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2ZU8UUSULE @hSNhE3NPLLENP ULAUSPL UUUNEURUSEh Setulahr
M3BECTUS HAIIMOHAJIBHOM AKAJIEMUU HAYK APMEHUN

Uthumthju 69, Nel, 2016 Mexannka

T'EBOPT EPBAHIOBUY BAT TACAPSIH
(K 80-s1eTuro co ans poxaenns)

13-ro suBaps 2016r. ucnonaunocs 80 JeT co AHS POXKIECHUS BUIHOTO YUEHOTO—
MEXaHHUKa, 3aciyxeHHoro paestens Hayku PA, axkamemuka HAH PA, noxrtopa
(u3uKko-maTeMaTHYECKHX HayK, npodeccopa ['eBopra Epeannosuya barnacapsina.

I'E. barnacapssa pomuncs 13 suBaps 1936r. B cene llaxkaoBut oOmactu
AparanotH Pecniybnuku Apmenus. HauanpHoe 00pa3oBaHue TOJIYYHI B CpelHEH
mkose ropojia Amnapas. Ilocie okoHuaHusa mikoasl B 1953r., moctynui Ha OTae-
JICHWE MEXaHHWKH (H3HKO-MaTeMaTrudeckoro Qakynprera EpeBaHckoro rocynap-
CTBEHHOTO YHHUBEPCHUTETa, KOTOPBIA C OTIMYMeM oKoH4YmaI B 1958r. B 1964r. 3a
JMACCEPTANMIO “3a7a9d yCTOWIMBOCTH aHU30TPOITHBIX 000JI0YEK U IUIACTHH, 00Te-
KaeMbIX CBEPX3BYKOBBIM IOTOKOM raza’” eMmy Oblla NPUCYXKICHA ydeHasl CTEICHb
KaH[IMJaTa TEXHUYECKUX HayK, a B 1977r. 3a auccepranuio “3agaud MarHUTOYIIPY-
TOCTH TOHKHUX TUTACTUH U 000JIOYEK™ MONYYHI YYSHYIO CTENeHb TOKTOpa (PU3HMKO-
MareMaTudeckux Hayk. B 1990r. Opu1 m30pan uneHoM-KoppecrnonaeHToM HAH
PA, a B 1994r.— neiictButensubiM wienoMm HAH PA.

Tpynosyto nearenvHocTh [.E.Barmacapsu nadan ¢ 1958 roma B UHctutyTe
Mexannku HAH PA, mpopabortas n0 1964r. MianammM HaydHBIM COTPYIHUKOM, B
1964-79rr. sBNANACS CTapUIMM HAy4YHBIM COTpyAHUKOM, B 1979-88rr. — 3aBeny-
IOLINM OTZAEJIOM MarHUTOyNpyrocTy, a B 1986-87rr. - aupexkropom UHcTHTYyTA.

Honrue roma akagemuk I.E.barmacapsH pa3BHBaeT TakKe IJI0JIOTBOPHYIO
HAyYHO-OPTaHM3ALMOHHYIO U TeJarorundeckyro aearenbHocTb. C 1983 roma u mo
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ceil meHbp OH sBisgercs mpodeccopoM Kadempbl MaTEeMaTHUYECKHX METOJOB H
MOJIeTMPOBaHus (aKyJIbTeTa MPUKIATHON MaTeMaTWku u MHpopMaTtuku EpeBan-
CKOT'0 TocyIapcTBeHHOTo yHUBepcuTera. B 1988-2001rr. 0H 3aHMMAN TOJDKHOCTH
3aBenyIoNIero ykazaHHou kadenpsl, B 1993-1995 rr. Ob1 nekaHoM (akynpTeTa
MpUKIaaHON MaTemMaTuku W uHpopmatuku Epl'Y. B 1994-1998rr. 3anmman
JIOJDKHOCTDh PEKTOpa ApPMSHCKOTO TOCYAapCTBEHHOTO MENarorn4eckoro MHCTUTY-
ta, B 1998-2002rr. — npencenarens Briciieit Atrectanmonnoit Komuccuu PA. B
2002-2007rr. 3aHUMA IOCT cOBeTHHKA pekTopa Epl'Y.

C 2006 roma m mo ceii nens [.E.barmacapsH sBIsSeTCS TJIaBHBIM HayYHBIM
cotpyaaukoMm MHcturyta Mexanuku HAH PA.

Onyo6nukoBanneie ['.E.barmacapsHoM MHOTOYHCIICHHBIE HaydYHbIE CTaThbH H
mate MoHorpaduit (Amoapuyyman C.A., bazoacapaum I.E., Benyoexan M.B.
MarautoymnpyrocTb TOHKHX 000JI04eK U TuracTuH. Mocksa, “Hayka”, 1977, 288c.,
Amoapuyman C.A., Bazoacapan I'.E. DneKTpOIPOBOAAIINE TIACTHHKA U 000104~
KM B MarHUTHOM 1iosie. Mocksa, “Hayxka”, 1996, -288c., bazdacapan I'.E. Koneba-
HUS U ycToiuuBocTh MarHutoynpyrux cuctem. EI'Y, 1999, -440c., bazoacapsan
I.E., /lanoan 3.H. DnekrpoMarauroynpyrue Bonssl. Epesan, EI'Y, 2006, -490c. u
Baghdasaryan G., Mikilyan M. Effects of magnetoelastic interactions in
conductive plates and shells. Springer, 2016, -345p.) ABIAIOTCS CYIIECTBEHHBIM
BKJIAJIOM B MEXaHUKY CIUIOLUIHOM cpeabl. B 3Tol 061acTu, COBMECTHO € OJHUM U3
OCHOBaTellell apMSHCKOW IIKOJBI MEXaHWKH akafgeMukoM C.A. AMOapIyMsHOM |
npodeccopom M.B. benybeksaom, I'.E. barmacapsa co3man u pa3BWI TaKOe aKTy-
albHOE M Ba)KHOE HAINpaBICHWE MEXAaHHWKH, KaKOW SABISAETCS TEOpHUs MarHUTO-
YOPYTOCTH.

B oreuectBennom Hayunom wMupe [.E.barmacapssH sBnsieTcss NMHOHEpPOM B
o0JacTH WcCIeJOBaHMUsl YCTOWYMBOCTH TOHKOCTEHHBIX Tell, 0OTEKaeMBIX CBEpPX-
3BYKOBBIM ITOTOKOM Ta3a, ((uarrep).

Paborer I'.E.BargmacapsiHa, B KOTOPBIX TpeIOKeHbl 3¢ (EeKTHBHBIC aHATUTH-
YECKHE METOJIBI M pacueTHBIE CXEMBI ISl HCCIIeIOBAHMS HETMHEHHBIX BBHIHYKACH-
HBIX, MapaMEeTPUYECKUX M (IaTTEpPHBIX KoJeOaHWH CIOMCTBIX aHU30TPOIHBIX
TUTACTUH B 000JI0YeK, PU TIOMOINX KOTOPBIX B BEIHYXKIEHHBIX KOJEOaHUSX OBLIH
BBISIBIICHBI PE30HAHCHl HOBOTO THIIA, OOYCJIOBJICHHBIE y4e€TOM HEITMHEWHOCTH, B
clly4ae JOKPUTHYECKHMX CKOpOCTeH oO0TekaHWs Oblda MOKa3zaHa BO3MOXKHOCTD
CYLIECTBOBAaHUS CTAllMOHAPHBIX KOJICOAHWH, CYyLIECTBOBaHUE HW)KHEH KpuTHYe-
CKOI CKOPOCTH U ITyTH €€ BBIYHCIICHHS, TIOIYYUIIN BCceoOlee Ipru3HaHue.

IMoctpoena oOmas Teopus OMHCAHHS W WCCICIOBAHHUS B3aWMOCBS3aHHBIX
MEXaHUYECKHX U JIEKTPOMArHUTHBIX SABJICHHUH U1 TOHKOCTEHHBIX MPOBOJSIINX
ten (coBMecTHO ¢ akagemukoMm C.A. AMmOapiymsHoM u mipodeccopom M.B. beny-
OcekssHOM). BBUIM chOpMyITHMpPOBAaHBI ITOCTAHOBKHA HOBBIX 3aJad MaTeMaTHYECKOMH
(u3uKu, HA OCHOBE pEIICHUS] KOTOPBIX BBISBIICH DSl HOBBIX SIBICHUH, 00YCIIOB-
JICHHBIX B3aUMOJICHCTBHEM CILIONIHOW cpelbl M (U3NYECKUMH TOJISIMH Pa3HOTO
xapaktepa. K Takum sBIEHUSAM, B 9aCTHOCTH, OTHOCSITCSI HCKITIOYCHHE BO3MOYKHO-
CTH TIapaMETPHYECKOTO PE30HAHCA, 3aTyXaHUE OMAaCHBIX (IaTTepHBIX KOJICOaHUIA,
CYLIECTBEHHOE YMEHbBIICHNE aMIUTUTYAbI BRIHYKACHHBIX KoJieOaHUH MPH TTOMOIIH
MOCTOSIHHOTO MArHUTHOTO TIOJII, BO3MOXHOCTh BO30YXXIEHHS PE30HAHCHBIX
KoJie0aHMi BBIHYKICHHOTO M TapaMETPUYECKOTO THIA MPU MOMOIIX HECTaIHo-
HapHOTO MAarHUTHOTO TOJs, ONTHUMAJIbHOE YINpaBIEHHUE aMIUIUTYIHO-4aCTOTHOM
XapaKTePUCTUKON HETMHEWHBIX MAarHUTOYNPYTUX KOJIEeOaHWiA, a TaKXKe YIpaB-
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JICHWE TOBEJICHUEM BBIHYKIEHHBIX H IMapaMeTPHUECKUX KOJNeOaHW! pa3IuIHOTO
XapakTepa MOCPEICTBOM NOCTOSSHHOTO MarHUTHOT'O TOJIS.

Axagemukom [.E. barmacapsHom pa3paboTaHbl TEOPETHYECKHE OCHOBEI
UCCJEIOBAaHUS PACIPOCTPAHCHUSI MATHUTOAKYCTUUECKIX B3aUMOCBSI3aHHBIX BOJIH B
MBE302JIEKTPHYECKUX, The30MAarHUTHBIX, MAaTHUTOCTPUKIIMOHHBIX U (peppoMarHuT-
HBIX Cpelax, J0Ka3aHa BO3MOXHOCTh BO30Y’KIACHUS CIBUIOBBIX MOBEPXHOCTHBIX U
IIEJIEBHIX BOJH HOBOTO THIIA, 00YCIOBICHHBIX Mb30MarHeTUYECKUM (UIIK MarHUTO-
CTPUKIHOHHBIM) 3 (HEKTOM, BBISIBICHAa BO3MOXKHOCTH CYIIECTBOBAHHS TaKXKe
COITyTCTBYIOIINX TIOBEPXHOCTHBIX KOJIE0OaHMIA, HYTO TIO3BOJISIET aKyCTHYECKUE
BOJIHBI U3 OJHOHM MBE30MArHUTHOM cpeabl 0e3 MEeXaHMUECKOT0 KOHTAaKTa Mmepeaarhb
B JPYTYIO NIbE30MarHUTHYIO Cpeay.

[IpennoxeHsl Takke METOAbl MaTEMATUYECKOTO MOJEIUPOBAHUS U PELUCHUS
Ba)XHBIX, MMEIOIINX TPaKTUYECKOe 3HA4YCHHE, 33a/Jad IMPOYHOCTH, KOJeOaHWH U
YCTOMYUBOCTH CBEPXIPOBOSIIUX U MATHUTOMSTKHUX (PePPOMATHUTHBIX TEJ, B Y4aCT-
HOCTH, TOHKUX IUIACTUH, B CTAL{MOHAPHBIX U HECTALMOHAPHBIX MArHUTHBIX MOJISX.

OcHOBHBIMH TIpU3HaKaMu Hay4dHo# nestenbHocTd I.E. barmacapsuna sBnsiorcs
aKTyaJlbHOCTh, HOBaTOPCTBO, YHHUBEPCANBHOCTh M LEJIEYCTPEeMJIEHHOCTb. Ero
Hay4YHBIC CTaThH, MOKJIAIbl Ha MEXIYHAPOJHBIX KOH(MEpPEeHIHUSX U 0030pHEIC
CTaThU M3BECTHBHI BO MHOTHX Hay4HBIX meHTpax Poccmm, Empormetickoro Corosa,
AMepUKH U IPyTUX CTpaH MUpA.

Axagemuk ['.E.barmacapsn sBisercss OOHUM U3 BBIAAIONIMXCA JUYHOCTEH
apMSHCKOW INKOJNBI MEXaHWKH, CYMEBIIUM CO37aTh COOCTBEHHYIO HAy4YHYIO
mkoiry. Bemmka 3acnyra I'.E. barmacapsina B jene mOArOTOBKHM BBEICOKOKBaMU(U-
LUPOBAaHHBIX HAy4yHBIX KaJpoB. Ilox ero pyKoOBOACTBOM 3aIllMLIEHBI OKOJIO
JBaJUATH KAHIUAATCKUX U JOKTOPCKUX AUCCEPTALUN.

I'.E.bargacapsiH siBisieTCcsl WIEHOM PEIKOJUIETHM psAJa Hay4dHbIX >KypHAJIOB —
Hoxnmanst HAH PA, U3Bectnss HAH PA «Mexanukay, «MaTeMaTH4ecKue METO/IbI
u ¢usnko-mexaHnueckue nois» (JIbBoB, YkpanHa), «AlikakaH OaHak». SIBnseTcs
yneHoM HanuoHanbHBIX KOMHUTETOB MO TEOPETHYECKOW M MPUKIAJIHON MEXaHUKE
Apmennn u Poccun, ydenoro coBeta Uncturyta mexannku HAH PA, cnenmanu-
3upoBaHHOTO coBeTa Mexannka-047 BAK PA, ydenoro cosera (akynprera
MpUKJIaaHON MaTteMaTuku u mHpopMatuku Epl'Y, ydaeroro coBera Epl'Y, comera
noneyuteneil EpeBaHCKOTo rocy1apCTBEHHOI0 YHUBEPCUTETA.

Penxonnerus xxypnana “Ussectus HAH Apmenun. Mexanuka”, mo3ipaBisioT
I'eopra EpBangoBuua barmacapsina c ro0wieeM W JKeJarOT eMy J00poro
3710pOBbsI, MJIOJOTBOPHOM HAyYHOW JEATENbHOCTH U JAJbHEUIIHUX TBOPYECKUX
YCIIEXOB BO 0J1aro pa3BUTHUS HAYKH B APMEHHU.



2U8UUSULDP @hSNPhE3NRLLENP U2aUSPL UYUNEURUSE SGNtUUa R,
W3BECTUS HAIIMOHAJBHOM AKAJIEMHUA HAYK APMEHUA

Uthumthju 69, Nel, 2016 Mexannka
YAK 593.3

KOHTAKTHASA 3AJAYA JJIA YIIPYT'OI'O ITIOJIYITPOCTPAHCTBA C
TPEIIMHAMM U HAKJAJIKAMU ITIPU AHTUILJIOCKOM
TEGOPMALIAN
Arasun K.JI., 3akapsu B.T'.
Ki1i0ueBble €J10BAa: KOHTAKTHAs 3a1a4a, CTPUHIEP, TPEIIHNHA, TTOIYIPOCTPAHCTBO, CHHIY/ISIPHOE ypaBHEHHE
Keywords: contact problem, stringer, crack, half-space, singular equation
Puliunh punbp. Untnuljinuyghtt punhp, Jkpunhp, wp, jhuwnwpusnipini, uhignijjup
hwjwuwpnid
Unuyui 4.L., Qupupui 49.Q.

&wpkn b JEpunhpukp wupnibwlng wowdqujut jhuuwnwpusnipjut hwjwhwpp
luthp

TYhunwplynud £ pintdwsph pupwl] wnwdquijut yekpunhphg wpwdqujut jhuwnwpwsdnipjuip
thnuwbgdw Yntnwlnught pughpp: Yhuwnwpwsnipyniup poyugyus b jhuwnwpwusnipjub kqphu
nupnuhuwjug yipgwynp kpjupnipjudp pniubjughtt Swpkph hwdwlwupgny: Yhuwmnmwpwusnipyut kqpp
nudbnugyws t jhuwwnwpwénipjuip Ynon wdpulgyus skpnbkp—tpunhpubpny: <hpunhputph b
Swph wihtph Ypw wqpnn wpnwpht pintdusputiph wqptgnipjut nwl] Jhuwnwpwsdnipnit — spn
hwdwlwupgp pednpdugynud t hwjwhwpp pEdnpdughugh yuydwbubpnud: dEpunhpubph hwdwp
Utjwuh hwywnuh unpbh opowbwlubpnid puunph nmdnuwdp pipymud E uhtgnijyup  hunbqpuyg
hwjwuwpnudibph  hwdwlupgh  msdwbp, nph  mdnudp juemguws b dkjwbhhwljwb
punwlniuugdwl pubwdltph oqunipjudp:

Aghayan K.L, Zakaryan V.G
Antiplane contact problem for elastic half-space with cracks and stringers

The contact problem of load transfer of a thin elastic plate to the elastic half-space is considered. The half-space
weakened by a system of finite length collinear tunnel cracks which are perpendicular to the half-space boundary.
The border of half-space reinforced by stringers. By external forces applied to the plates and the banks of the cracks,
the half-space - plate system deformed under antiplane strain. In the frame of well-known Melan model for stringer
the solution of the problem is reduced to a system of singular integral equations, whose solution is built by
numerically - analytical method of mechanical quadratures. The behavior of the contact stresses and stress intensity
factors at the crack tip and the end points of stringers is investigated.

PaccmarpuBaercsi KOHTaKTHas 3ajaua O Iepejlaue Harpy3kd OT TOHKOW YHpyroil INIACTHHBI K YIPYromy
HOJIyNPOCTPAHCTBY. IToIyHnpocTpaHCTBO OCIIA0ICHO CHCTEMOH KOJUIMHEAPHBIX TYHHEIBHBIX TPEIIMH KOHEYHON
JUTHHBI, IEPIICHANKYIAPHBIX K TPaHUIIE IOTyIIPOCTPAaHCTBA. [ paHHIIa MOTyIPOCTPaHCTBA yCHIIEHA CLEIIIEHHBIMH C
Hell mojocamu — Haknagakamu. [lox Bo3meiicTBHEM BHENIHHX HAarpy3oK, NPHMJIOKEHHBIX K HaKIaJkaM H Oeperam
TPEIIHH, MOIYNPOCTPAHCTBO JAeOPMUPYETCsl B YCIOBUSX aHTHILIOCKOIl nedopmanuu. B pamkax wusBecTHOi
Mozenu MenaHa I HaK/IaJoOK pelleHHe 3aJadd CBEJCHO K CHCTeME CHHTYISPHBIX HHTETPAIbHBIX ypaBHEHUH,
peleHre KOTOPOM IOCTPOEHO YHCIIEHHO-aHAJIMTUYECKUM METOJOM MEXaHWYECKHX XapakTepucTuk. M3yueno
NOBeJICHHE KOHTAKTHBIX HANPSOKCHUH M KO3((QUIIMEHTOB HHTEHCHBHOCTH HAIPSDKEHUIT Ha KOHIAX TPEILVH.

1. Beenenue. 3amaun o mepefade Harpy3oK OT TOHKOCTEHHBIX 3JIEMEHTOB B BHIE
CTPUHIepOB (HAKIAAOK) M BKIIOYEHHMH K MAcCHBHBIM JAe(QOPMHPYEMBIM TelaM,
OCJIa0JICHHBIX TPEIIMHAMH, BBUJY WX aKTYAJILHOCTH JUIS TEOPETHYECKUX HCCICAOBAHUI U
[IPAKTUYECKUX IPUIIOKEHUN B PA3JIUYHBIX PACUETAX WHXKCHEPHOM IIPAKTUKHU, IaBHO CTaIU
MPEeIMETOM PAacCMOTPEHHMsI MHOTHX aBTOpPOB. lIMeeTcss OrpoMHOE KOJIMYECTBO pPadoT,
MOCBSIIEHHBIX W3yYEHNIO KOHTAKTHBIX M CMEIIaHHBIX 33j1a4 nojoOHoro pona. He mmes
BO3MOXKHOCTH OCTAHOBUTBCS Ha BCEX ITHX paboTax, yKakeM Jjumb padorsl [1-11], B
KOTOPBIX, B CBOIO OUepellb, IMeeTCsi Ondmuorpadus, TECHO CBSI3aHHAS C pacCMaTPpUBAESMOMN
311ech 3a1aueil. B aTux paboTax, Kak u 3/1eCh, HCCIIEI0BAHBI CMEIIAHHBIE 3aja4YH, CBSI3aHHbIC
C BOIIPOCOM B3aMMOBIIMSIHUSL KOHIIEHTPATOPOB HANpPsDKEHUI Pa3sHOTrO THUIIA, B YaCTHOCTH,
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TPEIIMH, IITAMIOB WIM CTPUHTEPOB, KOTAA OAWH THIl KOHIIEHTpAaTopa HarpsHKCHUH
COYETAETCsl WM IIEPECEKAET s C APYTMMH. 3a/1aui 3TOTO THIA OTJIMYAIOTCS TEM, YTO B sapax
OTIPEIEISIIONINX CHHIYISIPHBIX YpPaBHEHHH MOSABIISIOTCS HEMOJBIKHBIE OCOOEHHOCTH,
KOTOpBIE, B KOHEUHOM WTOT€ NPHBOAAT K MOSBICHHIO HEKJIACCHYECKHX OCOOEHHOCTEH B
PELICHUSIX HHTETPAJIbHBIX YPABHEHUI.

2. IlocTtaHoBKa 3aJayuM W CHUCTeMa ompeaeJsOmuX ypaBHenmil. Ilycts ynpyroe
npoctpancTBo ¢ Moxyiem casura G, s3amummaromee obmacts Y >0, oTHeceHo K

IPaBOCTOPOHHEN ekapToBoii cucteme koopaunar OXYZ . TTomynpocTpaHCTBO 110 MOJI0CaM

Q, ={X= aj;|§1) <y< |Ez);|2| <oo}(|}l) >0; | :1,2,...,n) 0CIabIeHo TyHHEIbHbI-

MH TpemuHame, a Ha rparune Y =0, o nomocam M, = {Ck <X< h<; y=0; Z| < oo}
(ak <C < h< <a +1) , YCWJICHA YIPYTHMH TUIACTHHAMHE (HAKJIAIKaMF) MaJOW TOJIIUHEI

hik) € MOJyIAMHM yIPYTOCTH ng), k=1, 2,...,(n - 1) .

Our. 1

Hpe,unonaraeTcs{, 4TO: a) Ha 6eperax TPCHIMH 3aJlaHbl KaCaTCJIbHBIC HAIIPSAKCHUSA

Ty (aj t 0) WJIM TIEPEMELICHUS W( 2':1j t 0) ; 0) Ha BEpXHUX TpaHIX HAKIAJOK JICHCTBYIOT
N _hk — —
pacnpesieiCHHbIe HArpy3ku Ty, X, hS , B) K OOKkoBEIM TpaHamM X=C u X= h<

. k k
YCHIIMBAIOIIEH IIACTHHBI IPUIIOKESHBI COCPEIOTOUEHHBIE CHITBI Tc( ) u Tb( ) (¢wur. 1). Ilpu

9TOM TpennonaraeTcs, 4ro YyKa3aHHbBIE BO3JCHCTBUS paBHOMEPHO paclpeleieHbl B

HANPABJICHAN OCH OZ(|Z| < OO) .

k
OTHOCHUTEIIBHO YCHJIMBAIOMUX TUIACTUH—HAKJIAJO0K HPEAIojgaracTtcd, 4To Gé ) > G , a

k o
hS( ) << h( _Ck . OTO TO3BOJISET JJIA YCWIMBAIOMICH HAKIIAAKW HNPUHATH HU3BECTHYHO B

00J1aCTH KOHTaKTHBIX 3a/ia4 (PU3NUECKyI0 MOzeilb MenlaHa py aHTUILIOCKOHN AedopManun
[3-4]. Hdpyrumu ciioBamu, Tpearojiaraercs, 4ro MO TOJIIMHE HAKIAJKU TepeMelleHue

W, (X, y) He MeHsieTes, T.e. W, (X, y) =W, (X) .

[pu >THX TPEAIONOKEHISIX TPEOYETCS OTPENEIUTE 3aKOH paclpeleeHNs] KOHTAaKTHBIX
KacaTeJIbHBIX HAIPSHKCHHWH, BO3HUKAIOIIUX IO CTPUHTEpaMHU, a Takke KOIDPHUIMEHTHI
WHTEHCUBHOCTH HANPsOKEHUH Ha KOHIAX TPEIIHH.

OTMmeTnM, YTO MOJ ACWCTBHEM BBIMICYKAa3aHHBIX BO3ACHCTBHI paccMaTpuBaeMas
yIpyrasi CHCTeMa IJIaCTHHA—TIOIYIIPOCTPAHCTBO 1€(OPMUPYETCS B YCIOBHSX MPOIOJIBHOTO
cipura (aHTUIUIocKas nepopmanus) ¢ 6aszosoit miockocthio OXY . Torna, oueBHmHO, 4TO



IMOCTABJICHHYIO BBIIIEC KOHTAKTHYIO 3aJady MOXHO pacCMaTpuBaTh KaK aHTUINIOCKYHO
KOHTAKTHYIO 3aJa4y U1 MOJYIUIOCKOCTHU y > 0, oci1abJIeHHOH CHCTEMOM BCPTUKAJIBHBIX

TPCIMH HA JUHUAX X = @, (] =1, n) v ycunenHod Ha rpamumine Y =0 ynpyrumum

CTPUHTEPAMH.
IIpu Takom moaxoie MOCTaBICHHAs KOHTAaKTHas 3ajJadya DKBHUBAJIEHTHA CIIEIYIOIeH
KpaeBoii 3a1a4e juist mosrymiockoctn Y > 0:

2 2
6\2V+8\2V: , —w<X<ow , y>0 (1I.D
ox~ oy
GM :TT(y): ye Lj _
OX | aso (j =1,n) (12)
w(a £0.y)=wi(y), el
rk(x), xel',
OMx. ¥) =1(X) = o (k=1,n-1) (1.3)
N | 0, xe| J(T)
k=1
L, :{I}“ < y<|}2),x:aj}, I, ={y=0, ¢ <x<h}
C JIOTIOJIHUTENIBHBIM YCJIOBHEM KOHTaKTa [3-5]
W(X, ) 1 ¢ T
o e [ O g "

xel,,k=1,n—1

00ECIICUHBAIOIIUM COBMECTHOE Ie()OPMHUPOBAHUE TPAHUYHBIX TOYCK MOJYIUIOCKOCTH M
HaKJIaJ0K B paMKax MPUHSATON MOJIENN Ha KKIOM Y4acTKe KOHTAKTa.

3nech W( X, y) — ©OUHCTBEHHAasl, OTJIMYHAs OT HYJs, KOMIIOHEHTa YIPYroro
nepeMeIeHus, ’CT ( y) — 3a/IaHHBIE KacaTelbHbIC HAIIPSDKEHHS Ha IIPaBOM U JIEBOM Oeperax
| -oit TpemuHBL, WT (y) — 3a/IaHHBIE CMEIIEHUS TOUEK COOTBETCTBYIONIMX GEPEroB | -oi
TPEIMHEL, T, (X) — HEM3BECTHBIE KOHTAKTHBIC KacaTeJIbHbIe HANPSHKEHHUS, BO3HUKAIOIINE

o o k o
o KaXXJ10M HaKJIaJIKou, q; ) (X) — 3aJIaHHBbIC KAaCATCJIbHbIC HAIIPSXKCHUSA, JCUCTBYIOIINEC

Ha BepxHel rpanuile Hakiaaku. OYeBHAHO, YTO B KKJIOM KOHKPETHOM Cllydae Ha Oeperax
OTIENIEHOU TPEIIMHBI CIIEAYyeT OpaTh TOIBKO BA U3 TPAaHUYHBIX yCIoBHH (1.2).
[TpucTynum K HOCTPOECHHUIO pa3pBIBHOTO pemreHus KpaeBoi 3agaau (1.1) — (1.3), momaras

T ( X) 3aJJaHHOH, T.€. OCHOBHBIE KOMIIOHEHTBI HAIPSHKEHHO-IE()OPMHUPOBAHHOTO COCTOSTHUS

MOJYIPOCTPAHCTBA BBIPA3UM Y€Pe3 CKAYKH TAHTCHIIMAIBLHOTO HAMPSDKEHUS W CMEIICHUS,
HEMPEMEHHO MPUCYTCTBYIOMIUX MPU HAIWYMHN TPEIIMH WIK BKIOYeHHH. OYEeBUAHO, YTO
MOJy4eHHOE pelieHne OyaeT HEMOCPEIACTBEHHO HCIOIb30BAHO [UIs IOJYyYCHHS OIpe-
JIEJISIONIETO YPaBHEHHS BBIIICTIOCTABICHHOW KOHTAaKTHOH 3amaun. Pemenme (1.1) — (1.3)
MOCTPOUM METOZOM MHTErpalibHOTo npeodpazoanust dypbe. [IpuMEeHHB €ro K ypaBHEHHIO

(1.1), mmes mpu sTom B BHAy ycioBusa (1.2), s ompeneneHus V_V(G, y) [oJIy4aeM

ypaBHEHHE:
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%—cﬂv—v(myk > [-iog, (y)+ f(WE™,  y>0

k=1

W(o,y)= Tw(x, y)g™dx, (1.5)
4, (y) = w(a +0.y)~w(a ~0.y) 0
o (y)=g[w(y)-5 ()] 17

— yKa3aHHBIE BBIIIE CKAYKH IEpPEMEIeHNs ¥ HANPSKEHNU depe3 MMHMI0 K -Toil TpemuHbL.
VYcenosue (1.3) mocie npeodpazoBanust Pypre MpUMET BH:

dw(o, 1 _

(c.y) - —%(o) (1.8)

dy v G

Cunrast, 4T0 QyHKINU fk (y) ., O ( y) u ’C(X) W3BECTHBI, pemeHne ypasHerus (1.5),

yIoBieTBopsironiee ycinopuio (1.8) u ncyesaromee npu Y —> 00, MOJIy4UM B BUIE
__ n % —|o{n— —lo(n+ I 1 ic
W(oy)= 2] (e + € Jsgnog (- fulm 7 dn -
=10

k=1

(1.9)
e s (v>0)
———1(0), y>0
|o|G
Ter{epb, HUMES B BI/II[y yCHOBI/Ie Her[pepLIBHOCTI/I Ha HpOI[OH)KCHI/H/I TpeHII/IH:
g.(y)=f(y)=0,yEL. k=1Ln (1.10)

mocye odpaTHOro mpeobpazoBanus, u3 (1.9) momyunm pemerne aHTHUIIIOCKOH 3anayun (1.1) —
(1.3) B BUZE

I & X— X—
W(X’y)zﬁz.[ 2 ! + 2 % 3 gk(n)dn_

ar| (x—a +(n—y)2 (x=a,) +(n+y)
1 1 !
25 ('m —+1n 7 |fe(n)dn-
2nkz=1:£ (x=a) +(n-y) (x-a) +(n+y)" "
17 y’
_ I )t t :
el n(t—x)2+yzr() o o

OueBnIHO, YTO TOIBKO YACTh U3 CKAYKOB {; ( y) u f i ( y) , Bxozasammx B (1.11), moxxer

OBITh HEW3BECTHOW, MPUYEM, KaKasg W3 HHUX, ONpENeNseTcs TPaHUYHBIMHA YCIOBHSAMH Ha
Oeperax TpeuwH. [Ipy 3TOM, B Ka)KIOM KOHKPETHOM CIIy4ae, B 3aBHCHMOCTH OT TPaHUIHBIX
YCIIOBHIA, T.€. BEIOOpa Maphl, HEMIPOTHBOPEUAIINX APYT APYTY YCIOBUH, GUTYpUPYIOMINX B
(1.2), uMCII0 HEU3BECTHBIX MOXKET OBITH 0T N 10 2N.

YunTeIBasi, 4TO, 00BIYHO, BTOpOE M3 ycinosuil (1.2) 3ameHsieTcss mpou3BoaHOH Mo Y,

MIpeJCTaBUM IIPOU3BOAHEIE OT BhIpakeHus (1.11) B sBHOM BHIE:



ow L 1% a-t
v — ||t dt+Lf (y) j ndt
OXy-a, 0 o L] y+n+y}g( ) 9 () nGJ;(aj—t)2+y2T() +
1 Y + ’ +
+2—n;(l—8ik)ﬂK,—k(n, Y)g, (M) -R.(M,y) fk(ﬂ)JdTL yel, (1.12)
- ;
ol TR T ey [i(n)dnt
ayX:ajiO 2 J( ) 2nLJ|:n—y n_,_y} l( )
LA (-)
+2_nkz:4(l SIK)J R « (M, Y)g (m)dn+
+Kjfi (n)]dn+ IM yel, (1.13)
%(n a) +y?
: - +
Kj_k(n,y)z Zn > 7t :I ! 2 (1.14)
(m-y) +(a-a) (n+y) +(a-a)
. a — a —
Ric(n.y)= 3 i 7+ 4 3 (1.15)

(n_y) +(aj_ak) (n+Y)2+(a,-—ak)
rae gy (t)=dg, /dt, 0, — cumBon Kporexepa.

Otmetum, uto B (1.12) u (1.13) u B nanbHeiimem, uarerpais ¢ sapom Kommw 1/ (1 —Y)

cleyeT MOHUMaTh B CMBICIIE IJIABHOTO 3HAYEHHUS.

Tenepp, npu nomoruu (1.12), (1.13), ynoBiaeTBopsiss KOHKPETHO 33JaHHBIM Ha Oeperax
TPEIIMH TPAHUYHBIM YCJIOBUSAM 13 (1.2), HONyYHM OTpPEeNIONIyI0 CUCTEMY CHHTYIISIPHBIX
MHTErpajbHbIX YPaBHEHMIl, coaepskaliel, MakcuMainbHo, 2N ypaBHeHuit. OueBUaHO, YTO
IPU OJHOMMEHHBIX T'PAaHMYHBIX YCJIOBUAX Ha Oeperax TpeIMH U IPHU OIpeeNEéHHON
reOMETPUUECKON M (U3MYECKOH CUMMETPHM 33J1auyM, YHCJIO HEWU3BECTHBIX, a, CIIe/0-
BaTEJIbHO, ¥ YHCIIO ONPEEIIAIONINX YPABHEHUH YMEHBIIAIOTCS.

Crnenyer ormerutb, uyto pemenue (1.11) ¢ Bopakenusamu (1.12) u (1.13) nmosBossier
HETOCPEJCTBEHHO BBINUCATh ONPEAETSAIOIUE CUCTEMBl MHTETPAIbHBIX YPaBHEHUHA U AT
AQHTUIUIOCKMX KOHTAaKTHBIX 3a7ad, KOrJa B TPEIIMHBI BCTABJICHBI TOHKHE HKECTKHE
BKIroueHns. Ilpm 3TOM MOXHO paccMmarpuBaTh CIydad, KOTAa: 00€ TpaHH BKIFOUCHHS
KECTKO COEAMHEHBI ¢ Oeperamu TpEIIMHBI, OJHAa TI'paHb JKECTKO COEIMHEHA, a Jpyras
cBOOO/IHA; [UINHA KECTKOTO BKIIFOUCHHUSI KOPOUYE JUTMHBI TPEILIHHBI.

2. Cuctema omnpeaensilOlIMX YpaBHeHMil KOHTaKTHOH 3amauu. OOpaTmMcs Temepp K
KOHTAKTHOW 3amade, c(hOpMyIMPOBAaHHOW B Hayajle CTAaThU. 3JeCh YK€ KacaTelbHas
Harpy3ka Ha TIOBEPXHOCTH YIPYTOro MOJYNPOCTPAHCTBA SIBJISETCS HEU3BECTHOM M JOJIKHA
ObiTh Haiiiena u3 ycioBus (1.4) KOHTakTa CTpUHTEpa C MOJXYIPOCTpaHcTBOM. JIist
YIOBJICTBOPEHHST 3TOMY YCJIOBHIO HEOOXOJUMO HUMETh MPEICTABICHUE MPOU3BOIHON
cMerieHus Mo X, koropoe, ucxons u3 (1.11), umeer Bu:

OW(X, Y) RN n :
— =2 )| =%+
X |y nkz;! n’+(@a —x)’
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& X ¢ - —dt 2
e e |d I @1

rac TJ(X) — HHTCHCHUBHOCTH HCU3BCCTHBIX KOHTAKTHBIX KacCaTCIIbHBIX HaHpﬂX(CHHﬁ,

BOSHMKAIOIINX N0/l HaKIajKamu Ha yuactkax kontakta I (] =1,2,...,n—1).

Y nosnerBopsas npu nomoinu (2.1) ycnoBusiMm koHTakTa (1.4) Ha KaXXJ0M KOHTaKTHOM
y4acTKe, B UTOre, MOJYyUYUM COOTBETCTBYIOIIEE UWCIIO JOMOJHUTENIBHBIX HHTETPaTbHBIX
ypaBHeHMA. OObEIUHSS TOCIEIHIE C YPABHEHUSAMH, YKa3aHHBIMH B MYHKTE 1, TOIXydnM
OKOHYATEJIbHYIO CHUCTEMY OIPEACISIOUMX HHTErpalIbHbIX YpaBHEHUH, pa3pellarouyo
MIOCTaBJICHHYIO KOHTAKTHYIO 3a/1a9y.

Jlnis yacTHOTO ciydas, Koraa umerorcs ase Tpemmubl (N=2), Ha Geperax KOTOPHIX

3ajaHsbl iepBble u3 yciosuii (1.2) (¢ur. 1), no BeiueykazanHoii npouenype u3 (1.12) u (2.1)
MOJIYYUM CIIEIYIOUIYI0 CHCTEMY ONPENEIISIOINX HHTEIPAIbHBIX YPaBHEHUH OTHOCHTEIBHO

HEHU3BECTHBIX CKaYKOB g[< (t),(k=1,2) u xonrakTHOro HanpsHKEHUs T [(X).

2 a-t 11 )
nf[(@ t) +y G an['[ y+t }gl(t)dt+ IKlz(t y)gz(t)dt

LE O LR pmd, yen =00 <y<I®) @2
2 G U

- a, —t Tl(t) L L L 1 ' _
nf‘:(az_t)2+y2 G t+ IKZI(t y)gl(t)dt+2 I|:t—y+t+y:|g (t)dt

2 G 2%

j{ﬁ—x 0(x— t)} g

21M+ij R;1 ('[, y) f1 (t)dt yerl, :(|;1) < y<|§2)) (2.3)
L
)

dt+iJL)_dt2:i!&fk (t)dt—

T
1, JO(x-t)a’ (t)dt - il xeT, =(g <x<h) 2.4)

! G

S

rae A, = nG/ hg) Gg) , qgl) (t) — BHEIIHAS HArpy3Ka, NPUIIOKEHHAs K BEpXHEH rpaHu
CTpHHTEpA, fk (t) — u3BecTHass (QyHKuusA, ompenensiemas u3 (1.7), a sapa Kij+ (t, y),

RT (t, y) narorcst Gopmynamu (1.14), (1.15).

Hewussecthbie GpyHKImu U3 (2.2)-(2.4) NOIKHBI yOBIETBOPSTH €LIE YCIOBHIM
[x(s)ds= J'qS s)ds+T, - T, jg s)ds=0. 2.5)
l—‘1

31ech MepBOe U3 yCIOBHUS OTPaskaeT yCJIOBl/Ie paBHOBECHSI HAKJIAJKH B II€JIOM, & BTOPOE
— HENPEPHIBHOCTH MEPEMENICHIH Ha KOHILIaX TPELINHBL. B ciryuae, korna TpenmHa BEIXOAUT

. 1
Ha Kpail TOJYIJIOCKOCTH, T.C. ||£ ) = 0, Heo6X0OMMOCTh B YJOBJETBOPEHMH BTOPOTO

yciaoBuda OoTIagacT, MOCKOJbKY OHO HE BBIIIOJIHACTCA.
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3. PaccMOTpHUM YaCTHBI ciaydall 3aga4yM, KOT/Ia IIONYIDIOCKOCTH OCTa0lieHa IBYMS
TPEIINHAMH, PACTIOIOKEHHBIMA CHMMETPHYHO OTHOCHTEJIFHO CTPHUHTEPA U BHIXOSIIIMHI Ha
TpaHUIly OoNyIuiockocTH (¢ur. 2). B TakoMm cirydae, eciiu IpuHSTH

=01 =1, (j=1,2), a,=a=-a, ¢ =—c, b=c,

T (-a+0,y) =, (¥)=P(Y). 1 (-a-0,y) =1, (¥) =Q(Y).
1. (a+0,y) =1, (y)=-Q(Y). 1. (a-0,y) =1, (y)=—P(y),
o (x)=0,(x). 6 (x) =0 (%), T.=-T, =T,

TO 3a1a4a Oyner cumMerpudna otHocutenbHo ocu OY u, criemoBarensbHo, OyeM MMETh

TOJIKO OJIHY HEM3BECTHYIO — (J ( y) =0 ( y) =-0, (y) .

Torpa, u3 cucremsl ypaBHeHui (2.2) - (2.4), aiust paccMaTpuBaeMoro ciydasi IoJIyduM
CIIEYIOLIYI0 CUCTEMY CUHTYJSPHBIX YPaBHEHUI OTHOCUTEIBHO KOHTAKTHBIX HaNpsDKEHUI

T, (X) T0/1 HAKJAJIKO} ¥ IIPOM3BOIHOM ckauka repememenus ¢’ ( y) :

I{%x+ke(x_s)}l(s)ds_j-|:nz (n 2 i 2]gr(n)dn:

o| 1 +(a+x)” nP+(a—x)

s

' a+ X a-x < T
= - R dn—-A| 0(x-s S)ds+ a
I[Lz+(a+x)2 n2+(a—x)2} (n)dn J; Ces)a (s e

(-c<x<c) (3.1)

_j.((a_ .I[[ Y 2 y 2]9’(t)dt:

t+y 42’ +(t—y) 4a’+(t+y)

:ﬂ4a+t— - 4a2+3+y)2}R‘(t)dt—gR+(y) (0<y<l) (32
=glPeml  rerges

YcnoBue paBHOBecHs cTpUHTepa (2.5) Teneps 3amnumiercs B BUE

12



C [
jr(s)ds: J.qo(x)dx—ZTO. (3.3)
—-C —-C

OO0parmasce Terneps K PeIIeHHI0 CHCTEMBI CHHTYJIIPHBIX HHTETpaJIbHBIX ypaBHeHHi (3.1),
(3.2) c ycnouewm (3.3), 3ameTuM cuenyroiee. B 3aBHCHMOCTH OT B3aHMHOT'O PaCTIONI0KEHHUS
CTPHHIepa U TPELIUH CIIeAyeT YTOYHUTD IIOCTAHOBKY 3a1a4i M KJacc QyHKIMH, B KOTOPOM

UILETCS PEIICHUE 3aa4H.
W3 ¢ur.2 BugHO, UTO 3/1€CH BO3MOXKHBI CIIEYIOIIUE CIy4an B3aUMHOTO PacIOI0KEHHs

cTpuHrepa u TpeumH: 1) C < @ — CTPUHIep M TpelmmHa He Tepecekarotes; 2) C=a—0—
CTPUHIep IOCTUTaeT Kpas OimmxHero 6epera Tpemmubr; 3) C> a+ 0, crpunrep npoxoaur
yepes TPEIUHY, IOCTHTast JIMIIb Kpasi TAJIbHEro Oepera TpenuHsl, 1100 Jajiee Ha KOHEUHYIO

BCJIMYNHY. PaCCMOTpI/IM TOJIBKO MCPBLIC Ba C1y4das.
B TIEPBOM CIIyda€ KOHTAKTHBIC HAIPSXKCHUA Ha KOHLAX JIMHUA UWHTETPUPOBAHUSA UMECIOT

KOpHEBYI0 ocobennocTs [12,13], ag’(y) HMeeT KopHeBylo ocobennocth mpu Y =| u
NpUHEMAET KoHeuHoe 3Hayenue npu Y = 0.

Bo Bropom ciydae, Kak [oKa3bIBalOT UCCIEAO0BAHMUS, (DYHKIUH ’E(X) u g’( y) UMEIOT
KOHEYHBIE 3HAYCHUS B TOUKE [IEPECEYCHUs CTpUHIepa U TPEIUHbL. [Ipr 5ToM oKa3bIBaeTcs,
4TO ‘E(C) = ‘C(—C) = Gg’ (0) ,ampu Y =1 - g’(y) UMeeT KOPHEBYIO OCOOEHHOCTb.

Pentenne cucremsl (3.1), (3.2) ¢ ycnosusamu (3.3), npenBapurenbHO cBels €€ Ha
unrepsan (—1,1), nocrpoeno meronom Mexanndeckux kagparyp [14].

UucneHHas peanu3anus 3a1add Uil OBYX PACCMOTPEHHBIX BBIINIE YACTHBIX CIIyYaes,

xorna C< a u C=a—0, Obuta npoBeeHa MPU NPENOJIOKEHHH, YTO OEpPEra TPELIMHBI 1
OOKOBbIE TPaHH HAKJIAJIKH CBOOOIHBI OT HANpPSDKEHWH, a Ha BEpXHEW IpaHHIE HaKJIQJKU

NPHUIIOJKEHA PaBHOMEPHO pacmpenenénnas marpyska, r.e. P(t)=Q(t)=0; T, =0,

q,/G=1, A=05m.

020F , e
G
0150
L2
3\ 0.0 /0!70'2
a=27 L a=4
g
-1 03 0s )
®dur.3 ®dur.4

PesynpraTel BhUMCIeHUH B ciydae C < @ mpuBeaeHsl Ha rpadukax (¢ur.3, 4), a B
ctysae C=a—0 — ma rpapuxax (¢ur.5, 6). Ha ¢ur.3 u 5 nokazaHo H3MeHEHHE
KOHTaKTHBIX HalpsDKEHWH, a Ha Gur. 4 1 6 — OTHOCUTEIBHOE CMEIIeHHE OEperoB TPEIH B
3aBHCHMOCTH OT mapamerpa OL = 2C/|, T.e. OT JIMHBI TpelMHBI IPH NPETIONOKEHAN
JUIMHBI CTpUHIepa Heu3MeHHOW. B Tabm.l mnpuBeseHbl 3HaueHHs KOI(D(PHULMEHTOB
uHTeHCHBHOCTH Hanpsukenuit K|, Ha KOHIE TpelyHbI. AHaIN3 YNCIEHHBIX PE3yIBTATOB

BO BTOPOM CIIydae IOKAa3bIBAET, YTO NPH YBEIWYCHHUH UIMHBI TPEIIWH paclpeeieHue
KOHTAKTHBIX HANPSDKCHUH MO CTPUHTEPOM CTPEMHTCS] K PABHOMEPHOMY .
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0.06 -

0.04 -

‘ ‘ ‘ g
-1.0 -0.5 0.5 1.0
@ur.5 Dur.6
Ta6miua 1. Kosppuument K,
(0} 4 2 0.67 0.2
c<a -0.0974 -0.0796 -0.0504 -0.0285
cC=a -0.1504 -0.1241 -0.102 -0.0883

3akaiouenue. [TocTpoeHO pa3pbIBHOE pEIICHHWE AHTHIUIOCKOW 3aJa4d Ui YHIpPYroro
MOJYIPOCTPAHCTBA, OCJIA0JIEHHOr0 MapajyiesbHO  PACHOJIOKEHHBIMH  TYHHEIbHBIMU
TPEUMHAMH, MEPICHANKYIISIPHBIMU K TPAHUIIEC MOJYIPOCTPAHCTBA, MPH 33JaHUH Pa3HBIX
yCIIOBHMIA Ha Oeperax TpEIIMH W Ha TpaHUIE MOJymnpocTpaHcTBa. OHO MO3BOJISIET
HETMOCPEJCTBEHHO IMOJYYHUTh OMNPEICNISIONINEe CUCTEMbl CHHIYJISIPHBIX HHTEIPATBHBIX
YpaBHEHHUIA | JUTsl COOTBETCTBYIOIIMX KOHTAKTHBIX 3a7[a4, KOT/Ia TPaHUIIA YCUIICHA YIIPYTHMHU
HaKmagkamMu. VccremoBaHO MOBEACHHWE KOHTAKTHBIX HANPSDKCHUH MO HAKIAJAKAMH U
MPOU3BOJHON CKayka TIIePEMEIICHUH OCperoB TPEIMH B OKPECTHOCTH TOYKHA WX
nepecedeHus. Ha wacTHOM mpuMepe riccieT0BaHbl N3MEHEHHS PacIipeeNIeHIs KOHTaKTHBIX
HaNPsDKCHUH TI0J] HAKIIAAKaMH U KO3 (QHUIINEHTOB HHTCHCUBHOCTH HAIPsDKEHUH HAa KOHITAX
TPEUINH MPH PA3ITUYHBIX PACIIOIOKEHISIX TPEIIUH U HAKITAO0K.
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EDGE BENDING WAVES ON AN ORTHOTROPIC ELASTIC PLATE
RESTING ON THE WINKLER-FUSS FOUNDATION

Althobaiti S., Prikazchikov D.A.

Key words: bending edge waves, Winkler-Fuss elastic foundation, orthotropic plate.
KitroueBble ¢J10Ba: H3rHOHBIC KpaeBbIe BOJHBI, YIPYroe ocHOBaHHe Bunkiepa—®ycca, OpToTponHast
IUTaCTHHA.

Putimh punkp. dndwb kqpuightt whptbp, Thulykp-dniuh wnwdquljus hhdp, oppninpny

uw]

Ujunnpwpwnh U., Mphjuqshyng .U
Onpnupny uwih éndwb kqpuyhtt whpitp dhilkp-dniup wnwdquilju hhuph Ypu

Thunwplyws E Jhuwwigbpe oppnuipny uwh dndwt kqpuyhtt wihpubp wwpwsniudp
Jhuyp-dntuh wpwdquiut hhuph Ypw wquun bqpuyhtt wuydwububkph nhwpnid:
Uwnugdws nhuybkpuhn wepbynipju hbnnwgnunudp gnyg | nwghu huljnng hwdwunipyut
gnjnipinihp, hywbu twb dwquyhtt wpwgnipjub (njuy vhthunulh wnjuynipmibn:

Aabrobantu C., [Ipukazunkon I.A.
M3ru6Hble KpaeBble BOJIHBI B CJIy4ae OPTOTPOINHOI YIIPYroii IJIAaCTUHBI HA 0CHOBaHMM Bunkiiepa—®ycca

HW3yuaeTcst 3amaua pacIpOCTpaHEHUS! M3THOHBIX KPAaeBBIX BOJH B ClIydae IOTyOECKOHEYHOH OPTOTPOIHOI
IUIACTHHBI HAa YIIPYroM OCHOBaHUH Bunkiepa-®dycca co cBOOOAHBIMU IPaHUYHBIMU YCIOBHAMU HA Kpaio. AHAIU3
MIOJTy4YEeHHOTO JHCIIEPCHOHHOTO COOTHONIEHMS IIOKa3al HaIMYMe 9YacTOTHl 3allUpaHUs, a TaKkKe JIOKAIbHOIO
MHHEMYMa (a30Boi ckopocTd. Takke MOTydeHO NIpeACTaBICHHE A HNPOGMIS M3THOHOI KpaeBOi BOJHBI B
TepMUHAX [POM3BOINBHOH IIIOCKOH TrapMOHMYECKOH (yHKIHMH, oOofOmaromee Ccioydail CTaHZapTHOTO
CHHYCOHAJIBHOTO IPOQUIIS.

The propagation of bending edge waves on an orthotropic plate supported by the Winkler-Fuss foundation
subject to free edge boundary conditions is investigated. A dispersion relation is derived, with the analysis revealing
a cut-off frequency and a local minimum of the phase velocity. The conventional sinusoidal profile of the
eigensolution is then extended to a more general form, with the deflection expressed in terms of a single plane
harmonic function.

Introduction. Edge waves in semi-infinite thin plates are known since 1960-s. The first
contribution on bending edge wave was made by Konenkov [1], followed by a number of
studies of edge waves and vibrations in plates and shells see [2-7] including the consideration
of 3D edge modes [8-10]. The history of discovery and several re-discoveries of this wave
along with an overview of the state-of-art of edge waves and resonances may be found in
[11]. This paper aims at extension of the current state of art in two directions. First of all, it
generalises the analysis in [2] for a free plate to a slightly more practical case of a plate
supported by the Winkler-Fuss elastic foundation in line with a similar analysis for isotropic
plate [12]. Secondly, the general profile of the wave is constructed in terms of an arbitrary
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plane harmonic function, being related to results of Chadwick [13] and a recent chapter [14].
Finally, several illustrative examples are considered including a conventional sinusoidal
profile together with the general form of the eigensolution arising for arbitrary initial data.
An example of initial conditions corresponding to a point load demonstrates more localized
distribution along the longitudinal variable occurring with increase of the transverse variable
moving away from the edge.

1. Statement of the problem. Consider an orthotropic elastic plate of thickness 24
supported by a Winkler-Fuss foundation, see Figure 1. For a detailed description of the
Winkler-Fuss model and historical review of this and other types of foundations reader is
referred to [15]. The plate occupies the region (—oo <x<o, 0£y<o 0<z< 2h), with the

foundation domain given by (—oo <x<ow, 0Ly<oo, 2h<z< oo).

/!!
%

7,
7

I

N O

(L

W
Fig.1. Elastic plate on the Winkler-Fuss foundation.

The deflection of the plate I is described by the plate bending equation
4 4 4 2
DY—aVE/+(2D1+4Dx,) 62W2+D,6Vf+2phaV2V+BW:o, (1.1)

* ox Y ox*oy "oy ot
where 3 is the Winkler coefficient, p is mass density and the bending stiffness moduli

D,.D,,D and D, are expressed in terms of the technical constants as
2G, I
3

3 3
Dx:%’ Dy:%> D =v,D, ny:
3(1_\’12\’21) 3(1_V12V21)

with v, E, = v, E,, for more details see [16].

(1.2)

>

The free edge boundary conditions at y =( are imposed, precluding moment and shear

force, namely

2 2
67?”%87?:0’ (D+4D, )5 +D,— ==
Ox o Ox“0y oy

It is noted that the bending stiffness moduli should satisfy the conditions ensuring
positive density of the strain energy density
D, >0, D,+D >0, D +D, <D}, (1.4)
see [2].

2. Dispersion relation. Let us derive the dispersion relation. The deflection is

conventionally sought in the form of a harmonic travelling wave of exponential profile
W(x,y,0) = Aexp[i(kx—ot)-khy], 2.1

where k is wavenumber, o is frequency and the condition ReA >0 ensures decay away

from the edge. Substituting (2.1) into (1.1), one results in the following bi-quadratic equation
. 2D +4D D k* +B—2ph’

A — +—= =

3 3
ow W (1.3)

D, 0.

0’

y y

2.2)
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which may be shown to have two roots satisfying the decay condition ReX >0 . Therefore,
the deflection is expressed in the form

2
W(x,y.t)= Y A exp| i(kx—ot) =k, y ], (23)
Jj=1
with
2D, +4D,, D k* +B—2pho’

W= e a2 (Ren, >0)- 24

B

: D k*

Substituting (2.3) into the boundary conditions (1.3), one obtains a homogeneous linear
system in A; and A, which possesses non-trivial solutions provided the appropriate
determinant vanishes giving

%y (13D, —(D,+4D,,))(AD, = D)=, (1D, (D, +4D,,)) (43D, - ;) =0. (2.5)
Factorising the last equation and using the definitions (2.4), it is possible to obtain
DAL +4D,D M, — D =0, (2.6)

which implies
2
D + P 2pher? ( [D? +4D? —ZDX},) o
4 = 2 . .
Dk D;

Some small algebraic manipulations lead to the dispersion relation of the form

2phw’ —B =D k*c", 2.8)
generalising the result of [12] to the case of orthotropic elastic plate. Here the constant
(/DI +4D} -2 )2 5
+4D,, —
Y I S 2.9)

DD,

appearing first in the paper of Norris [2] generalises the well-known Konenkov constant [1]
for isotropic plate

cK:((l—v)(3v—l+2 2v2—2v+1))%. (2.10)

Similarly to [12], the presence of elastic foundation causes a cut-off frequency

o, = /i 2.11)
2ph

It should be noted that the value of the cut-off frequency is identical to that of the isotropic
case due to the fact that the anisotropy is only affecting the coefficient within wave number.
Moreover, formal similarity between the dispersion relations implies the critical speed of the
associated moving load problem on a supported beam, corresponding to the local minimum
of the phase velocity, for which

k=i L :ﬂ, 2.12)
D, YBD,

where V' ”" denotes the phase velocity, for more details see [KP14]. In view of the boundary
conditions (1.3) the deflection profile may be written as
D —\D
W =expl i(kx—ot)—khy |-————Lexp| i(ke—ot) =k, |. (2.13)
p[ ( ) 1y:| Dl—kﬁDy p[ ( ) Zy]
3. Free wave of arbitrary profile. Let us now extend the exponential profile (2.13) to
a more general form following [13] and [14]. On introducing the dimensionless coordinates
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e=X =2, o=r )P G.1)
h h 2ph

the boundary value problem (1.1), (1.3) takes the form
4 2D, +4D 4 4 2
6 W 1 Xy a W Dx [6 W a W+BIWJ=0’ (3.2)

+ + +
an4 Dy 8&2%2 Dy 6@4 aTZ

4
whnere _F" subject to the tollowin oundary conditions at the edge =
here g =P subj he following boundary conditi he edge =0

D\’
2 2 3 3
Dlaz/+ AGVZ:O, (D1+4D,) 82W + vaVE/:O. (3.3)
og ' om vlogon o
Similarly to [14], we adopt an assumption of a beam-like behaviour,
4 2
y“a I/AI‘/+6—I/ZV+BIW=O, (3.4)
o ot

corresponding physically to parametric dependence on transverse coordinate 1 and

mirroring the string-like analogy for Rayleigh waves, see [13] and also [17]. As will be shown
later, the assumption (3.4) is additionally justified by the fact that the associated dispersion
relation of this “effective” beam on the Winkler foundation coincides with the dispersion

relation (2.8) of the bending edge wave. Here vy is a constant which will be determined later.
In view of assumption (3.4) the plate equation (3.2) transforms to a pseudo-static form
4 2D, +4D_ &* 4

0V£’+ | 4D, 82W2+Dx(1_ 4)6 V4V:0’ 3.5)
on D, ogon” D, 0,
which may be shown to be of elliptic type. The fourth order operator in the left hand side of
(3.5) may be factorised as

AN =0, (3.6)
where A, = afl + }\iaé, and the constants ), and ), are determined from

2D, +4D,, D
xfw;:#, xfxgsz(l_y“), (Re, >0)- (3.7)

y y
The deflection is then expressed as a sum of two arbitrary plane harmonic functions (in the
first two arguments)

W= iWJ (&.2m.7). (3.8)

satisfying the decay conditions at n— oo, generalising the exponential profile (2.3)

considered in the previous section and allowing other types of decay. Substituting (3.7) into
the boundary conditions (3.3) and employing the Cauchy-Riemann identities for the plane
harmonic functions W,

B 1V (3.9)
on o8 a A o
with the asterisk denoting the harmonic conjugate function, we deduce
2 o'w. 2 ow.
> (D -%D,) aazj =0,  >&,/(D+4D,-%D,) ag; =0, (3.10)
J=1 Jj=1

leading to equation (2.5), and therefore, to
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2
(‘/Df +4D7, —2ny) o

D? ’

¥

a3 =

and, finally, to y =c. Thus, the physical meaning of the parameter y introduced in the
assumption (3.4) is the coefficient in the dispersion relation (2.8). It is now clear that the
dispersion relation corresponding to (3.4), coincides with (2.8). Using the properties of
harmonic functions, it is now possible to relate the functions 1, and , from the boundary
conditions (3.10).

Thus, the deflection profile (3.8) may be expressed in terms of an arbitrary single
harmonic function as

D,—\D
W =W, (&AM, 1) ————=W, (&40, 7). (3.12)
(&Am.7) D7D, (&)
4. Illustrative examples. Let us now present several numerical examples, assuming
w (é,kln,r) = cos&exp(—kln —iwt), (4.1)

where the frequency w is determined from the assumption (3.4). The dependence on time is

omitted here, with the curves on Fig. 2 showing the variation of the quantity
2

D —\'D
W, (&xm)=cos&exp(—Am) —ﬁcos&exp(—kzn), (4.2)
1 2%y

on the longitudinal coordinate & for several values of the transverse coordinate 1.

Wo

Fig. 2. Sinusoidal profile.

The calculations are performed for the following values of material parameters
E, =542GPa, E, =18.1GPa, G, =8.96GPa, v, =0.25, h=0.1m, corresponding to a thin
epoxy/glass plate, see [2]. Typically for edge bending waves, one of the attenuation
parameters )7, is close to zero, therefore the exponential decay away from the edge is

rather slow, which is clearly confirmed by Fig. 2.
In addition to this expected behaviour the obtained representation (3.12) may allow
other types of eigensolutions. Let us consider the wave profile originated by arbitrary initial
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conditions. According to (3.12) the deflection may be expressed in terms of the function
W, (Z;, Am, r) harmonic in the first two arguments, satisfying

2 2
6V12/1+7L126V12/1:0’ (4.3)
on ga
and
4 2w
il 82 +B I, =0, (4.4)
ot on
subject to the following initial conditions
ow,
o =4(82m).  —Hoo=B(EAm). (4.5)

It is clear from (4.3) that 4(&,A,n)and B(&,An) are harmonic functions. Applying the

integral Fourier transform with respect to longitudinal variable & with parameter &, we deduce
W =w (kt)e ™™, (4.6)
where 7" denotes the Fourier transform

= T W, (& Am,t)e "“dE.

Using (4.4), we have the following initial value problem for w, (k, ‘c)

2
%qw +B)w =0, @.7)
subject to
Wl =a(k), % o =b(k). 4.8)

Therefore the solution is given by

W (&m,1 =—j{ sin(81) +a(k)cos(81:)}ek‘“k”kédk, (4.9)

where § =, /y K+ B, - Let us specify

Am
A(é,xm):m, B(&,%m) =0, (4.10)
corresponding to point load at the edge
oW,
Wl =8(8)s 2o =0 @.11)

The function W, is therefore given by

©

W, (&Am,1) =ljcos(81) cos(k&)e ™ dk, (4.12)
n

0
with the deflection following from (3.12). In case of absence of the foundation ([3 = O) the

last formula (4. 12) may be simplified
W, (&,m,7) ZReJexp[ly o —(dn+ (1) iE) k |k, (4.13)

which may be evaluate exactly through a standard integral

©

exp(—px® —gx)dv=— | T exp| L |erfe Rep=0,Imp=#0,Req>0). (4.14)
.!; ( ) 2 p p 2\/_ ( )
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see [20]. Using the last result (4.14), it is possible to obtain for the scaled deflection
W, = 4ym (,m,7) as

D, -\D,
D, -)\3D,

m=1

2
W, (en.t)= Re{e””“Z(f(?nCJr(—l)’”ix)— f(7»26+(—1)'”ix)ﬂ, (4.15)
where f(z) = ezzerfc(z) ,with £ =2yt and n =2y
The dependence of the scaled deflection 7, given by formula (4.15) for several values of ¢

is shown on the next Fig. 3, clearly showing a different type of behaviour compared to Fig.
2. The calculations are performed for epoxy glass, with the values of material parameters are
the same as for Figure 2. Indeed, the curves show a more localized type of distribution of the
deflection along the longitudinal coordinate. Curiously, the localisation effect increases as

we move away from the edge, see for example the curve for £ =50. Indeed, as seen from
Fig.3, for most of the curves the deflection amplitude decays away from the centre, except
for one at the edge £ =0. This may be readily explaneed by the result for the integral (4.13)

at n= 0,
] ’ L% [ 2 B 4.16
_[cos(ock )cos(ﬁk)dk=_ Tgin| Z4 2|, (4.16)
0 2Va 4 4a
see [20]. Using the last result, we deduce for the scaled deflection at the edge £ =0
2D, (A=A
WS(X,O,‘C)Zy(—Izz)Sin(£+X2j. 4.17)
D,-\2D, 4
4
Wi

3

2

1

0 .

-1

-2

Fig.3. Non-sinusoidal profile.

5. Concluding remarks. Thus, we have considered bending edge waves on a thin
orthotropic plate supported by the Winkler-Fuss elastic foundation. The dispersion relation
has been analysed revealing similar features with that of isotropic Kirchhoff plate considered
in [12]. Clearly, by setting =0 one obtains results for unsupported free plate. Extension
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of the analysis to different foundation models in line with [18] is possible along with
consideration of variable elastic characteristics similarly to [19].

The consideration was then focused on generalisation of the harmonic exponential
profile resulting in a general representation of the eigensolution in terms of a single plane
harmonic function originating from [13]. The presented examples illustrate theoretical
possibilities of not only sinusoidal but also localized profiles.

As one more direction of further development, we note a slow-time perturbation
procedure which could be applied to the obtained eigensolution. The results should provide
a parabolic-elliptic model for the bending edge wave, extracting its contribution to the overall
dynamics response, generalising the results of [14] and [20]. Other plate theories may also
be considered, see [21], along with the case of non-classical boundary conditions [3].
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DYNAMIC BIMORPH THERMO-PIEZOELECTRIC BENDERS WITH
ARBITRARY SUPPORT LOCATION.

PART I: APPLICATION TO ENERGY HARVESTING-ANALYTICAL
DERIVATIONS

Bagdasaryan Gevorg Y., Hasanyan Armanj D. , Hasanyan Davresh J.
Dedicated to the memory of late Professor Vardges Gnuni

Keywords: Thermo-electro-elastic effects, energy harvesting, resonant frequency, piezoceramic,
pyroelectric effect

KnroueBble ciioBa: TepMOIIEKTPOYNpYyruil 3G(GeKT, HAKOMUTENb SHEPTUH, PE30HAHCHAS YacToTa,
MbE30KEePAMHKa, THPOIICKTPUIECKUi 3P PerT

Pubtuh punbkp. QEpdwhbjnpuwnrwdquljuinipnil, nhqnuwbuwghtt hwdwhinipndd,

whtqnikpudhlw, whiqnikyuphy

Barpacapsu I'.E., Acansin A1, Acausin JI.J1.
JlunamMuyeckasi AByXCJI0i{HAsI TEPMOYNPYrasi IVIACTHHA ¢ POU3BOJIbHO PACNOI0KEHHBIMU
onopamm.
Yacrs 1. [IpumMeHeHHe K HAKOIJICHUIO JHEPT UM - AaHAJIMTHYECKUI BBIBO/I.

ITpuBenéH noapoOHEI TEOPETHISCKUH aHATIN3 JUHAMHIECKOTO TEPMO-IIE30IEKTPUUECKOTO ABYXCIOHHOTO
HAKOIIUTEJIs SHEPTHU. YUTEHBI IIMPO3NICKTPUUECKHE U TeMnepaTypHbie 3¢ dexrs paciupenus. [loaydyeHo obiee
AQHAINTHYECKOE BBIPAXKEHUE Il KOod(pQUIUEHTa >HEPreTHYeCKHX IpeoOpa3oBaHUil B Clydae JBYXCIOHHOI
IUTACTUHKH, KOTJ]d YYUTBIBAIOTCS MEXAHUUYECKUE, JIEKTPUUECKHUE U TEMIIEPATYPHBIE MOJIS.

B uacTHOM cilydae MNOJNYY4EHO AHAIMTHYECKOE BBIPAKCHHE I KOI(Q(QUIMEHTa HAKONUTEIs SHEPTHu,
00yCIIOBIEHHOTO IIUPOIIEKTPHIECKHM U TEIUIOBBIM PACIIHPEHHUEM.

B KkadecTBe YaCTHBIX IPUMEPOB IIPUBOJITCS PE3yIbTATH IJIsl KOHCOIBHON M IIAPHUPHO ONEPTON OaoK.

Punpuuupyui ¢.5., Zuuwywh U.Y, Zuuwiyut G.Q
Yunfugulwunpit nknuuyjws hkwpubiibpng kplokpn gipdwwrwdqujut phttuwdhljuljwub uuy:
Uwu I: Eubkpghuygh munwljnmd — nkuwlwb hknwgninmpinia

Gunwpyws E nhtiundhly gbpdwuyhbgnbbljinpuljub tpljokpn Eukpghuwgh hnunwlhsh dwbpuljpljhn
nbkuwut hbnwgnunipni: Zwoydh bu wntjws whpnk Ejunpulu b okpduyght EpEnttpp: Unwug]wus
L tubpghuyh Yninwlhsh gnpdwlgh whwjhnhy wpunwhwjnnipniup bplptpn vwh ghypnud, Epp
hwoyh Lt wnlynud dEpwthjuliwb, LEjupujut b ghpduwyhtt qupwnbpp: Uwubwydnp nhypnid
unwugyuws b tutpghugh Ynunwyhsh gnpswljgh whwihnhl wpinwhwjinmpmniiop’ wuwjdwbwynpjus
whpnk Ejunpului b oipduyht punupdwldwdp: Nputu dwutwdnp ophtiwy pipdws o wpyniupubpp
Ynuunjuyhtt b hnpuljuynpbt wdpulgdus hkswubkph hudwp:

Abstract

A comprehensive theoretical analysis of a dynamic thermo-ferro-electric pre-stressed bimorph energy harvester is
performed. The analysis also takes into account pyroelectric and thermal expansion effects. The most general
analytical expression for the energy conversation coefficients are presented for bi-layer. These coefficients we derive
for more general situation when mechanical, electrical, thermal fields are present. We derive coefficients
(transformation coefficients) for sensing, actuating, and energy harvesting. As a particular case, we derive an
analytical expression for the energy harvesting coefficient due to pyroelectric and thermal expansion effects in a
rater general situation. This is a function of material properties, location of boundary conditions, vibration frequency,
and in plane compressive/tensile follower force. Numerical simulations of the analytical results are presented.
Effects of volume fraction, material properties, applied mechanical loads, and boundary conditions on the harvesting
coefficients are introduced in the figures. The results for a cantilever and a simply-supported plate-layer are obtained
as particular cases. The result for a low frequency (static) system is obtained as a particular case by approaching the
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vibration frequency to zero. It is shown that volume fraction, material properties, plain compressive/tensile follower
force, the location of the boundary conditions, and the vibrational frequency of the bimorph strongly influence the

strain distribution, and this in effect influences the charge coefficient and the generation of energy. The proposed
model can be extended to thermal energy harvesters of piezoelectric-shape memory alloy (SMA) composites.

1. Introduction

Piezoelectric materials have found widespread applications in the last decade in sensors,
actuators, loud speakers, etc. because of their ability to convert electrical energy to
mechanical, thermal, and magnetic energy, and vice versa. This has led to an accumulation
of research to develop piezoelectric based energy harvesting devices as power generators in
a variety of portable and low power consuming devices. The process of extracting energy
from the surrounding environment is termed as energy harvesting. Energy harvesting, which
originated from the windmill and water wheel, is widely being considered as a low
maintenance solution for a wide variety of applications.

Note that energy harvesting techniques are numerous [3, 5-11, 14-16, 18- 20, 22-26].
Photovoltaic-solar energy is directly converted into electrical energy using polarized solar
cells (semiconductor devices); mechanical (vibrations), electrostatic method -a relative
movement between electrically isolated charged capacitor planes is utilized. The work
against the electrostatic force between the plates provides the harvested energy,
electromagnetic method — an electromagnetic induction arising from the relative motion
(rotation or linear) between a magnetic flux and a conductor is used, piezoelectric method-
active materials are employed to generate the energy when mechanically stressed [3, 5-11,
14-16, 18- 20, 22-26].

Other attractive area for harvesting energy is from thermal sources. Thermal energy
(temperature gradient) is converted into electrical energy using e.g. Seebeck’s effect [10, 24].
Thermal-energy (temperature variation) is converted via the pyroelectric effect [9, 18, 23,26].
Mention that using a thermoelectric module a limited temperature gradient due to the limited
heat exchange (Seebeck’s effect), a maximum efficiency of ~3-4% can be expected.
However, on the contrary, a pyroelectric device may reach efficiency up to 50% of efficiency
[3,24].

Vibration energy can be converted into electrical energy through piezoelectric,
electromagnetic and capacitive transducers. Among them, piezoelectric vibration-to
electricity converters have received much attention, as they have high electromechanical
coupling and no external voltage source requirement, and they are particularly attractive for
use in MEMS [1, 2, 4, 13,17,21].

Authors in [20] discussed a recent commercial wristwatch that uses thermoelectric modules
to generate enough power to run the clock’s mechanical components. The thermoelectric
modules in the clock work by the thermal gradient produced through body heat. Pyroelectric
effect is another possibly for converting heat into electricity. Authors in [9, 16, 23, 26]
proposed a pyroelectric energy harvesting using materials such as PZT-5A, PMN-PT, PVDF,
and thin-films. It was concluded that with a higher pyroelectric coefficient, more power is
generated. Authors [18] proposed a thermal energy harvester with a piezo-shape memory
alloy (SMA) composite. The combined electro elastic coupling of the piezoelectric with the
thermal response of the SMA was studied.

More details about energy harvesting methods, challenges, and thermal sources, the reader is
referred to 3, 10, 18, 22, 26].

A piezoelectric energy harvester in an infinite degree of freedom system is often modeled as
a mass+ spring + damper + piezo structure (as a lumped model) together with an energy
storage system. This approach is simple but cannot capture all phenomena’s specific to
distributed system. We model an energy harvester as a distributed system and in particular
we show that effect of boundary conditions on energy harvesting coefficient can have a
significant influence.
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The work presented in the paper deals with the modeling of harvesting from mechanical,
electrical (piezoelectric), and thermal (pyroelectric) bi-morph type structures. Also, the
influence of boundary condition, in plain conservative follower force, vibration frequency,
and material properties on a bimorph energy harvester is analyzed while under a thermal-
electrical field. The pyroelectric and thermal expansion coefficients are also considered.
The proposed model for the bimorph can be extended for more general cases, for example:
to the composites made of magneto-thermo-electro-elastic shape memory alloy’s (SMA).

2. Model and Constitutive Equations
A thermally active thermo-piezoelectric bilayer structure of length 2L and thickness

H =h, +h,, where h,is the thickness of the piezoelectric layer and h, is the thickness
of the elastic layer is considered. The system of coordinates is chosen in such a way that X

axis is directed along the neutral line, the X, axis is directed across the width, and the X
axis is orthogonal to both of them. For simplicity, the structure is assumed to be a two

dimensional X plate-layer, where the field functions depend only on the space coordinates

X and X; . We also consider a piezoelectric layer that is poled in the X; direction (Fig. 1a,
b).

Furthermore, we assume that

e The material of each layer is linearly elastic,

e  The strains and displacements are small,

e The length of the composite is much larger than its total thickness (L >> H),

e The thermal field distribution is constant across each layer,
e Bernoulli’s (Kirchhoff’s) hypothesis is valid for both layers. The displacement in

X and X, directions are given as

u1(><1,><3)=U(><1)—x3%
Uy (%, %) = w(x)

()
X3
(a)
Py P,
0 a X
Nx (c)
3 (b
""""""" 4 i"‘ x3
------ Az |z, Thermo-elastic
| | -
X )
Zy 1 EO X2
‘l/ Thermo-piezoelectric

Fig. 1. (a) Thermo-piezoelectric and thermos-elastic bi-layer under thermal field ¥ and a conservative
compressive follower force F:(‘) ; (b) Locations of neutral line from the interfaces; (c) The bi-layer’s

cross section.



Based on the above assumptions, the equations of motion and Maxwell’s electro-magneto
static equations for the thermo-elastic and thermo-electro-elastic layers are written as
([1,2,4,13,17,21)

azu(.k)
T =o' at—; ?)
Di(,r) =0 and QJmEj(kr; = 05 ( k= L 2) ) (3a,b)

Where F, =6—F, Tij
) 6&

Ei is the electric field, and €jm I8 the permutation index. The superscript “k” is used to

is the stress tensor, P is the density, Di is the electric displacement,

denote the layer, with k=1 indicating the thermo-piezoelectric layer and k=2 indicating the
thermo-elastic layer.

The constitutive equations are written in a form of
s = SEI)T-(D + d?.” Egl) +a’9
DY =d()T()+8 +p"9

i ij

“

for thermos-pieso-electric layer, where we introduce one index notation for tensors. For
example:

two index stress T and one index stress T relatedas T, =T, T, =T,, T, =T, andctr

(for details see [9, 12, 13, 17]).

For demonstration purposes only constative equations (4) fori =1 can be written as
S( +§(2 +513 +dles +OL()9
1 _ (1
D’ =d/T +d12 +d13 +813ES +p1
For the thermo-elastic layer

S? sh”T(z) +a?9 (i =1,6) (5)

In these equations, S is the strain vector, T| is the stress vector, 3 is the thermal field

across the two layers, S; is the compliance matrices of the piezoelectric and pure elastic

media, dij is the piezoelectric coefficient, g is the dielectric permittivity, O, 1is the

i
thermal expansion coefficient, and [3 is the pyroelectric coefficient.
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Within the scope of Bernoulli’s (Kirchhoff’s) hypothesis of plate-layer theory, only the strain
S is induced in the plate-layer. This strain is given by

ou, (X, % ) _ ou(x) x o’w

= = &e— XK 6
S ox o Y X, ©)
ou O°'W(X,,t
where € = (X1) is a strain along the neutral axis and K = #’) is the bending
OX, OX;

of the neutral axis. Eqn. (6) denotes the linear behavior of the strain S over the entire cross

section of the plate-layer and X; defines the vertical distance from the neutral axis.

Next, the boundary conditions for the electrical quantities are provided. If there are no
electrodes on the surface of the plate-layer and if the layer on these surfaces is in contact with
a non-conductive medium (i.e., insulating glue or a vacuum or air), the component of the

.. . 1 . .
electric induction vector Dl( ) normal to these surfaces is equal to zero, i.e.

D" =0 (7
For the electrical field, the following boundary conditions should be satisfie

X =7

— D§k+l) , E(k)

1
X=%

_ El(k”)

®)

X =7

where (K=0,1,2) and X; =Z_ is used to denote the location of the interface surfaces as
shown in Fig 1. Later, we will assume that the surrounding air is a vacuum. If the electrodes are

in a closed circuit condition with a known complex conductivity Y =Y, +1Y], then [9, 17]

= [ d'jf” dr = 2vY ©)

I is the surface over the electrodes, V is an applied voltage, and | is the magnitude of
the current. If the electrodes are in an open circuit condition, then

| = H dgfl) dr=0 (10)

For the mechanical load on the surface of the plate-layer,

(2)
TS

+ 1 -
= b T( ) = b
%=, a, 5 lx=z a, a1
T® — q+ TO
3 3> 13

X3=2,

X3=2 - q3

Where g and ¢ are the forces applied at X; =Z, and X; =Z,. The boundary

conditions on the composite edges are provided in the discussion of the vibration of a bilayer

29



composite. In order to construct a theory of plate-layers, some additional assumptions
regarding the electrical quantities must be made. As in the theory of piezoelectric shells and
plates, the assumed hypotheses depend on the electrical conditions on the surfaces of the

composite layers. For the piezoelectric layers, the electric field component Eil) (X1 R X3,t)

will be assumed not to be a function of the coordinates X and X;, i.e.

1 12
B (% %,,1) = By (D) (12
Note that more realistic general theory for transversely polarized piezoelectric plates is
developed in [2]. Assumption (12) can be interpreted as a particular case from [2].

3. Tangential Force and Bending Moment.
Using the above constitutive relations (4)-(5) and representation (6), we express the induced
stresses in the layers of various phases as

1
Tl(l) = 31(1) ( = XK - dﬁ) (151)3) (13)

for the thermo-piezoelectric layer and

1
T® 2?(8— X3K—oc§2)8) (14)
1

for the thermo-elastic layer. By integrating the stress over the thickness, we obtain the
resultant tangential force T, as

2 %
T1ZZle(k)(&,Xs,t)dXs=A8—BK—%1E0—%9 (15)
k=lz,

where Z,,Z and z, are locations of layers surfaces from the mid-plane (in our case it could

be neutral plane) with z —z, =h, ,Z, -7 = h,;

2

(1)
5 Z-% 27 , dih . alh, ah, o
b} 1 )
28] e SH SHEE
The bending moment M| s calculated according to
2 %
=ZIX3T1 X,t)dx, = Bz~ Dx—CE, ~C,9 (17
k=lz,
where
3 (D2 (HR2
D= hp + hr3n C __d31hp C _Otf)hi_al hp 18
38D 367 TH Hd) T T 52 HdD) (182-0)
1 1 Si S 3

In the context of the above simplification, the second equation in (4) is used to result in
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0

D, = [ D{dx, =C,E,~C,x—R,9 (19)
-h

Where
U] 42
€ d
C, :8(313)(1_ Klz)hP’ Ci=- ;3 hlz)rl’ Kl2 = 8(13)l a°’
) My o (20a-¢)
d;, (al d;, (1)]
L= . R=| =0 |he.
8(313) (i) sﬁ)

We then combine Eqns (15), (17), (19), and write

Ae—Br-AE -A3=T,
Be-Dx-CE,-C,8=M,, (21a-c)
C,E -Cx-PR3=D,.

The unknown function W(X1 ,{) should be determined using Eqn. (2), Maxwell’s Eqns. (3),

and the boundary conditions on the composite edges X ==* L.

Note: From Eq (21) we can see that if the coefficient B # 0, then the bending term k
produces a tension T1 and vise version. These two modes can be decoupled only if B = 0.

However, it should be noted that the coefficient B is always zero for symmetric laminated
composites. Also, in a general case, this coefficient depends on the choice of the coordinate

system, and by choosing the position of the system of coordinates correctly, K, Tl , € and

M, can be decoupled by B = 0. From which we can determine for example Z, location
of system of coordinates from the bottom surface of plate-layer. For pure elastic case such
choose give us location of neutral line. In our case (bi layer plate-strip), the Z, location of

the system of coordinates from the bottom surface of bi-layer is

/sl +hy/eY +2hh, /57
2(h, /s +h,/s?)

In addition to B =0 if we consider also low frequency vibration then longitudinal and
transversal motions of plate-layer can be fully decoupled.

4. Equations of Motion of Bilayer Thermo-Electro-Elastic Composite
In plate-layer theory, the equations of motion are obtained by integrating the three-
dimensional equations of motion (2)-(3) over the plate-layer thickness. We write the
equations of motion in the following form;
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oT, o’u . o'w

Thpx —pdl_
ox TP P

oQ o*w

ox —+X,=p e (22a-c)

M, du =z dw
x ot Pexet

Where p=tbp +1pr, 5= 00(z - 2)+ B2 - 2),
6:%(213 — zé)+%(z§ -2, X, =0 —q;q and q areapplied shear stresses

to the top and bottom of the composite, respectively, X, =0, —C; 0, and Q; are the

applied normal stresses to the top and the bottom of the composite, respectively.
The total charge Q on each electrode connected to the generator circuit is obtained by

integrating the induction D3 from (9) and (19) over the entire surface of the electrodes T .

Then, the conduction current is calculated as

|__U Dmdr VY =— ‘2? a[FCEO I'P,9— c_[_[ dl“j (23)

5. Problem Formulation for a Plate-layer with Arbitrary Support Locations

We assume that the plate-layer occupies the interval —L < X < L and is fixed at arbitrary
points X, ==%C . This plate-layer is subjected to a tangential follower force Ff) at the free

ends X = L (see Fig 1). It should be noted that a cantilever plate-layer is obtained for

C =0 and a simply-supported plate-layer is obtained for C= L.
As we mention above (see paragraph 4, Note) by choosing a position of a system of
coordinates so that the coefficient B =0 and considering low frequency type of motions,

then the bending equation can be decoupled from longitudinal motion and from (22) we can
get ([1,2,4,13,17,21])

o'W oW o'W
D—-R—F=p—

OX, OX; ot
where F(') is a follower tangential force. Next we are interested in a bilayer’s pure bending
harmonic motion i.e. (\N(Xl,t) B (t) ,S(t)) = (W(Xl), E, O)émt , where @ is the
circular frequency of motion. The displacements are denoted as

W (x)=w(x)ifc<x <L

(24)

W (%)=w(x)if -L<x <—C (25a-c)
w (%) =w(x) if -c<x <¢
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We solve Eqn. (24) with the boundary conditions at X, = +L and continuity conditions at

X =*C . The boundary conditions at X =%*L are written as
d’w Y
M1=—Dd—)¢—CIE—Cse=0 anszd—Xlle. (26)
The continuity conditions yield
W (c)=w,(c)=0, w,(—c)=w,(-c)=0, dvé)ic) _ dV(\;zx(lC)
dwy (-¢) _dw () d'w(c) d'w(c) d'w(c) dw(c)
& d Cod¢ o o

For simplicity, we will consider the symmetric problem. In this case, W, ()(1) =W (—X1 ) ,

W, ()(1) =W, (—Xl), and the conditions at X, =—C and X = —L (Eqns 27b, d, and f)

are replaced by the symmetry conditions

dW2 (0) — 0 d\NZ (0)
dx, Codx

Note that boundary value problem (24)-(28), without thermos-electric properties was
discussed in [12] by prof V.Ts. Gnuni (2006).
Next, the following non-dimensional parameters are introduced; X = X /L, a=c/L,
21 21 4D
L _3RLS) L 3o’ls)p,
30 - 2 >
2K he

=0. (28)

1/2

As Y Q*s(1+ho) " AS
p= o 3 - 3 and
s+h s+h s+h

1/2

As Y Q*s(1+ho) v AS
q= ( j + + , where =57 /5",

s+h’ s+h’ s+h’

h=h,/h,, andc=p_ /p,.

The solution of (24) is given by

W (X) = 4k COSh( px) +a 4k Sinh( px) +
& 41 COS ( C]X) +8,, 4 SIN ( qx)

Where &4 1)> @.ak_1)> Brackery A4 &40 (k=1,2) are unknown coefficients to

(29

be determined from the boundary conditions (25)-(28).
Using the boundary conditions (25)-(28) for unknown coefficients @4, &, 4> ,ax

and @, 4, (k =0,1) the following system of linear algebraic equations are obtained

- L2 - 2 -
A-XT :BCIEXOT1 +BCSGXJI, (30)
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v; vai
Where X' and X,, are transposes of

=(a.8,8,8,,&,8,a,3 ) and X, =(0,0,0,0,0,0,-1,0). (31)
We also let A=

0 0 0 0 0 p 0 ¢
0 0 00 0 p’ 0 -¢
cosh pa  sinh pa cosQa singo 0 0 0 0 (32)
0 0 0 0 cosh pa  sinh pa cosQa singo

psinh po pcosh pa —Qsinge  Qgcosge  —psinh pa  —pcosh pa  Qsinga —Qcosqa
p’cosh pa  p’sinh pa —Q*cosqa —Q’singqa —p’cosh pa —p’sinh pa g’ cosqa  Q’singa
p’cosh p p’sinh p —g’cosq —Q’sinq 00 00
p’sinh p  p’cosh p ¢’sing  —g’cosq 00 00

Assuming A:det(A)th from (30), we find all unknown coefficients

X =(a,a,,a,,a,,a,8,3,,3 ), ic

I R

X7 =C-X[EX0T1], (33)
where the matrix C has elements C = (C.;) equalto

3 . R 2 2

C:(C -): Aldet( A)= A"'A and E:LC E+L—C 0 . The solution (29) is
1,] D 1 D 9

then re-written in the following form

W, (X) __XEand (34)

W, (X) = _\ZTZ E (35)

The detailed expressions for the coefficients in (34)-(35) are presented in Appendix A.
Having the solution for (29) or (34)-(35), we determine the conversion and energy harvesting
coefficients for piezoelectric-thermoelastic bimorphs. Under thermodynamic equilibrium,
the internal energy density of an infinitesimally small volume element in the piezoelectric
material is given by

” (%%1) =%S“’T1“’ +%E§”D§" (36)
Substitution of (6) into (36), and using (4), we obtain
o 4.C P
UP K3+—=2=E -—E39, 37
2
Where K =———-, and C2 and F)9 are defined in Eq (20a,e). The energy for the thermo-

elastic layer is given by

. 1
(%, %,t)= S(z’ — (k) + O; X, 9 (38)
1

2
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Once we determine the internal energy density of each layer, the total energy of the bilayer
bender is obtained by volume integration. Assuming that the width of the structure is unity,
we write

Lhy L 0
U(t)= [ JuPdxdx + [ [UMdxdx. (39)
-LO ~L-hy
Using the symmetry conditions W, (X1) =W (—X1 ), W, (Xl) =W, (_X1) , and non-
dimensional parameters X=X, /L, @ =c/L, Eqn. (39) results in

CSL

(40)

U(t)=C,LE’ -PLE,9+ —jkz

or using (34)-(35), we write
Ut)=v,E +v,9" +7,E,9, (41)
where V;, (1 =1,2,3) are presented in Appendix B. By treating the electrical and the

coupled terms as U () = QV,, where Q(t) is the charge and V(1) is the voltage, we
derive the generated charge by substitution into Eq (41). An expression for the electrical field
in terms of voltage E(t) =V, (t)/h, is obtained. This is differentiated with respect to
V,, where hp is the distance between the top and the bottom surfaces of the electrodes in

the piezoelectric layer as shown in Fig 1. The result is

au(t) 2

Q) = () _ Ny ) +29(t) =GV, (1) +Q,9(h), 42)

N, I h,

where
2y C’L

C =2h_ CL 1ﬁ ’

"R h2( YL
:y_3: P L 2CC L CC L A3ab
=y h hDA2R1 hDARz (43a,b)

p P
The values of R and R2 are presented in appendix B. Using Eq (43), we determine the

amplitude of the generated charge as:

a) from the applied voltage
jot \4 2 C12 L
V(1) =Vve”, Qg =CV :F(CZLJF DA? R)V, and (44a)
p
b) from the thermal gradient 9 = 0"

RL,2CCL, CCilL

R+-——=R)b.
2
h, ' h DA h,DA i)

. Vv . .
Recognizing that Qgen =CV, the capacitance is

Qun = Q0= (—

2 C’L
== (C,L+==R). (45)
" DA’ R
The generated voltage amplitude from 9 is
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9
Qgen

Ve = (46)
gen
CV
The generated electrical energy amplitude from & is
1
9 8 \/9
U gen ~ EQge“Vgen' (47)

6. Discussions and Numerical Results.
The non-dimensional thermal energy harvesting coefficient finally derived in the following
form

Ulet

<o _ 91 Ygen - 3(OLTh2—S)[2R 2R4j
= L9 _(1-P)+= b Bt 8

Qu a"d{’Lo =P 4 (s+h’) (A* A

where ai; = a'!” /al”, f)Z(pgl)SH))/(OLgl)dg)), h=h, /h,, and s=s7/s) .

We can state that expression (48) is derived for the first time in such a general form. In

(48)

particular, for a static case, assuming also Ol; = 0 expression (48) coincide with counterpart

derived in [18]. The material properties shown in Table 1 will be considered during the
numerical simulation of Eqn. (48). It should be noted that the derivation in this work can be
extended to the magneto-thermo-electro-elastic shape memory alloy (SMA) composites. For
simplicity, the two materials for shape-memory alloy can be also PZT-5A with an aluminum
substrate (this case is discussed in [18]).

Using the following properties, the critical bucking load is A, =1.65. This is determined
using the formula for a static Euler’s column

n’D
Pcr = 2

4L
The value of the follower force will be taken below the critical value.
Numerical results and discussions presented in Part II of this paper.

(49)

APPENDIX A
h px q
V. =, p’ cosh px+a,f — 2P Lo P e, ———
1 =P X @ cosh p(1-a) P * cosh p(1-a)
h px pa’
V, = . P’ cosh pX+o ZL+(z) o, ——————,
2= 0P X cosh p(1-a) P * cosh p(1-a.)
P’ q

A=pq + +T),
P (q2 cosh p(1-a) p’cosh p(1-a) )
ptanh po + (tan qo

q

sinq(l—oc)+%tanh p(1-a)(sing(l—a)+

T=2cosq(l-a)—

2

;. Pptanh pa. + qtan go cosq(l—a)—%smqu_o‘))’

q
®, =1—tanh p(1—o)tanh px,
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p

, =acosq(l—cx)+(sinq(1—cx)+ ptanh pa +qtan go

q

®; = —CoS OX+ ptanh po +qtan qo sin gX + Epsin gxtanh p(1-a),

q
p (l—oc)(—cosqx+ ptanh po + qtan qou

cosg(1-a))tanh px,

®, =—cos(
q

N ptanh paq+ (tan o cosq(l—oc)j,
s =1+tanh potanh pX, o =cosq(1—o)(1+tanh patanh px),

sin qx] —

gsin qx[sin q(l — oc)

@, =—cos O+ tan OjoLsin g, @ = cos g(1— o) (—cos gX+ tan go.sin OX).

APPENDIX B
0 d2V2 2 o 42y 2 ey o g2y
= dx+ L| dx, = 2 aX + Ldx,
R J; ( dx? ~0[ dx’ R _-L dx? -([ dx’

C’L LC? LC?
=C,L+=R, v, =—R+—R,
Y 2 DAZ R, 7, DAZ R DA R,
2CC,L CC.L
v,=—PL+ Dlﬁg R+ bi R,.
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2U8UUSULDP &hSNPhE3NRLLENP ULaUSPL UYUNEURUSE StNtuUah,
W3BECTUSI HAIIMOHAJIBHOM AKAJIEMHUA HAYK APMEHUMA

Uthumthju 69, Nel, 2016 Mexannka

YK 593.3

CBEPX3BYKOBOW ITAHEJIbHBIN ®JIATTEP [TPH HAJIMYUH
COCPEJOTOYEHHBIX UTHEPIIMOHHBIX MACC U MOMEHTOB

Bbenyoexsan M.B., Maptupocsin C.P.

KnioueBble cJioBa: yCTOWYMBOCTH, YIPyTas NPSMOYTOJbHAs IUIACTHHKA, CBEPX3BYKOBOE
oOTeKaHWe, MUBEPICHIMS, JIOKAIN30BaHHAS JWUBEPreHims, (uartep, COCPEIOTOYCHHBIC
HMHEPLUMUOHHBIC MaCCbl U MOMCHTHEI.

Key words: stability, elastic rectangular plate, supersonic overrunning, divergence, localized
divergence, flutter, concentrated inertial masses and moments

Pubiwh puntp. Ywyniunipnil, wowdqulijub nipnuilnit uwy, gqbpdwjiugh

opghnunud,  nphdbpgkughw,  njuhqugdwés  ghftpgkughw,  Hpunkp,
JEunpnuwugdws hukpghnt quiqus b dndkun

PEiphljjuwu U, Uwpuppnuywi U.L.

Qhpduyughtt wwbkjught runtph dh pugpp dwuh jiinpnuwgjws hukpghnt quitqjush b
undkunh wnljuyni pjut ghypmd

TYhunwplyyws b ghpduyiughtt quqh hnupnid nipnuitynit vuh Yuyniimpyut dh junhp: Znupp
nunyuws £ wquun kqphg nkwh hwliunhp hnpuwwynpkt wdpwlgdws tqpp qniquhbn djniu Epljnt
hnnuljuwynpbkt wdpuygqus tqphppht: 8nyg £ wdwd phytpghughuyh b $punbph wnwpwgdw
htwpwynpnipniip: Gnbdus i Yphuhjulwd wpugqnipjut wpdbpubpp: Ywjudws  uunph
wupwubkwnpkph hwpwpkpuygnipintihg $punbpuyhtt yphnhjujut wpugnipniup jupnn bbbk ks
Jud thnpp nhytpglinn Yphinhljuljut wpwgnipyniithg:

Belubekyan M.V., Martirosyan S.R.
Supersonic panel flutter in the presence of the concentrated inertial masses and the moments

By analyzing, as an example, a thin elastic rectangular plate streamlined by supersonic gas flows, we study the
phenomenon of divergence and of panel flutter of the overrunning of the gas flow at is free edge under the
assumption of presence of concentrated inertial masses and moments at the free and fixed edges respectively. Its
solution shows that the divergence or the localized divergence and the flutter are possible. The corresponding critical
velocities of divergence and panel flutter are obtained. It is shown that depending on the relation between parameters
of the problem, the critical flutter velocity can be either smaller or larger than the critical velocity of divergence.

B nuHeiHOl OCTaHOBKE HCCIIEAYETCsl AMHAMUYECKOE TIOBEJICHUE BO3MYIIIEHHOTO JABU)KEHUSI TOHKOH yHpyroit
MIPSIMOYTOJILHOM IIACTHHKH BOIU3H IPAHUI] 00IACTH YCTOHYMBOCTH IIPU HaGEraHUH CBEPX3BYKOBOT'O IIOTOKA rasa
Ha e€ cBOOOJHBIIT Kpaii B IPEIOI0KEHHH, YTO BJIOJIb CBOOOTHON KPOMKH U IAPHUPHO ONEPTOH IIPOTUBOIIOIOKHON
eil KPOMKH IIPUJIOKEHBI COCPEAOTOYCHHbIE HMHEPIHOHHBIC MAacChl M MOMEHTBI COOTBETCTBEHHO. HaiineHst
KPHTHYECKUE CKOPOCTH IUBEPreHINH IaHEN!, JTOKAIN30BAaHHON NUBEPIeHIINH B OKPECTHOCTU CBOOOJHOTO Kpast
MaHeIH! U aHeJIbHOT o (utaTTepa. Iloka3aHo, 94To B 3aBHCHMOCTH OT COOTHOIICHYS IAPaMETPOB 33124l KPUTHIECKast
CKOPOCTH (hr1aTTepa MOXKET OBITh KaK MEHBIIE, TaK U OOJIbIIe KPUTHUECKONH CKOPOCTH IMBEPTEeHIINH.

Beenenne. Cpenu aspoynpyrux SIBI€HUIl Ba)KHOE MECTO 3aHHUMAIOT Pa3IMYHBbIE BUABI
MOTEPU YCTONUMBOCTM ABUAKOHCTPYKIMH, B YAaCTHOCTH, «IUBEPIEHIMs IaHEelen»
(«BBITyYMBaHME» TaHeNeH) OOLIMBKY JIeTaTeNbHBIX alllapaToB, MPEACTaBIISIOMUX cOOOH
IUIOCKHE IUTACTUHKH WJIM I0JIoTHe OOOJIOUKH, W «HaHENbHBIH (uiaTTep» (MHTCHCHBHBIC
BUOpaLuy MaHesnel OOIMBKY C Bo3pacTaromel aMiinTy o). CiieacTBHEM 3TOrO SIBIISETCS
YCTaJIOCTHOE pa3pylICHNE OOIIMBKHY JICTATEIbHBIX allllapaToB, YTO MPUBOJHUT K CHIDKEHHIO
UX XapaKTEPUCTHK U MIOTEPHU YIPABISIEMOCTH.
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Wzydenuto OWBEpPreHTHOH M (raTTepHOW HEYCTOWYMBOCTH IUIACTHHOK M 000JOYEK
MOCBANIICHO OTPOMHOE KOJIHYECTBO paboT, BceoOmHUi 0030p KOTOPBIX COAEPIKUTCS B
monorpaduu [3(ctp. 210-245)] u B cTatse [4].

MopenpHbIE 33aYll YCTOHYMBOCTH YNPYTOM IUIACTHHKH, OOTEKaeMOM MOTOKOM rasa,
SIBJSIFOTCSL MaTeMaTH4ecKod (OpPMYyJIHPOBKOH YCIIOBHH, TMPH KOTOPHIX HEBO3MYIIEHHAS
(dopma 1ockux maHeneil nepecta€r ObITh ycToiunBoil. [lonb3ysch JMHEWHON Teopuei,
MOXXHO HaWTH HauMEHbLIEe 3HAU€HHE CKOPOCTH MOTOKa Traza (KpUTHYecKash CKOPOCTh
JMBEPreHIu: Wwin ¢uiarrepa), IPUBOASIIEe K HEyCTOWYNBOCTH BO3MYILEHHOTO JABHKEHHS
CHCTEMBbI «IUIACTUHKa—TIOTOK» B ()OpMe TUBEPreHTHOH M ¢uiaTTepHOW. JlMBEpreHTHas u
(aTTepHas HeyCTOWYNBOCTH OTIMYAIOTCS TOBEJCHUEM BO3MYILEHHOTO JIBHXKECHUS CHCTEMBI
«IUTACTMHKA—TIOTOK» BOJM3M T'PaHHUILBl YCTOMYMBOCTH: B IIEPBOM CIIy4ae BO3MYILEHHMS
MOHOTOHHO BO3pAaCTalOT, @ BO BTOPOM ClIydae HapacTaHWE HOCHUT KOJIeOATEeNbHbBIH XapaKkTep
[1, cTp. 63]. Kak cnenctBue 3TOTO, AehopMaIiy, BOSHUKAOIINE ITPH TAHETHFHOM (IaTTepe,
Gosiee omacHbl Ul KOHCTPYKIHH, TaK Kak OBICTPO HPUBOAAT K MOTEPE MPOYHOCTH MU
Pa3BUTHIO YCTAJIOCTHBIX TpeImuH [2, cTp. 175].

W3BectHo [1, (ctp. 283)], 4TO KpHTHUYECKas CKOPOCTb, OmMpenenseMas MeTOJIaMHu
JUHEHHON TEOpUHU a’pOYIPYrOCTH, OKA3bIBAETCS JUIIb BEPXHEH TpaHHULed KPUTHUECKHUX
CKOpPOCTEH Il peajlbHbIX KOHCTPYKLUMH. [l peanbHbIX KOHCTPYKLHMH, ISl KOTOPBIX
rpaHuIia 00JacTH YCTOHYMBOCTH SBIISIETCS «onacHoi» B cmbiciie H.H. baytuna [5], sBnenue
HEYCTOMYMBOCTH MOJXKET HACTYNUTh IPHU CKOPOCTH, MEHBIIEH, YeM HaiiJieHHasi Ha OCHOBE
JIMHEapH30BaHHOW TEOPHH KPUTHYECKAsi CKOPOCTH JUISl €A IM3UPOBAaHHON KOHCTPYKIIHH.

B mnpemmaraemoii crarbe B JIMHEHHOM IOCTaHOBKE MCCIIEAYETCSl JAMHAMUYECKOe
MOBEICHUE BO3MYIIEHHOTO JBIDKCHHS TOHKOW YNPYrodl NpsIMOYTOJIBHOM IUIACTHHKH C
OIHUM CBOOOJHBIM KpaeMm BONHM3W TpaHHUI O00JacCTH YCTOWYMBOCTH TpHU HaberaHum
CBEPX3BYKOBOTO ITOTOKA r'a3a Ha € cBOOOMHBIH Kpail. [Ipu 3TOM mpeanonaraercs, 4To BOOIb
CBOOOMHOTO Kpas M MPOTHBOIIOJIOKHOTO €My LIAPHUPHO ONMEPTONH KPOMKH ITPUIIOKEHBI,
COOTBETCTBEHHO, COCPEIOTOYCHHBIE HHEPIIMOHHBIE MAacChl K MOMEHTHI oBopoTa [1 (ctp. 27,
101), 6].

C LECJIBIO TOJTYUYCHHSA BO3MOKHOCTU aHAJTUTUYCCKOI'O UCCIIEAOBAHMS U BbISABJIICHU S HOBBIX
MexaHn4eckux 3((PEeKToB, K paccMaTpUBaeMOl 3ajadye MaHelbHOro (hiaTtTepa NpUMEHEH
MOJIX0/, B COOTBETCTBHHM C KOTOPBIM pacIpeenéHHas Macca IUIACTUHKY YCJIOBHO 3aMEHEHa
COCPEZOTOUYCHHBIMU HHEPIIMOHHBIMKI MaccaMi 1 MOMeHTaMu 1oBoporta [1(ctp. 27, 101), 6].
Ha ocnoBe 3Toro noxxona paspaboraH y/100HBIH B TPUMEHEHUN HOBBIH METOJ HAXOXKACHHS
AHAJMTHYECKOTO PELICHU IS KJlacca HEKOHCEPBAaTHBHBIX 3a/1a4 JINHEWHOH yCTOWIMBOCTH,
oIpOOHO M3NIOKEHHEIH B padote [7]. B wacTHOCTH, ¢ TOMOIIBIO 3TOTO METOAA UCCIICAOBAH
a¢h ekt necrabmnm3anmuyd B 3afade MAHEIBHOTO (IaTTepa MpPH Pa3IAIHBIX MOJAEIISIX
KOHCTPYKIIMOHHOTO TpPEHHWS B ONOpax IUIaCTHHKK [8], a Tak e, pemieHa 3agada
CBEPX3BYKOBOTO MAHEIBHOTO (IaTTepa, B KOTOPOI MIaCTHHKA UMEET Ba CBOOOJHBIX Kpast
[9].

B pabore mnomyueHa 3aBUCHMOCTb, CBSI3bIBAIOLIAsl XapaKTEPUCTUKU COOCTBEHHBIX
KoJIeOAHWH TITACTHHKU CO CKOPOCTBIO OOTeKarolero e€ MmoToka rasa, HO3BOJSIONas B
IMPOCTPAHCTBE «CYHICCTBCHHBLIX» IMAapaMETPOB 3aJla4u BbIACIHUTH O6J'IaCTI) yCTOﬂ‘lHBOCTH n
o0JiacTu TMBEpreHTHOH, (hI1aTTepHOM 1 JTOKAIM30BaHHOM AMBEPIeHTHON HEYCTOWYHBOCTH.

Jist pasnM4HBIX 3HAYCHWH IapaMeTpoB 3aJadd HaiiJleHbl HauMEHbIINE 3HAaYeHHS
CKOPOCTH TI0TOKA I'a3a — KPUTHYECKHE CKOPOCTH IMBEPIEeHINH, JIOKATM30BaHHOW INBEpPIeH-
MK ¥ (r1aTTepa, Mpy IPEBBILICHAN KOTOPBIX CUCTEMA TEPSIET YCTOMIMBOCTb.

B 3amauax manenmsHOTO (praTTEepa B IMHEHHOHN MOCTAHOBKE, KaK MPaBUIIO, KPUTHYIECKAS
CKOpPOCTh AWBEPTeHIINY MEHBIIE KpUTHYECKON cKopocTH (iarrepa [1-4, 7-9,12]. B nann0it
paboTe MOJydYeH HEOXKUAAHHBIM pe3ynbraT. OKa3ajoch, YTO B 3aBHCHMOCTH OT
COOTHOLIECHHS ITapaMeTPOB 3aJayd KPUTHUYECKas CKOPOCTh (raTTepa MOXKET OBITh Kak
MEHbIIIE, TaK 1 OOJIbIIIE KPUTUIECKON CKOPOCTH JUBEPrEeHIIHH.
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PesynbraTel paboTE MOTYT OBITH HCIIOJB30BAHBI MPU 00PAOOTKE IKCIIEPUMEHTAIBHBIX
MCCIICIOBAHMIT TUBEpreHIMH U (iaTTepa maHeell OOMIMBKY CBEPX3BYKOBBIX JIETATEIBHBIX
aInmnaparos.

1. IlocTanoBka 3anauu. PaccmaTpuBaeTcst TOHKas ynpyras IpsMOYroJbHas IIaCTHHKA,
3aHUMAIONIas B JEKapTOBOil cucteme koopmunar OXyz obmacts 0<X<a, 0<y<b,

—h<z<h. Jlexaprosa cucrema xoopmunar OXyZ BeIGHpaercs Tak, uto ocu OX u Oy

JiexkKar B IJIOCKOCTH HEBO3MYIUEHHOM IacTuHKY, a ock OZ neprnenauKkynspHa K MIaCTHHKE
W HallpaBjieHa B CTOPOHY CBEPX3BYKOBOI'O IIOTOKA I'a3a, 00TEKAIOIEro IJIACTHHKY C OJHOU
cropons! B Hanpasienuu ocu OX ¢ HeBO3MYIEHHOM CKOpOCThIO V .

Teuenue raza OyneM CUMTATh ILUIOCKUM U MOTEHIMAIBHBIM. A Tarkke, OyJIeM CUMTaTb,
YTO IJIACTUHKA HE TI0JIBEP’KEHA JEHCTBUIO YCUIIUHA B CPEIMHHOM MIIOCKOCTH.

ITycts kpomka X =0 mractuaku cBoGomHa, a kpoMkr X=a, Y=0 u Yy =b maprupuo
3akperieHsl. Brons kpomok X=0 u X =@ NpHIOKEHBI COCPENOTOUEHHBIE HHEPIIUMOHHbIE
maccsl I, 1 MoMeHThI oBopoTa | . coorBercrsenHo [1 (¢.27,101), 6].

[Ton BnusiHMEM KaKMX-THO0 IPUYUH HEBO3MYILIIEHHOE COCTOSIHUE PABHOBECHSI IJIACTHHKU
MOXET OBITh HApyLIEHO M IUIACTMHKAa HAa4YyHET COBEpIIaTh BO3MYLIEHHOE JBH)KEHHE C
npornbom W= (X, Y,t). TIporué6 W Bbi30BeT M30bITOYHOE AaBieHHE AP Ha BEPXHIOI

00TeKaeMyl0 MOBEPXHOCTh IUIACTHHKH CO CTOPOHBI OOTEKAIONIEro MOTOKa rasa, KOTOpoe
YUUTBIBACTCS npuOIKEHHON ¢hopmyoit «TOPUIHEBON  TeopHUM» [10,11]:

Ap=-a,p,V—, @, — cKkopocth 3Byka B HEBO3MYIIEHHOW Tra30BOH cpene, P, —

OX
TUIOTHOCTh HEBO3MYIIEHHOTO TOTOKA Ta3a. bymem momarats, 9To TporuObsl W Maibl 1Mo
OTHOLICHUIO K TOJIIIUHE IIJIACTUHKHU 2h .
BLIHCHI/IM YCJI0OBUsA, HOpU KOTOPBIX BO3MOXHaA IOTEPA YCTOﬁqHBOCTH COCTOsSAHUA
H€B03MyméHH01“0 PpaBHOBCCHUA IUIACTUHKH, KOraa HU3r I/I6 IINTIACTUHKHU 06y0J'IOBJ'IeH
COOTBETCTBYIOIIIUMH aA3POJANMHAMHUYCCKUMU HAI'PYy3KaMHU Ap U NPUIOKECHHBIMU BJOJIb

kpoMmok twiactuakd X=0 u X=a cocpemoTOYECHHBIMU MHEPIIMOHHLIMU MACCAMH m u

MoMeHTaMu noBopoTa |, coorBercrBeHHO. IIpy 9TOM, BIMSIHHEM pacHpeIeaEéHHOM MacChl

TUTACTHHKY U CUJI COIIPOTHUBIICHUS IPeHeOperaeM B COOTBETCTBUY C IIPEAIaracMbIM METOA0M
aHAJIUTHYECKOTO UCCIIEJOBAHMUS.

Torna, Masibie U3ruOHBIE KOJIEOAHUS TOUYEK CPEANHHON MOBEPXHOCTH MPSIMOYTOJILHOM
TUTACTUHKH OKOJIO HEBO3MYIIEHHOH (pOpMBI paBHOBECHS B PEATION0KEHUHN CIPABENTUBOCTH
rurnore3sl Kupxroda u «mopuraeBoii Teopun» [10,11] onuceiBarorest quddhepeHnnansHbpIM
ypaBHeHueM [1 (ctp. 245), 12]

oW
DA’w+ —=0, 1.1
APy ox (1.1)

rme A’W=A(AW), AW — oneparop Jlammaca; D — rpmmeapraeckas jKECTKOCTb.

I'pannuHble yCIOBUS B MPHHATHIX IPEANONOKCHHUIX OTHOCHUTEIBHO —crocoba
3aKpeIUIeHUs] KPOMOK IUTACTHHKH UMeroT By [ 1(ctp.27,101), 6]:
o’'w  o'w o (o*w o’w L o0'w
tve—s =0, —| =5 +Q2-v)= |=-D'm =
X oy ox| ox oy ot
o’w o’w
WZO, —2=—|c 7]—2,
OX oxot

, X=0; (1.2)

x=a; (1.3)
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oO’w
w=0, —=0, y=0u y=b; (1.4)
oy
rre V —koaddunuent [lyaccona.
TpeOyercst HaliTH HaWMeEHbIIee 3HAY€HHE CKOPOCTH IIOTOKAa Ta3a — KPHUTHYECKYIO

ckopocTh V, , mpuBOAsIIyI0 K HeycroiunBoctu: mpu V >V, ycroitunBoe BO3MyIIEHHOE

JBIDKEHUE CHUCTEMBl «IUIACTUHKa—IIOTOK» CTaHOBUTCS HEyCTOWYMBBIM. VHBIMH ciioBamw,
TpeOyeTCs ONMPENETUTL 3HAUEHHsT CKOPOCTH V , TIPU KOTOPHIX BO3MOXKHBI HETPHBHAIILHBIE
peuienus auddepeHuuanbHOro ypasHenus (1.1), yioBiaeTBopsirone rpaHiYHbIM YCIOBUSIM
(1.2)-(1.4).

2. Ofmee pemenune 3agauu. {11 HaXOXIEHMs pEIICHHS IIOCTaBJICHHOW 3aj1a4u
YCTOWYHMBOCTH CHCTEMBI «Tu1acTHHKa—ToTOK» (1.1) — (1.4) cBexem e€ k 3aiaue Ha cOOCTBEH-
HbIE 3HAUEHUs A JIs OOBIKHOBEHHOTO MU PEePEeHINATLHOTO YPaBHEHHUS.

Ob6mree pemenne ypaBuenus (1.1), ymomierBopsitoliee rpaHu4HbIM yciaoBusM (1.2) —
(1.4), 6ynem uCKaTh B BUJE TAPMOHUYECKUX KOJIeOaHUI

o0
WX, Y,t) =D (%) sin(u, ) -exp(M), p, =mnb™, @.1)
n=1
N — YKCII0 MOJTYBOJIH B0 CTOPOHBI MIIACTHHKH D .
Torma, B coOTBeTCTBUHU C BhIpakeHHeM (2.1), paccmarpuBaeMas 3agada o Quarrepe
rtactuHkH (1.1) — (1.4) cBoauTCs K cieayromieii KpaeBoi 3ajaue Ha COOCTBEHHbIE 3HAUCHHUS
A HECaMOCONPSKEHHOTO ONEPaTopa Ul 0OLIKHOBEHHOTO UM (epPEeHIMaTLHOr0 ypaBHEHHS

otHOcHTeNnbHO popMm Kosebanns f,(X):

fV(x)—2u2 f1' (X)+a,p VD £ () +pt f (X)) =0, 2.2)
f'oo=0, f" - @2-v)f!(x)=—-mD A’ f (x), x=0; (2.3)
f,0=0, f'-pvf (x)=-1.D"A*f'(x), x=a. (2.4)

Cucrema «IIaCTUHKa—IIOTOK», onuckiBaeMas cooTHomenusmu (1.1) — (1.4), acummnro-
THYECKH yCTOWYMBA, €CIH BCe COOCTBEHHBIE 3HAYEHUs A KpaeBoil 3amaun (2.2) — (2.4) as
0OBIKHOBEHHOTO JU(D(HEPEHIINATHFHOTO YPAaBHEHUS UMCIOT OTPHUIIATEIIBHBIC BEIICCTBEHHBIC
gactu (ReA <0), u meycroituma, ecnmm xoTs OGbl OOHO COOCTBEHHOE 3HAYEHHE A
HAXOJUTCA B TpaBoii yacTu kommwiekcHol miockoct (ReA > 0). Kputnueckas ckopocts

Y/

o » XAPAaKTEPHU3yIOMasi MEPEXOJ OT YyCTOMYMBOCTH K HEYCTOMYMBOCTH BO3MYIIEHHOIO

JABUIKCHUSL CHUCTEMbI «IIJIACTUHKA-IIOTOK», OMNPEACISACTCA YCIOBHUEM PABCHCTBA HYIJIHO

BEIECTBEHHOM YaCTH OJHOTO MIIM HECKONBKUX cobcTBeHHBIX 3HaueHnit (Re A = 0).
YactHoe pemenne quddepeHunansHoro ypaBuenus (2.2) Oyiem uckarb B BUIE

f.(x)=C, exp(p, pX), 2.5)
Cn — HpOI/I3BOJILHLIe IIOCTOSSTHHBIC.

[oncrapnsas pemenue (2.5) B nmuddepeHmanbHoe ypaBHeHHE (2.2), moilydaem
XapaKTePUCTUYECKOE ypaBHEHHE, SBIIOIICECS anreOpandeckuM YpaBHEHHEM YeTBEPTOI
CTEIeHH

2 2 3 3 -1 -3 3
(p"-D"+a,p=0, a,=a,pVD n,", a,>0. (2.6)
O‘IGBI/IHHO, YTO XAapaAKTECPUCTUYCCKOC YPABHCHUC (26) HUMCECT [Ba OTPULATCIIbHBIX
neiictButenbHbIX KopHi P, <0, P, <0 u mapy KOMIUICKCHO-COIpPSDKEHHBIX KOpHENt

p3 s =0 + IB C MOJIOKUTENHHOH BEIIECTBEHHOM YacThi0 OL > 0. CnenoBarensHO, 00111ee

pemieHne ypaBHeHuUs (2.2), B COOTBETCTBHH C BRIpaXKEHHEM (2.5), 3aNHIIETCS B BUAE CYMMBI
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4

f,(¥) =D C exp(it, PX) @7
k=1

C.« — IPOH3BONIBHBIEC OCTOSIHHBIE, [), — KOPHU XapaKTePUCTHIECKOr0 ypaBHEHH (2.6).

KopHu xapakreprctiuueckoro ypaBHeHus (2.6) onpeaenstorcs BelpaskeHusivu [12]:

o =~0.5y2(a+ D £ \a ~1-0.5a-1). p <0, p, <0: @8)
.y =0.5y2(@+ 1) £i\\Ja —1+0.5(G-1) . (29)

3necs ( — €AMHCTBEHHBIA AEHCTBUTEIBHBIN KOPEHb KyOMYECKOTO YPaBHEHHS

8-(1+a)*(A-D =0, oy =apVD 'y, (2.10)
KOTOPBIN yAOBIETBOpsET ycaoBuio [13]
q>1. (2.11)

W3 cootHomenuit (2.10) ngerko mony4uTh BeIpa’k€HHE 3aBHCHUMOCTU CKOPOCTH IOTOKA
rasza V oT ImapaMeTpoB CHCTEMEI

V =22(q-1)-(q+1)-m’n’D(a,p,b’) ", (2.12)
20050

V =22(q-1)-(q+1)- ©'ny’Digpa’) " @13)

rzie yepe3 Y 0003HauyeH napamMeTp OTHOIIECHHUS MINPUHBI IVIACTUHKY & (CTOPOHA IUIACTUHKH

10 HOTOKY) K eé mmune b :

y=ab". (2.14)
B cootBercTBuM ¢ BhpakeHHsAMH (2.7), kopHsam (2.8), (2.9) xapaKTepuCTHYECKOTrOo

ypaBHeHHsT (2.6) COOTBETCTBYeT cienylomiee obmee pemenne audhepeHInaaIbLHOro
ypaBHeHus (2.2):

f.(x)=C,, exp(—0.5\2(q+1) — \/\/qz ~1-0.5(q—1))mnb'x+ (2.15)
+C,, exp(—=0.5\/2(q+1) + \/«/(q2 —1)-0.5(g—1))mnb ™' x +
+exp(0.54/2(q+1))mnb'x- (Cm cos(\/«/qz ~1+0.5(q-1))-mnb™"'x) +

+C., sin(\/«/(qz -1 +o.5(q—1))nnb1xj, q>1.

[Moncrasnsist pemenue (2.15) nuddepenunansHoro ypaBHeHus (2.2) B IpaHUYHbIC
yeimoBust (2.3) u (2.4), mony4aeM OJHOPOJHYIO CHCTEMY alreOpanvecKux ypaBHCHUMN

4eTBEPTOrO MOPSIKA OTHOCUTENBHO IPOM3BONBHBIX MOCTOSHHBIX C . IIpupaBHEHHBIH K

HYJIIO OINpPEAENIUTENb 3TOM CHUCTEMbl YPaBHEHHUHA — XapaKTEpUCTUUYECKHUI ONpenesuTelb
MPUBOJUT K CIEAYIOMIEMY TUCIIEPCUOHHOMY YPaBHEHHUIO:

LS AL + (0 A +5, A + A =0. (2.16)
3mece
§,=mD'b’(zn)~, x,=1.D"'b(rnn)", (2.17)

HpI/IBCHéHHLIe 3HA4YCHUA COCPCAOTOUYCHHBIX NHCPIIUOHHBIX MAaCC mc 1 MOMCHTOB IIOBOPOTa

., cootBeTCTBEHHO, MPUIIOXKEHHBIX Ha KpoMkax X=0 u X = a mIacTuHKY;

A =A@ny)= (2.18)
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=22(q+1)-{(1-exp(-2y/2(q+ )nny) - BB, +

+exp(—/ 2(q+1) - mny)-

| (2@=1)-2(a+1)-B, -ch(nnyB)-sin(nnyB,) -

~(/2(d=1) +/2(q+1))- B,sh(znyB,) - cos(nnyB, )]} ;

A =A(qny)= 2{[2(q+1)(q—M—v)—(l—v)2] BB, + (2.19)

+[2@@+ D@+ ~D) )~ (1-v)* | BB, exp(-2y/2(q+ D) +

+2| @+ DY@ =1 (2@=D) +2(@+ ))sh(nmB) +

+(49” +29—-1+2qv+v’*)Bch(nnyB, )| B, cos(mnyB,)-

-exp(—y/2(q+1) - ) +

+ [((Zq2 +3g-1)— 2(3q2 +39-2)v+(3g+ l)v2 )sh(nnyB,)) +
£2(q+ 1)@ ~1) (/2@ +1) ~2(a-1))B, ch(nnyB))]-
sin(rnyB, )-exp(—y/2(q-+1) -7y )}

A= A(0,n,y) = 4(a+1)-| (1+exp(-2/2(q+ Dmny) - BB, - (2.20)
~2B B,ch(nnyB,) cos(mnyB, ) - exp(—/2(q +1) - mny) +
+3(q—1sh(nnyB,)sin(znyB, ) - exp(—/2(q+1) -ny) ] ;

A=A (0,17, v)=22(0+ D) {{2(a+) (G- -1-v)~(1-v)* |BB,~  21)
—[2(q+ (Q+Jd —1-v)—( —v)z] B B, exp(~24/2(q -+ ny) +
+{[(40” +20-1)/2(a—1) - (20° - 4q+1)/2(q+1) -

~2(20-Dy2(a+) ~ay2(q-D)v+ (2(q+1) +/2(a 1)) v* |sh(znyB) +
+4(q+1)\/ﬁ -B, ch(nnyB, )} B, cos(nnyB,) exp(—\/MRm()jL
+[-B, ((40” +2q-1)3/2(q—1) + (29° —4q+1)4/2(q +1) +
+2((20-Dy2(0+ D +a2(a-D)v —(2(a+1) —y2(a-1)) v* ) ch(nyB,) -
~6(q” ~ /(0 ~sh(xyB, ) ]sin(mnyB, ) exp(~/2(q+ nny)} :
B(@) =& —1-0.5(a—1) , B,(Q) =& —1 +0.5(q-1), 222)

rac q — HmapamMeTp CKOpOCTHU IIOTOKa rasa — e,HHHCTBeHHLIﬁ ,HefICTBHTGHLHBIﬁ KOpPCHb

KyOmueckoro ypaBHeHus (2.10); Y — mapameTp OTHOIIEHHS CTOPOH IUTACTUHKH, ONPEes-
emblit BeipaxkenueM (2.14); v — koaddunmenr [Tyaccona.
B cuny ycnosust (2.11), u3 Beipaxenuii (2.22) cienyer, uro B, () >0, B,(q)>0.
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Jucniepcuonnoe ypaBHeHHe (2.16), ycTaHaBIHMBAMOIIEe 3aBHCHMOCTH COOCTBEHHOTO
3HAaYeHHSI A OT «CYILECTBEHHBIX» [IapaMEeTPOB a, b, n,v,m, |C e (v V ) NICXOTHOM

3amaun ycrowumBocTH (1.1)-(1.4), HE YTO WMHOE KaK XapaKTEPHCTHUECKOE ypaBHEHHE
KpaeBo# 3amaun (2.2)-(2.4). [TosToMy AJist BELEICHEHHUS CBOMCTB BO3MYIIEHHOTO JBIKECHUS
CHCTEMBI «IJIACTHHKA—TIOTOK», HEOOXOANMO U3Y4YHUTh XapaKTep BIMAHUS €€ mapaMeTpoB Ha
TOBe/IeHNEe COOCTBEHHBIX 3HAUEHHH A — KopHeil ypaBHeHus (2.16).

Takum 00pa3zoM, aHaNM3 yCTOWYMBOCTH HEBO3MYIIEHHOTO COCTOSIHHSI PaBHOBECHS
MPSIMOYTOJIBHON IJIACTHHKM B TOTEHIMAIBFHOM CBEPX3BYKOBOM ITOTOKE Ia3a CBOAWTCA K
WCCIICIOBAaHUIO TIOBEJCHUS KOPHEW XapaKTepHCTHUECKOro ypaBHeHHs (2.16) kpaeBoit
3anaun (2.2)—(2.4) B 3aBUCUMOCTH OT «CYIIECTBEHHBIX)» ITAPAMETPOB 3a4a4l YCTOHINBOCTH
miactuakd (1.1)-(1.4).

3. PazOuenne mpocTpaHCTBA NMAapaMETPOB CHCTEMbl HA 00JIACTH YCTOHYHBOCTH M
HeycToitunBocTH. BBO/1s1 0003HaYeHUE

K, =208, 3.1)
TIEpEIUIIeM XapaKTepUCTHIECKoe ypaBHeHue (2.16) B e
AL+ A+A )L 1+, 8, A=0, v €(0,%) ., >0, 8, > 0. (32)

rne Y, K, u A, i=14 onpepenstorcs Bolpaxenusmu (2.14), (2.23) u (2.18)-(2.21)
COOTBETCTBEHHO.
Hccnenyem noBeaeHne KOpHEH XapaKTepUCTHUECKOro ypaBHeHH (3.2) B MpOCTpaHCTBE

«CYIIECTBEHHBIX) MapaMEeTPOB M ucxommoit 3amaun YCTOHYHUBOCTH.
CyImiecTBeHHOE BIMSHHE Ha IOBEJCHHE BO3MYIIEHHOTO MABIDKCHHMS JWHAMHYECKON

y=ab"

cHCTeMBI «Iu1acTHHKa—MoTOK» (1.1)-(1.4) oka3pIBaloOT cieayromne napamMmeTpbl:
Ky =708,
, koapunuent Ilyaccona V, mapamerp CKOPOCTH OOTEKAIOILETO [UIACTHHKY
NOTOKa ra3a { M N — YKMCIIO TIOTYBOJIH BJOJIb CTOPOHBI .
3HaYeHHUsT OCTANBHBIX («HECYIIECTBEHHBIX») IIapaMeTpPoOB TPHHUMAIOTCS (QHUKCHPO-

BaHHBIMU.
B mpoctpanctse napamerpoB M BBeném B paccmorpenne obmactu M, M, M, n

M, , B KOTOPBIX, COOTBETCTBEHHO, JTHOO BCE KOPHH XapaKTEPUCTHIECKOro ypaBHeHus (3.2)

HaXOMATCS B JIEBOM YaCTH KOMIUIEKCHOH IDIOCKOCTH, JHOO CpeAr KOpHEW MMEeeTCs OIUH
MTOJIOXKUTETBHBIA KOPEHb, TM00 UMEIOTCS [Ba MOJIOKHUTEIBHBIX KOPHS, THO0 MMEeTCs mapa
KOMIUIEKCHO-CONPSKEHHBIX KOPHEHN C IOJIOKUTEIbHOM BEIECTBEHHON 4acThio. SICHO, 4TO

BO3MYLIEHHOE JIBHKCHIE CHUCTEMBI «IUIACTHHKA-TIOTOK» B obmactu M, ycroiiunso, a B
obnactsix M, M, u M, — Heycroiiuuso.

OO0macTp  yCTOWYMBOCTH  BO3MYIICHHOTO  JBIDKCHHS  IUIACTUHKH M, eM
paccMmarpuBaeMoi AMHAMHYECKOW CHCTEMBI OTIPEIEISIETCS COOTHOIIICHUSIMI

A>0, KA+A>0, A>0, A>0. (33)
3nech A — TUCKPUMUHAHT OMKBapaTHOTO ypaBHeHus (3.2):
A=Ay, v,k)=(kA+A) -4k AA. (3.4)

IIpu ycmomsax (3.3) ypaBHenue (3.2) mMeeT OBe Maphl YHCTO MHUMBIX KOpHEH
A, =tio,, A, , =Fi®,. IIpu 5TOM MmIacTHHKA COBEPLIACT FAPMOHUYECKHE KOICOAHNs
OKOJIO HEBO3MYIIEHHOTO COCTOSTHHSI pAaBHOBECHSI.

N3 cmocoba pa3buenus mnpocrpaHcTBa mapamerpoB M 3amaum Ha oGnactu
YCTOWYMBOCTH M HEYCTOWYMBOCTH BO3MYIIEHHOTO IBHMIKEHHUS ILIACTHHKH CJEIYET, YTO

obactu HGYCTOfIqHBOCTH Ml’ M2 N M3 OIPEACIAIOTCA, COOTBETCTBCHHO, CICAYHOIIMMU
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cootnomenmsiv: A >0, A <0, A>0; A >0, KA+A <0, A>0, A>0;

A >0, A>0, A<0.B obnactu M, xapakrepucruueckoe ypaBaeHue (3.2) umeer JBa
JEeHCTBUTENBHBIX KOPHS Pa3HBIX 3HAKOB H JIBA YUCTO MHMMBIX KOPHSI.
I'pannuamu obnact ycroiunBoctt M BO3MYIUEHHOTO IBHKEHHs NPAMOYTOJIBHON

IUIACTHHKH B IpocTpancTse eé napamerpoB M mpu yenosun

A>0, KA+A>0 (3.5)

SIBJISIFOTCSI THITEPIIOBEPXHOCTH:

A=0, (3.6)

A=0. 3.7
Ha runepnoBepxnoctu (3.6) xapakrepucTiyeckoe ypaBHeHHE (3.2) UMeeT OIfH HyJIeBOH

KOpEHb 7»0 = (0 xparrHOCTH 2 ¥ mapy YMCTO MHMMBIX KOpHEH, a Ha runeprnosepxHocTH (3.7)
— napy 4MCTO MHUMbIX KOpHeit A, , = T1®.

Ha rpanuue obnactu ycroitunsoctu M
A>0, KA+A>0, A=0, A>0 (3.8)
BO3MYIIEHHOE [BIDKCHHE CHCTEMbI TEPSIET CTaTHYECKYI0 YCTOWYHBOCTh: MMEET MECTO

nuBepreHuys. Kpurudeckue ckopoct ausepreHmuu V, 4

=V, 4,(N,7,V) — crkopocrn,
HaliJIEHHBIE TOJCTAHOBKOM IEPBOr0 KOpHA (, 4, = qcr.div(n,y,v) ypaBHeHus (3.6) B
dopmyny (2.13), pasrpanuumBaor obmactu ycroitumBocth M, u guBeprenTHOI
HeycroitumBoct M, BO3MYLIEHHOTO MABIKCHHS MPSIMOYTONBHON IUIACTHHKH. Ilpw

3HaYEHMSIX CKOPOCTHU MoToKa rasa V >V, MPOUCXOJUT «MATKUID) TIEPEX0A Yepe3 TOUKY

r.div >
}\,0 = 0 B IIpaBYIO 4aCTb KOMIIJIEKCHOM IUIOCKOCTH COOCTBEHHBIX 3HAYEHUH 7\, 3aJadyun (2.2)—

(2.4), BBI3BIBAIONINI TIIABHOE U3MEHEHHE XapaKTepa BO3MYIIEHHOTO IBHKECHUS CUCTEMBI OT
YCTOWYHMBOCTH K JMBEPreHTHOW HEYCTOMYMBOCTH. DTO NMPHUBOIUT K COOTBETCTBYIOLEMY
M3MEHEHHIO JIMHAMHYECKOTO TIOBEJICHUSl IUIACTUHKHM: B IUIACTUHKE, COBEpIIAroLIeh
rapMOHMYECKHE KoJieOaHMs, BOZHHMKAIOT HANpPSsDKEHHsS, MPUBOIAIINE K H3MEHEHHIO €€
(hOpMBI — TUTACTHHKA «BBIITYYUBAETCS» C OTPAHUYEHHOM CKOPOCTBHIO «BBITYYHMBaHMD). Tak
KaKk MOHOTOHHOE «BBIIYYHMBaHHE» IUIACTUHKH HE MMeeT KojeOaTenbHOro XapakTepa, TO
MOXET paccMaTpHUBaThCs KaK KBa3UCTATHUECKHUH TPOIIECC, T.€. KaK JUBEPTEeHIIHS.

Ha rpanuue o6ractu ycroitunBoctu M

A>0,kA+A >0, A>0,4=0 (3.9)

BO3MYIIEHHOE IBIDKCHHE IUIACTHHKH TepseT AMHAMHYECKYIO YCTOHYMBOCTB: BO3HHKACT
SBJICHHE IIaHENbHOTo (aTTepa, HMMEIOIlee XapakTep KoleOaHWi 10 HapacTaromeH

ammnryze. Kputnueckne ckopoctn dmarrepa V, ¢ =V, 4(N,y,V,K,) — ckopocrn,
HaliIecHHbIE MOACTaHOBKOH mnepBoro kopHs G ;; ypaBHeHus (3.7) B dopmyny (2.13),

pasrpaHn4MBaroT oonacth yeroitunsoctn M, u obnacts puarrepHoii Heycroiunsoctn M,

. Ilpu 3Havyennsx ckopoctn motoka rasa V >V, (| TIPOUCXOAUT «MATKHii» (IUIaBHBII)

nepexo]] OT TapMOHMYECKNX KOJIeOaHWH K KoJieOaHMsM 10 HapacTalolleil aMIUTUTyne — K
(maTTepHBIM KOJIEOAHUSIM.

Jlerko 1oKasark, 4TO B MpEAENbHOM ciy4dae, B kotopom Y —> 0 (b — o), ypasuenue
(3.6) TOoXHeCTBEHHO paBHO HyJ0 mpu Beex (>1 wm V. Orcroga crmemyer, 4TO
HEeBO3MYIIEHHAsT (hopMa paBHOBECHs IUIACTHHKH, SBISSICH CTATUYECKH HEYCTOWYHMBOW
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W3HAYaIbHO, OCTAETCS TaKOH ke M MpH OOTEeKaHWM €€ MOTOKOM Ta3a. A B IpeAeIbHOM
cilydyae, B KOTOpoM Y —> 00 (@ —> 00 ), ypaBHeHue (3.6) MpUBOJIUTCS K BULY

2(q+1D)-(g—+/0* =1 -v)=(1-Vv)* =0, y > o0, (3.10)
TOXKIECTBEHHOMY JMCIIEPCUOHHOMY YPaBHEHUIO, IIOJIy4YEHHOMY IIPU UCCIIEIOBAaHUM sIBJIC-

HUS JIOKaJIW30BaHHON JIMBEPreHTHOW HEYCTOMYMBOCTH, BO3HHKAIONIEE B OKPECTHOCTHU
CBOGOHOTO Kpas yHpyroi momybeckoHedHol miacthHb-Tonock (0 < X<, 0<y<h),

00TeKaeMOM CBEPX3BYKOBBIM IIOTOKOM Ia3a B HAIIPaBJIeCHUH OT cBoOoaHoro kpas X=0 x
3aKperiEHHON kpoMke X = a [13]. DTo 03HauaeT, 4To NpY 3HAUEHUSX CKOPOCTH MMOTOKA ra3a
V>V
X=0 nIacTUHKH, IPH KOTOPOH BO3HUKAIOT HANPSIKEHMS, NPUBOASAIIME K MOHOTOHHOMY

«BBIITYYNBAHUIO» Y3KOH ITOJIOCHI MTOBEPXHOCTH IIACTHHKH B OKPECTHOCTH €€ CBOOOIHOTO
Kpas.

oc.div AMECT MCCTO JIOKAJIM30BaHHasA NTUBEPIrCHIUA B OKPECTHOCTH CBO6OHHOFO Kpas

OueBuzHO, 4TO pemenue 0. 4, YPaBHeHud (3.10) 3aBHCHT TONBKO OT Kod(dHIMeHTa

Myaccona V: O gy = Qocaiv(V) - A 3HaUCHMS NPUBEAEHHOI KPUTHYECKOIl CKOPOCTH
noxamusosanroii museprenman V4, - D7 (p,0°) (mm V4, D7 (g,p,a)),

HalIeHHbIE MOACTAHOBKOH (.4, B Gopmymy (2.12) (mmm (2.13)), 3aBuCAT OT yucna
noryBolH N u ot koad¢unmenra [lyaccona V. Ilpu 3TOoM npuBenéHHas CKOPOCTh
JIOKAJIM30BaHHOMN JUBEPIEHIMU JOCTUraeT HAMMEHBIIErO 3HAYEHUs NpU 3HaueHun N=1
[13].

Takum 06pasoM, kputhueckue ckopoctu auseprenumu Vo 4, (N,Y,V), maHeasHoro

dnarrepa V, (,(N,y,v,K,) u noxammsosannoit jmeeprenmmn V4, (N, V)
BO3MYIUEHHOIO  JBIKCHHS  CHCTEMBl  «IUIACTUHKA-TIOTOK»,  COOTBETCTBYIOILHE,
COOTBETCTBEHHO, MEPBBIM KOPHSIM ( 4y = qcr'div(n,y,v) » Ui =0y 1y (n,y,v, kn)

ypaBHenuii (3.6), (3.7) u pemenmio (. 4, = q,oc_div(v) ypaBaenus (3.10), onpeaenstorcs
no ¢popmynam (2.12) nnm (2.13) ¢ 1OCTaTOYHON TOUHOCTBIO.

4. YucsieHHbIE Pe3yabTaThl. B 1aHHOl paboTe ¢ MOMONIBIO AHATUTHYECKUX METO/IOB U
METOZIOB YMCIEHHOTO —aHamn3a cTpounuch cemeiictea  kpusbix  {Q(N,y,V,K )},
napamMeTPU30BAHHbBIX HA/UIEKAIMM 00pa3oM B MHOTOMapaMeTPUIECKOM NpocTpancTee M
3a/1a41. OrPaHHYEHHOCTh Pa3MepPa CTAaThH HE MO3BOJISET IPUBECTH MOy YEHHBIE PE3YIIBTATHI

IOJHOCTRIO. B Ta6n1/1uax 1-6 MNPpUBCACHBI JIMIIb TOJIBKO PE3yJIbTaThl YHUCJICHHBIX
I/ICCJ'IG,HOBaHI/Iﬁ TUIMMAYHBIX CJIYYacB, B KOTOPBIX BBIACIICHBI Hanbosee MNpeACTAaBUTCIIBHBIC U3

ceMeNCTBa KPUBBIX {q (n, Y, V, kn )} .

UucnenHsle pacu€Thl, MNPOBEAEHHBIC MJII pPa3IMYHBIX N, TMOKa3ajld, 4YTO MpHU
(hMKCHPOBAHHBIX 3HAYCHUSIX OCTAJBHHBIX MAPaMETPOB KPUTHUECKUE CKOPOCTH TUBEPTCHIIUN
U MaHelbHOro ¢uarrepa NOCTHIAIOT HAMMEHBIIETO 3HAYEHUs OpM 3HaueHun N=1,
AQHAJIOTMYHO KPUTUYECKON CKOPOCTH JIOKATM30BAaHHOW AUBEPreHIIUH.

ITpu Bcex Y € (0, 2) HMeeT MeCTO TuBepreHuus nanenu. [IpuBenéHHas kpuTuyeckas

-1 3
ckopocts auseprenmmn Vo, 4, - D™ (8,p,@) 3aBucur or xosdduuuenta Ilyaccona V u

r div
V. -D a 6
napametpa Y: Vg gy (aop0 ) MeHbllle B MIACTUHAX M3 MATEPUATIOB C OOMBLIMM

ko3¢ durmentom Ilyaccona V, a ¢ Bo3pacTaHueM Y KpUTHYECKask CKOPOCTh AMBEPTEHIMH
pactér (Tabm. 1, 2).
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Tabmuma 1

v 0.125 0.25 0.33 0.375 0.5
Y

0.01 0.345-10 0.297-107 0.268-107 0.243-10 0.197-107
0.1 0.352 0.306 0.273 0.240 0.197
0.2 1.511 1.290 1.163 1.063 0.882
0.3 3.650 3.324 2.912 2.721 2.619
0.4 7.789 6.758 5.985 5.507 4.478
0.5 14.945 13.503 11.078 10.778 9.056
0.6 26.284 21.790 19.146 18.608 13.889
0.7 45.587 37.826 31.267 29.552 25.011

Kak okasasnoch, HaunHas ¢ Y = 2, 3HaYeHHUs IePBOTO KOPHs 0, 4, ypasHeHus (3.6) He

3aBUCAT OT IapameTpa Y, a 3aBUCAT TOJIBKO OT Koddduimenta [lyaccona V. Iloxcrasmss
3HaueHus 0, 4, B Gopmyny (2.12), momyuaeM KpHUTHYECKHE CKOPOCTH AMBEPTEHLUU

-1 3 _
V TR D b , KOTOpPBIE C TOYHOCTBIKO IIOpsAdKa 1 O 4 aBHbl KPUTUYCCKHUM
cr.div 0 P P p p

N 7 -1 3 N
CKOPOCTSIM  JoKann3oBaHHOH muBeprenumn V. 4, - D~ (8yp,0°), Haiinennsix s

pasmMYHBIX 3HaudeHWi Kod(dummenta IlyaccoHa TpH HMCCICIOBAHAM 3aJaYd  JIOKAJH-
30BaHHOW MMBEPTEHIIMM B OKPECTHOCTH CBOOOIHOTO Kpas MONyOeCKOHEYHOU IUIACTHHBI—
noJjiocsl B padote [13] .

Tabiuuna 2
\Y 0.125 0.25 0.33 0.375 0.5
Y
0.9 473.50 96.90 78.72 70.05 53.15
1.0 522.80 157.17 117.21 101.74 70.21
1.2 613.51 320.02 225.85 194.87 133.24
1.4 830.05 495.72 367.77 315.35 214.99
1.5 980.85 595.80 448.61 388.36 269.25
1.6 1166.20 704.47 544.44 470.73 326.25
1.8 1695.90 992.18 762.25 695.12 440.54
2.0 2598.09 1382.02 1045.62 953.53 604.31

Tem CaMbIM, IIpU 3HAYCHUAX 'Y > 2 NpsAMOYTOJIbHAA IIACTUHKA B MOTOKE Tasa Ipu

ckopoctsax moroka V >V, . -D7'(g,p,0°) = \Zoc_div ‘D' (a,p,0’) (raGu. 3) Tepser

CTaTHYECKYI0 YCTOMYMBOCT B BHJE JIOKAIN30BAHHOM IUBEPTeHIMM B OKPECTHOCTH
cB0G0HOTO Kpass X =0 mpsMOYToNbHOM IIIACTHHKHU, YTO AHAJIOTHYHO MOTEPE CTATHYECKON
YCTOWYMBOCTH TIOJMyOECKOHEYHOW IUIACTUHBI-TIONOCHI CO CBOOOMHBIM Kpaem [13].
Kputnueckast cKOpOCTh JIOKQJIM30BAHHOW JAWBEPTEHIMH MPSMOYTONBHON IUIACTHHKH

-1 3
V, 4y - D7 (8,p,0”) 3aBucur Tomsko or kosdurmenta Ilyaccona V: ona MeHble B

TUTACTHHAX W3 MaTepHasioB ¢ OombmmM ko3 durmentom Ilyaccona V (tabm.3).

Tabmumua 3
\Y% 0.125 0.25 0.33 0.375 0.5
Vi, D' (ap,0®) | 324.761 | 173.371 | 130.702 | 120.741 | 77.398
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Ortciofa cieayer, 4To [Uls 3HadeHuil Y = 2 nepBblii KOpeHb Q, 4, ypaBHeHus (3.6)
MOJKeT OBITh HaliZIeH IpoIIle, a IMEHHO, U3 ypaBHeHu: (3.10).

B ciryuae, B xotopom N=1, 1 3nauennii napamerpos ¥ €[107,0.7], k [107™,00)
u y€[0.9,2.0], k €[4,0) npu Beex v €(0,0.5) umeer mecto nanensubIii prartep.
Tpusendunas Kkpurnueckas ckopocts dmarrepa V., o D7'(g,p,@’), nonyuennas
nozicTaHoBkoi mepsoro kopust 0y 4 =0y (L Y,V,K) ypasnenus (3.7) B Qopmymy

(2.13), 3aBucur ot mapamerpoB Y, K u V. Ilpu ckopoctsx moroka raza V >V, 4

HPOMCXOAUT IUIaBHBIN Tepexon u3 obnactu M o B 00nacTp |\/|3 : BO3MYIIEHHOE JIBIDKEHUE

CHCTEMbl OT TapMOHHYECKHX KOJEOaHMH «MSITKO» TEPEXOAUT K KOJIeOaHWsSIM IO
HapacTarolel aMILTUTYIe.

IIpu Bcex 76[10_3,0.3) u k €[107*,00) npusenénnas kpurHueckas CKOPOCTb
¢bnarTepa Vcr.ﬂ‘D’l(aOpOa3) He 3aBHCUT OT Kodddumuenta IlyaccoHa; KpUTHYECKas

ckopocTs dtarrepa npu 3navenmsax Y € [0.3,0.7] u k; €[107*,00) Gombime B mracTuHax
13 MaTtepuaiaoB ¢ OonbimM ko3dduimentom [lyaccona V (tadi. 4, 5), a npu 3HAYCHUIX
7€[0.9,2] u Kk €[4,0) onHa MeHbIIE B IUIACTHHAX M3 MATEPHAIOB C OONBLIMM
kodpduumentom [Iyaccona v (Tabn.6). 3Ha4eHHS KPUTUIECKUX CKOPOCTEH (uraTTepa mpu
Beex ¥ €[0.3,0.7]U[0.9,2], npuBenénnnie B Tabi. 4-6, cootserctBytor V =0.33 .

Ta6mnuia 4
K, 0.0001 0.01 0.1 0.5 1.0
Y

0.01 88.89 131.03 152.89 156.55 157.66
0.1 - 88.01 92.91 124.34 134.81
0.2 - - 81.41 101.67 116.95
0.3 - - 108.24 95.76 108.24
0.4 - - — 103.02 107.54
0.5 - - — 131.35 121.88
0.6 - - — — 151.92
0.7 - - - - —

Tpn Beex K, €[10™,00) kpurnaeckas ckopocts darrepa B untepsane | € [107,0.3)

yObiBaer (Tabm.4, 5), a B mpomexytkax Y €[0.3,0.7] u 7 €[0.9,2] Bospacraer (1ab:1.6).

-1 3
Ipu sToM kpuTdeckas ckopocts V,, ¢ D™ (8yp,@°) mocturaer MunnmansHoro suadeHus

cr.fl.

B untepsanax Y € (0.2,0.3) u y€[0.9,1.2]. K npumepy, npu 3nauenusx Y =0.9 u

N -1 3
k =15 mnpusenénnas kputmueckas cxkopocts ¢uarrepa pasha V, o D7 (g,p,a)
~60.94 .

W3 comocTaBneHus 3HaYeHUN NPUBEAEHHBIX KPUTHYECKUX CKOPOCTEH IUBEPIEHIMH

AV D’l(aop0a3) u ¢uarrepa V,

-1 3
o cr.fI.D (aopoa ), COOTBETCTBYIONIMM OJHUM U TEM
3
’Ke 3HAYEHUsIM TIapaMeTpoB Y U V, cienyer, uto B npomexytke Y € [107°,0.7] npu Beex

k €[107*,00) xpurnueckas cxopocts museprenmun V. 4 - D’l(a0p0a3) , IO KpaifHer

crdiv
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Mepe, Ha MOpPSIOK OOJbIIe KPUTHYECKOH CKOpOCTH (iaTTepa Vc,~ﬂ~D“(a0p0a3)
(tabm.1,4,5). A B mpomexyrke Y €[0.9,2.0] mpu mcex k €[4,10%), maoGopor,
.D™' (a0p0a3) MIPUMEPHO Ha TOPSIAO0K OobIe

KPUTHYCCKAsA CKOPOCTb JUBEPICHIIUN VCr div

KPUTHUYECKOH cKopocTH (aarrepa Vcr_ﬂ_Dfl(aopoa3)(Ta6n.2,6). IIpu 3HAUEHMAX
v€[0.9,1.6] u k >10" kpuruueckue ckopocT (naTTepa M JMBEpTEHIMH DABHBI C
Tounocthio mopsnka 107 V. o D7'(g,p,@°) = V, 4, - D' (8,p,2") (ta6n.2,6). A0
o3Hauaer, uto npu suavennax Yy €[0.9,1.6] u k >10" ommospemento umeror mMecto
MOTepU CTaTUYeCKOH M JuHamudeckoil ycroituusoctd. Ilpu suauenusx Y € (1.6,2] u

4
k, >10" umeer MecTo TONIBKO AUBEPreHLKs, a QIaTTep OTCYTCTBYET.

Tabuuna 5
k, 4.0 10.0 15.0 100.0 10000.0
Y
0.01 159.27 160.07 160.23 160.55 —
0.1 148.69 153.42 153.42 158.19 161.40
0.2 140.85 147.05 147.05 159.72 166.19
0.3 136.02 149.96 155.67 170.23 174.68
0.4 138.35 153.39 163.69 182.24 193.13
0.5 146.95 167.19 175.51 201.23 218.98
0.6 157.83 182.11 194.62 226.98 —
0.7 191.48 213.71 227.36 274.54 —
Tabmuma 6
k, 4.0 10.0 15.0 100.0 10000.0
Y
0.9 — - 60.94 68.27 73.56
1.0 — 71.52 77.01 94.87 105.64
1.2 82.87 116.21 133.07 178.48 206.64
1.4 115.80 196.26 225.82 315.15 352.53
1.5 135.47 250.75 290.78 403.25 446.36
1.6 166.13 311.01 363.25 498.67 541.72
1.8 257.70 472.35 553.33 - -
2.0 358.15 689.25 - - -

B u3BECTHBIX OCHOBOTIONIATAIONINX PabOTax, MOCBAIMIEHHBIX HCCIICTOBAHUIO TAHETHHOTO
¢uatTepa B JIMHEHHOW IIOCTaHOBKE, B Cly4ae, B KOTOPOM HMEIOT MECTO IOTEepH
YCTOHYMBOCTH OOOMX BHAOB: AMBEPIeHIMS IaHEIHW U MaHEeNbHBIH (arTep, Kak MpaBHIIo,
KpUTHUYECKas CKOPOCTb JUBEPIEHLIUH TTaHEIH Ha MOPSIOK MEHbIIIE KPUTUIECKOH CKOPOCTH
MaHeNbHOTO (rarTepa MpU OAHUX M TEX K€ 3HAUCHHSX MapaMeTpoB 3agadi. Tem cambiM,
CHCTEMa «IUIaCTHHKa—IIOTOK» TepseT CTaTHYECKYI0 YCTOMYMBOCTH TpH Oojee MajbIX
CKOPOCTSIX IIOTOKA ra3a, HeXkKeJI JUHaAMU4ecKyto. B TaHHOM Hcce1oBaHnHU, MOXKHO CKa3aTh,
YTO TOJydeH HEOKHIAHHBIH pe3ynbTaT. [IpyM Manbix 3HaYEHWSIX IMapamerpa OTHOIICHHS

3 . "
cropon Y €[107,0.7] npsamoyronbHoii miacTMHKM — MiacTMHKA Gojlee yIIMHEHHAs B

HarpaBJICHUU, NEPHNEHAUKYJISIPHOM K IIOTOKY rasa, AWBEPICHLUSA IMaHCIIN HUMEECT MECTO
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paHblIe MaHeIbHOro (raTTepa. A NpH ymMepeHHbIX 3HaueHusx napamerpa Y €[0.9,2.0] -
TIACTMHKA TIOYTH KBaJPaTHAS — HA060pPOT, (1aTTep HACTYTAET paHbIIe JUBEPTEHIUN.
TIpu GONMBIIEX 3HAYEHHAX MapameTpa Y € [2,00) — mmacTuHka Gonee yITHHEHHAS MO

HATPaBJICHUIO TTOTOKA Ta3a — UMEET MECTO TOJBKO TOTEepsl CTATUYECKOH YCTOWYMBOCTH B
BHUJIC JIOKAJIM30BaHHOH TUBEPTeHIINU B OKPECTHOCTH CBOOOIHOTO Kpasi ITACTHHKH.

Takum 06pa3soM, «OIAacHbBIMI» TIpaHuuamu obmactu ycroitumsoctu M B cmbicne
tepmunosiorun paborsl H.H. baytuna [5] siBnsirorcst 3HaueHus napameTpa VCr {1 » Pasrpanu-

unBaromye o6macts yeroiunsocrn M, u obnacts duarreproii meycroitunsoctn M,

(Tabmn. 4-6).

3akarouenue. Ilonb3ysch aHATUTUYECKMM METOJOM MCCIEIOBAHUS IOCTABICHHOM
3aJjayil TaHENbHOro (QuaTTepa, MPOBENCHO pa3OMEHHE NPOCTPAHCTBA CYNIECTBEHHBIX
MapaMeTpPOB CHCTEMBI «IUTACTHHKa—TIOTOK» Ha 00JIACTH YCTOMYMBOCTH M HEYCTOHYHNBOCTH.

HccnenoBana rpanuna obnactu ycrtoiumBocTd. Ilpm 3TOM BBISBIEH psii HOBBIX
MEXaHUIECKUX IPPEKTOB.

[loka3aHa BO3MOXHOCTb CTaTHYECKOW IOTEPUM YCTOMYMBOCTM HE TOJBKO B
TPaAWIIMOHHOM CMBICIIC — B BHJE AWBEPICHIMH IAHENIH, HO W B BHJE JOKAIN30BAHHOM
JUBEPTCHIIMH B OKPECTHOCTH CBOOOHOTO Kpasi IIAHEIH.

HaiineHbl KpuTHYECKHE CKOPOCTH JWBEpreHIuu, ¢uarrepa © JIOKaJIHM30BaHHOU
IUBEPreHLUH, KOTOpble pPasTPaHUYMBAIOT  00NacTh  yCTOHYMBOCTH U o0JacTH
HEYCTONYHMBOCTH.

Kak oxa3zanoch, B 3aBUCHMOCTH OT COOTHOIIEHHUS MapaMeTpoB 3afaydl KpUTHYeCKas
CKOpOCTh (yarTepa MOXeET OBbITh KaK MEHbIe, TaKk M OOJbIlle KPUTHUECKOH CKOPOCTH
JuBepreHuun. Tak, NPy MaJIbIX 3HAYEHHSIX ITapaMeTpa OTHOLICHHs CTOPOH IaHENIH U NpH
BCEX 3HAYEHHSIX MapaMeTpa OTHOIIEHUS! HHEPIIMOHHBIX MOMEHTA ITOBOPOTA U MAacChl UMEIOT
MECTO MOTEPH YCTOWYNBOCTH B BUJIE TUBEPTCHIIMH MTAHENIN U B BUJIE TAHETHHOTO (IaTTepa.
IIpn 3TOM KpUTHYECKass CKOPOCTb IUBEPreHINH, NPUMEPHO, HA MOPSOOK MEHbIIE
KPUTHYECKON CKOPOCTH (hiarTepa. A Mpu yMEpEeHHbIX 3HAUCHHSAX ITapaMeTPOB OTHOIICHHS
CTOPOH TaHENW W OTHOIICHHS WHEPIMOHHOTO MOMEHTa IIOBOPOTa M Macc, HaoOOopoT,
KpUTHUYECKasd CKOPOCTh JAWBEPr€HIIMM Ha TOPAIOK OONblle KPUTUYECKOH CKOPOCTH
(natrepa.

ITpu ymepeHHBIX 3HAUYEHHAX NapaMETPOB OTHOLIEHUS CTOPOH MAaHEIW U JOCTATOYHO
OOJNIBIINX 3HAYEHHSAX TapaMeTpa OTHOLICHUS MHEPLUUOHHBIX MOMEHTa IOBOPOTa U MacChl
KPUTHUYECKHE CKOPOCTH (hi1aTTepa U JUBEPTeHIH PaBHBIL.

[Tpu GonpIIMX 3HAYEHHSX NMapaMeTpa OTHOILIEHUS! CTOPOH MaHEeIH UMEET MECTO TOJIBKO
CTaTHUecKas IOTeps YCTOMYMBOCTH B BHIE JIOKAJM30BAaHHOW UBEPreHLUH IIaHETH B
OKPECTHOCTHU €€ CBOOOIHOTIO Kpasl.

3HaueHWs KPUTHYECKOH CKOpocTH  ¢uiaTTepa, pasrpaHuyuMBarone  00JacTh
YCTOWYHMBOCTH 1 00J1acTh (IIaTTepHOI HEYCTOHYMBOCTH ONPEAEIAIOT «OMACHBIC» TPAHHUIIBI
o0acTé ycTOWIMBOCTH B cMBIcie TepmuHoiorun padbotsl H.H.bayrura [5]. IIpu mepexone
yepe3 HUX BO3HHUKAET SIBICHNE MAHEIBHOTO (praTTepa, MPUBOSIIEE K MOTEPE IPOIHOCTH U
BO3HUKHOBEHHIO YCTAJIOCTHBIX TPEIMH B MaTepHase IIaCTUHKH.

3ameTHM, YTO peleHre 3a/1a4 HaHeJIbHOTo (IaTTepa B IMHEHHON IOCTaHOBKE IO3BOJISET
HaXOJHUTh CKOPOCTb OTOKA, IPU KOTOPOH HEBO3MYIIEHHOE COCTOSIHUE PABHOBECHSI CHCTEMBI
«IUTACTMHKA—TIOTOK» NepecTaéT ObITh YCTONYMBBIM 110 OTHOLIEHHIO K MaJIbIM BO3MYIIEHHAM
Y TTO3BOJISET OLIEHHUTS JIMIIb TEHJICHIUIO Kosebanuid. Ho mpu aTom He ynaércs npenckasarb
JarbHEHIIee pa3BUTHE IIpollecca, B TO BpeMsl, KaK HEIHMHEHHAas Teopusl IO3BOJISET
ONpENENNTh XapaKTEepUCTUKH MepexogHoro mponecca [2,3,14,15]. Hecmotps Ha 97O,
paccMOTpeHHe 3aJadd TMaHeNbHOro ¢uaTrepa B JIMHEHHOW IOCTAHOBKE, JOITyCKalollee
AQHAJUTHYECKOE HCCIEAOBAaHME, WMEET CMBICH: €€ pe3ynbTaTbl [EHHbI, TakKk Kak
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MPEABOCXHIIAIOT PE3YJIBTAThl HCCIIEAOBAHMUS 334a4UH ITaHEIBHOTO (riaTTepa B HEITMHEHHON
MIOCTaHOBKE.

Pe3ynpTaTel paboThl MOTYT OBITH HCIIOIB30BAaHBI P UCCIIEAOBAHHH 3a4a4 TAaHEIEHOTO
(naTTepa B HENWHEWHOM MOCTAHOBKE.
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WITH GEOMETRIC CONSTRAINTS
Avetisyan V.V., Stepanyan V.S.

Keywords: guaranteed search, combined control
Putunh punbp. Gpuphiunnpyws thnpnud, Yndphiug]ws nkljudupnid
Ki1roueBble ¢j10Ba: rapaHTHPOBAHHbIN MOUCK, KOMOMHHPOBAHHOE YIIPaBJICHUE

Udtnhuywi 4.9, Unkhwiywh 4.U.
Cuwpdwlwl opjiijnh Epuwoliwdnpus hunpdwl Yndphtiwgdus nEjudupnudp Epjpuywhwluwi
uwhdwbwihwlnidubph nhypmd

“Yhunwnplynud t hnphgnuwlwt hwppnipjut ypw owpdynn npnubkih opjijnh tpupiwynpdwus
thtnpdwt fuinhpp, nph uljqphwljut Jhgwulp hwjpnuh E npjws puqunipyui £onnipjudp: @unpnidu
hpuwjuitwgynd £ tpwswh mwpwdnipjut dby wpuqugiudp ntjudupynn opjjnh Ynnudhg, nph
ninnuhwjug Ynnpphttwwnh Jpuw gpus Epjpuswhwljut vwhdwbwhwlnidt wpgtnud £ thinpnn
opjiljnnhtt pupdpwbiuy wykph, putt wpjws poyjunphih pupdpmpeniip: Uowljdly b jndphtmgus
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Epwphiunpwé hnpuwi jubnhpp:

Asetucsin B.B., Crenansin B.C.
KomM0uHUpOBaHHOE YIIPABJIeHHE FAPAHTHPOBAHHBIM MOHCKOM MOIBHIKHOI0 00HEKTA MPH reOMEeTPUIECKUX
OrpaHuYeHusIx

PaccMarpuBaercst 3aa4a rapaHTHPOBAHHOTO IIOMCKA JBIKYILETOCS Ha TOPH30HTAIBHON INIOCKOCTH HCKOMOTO
00beKTa, HayaJbHOE COCTOSIHME KOTOPOrO M3BECTHO C TOYHOCTBIO JIO 3aJaHHOTO MHOXecTBa. Ilomck
OCYIIECTBIACTCS B TPEXMEPHOM IIPOCTPAHCTBE YNPABISIEMbIM II0 YCKOPEHHIO HIIyNIMM OOBEKTOM, Ha
BEPTHKAIBHYIO KOOPJHHATYy KOTOPOTO HAJIOXEHO TI'€OMETPUYECKOe OrpaHMuYEHHME, 3alpellaroniee HINymeMy
O0BEKTY IOJHUMATHCS BBIIE 3aJaHHOI [OIMYCTHMOH BBICOTH. Pa3paGoTaH aniropuT™M KOMOHHHPOBAHHOTO
yIpaBIIeHHs, IPU KOTOPOM TapaHTHPOBAHHBI MOMCK HCKOMOrO OOBEKTa PEeaM3yeTcsi 10 HPOCTPAHCTBEHHOM
TPAeKTOPHH, COCTOSIIEH M3 NPSMOJIMHEHHBIX YYAaCTKOB M KPUBOJIMHEHHBIX y4YacTKOB B BHJE OKPYXKHOCTEH ¢
MOHOTOHHO YOBIBAIOIMMHU pajguycamu. [l reoMeTpuueckux M (U3MYECKUX MapaMeTpoB 3aJaud IOJNYYeHO
YCIIOBHE, IIPH KOTOPOM IIPE/I0KEHHbII alIrOPUTM YHPABICHUS pa3pelliacT 3a/[a4y rapaHTHPOBAHHOTO [OKMCKA.

In this paper we consider the problem of locating an object moving on a horizontal plane, whose initial position
is known to be from a given subset of points of the plane. The search is carried out by the means of accelerating an
object through space, which adheres to certain geometrical constraints on the vertical plane such as that the object
cannot move past a certain maximum elevation. A combined control algorithm has been developed, that is
guaranteed to locate the object by means of a varying linear and curvilinear trajectories, modeled as circles with
varying radii. Geometrical and physical parameters have been calculated which allow to solve the problem of
guaranteed positioning.

Introduction. The problem of a variation law development of searching object’s (SO)
controlling acceleration vector limited by absolute value is considered. SO starts three-
dimensional motion from a given initial state of rest and has to detect the moving target object
(TO) in a finite time. TO’s motion is horizontal and controlled by acceleration. The initial
state of TO is known to SO up to a given set of uncertainty. The absolute values of the
acceleration and the velocity of TO are limited. SO is geometrically constrained, so that it
cannot collide with known still obstacles (e.g. ground) or the maximum elevation is limited
in case of the object being a flying device. TO is considered to be detected if it lies within
the circular base of a cone whose apex’s coordinates are the current coordinates of SO. In [1]
the time-optimal guaranteed search problem is solved without elevation constraints. A
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minimax approach was developed which allows to reduce the problem of optimal guaranteed
search, i.e. fastest absorption of the domain of uncertainty that is expanding with maximal
speed, to the optimal control problem with free right end solved with the Pontryagin’s
Maximum Principle [2] in the class of control problems with constant acceleration.
Nevertheless, the implementation of the approach mentioned in [1] depending on the initial
parameters of the searching system seems impossible for the problem of guaranteed search
with constraints on elevation (including optimal guaranteed search) due to limited
possibilities for detection disk expansion necessary for absorption of TO’s uncertainty
domain expanding in time. For this reason this paper offers another approach based on
development of a combined control algorithm for SO allowing a multi-step search of TO by
means of linear and curvilinear regions with monotonically decreasing radii. Other
approaches to the related problems see in [3-5].

1. Problem statement. Suppose there are two point objects X and Y, where X is
the searching one and Y is the target. X performs three-dimensional motion in the

gravitational field of the Earth and Y on the surface of the Earth. The motion equations of
the objects can be given in the following form:

X: X = Wyos xzzwxz’ )'6'3=WX3—g,
XI(O) = Roa X, (0) = 0, X, (0) = 07
%5(0)=0, x,(00=0, x(0)=0,

0<x;(t)<h, |WX1|SWX, Wy =Wy Wyas Wys) ' 120,

(1.1)

Y: V. =w,, i=L2,
0 . -0 .
yi(O)y=y., 3=y, i=12, (12)
. . . . NT T
OV @< 7=00)" s W =Wy, m,)", 120,

In (1.1), (1.2) X;, y, — geometrical coordinates of the objects X,Y ; w,., w,, —
coordinates of controlling accelerations of objects, which are piecewise continuous vector-
functions of ¢ ; W, W, — maximal possible values of controlling accelerations W, , W,
respectively; V), — maximal possible speed of the object Y ; h — maximal allowed value of

coordinate X, of the object X during the motion; g — gravitational acceleration; R, —

. .. T . .-
given positive number. The symbols ( ) and | . | are the operations of transposition and

Euclidian norm of vectors, respectively.
Let us suppose that the only information about the phase coordinates of Y known to X
is a given uncertainty set Y belongs to at the initial moment.

(yo,)-)o) EDOXDO’ D, = {yo eR*: ‘yo‘s Tots Do = {yo eR*: ‘yo‘ <V}
(13)

TO is considered to be detected at the very first moment ¢ =¢", when the following
statement is true

YA G e [yt —x, ()| SUE), X, =(x,,%,) (1.4)

—i.e. it belongs to the moving circular base of the following cone:
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EeR: |E(0)—x, ()| <1(t) = Cx, (1)
C=|thL, 0<|OL|<7I/2 T (1.5)

G(x(0),C) =G(x,(0),x,(0),C) =G,  x(0)=(R,,0,0).
The detecting disk (1.5) of SO (1.1) at the moment # while using all possible piecewise

G(x(1),C) =

continuous controlling accelerations (admissible controls) W, (1), |Wx (’C)| <w,,
0<1t<t, on the plane (x,,X,), represents a disk with a moving center (by means of
control (W, (¢), Wy, (t)) with center x, ()= (x,(¢),x.,(t)) and varied by using
Wy, () scalar control with [(¢)=Cx;(¢): [(t)>0 radius when w,,(t)>0 and
[(#) <0 when w,,(¢)<0.

According to (1.5), at the initial moment the detection disk G, = (R,,0) is a point on
the axis O)C1 . We assume, that Ro > 1, i.e. initially the uncertainty disk has no intersection
with the detection disk:

D,nNG,=9. (1.6)

The primary problem. For a given initial state (xo,)'co) and given initial disk of
uncertainty D), (1.3) and disk of detection G (1.5), satisfying (1.6), find a number 7" >0
and admissible control W, () of object X on the [to , T ] interval, so that for any initial
state (1°,7°)(1.3) of ¥ and any admissible control Wy (¢) on the [Z‘O, T ] interval, the
detection condition (1.4) is satisfied at some moment # " notlaterthan T: ¢t" < T .

We will call the number 7' > 0 and the admissible control W, (), 0<t<T of the

X guaranteed search time and guaranteeing control, respectively.
For the system (1.1) — (1.6) when solving the time-optimal guaranteed search problem

without the constraint on axis X; in [1] we introduce the concept of uncertainty domain at
moment 7 : D(T) on the plane (,,),) is consisting of end points
y(T)=,(T),y,(T)) of all trajectories of TO (1.2) for all possible initial states
( yo, j/o) eD, XDO and constructed with all kind of piecewise continuous admissible

controlling accelerations Wy () = (wy, (£), wy,(2)), |Wy (l‘)| <W,, 0<t<T with a

constraint on speed |y(t)| <V,,0<t<T.

Considering the above, in [1] an approach is suggested consisting of constructing an
admissible control on motion of X , such that the detection disk of SO absorbs the disk of
uncertainty (expanding in time) within a minimal guaranteed time 7 :

D(T) 2 G(x(T)). (1.7)

which ensures the fulfillment of the condition (1.4) at some point # " <T in time.

Based on the minimax approach, it was found that for guaranteed detection it is
sufficient to consider the case when TO is initially on the boundary of the uncertainty domain
(1.3), has no acceleration and has a vector-speed directed radially away from the center of
the disk

3’ :(yf),yg):(Vyyloro_l, Vyyzoro_l), wy(1)=0, 0<¢<T, (1.8)
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i.e. the radius of the disk D(t) is increasing linearly:
r(t)=r,+tV,. (1.9)

Thereby the optimal guaranteed search problem was reduced to the problem of optimal
control with free right end, which was solved with the Pontryagin’s Maximum Principle [2]
in the class of problems with constant accelerations. However, in presence of the constraint

on the axes X; (1.1) in some cases depending on the initial state of the searching system, the

implementation of this method of absorption (1.7) seems impossible in the problem of
guaranteed (including optimal guaranteed) search, as the possibilities are limited for the
detection disk to expand which is necessary when having the conditions (1.8), (1.9). For this
reason, this paper offers another approach based on development of a hybrid control
algorithm for SO allowing a multi-step search of TO.

2. Fastest maximum elevation reaching step. In this step, SO performs a vertical
motion on purpose of reaching the maximum elevation with zero speed at the end of the
motion. Such a motion is implemented with the solution of the following optimal
performance problem.

Problem 1. Find a controlling acceleration w),(¢), £ €[0,#], i=1,2,3 (1.1), that

ensures the movement of X (1.1) from a given initial state of rest (1.1) to a given terminal
state of rest

xl(tl) = Ro> xl(tl) =0, x2(t1) =0, xz(tl) =0, x3(t1) =h, x3(t1) =0, (2.1)
within the minimal time 7.

This is a two-point optimal control problem. According to the Pontryagin’s Maximum
Principle of optimal control [2], providing the quickest transition from one point to another

in the phase space is the vector function Wy = (W}, (£), Wy, (t), wy;(t)) with the
following components:
Wy =Wy, =0, 0<t<1,

Wiy =Wysign[ (1, /2-0)h], 4 =2hw, [(W, +g) (W, -2)] -

Thus, the control (2.2) ensures SO to reach maximum elevation Xx; = h with zero

2.2)

terminal speed within minimal time £, (2.2). At the time ¢ =/, the radius of the detection
disk reaches a maximum value / (l‘l) =(x, (tl) = Ch , and the detection disk on the plane

Ox,x, takes the following form:
G(t) ={(x.x,): (5, =R +x3 =1*(t)), I(t))=Cx,(t,)=Ch }|. (2.3)

Since Y in the time interval 0 <¢ < f, can be at a maximum distance from the center

of the initial disk of uncertainty, if and only if at the initial time it is on the boundary of the
uncertainty set (1.3) and has an initial velocity (1.8), which provides expansion of the disk of

uncertainty with the highest rate V}, (1.9) then at the moment ¢ = £, it can be located in any

point of the circle

D(tl):{(yl’y2): iy :’iz}» n=rlt)=r+Vi,. (2.4)
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3. Step of fastest contiguation of the detection and uncertainty circles. While X is
on the maximum permissible height with the zero-speed state (2.1) at the moment # =¢,, it

performs a linear horizontal movement along the axis 0x1 in the direction toward the center
of the circle of uncertainty within the time interval #, <¢ < ¢, until the first contactat f =,
of the detecting circle G(Z,) and the circle of uncertainty D(%,) .

Since TO within the time interval ¢, <¢ </f, continues its motion having maximum

absolute value of the velocity vector (1.8), then at the time =7, it can be anywhere on the

boundaries of the uncertainty circle

D) ={(y,3,): ¥ +5 =15}, (3.1)
where given (1.9), (2.4) ¥, is calculated as follows:
n=r(t)=n+V,(t,—t)=1r+V,t,. (3.2)

This means that the required motion of SO can be implemented by the control vector
wy = (Wy, (), wy, (1), Wy;(¢)) , wherein the second and third components are specified
as
W) =0,wy,()=g, t,<t<t, (3.3)
and the first component is determined by solving the following optimal control problem.

Problem 2. Find an optimal control W}, (¢), t, <t <t, which satisfies the constraint

|WX1(t)|S\/W)?_g2 G4

(given (1.1), (3.3)) and along with given control constants (3.3) provides the displacement of
the X from a rest state (2.1) to the terminal rest state

x () =r+V,t,+Ch, x,(,)=0, x,(t,)=h,
x(4,)=0, x(4)=0, x()=0

within a minimal time 7, — ¢, .

3.5)

Note that the first two boundary conditions in (3.5) can also be written in the form
x(t,)=r+Ch=y/(t,)+Ch, x,(t,) = y,(t,) =0 in view of (3.1), (3.2), express the
situation of outside contact between the circles G and D at time £, .

Since with the given controls (3.3) the system (1.1) does not move by the coordinates
X,,X; (with boundary conditions (2.1) and (3.5)), then the problem 2 is reduced to one-

dimensional (regarding the coordinate X, ) problem of optimal control with free right end:

Y =wy, x(4)=R,, %)=0, x()=r+Vt,+Ch, x(,)=0. (3.6)
Solving (3.6) as a two-point optimal problem, analytical expressions for the optimal
control and the corresponding minimum travel time is found:

Wy =g - g*sign{[(t,+1,)/2-1](r, +V,t, + Ch—R, )} (3.7)
12/y _ 2VY2 4 R, —Chz—ro —sztl
Wy-g Wy-g Wy-g

t,=t,+2| - : (3.8)

where 1, is calculated according to (2.2).
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Thus, at the moment ¢ = ¢, in the state (3.5) of the object X, the circle of the detecting
disk
. 2, .2 _ 72
G(ty) ={(x.x,): [x, = x,(,) +x; =12(t,), I(t,)=Cx,(t,)=Ch | (3.9)
contacts the circle of uncertainty (3.1), (3.2) inside.

4. Helper problem. Starting at moment # = £, (3.8), when SO is in the rest state (3.5)
and the detection disk (3.9) and the uncertainty disk (3.1) are in contact, SO performs the
search via flat motion X; =/ and the detection disk has a constant radius / = Cx,(t) = Ch

, t 2 t,. Taking into account the equations of motion (1.1) and (3.5) for the Xx; coordinate

and the velocity X, at the moment ¢ =¢,, X carries such a motion with

=g 1>t,. (4.1
It follows that only the flat movement of the X which is defined by the first two

)

so that the pole O s in the center of the disk of uncertainty, and the polar axis runs through

equations (1.1) is a subject to review. We introduce the polar coordinate system (p ¢,

the center of the detection disk having coordinates (3.5) at the moment =%, . In the first

two equations we switch to polar coordinates pP,(p associated with the original Cartesian

coordinates X,, X, with the following relations:

X, =pCcos®, X,=psing. 4.2)
The equations of the plane motion of SO (1.1), represented in polar coordinates are as

follows:

. d . .
P—pP" =w,, E(p(p)=wq,, (4.3)

where w » and w, are radial and tangential components of acceleration of the X,
respectively. They are associated with the first two components of the vector of controlling
acceleration W, = (Wy,, Wy, Wy,) as follows:

Wy =W, COSQ—W, SINQ, Wy, =W, SINQ+W, COSQ. (4.4)

In view of (4.1), (4.4) the constraint on the absolute value of controlling acceleration
(1.1) takes the form

N :\/wf)+w; <ywi-g*. 121, 4.5)
and the initial conditions (3.5) will be
p(t,)=r+Ch, p(1,)=0, ¢,(1,)=0, ¢(,)=0. (4.6)

For the detection of TO, SO carries a circular motion around the center O with a radius
p(l‘z) = const by choosing a direction for the encircling maneuver, which actually is the

positive direction of the reference polar angle.
Then, motion controls (4.2) will be

) .
—p(6,)9" =w,, p(t,)o=w,, 4.7)
Let us find the variation laws for the controlling accelerations w, (#) and w,(?)

which satisfy the constraint (4.5), while moving circumferentially with the constant radius
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p(l‘z) according to the equations (4.7), the center of the detection disk goes from the state
of rest (3.6) to the state of rest
p(t,)=rn,+Ch, p(t)=0, ¢,(t)=0, ¢(,)=0. (4.8)
within a minimal time 7, —7, .

The required controls w, (#) and w,(¢) are as follows. Constraining the tangential
control acceleration:
‘W(p(f)‘ﬁas tet,,t.], (4.9)

where € > 0 and f,— are unknown constant and time respectively.
First, from the two-point optimal control problem (4.6) - (4.9) we determine the optimal
controlling tangential acceleration W, - The maximum principle implies that the desired

control is an on-off control with the switching point £ = 7 :

w, =esign| 2n(t—1)]. t=(L+5,)/2. 1, =1,+2\2mp(t,)e " . (4.10)

Then, by integrating the second equation (4.7) with the control (4.10) and the boundary
conditions (4.6), (4.8), we find the function of the angular velocity of the time @(¢), and

after applying it in the first equation (4.7), we find the variation of the radial acceleration of
the time

g (t—t2)2 p (1), t,<t<T,

2

e (—t+21—1,) p'(t,), 1<t
The concave and continuous function (4.11) produces zeros on the ends of the interval

, <t<t:w/(t,)=w,()=0.Intheinterval £, <¢ <{, it monotonically increases and

w, (1) = (4.11)

in the interval T<¢ <7, it monotonically decreases, producing the maximal value on the

middle T= (¢, +1,)/2 of the interval:

max w, (¢) = w, (1)

t,<t<t,
From (4.9) and (4.12) follows
2 2 2.2, .2
Wp(t)+w(p(t)<47t8 +e°, ,<t<t,. (4.13)

20 N2 el _
t=(t,+,)/2 =& (L tz) P (tz)/4 t*—tzzzm =2me. (4.12)

By virtue of (4.13), in #, <t <t, the constraint (4.5) is ensured, if the following
inequality is satisfied for € > 0 :

e’ +e7 <W;—g’. (4.14)
The solution of the inequality (4.14) is
-1
86(0,80], €, =\/(W;—g2)(4n2+1) . (4.15)

Thus, € =¢, (4.15) is the maximal value when the constraint (4.14) is not violated

where the time 7, and control (4.10) are optimal:

t, =1, +221p(t,)e, . w, = gosign{2n[(t* +t2)/2—t]} : (4.16)
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Moving with maximal velocity ¥}, SO being on some point of circle D(%,) (3.1) at
the moment #=1¢,, within the time #, —¢, will pass a distance V,(f, —f,) and at the
moment f =/{, can be maximally displaced from the origin, i.e. on some point of circle
D(t,)= {(yl,yz) C Yy =r } with the radius 7, =7, +V, (¢, —¢,) . From this and
(4.16) follows, that if the condition

r,—r, =2V, 2mp(t, e, <2Ch, (4.17)

is satisfied, then within the optimal time of one full rotation of SO around the center O, TO

does not have enough time to leave the circular ring with width 2/ =2Ch and stay
undetected.

5. Combined control algorithm. Suppose that for the given initial parameters
7y, Ry, C, 0V, ,W,,g attime t =t, the condition (4.17), written in the form

\27p(t,)e,' < ChVy! (5.1)

is satisfied.
Starting from ¢ = ¢, , with the tangential acceleration equal to zero W, = 0, SO moves

as fast as possible along the axis Ox1 in the direction of the pole O from the state

(4.6)((3.5)) performing a displacement Axl(l) >0 (defined below). Using (4.4) and the

following controls

Wi () ==} - gsign{[ (1, +6,) /12—t | Ax ), (5.2)

-1/2

* * _ D (72 _ o2
Wi, (=0, w()=g, 1, <t<t, t3_t2+2\/Ax1( (Wx_g )
X will make the below transition to the state of rest within a minimum time #; —1, :

x,(t)=pt,)=p(t,)-Ax", x,(,)=0, x()=0, x()=0. (5.3)
Meanwhile, during the time #, —¢, the uncertainty disk of TO (moving with V)
velocity) will expand and its radius reaches the value
rity)=rn=n+V,(t—t,) (5.4)
at the moment 7 =17,
We require that at time ¢ = £, the right point (#(,),0) of intersection of the circle of
uncertainty with the axis Ox, be more left than the right point (x(f;)+ Ch,0) of

intersection of the circle of detection with the axis Ox,: r(t;) <x,(#;,)+Ch, i.e. with
(5.3), (5.4) the following condition to be satisfied
V,(t,—t,) <2Ch—Ax". (5.5)

The inequality (5.5) sets a constraint on desired value for Axl(l) >0 and after

replacement of #; —7, with (5.2) it is reduced to the following inequality:

AV 128, (W2 - g7) A —2ch <o, (5.6)

and the solution is
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-1

2
A" €(0, a), a:[—VY\/(W;—gz)_m +\/V5(W,§—g2) /2+2Ch} .6

If during the time 7, —¢, the detection of ¥ is not happening, then at =7, being in

the state (5.3), for which Axl(l) is from the interval (5.7), SO performs a fastest possible

rotation with the constant radius p(z,) = p(¢,) — Ax" in the way described in the section

4 from the rest state

p(ts) = p(tz) - Axl(l)a p(ts) =0, (P(t3) =0, (i)(t3) =0 (5.8)
to the terminal state of rest
p(t,) =p(t) =p(t,) - Ax", p(2,)=0, o(t,)=2m ¢(,)=0 (5.9)

within a minimal possible time 7, — ;.
SO performs such a relocation with the tangential (4.16) and radial (4.11) control
accelerations, also with the control (4.1), related to the time interval £, <7 <17, :

w, =gsign{2n] (4, +4) /12—t ]}, 1, =1+ 2{2mp(t)e,' (5.10)
e2(t-1,) p (1), L<t<t,

T, =(t,+¢,)/2.
&2 (~t+2t,—1,) p'(t,), T, <1<, o=lre)

w,(#) =

we() =g, =t<t,
where p(f;) and €, are deduced from (5.8) and (4.15), respectively.

Given the constraint (5.7), the desired value for Axlm will be determined from the

following equation:
rt(t,— L)W, =1, +2Ch—Ax", (5.11)
which, using (5.2), (5.4) and (5.10) is transformed to

W, 2(plty) ~ A ey = 2Ch 2V, |l (W7 - 27

Here, the value of p(tz) using (2.2) (3.2) (3.8) (4.6) is expressed in terms of the given known

-1/2

—Ax. (5.12)

parameters 7y, R, C,h,V,, W, , g of the problem.
With the condition (5.1), the equation (5.12) is solvable against Axl(l) on the interval

(5.7). Solving it, we find the value for Axl(l) wherein during the full rotation time 7, — £,

around O, TO moving with constant velocity from the boundary of the uncertainty disk, will
be detected. The radius of the disk will be:

-1/2
r(t) =mn :r2+2VY\/Axf‘>(W,§—g2) . (5.13)

Thus, if no detection of TO (1.4) occurs at any moment ¢ € [Z,,t,] of the time interval
t, <t <t,, then the execution of the combined control (5.2), (5.10) during the time #, —1,
results to reduction of the diameter 7, =7(f,) of the uncertainty domain by Axl(l);
0< Axl(l) < Ch <r,, ie. the uncertainty domain of TO at time f =1, is contained in a

circle with a radius
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r=rt)=rn-A&">0, 0<r<r. (5.14)
Here, the following cases are possible:
a) r(t,)=r,<Ch, b) r(t,)=r2Ch. (5.15)

In case of (5.15)(a), let us find a condition, for which the controls

* 2 2 * *
Wo ==Wy—g, wy, =0, wy,=g, 1>t (5.16)

of linear motion along the axis Ox, from the state (5.9)(recorded in Cartesian coordinates

(4.2)), ensure satisfaction of the absorption condition (1.7) not later than some finite time T’

First, we integrate the equation (1.1) given the controls (5.16) and initial conditions
(5.9)((4.2)). Then, the resulting expressions for =1 we put in the final terms

x(T)-Ch=y(T), x(T)=20, y(T)=-r-V,(T-t,), (5.17)
describing the relative position of the disks G(x(7")) and D(T")[1], corresponding to the

absorption condition (1.7) [1].
The relations (5.17) can also be represented as the following system against the

parameter 7' >0 :
5« 2 ¢ 2 E3 2 E3
woI"+V,T+R, =0, w,T —w,t, —2wt,+2r(t,)=0,
* 2 *
R, =—wyt; =2w,t, +4r(t,)—2,t,.
If (5.18) is solvable against T > 0, then the controls (5.16) are guaranteeing on the

(5.18)

interval 7, <t < T, and the time 7" (minimal positive root of the equation (5.18)) is the

guaranteed search time, since at this point the boundary condition (5.17) is satisfied, which
is equivalent to the absorption condition (1.7) and detection condition (1.4).
If (5.18) is not solvable, then in both (5.15)(a) and (b) cases, starting from the moment

t =t, secondarily applying the controls (5.2) and (5.10) related to intervals 7, < ¢ < £, and

1, <t <[, respectively, will give

r=rt)=r,—Ax?, (5.19)

where Axl(z) is determined from the following equation:

KAt —t)V, =r,+2Ch-Ax?,  Ax* €(0,a). (5.20)
The equation (5.20) with the help of similar forumals (5.2), (5.4), (5.10), related to

differences (£; —t,), (5 —7,), (f; — L5 ), respectively, is recorded as

-1

2
2VY\/2n(p(t2) — A" - Ax? ) g,! =2Ch —2VY\/Ax1(2) (me-g) " —Ax. 21
Ax? e (O, a).
where Axl(l) is determined in the previous step on the interval £, <7 <7, .
According to (5.15), considering the following possible cases. In case of (5.15)(a), if the
solution Axfz) of the equation (5.21) satisfies the inequality

r, <A < Ch, (5.22)
then from (5.19) follows, that 7, =r(¢,) =71, —Axl(z) <0, i.e. the absorption of the

uncertainty domain by the detection domain happens at the moment  =1#,.
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In case of (5.15)(a), if the solution Axl(z) of the equation (5.21) satisfies the inequality

0<Ax? <r, <Ch, (5.23)
ie.
ro=r(t)=r,-A? >0 (5.24)

on the interval #, <f <{, no detection occurs, then the uncertainty domain at moment

t =t is contained in a disk with diameter 7(#,) =, <, , moreover, as it follows from

(5.19), (5.24) and equations (5.12), (5.21) with the condition (5.1)

AV =1 =1, <1 =1, = Ax? (5.25)
Similarly to the case (5.15)(a), we can use the control (4.1) when ¢ 2, and from the

equation (5.18), where 7, is replaced with # , we can find the guaranteed absorption time,

if (5.18) is solvable against T > 0 . Otherwise, and also in case of (5.15)(b), if on the interval

t, <t <t no detection happens and

0<Ax? <Ch<r,, (5.26)

then at # =, the relations (5.25) are relevant again. Then we move to the next step of the

combined control and so on, until one of the conditions (5.22) or (5.23) related to the current
step are satisfied.

Suppose that at moment ¢ =, , 7 > 3 before the 7 -th step, no detection has happened

2n>

during the time #,, , <t< t,, and therefore, the execution of the combined control on the

interval ¢, , <t<t, resulted to reduction of the radius 7,, , =7(f, ,) of the

uncertainty circle by Ax""™", 0<Ax"™" < Ch, i.e. the uncertainty domain of TO at

moment f =1, is contained in a disk with the

n,=r(t,)=r, , A", r, L >n, n>3. (5.27)
Starting from the time ¢ =7, by applying the controls (5.2), (5.10) successively on time

intervals #,, <t <t, ,mut,  <t<t, ,, respectively, we get

2n+l
— — (n)

r2n+2 - r(t2n+2) - r2n - A'xl > r2n > r2n+2 ’ nz 3 ’ (528)

where Axl(") is determined from equation

_ (n)
P T iy =1, Wy =15, +2Ch= A", n23,
recorded as

2Vy\/2n(r2 +Ch—ZAxfi)jsgl = 2Ch—2VY\/Axf"> (w3 -¢)
i=1

A" e (O,a), n>3,
with the help of similar to (5.10), (5.2), (5.8) recurrence formulas:

=1, + 242 ) =1, +2 A (W= g?)
bnia =l + ()80 Ly =h, + I ( x—& ) , (5.30)

p(t2n+l) = p(th) _Axl(l) =n+ Ch _zAxl(i)

i=1

" (5.29)
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Since, as if follows from (5.25), we have the recurrence relations

0<r, ,—1, =MA""<Ax" =r, -1, ,<Ch, nx3, (5.31)

then 0< Axl(l) <..< Axl(”) < Ch and the search process ends at such #, when
(n) (n) _ (n) .

r, SAx" <Ch or Ax,"’ <r,, <Ch.Inthefirstcase, 1,, , =7, —Ax;"”" <0, i.ethe

absorption of the uncertainty domain by the detection disk is happening at time ¢ =1, ,,,
and the detection of TO is occurring at some point of time on the interval #,, <t <%, .In
the second case, the uncertainty domain at time ¢ =%,,,, is contained in a circle with radius
7(ty,.4) = Typeq <T,,, and the controls (5.16) related to current time interval ¢,, <t <T

(where T is the minimal positive root of the equation (5.18) written for the time 7,, ) lead

to the achievement of the absorption condition.
Here is an example of numerical implementation of the search control algorithm (5.27)
- (5.31) for the system (1.1) - (1.6) with the following parameters

W,=100ms?, V, =5ms', 7,=25m, h=50m, (5.32)
R,=5000m, g=98ms? C=1.

First, for the parameters (5.32), with formulas (2.2), (2.4), (3.8), (3.2), (4.6), (5.18) the
values f, =1,42s, 1 =32,10m, #,=15,38s, 7, =101,90m, p(t,)=126,90m,
€, =15.64 ms were calculated, respectively and it has been established the feasibility of
the condition (5.1), which by the proposed control algorithm ensures the detection of TO
within a finite time. The calculation results showed that starting from time #, the search

process, followed by detection of TO is carried out in three phases with combined control in
the form of controls (5.2) (5.10) related to each step:

Step-1

15,38s=1¢, <t <t,=30,72s, Ax" =2329m, r,=r,—Ax", r,=101,90m — r, =78,61m,
Step-2

30,72s =t, <t <t,=44,31s, Ax” =32.04m, 7, =r,—Ax?, r,=78,62m —r, =46,58m,
Step-3

4431s=t, <t <t,=54,43s, r,=1r,—Ax”, Ax” =49,44m, r, =46,57m —>r(t,)=0.
The table shows that the uncertainty domain of TO narrows after each step (the radius

of the circle containing this region is reduced) and at the end of the third step it disappears.
Consequently, at time #, =54,43s the uncertainty domain is absorbed by the detection

circle, i.e. the detection of TO happens not later than the guaranteed search time 7" =7, .

Conclusion. For the problem of a guaranteed search of a moving object, a constructive
combined control algorithm is developed, which allows the searching object moving in a
fixed-height horizontal plane of a three-dimensional space to perform the search of the target
object within a finite time. Using the produced guaranteeing controls in an explicit form, the
search, followed by the detection of the target object is carried out on the spatial trajectory
consisting of linear sections and curvilinear sections in a form of circles with monotonically
decreasing radii.
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2U8UUSULDP &hSNPhE3NRLLENP ULaUSPL UYUNEURUSE StNtuUah,
W3BECTUSI HAIIMOHAJIBHOM AKAJIEMHUA HAYK APMEHUMA

Uthumthju 69, Nel, 2016 Mexannka
YIK 517. 934
THE PROBLEM OF THE OPTIMAL STABILIZATION OF THE
SPINNING TOP MOTION

Shahinyan S.G., Rezaei M.

Keywords: Dynamical Systems, Optimal Control, Optimal Stabilization.

Kinrouersie ciioBa: JInHaAMHUECKHIE CHCTEMbI, ONITHMAIBHOE YIIPABICHHE, ONITUMAIbHAS CTA0HMIIM3ALHS.
Putimh punkp' phuwdhly bhwdwlupglp, owwhdw] nhjwdupnid, owwnhdury
utwphjugnid

IMarunsu C.I'., Pezau M.
3azaua onTHMAJILHON CTAOMIN3AaLMU BPALATEIBLHOT0 IBHKEHUsT BOJTYKA

B Hacrosei pabote paccMaTpHBaeTCs 3a1aua ONTHMAIbHOH CTAOMIIM3aliY BPallaTeIbHOTO JBIKEHHS BOIYKA
B JIMHEHHOM mnpuOmDkeHHH. Ilo HampaBICHHSM COOTBETCTBYIOIIMX OOOOIIEHHBIX KOOPIMHAT BBEJCHHBI
YIPaBISIONINE BO3ACHCTBHS, MIPOBEPEHA IOJHAS YIIPABIIEMOCTh JIMHEHHOTO NPHOJIMIKEHHS TTOTyYeHHOH CHCTEMBI
ynpasinenus. PenieHa 3amaya onTHMaibHOIM CTaOMIM3aLMM 3TOM CHCTEMBI Ha KJIACCMYECKOM cMbicie. [lotom
MIPeANoIaraeTcs, 4To Ha BOJYOK Ha KOHEYHOM UHTEPBalle BPEMEHH AEHCTBYIOT MHTETPAJIbHO Majlble BO3MYILAIOLINE
cuibl. ITocTaBnieHa u peleHa 3a1a4a ONTHMAIBHON CTaOMIM3AIMK U B 3TOM ciTy4dae. [l 000MX cirydaeB MOCTPOSHBI
ontuManbHble (GyHKIMH JIAMyHOBAa M ONTUMAbHBIE YHPABIAIOINE BO3ICHCTBHS, MOIyYEHBI ONTHMAJIbHBIC
3HAYEHHUS MHHAMU3HPYeMbIX (yHKOHOHanoB. CpaBHEHHE ONTHMAaIbHBIX 3HAYCHHH MUHUMH3HUPYEMBIX
(DYHKIMOHAJIOB ITOKA3aJI0, YTO 3aTPaueHHAst JHEPTHs B CIIydae ONTHMATEHON CTAOMIIN3aluH P HHTETPaTbHO MaJIbIX
BO3MYILIECHHSIX MEHBIIE, YeM IIPH PEIICHHH 3TOH 3a1a4 B KIIACCHIECKUM METOIOM.

Cwhhiywh U.Q., Nthquyh U.
2Zn1h ypninwlut pupddwii oujinhimy unmphjugnip

Uojuwwnwupnid nhinwpljynid k hnjh yunnwlju pupddwt oyynhdwy uthwphjugdwi juinhpp qdughtt
Uninunpmpjudp: Zudwyunuupiub pinhwbpugdus §nnpphtiunnitiph nunpnipudp  tkpunishyng
ntjujupnn  wqpbkgnipniukp, uwnniqus o ounwgyuws  pjudupynn  hwdwlupgh  gdwghu
Uninuwynpuipjutt phy nEjuwjupbhmpmip b psduws Eouyy hwdwlwpgh hwdwp  oupinhdwy
unwphjugdwt juinhpp: Ujunthbnb Bipunpguws £ np hnjh Jpu dwdwbwlh JEppuynp dhowljuypnid
wqnud ki hintigpuyny thnpp qpgnnn nidtip: Quubpyus b nisdws E twl oyyinhdw) unnwphihqughugh
uunhpp wyn nypnud: Bplynt nypbph hwdwp b jurnigqus tu Ljuyniungh oyyunhdw) $niuljghwbpp b
owunhdwy nEjudupnn wqnkgnipniiibpp juhws  hwdwljupgh  wwpudbnptphg: Unwugdus
Uhtuhdhqugynn $mbghntiwmukiph owpinhuiwy wpdtpubppp, npnilg hudblunmpeiniip gnyg £ by, np
huwntgpuyny thnpp gpgenwdubph nhwpnd owynnhduy uwphjugdwt dudwbwy swjiudny Eubpghwi
wytih thopp E, put puuwuis pdwuwnny wyn juinhpp niskhu:

The present work considers the optimal stabilization problem in motion of a Spinning Top when integrally
small perturbations act during a finite interval of time. The optimal stabilization problem of considered motion is
assumed and solved. In direction of the generalized coordinates introduced input controls, fully controllability of
linear approximation of the obtained control system is checked up and the optimal stabilization problem of this
system on classical sense is solved. Then, the problem will be limited to one input control, it is shown that the
considered system is not fully controllable and for this case the optimal stabilization problem under integrally
small perturbations of mentioned system is solved. For both cases optimal Lyapunov function is constructed, the
optimal controls and the optimal value of performance index are obtained. The comparison between the optimal
values of performance indexes proves that energy consumption at stabilization under integrally small perturbations
is less than solving that issue in classical sense.
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1.Introduction

Studies in the theory of optimal stabilization problem have begun from analytical design of
regulators assumed by A.M. Letov [1-5]. Solution of the problem in this formulation is
obtained by the classical variational method. To solve the problems of optimal stabilization,
N.N. Krasovskii [6] proved the fundamental theorem of Lyapunov's second method, which
is a connection method between Bellman dynamic programming [7] and the theorem of
Lyapunov asymptotic stability. In [8], the problem of stabilizing controllers design in
unstable motion of control system is considered. In [9, 10], the problem of stabilization of
nonlinear control systems is studied. Like, the theory of stability, analogous to the theory of
Lyapunov stability in the first approximation is developed [9], and, the problem of the
minimization of the integral quality estimation for small initial perturbations is solved [10].
Rumyantsev [11] has carried out the task of optimal stabilization with respect to the variables,
and has proved a theorem, that generalizes the fundamental theorem of optimal stabilization
of all variables. In [12], the solution of stabilization problems and optimal stabilization of
unstable motion of control system with sign-constant Lyapunov function usable state space
has proved. Problem of stabilizing systems with alternate control is discussed in [13]. Using
of alternate control imposes an additional condition for stabilizing control. It was shown, it

should provide not only the asymptotic stability of the motion ¢ = 0 but also the absence of

sliding modes in the system ¢ = F'(q,u). Methods of studying stability and transition

processes in linear stationary systems are investigated in [14].

It is well known that the circular movement of the top round its vertical axis will be stable if
it rotates at a higher speed than a certain angular speed. The question is: how is it possible to
provide the needed angular speed? In the present paper the optimal stabilization problem in
motion of a spinning top as a rigid body is solved.

2. Problem Statement
Consider heavy spinning top, rotating around its dynamical symmetric axis with rotational

(angular) velocity (. Let’s two external forces applied on the spinning top only: the

gravitational force P applied to the center of mass C of the spinning top, and the reaction

—

R, reliance on O (Fig. 1). Position of the dynamical symmetric axis z relative to the

spinning top fixed axis ENC (vertical axis OC) will define with the angles o and 3 [15]
(Fig. 2).

»
(&

Fig. 1
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Fig. 2
We introduce the axes of x, y,z (Fig. 2) and p,q,r — the angular velocity about x, y,z
axes, respectively, are defined by

p=a&, q=Pcosa, r=@—Psina. 1
Kinetic energy 1" and potential energy I/ of system will be
1 2 A2 2 1 - 2
T=—I(a"+B°cos”"a)+—1_ (p—Psina] ,
L (@ +p )+ (0-Bsina) o
Il = Plcosa.cosf,
where / is distance between the centre of gravity of spinning top, C and the point O, I,

and [ . are moments of inertia of the spinning top around the axes x and z , respectively (as
the spinning top is rotating and Oz is dynamical symmetric axis, [ =/ )

Now, we investigate the stability of the motion

a=0, a=0, B=0, B=4, 3)
¢ =@, = ®=const.

Using of Lagrange equations [16], the system of differential equations of the spinning top
motion will be

d | .
—(I a)+—=1PBsin2o+ 1 @B cosa—
dt( ¥ ) 2 B OB

[T .
—512[32 sin 2o = Plsino.cos B,

%(Lﬁcos2 a—1, (¢—B8ina)sina) _
= PlsinfBcosa,
d

E(IZ (('p—Bsin OL)) =0.

“
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Let's make following notations:
X =0, X,=0, X5 =0,

X, =B, x5 =0—9,. 5)
so, we obtain the first approximation of differential equations of the spinning top motion (4)
in the form of X = A4 - x as follows:

X, =x,, X,=b-x,—+a-x,,

X, =x,, X,=va-x,+b-x;, x,=0,

2
1 Pl

a= (I—Z 0\)} , b= ]_

* (7
The characteristic equation for the system of differential equations (6) will be obtained as
follows:
MM+ (a—2b)17 +57) =0
so, we obtain
(%, =0, A*+(a=2b)27 +b* =0. @®)

since rank4 = 4, and under the following condition:

2.1 Pl
o> 1— 9)

z

(6)

all the roots of the second equation of (8) are purely imaginary, so, the system of
differential equations (6) is marginally stable in the sense of Lyapunov [17].

Let's @ is given rotational (angular) velocity. Let's consider the input controls #, and i,
inthe X, and X, generalized coordinate directions, respectively, so the spinning top motion
(3) would become asymptotically stable. Then, the system of differential equations of the
spinning top motion (6) will be

X, =X,, X,=b-x,—va-x,+u,

Xy =Xy, )'c4:\/;-x2+b-x3, Xy =U,. o

Let's make following notations:
1
¥y = kxy, yzzﬁxz’ Yy = kxs,
1 1
y4:ﬁx4a yszﬁxs; (11)
ulzﬂ, uzzu—z, kzé, t' =+at.
a Ja a

Let's write the system of differential equations (10) in dimensionless form
{)"1:]{)/2» Vo =Y~y tuy, (12)

W=ky,, Yy=y,+ys, Vs =u,.
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[0
dr'’

That is, it is required that optimal controls ulo and ug be found so that the system (12) would

Here y, =

be asymptotically stable and the functional would acquire a minimal value.

It is quite easy to see that in case any of the input controls ulo and ug is missing the problem
will not be solved (the system will became a not fully controllability) and there is no need to
introduce more directories. Actually, full controllability [6] of system of differential
equations (12) can be checked easily, and turned out that it is full controllable as following
calculations;

rankK = rank[B, AB, A°B, A’B, A“B} =5,

where_ _ ) _
0 k0 0 O 00
1 00 -10 1 0

A=|0 0 0 k& O} B=|0 0|
011 0 O 00
000 0 O 0 1

Let's solve the problem of optimal stabilization of the system of differential equations (12)
in the given sense in [6] while minimizing the performance index

I[u]:T(iyf +22:u,fjdt. (13)
o \Li=l k=1

3. Solution of the problem
Let's make up the expression [6]

5.0V 5 , 2 ,
Blul=Y =y, +> vl +Du; (14)
i=1 a.yi i=1 k=1

since the expression (14) at optimal control takes the minimum value equal to zero [6], then

B =0, (15)
and

Bl o (=12 (16)
8u ui:u’()

where u = (“1 u, )T and ulo are optimal controls.
For Lyapunov function we will search in the form of
1 1,
V:EZcijyiyj+5055y5. 17
i,j=1
and C; — constants.

From equation (16) we obtain

0 1oV 0 10V
ul =———; ud=——" (18)
20y, 2 Oy,
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By substituting the values u ;) of the equation (18) into equation (14), considering of
equation (15), and using equation (17), we obtain the system of equations to define constants

¢, (,j=1...5)
1, k
—chz +c,+1=0, Ecll +—=c), +=Cyp ——C,Cyp =0,

1 1 1 1
3 Cia +§cz3 _chzczs =0, _5012 +§CIS +§cz4 _chzczzx =0,

2

1, k
—Zczz + ke, +c,, +1=0, ECB +—Cpy t—Cyy ——

19)
k 1 k 1 1
64T TS0y +§c44 _Zczzcz4 =0,

2 2 2
k

1,
_Zczs +ey +1=0, _5023 +Ecs3 +§c44 _Zc23cz4 =0,

1 1
—10224 —Cyy +hey, +1=0, —chzs +1=0.

The obtained solutions for constants ¢, ,Css are independent from the value of &, and are
listed below:

¢, =10,8284; ¢, ==%2,0000. (20)
In order to obtaining the solutions for constants C;;,C;53,C145C05Cs35C245C335C345Cas »

let's solve the system of equations (19) for various value of k (for example
k=0.5,1.0,1.5,2.0,...,50.0), choose those solutions for which the Lyapunov’s

function becomes positively definite, then plot the graphs of mentioned constants vs. & .

For example the graph of constant ¢;; vs. k is plotted below:

21,00
o
IE

18,00

15,00
12,00 \
9,00

6,00

y = 14,155x049

3,00

0,00 T T T T T T T T T k 1

0,0 50 100 150 200 250 30,0 350 40,0 450 50,0

Fig. 3. Constant ¢;; vs. k and best estimated functions of constant ¢,; vs. k.
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The dependence of constant ¢,; on k is displayed in fig. 3. The dots illustrate the solutions
of ¢, of the system (19) for corresponding k values, while the curve shows the best

estimated functions of constant ¢, vs. k.

Finally, for each values of &, we can similarly find the best estimated functions of constants
clol,clo3,clo4,c§2,c%,cg“,ci,c&,cff4 vs. k, and we’ll have;

! =14.155067%°;  ¢f, =8.1943k*%; ¢ = —0,8284;

ey = (2x10™)k =(3x107°) &> +0.0002k" —0.0074k" +

+0.1226k> —0.9883k —22.8510;

ey = (1x107)k* =(2x107)K* +0.0012k* —0.0408k" + @1)
+0.8058k> —11.7640k —14.7780;

¢, =18.2040k"; ¢2, =18.4430k —2.5861;c%; = 84.0200k"*;

¢?, =85.0500k —6.0128; c3, =82.5020k"*%; ¢, = 2,0000.

Thus, optimal Lyapunov function will be
0 0 0 0
C C C C
VO y’.”’y :Ayz_’_iyz_’_ﬁyz_’_ﬁyz_’_yz_
( 1 5) 7 71 5 2Ty 5 4 5 22)
0 0 0 0 0
—0.8284,y, + 3V Vs +CuV Yy F Ca o Vs +Cou Yy Yy + VsV,

and optimal controls will be
0

0 0
0 Cyn €3 Coq4
u, =04142y, ——=y, ——y, ———y,,
1 N ) Y2 ) V3 ) Vs (23)
0
Uy ==Vs-
For the optimal value of the performance index in equation (13) we obtain
0 0 0 0
0 0 Cii 2 , Cn 2 G3 2  Cy 2 2
I'=v (yIO""’ySO) =L Yio H Vyg H o Vit Yo + Vo —
2 2 2 2
0 0 0
—0.8284 Y0750 + 1310 Y30 T CaioVao T 3 Va0V30 + 24

+6’5)4)/20)’40 + 034)’30)’40’
where y,, =y, (0) (i = 1,...,5).

4. Second Problem and its Solution

Consider again the system of differential equations (12). We assume that
u, =u; u, =0.Then the system of differential equations (12) will obtain

{yl =kyys Yy =Y —Ystu,

Vs =kyy, Vy=y,+y;, s =0.
Let's replace the following problem: Finding such input control u° which will ensure the
stability of the solution y;, =0 (i =1,...,5) of the system of differential equations (25)

(25)

under integrally small perturbations [18] and will minimize the performance index.
As the following calculations the system of differential equations (25) is not fully
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controllable;

rankK =rank| B,, AB, A'B,, A'B,, A'B, |= 4,
Where B, =[0 1 0 0 0]

Hence, the optimal stabilization problem for the system of differential equations (25) in the
sense [6] is not solved.

The system of differential equations (25) may solve the optimal stabilization problem under
integrally small perturbations [18]. Minimized performance index should be adopted in the
form of

/4
1 ) =I[ny +u2jdt. (26)
o\ i=l

Thus, it is required to resolve the optimal stabilization problem under integrally small
perturbations for the system of differential equations (25) while minimizing the performance
index in equation (26).

The expression of Bellman for the system of differential Equations (25) in this case will be

oV orv oV oV
Blu]=—+——hy, +——(y, =y, +u) +——ky, +
ot oy oy, Oy @7
ov 2 2, 2, 2,2
+6y Dyt y)+y +y;, +y; +y, +ud,
4

since the expression in Equation (27) at optimal control takes the minimum value equal to
zero [18], then

% :a—V+2u0 =0, so we obtain
oul _o 0y,
1
u’ = ——a—V. (28)
2 0y,
As
Bl =0, (29)
by substituting the value u® of the equation (28) into equation (29), we obtain
ov or ov oV oV
—t—ky, +—(y, =y, +—ky, +—(p, + y;) +
o 1 ky, o, =) o, ky, o, (7, +3)
1 or ) (30)
S C
For Lyapunov function we will search in the following form [18]:
V(t.y)=v,(n)+ Vi (e.y)+ 7, (0) (31)

where

v, (y) —the quadratic form with constant coefficients;

4 (l‘ R y) —the first degree form with respect to y with the coefficients depending on time
L
V, (t ) — the function of time 7.
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By substituting the value V(l‘, y) of the expression (31) into equation (30), we obtain
V, =V, =0, and the equation (30) can be written as

ov., ov., oV, ov.
_Zkyz +—2(y1 —y4)+—2ky4 +_2(y2 +y3)+
o, 0y, 0y oy,

(32)

2
1
+yf+y§+y§+y§—z(g;/2j =0,
2

1 4
Function V, (y) we can search in the form of V, (y) = 5 chyiyj. Then we can find

i,j=1
the solutions for constants C;;,C5,C35Ci4>Ca25Ca35Caa5C335Cs45Cay» Which are similar to

(20) and (21) exclusive of Cs;.

Thus, optimal Lyapunov function will be

0 0 0 0
C, C C C
V°(y1,...,y4)=§yf +%y§ +?y§ +fy§ —0.8284y,y, + 3

0 0 0 0 0
FCEN Y3 T CuV Vs T C3 V3 T Cou )y Yy T C34 Y3 Va5
and optimal controls will be
0 0 0
0 Cyp Cy Coy4
u =04142y, ——==y, ——=y, ——=y,. (34)
1T, 2T, V3 5 M4

For the optimal value of the performance index in equation (26) we obtain
0

0 0
=V (p iy, )=Sy2 202 G on ) Cas g0
1 (ylo J’40) > Yo 5 Y20 5 Y30 > Yao (35)

—0.8284,,,, + C103y10y30 + 0104)/10)’40 + C§3y20y30 + Cg4y20y4o + C§4y3oy4oa
where o = 3,(0) (i=1...,4)

5. Conclusion

In the present work solved the optimal stabilization problem in motion of a Spinning Top.
For constructing the solution in direction of the generalized coordinates introduced input
controls, fully controllability of linear approximation of the obtained control system is
checked up and the optimal stabilization problem of this system on classical sense is solved.
Then, considers the optimal stabilization problem in motion of a Spinning Top when
integrally small perturbations act during a finite interval of time. The optimal stabilization
problem of considered motion is assumed and solved too. For both cases optimal Lyapunov
function is constructed, the optimal controls and the optimal value of performance index are
obtained.

A comparison between the values in Equation (24) and Equation (35) of the performance

indexes in Equation (13) and Equation (26) has shown that / 10 <I°.

It shows that energy consumption in stabilization at the given sense in [6] is more than
stabilization under integrally small perturbations [18].
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2U8UUSULDP @hSNPhE3NRLLENP U2aUSPL UYUNEURUSE SGNtUUa R,
W3BECTUS HAIIMOHAJBHOM AKAJIEMHUA HAYK APMEHUA
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50 JIET
KYPHAJY « U3BBECTUSA HAH APMEHUU. MEXAHUKA>»

Kypuan «U3Bectuss HAH Apmenun. Mexanuka» sBISETCS OIHUM M3 TPEX
CTEIUATN3UPOBAHHBIX MEPHOJUIECKUX KYpPHAIOB, KOTOphie ¢ 1-ro suBaps 1966 rona
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(usuko-maremaTrueckux Hayk). JKypHan ObUT TPEAyCMOTPEH JUIS OCBEIICHUS
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U TUIACTHYHOCTH, a TaKXKe TEOPUM MEXaHM3MOB U MAIMH, a’pOTUAPOMEXAHUKH U
CTPOUTEIHHON MEXaHHUKH.

C 1966 no 1985 rr. OTBETCTBEHHBIM pelakTopoM KypHasa Obu1 H.X.ApyTHOHSH
(3am.penaxropa — AbpamsH b.JI., yu. cexp.— I'ynkansan H.O.).

C 1986 mo 1997 rr. OTBeTCTBEHHBIN pemakTop XKypHama — C.A.AmOapiryMsH
(3am.pen. — I'mynm B.II., y4. cekp. — Kazapsn K.b.). Temaruka sxypHama Obuia
pacliupeHa TakUMH  HOBBIMH  HANpaBICHUSAMH  MEXaHUKH, KaKk  TEOPHH
3JIEKTPOMArHUTOYIIPYTOCTH, BA3KOYNPYTOCTH, YIIPABICHUS U YCTOWYUBOCTH JIBHIKCHHS
CHCTEM U TEXHUKA SKCIICPUMEHTHPOBAHMS B 3TUX O0JIACTSX.

C 1986 1. o aBryct 1990 r. U3narenscTBO «Allerton Pressy ocyriecTBiisiio n3nanve
MapajijIeIbHOTO NIEPEBO/IA )KypHaJla Ha aHTITMMCKUH SI3bIK.

C 1998 mo 2005 rT. OTBETCTBEHHBIN (TJIaBHBIN) penakTop kxypHana — ['Hynu B.11.
(3am.pen. ABerucsa A.C., ¢ 1994 r. otBet.cexperaps — ApnansH JK.A.).

C 1998 r. akagemuk C.A.AMOapIyMsIH SIBISICTCS MOYETHBIM PEAAKTOPOM XKypHasa
«3Bectus HAH Apmenun. Mexanuka.

C xonma 2005 T. o HacrosIIee BpeMs TIIaBHBIN perakTop xKypHana — ABetucsiH A.C.
(3am. 1. pen. — AkonsiH B.H., otB.cekp. — Apnansu XK. A., Texu.pea. — ['eBopksn ['.3.).

C 2010 r. )xypHas nMeeT Takke MexayHapo Hbiid peaakiinoHHbi COBET, B COCTaB
KOTOPOTO BXOJAT aBTOPUTETHBIEC YUEHBIE U3 PAa3HBIX CTPaH.

ABTOpaMu HayyHBIX cTated B xypHaue «M3Bectus HAH Apmenun. MexaHukay,
KpoMe Y4YEHBIX ApPMEHUH, OBUIM TaKKe HM3BECTHBIC MEXaHHKH: AJjekcaHapoB B.M.,
ApytionssH P.A., Babemko B.A., banwuyk H.B., Bapmzokac [I.JI., BpoBko T'.A.,
Boasmup A.C., Bopo6eit B.B., Batrynesan A.O., I'puropsu C.C., I'punuenko B.T., I'y3p
AH., Epodpees B.M., 3unpbepraeit A.C., Kamamgus A.M., Kucenés M.U.,
Kocmomammanckuit A.C., Kyapsasues b.A., Kypmun JI.M., Jlamnep P.E., Jlomakun E.B.,
Maszpst B.I'., MamxupoB A.B., Mapzoka II., MopozoB H.®., Mockanenko B.H.,
Hemuposckuii }0.B., HouukoB FO.H., [Tansmos B.A., IlanoBko S.I'., IlapTon B.3.,
[Mo6enpss B.E., Tlomos I'.A., Ipsxuna O.[., Cabomam I1.®D., Caromonsa A.S.,
CymbOatsa M.A., Pxanuneia A.P., Ymurko A.®., Ycrunos 0.A., Yousaaa 5.C.,
Ounpeitunckuit JLA., Xynaspos b.A., Hapnerra M., Uepenanos I'.I1., lllepman .M.,
[[Tynera C.A. u MHOTHE ApyTHE.

B 1998 romy Obu1 M31aH AOTIOHUTENHHBIA HOMED KypHalla, B KOTOPOM MTPUBOIATCS
CIHUCOK onmyOnruKoBaHHBIX B xkypHaie «3sectus HAH Apmenuu. Mexanuka» craten
3a nnepuoa ¢ 1966 mo 1998 rr.

Penakius xkypHana jkelaeT BCEM aBTOpaM M UYUTATEsIM 310pOBbs, CHYACTb U
YCIIEXOB B HAYYHOH paboTe U IMYHOH JKU3HU.
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