpnudibph hwdwljupgh psdwip: Npnodus L Ynnwlnughtt onowthnn nidkph pwphudw
hunbuuhynmpinibubpp Jipunhpubph wwly: Uudbpe Jepughph hwdwp vnugduws i wuhdwyununhly
pwtwdltp, npnup punipugpnud ki jupnudubph Juppt husybu nidh Jhpundwt YEnh spowluypnid,
wjiybu b gpuithg hkpm Jhnkpm:

, Capkucsan K.C., Cyknacsan JIx.C.

Ilepenaya Harpy3Ku oT ABYX NapaJjliesIbHbIX YIPYIHX 0€CKOHEYHOr0 U KOHEYHOr0 CTPHHIEPOB K YNPYroii
OHOPO/JHOH GeCKOHEeYHOil IIaCTHHE

B pabore paccmaTpuBaeTcs KOHTAaKTHas 3ajada O Iepefadye HArpy3Kd OT ABYX MHapalIeNIbHBIX YHOPYTHX
0OECKOHEYHOT0 M KOHEYHOTO CTPUHIEPOB K H30TPOIHOH OXHOPOAHOH ympyroi OecKOHEUHOHl ILIacTHHE.
IIpenmonaraercs, YT0 HECHMMETPUYHO OTHOCUTEIIBHO FOPH30HTAIBHON OCH PACHOJIOKEHHBIE YIIPYTHe CTPUHIEPEL,
XECTKO creruieHb! (IIPUKJICEHbI) K YIPYroil INIACTHHE U MMEIOT pas3Hble yrpyrue cBoiicta. KoHTakTHpyomas napa
(mnacTHHa-CTpUHTEp) AeGOpMUpYETCs IOJ BO3ACHCTBHEM COHAINPABIEHHBIX H OCEBBIX COCPEIOTOYCHHBIX CHIL,
NPHIOKEHHBIX K CTPUHIEpaM, a TaKKe PABHOMEPHO pacHpeleNéHHBIX TIOPH30HTAIBHBIX PACTATUBAIOIIHX
HANpPSDKCHUH TOCTOSHHOW MHTEHCUBHOCTH, JEWCTBYIOIIMX Ha IUIACTUHY B OECKOHEYHOCTH. PeleHne KOHTaKTHOM
3a7aui MaTeMaTHIecKU chOPMYIIHPOBaHa B BUIE CHCTEMbI CHHTYJISIPHBIX HHTETPAIBHBIX YpaBHEHHI IIEPBOTO poja
IPU OIPEAENEHHBIX YCIOBUAX, C SJpaMu, COCTOAIIMMM M3 CHHTYJSIDHOH M peryisipHoil yacrei. IIpu nomomu
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M3BECTHOTO MaTEeMaTHYECKOro ammapara mnpeodpasoBanus Pypbe m MHorowieHoB UeOblmieBa, pelleHHe 3TOU
CHCTEMBI CBOIMTCS K PELICHHIO KBAa3WBIIOJIHE PETyJIPHOH OSCKOHEYHOI CHCTEMBI JIMHEHHBIX alreOpandecKux
ypaBHeHHH. OmpejeneHbl HHTEHCUBHOCTU PpACHpeleNieHHs TaHIeHIUAIbHBIX KOHTAKTHBIX YCHJIMH IIOJ
cTpunrepamu. /{1 6eCKOHEUHOro CTpUHTepa MOTydYeHbl aCHMITOTHYECKHE (HOPMYIIBI, ONUCHIBAIOIINE IOBEACHUE
HaIPsDKEHUH KaK BOJIM3H, TaK M BOAIN OT TOYKHU HPHIIOKESHHS CHIIBL.

In the present paper a contact problem on load transfer from infinite and finite two parallel elastic stringers
to isotropic homogeneous elastic infinite plate is considered. It is assumed, that the elastic stringers are placed non-
symmetrically with respect to the horizontal axis, are attached to the plate rigidly and have different elastic
characteristics and cross-sectional areas. The bodies in contact (plate-stringers) are deformed under influence of
axial concentrated forces, applied on the stringers, as well as uniformly distributed horizontal tensions of
constant intensity, acting at the infinity of the plate. Solution of the problem is mathematically formulated as a
system of constrained singular integral equations of the first kind with moving singularity with kernels consisted of
singular and regular parts. The solution of that system is reduced to solution of quasi completely regular infinite
system of linear algebraic equations using the known mathematical techniques of Fourier transform and Chebyshev
polynomials. Intensities of tangential contact stresses distributions are determined. Asymptotic formulas for infinite
stringer describing the behavior of stresses near and far from force application point are obtained.

Introduction

Investigation of problems of interaction between massive deformable bodies
containing stress concentrators such as cracks, thin-walled inclusions and stringers with
homogeneous or composite (piecewise - homogeneous) massive deformable bodies is one of
the priority directions of the contact and mixed problems of elasticity theory.

Since such problems often arise in mechanics of composites, rock mechanics,
measurement technology, problems of load transfer from thin-walled elements to massive
deformable bodies, and in other fields of applied mechanics, therefore their study is one of
the modern problems in both theoretical and applied aspects. Taking into account the
interaction between different types of stress concentrators often leads to new statements of
contact and mixed problems, qualitatively changes the character of the stress concentrations,
significantly affects stress intensity factors.

The problems of interaction between thin-walled elements in the form of stringers, i.e. rods
without bending stiffness, and more massive bodies, are under consideration by many
authors.

§1. Problem statement and system of resolving equations derivation

Let an elastic continuum isotropic sheet representing infinite thin plate of constant
thickness h is strengthened by two parallel infinite and finite stringers with different elastic
properties and sufficiently small rectangular cross section attached to the y=a and y=-C

(a; ¢>0) lines of its upper surface. It is assumed that the stringers are attached to the plate

rigidly.

The aim of the paper is to determine the intensity of tangential stresses distribution
along contact lines, and normal (axial) stresses arising in elastic stringers, and by that
determine the contraction of the contacting bodies (plate-stringers) subjected to concentrated

forces P& ( X) 5( y— a) and Q0 ( x—d ) ) ( y+ C) (d > 0), applied to elastic stringers, as

well as uniformly distributed tensile horizontal stresses of intensity G, acting on the infinite

plate at infinity.
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Fig. 1. Diagram of the deforming contact bodies

In the contact problem under consideration, the combined model of uniaxial stress state
and contact along a line are accepted with respect to the stringers [1— 9], i.e. it is assumed
that the distribution of contact tangential stresses intensity are concentrated along the middle
lines of the contact areas. Moreover, it is assumed that the stringers do not resist to bending,
i.e. do not have bending stiffness. With respect to the plate the model generalized plane stress
state is assumed to be true, due to which the plate is deformed as a plane (see Fig. 1).

Proceeding to derivation of resolving equations for the contact problem let us note, that
the elastic stringers are stretched or compressed in horizontal direction being in uniaxial
stress state, then according to the aforesaid, the differential equations of equilibrium can be
written as follows:

dul’(x;a) 1% Po(X) o
) . (O] < L0
& 2E0FD Lsgn(s x)t"(s)ds JEET T E (—o < Xx<0),
(1.1)
du”(x;—c) 1§ Q
> — )
= sgn(U—Xx)t?(U)du+—=— (-b<x<d), (1.2)
) (2) 2)E@)
dx 2EPF _Ib 2EPF
under the following conditions:
d(xa) o, duP(x-c) _, du(x-c)] __ Q
dx X0 ES) > dx b > dx " E;Z)FS(Z) 5
(1.3)
as well as the equilibrium conditions of the stringers:
© d
jr(”(s)ds: P j ™ (u)du=Q. (1.4)
P -b

In formulas (1.1) = (1.4), uél) (x;a) and ugz) (X;—C) are the horizontal displacements

of the stringers at y=a and Y =-C; lines, el (X) = dél)r(l) (X; a) R A (X; a) is the

intensity of unknown contact tangential stresses, arising under the elastic infinite stringer at
_ : (2) — d(2) Q) (y-_ 2 (y-_ : : .

y=a line, T X)=0;"1 X;—C), = X;—C) is the intensity of unknown
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contact tangential stresses, arising under the elastic infinite stringer at y=-C line,
EX (k=1,2)are the elastic moduli, F.*) =dh " are the areas of cross sections, h.*
and d® are the height and width of the stringers, respectively. P and Q are the intensities
of axial concentrated forces applied to the stringers at (0;a) and (d;-c) points,

respectively, E is the elastic modulus of the infinite plate.
From the other hand, for horizontal strain of the plate subjected to contact tangential

stresses ’C(l)(X) (—OO<X<OO) and T(z)(X) (-b<x<d), at y=a andy=-C, and

to uniformly distributed horizontal tensile stresses of constant intensity G, acting at the

infinity of the plate, respectively, is given by
du(x;a) 1% (s
(xa)_17"(s),

d

hi ax 7] sox %J;K(U—X)T(z)(U)dU‘FEElGO (—OO<X<00),

(1.5)
d 2) (v _ d _() OO
hl¥:%.[b Tu_(l:()_du+%LK(s—x)r<1>(s)ds+h—Elc50 (—0 < x< ),
(1.6)
2 ’t

t Nate)t 4E v .

= = A=—_"
2 2 s s

t’+(a+c) [tz +(a +c)2] (3-v)(1+v) 3-v
u® (x;a)and u® (x;-c) are the horizontal displacements of the infinite plate at y=a and

y =—C; lines, respectively, V is the Poisson ratio of the plate.
The contact conditions take the formulas

du” (x;a) du®(x;a) du,® (x;—c)  du®(x;-c)
_ ~ - 1.
dx dx (- <x<e), dx dx (18

With  respect to the distributions of contact tangential stresses
e (X) (—oo <X< OO) and T (X) (- b<x<d), we derive the following system of

singular integral equations of the first kind:

d

— J. {—+ msgn(S— X)} “)(S)dslIK(u—x)r(z)(u)du=—%Psgnx, (1.9)
n_
(—oo<X<oo),

I AT
Tc—oo

(-b<x<d), (1.10)

ld
2

b
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h ., __h
OHgm > ™M T EQE®@ ¢
ES FS ES FS
Thus, under assumptions made, the solution of the problem is reduced to system of
singular integral equations of the first kind with moving singularity (1.9) and (1.10) under
integral constraints (1.4).

2. In order to solve the resolving system constrained by (1.4), we apply Fourier
transform. Then, using the convolution formula we obtain the following functional equation

where A =

. . . 1
with respect to Fourier transform of unknown function e (X) (o< x<w):

[X+|G|] “) ) XP+H(|0|)(p o} (-o<o<m). 2.1
d
T(])(G)ZF[T“)(X)] J‘ (l)(S)e'GSdS (P( ) J‘ (2)( )e“’“du,
S b 2.2)

H (|c|) = [A(a+c c —|GH (@)lel
Let us note, that the solution of (2.1) must satisfy (1.4), which will be transformed to
W (O) =P and (p( ) Q Solving (2.1) with respect to 7! ( ) we will arrive at

- AP
r(l)(G)ZX+|c| 7»+|c5| H (|o]) (~o<o<®). 2.3)

It is important to determine also the Fourier transform of normal (axial) stresses
GS) (X; a) (—OO <X< OO) , which arise in infinite stringer:

—m(_... P isgnclcp(cs)isgnc g
' (o:a)= FO a+lo]  F" A+[of Ha(Joij+ 5 273(0) -
(-o<o<®),
in which
H, (o) =[ A(a+c)|o|-1]e @9 5 (c:a) = F[ o} (x:a) |- 2.5)
(2.1) and (2.4) are derived taking into account the following relations [3,10 — 13]:
t iTsgno t itc
F = ; F = , )
F[sgnt]zz—i ; F[l]:2n8(c) (—oo<(5; y;t<oo),
(&)

If we apply Fourier inverse transform to (2.3) and (2.4), between unknown functions
(%), o’ (x;@) (—oo<x<0) and T%(X) 1% (X) we will derive the following

functional relatlon.
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T T
(o< x<®), 2.7
P 14 0
o'(x;2) ‘E@Hs(x)‘@_jﬁm(“—x) ©(u) S, 2.38)

(o< x<®),

providing the qualitative and quantitative picture of the interaction of the stringers. Here the
following notations are introduced:

H.(x) T cos(oX) do Ho. (X) _]E H (o)cos(oX) | do

: - — @9
H (x)| o [sin(ox) [A+c " |H(X)| ¢|H,(o)sin(ox)|A+o 29

o . . . 1
Thus, the distribution of contact tangential stresses of intensity 1t (X) (—o<x<®)

and normal (axial) stresses G (X a) (- < x<o), arising in the infinite stringer,

consequently are expressed in terms of intensity 2 (X) (—b <X< d) of contact
tangential intensity in the elastic finite stringer by formulas (2.7) and (2.8).

3. For derivation of the distribution of contact tangential stresses
e (X) (—b <x< d) let us substitute the expression of 7"’ (X) (—o0 < X <o0) given by

(2.7) into (1.10). Then, we will arrive at the following singular integral equation of the first
kind:

— _[ {—+—nsgn(u X)+M (u; x)} (2)(u)du:%Q—EE|cO—&PN (x), 3.1
T
(-b<x<d),
Here the following notations are introduced:
M(u;x)zlj' K (S—X)Hq (u—s)ds; N(x)=— j )H.(s)ds (3.2)
TC o0

Note, that the solution of (3.1) must satisfy the first constraint in (1.4).

Taking into account that near the contact line end-points the intensities of the contact
tangential stresses have singularity of the square root power of integrable order, let us
represent the solution of (3.1) under (1.4(b)) in the form of expansion into series with respect
to Chebyshev polynomials of the first kind

2u+b-d

(2) _ 1 N . _
T (u)_m;’sxnﬂ[g(u)], g(u)_m, lg(u) <L, @3
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where T, (X) = cos(narccos X) <|X| <l; n= (),_oo) — are the Chebyshev polynomials of the
first kind, and the unknown coefficients X, (n = (),_oo) must be determined.

Substituting expansion (3.3) of the function r? (u) into (3.1), and using the following

spectral relations [6—8]:
1f 1 Tew] [ n=0.

nUX flmg?(u)  |Una[9(X)]: (n=T),
d 0; n=m,
g @, [V [0 pra | (mm=a),

T —n=

(-b<x<d),

3.4)

sin(narccos X)

where U, (X) = (|x| <l;n= O,_oo) — are the Chebyshev polynomials of the

sin (arccos X)

second kind, for derivation of the coefficients X, (nzl;_oo) following the traditional

method [6-8], we will obtain the following quasi-completely regular infinite system of linear
algebraic equations:

xm+§ H..X, =, (m=T;e0). (3.5)
n=1

The kernels and the free term of (3.5) are defined as follows:
© 2. M 2)
H,,=H,,+H o, =0, +o, —X,H

nm?
0; m=1,

m_ @_ 47“P -
OLm_%Q—h—EIGO;m:I, = b+d j (U [9()IN(X)

om>

0; Im-n|=1,
HO - M (b+d) 2m[1+(—1)m+n} . (3.6)
[(mn)z—l} [(m—n)z—l} ’ ’
H® :LT jiz(;()Tn[g(u)}le[g(x)] M (u; x) dudx

(n;mzl;_oo).

Let us note, that it is characteristic to system (3.5), that the coefficient X, is not

explicitly involved in its left hand side, therefore the rest coefficients X, (n = 1,_00) will be
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linearly dependent on X,. At that, the unknown X, is determined from equilibrium
condition (1.4(b)) as follows:

__2Q
xo_”@+dy 3.7)

The normal (axial) stresses arising in the finite stringer are evaluated according to the
following formula'

(2)(X C) F(z) [n arccosg( )J ;;S)J Z XUnl[g :|, (3.8)

(-b<x<d).

Note, that after evaluation of (3.3), the normal (axial) stresses arising in infinite stringer
are given by (2.8).

4. We investigate the behavior of intensity of the contact tangential stresses an (X)

(- < x<w)and normal stresses cs (X a) (-o <x<ow)— arising in the infinite
stringer, which characterize their behavior near and far from the concentrated force P. acting

point. Let us first derive asymptotic formulas for functions Tm( ) and (5(1) (X; a) as

|x| > 0. Since as |G| — o0 the following asymptotic representations take place [10]:

-2n-2

j—zn—1 ) Z (%j | “n

-2n-1 -2n-2
isgne i sgn c o
A+|o] Y :E:[ ) ;E;[x) ' (4-2)

Then, after application of Fourier inverse integral transform, taking into account the

(¢

X+|G| et

A

properties of Fourier integrals, for ™ (x ( ) and (5(1) (X; a) we will derive the following
asymptotic formulas as|x| - 0 :

|;L |2 n+1 X)Zn

) AP 1
W(x)==—=> (- 1) 2(2n+1).+ 2n) (\y(2n+1)+lnmj , (4.3)

" ] ?\, 2n ?\, 2n+1
G(Xl)(X;a):nlz”r;)(_l) _Msgn(}Lx)Jr&(\p(mJJ)HnLJ . (44)

2(2n)! (2n+1)! 8%
From representations (4.3) and (4.4) it follows that the function e (X) has logarithmic

singularity as|x| — 0, and the function (5 (X a) has finite discontinuity as|x| — 0 . Both
phenomena are due to the concentrated force with intensity P.

Let us now reveal the behavior of the functions T(l) ( ) and G(l) (X; a) as |x| - .
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Taking into account that as |G| — 0 the following asymptotic representations take place

[loi - G 2n - - 2n+l1

o/
. . . 2n+1

Isgnc  1sgnoc LR

Atlo] A zoixj A Z( ] ’ ()

After application of Fourier generalized inverse transform, taking into account the properties
of the Fourier integrals, for the functions T(l)( ) and (5(1) (x;a) we will derive the

following asymptotic expansions as|x| — oo :

AP & n(2n+1)!
r“><x>=7; ) —Ewl , @
n 2n ()]
c,’ (x;a) Fm Z )z)nﬂ +E“*?00 - (4.58)

It is evident from (4.7) and (4.8), that as |x| — oo e (X) = O(Xﬁz) ;

0 (x)

Fig.2. Contact tangential stresses under the infinite elastic stringer
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Numerical analysis is performed and main characteristics of the contact problem are
investigated. In Figures 2 and 3, the contact tangential stresses and the normal stresses arising
in infinite stringer are captured in its finite part, symmetric with respect to the concentrated
force application point. It can be seen, that the increase of parameter A in the range A = 0.01,
A=0.05,L=0.1,,=0.5,A=1,A=2,A=3,A =4 whichis inversely proportional

to the stringer elastic modulus, leads to decrease of both stresses.

ol (x;a) FY
P

Fig. 3. Normal stresses arising in the infinite elastic stringer

Conclusion

Using Fourier generalized integral transform the closed form solution of the problem
is derived in terms of expansion into infinite series with respect to Chebyshev orthogonal
polynomials. The implementation of the solution requires solution of infinite system of linear
algebraic equations, the quasi-completely regularity of which is established. Consideration
of particular cases showed the consistency of the solution with solutions of corresponding
problems evaluated earlier.

Numerical analysis revealed the main characteristics of the stress state of the
contacting bodies: the contact tangential stresses between the plate and the infinite stringer,
as well as the normal stresses arising in the infinite stringer. Under fixed geometrical
configuration of the infinite stringer, it was established, that with decrease of its elastic
modulus leads to decrease of both tangential and normal stresses.

92



REFERENCES

1. Melan E. Ein Beitrag zur Theorie geschweifiter Verbindungen // Ingenieur — Archiv,
1932, vol. 3, issue 2, pp. 123-129.

2. Arutiunian N. Kh. Contact problem for a half-plane with elastic reinforcement // Journal
of Applied Mathematics and Mechanics (PMM), 1968, vol.32, issue 4, pp. 652-665.

3. Grigoryan E.Kh., Aghayan K.L. Semi-infinite plate strengthened by semi-infinite stringer
parallel to the plate boundary (in Russian) // Selected Problems of Theories of Elasticity,
Plasticity and Creep. Yerevan, «Gitutyun» NAS of Armenia, 2006, pp.138-143.

4. Grigoryan E.Kh., Hovhannisyan H.V. Contact problem for -elastic piecewise-
homogeneous plate strengthened by two parallel different infinite elastic stringers (in
Russian) //Proceedings of NAS of Armenia, Mechanics, 2009, vol. 62, issue 3, pp.29-43.

5. Grigoryan E.Kh., Sarkisyan K.S., Contact problem for elastic plate strengthened by two
infinite stringers (in Russian) // Proceedings of NAS of Armenia, Mechanics, 2004, vol.
57, issue 2, pp.3-10.

6. Sarkisyan V.S., Contact problems for semi-planes and layers with elastic overlays (in
Russian). Yerevan, YSU publ., 1983, 260 p.

7. Aleksandrov V.M., Mkhitaryan S.M. Contact problems for bodies thin with coatings and
interlayers (in Russian). Moscow: Nauka, 1983. 487 p.

8. Grigoryan E. Kh. On the dynamic contact problem for a half-plane reinforced by a finite
elastic strip // Journal of Applied Mathematics and Mechanics (PMM), 1974, vol.38,
issue 2, pp. 321-330.

9. Hovhannisyan H.V. Contact problem for piecewise-homogeneous infinite plate
strengthened by finite and semi-infinite stringers (in Russian) // Inter-university

Collection of Articles, Mechanics, YSU, 1986, vol. 4, pp. 136-145.

10. Grigoryan E.Kh. Load transfer from piecewise-homogeneous infinite overlay to elastic
semi-plane (in Russian) //Proceedings of YSU, Natural Sciences, 1979, issue 3, pp.29-
34.

11. Handbook of special functions. Moscow: Nauka, 1979. 832 p.

12. Brychkov Yu.A., Prudnikov A.P. Integral transforms of generalized functions (in
Russian). Moscow: Nauka, 1977. 288 p.

13. Hovhannisyan H.V. Contact Problem for an Infinite Composite Elastic (Piecewise-
Homogeneous) Plate with an Infinite Elastic Stringer Glued to the Plate Surface //
Proceedings of YSU, Physical and Mathematical Sciences, 2012, vol. 1 (227), pp. 27-32.

14. Hovhannisyan H.V. Contact Problem for a Piecewise-Homogeneous Infinite Plate with
Stacked Elastic Piecewise-Homogeneous Infinite Stringer // Proceedings of YSU,

Physical and Mathematical Sciences, 2012, Vol.3 (229), pp.34-43.

Information about the authors:

Sargsyan Karen — candidate of phys.-math. sciences, associate professor. Dean of the
Faculty of Mechanics and Mechanical Engineering, National Polytechnic University of
Armenia, Yerevan, Teryan 105. Cell: (+374 91) 49-54-55. E-mail: sarkarmm@seua.am

Sukiasyan Janibek — Graduate student at the Faculty of Mechanics and Mechanical
Engineering, National Polytechnic University of Armenia, Yerevan, Teryan 105.

Cell: (+374 96) 61-65-69. E-mail: Jsukiasyan@gmail.com

Received 31.08.2016

93



2U3UUSULP @bSNh(e3NPLLENP UQFU3PL UUUEURUSE Sttulahl
W3BECTUSI HALIMOHAJIBHOM AKAJIEMUM HAYK APMEHUM

Uthuwmthju 70, Nel, 2017 MexaHnuka
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Axagemuky Hauunonaabnoit Akagemuu Hayk Apmenun

Ceprerw AJiekcaHapoBuuy AMOApIyMSIHY

95 ner

Ucnomaumocs 95  nmer  BeimaromieMycst  yuéHoMmy-mexaHuky — Ceprero
Anexkcannposuay AmOapirymsiny. Akanemuk HAH ApmeHnn, HTHOCTpaHHBIN WICH
Poccutiickoit Akanemnn Hayk m HammonansHol Axagemun Hayk ['py3um Cepreii
AnexcannpoBud AMOApITyMsH IPOI0JDKACT IUIOJIOTBOPHO paboTaTh U ITyOJIMKOBATh
CTaThbH U MOHOTpa(¥H B Pa3HBIX U3IATEIbCTBAX MUPA.

Penxommerus xypranma «W3sectuss HAH Apmenun, Mexanuka», WHCTUTYT
Mexanuku HAH Apmenunun u Hanuonanssueii Komurter Teopermueckoit u
[pukmagaoit MexaHukn ApMEeHWH B 3HaK ONArogapHOCTH H  TIIyOOKOH
MPU3HATEIHHOCTH, BBIMYCTAT OYEpEAHON FOOMICHHBIN COOpPHUK HAy4YHBIX CTaTei
«ITPOBJIEMbl MEXAHWKU HAE®OPMHUPYEMOI'O TBEPJOI'O TEJIA»,

MOCBSIIIEHHBIN 95-neTrro akanemuka C.A.AMOapiymsiHa.
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