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A mathematical approach based on Green‘s function approach allowing to construct controls
providing approximate controllability is suggested in the present paper. Representing the solution of
governing system via Green’s formula and substituting it in prescribed terminal conditions, we obtain
control functions providing approximate controllability of the system under study in explicit form.
Choosing appropriate controls, we can provide required accuracy of approximation for prescribed
conditions.

Examples illustrating the procedure are described. Particularly, infinite string, controlled by
a concentrated force, semi-infinite rod heated by a point heat source, finite rod heated from its
boundary and parameter optimization for electrical circuit are considered. Results of computsations

are brought.

Introduction

Control systems are investigated in theory in order to be implemented in practice.
Before being implemented, system‘s efficiency, expenses, requirements, reliability, ar-
eas and term of use, etc. are analyzed. During implementation we need not only a
guarantee that it is possible to control the system, i.e. for controllability, but also
the corresponding controls in explicit form. Nowadays efficient numerical techniques
allow to approximate mathematical models of even very complex control systems,
therefore theoretically it is much more important to analyze the controllability.

In many types of control problems, depending on state equation, type of control
(boundary or distributed) or required terminal state, it is becoming impossible to
ensure exact controllability, i.e. exact implementation of given conditions in given
time, even if at our disposal we have controls from quite wide classes of functions.
For instance, the main part of nonlinear control systems, even some linear control
systems, systems defined in unbounded domains, etc., are not exactly controllable.
Sometimes, by a specific choice of control parameter, prescribed terminal conditions
may be implemented approximately:

[wp —wil| <e,

where w,, is the prescribed, and w; is the implemented states, ¢ is a given positive
number, the norm is understood in a reasonable sense.

This concept may arise, for instance, when by a choice of controls the energy of a
particular system sufficiently decreases but does not equal to zero exactly.

Particularly, in |1] a class of controls ensuring the approximate controllability (the
system is not exact controllable) of a rectangular elastic plate lying on a Winkler
base with controllable distribution function subjected to uniformly moving load is
explicitly represented. A numerical scheme based on the Bubnov—Galerkin procedure
is suggested and the approximate controllability is derived in particular cases.

The approximate controllability of semilinear heat equation with some types of
nonlinearities is considered in |2]. It is proved that if the control acts on a bounded
subset of the domain, the system is approximate controllable, but not exact control-
lable. For further detailed review see [3].



There are several numerical approaches to analyze a given system to exact or
approximate controllability. For systematic report of those approaches we refer to |3].
Even though those approaches are universal enough, there are some problems on
controllability unsolved yet [4].

Approximate controllability may play an important role in long- or infinite-time
control problems. In some processes in industry, finance, engineering, we encounter
with necessity of achieving required state for the system and holding on that regime for
practically a long time. This problem can be viewed as a problem of determination
of controls transferring its initial state into a sufficiently narrow neighborhood of
prescribed state (resolving approximate controllability problem) and at the same time
ensuring that the state will stay in that neighborhood with ¢ — oo (ensuring stability).
This article is intended to establish solution to the first part of the problem.

In this order here we represent the solution of the governing system via Green’s
function, and then, substituting it into prescribed terminal conditions, derive implicit
representation for admissible controls. Due to non-uniqueness of solution, we chose
the parameters of the control in such a way that the terminal conditions are satisfied
with required accuracy. The approach is especially useful if Green‘s function of the
system under study is known or its construction is easier than the study of the system.

We have chosen Green'‘s function approach because it is very convenient in cases
when the analysis of the governing boundary value problem is very complicated, but
its Green‘s function is known from handbooks or other resources. Green‘s function
approach is widely used in deformable body mechanics. In handbook [5], Green‘s
functions for many ordinary and partial differential equations and their coupled sys-
tems, differential-difference equations, integral and integro-differential equations are
brought explicitly. Handbooks [648] contain exact solutions of general equations and
coupled systems of equations in terms of Green‘s function and not only: the proce-
dure suggested in this article allows to solve control problems also for systems whose
explicit solution is defined not necessarily by Green‘s function.

Note, that Green‘s function approach was used to solve control problems earlier,
see, for instance, [9H11] and references therein.

1 Green‘s function approach and implicit represen-
tation of control functions
Suppose we deal with a mechanical system, the state of which is described by
Dw] = f(x,t,ug) in (x,t) € Q2 x(0,T):=0, (1.1)
subject to boundary condition
Blw] =up (t) in (x,t) € 9Q x [0,T]. (1.2)
Assume that the initial state of the system is given:

Zwl=0 att=0, x el (1.3)



Above D[], B[] and Z [-] are linear operators of state, boundary and initial condi-
tions, f : O x Uy — R is given right-hand side, Q C R? is the finite or infinite domain
of the system, in the case when it is finite € is its boundary and Q- the ordinary
closure, time moment 7T is fixed and given. We assume that Green‘s function for those
inputs is known or may be constructed. The control can be carried out either via ug
(distributed control) or u;, (boundary control). Our aim is to implement such controls
(distributed or boundary) that some required conditions are satisfied at T":

Tw =0 att=T, x €. (1.4)

The sets of such controls we denote by Uy and Uy, respectively, and call sets of
admissible controls. If the set of admissible (distributed or boundary) controls is non-
empty, system (1.1)—(1.3) is called controllable (in corresponding sense). If for some
control function (1.4) holds exactly, system (1.1)—(1.3) is called exact controllable, and
if |7 [w]||] < € uniformly in  with sufficiently small ¢ > 0, it is called approximate
controllable. Norm || - || is understood in a reasonable sense.

Denote Green’s function of (1.1)—(1.3) by G (x,&,t,7): it is the solution of the
initial-boundary value problem

D0 (G (2,61, 7)] = b (@ —£)d(t—7) mat&TeD, (1.3)
By G (@,6,1,7)] = 0 in (w,1) € 02 x [0,7]. (1.6)
I8 (G (2,6,t,7)] =0 at t =0, 2e€. (1.7)

Here the superscript («,¢) means that the corresponding operator acts on the in-
dicated variables, and subscript 0 corresponds to homogeneous parts, ¢ () denotes
Dirac‘s spatial, and ¢ (¢t)— one dimensional functions. If the solution of (1.5)—(1.7) is
known, the solution of (1.1)—(1.3) is defined through the expression

t
w(wat):/o éG(mvgvtaT)W(EvTvudaub>d£dT, (18)

in which W (&, 7, uq, up) is a distribution depending on f, and w; linearly [5].

Forcing (1.8) to satisfy (1.4) at t = T, we derive implicit representation for un-
known function:

T{/o /QG(a:,£,t,T)W(S,T,ud,ub)dédr =0, (1.9)

whether it be distributed or boundary control function.

However, in practice, implicit representation of control function does not contain
enough information for control system implementation and one needs their explicit
representation. Since, in general, (1.9) is a nonlinear constraint on control function,
therefore very often (1.9) cannot be satisfied exactly by any choice of admissible con-
trol (boundary or distributed). In such cases we will search for controls providing
approximate satisfaction of (1.9) (controllability of (1.1)—(1.3)) with sufficient accu-
racy.



Suppose T [w (x,t)] = w (x,T) — wr (x), then
T

|| et s e dear = wr ()
0

T
- / / G(Il?,g,T, T) WO (577_7 ub) dgd’T,
0 Q
a.e. in €2, in which

w (£>T> Ud, ub) =W (577-7 ub) + f (577-7 ud) .

In particular, if f is linear in uq, f (z, 7,uq) = fo (x, T)+uq (1) for distributed controls
we have

T T
/w/G@£$JMAﬂ%w=wﬂw—/(/Gwﬁﬂﬂh@ﬁwwﬂ
0 Q 0 Q

T
_/ /G($7£7T77—)W0 (£7T»ub)d£d7—,
0 Q

a.e. in Q.

Similar expressions one can obtain also for boundary controls u;. Right hand
sides of derived equations are given, while left hand sides depend on controls that
must be determined. Beside derived equalities, control function must satisfy admis-
sion conditions of (1.1)—(1.4). Searching unknown function in specific forms (power,
trigonometric or other orthogonal polynomials, piecewise functions, etc.), one can
make both sides of derived equalities close enough. In case of presence of a free
parameter in control function, it is possible to consider the minimization problem

||w(x,T) — wr (x)|| — min

with reasonable norm.

2 Examples and explicit representation of controls

Now let us demonstrate control function determination procedure in some partic-
ular cases, in which Green‘s function approach is interesting to compare with other
usual approaches.

Example 1. Control of infinite string vibrations via concen-
trated controls

Let us consider infinitely long string controlled by a concentrated force with con-
trollable time-dependent intensity. The governing equation for displacement of the
string reads as

Pw  ,0%w

W—c@:f(x,t,u), (x,t) e Rx (0,T), (2.1)



f (@, t,u) = Ay [u]d (x —20), w0 €ER,

in which c is the velocity of wave propagation in the string, u is the control impact,
in general the operator Ajg 7 [u] = u (t) [1(t) — 1 (t —T)] is defined like in [1,12-15],
1 (¢) is the unit step function, zq is some finite point of the string. Assume the initial
state of the string

=wy(z), z€R, (2.2)
t=0

w(z,0) =wo (z), —

is known. Our aim is to find such bounded distributed controls u, |u| < wug, that
ensure the terminal conditions

ow

N =wh(z), z€R, (2.3)

t=T

w(z,T) =wr (z),

with required accuracy ¢.
The solution of (2.1)(2.3) is given by (c.f. (1.8)) [F]
w(z, 1) =
- /Ot/_za@—s,t—f) [F (&, 70u) + w (€) 8 (7) + w (€) 6 ()] dedr =

=@ (z,t,u) + ¥ (z,t), (2.4)
2.4

in which ¢’ is understood in the sense of distributions,
1 t
G(z,t) =1(ct — |z|), D (x,t,u) = %/ 1(c(t—71)—|x — xo])u(r)dr,
0

U (z,t) = 2%/0 /_OO Gz—&t—1) [wo €)' (1) +w} (&) 6 (1)] dédr.

It is easy to see that the solution decays when x — +oo. Thus, required controls
must satisfy (c.f. (2.3))

o ov
®(x,Tyu) =wr (x) =V (2,T), —| =wp@)——| |, (2.5)
ot |,_p g ot |i—r
for almost all z € R. Here
© 0G(x—&T —
w1y =—0) [ FHEZETEDN 0 des
—0o0 =0

+9<o>/_°° G (x— &) wh (€) de.

0d

. %/0 5(c(t—7) — |z —al) u(r)dr,



ov

ot
We have taken into account that in the sense of distributions 1’ = §. Above 6 (0) is
the Heaviside function when ¢ = 0.

1 t [e%e} / )
:g/o /_m5(c(t—7)—\w—£\) [wo (€) 8" (7) + wh (€) 8 (r)] dédr.

On the left-hand sides of (2.5) we have linear functionals on unknown u € U,
while in the right-hand sides— the values of those functionals on particular admissible
controls. Our aim is to find those particular functions. Since « is defined in unbounded
domain, we will search for such a u that

max |® (2, T,u) + ¥ (2,T) — wr ()] and max %—T . + %—\f . —wi (z)| (2.6)
uniformly converges to 0 with  — +o0.
Since in [0, 7] the point @ = z( vibrates as u forces, we have
u(0) = vwp (x9) and u (T) = vwr (x9), (2.7)

up to normalizing coefficient v which will be specified, for instance, by introducing
dimensionless quantities.

Thus, for u we have to solve boundary value problem (2.5), (2.7). From (2.5) at
T = x9 we have

T
1 w(T)1(T —7)dr = wr (xg) — ¥ (20, 7T),
2¢c Jy

0 (0) o o

202 U(T) = Wy (xO) T ot . t:T.

Here we have taken into account that
1
0(c(T—1)) = E6(T—T), 1(c(T-71)=1(T-71).

By virtue of (2.7), the second restriction is a kind of consistency requirement for initial
and terminal data:

_ov
ot

—Lwr (xg) = wi (o) .
c r=x9, t=T

Thus, we have to solve the integral equation

T
/ w(r) (T —1)dr = M, M =2clwr (x¢) — ¥ (x9,T)], (2.8)
0
subjected to boundary conditions (2.7). Naturally, it is non-unique. For instance,

u(t) = vwg (xo) + v (wr (z9) — wo (o)) t + urt (T — 1), (2.9)



in which u; = const, satisfies (2.7), (2.8) with

2
% M —vwy (20) T — v (wr (x0) — wo (z0)) T?

Uy =

Substituting (2.9) into (2.5) and choosing z( in a proper way, we can make both
(2.6) sufficiently small. We also have to take into account that |u| < ug.

Among continuous solutions trigonometric (or whatever else) polynomials also can
be considered. Indeed, if we seek such ag, by and w; that

Z a, sin (wyt) + by, cos (wit)], (2.10)
k=1

then we have .

Z ik la (1 — cos (wiT)) + by sin (wiT)] = M, (2.11)
k=1 "F

Z b, = vwp (x0) , Z [ak sin (wiT) + by, cos (wiT)] = vwr (o),

k=1

and can require to minimize some cost functional under these constraints [16].

In finite domains usually Fourier method of variables separation is used, providing
efficient numerical scheme. In unbounded domains integral transforms are used, in
some cases providing explicit solutions in integral form. Sometimes, d‘Alembert‘s
formula is used to derive explicit solution in finite domain |19]. We will compare now
the implicit representations provided by Green‘s function approach and d‘Alembert‘s
formula. The general solution of (2.1), (2.2) according to d‘Alembert formula is given
by

wo (x — ct) —|— wo (x+ct) 1 [*F

w(z,t) = + 7/ w (€) dé+

2¢ Jo_ ot
ztc(t—T)
/ / A[O 71 [u] (7) 8 (§ — o) ddr.

Comparing this expression with (2.4) we see that, indeed,

z+c(t— 'r)
D (z,t,u) 20/ /m 0,77 [u] (7) 8 (§ — wo) dédr.

c(t—m)

wo (x —ct) +wo (x+ct) 1 /HCt
_|_ J—
2 2c T—ct

i.e. both approaches provide the same implicit representation for control functions.
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Example 2. Heating of semi-infinite rod

Suppose sufficiently thin semi-infinite rod is heated via point source, i.e. its tem-
perature obeys heat equation on semi-axis:

00 ,0%°0 . +
5 "¢ W—f(:c,t) in (z,¢6) e R™ x (0,7), (2.12)

f(z,t)=u(®t)d(z —x), wo€RT,
subjected to boundary condition

%:o in =0, te(0,T), (2.13)

where x¢ is fixed, o2 is the thermal diffusivity of the rod material. The initial tem-
perature distribution in the rod is known:

O (z,0) =6y (z) in z€R". (2.14)

Our aim is the explicit representation of heating regimes u, |u| < ug, implementing

the terminal condition
O(z,T)=0Or(z) in zeR"

with required accuracy ¢.
The solution of (2.12)—(2.14) is

0 (z,t) // A —T)[f(&,7)+ O (&) 0 (1) dedr =

=/ G(%xoat—T)U(T)d7+9(0)/OOG($7§J)90(5)¢1§1=
0 0
=@ (x,t,u) + ¥ (,t),

in which [5|

G(x,g,t):\%-@{expl—(ll_g) }

It is easy to verify that © is uniformly bounded in ¢ € [0,T] when & — oo.

(z+9)?
40t

+ exp

Since the rod is sufficiently thin, we can always assume that all points of its cross
section at every fixed moment have the same temperature, and its x = x¢ point
is heated by wu, then vy©(xg,t) = u(t), t € [0,T], particularly, u(0) = 110 (o),
u (T) = I/Q@T (I‘O), or

P (.’IJQ, T‘7 u) + U (.’I}Q, T) = @T (l‘o) . (215)

Here vy, v1 and 15 play the same role as in previous example.

Repeating the procedure above, we will finally arrive at the implicit representation

11



for unknown controls
T
/ K(T—-71)u(r)dr =M, M=0rp(x)— Y (20,T), (2.16)
0

in which

K (t) = G (w0, 70,1) = 2\1/?&{1%@ {—;”ft”

Besides solutions indicated in the last example, in the case of (2.16) we can also
use the form
M

U(t):mL(t)7

in which L ensures the inclusion u € L?[0,7T] (say) and satisfies

T
O (o) , tll%lq%% = V%@T (zo), /0 L(t)dt=1.

It is a usual procedure to approximate the solution of (2.16) by families of orthog-
onal functions (Bessel functions, Chebyshev (or whatever else) polynomials, etc.). In
any case we have to take into account the restriction |u| < ug.

A physically reasonable solution may be derived if the set of admissible controls is
U, = {u € LY0,T]; |u| < up, suppu C [O,T]}. Then the unknown controls can be
expressed as piecewise constant function [1,/14L18]|

n
w(t) =Y wpb(t—tr), 0=ty <ty <.. <tni<t,=T,
k=1

u; = v0q (o) , Zuk =vOr (xg) — VO (z0) z lug] < ug, .

k=2 k=1

It characterizes switching intensity: during the whole interval (¢;_1, tx) the source
heats with temperature uy. After (somehow) explicit representation of controls from
(2.16) we face with providing the equality

O (z,T,u)+ ¥ (z,T) = Or (), (2.17)
for almost all z € RT. It is very useful to mention that the point z¢ can serve as

robustness parameter regulating the difference between required and implemented
states (e.g. (2.6)).

Example 3. Boundary heating of finite rod

Let finite, sufficiently thin non-homogeneous rod is thermo-isolated from external
medium and is heated from its boundary. The temperature of the rod obeys one-

12



dimensional heat equation

1 00

2 0?0
o - (w2 2)

Sz =0 i (2,1) € (0,0) x (0,T), (2.18)

where o (x2 —|—a2)2 is the coordinate-dependent thermal diffusivity, subjected to
boundary conditions

©(0,t) =u(t), ©(,t)=0, t€]0,7T]. (2.19)
The initial state of the rod
O(z,0) = O¢(z), =€]0,1], (2.20)

is known and our aim is to design boundary heating regime wu, |u| < wp, ensuring
exact or approximate satisfaction of terminal state

Oz, T) =0, z€]0,]].
From admission conditions we have
u(0) = vOy(0), Oy(l) =0, w(T)=0,

up to a constant v standing for correspondence in dimensions.

The solution of (2.18)—(2.20) is

(z,1) / / G (2,6,t —7) [B0 (€) 6 (1) — u(r)(€? + a?)28'(€)] dedr =

=6(0 /Gmﬁt@o &) d¢ — / 7)Go(z,t — T)dT :=

— & (z,t,u),
in which [5]
Clret) = ——2 S o ) r (€ exp [a?N31], 2 (e) = arctan %,
(1) (€% +a?)” i a
l
Go(z,t) = / G(z,&1) (E+a ) §(&)d¢ = —27er<pk z)exp [—a®Ajt],
0

wk wk
o () = $2+a25in< ’y(x), A = q? () —1].
)= 20 = G
Thus, in this case we have to ensure the equality

S (z,T,u) =" (2,T), ze€]l0,l]. (2.21)

13



Quadratic solution, satisfying consistency conditions is

u(t) = %@0(0) Fut(T—1), te0T],

and u; = const must be determined in order to minimize (2.6) or make it small
enough. In numerical implementation below we compare results obtained using this
form and those— using (2.10).

Since the rod (domain of the problem) is finite, then Green‘s function and Fourier
method give exactly the same expressions. Indeed, representing the solution of (2.18)

as O(z,t) = Z fi(2)gr(t), we obtain
k=1
9r(t) + 0 A\2gn(t) =0, fi(2) + —E o
2 +a

which implies
gx(t) = cor exp [—a%\it]

c1y sin (\/ 1+ 2’2“7(:6)) + caf, cOs <\/ 1+ 2%7(9&))] )

Here cor, c1x and coi are to be determined from boundary and initial conditions
(2.19), (2.20):

and

Julw) = Va? + @

Jx(0) = ug, fr(l) =0, gr(0) = Oo,

where uy, are the coefficients of expansion of u(t) by functions g (), and O are the
coefficients of ©¢(x) by functions fi(x).

Example 4. Parameter optimization for time-dependent circuits

The last example that we would like to consider appears in study on non-linear
time-dependent electrical oscillations in electronic circuits and allows exact satisfac-
tion of terminal conditions. The phenomenon is described by Hill‘s differential equa-
tion in general (including Matthieu‘s equation as a particular case). In |20] it is solved
for several circuit parameters in terms of Green‘s function. In particular, when cir-
cuit has parameters varying in time according to sawtooth law u(t) = ugt + u; with
ug # 0, we have

Jtult)y=0, 0<t<T. (2.22)

Suppose the input state is given y(0) = yo, ¥'(0) = yo1 and one is interested in
obtaining a specific output state y(T) = yr, y'(T) = yor with the right choice of
parameters of the circuit.

Based on Green'‘s function expression of (2.22) (see [20], eq.(19)), its general solu-
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tion is given by

1 1
y(t) :yg/o G(t,T)5I(T)dT+yo1/O G(t,7)d(r)d¢E,

with
G(t,7) = —gub(ud (7) [Yy (o(r) Iy (0(8) = Ty (o) Yy, (0()]
_ 2u3 (1)
o(r) = 3u?

This can be derived also from fundamental solutions of (2.22)— Airy functions [6].

Thus, in order to implement the condition y(T') = yr, ¥'(T) = yor one has to
ensure the equalities

IG(t, T
—yo% +ynG(T,0) = yr,
T lr=o0, t—-T
7 82G(t,7) + OG(t, 1) -
yoi@r(’)t - y01787_ - = Yor-

Rescaling the time by factor T' and assuming that all quantities are dimensionless (y
is rescaled by yo, 7 by %01, uo by T2 and u; by T~2), numerical analysis is done and
it is observed that there is a circuit parameter pair (ug, u1) for which the implemented
y(1), ¥'(1) can be exactly equal to required (rescaled) yr, yor (see Figure [I). The

value of that pair is determined as the coordinates of the point of intersection of

the contours y(1) — 9T — 0 and y'(1) — DT _ 0 in the upuy plane. Particularly, if
Yo

Yo1
I _ 0.5, ot _ 1, we obtain ug = —17.56 and u; = 7.372. In this case u(t) changes

Yo Yo1
its sign in [0, 1].
i yr Yor
Figure|2[shows the same contours for the case = =2, = = 1. Then uy = —93.8

Yo Yo1
and u; = 123.8, therefore u(t) > 0 for all ¢ € [0,1].

2.1 Numerical implementation

In order to justify the described procedure, we did numerical computations in Ex-
amples 2 and 3 considered above. In Example 2 we have introduced the dimensionless
variables and functions

~ x E t é @ ~ T ~2 T 2
P=—, t=— =—, u= u, & =_——a
Ty’ T’ oo’ B0z ' Q%23 '

in which ©° = const is the reference temperature (for simplicity we take the intensity
of initial temperature). Figures 3| and [4| shows the point plot of difference between
required and implemented terminal states for quadratic and piecewise constant control
laws (& = 1.515). The maximal difference occurs at Z = 0.355 and is equal to 0.0674
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‘ y(1)=»=0,y"(1)=yn =0
7.50

7.45

7.40

3735

7.30

7.25

7.20} ‘ ‘ ‘ ‘ :
-18.0 -17.8 -17.6 -17.4 -17.2 -17.0
o

Figure 1: Contour plots of required and implemented states in the ugu; plane: y(1) =

Z—T (solid line) and y'(1) = ‘ZO—T (dashed line)
0

01

and at £ = 0.36 and is equal to 0.06, correspondingly.
In Example 3 we have introduced the dimensionless variables and quantities

@ - Ug
ug = @

r - t =
T = — f; = — C‘—‘) = —
T T ev’
The suggested procedure was implemented in Wolfram Mathematica 10.3 for entries
a =1, O (z) = cos(rz), then u(t) = (1 + uit)(1 — t) (we omit ~ over dimensionless
expressions). The series in Green'‘s function expression is limited by 200 terms.
Numerical computations showed that ¥ (x,7) = 0 in « € [0, 1], and for vy = —0.5

max [P (z,T,u) — U (2,T)| = |® (2, T,u) — ¥ (x,T)] ’

=104,
z€[0,1] ©=0.5

which decreases when x approaches the boundaries. Due to initial distribution of
temperature It seems to be physically reasonable. One can manipulate further with
u1 to make the error smaller, but on this stage it is already satisfactory. For instance,
when u; = —1, the error is of 107 order, and it decreases with decrease of u; (from
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, y()=»=0, y(1)-yu=0
130

128

126

5124

122

120

118} ‘ ‘ ‘ ‘ ‘
-110 -105 -100 =95 -90 -85
Uo

Figure 2: Contour plots of required and implemented states in the ugu; plane: y(1) =

g (solid line) and y'(1) = Yor (dashed line)
Yo Yo1

—0.5 in negative direction) and decreases with increase of u; (from —0.5 in positive
direction).

The same tendency is seen for 0 < a < 1 and several other initial conditions like
©¢(z) = sin (rz) or tan (7z), etc., implying u(t) = uit(1 —t).

Suppose now a = 0.5, ©¢(z) = 1 — x, then u(t) = (1 + u1t)(1 — ¢) (admission
conditions are satisfied) and the implementation of (2.21) is plotted in Figure [5} The
error is of 107° order, which in this stage is satisfactory.

Figure [5| shows how efficient the boundary quadratic heating regime is for a par-
ticular system. Let us now find the characteristics of boundary heating regime (2.10)
minimizing (more precisely— making small enough) the error of approximation. We
seek the control in the form u(t) = Bsin (wt + €). In Figure [f] (2.21) is plotted when
6w = 57, 6 = 7w and 8 = —0.3165 (admission conditions will be satisfied when Oq(x)

s

has a multiplier 2). The refinement is done with manipulating the frequency w

(mainly), even though it can be done either by 8 and € or both. During computations
we keep 200, 250 and 500 terms in the expression for Green‘s sum, and the result is
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f, Or

0.5
0.4
0.3
0.2 -
0.1 ..

: ey
5 10 15 20

Figure 3: The left (with greater initial value) and right sides of (2.17) for Oo(i) =
z

T332 (:)T(:E) = 72 exp [-0.5%] and quadratic control

f, Or

0.5
0.4
0.3
0.2 -

0.1

X
5 10 15 20

Figure 4: The left (with greater initial value) and right sides of (2.17) for O¢(z) =
T(1+2%)71, O7(%) = 72 exp [-0.5%] and piecewise constant control

almost the same.

Even though the error in the case of quadratic boundary heating is less than that
in the last case, it takes much less computational time in the second case than in the
first one: in this sense the second boundary heating regime is efficient.
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O (x, 1, u), ¥(x, 1)
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035 040 045 050"

Figure 5: The graphs of ® (z,1,u) (dashed) and ¥ (z,1) (thick) for u(t) = (1 —
1.3412t)(1 — t)

O(x, 1,u), ¥(x, 1)
0.079

o
- -
- ~.
- ~
- ~

0.078 g -

0.077t # N

0.076)/

0.075
0.074 \

0.073 N

035 0.40 0.45 0.50"

Figure 6: The graphs of ®(z,1,u) (dashed) and ¥ (z,1) (thick) for u(t) =

5 ™
—0.3165sin | —t + —
sm( 6 + 6)

Conclusion

Thus, Green‘s function approach provides numerically efficient mathematical tool
for ensuring approximate controllability for particular systems and, at the same time,
algorithm for corresponding controls derivation. The procedure is explained as for
processes taking place in unbounded domains, as well as those taking place in finite
ones. It is a useful tool to handle as distributed, as well as boundary control problems.
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It provides explicit formulas which simplify qualitative and quantitative analysis of
control system under investigation. Numerical implementation of the algorithm in
semi-infinite and finite domains showed its efficiency. For a particular form solution
the approximation error turned to be of 1076 order when we keep 200 terms in Green'‘s
series (Example 3).

Consistency of the approach with d‘Alembert‘s and Fourier‘s methods is shown
on particular examples.

The algorithm can be applied for much more complicated types of equations,
their coupled systems arising in various applied problems: continuum mechanics,
thermo- and electro-elasticity, wave-guides theory, to investigate control and opti-
mization problems for non-homogeneous wave-guides and wave-guides with rough
boundaries, etc. Further simplification of its implementability in general is needed.

Acknowledgements The second author would like to thank candidate of physical

and mathematical sciences ‘H Hovhannisyan‘ for his impressible lectures on “Gen-

eralized Functions and Integral Transforms”, when he explained the advantages of
Green'‘s function approach.

We acknowledge Prof. Ed. Grigoryan who has shown how Green‘s function ap-
proach works in cases when other approaches fail (see, for instance, his smart solution
to the problem of “cork” 21]). Special thanks to Sh. Arakelyan and R. Ghazaryan
for useful discussions.

References

[1] Jilavyan S. H., Khurshudyan As. Zh., Topology optimization for elastic base under
rectangular plate subjected to moving load // Archives of Control Sciences, 2015,
vol. 25 (LXI), issue 3, pp. 289-305.

[2] Zuazua E., Approximate controllability for semilinear heat equations with globally
Lipschitz nonlinearities // Control and Cybernetics, 1999, vol. 28, issue 3, pp.
665—683.

[3] Glowinski R., Lions J.-L., He J., Ezact and Approzimate Controllability for Dis-
tributed Parameter Systems: A Numerical Approach. Encyclopedia of Mathemat-
ics and its Applications. Cambridge, Cambridge University Press, 2008, 470 p.

[4] Unsolved Problems in Mathematical Systems & Control Theory. Part 7. Control-
lability, Observability. Edited by Blondel V., Megretski Al. Princeton, Oxford,
Princeton University Press, 2004, 334 p.

[5] Butkovskiy A. G., Pustil’'nikov L. M., Characteristics of Distributed-Parame-
ter Systems. Handbook of Equations of Mathematical Physics and Distributed-
Parameter Systems. Dordrecht, Springer, 1993, 386 p.

[6] Polyanin A. D., Zaitsev V. F., Handbook of Ezact Solutions for Ordinary Differ-
ential Equations, 2nd Edition. Boca Raton, Chapman & Hall/CRC Press, 2003,
817 p.

20



[7] Polyanin A. D., Handbook of Linear Partial Differential Equations for Engineers
and Scientists. Boca Raton, Chapman & Hall/CRC Press, 2002, 800 p.

[8] Polyanin A. D., Zaitsev V. F., Handbook of Nonlinear Partial Differential Equa-
tions, 2nd Edition. Boca Raton, Chapman & Hall/CRC Press, 2012, 1912 p.

[9] Lurie K. A., Applied Optimal Control Theory of Distributed Systems. New York,
Springer, 1993, 499.

[10] Schulz M., Control Theory in Physics and other Fields of Science: Concepts,
Tools, and Applications. Berlin, Springer, 2006, 300 p.

[11] Moshrefi-Torbati M., Simonis de Cloke C., Keane A. J., Vibrational optimization
of a mass loaded stepped plate // Journal of Sound and Vibration, 1998, vol. 213,
issue 5, pp. 865—887.

[12] Khurshudyan Am. Zh. Khurshudyan As. Zh., Optimal distribution of viscoelastic
dampers under elastic finite beam under moving load // Proceedings of NAS of
Armenia, Series Mechanics, 2014, vol. 67, issue 3, pp. 56—67 (in Russian).

[13] Khurshudyan As. Zh., The Bubnov—Galerkin method in control problems for
bilinear systems // Automation and Remote Control, 2015, vol. 76, issue 8, pp.
1361-1368.

[14] Khurshudyan As. Zh., Generalized control with compact support for systems
with distributed parameters // Archives of Control Sciences, 2015, vol. 25 (LXI),
issue 1, pp. 5-20.

[15] Khurshudyan As. Zh., Generalized control with compact support of wave equa-
tion with variable coefficients // International Journal of Dynamics and Control,
2015, DOI:10.1007/s40435-015-0148-3.

[16] Betts J. T., Methods of Optimal Control and Estimation Using Nonlinear Pro-
gramming. 2nd ed. Philadelphia: STAM, 2010.

[17] Arakelyan Sh. Kh., Khurshudyan As. Zh., The Bubnov—Galerkin procedure in
problems of mobile (scanning) control for system with distributed parameters //
Proceedings of NAS of Armenia, Series Mechanics, 2015, vol. 68, issue 3, pp.
54-75.

[18] Sarkisyan S. V., Jilavyan S. H., Khurshudyan As. Zh., Structural optimization
of an inhomogeneous infinite layer in problems on propagation of periodic waves
// Mechanics of Composite Materials, 2015, vol. 51, issue 3, pp. 277-284.

[19] I’in V. A., Moiseev E. I., Optimization of the boundary control by shift or elastic
force at one end of string in a sufficiently long arbitrary time // Automation and
Remote Control, 2008, vol. 69, issue 3, pp. 354-362.

[20] Thapliyal P. S., Indu B. D., Green’s functions in non-linear oscillations // Inter-
national Journal on of Mathematical Education in Science and Technology, 1979,
vol. 10, issue 2, pp. 205—-209.

21



[21] Grigoryan E. Kh., Solution of problem of finite elastic inclusion, terminating
to the boundary of semi-plane // Proceedings of the Yerevan State University.
Natural Sciences, 1981, issue 3, pp. 32—43 (in Russian).

Information about authors

Avetisyan Ara S., Dr. of Phys. Math. sciences, Corresponding member of National
Academy of Sciences of Armenia

Affiliation: Department on Dynamics of Deformable Systems and Connected Fields,
Institute of Mechanics, National Academy of Sciences of Armenia

Address: 24B Baghramyan Ave., 0019 Yerevan, Armenia

Tell: +374 93 004-455

E-mail: ara.serg.avetisyan@gmail.com

Khurshudyan Asatur Zh., PhD in Mechanics

Affiliation: Department on Dynamics of Deformable Systems and Connected Fields,
Institute of Mechanics, National Academy of Sciences of Armenia

Address: 24B Baghramyan Ave., 0019 Yerevan, Armenia

E-mail: khurshudyan@ysu.am

22


mailto:ara.serg.avetisyan@gmail.com
mailto:khurshudyan@ysu.am

2U3UUSULP @SNk E3NPLLENP USUSPL ULUUNEURUSE StNtulahl
W3BECTUSI HALIMOHAJIBHOM AKAJIEMUM HAYK APMEHUM

Uthuwtthlju 69, Ne2, 2016 Mexannka
YK 539.3
ON A STRESS STATE OF ORTHOTROPIC PLANE
WITH ABSOLUTELY RIGID INCLUSION

Hakobyan V., Dashtoyan L.

KmoueBsie c0Ba: OpTOTpOIHAA IUIOCKOCTh, KysIoHOBCKOe — TpeHme, aGCOMIOTHO XXECTKOE BKIIOUEHHE,
CMeIIaHHAs 33/24a
Key words: orthotropic plane, Coulomb friction, absolutely rigid, mixed boundary value problem

Puttanh punkp: oppnunpny hwppnipnil, Ynyniyuh othnud, pugupdwl] Ynown tkpnpuily, pwep fatinhp

Drawing on the discontinuous solutions of the elasticity theory for orthotropic plane, the study purports to offer
exact solutions to mixed boundary value problems for orthotropic plane with absolutely rigid thin inclusion on one
of the major directions, when one edge of it is wholly coupled with plane and the other side is in contact with plane
under the condition of Coulomb friction.

Axonsn B.H., lamrosn JLJL.
O HaNpPsIZKEHHOM COCTOSIHHHE OPTOTPONHOIH IVIOCKOCTH ¢ A0COIOTHO KECTKHM BKJIIOYEHHEM

B Hacrosimieli paboTe, Ha OCHOBE Pa3pbIBHBIX PELICHHH TEOPUHM YNPYTOCTH Ui OPTOTPOIHOW IJIOCKOCTH,
NIOCTPOEHO TOYHOE pPellleHHe CMEIIAHHOW 3a[a4u sl OPTOTPOIHOM INIOCKOCTH, KOTOpas Ha OJHOM U3 IJIABHBIX
HAaIpaBJIeHHI COIEPKUT aOCOIIOTHO JKECTKOE TOHKOE BKIIOUEHHUE, OJJHA U3 JUIMHHBIX CTOPOH KOTOPOTO HOIHOCTHIO
CIIeTIVIEHA C IIOCKOCTHIO, a IPYyrasi CTOPOHA KOHTAKTUPYET C HEH B yCIOBHUAX CYXOTO TPEHHUSL.

Zulynpyuilt 9.'G., Fwownyul LL.

Pugundwl] Ynpwn ukpppuy wupnibwlnng oppnnpny hwppnipju
lupjuduyht Jhgulh dwuht

Munidtwupyuws L oppnunipny hwppenipjut hwppe npidnpdughnt h&wlyp, bpp wyt oppnwnpnuyhuygh
quunp minpmpiniibkiphg dkhh Jpu wupnibwlynud b pugwpdwly Ynown ukpnpul;, nph plup
Ynnubtphg Uklp wdpulgdus khhudpht, huly djniu Yonuh b hhuph Yntnwljnh inknuwiwunud inknh nith
othdwtt Unintth opkipp: Unnwgquws L juipph npnphy hunjuuwpnudubpp bplip uhignijjup hinnkqpuy
hwjwuwpnudutph hwdwlwpgh nbupny b junmigdl) £ bpw thwly psnwdp: Unwgdl) Eu wupq
puwtwdltp tkpppuljh wunndwh waljjut b jntnwulnh nknudwuebpnd gnpénn jwpnidutph npnodwi
hwuwp: 8nyg £ nipyws, np Ynunwljnuyghtt jupnudubpp ukpppulh Swypwlbnbpnud, pugh tptip whuyh
wunhfwbwghtt  bquijhmpmniuutphg nukt twl, ohudwb  wnuwnipjudp  wuwjdwiwynpguws,
nguphpdwlul tquijhnipniu:

Introduction

A large number of research papers focus on the assessment of stress characteristics of
elastic papers are devoted to study stress state of elastic massive bodies with thin acute-angled
absolutely rigid inclusions within different models of contact of matrix with inclusion. The
problems outlined above largely differ both depending on the model of contact of inclusion
with matrix and elastic characteristics in case of compound bodies in boundary region could
have logarithmic and some types of power singularities. Among these researches are papers
[1-5], closest to the stated problem in present paper, as well as papers, given in [1]. In
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mentioned papers the exact solutions for some problems on stress state of homogeneous and
compound elastic planes and space with thin acute-angled rigid inclusions, one edge of which
is rigidly coupled and the other is in smooth contact with matrix is built. However, the case
where one of the edges is rigidly coupled with matrix and the other is in contact with it by
Coulomb friction, as the analysis suggests, is addressed for the first time.

1. The statement of problem and governing equations. Let the orthotropic elastic plane
in Cartesian coordinate system OX), the directions of axes of which coincide with major
directions of orthotropy of planes’ material, contain the absolutely rigid thin inclusion with
length 2a , filled the interval (—a, a) on line y =0. One of the long edges of inclusion is
wholly coupled with plane and the other is in contact under conditions of Coulomb friction.
It is assumed that the plane be deformed under action of moment M|, , normal and horizontal

concentrated loads F, and 7} , applied in midpoint X =& of inclusion (Fig.1). These loads
do not lead to detachment the inclusion from matrix.

Fig.1
Problem is to determine the angle of rotation of inclusion and contact stresses, acting in
regions of contacts of inclusion with matrix in explicit form, as well as to reveal the character
of their changes depending on elastic characteristics of planes’ material.
The stated problem can be mathematically represented as a following boundary value
problem:

G;” (x, +0) = G(y_) (x, —0)

T, (%.+0) =1, (x,-0) (‘x‘ > a).
U, (x,+0)=U_ (x,—O) ’
V. (x, +0) =V (x, —O)

(1.1a)
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U (x, —O) =0

V, (x,40)=V_(x,0) =yx+7, (x| < a). (1.1b)

0 (x,+0) = kG(;) (x,+0)
U, (x, y) and V, (x, y) are horizontal and normal components of displacements of points
of corresponding semi-planes, each of which is satisfying Lame equations for orthotropic
body in domain and is related with components of stress tensor G(yi) (x, y) s TS) (x, y) b

well-known formulas [6]. Y, Y, and O are constants, determining the angle of rotation and

rigid displacements of inclusion.
In order to solve the stated problem (1) we use the discontinuous solutions for orthotropic

plane, obtained in [1]:

S e e PR T

dx Y s—x TYSs—X
dv,(x,0) _a, IU’(s) jc@d £V
dx T S, X TLs—x (-0 <x <o) (1.2)
G(yi)(x,O):ﬂj@ds IT(S) ds +— G(x)
mYs—Xx T S—X
(+)( ,+0) = ijd IG(S)d +— 'c(x)
T ) S—X Ty S—X

o(x), ©(x), V'(x) and U'(x) be jumping functions of normal and horizontal components

of stresses and displacements correspondingly

_ (a12 \]allazz) - a”a_ b = (1+\/a11a22) .
) = O = ;
2\] a,a,, (, + Hz ay 2u,a,ay, (W +1y)

2
allb. _ bp(anay—ay’) | _ |94
12 1 = B -

ay 2\/a1 1Ay (W) +1,) ay
a;, =c; /ey 5 Wy =6 (¢ (i,j = 1,2) — (Cauchy tensor components).

Using relations (1.2) and satisfying the conditions (1.1b) on inclusion, previously
differentiating the conditions for displacements by variable X and taking into account that
the difference between normal displacements of points for both sides of inclusion are the

same, i.e. V(x ) =0 we come to the following system of singular integral equations to

b, =

determine the unknown jumping functions:
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j £ de=0
az (g) b2 aﬂ B (1.3)
Ia - dé - nja&_xd&—v
a U' a B
c)hofe) 26 [ Clag 20 16 2 [ 18 e

The system of equations (1.3) should be considered with conditions of equilibrium of
inclusion and the equality to zero of displacements at the end-points of inclusion, i.e. with
conditions

a

Ic(x)dx=PO; ]"C xX)dx =

o - (1.4)

j o (x)dx = MO,jU )dx = 0.

Thus the solution of stated problem is reduced to the solution of system of singular integral
equations (1.3) under conditions (1.4).

2. Solution of governing equations. The closed solution of system (1.3) should be built

under conditions (1.4). In this order, from second equation (1.3), using the first and last

conditions (1.4), we express function U ' (x ) by function G(x) . We get

b x—b,F,
U'(x) =2 o(x)+ 2220 @.1)
a, na,Na® —x’
Substituting the values for U ' (x) from (2.1) into the first and last equations (1.3), after
some transformations, the following system is obtained:

G(x)+nf (;) T )

a, ¢ o(&)de kb ¢ t(&)dE
A s e

T

—-a —-a

(2.2)

Here

—b,P, .
fl(x):—M' fo(x)==2yc, + i, (x); a; =2a,b, / b,;

a\/az—x2’
@, =2(c,b,+a3)/ ay; b =2(ab, +ab,)/b,.

/a
Let the functions @ ( )

26



of (x) = cs(x) +7»j1:(x) (G=12),
A; (j=1,2)be the solutions of equation Xza; - kbl*k - al* = 0. The system of equations
(2.2) will be represented as two independent singular integral equations of second kind:

9, (x)+ i]; j gf)xdé—gj(X) (/=12) (2.3)

Here
A( Ny — A()
Ja® —x
4 v Ll+kn, o (140 )R
() _ .40 .4 J .
A()j —ZCZ}Lj, AIJ — b2 j,Azj _T’

g, =@\, = [kbl* +(-1)" (k) +4a)a; j /2.

In this case, the first three conditions (1.4) are written in the following form using functions
¢, (x)

_[ P; (x) dx = Po(j)§ _[ [7‘“2@1 ( 1(P2 Jde
-a -a (2.4)
(R =R +0 Ty j=12).

The solutions of the system of singular integral equations (2.3), satisfying the first of
conditions (2.4) are given by the formulas [1,6]:

1 7, X (x) ¢ gl(s) B sinmy, .
(x)= (x) - : ds |- LX: (2.5)
0, (5) 2{& -0 )y | R
Here X + -G / oF be the values of analytic in whole plane cutting along

interval (—a,a) functions Xj (Z):(z+a)_Y’ (Z—a)yf_1 (] :1,2) on the upper

bank of slit, where
®, (x) = (a + x)y/ (a - x)l_y’/ ;

yjzz—mln‘G‘+— 0<9, =argG, <2m G, =

1-ig,
1+iqj'

Taking into account that the numbers 7»_ i ( j=1, 2) are real, it is not difficult to state that
‘Gj‘ = 1. Therefore, the exponents v, = 8,/ 2m, (] = 1,2) are real.

Then, substituting the values of functions g, (x) in (2.5) and taking into account the values

of integrals [6,7]
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[ e o ) v, 1)) (<o)
j ®j§S)dS - {Sin(mj)wj(x)ll (|X|<a),

N z(s_x)zcos(nyj) Ja* - %

j; s, (s)ds _a(2yj—1)+ o [sin(nyj)(oj(x)_ll (|x|<a)

- az_sz(s_x): cos(ny,)  cos(my, ) a’-x’

for functions @, (x ) the following expressions are obtained:
Bl(j) (x) ng) (x)
+ )
a*-x 0;(x)
Here we use the following notation:

U)”Lg(“yf).

o,(x)=B)+ (% <a; j=1,2) 2.6)

B(()j) =—Y4, 1+q2 ; Bl(j) = l(j)x+e(()j); ng) :dl(j)x+d(§j);
J
el(']) =ves e(()") = ( 1+qu : ); d1(']) =-vd,;; d(()j) =—yd,; +m;
J
P _a(()j)qj A A _Po(j) sin(nyj) quéj)
VA + > My; = + 2 )
+9; s1n(rcyj) cos(nyj) T (1+qj)cos(nyj)

e .= .= =
Y l+¢: Yol+q sin(nyj) cos(nyj ’

Now we can determine the angle of rotation Y of inclusion. In this order we use the second

LA (1-ae(m)) P [ 4" 4 )]-a(f)a(zy 1)
, ; -1).

relation from (2.4). Substituting the values for functions @, (x) ( j=1 2) from (2.6) in

this relation, and calculating obtained integrals, after some simplifications, we find

M +M\D,—-A,D,

2.7
}\'1E2_7\'2E1 e
here
()
mna *
D, =———7"—my;
sm(nyj)
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2 ‘
na’® . T (l_zyj(l_yj)) . naé’)
E, = g, + . T
2 sin (nyj ) sin (ny}.
Now we can determine normal and shear stresses, acting on long edges of inclusion.
Using formulas

o(x)= Ao (;2 :;:q’z (x) ;o ot(x)= P (;?:Ij (x)

first we determine the jump-functions of stresses. Substituting the expression for OF (x )

)d;j (j=12).

from (2.6), we get

U] _ 2 (1) (2)
G(x): 1 XZB(EI)—?LIB(EZ)+MB‘ (x)2 k]f?] (x)+7\.232 ()C)_?»]B2 (x) :
-\, Ja? —x o(x)  ofx) (2.8)
1) _p® (1) (2)
t(x)=— {50 g B (’C)2 B (x), B (x) B(x)|
A =R, Va* —x o (x) o)

Using obtained relations and two last formulas (1.2) the following formulas is obtained for
normal contact stresses:

la—x], K (x) K" (x) KI(Z)(x).

(2.9)
la+x|” Jit— 2 o (x)  o,(x)

o, (x,#0)=4, +Bln

In this case

4 = _ - M _ ).
: (xz—xl){a‘(sm(mz) sin(nyl)j+ . +a,(d ¢ )’

(7»231(1) (x)—?»lBl(z) (x))

B=———"2"K (x)==% ;
n(h, —1,) () 2(k, —1,)
2actg(my,)£h, 2actg(my, )t A,
K® _ o 1 2 g0 (). K@ __="M 2 L@ ().
1 (x) 2(7\‘2_7\11) 2 (x)’ I (x) 2(}\’2_}\‘1) 2 (x)

For shear contact stresses, acting in junction region of inclusion with matrix, we have
K (1) (2)

a—x X K,/ (x) K X

| | + I ( ) + ) ( ) + )4 ( )

la+x| Ja2- o(x)  o,(x)’

T, (x,—O) =A.+B.In

here
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A =y, +

2(h,—2))

Q) rd?
BY_ B0 _ (V) o o) | P MdT |
0 0 612( 261 lel ) a2 Sil’l(TE’Yl) Sil’l(TC’Yz) ]

b

* (1) (2)
A R UG SO}
’ 2

T 2n(h -0 (A =2,)
A a*ctg(ny )+1 A a*ctg(ny )+1 )
KW _ 1 1) 1% 2 B9 (x).
11 (x) 2(7\{2_7\11) 2 ( )’ (x) 2(7\‘2_7\41) 2 (x)

As we can see from obtained formulas, the contact stresses at the contact stresses at the
end-points of inclusion, besides three types of exponential singularities, have logarithmic
singularity, which is due to the rotation of inclusion, arising as a result of asymmetrical

loads. It is easy to check that in case of smooth contact (k = 0) when torsion moment
M, and horizontal load 7, are absent, we get ¥ =0 using formula (2.7). In

consequence of this the coefficients 4, , B, A, and B, become zero and logarithmic

singularity is vanished. From formulas (2.8) for stated case we get the expressions for
jumps of stresses mentioned in [1]. For this special case the expressions for contact stresses
are are the following:

0% (x,40) =L+ K (x)[ w(x) + o(~x)]:

a’—x
T, (x, —0) =K, [w(x)+ w(—x)].
Here
P P

K, =——_[l+qgtgny,]; K" =22{sinmy, + ——IF—|;

: n(1+q2)[ atgmn )i Ki 2| (1+q2)cosny1

La,ct -1
IIZI: ke géf;f%) JKI(I); G)(X):(a+x)_y' (a—x)y'_l;

j+1 * *
(qu(—l)j q; M =—k,=A=2a,/a,; y2=1—y1).

Summary. The exact solution for problem on a stress state of orthotropic elastic plane with
absolutely rigid thin inclusion on one of the major direction, when one long edge of inclusion
is wholly coupled with plane and the other side is in contact with plane under conditions of
Coulomb friction, is built by the method of singular integral equations.

It is shown that under asymmetrical loading of inclusion the contact stresses, acting on long
edge, besides exponential singularities, have logarythmic singularity as well. In stated
problem the simple expression for one of the most important mechanical characteristics,
which is angle of rotation of inclusion, is obtained.
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2U8UUSULP @SNk E3NPLLENP UL22U3PL UUUEURUSE Stntulahr
W3BECTUS HALIMOHAJBHOM AKAJIEMHUU HAYK APMEHUMA

Uthuwtthlju 69, Ne2, 2016 Mexannka
VIK 539.3

INPOEKTUPOBAHUE TPAHCBE}’CAJILHO-I/BOTPOHHOI71 ILIACTUHKH
CTYIIEHYATO NIEPEMEHHOMU TOJIINUHBI ITPU U3I'UBE C YYETOM
INOIIEPEYHBIX CABUI'OB

Beayoexsin J.B., ITorocsin A.TI'.

Putiwh puntp. mpuudbpuw hgnupny uwy, juytwfwt vwhp, owywnhdw] hwiwgsnid:
KirroueBble cJ10Ba: TpaHCBEPCAIbHO-U30TPOIIHAS IUIACTHHKA, [IOIIEPEYHbIE CIIBUTH, ONTHMAIBHOE
MPOEKTUPOBAHUE.

Keywords: transversely isotropic plate, transverse shifts, optimal design.

PEmphljjub E.9., Mnnnuywt U.Q.
Yuinp wn junp hwunwwnntt hwunnipyu wpuwbudtpuw hgnupny vwh twpowgdndp
Sndwb phypnid juytwljwl wvwhptph hwojuwonuing

Uuwitiph sndwt fogpujus nbumipjut hhdwb dpw, hwogh webbnyg juyuwfwt uwhpbph
wqnkgnipniup, msynmd £ wpwtuykpuwy hqnuinpny uwh oynhdw) bwhiwgsdwi jinhpp, tpp wyu
ndbnugws Lk dhohtt dwlbplinyph tjuwundwdp hwdwswth nuwuwynpjus hqnupny  niphg
wuwpuwunyws wpwpht okpntpny: Apnoynid Eu jpugnighy oipntph owwuhdw) Epljpusuhwuljui
wupwubkwnpkpp, npnup jurnigyusph hwunwnnit §orh b ipdwsd qupuphwnwght swthbph nhuypnid
wywhnynud G ipw dEdwgny Ynownnipyniuip:

Belubekyan E.V., Poghosyan A.G.

Design of a transversely isotropic plate of stepwise variable thickness under bending accounting for
transverse shifts
Based on the enhanced theory of plate bending that takes into account the effect of transverse shifts, the
problem of optimal design of rectangular transversely isotropic plate, reinforced in its middle part with additional
isotropic layers, is solved. The optimal geometric parameters of the additional layers are determined that provide
the highest rigidity of the structure for its given dimensions and total weight.

Ha ocHOBe yTOYHEHHOI Teopuu M3ruba IUIACTUH, YYUTHIBAIOIICH BIMSHHUE MOMEPEYHBIX CBHIOB, PEIIACTCS
3aJa4a ONTUMAJIBHOTO MPOEKTUPOBAHUS IPSAMOYTOJIbHON TPaHCBEPCAIbHO-U30TPOIIHON MIACTUHKY, YCUIEHHON B
e€ cpelHEel 4acTH JONOJHHTEIbHBIMH H30TPONHBIMHU closMH. ONpeseNsioTcs ONTHMAabHble 'eOMEeTpHYECKHe
mapaMeTpsl JOIOJIHUTEIBHBIX CIOEB, 00ECIeunBaIoONIne MPH 3aJaHHBIX TabapUTHBIX pa3Mepax H oOLIeM Bece
KOHCTPYKIHU €€ HaHOOJIBIIYIO KECTKOCTD.

BBenenue.

[Ipu pacu€rax aHW3OTPOINHBIX IUIACTHH MEPEMEHHOW TOJIIMHBI (DAKTOPBI, KOTOPBIMU
MpEeHeOpEeraloT B KIIACCHYSCKOW TEOpPHH O0OJOYEeK ¥  IUIACTHH, MOTYT OBITh
CYIIECTBEHHBIMH TIPU OTIPENIEICHUH HAIPsLKEHHO-1e(hOPMUPOBAHHOTO COCTOSHUA. B cBsI3U
C 3THM, 3a9acTyi0 ObIBaeT HEOOXOIMMBIM HCIOJIH30BAHNE YTOUYHEHHBIX MOJEJCH pacdéra,
YVYUTHIBAIOINX BIUSHIE MTOTIEPEYHBIX CABUTOB.

3n1ecs, Ha OCHOBE YTOYHEHHOW TeOopHH aHM30TpOomHbIX miacTuH C.A. AmbaprmymsHa
[1], yuuThIBalOmel BIMSHUE IONEPEYHBIX CABHUIOB, PEIIAeTCs 3aJada ONTHMAIbHOTO
MIPOEKTHPOBAHNUS IPSMOYTOJIFHON TPaHCBEPCATFHO-U30TPONHOM IIACTUHKH, YCHICHHON B
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e€ cpemHell uacTW JONOJIHMTENBHBIMU HM30TPONHBIMH  ciaosMu.  Omnpenenstorcs
ONTUMAIIFHBIE TEOMETPHUYECKHE MapaMeTphl IOMOJHHUTENBHBIX CIIOEB, 00CCIIeUNBAIOIINE
TpH 33JaHHBIX Ta0apUTHBIX pa3Mepax M oOmeM Bece KOHCTPYKIHH €€ HauOOJIBIIYFO
)k€cTkocTh. Ha oOCHOBE NpPOM3BEAEHHBIX YHCIOBBIX PACUETOB MPOU3ZBOAUTCS aHAIU3
PE3yNbTATOB, IOIYYEHHBIX HA OCHOBE YTOUHEHHOM U KJIACCUUECKON TEOPUiL.

Bonpocsl onTuMansHOr0 MPOSKTUPOBAHMS TUNIACTHHKY KYCOYHO-TIOCTOSSHHON TOJIIIMHBI
pu U3rude Ha OCHOBE KJIACCUYECKOI TEOPHH UCCIIEAOBAINCH B padoTax [2-4].

ITocTanoBKa 3agay4m.

PaccmarpuBaeTcss CBOOOAHO oOmnépTas MO KOHTYPY MPSIMOYrojbHAs —IUIACTHHKA
pasmepamMu 2L X b X h, W3roToBIEHHAas W3 TPAHCBEPCAILHO-M30TPOIHOTO MaTepuaa,
YCui€HHass JOMNOJHUTCIbHBIMH CUMMETPUYHO PACIIOJIOKEHHBIMHA  OTHOCUTEJIIBHO eé
CPEIVHHON IUIOCKOCTH H30TPONHBIME CIOSIMH pasmepamu 2a x b x h,, mox neiicteuem
nonepe4Hoil Harpy3ku ¢ (dur.1).

CraBuTCs 3a/a4a ONpEAeTCHUS Ha OCHOBE YTOYHEHHOW Teopmu m3rmnba miactud C.A.
AmbGapuymsHa [1] onTHMAanbHBIX TE€OMETPHYECKUX MApaMeTpOB @ M H; YCHIMBAIOLINX
CI0EB  IUIACTUHKH, O0ECHeYHMBAIOIINE HAMOONBIIYI0 IKECTKOCTh IUIACTUHKH — IPU
COXPAaHCHHH MX Beca, PABHOTO BECY JOIOJHHUTEIbHBIX CIOEB 3aJaHHON TOJIMHBI A,
MOCTOSIHHOM I10 BCEH JJIMHE IJIACTUHKH.

..... >
b
a ' a
L i L

Vy
hy .
hl _.|._._._._._._.: ...... ETETEY EITEIEIEE F-- >
Al Y

z

®ur. 1. PacyérHas cxema IUTaCTUHKH

Pemienue 3agaumn.

3ajaya omnpeneneHus HaNpsHKEHHO-1e(OPMHUPOBAHHOIO COCTOSIHUSI PaccMaTpUBacMOn
KOHCTPYKIIUU PEIIacTs ¢ YIETOM BIIHSHUS MONEPSYHBIX CABUTOB. [IpH 3TOM KOHCTPYKITUS
paccMaTpuBaeTCs KakK COCTaBJICHHAS W3 OTACIBHBIX IUIACTUH: OJHOCIONHON Ha yYacTKaxX
—L<x<—-a, a<x<L wu TpéxcnoiHoii Ha yuactke —a <x<a c yu€ToM HX
COBMECTHOH paboThl (YCIOBHII CONpsDKeHHS Ha JIMHMSAX UX pasgena x =ta ). Beumy
CHUMMETPHH pacCMaTpPHBaETCs Npasast mojosuHa mwiactuakn 0 < x <L .
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Maremarnueckass MOZEIb paccMaTpUBacMOW 3ajadyM OIMCHIBAETCS pa3peraroniei
cucreMoil auddepeHIraIbHbIX ypaBHEHUH uist oaHociolHol ( p =1) TaHcBepcaabHO-

M30TPOITHON IUIACTUHKM TOJIUMHONM /i W TpéXciokHoM ( P =2) IWIACTHHKH TOJIHHOM
h+2h,, ycnoBusmu cumMerpur Ha nuHuE X = (0, CONpSIKGHHS HAa JHUHUH X =d U
IPaHUYHBIMH YCIOBUAMU Ha cToponax ¥y =0, y=b, x=1L.

Paspemaromas cucremMa ypaBHEHHI ¢ y4€TOM MONEPEUHBIX CABUTOB [1] s kaxaon u3

obnacreii ( p =1,2 ) WIACTUHKY IPUBOIUTCS K BHILY:

9, V,__ g

ox oy - g
o*w o*w PR
Dl(lp) 8x3p +(D1<2”) +2Dé£))8x5ypz _Pl(lp) o’

2 2
_pn TP (), pr)) OV (P —
F o (Plz + B )8x5y+K ¢=0
3

o'w O*w o*y
Dg) 3P+(D1(2P)_+_2Déé?)) pz_Pl(lp) 2
oy 0yox oy

oy o0’
PP (BY) + PP ) = k=0
6 o2 ( 12 66 ) oy 4
I'paHuYHBIE YCIOBUS MIIACTUHKMU:

e  ImapHMpPHOro onmpanus Ha croponax y=0u y=»h

w,=0, Mﬁ")zo, (pp:O, (p:l,Z) mpu y=0, y=>b, (2)

L4 CUMMCTPHUHU HA JIMHUU X = 0

0,=0, M_0, MP -0 mux=0, @
Ox Y

e  LIAPHUPHOTO ONMMPaHHUs Ha cTopoHe X = L

w =0, MU=0, vy, =0 npn x =1L, (4)

L4 CONPsKCHUS HA JIMHUU X = d

_ ow (K _z), __om (K _z _
Wy =Wy, + (Pl_ + (P27\|11_\|12

e |4 3 ox |4 3
MY =M m! =@, N =N npu x = d. (5)
X x 2 Xy X .

xy X
BHyTpeHHI/Ie ycuius B Ka)K,HOﬁ u3 obnacreit (p = 1,2) MJIACTUHKHU ONPEACTIATCA I10

¢dopmynam [1]:
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) 07w o’w oy op
s =-pip D pip T i Xy i 20
oy ox oy Ox ©)
2
M =-2D¢ )9, plor[ 9P a‘”",
66 ox0y 66 oy ox

NP — K(p)(Pp» N :K(p)\lfp-

x ¥

3nech GyHKIMK TPOrHOOB W , B byHKIMH ¢,.Vv, ( p=1 2) — MCKOMBIE (DyHKLUH,
C TOMOIIBIO KOTOPBIX OIpPENEISIFOTCS BHYTpeHHHE ycuius (6) B OTHENBHBIX 00JacTsIX
TUTIACTHHKH.

XKeécrkoctu Dlgf’ ) ( p=1 2) IUTACTUHKY OIPEIEIIOTCs Ho GopMynam:

B, I’ 1
D,§§>='1"—2, DY) = - L +BY [h+2h e ]}
rae
E Ev E
B, =——,B,=——, B, =G, =———,
11 1—\/2 12 1—V2 66 12 2(1+V)
E 1 Ev 1 1 E
Bl(}) __t - Bl(z) _ 5 12 , Béé) _ G1(2) _ I
1-v; 1-v; 2(1+v,)
E, v, G,, — ynupyrue NOCTOSHHBIE MaTepHala TPAHCBEPCATBHO-U30TPOITHOTO CIIOS

1
NJIACTMHKM B IUIOCKOCTH HM3oTpormm, K, V|, Gl(z)f YIpYrue IOCTOSHHBIE Marepuana
U30TPOITHOTO CJIOA.

KosdpuiueHTs Pﬂ(f ), k) OIPE/IEISIOTCS U3 BbIPAKEHHUIA:

5 '
P _Bul” ) G

120 0 T
3
R = ZB,k(J +i’1—}+23;k>[l, M}
G' 24 5
K® = A +2G'J; +2G1;)J4,
rac

@)
A=2(h+h)(G -G). R= hhl(“hl)(G” —1],

4 G’
3 2 2
J, :h— (hl +ﬁj e ,
48 2 20

22 A (] -]
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2 2 2 3 3
), :ﬁ[[hl . _h_} o) _% 0 _h_}
4 2 12 2 2 6 2 8

G' — Momynb caBMra Martepuana TPaHCBEPCAJIbHO-M30TPOIHOIO CNOS IUIACTUHKH B
MJI0CKOCTU HOPMAJIBHOM K MJIOCKOCTH M30TPOITHUH.

Ilpunumas ¢ = CONSt, BbIpakeHMs MCKOMBIX QyHKWAH W,, @, Y, (p =1, 2),

ynoiueTBopsionie ypasHeHusM (1) u ycnosusm (2) u (3), npuaumMatotes B Buge [1]:

. qust obnmactit @ < x < L (omgHOCITONHAS MITACTHHKA, p = 1)

= | 4q(1+ fA2
w, = %+ CYeh x+CUxsha, x+CUsha x+Clxcha xtsind y,

n=1,3.. Tanll }\’n
2B

. |m (€8} sh,x+C) ehn,x)+

¢, = Z 2 sini, y,
n=l3. 4 (’;) (ng) ch (nfll)x + Cé? sh O)il)x)
®
" (7
4 2B

. =52 (Ch)ehh,x+Cyshi,x)+

Y, = z mh G'h® G cosh y.
(e (Cg,) sho!"x+C! ch O)S)x)
. st obacti 0 < x < @ (Tpéxcioiinas iacTuHka, p = 2)

= | 4q(1+ f0]

W= (7)14) +CP cha, x+CPxshh xpsini, y,
n=1,3.. Tanll 7\'n

= [ 2p% A :

0, = Z —ﬁkﬁ Cc?sh knx—i-T’;Cgi) sho!'x tsini, y, ®)
n=1,3.. K (,On )

* (2
v, = Z 44 > —2D121 A Cgi) chknx+Céi) chwff)x cos,y.
o k® KO

3mech MPUHATH 0003HAYCHHS:

LT ) :\/K2 V206G (14y) o [ kY
n 4 n n 2 ’ n n 2
Eh By

>
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Eh2 Pl(lz)

f:10(1—v2)G"

Kosdduumentst Ci(np )( p=12;i=1,2,.,6 ) onpenensrcs u3 yciosuii (4) u (5),
noce 4ero u3 (7) u (8) onpenensres sHaueHus GyHKIMA, W, , @ V¥, ( p=1 2) ,aus
(6) — 3HaUeHNS BHYTPEHHUX YCHIIHH.

[TocTaBneHHas 3aja4ya ONTUMH3ALUK HPUBOAMTCS K OMNPEACICHHIO ONTHMAJbHBIX
reOMETPHYECKUX N1apaMeTpoB d Wi /1, IpH KOTOPBIX HAMGOMBLIMA NPOrub MIIACTUHKH

IIpu HECU3MCHHOM BECC YCHJIMBAIOMINX CIIOEB JTOCTUTHET HAUMEHBIIETO 3Ha4YCHUA, T.C. K
CJ'ICZ[yIOIHCﬁ 3aJa4c HEJIMHEHHOIO porpaMMUpOBaAHUA:

HaWTH:

w=mgnm?xwp, x={a}, (p=1,2), 9)
IIpyu OTpaHUYCHUNAX:

hy =hyL/a (10)
0.015, <h <0.255,, 0.016, <h+2h <0.259,. (11)

Orpanmuenne (10) obecreunBaeT yCIIOBHE IIOCTOSIHCTBA Beca IUIACTHHKH, a
orpanndenus (11) oOycnoBneHs mpeneraMy MPUMEHUMOCTH YTOYHEHHON Teopuu. 31ech

npunnmaercs: 8, = L—a, xorna L—a<b; 8 =b, xorma L—a>b; 3, =2a,
xorma 2a<b, 6, =b, xorma 2a=b.

3amada perraercs MeToOM JAe(hOpMUPYEMOTO MHOTOTpaHHUKA [S].
YucsioBble pe3yJbTaThl H BHIBOABI.
YucnoBble pacy€Thl NPOU3BEIEHBI Ui ClOydas, KOI4a Ha IUIACTHHKY [EeHCTBYeT

paBHOMEPHO  pacnpenenénnas Harpyska ¢ =const mnpu &= 2L/ b=1,2,

h=h/b =0.05, 0.10, 0.20, hy, = 0.1/, u crenyromux NPUBEIEHHBIX XapAKTEPUCTHKAX

MaTtepuajia ImiIaCTUHKU:
Bz =B,/B,=v=03, G.=G,/B, =(1-v)/2=035,

G'=G//B, =(1-v*)G/E (E/G'=0,26,5,10), B\ =B

BY=BY/B, =06, Gi=Gy=Gni=Gl/B, =07

Crnyuait £/G'=0 cooTseTcTBYeT pacuéTy W30TPONHOMN MIACTHHKH TI0 KIACCHUECKOit

})/Bll =2,

reopun, a E/G'=2.6,5,10-no yrounéunoii Tteopun. Ilomyduenmbie 3HaueHus
onTHMANBHBIX TapameTpos @ = a/2L, i =h, /b, a Taxke cootBercTBYyIONEE 3HAYECHHE

. - 3 4
HauOOJIBIIEr0 MPUBEAEHHOrO MPOrHda IUIACTHHKH W = W B, A / 12g,b™ npusenens: B
Tabnuue. [ cpaBHEHHUs B TabIIMIE MPUBEICHB! 3HAYCHHUS TIPUBEIEHHBIX MAKCUMAJBHBIX

nporu0oB  W( IUIACTHHKMA IOCTOSHHOW TOJIIMHBEL, a TaKKe 3HAYCHHS OTHOIICHMS
MaKCHMAaJIbHOTO MPOruba, MOIy4EHHOTO MO yYTOYHEHHOH TEOPHHM K COOTBETCTBYIOLIEMY

nporudy, MOIy4eHHOMY 110 KJIaCCHYecKoii Teopun kK = W, / w,
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Tabnuma

OnruMaabHbIe IapaMeTpbl U COOTBETCTBYIOIINE 3HAUYCHUS MAKCUMAJIBHBIX HpOFI/I6OB IIJIACTUHKHU

E | n | EG| 4 I wo -102 w-10? k
0 0.337 0.00742 0.1654 0.1457 1

0.05| 26 | 02915 | 0.00858 0.1708 0.1526 1.047
50 | 02915 | 0.00858 0.1710 0.1530 1.050

10.0 | 02915 | 0.00858 0.1711 0.1538 1.056

0 0.337 0.01484 0.1654 0.1457 1

0.1 726 | 0334 0.01498 0.1745 0.1631 1.119
50 | 0332 0.01506 0.1786 0.1644 1.128

1 10.0 | 0.323 0.01548 0.1796 0.1669 1.145
0 0.4 0.025 0.1654 0.1492 1

02 26 0.4 0.025 0.2017 0.1942 1.301
5.0 0.4 0.025 0.2083 0.1994 1.336

10. 0.4 0.025 0.2233 0.2107 1.412

0 0.05 0.05 0.4124 0.2909 1

0.05 [ 2.6 0.05 0.05 0.4180 0.2986 1.026
5.0 0.05 0.05 0.4188 0.2987 1.027

100 | 0.05 0.05 0.4214 0.2989 1.027

0 0.1 0.05 0.4124 0.32186 1

0.1 [ 26 | 02635 ]| 0.01897 0.4320 0.3374 1.048
5 50 | 02635 | 0.01897 0.4336 0.3389 1.053
10.0 | 02625 | 0.01905 0.4375 0.3422 1.064

0 0.267 0.03745 0.4124 0.3245 1

02 | 26 | 0262 0.03817 0.4684 0.3743 1.153
5.0 0.26 0.03846 0.4829 0.3803 1.172

10.0 | 0256 0.03906 0.5017 0.3935 1212

Kak 1oKa3sbIBaroT NprBeIEHHbIC B Ta0INIIe 3HAaYeHNs Kodhduuuenta K = W, / W,
b

y4éT TONEepPeYHBIX CIABUIOB B Cllydyae TOHKUX IUIACTUH IPAKTHYECKH HE BIMSET Ha
pe3ybTaThl, MOJYYEHHbIE IO KJIACCHYECKONl TeopuH, B TO BpeMs Kak IpHU YBEIUYEHHU

TOJILKMHBI [UIACTHHKU TIONEPESHbIE CABMIM OKA3bIBAKOT CyIeCTBeHHoe BIMAHME Ha €C
iporu6si (10 40% npu & =1 u 10 20% mpu £ =2).

W3 pe3ynbraToB TabiMIBI TakXke CIEIyeT, 4YTO ONTHMalbHOE paclpelesieHue

Matepuajia JONOJJHHUTEIbHBIX CIIOEB IUIACTMHKU IO €& MOBEPXHOCTU MNPUBOAUT K
3HAYUTCIIbHOMY YMCHBUICHUIO MAaKCHUMaJIbHOT'O npom6a IJIaCTUHKKU 10 CPaBHCHHUIO C

TPEXCIOMHON IJIACTUHKOW TMOCTOSIHHOM TOJIILUHBI,

HpI/I‘IéM O9TO YMCHBUICHHUC TEM

3HAYMTENbHEE, 4eM OOJbIle TONNIMHA IUIaCTHHKM. Tak, npu A =O.20,E/ G' =26

pasHuia cocrasusaeT 20%.
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Crenyer OTMETHUTh, YTO €CIIM HE YUWTHIBaTh orpanHudeHust (11), oOycioBieHHbIE
pejielaMy IPUMEHUMOCTH yTOUHEHHOH Teopun wu3ruba mnactud, npu & =1 u mis

cpauTenbHO ToHkux miactud 2 <0.10 npu & =2, onTumanbHble NPOEKTHI TIOTYYArOTCS

pU 3HAYNTETBHO Majoi amune pomonautenshbix c1oés (d = 0.05). Cnenoparensho, B
ITHX CIIydasx Menecoo0pa3Hee IUIACTHHKY YCUINTh PACHOJNIOKEHHBIM B e cepeauHe
peOpoM KECTKOCTH, PABHBIM I10 BeCy €€ IOTOTHUTEIbHBIM CIIOSIM.

Cnez[yeT OTMETUTL TaK¥XKE€, 4YTO IIpU (:: 2 n h=005 MaKCHUMAaJIbHBIA HpOl"I/I6

M0JIy4aeTcs B TOYKE C KOOPAUHATOU: X = 0.272 , B OCTAJIbHBIX ClIy4asx X = 0.

B cpaBHHTENBHO JUIMHHBIX M TOJICTBIX IUIACTHHKaX ONTHMAJIbHBIM OYAET MPOEKT C
YCUJIMBAIOIUMH CIIOSIMH, PacIoJIOKEHHBIMH B €€ cpeiHell yacT. AHaJIOTUYHBI pe3yabTaT
noixydeH B pabore [4], Tme Ha OCHOBE KIJIACCHYECKOW TEOpPHH H3rubda HCCIIeOBaHBI
BOIPOCHI  ONTHUMAJIbHOTO MPOEKTHUPOBAHUS OPTOTPONHON IUIACTHHKY, YCHJIEHHOM
JIOTIOJTHUTEIBHBIMH CIIOSIMU MM PEOPaMU >KECTKOCTH.

3akmouenue. Ha ocHOBe moiydeHHBIX B paboTe Pe3yabTaTOB MOXKHO 3aKIIOUYHTH,
YTO MpPH pacdyéTe aHU30TPONHBIX IUIACTHH CTYNEHYaTO IEPEMEHHON TOJIIMHBL YYET
TIONIEPEYHBIX CIABUTOB HEOOXOJUM JIsl CPABHUTEIBHO TOJICTHIX IUTACTHH, TaK KaK OHH JAarOT
CYIIECTBEHHBIE MONPABKU K PE3yNbTaTaM KJIACCHYEeCKOW Teopuu m3ruba miaactuH, Kpome
TOT'0, ONITUMAJIbHBIM IIEpEPACIPEACICHAEM MATEPHANA YCUINBAIOIIUX CIOEB INIACTUHKH 110
€€ MOBEPXHOCTH MOYKHO 3HAYUTEILHO YBEIMYUTh KECTKOCTh KOHCTPYKIIUH.
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2U3UUSULP @SNk E3NPLLENP USUSPL ULUUNEURUSE StNtulahl
W3BECTUSI HALIMOHAJIBHOM AKAJIEMUM HAYK APMEHUM

Uthuwtthlju 69, Ne2, 2016 Mexannka

YK 539.3
K YCTOMYUBOCTH NUJIUHIPUYECKUX OBOJIOYEK C HATIOJTHUTEJIEM
CO CMEITAHHBIMHA 'PAHUYHBIMMU Y CJIOBHUSIMHA
Mogcucsan JLA.
Pubiwh punkp. Fuibughtt punuipe, Juniinipiniy, (gnt, wep Eqpuyhtt wuydwbbbp, tnpdug
Kupnud:
KiioueBble c10Ba: UIHHAPHYECKast 000I0YKA, YCTOIYHBOCTD, HAOJIHUTEIb, CMELIAHHBIC TPAHHYHBIC YCIOBHS,

HOPMAJILHOE JIaBJIEHUE.
Key words: cylindtical shell, stability, core, mixed boundary conditions, external normal pressure.

Un{uhyyut L.U.
Tvunp kqpuyhtt yuydwitbpny (gnudus quuitiught punuiiph uyniinipjut dwuph
Thunwupyynud £ gnidus quuibughtt punuiph juniimipmniip juwep Eqpuyhtt guwydwbibkph
nhypmu wpunwpht tnpuuy Lupdw nuly: Lgnuh wqnkgnipmiiin hwpyh t wnin]nud <hulyjkph dnpkjh
npusdpny: Unwdqulwdnighly ignith nhwypnid dhwsuth punhpp onuijh hwdwp nisynud k &ogphin:

Movsisyan L.A.
About the stability of cylindrical shell with core for mixed boundary condition

The stability of cylindrical shell with a core for mixed boundary conditions under external normal pressure is
conidered. The influence of the core is considered by the model of Vincler.
Onedemitional problen for the ring with viscoellastic core is solved with exaction.

PaCCManHBaCTCH yCTOﬁ‘{HBOCTB HHHHHHpH‘{eCKOﬁ 000JIOUKH C HAIOJHHTEIIEM IIpu BHECIIHEM HOPMAJIbBHOM
JaBJICHUH. BinsiHue HanonHUTE S YYHUTBIBACTCA 10 MOCIIHA Bm—lmepa.

OI[HOMepHaSI 3aJ1ava Uil KOJIbLa C BABKOYIIPYI'MM HAIIOJTHUTEIIEM PEIIAC€TCs TOYHO.

BBenenne. B [1,2] Oputa paccMOTpeHa YCTOHYMBOCTE IMIIMHAPHYECKUX 000JI0UEK MIPH
BHEITHEM HOPMAIIFHOM JaBJICHUHW UIA Pa3UYHBIX PaHUYHBIX yCIOBHH. Tak Kak LEIbI0
HCCIICIOBAaHMS OKA3bIBAJIOCH BIUSHUE TAaHTCHIMAJIBHBIX TPAHUYHBIX yCIOBUN Ha 3HAUYCHUS
KPUTHYECKOTO JaBJCHHS, TO AamllapaToM WCCICHOBAaHHUS SABISETCS TaK Ha3bIBaeMas
moiy0e3MOMEHTHas TeopHsl O000J0YeK, YTO BIIOJHE ONpaBHaHO Uil TakKoro THIa
nedopmupoBanus. Mexay MpOYUM, 3aMETUM, YTO JJIsl KJIIACCHYECKOTO Cliy4yast CBOOOJHOTO
OIMpaHu TaKasd MOCTaHOBKA U TOYHAA JAal0T OJJUHAKOBLIC PE3YJIbTAThI.

B [3,4] yxe paccmarpuBaiach YCTOWMYMBOCTh IIMJIMHIAPUYECKUX OOOJIOUEK TpHU
CMEUIaHHBIX TPAaHWYHBIX YCJIOBHMAX: Ha YacTH TOPLOB 3aJaHbl OJHU YCJOBHUS, Ha
OCTaBILMECS — JPYyTHE.

B mpemnmaraemoii paboTe wn3ywaercst Takas oOke 3ajaya, Korja IMIMHAP — C
HATIOJTHUTENIeM. BimsHUe MoCIieAHero MOIENUpyeTcs M0 MOACTH IUIACTUHKA Ha YIPYToM
OCHOBaHHHU — MOJIeTh BuHKIepa. bomnbimoe kommaecTBo paboT 1Mo yCTOMYHUBOCTH 000TI0UYEK
Ha OCHOBaHHWH 3TOH kK€ MOJICIIH BBITIOJHEHO [5].

OmHomepHast 3afada (KOJBIO C HAMOJHHUTENEM) B MPEANOIONKEHUH CIUIONTHOCTH
HATIOJIHUTENSI W CKONB3SIMIETO KOHTAKTa MEXKIy KOJBIIOM W HAIOJIHHUTENIEM, DPEIIaeTcs
TOYHO, B TPENINOJOXKEHWH, YTO MaTepHal HAIONHHUTEIS Bs3koympyruid. M Bot, d9TO
HHTEPECHO, npu OIPCACIICHNU KPUTHYECKOI'O JaBJICHUS B BbIpAXKCHUU YJICHa,
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YUUTBIBAIOUIETO BIUSHHUE HAIOIHUTENS, KOJIUYECTBO BOJIH HE BXOJIUT, T.€. CBOErO poja —
olpaBIaHue Mozean Bunakiepa.
1. TlocranoBka 3aa4yu. YpaBHCHHE YCTOWYMBOCTH OOOJOYKH IO HOPMAaJIbHBIM
JaBieHueM ( ¢ yuérom BIMsAHMS HanmojHuTens [2,3] Oyner:
8 4 6 4
ow Eho'w _,0'w | Jd'w
D—g-i'—2 —th 6+k ) =0. (1.1)
oy’ R 0oX oy oy
3nech HOBOE — nocnenHuii uneH, rae K— kospduument mocremu. Kak u B npeasuaymumx
UCCJIEIOBAHMAX, YYTEHO, YTO W TMOTEPH YCTOHYMBOCTH MPOMCXOAAT MO Qopmam
2 2
oW __ 0w
——5 > 5. 3aecb 9TO ycioBHe BbINONHsCTCS TeM Oosnee. HawanbHoe KoubLEeBOE
oy OX
ycunue onpenensiercs: popmynoi

To_ R _kI-VIR

2 = 5 (1.2)
1+K Eh
Bynem uckats pemenue (1.1) B Buzae
w= (W,(f) cos n(p+vv,(f) sin n(p) , Y=Ro, (1.3)
Torja -
4. (i) )
dd\é\é —Aw =0, n<n, (1.4)
a4VV(i) i
dgz +apiw) =0, n>n,. (1.5)
31ech BBEICHBI CIICAYIONIAE 0003HAYCHUS:
4 2 4102
at=lo oo M,k
| 1+K " 12(1-v?) h
h kR R X
=—, k=—, | =—, £E== 1.6
h=s. k=7 h=7, &=1 (1.6)

apt =nd, A=—3— g, =096 (h)".

kp *

Kaxk BugHo u3 (1.6), OQyp — 9TO KPHTHUECKOE JABICHHE CcB0OOSHO onEpTOit 000M0oUKH 6e3

HAIOJIHUTENS, UTO ocylecTBasercs npu N~ 2.7 (|1 )1/2 (hl )71/4 .

Pemenue cucrem (1.4) u (1.5), COOTBETCTBEHHO,
W = AY cosn &+ BV sind £+Clcha &+ DVsh & (1.7)
wy) = Alchp, & cosp & + B chp, Esinp & + "
+C!shy,&sinp, &+ D'shy, & cos i & '
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Pemtenue, coorserctBytomee N =0, He 3ammMceIBacTCs, TaK KaK IPU ONpeAeTIeHHH
MUHHMAJIBHOTO KPUTHYECKOTO JABJICHHUS OHO HE UCIIOJIB3YETCS.
Hauano xoopaunater X Oepém B cepeauHe IMHBI 000I09KH U Oy/IeM CUHUTaTh, IYTO HA

xonnax & ==10,5 3ananel cMelIaHHbIE YCIOBUS, @ UMEHHO:

u=v=0 mu @,<e=<q,

(1.9)
T =v=0 mpu —T<Q—Q,, P, <P<T.

OTH yCIIOBUS paBHO3HAYHEI CIIEAYIOINM [2]:
W=W.=0 mpu -, <<,

, (1.10)
W=W =0 mpn -<Q<-@,, ¢, <O

CHUMMeTpUYHbIE U AHTHCUMMETPUYHBIE (POPMBI TOTEPU YCTOHYMBOCTH OYyZeM H3y4aTh B
otraensHOCTH. UTak, g cummerpuyHoro ciaydast u3 (1.7) u (1.8) ciemyeT B3STh WieHHI C

koddpdurmenramu A, u Cn . Torma, ymommerBopsin ycnoBusim (1.10), mms wux

OIMPCACICHU TOJIYYUM CIICAYIOIUC CUCTEMBI:

N )
Z{xg) %(th,Skn n thO,S?»n)}COS e,

n=1 n

~ i 1 shA_+sinA_  [cosne
+ 3 X 2 T =0 <<
2 { "u, chkn+coskn}sinn(p i Po = 6=

sin g

n=ny+1

cosne

=0 mpu —ALE<-@Q, P, <P=<T (1.11)

* .

i

2 |X
n=q sinng

31mech BBeAECHBI 0003HAYECHMUS:

XY =—AXcos0,50, mpu n<n,

_ 2 2 _ (1.12)
X0 _ ,¢h”0,5u, +cos” 0,5u, —1 S

n n

ch0,5p, cos0,5u,

Pemenne mnapHeix ypaBHeHHH (1.11) CcBOOMTCS K pEIICHUIO CIEAYIOMHX CHCTEM
OECKOHEUHBIX alNreOpamyecKinx ypaBHEHUI:

X0 =3"allx"  (i=12), (1.13)
i=1

rie BBeJeHbl 0003HAUYECHUA:

8 = d,Coy
1—%(tg0,5kn +th0,51,,), n<n,

d,= " (1.14)

I—L shp, +sinp, nen+l

M, chp, +cosp,
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i _;m(msmn‘mo cos Ny, — Nsin N, cos m(po) (1.15)
Cr(nZn) — %ﬁ(nsin M, cos NP, —Msin NP, cos m(po)
1 1 1 1
cW :—( +——sin 2mp j, c =—( ———sin 2mep ]
mn = ®y om 0 = Dy m 0

Tak Kak MHHAMAQJIBHBIC KPUTHYCCKHE 3HAYCHUS IOJyYAIOTCS MPH CUMMETPHYHBIX
ornocutensio & =0 ¢opm mnortepu ycToluMBOCTH, TO TMONOOHAs cUCTeMa MpH

AHTUCUMMETPHUYHBIX (popMax MmoTepu yCTOMIMBOCTH HE MIPUBOIUTCSI.
3HaueHUsT KPUTHUECKOTO JaBJIEHUS C yIOBIETBOPUTEIHLHON TOUYHOCTHIO MONYUYECHBI U3

ACTEPMHUHAHTOB BOCBMOTO-AECATOTO MOPAAKOB W TaK KaK MHUHHUMaJIbHas }\’kp =1 TI0J1y-

1/2 —-1/4
qacTcCd Ipu kZO u n:2,7||/ h / , TO NETCPMHUHAHTBI B3ATbl BbINIC, YEM I3TOT

HOMeEp.
B tabn. 1 npuBeneHb! 3HAYESHUS 7\,kp A HEKOTOPBIX MapaMeTPOB U 3HAYEHUH (O, .

Crnemyer OTMETHTB, 9TO, B 00IIeM, HIYETO HEOXKUTaHHOTO HET.

Tabmuna 1
I 0.5 1.0
T T T TC T 7T T 7T
! | RN | S % | Y | Y |3
kl
0 1304 | 1372 | 1507 | 1.544 | 1.120 | 1,197 | 1.408 | 1.525

100 10°¢ | 1,308 | 1,376 | 1,511 | 1,549 | 1,121 | 1,198 1,409 | 1,526

105 | 1344 | 1,408 | 1,544 | 1,582 | 1,132 [ 1,208 | 1,418 | 1,533

0 1,218 | 1,297 | 1,488 | 1,516 | 1,119 | 1,183 1,394 | 1,547

200 10°¢ | 1,235 | 1,312 | 1,504 | 1,532 | 1,123 | 1,188 1,398 | 1,532

1073 1,383 | 1,453 | 1,641 | 1,668 | 1,164 | 1,226 1,432 | 1,558

0 1,115 | 1,179 | 1,381 | 1,515 | 1,098 | 1,162 1,333 | 1,514

300 10¢ | L161 [ 1,219 | 1415 | 1,549 | 1,109 | 1,171 | 1,342 | 1,523

1073 1,566 | 1,582 | 1,728 | 1,854 | 1,203 | 1,259 1,420 | 1,601

2. Jlns ogHOMepHOTrOo ciyyast (KOJIBIIO C HaloOJHUTENeM) OylneM u3ydarh 3ajady
YCTOHUMBOCTU TOYHO, B MIPEAIOI0KEHNUH, YTO HAMOJHUTENb U3 TUIIHYHOTO BA3KOYNPYrOro
Mmarepuaa;

- E,—-H b L) j
c=Eeg=E|e————|e" ‘edt|. 2.1
=5

Ecnu HamonHWTeNnb CIUIOLIHOW, MJISl HAa4albHOTO COCTOSHHSI MOJ PaBHOMEPHBIM
JTaBJIIEHUEM KOJIbLIEBOE ycrine OyaeT uMeTs BUI (Koadduuuent [Tyaccona mocTosHeH)
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T, = B—q (2.2)

1+i3
1-v, hE

0
Tak kax Hac nnrepecyet noseaerue cucrem npu £ =0 u t =00, 1o B BEIpaxkennn T,

B TIEPBOM Ciyyae BvMecTo E, nHano Gpats E; , a Bo Bropom —H. TouHo tak xe cucremy

ypaBHEHHH BO3MYIIEHHOTO COCTOSIHUS BO M30€KaHWE [UIMHHBIX (M HEHY)KHBIX 3amuceil)
3anumeM B ogHoM Buje. Cucrema ypaBHEHHMH yCTOWYMBOCTH B HPEAINOIO0XKEHHHU, YTO B
KOJIBIIEBOM HAIIPaBJIEHHH OTCYTCTBYET CABHIOBOE HAIPSOKEHHUE, OYIET UMETh BULL!

2 3 2
OV W gOW_  po
op~ 00 op 12R
-o'w T dw R )
~— +w+h - 2 S =——
0] op" Ehop Eh

B MIPEANOJIO0XKEHNNU CIUIOIMHOCTU HAIIOJIHUTEIIA beHKI_II/I}O HaIpsXKCHUA BOSMyH.léHHOFO
COCTOSAHHA MOXXHO 6paTb B BHJIC:

® =(A,"+B,r™*)cos mp 2.4)
Hanpsixenns uepes @  BbIpakaroTcss H3BECTHBIM 00pa3OM:

LR P B (.14 o5
“ro rrop’’ " o’ " r{rdp

VYcnoBus KoHTaKTa KOJIblla C HAIIOJIHHUTCIICEM (I’ = R) npu OTCYTCTBUH CIABHUI'OBOI'O

HaTPSKCHUS OyIyT:

u=w, o, =2, G, =0. (2.6)

B OKOHYATEILHOM BHJIE JUTs BEIMYMH HATIOMHUTENS ToyunM (st conydas t =0 )

2B
U |,_r =—2=(1-v,) R™ (m-+1)cos mp
E 2.7
m
o, |, =2B,R"(m-+1)cos mp
YTO BMecCTe C ycioBueM (2.6) maér
Z= 5, Wcos mo (2.8)
l1-v,

Ecmu uckats perienue (2.3) B BUzIE
W=Wcosmp u U=UsinMme (2.9)
¢ yuérom (2.8), To KpUTHUYECKOE AaBIICHHE OIPEeIAeTCS U3 yPaBHEHUS
= A A R R 1
h(mz—1)+—:— _4R A_ER (2.10)

m 1+A°" Eh’ Ehl-v,

OTCIOI[a OTHOCUTECJIIBHOC MI'HOBEHHOC KPUTHUYCCKOC NaBJICHUC —
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1

X:q—"p:%(HA) 2 % T @2.11)

0

O
U TIOTEPU YCTOWYMBOCTH 110 popMe —
AV 1 ER
rTl( =| — , |(<0) = — .
h P4 R

,Z[J'IH ,HHHTCHLHOﬁ noTrepu yCTOfI‘IPIBOCTPI B BbIPpAXKCHHUN A HaJ10 EO 3aMCHUTH Ha H .

(2.12)

Hanuuue HamonHUTENs CyLIECTBEHHO YBEIMYMBAET 3HAYCHHE KPUTHUECKOIO AABJICHUS U
(hopMBI OTEPH yCTOWYNBOCTH.

Jlns ammTenbHOM moTepy ycToiuuBocty B popmynax (2.11) u (2.12) B A mano E0

samenuts Ha H. Ectectenno, B mocnennem ciyuae u jaBieHue OyAeT MEHbIIE, 4eM B
MEPBOM, U KOJIMUYECTBO BOJH.

3akmouenne. IlokasaHo BiMsSHHE BS3KOYNPYroro HAaNOJIHMUTENS HA  3HAYEHUS
KPUTHYECKOT'O JIABJICHHUS B 3aBUCHMOCTH OT (PU3NYECKUX M TE€OMETPHUYECKUX NTapaMeTpOB.
Jlist iepBoii 3a1aun ObUIM MTPOM3BECHBI BBIYHCIICHHS, TOJPOOHO MpHBeNEHHBIE B Ta0I. 1,
Ho pn K — B s1Ba pasa Gonble, yeM Tam, T.e., €CITH B MEPBOM CJIyd4ae MOKHO CUMTATh

JaHHbIEe UL JJIMTENBHOH, TO B IIOCIEIHEM cilydae OyIoyT DaHHbIE MIHOBEHHOH NOTEpH
ycroiynBocTH. Y camast Oombliast pasHUIIA MEXy HUMH — ropsinka 20%.
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2U8UUSULh @hSNhE3NRULLESD UQQUSPL UUUNEBURUSE SEntulahr
M3BECTUS HALIMOHAJIBHOM AKAJIEMUU HAYK APMEHUM

Uthuwmthju 69, N2, 2016 Mexanuka

YK 539.3
AHAJII/Ig IMPOI'NBA BAJIKHA ITOJ HEﬁCTBHEM COCPEAOTOYEH-
HOU CUJIbI ITPU PA3JIMYHBIX YCJIOBUSAX HA KOHIAX
Caaksn A.A.

KiroueBble ciioBa: u3rub Gajiku, COCpeIOTOUEHHAS CHJIa, CHMMETPUYHBIH POrud, MaKCUMaIbHBINA IPOTuo
Keywords: beam bending, concentrated force, symmetrical deflection, maximum deflection.
Putiuyh punbp: htswih dpnuwd, YEunpniugus nid, huwdwywh £ydusp, wnwybkjugny £4fwsp

Uwhuljwui U.U.
Ykhnpniugws nidh wqnbkgnipjuih wwwl hkidwih yusph Jhpnisnipyniip vnupphp kqpughic
wuydwihbkph nhupod

Zhswth duypkph htudwt wuydwitbphg jugws hbnwgqnungl) E wyt hwnnyuibkph whpnypp,
npunbn hkswip Yhnpniugus nidh wqpkgnipput mwl] Yupnn b nibkbwg wpwbjumgnygh ghdwsp:
Gunnwpyl] £ uinwgyws wpynibpubph hudbdwnmpnit b wupqyky £ np hkinwgnunnn nhpnypep
wdkbwdbst k htswuh duypkph Ynon wdpugdwi nhypnud b, quugkny hiswuh dhouwltwnh onipg,
Juqunud £ upw Epjupnipjut Uk Eppnpyp: Ywenigyby E jEunpnuwgus nidbph buwbu wthwdwswh
hwdwlwung, npp wqpbgnipjut wwl hkswup Ypnud Ehudwsuhhg phy mwppbpynn hywsdp:

Sahakyan A.A.
Deflection Analysis of a Beam Subjected to Action of Concentrated Force at the Various Conditions on
the Edges.

The interval of beam cross-section coordinates where beam can have the maximal deflection is investigated in
dependence of the support conditions. Comparison of obtained results was conducted and it is found that
mentioned interval is the largest in the case of fixed edges and is one-third the length of the beams around the mid-
point. The essentially nonsymmetrical system of concentrated forces under action of which the beam gets almost
symmetrical deflection is built.

HccnenoBan HHTEpBaJl H3MEHEHHS! KOOPIMHATHI CEYCHHs OaIKU, B KOTOPOH OHa MOXKET HMETh MaKCUMAIIbHBII
Hporud, B 3aBUCHMOCTH OT YCIIOBMil onmpaHusi ee KOHIOB. I[IpoBeieHO cpaBHEHHE MONTYYEHHBIX PE3yJIbTaTOB U
BBISICHCHO, YTO YKa3aHHBIH MHTEpPBAN SBISCTCS HaHOOIBIIMM B CIy4ac JKECTKOTO 3aKpEIUICHHS O00OOMX KOHIIOB
OaJIKil ¥ COCTaBILSIET OJHY TPETh JUIMHBI OAlKH BOKPYT cpelHell Touku. [locTpoeHa CyIecTBeHHO HECHMMETPHY-
Hasi CHCTEMa COCPEIOTOYEHHBIX CHJI, O] JIHCTBHEM KOTOPOi Oalika NpuodpeTaeT NpaKTHYECKH CUMMETPHYHBIN
1poruo.

Beenenune. OO0men3BecTHRIE 3aJaull CTPOUTEILHON MEXaHUKH sl YIPYIHX Oanox (u
IUIACTUH) TPeOYIOT OmpenesieHne HaNpsHKEHHO-Ie(OPMHUPOBAHHOTO COCTOSIHUSI  TIPH
3aJaHHBIX Harpy3kax W TIPaHWUYHBIX yCIOBHAX. [IpeCcTaBISsIOT TaKkKe HHTEPEC 3ajadu,
KOT'JIa [0 KaKoi-IM00 XapaKTepUCTHKE Ae(POPMHPOBAHHOTO HIIH HANPSHDKEHHOTO COCTOSHHS
HEo0XOMMO ONPEAENIUTh NMPUIIOKEHHHYIO Harpy3Ky. OJHa U3 TakHX 3aJad MPUBOAUTCS B
kuure C.I1.Tumomenko [1], rae mo BeNUYMHE Yria HaKJIOHA KacaTelbHOW K MpOrudy B
TOYKE CBOOOJHOrO ONMHUpaHus OajJKH HEOOXOOMMO HAWTH TOYKY NPHIOKEHHS COCPENOTO-
YEeHHOH Harpy3ku. B onpeneneHHOM cMbICiie Takue 3agaddl SBISIOTCS oOpartHbiMH. K
TaKOMY KJ1acCy OOpaTHBIX 3aJjad MOYKHO OTHECTH TaK)X€ HCCIEOBaHMs, IPOBEJICHHBIC B
crathsix [2-4]. B uactHocTH, B pabote [4], o aHajoruu co crarbeii [S], craBUTCS BOIPOC —
MOXXHO JIM YCJIBIIIATh YIPYTYIO OTIOPY.
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B Hacrosimeit pabore cTaBUTCS BOIPOC KaK BEIOPATh HArpy3Ky, YTOOBI MaKCHMaTbHBIH
mporu® OBLT B 3aJJaHHOM ITOTIEPEYHOM cedeHHr Oaiku. VcXoms u3 M3BECTHOH 3amadun st
CTPYHBI, IJle MAKCUMAIIbHBIA TPOrH0 MOIY4aeTCss B TOUYKE MPUIOKEHUSI COCPEAOTOUCHHON
CHJIBI, pacCMaTpHBaeMasi 3ajiadya Takke periaeTcs s Clydas COCPEAOTOUSHHON HArpy3KH.
B pesysbrarte nosydaercsi, 4TO HE BO BCEX CEUCHHUSAX OAKU MOXKHO IMOJYYHUTh MAaKCH-
MallbHbI Mporu0. B 3aBHCUMOCTH OT BHAA 3aKpeIIeHUs KOHIOB OajiKd YCTaHOBJIICH
l/IHTepBaJ'I TOYCK CCUCHUA 6am<14, B KOTOpI)IX OHa MOJXET UMCTh MaKCMMaﬂthIﬁ HpOFl/I6.

IMocTaHoBKa 3agaum U ee pemenne. B pamkax kimaccudeckoii teopuu Kupxrodda-
JlsBa paccMOTpUM ypaBHEHHE U3ruba OaJiku

d*w
dx*

rane D =EJ_ - xectkocts Ganku Ha usru6, E - mogyns HOnra marepuana 6anxu, J -

D——=-q(x) )

MOMEHT MHEPIIH TOIEPEYHOT0 CEUCHNS.
Ilenbro ucciienoBaHus SIBISIETCSI OMpPEIENICHNE MHTEPBaia TOUEK, B KOTOPBIX Oalka, mpu
pasNUYHBIX YCIOBUSX OIHUPAHMS Ha KOHIAX, MOXET HMETh MAaKCHMAaJbHBIH MpOruo.
IlocraBnennsnii Bompoc OyaeT NpaBOMOYEH, €CIM KaXKIbld W3 KOHIOB Oanku JnO0
HIAPHUPHO OIEPT, TUOO0 JKECTKO 3aIlleMIIEH.
[Tyrem mnoCnenOBaTENHLHOTO HMHTETPUPOBaHMs ypaBHeHHs (1) HETPYAHO NOIY4YUTH

ob1ee mpecTaBiieHre Iporuda w(x) . OHO nMeeT BUJI;

3 2

Dw(x):%j(s—x)3 q(s)dS+C1%+C2%+C3x+C4
0

IlocTosiHHEBIE HUHTCTPUPOBAHUS Ci (l :1,4) OMpeACIATCd M3 YCJIOBUM Ha KOHIAX

Ganku.
[MapamnenbHO paccMOTPUM TPU BO3MOXHBIX —Cydas: a) MIapHUp-IIapHUpP, O)
3aleMICHIEe-IIIAPHKP, B) 3aleMiIcHre-3anemiacHue (dur. 1).

y
L .
T@'\ a) TA‘\ 6) 6)

Puc. 1 Cxemarnueckoe npecTaBIeHUE YCIOBUI ONUPaHUst OaIKH

A
WY
TN

Cayuaii a). OT™MeTHM, YTO HOJYYCHHBIC AJISI 3TOTO CIydas Pe3yJibTaThl UMEIOTCS U B
pabore [1], omHaKo, A COXpaHEHUS LETBHOCTH M3JI0KEHHS, IPUBEIEM UX 3aHOBO.
VmMeeMm rpaHUYHBIC YCIIOBHS
2
dw
w=0; d2= mpu x=0 u x=/, 3)
X

TIOCJI€ YAOBJIIETBOPEHUS KOTOPBIM HaigeM:
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X 1
w(x):é (s—x)3 q(s)ds—i-a x(l—s)(x2 —21S+s2)q(s)ds (5)
0

0

[Tonaras, 4yro Ha OanKy NPHIIOXKEHA COCPEJOTOYEHHAs cuia g (x) =q,0 (x - C) ,

Oynem uMeTh
6Dw(x)=q,(C —x)3 H(x—(;)+%x(l—(;)(x2 —2I¢ + QZ) ()

[Mponuddepenumponas mocieaHee N0 X W HPUPABHIB K HYIIIO, TOJyYHM ypaBHEHHE
JUTSL OTIPEIICIICHUS] TOUKH MaKCUMAaJIbHOTO Mporuba Oanku

—3(§—x)2H(x—Q)+%(l—§)(3x2—2IQ+§2)=0 )

OueBuiHO, 4TO HAMOONBIIMI IPOTHO MO AEHCTBUEM CUIIBI (, UMEET MECTO B CIIydae,

KOTJIa CHJIa IPUIIOKEHA B CEPEIUHE, M PaBEeH

3
Wi = —4%% ®)

U3 ypaBuenus (7) HETPYIHO HANTH, YTO MAaKCUMAaJbHBIA MPOTrHO Oajiku OyaeT UMETh
MECTO B TOUKE

1-(P-¢)/3 mpn £ <1/2
J(2e-¢)/3 wpn C>12

[pu crpemnennn C —> | HaiineHHas ToYka MAaKCHMAILHOTO TPOTMOa CTPEMHUTCS K

3HAYEHHIO X, = = / / \/g . Takoe ke 3HaYEHHE U1 TOYKH MAaKCHMAIFHOTO Tporuda ObLIo

TIOJTYY€HO MPH NPHIOKESHUH Ha KOHIE Oajike MOMEHTa [6], KOTOPBIH SBISIETCS MPeeIbHBIM
CIlydaeM paccMaTpuBaeMod 3zech 3amaum, korma ( —>/ TpH yclnoBAM MOCTOSAHCTBA

HPOM3BENEHUS () (C) (l - C) .

Taxum 06p330M, rac ObI He ObLIa MPUIJIOKECHA COCPECAOTOYCHHAs CUJia, MaKCHUMAJIbHBIN
HpOI‘I/I6 OaJIK1 UMEET MECTO B CpeﬂHCﬁ qacTHu 6am<1/1, SaHHMaIOIHGﬁ HUHTCpBAJI

Ve NE

1-—— |/ ~0.42265] < x < Tl ~ 0.57735l €))
3

[Tpu >TOM HETPYOHO YOSAUTHCS, YTO HAMOOIBIINH MPOTHO OATKU MOXKET MIPEBOCXOTUTH
porud B cpegHel TOUKe MAaKCHMAJIBHO 9yTh Oomee 2.5%.

EcrecTBeHHO OHMAaTh, 4TO W MpH OO0 pacmpeneNeHHOH, O4eBUAHO 3HAKOIOCTO-
SHHOW, Harpyske, TOYKa MaKCHMAaJbHOTO Iporuba Oanku OylneT HaXOOUThCA B ITOM JKe
UHTEpBaJe.
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Ha ¢ur.2 cxeMaTHyecKH MpUBEAEHBI (POPMBI OATKH TOJ JEHCTBHEM yKa3aHHBIX Ha
PHCYHKE COCpEOTOYEHHBIX cWil, npwiokennsix B Toukax (//=0.5;0.6;0.7;0.8;

0.9;0.95 . Benmmuunb! cOCPENOTOYEHHBIX CHIT BEIOPAHBI TAK, YTOOBI BO BCEX CIIyYasX Mak-

CHUMAaJIbHBIH ITPOTUO ObLI OB OAMHAKOBBIM. VI3 pUCYHKa BUAHO, YTO JUIS CHJI, IPHIIOKEHHBIX
OIM3KO K KOHILY, (pOpMBI MCKPHUBICHHOH OajK NMpPaKTHYECKH HE OTIMYAIOTCA OPYr OT
apyra.

6.52¢,
02 04 a6 08 o
3.3q,
-0006
-0010 1.73q,
Q015 1256]
q, 105,

-0

®ur.2 Illapaup-mapHup

Cayuaii 6). [Tonaras, 4To 3aleMIICHHBIM SBIISCTCS JIEBBI KOHEI Oankw, Oy/neM UMETh
TpaHUYHBIC YCIOBUS:

dw d’w
w=0; —=0 x=0 =0; = x=1/ 10
I pu u w 0 npu (10)

Torna nporud omnpenenutcs Gopmyon

2

O (ROl o | R GO N TR BT

4DI*

[Tonaras, xak W B TpeABIAyIIEM Ciydae, q(x) = qOS(x—C) HaKlZeM, 4TO B 3TOM

ciyydac TOYKOW MaKCUMaJIbLHOTO npom6a SABJISACTCA

=< npi
1 3I—Cl pn (<(2-42)!

25 (21-C)
2 42— i £2(2-42)!
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[Tpu 3TOM HanOOIBIINIT TPOTHUO TOA NEHCTBUEM CHIIBI g, MIMEET MECTO B Cllyyae, Korna

CHJIa TIpuJIoKeHa B Touke C = ( 2-2 )l , M paBeH

%l3|: 2 }
=——|-5—+44+2 11
wmax D 3 \/7 ( )

CpaBuuB 3HaueHus (8) m (11), 3ameuaem, 4TO 3amIeMJICHHE OTHOTO KOHIA OaJKH
TIPUBOAMT K O0JIee YeM IByXKPaTHOMY YMEHBIICHHIO HanOOIBIIEro mpornbda Oankm.

WHTepBaioM, B KOTOPOM MOXET HAaXOIHUThCS TOYKa MaKCUMAJIBHOTO NMPOrHOa B STOM
ciydae, OyneT

(1 _ﬁlz <x< %z 0.42265 < % <0.6666667
3

B aToMm cityuae, pasHuna Mexay HauOOJBLUIMM MPOrHOOM Oallku M MPOTHOOM B TOUYKE
C= (2—\/5 )l , COOTBETCTByMOIIeH HambompiemMy mporudy (11), MOXeT IOCTHUTHYTH

moutn 11%, ecnu cocpemoToUeHHAs CHIIa MPHOIIKACTCS K 3allIeMICHHOMY KOHITY, U 4%,
€CJIA COCPEIOTOUYCHHAS CHJIa IPHOIMKACTCS K MAPHUPHO OTIEPTOMY KOHITY.

5.33q0|

08

-002

-004

-006

-008

-0010

®dur.3 3amemieHue - MapHUp

Ha ¢ur.3 cxemMaTHyecku MpUBEAEHBI (POPMBI OATK¥ IO/ JEHCTBHEM yKa3aHHBIX Ha
PHCYHKE COCpPENOTOYeHHbIX cmi, mpuiokennbix B Toukax (/[=0.1;0.2;0.3;0.4;

.0.5;(2—\/5);0.7;0.8;0.9;0.95.BCJII/I‘{I/IHLI COCPEIOTOYECHHBIX CHJI, KaK H BBIIIE,

BBIOpAHBI TaK, YTOOBI BO BCEX CIIyYasX MAaKCUMAJIbHBIH MPOrHO ObLI ObI OTUHAKOBBIM.

Cayuaii B). ['paHnuHbIe yCII0BHS OyayT:
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w=0; —=0 mpu x=0 u x=/, (12)
dx

nporuo -
X 2 1

w(x) zél(s—xf q(s)ds+ 6213 !(l—s)z [x(l+25)—3ls]q(s)ds (13)

Ilonaras, xak M paHee, q(x)ZqOS(x—(;) HalieM, 4TO B 3TOM CIly4yae TOYKOH

MAaKCHMAaJIBHOI'O npom6a SABIISICTCA
[rjBr-2¢)  mpm o g<
|2¢1/(1+20) npH £>1

BBI/IJIy CUMMCTpPHUH, KaK U B IEPBOM CJiy4dae, HanOOJIBIINI HpOFI/I6 o1 HeﬁCTBHeM CHJIBI

qO HNMEET MECTO B ClIy4dae€, KOrja cujia NpujIoXeHa B CEPEANHE, U PaBECH

1 3
S (14)
192 D
CpaBuuB 3HaueHus (8) m (14), 3amedaem, YTO 3alIeMJICHHE OOOWX KOHIIOB OaiKw
MPUBOJIMT K YETHIPEXKPATHOMY YMEHBILICHUIO HAUOOIIBILIEro POruda OajKH.
B aToM cityyae MakcUMaJbHBIN MIPOrUO MOXKET MMETh MECTO B MHTEpBAJIe:
1 2
—I<x<=I
3 3
a pa3sHOCTh MEKAY HAHUOONBIIMM MPOTHOOM OalKM W TMPOTHOOM B CPETHEW TOYKE MOXKET
JIOCTUTHYTH 15.6%.

30.7¢,
8.4q0 I
02 04 06 08 0
oo
. 2.58¢q,
- 1.464
—oa % 1.09¢,
006

dur. 4 3amemieHue - 3ameMIICHIE
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Ha ¢ur.4 cxemaTHyecku MpUBEAEHBI (POPMBI OATKH TOJ JEHCTBHEM yKa3aHHBIX Ha
PHCYHKE COCPEIOTOYEHHBIX cHII, TpuioxkenHblx B Toukax (/[=0.5;0.6;0.7;0.8;

0.9; 0.95 . KaK " BbIIIC, BCIIMYHUHBI COCpe)IOTOquHI)IX CHJI BI)I6paHI)I Tak, '-ITO6BI BO BCEX
cnytlaﬂx MaKCI/IMaHI)HBIﬁ HpOFI/I6 GBIJ'I 6])1 OJUHAKOBBIM.

Uccrnenys u3rub Oamku MmMoj JCHCTBHEM COCPEAOTOYCHHOW CHJIBI, MPHIOKCHHOH B
pa3HLIX TOYKax, yMeCTHO BCIIOMHUTH O TaKOﬁ CBOGOGpa:’:HOﬁ TOYKEC KaK TOYKa 30JI0TOro
CCUCHUA U HaﬁTH TOYKH MAaKCHUMAJIBHOT'O HpOrI/I6a, Koraga cujia HpI/IJ'IO)KeHa B 3TOI>'I TOYKC U,
HaO60pOT, HaﬁTH TC TOYKH, Ky[[a Haao HpI/IJ'IO)KI/ITI) CI/I.]'Iy, I'ITO6I)I MaKCI/IMaHBHBIﬁ HpOrI/I6
UMECJI MECTO B TOUYKEC 30JI0TOI'O CCUCHU.

J5-1
2

=0.6180.... Torna

HyCTL CHjIa IPWJIOKEHA B TOYKE 30JIOTOIO CEYECHUA — —

MaKCHMAaJIbHBIN HpOFI/I6 6y[[eT B CJICAYIOMIUX TOYKAX:

Cryuaii 1. Yo _ 3\/5_5 =0.5335...
[ 6
2(10—
Corywaii 2. S _ 2010-3V5) _ 505
[ 11
Cryyaii 3. xlﬂ=ﬂ= 0.5527...
l 5
Teneps HaiifieM TaKyio TOUKY HPUIOKEHHS CHIIBI, 9TOOB MAKCHMATBHEIH TIPOTHO UMEI
MECTO B TOUKE 30JI0TOTO CEUEHHUs x”;‘“ = % =0.6180....
Cryuaii 1. HET
Cryuaii 2. £= S 25_10\/5 =0.6750...
[ 5
Crrywait 3. S_ 51 _ 5000,

I2(3-45)

IToctaBuM Tako# BOIpOC — MOXHO JIM B cirydasx 1) u 3) acUMMETpHIO H30THYTOH OCH
6anky, BEI3BAHHYIO COCPEIOTOUEHHOMN CHUJIOHN, NMPIJIOKEHHON BHE IIeHTpa Oallki, CBECTH K
MHHUMYMY TOCPEICTBOM NPHIOKEHHS MOIUUHSIONICHCS ONpeaesIeHHOH 3aKOHOMEPHOCTH
CHCTEMBI COCPEAOTOUCHHBIX CHJI MEHbIIEH MHTEHCUBHOCTH.

Iycts cocpenotodennas cuia P mpwnoxkena 8 G = pl (0.5 <p< l). Ipexamnomno-

k
JKHUM, 9TO B TOUKaX =p'l (k=2,3,....), cocTapsiommx reoMeTpUUECKyIO IPOrpec-
k 595 > p Y¥0 IIporp

52



k-1
CHIO CO 3HAMeHaTeneM p mpuioxkensl cuibl P, =a" P (0<a<l,k=2,3,....), TaKxe

COCTaBJIIIOLINE YOBIBAOIIYIO0 T€OMETPHUYECKYIO IIPOTrPECCHIO.
[Tporu6 Oanky OT Tako HArpy3KH, HarpuUMep I citydas 1), onpenenutcst Gpopmyion

6Dw(x)=PY a""| (¢, —x) H(x-gk)+§(z-gk)(x2 —21g, +7)

U3 YCJIOBUSA HAXOXKACHUS HanOOJIBIIETO nporn6a B CpeHHeﬁ TOYKC IMOJYYHUM YpaBHCHUC
JUIsL OIpeaeICHUs 3HaMeHaTeNns d :

3 m 1

pP p -tk
- 3 ——| =0
4(1—ap) 1—ap3+ ;a P 2

3nece m = [ln 0.5/In p] - 11eN1ast YacTh OTHOIIEHHMS B CKOOKaX.

B uyacTHOCTH, ecnu cuia TpwiokeHa B 3omotom ceuennn, T.e. p = 0.6180..., o

a=0.5172.... OrmeruM Takxke Apyroif MHTEpEeCHBIH CITydaif, KOIjia CymMMa JOMOJHH-
TENBHO MPUIIOKEHHBIX CHJI PABHA BEJMUMHE 3aaHHON bl P . DTo MMeeT MecTo TOJIBKO

npu p =0.6087... u a=0.4999....
Ha ¢ur. 5 npeacrapieHbl H30THYTHIE OCH OAJIKH 110 IEWCTBHEM CHIbI P, IpUIOkKeH-

Hoii B Touke C=0.8/ ( p=0.8) , (yHKTHD) M 101 AeiicTBreM cuctemsl cun B, = a'p

(a =0.7891..,k =1, 2,..) (CcTuTONTHAS JTHHUS ).

2x1078
“" ..._Q?___ 04 06
(8 S e mmmmmooo remm=
4
N
2 x1078 i
\V

_4 x10"8 \*

-6 x1078

@ur. 5. N3orayTas ocs Oanku

HauOonbimii mporu® monx OeHCTBHEM CHUCTEMBI CHJI 0Oallka NMpHOOpETaeT TOYHO B
cpelHel TOUYKe, OJHAKO M30THYTash OCh HE CTAHOBUTCS HICATbHO CUMMETPUYHOH OTHO-
CUTENBHO cepeauHbl Oanku. [Ipu 3TOM OTKIOHCHHE OT CUMMETPHH SIBJICTCS HAHOOJIBIIUM
Yy KOHIIOB OalKé WM B JaHHOM ciydae mgocturaer Bcero 0.67%. Cremyer 3aMeTHTh, 9TO
BEJIMYMHA OTKJIOHEHHS OT CUMMETPHUH CYILIECTBEHHO 3aBHCHUT OT TOUKH MPHIIOKEHUS CHIIbI

P, 1e. or toukn C = pl, n npuHuMaer MakcMMaibHOE 3HauYeHHE OKONO 3.5% mpH

sHauennn p okono 0.57. [lpu p — 1 usornyras ock Ganku CTAHOBUTCS CHMMETPHYHOM,
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nockonmbKy W @ —> 1, T.e. GeckoHedHas CHCTEMa CHI CTPEMUTCA K PABHOMEPHO
pacnpeeneHHON Harpys3Ke.

AHaJIOTUYHBIA aHAJIN3 [T 3aKpeIUIeHHOH 10 000MM KOHIIaM OaJIKM MTOKa3all, 4To MpH
HanOoJBIIEM NPOTHOE B cepeluHe OaJKyd OTKIOHEHHE OT CHMMETPHH B 3TOM Cllydae
HaMHOIo 0oiblie U gocTuraet noutu 20%, IpudeM oIsATh pU 3HaueHuu p okoino 0.57.

OTMeTHM, 9TO IPOTrHO OaNKy 1Mo AeHCTBUEM OECKOHEYHOW CHCTEMBI CHIT I3MEHSIETCS
B TIPEJIENax, COOTBETCTBYIOIMX MPOruOy OT COCPENOTOUEHHOM cuitbl P, mpuiokeHHON B
cepenuHe OaliK¥, W MPOTUOY OT PaBHOMEPHO PACIpENEIEHHOW Harpy3kd MHTEHCHBHOCTH

P.

3akmouenne. CpaBHEHHE IIOJNyYCHHBIX [UI IIAPHUPHO-ONEPTOH M YKECTKO
3aKpeIUIeHHON OaloK pe3ysbTaToB MOKa3auo, YTO MPH ACUCTBUH OIHOW M TOW K€ CHIIBI
HanOONMBIINK MPOTHO B MEPBOM CIy4yae B HYETHIPE pa3a IpPEBBIIIACT MPOrHd BO BTOPOM
ciydae. Ho HecMoTps Ha 3T0, 0061aCTh, B KOTOPOH 3TOT NPOrud BO3MOXKEH, UyTh Oojee ueM
B JIBa pa3a MEHbIIIE U 3aHUMaeT oKoJo 15.5% mnuHel Ganku. 3HaHUE 3TOW 00JIACTH MOXKET
oMOYb B Bompoce 3¢ (HEKTUBHOTO MONUpaHKs OalKu NpH JCUCTBHM HA HEe Harpys3KH,
MMeEIOIIEH CHIIFHO BBIP2)KEHHYI0 HECHMMETPUYHOCTh OTHOCHTEIBHO CEPEUHBI OAJIKH.
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BAPUAIIMOHHBIN ITPUHIUII U SHEPTETUKA TE®OPMAIIAN
MPUKJIATHOM MOJEJA MUKPOIIOJISIPHOI'O YIIPYTOI'O
KPYI'OBOI'O TOHKOI'O CTEPKHS

Capkucsin C.0., Xauatpsan M.B.

KirodeBble ci10Ba: MUKPONOJSPHBIA, YNPYTHid, KpPYroBOH, TOHKHH CTEp)KeHb, NPHUKIAJHAs MOJEIb,
BapUAI[MOHHBIN IPHHIIUII, OCHOBHBIC YPaBHEHHS, IPAHUYHBIC YCIIOBHS, SHEPIETUYECKUE TEOPEMBbI, BapHAI[HOHHBIC
METOJIBI

Key words: micropolar, elastic, circular, thin bar, applied model, variation principle, basic equations, boundary
conditions, energetic theorems, variation methods

Puttanh punkp. Uhlpnynpjjup, wpwdqulub, sppwbught, puwpul dnn, Yhpuwnwlwb dnnhy,
Juphwghnt uljgpniip, hhdtwwt hwduwuwpnidubp, kqpuyhtt wuydwitkp, tukpghnhly phnpbdubp,
Juphwughnt dkpnnutp

Uwpquyut U.2., uyuwnppuh U,

Uhypnungup wrwdquljub gpgwtiught pupuly dnnh nhdnpiwghuygh Yhpunwlub dogkih
Juphwghnit uljgpoiupp b bpw Lukpghnhljub

Ushuwnwupnid nhnwpyynud k opgwbiwgght mhpnyph nhypnid wnwdquljuunipyui Jhjpnynyup
wnkunipju hwpp jupduwdwyhtt ghdwljh punhwiunip Juphwghnt ulqpniupp, nph hhdph ypw nnipu Eu
phipyt uyn nkunmpyui hhdtwlhwl hwjwuwpnudibpp b kgpuyht wuydwbbpp:

Cunniibn]  Jhypnuynpup  wowdquiljutt pwpwl] mnhn Adnnkph, wwkph b punuupbbkph
nbumpnitutph jupnigdwt huwynih Jupiwsubpp, hwpp jupjuwsughtt Jhdwlyh Juphwughnt
uljqpniuph hhdwt ypw unnwgyly Edhypnynpup wrwdqujut pgpowtughn pupuly dnnbph jhpunwlwy
Unnkih pughwimp Juphwghnt uljqpniupp’ puuybwlwt vwhpbph hwyyundwdp: Ywnnigus
Juphwghntt uljqpniiph hhdwt Jpuw wpnwsdl) B dhjpnunjjup wpwdquijul spowtiughtt pupuly
Adnntph Jhpwnpwlwi dnpkh hhdtwwt hwjwuwpnudubpp b phwlwt Eqpuyhtt wuydwubpp: 8nyg
upynud, np dhipnynpjup wrwdquljub oppwtughtt pupwly dnntph junnigqus Yhpunwlwut dnnkih
hwdwp mbnh niukb pnpnp Eubkpglnhy pinpidutpp, husybu twb hhdtwynpynud E opgwtiuaght dnnh wju
unnlih Eqpuypt jpunhpubph nusdw hwdwp (thingh, fnipunyg-Quynpyhth quphwghnt dkpnanubph b
Jpounnp Eikdkunubph dkpnnh Yhpuplnudp:

Sargsyan S.H., Khachatryan M.V.
Variation principle and energetics of deformation of applied model of micropolar elastic circular thin bar
In the present paper the general variation principle of plane stress state of micropolar theory of elasticity is
considered in a circular area, on the basis of which the basic equations and boundary conditions of the mentioned
theory are obtained.
Accepting the known hypotheses of the construction of the theory of micropolar elastic thin straight bars,

plates and shells, general variation principle for applied model of micropolar elastic circular thin bars with
transverse shear deformations is obtained on the basis of variation principle of plane stress state. Based on the
constructed variation principle the basic equations and natural boundary conditions of applied model of micropolar
elastic circular thin bar are obtained. It is confirmed that all energy theorems and Ritz, Bubnov-Galerkin, FEM
variation methods are applicable for the constructed model of micropolar elastic circular thin bar and for solutions
of corresponding boundary value problems of the applied model.
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B pabore paccmaTpuBaeTcss OONMII BapHAMOHHBIH NPUHIMI IUIOCKOTO HANPSDKEHHOTO COCTOSTHUS
MUKPOIIOJIIPHOH TEOpHH YIPYTOCTH ISl KPyroBOii 00J1acTH, Ha OCHOBE KOTOPOT'O BEIBOISATCSI OCHOBHBIEC yPaBHEHHS
U rpaHMYHbIE YCJIOBUS yKa3aHHOM TEOPHH.

IIpuHEMas M3BECTHBIC TUIOTE3bI IOCTPOCHHS TEOPHH MHKPOIOAPHBIX YINPYIHX TOHKHX IPSIMOJIHMHEHHBIX
CTep)KHEHl, IUTaCTHH M 000J0YeK, HAa OCHOBE BAPHALMOHHOTO IPHUHIMIIA IUIOCKOTO HANPSIKEHHOTO COCTOSHUS,
THOJTy4eH OOIHil BApUALIMOHHBIN MPUHIIT IS IPHKJIAJHON MOJIENIH MUKPOIOJISIPHBIX YHPYTHX TOHKUX KPYTOBBIX
CTEepXKHEH ¢ y4yéTOM NONEPEYHBIX CABUIOBBIX Aepopmanuii. Ha ocHOBE MOCTPOEHHOT0 BapHAllMOHHOTO MPUHIIUIIA
BEIBEJICHBl OCHOBHBIC YPaBHEHUS M €CTECTBEHHBIC I'DaHHYHBIC YCIOBHS NPHUKIATHON MOJEIN MHKPOIOISIPHBIX
YIPYTUX KpPYroBBIX TOHKHMX CTepxkHei. Ilokas3blBalOTCA, 4YTO Ui IOCTPOSHHOW MPUKIAJAHONW MOJEIH
MHKPOTIOJIAPHBIX YHPYTHX KPYTOBBIX TOHKHX CTEPXKHEH MMEIOT MECTO BCE DHEPIreTHYECKHE TEOPEMBI, a TaKKe
00OCHOBBIBAaeTCS HPUMEHHMOCTh JUISl PEIICHUS KPaeBhIX 3alad YKa3aHHOW  MOJIENH KPYTOBOTO CTEPIKHS
BapUalMoOHHbIe MeTo/ibl Putiia, ByOHOBa-["aiepkuHa 1 MeTO/1a KOHEYHbIX JIEMEHTOB.

BBenenne. 3axoHbI neopMHEPOBaHUSA KaK KIACCHYECKOTO yrpyroro tena [l], Tak u
MHUKPOTOJISIPHOTO YIPYToro Tena [2], MOryT OBITH BEIPAYKEHBI B BHJIE TaK HA3BIBAEMBIX
BapUAlMOHHBIX NPUHUMIOB. M3 3TUX NPHUHIUIOB BBIBOJATCA BCE OCHOBHBIE YPABHEHHUS
KJTACCHYECKOH M MHUKPOIOJIAPHOI TEOpHH YHPYTOCTH: TIeOMeTpHuYecKue, (pHu3nYecKkue H
paBHOBECHsI, KPOME TOrO, BAapHAIOHHAs IIOCTAHOBKA 3a/4ad JaéT BO3MOXHOCTb IS
NPUMEHEHHs OPSAMBIX ~ METOJIOB  pellleHHsl  3anad, o0XoAs  pelleHHe  CaMbIX
muddepeHumanpHpIX ypaBHeHui. braronapst aToMy, 3aada onpeesieHns: HalupsHkEHHOTO
COCTOSIHMS KaK KJIIACCMYECKOr0 TaK U MUKPOIIOJIIPHOTO YIIPYIOro Teja MOKET OBbITh CBElIeHa
K BapHallMOHHOM 3a71a4e MaTeMaTHYeCKOH (DU3HKH.

B pabore [3] momy4yeHsl oOmuye BapUalMOHHBIC NPHHIMIIBI MPUKIAJHON Teopun
MHKPOIIOJSIPHOH yIIPYTOCTH TOHKHX 000JIOYEK U IIACTHH.

B mannoit paborte pazBuBaercs meronx paboTel [3] W B pe3ynpTare MOIYUYCH OOIIHIA
BapUaNMOHHBIN MPUHIMIT U1 TPUKJIAAHONH MOAEIH MUKPOIIOJSIPHOTO YIPYTOro KpyroBOro
TOHKOTO CTepxHs. VIcXonsh M3 3TOro MNPUHLMIA, BBIBOAATCS OCHOBHBIC ypPaBHEHHS H
€CTECTBEHHbIC TI'DAaHWYHBIE YCIOBHS TNPHUKIAJHOM MOJENN MMKPOHOJISPHOTO YIPYroro
KPYTOBOT'O TOHKOTO CTEPXKHS.

1.ITocTHOBKa 3amaum. Paccmorpum crepxenb (dur.l), cpemHee cedyeHHE KOTOPOTO
HpeCTaBIsieT cO00H KPUBOIMHEWHBIH MPSIMOYTOJIBHUK, JABE CTOPOHBI KOTOPOTo 00pa30BaHbl

JlyraMi KOHUEHTPUYECKUX OKPYXKHOCTEH (I" =Nn,r=r ) , a JIBE Jpyrue — OTpe3KaMu
paauycos ((p =0, Q= (Pl) . Ilonepeunsle ceueHUs CTEPHKHS MPEICTABIAIOT COO0H TOHKUIA

npsivmoyromsauk: 2 x 2h" | rae 2h— tonmmna, 24" — mmpuna crepxus. OCh CTEPHKHS —
Jlyra OKpY»HOCTH pajuyca . ByjeM cuutarth, 4TO B yKa3aHHOM CPEAHEM CCUCHUN HMEIOT
MECTO YpaBHCHUA W TI'paHUYHBIC YCJIOBUSA, a TAKKC BapI/IaLII/IOHHblﬁ IMPUHIUIT TIIIOCKOT'O
HATIPSKEHHOTO COCTOAHMS (B 3TOM CMBICIIE MOXKeM npuHuMaTh 241" = 1) MukpomnonspHoii
Teopun ynpyrocti [2]. icnonap3yeM HOISIPHYIO CHCTEMY KOOPAWHAT (r, (p) .

Ccopmynupyem oOmuii BapHalMOHHBIA NPUHIMI ISl IUIOCKOTO HANpPsDKEHHOTO
COCTOSIHUSL MHUKpPOIIOJISIPHOM Teopuu ynpyroctu. Jljis 3TOro paccMOTPUM CIEAYIOLIUI
¢dyaxmmonan [2]:

10V, ov,

1
]Zﬂ =0 Vn—|———+=V, ||+On|Vn——
() 0

+ 1.1
rop r r a1
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(O} r
1 0w ow
+H; |:X13 _;a_(l)}} 1 Uy I:XB _8_}’3}}} rdrd @ —

@ ¢
_I[ql*l/l +q,V, —i—m*co3l=r2 rzd(p+j[ql’V1 +q,V, +m’(03]r ndo+1,
0 0

=5

rae - yjenbHas SHEprus AedopMaluu MUKPOIOISPHOTO YIPYTOTo H30TPOITHOTO Tea;

*
I mnpencrasnser coboii:

)

. ' ’ ' 7 " " "
a) [ =J.[cs” V4o, V,+1,, 0)3:| dr—_[[c“ Vi+o, V41, (DJ dr (1.2)
»=0 P=¢
i i

B CITydae, KOTJa Ha KPaeBBIX CEUCHHUIX 00JIaCTH ((p = 0, Q0= (pl) KaK TPaHUYHBIE YCIIOBUSA

3a/1aHbl CUTIOBLIE 1 MOMEHTHOE HaNpsKeHUs (171 BenuuuH Op;, Op,, MWy3);

(1.3)
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KOorJla Ha KpaeBbIX CCUCHUAX obactu ((P = 0, (P = (Pl) KaK I'paHUYHBbIC YCJIOBUS 3aJaHbI

TepeMeleH s i OBOPOT (wis Bemuuun V), | Vz , @y);

4]

B)I*:j[GuVl"‘Glz(Vz_Vz )+H13(D3} dr —
5 ¢=0
_I[cn V1+G,2(V2—V2 )+u13 c03} dr, (1.4)

=9,

i

KOIZa Ha KPAaeBBIX CEUEHMSX 00IacTu ((p =0, Q= (pl) 3aJlaH CMEIIAHHBIA THUII KPaeBbIX

ycnoBuii (s BenuauH Oy , V,, Mti3).

VnenbHast sHeprus AehopMalid MHKPOIOSIPHOTO YIPYroro H30TPOIHOTO Tesa
BBIpaXkaeTcs clieayrouei popmysoit [2]:

1
9= 5(0_11711 10572 T01,Y1, T 0 Yo T HisXis t “23X23)’ (1.5)
WIH
E Ev 1
2= Y.+ Y1V +——=Y 2+—(u+a)y2 +
2 11 2 22 32 22 12
2(1-0) 1-v 2(1-v7) 2 w6

1 2 1o 1,5,
+(M - (X)Y12Y21 +_(“ + a)Yzl + =By + 5 By
2 2 2
B Benmenpusenénnsix popmynax: Oy, Oy, O),, O, — 0ObIUHBIE HANPKEHUS; L5,

WU,3 — MOMEHTHBIE HAOPKEHHUA, Vi1 » Yos 5 V12> Yo — ACDOPMALMH; ¥, 5, X, o3 — H3THOBI-
E

2(1+v)’

o, B — ynpyrue nocrostaubie Mukponossipaoro tena, (D) — o61acTh KPHBOJIMHEHHOTO

npsiMoyrosbHuKa (¢ur.1).
OTMeTHM, YTO €ClId B BhIpakeHUsIX (yHKuoHana (1.1) U TIOTHOCTH MOTCHIMATBHOM

KPYUYCHHS, Vl s V2 — mepeMenieHus; (0; — CBOOOIHBIH MOBOPOT; E,v,u=

sHepruu  nedopmanmu  (1.6)  momcTaBUTH =0 (a rTakkxe cuurarh
i3 = Ky = 0, Xiz =X = 0, W, = 0 ), noiydnM (YHKIHMOHAT W IUIOTHOCTB

NOTEHLUUAJIBHON SHEPruy Je)OpManny I KIACCHYECKOT0 CITydasl.
Ha ocnoge (1.1) cocTaBuM BapuanimoHHOE ypaBHEHHE
0/ =0 . (1.7)
Bapbupys ¢ynkumonan (1.1) mo BceM (QYHKIMOHAIBHBIM apryMeHTaM, II0JIyYHM
CIIeIYIOIIEe OCHOBHBIC YpaBHEHUS IUIOCKOIO HAINpPSHKEHHOTO COCTOSHHS MHKPOIIOJSIPHON

TEOPHH YIPYTOCTH:
YpaBHEHUsI PaBHOBECHS

1 1 1 1
—%4‘%4'—(0214'012):0, %_’__(022_011)4__60_12:0
r o0p or r or r r o0Q
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10 0 1
SR +—ly +G6p, =0, =0 (1.8)
r oQ or r
COOTHOLIEHHS! YIPYTOCTH
1 1 L+a pL—ao
v, =—|o,, —vo, |, v, =—|oc,,-vo, |, ¥, = G, — o
1 E[ 11 22] 2 E[ 2 11] 12 4par 12 4pct 21
e P AP VTS vy (1.9)
21 e 4ua 12> = gt n = pHx :
reoMeTpPUYECKHE COOTHOLIEHUS
lov, 1 ov, 1oV, 1 oV,
Yy=——+—V,, Yp=—"T-, =) —-®,, YV,=—+0,,
n=o 50 1 2 2= 5, T2 r o r 1 3 P 3
= 1 do, s = 0, (1.10)
Boreel P o '
a TaKKe cleyIollie FPAHUYHBIE YCIOBHS:
Ha V=V .G, =¢,, G,, =(, ; =m ,
1 21 Q1+ 2 qi Hos ) (1.11)
Ha TI'=71 0, =4,,0, =¢,; Uy =M,
B ciyydae (1.2):
1 ’ !
ma 9=0:0,,=0,,,0,=0,, lj; =H;;
" " ” (112)
Ha Q=0;, G, =06 , O, =0, ,Uj3 =3
B ciyyae (1.3):
’ 1 ’
ma @=0: V=V, V,=V,, 0;,=0;;
n” n " (113)
Ha Q=¢, V=V, V,=V,, o;=0,;
B cirydae (1.4):
1 1 ’
wa ¢=0:0,, =0, V=V, n;=w; ;
25 M3 13 ) (1.14)

1 1
Ha @=@, 0, =0, , V=V, , py=n; .
Ha ocHoBe ypaBHeHmii (1.8)-(1.10) W3BECTHBIM CHOCOOOM TIONYYHUM 3aKOH
coxpaHeHus dHeprud (T.e. TeopeMy KitaneipoHa) JUist IIIOCKOTO HAMPSHKEHHOTO COCTOSHUS
MUKPOTIOJISPHOU TEOPHUHU YIIPYTOCTH JJISl pacCCMaTPUBAEMON KPYTOBOU O0JIACTH:
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'Uf)rdrd(p=%A, (1.15)

D

rome — A — pa60Ta BHCITHUX yCI/IJ'II/Iﬁ 1 MOMCHTOB!:

? P
A=[(gV+aV,+me,)  rdo=[(gVi+aV,+mo,) rde-
0 0

(1.16)

5

__[(611 N+onV,+u, 0)3)

i

"2 ” " ”
a’r+j(c$11 Vi+o, V,+u, 0)3) dr.
= 7 P=¢2
Ha ocnoBe 3akoHa coxpaneHust sHepruu (1.15), ¢ ydérom TOro, 4To IUIOTHOCTH
MOTEHIMATIBHOM dHeprun aedopmariyu (1.6) MOIOKUTEIHHO-ONPECIEHHAs KBaApaTHYHAsI
(opma, JIerko J10Ka3aTh TEOPEMY €ANCTBEHHOCTH B MUKPOIOJISIPHOM TEOpUH yrnpyroctu [2]
(B maHHOM citydae — ISl TUIOCKOTO HAIpsDKEHHOTO COCTOSIHMS). TakKe JIETrKO MpPOBEPHTH,
YTO UMEIOT MecTo GopmyJsl Tuna Kactmbesno u 'puna. M3BecTHBIM criocoOoM [2] MOkHO
JI0Ka3aTh U 3aKOH B3aUMHOCTH BeTTH B MUKPONOISPHON TEOPUU YIPYTOCTH.

B nampHeiiniem crepeHb OyaeM CUMTaTh TOHKHAM, 3TO O3HAYAET, YTO 2h<<r u

2h <<, rne | — nmma cpenueit mnnm creprkus. Hara 1eis — MocTpOeHHe MPHKIATHOM
(oTHOMEPHOIT) MO MUKPOTIOJISIPHOTO YIIPYTOr'0 KPYTrOBOTO TOHKOTO CTepxHs. J{J1st TOTO0
ynoO0HO OyaeT paguyc-BEeKTOp 7 TPOW3BOJILHOW TOYKM O00JACTH MpPENCTaBUTh Tak:

r=ry+z, mme —h<z<h (rl=r0—h, 7‘2=7'0+h), Ipd JTOM, Ha OCHOBE

TOHKOCTCHHOCTH CTCPKHA 6y,ueM CUHUTaTh, YTO

1+ ﬁ ~1. (1.17)

o

2. OcHoBHble runore3bl. Chopmynupyem nomnyiieHus (rocratoyno ooOmume) [4-6],
HCIOJIb3YEMBIE IPU MOCTPOECHUH IPUKIAJHON MOJENIM MHUKPOIIOJISIPHBIX YIPYIMX TOHKHX
CTEpIKHEH, IUTaCTHH U 000JIOUEK.

1. B kauecTBE HMCXOIHOW KHMHEMAaTHYECKOW I TEpEeMEUICHUH, MpUMEM THIOTE3y
NpsAMOM JIMHUK, T.€. TUNOTe3y THUMOIIEHKO, 3TO O3HAuyaeT, 3TO JIMHEHHBIN 3JEMEHT,
MEepPBOHAYAIBHO NEPIEHIUKYISAPHBIA K CpEeIHEH JIMHUU CPEIMHHON IJIOCKOCTH KPYyroBOro
CTepHs 10 aedopmaiyy, ocraérest mocie aedopMaruy NPsIMOJMHEHHBIM, HO YXe He
MEPIEHANKYISIPHBIM K Ie(OpMUPOBAaHHON CpefHEH JHWHUHM, a I[OBOpayMBacTCsS Ha
HEKOTOPBI YTOJ, He M3MEHSSI NPH 3TOM CBoer anmHbL. Kpome TOro, s cBOOOIHOTO

nosopora (M, OyjneMm cuuTarh, 4TO 3Ta (YHKUMSA [0 TOJNIIMHHON KoOpauHATe Z —

mocTossHHAs. BcenencTBue ykazaHHBIX JOMYIMICHHH OyZeM UMETh CIEAYIOUIWHA JTHHEHHBII
3aKOH W3MEHEHHS IepEeMEIIeHUI 1 CBOOOHOTO TIOBOPOTA IO TOJNIIMHE PACCMaTPUBAEMOTO
CTEPIKHS:

Vi=u(e)+zy(0). Vo =w(9), 0,=Q0. @.1)
rae u((p) u W((P) — IIepeMelIeHUs TOYEK CpefHEd IMHHMU B HANPaBIEHHAX 10 €&

KacaTeJIbHOU M 10 HOpMalu (T.e. W( (p)— 9TO TIPOTHO CTEPXKHSH); \IJ((P )f yroj 1oBopoTa
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NEPBOHAYAIBHO HOPMAJIBHOTO 3JIEMCHTA, Q3((P) - CB06OHHLII>'I MMOBOPOT TOYEK STOI0O

JJIEMEHTA.

Kunemarnyeckue runotessr (2.1) B 1esiom, Kak B padoTax [4-6], Ha30BEM 0000MIEHHBIME
rurnore3amMu  THUMOIIIEHKO IJIA cliydasds MUKPONOJIAPHOIO TOHKOI'O CTECPIKHA (B JaHHOM
cily4ae, Ui KpyroBOTO TOHKOT'O CTEPIKHS).

2. Bynem npuMeHATH THIIOTE3y O TOHKOCTEHHOCTH KPYTOBOTO CTEPKHS, IPU KOTOPOH
CYHTAECM, YTO UMEET MECTO MPUOIIKEHHOE paBeHCTBO (1.15), a Takke, 9To
l = ! = ! ~ l . (2.2)

ro rytz 7

z
7| 1+—
o

3. IIpuMeM NIPeAONoKEHHs O MAJIOCTH HOPMAIbHOTO HAaPskeHUs O,,, OTHOCUTEIBHO

HOPMAaJILHOT'O HanpsbkeHus O, B IEPBOM ypaBHeHHH 3aKkoHa I'yka ((1.9)1).
4. Tlpn ompenenenun nedopMarnuii, MU3rHOOB-KPYUEHHH, CHIIOBBIX W MOMEHTHBIX
HaIpsDKEHNH, CHaYaa Uil KacaTelbHOTO HapsHKeHHsA O, IpIMeM
0
6, =ox(9) . 2.3)
ITocne onpenenenus yka3aHHBIX BEIIIE BEIMUUH, GopMmyiy ansi O,; OyneM MOnpaByaTh
cinenyromM  obpazom. [IpomnTerpupyem mo z Bropoe u3 (1.8) ((1.8)2) ypaBHeHue

paBHOBECHSI U, IPU ONPE/IEICHUHU TIOCTOSIHHOTO MHTErpupoBanus (BepHee, pyHKimu ot P),

noTpebyeM paBeHCTBO HyIIO HHTerpaia o —/ 1o A or nomydenHoro Beipaxkenus. [Tocie
YKa3aHHOTO HWHTETPUPOBAHUS MOIYyYCHHOE OKOHYATEIbHOE BBIPAKCHUE IIPHOABUM K
thopmyme (2.3).

B cooTBeTCTBHYU C IPHHSATHIM 3aKOHOM pacIpeesieHus! epeMenieHuii 1 nosopora (2.1),
nozcrasisist uX B popmydsl (1.10), Haxonum aedhopMany 1 U3ruObI-KPYYEHHS:

1 du 1 1d 1dw 1
YW= "5 t—W +Z__‘~V’ Y22:0» Vi, =—————u—0Q,
nLde 1 1 do KHde 1
1 dQ
Y =W+, A =———, YAy =0 24
7 do
[TpuMeM clieyrolue 0603HAYEHHUSL:
Ly :lﬂ"'lwa Iy :lﬂ_l”_gp Ly =y +Q;,
nLde 1 Khde T,
1d 1dQ
K==, ky=—"2 (2.5)
r, do n do
Toraa Juis aeopMariuid, H3ruOOB — KPYUCHUH IMOTYUHM:
Vo=l +zK, v =0, v, =0y, v =L xs =k % =0 (2.6)
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3nech Fll npeacTaBiIsieT coOOl IMPOAOJBHYIO OTHOCHTENBHYIO JieopManuio cpeaHein
;K |~ n3menenue kpusmsnet cpenmeit munnu (ot cunossix manpskennit); 1, , 1,
— cupuroBble nedopmanyu; K ; — U3MEHEHHE KPUBU3HBI CPEIHEH JIMHUM (OT MOMEHTHBIX
HarpspKeHuH).

Hcnonssys runoresy 3) u ¢popmyay (2.6)1, u3 Gopmyinst (1.9)1 nna Hanpsxenuii Oy

OynemM UMeTh
0 1

o, =cu(9)+zon(e), 2.7)
rac

0 1

ou(¢@)=El,, on(¢)=EK,,. (2.8)

Jns onpenenenus CUIOBOrO HampsukeHus O, , ucnonbsys dopmynsl (1.9);  (2.4);,
(2.4)4 , moyanm:
G, =(ut+a) Iy +(n—a) Iy 2.9)

[Ipunumas Bo BHMManue Gopmynsl ana Oy ((2.7)), O, ((2.9)), paccMoTpuM BTOpOE
ypaBHeHue paBHoBecus ((1.8)2), KoTopoe mpomHTErpHpyeM MmO ¥, C y4ETOM
TOHKOCTEHHOCTH 00JacTH M TIPaHM4HbBIX ycnoBuid u3 (1.11) mnma O,, , OKOHYATENLHO
MOJTYyYUM:

0
! 1° ldon|, 1' 2

1
6, =—|q, +¢q, |———onu+z| —ocu—— +—0n—. (2.10)
22 2(‘]2 %) 2 1 p 1 - do p n

JU1s MOMEHTHOrO HanpsiKeHus |, Ha ocHoBaHuH (Gopmyi (1.9)s u, ¢ yuérom hopmyIst
u3 (2.6) o ¥, , OyaeM UMeTh:
W, =Bk;. (2.11)
3HaueHue JJIs MOMEHTHOIO HANpPSUKEHUS |l,; ITOJIy4UM M3 TPEThErO yPaBHEHHUS

paBuoBecwust ((1.8)3) uarerpupoBanuem no » ¢ yuérom dopmyin (2.11), (2.9) u (2.3):

0
0 0

Wys :l(m+ +m*)—z 1Ldu, + C12— 021 (2.12)
2 ry do

s onpezienenys CUI0BOro HanpsikeHust O, , B OCHOBY IIPUMEM TUIOTe3y 4), TOraa ¢

UCIIONIb30BaHKEM TiepBoro ypasHeHus paBHoBecus ((1.8)1), a rtawke ¢opmyny (2.3),
OKOHYATEJIbHO MOJTYYHM:

621 =021 ((I))+———_Z _—+_612 - - - . (213)
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3. BapuauMoHHBI NPUHIUN NPUKJIATHOW MOAEJM MHUKPONOJAPHOIO YNpPYroro
KPYroBOI0 TOHKOTO cTep:kHs. C IIeTbI0 IPUBEACHUS IBYMEPHON 3aaqi MUKPOTIOJISIPHOI
TEOPUH YIPYTOCTH K OJHOMEPHOW, YTO YK€ BBHIIOJIHEHO UTA TEpPEMEIIeHHI U TOBOPOTA,
nedopmanuii 1 U3ruOOB-KPYUESHHUS], CUIIOBBIX U MOMEHTHBIX HAINPSDKEHUH, B MPUKIIAJHOM
TEOPHH MHUKPOIIOJIIPHOTO YIIPYTOTO KPYTOBOTO CTEPKHS, BMECTO KOMIIOHCHTOB CHJIOBBIX U
MOMEHTHBIX HANpsOUKCHWH BBOJUM CTAaTHYECKH OSKBHBAJCHTHBIE MM HHTETPAJIbHBIE

XapaKTCPUCTUKU-YCUIIUA: N . Ql . Q2 U MOMCHTBI: Mll’ L13 , KOTOPBLIC BbIPAXKAIOTCA

creyrnUMy GopMyJIaMu:

h h h h h
N=I c,dz, Q1=I G,dz, Q2=j 6,dz, M,, = Icllzdz, L= Iu13dz (3.1)

—h -h —h -h —h
Teneps, B ¢ynkrmonane (1.1) miockoro HampsHKEHHOTO COCTOSIHUS MHKPOIIOJISPHOTO
CTEpIKHS UCIONIB3yeM (opMyisl s nedopmanuii, n3ruOoB-kpydeHuid (2.6), CHIIOBBIX U
MOMEHTHBIX Hampspkerud ((2.8), (2.9), (2.11)), nepememennit 1 moBopota (2.1), mocme

BBINIOJIHCHUsI HMHTCIrpUpPOBaHUsA 1O Z, OT _h 0 h, IpuxXoauM K CICAYIOIIEMY

(hyHKIIMOHATTY:
L
I, =[| 9y ={| Tui - Tdu 1) n+ K“—ld—‘“ M, +
0 nde 1 0
1d 1
+ T, - r_od_v(;_Z”_Q3 Q1+|:F21_(\V+Qs):|Qz+
1 dQ T + + +
+| ky———= L, rod@—I[ql (u+hy )+q; wm 93] aTod o+
r, de 0
Ll '
+J[ql’ (u—hy)+q,w+ m’QJ o hdo+1, (3.2)
0
rac
&) Iy =uN'| o+ WM | o+ WO g + QL [ o — N, -
M| w0y ~ Ly [, (33)

6)1, =N (= u")| o tM,, (W =)0+ O, (w=w')| 0+ Ly (93 _q, )\on—

—N(u—u") (P=<P1_M11 (W_W") <p=s01_Q1 (W_W") =0, —L; (Q3_Q3 ) o-o, D
B) I, =uN' | +y M|+ QL [+ O, (W) =Ny -
—yM’ g0, S5 105 “PZ% -0 (W_W") o=¢ (3.5)
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En’
D, =Emr;, +TK12l +(pu+0) ALy, +(p+o) A0S, +

+2(n—o) AL, T, + (v +€) hk (3.6)

u3 ce0sl MpeCTaBIseT INIOTHOCTD MOTEHI[MAIBHON SHEPrUU IehOPMAIMHA MUKPOIIOISIPHOTO
KPYTOBOTO TOHKOTO cTepkHA. OTMeTHM, 9TO B BhIpakeHUsX (3.3)-(3.5) omHuM mim AByMs

WITPUXaMU 0603HAYEHBI 3HAUCHUS COOTBETCTBYHOIIMX BemuuH Hakpasx @ =0 u Q= 0,

KPYTOBOTO CTEPXKHS.
BapuanuonHnoe ypaBHeHue

81, =0 (3.7)

Oyner mnpencTaBIATh COOOW OOLIMI BApHMAIMOHHBIA NPUHIWI MPHUKIATHON MOIETH
MHUKPOHOJISIPHOTO YIIPYTOTr0 KPYTrOBOTO CTEPKHS.

Bappupys ¢yukumonan (3.2) mo BceM (YHKIHMOHAIBHBIM apryMEHTaM, MOJYYHM
OCHOBHBIC YpPaBHCHHUA U CECTCCTBCHHBLIC TPaHUYHBIC YCIIOBHUA HpHKHaHHOﬁ MoaeiIun
MHUKPOMOJISIPHOTO YIIPYTOro KPyroBOro CTEPIKHS:

ypaBHGHI/IH paBHOBECHUA

1. 1d0 . 1dN _ _
—N-—FF=¢q,-q,, —
N e 9, =4, Ql do (611 611)
1 dM . 1 dL + -
0,—— 1 :h(% +4q, ) > Qz_Ql___B:m -m; (3.8)
vy do n de

COOTHOILIEHUS YIIPYTrOCTU

N=2El;,, QO =2h(n+a)l},+2h(p—a)ly,
2ER’

O,=2h(p+o) Iy +2h(p—a) I, M, ==K L, =2Bhk,; (3.9)
TEOMETPUIECKUE COOTHOIICHUA
r—tde 1, p a1 o r,-y+q,
HLde K KHde 1
1
KH:—d—W, k13=ldQ3. (3.10)
 do h do

I'panuunble yciioBus (Hanpumep, 1t kpas @ = 0):
B cnyuyae (3.3):

N, =N'= fcll'dz, My |pg =M= fcll'zdz;
o (3.11)

h h
! !
) ‘(p:O =0 = _[512 dz, Lis| o= L I His dz.
) )
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31ech, KaKk YacTHBIN ClTydaid, MOIy4YUM rPaHUYHbIE YCIIOBHS CBOOOHOTO Kpasi:
N=0, 0=0, M, =0, L,=0; (3.12)
B cayuae (3.4):

1 300
u‘q}:o:u':— V, dz, W‘¢20=W’=—3IV12dZS
2h 3, 20 3
(3.13)
W =W I'TV’d Q,l,, =0, lim'd
= = — Z’ _ = = — Z.
=0 2h,h 2 3| p=0 3 2h,h 3
31ech, Kak YacTHBIN CITydail, HOJYYHM I'PaHUYHBIE YCIOBHS KECTKOTO 3aIIEMIICHHS:
u=0, w=0, y=0, Q,=0; (3.14)
B cayugae (3.5):
h ’ h ’
N|,o=N'= [0, dz, M| =M’ = [ 0, 2dz;
- - (3.15)

Woo

, 1 h , ’ h 4
=W Z—II/de, L13 (p:0=Ll3 =IH13dZ'
2h 7, Zh

31ech, Kak YacTHBIN CITy4ail, HOJy4YUM I'paHUYHbBIE YCIOBHS IIAPHUPHOTO OMUPAHUS:
!

w=0, N=N', M, =M',L,=L,, (3.16)

um w=0, N= N', ]\/[ll =0, L13 =0, xorna kpaii AapHUPHO ONMEPT U HE HATPYXKEH

BHEITHUMH MOMEHTaMH.

W3BecTHBIM cIOcOOOM, Ha OCHOBE CHCTEMBl YypPaBHEHHWH MPHUKIATHON MOJIETH
MHUKPOHOJISIPHOTO KPYroBoro ToHKoro crepikHsA (3.8)-(3.10), mbo, Ha OCHOBE ypaBHEHHS
6amanca >aeprun (1.15), ¢ ncnonp30BaHMEM THIIOTE3 pa3ziena ABa, MOIYYHM YypaBHEHHE
OayaHca PHEPTUU [Tl YKA3aHHOM MPUKIIATHON MOICIIH:

[ Ly (3.17)
0 2

1

rae — AO — paboTa BHEIIHHUX MPHUI0KEHHBIX YCUIINIL:

Aﬁf[(f]f—q{)u +(qi+ar ) rw+(gi =g, )w(m"-m")Q, |rdo-

4 !
—uN’ om0 — WO, Lpzo - L, L.):o + uN”LP:(PI +yM” (3.18)

¢=0 _\VM’

”
"
+wQ 0=0; +O,1,

Jlerko yOeauThes, 9TO I TIOCTPOCHHOW MOIEIH MUKPOIOJSIPHOTO YIPYTrOro TOHKOTO
KpYyroBOrO CTEpXKHSI HMMEIOT MECTO Bce OdHepreTuueckue Teopembl (Knameiipona,
€MHCTBCHHOCTH, B3aUMHOCTH PadoT), a Takxke popmyisl Tuma KactwnesHo u ['puna.

P=¢; +

P=0;
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W3 obumiero BapuanuoHHOro ypaBHeHHst (3.2), Kak YacTHbIE CIy4ad, CIEAyIOT
BapuanuoHHbIe NMpuUHIMIBI THna Jlarpamka m KacTuipsHo, cienoBaTenbHO, ONPaBIAHO
MpUMEHEHNE BapUAIlMOHHBIX MeTonoB Purma m byOnoBa-I'amepkmHa, a Takxke MeETOJ
KOHEYHBIX JIEMEHTOB.

OrmernM, uto ecid B ¢ynkuuoHaite (3.2) u B ¢opmyne (3.6) s IUIOTHOCTH

NOTEHUWAIbHOW  SHepruu  Jaedopmanuy,  IOJCTABUTh a=0 (a Takxe
Q,=0, L,=0, k13 =0 ), monyuum ¢ynkimonan u ¢GOpMyly IS TLIOTHOCTH

MOTCHIMATIBHON HEprur JAeQOpPMAIIUH IS KIACCHYECKOTO Clydasl YIpyroro KpyroBOoro
TOHKOTO CTEPKHS C yUETOM IMONECPEUHBIX CIBUTOB[7].

4. 3axarouenne. Ha ocHOBE MeTO1a THITOTE3 IOCTPOCH OOIIUI BapHUAIIOHHBII TPHUHITHIT
MPUKIIAJHOW MOJIEIH MUKPOIOJSAPHBIX YIPYTUX KPYTrOBBIX TOHKHX CTepkHell. Ha ocHoBe
YKa3aHHOTO BapHAIMOHHOTO MPHUHIIMIA MOJTYyYEHbI OCHOBHbIC YPABHEHUSI M €CTECTBEHHbIC
rpaHUYHbIC YCIOBHS MPUKIAJHON MOJEIU MHUKPOMOJISAPHBIX YIPYTHX KPYTOBBIX TOHKHX
cTepkHel. M3ydaercsi dHepreTHKa SIBICHUS, a TaKkKe OOOCHOBBIBACTCS MPUMEHHUMOCTH
BapUAlMOHHBIX METOJIOB U METOJa KOHEYHBIX SJIEMEHTOB JUJIsl PELICHHUs] KPaeBbIX 3a/ay
NPUKIIIHONW MOJIENN MUKPOTIOJISIPHBIX YIIPYTUX KPYTOBBIX TOHKUX CTEPIKHEH.

Paboma evinonnena npu gunancosoii noooepoicke I’ KH MOH PA 6 pamkax Hayunoeo

npoexma Ne SCS 15T-2C138.
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6. Discussions and Numerical Results
The effect of varying the vibrational frequency on the generation of charge is shown in Fig.

2. The parameters S, h,o, O, and P are chosen according to Table 1. The regions that

peak to infinity represent the vibrational frequency being equal to the natural frequency. In
Fig 2a, the support location has a strong effect on the charge coefficient. Fig. 2b,c,d,e show
the effect of varying the value of the follower force. WhenA, > 0  the follower force is in
compression and when A, < 0, it is in tension. From these plots, A has the strongest effect
on the system when the vibration frequency is below the first natural frequency. When the
system is static (€2 =0), as seen in Fig. 3, by including the follower force, the energy
harvesting coefficient can be improved. When the magnitude of the compressive follower
force increases, the strongest effect is at higher values of o.. For o =1.0, the charge
coefficient approaches to infinity monotonically as the compressive follower force

approaches A . Contrary to conventional uses of bimorphs, where a compressive follower
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force is applied, a tensile follower force is also considered. In Fig. 2d,e, or Fig. 3, for higher
values of o , the tensile follower force decreases the energy harvesting coefficient, but for
lower values of «, it can improve the energy harvester. For a cantilever plate-layer, the energy

harvesting coefficient can be improved to Qg 28 for A=—1.6 from ng =20 for

en =
A =0. This isa 40% increase of ng.

An energy harvester can also be improved by increasing the probability of capturing
resonance in environments where the vibrational frequency fluctuates. For example, in Fig.
4, the first natural frequency of Fig. 2b,d is considered. In Fig. 4a, a compressive load is
applied and the width of the peak, which will be called the bandwidth, is widest forat =1 as
compared toot =0 andow =0.5. Conversely, in Fig. 4b, when there is tensile load, the
bandwidth is widest for 0 =0 and . = 0.5 as compared to o = 1. Because of this, when
designing an energy harvester, it can be optimized for environments where the frequency
fluctuates. The formulation in this paper can also be a guild to experimenters who try to
capture resonance with energy harvesters.

Note that in other context effect of location of boundary condition on critical buckling load
was investigated by V. Ts. Gnuni in [1].

Next, the effect of the nondimensional energy harvester’s properties N, S, andp on the

generation of charge is studied. The remaining material properties L, 3,0, gl) ,and dg)

affect Qgen linearly from our formulation of Eqn. (44b) and they will not be considered. The

variation of these properties represents changing the material properties while the
piezoelectric properties are held constant. When plotting the changes of one of these
parameters, the remaining parameters are set to the values of Table 1. In Fig 5, the effect of

varying the volume fraction h is shown when €2 =0 . In Fig. 5a, when A = 0, the support

location has no effect on the generation of charge as h is changed. Ath=1.3, the energy
harvesting coefficient approaches a maximum value and increasing h to infinity, the energy
harvesting coefficient converges to a constant value. These characteristics are also observed
when there is a follower force included, as seen in Fig. 5,c,d,e. Similar to the discussion
earlier, the charge coefficient is improved in the presence of a compressive follower force

when a = 1, and it is improved in the presence of a tensile follower force when ot =0 and

a=0.5.

Fig 6 shows the effect of varying the compliance ratio S on Qgen From these results, it is
determined that decreasing the stiffness of the material relative to the piezoelectric stiffness,
the energy harvester improves. Increasing the material stiffness to infinity, the value of ng
converges to a finite value, but decreasing it, Qgen approaches infinity.

Note that the effect of the varying the density ratio G on ng . © only appears as a product
of Q* inthe expression of P and( . Because of this, the variation of o will have no effect
when QQ =0. Varying the densities of the piezoelectric and the substrate does

on Q.
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. 9 L.
change the values of the natural frequencies and consequently values of G , Qgen is infinity.

This is because of resonance effects.

7. Conclusion

An analytical analysis of a bimorph’s thermal energy harvesting coefficient was performed.
The analysis also takes into account pyroelectric and thermal expansion effects. The most
general analytical expression for the energy conversation coefficients are presented for bi-
layer. These coefficients were derive for more general situations, when mechanical,
electrical, thermal fields are present. We derive coefficients (transformation coefficients) for
sensing, actuating and energy harvesting. As a particular case, the analytical expressions for
energy harvesting coefficients due to pyroelectric and thermal expansion effects were
obtained. The influences of support location, material properties, and a conservative follower
force were analyzed in order to optimize the energy harvester. The numerical simulation of
the thermal energy harvesting coefficient showed that support location strongly influences
the generated charge. The follower force was seen to influence the energy harvester the most
when the vibration frequency was below the first resonance frequency. Contrary to
convention, where a compressive in plain follower force is applied, a tensile follower force
was shown to also improve the energy harvester. In addition, by varying support location and
the follower force, the bandwidth, or the range of vibrating frequency over which resonance
effects are observed, can be made wider so that the probability of the energy harvester
operating at resonance frequency can be increased. This is beneficial for designs which
operate in environments where the vibration frequency fluctuates over a certain frequency
range.

The effect of volume fraction and compliance ratio was studied for a static system. It was
shown that at a certain volume fraction, the energy harvester is optimized. The compliance
ratio improves the energy harvester by taking it close to zero. The density ratio does not affect
the charge coefficient directly. By changing the densities of the two layers of the bimorph,
the natural frequency of the system is changed, and this indirectly influences the charge
coefficient. It was also shown that the density ratio has no effect for a static system as
expected since it appears as a coefficient of the vibrational frequency in the equilibrium
equations.

Table 1: Material properties used in the numerical simulation

Material Prop PZT-5A | Aluminum
Compliance (10~ 12m?/N) 16.4 14.3
Density (kg/m?) 7750 2700
Height (mm) 0.75 0.5
Thermal expansion (107¢ K~1) 2 22
Pyroelectric coefficient (10-¢ Cm~%/K) 238 -
Piezoelectric coefficient (10~12 C/N) -171 -
Dielectric permittivity (10-12F /m) 15051.8 | -
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Figure 2. Non-dimensional charge coefficient Qgen vs. non-dimensional frequency

Q for follower force (a) A=0,(b) A=0.8 ,(c) A=1.6,(d) L=-0.8 and (e) AL =-1.6
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- =10

0.5 1 1.5

Figure 3. Non-dimensional charge coefficient ~gm vs. non-dimensional follower
force A for a static system Q=0

—a=0.0
- a=05
a=1.0

0 0.5 1 1.5

0 0.5 1

1.5 2 25 3 3.5
Q

Figure 4. Display of the first natural frequency’s bandwidth of Fig. 2b,d for
follower force (a) A =0.8 and (b) A =—-0.8.
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0 1 2 3 4 5 6
h
Figure 5. Non-dimensional charge coefficient ng vs. volume fraction h for a

static case Q2 =0 at support locationsot =0 (green), oo = 0.5 (black),o0 =1.0
(red) for follower force (a) A =0, (b)A=0.8, (c)A =1.6, (b) L =—0.8 and (e)
A=-1.6.
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Figure 6. Non-dimensional charge coefficient Qgen vs. compliance ratio s at a static case

state (2 =0), for follower force (a) A =0,(b) 1 =0.8,c) 1 =1.6,(d) 1 =-0.8
and(e) A=-1.6

REFERENCES

1. Gnuni V.Ts., (2006) The stability of beam with two arbitrarily but symmetrical support
locations under the action of following forces, Proceeding of National Academy of
Science of Armenia, Mechanics, v.59, 1, pp.25-30.

About authors:

Gevorg Y. Bagdasaryan — Institute of Mechanics National Academy of Science of
Armenia; E-mail: gevorgb@rau.am

Armanj D. Hasanyan, Davresh J. Hasanyan — Department of Aerospace Engineering,
Ann Arbor, Michigan, USA; E-mail: dhasanya@yvt.edu

Received 09.06.2015
76



FANdULVYIUTENRE3NPU

Udtunhuyub U.U., vmponinyyut Uu.d. @phth dniuljghugh tnuwbwlp gptpt

nEjudupbijhnipyut pughptbpnud..... 3
Zulnpjut 9.'U., twpnnjut L.L. fugupdwly non thpppul) yupnibwlnng
oppnuipny hwppnipjut jupjusuwyhtt yhdwjh dwuhbi.....o, 23

PEmplljjut B9, Mnppuyyub U.Q.  Yunp we Junp hwunwnnih
hwuwnnipjut mpubtuykpuw) hgninpny vwh twpwgdnidp sndwt nhypnid

uytwut uwhpbph hwpgunniuny ... 32
Unjuhuyjwtt LU. vwop bqpuyhtt wuydwbubpny (gnujwus quubwght
punuiph juyntinipiull Uwuhl.... 40

Uwhwljjut U.U. Ykhnpnbwgws nidh wqpbhgnipjut wwl hbdwih
&4uwsph Yhipnidnipniup muppkp tqpuyhtt wuwydwuubnh gwypnud........ 46
Uwpquui U.2., buswnpyui U.Y. Uhipnynjjup wnwdquljub ppowtiughe
pupuy dnnh pEdnpuughuh Yhpupwlwi unglih Juphughnt uljgpnitpp
b ipw KubpglunhQualie. 55
Punpuuupui ¢.G,, Zuuwiyut U.%., Zuuwiyud 2.9, Yudwjujuunpku
nbnuljuyywsd hbkuwpwbbtpng bEplotpn obpdwwnwdquijut ghtwdh-
Juwt uwy: Uwu II: Eubpghwjh Ynunwlnid - pguyhtt hknmwgnunipiniu b
PUUMINYDLIU e 67

77



COOEPXAHNE

Aserucsan A.C., Xypmrygau Ac. K. Meroz dynxuuu ['puHa B 3aa4ax 0 IpUGIIDKEHHOM

VIIPABIIAEMOCTH .....eveeenneenieenneeuteeuneeueesueeaeesseeseeemeesueesseesseeaseemnesaeesaeeseenseeneeemnesneesneenneenneennes 3
Axonsin B.H., lamrosin JI.JI. O HanpspkEHHOM COCTOSSHHM OPTOTPOITHOM TUIOCKOCTH C
AOCOJIFOTHO YKECTKHUM BEITEOUEHHEM......c..eeveeueenrentententenseeseestensensensensesseesesseensensensensessessesseeses 23

Beay6exsan J.B., Ilorocsin A.I'. IlpoexTHpoBaHUE TpaHCBEPCAIBHO-U30TPOMHON IIac-
THUHKH CTYIIEHYATO NEPEMEHHOHN TOJIIUHBI IPU U3rHOe ¢ YIETOM IONepedHbIX CIBUTOB...30
Moscucsaa JILA. K ycTOHYMBOCTH IWIMHAPUYECKUX OOOJOYEK C HAMOIHUTEIEM CO
CMETIAHHBIMI TPAHIIHBIMHU YCITOBHISIME ... veenveeneeeneeneeseeseeneeeneeeneesseenseeseesesnsesneesseesseenes 40
Caakan A.A. AHamm3 mpornba OaiKu IMON NEHCTBHEM COCPEHOTOYCHHOW CHIIBI TIPU
PA3THYHBIX YCTOBUAX HA KOHITAX +e.nveuteuteteeteeteenteentenseesseenseenseensesnsesseesseesseenseensesnsesseeneens 46
Capxkucan C.O., Xauarpsin M.B. BapuaiimoHHbIil TpUHIIUTT W SHEPreTHKA AedopMaIiit
IIPUKJIAIHON MOZAEIN MUKPOIIOJIIPHOTO YIPYIOrO KPyrOBOTO TOHKOT'O CTEPXKHS ............... 55
Barpacapsn T.E., Acausn AJ., Acanan [ J. Jlunamuueckas AByXcCIlIOitHast
TepMOYyIpyras IUIACTUHA C IPOM3BOJIBHO pPaclojOKeHHbIMU omnopamu. Yacres 1L
IIpuMeHeHre K HAKOIUIEHUIO SHEPTHH — YHCIICHHBIE PEe3yJIbTaThl U 00CYKICHUE............... 67

CONTENTS

Avetisyan A.S., Khurshudyan As.Zh. Green‘s function approach in approximate

controllability ProbIEMS ........cccciiiiieiiieiieieeieteee ettt ettt et e esbeesbeeebesaaesnees 3
Hakobyan V., Dashtoyan L. On a stress state of orthotropic plane with absolutely rigid
INCIUSIOM ..ttt 23
Belubekyan E.V., Poghosyan A.G. Design of a transversely isotropic plate of stepwise
variable thickness under bending accounting for transverse shifts ...........cccccoeceeviniinencnne 32
Movsisyan L.A. About the stability of cylindrical shell with core for mixed boundary
COMAITION. ¢ttt ettt sa ettt be et esaebesa et sae e enes 40
Sahakyan A.A. Deflection Analysis of a Beam Subjected to Action of Concentrated Force
at the Various Conditions on the Edges. ..........ccccoieiiiiiiniiiiniccccccee 46
Sargsyan S.H., Khachatryan M.V. Variation principle and energetics of deformation of
applied model of micropolar elastic circular thin bar .........c.ccccoeervnenninennincneeen 55

Bagdasaryan Gevorg Y., Hasanyan Armanj D., Hasanyan Davresh J. Dynamic bimorph
thermo-piezoelectric benders with arbitrary support location. Part II. Application to energy
harvesting-numerical results and diSCUSSIONS.......cc.eervirierierieiieieee e 67

78



	file_0
	Green`s function approach and implicit representation of control functions
	Examples and explicit representation of controls
	Numerical implementation


	file_0 (1)
	file_0 (2)
	file_0 (3)
	file_0 (4)
	file_0 (5)
	file_0 (6)
	file_0 (7)



