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On a Class of Contact Problems of Elasticity Theory, Solvable by the Integral Equations Method

Cosely connected with classical contact problems a certain class of contact problems of mathematical
elasticity theory solvable by the method of integral equations is considered. An elastic layer, wedge and half-
space under the anti-plane deformation are taken as bases.
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Introduction. Classical and non-classical contact and mixed boundary value problems
(b.v.p.) cover a wide area of the mechanics of a deformable solid. The literature devoted to
development of effective mathematical methods for their investigations and to their
applications in engineering is extensive. On this subject we refer to [1]-[8] and references
therein.

To provide the contact durability and rigidity of various machinery and engineering
constructions it is essential the action of admissible and theoretically acceptable contact
stresses or displacements in the contact zone. In the contact of two deformable solids
fastened together it can be attained as by an appropriate choice of their geometrical and
physical parameters, and of the outer load as well.



In the present paper a certain class of contact problems is discussed in the simplest case of
anti-plane deformation. When the contact zone is under the force of pre-assigned regime of
displacements, contact interactions between an elastic prismatic bar with a rectangular
cross-section and an elastic layer, or a half-space, or an elastic wedge-like solid are
considered. With the help of preliminary solutions of auxiliary problems, the setup
problems are reduced to the Fredholm integral equations (i.e.) of the first kind with the
symmetric kernels. The solutions of these i.e. are built by both the Krein method [9], [10]
and the method of integral spectral relationships, established in [11]. Some special cases are
presented.

1. The setting of contact problems and derivation of the main equations.

Consider two elastic solids B, and B, with given modules of elasticity and Poisson ratios

Ej, \Z (j =1,2) respectively, rigidly fastened by a surface S. Generally B, is

massive deformable solid — the base of different geometrical forms, while B, is thin-walled

element such as stringers, beams, plates and shells, which are convenient means for
transmitting loading to the bases, that usually occur in the engineering practice.
Let the composite solid be a subject to outer loads (Fig.1).

Fig.1
The main investigations in the theory of contact problems are reduced to the study of the
stress-strain state of such a composite solid, especially to determining the distribution of
contact stresses on S and their kinematic parameters (coming together, relative turns),
characterizing the rigidity of a contact.
These problems admit the following settings.
Determine contact stresses on a contact surface S and kinematic parameters under a given
surface load.

Find the outer load distribution on a surface of solid B, to get the pre-assigned contact
stresses, admissible in theory.

Find the outer load distribution on a surface of solid B, to get the pre-assigned regime of
displacements on the contact surface S .

The present paper concerns to the last topic. The anti-plane deformation of elastic solids in

contact is assumed, and the following patterns (models) with corresponding problems are
discussed.
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I.In the rectangular coordinate system OXyz consider an elastic layer
Q= {—oo <X zZ<ow; —H<Ly< O} of the height A and shear module G (Fig.2).
y

T+(X)
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Fig.2
Let it be rigidly clamped by its lower side Y =—H, on its boundary plane y =0, be

I

I

-a

rigidly fastened by the strip = {—a <x<a;y=0; —o<z<wx } to the infinite
prismatic bar €, = {—a <x<a;0<y<h; —w<z< oo} with a rectangular cross-

section Dy ={—a<x<a; 0<y<h} and shear module G,.

The upper side y = A of a bar is loaded with distributed tangential forces on the direction
Oz , that induced an anti-plane deformation of the system layer-bar in the same direction.
The problem is to determine the tangential forces distribution T, (X) when in the contact
zone —a < X < A the pre-assigned regime of displacements is realized. The displacements
are given as a smooth  enough function f(x) , that is when
W, (X, O) =f (x)(—a <X< a) , Where W, (X, y) is the only non-vanishing component

of the bar displacements by Oz direction.
I1. Here the elastic layer is replaced by a wedge-shaped base, which is presentable as
r,9,z in cylindrical coordinate system. The wedge with a shear module G is rigidly

clamped. The load on the bar is given by forces with intensity t, (r) {a<r <b}, directed
along Oz axis tangentially to its upper face (Fig.3).
The problem s to find a function t, (r) such that w,(r,a)=f(r) (a<r<b)

where f () isagiven continuous function.



YA

=0

Fig.3
I11. Here the elastic layer is replaced by a half-plane, and the analog of the case I is
considered.
To deduce the main equations of posed problems, as a preliminary, let us construct
solutions of some auxiliary boundary problems, that connect stresses with displacements in
the contact zone.
For the case | we have

2 2
86:¥°+aayvg°=0 (a<x<b; 0<y<h)
oW, oW,
TXZ|x=a= Oa_)(()x=a=TXZ|X=b=G06_XOX=b:0 (OSySh), (11)
oW, oW,
T, =G, — =1 (x);1, =G,— =1,(x) (a<x<b
Y: y=0 0 ay - ( ) y. y=h 0 8y yoh ( ) ( )

where tangential stresses in contact zone is r_(x), and T,,, T, are tangential

components of stresses.
The b.v.p. (1.1) is considered with the following additional condition of the equilibrium of

the bar or rectangle
b

Ir_(x)dx:jr+(x)dx:T, (1.2)

where T isa given quantity.
The solution of (1.1) can be build by means of finite Fourier cosine-transformation.



Similar to that in [12, (Ch 111-13)] for Dirichlet class function f (X) in the case under

consideration one can derive
b

fc(n)zjf(x)cos[un(x)]dx; . (x)=nn(x-a)/(b-a) (n=012,..),
f(x)= ;E(;Méz 7. (n)cosy (x)] (a<x<b). @3
Applying (1.3) to the b.v.p. (1.1)—(1.2) we arrive at the more compact form of its
presentation

d*Ww, m
- w,=0 O<y<h),
dy? (b—a)2 ’ (0<y<h) w4
LY A )P R () R PP
dy y=0 GO dy |y:h GO

where W, =W, (N, y) and, in accordance with (1.3),
b

{W (n,y); 7. (n)} :I{wo(x, y)it, (x)}cos| p, (x)]Jdx (n=0,12,..).

a

The solution of (1.4) is

L (% (n)ch(r,y)-% (n)ch[%, (y—h)]};

3,Gysh (2,h)
W, (n,y)= 0<y<h;r, =mn/(b-a);n=12..);
Téo)ymo (0<y<h, n=0;%(0)=7,(0)=7 (0)=T),
0
hence from (1.3) we get
Wo(n,y)zwo(o’ y)+ C W, (n, y)cos[pn(x)] (a<x<b,0<y<h). (L5)

b-a b-atd

The analogous formulas take place for T, (X) as well.

Now from (1.5) it follows that

_ _W,(0,0) 2 = 7, (n)-ch(x,h)T (n)

(0= ma)e, & sh(h) cos{ 1, (x)] 16)
(B, =W,(0,0); a<x<b).

As it was noted above, the problem is considered under the following condition

W, (x,0)=f(x) (a<x<bh),




where the function f (X) is given. Represent it as the Fourier cosine series by the second
formula in (1.3) and compare (1.3) with (1.6).

Then, for the basic three functions T, (X) and f (X) of the problem under consideration,
we arrive at the following relations between their Fourier cosine-coefficients

A,.Gesh(,h) f(n)=7, (n)-ch(x,h)T (n) (n=12,..)
W,(0,0)= f(0); W,(n,0)=f(n); 1, =nn/(b-a).

For the thin rectangle D, (h <<b- a) these relations are simplified.

1.7

Indeed, confining ourselves with terms of order h in power series of entire functions
Sh(knh) and Ch(knh), formula (1.7) will take the following form
A2G,hf(n)=7,(n)-7 (n) (n=0,12,...). (1.8)

The relations obtained are discrete analogs of a thin bar-stringer deformation's differential
equations in the well-known Melan model for a plane deformation (see [13, 14]). In the
case of anti-plane deformation one has (see [15])

d3w,
Gohd—ZOZT_(X)—T(X) (a<X<b). (1.9
X
Now consider the case of an elastic layer, rigidly clamped by its side Yy =—H. In the base

plane Oxy the corresponding b.v.p. for the layer I1= {—oo <X<mw;—H<y< O} is
presented as

o*w  O*w
0.0 (e
ow (1.10)
’Cyz Y=0=GE =T_(X), W|y:7H=0 (_w<x<oo)’
y=0

where W=W(X, y) is the only non-vanishing component of the bar displacements by

Oz direction. The solution of (1.10) can be obtained by means of Fourier integral
transform with respect to X. In the similar way, for boundary points displacements of a
strip we have

1 % TE|X—S|
w(x,O):—jlncth =1 (s)ds (~o<x<00), (L11)
nG -, 4H
if the function T_ (X) vanishes outside of the segment —a < X < a. The passage to the
limit H — o0 yields
1

F 1
0)=—1 I
w(x.0) nG_an|X—S|

T_(S)dS +C (—oo<X<oo) (1.12)



for the elastic half-plane I1 = {—oo < X<y < 0} .
Next, the corresponding b.v.p. for a wedge, clamped by its side 3 =0 is
o’w 1 ow 1 o’w

—+= 2—0 (0<r<ow; 0<9<a);
or? r6r r’ o9

16w (1.13)
W|s—o:0; T9z|9 =G —— ZT,(I’) (O<r<oo)_
B r oSy,
By means of Mellin integral transform with respect to I, its solution can be written as
TE/ZU. + r‘r[/Zo,
(r o TCGJ.I TC/ZOL_ /20 —(rO)dro (0<I’<oo), (114)
o

where the tangential stresses T_ (X) vanishe outside of [a, b] (r =X> O).

Now we are ready to present the main integral equations of posed contact problems.
On account of the character of problems considered, in formulas (1.11), (1.12) and (1.14)

we are given displacements W(X, 0) =f (X) .

From formula (1.11) the determination of tangential contact stresses T_ (X) is reduced to
the foIIowing Fredholm integral equations of the first kind

Iln th[ X aH |J t_(s)ds=f(x) (-a<x<a). (1.15)

Its solution should satisfy the condition (1.2) with @ and b replaced by —a and a.
In terms of dimensionless coordinates and quantities, equation (1.15) can be written as

15 -

;Ilncth(@J e(m)dn=9(&) (-a<é<a), (1.16)
and_(éondition (1.2)-as

[e(m)dn=T, (T,==T/GH). (1.17)

-
For a contact problem of an elastic half-plane, formulas corresponding to (1.12) take the
form

%_aaln|xls| (s)ds=f(x)+C (-a<x<a),

and, if

E=x/a,n=s/a, ¢(&)=7_(af)/G; g(&)="f(af)/a

then

%jmli in|cp(n)dn=g(§)+co (-1<&<1). (118)



The solution of (1.18) should satisfy the condition (1.17), where now T, =T /aG.

On the base of (1.14), a contact problem for a wedge is reduced to the integral equation

1 b rn/2a+rft/2a
EI n—rnm —rZ“/Z“ t(r)dr,=f(r) (a<r<b), (1.19)

a

and putting

g=(r/a)"*, n=(r/a)""; p=(b/a)"™";
(&)= éézm_% (ag®"); f,(¢)= L (ag),

20
we get
1% &+nm
=lIn=-1,(n)dn="F,(& 1<E<p). (1.20)
TE‘! |a_n| 0( ) O( ) ( )
The condition (1.2) can be transformed to
i il
Jl‘ro (n)dn=T, (TO = zaan. (1.21)
Setting

g=pe”, n=ype”’ y=Inp; —y<tu<y;

o, (t) =e"*1, <\/Eet/2>; 9 (t)= % fo (\/Eet/z)

in (1.20) we obtain the following integral equation with difference kernel

%ilncth(h%ﬂ]mo(u)du =g, (t) (-v<t<y),

which coincides with (1.16).

2. Solutions of main integral equations. The solutions of equations (1.16), (1.18), and
(1.20) can be obtained with the use of the method, developed by M.G. Krein in works
[9], [20, (Ch. IV-8)], dealing with a certain class of Fredholm integral equations of the
second and first kind with symmetric difference kernels, closely connected to inverse
problems of spectral theory of differential operators. Later on it was extended to more
general classes of integral equations. There are lots of applied problems that can be
described by integral equations with difference kernels. In monograph [18] and references
therein one can find development of this theory.

The advantage of formulas derived by Krein is the absence there of Cauchy principal value
improper integrals, and their quite an orderly analytic structure.

The main point of the method is that the solution of such an integral equation with an
arbitrary continuous right hand side can be constructed by means of its solution with the
right hand side identically equal to 1, if the last one exists and is unique.

Applying that to equation (1.16), present the desired solution as a sum of its symmetric and
skew-symmetric parts

10



P(&)=p. (€)+¢_(£): 9(8)=0.(8)+9_(8); 9. (-E)=x.(€): 9.(-8)=*0.(¢),

so consider

% T Incth [@J@i (m)dn=0,(&) (-a<&<a). (2.1)

Then, according to [9], [10], the unique integrable solution of
14 |& -7

— | Incth| =—— ,a)dn =1

7[:]; nc [ 2 q(n.a)dn

is of the form

a(5 @) ={Q., (char) J2(cha—che)] (-a<&<a),

where Q_]/2 (é’;) is a Legendre function of the second kind.
The Krein function is

M ()= I q(&a)dg=nP_,(cha)/2Q,, (cha).

Here Pfj/2 (i) is a Legendre function of the first kind.

Relative to the argument & =cha, the above functions can be presented by means of

complete elliptic integrals of the first kind. With the use of formulas from [16, p.1036, f-las
8.851.1 and 8.851.2] one has

2K (1), Q. (oha) =24k K (k)

k=e" k' =J1-k? =+1—e7%,

where K (k) is a complete elliptic integral of the first kind of the modulus

P, (cha)=

k(0< k <1) and the complementary modulus K’ .

Hence
M(@)-3 s e (KK(0)

and its derivative is

N—"

M’(oc)=2K+(k)[K’(k')K(k)g—Z—K’(k)K(k’)%}.

The use of a differentiation formula for an elliptic integral relative to the modulus (see [16,
p.921, f-la 8.123.2] ) and the relation [16, p.921, f-la 8.122] yields

M’ (cr) = nf 4k2K2 (k)] .
It now follows (see [9], [10]) that the even solution of (2.1) is

11



I

0

_J;q(g’u)d{ 1 dijq }du (0O<g<a)

M (u) du
and its odd solution is

—%Z‘:ﬁﬂiﬁq<wdg<ﬂ>}d“ ocs

The inner integral here is understood in the sense of Stieltjes.

Note that equations (1.16), (2.1) appear also in mixed b.v.p. in the theory of a fluid
stabilized filtration in strip shape porous grounds [17].

By the Krein method in [19] are presented solutions of i.e. (1.18) and some others with
comparative analyses of various analytical methods.

Now, let us present solutions of (1.16) and (1.18) by means of spectral relationships,
established in [11] via orthogonal functions method.

The solution of i.e. (1.16), (1.18) and (1.20) can be built by means of spectral relationships
as follows

jl s+n T“(Y)d” AT, (X) (n=012..; 1<E<p)
&=l (p* —n?) (n*-1)
Y =cos¢, (pzijl du ;k:]/pz(a/b)”/za; (2.2)

K’ \/(uz ~1)(1-k°u?)

X =c0s 9, 8:£

du
K’ '1[ \li(uz ~1)(1-K*u?

1., , 12 K=
A =p—nKth(nnK/K) (n=12,..; K=K(k))

K =1-k’; K'=K(k');

Ao =mK/p,

n

and the solution of i.e. (1.18) —as

I g-n[} T(V)dn _ _ .
_J;Incth[ 2 2(choc—chn)_unTn(U) (n=0,12,..; —a<&<a)

m,=2x,(n=12,..); p0=2x =2n\/EK(k)- k=e"

a/2 k'
'[,/2 cho — chu )

U=c0s®, O=— (2:3)

12



V =cosd, ® = e%?

P k'=1-e?%;

I\/Z cho — chu)

Here T,(X) and T, (U) are Chebishev polynomials of the first kind. Their
orthogonality conditions are of the form

) " K'/p (m=n=0);

T,(X)T,(X) =<K'/2p (m=n=0); (2.4)
e

) 26 ’K’  (m=n=0);
ITn(U)Tm(U) 2(ch(jf—che§) = (e)“/zK' (nl;r::];)) (2.5)

where K and K’ are taken from (2.2) and (2.3), respectively.
Integrals 3 and © appearing there can be expressed as incomplete elliptic functions
F ((p, k) (see [16], p.260, f-la 3.152.9), namely

j \/(uz—l;j(ul—kzuz) ) F[arcsmwz?}kl =87)

£
j du =2e” 0‘”F[arcsme 4 \/—Sh[ **s /2] ] ( = 1—e‘2°‘).
,M/2(cha—chu sha

The solution of i.e. (1.20) we will find in the form of infinite series

= ! DOX <g<p). .
I G e A -

For determining unknown coefficients X  we substitute (2.6) in (1.20), interchange the

order of summation and integration, use spectral relationships (2.2) and orthogonality
conditions (2.4). As a result we obtain

2
2
X, :% %, x, = ;cp ncth(anK/K') £ (n=1,2,..);
X @.7)
fn(o) =I f, (EJ) T“(X)dg (n :O,1,2,...).

Then, substituting (2.6) in (1.21) we get T, =X, K'/p , hence
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To= pfo(O)/ K (2.8)
in view of the first relation in (2.7).
On the other hand the function f, (ﬁ) can be considered as a sum

f0(§)=80 + 1, (é) (fo’(&)?& 0, 1<&<p ),
where 8, is the reduced rigid displacement of the rectangle D, in Oz direction. Note that

f,(§)=8 ( f, (€)= O) for the case of an absolutely rigid rectangle (G, =o0). Then

W ey

hence formula (2.8) establishes a certain connection of T and 9.
Consider i.e. (1. 16) and, as above, set

¢(§}=VEZ———:—Eg—?;ynn

Repeating the same steps one can obtain

kg K . |
Yo :4 ZKOK" Ya :mCth (TcnK/K )gn’ (n :1,2,...),

'[\/choc—ch

which leads to the connection of T, and g, taking into account condition (1.17) .
Finally, on the same way as above, consider i.e. (1.18). For

= 1i%;2;zT (-1<&<1)

we make use of well-known spectral relationships (see [20, Ch. X])

fo(O) =8, K'/p+ ]:0(0)1

(ra<g<a).

(2.9)
(n=012,..),

%Tn(i) (n=12,..);

¢, 1 T(n)dn _ _
j (-1<g<);
K n|¢fjf In2 (n=0).

For the case under consideration we have T, =T/aG, in (1.17), which leads to
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z,=T,/m, CO:(TOInZ—gO)/n; zn:ingn (n=12,..)

1 T (é) de (2.10)
0,=19(8)—F/—— n=0,12,..).

Jo@ =S ( )
Therefore,

@(i)=ﬁ(% +2§ngnTn(&)j (-1<g<1). (2.11)

It is not difficult to verify that the series (2.11) converges uniformly if g(a) is
continuously differentiable.
In conclusion of this section let us turn to equation (1.19) again. Putting there a=0,

_ (r/b)n/Zot M :(ro/b)fr/Za 1, (é) _ ééza/n_l 7, (b&Z(x/TC);
fo (&)= %a f (bag?") (0<&<1),

weget
—jln (n)dn=f, (&) (0<&<2). (2.12)

In [21, Ch. III -8] it is shown that the stresses for the wedge of angle o have order
n/a-1
r

, if displacements on its bounds are zero. Therefore the stresses at the wedge vertex
have singularity, when oL > 7t. On the other hand

()= (g e =2 0(e) (e-0)

S0 T, (0)20. Then the odd extension of equation onto the segment [-1,0] leads to
(1.18). For this case in relation (1.17) it should be putted T, = 0.
3. The determination of the function r+(x). Depending on the problem under

consideration, the function z, (X) can be determined with the help of given solutions of

(1.16), (1.18), (1.20), and relations (1.7). Let us present it for each of three above
mentioned contact problems with accordingly chosen dimensionless variables.
For the case of a layer we have

() +§i 7 ( {w} (-a<x<a),

n a

%, (n)= j; cos{l X+a} (n1=012,..).

T, (X)=

15



In accordance with (1.16) set
x=Hg/m x,(&)=1,(HE/N)/G, (-a<Eé<a),
that is readily transformed to

X+(§)=§—;+égx2 CO{W} (roa<g<a);

% =T, (To=nT/G,H); % =Hgsh(nnh,/2)ng, - (3.1)
—keh(nnhy/2)e, (n=12,..); k,=G/G,; h,=h/a, H,=H/2a;
6,3, } = T{m(i),cp(i), g(&)}co{w}da (n=0,12,...).

a

-

Here (p(&) and g (EJ) are solution and the right hand side of equation (1.16) respectively,
and formula for x; is derived from (1.7). Now, in accordance with (1.8), the simplified

form of y, is

1 _
X =3 n’hH,od, -k, (N=12,..).

For a thin rectangle D, (h << a) a function y, (i) can be determined from (1.9) with

the use of the Melan model, namely
nh, ,
1. (6)~ko(8)-—>0"(&) (-a<é<a). (32)
2H,
To the case of a wedge it corresponds to i.e. (1.21) and analogs of relations (3.1) and (3.2)
respectively are

1. (8) =7, (ag") /G, =h, (g)&*" (1<&<p)
7 (aZa/rc _1)

N o2&
h (§)=—-+—)> h' cos| ——=|,
®) Po poé [ Po ]
po=p*" =1 hy =T, (T,=nT/20aG,); (33)
2
he = koch(xnh, /o, )= + 2% nsh (anh, /p,) 19 (1=1,2,..);
T

n
0

(h.(2). = (2) fo(i)}cos!w]dé;

Po

n ' 'n

{h:, (9 f(o)} —

P T
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~ 1-2a/n _ﬂ 1-4a/n _Z_G' ’ "
()= 0(0)- e 12 g e |

For the case of half-plane we get

% (&) =1, (aEﬂ.)/G0 :ng+ ixg co{nn(gﬂ)} (-1<&<1);
% =T, (T,=T/aG,); % =k.ch(mnh,/2)o, +

+%nnsh(nnh0/2)gn, 1. (&) ~ koo (£)—ha" (&) (-1<£<1) (n=12,..);

o )= ., 008 9ol ™G e @

-1
Note that there is a certain link between coefficients appearing in (3.1)—(3.4) and (2.7),
(2.9) and (2.10). For the sake of derivations simplicity considering the case 111, one has

0, = jl(p(a)cos{%ﬂ)}d& (n=012,..).

Substituting here (p(&) from (2.11) it is not difficult to obtain

To 2< r n
=—lont— e —(cost+1 t)dt
P =— On+7TZ1mgm S Icos[ > (cost+ )}cos(m)
(mn=0,12,..).

The function g(&) can be approximated by linear combinations of  Chebyshev

polynomials of the first kind

g(g)z%+%ngTm(g) (-1<&<1).

Then
T, 23
¢, ~—l,,+— > mg_lI
n P On TC; m’ mn

The obtained integrals |, are Fourier cosine-coefficients, and can be calculated by the

method of least squares (see [22, Ch. IV-11]) up to required precision.
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Conclusion

In the paper a new formulations of contact problems are suggested. For two elastic solids,
fastened to each other by some part of their surfaces, the effect of pre-assigned regime of
displacements on the contact surface is studied. In such a setting contact problems for
solids of three different configurations under anti-plane deformation are solved. These
problems are reduced to the Fredholm integral equations of the first kind and their solutions
are built in complete form by both the Krein method and the method of orthogonal
functions. The approach presented here can be efficiently applied also to a plane and axially
symmetric contact problems.
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2U8UUSULP @SNk E3NPLLENP U22U3SPL UUUEURUSE St tulah,
W3BECTUS HALIMOHAJBHOM AKAJIEMHUU HAYK APMEHUMA

Uthuwmthju 69, Ne4, 2016 MexaHuka

YK 539.3
INFLUENCE OF SUPERSONIC GAS FLOW ON THE AMPLITUDE OF
NON-LINEAR OSCILLATIONS OF RECTANGULAR PLATES

Baghdasaryan G.Y., Mikilyan M.A., Saghoyan R.O.

Keywords: Flexible plates; supersonic gas flow; dependence amplitude-speed.

KuroueBble ciioBa: ['mOKHe IUIACTHHKH, CBEPX3BYKOBOM MOTOK ra3a, 3aBHCHMOCTb aMILTHTY/a-
CKOPOCTb.

Pubtmh punkp: Lynit uwibp, qugh ghpduytughtt hnuwbp, wuwhnnin-wpwugnipnia

Jujujwbnipint

Punquuupyui @.5., Thijhywi U.U., Uunnjuih [2.0.
Qumgh ghpduyuyhtt hnuwbiph mqnkgnmpmp mynublpynit vwikph ny gdughtt wuwnwbmdubtph
wuyjhunmngh Jpm

Thunwplyws k qugh ghipduyiiughts hnuwtipny opohnuynn hgninpny ninnuitlynit uwh ny qéuhle
nuwnwubimuubph finhpp: ZEknwgninnipmitp junwupdws £ obplint wmhwh ny gdwjunipiniiuikph
hwpjundwudp. whpnwpwdqulijut  (puwpwlniuught b junpwbwpnuyht) b Gphpuswhului
(unputwpnuypht):  Ukpnphtwdhjuut  nygduyunipyjutn (hwnjuwybu  tpuw  punwlniuwgh
nyqduyunipjul) hwpgundw punphhy ny qéuyhtt mwwnwinidubph wdwjhnninh jwhjwsnipniup
opohnunn quqh wpwgnipjui thnthnjunipjut npnowlh vhowlwypnid kpljupdtp k: Ujn thwuwnp gnyg
nuwjhu wouwwnwipnid phpduwd tjupubpnud Epyne gmintph wbupny, npnug uwnnpht gninkpp,
wdktugt hwjwhwluwinipjudp, wijuynit Eu: Thjuynit §ninkpp pudwnud Gu Gpynt hwphw juynia
msnudniph dgqnnnipjut inhpnypubpp: Ujuinknhg hkpunmpjudp unwugynd t gpgeiwt wyt wpdtpp,
nplt wbhpwdbon b hwidwlwupgh dh juymb &ninhg Upiuhtt whghbnt hwdwp: 8nyg b wpdud
wuwpwdlnph hnthnjunmipjut npnpulih wjt whpnypubph gnnipiniup, npniug nhwpnid htwpuynp sk
qpgnb] stwpnn punbpughtt mwnwunidubp huywybu dhtsyphnhjujut wpugnipniubpnud, wynybu

E htmlphnpjulut yhwlubpnid:

Baraacapsin I'.E., Mukuisin MLA., Carosin P.O.
Buusinue ¢cBepX3BYKOBOI'0 MOTOKA HA AMILIUTYY HeJHHEHHbIX KO1e0aHuiil MPSIMOYToJIbHbIX MUIACTHH

PaccmarpuBaercst 3ajjaya HEJIMHEWHBIX KoJieOaHUIT M30TPONHOM MPSIMOYTONBHOM IUIACTHMHKH, OOTeKaeMoit
CBEPX3BYKOBEIM IIOTOKOM Tra3za. lccienoBaHue IPOBEAEHO ¢ y4ETOM OOOHX THIIOB HEIMHEHHOCTH: a’pojHHa-
MHYECKO# (KBapaTHYHOM M KyOMYIeCKO) 1 reoMeTpruIecKoi (kyOudeckoit). biiaromaps y4éry aspoJuHaMHU4eCcKOi
HEJIMHEHHOCTH (0COOCHHO €€ HECUMETPUYHOI KBaJPaTHYHON YacTH) yCTAHOBJIEHO, YTO 3aBUCUMOCTb aMILTUTYibl
HEJIMHEHHBIX KoJeOaHUil OT CKOPOCTH 00TEKAIOIEero OTOKA B ONPENEeIEHHBIX HHTEPBAJIaX H3MEHEHHS CKOPOCTH
SBIISIETCA JIBYy3HaYHOH. DTOT (DaKT MILTIOCTPUPOBAH HA NPUBEAEHHBIX B TEKCTe (Urypax B BUJE JBYX BETBCH,
HIDKHHE BETBU U3 KOTOPBIX, 10 BCEH BEPOATHOCTH, SIBIIAIOTCS HEYCTOMUHBBIMU. HeycToiunBbIe BETBH OTAEIAIOT
00JIaCTH TATOTEHHS ABYX COCEJHUX YCTOMUYMBBIX pemieHuid. OTcroja JIerko HaXOAWTCS BEJIMYHHA BO3MYILIECHHUS,
HEOOXOAUMOro Uil TOro, 4ToObI MepeOpOCHTh CHCTEMY C OAHOH yCTOHYMBOII BeTBHM Ha Apyryro. [loka3aHb
CYILECTBOBAHUsI OINpEeAeNESHHBIX O00IAacTell W3MEHEHHs NapMeTpa, IPH KOTOPHIX HEBO3MOXKHO BO30YIHTH
He3aTyxalolye (arTepHble KoJleOaHHs KaK IPH JOKPHTHYECKHX CKOPOCTSAX, TaK M IIPH ITOCICKPHUTHYECKOH
CTaJIUH.
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The problem of nonlinear oscillations of isotropic rectangular plate in supersonic gas flow is examined. The
study was conducted taking into account both types of non-linearity: wind (quadratic and cubic) and geometric
(cubic). Due to the aerodynamic nonlinearity (especially its non-symmetric quadratic part) it is established that
dependence amplitude-speed is two-valued at the certain intervals of the speed. This fact is illustrated on the
figures given in the text in the form of two branches, the lower branches of which, in all probability, are unstable.
The unstable branches are separated via the gravitational field of two adjacent sustainable solutions. Thus the
perturbation magnitude can be easily found, which is required in order to transfer the system from one stable branch
to another. Existence of specific areas of the speed is shown in which undamped flutter type oscillations cannot be
excited in both pre-critical speeds and in post-critical stage.

Introduction
The literature is paved by numerous studies on the stability of plates and shells in
supersonic gas flow. Significant contributions are reported in the monographs [1-3] and in
the review article [4]. The interested reader can consult [1-7] for a linear descriptions of the
problem, while in [2,8-15] aspects related to the nonlinear behavior of plates and shells in
supersonic flows is discussed. The solution of the linear problem yields the critical value of

the flow speed, U, ; at the onset of this critical speed the aeroelastic system loses its stability.

The solution of the linear problem can be accomplished using a variety of methods, in many
circumstances it can be achieved analytically in an closed form, while if an analytical solution
cannot be found, often an approximate one, for example using the Galerkin method, can be
reached [2]. Nonlinear panel flutter problems are solved by approximate methods to
investigate the dependence of the amplitude of oscillations A on the speed of flowing stream,
when the value of flowing speed is in the vicinity of critical flutter speed. In the flutter

problems these issues, devoted to the investigation of properties of the function A(V) , when

the plate is flown in both directions with the same speed, is investigated in detail in the works
[2,13], where it is shown, that non-linear flutter type oscillations are exist either in pre-critical

stage, where A(V) is monotone decreasing function, or in post-critical speeds, where

A(V) is monotone increasing function. Non-linear flutter problems, in account of only

geometrical type of non-linearity in the works [14,15] were discussed, also. In the works [8,9]
it was shown, that aerodynamic non-linearity (especially its non-symmetric quadratic part)

brings to the appearance of new types of dependencies A(V) as in pre-critical, as well as in

post-critical speeds, which are near to the critical. In the work [10] the influences of
geometrical non-linearity on the dependence “amplitude-speed” are investigated in the case
of cylindrical panels. It is shown, that dependence of the amplitude of non-linear flutter type
oscillations on the value of speed of flowing stream can have multi-value character.

While the aeroelastic behavior in term of non-linear amplitude vs. speed is often the object
of discussion, very limited literature deals with the non-linear amplitude vs. frequency. When

U=0, the relationship between non-linear amplitude and frequency describing the
nonlinear vibrations of a plate is classified as “hard” [1], i.e. with increasing non-linear
amplitude there is a corresponding increasing in oscillatory frequency. In the work [16] it is
shown, that the presence of flowing stream, due to the aeroelastic non-linearity, can be a
source of both quantitative and qualitative change of the character of noted monotonically
increasing relationship.

In the present work the dependence of amplitude of non-linear oscillations on the value of
speed of flowing stream is investigated both in pre- and post- critical stage. the influence of
frequency of nonlinear oscillations and geometrical parameters of the plate on the
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dependence A(V) is studied without the above-mentioned limitations on the value of

supersonic flow speed. It is established that the character of the function A(V) is changed

significantly as quantitatively, as well as qualitatively, depending on the noted parameters.
Possible types of the function A(v) are shown in the Figures 1-6. Dependencies, illustrated

in bottom parts of the Figures 5 and 6, were well-known due to the works [2,13].
Obtained in this study the main results are listed in paragraph 5.

1. Formulation of the problem of stability

The problem is formulated by considering a thin isotropic rectangular plate of constant
thickness N . It is referred to the Cartesian coordinate plane o.,3,7 and the coordinate plane
o, coincides with the middle plane of the plate and the coordinate lines O and [ are
directed along the edges of the plate. A supersonic gas flow with freestream velocity
magnitude U, is aligned with the axis Oot, on one side of the panel only. To investigate the
aeroelastic stability of the examined plate the following assumptions are considered:

a) the Kirchhoff’s hypothesis on non-deformable normal [18];

b) for the flexible plate the normal displacements are comparable with the thickness of
the plate [1];

c) the third-order nonlinear Piston Theory Aerodynamics (PTA) is used when
calculating the aerodynamic pressure [19,20].

Based on these assumptions the nonlinear aeroelastic governing equations can be cast
as [2]:

2., A2 2 2
LA2F+8W8W oW —0,
oaop

— 1
Eh o0’ op’ M

,  O'WOF o0’'wo’F _ o'w O°F o’'w &p, | oW
DAW-————5—5+2 +poh—+| pohe + —+
oo~ Op” OB oa 0a.oP doop ot a, ot
2 3
+aepw[M8_W+ae_—HM2(a_Wj +aa_+1M3(6'\_Nj =0, )
oo 4 oa 12 o
Herein
3
D:L, M:i, ai:ae_go’
12(1-p7) a, P,

W(OL, B,t) — is the out-of-plane plate deflection, M — is the Mach number of undisturbed

flow, @ — is the sound speed for the undisturbed gas, @ is the isentropic gas coefficient, |

— is the Poisson’s ratio, P, — is the density of plate’s material, 0, and p_— are the pressure
and gas density in the undisturbed state, €— is the coefficient of linear attenuation, and

F=F (OL,B,'[)— is the stress function.
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To investigate the issues of stability of the examined system the boundary conditions must
be added to the set of Egs. (1) and (2). A simple-supported edges along the contour of the
rectangular plate, implying that the plate is free to move in the plane, will be considered

(0 <a<a 0<B<L b). Consequently, according to [2], the following boundary

conditions are used:
foraa=0, a=a

2 2
w=0, M, =-D[ W ,IWI_,, (3)
oo’ " OB
T) =0, T; =0 (4)
for =0, p=Db
o’'w  o*w
w=0, M,=-D + =0, 5
B [8[32 uaazJ ( )
TB°=0, Tﬁzzo, (6)

where T, Tﬁ0 , TO?B — are the average values of the force at the edges of the plate.

2. Reduction to the stability problem, described by the system of ordinary differential
equations

An approximate solution of Eq. (2), satisfying conditions (3) and (5) which, let’s present
in the form [2]
w(a,B,t) = f (t)sinko-sinp B+ f,(t)sin Ao -sin p B 7

i kr
}\,. =—, = —
( i a Mk bj

where . (t)— are functions of time 1, still to be determined.

Substituting (7) into (1) the linear non-homogeneous system of ordinary differential

equations with respect to the function F will be obtained. The Solution of the noted
equation, satisfying the boundary conditions (4) and (6) is presented as:

2 2 2
F(a.B,t)= Ejh{—% f, f, cos(A,a) +8“? f cos(kzoc)+9“? f, f, cos(A o)+

1 1 1

o

2
+ 32&2 f, cos(h,o)+

1 Aty

f, f, cos(A,a)cos(p,B) -

HTh M o2, M oo
——ff A —L_f L f ,
A £, cos (R0 ) cos (p,B)+ o +8u12 1 cos(p,B)
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To calculate the functions fi (t) Eq. (2) will be used. Substituting Eq. (7) and the already

found expression F into Eq. (2), and solving it by using the Bubnov-Galerkin method, the

nonlinear system of ordinary differential equations, with respect to unknown functions

x = f,(t)/h, x, = f,(t)/h, one obtains [2,13]:

d’ d 2
d'c);l +Xd—)2+ X, —Ek\/)(2 +kv? [oclle +a,X +

+VX2 (Bllxl2 +B12X§):|+QX1 (Y11X12 +Y12X§) = O

d’ d 2
dr)iz +Xd—xi+y2x2 +§k\/)<1 +kv? [(121X1X2 +

VX, (B 4B ) |+ Q% (12 +71226 ) =0.

Herein, along with the dimensionless time T = (olt , the following notations are considered:

®

o =D (i en) (i=12), k=P g N
poh poe;h 16p, o, ©
a @, @, poha,

o, =§(a3+1), o, =4—5(35'+1): Ay =4—5(ae+1),

’ 117 o
B11:B21:Z_0(a3+1)= B = 72 (ae+1), [3]2:—%(&4_1)’

Y =B (149" ).7,, = ENA (16 + ),

(10)

81(P4 2+ (P4 - ab—l
(1+4(p2) (9+4(p2)

where ®, and ®, are first and second natural frequencies of the plate, while Vv is the

i = Y2 = EA] 4(1+(P4)+

reduced speed parameter.
3. Solution of the linear problem

The solution of the nonlinear problem is usually preceded by analysis of the corresponding
linear problem, since: a) the critical parameter V=V (hence the critical flow speed

U, =ah-1vcraw, e.g. |\/|cr =ah-1vc, ), at which the unperturbed state of the plate

becomes unstable with respect to any small perturbation can be found, and b) the critical state
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U, (e.g. M o O V. ),isnecessary in the investigation of the type of stability of a nonlinear

system.
Thus, the linear system of equations obtained linearizing equations (8) has the form

d’ d 2

)jl +x—x1+ X, ——kvx, =0,

dt dt 3 (10
d? d 2
—)§2+X—X2+y2x2 +=kvx =0.

dt dt 3

Representing the solution by X = Y,€, X, =Y,€", the characteristic equation with

respect to A can be cast as:
X4+2xk3+(y2+1+x2)k2+x(y2+1)X+y2+gk2 ’=0.

The unperturbed form of the plate is stable if the real parts of the roots of the characteristic
equation are negative. Consequently, according to Hurwitz's theorem [21], the conditions for
stability can be written in the form:

2 2 1\ 2 2y 16,5 5
x>0, X(1+y )>0, (y —1) +2y (1+y )—gk v->0.
The first two inequalities require that the damping (internal and aerodynamic) is positive.
From the third inequality it follows that for small values V , all characteristic roots A lie in
the left half of a complex variable, and the trivial solution W= 0 is asymptotically stable

with respect to small perturbations. The value of the parameter V =V, for which two of

the characteristic exponents are purely imaginary, and the remaining lie in the left half-plane,
is critical and corresponds to the panel flutter speed in the linear formulation of this problem.
Accordingly, the critical flutter speed in the case of the selected buckling form of the plate
[2] can be obtained from the third inequality:

(12)

Taking V =V, from the characteristic equation Eq. (11a), the critical vibration frequency

0

o in the linear formulation (Xcr =+i0,, ) is

1
0’ = E(YZ +1). (13)
It is worth noting that Egs. (12) and (13) can also be found in [2,4] as well as other references,

demonstrating that the proposed solution is a very good approximation for both v and Ocr ,

determined on the basis of the exact solution [4-7,22].
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4. Solution of nonlinear problem

The nonlinear problem described by Egs. (8) is studied next. This system of equations is
different from the one used to study the linear stability for flexible plates forced by non-
conservative aerodynamic loading, specifically in terms of the aerodynamics, since now
quadratic and cubic nonlinear terms are included in the problem formulation. Specifically, in
the system of equation (8) asymmetric quadratic nonlinearities of aerodynamic and
aeroelastic origin are included along with cubic terms. The quadratic nonlinearities are
inherent to the problems of the stability of flexible shells. Therefore, the approximate periodic
solution of Egs. (8) is presented as [10]

X =AcosOt+Bsin0t+C +..., X,=A cos0t+B,sin0t+C, +... (14)

Here A, Bn C| u 62(0601_1 (I 21,2) are unknown constants; ® is unknown

frequency of nonlinear vibrations and the dots denote high-order harmonic terms which,
without loss of generality and accuracy, can safely be discarded. Contrarily to existing
solutions, as reported in [2,13], the proposed one, Egs. (14), includes also the constant terms

C| # 0, which are used to characterize the quadratic nonlinearities [10,23]. When

substituted into Egs. (8) the constant member and first harmonics COS 07 and SInOT are
retained while the terms containing harmonics are neglected. Although straightforwardly
obtainable, the system of nonlinear algebraic equations is lengthily and is not presented here.
To obtain the approximate solution of this system the following assumptions are made [10]:

a) the damping is small such that X| B | << |A B|| << |A| ;

b

b) the aeroelastic system reaches a steady oscillatory state with finite amplitude around
the equilibrium state, which is infinitesimally different from the unperturbed state,

(Al>>c|: i=12)

According to these assumptions, and neglecting the degrees above the first and any of the
products of BI , Bz , C1 and C2 , the nonlinear system can be represented by a subsystem of

nonlinear equations including:

Two equations obtained by equating to zero the zero order terms:
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G ‘%k"cz +%kv2 (aqu +0hz%2)+ kv’ A, (BIIACI +B12AZC2)+
+%kV3CZ (BllAz +512A22)+QA (YllACl +YI2AZC2)+
+%QC1 (Y]lAz +712A22) =0,

2 1
Yzcz +§ kvC, +Ekvza21A\Az + kVSA (BZIACI + BzzA&Cz)"'

+%kV3C1 (leAz +B22A22)+QA2 (YZIACI +Y22A§C2)+

1
+§QC2 (VzlAz +722A22) =0;

Two equations obtained by equating to zero the coefficients of COSOT:

(1-0°) A + 208 - kvA, + 2kv* (a1 AC, + 0, AC, )+
+%kV3A§(B11A2 +812A§)+%QA (Yl]Az +Y12A§2):0’
(v'—0%) A +x0B, +§kVA +o,,kv’ (AC, + AC, )+

+%kv3A (BmAZ +B22A22)+%QA2 (YZIAZ +722A22) =0;

Two equations obtained by equating to zero the coefficients of Sin Ot :
2 1
(1-92)Bl—§kv32—xeA +5kv3BHAAzBI+
1 3 2 2 1 2 2
+ kv (BUAT +30, A7) B, + Q31 A +1,A ) B +
1
+5QAAB, =0,
2 _0%\B. - gk lk 3 2 2
('Y 6) )y X6A2+3 VB‘+4 v (3B21A +BzZAZ)B|+
1 1
+EkV3B22AAsz+EQY21AAzBl+

1
+ZQ(721A2 +3y22A22) B, =0.
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It should be noted that the third subsystem takes into account damping terms. Assuming that

the damping is small (X ~ O) , by performing a linearization of this equations, one obtains:
B =0, B, =0 for y~0

Using the first subsystem let’s express C1 and C2 trough A and Ay (see (16)). From the
second subsystem the amplitudes of oscillations of the examined aeroelastic system, Al and

A& , are computed as function of the parameters 0 and V . Then for ¥ = 0t has the form:

A\(l—@z)_gkvp‘z +2kv?a, AC, +2kv’a,,AC, +

FRVA (B A B A + 2 QA A+ 71,4 =0,

(15)
Az(yz -6%) +§kVA + kvzazl(Acz +AC)+
3 3
VAR A B A) + QA A 1, K) =0.
Herein
|‘(V2 2 2
C] :_Z[(GHA +(x12Az)A2 _azlAAzAzt:'
(16)
C =—k—vz[a AAA —(OL A +a AZZ)AJ
2 A 21 1 11 12 3
where

3 1
A, :1+§QY11A2 +5QY12A12 +kVSBnAA§a
3 1
A, = Y2 + kV3BzzAA§ +5Q722A22 +5QY21A2a
2 3 1
A, ZEkV+EkV3521A2 +Ekv3[322A22 +Qv,AA,

A, :_gkv—i_%kV}Blezz +%kVSBHAZ +QvL,AA, A=AA, -AA,.

In the particular case when V is in close proximity of v [2], it follows A & —Ag . This
can be demonstrated from the third subsystem after the linearization which leads to:

(1-6%)B, —§kv|32 -%0A =0, (v’ -6%)B, +§ka1 —%0A, =0. (17)

Taking into account that at the flutter boundary V=V u 0= ecr , from (12), (13) and (17)
we have
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105 A = (&+B ) 10, A =1 (BI+B );
As aresult, as expected, A ~ —A§ , if V is in the close proximity of Vv and 0 tends to

OU . It should be noted that studies conducted in the [2,8,9] are based on an approximate

equality A = —A .

This system (15) is solved numerically for the following initial set of parameters:
E=7.3-10"N/m*; p=0.34; p,=2.79:10°kg/m* (Duralumin), while the flow

properties used are &=1.4; p, =1.29kg/m’; a, =340.29m/s (air). The depen-
dency of the amplitude A of steady oscillations at point (a/ 2,b/2, 0) for which A= A

on the parameter V, characterizing the flowing speed for several h/a, a/ band 0.

Numerical calculations, having done in [8,9], show that the relation h/a has significant
influence (as qualitative, as well as quantitative) on the character of the dependence
“amplitude-speed”. Therefore, the cases of thick and thin plates will be considered separately.

4.1. Influence of supersonic flow on the character of dependence “amplitude-speed” in
the case of sufficiently thick plates

The results of numerical solution of the system (15) for a = 70h, b=5a and several fixed

values of O, representing dependence of the amplitude of flutter type oscillations on the
speed parameter V , are brought in the Table 1 and on plotted on its basis Figures 1-3. The

dependence A(V) for several &/b and fixed O is brought on the Table 2.
The most interesting result of these calculations is the following: limit cycle oscillations are

possible as in pre-critical speeds of flowing stream (V <Vq ) , as well as in post-critical

stage (V > Ve, ) . A similar result in a qualitative sense, was obtained in [2.13], in which it
is established, that for the certain parameters of the problem either hard type of oscillations
(V > Ve ) , or only soft type excitations (V <Vg ) occur. The reason for the noted
discrepancy is the accounting of the wind type quadratic nonlinearity and the rejection of the

assumption A = —A, .

Table 1 show that for the chosen parameter b/ a the change of the frequency © has as
qualitative, as well as quantitative influence on the dependence “amplitude-speed”. Namely:

e IfOe (0; 1], such speed value vV, exists, for which if v <V then generation of

limit cycle oscillations is impossible. For v 2 v dependence of the amplitude of

oscillations on the speed of flowing stream (the function A(V)) is a two-value one,
which tends to zero with the increasing Vv (Fig.1).
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Fig.1. Plot of the function A(V) for O
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If e (1; 91) (the value of 91 depends on the geometry of the plate), then a
segment I:V* R V*] of the parameter V exists, generation of limit cycle oscillations
is impossible (Fig.2). Out of this segment for V<V, the function A(V) is a

unique-value and monotone decreasing, and for v > v* the function A(V) is a
two-value one and qualitatively analogous to the function plotted in the Fig.1. With

the increasing O the length of the segment [V* R V*:I decreases and equals to zero

at the certain value 0.

-
>

0s

06

AN
R
},

vl

<|<

. 05 vy ! 13
Fig.2. Plot of the function A(V) Ipu 0=1.1

If 6, <0<0, (the segment [91;92) can be changed depending on the plate’s
geometry) the plot of the function A(V) is brought in the Fig.3. Such speed value

v, exists, for which if v <Vv_ the function A(V) is a unique-value, while for

*

V2V, it is a two-value one, which branches have maximum. After maximum
points the amplitude is monotone decreases and tends to zero. With the increasing
O the value of v, increases.
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>

Fig.3. Plot of the function A(V) for 0=1.5.

Let’s note that here and in the future for the certain segments of frequency of oscillations the
own v, and V" exist, which are brought in the corresponding figures. For the fixed geometry

the change of the parameter O has quantitative influence on the dependence “amplitude-

speed”, also. Table 1 shows that increment of the parameter O brings to the change of the

amplitude (the amplitude decreases on the lower branch, and increases — on the upper
branch).
Let’s study now the influence of the relation b/ a on the dependence “amplitude-speed” for

0 =2 . The results of numerical calculations of the function A(V) are brought on the Table 2.

Table 2. Influence of b/ a on the dependence “amplitude-speed”

v
Ve v N 8]
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Table 2 shows, that this influence has only qualitative character. In particular, for 0 =2 the
Fig.3 is true. Both v, and corresponding values of the amplitude decrease with the increasing

b/a.
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4.2. Influence of supersonic stream on the behavior of non-linear oscillations
for thick and sufficiently thin plates

Here numerical analysis is done for several data of parameters O and b/ a for the fixed
h/a. The results of numerical solutions are brought in the tables 3-5. Having discussed

the brought tables one can note, that the dependence A(V) in the case of thin plates, in

addition to the already known and brought in the Fig. 1 and 2, which were plotted in the case
of thick plates, here new behaviors take place and on its basis Fig. 4-7 are plotted.

As table 3 shows in the case of thin plates for fixed b/ a influence of the parameter O on
the dependence “amplitude-speed” has as qualitative, as well as quantitative character.

Table 3. Influence of frequency O of oscillations on the dependence “amplitude-speed” for
h/a=1/120,b/a=2

v
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Moreover:

e dependence A(V) for 96(0;1] has the same character as in the case of

sufficiently tick plates (Fig.1);
e depending on the geometrical parameters of the plate the certain such value of

frequency 0, > 1 exists, that if O € (1; 91) the dependence A(V) is identical to

the dependence, brought in the Fig.2 and plotted in the case of sufficiently tick
plates;
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e in an analogous way, such segment [91,92] of frequency exists, that for
0, <0 <0, (this segment changes with the geometry of the plate), the function

A(V) has a plot, brought in the Fig.4, for more evidence which is drawn for b/a=5.

In this case such certain values V*,V*,V of speed parameter V exist, that if

Ve [V* R v*] then generation of limit cycle oscillations is impossible. Moreover if

v>v’ and VE (V,V*) the function A(V) is a two-value, and for V<V itisa

unique-value function. With the increasing frequency of oscillations: a) length of

the segment [V* R v*] decreases; b) on the left side of v, the amplitude increases,

and on the right side of v" it decreases. Let’s note, that if 0 = ecr ,then v=1.
A
a~
2 2 . L
AT '3 3 A . . = V]

v VvV, v

Fig.4. Dependence “amplitude-speed” for h/@a=1/120, b/a=5, 6=0, ~2.84

The results of numerical calculations of A(V) in the case of sufficiently thin plates

(h /a=1/300, b/a= 3) for several values of the parameter O are brought in the Table 4.
Table 4 shows, that for the fixed b/ @ the influence of the parameter O on the behavior of

the function A(V) is presented as follows:

e If 0O E(O; l], then it is impossible to generate limit cycle oscillations in the
sufficiently thin plates;
e Iffe (1, 91) (with the varying geometry 0, varies), then such speed value V,

exists, that if v > Vv_ then it is impossible to generate limit cycle oscillations, and

for v <V, the dependence of the amplitude on the flowing speed (the function

A(v)) is a unique-value and monotone decreasing one (Fig.5), moreover
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0. Let’s note, that the mentioned behavior of the function A(V) is

Table 4. Influence of the parameter O on the function A(V)

explored and studied in [2];

A(v.)
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Fig.5. Plot of the function A(V) for O
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e IfBe [91 R 92 ) (this segment changes with the geometry of the plate), then the plot
of the function A(V) is brought in the Fig.6. For clarity and diversity the Fig.6 is

drawn for h/a=1/300, b/a=3. In this case such certain values v, and v

of the parameter V exist, that: a) if V =V, then it is impossible to generate limit

cycle oscillations; b) if V € (V, v, ) , then the function A(V) is a two-value one; ¢)

if v <V, then it is a unique-value, monotone decreasing function.

Fig.6. Dependence “amplitude-speed” for h/a=1/120, b/a=1, 6=0, ~1.9

For the fixed relations h/a and O the influence of the parameter b/a has only
quantitative character as in the case of relatively tick plates, as well as in the case of

sufficiently thin plates. In particular, when h/a=1/150 and © =2 the function A(V)

is presented via the Fig.6, and with the increasing b/ a the length of the segment [V, V*]

decreases, moving to the left, moreover the values of the amplitude are decreased (Table 5).

Calculations show, also, that for large values of © as in the case of thick plates, as well as in
the case of thin plates the dependence take place, brought in the Fig.7, which indicates, that

such certain v* exists, that if 0 < v < v", then the function A(V) is a two-value one, and

out of this segment it is impossible to generate limit cycle oscillations (Fig.7).
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Table 5. Influence of the relation b/a on the dependence “amplitude-speed” for h/a=1/150 u
0=2
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Fig.7. Plot of the function A(V) for h/a=1/300, b/a=3, 0=4

In this paper the influence of the relation h/a on the dependence A(V) is investigated,

also, for the fixed b/a and appropriate critical frequencies. The results of numerical
calculations are brought in the Table 6. The noted table is composed of three parts, in which
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Table 6. Influence of h/a on the dependence “amplitude-speed”.

the values of A(V) are brought for the fixed b/a and appropriate critical frequencies,

which, as it is known (see equation (13)) independent of h/ a.
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Table 6 shows, that the relation h/ a has as qualitative, as well as quantitative influence on
the function A(V) . With the decreasing h/ a the behavior of examined dependence varies

as follows: in the beginning it is similar to the dependence shown in Figure 3, which is plotted
in the case of sufficiently thick plates. Having decreased h/ a, the plot of the function

A(V) is changed, and becomes identical to the plot, constructed in the case of plates of
medium thickness (Fig.4). A further decrease of the relative thickness brings to the change
of the plot of the function A(V) and becomes similar to the Fig.6, which corresponds to the

case of sufficiently thin plates.
5. Main results

In conclusion, let’s present in our opinion most important some new results obtained in this
study. They are the result of the influence of the flowing supersonic stream on the character
of nonlinear oscillations of examined aeroelastic system and can be addressed as follows.

e Due to the aerodynamic non-linearity (especially its non-symmetrical quadratic

part) it is established, that dependence A(V), in the certain segments of speed

parameter V , is a two-value one. This fact is illustrated in the figures in the form of
two branches, the lower branches of which, probably, are unstable. Unstable
branches separate the areas of two neighboring stable solutions. Thence it is easy to
find the magnitude of disturbance required to transfer the system from one stable
branch to another;

e Existence of certain areas of change V is shown at which it is impossible to excite
flutter type limit cycle oscillations as in pre-critical speeds, as well as in post-critical
stage;

e Results, obtained in this paper can be the basis for formulation and investigation of
problems of optimal control for the magnitude of the amplitude of flutter type
oscillations via the appropriate choice of geometrical parameters of the plate.

This work was supported by the RA MES State Committee of Science, in the frames of the
research project Ne SCS 15T-2C134.
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W3BECTUS HALIMOHAJBHOM AKAJIEMHUU HAYK APMEHUMA

Uthuwmthju 69, Ne4, 2016 MexaHuka

YK 539.3
ON THE INFLUENCE OF BOUNDARY CONDITIONS ON THE
DEPENDENCE AMPLITUDE-FREQUENCY OF NON-LINEAR FLUTTER
TYPE OSCILLATIONS OF RECTANGULAR PLATE AT CRITICAL
SPEED

Saghoyan R.O.

KitioueBble cioBa: ['nbkue IIacTHHKH, CBEPX3BYKOBOH ITOTOK ra3a, aMILINTYHO-4aCTOTHAsI 3aBUCHMOCTb.
Keywords: Flexible plates; supersonic gas flow; dependence amplitude-frequency.
Putiwh puntp. &Ynih vwbp, quqh gipdwjuwght hnup, wdwyhnniy-hwdwjunipnit juw:

Carosin P.O.
O BJIMSIHMM FPAHUYHBIX YCJIOBHI HA aMILIMTYIHO-4ACTOTHYIO 3aBHCUMOCTH HeJIMHEHHBIX uIaTTepHBIX
KOJIe0aHMIT MPSIMOYT0JIbHOI NUIACTHHKY NPU KPUTHYECKUX CKOPOCTSIX

PaccmarpuBaercsl 3aj1aua HENMHEHHEIX KOJeGaHMIl M30TPOIHON NpsAMOYTOIbHON IUIACTHHKH, 00TeKaeMOH
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HEJIMHEHHBIX KONIeGaH il IIACTHHKI OT AMILIHTYIEI B OTCYTCTBUM OOTEKAOLIETO II0TOKA HOCHT KECTKHIT XapakTep,
T.e. C YBEIMYCHHEM aMILUIMTYIbl YacTOTHI KoleOaHWi Bo3pacTaroT. B HacTosmeif paGoTe YCTaHOBICHO, YTO
IPHUCYTCTBUE OOTEKAIOIIEr0 IOTOKA MOXET CTaTh HCTOYHHKOM KaK KOIMYECTBEHHOTO, TAK M KAaYCCTBEHHOTO
M3MEHEHHs XapaKTepa yKa3aHHOH MOHOTOHHO BO3pAcTaoLIeil 3aBUCHMOCTH. B paGoTe uccieayeTcs BIMsHIE THIIA
3aKPEIUICHHS TPAHMUIB! UIACTHHKY B TAHICHIWAIBHBIX HAIPABICHISIX HA aMIUIUTYJHO-4aCTOTHYIO 3aBHCHMOCTb
HEeNMHEHHBIX (IaTTepHBIX KONeGaHuil MApHUPHO ONEPTON [0 BCEMY KOHTYPY IPSMOYTOIBHOW IUIACTHHKH LU
KPHUTHYECKOH CKOpocTH 1oToKa. IToka3aHo, UTo IepexoJl U3 OJIHOTO THIIA aMIUIHTYIHO-aCTOTHOMH 3aBUCHMOCTH K
IPYTOMy MOXKHO PEry/IHpPOBATh COOTBETCTBYIOLIMM BBIOOPOM KakK I€OMETPHYCCKHX H (PH3HYCCKHX MapaMeTpOB
a9pOYIPYroil CHCTEMBI, TaK M 33 CYET U3MEHEHUS KPACBbIX YCIIOBHIA.

Uwnnjui +.0.
Bqpunht wwyplwutkph wqnkgmpnitip Kymb vwih ny gduyghit puntpugh nunwtmdubph
wdyjhumn-hwdwhnipnit juwh Jpu Yphunhjuluwd wpugnipiniaikph ghypocd

TYhuwplyws £ qugh ghpdwyuwght hnuwpny opghnuynn hqnuupny ninnuilynit uwih ny gduhtt
nwnwinidubph  juunhpp  hp  hwppnipjut dke wwppbp  Eqpuyhtt  wwydwbubph  phuypnud:
ZEnmwgnuinipiniup junwpdws k Eplnt mhyh ny gdwjunipynittiph hwyqundwdp. whpnwrwdquljut
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wjbiybiu b npuwlwljwt  thnpnpumpuip:  Upjwnwipnid  ntunudtwuppdmud £ wnwbighighury
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Epypuswthwlui b phqhfuut wupuwdbnptph hwdwywnwuw ptnpnipjudp, wybiybu b Eqpuyght
wuydwbttph thnihnpunipjut hwpyht:
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The problem of nonlinear oscillations of an isotropic rectangular plate in a supersonic gas flow is examined. The
study was conducted taking into account both types of nonlinearities: wind (quadratic and cubic) and geometric
(cubic). It is known that nonlinear dependence of the frequency on the amplitude of the oscillations of the plate in
absence of flowing stream has a hard character, i.e. with increasing amplitude the frequency increases. In this paper
it is established that the presence of flowing stream may cause both quantitative and qualitative changes of the
character of noted monotonically increasing dependence. The influence of boundary conditions along the tangential
directions of simply supported plate on the dependence amplitude-frequency of non-linear flutter type oscillations
at critical speeds is investigated in this paper. It is shown that transmission from one type of examined dependence
to another can be controlled as via the appropriate choice of both geometrical and physical parameters of aeroelastic
system, as well as via the change of boundary conditions.

Introduction
There are many investigations devoted to the study of stability of plates and shells in
supersonic gas flow [1-5]. A short review of up-to-date known results is brought in the work
[6]. Let us note here the results devoted to the present work only. In the work [5] the
dependence «amplitude-frequency» of non-linear flutter type oscillations is studied in the
case of critical value of flowing speed. It was shown, that a) due to the aerodynamic non-
linearity (especially its non-symmetrical quadratic part) character of the dependence
«amplitude-frequency» of non-linear flutter type oscillations of the plate in a supersonic gas
flow is similar to the character of noted dependency of non-linear natural oscillations of
shells; b) the range of variation of allowable frequencies at which it is possible to excite
flutter type oscillations can be as finite, as well as semi-infinite; c) transition from one type
of «amplitude-speed» dependency into another (up to the impossibility of excitation of such
oscillations) can be controlled with an appropriate choice of the geometrical and physical
parameters of the considered aeroelastic system, depending on the flow speed.
The influence of boundary conditions along the tangential directions of simply supported
plate on the dependence amplitude-frequency of non-linear flutter type oscillations at critical
speeds is investigated in this paper. It is shown that
e The choice of the type of boundary conditions in the presence of flowing stream
may bring to the both quantitative and qualitative change the character of the noted
monotone increasing dependence;
e Transmission from one type of examined dependence to another can be controlled
as via the appropriate choice of both geometrical and physical parameters of
aeroelastic system, as well as via the change of boundary conditions.

1. Stability Problem formulation

The problem is formulated by considering a thin isotropic rectangular plate of constant
thickness N . It is referred to the Cartesian coordinate plane o, 3,y and the coordinate plane

o, coincides with the middle plane of the plate, and the coordinate lines o0 and 3 are
directed along the edges of the considered plate. A supersonic gas flow with freestream
velocity magnitude U, is aligned with the axis Oat, on one side of the panel only. A
supersonic gas flow with freestream velocity magnitude U , is aligned with the axis Oct, on
one side of the panel only.

The initial assumptions for mathematical modeling and investigation of the examined
problem are brought in the work [6]. Here, in addition to the brought in the noted work
stability equations, let’s formulate the boundary conditions only:

fora=0, a=a
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w=0, Ma:—D[S;VZV+HZ;\2V]=O, )
T, =cA,, Ty =0 @
for f=0, B=Db

w=0, Mﬁz—D£Z;\iv+p%2Vj=0, )
Ty =Gy, Ty, =0. )

where TO? , TBO, T;B are the average values of the force at the edges of the plate, A, A,
are average relative declinations of edges, and C_, G- stiffness coefficients of elastic ties.
IfC,, C; are equal to zero, then we deal with a boundary value problem when the edge of

the plate can freely move in own plane, and when C_, C; — are non-zero, then we have a

problem when the edges of the plate are fixed.
2. Solution of stability problem.

An approximate solution of the formulated problem let’s present using Galerkin method.
Substituting it into the stability equations one can obtain a linear non-homogeneous

differential equation with respect to the function F . By satisfying the boundary conditions
one can obtain the following expression for F :

Eh 2 2 2
F(a,Bit)= T[_% f, f, cos(A,a) +8“Tl12 f? cos(7u20c)+9HT112 f, f, cos(A o)+
2 2 2
a ) cos(1,0)+ Oy f, f, cos(A,a)cos(p,B) -
1 Mty
2.2 2 2
_ M f f, cos(k3a)cos(uzﬁ)+(;—12 f? +}\—12 flz]cos(uzﬁ) —~
Aty K K
+%(T£[32 +To’),
where
2
0 n"Ehs, 2 2 2 2 2
= f-+4f S, (- +17)),
a 88.2(1—u28182)( e P 2( s 2))
0 n EhS, B

oo

_ 2( g2 2 2 2
= 8a2(1—u28182)((p (17 +41)+p5,(17+412)), o
Here the following notations are done:
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—1 -1
8, :[1+E_hJ 5, :[1+E_h] . The values 0,=0, 0,=0 -correspond to the
c, )’ be,

conditions of free in the plane edges, non-zero values correspond to the fixed edges, and
values 81 =1, 82 =1 correspond to the conditions of fixed in the plane edges.

o

To determine the unknown functions fik (1) let’s substitute the solution of Galerkin’s form
into the stability equations and using the Bubnov-Galerkin method, with respect to the to

dimensionless functions X, = f,(t)/h, X, = f,(t)/h the following nonlinear system of
ordinary differential equations is obtained [3]:

d’x,  dx 2 5 ) 5
dtzl +Xd_1:+ X, —Ek\/x2 +kv [ocllx1 +a,X +
2 2 2 2\ _
VX, (Bllxl +B12X2)]+QX1 (Yllxl +Y12X2)_0 )
5
d’x, dx, , 2
— 2 by —2+y % +—kvx + kv’ [o,, X X, +
e XdT VX23X1 [211X2
2 2 2 2\ _
VX (B 4B ) [+ Q% (12 +720% ) =0.
Herein, along with the dimensionless time T = ®,1, the following notations are done:
D 2 4zp, h
of =—(A+pf) (i=12), k=—2%5, Q=——7,
poh Po; N 16p,0;
h ® 2 & ©
v=M~—, y=—2, X=—[s+iJ
a @, O, poha,
2 56 16 2
o, =g (e +]), @y = (=+1), (xZI:E(anrl),BH:Bz]:%(anrl), )
1172 o’ 8, + 21’85, + '
B,y = 7’; (z+1), Blz:—7—75(ae+1),y“=Ehkf[1+(p4+2( ! l_u%lz&z ) ’
4 4 48, +5u¢°8,8, + 98
i = Yo = EA{ 4(1+(P4)+ Slo 7t 2 2+2( : H(pzl A 2) )
(1+49%)" (9+4¢7) 1-pu78,8,
163, +8up’s,5, +¢*d
vy, = EM} 16+(p4+2( : M<P21 +9') ,
1-p°5,0,

where ®, and ®, — are first and second natural frequencies of the plate, while Vv is the
reduced speed parameter.

The solution of the nonlinear problem is usually preceded by analysis of the corresponding
linear problem, which is done in detail in the work [6] and accordingly, the critical flutter
speed in the case of the selected buckling form of the plate is obtained. After the nonlinear
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problem is solved using harmonic balace method. As a result the system of non-linear
algebraic equations are obtained [6].

3. Character of the dependence «amplitude-frequency» at critical speeds, when the
edges of the plate have identical fixing conditions

Brought in [4,5] numerical investigations show that the relation N/ @ has essential influence
(both qualitative and quantitative) on the character of the dependence «amplitude-
frequency». That is why the cases of both relatively thick and sufficiently thin plates will be
investigated here separately.

Case 1. Thick plates (h/a>102). The results of numerical solution of the system (15) from

the work [6] for V=V and several boundary conditions are brought in the Table 1.

Calculated values of the amplitude of oscillations are brought here for @ = 70h and for
several fixed b/ a.

Table 1. Dependence “amplitude-frequency, A(G) for h/a=1/70, several b/a

and fixing conditions

b/a=3
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o o | o §3 ol QT © < n ~ ,
2 _ —_o —mS| 3 @ — - S —_ o oS o
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b/a=1.5

48830

. TLTE0 € - - 9LEV'T e . -
- 1€10°€
. 000£0 | ¥¢91°0
96020 8v88°C - 080€°0 | TL66' . i 18890
$'¢ - vT19'C LIV8T TTOL0
oizLe 610 | ¢SI0 | €810
186 €902°0 86¥1°0 8610 | 6090 ) 88L81 bz | Q9910 | LIPTO
1S€2°0 LY61°T . I€1°0 | 2210 | 8600 ST81°0 | $LIT'T
ve LYSO | SP80 | TH9'I
. ZIo 77800 ~ S6ET°0 | €€0T°0
94 . . 0 0 0 0 1'2 . .
LSOL'0 61081 ssc1z | 0300 | cc60 | oshl S8EE0 | €680'1
g 0 0 . 1€C0 | 1€C0 | LETO g 0 0
L8TT czigo | szeor || 8D | weso | spor | opr 6£06'1 | SELVO | TITO'L
. - |L . P8E0 | COr0 | 0590 | L . )
z NMBM.O omcﬁ.o = 9¢S’'l S06°0 9L0°1 $69°0 |5 g1 09800 | 6vL00
$026°0 9L9€'T LIES0 | LOLEO
| 1€9°0 | ¢€L0
: : $96'0 | €101 - : :
9895'] wmmw.w Mwm.m ocy| | EIEE0 | 90¥50
. 989°0 €68°0 CLLY0 | 8SLSO
cesr0 8980 | 960 | 8680 -
. i : . 9L1L0 i
vl 0LYO'T . 2980 ] ] 8780 1 o1zL0
so €68°0
6v26°0 i ) )
0 88.6°0 0 - - - 0
g &
TT T S= TT PRI T @ TTT T
7 S S S S - S S [ 37 - S S S S
(%) [Ze) 0 [Ze)

46



b/a=0.6
e on \O o~
o (@)
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In Table 1 the symbol "-" means that the amplitude of oscillation for the specific parameter
set is equals to zero and there are no periodic solutions of the system (15) of the work [6].
Figure 1 is plotted on the basis if the Table 1.

A b=33 B
3.5 y
N 7
3
F 4
5 g 1{
2 7 -
5 1‘/ -
< - . /r r _——- =] (=12
< L e® " 1 1 1 1 1%l [|seees o.=0.2§
= Pt~ l
1 . /
-Nn.\.-;_. : ( ‘.
0.3 :
<N T
0 \ _/'-“——-d-»
0 05 1 15 2 25‘?"’: 35 4 45 5§

a)
Tabe 1 and Fig.1 show, that:

o for b/a>1if § =0(i =1,2) there is a range [6*,6*] of frequency O , where
the function A(e) is a two-value, and out of which the steady nonlinear flutter type
oscillations cannot be obtained (for great values of the relation b/ a one can obtain
0. =~ 0). Uniform increase of values 6i (i =1,2) brings to the increase of the
values O,.. If 8i = l(i =1, 2) , then the interval [9* , oo) exists, where the function

A(e) is a two-valued;
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for 0.5< g <1 regardless of the character of boundary conditions there exists a

finite interval 6, <0 <0 at which nonlinear oscillations are possible. Moreover,

change of boundary conditions causes the change of location and length of the noted
interval;

for sufficiently small values of the parameter b/ a the length of the interval of

frequency change O decreases and tents to zero independently of boundary
conditions (there is impossible to generate nonlinear flutter type oscillations);

with the increase of the parameter 8i (i =1, 2) from zero to unit the tightening of

the amplitude (for b/ a>1) switches from the high-frequency in the direction of
lower frequencies.

b)

Fig.1 Dependence «amplitude-frequency», for & = 70h and several fixing conditions.

Case 2. Sufficiently thin plates (h/a<102). In this case, also, numerical calculations are
done for several values of the parameter b/ a and for several boundary conditions when

h/a is fixed. In particular, in the Table 2 the values of the amplitude are brought, when
a=120h.
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and fixing conditions
b/a=3

Table 2. Dependence «amplitude-frequency», A(G) for h/a=1/120, several b/a
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On the basis of the Table 2 the Fig.2 is plotted.
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Fig.2. Dependence “amplitude-frequency”, for 8=120N and several fixing conditions

Table 2 and Fig. 2 show, that for the examined case when b/a > 0.78, then independently

of boundary conditions the following character of the function A(O) takes place: there is a
such certain value 0, (0, < Gcr ) exists, that it is possible to generate flutter type oscillations

only in the interval [6* , oo) . The value 0. increases with both increase of b/a, and decrease

of h/a. The influence of boundary condition on the character of the function A(e) is

quantitative only. During the transition from the free edges to the case of fixed edges the
amplitude decreases.
Let’s note, also, that if b/a<0.78, then the qualitative change of the character of the

dependence «amplitude-frequency» is possible during the transition from one type boundary
conditions to another (for a fairly thin plates).
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Thus, in the case of the problem with the fixed in the plane edges only two cases of the
dependence “amplitude-frequency” are possible (the dotted lines in the Figures 1 and 2).
Moreover, the transition from one type to another happens only due to the change of the

relation b/ a . In the case of the problem with free in the plane edges the three cases of the

dependence «amplitude-frequency» are possible (solid lines in the Figures 1 and 2).

4. Character of the dependence “amplitude-frequency” for the mixed boundary
conditions

So far we examined the cases when the edges of the plate were similarly fixed. Let’s study
now the cases, when at the adjacent edges of simply supported plate the different boundary

conditions in plane direction are addressed. The condition 81 =0, 82 =1 means, that the

edges of the plate are free in the plane along the axis Oat , and are fixed in own plane along

the axis O . Similarly, the condition 8, =1,0, =0 means, edges of the plate are fixed in
own plane along the axis Oat , and are free in the plane along the axis O . The results of
numerical simulations are brought in the Table 3 for thick (h/a > 10~ ) and in the Table

4 for thin (h/a< 10_2) plates for several values of the relation b/ a and several mixed

boundary conditions.

Table 3. Influence of mixed boundary conditions on the dependence A(G) for h/a=1/70
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b/a=0.9

90t°0

L6E'C - B LTy 0
. _ 907’0 | TOETO
608 LETEO | €099°0
. S691°0 VIO | LSETO
9s07c 79L1°0 §969°0 | 80T80
€507 ¥91°0 Z81°0 LOVI'O | 8FELO
G810 681°0 L8690 | SIT80
0 0 0
1081 700¥°0 | LOCYO | 8STR'0 | S9T80
_— 786C°0 | SOTE0 | €91€0 | ISEr 0
8T8S'0 | 9¢6S°0 | €IL80 | €79S0
ST 199%°0 | 9¥LS0 | S0€9°0
90990 | 8L6S0 | I9%L0
LT €CLY 0 7L99°0
97990 ¥SIL0
| z0£90 ]
$60 61990
o - -
@ o @ [ — o —
T T i [
_ BT} S o 7N} 73

Table 4. Influence of mixed boundary conditions on the dependence A(G) for h/a=1/120

b/a=3
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Tables 3 and 4 show, that:

if the plate is thick enough, and the ratio b/ a is greater than unit, then the solution of
the problem with the boundary conditions 81 =0, 52 =1 as qualitatively, as well as
quantitatively no different from the solution of the problem with the free edges in the
plane, and the solution of the problem with the boundary conditions 81 =1, 62 =0 is
similar to the solution of the problem with fixed in the plane edges. This fact also

follows from the expressions for y i When the condition — <1 is true, then the
a

second case takes place independently of the boundary conditions (Fig.1(b)).

If the plate is thin enough, this influence has only quantitative character. Moreover the
value of the amplitudes obtained from the mixed boundary conditions is less than the
corresponding values, obtained in the case of the free in the plane edges and is greater
than the corresponding values in the case of fixed in own plane edges.

Mainly, if the ratio b/ a is greater than unit, the change of boundary conditions along the

edges parallel to the direction of flowing stream have not essential influence on the
dependence «amplitude-frequency» of plates. But the change of boundary conditions along
the edges perpendicular to the direction of flowing stream may have essential (both

qualitative and quantitative) influence. For the rest of values of the ratio b/ a the mixed

boundary conditions in the plane have only quantitative influence on the dependence
«amplitude-frequency».
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At the end, let’s present some in our opinion most important new results obtained in this
study. They are the result of the influence of boundary conditions on the dependence
«amplitude-frequency» of nonlinear flutter of rectangular plates. For clarity and visibility,
let’s note once again that the dependence of the frequency of non-linear oscillations of the
plate on the amplitude in absence of flowing stream has hard character, i.e. with the
increasing amplitude of oscillation the frequency increases. In the present study we found
that:

e The character of the dependence «amplitude-frequency» A(6) is a two-valued at the

certain intervals (closed or semi-infinite) of frequency variation, in particular it is
identical to the nature of this dependency in the case of non-linear own oscillations of
the shells;

e The kind of fixing of plate’s edges in its plane may significantly change the character of
the dependence A(0), when the plate is elongated in the direction perpendicular to the

flow speed. If the plate is elongated in the direction of flow, the influence of the kind of
fixing of plate’s edges in its plane is only quantitative.

e Transition from one type of the dependence «amplitude-frequency» to another can be
adjusted (up to the impossibility of excitation of such oscillations) setting the magnitude
of the speed of flowing stream and changing the boundary conditions, and by the
appropriate selection of the geometrical and physical parameters of the aeroelastic
system.
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MATEMATHYECKAS MOJEJb TEPMOYIIPYTOCTH U3 UEHOM
JAE@OPMAINN MUKPOITOJIAPHBIX TOHKHNX BAJIOK

Acaansn H.C. , Capkucsan C.O.

KiioueBble cj1oBa: MHUKPOIIOJIAPHOCTE, TEPMOYIIPYT'OCTD, 6am<a, I/ISFI/IG, TIpUKJIaTHas1 MOJCJIb, KpacBas 3a/iava,
TOYHOE PelIeHHe, TIPOYHOCTD, KECTKOCTD, IDPEKTUBHBIC CBOICTBA.

Putiugh puntp’ Uhjpnynjup, oipduwwnrwdqujuimipmiy, hkswb, spnud, jhpunwub dnnly, kgpuyht
Jutinhp, dogphwin nidnud, wpnipnil, Ynpnnipnth, wpynibiwdbn hwnlnupmibubp:

Key words: micropolarity, thermoelasticity, bar, bending, applied model, boundary-value problem, exact solution,
rigidity, stiffness, effective properties.

Uuyuiyuit L.U., Uupquui U.2.
UhYypnunyup pupwy hidwhikph dndwh ghpnpuwghuyh ohpluunmdqujuimipyui
Uwphiwnhjuljut inpkip

Uohwmunwupnid qupqugynid E hujinh quplusutph dkpnnp b jurnigdnid dhljpnuynjjup pupul
htswubph dndwl phdnpuwughwih ebipdwwnwdquljuunipjut jhpuwpwlwt dnnbkp, huyyhu twb
hwunwunynud tpwt hwdwywwnwupiwb Juphwghnt uljqpniipp: Yuenigyws wju Jhpuwnwljut Unnkh
Yhpundwidp nhunwplyynud  E npnpwlh Eqpuyhtt wuydwbbubpn] dhypnynpup hkdwih sndwb
nhdnpdwghwgh Ynuhpkn junhp, tpp npdus | ohpdwunh&wbught $niijghugh npnowlh puphunid:
Ipus wyy uugph b hwdwywunwupwb puuulub jptugph hudwp (JEpghthu nypnud nibkup hkswuh
Sndwh ndnplughuyh ohpdwwnwdquiju jutinhp, puyuwjiuwi vwhph hwydundwdp) jurnigyl) ki
&oqphwn (nismidutipp puwtwdlbughtt whupbpny: Uy nisnudutiph dhongny Juwnwpyly G hwpynudubp,
unwugyl) ki pyuwyhtt wpnynibpubp, npnug whwihgh hhuwi Ypuw hwuwnwngty B dhjpnwynjjup yoph
wpnibwybn gpubnpnudubpp quuwluwt ymph hwdbdwn hbdwih Ynpnmipyut b wdpnipub
hdwunubpny:

Aslanyan N.S., Sargsyan S.H.
Mathematical model of thermoelasticity of bending deformation of micropolar thin bars

The known hypotheses method is developed in the present paper, applied model of thermoelasticity of bending
deformation of micropolar thin bars is constructed and also the corresponding variation principle is obtained. Using
the constructed model, problems of bending of micropolar bar are studied in case of different support conditions,
when the distributed temperature function is given. Solutions in the form of formulas are obtained for the stated
problem and for the corresponding classical problem (in this case we have the problem of thermoelastic bending
with consideration of transverse shears). With the help of these solutions calculations are done, numerical results
are obtained, on the basis of which analysis is done and effective properties of the micropolar material are revealed
from the point of view of stiffness and rigidity, compared with the classical materials.

B pabGore pa3BuBaeTcs W3BECTHBI METOA THUIIOTE3 M IOCTPOEHA NPHKIAAHAsS MOJETb TePMOYIPYTOCTH
M3rnOHOH JedopMamyi MHKPONOJSIPHBIX TOHKHMX OaloK, a TakKe YCTaHAaBIMBAETCS COOTBETCTBYIOIIHI
BapUalMOHHbBIA NPUHIMIL. VCHoNb3ys MOCTPOSHHYIO MOJIENb, pacCMAaTPUBAETCS 3aj1adya U3ruda MUKPOMOJISIPHOM
Oanky c ompenenéHHBIMU  YCIOBHSMHU OIMpPAHWs, KOTJa 3aJlaHa ONpe/eléHHO-paclpeaeNéHHas TeMIlepaTypHas
(bysKupst. J11s MOCTABICHHOMN 381241 U [T COOTBETCTBYIOIICH KIACCHYECKOi 3a/1a4H (B MOC/IeHEM CITydae UMeeM
3a7a4y TepMOYIPYroro u3ruba Gajaku C y4ETOM IOIEPEYHBIX CABHIOB) IIOCTPOCHBI TOYHbIE PELICHHS B BHIE
¢dopmyn. IIpy momMonm 3TUX pEIeHHi BBIIOIHEHBI pacu€Thl, MOMYYEHb! YHCICHHBIE Pe3yIbTaThl, HA OCHOBE MX
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aHalM3a YCTAHOBJICHBI ((EKTUBHBIE CBOMCTBA MUKPOIOISPHOIO MaTepuana IO CPaBHEHHIO C KIIACCHYECKUM
MaTepHAJIOM C TOYKH 3PEHHSI )KECTKOCTH U IPOYHOCTH GaIKH.

BBenenue. AHanMu3 TeMIEPATypHBIX HANPSDKEHHH U IedopMalyii B KOHCTPYKTHBHBIX
JJIEMEHTaX pPAa3IMYHOTO THUIA, pPAa0OTAIONIMX IIPH BBICOKHX TeMIlepaTypax, HMeeT
UCKITIOYNTENbHO Gosbinoe 3HadeHwe [1-4]. TpéxmepHas MoOIedb MHKPOTIOISAPHOM
TEPMOYIIPYTOCTH ITOCTPOCHA U M3ydeHa B pabote [5].

B paborax [6,7] mocTpoeHa MpHKIagHAS MOJEIH TEPMOYIPYTOCTH MHKPOIOISIPHBIX
TOHKHX O0OJIOYEK W IIACTHH, M3YyYCHA SHEpreTHKa SBICHUS W IOJydYeH oOLMil Bapua-
MOHHBIA TpuHLMI. B pabore [8] moctpoeHa mnpuKiIagHas MOJENb TEPMOYIPYTOCTH
MHKPOIIOISPHBIX OPTOTPOITHBIX TOHKHUX IIACTHH.

B nanHO#l paboTe mOCTpOEHa TpHKIAAHAs MOIETb TEPMOYNPYIOCTH H3THOHON
nedopmanuy MUKpOIIOISPHBIX TOHKUX OAJlOK, M Ha €€ OCHOBE PaccMaTpUBACTCs pEelICHHE
KOHKPETHOW MPUKJIAHOMN 3a1a4u.

1. llocTanoBka 3aga4yu. PaccMoTpuM MHUKpONOspHyo Ganky (¢ur.la) ¢ mocTosH-

HBIM oniepedrnM cederrem 2N X 2N u nmno#t & . ByneM cuuTaTh, 9TO B HANIPABJICHUH,
TIepIeHNKYISPHOM K IIIOCKOCTH (GHUTypsI, pasmep 2N (mmpuna Ganki) HAMHOTO MeHbIIe

pasmepa 2N (tonmmuna 6ankm). B 5Tom ciydae Hanpsokerus (KaK CHIOBBIE, TAK H MOMEHT-
HBIC) MOXKHO 3aMEHHTh MX CPEIHUMH 3HAUYCHUSMH 110 IIMPHUHE U MIPUBECTH TAKUM 00pa3oM
OTIpeZieTIeHNe HANIPSDKCHUH K PEIICHHIO O00O0OMIEHHOH IUIOCKOW 3aadd MUKPOIIOJSPHON

YIPYrOCTH B CPEIMHHOMN MIocKocTH Oanku X;,X, (¢ur.16). B aTom cnydae mmpuna O6anku
He OyzeT UrpaTb HUKAaKOW pOJNW M B JalbHelIneM OyaeM moJiaraTk 3Ty IIMPHHY, PABHOH
€/IMHMIIE (Zh* =1)_

a) X') x3

T - “| |2k

N i
| i ____________________ ___?_ _____________________ __;_ X)
al? al?
6) !
X~
h
Q R
h
al2 a/2
Our. 1
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PaccMOTpUM OCHOBHBIE ypaBHEHMS M TPAHUYHBIE YCIOBUS IUIOCKOTO HAMpPSXKEHHOIO
COCTOSIHHSI KBa3UCTATHYECKOM HECBSI3aHHOW MUKPOIONSAPHO#N TepMOynpyroctu [5]:

YpaBHeHI/Iﬂ paBHOBECHUA
oy " 00y, -0 0oy, n 00y, ~0 O3 n Otzg
X 0x

, , +0,—0, =0. (1.1)

X 0% ox, 0K,

®u3nYecKue COOTHOIIEHUS MUKPOMIOISPHON TEPMOYIIPYTOCTU
H+o H—a
— . —

Yu = i[0'11 _Vo'zz] +o T, y,= 12 O
E duca duo
1 u+ao U—a
Voo = E[O-zz —v011]+atT N 4#0[ Oy — 4,ua O, (1.2)

Xz = Blul3' Az = B:u23;

['eomeTpuueckre COOTHOIIEHUS

ou ou ou ou
Vllza_xi’ szza_xj’ Vlzza_xj_Qs’ y21=8_)(;+93
(1.3)
_ 0o, _ o,
X13 o%, v Xos ox, .

3mecy 0,,,0,,,0,,,0,, — CHIOBBIC HANPKCHHS; |lig, Ly — MOMEHTHBIC HAIPSKCHHS,

V11> V2> Vo1 Yoy — AEDOPMALN; X5, X 93— H3THOBI-KpydeHHs; U, , U, — mepemMemennus; 0, —

cBoboaHbIH MoBOpoT; T =T(X,X,)— QYHKIHA HEpaBHOMEPHO pacHpeleNeHHON TemIepa-

TYpsl;, E,v,u= , 0L, B — yIpyrue HoCTOSHHbEIE MUKPOTOJISIPHOTO Tena; Ol — Kodd-

E
2(1+v)
(DUIHEHT TMHEHHOTO TEMIIEPaTypHOrO PACHIMPEHUS MaTepHaa.

K ypaBuenusm (1.1)-(1.3) MHUKpONOIAPHOH yHPYrocTH CHEAyeT MPHUCOECTUHUTH
TpaHWYHBIE YCIIOBUS:

Ha nuueBbIX THHUSIX IPAMOYTOIbHIKA ( X, = T ) 3a1aHbl HANPsDKEHHS:
+ ERVZ: _ +
6, =X, 0,=Y", U,=M". (1.4)

Ha ropuesbix muHusix npsivoyroishuka ( X, = 0;@) pacemorpuM cresyronue BapuaHThl

TPaHUYHBIX YCIIOBHI:
a) 3aJ1aHbl KOHKPETHBIEC 3HAUEHUS [T HAPSOKSHUIT:

01,10, 1 [, (1.5)
0) 3aJaHbI KOHKPETHBIC 3HAUSHUSI IS [IEPEMEILCHHI U [TOBOPOTA!

u, U, u w,; (1.6)
B) 3a/IaHBI KOHKPETHBIC 3HAYCHHUS IS

Oy UpH flyg, 1.7

B 3TOM Clly4ae UMEIOT MECTO yCIOBUS CMEIIAHHOIO XapakTepa, KOTOpbIe Ui MPHUKIATHON
MOJIEIIM TIPUBEYT K HIAPHUPHOMY OITHPAHHUIO.
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OO1uii BapuanMoHHbIH HYHKIIMOHAT paccMarpuBaeMoit 3amaun (1.1)-(1.7) umeer un [5].

o au ou
I:J;;I W — all[yll_a_xilJ+azz[y22_6_)é]+0-12 Vlz_(az_%] +

ou ow ow.
10, Y~ [a_)(i + a)sJ + 1“13[%13 - i} + ﬂzs()(zs - gj} ds - (1.8)
—[[Xu+Yu+Mo ] A= [[Xu+Y UM | dg I
0 X,=h 0 X,=—h
rIe

h
2 OX, + jalzu
h

h h
a) I = Igllul % =0 dx, — Io-llul 2| %= _d j012 2
h “h

h h

+I Hy305 ‘ x—0 X, = I Hy3005 ‘ - (1.9)
-h -h

— B cITy4ae TpaHUYHBIX ycnoBuit (1.5);

h h h
= o, (U -u ]de2 | o, (U —u ]de2 + jalz(u2 -~ u;]xlzodx2 ~  (110)
—h -h
h
_I 01, (”z _”;)

2 dX, + j tas (’33 0)3 y -0 4 Iﬂls ) _a A,
-h
— B CITy4ae TPaHUYHBIX YCIOBHA (1 .6);
h h h
= Iallul = dxz - J‘O-llul X=a dxz + J‘O-lz (uz - uszlzo dxz -
h h h
h h h
_.[ 01, (”2 _”2) yoa A%, + _[ 305 ‘ x—0 A%, — J- P33 |y o AX, (1.11)
-h -h -h

B cliy4ae rpaHu4HbIx ycnosuit (1.7).

W — mnoTHOCTH TIOTEHIMANBHO SHEpTHH Ae(hOPMALMK TEPMOYIIPYTOr0 MUKPOIIOISIPHOTO
Tena:

1 a1
W= E (0-11))11 10,V T 0LV T0,V0 + )i T Up X 23) - 7 (011 + 0-22) (1.12)

C yuétom dopmyn (1.2) Beipaxenne a1 W Moskem nprBecTH K cleayromeMy BHIY:

1( E 2E
W = E{m(yfl + yzzz)-l- (,u + (x)(yfz + V221)+ 1_; Yiolu 2(:“ oYt

E
+ B(XlZS + XjS)}_ E(Vn 72 ){XtT' (1.13)

Ecnu paccMarpuBaTh BapualluOHHOE YpaBHEHUE
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ol =0, (1.14)
TO BKauecTBE ypaBHeHUi Ditnepa npuxoanm K cucreme ypasuenui (1.1)-(1.3), a B kauectBe
€CTECTBEHHBIX TPAHMYHBIX YCIOBHUI puxoauM K ycnopusam (1.4)-(1.7).
OtMmeTnM, uTO Ha ocHOBaHUHM (1.13) Jerko mosmy4uth cienyrommye popMmyisl Tina ['puHa B
MHKPOIIOJISIPHOI TEPMOYIPYTOCTH.

oW oW oW oW oW oW

01128 10-22:a ’Ulzza !02126 ’Iu13:a ’:uzs:a . (1.15)
Y11 V22 Y12 Va1 13 X2

Eciu B ypanenusx (1.1)-(1.3) u B ¢ynkuuonane (1.8) moacraButs o0 =0 u cuurats
M* =M™ =0, nonyuum oCHOBHBIE ypaBHEHHS, FPAHMYHBIE yCIOBHS M (DYHKIHOHAI
KJIACCHYECKOW TEOPHH TEPMOYIPYTrOCTH IJIOCKOr0 HAMPSKEHHOTO COCTOSIHUSL YIPYTHX
TOHKHUX TUIACTHH.

OTMeTHM, YTO MOCTABJICHHYIO 3a/1a4y TEPMOYIPYTrOCTH MUKPOIOJISPHOTO MPSIMOYTOJIbHUKA

MOKHO Pa3ieIiTh Ha CUMMETPHYHYIO 10 X, 3anady (T.e. pacTsHKeHHe—CxKaTue Oalku, B
3TOM ciaydae O,;,U,,0,, 4y — UETHBIE, 0),,0,;,U,,l,, — Hed€THBIE MO X, QYHKIMH) U Ha
AHTUCHMMETPHYECKYIO TI0 X, 3a1ady (T.e. U3ru0 OalKM B 9TOM CIydae 0,,0,;,U,, 05,00, —

4érHbIE, a 0,;,U,,0,,,, — HeuéTHple 10 X, dyHKuMH). B nansueiimem Oyzem paccmarpu-
BaTh 3a7a4y u3ruda . B cmydae 3amauu usruba mpuMeM clieqyromue 0003HauYeHUs
+ - + - + -
q. =X"-X,0q, =Y"+Y, m=M"+M". (1.16)
2. Ucxoanple mpeanosoxeHus. [IpuHuMas yclioBUe TOHKOCTEHHOCTH HPSIMOYTOJIb-
nuka (Gankn) 2N << a, Gyaem pasBuBaTh METOX THIOTe3 paGoT [6,7] WA MOCTPOCHHS

MPUKJIQTHONW MOJIEIN MUKPOIIOJIIPHON TEPMOYTIPYTOCTH TOHKUX OalloK.

B ocHoBy mpemnaraeMoil 31ech MPUKIAJHON MOAEIH TEPMOYIPYTOCTH MUKPOMOISIPHBIX
TOHKHMX OaloOK CTaBATCA CIEAYIONIME MPEIMNON0oKeHUs (THIIOTe3bl) KMHEMaTH4ecKOro U
cTaTHUecKoro xapakrepa [6,7]:

1) C'unoTe3a kuHEMATHYECKOTO XapakTepa. COTIIACHO 3TOM THITOTE3E, MPSIMOIUHEAHBII
HOPMAaJIBHBIH AJIEMEHT, NIepPBOHAYANILHO MEPIEeHUKYISIPHBIA K cpeqHel JIMHuU 10 aedop-
Malluy, He 0CTaéTCs MEepIEeHIUKYIJIIPHBIM K Hell mocie eopMaliyy, a moBopauynuBaeTcs Ha
HEKOTOPBIN YToJI, He HICKPUBJILICH M HE M3MEHSS cBoeH AuHbL. KpoMme Toro, TOYkH ykaszaH-
HOTO HOPMAJIBHOTO 3JIEMEHTa MMEIOT TaKKe CBOOOJIHBIC BpAIIEHMS, JJISI KOTOPBIX Oyaem

CUHUTATh, UYTO OHO HC U3BMCHSCTCA BOOJIb TOJ'IH_[I/IHHOf/’I KOOPJAUHATHI X2 .
KI/IHeMaTI/I‘IeCKyIO TUIIOTE3Y MAaTEMATUYCCKH 3aIMMUIIEM TaK: HOPMAJIBHOEC K cpe,uHeﬁ JIMHUHU

Oanku NepeMelICHUC 1 CBO60Z[HBII>1 IMOBOPOT HE 3aBUCAT OT KOOPANHATBI X2 .

u, :W(X1)' @, :Q3(X1)’ (2.2)
a TAaHTE€HIUATHLHOE MEPEMELIEHHE PACTIPEAEIIEHO 110 TONIIUHE OAJIKH TUHEHHBIM 3aKOHOM:
U =X, -y(X,). (2.2)

OTMeTHM, 9TO ¢ TOYKH 3peHus nepemeniennii (popmynst (2.1)1, (2.2)) npuHsATas BBIIIE
KUHEMAaTHYeCcKas THIOTe3a, 3TO, 10 CYTH Jelia, THIOTe3a, COBMAAIOIAS C W3BECTHOM
runoTe30id THUMOIIEHKO B  KJIaCCMYECKOM TEOpUHM yINpyrux TOHKHX Oanok  [9].
Kunemarmdeckyro rumotesy B 1enoMm (hopmyist (2.1), (2.2)), kak B paborax [6-8], HazoBéMm
00001IEHHON KMHEMATHIECKOH THIT0Te30i1 THMOIIIEHKO B MUKPOIIOJIIPHOI TEpMOYTIPYTOCTH
TOHKHUX OaJIoK.
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2) CunoBbIM HampsukKeHHEM O,, B 0000méHHOM 3akone I'yka mma medopmammu ),
(dbopmymsr (1.2)1) MokeM HpeHEOpEedh OTHOCUTENLHO CUIIOBOTO HANPSKEHUS O, .

3) Byznem npuHAMAaTh ycioBUe TOHKOCTEHHOCTH Ganky, T.e. 2h << a.
4)Tlpu onpeneneHud nedopmaruii, H3ruGa-KpydeHHid, CHIOBBIX H MOMEHTHBIX

Hanpmce}mﬁ, CHayvaJia Il CUIIOBOT'O HAIIPSYKEHU 621 IpUMEM:

On= ;-21 (X1 ) (2.3)

Ilocne BEIUMCICHHS YKa3aHHBIX BCJIMYUMH 3HAYCHUE O OKOHYATEJIbHO ONPEACIITNM

21
npubaBIeHUEM K 3HaUCHUIO (2.3) pe3ynbTaT HHTETPUPOBAHUS IIEPBOTO yPABHEHHMS PaBHOBE-

cus ((1.1)1), Hamepén YAOBIETBOpSAS YCIOBME O PaBEHCTBE HYMIO MHTerpana or — N 1o
+h.
5) Bynem cuurtarh, 4YTO B TOHKOCTCHHOM CIIy4ae PacCMaTpUBAEMOro MPSMOYTOJIbEHHKA

TeMIepaTypa o TONIIMHE 0anKH pacrpeelieHa 1Mo JUHEHHOMY 3aKkoHy. B ciyuae 3amaun
n3ruba 3To 03HAYAECT, YTO

X ~
2
T= 2hT(xl). (2.4)
3. Jledopmauun, u3rudbl-Kpy4eHusi, CHJIOBble I MOMEHTHbI¢ HANpsiKkenus. B
COOTBETCTBMH C MPUHATHIM 3aKOHOM KHHEMaTHdeckoil rumortesnl (2.1), (2.2) musa
KOMIIOHCHTOB T€H30pOB JeopMaruii, M3ruO0B-KpydeHHH, 13 ypaBHeHU (1.3) momryanm:

Y11:X2'K11' y22:0'

Yo =15, Y =15 (3.1)
X13:k13’ X =0
311eCh MPUHATHI CIICAYIONINE 0003HAYCHHUS
d w Q
Kll:_‘//’ 1—‘12:d__Q3' L, =y +Q,, k13=d ol (3.2)
dx, dx, dx,
Tenepsb Gopmynsl (2.4) MOXkeM MPEACTABUTH €IIE U TaK:
dy dw do
Vn:Xz'&’ ’))12:&—93, Ya =W +L Xlszd_xj- (3:3)

3nece K, — kpuBusHa ocu Gaiku mocie gedopMarii, CBs3aHHASL C CUIOBBIM HANPSKEHHEM

0'11, a k13 — KpUBHU3HA OCH 6am<1z1, CBsI3aHHAsA ¢ MOMCHTHBIM HAIIPSKEHHUCEM Ml3 .

Ha ocnoBe 06061ménnoro 3akona ['yka (1.2), ¢ yu€rom rumoressi 2), a Takxe dpopmyn (2.4)

# (3.1), JUIs CUIOBBIX HANPSUKEHUIT O),,0,,,0,, 1 MOMEHTHOIO HANPSDKCHUS [4; HOIydnM:
oy = BX,| Ky — o l ) 0, = (,u + Ot)rlz + (/1 - a)]"zp
0, = (:u + a)r21 + (:u - OC)FlZ, M = Bkl3.

PaccmatpuBas ypaBuenust pasHoBecus (1.1)2 u (1.1)3, ¢ yuérom rpannunsIX ycnosuii (1.4),

JJI1 CUJIOBOT'O HAIIPSI)KECHU S 622 1 MOMCHTHOT' O HAIIPSKCHUA M23 MOJyYnM:

60



q, m
XZ.%' ,U23:X2‘E. (35)

Teneps, npuaepkKUBasCh THIOTE3B! 4), WA CHIOBOTO HANPSKEHUS O,; OKOHYATEIBHO

0, =

TIOJTy KM
1
a—;()+ti—§~@i (3.6)
) (X 5 2 8X1 ) .
e 0'11l = E{K1l -0, %) 3.7

4., Yennauss 1 MOMeHTHbI. BBIBOJ OCHOBHBIX ypaBHEHHiIl NPUKJIAXHOH MOIeTH
MHKPONOJISIPHBIX YHOPYTHX TOHKHX 0ajioK. B mpukimamHod MOIENH MHUKPOIOJISPHBIX
0aoK BMECTO CHJIOBBIX M MOMEHTHBIX HAaIPsDKEHHH yIOOHO OIEpHPOBaTh CTATHUCCKHU
SKBHUBAJCHTHHIMU UM BHYTPEHHUMH YCHIMSAMU M MOMCHTaMH:

h h
M, = _[0'11 XpdX,, Ny = J-O'lzdxz’

- B (4.1)

h h
Ny = Iazldxz’ L, = _[Ulsdxz-
h h

Ha ocuoBe dopmyn (3.4) mis mampspkenuit, ¢ yuétom (4.1) mpuxoaum K CICIYIONIIHM
COOTHOIICHHSAM TEPMOYIPYTOCTH:

3
%(Kn_at)(t)’ Ny, :Zh[(ﬂ+a)rlZ+(ﬂ_a)r21:|’ 4.2)
Ny =2h[(u+a)Ty+(u—a)Ty, |, Ly =2hBky,
r/ie IPUHATO ClIeAyomee 0003HaAYCHUE:
T
=

PaccMOTpHM  BBIp@XKEHHS I O0,;,0 M, (bopmynsl (3.5), (3.6)), ymosmeTBopss

M11:

X (4.3)

rpannuHbiM ycoBusM (1.4) ¢ yuérom (1.16), mpuxoauM K CIEAYIOIIUM YpaBHEHUSIM
paBHOBECHS IPUKJIAHON MOJICIH:

dN,, My dh,

dXi = _qxZ , N21 Xm % ! dX1 2
VYpaBHenust paBHoBecusi (4.4), cooTHouieHus ynpyroctd (4.2) M TeoMeTpUYecKue
cooTHoIeHus (3.2) MpeacTaBisIOT COOOW OCHOBHBIC YpPaBHEHHS IPUKIAIHONW MOJICITH
TEPMOYIIPYTOCTH MUKPOIIOJISPHBIX TOHKUX OaJoK.

BapuaioHHbI (YHKIIMOHAN NPUKIAJAHOW MOZAEIH TEPMOYIPYrOCTH MHUKPOIOJISPHBIX
TOHKHX Oasiok mojydumM Ha ocHoBe Gopmyi (1.8)-(1.11) ¢ yuérom (2.1), (2.2), (3.1), (3.3),
(3.4)-(3.6) u (3.17):

N

=M. (4.4)
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Io:I WO_Mll[Kll_d_WJ_NIZ Flz_(d_w_gsJ -
> 2

dQ
- N21[r21 - (V/ + Qs)]_ L13(k13 - an] Xm - (4.5)

—i[qxihyur q, W+ sz}jx1 +1,,
0

rIe W0 — IUTOTHOCTH MOTCHIMAIBHONW YHEPTUH Ie(OPMALIAH TSI TPUKIIATHON MOIEITH:

W, = ET G+ g2+ T5) + 20~ T + B0 — 25 K (4

a) Io = Mnl//‘ %=0 Mul//‘ X=a + N12 x=0 N12 X=a + Ll3QS‘x1:O - L13Q3 x=a’ (4.7)
KOTJ]a UMEEM CJIEIYIOIINE TPAHUYHBIEC YCIOBUS
M11 %=0a Mn ' N12 %=0a N12' L13 x=0a L13 (4.8)

(B wactHOCTH, U3 (4.8) MOXEM TOJYYUTH YCIOBHSA CBOOOJHOTO Kpask B MHUKPOIOJISAPHOMN
MOJIEIIN);

6 I, = Mll(l//—l//*xxlzo - Mll(l//—z//*XXl:a + le(W—W*]Xl:0 —
- N12(W_W*1xl:a + LlS(Q3 _Q;Xxfo - Ll3(Q3 _Q;Ll:a’ (4.9)

Korjaa MMeceM CJICAYIOINE I'PAHUYHBIC YCIIOBUA
- *
\N‘ x=0;a = W ' l//‘ x=0;a = l// ! Q?.

(B gwactHOCTH, 13 (4.10) MOYXKEM TOIYIUTH YCIOBHS TOTHOH 3aJICTIKK Kpasi B MEKPOTIOJISIPHOI
MOJIETIH);

p) I, =My

_Q*

x=0;a 3

(4.10)

+ le(w—w*]xlz0 - le(W—W*L:a +

¥=0 - M;V/ X =a
+ L*ISQS‘XI:O - I:BQS‘xiza’ (4.11)

Korjaa mMeceMm CJICAYIOIHNE 'PAHUYHBIC YCJIOBUA

M x=0;a = Mll ! \N‘xlzo;a =W ! L13 %=0;a = L13 (412)
(B uwactHOCTH, M3 (4.12) MOXEM NOIYYHUTh YCIOBHS IIAPHUPHOTO ONHPAaHUSA Kpas B
MUKPOTIOJSIPHON MOJIEIIH C 3aTrPyKEHHBIMH MOMEHTAMHU WK 6e3 HUX).
Bapeupyst GyHKIHOHAT TI0 BceM (DYHKIIMOHATIBHBIM apTyMEeHTaM, Kak ypaBHeHus Diepa,
OPUXOJNM K OCHOBHBIM YPaBHEHHSM TEPMOYMPYTOCTH MHKPOIOISPHBIX TOHKHX Oaiok
(4.4), (4.2), (3.2) u, k rpannuHbM ycnoBusiM (4.8), 6o (4.10), mudo (4.12).

Otmerum, uro eciu B ypaBueHusx (4.4), (4.2), (3.2) u B obyukiumonane (4.5)
MUKPOIIOJISIPHOI TEPMOYIIPYTrOCTH ISl 3HAYCHHUS] YIPYrOro MOCTOSHHOTO Ol TOJCTABUTH

11

+ - o o
HYJb (OC = O) , d TAKXKEC, CHYUTATh, UYTO M = M = O , TO IPpUJEM K KIIAaCCUICCKOU MOACIIN

TCPMOYIIPYTOCTHU TOHKUX 0aJIoK ¢ y‘léTOM MONEPEYHBbIX CABUTOBBIX Ile(l)OpMaL[Hﬁ:
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ypaBHeHI/IH PpaBHOBECHUA

dN,, dM
=-q,, N,—-—2=h 4.13
dX1 qXZ 12 d q)(l ( )
du3nUecKHe COOTHOUICHUS TEPMOYIPYTOCTH
2Eh’
M11 = 3 (Kn - atXt)' N12 = I\|21 = ZhHF (4.14)

I'eomeTpuueckue COOTHOLIEHUS

dw d
=T, +T,=——+y, K,=-—2,

dx, dx, (4.15)
I'paHUYHBIC YCIOBHS:
a) cBOOOMHBIN 3arpyKCHHBIN Kpaii:
M11 %= Mn ' N12 %=0ia N12 ; (4.16)
0) Ha Kpasx OaJKu 3a/laHbl llepeMelIeHIe 1 TOBOPOT:
W‘xlzo;a =W ! lr//‘ x=0;a = l// (417)

(B wacTHOCTH, U3 (4.17) MOXKHO HONYYUTh YCIIOBHUS MOTHOH 33/ICTIKH);
B)KOTIa IMEIOT MECTO I'paHUYHBIC YcIoBusA (1.7), It IpUKIaHON MOJICIIH MUKPOTIOJISIPHOM
Oanku OyeM IMETh CICIYIOIUe TPaHUIHBIC YCIIOBHS:

M =M, w‘xi:w =W (4.18)

11| x,=0;a 11
(B gacTHOCTH, U3 (4.18) moTyyuM yCI0BUS IMIAPHUPHOTO ONUPAHUA-3aTPYKEHHON MOMEHTOM
Wi 0e3 Hero).
OOmmit GpyHKIMOHAN A KJIACCHYECKOH TEOpHH TEPMOYNPYTOCTH TOHKHX Oaylok Oymer
BBIPAXKATHCS TaK:

Io - jl{wo - Mu(Ku _S_WJ _le{r_[d_w"' V’J:| dxl -
0 % % (4.19)

-~ Jlahor+ a,whix + 1,

r/ie TUIOTHOCTh TIOTCHIIUAEHOW SHEPTUH e opMaiiu W0 Oyner :

3 3
W, = % K121 + ,Lthrz - % Ko x:; (4.20)
a) I(: = MIll// %=0 - MIl’// X =a + NIZ *=0 - NIZ X =a (421)

B Clly4ae rpaHUYHBIX ycioBuii (4.16);

0) IS = Mu(l//_l//*]xlzo - Mll(l//_l//*]xi:a + le(W_W*Xxi:o -

~N,(w-w),., (4.22)
B cily4yae rpaHuYHbIX yciaoBui (4.17);
B) I; = MIll// x=0 MIll// x=a + le (W_ W*lxlzo - N12 (W_ W*]xlza (4.23)
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B cily4yae rpaHUYHbBIX yciaoBuii (4.18).
5. Uncaennblii npumep. PaccMotpum Torkyto 6anky (pur. 2) Tommunoit 2N , amunoit
A 13 OJJHOPOJHOT'O U30TPOITHOTO MaTepHaa 1o/l AeHCTBUEM TeMIIepaTyphbl

T =To[ﬁ+1Jﬁ. (5.1)
a 2)2h
OTtmetnM, 9TO TeMIepaTypHas pactpenenéHHas GyHKms (5.1) yooBieTBoOpseT IByMep-
HOMY YPaBHEHHUIO CTallMOHAPHOH TEIIONPOBOIHOCTH.
Tax kak BHEIIHUE YCUIHS 1 MOMEHTHI OTCYTCTBYIOT, OCHOBHASI CHCTEMa MPHKJIIaIHOM TepMO-
YOPYTrOCTH MHUKPONOJIIPHBIX TOHKHUX Oanok (4.4), (4.2), (3.2) mpumer BUA:
YpaBHEHUS paBHOBECUS

dl\_llz =0 N dmll :0-
d)_(l ] 21 ’

0% (5.2)

da.. -
d—|£3+ N, —N, =0.

COOTHOIIIEHUS TEPMOYIIPYTOCTH

N, = 25[(“ ﬁ]rlz + (1— ﬁ}rﬂ}, N, = 25{(“ ﬂ]rﬂ + [1— ﬁjru},
Il u u u

(5.3)
M, = My d_z/ _5_()—(1 + 1)%1—0 , L,=28 d§_23 .
3 dx, 2 2 dx,
['eomeTpuueckre COOTHOIIEHUS
rlz:d_\iv_Qw Ly =y+Q,, Kllzld_z/’ klszld_g_%- (5.4)
dx, a dx, a dx

bynem paccMmarpuBath cityuaii, korna o6a KoHI@ Oalky 3aleMIIeHbl, T.e. UMEIOT MECTO
CIIEYIOIINE TPAHUYHBIE YCIOBHUS:

W=0, =0, Q=0 npu X =0u X =1. (5.5)

Moo M,
=
— L
—7M BA—/ X,
— a | —
‘RA RB
ODur. 2.
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OtmerumM, 4to cootHoureHus (5.2)-(5.5) npuBeneHsl B Ge3pa3mMepHOil HopMe ¢ TTOMOLIBIO
CIIEYIOIINX 0003HAYCHUI:

lez&’ anﬁ’ I\W Ll3 |-213, B = zB ,
au au au au (5.6)
- X W
=1 W=—.
& a a
W3 nepBoro ypaBHeHHs paBHOBecHS ((5.2)1) MOIyduM:
N,, =const =C,. (5.7)

Hoacrasmsas (5.7) B popmyny (5.3)1, mociae HEKOTOPBIX MPeoOpa3OBaHHK MPUXOIUM K
CJICIYIONIEMY YPaBHEHHIO:

dw 1 dw
=y -20. |==6'C | — . 5.8
[dxl v j 2 (dfle o

Cymmupyst miepBbie 1Be GopMyIbl u3 (5.3), MOTydnM:
N, +N, = 45(1—12 + 1—‘21)

u uMes B BULY (5.7), 14 Nﬂ OyzeM UMETh:

dw
N,, = 46| — +y |-C.. (5.9)
dx,
PaccmarpuBas BTopoe ypaBHeHHE paBHOBecHs U3 (5.2) U MOACTaBIsAsA B 9TO ypaBHeHUe (5.9)
1 popMyITy IS I\Wn u3 (5.3), momydmuM ciieayromiee ypaBHEHHUE !
dw 4 d’wy o
45 —+y |-C =2 (1+v)8*| =2 - Z-aT, |. (5.10)
dx; 3 dx®= 2
Teneps dopMynsl IS ng m (5.3) u (5.7), (5.9) moncraBusist B TpeThe ypaBHCHHE

paBHoBecust u3 (5.9), IpUXOIHM K CIEAYIOIEMY YPAaBHESHHIO!

2
ZBédQ
dx’

+2C, - 45(d—w+y/J 0. (5.11)
dx,

Paccmorpum cucremy ypaBHenuit (5.10) u (5.11), HCKIIOYMM U3 3THX NBYX ypaBHEHUH

dw
BoIpaxkenue 40 (d—_ + ¥ | , B pe3yabTarTe Yero MoJly4yuM CIELYIOEE PABEHCTBO:

1 [4Aey) (C (@+v) j_z e
93_25{—3 Sy (25 T X+ Cx+C) L 1)

dw
Ioacrasnss (5.12) B paBencTso (5.8) u BeIpaxas |/ depes d—_ , OyzieM UMeTh:
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= 1 _(1+gjd_v_v ilan
1_ﬁ_4(17+*")52ﬂ ) dx,
i« 3B u (5.13)

—i*ﬁ(lalcl 4 (1”)&;0)25 o e+ ic
B u\2 3 B u 2

dw
Ecnu B paBeHcTBe (5.8) yuecTb 3HaueHUE \J uepes d—_ , Oynmem umeTs hopMyIy QS gepes

dw

dx,

o - 2(1+v)8? e d_w+5_-1gc__
? *L a 4(1+v) 2(1] uw)dx, B u L
3B 1-— -

*

n 3B H
1+
_i*g 1571C1+( V)SatTO $ 4o 1*2C4+1C1 - (5.14)
B nl?2 3 B u 2
1

*

4B

Ecnu teneps popmyny st Y ((5.13)) moacrasuts B ypasHeHus (5.10), st W npuxomum

(cla-l +@5aﬂ})j)ﬁz i 2;3* 5 (CF +C,).

K crenyonieMy auppepeHuaIbHOMy YPaBHEHHIO TPETHETO MOpPsIIKa:
3— —
d’w dw

A +D—=KX*+KX +K,, 5.15
d)_(13 d)_(1 1X1 2X1 3 ( )
rac
A1+ v) 3(1+“] [1+“J
H Iz
A= D=461-
3 1_ﬁ_4(17+*v)ﬂ52 1_f_4(17+*")ﬁ52
w 3B u po 3B wu

l B*(l_a_l‘r(l+v)a52j{ H 3 H
u u
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4—C,
K U
2 B 1_g_4(1+v)g52
p 3B pu

42c, +EC1(1+ v)26% +2B°C, +

3__8*(1 a 4(1+v)a52j{ u 3 U

po 3B u
8 2 O 4 2 2
+ —(1+ v) —o'aT, |+C ——(1+ v)o’aT,.
9 U 3
Oomee pemenne auddhepeHIuanTbHOro ypaBaeHus (5.15) umeeT Bu:
K, ., (K, 2AKlj_

v‘v:CS+Ceshﬁxl+C7chb?1+:—5ff+5xl J{E_ ~ X (5.16)

rac CS’CG’C7 — HOBBIC ITIOCTOAHHBIC UHTCTPUPOBAHUA.

IMoacrasisst (5.16) B (5.13) u (5.14), momy4um oKoOHUYATENbHBIE BRIPAXKEHU 11\ U .93 :

1 o K
- —| 1+ = |(C, Ashix, + CiAchix, + —L %7 +
G o P R SR
u 3B u
K 1+
) e ta)e e
U
+5‘1(i*ﬁcsxl+i*ﬁc4+lclj
B u B u 2
2(1+v)6?
Q= ( +4v1 [—(nﬁj(q ish@+caich@+%)?lz+%fl
= AR R
n 3B 2
-1 -1
R e CaeREe Y PR U R O
D D B ul 2 3 B u

I EENER EET

Jnst onpeienieHust HIOCTOSIHHBIX UHTETPUPOBAHUS CI,CS,C 4,C5,C6 ,C7, Ha 0CHOBE (popmy

(5.16), (5.17), (5.18) ymoBieTBOpUM TpaHUYHBIM YCIOBUAM (5.5), B pe3yibraTe MOIYIUM
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IIECTh JIMHEHHBIX aireOpanmdeckux YPaBHEHHH OTHOCHTENBHO HCKOMBIX ITOCTOSHHBIX
MHTETpUpOBaHus. Pemras momydeHHyr0 anreOpandecKylo CHCTEMY YpPaBHEHHH, ONpenesss

3HAYCHUS CI,C3,C4,C5,C6,C7 U moacTtaBisis ux B Bopaxkenus (5.16), (5.17), (5.18),

MOJIyYUM PElIeHHE TOCTaBIEHHOH rpannunoi 3amau (5.2)-(5.5).

IMocTapaeHHyIO 3a7a4y pelllaeM TakKe HA OCHOBE KJIACCHYECKOH TEOPUM TEPMOYHPYroro
u3ruba Ganok (4.13)-(4.15), (4.17) (W=0,y =0). 3agauy Gyzxem pewatb METOLOM CHII

conporuByieHnst MarepuaioB [10]. Tak kak 3amada ABaXIbl CTATHYECKH HEOIpEACIEHHAs,
BBIOMpaeM OCHOBHYIO cuctemy (¢ur.3).

M v,
)

1
- a
RA RB
®ur.3
YpaBHEHUs paBHOBECHS UMEIOT BH/I:

R,+R, =0,

M,-M,+R,-a=0.

BryTpeHame crioBbie GakTOpHI (MOTIepeyHas CHIa M H3TUOAOIIINI MOMEHT) U OCHOBHOM
CUCTEMBI OYOyT:

N, =R, =const=C,,

M, . =M,=M,+R,-x, 0<x<a

use

(5.19)

(5.20)

Iepeiiném k 6e3pazmepHBIM BenauHaM (5.6).

[ToxcraBuM 3HaueHHs I\Wn ((5.20)) u Fn ((4.15),) B dpopmyny (4.14); u momydeHHOE

d -
BBIPAXKEHUE IS —_V/ OPOUHTETPUPYEM 1O X , TIOJTyYHM:
1

3 (= x2 - _) 0'al,,_, _

y=—- R,\-ivLMA.x1 +—t°(x12+xl)+C2. (5.21)
4 (l+ v) 2 4

U3 3TOro BhIpakeHus OTpedyeM yCIIOBHS:
X =0, w=0uX=1 ywy=0. (5.22)
B pesynbrare nonyuum
C,=0 (5.23)

M CICAYyIOIICC YpaBHCHHUE!
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2
R, . 2(1+v3?6 oT, | (5.24)
TaK)Xe 3HAYeHHe U I/
367 (= X1 oaT (o, -
= R,->+M, L0 (X + X, ). 5.25
Ve 4(1+v)[ 2 le 7% 629
Honcrasmss suauenne N, ((5.20)1) n dopmyny (5.25) ms ¥ B dopmyny (4.14),,

dw
OTIPEIETNM MPOU3BOIHYIO d—_, MHTETPUPYS 3TO BBIPAKEHHE, MOIYyYHM OOIIee perieHne

st pyHkmn W .

o R )_(1_{835 (RA >‘<f+|WA>_<f]+5 (’% %ﬂms, (5.26)

2 @+ 3 4
YZ[OBJ'IGTBOpI/IB YCJIOBUAM
X, =0, W=0unX=1 w=0,. (5.27)
MOJTyYUM
C,=0 (5.28)
1 ypaBHCHHEC
-2 =Y
R, = 30 (R, M, |+ ST, (5.29)
41+v)\ 3 12
a Taxke popmyiy mias W :
_ RO'_.  3° (R,_ W % 5taT, (XX X°
W=~ - —Ax? : ol P 5.30
) 8(1+v)(3x1 Axlj 4 (3 2 (530

Takum o6pazom, s onpenenenns R, u M, momyunm cnenyromyro cucremy anre6pau-

YECKUX YPaBHEHUI!

D 2
&+MA=_2(1+V)506[T0,
2 3
= 307" (R, — ) 5aT 53D
Ri=——|—2+M, |+ —=.
41+v)\ 3 12

Pemwas 3Ty cucremy ans ﬁ u MA, MOJIy4YUM:
= (1 + v)é
R, =

24(1 + V)07 + 3

i o @)L+ 16(L+ v} JuT,

* 24(1+v)0® +3

(5.32)
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OxonuarensHo, 111 W i Y/ omy<nM:

5T, 1 o 0aT [1+16@1+v)0* |,
W= - + -1|X -
12 | 8(1+v)*+1 8 | 8L+v)*+1 539
3 (l + v)éatTo _ '
3(B8(L+v)o* +1) &
5T, 1 o, 0aT [1+161+v)® |
=9 % 1 -2 % ~1|x.. .
4 {8(1+v)62+1 }(1 4 {8(1+v)§2 1 (534

HpI/IBO)II/IM PE3yJIbTAaThl YHUCJICHHBIX BBIYMCIICHUM. Pac4y€Thl BBINOIHEHBI Ipy CJICAYIOMUX
3HAUYCHUAX IMMapaMETPOB 3aJlavu:

5:E:i,v=o.33, B =15T,=60'C, ¢ =125x10"
a 40

p.

o MUKpPOIIOJIsIpHAs KJIaccH4YecKas W:akx

- MOJIEINb MOJIEINb —a

K w_ x107 W x107 Wi

0 7.946 7.946 1

10™° 7.941 7.946 0.99
10° 7.032 7.946 0.88
10° 5.227 7.946 0.66
2x107 4.155 7.946 0.52
10" 1.158 7.946 0.15

Kak ybenmimnce, Ipu yBEeTHYEHHH IOCTOSHHON ympyroctu Ol (MHKPOMOJISAPHON HOCTOSH-
HOH) )KECTKOCTB OQJIKN YBEJINYNBACTCS.

6. 3ak.T0uenne. Pa3BnBast METO H3BECTHBIX THUIIOTE3, TOCTPOEHA MTPHUKJIIAHAS MOJIETb
TEpMOYIIpyroi M3rnOHON nedopmanuy MUKPOIIOJSIPHONH TOHKON OalKW ¢ He3aBHCHUMBIMHU
HOISIMM  NEepeMeIleHnd W BpamieHud. JlIi TOCTPOGHHOW MOJENN YCTaHaBIMBAETCS
COOTBETCTBYIOIIMH BapUallMOHHBIN IPUHLUIL. PaccmaTpuBaeTcs 10 NOCTPOEHHOU IIPUKJIAL-
HOW MOJIeNN N3ydeHHe KOHKPETHOH 3a/1a4M TEPMOYIIPYTOro U3rnba MUKPOTIOJIIPHOI TOHKOH
Ganmku ¢ ompeAenEHHBIMHM T'PAaHUYHBIMH YCIOBHSIMHM, KOTAa 33aJaHO M3MEHEHHE TeMIlepa-
TypHO# (yHKuMH. [TocTpoeHO TOYHOE pelIeHue Ui ITOW 3aJa4M, BBITIOJIHEH YHCIICHHBIN
pacyér u ero aHanu3. Y cTaHoBieHbI () (EKTHBHBIE CBOMCTBAa MUKPONOJISIPHOTO MaTepHaa
0GaJKM C TOYKH 3peHHs] KECTKOCTH M NPOYHOCTH 10 CPABHEHHIO C KIACCHYECKHM
MaTepHAIIOM.

Pabora BemmonmHena npu guHaHCOBOH moanepxkke 'KH MOH PA B paMkax Hay4HOTO
npoekTa Ne SCS 15T-2C138.
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W3BECTUS HALIMOHAJBHOM AKAJIEMHUU HAYK APMEHUMA

Uthuwmthju 69, Ne4, 2016 MexaHuka

VK 532.613.5

PACIHIPOCTPAHEHUE BOJIHBI C’)KATHSI B NEPUOJIUYECKOM
CTPYKTYPE JABYX®A3HOU CMECHU
Oransu I'.I'. , Caakan C.JL.

Kii04eBble ci10Ba: KHIKOCT, ITy3bIPEK, CHAPSIHEIHA PEKUM, TIEPHOAMIECKast CTPYKTYpa.
Unwigpuyhtt punkp. Suquhtnnily pwntnipn, wihp, ngutkp hwl gputgpnud:
Keywords: gas-fluid mixture, wave, corks in closed channel.

Ohwiywi @.Q., Uwhwljjut U.L.
Nupphpulwi junmgjuspny kpduq puntmpymu uknidwub wihph wwpwsnidp

Zhwnwgqnunjws £ ququhbnniy puownunipgnyg (gws thwl gpwiigpmid Lupudwb whph Juppp:
Qpuigpnid  Jupnn L wpwowbw) wmwpphp ququuupnibwlmpjudp  wwppbpwpwup  Ypluadnn
lugwubp: dmpu b pEpdws nhuwbpuhntt hwjwuwpnudp, npp pimipwugpnud £ Eplynt juguiinliphg
Yuqujwsé pohonud Finju-Sinlkh wihpuyht puh Yuprwésnipniip gubbbpnud wy) wihpwiht pykphg:
Qnuwonujhtt  juwnunipph hwdwp  pYuwghtt hwyquplubph  Jhongny npnpdws L gpgong
hwdwjunipniuitph ny puthwighnipjut wpdbpubpp, npnug nhypnud wihp sh wwpwdynud:

Oganyan G.G., Sahakyan S.L.
The propagation of pressure wave in two-component mixture flow with periodically structure

The behavior of the pressure wave in a closed channel with a gas-liquid mixture is investigated. In the channel
can be implemented corks with the different gas content. The structure of the slug flow is quasiperiodic. The
transcendental dispersion equation is derived. The cell Bloch number dependence on a local wave numbers in the
corks is derived. As illustration the water—air mixture is considered. Closing value of frequencies decreasing with
increasing gas in corks, increasing with initial pressure magnification decreasing with increase of bubble sizes for
high and ultrahigh forcing frequencies and are not changed for a low frequencies. As well as they decreasing when
we take into account the dispersion effects in mixtures.

Paccmorpena  mepuojauyeckas — CTPYKTypa — CTAallMOHAPHOIO  TEYEHMs  CMECH,  XapaKTEpH3yeMOro
YepeayrouMMuUcs NPoOKaMu B 3aMKHYTOM KaHane OecKOHEYHOM JUMHbl. Ha OCHOBE MOJIEIbHBIX YpaBHEHHMH
Pa3peXEHHOH ITy3BIPBKOBOM CMeCH BBIIHCAHBI JHMHEHHBIC YpaBHEHUs THIA bycCHHECKa, OIMHCHIBAIOIIHE
NOBEJCHHSI JABICHHH B IEPHOAWYECKU IIOBTOPSIOINUXCS SUeHKax, KOTOPBIE COCTOSAT H3 JBYX HPOOOK,
HAIOJHEHHBIMH Ta305KMAKOCTHBIMH CMECSMH C pa3HbIMM OOBEMHBIMU COACPXKAHMSMM Ta3a. Bosmymienus
CKOPOCTEH YacTHIl CMECeH ONPEAENAIOTCS N3 yPaBHEHUI KOINYECTBA JBM)KEHUS B KOXI0H U3 mpobok. [ToydyeHo
JIMCIIEPCHOHHOE TPAHCLICHIACHTHOE YPaBHEHHE, W3 KOTOPOTO YHCIICHHOH ero peanu3anueil HaiijeHbl 3HaYeHHs
BO30Y’K/IAIOIIMX BOJIHY YacTOT, IPH KOTOPBIX PACHPOCTPAHEHHE BOJIHBI CKATHS HE MIPOUCXOJIUT.

CdopMupoOBaBIIHICS CHApPSAHBIA pPEXAM B 3aMKHYTOM KaHale, B KOTOPOM
MPOU30ILIO pa3zueicHue a3 B GopMe 00pazoBaHHN YepenyFOIIUXCS JKUAKOW M Ta30BOH
npo6ok, u3ydeH B [1], Toe ompenenHsl CKOPOCTH PAacIpOCTPAaHEHHs BOJIHBI B sSueiikax. B
cllydae TEepPHOANYECKON CTPYKTYPHI paclpeneneHusi mpoOoK B [2], HCIONB3ys Teopemy
®roke [3,4], momydeHO TPaHCIEHAEHTHOE YpPaBHEHHE, M3 KOTOPOTO JJIs BOJIOBO3IYIITHOM
CMECH YHCJIEHHO OIpeJeNieHbl 3HaueHHs BO30Y)KIAIOUIMX YacTOT, IPU KOTOPBIX BOJHA
pacnipocTpaHsieTcd (4acTOThl MPOIYCKaHWSA) WM OTCYTCTBYET (YacTOTHI 3alUpaHUs WIN
cpes3a). PacipocTpaneHre BOJIHBI B IPOU3BOJIbHBIX EPHOANYECKHX CTPYKTYPax Ha OCHOBE
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ypaBHeHMs] Xuijaa pacCMOTpPeHO B [5]. 3aTyxaHue BOJIHBI YMEPEHHOM HNHTEHCHBHOCTH B
BEPTUKAJIBHON TPyOe C Ta30’KUAKOCTHOH CMECHIO SKCIIEPUMEHTAJIHHO HCCIIEIOBAHO B [6].
Hwmxe paccmarpuBaercsi crallMOHapHas 3ajada MOBEACHHS BOJHBI B I'a30)KUAKOCTHOH, B
YaCTHOCTH, BOJOBO3IYLIHOM CMECH AJsI ONpPEAETICHHs AMAIa30HOB Cpe3a, SBIAOIIEicS
JIOTUYECKUM TIPOIOJDKEHUEM paboTHhI [7].

1. Ucxoanbie ypaBHeHus. PaccMoTpuM paHHIOW cranuio (opMUpOBaHUs (3apoxie-
HHS) CTallMOHAPHOTO CHAps/IHOTO PEeXUMa, B KOTOPOM IepBasi MpoOKa HaIoJHEHa Ta3o-

)KPIHKOCTHOﬁ CMECBI0 C MajbiM OOBEMHBIM ra3ocoepiKaHueM Bl << 1 , a BTOpasi — C

0oJiee BBICOKUM COACPIKaHUEM Ta3a Bz . I/IlleaJ'II/BI/IpOBaHHaH cXeMa peiKuMa CTaluoHap-

HOT'O Te4eHHsI TIpeJicTaBieHa Ha dur. 1.

Py G P, G P> G P, G

|
o))
o
o
Xy

dur.1

ITomaraercs, 4To KacaTeJbHble HANPSDKEHHS HAa CTEHKAaX pPaBHbI HYJII0 B CHILY
OTCYTCTBHS BA3KOCTH.

OpHOMepHble JHHEHHbIe ypaBHEHHs, OIMCHIBAIOIINE IBIKCHUS Cpel B IPOOKax B
npubmmxkenun byccunecka, umerot Bua [6,7]:

R _@OR (g & QR o 1R
2 Cl 2 1 2 2A02 -
ot OX o, Ot°0X BiP1o
’R, LR ¢ O'R fat
— —(1- 2 2 =0, c=—2 1.1
ot X (1-p Z)wg, a2ox? & B,P1o (b
2 3vR,

P, Z(I—Bl)plo +B,P50> Ps :(1_B2)p10+ﬁzp209 Wy =— 5
PRy

3,HCCI> Hu gajice t - BpeEMm, X — KOOpAUHATa, HAllpaBJICHHAs BJAOJIb CTCHKH KaHajia, R
n pi (| = 1,2) — BO3MYUICHHS OAaBJICHUS U IIOTHOCTH, O)ar — pe€30HaHCHasA 4acToTa

Munaepra, R — panuyc mysbipeka, Y — nokasarens aguabatel rasa, C — HeBO3MYIIEHHbBIC
CKOpOCTH 3ByKa B cMmecsx. Ilociennue crmaraembie B ypaBHeHHsX (1.1) oTBETCTBEHHHI 3a
JIMCTIEPCHIO BOJIH B cMecsx. MHaeKehl «0» OTHECEHBI K COCTOSTHUIO paBHOBECHs (ITOKOS), a
«1» 1 «2» — K mapameTrpam MepBoii ¥ BTOPOil MpoOOK.

BosMmymeHust ckopocTell dacTHil cMeceil V, u V, ompeneisorcs U3 ypaBHEHHI

KOJIMYECTBa JABMXKEHUS B KOKOM 13 MPOOOK

ﬂ+L2@:O, 6V2+L2%=0 (1.2)
oX p,C ot oX pC, ot

IIpeanonoxuM, 4To B NEpUOAUYECKOW MO X JHUCKPETHOW CTPYKTYypE CHApSIHOTO

PEXMMa 3aBHCHMOCTh IIApaMETPOB TeueHHus 10 | Taxke ABIETCSA MEPHOIMIECKOM, B CBA3N

cuem B (1.1), (1.2) MO>KHO TIOJIaraTh
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[R(x1), Vi (xt)]=[P.(x). Vi. (x) J&"".

rre ® — Bo30yXIaromas 4acToTa. B pesynprare 1ojy4nM craiMoHapHbIe ypaBHEHHS

d’P o’ dv.  io ®’ B .
L+—LP =0, —+ P=0, o’ =0’|1-(1-B,)— ,1=12 1.3
a* ¢ dx pc ' ( B')w2 (1-2)

ar

3meck 3Be37J09YKH B HHAEKCAX omyIieHsl. OOmme peneHns 3auiIyTcs B BUE:

P(x)=Ae"*+Be", B, (x)=Ae""+B,e"*

V,(x) =2 (Ae - B 4D,

PG ®
1 o —ik,x ik, (1.4)
V,(x)=——(Ae"™*-B,e%)+D
’ P,C, 032( i ) ’
Q) ()
k=2t k=22
e c,

rae A, B, D, — nocrosunsie unrerpuposanmst.

Ha mannin X = 0 pasgena cpen (Ipo6GOK) TOKHBI BBINOTHATLCS YCIOBHS HETIPEPHIB-
HOCTH KaK JIaBJICHUH U MX NMPOM3BOAHBIX, TAK U CKOPOCTEH

dr (0) _ dr.(0)

PI(O)= PZ(O)’ \]1(0)=V2 (0)’ dX dX (15)
Kpome Toro, Ha mumuax X=-—-a u X=D pasgena snemenrapnoii sueiixu,
noTpedyeM BBITIOIHEHNE YCIOBUI UX KBa3UIIEPUOJUYHOCTH:
dR(-a dr, (b
R(-a)=IR,(b), V,(-a)=IV,(b), ‘éx )zl ;)(( ) (1.6)

IJle HOCTOAHHBIN MHOKUTEND | OyIeT onpenenéH B IPOLECcCe PEIICHNUS 3a1auu.
VYnosnerBopsist pemenus (1.3) ycnosusim (1.4) u (1.5), mpuaém k cucreMe JIMHEHHBIX

OIHOPOHBIX ypaHeHuit otHocutensuo A, B, D, :

74



A+B-A-B,=0

1 o 1 o
—_— -B)—— -B)+D -D,=0
plcl wl(A 1) [3202 wz(Az 2) 1 2
Aeikla + Blefikla _I ('Azefikzb + Bzeikzb) — 0
]l o ika _ika I o _ik,b ik,b
——(Ae"-Be ™ )-| ——(Ae ™ -B,€*“"|+D,-ID, =0
col ) o ")+ D, ~ID,
W,

~2(A-B)+ 2 (A-B)=0

M ika —ika 2 -ikb ikb) _
—(Ae Be ™)+ —=(Ae B, )=0

c c,

Heo6x01MMbIM 1 1OCTAaTOYHBIM YCIOBHEM CYIIECTBOBAHUS HETPUBUAIIBHBIX PEIICHUN
SABJACTCS PABCHCTBO HYJIIO OIPECACIUTEIIA, 3JIEMEHTBI KOTOPOTO COCTAaBJICHBI U3 KO3(1)—

(I)I/H_[I/IGHTOB npu A, BI’ Di . PaCKpLIBaSI €ro, 1A HAaXOXICHHUA MHOXHTCIIA | TOJTyYUM

ypaBHEHHE

1

> |+|1 :cosklacoskzb—l GO

+ 89 L6 kasink,b
G o, Go

Ero Mo>xHO IOIy4uTh TaKkxKe ¢ MCIOJIb30BAaHUEM METOZa MHTErpajbHOIl mepenaTtod-
HOM MaTpuIIbl, KOTOPBIH 3 (HEeKTUBEH B Cilyyae O0JIbILero KoyimuecTsa npoook [1]. Beoas B

paccMoTpeHue BoaHoBoe uncio broxa-®noke ( [4,5] | =¢€ qL, L =a+b, 6ynem umers
TPaHCLEH/ICHTHOE YpaBHEHHUE

Ifcq o ¢co,)]. .
cosgL =coskacosk,b——| +—+—=—2 |sinkasink,b, (1.7)

C, o, G o

KOTOPOE B OTCYTCTBHE TUCIIEPCHU NEPEXOAUT B U3BECTHOE JJIS MEPHOJAUYCCKUX CTPYKTYP
ypasHenue [4,5,8].
Otcrofa cliefyeT BBIBOJA, YTO BOJIHOBOW IIpOlleCC B sYEHKE OINpeneNnsiercss He

nokanbHbIMKH BonHOBBIMK umciamu K, K, B mpobkax, a Hexortopoii BemmumHoi (],
KOTOpas OIpENEIACTCs C TOYHOCTBIO JO MEJIOr0 3HAuCHMI ZTtn/ L, n=0,%1,....
OueBHHO, UTO [T BO3OYKIAIOMKUX YaCTOT (O, TIPH KOTOPBIX |COS qL| <1, umeer mecto

pacnpocTpaHeHHe BOJHBL, a MPU |COS qL| >1 Bosnubl oTCyTCTBYIOT. B mocnennem ciydae

nmajaronas w3 Kakoi-mmOo MpoOKM BOJMHA IO IOCTIDKEHHWIO TPAHHUIBI ITOCIIEXYIOIIEeH
MOJTHOCThIO  OTpakaeTcs oOT He€. Takum o00pa3oMm, BeCh CHEKTp 3HAYCHHHA
MOJIPA3NIeNIACTC Ha JWIMA30HBI TPO3PAYHOCTH (YAaCTOT IMPOIMYCKaHUs) W cpe3a (J4acToT
3armmpanus). [lepBrie Mo 04epEMHOCTH qUama3oHbl OyaeM Ha3bIBaTh IIaBHEIMH. BBenéM B

paccmorperme mapamerp O =D/L — npusenéunyio Gespasmepuyro mmpumy BTOpOit
NpoOKHU 1 Toraa a = (1 - OL) L, nockomexy L=a+b.
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TpebyeTcst onpeaenuTh QUITa30Hbl 3HAYCHUH J4acTOT 3amupanus. B kadecTse mpumepa
paccMaTpuBarOTCS BOJOBO3AYIIHBIE CMECH C PAa3IMYHBIMHA BapUaHTAMH HCXOJHBIX
napametpoB. [Ipu noctpoeHnu rpa)ukoB TOHKUE U YTONIIEHHBIE KPUBbIE OYAyT OTHECEHBI
COOTBETCTBEHHO K MEHBIIIUM U OOJBLINM 3HAYCHUSIM BapbHPYEMbIX IIAPAMETPOB.

2. Cayvaii orcyrcerBus Aucnepcuu. [locneqanvu cnaraemsiMu B ypaBHeHHIX (1.1)

MOXHO IpeHeOpeyb U Mojarath 0 =0,=0.
YacrHas 3aga4a. [lycTe BBINONHAETCS CBA3b klaz kzb, o3Hauaromas, 4ro ¢asa

BOJIHBI B Ka)XJOW MpoOKe MEHSAeTCS Ha OAHY W Ty ke BenmuuHy [5]. Ypasuenue (1.7)
npuMeT GopMy 3arucH:

2
cosqul—l& 1+& sinz[(l—a)Q]E fl(Q), =21 2.1
2c, G G
VYciosue kla = k2b Oonpeacisi€T 3HAYCHUE Ol B 3aBHCHMOCTH OT OTHOIIICHUSA
razocojJep>KaHuit
l:Q+02:1+\/§’9:BZ/Bl, 2.2)
o G

Hccrnenyem BIUSHUS W3MEHEHHWH MapaMEeTPOB HA KapTUHY PAaCIpPOCTPAHEHUS BOJHEI,
JUIS 4ero BBHISBUM 3aBHCHMOCTH Ge3pasMepHoro BomHoBoro umcia (L Beeii sueiiku ot

6e3pasmepHoil wactorsr 2. Ilpu mocTpoeHuu Takux rpadukoB 1o ypaBHenuo (2.1)
3HA4YEHHs NapaMeTpoB Ol BBIYHUCIAIOTCS 1O dopmyie (2.2).
[y

s

Our. 2. JlucriepCHOHHbIC KPUBBIE IIPU Bapyamun 0 .
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B Cllydac UCXOJAHBIX JaHHBIX
P =0.IMIla, y=14 2.3)

Ha q)HF.Z IIOKa3aHbl 3aBUCUMOCTHU YaCTOThI Q OT BCIIMYUHBI qL HpH 3HAYCHUAX e = 5 N
o= 1/(1+J6) ~0.309 — sepxrme, 0 =20, o= 1/(1+J6) ~0.183 — muxmue

KpHBEIE.

3/1eCh OTPE3KU MEKITY KPUBBIMH, MapaneuibHbie ocl (), COOTBETCTBYIOT 3HAYEHUSM
YacTOT 3alHMpaHusl B KaXIOM W3 [MANa30HOB, LIMPHHBI KOTOPBIX XapaKTEPU3YIOTCS
JUIMHAMH OTPE3KOB.

OHCBI/I}IHO, 4TO C YBCIIMYCHUEM 9 IIUPHUHBI JXAlla30HOB Cpe€3a BO3pacCTaroT, a CaMu
YacCTOTbl YMEHBIIAKOTCA 110 BEJIMINHE. C YBCJIMUCHUEM MapameTpa Ol IIUPHHBI, HaO60pOT,

YMCHBIIAIOTCA, a 4YaCTOTbl BO3pPaCTaroT. BaMeTI/lM, 4qTo R) HC BJIMACT Ha BCJIUYHUHY

6e3pasmepHoif yactotsl 2.
Ha ¢ur.3 npejcraBieHa Ta e 3aBUCHMMOCTh B TJIABHOM JHMANa30HE W3MEHEHHMs

(nmonynepuoze [0, n]) B caysae O =20 . Bumno, uro ¢ ysemmuenmem €O mmpumbI
JMAIa30HOB YacTOT 3allMPaHMs OCTAIOTCS HEM3MEHHO PaBHBIMHM, a CAMH 9acCTOTHI B KaXJOM
u3 HUX ¢ BospacTanreM (L ymeHbImaroTcs 1o BenuuuHe.

Ha ¢ur.4 mpencraBnena mpaBas 9acte ypaBHeHHs (2.1). 3mech mpsmas f1 =-1

OTCCKACT YaCTOThI 3allUPpAHUA. BI/IHHO, YTO IHWPUHBI JUANIA30HOB CpE€3a MCHLIIC HIWPHUH
AUAra3oHOB MPOITYCKaHUs, 4YTO CBA3aHO C PpacCHpeACICHUEM OJOHEPruun Haz[a}omeﬁ Ha

IpaHully pasiena cpei BOJIHbI MKy SHEPIHsSMH OTPakEHHOH |, u mpowemmeil ckBo3b
neé | 5 » BOIH. KOIIM4€eCTBEHHOE OTHOMIEHHE YHEPTHH ONPENEIETCS U3 IOTyIeHHON B [11]
¢dhopmytsl

1)
L:(Z ) L z= P,C ’ 2.4)
l, 4z PG

rone Z-— OTHOCHTEIbHBII aKyCTI/I‘leCKI/Iﬁ UMIICaHC. B CHUJIy MaJIOCTU BEJIWYUH Bl’ B2

MOXKHO I10J1araThb:

Py 1By 1P, I
p, 1-B 1_[51\/6

U3 (2.4) cnenyer uro |, /1, <1 npu snauennsax 0.1716 < Z<1, orkyna Bbitexaer

2.5)

HEPABCHCTBO

B, (v0-0.1716) <1/6-0.1716,0.029 <0 < 34,

onpezensiomee 061acTh A0MycTUMBIX 3Hauennii [3,. B paccmarpusaemom ciyuae 0 =20
umeem [3, < 0.0121 u, B wactroctu, npu P, = 0.0025, B, =0.05, us (2.5) nonyunm

senmunny Z = 0.213, noxcranoeka xoropoii B (2.4) paér snauenne |, /1, =0.727. A

3TO O3HAYaeT, YTO OOJbBIIAs YaCTh 3BYKOBOW 3HEPTHH IMAJAIOIICH BOJIHBI IIPOXOIUT UEpe3
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TpaHUIly pas3fiena JBYX aKyCTUYECKUX Cpel, T.€., ACHCTBUTENBHO, IIMPUHBI AHANA30HOB
YacTOT NMPOITYCKaHUs OOJIbIIE INUPUH JUANa30HOB CPe3a.

A F
=

@ur.3.  JlucnepcuoHHblE  KpU-
BbIC B MOJIYIIEPUOLIE

QLE[O,TC] mpu 0 =20

®ur.4. IlpaBas yacTh ypaBHEHUS

@DHmpu 06=20, a=0,183.

[lepefinémM K dYHMCICHHOMY WCCIeNOBaHUIO YypaBHeHHs (1.7), xorma kla;t kzb,
KOTOPOE 3aluIneTcs B 0e3pa3MepHOM BUjIe

cosqlL = cos[(l—oa)Q] cos| =0 |-

Jo
1 L—i—«/@ sin[(l—a)Q]sin ZLaol=f (Q)
2\Vo Jo ’
e Beipaxkenus (2 u O npusenensi B (2.1) u (2.2).

Ucnone3ys ypaBHeHue (2.6), BBISICHHM BIMSHUE Ta30COACPKAHUN Ha JHUCKPETHYIO
KapTUHY PaclpOCTPAHEHUs BOJIHBI U CPABHUM CO ciiydaeM ypaBHenwus (2.1). Boruancnenus
TIPOBOMATCS ¢ MCXOOHBIMH JNaHHBIMH (2.3). 3aMeTuM, 4TO TpH HcHoib3oBaHuM (2.1) u

saganun O 3Hauenme OU BhrumciseTcs mo dopmysie (2.2), a B pacCMaTpHBAaEMOM Ciydae

npu BeiGope O 3Hauenwe OL yxe 3anaércs. Ha ¢ur.5 npusejensl rpagyku 3aBUCUMOCTH

(Q B rnaBHOoM  juanmazoHe  usMmeHenus (L € [0, Tt] mpu  0=20,

o= 1/(1 +\/6) ~0.183 - cnnommsie u 0 =12.7, o =0.219 - nynxruprsie kpu-

Bbie. Bunno, uto mpu dukcupoannom (L ¢ ymenbmrenmem 0 mepexos oT crimommHbIx

KPHUBBIX K TYHKTHPHBIM TIPOMCXOMT CkaTHe Mo ock ), 4To 03HA4aeT Cy/KEHHE COOTBET-
CTBYIOIIMX IMANa30HOB KaK CPe3a, TaK U MPOIyCKaHuUsI.

2.6)
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@ur.5. JlucnepcuoHHBIE KpUBBIE B
fofyreprone qL < [0’ ﬁ] fipu ®ur.6. [IpaBbie yacTu ypaBHeHuii (2.6) u
apuamn O . 2.1).

Jnst neTanpHOTO BBISBIEHHS KapTUHBI PaclpOCTPAHEHUsS! BOJH Ha (Ur.6 NpuBeIEHBI
BHIBI IPaBbIX YacTel ypaBHeHUH (2.6) u (2.1) npu Tex ke 3HaUeHMSX IapaMeTpoB U B TOH

ke obnmacti u3MeHenus L)€ [O,STE]. Mpsmbie  f, f, =1 ornensior wacrors
3amMpaHus OT YacTOT MPOIMYCKaHUs, MyHKTHPHBIC KPHBbIE COOTBETCTBYIOT MPABOM YacTH
(2.6), a cutommble — npaBoii yactu (2.1). Ymensmenne 6 npuBomuT Takke K M3MEHEHHIO
NOBeleHHs. KPUBBIX N0 OCH f,, YTO MOKET NPHUBECTH K MCUE3HOBEHMIO HHKHHX

JAWara3oHoOB CPE3a U K IMOABJICHUIO BEPXHUX.

f
A

M | o
| U“Uu“ U"UHU !

@ur.7. IlpaBas yacTb ypaBHeHus (2.6) mpu 0= 127, a=0.219.
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UncreHHbIe MCCIe/IOBAaHASA YKa3hIBAIOT, 4To ¢ yBenmuennem O mpu Q€ [0,57‘[]

HMECT MECTO, HaO60pOT, paclimpeHue 1mo ocu Q U BO3paCTaHUC IO OCHU f2 . Taxum

o6pa30M, OTKJIOHCHHUC 3Ha4YCHUA 9 B Ty WIM B HHYIO CTOpPOHY OT 3HA4YC€HMUA,

COOTBETCTBYIOLIECTO CJIy4aro kla = kzb , BCeTAa MpUBOJUT K BO3paCTaHWIO MAaKCUMYMOB U

MHHUMYMOB IIpaBoii wactu (2.6) 1o ocu fz= YTO MOXKET IPUBECTH K HCUYE3HOBEHUIO

HIDKHUX JUAIIa30HOB CPE3a 1 K MOABJIICHUIO BEPXHUX.

OnHaKko, NpU pacCIIMpeHHH oOnacTd m3MeHeHHs () MaKCHMMyMbl H MHHUMYMBI
mpaBoil yactu (2.6) MOTYT Kak BO3pacTaTh, TaK U yMEHbIIAThCA. Takue H3MEHEHHs
OTPAaHUYHMBAIOTCS JBYMS IIOYTH NEPHOIMYCCKUMH OTHOAIONIMMH BOJIH C OJHHAKOBBIMU
MEPUOJIaMH, YTO MPOMJLTIOCTPUPOBaHO Ha ¢ur.7. [IpuBenéHHas KapTWHA yKa3bIBaeT, YTO
pacimpsronecs aUamna3oHbl cpe3a CyXKarTcs U, Hao00pOT, — ¢ MEPEeXOIOM OT OJHOTO
TOJYTIEpHOIa K TOCIeqyomeMy. DTO O3HaYaeT TakKe, 9TO MOKa3aHHas Ha (ur.5 KkapTuHa

JIMCTIEPCHOHHBIX KPUBBIX TIEPHOIMYECKH MOBTOPSETCA 110 {2 C IIEpHOIOM OTMOAIOIIHX.

3. YuéT aucnepcuu. YpaBHeHHe (1.7) mepenuiiem B pa3BépHyTOH hopme:

cosgL =cos| (1-a)—— |cos Jo—= of?2

G &

—-— \/_\/7 \/_\/7 sin| (1- oc) sin 6 2 ,

I bl URETOC :_izz _R
S L

BrissBuM BausiHEE Bapuanuunu EJ Ha NIMPUHBI AUAIIa30HOB CpE3a. HOCKOHLKy, B CUITY

3.1)

B, <P, . na Benmuuny € 10IKHO GBITH HATOXKEHO OTPAHUYCHNE

(3.2)

T0 ¢ Bo3pacTanueM & 3Hauenne () NOKHO yOBIBATH M, HA0GOPOT, C YMEHBIIEHHEM & —

BO3pacTaTh. B CBS3M ¢ 3THM, COOTBETCTBEHHO YMEHBIIIAIOTCS M BO3PACTAIOT KaK IIMPHHEI
JINAIa30HOoB cpe3a, TaK W JHAaNa3OHbl 4acTOT mpomyckaHus. Eciu s ypaBHeHus (2.6)
MOYTH TEPUOAMNYECKHE OrHOaromue yKa3plBaIM Ha TOYTH TNEPHOAMYHOCTH KApTHHBI
pacmpocTpaHeHHs, TO B JaHHOM ClTy4dae Takas KapTHHa OTCYTCTBYeT. B To ke BpeMs nMeeM
0OCCKOHEYHOE MHOXECTBO JIHAMA30HOB CPE3a MPOIYCKAHHs YacTOT, KOTOPBIC CIYIIAIOTCS
CHU3Y K 4HCIy, ONpEeNEHHOMY MO mpaBoil yactu (3.2), sBisrOlIeecs PEe30HAHCHOM
YaCTOTOM.

B peamsupix cmecsix R<1-10°m, L~Im u nosromy E<<1. Ha ¢ur8

IMOKa3aHbl 3aBUCUMOCTH JUAIIAa30HOB YaCTOT 3allupaHusa OT qL IIpyu 9acToTax, €KX OT

pe3oHaHCHOH. I[lyHKTHpHBIE KpHBBIE COOTBETCTBYIOT peIICHUSM YypaBHeHHs (2.6), a
CIUIOIIHEIE — penieHusM ypaBHeHus (3.1). BumHo, 4To IPOMCXOIUT HEIMHEHHOE C)KATHE 110
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ocu ), u, TeM caMbIM, yMEHbIIEHHE KaK IIMPUH JMANa30HOB CPE3a, TAK M HATa30HOB
Y4acTOT MPOIYCKaHUSI.

ol b L T e

samasmupnadnnany

4Tt

LEETTTTT .

EELE LT

amEEERE AR

[FE]

E: L
Fassgaanassenagnmi®

-r---n-u-.-p|.-||.-+..-||..--|+|

(3]
=
T

pwssmagmaEsmigERIEERERREE
gmagmadme

s ql
T

k2 jEE R

®ur.§.  JlucnepcuoHHbIE  KpUBBIE B

MOy ICPUOIC C]L € [0, n] npu
0=12.7, 0 =0219,&=5-10".

3akuiouenue. Mccnenyercs cimyyaii, Kora B 3aMKHYTOM KaHajIe O€CKOHEYHOW JJTIMHBI
C Ta30)KU/IKOCTHOIN CMECBIO pean3yIoT IMPOOKH, NepBasi U3 KOTOPBIX HAIIOIHEHA CMECHIO C

MaJIbIM I'a30COACPIKAaHUEM Tra3a Bl , 4 BTOpas — C 0oJiee BBICOKUM COACPIKAaHUEM TI'a3a B2 .

IIprHMMaeTCa KBa3UNEPUOIUYHOCTD CTPYKTYPBI CHAPSAHOTO PEKUMA TeueHHs. BriBeeHO

TPAHCUEHJEHTHOE JUCIIEPCUOHHOE YPABHEHHUE, OIMCHIBAIOILEE 3aBUCHMMOCTh BOJIHOBOIO

yucina bioxa Bcell s4YelKWM OT JIOKAIBHBIX BOJIHOBBIX 4Hcen B NpoOkax. B kauectse

[IpUMepa PacCMOTPEHBI BOJOBO3IYILIHbIE cMecH. UuClleHHas pealu3anys ypaBHEHUM C

3alaHHBIMM UCXOJHBIMU I1apaMeTpPaMU CMeCeil BBIABJIAET JUANa30Hbl 3HAUYEHUM 9acToT

3anupaHus (Juana3oHbl cpesa), IpU KOTOPBIX PaCHpOCTPaHEHHE BOJIHBI OTCYTCTBYET.
ITokazaHo, 4To B OTCYTCTBUM 3 deKTa qUcIepCHu:

B YaCTHOM 3amaye C YMEHBIICHUEM 9 — OTHOIUCHHUA ra3ocoz[ep>1<aH1/H71 [_))2 /Bl — IIUPHUHBL

JMAMa30HOB CPe3a yMEHBIIAKOTCA, KaK M 3HA4eHHs camux uyacToT. B cmyusae 0 =20 ¢
YBEJIMYCHUEM YacTOThI IIUPUHBI AUANIA30HOB Cpe3a He MEeHSITCs. [Ipu 3TOM OHM MeHbIIe
LUPHUH AUANIA30HOB YacTOT MPOILYCKaHUs,

TIpM MCCIENOBAHMN OOIIEr0 YpaBHEHHs C yBENMUEHWEM HIM yMEHbIIeHHeM 0 umeer
MECTO COOTBETCTBEHHO PACIIMPEHHE WU CKATHE KAPTHHBI pacrpocTpanenus mo ocu € ;
KapTrhHa JUCTICPCUOHHBIX KPUBBIX MMOYTHU NEPHUOJUICCKHU IMOBTOPACTCA 11O Q .

B cnywae yuéra mucrmepcuu mpu BospacTammm mapamerpa & = R/ L 3nauenns
4acTOT 3amupaHusi yOBIBAIOT, a ¢ €€ yMEHbIlEHHEM — Bo3pacTaioT. KapTuna pacnpoctpa-
HEHUS BOJIH HE SIBISICTCS] IEPHOANYECcKOl. MIMeeTcs 6ECKOHEYHOE MHOXKECTBO JHANa30HOB
cpe3a, 3HaueHHs] 4aCTOT KOTOPBIX CTYNIAIOTCS CHU3Y K PE30HAHCHOMW YacToTe.
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