ENINATLNHN WENDHEN JJANIUEIIUSID
VNOILVN 40 SONIAHHD0Ud UMHAWIY NAVH WU




2U3UUSULP @bSNh(e3NPLLENP UQFU3PL UUUEURUSE Sttulahl
W3BECTUSI HALIMOHAJIBHOM AKAJIEMUM HAYK APMEHUM

Uthuwmthju 69, Ne3, 2016 MexaHnuka
YK 539.3

HANPSIKEHHOE COCTOSIHUE KYCOYHO-OJJHOPOJIHOI'O
IMPOCTPAHCTBA C JIBOSAKOIEPHOJMYECKON CUCTEMOM
MEX®A3HBIX JJE®PEKTOB

Axonsan B.H., Axonsn JI.B.

Ki1i0ueBbIe cJ10Ba: IBOSKOIEPHOANYECKAs 3a/jaua, 1edeKT, KyCOUHO-0JHOPOIHOE IPOCTPAHCTBO
Key words: doubly-periodic problem, defect, piecewise homogeneous space
Pwwith punkp: bpjyuppipuljui, ndthnm, juinp wn funp hwdwubn mwpwsnipini

HakobyanV.N., Hakobyan L.V.
Stress state of piece-wise homogeneous space with doubly-periodic system of interphase defects

In present paper the discontinuous solutions of equations for anti-plane problem of the elasticity theory for
piece-wise space, formed by alternate junction of two heterogeneous layers with same thickness from different
materials, with interphase doubly-periodic defects, when the displacements, as well as the stresses are discontinuous.
Using these solutions the governing singular integral equations are written for two stated problems: the defect is the
finite tunnel crack and the defect is finite tunnel crack with absolutely rigid thin inclusion welded to its one bank.
The solutions of governing equations are built by the method of mechanical quadtratures. The numerical analysis
are fulfilled and the character of changing of the displacements of edges of cracks is revealed, the stress intensity
factor and contact stresses on junction line of the inclusion with matrix are determined depending on geometrical
and physical and mechanical parameters.

Zuynpyub 9L, Zulnpjub L.
Onhwuppkpuyui vhepwquyht nhdtljnukp yupnibwynn junp we junp hwdwubn
nwpwdnipjui jupJusuyht Jh&wlp

YQunnigyws ki inyl hwunmpjut kpljnt tnwuppbp yniphg wunpuungws gkpinkph hwenpnupwup
dhwgnulhg unnwugyws funp we Junp hwdwubn nwpwdnipjut uqynn pusnudubpp hwjwhwppe
upusught Jhdwlh phwypnud, bpp wwpwdnipmiup obpnbph  dhwgdwt  hwppnipniutbpnad
wupnitwlnud £ Epuyuppbpuljut gduwyhtt poiubjugh phbtljnubph hwdwlwpg: Uy (nusnudubph
ogunt pyulp unwgyty ki kplyn Ynlyplwn pbghpubph npnghs hwjuuwpnidibpp” pp nhdkljnp hpkihg
ubipljuyugunud £ &wp Ywd Lwp, nph whbiphg dkljht wipulgyws b pugupdwly Ynown wkpnpualy: Npnohy
hwjwuwpnidubpp (nsnudubpp uvnwgyl) ko dbjpwihjuljut pupulniuugdwt pubwdbbph dkpnnh
oqunipjudp:  Nwpqyl; £ pujpwynn jupnudubph  hunbuuhynipjut  gopdwlhgubph, &dwpkph
pugusplbph, hiswhu twb Yninwlnught jupnudikph hotnudwb ophiusum pnibibpp juho]ws
hutnhpttph $hqhlukhrubhlulut b bphpusuhulut ywpodtnpbph

B Hacrosmeil padore B 00mieM cilyyae MOJy4eHbl Pa3pbIBHbIE PELICHUs YPABHEHWH aHTHIUIOCKOH 3a/1auu
TEOPUHU YHNPYrOCTU AJsl KYyCOYHO-OZHOPOAHOTO HMPOCTPAHCTBA, IOJIYYEHHOIO MOOYEPENHBIM COCAUHEHUEM IBYX
Pa3HOPOJHBIX CIIOEB PaBHOW TOJILUHBI U3 Pa3JIMUHBIX MaTEPHAJIOB, HA IIOCKOCTSAX CThIKa KOTOPBIX MMEIOTCS
MexdasHple ABOSKO-epHoAnYeckue AedeKTsl, Koraa Ha OedeKTax HMEIOT paspblB KaK CMEIICHHsA, TaK U
HanpspKeHus. Vcnonb3ys 3TH pelIeHMs, 3allCaHbl ONPEAEIIAOIINE CUHTYIISIPHbIE HHTETPalIbHbIE YPaBHEHHS AT
JIBYX KOHKPETHBIX 3a/1a4, Korya J1e()eKTOM sIBIsIeTCS KOHEYHAsl TYHHeIbHas TPeINHA 1 Korja JeeKT IpeacTaBisieT
co00 KOHEUHYIO TyHHENIbHYIO TPEHIMHY, Ha OJHOM H3 OeperoB KOTOPOH CIAasHO aOCONIOTHO ’KECTKOE TOHKOE
BKJIIOUEHHUE. PellleHus onpenendomuX ypaBHEHUH OCTPOEHBI METOJOM MEXaHUUECKUX KBaapatyp. IIpoBeneHbl
YHCIICHHBIE PAacu€Thl M OIpeNelieHbl 3aKOHOMEPHOCTH W3MEHEHWs pPa3HOCTH CMENIeHHil OeperoB TpeIluH,
K02 (GUIUEHTHl MHTEHCHBHOCTH Pa3pyLIAIONIMX HANPSKEHUH H KOHTAKTHHIE HANPSDKCHHA HA CHEIUIEHHOH ¢
MaTpHULeH CTOpOHE BKIIOYEHHS B 3aBUCUMOCTHU OT FEOMETPHUECKHUX U (PH3UKO-MEXaHHIECKUX [apaMeTPOB.



Beenenmne. [leprnoguueckuMu U JBOSKOICPUOTUYCCKUME 3aadyaMy JJIS OJHOPOTHBIX
MAaCCHBHBIX Tell C Je(eKTaMH Ha4yall 3aHAMATHCS CII€ B IIECTUACCATHIC U CEMHUICCATHIC
TOIBI TPOIUIOTO BeKa. IIpyW MOMOIM aHamW3a TMEePUOAMYECKUX (QYHKIUA M MOITHOTO
anmapaTa KOMIUIEKCHBIX ToTeHiuanoB KosjocoBa-MycxenumBmin ObBUIH  TTOCTPOECHBI
pa3pbIBHbIE PELICHHUsS AHTUIUIOCKOM M IUIOCKOM 3alad ypaBHEHHUH TEOPUM YHPYTOCTH C
Jnedekramu Ui yOPYrHX OPOCTPAHCTB U IUIOCKOCTH, HA OCHOBE KOTOPBIX OBLIM 3aIHCaHBbI
OIIpEAEIAIOIINE YPAaBHEHUSA psila NEePUOAUYECKUX U JBOSKONEPUOAUYECKHUX 3a1ad U
MOCTPOEHBI UX 3aMKHYTbIE WK 3P deKTHBHBIE pelieHns. MHOTHE pe3ybTaThl, OJTy4YeHHbIE
B O9TOM HaIpaBJI€HUH, NOABITOKeHb B MoHorpadusix [1,2]. Ha atoit ocHoBe Obuia
MPEUIOKEHA TaKXKe TCOPHS PEryJSIPHO apMHUpPOBAHHBIX KOMITO3UTOB [3]. UTo ke Kacaercs
AQHAJIOTUYHBIX 33134 JJIS KyCOYHO-OJHOPOJHBIX TEJ, TO PACCMOTPEHEI JIUIIb HECKOJBKO
AHTHIDIOCKUX W IUIOCKUX IEPHOJAMYCCKHUX 3aJad JJIs COCTABHOTO JBYXKOMITOHEHTHOTO
npoctpancTBa ¢ nedexramu [4-7]. [lepromudeckne u OBOSAKO-TIEPHOAMYESCKIE 3aJa9d IS
KYCOYHO-OJHOPOIHBIX TEII C Ae(peKTaMu, KOTOpEIe B HACTOAIICE BPEMs BECbMa aKTYaJlbHBI C
TOYKH 3PEHHUS CIIOMCTHIX KOMIIO3HTOB, KaK HAM HM3BECTHO, BIEPBHIC OBLIH PAaCCMOTPEHHI B
paborax [8,9].

1. IlocTaHoBKa 3aJa4u M BHIBOJA Pa3pbIBHbIX pelieHuil. PaccMoTpuM aHTUIUIO-
CKO€ HANpPSHKEHHOE COCTOSHHE KyCOYHO-OJHOPOIHOTO MPOCTPAaHCTBA, M3TOTOBIEHHOTO
[P TOMOIIM [TO0YEPENHOTO COCAMHEHNS OBYX Pa3sHOPOOHBIX cinoéB Toaumuel 2H ¢

MOJIyJISTMU CIBHUTOB G1 u (32 , Ha TNIOCKOCTSIX COSANHEHUS KOTOPBIX Y = 2nH (n € Z)

no momocam {Xel= 0 (eg,bn) (—oo< Z<oo), rre &, =-a+2nl,

N=—o0
bn =a+ 2n| » COACPIKUT ABOAKONECPHUOJINUYECKYIO CUCTEMY TYHHEJIbHBIX I[e(l)eKTOB THIIA

TPEIIVH, [TOJHOCTHI0 MM YaCTHYHO CLETUIEHHBIX a0COIIOTHO KECTKUX WM MHOPOIHBIX
BkitoueHnid. [lonaraem, 4To mpocTpaHcTBO AehOPMUPYETCS MO BO3AEHCTBHEM TaKHX
nepuojyeckux ¢ nepuogom 2| marpysok, meficTByromux Ha JedeKThl, TIPH KOTOPBIX

IJI0CKOCTH Y = (2n + 1) H (n € Z) SIBIIAFOTCS TUIOCKOCTSIMU CUMMETPHU.
Od4eBHIHO, YTO TPU TAKOH ITOCTAHOBKE 3a/1a4M HANPSHKEHHOE COCTOSHUE B COCTABHBIX

CJI0AX, HaXOoJAIIHUXCsA MCKIY IIIOCKOCTAMMU CUMMCTPUN y = (2 k - 1) H u

y= (2k+1) H, OyayT onnMHakoBBIMU H, CIIEIOBATENILHO, MOXKHO PACCMOTPETH TOJIBKO

IBYXKOMITOHEHTHBIH CIIOH MEXIy IIockocTsMu cummetpun Y =—H u y=H .
CHayana TIOCTPOMM pAa3pbIBHBIC pEIICHHS JUIS JBYXKOMIIOHGHTHOTO CJIOS C

NEePHOJMIECKOI CHCTEMOH Mex(a3HBIX Ie(eKTOB, CUHMTAas, YTO Pa3pbIBbl HAIPSKCHUH M

CMelIeHU Ha AedeKTax OIMKMCHIBAIOTCS COOTBETCTBEHHO (YHKIMSMHU T (X) U W(X)

CHa0muB Bce BEIMYMHBI, OIMUCHIBAIOMIAE HANPSHKEHHO-IC(POPMUPOBAHHOE COCTOSHUE
BEPXHETO M HIKHETO CJIOEB COOTBETCTBEHHO MHAEKCaMH 1 U 2, 3Ty 3aa4y MaTeMaTH4eCKH
MO>KHO MPEICTAaBUTh B BUJE CICAYIOMECH rPaHUIHOM 3a1aun:



(
)
) (1.1)
(
(

rae W]- (X, y) (j = 1,2) — KOMITOHEHTBHl CMEUICHHH TOYEK COOTBETCTBYIOIIMX CIOEB,

KaxJasa u3 KOTOPbIX B 00J1aCTH CBOETO OIPCACIICHNA YAOBJICTBOPACT YPABHCHUIO Jlammaca

oW, (xy) W (xy)

Ve Y (i=12) (1.2)
U CBA3aHbI C KOMIIOHEHTAMHU HaHpSDKeHI/Iﬁ T(yjz) (X, y) COOTHOILICHUSIMHU
, oW, (X, y
r(yjz)(x, y):Gj#. (1.3)

IToctpoum peurenne rpanngHON 3amaun (1.1), UCHONB3ys pemIeHus aHAJOTHYHON 3a1adn
JUISL CIIOMCTOTO KOMIIO3UTAa C IEPUOJMYECKON CHCTeMOW mapauienbHbIX Mex(azHbIX

nedeKToB, MOIy4IeHHBIX B pabote [9]. Ilpn momontn 3TUX pemeHnid penieHns rpaHngIHON
3anau (1.1) 3anumyTcs B BUzE:

Gx0)= (X ot S

(
M) W1 s
dx G+1 2HG,(G+1

(1.4)

<) (30) = ) (x0)~x(): TS WD)y
(G=G,/Gy; A=m/2H)

YuuThIBas NEPUOAUIHOCTh QPYHKLIUHA T ( X) u W ( X) , T.€. COOTHOIIICHHS

t(x+2nl) =1(x); W' (x+2nl)=W'(x),

MOXKEM 3aIucCaThb:

iTcth(x(s— X))W'(s)ds= ja' {icth(k(s—wr 2nl ))}W’(s) ds;

—0 g “a

=% t(s)ds G 1
;5‘[ sh(A(s—x)) - J{; sh(A(s- x)+2nl)}T(S)ds'

—00




C npyroél CTOpOHBI, UMEIOT MecTO npencrasienus [1, 10]

x| H7F - 1 H 7 -
th| — |=— | cth(Hs)€¥ds;, ————=—| th(Hs)e™d
¢ (2Hj i _OOC (Hs)e¥as; sh(nx/2H) 7 7 (Hs)e¥as,

TJIe MHTErpajibl Hy>KHO IIOHUMATh B CMBbICIIE 0000IEHHBIX (DYHKIIUH.
Tornma, yuuTtbIBas cooTHOIIEHU [12]

3 cos(2n1x) = 7 8(21x— 2k ) +8(21x-+ 2k) ]

N=—w

o . (mnx) 1 X
Zsm — |=—ctg| — |,
= ( | ) 2 (2Ij

rze S(X)— usBecTHas GpyHkims Jupaka, a K — menoe umciio, nocsie HeKoTopbIx mpeodpa-

30BaHUI, BBOAS 0003HAYEHUS

ﬁ 3 cth(x(x+2nl)):%[%Jricth(nl—kHjsin(nl—kxﬂ:

n=—o0 k=1

:%[ctg(’;_f} K, (x)}

2}—| nio sh(k(x1+2nl)) =I1§;‘th(n|_kHjSin(nTkszi{Ctg@_T} Kz(X)}

nepBbIe Ba cooTHoMIeHus (1.4) mpeacraBuM B BHJE:

) (x,0)= Gilr(x)+%j{ctg(@j+ K, (s x)}W’(s)ds;

G+1) 7,

dW (x,0)  W'(x) 1 i[ctg[M}' KQ(s—x)}(s)ds,

dx G+l 2G,(G+1)

(1.5)

—-a

rae pynkmun K j (X) ( ] =1, 2) — 9KCIIOHEHITNANBHO CXOMSAIINAECS PAJIBL:

Kl(X)=%+2g{cth(nl—kHj—l}sin(nl—kxj;
KZ(X)zzé{th(nl—kHj—l}sin(nl—kxj_

ITocnemnue nBa cootHomenus (1.4) ocratroTcs HEM3MEHHO.

Hcnons3ysa cootHomenwue (1.5) u mocnennue asa cootHomenus (1.4), HeTpyaHO cpa3y
3aIMcaTh ONpeAeNSIoNINe YPaBHEHNUS psjia 3a/1a4 ISl KyCOYHO-0/THOPOIHOTO IPOCTPAHCTBA,
U3rOTOBICHHOIO IIPU IIOMOIUM IIOOYEPENHOIO COEAUHEHHUS [BYX Pa3HOPOAHBIX CIIOEB
paBHOfl TOJIIIHUHBI C IBOSAKO-IICPUOIUICCKUMU Me)Kq)a3HbIMl/I Zle(l)eKTaMI/I Pa3JINYHBIX TUIIOB.
B kauecTBe mpuMepa pacCMOTPUM JIB€ KOHKPETHEIC 3a]1a4uH.



2. HanpsikéHHOE COCTOSIHME KYCOYHO-OJHOPOJHOI0 HMPOCTPAHCTBA € BOSIKO-
nepuoanYecKoil cucremoii TpemmH. CHayama pacCMOTPUM CIyd4aid, Koraa Ie(eKThl

IPECTABISIOT CO0O0M TYHHENBHBIE TPELMIMHBI JUIMHLI 28, HA BEPXHUE M HIKHUE Oepera
KOTOPBIX JEHCTBYIOT pacrpeeiéHHble HArPY3KU ‘cg]) (X) ( ] =1, 2). Torma Ha Geperax
TPELIUH UMEIOT MECTO YCIOBUS

4 (0) = (x) (1=1.2)

WIH B IPYTOi popme

TUYZ)(X,O)+rg,2Z) (%,0) =1, (x);
(%)= (X);
(v ()= (x0) =5 (x0)).

VYuuteiBas BTOpoe ypaBHeHue (2.1), mpum momormm cootHomieHuit (1.5) ynoBinerBopum
nepBoMy 3 ycioBui (2.1). B utore, mocne HEKOTOPHIX MPOCTHIX MPeoOpa3OBaHUM, UL
OTIpEeJIeTICHUs] TIPOM3BOJHOM OT pa3HOCTH CMEIIEHWH OeperoB TPEImMHBl MpUAEM K
CJIEAYIONIEMY CHHTYJIIPHOMY WHTETPaIbHOMY YPaBHEHHIO:

(¥ <a) @.1)

lTV\S/,(X)d%IK s—x)W'(s)ds= f (x), (2.2)
f(X)=(6+1C);3(X)_(G—glro(X); Kl*(x):%Kl (X)+%Ctg(§_ﬂ_i'

Ypasuenue (2.2) Oyaem paccMaTpuBaTh COBMECTHO C YCIIOBAEM HEIPEPHIBHOCTH CMEIIICHUN
B KOHLICBBIX TOYKAX TPCLIWHBL:

W ds 0. (2.3)
I

YpaBHeHI/le (2.2) pemium MeTOIOM MeXaHMUYECKUX KBamapatyp. C 3Toi 11e51blo, MPU TTOMOIIH
3aMEeHBI IEPEMEHHBIX S —> aS u X — aX, ero cpopmynupyem Ha uaTepBaie (-1,1) u
BBOJS 0003HAYCHUSA

W' (xa)=o¢(x); aK; (ax)=K(x); f(xa)=f.(x),

sanmIIeM B BUJe
I P(s) ds+ I K (s—x)o(s)ds= f.(x). (2.4)
Hpn STOM, ycnos_me (2.3) npuMer BH:
[o(s)ds=0 2.5)
|

OdeBHIHO, YTO penicHre ypaBHEHHA (2.4) B KOHIEBBIX TOYKAaX TPEIIMHBI UMEET OOBIIHYIO
KOPHEBYIO 0COOCHHOCTb, YTO MO3BOJISIET €T0 MPEICTABUTD B CIICAYIOIIEM BHIE:



. (X
(P(X)=%, 2.6)

rae (P* ( X) — HCIIPCPbIBHAA I'JIaiKas (byHKHI/ISI, OrpaHMY4C€HHAad BIUIOTh 4O KOHIOB MHTCPBAIa

[-11].

[Moncrasnsist 3HaUeHHUs (GYHKIUNA (p(X) B (2.4), (2.5) m ucnonp3ys COOTHOILEHUS,
npuBen¢HHBIe B [13], MO cTaHmapTHOW Mporexype HNpuAéM K CHUCTEME alreOpandecKux

YPaBHEHHMH OTHOCHUTENBHO 3HAYEHUN (. (él ) (I = 1,....n), I10CJIE ONPEAEIIEHUS KOTOPBIX

HETPYJHO BOCCTAaHOBUTH (DYHKLHUIO (P i (X) (—1 <X< 1) U OIPEACIIUTh BCE KOMIIOHEHTBI

HarnpspKeHui n nedopmanuii B IByXKOMIIOHEHTHOH stdeiike. B wactHOCTH, mpuBea&HHAs
Pa3HOCTh CMEIIEHUH TOUeK OeperoB TPEIHEI ONPEeTUTCs (HOPMYIION:

V\/*(x):W(ax)/Za:%f(p(x)dx, e

a Ge3pazmepHble K03(h(OUINEHTH! HHTCHCUBHOCTH Pa3pyLIAIONINX HANPSKEHUH B KOHIIEBBIX
TOYKaX TPEUIMHBI orpeaessTes 1o gopmyse (1.5), koTopas npu noMouy GyHKIUH (p(X)
3aIUChIBAETCA CIELYIOLIMM 00pa3oM:

T(yjz) (ax,O) B

5 _n(GlH)H 1 +Kf(s—x)}(p(s)ds (14 >1).

Y Ls—x

IToxcraBnsas crona 3HaYEHUS PYHKITHIHA (p(X) u3 (2.5) u yuutsiBas cootHomenue [11]

lji(s—a)y_l(b—s)_y ds sign (X)
A (s—x) sinmy|a—X'[b-x""

npu Y =1/ 2, mocie nexoTopsix npeobpazosanmii Kod(GHUIMEHT HHTEHCHBHOCTH

(x<a;x>b) (2.8)
T

3alIMIIEM B BHIC:

W) smele) oo

G ) 2n(G+1)Vx -1

3nec C==*1,adynxkums R (X) orpannyena B Toukax X = *1 . Ucnonb3ys nomayyentoe

BBIPKEHUE ISl ONPEIENICHUS] MPUBEAEHHBIX KOA((UIIMEHTOB WHTEHCHBHOCTH pa3pylla-
IOIINX HAMPSKCHUH, MOITydrM (GOPMYJIbL:

(i)
T — Ty, (ax,O) __\/Tt(p*(il)
Kl” (ia)_ 2TC xkinlio |X+1| c_:‘1 =+ 2(G+1) :

Yucnennole pe3yabrarbl. [IpoBen€H 4YHCIEHHBIM pacy€r, KOrza IPOCTPAHCTBO
nedopmupyeTcss mMox  BO3ACHCTBUEM paBHBIM MO BEJIMYMHE U [POTHUBOIIOJIOXHO

HAIIPaBJICHHBIM PAaBHOMEPHO PACIPENENEHHBIMU HAarpy3KaMH MHTEHCHBHOCTH T, T.€.,



(1) =2 - -
KOTZa T, (X) =1, (X) = —1, . pu otom, npunsito T, / G, = 0.1 u usydens: 3akoHoMep-
HOCTH M3MEHEHHs KO3((UIMEHTOB MHTCHCHBHOCTH HAIPSUKEHMH B KOHLEBBIX TOYKAX
TPELIMH 1 Pa3HOCTH CMEIIEHUH TOUeK GePeroB TPELMHBI B 32BUCHMOCTH OT 1apaMeTPOB
G, A, =a/l u A, =H /| . Yucnenusie pacuérs nokassiBarot, B 4éM MOKHO YOeaUTbCS

()

¥ QHAIUTHYECKH, YTO B Ciydae, Korjaa T (X) =0, xo>pPULUMEHTE HHTEHCHBHOCTH
NpUBEIEHHBIX HAMPSHKCHUH HE 3aBHCAT OT COOTHOLICHUH MOYJIEH COBHIOB Pa3HOPOIHBIX

cnoés G, a pasHocTh cMelleHui Touek GEPEroB TPEIMHBI IIPAMO IIPOIIOPLUMOHAILHA YHCITY

(Gl +G, ) / G,G, . B ra6un. 1 u 2 npuBeaeHs! 3HaYCHHs KOd(Q(UIMEHTOB HHTCHCHBHOCTH
NPUBEEHHBIX HAPSDKEHUH B KOHLEBBIX TOUKAX TPELIMH B 3aBUCHMOCTH OT U3MEHEHHUA A,

v A,. OHM TOKA3BIBAIOT, YTO NPH IOCTOSHHBIX Da3Mepax MNPAMOYTONBHON SUEHKH

npuBeAEHHBIE KO3()(GHUIMEHTH WHTCHCHBHOCTH HANPSDKEHUH IPU YBEIWYEHHWH JUTHHBI
TPEIMHbI TaKKe yBEIMUUBAKOTCA (Tabn.1). A mpu MOCTOAHHBIX 3HadeHusx | u @, mpu
YBEIMYCHUH  LIMPUHBI  TNOJOCH  KOA(QQUIMEHTHl  MHTEHCUBHOCTH  HANPSDKCHUH
YMEHBIIAIOTCS, CTPEMSCH K OIpeesIEHHON BennanHe (Tabm.2).

Ta6mmua 1. A, =0.5

A, 0.05 0.1 0.2 0.3 0.4 0.5

Ky (£a) | 0.08865 | 0.08873 | 0.08905 | 0.08957 | 0.09026 | 0.0915

Ta6muua 2. A, = 0.1

A, 0.1 0.5 1 2 5

Ky (£a) | 009137 | 00887 | 00886 | 0.08856 | 0.08852
(1)

IlpoBenén 4MCIOEHHBIH pacy€T TaKKe B Clydae, Koraa T, (X) =—T, H

’EE)Z) (X) =-0.51, COS(TEX/ 2) . Hpwu stom, onsts npunsito T, / G, = 0.1. B stom cinyuae

IpH [IOCTOSHHOI T€OMETPUM YBEINYEHHE COOTHOIICHHH MOIYJeH CABUIOB Pa3HOPOIHBIX
cnoés G npuBOUT K yMEHBIIEHHIO KO3((UIIMEHTOB MHTEHCUBHOCTH HATIPSHKEHHIA (TabiL. 3).

Ta6maua 3. A, =0.1; A, =0.5

G 0.1 0.5 1 2 3 5
K|||(ia) 0.0825 | 0.0661 | 0.0547 | 0.0435 | 0.0378 | 0.0322

Ha ¢wur.l npuBeneHs! rpaduki MPUBEIEHHON Pa3HOCTH CMEIICHHWH TOYEK Oeperon

TPCHINHBI VV* (X) B 3aBUCUMOCTH OT ITapaMeTpa G . Onu MOKa3bIBAIOT, YTO IIPU YBEJINYC-

HUHU G Pa3HOCTDH CMeH_leHI/lﬁ TaKK€ YBCJIMINBACTCA.



®ur. 1

3. Hanps:kéHHOe COCTOSIHHE KYyCOYHO-OJHOPOJHOIO MPOCTPAHCTBA C JBOSKO-
NMEePHOAMYECKOH CHCTeMOl  YAaCTHYHO  OTCIAOMBIIMXCS  a0COJIOTHO  KECTKHUX
BKJIIOYeHHH. /[lamee paccMOTpuM ciydail, Korga JeQeKTHl MPenCcCTaBIIOT Cco0o0it

TYHHEJIbHBIE TPEIMHBI JUIMHBL 28, HA HIKHEM OEpery KOTOPBIX CIasHO abCOIIOTHO KECT-
KOe BKJIIOYEeHHE. bynem cumtath, 94TO MPOCTpaHCTBO NeOPMHUPYETCS IO BO3ACHCTBHEM

pacrnpenenéHHON Harpys3ku TO(X) , JEWCTByolleld Ha BEpXHUH Oeper TpPELIWHBI, H

COCPEIOTOUEHHOM HArPY3KU |, , IPUIOKEHHOH K BKIIoueHHIo (pur.2).

y z

! _~
7o (x) 7o (X) = Ty (X)
@J, %‘\/‘%/"/ | X 0
“//;;/V/A{/ 2 /A{ 2oy

Dur.2

Ha 6eperax TPEIIUH BHITONHAIOTCS YCIOBHSL:
r(lyz) (X,+0) =1, (X);
W (x,-0) =0.

ITpn momoum pa3pbiBHEIX perieHud (1.5), yIOBIETBOPHB 3THM YCIOBHSM, HPUIEM K
CIEeIYIOLIEH CUCTEME CUHTYJIIPHBIX UHTETPAIbHBIX YPABHEHUH BTOPOTO PoAa:

w0+ {$+ K; (s- x)}W’(S)ds= wrn ()

—-a

(¥ <a) (3.1)

(3.2)

W’(x)+%}i$+ K, (s- x)}* (s)ds=0.
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3Ty CUCTEMY PAaCCMOTPHUM BMECTC C YCJIOBUAMH HEIIPEPBLIBHOCTHU CMeIIIeHI/Iﬁ B KOHIICBBIX
TOYKaX TPECUIUHBI U YCIIOBUEM PAaBHOBECHA BKIIFOYECHHU S, 3AITMCAHHOTO IIPH ITOMOIIHA Q)yHKHI/II/I

‘E*(X):

W ds 0, |1 ds =T, . (3.3)
I I

3z[ec1,

" T T X)) 1
K2 (X) :EKz (X)+5Ctg(jJ—;,

{t*(x)zr(x)/Gl; T, =[Tro(s)ds—T0]/GlJ.

—a
YroObl petinTh cuctemy (3.2) METoJI0M MEXaHHUUECKHX KBAIPATYP, IPU MOMOIIN 3aMEHbI

NepeMeHHbIX chopMyJIupyeM e€ Ha MHTEepBall [—1,1] , BBEIEM B pacCMOTpeHne (DyHKIUH

0, (x)=W'(8¢)+(-1) " G () (j=1.2)
1 0003HaYMB
a[ K; (@) + K} (ax)]. a K; (ax)-K; (ax)].

K, (x)= 274G ; K (x)= 27JG ’
KZI(X):_KIZ( ); Kzz(x):_Kll(X);

0= o w(@): (1=1.2),

3aIllMiIeM B BH/JIC:

(Pi(X)JF(n\/)gj S(S) +j;Kj1(S—X)(pl(s)ds+

-1
1
+I K, (s—X)o,(s)ds= f,(x)
-1
Hpn 9TOM, yCIIOoBHS (3.3) IpUMYT BHUI:

I@J =(-1)"'JGT, /a (j=1,2). (3.5)

MeTO):lOM MyCXenuIIBIIM HETPYIHO YyOCIUTHCS, YTO UCKOMbIe (YHKIUH B TOukax =1

(3.4)

MMEIOT T0KA3aTelbHyI0 OCOOCHHOCTh THIIA ) (X) = (l + X)7YJ (l - X) ( J=1, 2) ,

rac
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O.5+Larctg & (G<1)
21 1-G

Y= s Y, =1=7,.
I—Larctg & (G=1)
21 G-1

Hcxons u3 aToro, pemienue cuctemsl (3.2) mpeacTaBuM B BUIE

05 (X)=¢; (X)o;(x) (j=12). (3.6)
*

rae i (X) , KaKk ¥ B IIepBOH 3ajaye, — HENpepbIBHAA IaaKas QyHKIHs, OrpaHUYCHHAs

BIUIOTH [0 KOHIIOB HHTEpBasa [—1, 1] )

[Moncrapnss 3Hauenus ¢yHxkumin (P j (X) B (3.3), (3.4) u ucnonb3yst COOTHOILEHHUS,

npuBen€HHele B [13], mo craHgapTHON mpouedype, oOmATe NPUAEM K CHCTEME

IreGpautecKiX yPABHEHHIl OTHOCHTENBHO 3HAuEHHH () (&l) (1=1,...n). Tocne

ompezienenus @, (&I) JIErKO  BOCCTAHOBHTH ~ YHKIHMIO (X) (—l < X< l) u

OTPEJIeINTh  BCE  HEOOXOIMMBbIE  BEJIMYMHBI, XapaKTEPU3YIOIIME  HAIpPsSHKEHHO-
Je(OPMHUPOBAHHOE COCTOSHHE B IBYXKOMIIOHCHTHOMW siuciike. B 4acTHOCTH, pUBeAEHHBIC
KOHTAKTHbIE HANPsHKEHUS, JEHCTBYIOIINE HA CLIETNIEHHOW CTOPOHE BKJIFOUECHUSI U Pa3HOCTh
CMEIIEHHI TOYeK OEperoB TPEIIUHBI, OMPEICIATCS (PopMyIamMu:

(2)(X):_T(yzz)(ax>0) _ @ (X)=, (%) (%),
G, /G G
V\A(x):v%zx):%:fl[cpl(x)ﬂpz(x)]dx

[IpuBenéunpic xe KOIPPHUIMEHTHI MHTCHCUBHOCTH B KOHIICBBIX TOYKAX TPEIIMHBI

omnpenessroTes npu nomontu Gopmyisl (1.5), koTopast mpu |X| >1 B HOBBIX 0603HAUCHUAX
MOKHO 3a1McaTtb B BU/IC:
) (ax,0) I T
= | +K (s=%) |(¢,(s)+@,(s))ds
G 2n(G+1) 7 [ s—x
[Moncrapnss crona 3HaueHUs QyHKIMNA U3 (3.6) 1 yuuTHIBas cooTHomeHue (2.8), mocie
HEKOTOPBIX MPeoOpa30BaHUii 3alHIIIEM B BUJIE:

t(),jz) (ax,0) _ sign(X) ¢ (c) .\ 0, (c)
Gl 2n(G+1)sin(ny1) |X+1|Vl |1_ X|1—v1 |X+1|1—Y1 |1_ X|Y1

+R, (x).

3nece C==1 ,a pynxkums R, (X) orpaHnueHa B Toukax X =1 .

Torna, 11t K03 (UINEHTOB HHTEHCUBHOCTU Oe3pa3MepHBIX pa3pyLIArONIMX HANPSKEHUH
HOJXY4UM (HOPMYJIBL:
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o) (1) Vo) (1)

(G+1)sin(nyl); w(-3)= 22 (G+1)sin(my,)

K (a) == 22

Yucienuble pe3yjbTathl. [IpoBeéH uMCIeHHBIA pacy€T B cayyae, KOrjaa Ha BEpXHUN
Oeper TpEIMHEL IEHCTBYET PABHOMEPHO PACIIpENeI¢HHas Harpy3Ka HHTEHCHMBHOCTH T, , &

Ha KECTKOE BKIIOUEHHE JeiiCTBYET YPaBHOBELIMBAIOILAS COCPENOTOUEHHAs HArpyska I, ,
*
T.e. B Cllydae, Korjga T, (X) =—1, =const u T, =0. Ipu srom npunsito T, / G, = 0.1

u A, =H /| =0.5. Usyuenn 3akonomeprocTH u3MeHeHUs KO3)OULMEHTOB HHTEHCHB-

HOCTH pa3pyllalolNX HANPSHKEHHMH B KOHIIEBBIX TOYKAaxX TPELIMHBI, KOHTAKTHBIX
HaNpsOKeHUH, NeHCTBYIOUIMX Ha CLEIUIEHHYIO C MaTpHIel CTOPOHY BKITIOUEHMS, a TaKkKe
Pa3HOCTH CMELICHUI TO4eK OEperoB TPEIMHbI B 3aBUCHMOCTH OT M3MEHEHUs IapaMeTpOB

G H7\.1=a/|.

PesynpraTel pacuéroB mpuBeneHBl B Tabn. 3-4 u ¢ur.3-6. 13 npuBeaéHHBIX TaOIUI]
SIBCTBYET, YTO IIPH IMOCTOSIHHBIX TEOMETPUYECKUX XapPaKTEPUCTHKAX YBEIMYCHHUE ITapaMeTpa

G  mpuBomMT K yMeHbIIEHHIO KOX(P(HIMEHTOB HHTEHCHBHOCTH pa3pyIIAFONIHX
HaNpsDKEHUH, a TIPU TIOCTOSIHHBIX Pa3Mepax SYEHKH W MOCTOSHHOTO 3HAYCHMS IapaMeTpa

G , IapamMeTp }\,1 MaJ1O BJIMACT HA 3HAYCHUA K03(1)(1)I/IHI/I6HTOB MHTCHCHUBHOCTH.
Ta6bmua 4. A, =0.2
G 0.1 0.5 1 2 3 5
Ky (£a) | 01069 | 0.03369 | 0.0189 | 0.0100 | 0.0068 | 0.0041

Taomma 5. G =0.5
A 0.05 0.1 0.2 03 0.4 0.5

Ky (£a) | 003330 | 003338 | 003369 | 0.03416 | 003475 | 0.03540

®ur. 3 Our. 4
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Ha ¢wur. 3 u 4 npuBeneHbl, COOTBETCTBEHHO, Ipadukyu Oe3pa3MEepHBIX KOHTAKTHBIX

HaNpsHKEHUN ng) (X) U pasHOCTH cMelleHuii 6eperos Tpemmusl W, (X) =W(X) /2a

npu pasnnuHbix 3Hadennsix G B cayuae, korna A4 =0.1. U3 rpadukos BumHo, uto
yBeﬂI/l‘ieHI/le HapaMeTpa G HpI/lBOﬂI/lT K yMeH])]_UeHI/HO KaK KOHTAaKTHBIX HaHpH)KeHI/lﬁ B
Ccpe/Heli 4acTH 30HBI KOHTAKTa, TAK M PA3HOCTH cMemieHuii 6eperos Tpermunsl W, (X) )

Brruucnenns moka3piBaroT TaKKe, 4TO B Cliy4dac, Korjga G = 05 , YBCJIMYUCHUC I1apa-

METpa }\,l MMPUBOJUT K BO3PACTAHUIO KOHTAKTHBIX Hanpsmceﬂnﬁ B cpeﬂHeﬁ YaCTH 30HBI KOH-

TaKTa U pa3HOCTH CMGIIIGHI/Iﬁ 6eper03 TPCUIINHbL V\é= (X) .

3akuaouenne. [TocTpoeHBl pa3phIBHBIE pPEMICHHUS YpaBHEHW aHTUILTIOCKOH 3amadu
TEOPHUH YNPYTOCTH IJIsi KyCOYHO-OAHOPOAHOTO TPOCTPAHCTBA C TYHHEIBHBIMU JIBOSIKO-
HNEePUOJUYECKIMH Je(heKTaMH M Ha UX OCHOBE MOCTPOEHBI 3((QEKTHBHBIE PEIICHUS IBYX
KOHKpeTHBIX 3amad. IlokasaHo, 4To Korga meeKT NpencTaBiIseT CoOOH KOHEYHYIO
TYHHEJIbHYIO TPELIMHY, Ha Oeperax KOTOpoi AEHCTBYIOT IIPOTHBOIOJIOXKHO HAIIPABICHHbIC
OJIMHAKOBBIC 10 BEIIMUMHE HArpy3KH, KaK HampspKEHHsS B II€JIOM, TaK M KO (HINEHTHI
WHTCHCUBHOCTHU IPUBEIAEHHBIX PA3PYIIAOIINUX HANPSIKEHUN HE 3aBUCAT OT COOTHOLICHMS
MOJyJIell CABUIOB MaTepHaloB cilIo€B. B ciydae e, xorna nedeKkroM sBISETCS KOHEYHas
TYHHEJIbHAS! TPELIMHA, Ha OJUH U3 OeperoB KOTOPOH CIIasiHO aOCOJIIOTHO KECTKOE TOHKOE
BKJIIOYEHUE, KAK HANPSKEHUS, TaK U CMELICHUS NPU HEU3MEHHON r€OMEeTpUHN JOCTAaTOYHO
CHJIBHO 3aBHCSIT OT COOTHOIICHHUS MOJyJIEH CIBUTOB MaTepHaioB CIOEB.
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2U8UUSULP @SN E3NPLLENP U22U3SPL UUUEURUSE Sttulah,
W3BECTUS HALIMOHAJBHOM AKAJIEMUU HAYK APMEHUA

Uthumthju 69, Ne3, 2016 MexaHuka

THE INSTABILITY OF SHEAR NORMAL WAVE IN ELASTIC
WAVEGUIDE OF WEAKLY INHOMOGENEOUS MATERIAL
Hunanyan A.A.

Keywords: inhomogeneous waveguide, instability of normal wave, band of frequency delay.
Putimh  punkp. wthwdwuber  wihpwwnwp, tnpdw)  wihph  wiluyniingendd,
hwfwhnipiniuttph juubkgdwt gnunh:

KiroueBble cJjioBa: HEOAHOPOAHBIM BOJHOBOJ, HEYCTOWYMBOCTh HOPMAJbHOM BOJIHBI, I0JOCA
3a/ICPKKH 4acTOT.

YHausiH A.A.
HeycToiiunBOCTE HOPMAJILHOI CABHUIOBOIi BOJHbI B YIPYIOM BOJHOBOJE U3
¢1200-HEOIHOPOHOT0 MaTepHAaia

Uccnenyercss BAMSHHE INIPOJOJBHON, cl1aboi HEOJHOPOAHOCTH YIPYroro Marepuana BOJIHOBOJA Ha
pacIpoCTpaHEHHE HOPMAIbHOH C/IBUIOBOM BOJIHBI IIPM PA3HBIX MEXaHMYECKHX TPAHUYHBIX YCIOBHSX.
IMokasbiBaeTcsi, YTO NpH 3aMIEMIEHHBIX TIIIAAKHX I[OBEPXHOCTAX H30TPOIHOTO YIPYroro Cjosi BO3HHKAET
ACHMMETpHYHAs JIOKQJIM3ALMsl BOJHOBOI DHEPrMHM OKOJO CPEAMHHON IUIOCcKocTH ciost. [lpu MexaHmuecku
CBOOOJHBIX TINIAJKAX IIOBEPXHOCTSX MOSBISFOTCS IIPUIOBEPXHOCTHBIC JIOKAJIN3ALUKM BOJHOBOM OJHEPTHU Y
MEXaHMYECKH CBOOOHBIX IPAHHI] BOJHOBOAA, HO 0ojiee MHTCHCHBHAS JIOKAIM3ALMS HOSBILSIETCS OIITH OKOJIO
CPeIMHHOI IUIOCKOCTH CJIos. B 006oMX ciyuyastx BCIEIACTBHE BO3JCHCTBHS HEOJHOPOJIHOCTH MaTephala Ha
HOPMaJIbHYIO BOJIHY, HOSIBISIFOTCS HCKa)KEHHs! aMILIUTYbI H (pa30BOi (yHKIMH, 00YCIOBICHHBIC IPHBEASHHBIMU
kodpdunnenramn (dacroramu) QopmooOpazoBanus. B o0oux ciydasx TpaHUYHBIX YCJIOBHH ciabas
HEO/IHOPOJHOCTh MaTepHala MPUBOJMT K MOSBICHHIO YAaCTOTHBIX 30H IIPOMYCKAHMS WIIM 3alPELICHHIO
(dopmupoBanHO# BonHBL. OKasbIBaeTCsl, YTO HPH BHICIIHUX (OpMax KoJeOaHWH BO3MOXKHO BO3HHKHOBEHHE
BHYTPEHHETO Pe30HaHCa.

Zmuutyuh ULU.
Uwhph unpuiuy, wihph wijuniimpiniip poy) withudwubompyudp iymphg whpuwnwpnid

Zhwnwgqnuymd £ wjhpwwnwph tpiujiwub, pny; withwdwubpnmpjub wqbgnipiniip uwhph
unpuwy wphph mwpwsdwt Jpw,, wwppbp kqpuyhtt wuydwbtbph phypnud: 8nyg b wpdnud, np
hgnuupny wpwdquiuit okpnh wdpwlgws hwpp tqptph phypnwd, dhohtt dwlbpunyph dUnwn,
wnwowunid t whpught tubkpghuwyh wuhdbnphly nknujiugnid: Ujhpwwnwph dbjuwhynpbit wqun
hwpp kqptph nhypnid, wpwewnid & wihpuyht Eukipghuyh dbpddwliplinipught wknuyuwugnidubip:
Pwjg wihpuyghtt tubpghugh wydbtjh hunkiuhy wnbknuyhtiugnud, tnphg wbknh b niubkind  dhoht
dwljpinyph onipe: Gpynt phypnud b wwpwdynn whph dpuw Wniph wihwdwubpnipjuu
wqnkgnipjut htnbwupny, pipdws hwdwpmipjut (ud wihph hwpdnuhluyh) thothnnieun
htwnlbwupny mbnh t niukund wihph juyunyph W/jwd hnoyh junnnpnud: Gqpuyhtt wwydwubbph Eplyno
nhypnud k| wihpwwnwph tniph pnyyy wthwdwubenipyniip pipnud £ hwdwhinienibibph wpgbjuph
Jud pnpupljdwb wmhpnyphtph wpwewgdwi: Mupqynud E, np pupdp hwdwpmpnitubkph nlypnd
hiwpunnp E ukppht nkqniiwbiuh wnwowgnid:

The influence of a weak longitudinal inhomogeneity on normal shear waves under different mechanical
boundary conditions is investigated. It is shown, that for clamped smooth surfaces of isotropic elastic layer, occurs
asymmetric localization of wave energy near the mid-surface layer. On the other side, for mechanically free
smooth surfaces, near-surface localization of wave energy appears near mechanically free surfaces of the
waveguide, but more intense localization appears again near the mid-surface layer. In both cases, due to the
influence of material inhomogeneity on the normal wave, some distortion of amplitude and phase functions occur
due to the change of formation coefficients (of frequencies). In both cases of boundary conditions, the weak
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inhomogeneity of the material leads to presence of frequency zones of transmission or prohibition of the formed
wave. It is shown, that it is possible internal resonance in some higher forms.

Introduction. There are numerous studies on wave propagation in inhomogeneous
media. More detail of characteristic phenomena can be found in the monographs [1+4] etc.,
as well as analogical phenomena due to inhomogeneity of surface conditions and new
physical mechanical properties of material of the waveguide, can be found in some articles
of recent years [5+10] etc. The monographs [11+14] etc., are devoted to the discussion of
structure modeling of inhomogeneous waveguides, as well to the propagation of normal
waves in waveguides with longitudinal inhomogeneity of the layer, where the cases of
continuous inhomogeneity of the material of the waveguide and the layered periodic
structure of the waveguide are considered.

There is a growing range of studies on high-frequency fluctuations and distributions of
short-wave signals, due to the advancement of modern technology. They can be used to
identify the interaction effects of weak inhomogeneity of the material of the waveguide, as
well as the effects of geometric heterogeneity of the surface of the waveguide, with more
sensitive signals. Losses of stability of normal propagating high-frequency waves (short
wavelength monochromatic signal), whether it is the localization of wave energies, internal
resonance, the appearance of forbidden frequency zones or other, have been discussed in
many works [15+19], etc.

The present paper explores the nature of formation of the propagating elastic pure shear
normal waves in an isotropic elastic layer with weak, longitudinal inhomogeneity of the
material for different mechanical boundary conditions.

1. The Problem Statement. Two model problems on distributions of pure shear,

horizontally polarized, elastic normal waves U(X,y,t) = {0; 0; w(X, y,t)} in an isotropic

weakly inhomogeneous layer- waveguide are considering.
The shear component of the displacement has the following form

w(X, y,t) = A -exp[i(kx— )] (1.1.1)

where A — constant amplitude, k, — wave number, and ®,— the frequency of normal

wave.
It is obvious that in the case of a homogeneous elastic medium, the body wave that is also
the surface normal wave is localized throughout the thickness of the layer. The purpose of
the examinations of the cases of weak inhomogeneity of the material of waveguide layer is
to identify the losses of stability of normal wave in the waveguide for different types of
boundary conditions on surfaces of weakly inhomogeneous waveguide

Task 1.1 Longitudinal inhomogeneity of the material and clamped surfaces of the
layer-waveguide. Assume normal wave (1.1.1) is distributed in an isotropic, elastic,

longitudinally weakly inhomogeneous layer {|X|<oo; |y|<h; |7 <o} with clumped

surfaces y=zh,.

Then the equation of medium motion has the following form

oc, Oc o’w

Sy 8 (), (1.1.2)
ox oy at

where mechanical stresses according to the Hooke's law can be written in the following
forms
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aw(x y) ow(X, y)

=G 1) =G 1.13
G, (X Y, 1) =G(X)———=; 0, (X ¥,1) =G(X)———— oy (1.1.3)

here G(X) - the shear modulus of the material, which, as the density of the material —

p(X), for longitudinally weakly inhomogeneous medium are presented in the following

forms
G(x) =G, [1 +¢, sin(k X) + 9, cos(k X)] ;
p(X)=p, [1+:32 sin(k;X) + 6, cos(klx)]. (1.1.4)

Here are taken designations:
k1 = 1t/ a — the number of inhomogeneity waviness of the material layer,
a —half step of inhomogeneity waviness of the material layer,

€,; 0,5 0, — small amplitudes of inhomogeneity, which, for weak inhomogeneity of
the material satisfy the restriction 8,21 + 8?1 < 1.

G, — the shear modulus and p,, — the density of the corresponding homogeneous material.

We obtain the equation of motion with variable periodic coefficients considering (1.1.3)
and (1.1.4)

[1+¢, sin(k X) + 8, cos(k X)|Aw+k, [, cos(k x) -5, sin(klx)]%v =

1.1.5
2w (1.1.5)

= [1+¢,sin(k X)+8, cos(k, X)]?,
where A =0 / x> +0° / dy* — the Laplace operator, and Cgt = G,/p, — the speed of

shear normal wave.
On clamped planes y = £h,, the boundary conditions have the form

w(X,—h,,t) =w(x,+h,,t)=0. (1.1.6)

Then the wave solution of the equation of motion (1.1.5) satisfying the clamped boundary
conditions (1.1.6) can be represented in the form of Fourier series

w(X Y,t) =Y w,(X)-sin(u,y)- €, (1.1.7)
n=1

where L, = Tl:n/h0 — wave number on thickness of waveguide, NeN2{1;2;..} —a

natural number. It is obvious that under these boundary conditions the zero form does not

exist W, (X)=0.

The representation of the solution in form (1.1.7), leads the equation of motion (1.1.5) to
infinite system of ordinary differential equations with periodic coefficients with respect to
amplitude functions of each succession of the n-th wave form

[who0+1 (2 =1)w, (0 ]+
+e, sin(k)| w00 = (k3 /8,) Wh () + 13 (8,m5 —1) w, () |+
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+3, cos(kX)| W)+ (ke /8,) W} (X) + 2 (8,3 —)w ,(¥) | =0, (1.1.8)

here 1’ £ @, / (C). 1) — given phase speed of the n-th wave form,

It is obvious that due to the inhomogeneity of the material the process is represented by the
interaction of three related normal wave modes characterized in equations (1.1.8) relations,
given in square brackets. Since the interaction is due to inhomogeneity functions

g, sin(k;X) and &, cos(k;X) from (1.1.4), the solution of (1.1.8) with variable periodic

coefficients is natural to look for, in general, in terms of expansion by given function of
inhomogeneity, based on the fact of the features

W, (X) =8y, + 7™ (8, cos(k,X) + b, sin(k ¥)); mmeN. (1.1.9)
m=1
where km = mk1 = (mﬂ:/ a) — wave number in the direction of wave propagation

corresponding to the m-th harmonic of the wave, and y £ max {«I{-Iiz + 5? } ,i=12is

small parameter which characterizes weak inhomogeneity of the material.
We obtain the recurrent infinite system of homogeneous algebraic equations for the

constant amplitudes {amn; bmn} generated by the interaction of the propagating normal

wave modes (wave signal) and a longitudinal weak inhomogeneity of the material,
substituting the relations (1.1.9) in equations (1.1.8)

(12 = 1) B, + 27| (N2 =12 ) (2 /) sin(o )+ (m) =5, ) (3, /v) cos(kx) | 3y, +
+va [ 2 (2 =1) = K2 |- [sin(k by, + cos(X)a, ]+ (1.1.10)
2
+§Ym-:(ui(62mi -1)
2

3y (B2~ D~ K2 Jeos(k,X) — (K, /3,) Kysin(k,x) |3, cos(k X)a, = 0

In the resulting relations appear characterizing interaction of independent normal harmonics

w (szmﬁ - 1) - krzn) sin(k,,X) - (k8, /) k., cos(kmx)} g, sin(k )b, +
- k,i)sin(knx) +(ke, /3)k, cos(kmx)}éi1 cos(k )b, +

12 (e,m2 —1) k2 ) cos(k,x) + (K3, /gl)kmsin(kmx)};l sin(k X)a,,, +

of coefficients v s 05 Bj on the distributions of wave signal in the layer with weak

longitudinal inhomogeneity (1.1.4)

Vi =t (M = 1) k2 (1.1.11)
amzuﬁ(sznﬁ—sl)—alk;; (1.1.12)
Bmzuﬁ(5mﬁ—51)—5lkfn- (1.1.13)
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The solution in the first approximation will have the following form, considering the fact
that in the zero approximation yo =1 and ko =0 are corresponding to the normal form
on axis 0Xin the case of homogeneous medium

. jwgnt
Won (X, Y,1) =Dy, sin(u,,y)-€°" . (1.1.14)

n=1
From which, respectively, it follows that in zero approximation the weakly inhomogeneous

layer allows only one group of discrete frequencies M, = C, (nn/ ho) for propagating

shear wave with appropriate numbers of formations [, = nn/ ho .

In the first approximation m=1 from the solution (1.1.9) will have
w06 Y5t) = > [@y, 78, cos(kX) +vby, sin(k X) [sinu,,y) - €. (1.1.15)
n=1

The wave number L, and amplitudes of first approximation will find from three related

infinite system of following equations

[T [(nﬁ —1) +e, (nﬁ —slz)sin(klx) +38, (11,21 - 812)cos(klx)] a,=0; (1116
[pﬁ(nﬁ—1)—kf]-bm-sin(k1x)=0; (1.1.17)
[pﬁ(nﬁ—l)—kf]-am -cos(kx)=0. (1.1.18)

The wave number of formation of the first approximation obtain from the condition of
existence of non-trivial solutions of the system (1.1.16)+(1.1.18)

(K X) = (nn/ho)\/l +¢, sin(k X) + 9, cos(k X)

: . (1.1.19)
1+ ¢, sin(k; X) + 8, cos(K, X)

It is obvious that the

'”_;"/: quantities under square

. root sign are positively

102f defined (in the case of

weak inhomogeneity of

10z the  material,  when
—

8?1 + 831 < 1).Therefore,

forbidden frequency
zones in the  first
approximation do not
arise.

From (1.1.19) we see that
the coefficient of
formation (or  phase
function)

61 =0.025 £ =0.015
52 = 0.055; £2=0.035
[51 = 0.05; €1 =0.05;
g [02=0.01; E2=0.01

2 4 E B 10

Fig. 1.1. The forms of change of formation coefficient (or
frequency) on distributions of normal wave signal Hin =Hon - f(X)
already variable because
of the inhomogeneity of the material (Fig. 1.1). Fig. 1.1 also shows that at relatively large

is

20



compared to the density, stiffness coefficients, when € >€&, and 81 > 82 , and at
relatively large compared to the stiffness, density coefficients, when €, <€, and 81 < 52 ,
the changes of the oscillation frequencies are different, while remaining periodic.

From coincidence of harmonics, amplitudes {am} and {bm} of first approximation

expressed through the amplitudes of wave signal {aOn} , will find from (1.1.16)+(1.1.18)

T (82 (Tm/ho)z _81) M (82 (Tm/ho)2 _61)

((mn/)" ~(w/a)" )=, A ((=vhy )’ = (n/a)" ) -1, A

From (1.1.20) it is seen that the amplitude distortion compared with the distortion of the
phase function, is quadratic. Here also find the number of resonant harmonics, when

a,, — oo and/or B, — 00, where occurs internal resonance (Fig.1.3)

1+, sin(K X+ @,)
n= a . 1.1.21
(h/ )\/ V. sin(kX+¢,) (120

Here are taken the following designations

A [ 2 2
Y1 =& +8,";

n

@, =arccos (& 2_ &) — = arcsin (512_ 3,) -
\/(81_82) +(81_82) \/(81—82) +(81—82)
Vs é\/(31 —&, )2 +(51 -9, )2 ;O = arCCOSL = arcsin 5

2 2 2 2
Ve~ +9, Ve~ +9,

It is easy to get the instability zones of harmonics from (1.1.21) (when the quantities under
square root sign have not a positive value. (Fig. 1.2))

a(2m-l-g, /1)< x<a(2m-¢, /)
10r | | m=0;1;2;... (1.1.22)
) ) Whence it follows that in some
51 =0.05; €l =0.05; | . . .
512001 2 =001 \ cases of medium inhomogeneity,
/ . the quantities under square root sign
. \ can be negative and then the
sl / \ corresponding  harmonics  lose
- _ ) stability and will be represented by

w0f \ exponential functions
- exp[+p,,(838;;8/h,)- y].

0 2 2 5 2 0 | From Fig. 1.2, in each section we
Fig.1.2. The line of resonance by harmonic can find the numbers of resonant
X, 22 NV, and by cuts forms. It is seen that starting from a

certain numbers of harmonics,
resonant forms periodically exist at certain intervals, by choosing the characteristics of
inhomogeneity of the material, Fig. 1.3 (see formulas (1.1.23) and (1.1.24)).
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alyix)
T . x 100
—F § ] _ ~10
N //
\\ J 41 =0.05; €l =0.05;
L / ol S2=0.01; e2=0.01;
. \ 41 =0.05; €l = 0.05; - R
| / "~ s : | | n=43
\ I| &2 =0.01; 2 =001, \ |
| =43 \
0 'I III n=43 L/ ,
I R ™ T 4 6 & o
|| \ ]
|| | |
II II
-15F | | -50
|/
—mb 100 -
a) b)

Fig. 1.3. The character of changes of amplitudes (a) and (b) for certain material inhomogeneity
characteristics, before and after the occurrence of the resonance

And also find the number of resonant harmonics
1+, sin(k X +
N, :(m/a)\/ 0 (x +9) (1.1.23)
and the respective values X of the intervals of definition

a(2m+l-¢, /n)>x >a(2m-o,/n); m=0;1;2;... (1.1.24)

In the second approximation when m= 2 , the solution will have the following form

W2 06 s = W, (0 +77 3 [ 8, cos(k,X) + by, sin(k,X)Jsinu, y) - €

Considering (1.1.15), (1.1.19) and (1.1.20), from (1.1.10) for relatively constants a,,, a,,

and b,, amplitudes we have three infinite systems of homogeneous arithmetic equations.
The formation number in second approximation will find from the condition of existence of
non-trivial solution

W, = (mt/ho)\/N(ai ;83K X)/M (38,5 x)., (1.1.25)
where have been taken the following designations
g,n‘a’ +(n2a2 —~ hOZ)B1

n’a’

1+ " sin(k,X) +

1 5,ma’ +(n'a’ -’ ),

2 (eB +8.0. )+ cos(k x) +

2( Bin+96, ln) n%a? (kX) ; (1.1.26)

n'a’ (8,8, + — 21y (8,8, +

n ( Bin 8ZOLln)2 2h0( P 810Lm)SiII(ZkIX)"'
2n"a

n Zhoz(glﬁln _Slam;_znzzaz (82B1n B 820‘1n ) cOS(2k1X)
n-a -

N(;si;é‘)i;klx)é
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(SIBIn + 610(‘1n ) +
M (&:8,:k X) é% +2(1+ (&, =By, )sin(k X) + (8, — o, ) cos(k X)) +
+(8,0,, —€,Byy ) cOS(2k X) — (8,8, + €,0t,, ) sin(2k; X)
Amplitudes a,, and b,, will find from coincidence of harmonics

a2n:a2(8i;6i;(na/h0))a0n; bZn:BZ(Si;Si;(na/hO))aOn;

— AZIBI_AIBZ . _ AzzB|+Asz .
A AA T TR A AR

A2 gkkcos(kx) 8,k sin(k X)} :
(/) —w2) =1 (52, (nmy ) =) =K s+
+3, (8,1 (/)" =) -3 )
é__ 0,8, 1@~ 1) - 2K ] Bye, [ (a2 ~1) -2 |}

A2 [ (2 =1) =K [+ 8, (2 (8.m3 — D)=k ) cos(k x) - |
. 81 Wy Szmn 1)—k22)sin(k1x) ’

A, £{8 kK sin(k x) + ¢ k,k cos(kX)} ;

A 2 2 2 2 2 2
B, = _E{BISI [Mn(szmn -1)-2K; :|+ A8 |:Mn (821nn _1) -2k :|} :
The wave solution in second approximation will have the following form

N 1+B, (&:8;:(na/hy ) )sin(k,X) | o

n=1
Find the forbidden frequency zone from the obtained relations, (the number of harmonics,
for which occur the inequality)

‘—bni b} —c |>1, (1.1.28)

where have taken the following designations

[(rajan ) 1] -[(raan ) (e, ~e,)5,)] ~57 /4
/4 ((nevan ) 8, -5)-3,) | +[(navan ) (e, )<,

The zones of instability of the harmonics are easily obtained from relations (1.1.25) and

(1.1.26) (when the quantities under square root sign can be negative), whence it follows that
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in some cases of medium inhomogeneity, the quantities under square root sign can be
negative and then the corresponding harmonics lose stability and will be represented by

exponential functions exp[iplm({—:i ;8,;a/hy)- y] .

Numerical analysis of the obtained amplitude-phase distortion will be given along with the
case of mechanically free boundary conditions of the waveguide. The zones of forbidden
frequencies for different characterizing parameters of inhomogeneity of the material are
given in Fig 1.4. In one case the forbidden frequency occurs for a limited number of

harmonics n, where il {m, m + 1,...k} , but in the other case there are an unlimited

number of harmonics | > m,.

Task 1.2 Longitudinal inhomogeneity of the material and mechanically free surfaces
of the layer-waveguide. Assume the normal wave is propagating in isotropic, elastic,

longitudinally weak inhomogeneous layer with mechanically free surfaces Y = iho . The

weak inhomogeneity has the form set in (1.1.4)

OW(X, Y, 1)
oy

_ow(xy.0

=0. (1.2.1)
y=—Nh ay

y=thy

Proceeding analogously to the case of
clamped surfaces, the wave solution of the

v equations of motion satisfying the
// boundary conditions for mechanically free
r / surfaces (1.2.1) can be represented in the
/ form

Siin)

™ 4 W(Xa Y, t) = z W, (X) ' COS(Mn y) : eimnt
=0

e (12.2)
where again w, (X) is shown in the (1.1.9)

o1 and consequently the character of
o amplitude-phase  distortion on  the
propagation of wave signal will be the
same as in the case of clamped surfaces of
sl layer.

Nt Unlike the case of the waveguide with
clamped surfaces, in this case the solution
B of the zero approximation is obtained in
LS the form

— Wo (X, Y,t) =8y, + Y 8y, COS(Hg, Y) - €

300 400 500 n=l1

(1.2.3)
where 8, = W, (X,£h,,t)— the values
Fig. 1.4. The zones of forbidden frequencies for | of shear strain on surfaces.

certain material inhomogeneity characteristics Considering the fact, that the nature of the
change in direction of propagation of the
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wave signal is again characterized by the equation (1.1.8), the wave field in the waveguide in
the case of the mechanically free surfaces in the following approximations are obtained so:

a) in the first approximation, the solution is obtained in the form accounting the material
inhomogeneity

W06 Y,1) = 8y + 738, 008k X) + by sin(k )] cos(44,Y) - €, (12.4)

n=1
where determining wave characteristics are the followings: y,, - wave formation number,
and the amplitudes of harmonics a,, and b, are described in relations (1.1.19) and (1.1.20)
accordingly.
b) in the second approximation, the wave field will have the following form

_ ’ % o, (&:8,5(na/h, )) cos(k,x) +
W2(X, yat)—W1(X)+Y ;a()n +B2 (8i;8i;(na/ho))sin(kzx)

where determining wave characte-

cos(iL,, y)e™", (1.2.5)

ristics are the followings: W, — wave

formation number, and the amplitudes
of harmonics a,, and b, are

described in relations (1.1.25), (1.1.26)
and (1.1.28), (1.1.29) accordingly.

2. Comparative analysis of the
obtained results. As shown above, the
frequency characteristics at different
boundary conditions on the smooth
surfaces of the waveguide of weakly
inhomogeneous material are identical
and because of the inhomogeneity are
a) ) the levels of the wave surface when the changed identically. The weak
surfaces of the waveguide are clamped inhomogeneity leads to a distortion of
P the formation coefficients (Fig. 1.1) as
1| in nature as in value. Formation

g oo
20-

coefficients W,,(KX) are already

changing periodically from the value

Hon =(nn/hy). At the clamped

surfaces of the layer, as in the case of
a homogeneous medium does not exist
the first harmonic with a constant
amplitude.  Depending on  the
characteristics of the inhomogeneity of
the material, at certain frequencies

=

2 4 <] &

b) the levels of the wave surface when the surfaces
of the waveguide are mechanically free sections X=X occurs internal
Fig. 2.1

&
=)

n= Nr of the wave signal in certain

resonance (Fig. 1.3). The weak
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inhomogeneity of the material of the waveguide may lead to filtration of specific
frequencies of the normal wave (Fig. 1.4).

In figures 2.1 (a) and (b) the levels of wave surfaces for different boundary conditions are
given. It is obvious that the wave surface generally preserves the leveled character, existing
in the case of homogeneous medium: preserves the symmetry (or asymmetry) through the
thickness of the waveguide, but are distorted in the direction of wave propagation. On the
lines of level changes jagged deviations are clearly appeared, characterized by the
inhomogeneity of the material of the waveguide. At specific frequencies of the wave signal,
the interaction of the signal and inhomogeneity leads to parametric resonance.
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2U8UUSULP @SNk E3NPLLENP U22U3SPL UUUEURUSE St tulah,
W3BECTUS HALIMOHAJBHOM AKAJIEMHUU HAYK APMEHUMA

Uthuwmthju 69, Ne3, 2016 MexaHnka
YK 539.3

IJIAJJKOCTh OBOBIIEHHBIX ®OPM KOJEBAHUM
B 3AJIAYE KOJIEBAHUI OBOJIOYKH BPAIIIEHUS B
3ABUCUMOCTHU OT HEKOTOPBIX HECYMMUPYEMBIX
KO2®PUIIMEHTOB

Apab6sau M.O.

Putwh punkp: hwwnnty Yopwghtt mwpwdnipniibp, pinhwipugqus nwnwunidubtph
Alh nnnpYnipinil, ukthwuljubt wpdtputp b mwnwinidutph &b, ynndwt punuipe.
KiroueBble cjioBa: crielraibHbIe BECOBBIC TPOCTPAHCTBA, II1aAKOCTh 0000IeHHBIX (HOPM KOJIeOaHH i,
cOOCTBeHHbIE 3HAaUeHHA U (popMBI KoebaHuit, 000JI0UYKH BPAIICHHSL.
Key words: special weight spaces, the smoothness of generalized waveforms, eigenvalues and
waveforms, shell rotation.

Upwpjub U. 2.

Mmndwh punubph nwnwinulibph uimph piphwipugyus nwnuinulibph Akh npoplmpymbp’
Ywhijws npng ny hwbipugmuwpkih gnpsuljhgutnhg

Ushuiwnwipnid nuunidbwuhpynud ' yunundwt punuiph wmwnwbnwdubph juinhpp npny ny
hwipwgnidwpbih gnpswljhgubpny: Snpswljhgubph dpw npdws npnpwlh wuwydwubbph nhypnid
wyugnigynid Lt pughwipugfus wwnwinidutph  duh  nngnpynipymibip tbpdmsdws  Yonwyht
nuwpwénipnibtpnud: 8nyg L wpynud, np mwnwinudutph dbth nnnpynipniup buybu juppdus b
punubipn pimpugpny wjighuh gnpswyhgikphg, hiswhuhp ki hwunnipymih ne dlp:

Arabyan ML.H.
The smoothness of generalized waveforms for the problem of rotation of the shell oscillations depending on
certain nonsummable coefficients
In the paper we consider a problem of oscillations of rotation with certain nonsummable coefficients. Under
certain conditions on the coefficients the smoothness of generalized waveforms in the introduced special weight
spaces is proved. It is shown that the smoothness of waveforms are closely related to such factors characterizing the
membrane, like thickness and shape.

B pabore paccMoTpeHa 3a/1aua Ha COOCTBEHHbIE 3HaUCHUS U1 U PepeHIHaNbHON CUCTEMBI C IEPEMEHHBIMH
Ko duUINEeHTaMH, HEKOTOphle W3 KOTOPHIX MMEIOT HEeCyMMHPYEMyI0 OCOOEHHOCTh. IIpH HEKOTOpBIX
OPEINONIOKEHNIX H3ydaemas 3agada (U3MYecKd NPEACTABIsIeT 3a7ady COOCTBEHHBIX KoOeOaHUH 000I0YKH
Bpamenus. [Ipu onpenenéHHbIX ycIoBUAX Ha KOG QUIUEHTHI J0Ka3aHa MIAJKOCTh 000OIEHHBIX pEeHIeHUH KpaeBol
3aj1a4y, a TAKXKe MIAJKOCTh 0000IEHHBIX (OpM KosleOaHHIT B BBEAEHHBIX CHIELHAIBHBIX BECOBBIX IIPOCTPAHCTBAX.
A 3T0 1aéT BO3MOXKHOCTH CJieJaTh NalbHEHIINE HCCIEIOBaHHS, B YACTHOCTH IONYYUTh OLEHKH CKOPOCTH
CXOUMOCTH JUIsl MPUOIMKEHHBIX pemeHuii. [lokaspiBaeTcs, 4TO rIagkocTbh (GopMm KonebdaHH TECHO CBsA3aHA C
TaKUMHU K02 PUIHUEHTaMHU, XapaKTepU3YIOIIMH 000I0UKY, KaK TOIIIMHA H GopMa.

BBenenme. 3anauu ONTHMAaJIbHOTO YIPABICHHUS UIPAIOT BCe OoJiee BaXKHYIO POJb B
HAayKe M TEXHUKE, UMEIOT pa3liuuHble 00NacTu MpHiIoKeHHs. DPPEKTUBHBIC YHCICHHbIC
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MCTOAbI [1—3] HUMCHOT pCIIAOIINEC 3HAYCHUA JId YCIICHIHOIO NPUMEHCHHA OINTUMAJILHOI'O
YHpaBJICHUA B MIPAKTUYCCKUX 00J1acTsX.

OrpoMHOE BIMSHHE HAa PAa3BUTHE TCOPHUU ONTHMAIBHBIX CHCTEM OKAa3aJi0 CTPEMIICHHE
CO3/aTh YCTpOMCcTBa, oOONajaroIe HAWIYYIIAMH XapaKTepPUCTHKaMH. BaKHBIMHU
XapaKTEepPUCTHKAMH KOHCTPYKIMH SIBIIIIOTCSI BeC W COOCTBEHHBIE HYaCTOTHI KOJEOaHWH.
Haubonee THOMYHBIME B TEOPUU ONTHMAIBHOTO MPOCKTHPOBAHUS CXKATHIX KOHCTPYKIHN

SABJIAKOTCA 3aJa4 MAaKCUMU3AllUU KpI/lTl/I’-IeCKOFO 3HAYCHUA (")0 , TAC (1)0— MHUHHUMAJIBHOC U3
COOCTBEHHBIX 3HAYCHHU TPH 33JJAHHOM BECE KOHCTPYKIMH M 3a7a4l MHHUMAJIBHOTO Beca
X OTPaHUYEHHH (), > W, rae W — 3ananHOe yncio [4-7].

Ontumuzanmonssie 3amaun  (1.1)—(1.5), (1.1)—~(1.3), (1.6), (1.7) mamo wu3y4YeHSHI.
CJ0XXHOCTD pEIIeHUs] 3THUX 337ad 3aKJII0YaeTcss B TOM, YTO HEKOTOpbIe KO3 (HINEHTHI
YpaBHEHH UMEIOT HECYMMHUPYEMYIO OCOOCHHOCTD.

1. ITocTanoBka 3agauu. B mpemnaraemoii paboTe paccMaTpuBaeTCs CIEAyIOIas 3a1ada

Ha COOCTBEHHBbIE 3HauyeHHs. [Ipy HEKOTOPBIX NPEAINOIOKEHHAX KojeGaHuii 000J0YKH
BpALLEHHS ONUCBIBAIOTCS CIEAYIOIEH cUCTEMON ypaBHeHUH [8]:

(rDW") + vD’—? W' | +(f'9) =ArhpW (1.1)

' (a

(arg') —=| =+vd' |- f'W'=0, (12)
r

roe ¥ E(O,b) — pamuyc 0GONIOYKH, W(l’)f aMIDIITY/Ia TIEPEMENIEHHST TOUEK CPEIUHHON

HOBEPXHOCTH OOOJIOYKA B HOPMAILHOM HAIPABJICHUH, (p(r)f (GyHKIUS  yCHIHH,

XapaKTepusyrmiad TaHICHOHUAJIbHOC HNEPEMEIICHUC, f(r) - (I)yHKHI/Iﬂ, orpeaciidronas

(hopMy CpEIMHHOW TOBEPXHOCTH OOOJIOYKH BpAIICHUS, h(l”)f TOJIIIMHA, a p(r) -

yAeJbHBIN BeCc MaTeprasa 000J0UYKH,

p(r)= L)

1
C12(1-v?) a(r)zm’
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rae £ —monyns FOnra, v — xoaddunuent [Tyaccona, KpaeBble YCIIOBUS JUISA 3aKPEIUIEHHOM
000JI0YKH UMEIOT BUI:
1 ' D
w'|_ =|=|(=DW") +|vD' == W' || =W|_, = =
v r (1.3)

r=0
a(r(p’—vcp)‘rzo =a(r¢’-ve) 0.

2 . N
3mech A = — MHHHManbHOE cobcTBeHHOE umcno 3amadn (1.1)—(1.3). C aroii 3agaucit
CBA3aHbI pa3/IMYHbIC 3aa4X ONITUMAJIBHOT'O YIIPaBJICHUA.

O}IHOﬁ M3 BaXKHEHUIITNX 3aJa4 ABJIACTCA MUHUMMK3AllMA BECa 060.1'10'-11(1/1

r=b o

b
J(f'):jznrhp 1+ fdr —inf (1.4)
0

[PH YCIOBUH
r=o'(f)=0,, ['20. (1.5)

3amada ONTHMU3AINH 3aKII0YAETCS B OTBHICKAHUH (PYHKITUH f (r) , JTOCTaBJISAIOIIEN

MHUHUMYM (yHkuuonany (1.4) u ynoenerBopsiiieii ycnosusm (1.5).

3aMeTHM, 4YTO YHCIO pPacCMaTpHBaeMblX (YHKIHMOHAJIOB M HAKIaAbIBAEMBIX
OTpaHUYECHUHH, KOTOpble IPEINOJIaraloTcsi HENPOTHBOPEUYMBBIMU, MOXKET ObITh, B
TIPHUHITAIE, CKOJb YTOOHO OOoibmiM. ONTUMH3UPYEMBIH (QYHKIIHOHANT (KPUTEPUH KadecTBa
KOHCTPYKLWH) B KaXKIO0W KOHKPETHOM 3ajaye TONbKO onuH. Tak, Hampumep, NpH H3rude
0aJKK1 IEpeMEHHON TOJIIINHBI MOT'YT OBITH IOCTaBJICHBI 3371a41 B MUHUMH3aLUK Beca Oaku
IPY OTPaHUYCHUH HA MTPOTUOBI MIIM MUHUMH3AaLUH MaKCUMaJILHOTO Nporuda Ipy 3alaHHOM
Bece. OHAKO, 3a1a4a OJJHOBPEMEHHON MUHUMH3ALUH JBYX (YHKIHMOHAIOB Beca Oajku 1
MaKCHMaJIbHOTO Mporuba He UMEET CMBICIIA.

OO00JI04KH U IJTACTHHBI SIBJISIFOTCS. MEXaHUYECKUMH KOHCTPYKIHMSMH, KOTOPbIE ITUPOKO
UCIIONB3YIOTCS B TEXHHUKE.

Bec — o1Ha U3 OCHOBHBIX XapaKTEPUCTHK KOHCTPYKLHUH, U IIO3TOMY B OOJBLINHCTBE
paboT 1O ONTHMAIBEHOMY HPOEKTHPOBAHMIO 3TOT (yHKIMOHAN JHOO paccMaTpuBaeTcs B
KAuecTBE ONTHMH3HPYEMOTO KPHTEpHs KadecTBa, JIMOO (QHIYpHPYEeT Cpeau Ipyrux
NPHHUMAEMBIX OTpaHUYCHUI. Bec KOHCTPYKIMM XapaKTepH3yeT KakK Pacxoi MaTepHaoB,
TaK ¥ HEKOTOPBIE €€ SKCILUTyaTallMOHHbIE CBOWCTBA.

Taxoke paccMaTpuBaeTcs 3aJja4a MaKCUMH3allii MUHUMaJIbHOTO COOCTBEHHOTO YHCiIa

A=’ (f")—>sup (1.6)
IIpu 3aJaHHOM BECC 000J109KH
J(f)=J,, f'20. (1.7)

Takoro Tumna 3ama4ud paccMOTPEHbI Pa3IMYHBIMU aBTOpamu. M3BecTHBI MOHOTpadus
Mankosa B.I1. u YroguukoBa A.I'. [6 | u )xypHansHas ctates bpatycs A.C. u CeiipansHa
AL [15].
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Bo Bcex mepedmcieHHBIX paboTax, B OCHOBHOM, paccMaTpHBaIOTCS 3aJadd, B KOTOPBIX
VIOpaBICHHEM SBISICTCS TOJIIUHA IUTaCTHHBL. Ham m3BecTHa b padora [12], B koTopoid
paccMarpuBaercs 00O0JIOYKa M MPOBOMUTCS ONTUMH3ALUS KakK IO TOJILMHE, TAaK U II0
npoduiro 000I09KH.

Jnst u3ydeHns 3aga4n KoyieGaHUH CHavasa Hy>KHO H3y4YHTh KPaeByIo 3a/1ady:

(L), =1 (18)
(Lu), =/, (19)
¢ (uKCHpOBaHHBIM YIpaBICHHEM p(l”) =f ,(l”) npu KpaeBbix ycnoBusx (1.3),

u= (W, (p) . IlepBslit Bonpoc, KOTOpBIH BO3HUKAET IpU KccienoBanuu 3aaaqn (1.1)—(1.5),

9TO — Kak roHumarh peuenue 3aaaqn (1.1)—(1.3) npu GpUKCHpOBaHHOM yIpaBICHUU p (r)

Jeno B TOM, uYTO HEKOTOpble KOd(pQUIHMEHTH ypaBHeHHH wuMeoT npu + =0
HECyMMHPYEMYIO 0COOeHHOCTb. [T03TOMY BBENEM Clle/IyOIIie BECOBBIE IPOCTPAHCTBA.
2. BecoBble MpoCTPaHCTBA U 00001IEHHOE pellleHne

HccnenoBanne Takux KpaeBBIX 3ahad Ul YPAaBHEHHUH, MMEIOIINX HECYMMHPYEMYIO
0COOCHHOCTh, OKAa3bIBAETCS, JIy4Ille BCErO BECTH B HEKOTOPHIX CIEIHAIBHBIX BECOBBIX
MPOCTPAHCTBAX.

. 1 2
Beeném BecoBble THIBOEPTOBEI IPOCTPAHCTBA H,[O,b] , H; [O,b] CO CKIAPHBIMH

MIPOU3BEACHUSIMU COOTBETCTBEHHO [9]:

b
uv
<u,v>H, =I ru'v' +— |dr,
’ r
b !
I(ru"v"-i— +uv)d
0

1 HOpMaMHu:
1/2 1/2
"u”H,‘. = (<u,u>H’,‘) ’ ”u T (<u’u>H,?) ’
OG603HauNM depe3 V' ciieyroliee JTHHEHOe MOMPOCTPAaHCTBO npocTpancTa H x H) :
Vz{v: verxHrl,vl(b):v{(b)zo}.

B mpoctpanctee V' paccMotprm OmmmHEHHYO hopMmy:

B(u,v)= J.[rDul"vl"wL (D- \/D'r)m — pu,yv, +
r

0

U,v b
+aruyvy +(a+va'r) == dr—avu2v2|0 ,

MOpOoXAEHHON nr((depeHINaIbHBIM OIIepaTOPOM U KpaeBbIMH ycIOBUAMH 3amaun (1.1)—
(1.3).

Janee, npyu HEKOTOPBIX YCIOBUSIX Ha KOA(PQUIMEHTHI JOKa3bIBAETCS MOJIOXKUTEIbHASL

OMpPEIEIEHHOCTD U OTPAHUYEHHOCTD OHITHHENHO GpopMmbl B (u, V), a UMeHHo [9]:
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B(u,v)Zoc”v”i, YveV 2.1
|B(u,v)| < Mul, [V, ¥ver 2.2)

rae oL 1 M — nonoXKuTeNbHbIE IOCTOSHHBIE ¥ HE 3aBUCAT OT U U V.
Taxxe mokassiBaetcs [9] cymiectBoBanue 00001mEHHOTO penienus 3aaayu (1.3), (1.8),
(1.9), T.e. cymecTBOBaHHE TaKOTO % € V', JIsl KOTOPOTO BEPHO COOTHOIIICHUE:

B(u,v)z(fl,vl>L2+<—f2,v2>L2, Vvel. (2.3)

Bosbmém moGoe Y € L, [O,b] . Torga ycnosue

B(u,v)=< rhp W,V1>l’z , Yvel,

Jrip v
0

nonyuensoe u3 (2.3) npu f = , onpejienser Gpynkuuio U € V. Tem cambim,

onpenenén oneparop G:y € L, [O,b] —>u =Gy eV, upuuém BepHa OLeHKa:
e, e <07 Nrp "’qu <q v, (24)

H}xH, - ||G\|I|
Janee noka3pIBaeTcs, 4TO ONEPaTop E Y= «/}’hp (G\V)l , KaK oneparop, oToOpakaromui

L [O,b] —>L, [O,b] — KOMIAKTHBIH U CaMOCONPSKEHHBIH [9].

3. I'maakocTh 06001EHHOTrO0 pelIeHNs KPaeBoi 3a1a4u.
JHepreTuyeckue OLEHKH

[epefiném k wm3yueHwmro aud¢epeHIaIbHbBIX CBOMCTB pemieHus 3amadn (2.3). Ham

. )26 1:12
MOoHamo0sITC paHee BBeNEHHBIE [9] BecoBble THILOEPTOBBI MpocTpancTtBa H ., 11, co

CKaJIAPHBIMHA ITPOU3BEACHUAMU COOTBETCTBEHHO!
[N

b b
u'v
<u,v>ﬁ2 = I[ru”v" +u'v +—j dr, <u v), j(ru"’v"’ +u"y" +—+uvj dr,
G r
0 0

r

1 HOpMaMMu:

1/2 1/2
i =) ) ey =(G)y )

CnpasenBa

Teopema 3.1. ITycts D(r),a(r)eHz[O,b], p(r)eHl[O,b], f=(f1,f2), b eL2[0,b],

%GLZ[O,b],fzeC[O,b],D(r)ZD0>0,a( 2a,>0, D(r)-vD'(r)=D, >0,

Ju

0 < v =const <1. Torna penrenue 3anaun (2.3)

u zu(r)e(ul(r),u2 (r))er x H?

M CIIpaBCJIMBa OLICHKA:
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/;
bl 26 Vi, 2] el o

Pemenue YAOBJICTBOPACT YCIIOBUAM:
u (0)=u,(b)=u;(b)=0,

a(ru; —Vvu, )LO = a(ru; -V, )L:b =0.

(3.2)

[Tpnuém, kpaeBsle yciaoBus (3.2) BBIIOIHIIOTCS B KIIACCHYECKOM CMBbICIe, a ypaBHeHue (1.2)
— TIOYTH BCIOLY.

JloxkazaTeanerBo. PazoGhém orpesok [0,6] a N pasmbix uacteii Toukamu:
O=r<p<--<r<r,<--<ry=>b,
r,=r+h, b=Nh.
Hanmmewm passoctHyto cxemy mis 3amaqn (1.3), (1.8), (1.9). Nmeem:
D, -
SrF(( ) 16rrull)+8 [( Di,_j)srul’i]—}_s (plu21) fz l=1,N—2 (33)
i

0 ( ar 6 uzl) a +vr6a)u——p18rull fris i=LN-1 (34

i

( 1 rrul 0 +[VD’ ! jsrul,l] = 87‘1/[1’0 = 0, ul,N = 87141’]\, =0
h (3.5)

0)(0-8,uy9 =ity ) =0, Tee. uy,=0; a(b)(bdu,y—vu,,)=0,

rae
17 17 "y
fu=o [ hdr. =2 ] fidr. D=D(r), D/=D'(r). a;=a(r). p,=p(r).

. 1 2 12 3
Beeném CICOYIOIMUE BECOBBIC NHCKPETHBIC IIPOCTPAHCTBA ['I,.’N, H,,N, Hr’N, Hr’N C

HOpMaMu COOTBETCTBEHHO!

M, =D (8 ) 0 3,

i=1 i=

I
N-1 N 2 N
LS YHCRY IS JU IS
! =0 =) =0
, 11\/71 },12 , IN l 5 1Iv71 sz
”V”H2 :Z (6r7vl) h+2(67v1) h+ _zh
i=l1 ’/;'+1 i=1 i=1 l’;
N-1 2 N-l N 2 N
M =S (5,0) h+z(s,,v,.)2h+z(5r?) h+2vfh
Y i=1 ’/;H i=0 i=1 ’/; i=0
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V= {v VEHZ XHrlN’S Vig =0V y =V =V =0}'
YmHoxum (3.3) Ha V|, a (3.4) Ha —V,; U IPOCYMMHUpPYEM IIEPBOE 1O i OT lgo N-2,a

Bropoe — oT 1 no N —1. ITonb3ysack pa3sHOCTHBIM aHAIOTOM (HOPMYIIBI HHTETPHPOBAHHS [0
4acTAM, KpaeBbIMU yCJIOBI/ISIMI/I 3. 5) MOy IHM:

([uN,[v ) qu"nh Zlevzlh v[v], €V, (3.6)
rne [u]Nz([ul]Na[uz]N):[ul] =(141 1o Uy ulN) [uz] z(uz,oa uZN)

a( N) Zi " r,u1l8r1v11h+z ,;)mh_

i=0 i=1 ”;

= N-1
Zpu2l8rvllh+z 8u218 v, h+
i=1

u v, . N-l
2,1 2,1
+Z (a,,+vrd.a,) h+ Z POy v, h—vayu, v, .
7 i=1
AHaJ‘IOFI/I‘{HO (2.1) MO’KHO TOKa3aTh, UTO

a[v], [ ) 2 e o], v[v]y eV

2 1
HE yxH,

rae O, He 3aBUCHT HH 0T A, HH 0T N . Otcrona u u3 (3.6) ciemyer

N-2 5 N-1 5 172
60 0 (ST S5 on
r,N r.N i=1 =1

AmnanornyHo 3azmade (2.3) [9] MoXHO [OKa3aTh CyIIecTBOBaHHME, a W3 OIeHKHu (3.7)
€JIMHCTBCHHOCTD pelieHus 3a1a4u (3.6).

Hama 3amaga coctoutr B ToM, 4ToObl sl pemreHus 3agaun (3.3)—(3.5) momyuuts
CJIE/IYFOIIIE OLEHKH:

], i, SM{NE[(J’],;)2+(E‘) ]h+ma><(fz ) J (3.8)

i=1 i

s N=2 By Nl 2
o, {01500
r.N i=1 i=1
rue
M, =M, (r[r;g? a(r))- maxla’ ()] max|D'(r)] ‘%éabi‘“"j: (3.10)
=M2 ("a 72 0 l)"H2 ’”p"H1 )

Jis momydenus onenku (3.9) cHawanma yMHOXHM pa3HOCTHOe ypaBHeHme (3.4) Ha
—u. .
2, .
—=h, npocymmupyem 1o [ ot 1 10 N—1 W IPOUHTETPUPYEM TIO Y9ACTIM HEKHE €ro
P

i

wieHsl. B pe3ynpraTe nomyanm:
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N=2 -1
1

Z(u;) h+Z(6,u2,,.)2hSMz(Z(fu)zh*Z(f“)z hj

rne M,— u3 (3.10). Bo Bropoii pa3 ymHoxum (3.4) Ha 7, npoauddepeHIpyeM B pas-
—0, Uy,

HOCTHOM CMBICJIE 110 7; , yMHOXHM Ha h u npocymmupyem o i or 2 o N -1,

V.

1
CHOBa NPUMEHHUM (HOPMYITy HHTETPUPOBAHUS 110 YACTSM K WIEHAaM BBICIINX MPOM3BOAHBIX,
W, TAe HYXHO, y4TéM KpaeBble ycioBus (3.5). B pesynprare momydaercs ouenka (3.9).

AHaNOrM4HO MOXKHO HONy4uTh oueHKy (3.8). [anee, mycTsb [ul]N =(u1’71,u1’0,...,u1’N) "

[u,], = (uz,o,uz’l,. -~>”2,N) — pemenue cucteMsl (3.3)—~(3.5). ITocTpoum dyHKIUN

' (r)= iuuﬂu (), u(r)= iuz,%z,f (r), 3.11)

rae
4
r—r._
%, oy ST,
2 4 4
L+(r_n’l) _(r—rl.) _(r—rH) , r,<r<r,
12 2K 245° 8h’ ’ ’
1 (r=0)(ra=r) (r=1)" (r=r.)'
6,(r)=13" i T T o TS (3.12)
L+(r_’;'+2)2_(r_r;'+1)4_(r_r;'+2)4’ KISVSI” )
12 24 24h* 8n* a a
4
r—r.
%; f;.+2SVS7;+3,
i=—1,N.
3
I"—I’Z;
%’ B, ST=r,
reng (r=n)*20r-nn)
h 6h’ oo
)= (=) (o) +200-m) (3.13)
h 6]’!3 > i — — Ti+l?
3
i ™7
( ;h3 ) ) }’;.+1SVS}’;+2,
i=0,N

N3 (3.11) mst u;’ (F) MTOITyIUM
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aé‘ﬁ”z,l + 757”2,1 0<r<h
3 3
r=r r—
uf(r): ( 6},) S, 2,1+( - ) Sy, ( )57u21+u211, r,<r<r
i=2,N-1
ry —r
( - ) 5r?u2,N71 +(r_rN—1)57u2,N TUs nors Ty SrEry

AHaJIOTUIHO ué’ (l’) , ¢ momomrsio (3.11) u (3.12) MOXHO TIOTYYIHTH ulh (7’) .
B cummy xpaeBpix ycioBuit (3.5) wumeem 57141’0 =Uy, = 0, a suauwur,
(ulh) (0)=u; (0)=0. Herpynno moxasats, uro u'(r)= (ulh (r),ul (r)) eHxH? u

CIpaBe/UIUBBI OLICHKU
h
||u1 ”//3 S M3 ”[ul]N"H% v (3.14)

ez <2 [, (3.15)
Hanee, B cuiy (3.6) nmeem:
B )= (), +(fo), [=[(B(e9) (], [, ))-
b N-2 b N-1
_Uﬁvl dr— Z fl’l.vl,l.hj + {J.fzv2 dr— Zfz’l.vz’th < (3.16)
0 i=1 0 i=1

/:
<o U, o[2] ot

rne M He 3aBUCHT OT /1 .
B cuy onenok (3.8), (3.9), (3.14), (3.15) u B cmity Toro, 4To

(v | et

i=1 i=1

W, YveV,

H?xH!

N-1

L,

2

N—l(f‘i) I

; ’2’;2 h= TZLZ, m?x|f2,[ S%%{m"

UMEEM
2

||uh ; 2 —(Mz +1\/12)(M2+M2)[||f1 2 n % +%%?|f2|szR'
L, ’
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3772
Tax kak map B 1, xH. apnsercs cnabo KOMIAKTHEIM, TO U3 MHOMKECTBA {uh} mpu h — 0

n\” 3
MOYKHO BBIAEJINUTH TaKylO IIOCIE€IOBAaTEIbHOCTH {u } = {u”} eH; ><H , 4TO U, > u

n=

3 r 72 . 3 72
cnabo s H, xH | npnqu, u=(u,,u,) € H}xH’ uBepHa ouenka

fz

uf, . <c
" Hx 2 3 [O,b]

+max|f;[ |. (3.17)
L

0
B cumy nemm 4 u 6 [9], U3 mocnenoBaTeNbHOCTH {un}”:1 MOJKHO BBIIEIUTH TaKylO

©

noArnocCiaca10BaTCIIbHOCTD {u"k }kfl , UTO

u, —u — 0 npu k,m—>o0,

. ny,

H2xH!

2 1
Ho torna, nockonbKy B crity ieMMBl 2 [9] mpoctparctBo 1. X H — monHOe, TO HMeeM

—0 mpu k>,

||u — H2xH!
(3.18)
Hoxaxewm, uro U = (”1 ,Mz) SIBIIICTCS pelieHneM 3a1aqu (2.3). B camom nene, B CruTy OIICHOK

(2.2), (3.16), (3.18) umeem:

‘B(u,v)—(fl,vl>L2+<f2>Vz> ‘S‘B(“—”nﬂ)‘*
+‘B(unk,V)—<fl>V1>L2 WAy ‘<MH” u,

vl +
H2xH! ” H]xH,

M LAl 2+l [Pl 12 >0, wrer,
L,

[0.5]

npu h — 0. Orcroga
B(u’v) = <fl’Vl>L2 _<f2’v2>L2 > Vve V~
AHaIOTUYHO, TIOJIB3YSICh OLIEHKaMH TeOpeM BIIOXKeHHUs 2, 4 [9], MOKHO AOKa3aTh, YTO

' _ r_ —
ueV  a(ru)—vu, )Lo =a(ru, —vu, )L:b =0
Takum oOpa3zom, U — permeHue 3afgaud (2.3) U I Hero crhpaBeaiuBa oueHka (3.17), u3
KOTOpoii ciesyer ouenka (3.1). Bomonnenue ycnosuit u(0)=u, (b)=u/(b)=0 B
KJIACCUYECKOM CMBICTIE CIeIyeT U3 TeOPEMBI BIIOKEHH 2 [9], KoTopast BBITJISIUT TakK:
Teopema 3.2 [9]. Jliobas gynkyus ve H ,,2 [O,b] Modicem 6blmb OMOJCOeCMEeHd ¢

@ynryuetl, umerowell HenPepvIEHYIO NPOUIBOOHYIO, NPUYEM

max(‘v )‘+‘v(r)‘)_ V'(0)=0

VYcranoBuMm, uyTo ypaBHeHue (1.2) BemomHsercs mouTtH Bcroomy. U3 (2.3) mpu

0
V= ¢ yuérom (1.3) mmeem:
v,
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b

_ s a ' [ b b _

0= J aru,v, + (; +va' \u,v, + puv, |dr —avu2v2|0 + jo fov,dr =
0

A (3.19)
=[] J| (atui) - g"*Va'lb-pu{—j; de |V, dr.
0\ b
MokHO yOeUThCsI, 4TO
=[] () | Gva fus i1, |dedz < 1 [0.0].
0b

Ho torma u3 (3.19) momydmm:
b

j (aciu;)'— %+va' u, — pu — f, |’d& =0 vre[0,b].

A 9T0 3HauUT, 4TO ypaBHEHUE (1.2) BBHIIOIHIETCS MOYTH BCIOAY.
Teopema 3.1 nokasaHa.

4. 'nagkocTb 0000IEHHBIX opM KoJIefaHuii B 3a1aue KoJieOaHui
000J104KH BpaleHust

Onpenenenne. Pynkuyn u €V, u =0 uuucno A Ha30BEM 0006MEHHOI (HopMOit
KoyiebaHui M coOCcTBeHHBIM umcioM 3amadn (1.1)-(1.3), ecnu BBIIONHSETCS CIEAYIOIICe
PaBeHCTBO:

B(u,v)=7u<rhpul,vl>Lz, YvelV (4.1)
B pabore [9] npu onpenen€HHBIX yCIOBHAX Ha KOI((HUIMEHTHI I0Ka3aHO CYIECTBOBAHHE
peleHus 3a1aui Ha coOCTBeHHBIC 3HaueHus (4.1). CnpaBeainBa ciemyromas

Teopema 4.1. /Jonycmum svinonrensl yciogus meopemst 3.1, mozoa 060o6wénnvie opmul
Konebanuti 3a0aqu (4.1)

u, e H) xH?

Jokazarenscrso. lockonsky F) =+/rhp (G\V)l— KOMITaKTHBIH M CaMOCOIIPSIKCH-
HBI [9], TO oneparop F| nmeer coOCTBEHHbIE 3HaUeHUs 1 coOCcTBeHHBIE (pyHKuuu [10],
Ry =py. 42)

CropasennuBa ciaeqyromas JeMMa.
Jlemma 4.1. Ecnu |\ — cobcmgennoe uucio, a \J — coomeemcmeyowas coocmeennas

1
dynxyus za0auu (4.2), mo A=— u u=GY seraomeca cobcmeentbM UUCIOM U

0000wénnot hopmoti xonebanuii 3a0aqu (4.1) [9].
Ocranock 10Ka3ath, YTO MPH BHIMOJHEHUH YCIOBHI TE€OPEMBI

3 72
uk € Hr XH/ .
Oto ciexyer u3 TeopeMsl 3.1 U puBeIEHHO TeMMEL, a U3 (2.4) criemgyeT
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-1
L N e
”u H2xH? ”GW HxH? — a H Vhp\IIHLZ SGv L"

Teopema 4.1 nokasaHa.

3akJ/r0uenue. bompuryo poss npu BEIOOpe MOAend u HOPMyIHPOBKE 3a1a9d HIPACT
anpuopHas HH(pOpMAIM O CBOMCTBaxX MCKOoMoro pemenus. Madopmanus o moxmenu u
3HaHWE NPUHLMUIHAIBHBIX CBOWCTB €€ pElIeHWs MO3BOJISIOT TPH ITOCTAHOBKE 3aJayd
ONITIMU3AIMN BBIICNIUTH CYIIECTBEHHbIE OTPaHUYEHHS M OTOPOCUTH «BTOPOCTEINIEHHBIE» 1
TEM CaMbIM TPUBECTH 3aJady K TakOMy BHIY, YTO €€ MOXXHO DPEUINTh HWMEFOIIMMUCS
YHCJICHHBIMHU WU Ja)Ke aHATUTHYECKUMU METOJaMH.
B Hacrosimmeid pabote, BBeis BecoBble (DYHKIMOHAIBHBIC MPOCTPAHCTBA, MOKA3BIBAKOTCS
cBoiicTBa QopM KoJeOaHMil, a UMEHHO, YTO TJIAAKOCTh (hopM KoJeOaHM TECHO CBs3aHa, a
BepHEE, HENPEphIBHO 3aBHCUT OT  KOI3((HIMEHTOB, XapaKTEPU3YIOIIUX 00O0JI0UKY,
TOJIIUHBI U POPMBI.
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2U3UUSULP @bSNh(e3NPLLENP UQFU3PL UUUEURUSE Sttulahl
W3BECTUSI HALIMOHAJIBHOM AKAJIEMUM HAYK APMEHUM

Uthuwmthju 69, Ne3, 2016 MexaHuka
UDK 539.3

ON A PROBLEM OF SUPERSONIC PANEL FLUTTER IN THE
PRESENCE OF CONCENTRATED INERTIAL MASSES AND MOMENTS

Belubekyan M.V., Martirosyan S.R.

Key words: stability, elastic rectangular plate, supersonic overrunning, divergence, localized
divergence, flutter

KiioueBhle ¢J10Ba: yCTOHYMBOCTD, YIIPyras IPSIMOYrobHas IIACTUHKA, CBEPX3BYKOBOE OOTEKaHHUE,
JMBEPIreHINs, TOKAIM30BaHHAas AUBEPTeHINS, (IaTTep.

Putiuh punkp. Juyniinipinil, wpwdquljub ninnulynit vw, ghpduyughtt opohnunid,

nhtpglughw, nknujiwgjwus nhtpgkughw, prunknp

Beay6exssn M.B., Maptupocsin C.P.
O 3a5a4e cBepX3BYKOBOI'0 NaHEJbHOr0 (IaTTepa NPH HATHYHH COCPEIOTOYEHHBIX
HHEPHHOHHBIX MACC H MOMEHTOB

B nuHeitHO# nocTaHOBKE HCCIIETyeTCs] JMHAMUYECKOE MTOBEICHUE BO3MYIIEHHOTO JIBM)KEHHSI TOHKOH ynpyron
MIPSIMOYTOJILHOM IIACTHHKH BOIU3H IPAHUI] 00IACTH YCTOHYMBOCTH IIPU HaOEraHUH CBEPX3BYKOBOT'O IIOTOKA rasa
Ha e€ cBOOOJHBIH Kpall B MpPEANOJOXKEHWH, YTO BJOJb CBOOOJHON KPOMKM M LIAPHUPHO ONEPTOM
MIPOTHBOMOJIOKHOH el KPOMKH, IPUIOKEHBI COCPEJOTOYCHHBIE HMHEPIMOHHBIE MAcChl M MOMEHTHI II0OBOPOTa
COOTBETCTBEHHO. HaiiieHbI KpHTHYEeCKHEe CKOPOCTH AUBEPreHIHU U (uiarTepa. Y CTAaHOBICHO, YTO UHEPIMOHHBII
MOMEHT [TOBOPOTA NPUBOJUT K CTAOMIM3ALUH BO3MYIIEHHOTO IBHXKEHUS CHCTEMBIL.

PEmptlyuh U4, , Uwpuhpnuywi U.0E.
AEpduytiught yubbjuyht runbtph pugph dwuh YEnpnbwgdwus hukpghnt quiuqqdush b
undkunh wnljuynipyubt ghypnd
TYhunwpyjws £ ghpdugiughtt gqugh hnupmd nuppublynit vwjh juyniinipyut vh jeughp: Znupp
nunyuws £ wquun kqphg nkwh hwlijwunhp hnpujwwynpkt wdpwlgdws tqpp qniquhbn djniu Eplnt
hnnuljuwynpbkt wdpulgyus tqpppht: 8nyg £ wdwd phykpqhughuyh b $punbph wnwpwmgdwn
huwpwynpnipniip: Fnudus ku nhykpgiughugh b $untph Yphuhjujut wpugnipjubt wpdtputpp:

By analyzing, as an example, a thin elastic rectangular plate streamlined by supersonic gas flows, we study the
loss stability phenomenon of the overrunning of the gas flow at is free edge under the assumption of presence of
concentrated inertial masses and moments at the free and hinged edges respectively. For some special casesof a
problem of a panel flutter critical velocities of divergence and flutter are found. It is established that inertial
moment of rotation leads to the stabilization of perturbed motion of the system.

Introduction. In this paper we study some special cases of the problem of supersonic
panel flutter, which the General case for moderate values of the parameters was
investigated by an analytically method in [1]. Each of them is of independent interest for
the study in terms of identifying new mechanical effects associated with the loss of stability
of the system “plate—flow”.

The theoretical and numerical methods to study of the divergence and flutter instability
of plates and shells devoted a huge amount of works, a General review of which is
contained in the monography by Algazin S.D. and Kijko .A. [2(pp. 210-245)] and the
article by Novichkov J.N. [3].

The results can be used in the processing of experimental studies of divergence and
panel flutter of the modern supersonic aircraft.
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1. Statement of the problem. Considered a thin elastic rectangular plate, in a Cartesian
coordinate system OXyz occupies the area: 0 <x<a, 0<y<b, —h<z<h. We choose
the Cartesian coordinate system OXxyz so that the Oxand Oy axes lie in the plane of the
undisturbed plate, and the Oz axis is perpendicular to the plate and directed to the side of
supersonic gas flow streamlining it from one side in the direction of the Ox axis with an
undisturbed velocity V . We assume a plane, potential flow. And, also, we assume that the
plate is not exposed to the tensil forces in the middle surface. Let the Xx=0 edge of the
plate is free and edges: x=a, y=0, y=Db are hinged. We assume that the concentrated
inertial masses m, and rotation moments | are applied to the X=0 free edge and to the
x = a hinged edge respectively [1, 4(p.27, 101), 5].

Under the influence of certain factors, the undisturbed equilibrium state of our plate can
be broken down, and it will begin to perform disturbed motion with a deflection
w=(X,Y,t). The deflection w=(X,y,t) will cause an excess pressure Ap on to the upper
streamlined surface of the plate from the side of streamlining gas flow, which is taken into
account by the approximate formula of the “piston theory” [6, 7]: AP =—38,p,V 8W/ oX,

where @, is the sound velocity in the undisturbed gas medium, p, is the density of
undisturbed gas flow. Let us assume that the deflections w= (X, y,t) are small as compared

with the thickness 2h of the plate.

Find out the conditions under which the possible loss of stability of the undisturbed state of
equilibrium of the plate, when the bending of the plate due to the corresponding
aerodynamic loads Ap and concentrated inertial masses m, and rotation moments | are

applied to the free X=0 edge. Thus, in accordance with the new approach, the influence of
the distributed mass of the plate and the resistance forces can be neglected.

Then, under assumption of the validity of the Kirchhoff hypotheses and "piston theory”,
the small bending vibrations of the points of the plate middle surface about the undisturbed
equilibrium state is described by the differential equation [1, 4(245)]

DA*w+ayp,V ow/ox=0, (1.1)
A*W= A(AW), AW is a Laplace's operator; D is a cylindrical rigidity.

In the accepted assumptions concerning a way of fixing of edges of the plate the
boundary conditions can be written in the form [1, 4(101), 5]

2 2 2 2 2
X X X
o*w o’w
w=0, —=—| D , X=a: 1.3
o T oxot? (13)
2
w=0, gy‘f’zo, y=0and y=h: (1.4)

The problem of the stability of an elastic thin rectangular plate streamlined by a
supersonic gas flow, which is described by correlations (1.1)-(1.4), lies in finding the
minimal value velocity V, (i.e. the critical velocity) such that, in the case V <V,

disturbed motion will be stable and, for V >V, — unstable. In other words, is required to
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determine the values of velocity at which the equation (1.1) with the corresponding
boundary conditions (1.2)-(1.4) has the non-trivial solutions.

We see that the analysis of the stability of the plane form of the plate in the potential
supersonic flow reduces to a study of the differential equation (1.1) with the corresponding
boundary conditions (1.2)-(1.4) for the deflections W= (X, Y, t).

2. General solution of the problem. For finding the general solution of the problem of
stability of the plate (1.1)-(1.4), we will reduce it to a problem on eigenvalues for the
ordinary differential equation.

We try to find the General solution to the boundary-value problem defined by equation
(1.1) and by the boundary (1.2) - (1.4) in the form of harmonic vibrations [9]

WX, Y,t) = Y C, exp(u, pX+At)-sin(,y) . p, =mnb ™, @.1)

n=1
then, in accordance with the expression (2.1), the considered problem of the panel flutter
(1.1)~«(1.4) is reduced to the following boundary value problem on eigenvalues A of
nonselfadjoint operator for the ordinary differential equations on the forms of vibrations

f (X)=C, exp(u, PX), where C

zero simultaneously; n is the half~waves number along of side b; p— are the roots of the

. are the arbitraries constants, which are not equal to

characteristic equation

2 2 3 3 1,3 3
(p"=D)"+a,p=0, a,=3p,VD ", a, >0, (2.2)
corresponding to differential equation (1.1). The characteristic equation (2.2) has two
negative root p, <0, p, <0 and a pair of complex-conjugate roots [, , = QL +if with a

positive real part ot > 0. The roots of the equation (2.2) are determined by the following
expressions [10]:

P, =-0.5{2(q+1) i\/\/qz -1-0.5(q-1), (2.3)
P, =0.5J2(q+1) + i\/wlqz ~1+0.5(q-1), (2.4)

q>1. (2.5)
Here q is the only real root of the cubic equation
8-(1+9)’(q-D=a’, o’ =a,p,VD'w,’, u,=nnb". (2.6)

From the relations (2.6) it is easy to obtain the expressions of the dependence of the
velocity V of gas flow on the system parameters

V =2{2(q-1)-(q+1)-7’n’y’D(a,p,a’) " @7
As well as,

V =22(q-1)-(q+1)-Tn*D(a,p,0’)". 2.8)
Here y is a relation of the width a of the plate to its length b

y—ab 9)

Then, the General solution (2.1) of the equation (1.1), due to ratios (2.3) and (2.4), can
be written as
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o 4
WX, Y,0) =D > Cyy-exp(u, PX+At) sin(u,y) (2.10)
n=1 k=l
Substituting the General solution (2.10) the differential equation (1.1) in the boundary
conditions (1.2)-(1.4), we obtain a homogeneous system of algebraic equations of the

fourth order relatively the arbitraries constants: C, . Equate to zero the determinant of this
system of equations - characteristic determinant leads to the dispersion equation [1]

1O AL + (o, A+, AN +A =0. 2.11)
And introducing the notation

kK =y,-8.",%,>0,8 >0, (2.12)
we can rewrite characteristic equation (2.11) in the form

AL + (KA + AR +98, A =0, ye(0,0),%,>0,8,>0. (2.13)
Here

5, =m.D'b*(xwn)” and y, =1.D'b(rn)’ (2.14)

are the reduced values of the concentrated masses m, and inertial moments of rotation | ,
applied to the free x=0 and hinged x=a edges of the plate, respectively;

A = A(dny) = =22(q+D-{(1-exp(-2/2(q+ Dnm) - BB, + (215
+exp(—2(q+1) )
| (2@@-1) -/2(a+D)-B,-ch(mnyB,)-sin(rrmB,) -
~(y/ 2(q-1) ++/2(q+1))- B,sh(znyB,) - cos(nmyB, )]}
A =A@ =2{2Q+DE-@-D-»-1-v)]BB+ 19
+[2@@+ D@+ ~1) ~v)~(1-v)* | BB, exp(-2J/2(q+ D) +
+2] @+ DY@ =1 (2@=D) + 2@+ )sh(zmB,) +
+(49° +29-1+2qv+v*)Bch(nnyB, )| B, cos(nnyB,)-
exp(—y/2(q+1) - ) +
+ [((2q2 +3q-1)-2(39° +39—-2)v+(3q+1)v’)sh(mnyB) +
£2(q+ D)@ ~1) (/2 +1) ~2(a-1))B, ch(mnyB,)]
-sin(mnyB,) - exp(—/2(q+1) -xy )}
A= A,(Qn,7) = 4(q+1)-| (1+exp(-2y/2(q+ )ny) - BB, - 217)
~2B,B,ch(nnyB,) cos(nnyB, ) - exp(—/2(q +1) - ny) +
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+3(g—-1Dsh(nnyB, ) sin(nnyB,) - exp(—m - Tty )] ;
A=A, (0,N,7,v)=22(0+]) {{2(a+) (G0 -1-v)-(1-v)* |BB,~  18)
—[2(q+ D@Q+Jat —1-v)—(1 —v)z] BB, exp(~2,/2(q+ Dynny) +
+{[(40° +20-142(a-1) - 20" ~49+Dy2(q+1) -
~2((29—-Dy2(q+1) - ay/2(q-D)v +
+(2(a+1) ++/2(q-1) v Jsh(nnyB) +
+4(q+ 1 —1- B ch(nnyB)} B, cos(rnyB,) exp(—/2(q+ Dmny) +
+[~B, -((49* +2g-1)4/2(q-1) + (20" —4q+ D)\2(q+1) +
#2(29-Dy2a+ D) +a2@- D) —(2(q+1) —/2(q-1)) v* )ch(nnyB,) -
—~6(0 ~1)y/(6 —Dsh(nnyB, ) sin(xnyB, ) exp(—/2(q+ Hrny )} :
B() = (Yo —1-0.5(q—1) , B,(a) = \y& —1+0.5(q-1), (2.19)

It follows that [1]
A =A@Qny)>0, A =A(qny)>0, (2.20)
for all numbers q>1, n>1, ¥ >0 of parameters.

The system “plate—flow”, described by the relations (1.1) — (1.4) is asymptotically
stable if all eigenvalues A of the boundary value problem for ordinary differential equation

have negative real parts, and unstable if at least one eigenvalue A is on the right side of the
complex plane.

The critical velocity V,, that characterizes the transition from stability to instability of
the disturbed motion of the system “plate-flow” is determined by the condition of equality
to zero of the real part of one or more of the eigenvalues.

This article discusses four particular cases of the original problem of stability of
(1.1)—(1.4) studied in [1] at moderate values of its “essential” parameters.
In [1] conducted a decomposition of the space of the “essential” parameters M ={ v,

K., v, 4, n} of the problem of stability (1.1)~(1.4) on the stability region M, and the
regions of instability M,, M, and M, in which, respectively, either all roots of the

characteristic equation are in the left part of the complex plane, or among the roots there is
one positive root or has two positive roots, or a pair of complex—conjugate roots with
positive real part. The behavior of the system “plate—flow” near the borders of the region of
stability M, is investigated. The critical velocity of divergence of the panel and the critical
velocity of localized divergence in the vicinity of the free edge of the plate, as well as, the
critical velocity of panel flutter are found. It is shown that, depending on the relation
between of the system parameters, the critical flutter velocity can be both less and greater
than the critical velocity of divergence.

45



3.1. Considered the case where on the free edge X=0 of the plate are applied the
concentrated inertial masses m, and inertial rotation moments |, on the hinged edge
X=a are absent ( k, =0).

In this case the characteristic equation (2.11) can be written in the form
5, AL +A =0. (.1
Here A, and A are determined by the expressions (2.17) and (2.18) respectively.

The roots of the equation (3.1) is equal to

-1
Mo =t-A (3, A) (32)
At O, >0 because of the conditions (2.20), the region of stability M, e M of the

disturbed motion of the system “plate—flow” will be determined by the inequality
A>0. (3-3)
It is obviously, that under the condition (3.3) the equation (3.1) has a pair 7»1’2 =+io

of purely imaginary roots. This means, that the rectangular plate performs harmonic
oscillations about the undisturbed equilibrium state.
The boundary of the region of stability M, € M of the disturbed motion of the system

“plate—flow” in the space of its parameters M is the hypersurface
A =0, 3.4
where the characteristic equation (3.1) has a zero root 7*0 =0 of multiplicity 2. This

means, that the system perturbed motion loses static stability, i.e. there is a divergence of
panel.

From the condition (2.20) and the method of partitioning the parameters space M into
the regions of the stability and the instability of the disturbed motion of the system, it
follows that this particular case corresponds to the only region of instability M, defined by

the correlation
A <0. (3.5)

Here the characteristic equation (3.1) has two real roots of different signs: 7\,1 <0,

7‘2 > (. This means that one of the two own motions of the plate is increasing
exponentially (the deflections will increase over time according to the exponential law).
Substituting the first root (, 4, = qcr'div(n,y,v) of the equation (3.4) in the formula

=V

cr.div

(2.7), we obtain the V

o div (N,y,Vv) critical divergence velocity, which delimits

the stability region M, and the static instability (divergence) region M, of the disturbed
motion of the system “plate-flow”.
At the V >V,

4y velocities there is a “soft” transition trough point A, =0 in the right
part of the complex plane of the eigenvalues 4 of problem (1.1)-(1.4), causing the smooth
changing the nature of disturbed motion of the system from harmonic vibrations to a
monotonically increasing aperiodic motion. This changes the dynamic behavior of plates: in
the plate, performing harmonic oscillations, there is stresses, leading to changes in the

surface shape of the plate. The surface of the plate “buckles” with limited velocity of
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“buckling”. As monotonous “buckling” of the plate has no oscillatory nature, it can be
considered as quasi-static process, i.e. there is a divergence.

Numerical calculations have been performed for different values of the parameters of the
problem, showed the following. And n=1 with fixed values of remaining parameters the
critical velocity of divergence reaches a minimum value.

For all the value y €(0,2) we can say, that when the velocity V >V,

cr.div.

is the
phenomenon of divergence observed. The value reduced critical velocity of divergence

V.

cr.div.

-D™'(a,p,a’) depends on Poisson's ratio v and the parameter y = ab ' is the

relationship of the sides @ and b of the rectangular plate: it is less in plates from materials
with the largeness of the Poisson's ratio v, and with increase in parameter Y the reduced

divergence critical velocity grows (see table 1).

Table 1.
v 0.125 0.25 0.33 0.375 0.5
Y

0.01 0.345-107° 0.297-1072 0.268-107> 0.243-107 0.197-1072
0.1 0.352 0.306 0.273 0.240 0.197
0.2 1.511 1.290 1.163 1.063 0.882
0.3 3.650 3.324 2.912 2.721 2.619
0.4 7.789 6.758 5.985 5.507 4478
0.5 14.945 13.503 11.078 10.778 9.056
0.6 26.284 21.790 19.146 18.608 13.889
0.7 45.587 37.826 31.267 29.552 25.011
0.9 473.50 96.90 78.72 70.05 53.15
1.0 520.29 157.17 114.21 101.74 7291
1.1 562.28 243.30 168.02 143.73 100.70
1.2 608.75 323.02 225.85 194.62 135.24
1.3 699.07 401.61 287.15 252.49 172.13
1.4 811.70 495.72 364.73 315.35 214.99
1.5 975.85 595.22 448.61 380.36 273.35
1.6 1166.20 704.47 544.44 470.73 326.25
1.8 1695.90 992.18 762.25 695.12 440.54
2.0 2598.09 1382.02 1045.62 953.53 604.31

It is easy to show that equation (3.4) in the limiting case, where y — 0 (b — o) when
g>1 and all v identically equal to zero. Hence, in this limiting case the undisturbed form
of equilibrium of the plate is statically unstable. And when values of y > 2 equation (3.4)
can be reduced to the simplified form

2(q+D)-(@-q" ~1-v)=(1-v)* =0, ye[2,). (3.6)

Equation (3.6) exactly coincides with the dispersion equation obtained in the work [10]
the study of phenomenon localized divergence arising in the vicinity of the free edge of the
elastic semi-infinite plate-strip, streamlined by a supersonic gas flow in the direction from
the free edge to the supported edge along the semi-infinite hinged edges. The reduced
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-D™'(a,p,b’) depends only on the

Poisson's ratio v : it is less in plates from materials with the largeness of the Poisson's ratio.
In table 2 for several values of Poisson's ratio values are given reduced critical velocities

critical velocity of localized divergence V. 4,

of localized divergence V.. 4, - D' (a,p,b’) of rectangular plate observed in the values
that accuracy coincide with the values obtained in the work [10].
Thus for all the value Y €[2,00), we can say that when the velocity V >V, _ 4, (V) is

the phenomenon of localized divergence in the vicinity of the free edge Xx=0 of our plate

observed, which is in good agreement with the results of numerical analysis (table 2). At
the values of velocities V 2V, _ 4, (V) the vicinity of the free edge x=0 of the plate is
«bucklingy». As in this case a parameter (=0, is determined from the simplified

equation (3.6), we can say, that for values y €[2,00) found approximate expression (3.6),

making it easy to find the reduced critical velocities V. 4, - D™ (8,p,0°) of the localized

divergence, substituting these values 04, in expression (2.8).
Table 2.

14 0.125 0.25 0.33 0.375 0.5
-1 3 324.761 173.371 130.702 120.741 77.398
Vloc.div ’ D (aopob )

From expression (3.2) and conditions (3.4) follows, that static loss of stability in the
form of divergence for values of and localized divergence takes place only, and dynamic
loss of stability is absent.

In a conclusion we will mark that for values of y € (0,2)at the V >V,

'+ av Of gas flow

velocities (Table 1) there is the divergence panel, resulting in a "buckling" of the plate. For
values of Y €[2,00)at the V 2V, _,, (V) of gas flow velocities (Table 2) there is the

divergence phenomenon localized in the vicinity of the free edge of the rectangular plate, in
which the "buckling" just strip along the vicinity of the free edge of the plate. And the
presence of the concentrated masses M, on a free edge X=0 of the plate does not result in

dynamic instability, i.e. the panel flutter is absent.
3.2. Considered the case where on the hinged edge Xx=a of the plate are applied the

inertial rotation moments | and concentrated inertial masses m, on the free edge x=0
are absent ( K, = ).

In this case the characteristic equation (2.11) can be written in the form
1AL +A =0 3.7)
Here A and A are determined by the expressions (2.16) and (2.18) respectively.

The roots of the equation (3.7) is equal to
1

A, =%t-A-(xa-A) - (3.8)
At 7, >0 because of the conditions (2.20), the region of stability M, e M of the

disturbed motion of the system “plate—flow” will be determined by the inequalities
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A>0, A>0. (3.9
It is obviously, that under the condition (3.9) the equation (3.7) has a pair 7\,1’2 =+io

of purely imaginary roots. This means, that the rectangular plate performs harmonic
oscillations about the undisturbed equilibrium state.
The boundaries of the region of stability M, € M are the hypersurfaces

A=0, (3.10)
A=0. (3.11)

On the hypersurface (3.10) the characteristic equation (3.7) has two roots equal to
infinity, i.e. l]’z =00, And on the hypersurface (3.11) the characteristic equation (3.7)

has a zero root 4, =0 of multiplicity 2.

In this case, the region of instability M, consists of two subregions M, and M, which
are determined by the relations respectively
A>0, A<O0; (3.12)
A<0, A>0. (3.13)

It is obviously, that in both subregions M,, and M,, the characteristic equation (3.7) has

two real roots of the different signs, namely: A, <0, A, > 0. This means that one of the

two disturbed motions of the system “plate-flow” is increasing exponentially.
On the boundary of the stability region M,

A>0, A=0, (3.14)

the disturbed motion of the system loses of static stability: there is a divergence of panel.
Substituting the first root 0, 4, = Oy gy (N, Y, V) of the equation (3.11) in the formula
(2.7), we obtain the V

'+ ay Critical divergence velocity, which delimits the stability region

M, and the static instability (divergence) region M, of the disturbed motion of a

rectangular plate. At V >V,

av Velocities of gas flow the roots A,, ==*i® of the

characteristic equation (3.7) of a “soft” transition through the point 7‘0 =0, respectively,
to the left and to right parts of the complex plane of the eigenvalues A and remain so, at
least, when values of the velocity of the gas flow V close to the critical value V, , , purely

real: A, <0, A, >0. This changes the dynamic behavior of plates: in the plate,

performing harmonic oscillations, there is stresses, leading to changes in the surface shape
of the plate. The surface of the plate “buckles” with limited velocity of “buckling”. As
monotonous “buckling” of the plate has no oscillatory nature, it can be considered as quasi-
static process, i.e. there is a divergence.

Numerical studies have shown that the transition across the border (3.14) from the

region M, in a subregion M,, is possible only if values Yy € (0,0.83) of parameter.

Because of identity of equations (3.4) and (3.14), V, 4, equal to the corresponding critical

r div
divergence velocities, are shown in table 1. Thus the reduced critical divergence velocity

V, 4 - D7'(8,p,@’) depends on the Poisson's ratio v and parameter ¥ : it is less in plates
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from materials with the largeness of the Poisson's ratio v and with increase in parameter Y

the reduce divergence critical velocity grows (see table 1).
On the boundary of the stability region M,

A=0, A>0 (3.15)
the disturbed motion of the system loses of the dynamic stability: there is a “dynamic
buckling”, which can be mistaken for “ panel flutter” [12 (c.719), 13]. The “flutter”critical
velocities V, delimited the region M, of stability and the subregion M,, of the

or . fl.

instability of system disturbed motion are determined by substituting the first root
Qs 1 =0y ¢ (n,y,V) of equation (3.10) in the expression (2.7). When the velocity of gas

flow V >V

'+ ¢ there is a transition across the boundary (3.15), which takes place only for

Y €(0.83,1.5] values: the eigenvalues A,, =i transition through the infinitely

distant point A = 00, respectively, on the left and on the right parts of the complex plane
and remain so, at least, when values of the velocity of the gas flow V close to the critical

value V, real: 7\.1 <0, 7\.2 > 0. There is an abrupt (“instant”) change in the character

cr.fl.»
of the system disturbed motion from sustainable to unsustainable [5]. In the plate arise
stresses, leading to an abrupt (“instant”) to change its form: so-called “dynamic buckling”,
in which the plate “bulge” infinite speed “buckling” [12(p. 719]. This process is not
oscillatory as well as divergence. However, despite the discrepancies existing in the
scientific literature [4 (p. 63), 5, 12(p. 719), 13], it is conditionally possible to consider as
“quasi-oscillatory” process, i.e. as the panel flutter, usually leading to the destruction of the
plate [13]. Table 3 presents the several values of the reduced flutter critical velocity

V, . -D'(a,p,a’) are found by substitution of the first root g, =0, ;, (N, Y, V) of the

cr.fl

equation (3.10) for n=1 and some y € (0.83,1.5] and Vv in formula (2.7).

Table 3.
v 0.125 0.25 0.33 0.375 0.5
Y

0.9 109.68 85.44 73.56 66.57 53.15
1.0 191.38 126.24 105.64 96.09 7291
1.1 492.51 185.72 146.83 131.12 97.05
1.2 591.77 274.98 206.46 178.48 126.00
1.3 673.97 378.02 257.51 242.36 166.22
1.4 802.32 483.93 352.53 302.71 207.61
1.5 936.02 595.22 448.61 380.12 273.35

From the data of table 3 it follows that the flutter critical velocity is less than in plates
made of materials with a large Poisson's ratio v , and with increasing 7y it grows.

On the boundary of the instability region M,
A=0, A<0 (3.16)
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at the velocities V >V, , of gas flow for all y € (0,0.83) the eigenvalues A, <0,

A, >0 moving through an infinitely remote points 7»1’2 =100 on the imaginary axis of
the complex plane and remain so, at least, when values of the velocity V of the gas flow
close to the critical value \7cr‘ﬂA of the pure imaginary: A,, = +i®. During this transition if

the plate is not destroyed, the perturbed motion of the system “plate—flow” becomes stable

[5, 13]. Table 4 presents the several values of the reduced flutter critical velocity
V, . -D7'(a,p,a’) for some values v € (0,0.83) and Poisson's ratio v .

Numerical results showed the following. The flutter critical velocity
\70r fl

and with increasing y it grows for all values y € (0.01,0.83), and for all ¥ € (0,0.01] the

-D'(a,p,@’) is less than in plates made of materials with a large Poisson's ratio v,

flutter critical velocity V,, 4

-D™'(a,p,@’) does not depend on the parameters y, v and

it equal to V, ;- D™ (a,p,@°) = 6.3 (tabl. 4).

cr.fl

Table 4.
v 0.125 0.25 0.33 0.375 0.5
Y

0.01 6.33 6.33 6.33 6.33 6.33
0.1 6.72 6.69 6.63 6.58 6.56
0.2 8.16 7.62 7.49 7.25 6.87
0.3 10.76 9.94 9.51 9.20 8.40
0.4 15.14 13.62 12.66 11.97 10.59
0.5 22.04 19.35 17.44 16.61 13.78
0.6 32.02 25.31 24.82 22.82 18.61
0.7 46.68 38.82 33.67 31.52 27.15

Numerical results showed the following. The flutter critical velocity
Vcr.fl

and with increasing Y it grows for all values ¥ € (0.01,0.83), and for all y € (0,0.01]

-D'(a,p,@") is less than in plates made of materials with a large Poisson's ratio v,

the flutter critical velocity V. .-D! (a0p0a3) does not depend on the parameters y, Vv

cr.fl

D' (a0p0a3) =6.33 (tabl. 4). Note that in monography [4] it is

shown that in the problem of panel flutter of a console, the divergence critical velocity
equal to 6.33 and the flutter critical velocity — 124.4 . Comparison of these results with the

results of this work, it follows that the flutter critical velocity \7cr‘ﬂ -D™'(a,p,@’) equal

and it equal to V,

cr.fl

to the divergence critical velocity and about twenty times less than the flutter critical
velocity which are found in the work [4].
It is easy to show that the limit of the ratio A to A is equal to 1 for all values

v €(1.5,00]: limA - A" =1. And this in accordance with the expression (3.8) means that

the characteristic performances A of the system “plate-flow” for all y € (1.5,00] are
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purely imaginaries numbers A,, = +i® i.e. the system perturbed motion is stable. The

plate makes harmonic oscillations about the unperturbed equilibrium state. Thus, applied to
the edge x=a the inertial rotation moments lead to stabilization of the system disturbed

motion “plate—flow” for all y € (1.5,00].

3.3. Consider the case in which a>b.
It is easy to show that in this case the characteristic equation (2.11) is transformed to the
following

7~Cn8na017\‘4 + (anin + azlgn);bz +a;, = 0. (3.17)

Here
a, =42+, a,=2(q+1)- (-0 -1-v)—(1-v)’, a,=2(a+), (.19
a, =29+ -[2(q+D-(q-q" =1 -v) = (1-V)’]; (3.19)

%, =1.b-(znD)™", § =mD'0*(7n)>, %, >0, 5, >0. (3.20)
For all g>1 it follows that

~ > ~ ~ 2 - = - ~ )
allxn+a218n>o’ 4 :(allxn+a218n) _4Xn8na01a31 :(Xnall_snaiz) 20. (3.21)
Here A is the discriminant of the biquadratic equation (3.17).

In accordance with the conditions (3.21), the stability region M, defined by the

correlation
a,>0. (3.22)

Under this condition equation (3.17) has two pairs of purely imaginary roots
}‘1,2 = iic)l s ?\.3’4 = iiwz: the rectangular plate performs harmonic oscillations about
the unperturbed equilibrium state. And the region of instability M, by the correlation
a,, <0 is determined. It follows, that in the region M, of the characteristic equation (3.17)

has a pair of purely imaginary roots 7\,1 , = +i® and two real roots 7\,3 <0, A >0

This means that one of the two proper motions of the plate is dampened, and the other the
movement of plates is unlimited deviation exponentially from the equilibrium state.
The boundary of the stability region M, is a hypersurface

a, =0. (3.23)
Or, in accordance with the expression (3.19), is

2(q+1)-(q—+q° =1=v)=(1-v)* =0. (3.24)

where the characteristic equation (3.17) has a zero root ?\.0 =0 of multiplicity 2 and a pair

of pure imaginary roots are equal to A, :iiw/Z(q+1)-5¢;1 according to the

expressions (3.18).

The condition (3.24) determines the loss of stability of the disturbed motion of the
system “plate—flow” in the form of a localized divergence in the vicinity of the free edge
X =0 of the plate [10].
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The critical velocities V, of the localized divergence that delimites the stability

loc.div

region M, and the region of instability M, of the system perturbed motion are determined
by substituting the first root Q. g, = Oocaiy(V) Of equation (3.24) in expression (2.8). It

follows that the reduce critical velocity V|, 4, - D’l(a0p0b3) of the localized divergence

depends on the parameter N and Poisson's ratio v : when a fixed value of parameter n the
critical velocity is less than in plates made of materials with a large Poisson's ratio, and
when the fixed of parameter v it reaches the lowest value when n=1 (tabl.2).

Thus, in the case in which a> b the system “plate-flow” loses stability in a localized
divergence in the vicinity of the free edge Xx=0 of the plate at all the velocities

V2V,

loc.div of localized divergence does not

of the gas flow. The critical velocity V,

oc.div

depend on the coefficients ,, and Sn . The presence of the inertial moment I, (%, #0)

of rotation on the hinged edge X=a leads to the stabilization when the inertial mass m,

(Sn =0) on the free edge x=0 is absent.

2.4. Let us consider the case corresponding to the condition a< b.
Numerical studies of the characteristic equation (2.11) has shown that its solution
corresponding to the occasion, meet the condition

g>1. (3.25)
Then, introducing the notation

r=\2q-zny, (3.26)

the characteristic equation (2.11) and expression (2.7) can be written, respectively, as

8, OL* +(a,% +a,0)A +a, =0, (3.27)

V =r’D(g,p,a’)". (3.28)

Here

a,, =sh(r)—2sh(r/2)-cos(x/3r/2) ; (3.29)

a, =[1/2-exp(~r)+exp(r/2) cos(x/3r /2)]- 1*; (3.30)

a,,=[ch(r)—exp(r/2)-sin(r/6-/3r /2)—exp(~1/2) -sin(7/6+/3r /2)]-T (3.31)

a,, =[—1/2-exp(r) +exp(r/2)-sin(r/6 =31 /2)]-r* ; (3.32)

y=ab'; j=1aD"; s=ma'D". (3.33)
From expressions (3.29) and (3.31) it is obvious that

a,>0,a,>0atal r>0. (3.34)

It can be shown that in the absence of flow plates V =0 or r =0 the characteristic
equation (3.27) describes by the correlation

YoM +3-(+8)- A2 =0. (3.35)
At all values of ):(4 €(0,©) , S e (0,00) the equation (3.35) has a pair of purely
imaginary roots and the zero root 7\,0 =0 of multiplicity 2. This means that when the gas
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flow velocities V > V",

=0 then the perturbed motion of the system loses stability in the
form of divergence: the plate “buckles”.

Note that the correlations (3.27), (3.35) and (3.28) are identical with the corresponding
equations describing the characteristic equation and the formula for calculating the gas flow
velocity to the problem of stability of a streamlined a supersonic flow of gas, an elongated

plate 0 < x<a, 0<y<o with a free edge X=0 under the same assumptions.

Therefore, the behavior of the disturbed motion of the system “rectangular plate — flow”
in this case is the same as in the case of a system “elongated plate — flow”.
In accordance with the first of the inequalities (3.34), the stability region M, defined by

the correlations

a12i+a22é:3>0, a,>0, A>0. (3.36)
Here
A= (a123~( + 8228)2 - 47~Csaozazz (3.37)

is the discriminant of the biquadratic equation (3.27).
And the instability regions M,, M,, M, will be determined, respectively, by the

correlations: a,, <0, A4>0; a12)2+a228<0, a,>0,4>0;a,>0, A<0.

The boundaries of the stability region M, of the condition au;:(n + a228n >0 are the

hypersurfaces
a, =0, (3.38)
A4=0. (3.39)

On the hypersurfacies (3.38) and (3.39) the characteristic equation (3.27) has a zero root
7\0 =0 of multiplicity 2, and a pair of the purely imaginary roots 7\,1’2 =+im

respectively.
On the boundary of the stability region M, of the

a,f+a,0>0, 4>0, a,=0, (3.40)
the perturbed motion of the system loses the static stability: there is a divergence of the
panel. The critical divergence velocities V, ;, are determined by substituting the roots

I, 4y of equation (3.38) into the expression (3.28).
On the boundary of the stability region M, of the

a,%+a,0>0, a,>0, A4=0, (3.41)
and on the boundaryof the static instability region M, of the

a,f+a,0<0, a,>0, A=0, (3.42)
the system perturbed motion loses its dynamic stability: there is a panel flutter. The critical

flutter velocities V, , and V, , ,

respectively, delimited of the regions M, M, and of the

regions M,, M, are determined by substituting the roots of equation (3.39) into the
expression (3.28). According to the correlations (3.28) and (3.37) the reduced critical flutter
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velocities V, ,-D™'(g,p,a’) and \7cr'ﬂ -D™'(a,p,@’) depend on the parameter

cr. fl

k=

35,
The numerical investigations showed the following.
For all k €[0,00] at the velocities V >V =0 of the gas flow is a loss of static

stability of the system disturbed motion, i.e. divergence: in the plate undergoing harmonic
oscillations, there is tension, leading to change its shape: the plate “bulge” with limited
velocity “buckling”. In accordance with these values k €[0,0.06) is possible only the loss
of stability of the disturbed motion of the system in the form of divergence. In this case, the
transitions from the region of stability M, in the divergence instability region M,
alternate: when the velocities V >76.22-D(a,p,@’)”" of the gas flow the perturbed
motion of the system, being statically unstable, becomes stable, and at the velocities
V >V ~483.73-D(a,p,@’) " of the gas flow again loses static stability.

cr.div
For values K e [0.06,0.3) we have the loss of stability of both types: as the divergence of
the panel, and panel flutter. Originally statically unstable perturbed motion of the system at
velocities V >76.22D(a,p,a’)" of the gas flow becomes stable. But when the

velocities V >V

' q we have the “soft” transition from the region M of stability in the

region M, of the dynamic instability: the harmonic vibrations of the plate gradually
transformed into self-oscillations, i.e. the flutter oscillations.
Table 5 presents the values of the reduced critical flutter velocities V, 4 - D™ (g,p,@")

with an accuracy of the order of 10~ for several values of the parameter ke [0.06,0.3).

Table 5.

é 0.06 0.08 0.1 0.2 0.25

\V . .D*‘(a0p0a3) 125 98.61 89.31 76.76 76.34
cr.

In this case, the reduced critical flutter velocity V 4

-D™'(a,p,@’) decreases with

the growth K €[0.06,0.3) (table. 5).
At velocities V >V

w1 >V, of gas flow is a “soft” transition from the region of static

instability M, to the region M, of the dynamic instability. We can say that the

phenomenon of the buckled panel flutter is observed. There is as well as a “smooth”
transition to the flutter oscillations in addition to the monotonous “buckling” of the plate
that does not have an oscillatory character.

Table 6 presents the values of the reduced critical flutter velocities \7cr'ﬂ D7 (a,p,2")

with an accuracy of the order of 10~ for some values of the parameter ke [0.3,0). As can
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be seen from table 6, the critical flutter velocity V. -D7'(a,p,@’) grows with the

cr.fl
parameter K=7%-8".

It means that when the values of K e [0.3,0) the inertial moment of rotation | applied
to the hinged edge X =a of the plate leads to the stabilization.

However, the reduced critical flutter velocity \7cr'ﬂ -D*I(aop0a3) is approximately

equal to 6.33 when the value of parameter |§ =oo that by an order of magnitude less than

the critical flutter velocity at ke [0.3,00) (tabl. 4, 6).

Table 6.

R 03 04 0.5 08 )
J - ’ 4.61 4 - . 112
V, . -D'(a,p,@’) 74.6 78.40 79.50 86.35 9

R 1.2 1.5 2 5 10
_ = -
V. ,-D7(a,p,a) 96.07 10054 | 105.15 | 12276 | 132.65

K 20 50 100 1000 10000
_ = 3
V. ,-D ™ (a,p,a) 140.61 147.19 | 15142 | 157.46 | 160.10

Of the identity of the dispersion equation (3.27) and the dispersion equation obtained in
[8] in studying the problem of panel flutter of a plate elongated in the assumption that
inertial mass and rotation moments applied simultaneously to the free edge X =0 and to the
opposite hinged edge X=a do not exist, should identity in the behavior of the disturbed
motion of the system “elongated plate plate—flow” these problems.

Thus, in the case when a<<b the behavior of the disturbed motion of the system
“rectangular plate-flow”, similar to the behavior of the disturbed motion of the system
“elongated plate-flow” (0 < x<a,0 < y <o). Namely, when the velocity of the gas flow is

absent (V =0), the system perturbed motion is statically unstable. In the flow (V # 0) the
behavior of the system perturbed motion depends on the value of the ratio of relative values
of concentrated inertial moments |, and masses Im, are applied, respectively, to the hinged

edge x=a and free edge Xx=0 of the plate.

Conclusion. Using an analytically method, investigated by special cases of the problem
of panel flutter, where the General case is studied in [1]. On the partition of the space of the
“essential” parameters of the system “plate—flow” in regions of the stability and instability
is performed. The boundaries of the region of stability are investigated. The boundaries of
the divergence of panel, localized divergence and panel flutter are determined. We found
the “dangerous” of the boundaries of the stability region in the sense of terminology work
N.N. Bautin [14]. You move through them arises the phenomenon of panel flutter, leading
to a loss of strength and occurrence of fatigue cracks in the material of the plate. For
different values of the problem parameters was found the critical velocity of divergence,
localized divergence and flutter. In problems of panel flutter in a linear formulation, as a
rule, the critical velocity of divergence less than the flutter critical velocity [2-4, 8, 9, 12].
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As well as in [1], in this work, we obtained unexpected results. It turned out, that depending
on the relation between the parameters of the problem the flutter critical velocity can be
both less and greater than the divergence critical velocity. A number of new mechanical
effects are revealed. In particular, shows the stabilizing role of the inertial moment of
rotation, applied on the hinged edge of the plate. And also, from a comparison of the
obtained results with the results of [8], it was found that the effect of the inertial moment of
rotation on the behavior of the disturbed motion of the system “elongated plate—flow” does
not depend on its place of application: for hinged edge, or free edge of the plate.

These results can be used for the preliminary quantitative analysis of the problem panel
flutter in the nonlinear statement [4, 12, 15, 16].
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2U3UUSULP @bSNh(e3NPLLENP UQFU3PL UUUEURUSE Sttulahl
W3BECTUSI HALIMOHAJIBHOM AKAJIEMUM HAYK APMEHUM

Uthuwmthju 69, Ne3, 2016 MexaHnka

YK 539.3

HEKJIACCHUYECKAS KPAEBAS 3AJJAYA YVIIPYTI'O 3AIEMJIEHHON
MO KPAIO YACTUYHO HATPYKEHHOM KPYTJIOM OPTOTPOITHOMN
IUIACTUHKHA

Kupakocsn P.M., Crenansin C.I1.

KirroueBble ¢J0Ba: UIMHIPUYECKAsK OPTOTPOIIUS, KPYTJlas INACTUHKA, YIPYTOe 3aIeMIEHHE,
YaCTHYHOE HArPyXKEHHUE, 00KATHE, Pa3phIB IIEPBOTO POJIA.

Keywords: cylindrical orthotropy, round plate, elastically fastened, partial loading, reduction, first
kind discontinuity.

Putiwh puntp: gqqubwght oppnwnpnw, §inp uw], wnwdquijut wipwlgnid, uknunud, winweht uknh
Jugnud

Yppwlnuyuh (+.U., Unkhwiyui U.N.

Bqnnud wmnwdquiljuit wdpuljgdws, dwutwmljhnpbh phintwynpgws, Yinp, oppninpnyy uwgh ny
nuuwlwh kqpuyht inhpp

Lowdymud E kqpmud wpwdquljub  wlpulgws oppnwipny lnp uunh  Spdwl  julinhpp,
punuyiuwl vwhph b ubndiwt hwyquodwdp, tpp vwh YEunpnbiwljwt dwumd wqpmad &
hwjuwuwpwywih puohjws phin:

Uwih pintwynpjus dwuh hwdwp 4ipgdnud £ hwynth jnisnudp Zudpwpdnwdjut ([1], £9.177,178),
npp jyuwpnibwlh Gpyne htnbkgpdwt hwunwwnntt, ek hwoyh webbup, np uwh Yhuwnpnunod
wblpnibught Yhwn  su: Pwdwpuplnd  Eqgpnud - wpwdquijut wdpulgdwb - wuydwbibpp,
nkdnplwgnn vwh nnnplnipgmbp b A4, donn Undkinh wijuqhnipinitp vwh pinbudnpdus b ny
pirtwynpyws  tqph  dpw, uwnwgymd t hunbkqpiwut hhtq  hwunwwnnibubph  tundudp
hwipwhwyquljuwt huwjuuwpnmdutph hwdwlupg: Tnwsting wyn hwdwluwpgp, npnoynud ki ponp
wihwjn $niughwkpp:

Thunwpyyl) b pdughtt ophtiul: Uwh uwnwugdué wbyuth hwoyupluyhtt  Ukdnipinitikph
wpryniipnd junwpyly b kqpuijugmpmi: Uwubudnpuybu gnyg t owpdnud, np ubinddwl
hwpyundwt nbwpnud A/, Spnn Undbnp uwyh phebundnpyws b ny phebunpywd  dwubph

puduinfwh vwhdwith Ypw nith wnwght ubnh jugnud:
Kirakosyan R.M., Stepanyan S.P.

Non- classical boundary value prablems of elastically fastened on the edge, partially loaded, round orthotropic
plate

The problem of bending of orthotropic circular plate resiliently clamped along the contour is solved by taking into
account the transverse shear and compression when a uniformly distributed load acts in the central part of the
plate..For the loaded part of the plate the well-known solution of Hambardzumyan ([1], str.177,178) is taken,
which, by taking into account the absence of corner point in the plate centre, contains two constants of integration.
To satisfy the conditions of the boundary elastic fixation, the smoothness of the deforming plate, and the
continuity of the bending moment M, at the boundary of separation of loaded and non-loaded parts of the plate, a

linear system of equations is obtained with respect to the five integration constants. By solving this system all the
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unknown functions are found. A numerical example has been considered. A conclusion has been made based on
the obtained dimensionless calculation values of the plate. In particular it has been shown that in the case of taking
into account the compression the bending moment M, has a first kind discontinuity on the boundary of

separation of loaded and non-loaded parts of the plate.

Pemaercs 3amava u3ruba ynpyro-3almieMIEHHOW 110 KOHTYPY OPTOTPOITHOM KPYTJIOW IUIACTHHKHU IIPU y4&Te
BIIMSIHUH ITIONEPEYHOro CIBHTa M OOXATHWs, KOTAA Ha LEHTPAILHOW YacTH IUIACTHHKH JCHCTBYeT paBHOMEPHO
pacrnpezieIéHHas1 IoNepeyHas Harpyska.

s Harpy»K€HHOM 4acTu rutacTuHku Oepércst m3BectHoe pemenne C.A. AmOapuymsna ([1], crp.177,178),
KOTOpO€ Tmoclie yuéra OTCYTCTBHMS YIJIOBOM TOYKM LEHTpA COJIEPXKUT JIBE HEU3BECTHBIE MOCTOSHHbBIE
MHTETPUPOBAaHMS. YIOBJICTBOPUB YCIIOBHSM YIPYroro 3allleM/ICHHsS KOHTYpa, IIaJKOCTH Ae()OpMUpPOBAHHON
IUIACTHHKH M HEePa3pbIBHOCTH H3THOAIONIEr0 MOMEHTA M mwa rpammue pasiena HarpyxEHHOH M He-

Harpy>k€HHOM 4YacTed, MNoiy4yaercs CHCTeMa aIreOpanvyecKux YpPaBHEHUI OTHOCHTENBHO OCTAJbHBIX IIATH
HEHM3BECTHBIX IOCTOSHHBIX HHTETPHPOBaHHUs. Peras aTy cucTeMy, OIPeaeNsioTcs Bce HEN3BECTHBIE (DYHKIIHH.

Paccmotpen uncnenHslii npumep. Ha ocHoBe mnosydeHHbIX O€3pa3MEpHBIX 3HAUCHUI PacUETHBIX BEIUYUH
IUIACTHHKY JENAIOTCS 3aKIIOUeHUs. B 4acTHOCTH, OTMedaeTcs, YTO NpU ydéTe 0OXKaTHsA U3THOAIOIIMH MOMEHT
M o Ha IPaHHIE pasjena HarpyEHHOM M HeHarpy>kKEHHOM yacTell IIIaCTUHKU UMEET Pa3pblB IEPBOro poAa.

Beenenne. OOmmMpHOE NpHMEHEHHE YIPYro-3alleMIEHHBIX ONOP B CTPOMTENIBHBIX
COOpPY)KEHHUSIX TPUBENIO K MPAKTHUECKOW HEOOXOMMMOCTH WX HCCICAOBaHM. B HaydHOI
muTeparype, HampuMmep, B KHUTax [2] u [3], oOBIYHO paccMaTpHBAIOTCS TEOPETUUECKUE
MOJIETIM YIPYTO-3alieMIEHHBIX OIOp, HE YKa3blBas WX KOHKPETHBIE KOHCTPYKIHH. JTO
YacTO MPUBOANT K HEKOPPEKTHHIM MOHITHAM. Hampumep, Ha ctp. 29 kaury [3] B kauecTe
YCIOBUH yNpyroro 3allleMJIEHUs] Kpas IUIACTUHKM HAlWCAHBL: YCJIOBHE IIPSIMOM
MPONOPIIMOHAIIBHOCTH TPOM3BOAHOW Mpormda K HU3ruoOaroieMy MOMEHTY M YCIIOBHE
paBeHCTBa HYJIIO MPoruda. ITH yCIOBHS, HA CAMOM JIeJie, He SIBJISIFOTCS YCIOBUSIMU YUCTO
YIPYro-3aieMIEHHON ONOpbI, a CKOpee, YCIOBHSIMU KOMOMHAIMK YIPYTro-3alieMIEHHOMH
ONOpbl M HIAPHUPHOM OMNOPBI, KOTJA IOCIEOHSsS OIUpAaeTCs Ha aOCONIIOTHO IKECTKOE
OCHOBaHHE.

Bompocam yrpyro-3amemMiagHHBIX OMOp TOHKOCTEHHBIX 3JIEMEHTOB KOHCTPYKLIMH M UX
MPUMEHEHUsIM TIOCBALICHBI Takke pabota [.3.TeBoprsHa [4] m paboTel  aBTOPOB
Hacrosmeit crater ([5]- [13]). B aTux paboTax 4€Tko yka3eIBaeTCs KOHCTPYKIHS OTIOp, C
MIOMOIIBI0 KOTOPOH 1 ONPEAEIISIOTCS UX YCIIOBHSI.

[Mocranoska 3amad. 1. B mpaBoil cucreMe UMIMHApHYECKHX KoopauHar 7,0,z

paccmoTpuM anddepeHIuaNbHbINA 3JeMEHT KPyTrioi miactuiky (dur. 1).

w,=-BN,

<k

0 +«—0 '
2a4«— R —> a gj*
<« R —x ;

dw

ol

a a dr

a) 6) c)

@ur. 1

KpaeBass wacTh IIaCTMHKM BCTaBJIeHa B YHPYIMH MaccuB, o0pasys yHpyro-
3amemMnéHHyo onopy. JliuHa 3Toi wyacTh Mo pamuycy 2d JOCTaTOYHO Maja OTHOCH-
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TeNbHO paguyca wiacTuikn R . W3-3a Manoil JuiMHBEI Oy/IeM CUMTATh, 4TO BCTAaBJICHHAS
4acTh IUIACTHHKH, IOJOOHO aOCOMIOTHO TBEPAOMY 3JIEMEHTY, MOXKET IIOCTYNaTEIbHO
nepeMeInaTbess ¥ Bpamarecsl Kak onHa nenas. Iloatomy B e€ mpenenax Oynem cumTath

dw

3HAYCHUC —— IMOCTOSAHHBIM (7"— paauanbHas KOOpaAuHATa, W — HpOFI/I6 IJIaCTUHKU TIpU
r

mru6e). OTMETHM TakXke, 4YTO M3-33 MAlIOCTH 2d pPACCTOSHHME LEHTPA TSKECTH
BCTaBJIEHHOM 4acTH paBHO { .

Ha enunn4nol [utHe OnOpHOTO cevenus » = R npu usrube MIacTUHKY BO3HUKAIOT

nonepeunast cuaa N, u usrudaromme momentst M, , M.

ox neiictBreM MOMeHTa nonepedHoii cubl @N, n Mmomenrta M | BeraBneHHas gacth

aw
Oy/leT BpalaThCs HAa HEKOTOPBIA yroi. ByjeM cuMTaTh, YTO TAaHIEHC 3TOr0 yria =
r
w
IPSAMO TPONOPLUMOHAJIEH CyMME BTHX MOMEHTOB. Tak Kak d—, N.u M, umeror
r
OJIMHAKOBBIH 3HAK, TO MOYKHO HAIUCATh
dw
o =D(aN,+M,) . (1.1)
r r=R

TMonoxwutenbHas noctosHHas [) — oOpaTHas BENTMYMHA KECTKOCTH YIIPYTO- 3aIleM-

- U
nEHHOI onopsl Ha Bpatenue. B CH ona usmepserca equauueiit H - .

Iporu6 mIacTUHKK OIOPHOTO ceuenust 7 = R cocrout m3 nByx vactei. OnHa U3 HUX
BO3HHKAaeT OT BpallleHHs BCTaBIEHHOM dYacTu, a JApyras — OT €€ IOCTyHaTelIbHOTo
BepTUKaJIbHOTO mepeMerieHus. Ilo anamorunm c rumote3oii @Pycca-Bunkiepa MOXXHO

CYMTATh, YTO BTOPas 4acTh W, OMNOPHOrO Mporubda NpsMo NpONOPLUHOHAIbHA TTONEPEUHOM

dw
cune N, . Tak kak 3HaK nporn6a W OTINYAeTCs OT 3HAKOB —— . N, TO B HTOre MOXHO
dr
HalmucaTtb
dw
w|_,=—|a=——+BN, |C. (1.2)

dr

IMonoxurenbHas MOCTOAHHAas B —oOpaTHas BeIMYMHA IKECTKOCTH  yHPYIo-
3aleMJIEHHON OMOpbl Ha BepTUKajdbHOe nepemenieHne. B CH oHa usmepsercs eauHuuen
MH™.

Takum  00pa3oMm, YCJIOBUS  YIPYro-3alleMJIEHHOH OMOpPbI  OCECHMMETPUYHO
n3rnbaeMon Kpyriou miactuHky umerot Bun (1.1) u (1.2).

2. Ilonyyenue cBsi3m mapametrpoB. Ilomp3ysace rumorezoif dycca-Bunkiepa u

pucyHkamu )—C) ¢ur.1, onpenenuM 3HAYEHUS TTAPAMETPOB PACCMOTPEHHOH YIPYTO-
3aimeMnénHoll onopsl B w D, xorma Topel BCTaBIE€HHOM YacTH, Kak OOBIYHO, He
KOHTaKTUPYET C yIPYTUM MacCHBOM.

Tak kak pryl"I/Iﬁ MAacCCHB Ha BEPXHIOK W HUKHIOKO IMTOBCPXHOCTU BCTaBJICHHOH YacTH
HeﬁCTByeT HOpMaJIbHBIMH HapsPKCHUSIMUA OJJMHAKOBOI'O HalpaBJICHHUA, apamMo
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IPONOPUMOHAIBHBIMU BEPTHKAILHOMY MEPEMEILEHUIO W), TO M3 YCIOBUA PaBHOBECHS C
yaérom (1.2) MOXKHO HamUCaTh:

_ W,RdO R

2a
2k.w0-d@_([(R+x)dx:4kaw0(R+a)d6— 2 = :W, 2.1

N -3
e k — xoaduuuent nponopuronansHoctd. B CH ona nsmepsiercs eqununeit H - m ™ .

U3 ycioBMS DAaBHOBECHS MOMEHTOB OTHOCHTENBHO LEHTPA BCTABJIEHHON 4YacTu
ITacTHHKH ¢ yuétoMm (1.1) momyunm:

de—de I(R+a+x)xdx+J(R+a—x)xdx :gka3(R+a)d9:
0

r 0
2.2)
Ry o 3R
dr D 4ka’ (R+a)
U3 (2.1) u (2.2) creayer cB3b MeX Ly apaMeTpaMu ynpyro-3ameMiéntoi onopet D u B
3B
D=—-. (2.3)

2
a

3. Pemenne 3apaun. PaccMoTpuM OpTOTPOITHYIO KPYIIIYIO IUIACTUHKY paauyca R u
nocTosiHHOM Tommumubl /1. Koopmunatnas mockocts 700 coemamaer co cpemuHHOM
IUIOCKOCTBIO TUTACTHHKH, a TVIAaBHBIE HANPaBJICHUS aHU30TPOIUM MaTepHalia MapajieiabHbl

KOODAMHATHBIM JiuHUAM. Kpall miacTakd # = R uMeeT paccMOTPEHHYIO YIpyro-
3alIEMJIEHHYIO OIIOpY.

Ha wuentpanmshoit wactu mmactunkn 0 <7 <€  geificTByeT paBHOMEPHO
. 2
pacrpesenéHHas nornepeyHas Harpyska MHTeHcHBHOCTH ¢ = P/ TE”, a ocTanbHas yacTh

macturku € < 7 < R ¢B0oGosiHA OT HArpy30K.
B pamkax yrounéunoit Teopuu C.A. AMOapiymsina [1] paccMorpuM 3amady usruba
TUIACTUHKH NP Y4ETE BIUSHUS e(OpPMALMH TTOTIEPEYHOTO CIIBUra U 00KaTusl.

Pacuérnple Benuumnbl miactuakn W, N, M wu M, unrepsana € <r <R

o603Ha9nM HHIEKCOM «1» , a naTepBana 0 < 7 < € — uaAEKCOM (2%
Homezysics [1] (c.73, 74), moXydnM CleAyIOmye pa3penaromne ypaBHEeHIS 3a1a9u:
mpu €<r<R

rd3w1 +d2w1 _n2 dw, P 3(1_”2)ar P

noam _ _ , 3.1
ar’ dr* r dr 2mD, Seth o r* G-D
mpu 0<r<e
a’3w2+a’2w2 _n_za’w2 _ P N P (4, 4) n +3ar (nz—l) 32)
dr & r dr 2nDg we?|V 7 V10D, 5h '
3nech
B} , D E,
= R e el (3.3)
12 D E
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Ey,E B ,a,, A, A, —obmenssecTHble MeXaHIYECKHE APAMETPbI OPTOTPOIIHOrO Tena [ 1].

O6mue pemenus ypasaenuid (3.1) u (3.2) umeror Bun [1]:

2
1+n 1-n p r _ 3par lnL

w,=c¢ +c,r +cr o+ 3.4)
b * 4n(1-2’)D, Smh R
w, =c¢, +er" + b’ + byrt (3.5)
371€ch C, — TOCTOSHHbIE MHTETPUPOBAHMS,
P> |64 (nP-1) 4 4 P
| = B B 3 + y b2 = B 5 (3.6)
20me’ (1-n*) h D, 8(9—n*)ne’D,
W3zrubaroririe MOMEHTBI ONPEACISAIOTCS C IOMOIIbI0 Beipaxkenuit [1] (ctp.73):
2 3Pa (1-v
M, =-D. d vzvl o _ i - o) 3.7)
dr rodr Smhr
l1d d? 3Pa (1-v,
M, =-n’D, |~ My vzvl +— ( - ) (3.8)
r dr dr Stthr
2 3Pa (1+v Ah*P
M, =-D d - Sodw A - 9)+ lhz (3.9)
dr rodr Sne*h 10me"D,
1d d? 3Pa, (1+v, A WP
M,,=-n’D, |~ gy, VL}Z +— ( 5 ’)+ = (3.10)
rodr dr Sneh 10me"n" D,
__oep1 - __6Pr __F __ P G.11)
1 T’ r’ P2 her 2”7 2me? '

I[J'ISI OIpPEAC/ICHNUA TMOCTOAHHBIX HWHTCIPUPOBAHUSA Ci HY>XHO HCIOJIb30BaTh YCJIOBHUSA
yopyroro 3amemnenus (1.1), (1.2) rmagkoctm aedopMHpPOBaHHON IIIACTUHKH U

Hepa3pbIBHOCTH n3rubaromero Momenta M, npu ¥ =€

dw, dw
w=w, —=—2 M, =M, umu r=g (3.12)
dr dr

Iocnennee ycmosue (3.12) BeITeKkaeT U3 3aKOHA PAaBEHCTBA JEHCTBHUA U MPOTUBOJACHCTBUS
Harpy>)k€HHOM M HEHAarpyKéHHOW 4YacTeil IUIACTUHKA IIpU OTCYTCTBUM BHEIIHETO

cocpenorodeHsoro mMomenra M . OTmernm, 4TO IpH 7 = € PAaBEHCTBO H3THOAIOIINX
momentoB My m M, He 006s3aTenbHO, IOCKONBKY 3TH MOMEHTHI HE SBIISIOTCS

JIEHCTBUEM M POTUBOAECUCTBUEM OTMEUYEHHBIX 4aCTEN IUIACTUHKH.
4. OcHOBHBIC 0003HAYCHHUS U MOJIYYCHHE CHCTEMbI Pa3pelialouX ypaBHeHHUIA.
ITIpumem obGe3pazMepuBaroniie 0003HaUYESHUS:

w,=wh, h=mR, r=pR, ¢e=kR, Ba =y, a=sh,

63



_ 2p e = pn _ = pn =
P=Bh°P, ¢,=ch, ¢c,=c,R", c¢;=c,R", c,=c,h,

3 2713
05=E5R_n, Dzih’B:%, inz’:B:OLSh ’
D 12 { B a 3D
' T _ (4.1)
N, =N B, M, =M BI, My=,BJ, b="0, b=2
h’ h
C yuétom (3 4) +(3. 11) B 0003HaueHHAX (4.1) momydnm:
2
W =¢ +—= % p”” + & 3p7" SPp 3XP Inp (4.2)
m I (l—n ) ST
— 4
W _C4+ p1+n+b1p bZFZ , ]vl —_ mP (43)
m m>  m 2mp
— mP — mP
N, = N,=- 44
rl 27tp r2 2TCk2 p ( )

M, :—% (1+n)(n+vy ) p"™" -6, +(1-n)(ve—n)p ™ g +M] (4.5)

i _
M, = mn (l+n) (l+nv,, )p"i1 -Cy +(l—n) (l—nvr ) p "G +M] (4.6)
n

(1+n)(n+ve)p”’lEs+M51+
M,=-3 A(34v,)p’ " 4.7)
+ve)p' =  3mP
+ m36 b, + SZkz [X(l +ve)+2A1]

- (1+n)(1+nv,)p" e +¥E +

T 4(1+3v,)p’ 3mP *9
. — m
+ — b, + s [(1+v,,)n2x+2A2]
31mecn
— 3m>P — 3m>P
b=——r | y(n*=1)+2(4,-4)|, b=—"
: lOnkz(l—nz)[X(n J+2(4, 1)] ? 2(9-n")nk’ o)

VYcnoBust ynpyro-3aieMiaEHHON ONOPBI M YCIOBUS NpH ' =& B o00o3HayeHusx (4.1)
MPUMYT BUA:
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(1+n)[1+(n+ve)ocm]c_*2 +(1—n)[1+(ve —n)ocm]E3 =

D 3P
=W{xm2(l—nz)—IO—IOOLm[sm(l—nz)+(1+v9)}},
mEl+[1+ms(1+n)]52+[1+ms(1—n)]53:

2 P (4.10)
ZW{IO(l—nz)aszm3—15—3ms[10—xm2(1—n2)]},
m51+k””-52+k1’”-Q—ma‘_k””.gs:E_k2+gz_k:_

m m
T wr L3P
nm(l—nz) Sm ’
(en)k & (1 n)k " (s n) = 206 SPK
4)

6kP 3ymP
+
nm(l—nz) Stk
(1+n)(n+vy)k"™" o, +(1=n)(vy—n)k" "¢, = (1+n)(n+vy ) k" -¢5 =
5) _6(1+ve)ﬁ+2(1+ve)l;l+4(3+ve)k252 3mP

B nm(l—nz) m m’ +5nk2

5

[x(1+vy)+24, ]

OrnpenenuB MOCTOSIHHbIE El., MOJKHO BBIYHCIIUATEH O€3pa3MEpHBIC 3HAYCHHS BCEX Pacdér-
HBIX BEJIMYMH IIJIACTHHKH.

5. UucieHHble pe3yJibTaTbl. PaccMOTpUM YUCIIEHHBIH IPUMED.
ITonb3ysich TMHEMHOCTBIO 3a7aud, MOJOKUM P= 1. B kaka0M KOHKPETHOM CIyyae,
YMHOXXHB PeIIeHHE Ha IEHCTBUTEIFHOE 3HAUCHHE P , TIOJIy9UM HCTHHHBIE Oe3pa3MepHBIe

3HA4YEHHS PACUETHBIX BEIHIHH.
Ilycts

n=~2(E,=2E,),E. :% Y =10, m=025, k=05, s=0.5,

(5.1)

v, =015(V, = vy, ), V., =04, v, =02, @=01, 1110

z

W3 ycnoBuit ciMMETpUH MEXaHUIECKHX CBOHCTB opToTpomHoro tena ([1], ctp. 23 ycioBus
(4.16)) nomyanm:

Vo =03 (Vg =V,0), V,. =0267, v, =06 (5.2)
Torna, u3 dopmyn [1] ( ctp. 47 , (5.2)) HaxomuM:
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A =-0513, A, =-0754 (5.3)

[IpunsATHIE MeXaHMYeCKHe NapaMeTphbl YIOBICTBOPSIOT YCJIOBHSM HOJIOKUTEIBHOCTH
sHepruu AedopmupoBaHus opToTporHOro tena [1], (ctp. 24 ycnosus (4.18)), TOCKOTBKY

M= My =—0.212, 3 = Py = —0.327, 3= Hyy = —0.346,

‘ Mz —HppHs, |: (5.4
‘\/1_!1122\/1_“53‘ e

PaccMmoTpuM cienyronue yacTHbIE CIIydau:

1. x=4=4,=0 (npenebperaroTcs BIMSHUS MONEPEYHOT0 CABUIa U 00XKaTHS)
2. =10, 4 =-0.513, A, =—0.754 (y4uTHIBAIOTCS 3TH BIHSHHS OJHOBPEMEHHO)

3. x =10, A1 = A2 =0 (Y4nTBHIBa€TCS TOJNBKO BIMSHHUE ITOTIEPEYHOTO CIIBUTA)
4. (=0, A =-0513, A, =-0.754 (YyunTBIBaETCS TOJBKO BIMSHUE OOXKATHSA ).

Jli1st 5TMX 4aCTHBIX CliydaeB B Ta0J. | npuBeneHbl Oe3pa3MepHbIE 3HAYEHHs poruda W, a
B Ta0n. 2 u 3 — m3rubaroumx MmomentoB M, u M, B HEKOTOPBIX TOYKax IIACTHHKA. Jlst

HarsAHOCTH, Ha ¢Qurypax 2+4  mpencraBieHbl rpadUKi H3MEHEHHs Oe3pa3MepHbBIX
BEJIMYMH MTPOruda v M3rudaroIux MOMEHTOB BIIOJIb Palyca IIACTHHKU B CiTydae 2.

Ta6numia 1
w Iz
0 0.1 0.2 0.3 0.4 0.5
1 1.990 1.969 1.878 1.708 1.466 | 1.173
2 3.452 3.396 3.209 2.881 2.424 | 1.859
o= 01 3 3.520 3.463 3.271 2.936 2.468 | 1.891
a 1.922 1.902 1.816 1.654 1.422 | 1.142
1 3.281 3.255 3.148 2.946 2.651 | 2.282
2 4,994 4.934 4.727 4.361 3.839 | 3.185
=10 3 5.077 5.015 4.804 4.429 3.897 | 3.228
4 3.198 3.174 3.072 2.877 2.504 | 2.239
1 6.113 6.080 5.942 5.674 5.275 | 4.759
2 8.325 8.256 8.011 7.566 6.920 | 6.087
o= :IE[ 3 8.436 8.365 8.115 7.661 7.003 | 6.154
4 6.002 5.971 5.838 5.579 5.192 | 4.691
w 2
0.6 0.7 0.8 0.9 1
1 0.862 0.568 0.319 0.139 0.050
2 1.291 0.811 0.434 0.178 0.059
o= E[_l 3 1.310 0.821 0.439 0.179 0.059
4 0.844 0.558 0.314 0.137 0.049
1 1.872 1.451 1.047 0.682 0.377
2 2.497 1.864 1.301 0.823 0.444
= 1.0 3 2.527 1.884 1.314 0.831 0.448
4 1.842 1.431 1.034 0.674 0.373
1 4,151 3.480 2.770 2.041 1.308
2 5.162 4.229 3.299 2.383 1.492
a =10 3 5.214 4.269 3.328 2.402 1.502
4 4.099 3.441 2.742 2.022 1.298
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Tabimna 2

M, -10° E
0 0.1 0.2 0.3 0.4 0.5
1 0 4.52 5.23 4.90 3.77 1.89
2 0.16 4.09 4.59 4.13 2.87 0.89
=1 3 0.00 3.89 4.39 3.91 2.65 0.67
4 0.16 4.72 5.44 5.12 3.99 2.13
1 0 5.32 6.29 6.17 5.19 3.45
2 0.16 5.05 5.88 5.64 4.58 2.77
e — 1.0 3 0.00 4.86 5.68 5.44 4.37 2.56
4 0.16 5.51 6.49 6.37 5.39 3.67
1 0 6.90 8.39 8.65 7.99 6.53
2 0.16 6.94 8.41 8.63 7.95 6.46
a =10 3 0.00 6.78 8.23 8.46 7.77 6.29
4 0.16 7.07 8.57 8.83 8.17 6.71
M, -10° 4
0.6 0.7 0.8 0.9 1
1 -0.09 -1.75 -3.19 -4.50 -5.70
2 -1.25 -3.03 -4.58 -5.97 -7.25
=01 3 -1.41 -3.16 -4.69 -6.07 -7.34
4 0.07 -1.62 -3.09 -4.41 -5.61
1 1.59 0.05 -1.30 -2.51 -3.63
2 0.77 -0.87 -2.30 -3.58 -4.75
o — 10 3 0.62 -0.98 -2.39 -3.66 -4.82
4 1.74 0.15 1.21 -2.44 -3.56
1 4.91 3.58 2.43 1.41 0.47
2 4.75 3.37 2.18 1.13 0.17
a =10 3 4.64 3.30 2.14 1.09 0.15
4 5.01 3.65 2.48 1.44 0.49
>
12 p
L4+
160
185
v
w
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Tabimma 3

M, -10° f
0 0.1 0.2 0.3 0.4 0.5- 0.5+
1 0 6.56 8.04 8.38 7.89 6.69 6.69
2 0.16 5.88 7.08 7.22 6.57 5.22 4.74
o= .1 3 0.00 5.67 6.85 6.98 6.32 4.96 4.96
4 0.16 6.77 8.27 8.62 8.15 6.96 6.48
1 0 7.69 9.55 10.17 9.91 8.90 8.90
2 0.16 7.24 8.89 9.36 8.98 7.87 7.39
=10 3 0.00 7.04 8.68 9.14 8.75 7.63 7.63
4 0.16 7.89 9.76 10.39 10.14 9.14 8.66
1 0 9.92 12.5 13.7 13.9 13.2 13.2
2 0.16 9.92 12.46 13.59 13.74 13.09 12.62
=10 [ 3 |000 9.74 12.29 13.41 13.56 1291 | 1291
4 0.16 10.09 12.69 13.87 14.05 13.44 12.96
M,-10° £
0.6 0.7 0.8 0.9 1
1 5.07 3.39 1.76 0.17 -1.34
2 3.09 1.35 -0.37 -2.04 -3.63
=01 3 3.20 1.40 -0.35 -2.04 -3.65
4 4.96 3.34 1.73 0.18 -1.32
1 7.45 5.93 4.43 2.98 1.59
2 5.94 4.39 2.84 1.34 -0.11
o = 10 3 6.08 4.48 2.89 1.37 -0.09
4 7.31 5.85 4.38 2.96 1.58
1 12.1 10.9 9.71 8.53 7.39
2 11.6 10.4 9.19 8.00 6.85
a =10 3 11.7 10.5 9.30 8.09 6.93
4 11.9 10.79 9.60 8.44 7.31

dur.3
-5
0
s 02 04 . . L0,
110
- " a=10
M9102 (X:().l o =1
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3akarouenue. Pe3ynbpTarel pelieHns IpUBOIAT K 3aKIIOUCHHUAM:

1. C Bo3pacranueM napamerpa O >KECTKOCTH YHPYTro-3allleMIEHHON OMOpEl yMEHb-
MIAIOTCS ¥ MPOTUOBI TNIACTUHKH BCIO/Y yBEIMYHMBAIOTCA. [Ipy 3TOM, OTHOCHUTEBHBIE TIOT-
paBku mporu0oB ymeHbmiarorcs. Kak u cienoBango 0XuaaTh, YUET IOIEPEYHOTO CIIBUTA
NPUBOJMT K 3aMETHOMY YBEJIMYEHHIO, a Y4ET 00xaTus, HaoO0OpOT, K HE3HAYUTEIEHOMY
YMEHBIIEHHUIO MPOTrnoda MIacTHHKY.

2. Hpu yuére oGxarus (ciaydan 2 u 4) msruGaromue Momentsl M, u M B uenrpe
TUTACTUHKY PAaBHBI ¥ OTIIMYHBI OT HyJs. B ciydae sxe 1 u 3 3T MOMeHTHI paBHBI Hytto. [Ipn
yuére oOxarms msrubarommii Moment M|, Ha rpaHuie pasjena HarpykEHHOH M He-

Harpy>K€HHOW yacTell TUIACTHHKHM MMEET Pa3phIB IEepBOro poja. Benmumna storo paspeia
HE 3aBHCUT OT 3HaUeHUs napamerpa OL.
B 3axstoueHre 0TMETUM, YTO €CJIM He3aBUCHMO OT 3HA4YEHUs pajiyca HarpyKEHHON 4acTH

r=¢& (p =k ) CyMMY Harpy3Kd CUHTaThb IOCTOSHHOMN ( f) = const) , TO TIIpH

e—>0 (k - O) MOJYy4YHM pEIIeHHe 3aJaud Ui ciy4asi, KOTr[a B LIEHTpe IJIACTUHKHU

JeicTByeT cocpenorodeHHass cwina. OpHako, mpu yd€Te IONEepeyHOro CJABHTA C
NpUOIIIDKEHHEM K LEeHTPY IUTACTUHKH TPOrud ¥ ero NpPOU3BOAHAS CTPEeMSTCS K
OECKOHEYHOCTH U TOJYYCHHOE pPEIIeHHEe CTAaHOBHUTCA HempuemieMbM [11]. B ciydae xe

e=R (k = l) MOTy4YUM pEIIeHHe 3aJaudl IUIACTUHKM, LEJIUKOM HarpyXEHHOU

PaBHOMEPHO paclpenenéHHON Harpy3Koil.
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2U3UUSULP @bSNh(e3NPLLENP UQFU3PL UUUEURUSE Sttulahl
W3BECTUSI HALIMOHAJIBHOM AKAJIEMUM HAYK APMEHUM

Uthuwmthju 69, Ne3, 2016 MexaHuka
YK 539.3

®JIATTEP YIIPYTOM MIPAMOYT OJIbHOM IIJIACTUHKHA ITPU
CBEPX3BYKOBOM OBTEKAHUU U HAJIMYUN NTHEPIITMOHHBIX
MOMEHTOB HA KPOMKAX

Mukaeasu A.O.

Putwh punbkp. nupnublnmt wowdquljub uwy, nhtwdhl Juyniimpenil, qhpduyuuyght
hnup, Yphnhjulut wpugnipjni:

KiroueBble ciloBa: IpsAMOYrojibHas ynpyras IUIaCTHHKA, JMHAMHYECKas yCTOHYMBOCTb,
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Uhpwbpul 2.2.
Mynuulymu wrwdquijub vuh punkpp qgepduyiughtt quqh hnuph b wwyh Eqpipmu pukpghni
undkinntubph wpjuympyuh nhypmd
Yhunwplyws E ghipdwjiwghtt qugh hnupnid nippuilnit vwh Juyniunipyun dh jaghp: Uwh
pninp kqpbpp hnpuljuwnpbt wdpulgdws tu b qugh hnuphtt ninpwhuwywg Eplynt Ynndbpnid jub
JEunpniwgqus dndbuntbp: 8nyg kE mpqus djuntiph wnwowgdw htwpwynpnipniip: Fnudws Eu
$runtpuyghtt wbuyniinipyub hwhqkginn quqh hnuph Yphinhjulwb wpugnipyub wpdbplbtpp:
Mikaelyan H.H.
Flutter of the elastic rectangular plate in supersonic gas flow at the presence of inertial moments at the
edges
The problem of stability of an elastic rectangular plat% in a supersonic gas flow is investigated. All edges of the
plate are hinged and there are concentrated moments on two edges of the plate. The critical velocity of the gas flow
is defined which leads to flutter instability.

PaccmarpuBaercst 3aja4a yCTOHYMBOCTH MPSIMOYTOJIBHON IUIACTHHKH, 00TEKaeMOil CBEpX3BYKOBBIM ITIOTOKOM
raza. Bce kpas IUIaCTMHKU IIAPHUPHO ONEPTHI, @ HA JIBYX IPOTHBOINOJIOKHBIX KPOMKaX IJIACTUHKH, IEPHEHIH-
KyJSIPHBIX K HaIlPaBICHUIO IOTOKA Ta3a, UMEIOTCS COCPENOTOUCHHbIE MOMEHTHL. HaliieHbl KpHTHYEeCKHEe CKOPOCTU
[10TOKA ra3a, MPEBbILIEHHE KOTOPLIX MPUBOAUT K IIOTEPE YCTOWYMBOCTH TUIACTHHKU.

Brenenme. B mnpemaraemoii pabore HCCIEAyeTCS YCTOWYMBOCTH MPSIMOYTOJIbHOM
YIPYToil IJIACTHHKU MOCTOSHHOM TOJILUHBI, 00TEKaeMON CBEPX3BYKOBBIM IOTOKOM Ta3a.
Bce kpasg NIacTMHKM IIApHUPHO ONEPTHI, a HA [BYX IIPOTUBOIIOJIOXKHBIX KPOMKax
IJIACTUHKH, MEPIEHINKYJISIPHBIX K HAIIPaBJICHUIO MOTOKA T'a3a, UMEIOTCS COCPEOTOUECHHbIE
MOMeHTBI. HaillieHbl COOTBETCTBYIOIIME KPUTHUECKHE CKOPOCTHU MOTOKA Ia3a, MPEBBILLICHUE
KOTOPBIX IPUBOJUT K MOTEPE YCTOMUUBOCTH TIACTUHKU.

YcraHOoBIIEHO, UTO B Ciyyae, Korjaa U3 OAHOM U3 KPOMOK IUIACTUHKH COCPEIOTOYEHHBIN
MOMEHT OTCYTCTBYET, IUIACTUHKA HAXOAUTCS B YCTOWYMBOM COCTOSIHUU.

1. IlocTanoBKa 3agaun. PaccMaTpuBaeTcs NpsAMOYTOJIbHAs TOHKAas YIpyTras IJIacTHHKA,

KOTOpass B JEKapTOBOM CUCTEME KOOpAUHAT Oxyz saamMaer obmactr 0 < X< Q,
0< y< b, —h<z<h. JlexkapToBa cucTteMa KOOpAUHAT Oxyz BBIOMpAETCsl TaK, YTO OCH
Oxwu Oy nexar B mI0cKOCTH HEBO3MYIEHHOH MmacTurky, a ock OZ meprennukymnspra k

mnacTuake. Ilnactuuka o6Tekaercs B Hanpasinennn oc OX cBepX3BYKOBBIM IIOTOKOM ras3a
co cxopocteio V .
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Mycts kpomku X=0, X=2a, y=0 u Y =b nnacrunxu mapuupHo 3axpernensi. Ha

kpomkax X =0 u X = & npunokeHsl cocpes0OTOYEHHBIE MOMEHTHL.

BrersicHIM yciioBHS, TpM KOTOPBIX BO3MOXHA TIOTepS YCTOHYHMBOCTH COCTOSHHSA
HEBO3MYIIEHHOTO PAaBHOBECHS IUIACTHHKH, KOTJa M3THO IIACTUHKH OOYCIIOBIIEH COOTBET-
CTBYIOIIUMH aA3pOAMHAMHWYCCKUMU HArpy3kaMu M IMPUIIOKCHHBIMU BAOJIb KPOMOK ILIacC-
tiakd X=0 u X=a COCpPEZI0TOYEHHBIMA MOMEHTAMH.

Maneie w3ruOHBIE KOJNEOAHUS TOYEK CPEIUHHON MOBEPXHOCTH MPAMOYTOIBHOM
TUIACTUHKH OKOJIO HEBO3MYIIEHHO (pOpMBI paBHOBECHSI B PEATIOI0KEHHHN CIIPABENTUBOCTH
runore3sl Kupxroda u «nopuiHeBoid Teopum» [1] omumceiBarorcst anddepeHIuaIbHbIM
ypaBHeHHEM [2,3]

o'W o'W o'W oW
D T t2——+t— |tapV—=0. (1.1)
OX oxoy- oy OX

3pece W = W(x,y,t) — mpornb Todyek CpefMHHON MOBEPXHOCTH IUIACTHHKH; ) —

IJIOTHOCTh HEBO3MYILEHHOTO [I0TOKA ra3a, dy — CKOPOCTh 3ByKa B HEBO3MYIIIEHHOH ra30B0i
cpene; D — nunuHApHYecKas )kECTKOCTh IIACTHHKY Ha M3THO.

I'paHn4YHBIC YCIIOBUS B MPUHSTBHIX IMPEANIONOXKEHUSIX OTHOCHTENBHO CIIOCO0a 3aKpern-
JIEHHUS KPOMOK IIJIACTUHKH UMEIOT BUJL:

2
W =0, %y—w_o y=0; y=Db, (1.2)
2
W =0, Davyzl1 63W2, Xx=0, (1.3)
OX OXot
2
W =0, Davzv I28—3W2, X=a. (1.4)
OX oxot

TpeGyercss ompenenuTs 3HaueHMss napameTpa V, TpH  KOTOPBIX BO3MOXHBI

HeTpUBHANIbHBIE pelieHus anddepenuraibaoro ypashenus (1.1), ymoeierBopsiromiue
rpaHugHBIM ycnoBusM (1.2) — (1.4).

3aMeTHM, 4TO YCTOHYUBOCTD YAJTHMHEHHOW IIIACTHHKU TIPH CBEPX3BYKOBOM OOTEKaHUU U
HaJIMYMH COCPEJIOTOYSHHOI0 MOMEHTA Ha KPOMKax ObLiIa HcclieioBaHa B padote [5].

2. Obwiee pemrenue ypasueHus (1.1), yaoBneTBopsitolee rpaHMYHbIM yciaoBusM (1.2) —
(1.4), 6ynem uckaTh B BHIE:

(% y,t) Zf )sin(A,y)exp(iot) , A,=nnb™. @2.1)

HO,Z[CT&BJISISI Belpakenue (2.1) B nuddepeniuansioe ypasnenue (1.1), momydaem
XapaKTEePUCTUYECKOE ypaBHEHHE, SIBISIFOIEECS alreOpanvyecKuM ypaBHEHHEM 4YeTBEPTOM
CTETIeHU

p'-2p’+alp+1=0, o) =ap, VDA, a)>0 (2.2)
501078
( p’ —1)2 +op=0, o) =apVD'A’, a’>0. 2.3)

Od4eBHIHO, YTO XapaKTePHCTHUECKOEe ypaBHeHHE (2.3) mMMeeT /aBa OTPHLATEIBHBIX
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JEHUCTBUTENBHBIX KopHA: I, < 0, p, < 0 u napy KOMIUIEKCHO-CONPSIKEHHBIX KOPHENl
P,, =0 +if ¢ nonoxurensHoii BemecTBer Ol Yacteo 0L > 0.

B pabote [6] mogpoOHO H3maraeTcs peleHne XapakTepucTHIeckoro ypasHenus (2.3) ¢
noMoIkko anroputma deppapu [4], B COOTBETCTBUH C KOTOPEIM alre0pandeckoe ypaBHEHHE
4ETBEPTOM CTENIEHU CBOJUTCS K 3KBUBAJIEHTHOM CUCTEME IBYX KBaJpaTHbIX ypaBHeHU. [Ipu
9TOM, KOPHH XapaKTepUCTHYECKOTO ypaBHEHHA (2.3) ONpenensioTcsl CIEAyIONNMU
BBIpaXKEHUsIMU [6]:

J2(q+1 [5— q-1
p1,2:_ (2 )i qz_l_q2 ) p1<09 p2<0
J2(g+1) | -1 .
p“:(T)il /«/q2—1+q7 , Py=azxif, a>0

(— eAMHCTBEHHBIH ACHCTBUTENBHBIN KOPEHb KyONYECKOTro ypaBHEHUS [0]
2 Cia - _
8(1+q) (g-1)=ap, a)=a,p,VD'A;’, A,=nnb". (2.5)

OTtMeTuM, 4YTO U3 COOTHOHICHWH (2.5) H TOJNIOKUTEIBPHOCTH JAHCKPUMHHAHTA
6

6
Q=o0a,| —+—" |kybuueckoro ypaBHeHHs OYEBHJHO, YTO KyOMYECKOE ypaBHEHHE

"\ 27 256

2.4)

(2.5) npu ycnosuu ch1 > (0 wumeer onun neiictButenbHbi Kopers ( (0 >1) u mapy

KOMIUIEKCHO-COTPSDKEHHBIX KOPHEH.
U3 cooTHOmIeHMiA (2.5) JNErKO MOXXHO MOJYYHTH BHIPAKEHHE 3aBHCHMOCTH CKOPOCTH

notoka raza V' OT mapamMeTpoB CHCTEMBI

\Y :2,/2(q—1)(q+1)n3n3y3D(aOp0a3)_l, (2.6)
rge dyepe3 Y 0003HAU€HO OTHOIICHUE IIMPHUHBI IIACTUHKM & (CTOpOHA INIACTHHKH IO
MOTOKY) K €€ IITHHE b:

y=ab™. 2.7)

Ob6mee pemrenue (2.1) muddepennuansroro ypaBuenus (1.1), B COOTBETCTBUH ¢
BBIIIEU3JI0KEHHBIM, MOYKHO MPEJCTABUThH B BUJIE:

o0

W(xy,t)= Z(Cm exp (L, pX)+C,, exp (A, p,X)+exp(A,ax)x

n=1

x(Cpy 008 (A, BX) +C, sin (1,8x)) ) exp (i, t)sin (1Y), 2.8)

rae |3 ,(i = 1,4)7 KOPHH XapaKTepPUCTUUECKOTo ypaBHeHHA (2.3), ompenensieMble BbIpa-

xenmsavu (2.4); C ,(k =1, 4) — npowu3BoIBHEIE TOCTOsHAEE, A, =TND .

[Moncrasnss obmee permenue (2.8) muddepennmansaoro ypasaenus (1.1) B rpaHndHbIe
yermosust (1.3) m (1.4), momy4aeM OIHOPOIHYIO CHCTEMY alreOpanvecKuX ypaBHEHHH

II€5TBépTOI‘O TIOpsAAKa OTHOCUTEIIBHO MPONU3BOJIBHBIX ITOCTOAHHBIX an . I[anee, npupaBHUBAA
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HYJIIO ONpeACIUTEC/Ib HOHy‘IeHHOfI CUCTEMbI, IIOJy4YacM CJCAyroIlIee anre6panqec1<oe
YpaBHEHHUE OTHOCUTEIIBHO KBaAPaTOB COOCTBEHHBIX YaCTOT KOJIEOAHMH IIACTUHKU:

kk,A(g,v,n)o" —(k +k,)B(a,7,n)o’ +C(q,y,n) =0, (2.9)
rae k =1,D7'b(mn)";  k, =1,D7'b(nn)";

A(g,7,n) = 2{(Q12 ~Q,” -2(q+1))sh (mmyQ )sin (mmyQ, ) +

+2QQ, (ch(nny\/m | ~ch (zn1Q ) cos (zmQ, ))} : (2.10)
B(q,7,n) =2{(Q’~2(a+1)Q +QQ,")ch (xmQ )sin (nnyQ, ) -
~(Q’Q,+Q (2(a+1)+Q;))sh(rmQ ) cos(mmQ, ) +

+QQ 2,2(q+1) sh(nny\/m )} : @11
C(q7.n) = 2{(Q14 -2Q7(a+1-Q2)+ Q. (2(a+1)+Q?))x

xsh (mmyQ, ) sin (=yQ, )+ 4(a+1)QQ, ch (zmyy2(a+1) ) -

—ch (myQ, ) cos (nnyQ, ))} : 2.12)

Ql(Q)=\/\/q2———%(q—1) ;Qz(q)=\/\/ﬁ+%(q—l), @.13)

q (g > 1) — enuHCTBEHHBIN N€HCTBUTENBHBIN KOPEHb KyOHUECKOTO ypaBHeHus (2.5); Y —

OTHOIIICHHE CTOPOH IJIACTHHKH, OTpeieNsieMoe BeIpakeHueM (2.7).
Vuureisas ycnosue ( > 1, u3 soipaxenuii (2.13) umeem:

QI(CI)>0 , Qz(Q)>O s Beex > 1. (2.14)
C nomorpto rpado-aHATUTHIECKUX METOJIOB JIETKO MTOKa3aTh, 4TO
A(9.v.,n)>0.B(g.,v,n)>0.C(g,7,n)>0 (2.15)

msseex(>1, N>1uy>0.
SlcHo, uTo AECnepcHOHHOE ypaBHEeHHE (2.9) ycTaHABIMBaET 3aBUCHMOCTDh COOCTBEHHOM
94acTOThI KOJeOaHU TUIACTHHKA (D OT mapaMeTpoB a, b , n, |l R |2, g (wm V B coor-

BeTcTBUU C (2.6)) cuctemsr (1.1)-(1.4).

Cnemyer OTMETHTb, YTO CpeOW IapaMeTpOB WCXOAHON 3aladyd yCTOWYHBOCTH
MPSIMOYTOJIBHOM IUIACTHHKH, OOTeKaeMON CBEepX3BYKOBbIM moTokoM rasa (1.1)—(1.4),
HanOoJiee CyIeCTBEHHOE BIMSHUE Ha €€ TUHAMUYECKOE ITOBEJICHNE OKA3bIBAIOT CIIEIYIOIHE

-1 N
napameTpsl: Y =al — OTHOWIEHHME IIMPHHBI TUIACTHHKH K €& JJIMHE; kl, sz K03 (]-

(I)I/IIII/IGHTBI, XapaKTCPU3yromunue BJIHUAHHUEC COCPCAOTOUYCHHBIX HWHCPIUOHHBIX MOMCHTOB,
IMMPUJIOKCHHBIX BJOJb KpaéB IIACTUHKU X = 0 un X= a; napaMeTp CKOPOCTH IOTOKa

raza ( (9> 1); N —uucno nomyBoH B1osb cTOpoHs D .
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Takum 00pa3zoM, aHanM3 YCTOWYMBOCTH HEBO3MYIIEHHOTO COCTOSIHUSI PaBHOBECHS
MPSIMOYTOJIBHOHN IUTACTHHKH B CBEPX3BYKOBOM ITOTOKE ra3a MpH HATMYUH COCPEIOTOYCHHBIX

MOMEHTOB |1, |2, NPIIOKEHHBIX BIob kpaés mmactuaku X=0 um X=a, cBomurcs x

UCCJICJIOBAaHHIO TIOBEACHHUS KOpHel ypaBHeHHs (2.9) B 3aBHCUMOCTH OT I1apaMeTpOB
MCXoHOM 3anaun yecroruuBoctu (1.1)— (1.4).

OO6nacTb yCTOWYMBOCTH IUIACTUHKHM paccMaTpuBaeMoOil JIMHAMHUYECKOW CHCTEMBI
OIpENENAeTCs] COOTHOUICHUSIMU:

A(a,v,n)>0, B(g,y,n)>0,C(q,y,n)>0,A>0. (2.16)

3nech A — IMCKPUMHHAHT XapaKTEPUCTHIECKOTO ypaBHeHHUs (2.9):

A=A(g,y,n)= ((k1 +k,)B(a,7, n))2 —4kk, A(g,v,n)C(a,7,n). 2.17)

IIpu ycnoBuu
A>0, A(g,y,n)>0,B(q,y,n)>0,C(q,y,n)=0 (2.18)

IUTACTUHKA TEPSIET CTATHIECKYIO yCTOHYMBOCTD: MIMEET MECTO ANBEPTEHIINS,
a TIpH yCIIOBHHU

A(a,y,n)>0,B(q,y,n)>0, C(q,y,n)>0,A=0 (2.19)

[UIACTUHKA TEPSET ITUHAMHYECKYIO YCTOMYMBOCTh — IUIACTHHKA COBeplnaet (hiaTTepHbIe
KOJICOaHUSI.

PaccMoTrpum yacTHble ciiydau.

3.1. Uccrexgyem xapakTeprucTHiecKoe ypaBHeHue (2.9) npu yCIoBUT

k =k#0,k,=0 wm k =0,k,=k=0. 3.1
B sToM ciyyae pemieHne xapakTepucTH4ecKoro ypasHeHus (2.9) 3amumercs: B Bujie
-1
o’ =C(qv.n)(kB(a,v,n)) - (32)

yCTaHOBHeHO, 4TO B Cliy4dae€, Korja B OJIHOM U3 KPOMOK ITACTUHKH COCpeﬂOTOHGHHbIﬂ
MOMCHT OTCYTCTBYCT, IUTaCTUHKA HAXOJAUTCA B yCTOﬁ‘-IHBOM COCTOSIHHH.

3.2.Teneps paccmotpum ciyuai, korna K =K, =K.
XapakreprucTuieckoe ypaBHeHHE (2.9) 3amumiercs B BUIE:
2 4 2
k*A(a,v,n)o' —2kB(a,7,n)o’ +C(q,y,n)=0. (3.3)

VYuurteBast ycnmoBue (2.19), OTUCKpUMHHAHT XapaKTepucTHUecKoro ypaBHeHus (3.3)
HPUMET BHI:

2
A=A(g,y,n)=(2kB(q,v,n)) —4k*> A(q,y,n)C(g,7,n)=0. (3.4)
C MOMOIIBIO YUCIIEHHBIX METO/IOB AHATIN3a U3 YpaBHEHUs (3.4) HallleHbI IEPBbIE KOPHU

0, ypaeHenms (2.2), COOTBETCTBYIOIIME DPasiHYHBIM 3HAYCHUAM IIapameTpa’y € (0; 1) .
IMoncrapnss nomy4yennsie 3Ha4eHns ¢ B cOOTHOIEHHE (2.6), HOIy4aeM COOTBETCTBYIOIIHE

3HAYeHUs KpPMTHUYECKOH ckopoctd notoka V. IpUBOAALIE K (raTTepHOI

cr fl»
. , -1 3
HeycroitunBocti. HekoTopsle pesymbratel pacuéroB — smauenus Vo 4 D (aﬂpoa ),

COOTBETCTBYIOIIUC PA3TIMYHBIM 3HAYCHUAM 'Y, MpEACTAaBJICHLI B Tabm.1.
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OTMGTI/IM, 4TO IUId BCEX Y HAWMMCHBIICC 3HAYCHUE CKOPOCTH IOTOKA JOCTHUTACTCA IIPHU

suagennn N =1 .

Tab6muma 1
Y ql Vcr fl D 1(a0p0a3)
0.1 156.043 171.46
0.2 39.0373 173.32
0.3 17.3794 176.12
0.4 9.81094 180.14
0.5 6.32101 185.11
0.6 4.43957 190.98
0.7 3.32025 197.82
0.8 2.60937 205.57
0.9 2.13762 213.94
1.0 1.81527 222.62

B pesynbrate pacuéra ObUIO YCTaHOBJIEHO, YTo TpH 3Hadenusax Y = 0.1 kpuruueckas

-1
ckopocts V. 3aBHCHT OT OTHOmWIeHHs cTopoH 7Y = ab  mpamoyromphmka. C

cr fl
BO3PAaCTaHHEM Y 3HAYCHHE KPUTHYECKOM CKOpOCTH pacTér (dur.1).
.p-1 3
Vcrfl D (aopoa )
250

200 ‘_M

150

100

50

0 T T T T T 1
0 0,2 0,4 0,6 0,8 1 1, ¥

®wr. 1

MoxHO ojiaraTtb, 4YTO JJId BCCX 'Y S (O, 0 1) MNOBCACHUC HpHMoyFOHBHOﬁ IIAaCTUHKH

(0<x<a, 0<y<b) B CBEPX3BYKOBOM IIOTOKE Ta3a [pH HaJIUYUU

COCPEIOTOUEHHBIX MOMEHTOB Ha kpomkax X=0 u X=a aHajloruuHo mNoBeIEHUIO
obrekaemoit ymnmnénHol mactuekn (0<X<a, 0<y<ow), npu nHannmuaun

cocpeioToueHHbIX MoMeHnToB Ha kpomkax X=0uX=a [5] umeer mecto sBieHHE
¢marrepa.

U3 conocraBieHus 3HAYCHHI VCr £

MU, TIOJIYYEHHBIMU B padoTe [7], clemyer, 9To KpUTHUYECKasi CKOPOCTh (praTrTepa B cirydae,
KOrZla BCE YeThIpe Kpas INAPHUPHO 3aKpEIUICHBI, NPEBBIIIAET KPUTHYECKYIO CKOPOCTbH

| 1pu k1 = k2 , IPUBEAEHHBIX B Ta0.1 co 3HaYEeHUs-
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¢dnatTepa B ciaydae, B KOTOPOM OIHMH Kpail CBOOOZEH, a OCTalbHbIE Kpas IIAapHUPHO
3aKpEIUICHBI.

Takum 00pa3oM, B pacCMaTpHBacMOM Cily4ae, T.€. B Clydae, B KOTOPOM BCE Kpas
IUIACTHHKH, 00TEKaeMOi CBEPX3BYKOBBIM ITIOTOKOM Ta3a, IIAPHUPHO 3aKPEIUICHBI ¥ Ha JBYX
KpPOMKaX, IEePHEHANKYISIPHBIX K HaIPaBJICHUIO MTOTOKA Ia3a, UMEITCS COCPEeNOTOYCHHbIE
MOMEHTBI, IMEET MECTO TOJIbKO IMHAMUYEecKas MOoTeps YCTOWYMBOCTH. IIpu oTCyTCTBHH
MMPUJIOKCHHBIX WHEPLUHUOHHBIX MOMCHTOB, XOTHA 6bl Ha OZ[HOﬁ H3 KPOMOK, BOSMyH.léHHO@
JABUXKCHUEC IIJIAaCTUHKHU yCTOﬁ'-IPIBO.
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