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PABHOBECHE YIIPYTOM IJIOCKOCTH, COAEPKAIIEN
HOJIOCY U CUMMETPUYHBIE TPEIWHbI HA JIMHUAX
KOHTAKTA
Capkucsn B.I'., Xaunksan A.C.

KnroyeBble c/10Ba: IOIYIUIOCKOCTb, IIOJIOCA, TPEIIUHA, OCOOEHHOCTb, KOHTAKTHbBIE
HaIpsDKEHHUS.
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Putuh puebkp. Yhuwhwppnipnll, okpwn, Lwp, Eunpnuwugnud, Yntnwljnught
upndubp

Uwpquub 9.9, bughljut U.U.
Chpin 1 wipwhgumi kqpbpmu uhdbwnphly Lwpkp wwpm bwlng wpwdquiwb hwpenipjuh
hwjwuwpwlopmpniup

TYhunwplynud £ Epynt jhuwhwppnipjniiibp qupnitwlnng b wy) wowdquljub yniphg okpunh
uhgngny hpwp Jhwgyws wpwdqulut  hwppnipjut hwjwuwpwlpnipmiip:  Thkpwh L
Yhuwhwppenipniuubph hydw gstph Ypw Yub uvhdbnphl pquuwdnpdus Jeppwdnp dwptip: Npnodws
E hwppnipjut jupudughtt Jhdulp b whpwwnygws k kquljhnipjut qgnpswlhgp:

Sargsyan V.G., Khachikyan A.S.
The equilibrium of the elastic plane with the strip and simmetric cracks on the lines of the contacts

The equilibrium of t he elastic plane, which is composed from the two similar half plane, joined together
by the strip from the other elastic material is considered. On the contact lines of the strip and half planes
located two symmetric cracks of finite longitude. The stress station of the plane with separated stress
concentration is determinated.

PaccmarpuBaeTrcst HampspKEHHOE COCTOSHME YNPYTOM IUIOCKOCTH, COCTOSIIEH M3 JBYX IMOJIYIIOCKOCTEH,
COCOMHEHHBIX IOJIOCOH U3 JPYroro ympyroro Mmarepuana. Ha KOHTAaKTHBIX JIMHUSX COEIHHEHHS IIOJIOCHL C
MOJIYIUIOCKOCTSMH CYHIECTBYIOT JIB€ CUMMETPHYHO DPACIOJIOKEHHbIE TpeuuHbl. ONpenensercss HanpsxEHHOe
COCTOSIHHE TITIOCKOCTU C BBIIEIECHHOH 0COOEHHOCTBIO OKOJIO BEPIIHH TPEIIUHEL.

Bpenenue. OrmpeneneHueM HaOpsHKEHHOIO  COCTOSHUSL  COCTAaBHOM  ILIOCKOCTH,
CoJIeprKallel TPEIMHbI, 3aHNMAJIICh MHOTHE HccnenoBarend [1-2]. McenenoBanuch Taxke
MHOTHE CIy4ah HampsHKEHHOTO COCTOSHHUSI COCTaBHOM IIOCKOCTH, —COAEpXKamien
NEepUOANYECKHE TPEIMHBl M Hakiaagku [3-5]. 3mech paccMOTpeHO HampsKEHHOE
COCTOSTHHME COCTaBHO¥ IIJIOCKOCTHU C ABYMSI CUMMETPHUYHBIMU TPpEIIMHAMM.

IlocranoBka 3agauu. PaccmaTtpuBaercs ynpyras IIOCKOCTb, COCTaBIEHHAs U3 ABYX
OJJMHAKOBBIX MOIYIJIOCKOCTEH, COEAMHEHHBIX MEXy cO00Il IOCPEICTBOM €0 U3 JPYroro
ynpyroro marepuaja. Ha nuHUSX KOHTaKTa cCJiosg C MOJYIIIOCKOCTAMU HMCIOTCA
CUMMCTPUYHO PACHOJIOKCHHBIC TPCIIUHBI IlJ'II/IHOﬁ 2a . B CHU1y CUMMETPUYHOCTHU 3aaaq
paccMmarpuBaeTcs epBasi 4eTBepTh IIockocTy (dur.1).



®ur. 1

I'paHMYHBIC yCIIOBHS Ha JIMHUSAX KOHTAKTa C BBEJCHHEM HOBBIX HEH3BECTHBIX B BHIC
Pa3HOCTH IepeMeNIeHui B 001aCTH TPEIINHEI Oy IyT:

m =ty =3 v, =V, =i (0<x<a,y=h),u=v=0,(a<x<e, y=h);
U =126 =62 (y=h; x>0)t") =14, =0 (x=0,y> 1), (1)

‘E P

(2 )_ - Q) _y —
T,,=0, 1,=0 (x=0; 0<y< h)1,'=v,=0 ,(y = 0,0 < x < 0);
o€ NHIACKC «1» oTHOCHTCS K TMOJTYIIJIOCKOCTH, a «2» — K cioro. BHemHsst HarpyskKa B BUAC
CUMMETPHYHBIX YCHJIMH MPHUJIOKEHa K OeperaM TpeuiuH

=l /(2

y

0 2)
T, =0 (y=h; 0<x<a)
Burapmonmdeckyro GyHKIINIO Dpy IpeACTaBUM B BHIE:
@, (x,y); y>h, x>0
d)(x,y) =
®D,(x,y);0<y<h,x>0 3

(x.2) = [ (4 (1) +23B, (1)) cos hxd
0

q’z(X,J/)—J.( 2(X)Chky+7»sz(k)shky)coskxdl, kk:ﬂ

0
Hcnonb3yst popMyIibl, BEIpaXkaroluiue KOMIOHEHTHI HAPSDKEHUH 1 TIepeMeIlieHn i yepe3
¢yHkIm0 HanpspkeHu#t [6], mepexons k o6pazam Dypbe U yoBiaeTBopsia ycnosusam (1),
JUTS TIOABIHTETPANIBHBIX KO PUIIMEHTOB B BEIPAKCHUH OMrapMOHMYECKOH (HYHKIMN Dpr
MOy YHM:

Al(k’)z 1

—A(k)[az (b (chhshah+1h)+2e™ chiy (Ahch hh+ Ahsh Ak~ i) -

~a, (b, (ch Msh Ah+1i)+2¢7" shh (Mhe'” —ch Mz)ﬂ e,

ﬁ[—az (b (shAhchdh+2h)+2chhh)+

+a, (b, (chAhshAh+Lh)+shhh)+2shhh) e,

B, (7‘) =



4, ()= ﬁ[(%”’(l"‘ —, Mhb,)+b, shAh—2chrhe ™ )+

+ay (Ahe™ (b, ~b,)~b,shah+ 2shihe ™ )™ |,

1 :

B,(M)= A [a, ™ (chAh(bAh—b,—b )+shhh(bAh—b,))+
+a,e™ (ch (b, —bh+b,)+shdh(b, —bh)) e

TIae

A(R)= —%(d +4e M \hd,d, —e*d,d, )

d:[(mz) o) }{(3 v2)+(1+vl)§—}

1
4
E E

dy=1+v, +(3-v,)=2:d, =—(1+v,)+ ({1 +v,)=2,
3 2 1 El 4 2 1 Ey1
d5:3—v2—(3—v1)?,

1

2 E | . r

a2=—P?2 v'(x)sinAxdx ; a; = — j x)cos Axdx,

0

b =de™; b, :{—1(1+v2)(Ml—1)+((1—vl)+(1+vl)kh)%}exh ’
1

E)
b, =(7sz4—2fje &

1
Beeném npeobpa3oBaHne KOOPIMHAT:

: n. a. m ()
x=at,y=at, Mh=—; a,=—; u (t) =u (x), v (£)=v'(x).
a, h
VYnosnerBopeHne ycioBusM (2) NpPHBOIUT K  CICAYIOIIUM  HHTETPAIHEHBIM

YpaBHEHUSIM:
f(t)de

J-(P( )dt+le(P J‘Mll T t)(P(T)dT-'_j‘Mlz(‘c’t)ﬁ(r)dT: Ezdl

-1

6))

0=———x; o(t)=u" (t)+iv?" (1):d, :l—vz—(l—vl)%.
2(+1j 1



Pemenus (5) MoxxHO TpeicTaBUTH B BHJE [6]

o(t)=(1-1)" (1+1) o' (1), ©)
rac

0c=—%—iv; B=—%+iv

Y:Lln(lwz)E1 +(3-v,)E, - thiy =0

2n (1+\/1)E2 +(3—\/2)E1

Juckpetn3upyst ypaBHeHUs (5) mMpH MOMOINM KBaIpaTypHBIX Gopmyn [5], permeHne

(5) cBenéMm K perIeHHIo Clieayoniel CHCTEMBI aNreOpanyecKiux ypaBHEHHUH:

ia,«p*@,.)[ +Hu(&nzj)}iiﬁn(a’a)@*(Ez-)=inf(zj>

57 ™
>ae (&)=0, (i=12..,n-1)(j=12...,n),
i=1
rac
TEPn(__a’_B) E,
H,, (r,t) =inM,, (t,r) , H, =intM |, (t,r), a, = nchnyljl(“fl’ﬁ(ﬂ) ()&l)
&, (i =1, 2,...,1’1) — KOpHH MHOrouneHa SIkoou Bq(a’ﬁ) (x)
Z; — KOpHU MHOTOWIeHa SlKko6u Bf__la’_ﬁ ) (x)
1 i
M, (t,r) = —E(K22 (t,ﬂ;)—K12 (t, T)) +E(K” (t,r) +K,, (t, r))
Mlz(t,t):——(Kzz(t,t)+K22(t,r))+%(K11(t,r) K, (1,7))
K, (t,’t) = —ﬁjcosntcos ntG, (n)dn
ITE 0
de 7 :
K, (t,r)=——Icosntsman3(n)dn (®)
lTc 0
K, (t,7)= —%!sinntsinan2 (m)dn
K, (t,7)= —%!sinntcosnrq (n)dn



_2n

G,(n)=—— {2d[215— j—4d3d41[%+1]+

dA(m) a, E a,\ E,
LN
+e g {d(l—£}+d4d5 (éﬂﬂ}
El El
LN .
e n n 2
G = 4—d d+4dd, — 'd (d+d,d
2(11) dA(n)K a, A 14ao}+e 1( T 5)]
i
e ®

G,(n)=G, (ﬂ)—4m

HaHpH)KGHI/IH Ha JIMHUW KOHTAaKTa UMCIOT BH/I:

(1) n C
Gy_(at):_gchl (éi)ai [1— q(t,o:ﬁ) ]—inZ% (‘t:i)aiK“ (‘t’f’t)_

E, S 1-§ Q(&ii >B) i=1
C 23 (Pl(éi)c_li q(t,a,ﬁ)
— (& )aK,(t,E)—— | l-——
TC;(P (é )a ( a) s t_al q(éiaaaﬁ) o)
_ni@z (&1)a1K11(t9€z)+ﬂ:j ?, (Q)@Klz (tagl):(l<t<°o)
rily)(at) 1 (Pl(éi)ai q(t,oc, ) 1<
g [l_q(a,.,a,ﬁ) T2 ek s
13 L ee(8)af, a(naB)
+2;(p1((t=i)aiK22(t’&i) e _1_t (1 q(E,.,&,E) +
+%Zn:q}2 (};i)‘_liKm(taEz)"‘% '" (Pz(‘y%z)‘_lszz (tagl)a(1<t<°o)a
e
q(t,oc,B):—(:zljn+ 2PB(n+o+Ln+B+1)-(n+Ln+p+1,

2n+a+[3+2,%j , (Pl(f)=u(1)(t)+iv(l)(t), (pz(t)=u(1)(t)—iv(l)(t)
+

beum TIPOBEIACHBI BBIYHCICHUA 3HAYCHHH KOHTAKTHBIX HaHpﬂ)KeHI/Iﬁ Gy JUISA

HEKOTOPBHIX 3HAYEHUI OTHOIIEHWH MOIYJeW yIpyrocTH MOJOCH W IUTOcKocTH (¢ur.2,3)

npu f(1)=10°I1a .



0.015 |
0.010 |

0.005 |

0.005 [

®ur.2. HopMaibHble KOHTAKTHBIC HanpshKeHus ipu £, / E =0,1;0,2

o,/ E,

y
0.002 -

X/a

[10.002

£0.004

110.006

[10.008

®ur.3. HopMaibHble KOHTAKTHBIC HanpshkeHus pu £, / E, =5,0;10,0

B tabmune npuBeneHs! 3HaYCHU KOOPPHUINESHTOB 0COOCHHOCTH HAIIPSDKECHUN TIPH TEX
K€ 3HAYCHHSX OTHOLICHHS MOIYJICH YIPYTOCTH.

2 3 e(&)R()
K(l)_ n+a+B+1;(l_gi)fi’(zﬂ,ﬁﬂ)(&i)

Taonuna. KoadurmeHTs! 0cOOCHHOCTEH HANPsHKCHUH

(10)

E,JE, 0,1 0,2 50 10,0
©-10° 19,38 10,34 74,80 309,80

Kak BuaHO w3 TaONMWIbBl, KOHTAKTHBIC HANPSDKCHUS TP TOW JKE CTCICHH
HEOJHOPOIHOCTH, KOT/1a O0Iree JKECTKUM SBISICTCS MaTePHall IOJIOCH, Ha TIOPSIOK OOJIbIIIE,
4yeM, Koraa 0osee KECTKUM SBISICTCS MaTepHall TIONYTUIOCKOCTH.



Jns koaddunrenTa HanpsHKSHNH, Kak BUAHO w3 (6), TOTy4IeHO BBIpaKCHHUE N3BECTHOTO
Tuna. bonee getanbHBIA pacyéT 3aBUCUMOCTH KOHTAKTHBIX HANpPsKEHUH MOKa3bIBAET, UTO
OCHOBHAsI YPOBHOBEIIMBAIOIIAS YaCTh HANPSKCHUH paciperesieHa Oojiee paBHOMEPHO B
OIHOpOOHOM ciydae. [Ipu yBenWyeHWH pPa3HOMOIYJIBHOCTH HANPSOKEHUS OoJblie
KOHIICHTPUPYIOTCSI OKOJIO 0CO00# TOUKH, IPH 3TOM, OoJiee CHIIBHO, KOTJa YBEINIUBACTCS
JKECTKOCTH MaTepHalia MoJIOCH.

3akmouenue: [lonyueHHoe pelieHre Ja€T BO3MOMXHOCTD JIETKO OIEHUTh KOHTAKTHbBIE
HalpsDKEHUsl, YTO HETPYAHO pPaclpOCTPaHUTh HAa BCIO IUIOCKOCTh. IIpu 3TOM, aBTOpBI
XO0TeNr ObI 0C000 OTMETHTH TTOJIOKUTEIFHOE 3HAUCHUE KBaIpaTypHBIX hopmy [S].
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PEIIEHUE NEPBOM JJUHAMUYECKOMN KPAEBOM 3AIAYM JIJIS
TPEXCJIOMHOM OPTOTPOITHOM MMOJIOChI HECUMMETPUYHOM
CTPYKTYPBI
ArajossH JL.A., 3akapsin T.B.

KuroueBble ci10Ba: TPEXCIOMHAS 110710, AMHAMHYECKAs 33/1a4a, aACHMITOTHYECKOE PEIICHHE.
Key words: three-layer strip, dynamic problem, asymptotic solution.
Pultunh punbkp. Gnupkpn, nhtwdhljuw, wuhudupinninhly (nisnud.

Ununjyut L.U., Qupupjui S.9.
Ny updbwnphly junnigywsp niakgny oppnunpny kpwokpuinp hwdwp phttwdhjwljub wrwght qpught
utnnp psdw dwuht

Uuhdwunnunhly dbpnnny npnpdwé b wnwdquijuinipjut wnkunipjub nhttudhuljut  wnweht
kqpuyhtt fnph mdnudp ny uhdbwnphl jupniguép nibkgnn oppnuipny knwpkpnh  hudwp:
Cunmiws k, np kpwgkpip quimud £ hwpp phdnplwughnt Jhdwlynud, hulj skpinbph dhol
Ynuwnwyun phy E: Qnugws k ubppht juunph punhwinigp jnwsnudp: 8nyg k wpyws, np Lpp wpnwpht
pipp  puquuinuiughtt $niuljghw b Gpiujuwlwb  Ynnpphtwwnbbtphg, hubknwghnt  wpnghub
pughwwnymd £ b uinwgynud E ubippht pugph dwpbdwnhynpku £ogphwn nisnudp: Uy nruwpwiidws |
dwubiwynp ophtiwlyny:

Aghalovyan L.A., Zakaryan T.V.
The solution of first dynamic boundary value problem for three-layer orthotropic strip of non-symmetric
structure

The solution of first dynamic boundary value problem of the theory of elasticity for three-layer orthotropic strip
of non-symmetric structure is founded by the asymptotic method. It’s assumed that the strip is considered under
conditions of plane deformation and the contact between the layers is full. It’s shown that in case when the
external forces are the polynomials of longitudinal coordinate the iteration process is interrupted and the
mathematically exact solution is obtained for the internal problem of three-layer package. The special case is
discussed.

ACHMIITOTHYECKHM METOIOM HalIeHO pellleHHe NepBoi TMHAMHYIECKOH KpaeBoil 3a1adl TEOPUH YIPYTOCTH AJIs
TPEXCIOMHON OPTOTPONHON MOJIOCHI HECHUMMETPUYHOH CTpYKTypbl. CuuTaercs, yTo MOJOCAa HAXOAUTCA B
YCIOBHSIX IUIOCKOH AeOpManim, a KOHTAKT MEXIy CIOsIMH — monHblif. IlokasaHo, 4TO, KOrAa BHEIIHHE
BO3JEHCTBHS SIBISIOTCS MHOTOWIEHAMU OT IPOJOIBHON KOOPAMHATHI, HTEpanus OOpBIBAeTCS M IIOIydaeTcs
MaTeMaTHYeCKd TOYHOE pelIeHHe BHYTpPEHHeH 3ajauu s TpéxcinoiHoro makera. CkaszaHHoOe
MPOHIITIOCTPUPOBAHO HA YACTHOM IPHMEPE.

Bsegenwue. J[1st penieHUs] CTaTUYECKUX U TMHAMHYECKHX 3a]a4 Ha OCHOBE YPaBHEHUI
W COOTHOIICHHWH TEOPWUH YIPYTOCTH i OalloK, IJIACTHH W 000J0YeK BecbMa 3¢ddektu-
BHBIM OKazajCsi aCHMITOTHYECKHH METOA PELICHUS] CHHIYJSPHO-BO3MYIIEHHBIX IHdde-
PEHIMAIBHBIX YPaBHEHHH. PElICHUIO CTaTWYECKUX KPaeBBIX 3afad Ul OJHOCIOHHBIX H
MHOTOCJIOMHBIX TOHKHX TE€J aCHMITOTHYECKHM METOIOM IOCBsIIeHb MoHOrpaduu [1,2].
Pemennio cMmemaHHBIX JUHAMHYECKHX 3aJad O COOCTBEHHBIX M BBIHY)KICHHBIX KOJIe-
0aHMAX TOJIOC, TUIACTHH U 000JI0UeK MOCBsAIIeHbl paboTel [3-7]. IlepBas kpaeBas 3amada
TEOPHH YMPYTOCTH O BBIHYKICHHBIX KOJICOAHUSAX M30TPOIHOM MOJOCHI ACHMIITOTHYECKAM
MeToZoM pemeHa B [8], a mis oprorpomnHoil mosockl — B [9]. IlepBas auHamuueckas
KpaeBas 3aJa4a JJIsl OpTOTPOITHOM NMPSIMOYTOJIBHOMN IIaCTUHKY perieHa B [10].
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B pmaHHOW paboTe AacCHMOTOTHYECKHM METOJOM HAWICHO pelieHHe IepBOU
TUHAMAYECKON KpaeBOH 33a[jaui O BEIHY)KJCHHBIX KOJIEOAaHHAX OPTOTPOIHOMN TpEXCIOWHON
MOJIOCHl HECHUMMETPUYHOW CTPYKTYpbl. [loJ00HBIE 3amauu MPEACTAaBISIOT OOJBIION
WHTEpEC, B YACTHOCTH, B pacu€Tax MOAKIAIO0K M BKIIOYCHHH.

1. OcHOBHBIE ypaBHEHMS U NMOCTAHOBKA KpaeBoii 3agauu. Tpebyercs HATH pemieHne
YpaBHEHHH M COOTHOLICHWH AMHAMUYECKOW IIOCKOW 3anauu (miockas nedopmarus)
TEOPHUH YIPYTrOCTH B 001aCTH

D={(x,y): 0<x<l, —(h+h)<y<h+h, h+2h+h=H<<I}(@url).

y A v of
(IXPUOD v ) exp(ion)

v

h+hy
h

- (h + hg )
Y (x)exp(iot)

X (x)explio?)

v

®ur. 1
YPABHEHUSI IBUKEHUS —
oc' oot o*u” oc' oo oHF
o —ph— 2+ —2=p'——r, k=111 (1.1)
ox oy ot ox oy ot
COOTHOILIEHUS YIPYTOCTH —
ou* k _k k _k v ko _k k Kk ou' v k _k
E = Bllﬁxx + BIZny’ ay = B12Gxx + B22ny’ ay + ax = a666xy’
| | (1.2)
By =—(ajal, —aldl), i.j=12, af=—pr, k=ILILII,
as; G,

rae My, 2h, h, — TomuuHsl 1epBOro, BTOPOro 1 TPETHEro cioés, G, , U, V — KOMIOHEHTSIL,

ay?
o k k
COOTBETCTBEHHO, TCH30pa HANPSXKCHUM W BEKTOpA INMEPEMCUICHUA, p — IINIOTHOCTD, aij*

[OCTOSIHHBIE YIPYTOCTH, lez — monynb casura, k = 1,11, Il — nomepa coés.

Pemienue JOJKHO YAOBJICTBOPATH 'PAHUYHBIM YCJIIOBUAM!

o, (x,h+h)=Y"(x)exp(iot), o (x,i+h)=X"(x)exp(iot), (1.3)

o, (x,~(h+h)) ==Y (x)exp(iot),

(1.4)
o, (x,—(h + hz)) =-X" (x)exp(i(ot) ,
rae (O — yactoTa BBIHYKJAIOIIETO B03HeﬁCTBHH, 1 yCJIOBUSM IIOJIHOT'O KOHTAKTa MEXAY
CJIOSIMMU
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o, (x,h) =, (x,h), o, (x,h) =0 (x,h),

u' e, h)y=u" (x,h), V' (x,h)=v"(x,h).

G;; (X, _h) = G;I; (X, _h)’ G)Ic; (xa _h) = ny[ (X, _h)’ (16)
u (x,~h)=u" (x,-h), v"'(x,—h)=v"(x,~h),

a TAKXKC I'PaHUYHBIM YCJIOBHSM Ha IONCPCYHBIX CCYCHMUAX X = O,l , KOTOPBIC IIOKa HE

(1.5)

KOHKPETH3HPYEM.
+ +
Cuwuraercs, uto Gpynkuun X (x), Y™ (x) umeror npoussoausie Tpebyemoro nopsika. B

NPOTUBHOM Cilydae HEOOXOAMMO 3apaHee WX aNlpPOKCUMHUPOBATH IOJMHOMAMHU WU
pelIeHne UCKaTh B IPOCTPAHCTBE 000OMEHHBIX (DYHKINH.
2. AcuMnTOTHYeCKOe pelieHUe 3aga4uu. YToObl HallTH peuieHue chopMyTUpOBAHHOM

kpaeBoil 3anauu, BBenéM Oespasmepuble koopmunatel &=Xx/[,(=y/H wu
Gespasmeprsie mepememerns Ut =u" /1, U ]V‘ =v" /1. B pesymsrare momyumm

CHHTYJISPHO-BO3MYIIEHHYI0 ManbiM napamerpom € = H /[ cucremy:

K oc* 2k oot oc* o*U*
aGm + 8—1 xy — 12pk 6 lix ’ Xy + 8—1 »w — lzpk 2y , (21)
P ac o oE ac ot
k oU* kooU*
e Bl +Blol, & =Bl +Bhot, & T T al ot

ot a¢,

Pemenue cuctemsl (2.1) Oynem uckath B Buje

o5 (6.6.1) =0y (E.C)exp(iot), a,B=x,y, i,j=12, k=111,

o o

2.2)
(U)iC (@C,t),Uf (Q,C,t)) = (U" (F,,C),V" (i,(;))exp(iwt).
IMoncrasus (2.2) B (2.1), mosryunm cucremy:
do}, s do), + e 202p Ut =0, oo}, e 3o, +e2p T =0,
a aq ac
ou* Lovt
= B0}, +B1,05, '——=B},01, +B3,0%, (23)

€
aq ac
Lout ort
€ 6C +_5‘F3 =0a¢01,,
Pemenne CHHTYISpHO-BO3MYIIEHHOW cHUCTeMBbl (2.3) CKIaabIBaeTCs W3 pEHICHUN
BHyTpeHHeil 3anauu (I™) u norpanuynoro cnos (I°) [1,11]

I=1"+1" (2.4)
Pemenne BHyTpeHHeH 3aqaun (I") mmeeT BHA:

oM =gk, 0), i,j=12 s=0,N,

g

o.=Ho, k=1,1I.

| | ” (2.5)
Uty =g Y, k=1L

HoxcraBuB (2.5) B (2.3), mocie W3BECTHOH MpOUEAYypbl [UIA  ONpEACICHUS

Gll;.(s) LU VR nonyunm cucremy
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aGk(s—l) aGk(s) ) . aGk(s—l) aGk(s)
11 i ) +0\)3pkUk(A) =0, 12 4022

oG oG oG oG

aUk(s—l) . aVk(s)
_ (s) k __k(s) _ Rk _k(s) k __k(s)
=Bion +BL0y, s =PB01 +B505,

oG oG

+op VY =0,

(2.6)
aUk(s) aVk(s—l) b k)
+ =0a,O0p, .
G oG
W3 3T01 cucTeMBI HAaIPsDKEHHUST MOKHO BBIPa3UTh depe3 MepeMeeHHs 0 (opMyIaMm:
k(s)_ 1 _ k aVk(S) Lk aUk(S_l) k(S)_ 1 k aVk(V) k aUk(S_l)
o, = B, B , Oy = | B B )
Al ac o8 Af oc o8
K(s) K(s-1) @7
k(s)_l ou™ o™ k _ kpk kN2
G, =—r + , A= - .
=T [ o 5 =B, —(B)
[ToncraBuB 3HaueHue sz(s) B IlepBoe ypaBHeHue (2.6), 111 onpeesieHus U k() MOJIYy4YUM
YPaBHEHHUE:
aZUic(s) 2 k) )
b a U = £, 2.8)
o TaLeP 1.
rjae

f,((s) _ _aK 5fos_l) ~ aZVK(s—l) .
' “ 08 ¢ o
()

k
Iloncrapue 3Ha4eHue G,, u3 (2.7) BO BTOpoe ypaBHeHHE (2.6), IOTydInM CIEMyIOUIEE

2.9)

ypaBHEHHUE JJIS ONpeIeTICHHS Vk(s) :
o’y

oc’
rue
oo B 2UD 8 gt

B, ogaoC B, g

Pemennem ypasuenust (2.8) siBistercs
U =C ™ (&)sin, /a;pk o,;+Cy (E)cos a’ pfw,C+ TR (2.12)
a ypasHenus (2.10) —

+B—k}mfpk yre) = ), (2.10)

11

@.11)

K

l3'<l pro,L+Ci (€)cos

11

A
BK

11

Ve = Gy (g)sin pro.L+v ", @)

7HE) )

rne U, — YacTHbIE penieHns ypaBHeHui (2.8), (2.10), cooTBeTCTBEHHO.

k k
Honcrasus 3uauenns U () ,V (s) B Gopmynsl (2.7), A BBIYHCICHUS HaNpsDKEHUS

o} Gynem nmers:
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x K/ Kk [~k k K k(s) o k Sk k
GIZ(S)_ o, /p /a66 (C1 ® cos akp O‘)*C_CZ(S) SIN /AP 03*@)+f012<s)’ (2.14)

|
g\ O o€

a 1A HAIIPSKCHUSA GZ; ) HUMECEM:

Ga = w.Bip /Ak (Ck(v) cos VAkpk/Bu“)*
-C;» sin\/Afpk/Bflw*C)Jr szis), (2.15)

o 1 vt ou* Y
£ :E( B —]
e %

Wcnons3ys pemenust (2.14), (2.15), yononerBopum ycnosusam (1.3),(1.4), koTopsie mpumMyT
BUJI:

O EL) =X, o (E L) =X,

1(s) ) Gl ™ (2.16)
Gy (QCI)ZY B (i Cz)__Y
TIe
X0 —egx* X =0, 520
(2.17)

YO =gy*, Y9 =0, s=0.

B pesynbTare, OTHOCHTENBHO (DYHKIMIA C;(S)(ﬁ), lel(s)(é';) TIOJTYYHM CHCTEMY:

o.\Jp faly (I cos agep’ 0.6, ~C1 sinagp 0.8 117 6.6)=X (@),

a.+/Blp’ /A (C’“)cosw/A p' Bl ®.C, —Clsin\Alp' /B!, *Cl)

+/(6,6) =Y (),

022

p111 111 (Cllll(s) coS ’aé161p111 (D*C_)z +C2111(s) Sln ’aéé[plll w*gz)'i'

fcff(”(i —6,)=-X""(8),

o, ’ lHlpH/AH (CI[I(S‘) cos ’AHI [II/Blllll(l)*Cz CIII(V) Sln Allllp[II/B[II *C2)+

o (€=C) ==Y (€)

02

(2.18)

K cucreme (2.18) HeoOXOAMMO NTPHUCOCAWHUTH BBHITEKAIOUINE M3 YCIOBHH KOHTAKTa
Mexay ciosmiu (1.5), (1.6) anrebpandeckue ypaBHeHHA. COOTBETCTBYOIAS 00 IMHEHHAS
anreOpanyeckas CHUCTEMa W3 JBCHAALATH YyPABHCHWH OTHOCHUTEIBHO JBEHAIIIATH

k k k k
HemssectHbx | @) G, (s),C3 @ C4(S), k=1,1I,III pacnamaercsa Ha [Be CHCTEMEI
OTHOCHMTENILHO COOTBETCTBYIOLIMX IECTH HEM3BECTHBIX. PEIMB NEPBYIO M3 3THX CHCTEM,
k(s) k(s
onpeneram C; ), CX):
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| A o g
Clo = _1( do + 48 | Clo = £
Al

& &
s (s)
Cle) — 1 (magé ) _® CHe = 1{mg,” —m (2.19)
| 4 |»
b, & bl 8
[[I(S) 1 (s) _ AZIH . CUI(S) _ i
Cl Y3 d > 2 - H
4 g &
rie
110

s1n\/a66p o,(g,-¢, )+ b 1 COS\/aﬁép ®, (G, =G

IIO

\/ "o, - Co)"' b 2 COS\jaésp o,(C, —§,),

(v) b AIIO (d(v) Azlj;cfl(” j A[IO (d(i) AIII();fl(S) },

1 1

s 10 7(s)
(S) bAIIO (d(S) AZI;cfl( )j+A1110 [ds(s) _ AIACIZI j’

1 1

(2.20)

1 )
g =—F [(0052 agp” ©,C,sinqjaip' o, (C, —C,))+
blAl Al
+b,8in 2\Jagp” ©,5, cosJagp’ o, (C, — Co))COS Vag p" o,(C, -5+
+b, (b1 cos 2Jagp” ®,C, cosrlaip' o, (&, —Cy) -
—sin2afip” 0.C,sinJagp’.(C, ~ ) JsinJap " .(C, ~C,) |

v bb AIHOd(s)
e | A P s o
1“7 1

bAmod(s)
+(b1d1(3) _A2110m4 + A1110m2 _WT b, Sm\/ae[[e[pm(’) (€, -Co) |,
!

1 bb AIIIOd(S)
g =— | a4, + 4o, + DAL
bl Al 1

X (b1 cos 24/agp” ®,, cosqlaip o, (&, —C,) -
—sin24Ja,.p" ©,C, sinqja,p' o, (E, - Co)) -
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: b A dY .
—(bldl(g) —A"m, +A"m, —1273 (0052 agp” ©,C,sinqjajp' o, (C,—C,)+

1

+b,sin2/aiip" ©,C, cosqjalp' o, (C, - CO))} ,

A =cosyJagp’o.C), 4, =sinJagp' 0.5,
A31 =cos VAIIPI /BIII .G, Ai = Sin‘\/ Allpl /Blll G LIT=G,,C,,
A’ =cosqla,p w.C,, A =sinyla,p 0.l,,

AL = cos[Alp Bl 0.8y, AP =sin A’ /B] .8, i=1,11, 11,

b=Alalp" [alp', b, =\Blp" Al /Bp'Al
ey e

df” - el o (X0 @),

4y = TRl (1@ 1106 0)

*

4 = Jal o7 (X - (6 -L)),

*

4y = AT Bl (Y@~ £ L),

*

4 = Jal [ (F1 6L - 0@ 8)),

*

4 = AR (1680 - 10 6.8)),

*

d§”:0%‘/a6[ SO,y - £19E,-C,)),

*

4 = AT JBR" (£1 ) £ 6 6)),

*

dy) =" E,6) " (5 Gy,
dl(g) = 1’7111(8) (E.w _CO) - L_‘II(S) (gv _CO )9
dl(IS) = VH(S) (aa CO) - VI(S) (éa CO )7
4l =" (&,~6,) — 7" (&, -C,).

y k k
U3 Bropoii cuctemst onpexensiotes Cr™ | Cy)
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1 AI—(S) (5)
C}I(s):_ dés)_,r_ 4g2 , Ci(s) g2 ,

H g, g,
— _(3) — —(s
cie :L[—’”s_gz —n—qsﬂ], cro - L (’"@ | —%;“j, @21
b, & b, &
—(s) —(s)
C31H(S) 1111 [d(?) @Ja CiH(S) g3 5
4, & &
rjue
A[]O AI[O
— I / 1.1
A Sln\/Ap /Bll(’o (T C )+ 2 3 cos Ap/B”O) G- {;0)
110 [IO

sm,;Alpl/Bll(D ({;1 Co)"' 2 4 COS\[AIpI/BHCO (Cl CO)

) = bA”O[dl(f) Ai;‘fég)}—Afo(dé”—A;;déS)J,

1
3 3

10 3(s) 10 7(s) (222)
—(v) b AI[O [d(s) A4 ‘112 J+A3HO (dé” _A3 cfz }’
A3 A3

_ 1 TR v TR

& = m[(coﬂ AIHPH/Bﬁ ®,G, sin Afp[/Bf1 0,(G, -Gy +
2473473

+b,sin 2y Al'p" /B 0.C, cos Alp" /B, 0. (&, Co))x

X COS /A111p111/51110) (Cz _€0)+
+b, (b, c0s 2/Ap" /B 0.8, cos /Alp! [B,0.(C, ~C) -

~sin2y/Ap" /B, sin AP’ /B 0.(&, =€) Jsinagep” 0.6, =) .

1 ‘ b,b,AM°d
=(s) _ (s) 0 — 710 —
g, = poA szdg + A4, m, + A, m, + 2 414331[[ 4 Ix

X COS 4 Almpm/ﬁmw (€, -G+
1o 3(s)
(b dl(zs) AIIO + AIIO— b2A144”[d4 jb SlIl 'AIIIIpIII/BUI(D (Cz _Co)j|,

3
1 b,b,A"°d
o) () o — o —
g = Al {(bzdg + A "m,+ A, + 2 4A33111 4 |x

(b cos 2{A"p" /Bl @, cos+/Alp! /Bl i, (G, —C,)—
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—sin 2,/Ap" /B ®,C, sin\/Alp' /B, o, (G, — Co)) -
)

11
3

(cos2«/A1”p”/Bl”1 GosinyJAlp! /B, (G, —Cy)+
+b,sin 2, A p" /B @,6, cos/Alp /Bl ®, (&, — Co)):l-

IloncraBuB 3HaueHUA Cf(‘v) B (hopmyusl (2.12), (2.13), onpeaennum mnepeMeleHus, a o

(s) 10 — 110 —
—(bzd12 —A, m,+ 4 "m, —

¢dopmynam (2.7), (2.14), (2.15) Beruucistrorcs: Hanpspkenust. CornacHo dopmynam (2.12),
(2.19), nmeem:

(s) (s)
U'e = ﬁsin a plco*(;+g¢cos a P To,L+u'", (2.23)
A g 66 g
181 1
m g(S) (S)g g(s) (s)g e
Uhe =352 ny Lgin aHpHOJ*C+ mg, m, L cos aHpHO)*C+L_l (‘s),
bg, b g,

d9g — A" g )
U — g;lm 8 in a111p111w L+ 8 os /ampmoJ C+“1H( ).
& &

a ucrons3ys (2.13), (2.21), nonquM

d\"g, +A’ g g, 5
pio 4 8it48 & %4 81748 Gy —p @g+ cos, |—p' 0,5+v" ©), (2.24)

—(s) =(s)= — —(s) _ (S)—
—m, '8, mg, —m,’'g,

yire = 78 sin To.C+ cos To.C+v"
b,g, Bff P ot b,g, Bl, TP ok
1(s) dz(LS)g _Amggé) _(5)
pe &
4"g, 7

Kak cnenyer u3 ¢popmyn (2.23), (2.24), npu
g=0 u g =0 (2.25)
OyzneT BO3HHMKATh pE30HAHC. YpaBHEHHEM /ISl OIpPEICICHUS PE30HAHCHBIX YacTOT

COOTBETCTBYIOMIUX &, = 0, cormacho (2.20), sBnsercs:

(1+bl)[(l+b3)sin(0L1 +o, +ay)+(1-b;)sin(o, +a, —oc3):|+
+(1=b,)[(1-by)sin (o, —a, + 0y )+(1+b;)sin(o, -0, ;) [=0,  (2.26)
o, =yagp' ohy, o, =24Jaep" oh, o, = \/aéﬂslpm wh,,

a ypaBHEHHEM PEe30HAHCHBIX 4acToT coorserctBytomyx g, = 0, cormacHo (2.22), sBusiercs
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(1+b2)|:(l+b4)sin(yl +7, +75)+(1=b,)sin(y, +7v, _Y3):|+
+(1—b2)[(1—b4)sin(y1 —7,+7;)+(1+b,)sin(y, -7, —y3)] =0, (2.27)

"= VAIIPI/Blll oh, v,= 2\/A1Hpﬂ /BIHI oh, Vs = \/W

Kak cnenyer u3 dopmyn (2.23), (2.24), (2.26), (2.27), BO BCEX CIIOSX BO3HHUKAET
PE30HAHC NP OJJMHAKOBBIX, COOTBETCTBYIOIINX 3HAUYCHUSAX PE3OHAHCHBIX YaCTOT.

W3 nomyuennoro pemenus (2.7), (2.12)-(2.15), (2.19)-(2.22) nerko BbIBecTH Ooee
npoctele  GopMynbl Ui TaKeTa CUMMETPHYHON cTpykTypwl. /[l artoro cimydas

— _ [_
hl _h2, Cl _Cb aij—alj .

OTMeTHM, YTO HaWJIEHHOE peIIeHHWEe, KaK IpaBWiIo, HE OYyAeT YHOBIETBOPSTH
YCIIOBUSIM Ha OOKOBOH 1MOBEepXHOCTH. Bo3HMKalOIIast HEYBsI3Ka yCTPaHIETCs pELIEHUEM IS
MOTPAaHUYHOTO cJOsl. PelieHne MOrpaHWYHOTO CJOS W €r0 CONPSDKEHHE C PELICHHEM
BHYTpEHHEH 3a/1a4uM OCYLIECTBIsAETCA, Kak B [1,9].

Ecin dynkumn X (x), Y™ () sBISIOTCS MHOrOWwICHAMH, HTEPALMOHHBIA MPOLECe
0OpBIBacTCS Ha ONPEACIEHHOM MPUOMMKCHUH W TOMydaeTcs MaTeMaTHYeCKH TOYHOE
pemieHne. B KkadecTBe WIUTIOCTpalMM  NPHUBEAEM  pEIICHHE, COOTBETCTBYIOILEE

Y (x) = const, X =0, Y =0. Cornacro dopmynam (2.9), (2.12), (2.14), (2.19),
(2.20), nmeem:
c/V=0, ¢;'=0, U =0, 0, =0, j=11I1I. (2.28)
Ucnone3ys hopmymst (2.7), (2.11), (2.13), (2.15), (2.21), (2.22), Oynem uMeTs:

4" :%VAf [BlLp'Y O, d” =0, d"=0,5=0, k=4,681112,

*

1 AI—(O) —(0)
C31(0) :T[dé()) A8 , CI(O) g ,

3 g g
C}I](O) _ 1 (n_/hg;()) n_/li())j, CZI(O) — 1 [_lgé ) méo)j’
b, & b, &
CHo _ _ A4"g?® C111(0) g3
3 - A111— ’ ’

8 g
_ A[IO AIIO
m, = A Sm\/AlpI/Buw (G =Co)+ 2 ; COS\/AIPI/BM(D (G =Co)s

170 110

n 12 stAIp’/BHw (= C0)+ b 4 COS\/AIP[/BU(D (G =),

0)
n_1§0) ‘2 (AIIOAIO bA;IOAiO),

3

d© (2.29)
”_14(10) :_ﬁ(bzAfOAio-i-A;]OA;O),

3

_ 1 )
& = b Al 4T [(COS2 Alup” /Bfll ®,G, sin Afpl /Bflo‘)*(ql =)+
) Ay A
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+b, sin A/Af’p’il/ﬁf’lco*go cos Mm*(g —CO))COSJAIIHDIII/B{III o,(C, =G+
+b, (b, cos 2 ATp" [Bl 0., cos A lp! [Bl0.(6, ~€0) -

—sin2y5p” [Bj0.&, sinAlp' /Bl .6, ~ L) JsinJaylp” 0.0, ~C,) |
70 - bzi%,,] [(42m, + 42, )eos [ ATp" JBl @.(C, ~Co) +

(A, + A, )by sin A0 B} 0.6, ~C,) |

1
—(0) _ 0— 0—
g, = b22A31 [(A;’ m, + A, mz)x

(b cos 2/AT0" /Bl 0.8, cos AP /B, 0.6, ~C) -

—sin 24/Ap" /Bii0.C, sin ATp /81,06, ~Cy)) -

—(Afon_q4 +A3”0n_42)(cos2 Al”p”/[_’)l”l ,C, sin«/Afp'/Bflm*(Cl —G)+
+b, sin 2,JA"p" /B! 0., cos\[Alp’ Bl . (¢, —z;o))}.

B pe3yIpTaTe, UMEEM CIEAYIOMICC MATEMATUYECKN TOYHOC PEIICHUE BHyTpCHHCﬁ 3aga4n
k k k k(0 .
u =0, G,=0, vi=IV ©) exp(iot),

AK
—-p 0,0+ C}" (E)cos

O _ ox0) (8
5 ()sin 2.30)

yEe) =, s#0
k(0) k(0)

o, =& 0" exp(iot), o) =g oy exp(inr)

wo __ B o B,
o TTA T %R TA g
% e
3aknouenne. HalineHo pemieHue mepBod JUHAMUYECKOH KpaeBoil 3amadu Teopuu
YOPYrocTd [UId TPEXCIOMHONW OPTOTPOIIHOM IIOJOCHl HECUMMETPUYHON CTPYKTYPBL.
Cuuraercs, 4To 10JI0Ca HAXOAUTCS B YCIOBUSIX IUIOCKOU AedopManii. ACUMITOTHYECKHM
METOJIOM BBIBEICHBl XapaKTEepPUCTUUYECKUE YPaBHEHUS M PEKYppEeHTHble (GopMyinbl uist
OIpEeNeIeHNs] KOMIIOHEHT TEH30pa HANpPsDKEHUH M BEKTOpa MEpeMEIleHUs. Y CTAHOBIICHBI
YCIIOBHSI BO3HUKHOBEHHsI pe3oHaHca. Jloka3aHO, 4TO 3HAYEHUS PE30HAHCHBIX YacTOT IS
BCEX CIOEB OAMHAKOBBI M 3aBUCAT OT (DU3UKO-MEXAHHYECKHX U TEOMETPHUYECKUX
napamMeTpoB Bcex cno€B. [lokaszaHO, YTO MpU MOJIMHOMUAIBHBIX BHEHIHUX HArpyKEHHAX
UTEPalMOHHBIN IIpolecc OOpBIBAeTCA U MOIYy4aeTCsi MaTeMaTHYEeCKH TOYHOE pelIeHHe BO
BHYTpeHHeH 3anaue. [IpuBeéH WIIoCTpallMOHHBINA IPUMED.

2
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YK 539.3 . .

EIIE PA3 Ob YCTOMYUBOCTU HUJINHAPUYECKOU ITAHEJIU ITPU
BHYTPEHHEM JIABJIEHUN

Mosgcucsu JI.A., Hepcucsin I'.T'.

KitoueBsie cioBa: yCTOMYMBOCTB, IOTepsA yCTOMYMBOCTY, BHYTPeHHee M BHeEIIHee
JIaBJIEHUS.

Key words: stability, buckling, internal and external impressions.

Putiwh pupbkp’ Yuyniinipntl, juyniunipjub Ynpniuwn, tbkpphtt b wpinwpht dupnudubp

Unqjuhyjut L.U., Lkpuhuyywi @.Q.
Twpdjw) quuiugh wuwikih jumimpjuit dwuhb

NMuwukh uyniunipniip dhwywh npduspny nhnwplynud k phpukph b okipdnipjut wqntgnipiut
nwl Eqpuyhtt wwydwbbph Epynt pyph hwdwp: Uh pghwypmd juyniinipjut Ynpniun wbnh
nukunud ukppht, Pulj Umu phypnud wpunwphtt wqpkgnipniiibph wwly: Unwehtt nhwypnid
twptwlwi Jhdwyh Yupnn &hgh hwpduondp buybu thnjund £ Yppnpjujut qupudbnptph
wpdbtpubpn:

Movsisyan L.A., Nersisyan G.G.
Again on the stability of cylindrical panels

The stability of panels in one-dimentional formulation under loads and temperature for two-case boundery
conditions are being considered. In one case buckling of the stability takes place under internal impressions in the
other-external.

YcToiyuBOCTh NaHENU paccMaTpUBAaeTCs B OJHOMEPHONW IIOCTAaHOBKE NpPH BO3JEHCTBMM Harpy3ok u
TeMIepaTyphl JUlsl ABYX CIy4yaeB I'PaHHYHBIX YCIOBHH. B omHOM ciydae notepst yCTOHUMBOCTH NPOMCXOAUT IPU
BHYTPEHHEM BO3JCHCTBHM, B JpyroM — IIpH BHEIIHEM. B mepBoM ciydae ydéT Nepepe3bIBAIOIIEro yCHIHS
CYIIECTBEHHO MEHSET 3Ha4eHHsl KPUTUYECKHUX NTapaMeTpPOB.

BBenenne. I3BectHo [1], KaKk HM3MEHEHWS TAHTCHIWAIBHBIX TPAHUYHBIX YCIOBHH
CYIIECTBEHHO BJIMAIOT HAa 3HAUYCHUA KPUTHUYCCKUX IMAapaMETPOB JIA 3adavdu yCTOﬂ‘iMBOCTH
MJIMHIPUYECKOH O0OJIOUKH TIPH OCEBOM CXaThH. HackoibKO HaM HM3BECTHO, TOJBKO B
[2,3] moka3aHO, 4TO JIs MaHEIH IPHU HOPMAJIbHOM JaBJICHUH U3MEHEHUE TaHT€HIIHAIbHOTO
TPAaHUYHOTO YCJIOBHS MPUBOJMUT HE TOJIBKO K KOJIMYECTBEHHOMY M3MEHEHUIO KPUTHYECKOTO
3HA4YeHHs, HO M, YTO OoJiee CYIIECTBEHHO, K KayeCTBEHHOMY: €CIIH IIPU OIHOPOIHOM
YCIIOBUM OTHOCHTENIFHO TIIEPEMELICHUs IaHeNb TepseT YCTOWYHMBOCTH IPU BHEIIHEM
JaBJICHUU, TO YK€ TIPH OJHOPOJHOM YCIOBHHM OTHOCHUTEIBHO YCHIIUS (KJIACCHYECKUH
cilyyaii CBOOOJHOTO ONHMpaHWsA) OHA TepseT YCTOWYMBOCTh YK€ MpPHU BHYTPEHHEM
JIaBJICHUH.

O06a 311 TuNa 3a1a4 OTIAMYAIOTCS APYT OT APYra TOJIBKO TEM, YTO U3 TPEX TPAHMYHBIX
YCIIOBUIl OHU OTIIMYAIOTCS APYT OT APYra TOJIBKO OJHUM YCIIOBHEM.

B Hacrosmien cratbe n3ydaeTcs psAl 3amad IMpU O0OWX CIy4asX TPAaHHYHBIX YCIOBHM.
KauecTBeHnHoe oTianune O4YCBU/IHO.
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IHocTaHoBKa 3aga4n
1. BeckoHeuHas OWIMHApPUYECKAs TaHETh HAaXOMUTCS B TOCTOSHHOM TEMIIEPaTypPHOM
1oJie ¥ Ha He€ NEeWCTBYeT HOpMaNbHOE JaBJieHUE (Pa3MTUIHOTO THIA). YPaBHEHUS CTATHKHU
HAYalIbHOTO COCTOSHMS JUIS YCUITHIA U N3rHOaroiero MOMEHTa 1atoT (OHOMEpHas 3aja4a)

0
T’ =C cos0+C, sin6+RJ.qsin(6—(p)d(p
0
(1.1)

dr’
N®=———, M"=-RT"-RC,

do
3TI/I BCIIMYUHBI BLIpa)Ka}OTCSI qepe3 KOMIIOHCHTBI HepeMeIIICHI/Iﬁ CJICZlYIOIHI/IM 06pa30M:

Eh av’ D d*w’
T’ = - +w' —oR(1+V)t, |, M’ =——— (1.2)

R (1 —v ) do R®> do
O603HaueHN OOBIYHEIE.
BynyT paccMoTpeHsl 1Ba TUIIA TPAHUYHBIX YCIOBUM
ayw'=M°=T"=0 npu 6=0,0=0,
(1.3)

o) W' =M"=v"=0 npu 0=0,0=0,

AHanorn4ssle ycioBus OyIyT U sl BO3MYIIEHHOTO COCTOSIHUSL.

B muteparype nepBhIif ciydail IMEHYeTCS KaKk «IIapHUPHOE OIHMPaHHE CO CBOOOIHBIM
CMEIIEHHEM B IIONEPEYHOM HANpaBIEHHW», a BTOPOM — IIAPHUPHOE  ONHUpPAHHE C
3aKPETIEHHBIM CMELICHUEM.

2. B mepBom cirydae (1.3) xompreBoe ycuime (Iepepes3siBaloIiee TakKe) OpeaesseTcs
HETMOCPECTBEHHO —

)
C =0, C,=— [ gsin(6,—¢)de @.1)
0

sin 0,

Pewenne 3anaun. byayTt paccMOTpeHBI 1B€ 3aJa4H.
IlepBast 3amaua cTaHOApTHAsA: TaHENb IIOJ HOPMAaJbHBIM PABHOMEPHBIM BHYTPEHHUM

JaBJICHHUCM . ToIbKO B ATOM cllyda€ MMEHHO BHYTPCHHHUM IIOJIy4aeTCs C)KHUMarouice
0

ycunue

T’ =Rgq, l—cose—tg%-sine 2.2)

Kak BuaHo u3 (2.2), yewnue 1, BoBce He IOCTOSHHOE, Kak HpHHATO B [4] (cTp.205-

206), K TOMY K€, C 00paTHBIM 3HAKOM.

BTOpaH 3ala4ya TaKkasd: paBHOMCPHOC YCUIINC HeﬁCTByeT 0 JUIMHE MaHCJIn B CPEIUHHOM

0 0
0=—C, g=pd 0+
CEYCHHH ) q=p >

Torma
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Csin®, C:—L, OSOSQ—O
0 2
0 2cos—
T° = 2 2.3)
. . 0,) 9,
Csin 0+ Psin 9—7 ,TSGSGO

0
Veumue N onpepensercs no (1.1).
Cucrema ypaBHEHHH YCTOWYMBOCTH 3alIUCHIBaeTCA B BUIE [2]:

d*v dw d3w_ —, d*w

huddd =0
de’ de de’ de’ 2.4)
dw dv —o d°w
T t—+w-T =0
do” do do
h’ 70 370 1-v? 0 A0
3necs H = , \ T, N )=——T",N" ).
oo H = (T 8°) == (T, 7)
EcnM mpencTaBuTh yCHims T°% N° Boune pAmoB
T°=>a,cosp,0, N°=>b sinp0 ,u, :g—n, (b, =p,a,) 2.5)
n=0 n=1 0
1 UCKaTh penieHue (2.4) B BUIE
V= ZVn cosp, 0, w:z w,sinp 0, (2.6)

n=0 n=1
TO OIPEACICHUE KPUTHYCCKUX MHNapaMETPOB CBOAUTCA K HaAXOXIACHUIO MHUHHUMAJIBHOI'O
KOpPHA U3 YCJIOBUA pa3spCIMMOCTH CHGIIYIOHIGP'I OCCKOHEUHOI CUCTEMEI:

’ 1 !
H/zf (P«z% _I)Wk ‘”{ao _5(“‘ 2X)a2k :|Miwk +
IS k—n , k+n)| ,
+EX Z a, | 1+x% —a;,, |1+ k wow, + 2.7
n=1
+ z a:l—k 1+Xﬂ _allm—n 1+Xk+n Mflwn =0
n=k+1 k k

Jis kaxmoit 3anauu OyneT cBoit A , IpPH TOM,

. 1=V
a =
" EhH

.. 0
3neck Y = 0 coorercTByeT Heyuéty N~ npum onpeseneHnn KpUTHIECKUX TIAPAMETPOB, &

a, . 2.8)

¥ =1 — naoGopor. [leno B ToM, 4TO MpU 0OCYKIAEMBIX IPAHUUHBIX YCIOBUSAX €TI0 YUET

CYIIECTBEHHO M3MEHSET 3HaUeHHsI KpUTHUECKHUX ITapameTpos [3].
Just caydas (2.2) koadduieHTs
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a, = L(GO —2tg%j

0, 2
- 2.9)
2(-1)" "
a :(—)Z{Sineo —tgi[cosﬁo +(-1) 1}}
0, —(nn) 2
a 71 BTOpoit 3amadn (2.3)
1 1
! - 1_—
a, 0, 5
COS—
2
(2.10)
_1 n+l
a, = (2 ) 602 cos@eo +2[cosg+(1)" cosﬂ}
0, —(nn) cos” 2 2
COOTBETCTBEHHO JJIs1 HepBOﬁ u BTOpOﬁ 3aJa4 HCKOMBIM 7L 6yH€TZ
g(RY P(RY
A=12(1-v?)=| —=| u A=12(1-v*)—| — 2.11
1-3) » -5 () i

B 1a6x1.1 npuBeneHsI KKP JU1s 00enX 3a/1ad MPU HEKOTOPBIX 90 (ouepé€mHoCTh COXpaHeHa).

. . 0
B kax0il KieTke mepBble yncna cooTsercTByoT ciydaro ¥ =0 (6e3 yuéra N'), a
BTOPBIE — C YYETOM.

. 0
Kak BumHO n3 TaGmunpl, yuét N~ CyNIECTBEHHO YMEHBIIAET 3HAYEHMS KPUTHYECKUX
apaMeTpoB.

Tabmauma 1
O /3 /2 Zn
Ne 3
I 38.414 8.139 1.896
24.284 5,187 1.222
I 59.425 8.352 1.449
40.369 5.656 0977

3. [Ipu rpaHAYHBIX YCIOBHAX IO BTOpOMY BapuaHTy u3 (1.3) paccMOTpuM TpH 3a1a4H.
B ciydae paBHOMEpPHOTO HOPMANbHOTO JaBjieHHs (yXKe BHEIIHET0) C TOYHOCTHIO

2
E yeumue 1 — mocTosHHOE

T’ =-Rq. 3.1)

Tenepp — aHAIOT BTOPOH 3aauyl U3 TPEIBIAYILETO MyHKTA. J[JIs TIoJTydeHns BEIpasKeHUS

0 o
JUIA T Ha4daJl0 HOBOM CHUCTEMblI KOOpJAMHAT IMOMECTUM B CEPECAUHE CCUCHHA MNaHCIIU
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(touex mpunoxenus ycunus P). Torma ans cucrem (1.2) u (1.3) (q =tf, = O) Oyzem

HUMCTH CICAYIONUC 'PAHUYHBIC YCJIOBUA:

aw’ P
" =v,=0, NO:_E npu 6, =0

(3.2)
0 0 60 e0
w=M’=v =0 mpu 0,=—,|0=0+—
2 2

Ecnu HCpeﬁTH TENEPHL OT 91 K KoopAauHaTam 9 , TO B OKOHYATCIBHOM BHIC IJId

0
T nosnyuum BeIpaxeHue

T’ = —g(sin9+Ccose)

5 5 (3.3)
C sine—o—e—0 1+e—° cose—0 :cos$+% 1+e—° sine—o—l—leé
2 2 2 2 2 2 12 2 8

Kospdunuents: psaa T 0 Oynyrt:

a, = P(cos%—l—Csin%j

a, :Pfﬁo [1+(_1)’7](Csin%—cos%]+2cosn—Tc
()’ —6; 2 2 2

B CJIydac, Koraa rnaHejb HaXO0JUTCS B IIOCTOAHHOM TEMIICPATYPHOM I10JI€ tO , pCLICHHC

(3.4)

o 0 ..
COOTBETCTBYIOIICHU 3a/la4U JJId YCUIIUA T JacT
2
Eh  h” at,

TozC(cos€)+tg$sin6], C=——Fr—5—2"
2 12(1-v*) R* A

, 3.5)
NI
0, "2 12
a koo dumentsr a, wis I 0 oynyT:
2C 6,
a,=——-rtg—
0,A - 2
(3.6)

2(-1)"8,C

Kak BHIHO M3 EpBOTO NpUMEpPa, TaK U U3 OOIIETO MCCICAOBAHUS B PACCMATPUBACMOM

a

. 0
CITyyae TPaHUYHBIX YCJIOBUH, HAYaIbHBIM MEpepe3bIBalomuM ycuineM N B ypaBHEHHSX
YCTOWYHMBOCTH MOKHO IpeHeOpeub. Torna, oIHa)KAbl MHTETPHPYs NEpBOE YpaBHEHHE U

Y4uTBIBas €ro BO BTOPOM, ITOJTYyUCHHAsA OeCKOHEUHas cHCTeMa 6y,Z[CT TaxKoBa:
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(12 1), +d, 4 (2l ) wiw, +

n

1 (3.7)

1 1 2 1 1 2
+ (an—q - an+q ) “‘qu + Z (aq:n - aq+n )quq = 0

g=1 q=n+1
3nech A JUIA mepBHIX ABYX 3ajau mmeeT B (2.11), a a1 TemmepaTypHOii 3a1aud —
A = at,, f — NOCTOSHHBIA MHOXUTENb IPU HHTErPUPOBAHUH [IEPBOTO YPABHEHNS,
2|1 —(=1y’ |
d, = 3.8)
nt
Tak kak juis epBoro npumepa 1’ ? = const , To cucteMy (2.4) MOXKHO ITPOMHTETPUPOBATH

U ONPCACTICHUE KPUTUYCCKOI'O 3HAYCHUA }\"Kp cBenETCs K CIIEAYIOLIEMY YPAaBHEHUIO:

1 kv
k0, (1—ka2)+§1¢393 —2(1+Hk2)tg7°: 0, k=1+A (3.9)

Ypaprenue (3.9) He moxoxe Ha Gpopmyiy (3.195) ctp.157, Bonemup. padorta [5].

B Ta61.2 npuBeneHsl HEKOTOPBIE 3HAUCHHUS KPUTUYIECKON Harpy3KH.

Tabmnuma 2
0, /4 /3 /2 2/3n 3/4n
7‘“1<p 10.679 5.570 1.920 0.642 0.298

KpI/ITI/I‘leCKI/Ie 3HAUCHUS MapaMETPOB COOTBETCTBYIOIIUX 3a/lav IMPUBCJICHLI B Tabm1.3.

Tabmauma 3

% | we | w3 | w2 | 2w3 | Swe |

v 5.867 2.685 1.513 0.842 0.371 0.116
v 0.811 0.767 0.639 0.466 0.264 0.138

3akmiouenne. PaccMoTpeHHBIC MPUMEPHI TIO3BOJISIIOT CAENATh PSJ BEIBOJOB. OTMETUM
Hau0oJiee CyleCTBEHHBIE.
1. Tlpu paBHOMEpPHOM JaBJIICHHM KOJIBLEBOE YCHIIME — CXKHMAIOIIee NPH BHYTPEHHEM
JIABJICHUY TP TEPBbIX ycioBusx u3 (1.3), B TO BpeMs Kak Uit BTOPBIX YCIOBHiA, HA000POT.
2. Ilpu paBHOMEpPHOM JaBJICHWUH B IIEPBOM CIIydae KOJIBIIEBOC YCHJIHE CYIIECTBEHHO
3aBUCHT OT KOOPIMHATBHL, B TO BPEMs KaK Ui BTOPOro C OOJIbIEH TOYHOCTHIO MOXKHO

IIPUHATH IIOCTOSTHHBIM.
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3. Ilpu mepBBIX TPaHUYHBIX YCJIOBHMSX Ha 3HAUYCHMS KPUTHUYECKHUX IapaMETPOB CyIIe-
CTBEHHO BIIUSET yU€T Ha4aJbHbBIX IIepepe3bIBAIOIINX YCUIHH.

4. Tlpu mepBBIX TPaHUYHBIX YCIOBHSAX TEMIIEPATypHOE I0Jie Ha 3HAYCHHUS KPUTHUYECKHX
mapaMeTpoB HE BIHUSET, B TO BpeMs KaK Ui BTOPOTO cCIydas BO3MOXHA U IOTEPs

YCTOMYMBOCTH TOJILKO BCJIEJICTBHE TEMIIEPATYPHI.
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YK 539.3
ON THE FORMULATION OF THE ELECTRO-ELASTICITY THEORY
BOUNDARY VALUE PROBLEMS FOR ELECTRO-MAGNETO-ELASTIC
COMPOSITES WITH INTERFACE ROUGHNESS
Avetisyan A.S.

Putiwh punbkp. Zné dhpwjuyptnh uwhdwtwlgnid, wthwppe dwlbplnype, withudwubn
nip, kqpuyht ppunnh dnpijwdnpnud, $hqhijudbwhjuljut quontn:

KiroueBble ¢JI0Ba: KOHTAaKT CIUIOMIHBIX CpEM, MIEPOXOBATOCTh IOBEPXHOCTH, HEOIHOPOIHBIH
Marepual, MOASIHUPOBAHUE TPAHNYHON 3a1auH, PU3UKO-MEXaHUYECKHE MO,

Key Words: contact of bodies, interface roughness, inhomogeneous material, modelling of boundary
value problems, rough surface, physical and mechanical fields.

Udknhywh U.U.
Uthwpp dulkplinygpikpn] wipulgjus puquugkpnh LEjupu-dugihuw-wnwdquljubm pjuh
hkqpuyht jwuigph dwuhi
Thunwplynd b wbhwpp  kqphpn]  dhwgdus  dhowduypbpmd - $hghuwilkuwthjulwui
Juyulygws nuontph ghtwdhy fuunhp: Lkpunsting dwquhuw (hEjupw, phpuin) wnwdquljub
oipimunp  hwdwlwpgbph  hhthnphqubp  (hiphotesis-MELS), hpuljwbwgmd L juwyulgius
dhqhuwibwuhjulwt nuwownbpny hns dhowyuypbph wuhwppe dwlybkpinypubph wdpuygdwn
Eqpuyhtt funph  Unphjudnpnud:  MhkqnphbEjnphy okpnbph tpynt wwppkp  wdpwlgnudubph
nhyphpnid - wowbdtwgmd £ wdpwhgdwh’  $hghynpkl Yud  bpypuwswhnpkl - wihwdwubn,
Ubpddwlipbnypuyht okpn: Shpunud, dwlkpinipuyht-wunh§wbughtt $niighwitnh (SEF) dhongny
npynud Eu Shqhudbuiwihjulwt nuonbkph jud phpdnphtwdhjuljut hwunwnnibubph puoudw
Jupptpp: Uy dnibljghwutiph punpnipjudp ppujubugynud t dwljipbinipuhtt wthwppnipniuutph
wqnlgnipniip kgpuyhtt panph hwjuwuwpnudubpnud b iympuljuh wntsnmpniibbpoud: dhpmsyws k,

hgqnuipny nhEYnphl okpunnud, vwhph wihpuyhtt wqpuywih mwpusdwb oppwlp:

Asetncsin A.C.
O nocraHoBKe KPaeBbIX 32124 TEOPHH JIEKTPO-MATHUTO-YNIPYTOCTH B TPEXC/I0HOM KOMIIO3UTE ¢ Y4EéTOM
1IepOX0BaTOCTH IMOBEPXHOCTeH

PaccmarpuBaeTcst nuHAMH4ecKas 3ajada (PU3MKO-MEXaHHYECKHX CBS3aHHBIX IOJNEH B KOMIIO3HTaX CO
CTBIKAMH IIEPOXOBATHIX ITOBEpXHOCTEH. BBOIOM rumore3 MarHuTo- (3JIEKTPO, TEPMO) YHPYTUX CIOHCTBIX CHCTEM
(runore3pi-MELS) npoBomuTcss MOjaenMpoBaHME TPAHUYHOM 3aauydl KOHTAKTa ILEPOXOBATBHIX IOBEPXHOCTEH
CIUIONIHBIX CPE CO CBSA3aHHBIMH (DH3UKO-MEXaHHYECKUMH NOIMH. [Ipu OBYyX pasHBIX MOJENSX COCIMHEHMIT
TOJICTBIX IIBE30JMICKTPHYECKHX CIOEB BBIAEIACTCS IIPUIIOBEPXHOCTHBI TI'EOMETPHYECKH WIN (DH3HYSCKU
HEOJHOPOAHBII cioil. B cioe 3amaérest MOBEPXHOCTHO-IKCIIOHEHIIMAIBHOE MOBEICHNUE (HDH3MKO-MEXaHUUECKHUX
MoJNed MM TepMOJMHAMHYECKHX MOCTOSHHBIX. BEIOOpOM MOBEpXHOCTHO-dKCcIOHeHnuansHoi ¢yHkmuu (SEF)
obecrieunBaeTcs BIWSHHE IOBEPXHOCTHOH IIEPOXOBATOCTH B yPAaBHEHHMSAX W B TEPMOAMHAMHYECKHX
COOTHOIICHUAX 3aJa4d. B kauecTBe mpruMepa aHAIHM3UPYETCs PaCIPOCTPaHEHNE CIBUTOBOIO BOJHOBOTO CHTHANA B
HM30TPOITHOM JIU3JIEKTPHUKE.

he dynamic problem of coupled physical and mechanical fields is considered in composites with joints of
rough surfaces. By means of new proposed hypotheses of magnetic- (electro-/thermo-) elastic layered systems
(hypotheses-MELS) the boundary problem is modeled for rough interfaces contact of continuous media with
interconnected physical and mechanical fields. In various models of joints of thick piezoelectric layers
combinations geometrically or physically heterogeneous surface layer is allocated in which the surface-
exponential behavior of physicomechanical fields or thermodynamic constants are given. The effect of surfaces
roughness on the equations and the thermodynamic relations is achieved through the choice of surface-exponential
functions (SEF). As an example the propagation of the shear wave signal is studied in an isotropic dielectric.

29



1. Introduction. Roughness and waviness as residual deformation of the surface layer of
the machined surface of deformable element (Fig.1), are the result of uneven edges of the
cutting tool, vibration, physical irregularities of the work piece material, etc. and generally
violate the material geometric or physical uniformity at the surface zones of the of elements
of structure. Quantitatively, the surface roughness is set regardless of the method of surface
treatment, but because of the nature of the origin of the residual inhomogeneities and
physicomechanical characteristics of the material, the surface of the structural element
reacts in different ways to electromechanical or thermo-mechanical loads, which in its turn
leads to an additional stress on the surface contrary to a case of perfectly smooth surface of
a homogeneous material. In studies of wave processes in structural elements, the fact of the
presence of residual surface inconsistencies in the manufacture of this element is often
neglected.

Naturally, this approach does not always allow to identify possible surface dynamic
phenomena of the wave process, especially in the propagation of the wave signal with
amplitude is comparable with size of the actually existing roughness on the surface of the
waveguide, or at least does not allow quantitatively to calculate more accurately the
characteristics of wave field in the surface area of the waveguide.

In terms of the reliability of research results, it is especially important to investigate
propagation of short waves in crystal structures.

The interaction of ultrasound with a rough surface is actively investigated, both from a
theoretical and experimental points of view, since the applications of elastic wave
phenomena are becoming ever more important in telecommunications (signal processing),
medicine (echography), metallurgy (non-destructive testing) and in other fields, too. E.g.,
millions wave filters, periodic topographic grid and resonators are currently produced each
month for mobile phones and computers.

The most important results related to scattering of the waves on the local surface defects,
such as grooves, random roughness, elastic wedges are obtained in [1-3], where various
theoretical approaches and practical rules for tackling of surface waves problems are given.

Calculation of the effects of roughness and it waviness on the surface of a body does
complicates the solution of the mathematical boundary value problem, but makes it
possible to identify near-surface effects and more accurately evaluate the quantitative
characteristics ~ of
the wave field in
the  near-surface

zone.
In [4] the
experimental
measurements and
calculations of
L T | | ! elastic wave propa-
gation and
dispersion are
Fig.1. Roughness contour and the basic roughness parameters: | - reported for a

base line, M- centre line, S~ the average pitch of the irregularities waveguide  with
randomly  rough
of the profile, Rmx — maximum height of the profile. surfaces, as a

model of incipient
corrosion.

Most theoretical studies of acoustic problems in rough surface were studied by means of
integral transform methods [5], or by the method of perturbation theory [6].
The propagation of surface acoustic waves across the randomly rough surface of an
anisotropic solid is studied in [7]. In a small roughness limit, the dispersion relation for
such waves is derived. The frequency dependences of the  dispersion
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and attenuation of surface acoustic waves are obtained for the case, when the wavelength is
"compared to the transverse correlation length of the roughness. Crystals of cubic,
tetragonal, trigonal, hexagonal, and orthorhombic symmetry, adopted in applications, are
considered. The effects of piezoelectricity are taken into account through the approach of
"partially stiffened elastic constants".

In paper [8] the dispersive effect of roughness is investigated for surface acoustic wave
packets (30-200 MHz frequency range) for different degrees of nanometer roughness on
silicon (001 cut) and (111 cut) surfaces. It is shown that the roughness induced frequency
dispersion effect is significant, and although available theories agree qualitatively with the
results, the theory is not adequate to predict the real surface acoustic wave dispersion.

The problem of a Love wave propagation in a corrugated isotropic layer over
a homogeneous isotropic half-space has been investigated in [9] and thee dispersion
relation in a corrugated layer medium bounded by irregular boundaries is derived. In
special cases, the dispersion relation is reduced for the corrugated layers bounded by

periodic boundary surfaces, d-cos(pX), d,-cos(pX) and d, -cos(pX).

In [10] a simple and efficient matrix method is applied to analyze the reflected waves from
a layered plate with certain interface features. It is shown that a thin, adhesive layer can be
modeled as an
equivalent  elastic
interface with zero
Piezodielectrik-2 thickness

characterized by
hs(x) two adjustable
parameters. The

% paper [11] presents

an  elastodynamic
analysis of two-
dimensional  time-
harmonic elastic

wave propagation in

Piezodielectrik-3 periodically
multilayered elastic
Piezodielctrik-1 composites, which

are also frequently
referred to as one-
dimensional
phononic  crystals,
with a periodic
array of strip-like interior or interface cracks. The transfer matrix method and the boundary
integral equation method, in conjunction with the Bloch-Floquet theorem are applied to
compute the elastic wave fields in layered periodic composites. The effects of
the crack size, spacing and location, as well as the incidence angle and the type of
incident elastic waves on the wave propagation characteristics in the composite structure
are investigated in details. In [12] authors have employed a numerical procedure to analyse
the adhesive contact between a soft elastic layer and a rough-rigid substrate. The problem
solution belonging to the class of the free boundary problems is obtained by calculating
Green's function, which links the pressure distribution to the normal displacements at the
interface. The problem is then formulated in the form of a Fredholm integral equation of the
first kind with a logarithmic kernel.

When two bodies are separated by a small distance, the roughness starts to play an
important role in the interaction between the bodies, their adhesion and friction. Control of
this short-distance interaction is crucial for micro and nanoelectromechanical devices,

Fig.2. Contact of rough surfaces in three-layer
piezodielectric composite
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microfluidics, and for micro and nanotechnology. In [14] the review of the current state of
this problem is considered and an introduction physical origin of the dispersion forces is
given. Critical experiments, demonstrating the non-additively of forces and strong influence
of roughness on the interaction between bodies are reviewed.

In the theory of magnetoelasticity the hypothesis approach has been often used in [15]
for vibration, stability and strength problems of thin-walled plates and shells.

In this paper, by introducing the new hypotheses related to distribution of the elastic
displacement and potential of electromagnetic fields in a thin elastic layer of variable
thickness of material with magneto-electric properties. The mathematical formulation of the
boundary value problem for the three-layer composite electro-magneto-elasticity of
piezoelectric crystals is established (Fig. 2).

2. Statement of the problem. Let us consider the propagation of shear plane electro

elastic signal f(xy,t)={0, 0, WX, y), (X, y), w(x, Y)jexpi(kx-ot) ..

three layer linear electro-magneto-elastic composite described by the following quasi-static
equations and linear constitutive relations of electro-magneto-elasticity in each n-th layer.

8Gi(jn) 82U-(n) aDA(n) aB(n)

_ i i  _ —(n) _ n pm _ (n)
o p " ox 0, ox 0, E grado'’, B grady
(2.1)
o ou™ oul oo oy™
m = C:I(J;()q —r 49 |+ (n]) + dr(nrl? — mechanical stresses,
ox,  OX, OX, OX,,
(n) (n) (n) (n)
DJ(”) - e(w'!? aai—l_ 8Uq sl(ln) % g,(,;” oy — electrical displacements, 2.2)
X, OX, OX OX., :
(n) (m) (n)
Bfn) d:;:,) 8;p +— ﬁu g(“) a(P ug;) aw — magnetic inductions.
X, OX, OX, OX.,

As it is known [16 ] , electro-magneto elasticity problems, as well as problems of the
plane and anti-plane deformations decouple not for all symmetries of crystal depending
both of mixed boundary conditions and the structure of the matrix of physical and

] (n) q(ﬂ) (n) M(ﬂ) d(n) (ﬂ)_
mechanical constant Cipa> Gpa> i > Hpas Gipg> &
Based on the linear equations and relations (2.1) u (2.2), without loss of generality, the
mathematical modeling of the electromagnetoelasticity boundary value problem is
presented in the paper for piezo dielectric multilayered composite, in the case of adhesive

electroelastic filling occupying region €, = {|X| < 0, hl (X) <y< hz (X) , Z| < oo}

and two adjacent piezo dielectric half-spaces (thick layer) occupying regions

Q, ={|x <o, —o<y<h(X), |7<x}
Q, ={[¥ <o, h(x)<y<w,

with rough surfaces Yy = hl (X) and Y= hz (X) respectively. The materials of adhered

electromagnetoelastic thick layers, adhesive and piezo dielectric crystals belong to the
class of 6mm hexagonal symmetry, physical anisotropy axis (the axis of polarization of
piezoelectric crystals) coincide with the geometric axes oz and the plane oxy coincides

Z|<oo}
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with the symmetry plane of piezocrystals. The coordinate axe OX is directed along middle
line of composite plane cut Y = [h2 (X)-h (X)]/Z (Fig.2).
The anti-plane deformation electroelastic equations can be written as
o w, e, oo  w,  dw, e, oD
G—Z+6—+ =P/ 2 & T =0,
OX OX oy o - " ox OX oy (2.3)

where 6(22) =G, (8Wn / 8y) +€, (a(.pn / 6}/) are electromechanical shear stresses,

n) =€ (a\N / 8}/)—8 (a(p / 8}/) are normal components of the electric displacement,
G = gz) are shear modulus, [, are the bulk densities, €, = QS are the piezoelectric

modulus, €, = SgT) are coefficients of dielectric permittivity in N=1,2,3 layers,
correspondingly.
On rough interfaces Y( X) = h (X) u y( X) = Q (X) the following electromechanical

conditions of the perfect contact of mechanical and electric ﬁelds should be considered:
o[y (x).t] =08 [ (0).t].08 [ (0. ] =0 [xh (x).t]. @)
DY’ [xh (x),t]=D{"[xh(x).t]. DI [xh, (x),t]=D [X h():t]: 05,
o [xh(0t]=0.[xh(x).t]. o [xh(x).]=0:[xh(x).t].
w [ xh(x),t]=w[xh(x t] w, [ x.h, (x),t]=w [ x.h (x).t], .7)

together with attenuation conditions

}i@wwl(x, y,t)—> 0 ylilﬂc%()(’ y,t)—>0 2.9)
ylim 0, (X, y,t)—> 0 ylil}l (pz(X, y,t)—> 0

In specific problems, layers may contact with each other directly, without an adhesive. In
this case in (2.3) the equations with index n=3 should be omitted and the boundary
conditions (2.4)-(2.7) should be transformed into new one at middle surface/line of the two

roughness Y = [hZ(X) - hl(X)]/Z

When the interface adheres by other electro-magneto-elastic adhesive, in an adhesive
layer equations do not coincide with (2.3) and the other equations should be considered.

Below it will be shown, that the assumption of the choice of materials and adhesives
interface layers does not violate the principle of generality of mathematical modeling of
boundary value problem for materials with different characteristics of
electromagnetoelasticity.

3. Boundary problem modelling [17]. Taking into account the fact that the value of
the maximum peaks and troughs in the surface roughness is much smaller than the
thickness of the effective boundary layers where the wave energy is localized, but
compared with length of propagating signal

H, =max‘hj(x)= hz(x)—hl(x)‘ < min{H;H,}
H, =max‘h}(x)‘ ~ L =2n/k

we can use a virtual model of a thin layer. Namely, for the gap of variable width between
two adjacent bodies we propose the new hypotheses of thin layer presenting in the inner
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layer for the elastic displacement and the potentials of the electric and magnetic fields in
the following form

ws(x,y,o{hzf%m} T (e hy00.0)—w (0 (x).4) ]+ (0 (x).0). 3.

o (% yt)= {h;x)h!r(y() )} L0, (xR (0,t) =0, (X B (x),1) [+ 0, (X K (X)), (3.)

w0030~ X o (00w, (xR 9. v, (e (1) 3

This character of hypothetical distributions of the unknown quantities is selected primarily
based on the need to compliance with the boundary conditions on the interfaces of a thin
layer .

By means of (3.1) and (3.2) the two pairs of boundary conditions (2.6) and (2.7) are
satisfied immediately. Naturally, under other boundary conditions, for example, when the
first layer is absolutely rigid, the distribution (3.1) takes the form

W, (X, y’t):{h;(/%t(yx({()} W, (X, h, (%), 1) (3.1%)

ensuring the fulfillment of the boundary conditions with a rigid boundary y=h(X)

w[xh(x),t]=0,  w[xh(x),t]=w[xh(x),t] Q2.7%)
When the first layer is the perfect conductor, the distribution (3.2) becomes similar to

(3.1 *) type

05 (% y.t) = le() h(x )} @, (%, h,(x),t) (3.2%)

ensuring the fulfillment of the boundary conditions with an electrically shorted
boundary Y = h (X)

o[ XN (X),t]=0, @[ xh(x),t]=p,[ xh ()] (2.6%)
In the introduced hypotheses, the different degrees {m, K, S} € {1; 2;3;...} correspond to

the lowest differentiation orders of required quantities in adhesive constitutive relations are
taken so that in equations describing the process in the variable thickness gap the
corresponding terms do not vanish. In the linear theory of the electro-magneto elasticity,
where (2.1) and (2.2) are taken into account, in the distributions (3.1) - (3.3) can be
takenm=Kk=s=1.

The proposed hypothesis of magneto-electro- elastic layered composite (hypothesis MELS)
in the form (3.1)-(3.3) allow us to estimate physicomechanical field in a thin slit filled with
an adhesive of appropriate characteristics.

In the framework of the proposed hypotheses for piezoelectric adhesive when
M=K =S=1 the mechanical stress and electric potential in layer are constant over the
thickness of the gap, but vary longitudinally along surfaces depending on the gap width.

& 2h(x)=h,(x)-h(x).

Introducing a new variable defining gap, the shear stress and electric displacement in the
gap region can be described as
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oG, OW(x,E,t) ve oD (%,&,1) D —e OW (X,&,t) e oD (x,E,t) o)
g g o

ot
Here W(XE)=w,(x 0, (x).t)-w (xR ().1),
(&) =g, (xh,(x).t) - (xh(x).t)

are the difference shear elastic displacement and the difference electric potential in the
region.

Hence, it is clear that the conditions of electromechanical field quantities finiteness
(continuity condition) lead to the requirement of a limited difference of elastic displacement
and electric potential at the surface irregularities. In fact, depending on the roughness of
interfaces of contacting layers a longitudinally inhomogeneous electromechanical load arise
at the interfaces of these layers.

On the other hand, these loads arise in a layer of sticker and satisfy to following equations

~ 82 82 a2
{G o P at} W (% y.)=0, ﬁ{%(x’y’t)_%w(x’y’t)}:0 35)

3
From (3.5), when {m, K, S} € {1; 2;3;...} based on the hypotheses (3.1) and (3.2) and the
last two pairs of boundary conditions (2.6) and (2.7), for the elastic displacements

W(X Y,t), N=12 and the electric potentials @,(X Y;t), N=L2  we obtain the new

boundary relations

|:é3§2 Pi =7 ¢ }{(hz(x) h(x)) 2(X’hz(X),t);Wl(X,hI(X)’t)}:O (3.6)

_22[[@2 (X, hz(x),t)+(p1 (X, hl(x),t)]w:l _

X X
{[W X, 1, (X),t) + W (%, h (%),t) ]hl( )= )}
Let us pay attention (3.5) to the nature of the dynamlcs of shear displacement in the

adhesive layer W, (X, Y,1) =W, (%, y)- f[x£c,(o)t], ¢, (@)=G,/p,.
By integrating the equations of electrodynamics (2.3) and using MELS hypotheses

(3.1),(3.2) related to linear distributions of elastic displacement and electric potential across
the thickness of a thin layer of stickers, and taking into account the boundary conditions

(3.7)

(2.4), (2.5), we obtain the generalized boundary conditions for stresses O (213) (X, y,t)

G » (X, Y, ) and electric displacements DS) (X, y,t) Dgz) (X, y,t)
~ OW, (X, Y,t ~ OW (X, Y,t
G2 2 (a ) _ G1 1 (a )

Yo lyn Yo len

{p e a—lez(x,Mx),mZ—?wl(x,mx),t)}—wimx)}

(3.8)

ot T ox 2
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81 a(l)l(xa yat) —82 ad)z(xa yat)
oy y=h(x) oy y=h (%)

&= |:hz(x) h(X) Lo (x h(X)at)+¢z(X’hz(X)=t)ﬂ

(3.9)

In (3.8),(3.9 Oté = 1+(% / €, ) (Gn / G3) : }(ﬁ are interconnection coupling coefficients in

a three-layer piezo dielectric composite Xﬁ :Qf / (Sn-Gn), n=12. , are
electromechanical piezoelectric coupling coefficients of adjacent half-spaces,

(I)n (X, y,t) =0, (X, y,t) —(%/Sn) W, (X, y,t) ,  N=L2. is the well-known notation

the of electroelastic potential for piezo dielectrics of 6MM class of hexagonal symmetry.
Thus the problem of the propagation of shortwave -electroelastic plane signal propagation
in multilayer piezo dielectric composite, by means of the MELS hypotheses is reduced to
the solution of the electro- elasticity quasi-static, anti-plane equations

2 2 2 2

Gnavll”%:‘-naw+<-3;1 k2 eha(pn: av;/n 3.10
o ay é’y ot (3.10)
Fw w & o

& @in"‘en ayzn —&, 8)3”_‘% 5';;;” =0, npu n=1, 2.

with attenuation conditions (2.8) and generalized boundary conditions (3.6)-(3.9) of full
electromagnetic contact which can be presented in a rather simplified form

|:G1 a\Nl(xa y,t) +Q a(Pl (Xa yat):|

oy oy y=hy(x) G.11)
_[Gz o (X y’t)+% 50, (X y’t)} =0
oy oy y=h,(x)
{q ow (xy.t)  0(x y,t)} )
1
oy oy y=h(x) (3.12)
W, (X, Y, t) 09, (X, Y1) 0
-1 & 8y —&, ay
y=h,(x)

{Gj - p, 82}{(%) h(x) 2(X’m(x)’t)zwl(X’“(X)’t)}o G13)

2 [ e v (x0.0] MR

_z ;z {[ L (% 0y (%), 1) + W (%, h (%), ) ]hl(x) h‘(x)}

(3.14)
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From these boundary conditions, it follows that non-smoothness boundary conditions
h(, n=L2 | £2nh(x)=h(x)-N(X) play an important role transforming

homogeneous boundary conditions into longitudinally conditions. The dynamics of
adhesive longitudinally inhomogeneous thin layer is conditioned by these boundary
conditions and may result both in a synchronism and in an internal resonance between
waves in the adjacent semi-spaces.

4. Solution of the problem.

It is known that solutions of anti plane electroelastic problem attenuated along the depths
of adjacent semi-spaces in the case of shear electroelastic signal propagation

F(xy,t)= A(y)-exp {i(kx—wt)}

in adjacent semi-spaces can be presented as

W% Y51 = A, exp(=1)" o k) - expli (kx—ot)
0 (% Y,1) = {Bn exp((=1)"ky) +§—nA1 exp((—l)”anky)} -exp {i (kx—ot)} 4.1)
where ol =1- ((y)zpf1 )/(kzéj) are characteristic ~wave numbers N=1;2;

k= (27t) / A is wave number, A, = 27 /K is the length, () — the frequency of the wave

signal. Based on (4.1), from boundary conditions (3.11)-(3.14), we can obtain a
transcendence characteristic equation describing the wave process in the composite

fi f fs fof | f f
f, f, f, f
where coefficients fij(hn(X), K(®)) depend both on the relative physical and

f23 1:24 13 14

. =0, (4.2)

f43 f44 41 42 fzs f24

mechanical constants of materials: by /b, , where be {G, p,e, &}, i,j €{l, 2,3},
d;=(e/e,—&/e;), N=1L2 , and from functions of non-smooth interfaces of
adjacent semi-spaces dymwii, phase function K (®),
f,(h (X),k(®)) = G,a,e™ ™
iy (h, (0, k(w)) = ge™™, fLa(h, (0, k() = 6,
£y (N, (%), k(@) = €,6™"™, 4 (N, (%), k() = &,€™™
[ A, (x)+2ikAh, (%)~ Ko} A(x) |
5, (0,(X), k(@) = 4 =[ 2Ah, (X) + 2iKAR(X) |- oL khy (%) ¢-e 4
+AR(X)[ oK, (0 — o, ki L, (0) |
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[ Ah,, () +2ikah, (X) - K*o2AR(X) |
., (N, (), k(@) = { +[ 2Ah, () + 2iKAN(X) |- oL, kh, , (%) €40
ARO[ 2khE, () + ok, o (X) |
[ Ah,, (x)+2ikah, (x)—k*Ah(X) |
f, (h(X), k(w))=d,, —[ZAh,X(x)Jr2ikAh(x)].cxlkhLX(x) L@ k()
+AR(X) [ a7 k*h, () = o ki L (0]
[ Ah,, () +2ikah, (X) ~ k*Ah(X)]
£, (0,0, K(@)) = d; § +[ 2Ah, (%) + 2iKAR(X) |- o1, kh, , (x) - €7
+A(X)[ 03K*h; () + 01k, L, (%) |
[ A, (x)+2ikAh, (x) - K*Ah(X)]
0 (h, (X, k(®)) =1 ~[ 2Ah, (x) + 2ikAh(X) |- ki (x) -6
+ARC| K, () =K o ()]
[ A, (x)+2ikAh, (%)~ K*Ah(X)]
o (0, (0, k(@) =1 +[ 2Ah, (X) + 2iKAh(X) |- kh, , (X) €™ (4.3)
+ARGO[KHE, (%) + K, 1 ()]

It is obvious, that this transcendental dispersion equation can be investigated numerically
with the given functions of non-smooth semi-spaces. On the other hand it is clear that the
longitudinal heterogeneity conditioned by boundary roughness, leads to wave signal

scattering resulting for complex wave namber K = kl + ik2 . Then in the solutions (4.1),

as well as in expressions (3.1) and (3.2) the amplitude and velocity of propagation of the
signal prior electroelastic may also vary along the wave signal propagation direction OX.
5. Specific example.

Let us consider the propagation of an anti plane shear plane wave signal

W(X, y,t) = [Ae“"y + Ale_aky:' 2 i 2 non piezo  active  waveguide
{—oo <X<+mo,h (X)<y<h (X),-o<z< +oo} with  surface  roughness
y=h.(x),

Introducing virtual heterogeneous subsurface layers, with middle planes y=i|”b,

corresponding to rough surfaces and taking into account that waveguide surfaces are
adjacent with vacuum, we obtain

+
ol [N (x).t]=0m ¢, [xh (x),t]=¢,[xh (x),t]

Based on MELS hypotheses from (3.1) and (3.2) introducing virtual distribution functions
in surface layers from (3.1) u (3.2)
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W, (X, y,t) =%W(x +h,,t),

0. (X y.t) = w“—h(;))[ ()= (R (9.0) ]+ 0 (xR (0.). 5

we obtain generalized boundary conditions which are taking into account roughness
irregularities in the middle planes Y = £h,

2 2

ow(xy.t) (R (x)-h) G82W(x, y,t)_pazw(x, y,t)

oy ‘y—w +2h, X’ ot . (5.2)

—t yet

As seen, the roughness on the
surfaces of the waveguide leads
to the dynamic loads on the
surfaces, which may generate
waves of new harmonics or
internal resonance in subsurface
zone, as well as prohibit the
propagation of waves of a
certain frequency to form silent
bands in the waveguide.
In fact, the roughness of the
surface forms a longitudinal
inhomogeneity layer, where the
% ar heterogeneity transforms a pre-
wave signal to generalized shear
waves

WX Y.t =[ A€+
+A (o) e ]

R well . | N . where wave number
Fig.3. Modelling of homogeneous layer with interface
k(w) =2m/A

roughnesses

e By
=]
7
L)

or vibration

L (x)Fhy| < hy frequency ®(K) are complex

ones.
A characteristic formation

number P(®, X) = (27[ o, X) ) / A depending also on the frequency of the propagating
wave signal depends on the roughness zones X & [)q 3 X% +1] at the surface. The function

P(®, X) is determined from the transcendental dispersion equation

[1+;(df(x)—l)][u;(df(x)—l)}
IRCCR O]

where the following notations are used d (X ( =A h2 X / h0 Ah, (X) = |h X F h0|

=0 (5.3)

F(p.x)=e"" -

39



Analytical analysis shows, that in the case of high-frequency signal propagation with speed

Vi, =G = G/p the availability of sagging irregularities (pits) on the surface of

waveguide di (X)—l < 0also leads to the appearance of new dispersion wave modes
. 2
propagating  with  the  speeds  Vj,(@,X)=C, \/ 1 —I: p (o, X):I / (kh)*,

Vi (@30 =Cpyf1-[ B0 | /iy

The formation functions pl* (o, X), p; ((0, X) 0< pl* (o,X) < Z/I:l - df(X)]

p; (0), X) > 2/ [1 — df(X)] indicate the existence of a short and localized shear waves

near the Y=-h, Yy=h surfaces, respectively .
In this case, for high-frequency signals there is a stopband region

2/[1 - d_Z(X)] < p((o, X) < 2/[1 -d’ (X):I , where the shear waves of certain
frequencies cannot propagate.

Similarly, if we have a layer with tightening borders, i.e. ‘hi(x)‘ >h and hence

di2 (X)—l >0 at both surfaces of the layer, then in this case the shear wave can

propagate with the speed V = C; =G/p only.
And finally, if at some interval on one surface of the waveguide there is a pit, we suppose

that d_Z(X)—lSO, if on at opposite surface there is a bulge we suppose that

d’ (X) —12>0, then in the case of propagation of high-frequency signal propagation with

+

a speed V, =C; = JG/p a new type of wave dispersion mode occurs, the nature of
which is determined by the ratio of the "pit" depth and the "bulge" height:
a) If 1’ (X) <h’(X)—4h (X)-Ah_(X)+2-Ah’(X), then the wave dispersion mode

occurs localized  at y=-h surface and  propogate  with  speed
V,, (@, %) = co\/1—[ ps (o, x)]z/(kh)z , where 0< pi(o,X) < 2/[1—d3(x)] :
6) if h?(X) > h*(X)—4h (X)-Ah_(X)+2-Ah’(X), then the wave dispersion mode of

other type occurs localized at Y =—h surface also and traveling with speed

V,,(@,X) = CO\/I—[ Py, )] /(kh) , where p;(0,%)>2/[1-d*(%)].
Let us as a rough surface layer take the same equidistant surface
h.(x) =th, (1 +7, Sin(kSX)) , where 21, is the estimated thickness of the layer, Y, is

the maximum height of the roughness profile, and Ois the average pitch of surface
irregularities profile. Then, according to (5.3) we have

Ah, (X) = hyy, sin(kéx), d; (X) =y;sin’(k8X) and therefore in this case the
dispersion equation (5.3) separates into two simplified ones

2+ p| y; sin’ (kdx) 1] B

F(p,x)=¢e’f- =
1(P-X) 2—p[y§sin2(k8x)—l}

(5.3.1)
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2+ 25in? (kdx) —1
F,(p,x)=€7"+ p[yo (k&) ]=0 (5.3.2)

2 p| y; sin (kdx) 1]
From (5.3.1) and (5.3.2) follows, that for a perfectly smooth surface layer 0 =0 or

7, =0, only the primary signal propagates with the phase velocity V,, = C, = JG/p.
As always 7y, sin®(k6X)—1<0, and for formative number we have

0< p(w,X)= (271: oo, X))/X < 00, then the equations (5.3.1) and (5.3.2) besides the
primary signal also allow new wave mode with the forming number close to

p= 2/|:1 —v¢sin® (kSX)] . At each change
(n/2)-(x/8) <Xx< ((n+ 1)/2)-(7»/5) the  formative number varies between

2< p(o,X) < 2/ (1 -v: ), making one complete cycle.

Depending on the ratio of the wavelength to the average spacing irregularities, the periodic
metric segment expands or narrows.

Conclusion.

The hypothesis of magneto-electro-mechanical field for rough border zone of magneto-
electro elastic layered composites is formulated (hypothesis MELS), which allows to
identify the nature of the dynamic effects of boundary roughness on the propagation of a
wave magneto-electric elastic signal.

The dispersion relation for a three-layer piezo dielectric composite is obtained when the
rough surfaces are in full contact.

On the illustrative task, the propagation of wave signals is considered in a single layer
waveguide with a rough surface free of electromechanical surfaces it is shown that the
roughness leads to the solution of the wave propagation problem in the waveguide with
perfectly smooth boundaries on which there are additional dynamic electromechanical
loads depending on the interaction of a propagating electroelastic signal with rough
boundaries. The possibility of the appearance of new modes of shear wave caused by the
surface roughness of the elastic waveguide is studied analytically.
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2U8UUSULP @SNk E3NPLLENP ULSUSPL ULUUNEURUSEh StNtulahl
W3BECTUSI HALIMOHAJIBHOM AKAJIEMUM HAYK APMEHUM

Uthuwtthlju 68, Ne2, 2015 Mexannka

NON —-AXIS - SYMMETRICAL DYNAMIC PROBLEM OF ELECTRO
ELASTICITYFOR THE AXTALLY - POLARIZED PIEZOCERAMIC CYLINDER
D.A. Shlyakhin

Key words: a problem of electro elasticity, a piezoceramic cylinder, a non-axis-symmetrical dynamic load.
KitoueBble cjioBa: 3a7ada dIEKTPOYHPYTOCTH, bE30KEPAMHYECKUH [IMIMHADP, HEOCECUMMETPUYHAS JUHAMH-
4ecKkas Harpyska.

Putiwh purekp. BEjnpuurwdquijuinipyut unhp, yhtgnytpuwdhl quut, ny wnwigpuwuhdbnphly

nhtundhl pp
Cpywjuhl LU,

Uuhgnupny whtqnlipudhl wewigpuht piinwgdus guuith hwdwp ny wowigpwupdtwnphly juinhp

Thnwplyws Emnpn wkqnkdEnh ny wewbgpuupdtnphl tnhp withqnnpny whbqnytpudhy
wnwigpuyhtt phtinwgdwé quuh hwdwp bEpp dwuwwnughtt dwibpinypubph dpu wgnnud  Eu
Judwjuluwt  tnpdwy jwpnudtbp’ juudws  ownwynuyht, wilnibwghtt Ynnpphtwnttphg b
dudwtwlhg. Ywpnigyk] £ unp thwl psnid ubthwlwb JEjunnp-$niuljghwibph JbEpnisnipjut
Uhongny: Uwnwugqué wpunuwhwjnnipnitibp pnyp i wwhu npnoknt ny wnwbgpwupdbnphy
nwwnwinidubph hwdwpujuinipiniattpp b hunniygqus LEjunpulwh nupnh pnpnp wupwdbnpbpp.

Mlasxun JI.A.
HeocecnmmeTpuiHasi AMHAMHYECKAs 32124 NPSIMOTo NMbe303()eKTa 1Jist aHH30TPONHOI0
Nb€30KEePAMUYECKOr0 AKCHAJIBHO MOJISPU30BAHHOI0 UIHHIPA

PaccMarpuBaeTcsi HeOCeCHMMETPHYHAs JHHAMHYECKas 33a4a IPIMOro mbe30dpdexra st aHu30TPOITHOTO
[bE30KEPAMHYECKOr0 aKCHAaJIbHO MOSPU30BAHHOIO IWIMHIApPA INpU JCHCTBHM HAa TOPLEBBIX ITOBEPXHOCTSX
HOPMAJIbHBIX HAMPSDKCHHH, SBISIOMUXCS IPON3BOIBHBEIMU (DYHKIMSAMH pPaJHaibHON, yrJIOBOM KOOPIAMHAT H
BpeMeHH. HoBoe 3aMKHYTOE pellleHHe MOCTPOSHO METOIOM Pa3lIOKEHUs N0 COOCTBEHHBIM BEKTOP-(QYHKIHIM B
(dopMe  CTPYKTYpHOTO — auropuTMa KOHEUYHBIX HpeoOpasoBaHuil. [loydeHHbIE COOTHOLICHHS MO3BOJISIOT
OMPE/EIATh YaCTOTHI COOCTBEHHBIX HEOCECHMMETPHYHBIX KOJIEOaHHIl, HANPSHKEHHO-Ie(OPMHUPOBAHHOE COCTOS-
HHE JJIEMEeHTa, a TakkKe BCE IApaMeTPhl MHIYLHUPYEMOrO 3JIEKTPHYECKOrO ITOJIS.

We consider a non-axis-symmetrical dynamic problem of the direct piezoeffect for anisotropic piezoceramic
axially-polarized cylinder when normal stresses being arbitrary functions of the radial and angular coordinates and
time act on the end surfaces. A new closed solution is constructed by the method of decomposition in terms of
vector-functions in the form of a structural algorithm of finite transformations. The obtained expressions allow us
to determine the frequencies of natural non-axis-symmetrical vibrations, the stress-strain state of the element and
the parameters of the induced electric field.

Introduction

The most common structural elements of piezoceramic transducers are canonical bodies in
the form of solid cylinders of finite size (thick circular plates). To describe their operation in
real conditions and the enhanced functionality the need for the deeper analyses of time-
varying processes without which it is impossible to understand the effect of the interaction
of mechanical and electrical stress fields arises. However, existing methods of calculation of
the piezoelectric elements of structures with reference to non-stationary effects are far from
being perfect and most of them are approximate, but much of the research is associated with
the development of numerical [1,2] and approximate [3-5] methods of solution and also
bringing these problems to static [6,7].

In this regard, methods making possible obtaining closed solutions of unsteady initial-
boundary problems of elasticity theory for finite bodies in three-dimensional formulation are
of prime consideration now. With their help you can perform qualitative and quantitative
assessment of the coupling of electromechanical stress fields in the piezoceramic elements
of designs.

In the paper presented the dynamic problem is investigated using a consistent application of
the finite integral transformations on all spatial variables. This approach allows us to obtain
accurate, in the framework of the used models, estimated ratios in the most general form for
the test piezoceramic cylinder.
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1.The problem formulation. The solid anisotropic cylinder occupies the area Q:
{0<r, <b,0<0<L2m, 0<z < h} in the cylindrical coordinate system(l; ,0,z, ) and it

is made of a piezoceramic material with of a hexagonal system class 6mm! in which the axis
of symmetry is parallel to the axial coordinate.The end membrane-anchored surfaces with

electrodes ( z, = 0,/ ) are under the arbitrary dynamic load (normal stresses) ql* (I;, 0, r, )

, qz* (};, 0, t*) and connected to the measuring device with a high input resistance, what

corresponds to the “idling mode”. Various mechanical conditions can be satisfied on
cylindrical surfaces without electrodes. For the sake of definiteness we will consider them
free from normal and tangential stresses. In this formulation the problem simulates the
operation of the piezoelectric elements in the devices of the direct piezoelectric effect,
transforming a mechanical effect to the corresponding electric signal.

The mathematical formulation of the given problem of electro elasticity in the dimensionless
form includes a system of differential equations in relation to the components of the

displacement vector U(I’,@,Z,t),V(V,G,Z,l),W(I’,e,Z,Z), the potential of the
electric field (P(I’, 0,z,t ) and the initial-boundary conditions [8]:
10°U oU 10V 1 aV az 6q) o°’U

ViU+a Fa Fa,— a,— =0 (1.1

e e a0 R0 Corer Corer ar

oy 1OV 0V 10U 1oU 18w 18 oV
a,ViV+ P ta,—+a a, = ta,— ta,— >
00 o2 r 8r66 00 ro0oz roboz ot
a(VU+laV)+a2(V§W+1 6WJ+a76VI/+a( o1 6@] 82(p 61/2V
6’2 00 00° 0z o0z ot
2 2

6(VU+18—VJ VW+L8W Jr—aW—a9 L

¢ oz 00 r* 00° 0z* r’

_ 16V oW o
z=0,L Cpog=0a (VU . ae)+a7g+a—(§:ql(r,9,t) (1.2)

10V ow 0
Gt =a11(VU+—£j+a7 —+ G‘ZP L (r,0,1)
U(r,6,0,6)=U(r,6,L,t)=0, V(r,0,0,0)=V(r,0,L,t)=0
0 1oV ow
Do, =—aloa—(zp+a12(VU s )+ —=0
0=0,2n U(r,0,z,t)=U(r,2nn,z,1t), v :a—U (1.3)
00 10-0 OO jp=2mn
V(r,0,z,t)=V (r,2nn,z,t), a :8_V ,
69 |6=0 86 |6=2mn
ow oW

W(,,,sz,t):W(r,Znn,Z,t)o %w:o _g\ezz

! Piezoceramics this class is a core material for manufacturing the conversion elements of different devices. It is
explained how the parameters of these high piezoelectric materials and the ability to change their properties in a
wide range by varying the molar concentration.
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190) op
:03 :t = a2 H 7t s T ="
9(r:0,2,1) = o(r.2nn,2,1) 000 90 02

r=1,0 csw_l:6_U+al3l(U+a_Vj+ana_W+alza_(P:0 (1.4)
or r 00 0z 0z

Grzrlzaz(a_W—{-a_Uj—‘raga—(p:O, Gre\rzlzal l a_U_V +6_V =0

or oz or L 60 or
Dr\r:l:_a()a_(p—'—as a_W+a_U =0

or or 0z
U(O,e,Z,t)<OO, V(O,e,Z,t)<OO, W(O,@,Z,t)<oo, (p(O’e,Z’t)<oo;
t=0 U(r,@,z,O):UO(r,O,Z), U(r,e,Z,O):UO(r’e’Z), (15)

V(r,O,Z,O):VO(r,O,Z), V(r,G,Z,O):VO(r,O,z),
W(r,@,z,O)zWO(r,G,z), W(r,G,Z,O)zWO(r,B,z);
where {U,V,W} ={U*,V*,W*}/b, Q= (p*e33/(bC”), {r.z,L}={r.,z.,h}/b,

2
. 0 10 1 1 o 1
t=tb Cll/p’ v122 Tt V§=V12+_2’ V=—+—,
or ror r r or r
oo g Co o (Gt , (GG | (GG o eta)
1= 5 2 — 5 ) 4 = s s =" L > 6 s
Cll Cll Cll Cll QI e33
_ LGy _ s _Cg, _ Gl _ Cy _ & _C,
a7_C sy Qg =—"" Ay =—7F—, Gy ="5 > all_c > Ay = s Ay =—-,
1 €33 €33 €33 1 €33 G,

{611"]2} = {ql*,q;}/C“ ; t, —time; p,C, e — bulkdensity, electric constants and

piezoelectric modules of the anisotropic piezoceramic material (m,s =1,6);

€1, €53 — dielectric permeability in the radial and axial directions; U VW, (p* —

the components of the vector of displacements and the potential of the electric field in a

dimensional form; U,,U,, V,,V,,,

WO,WO — displacements and their velocities known at
the initial moment of time.

Equations (1.3) and (1.4) at » =0 are the conditions of periodicity for circular areas and
regularity of solutions. In equations (1.5) and those below the dot means differentiation by ¢
2. The construction of the general solution.The solution is made by the method of integral
transformations consistently using the sine and cosine Fourier transform with finite limits on
variables & and z , as well as a generalized finite transformation [8] on the radial coordinate
r. Each time first you must perform the procedure of standardization (harmonization of
boundary conditions on the corresponding homogeneous coordinate). At the first stage the
following representation is used for this purpose:

{U(r,e,z,t),V(r,G,z,t)}=H1(r,@,z,t)+{u(r,@,z,t),v(r,e,z,t)} 2.1
W(r,0,z,t)=H,(r,0,z,t)+w(r,0,z,t)

(p(r,B,z,t):H3(r,6,z,t)+x(r,9,z,t)

Here H, =(LZ—22)(C]1 +q2), H,=a,'H,
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-1 z2 L z2
Hz=a9(a10_l) Z_E_Z q,+ 2L

The substitution of (2.1) for (1.1) — (1.5) gives a new initial boundary problem regarding
functions u(r,@,z,t),v(r,e,z,t),w(r,@,z,t),X(r,e,z,t)with homogeneous boundary
conditions on coordinates z and . As this takes place, differential equations (1.1) and

boundary conditions (1.4) do not agree with F; + F, and N, + N, , and the initial conditions

(1.5) should be replaced by U, V,, W, .

To the transformed boundary value problem (1.1) — (1.5) we consistently apply the sine and
cosine Fourier transform with finite limits on variables z and 0 using the following
transformants:

{us (r.0,n,1),v, (r,@,n,t)} = JOL{u (r,@,z,t),v(r,@,z,t)} sin(j,z)dz, (2.2)
{wc (r,@,n,t),xc (r,@,n,t)} = IOL{w(r,@,z,t),x(r,e,z,t)} cos(jnz)dz

{U (r m,n t) w. (r,m,n,t),(pc (r,m,n,t)}z
_J~2n r 0,n, t (r,e,n,t),xc(r,B,n,t)}cos(m@)d@,
Vs(r,m,n,t)zj.: vs(r,O,n,t)sin(mG)dO,

with the appropriate conversion formulas

{us(r 0,n t) (r 0,n t) (r,@,n,t)} = (2.3)

- ip*l (U, (r.m,n,t), W, (r,m,n,t),q,(r,m,n,t)} cos(m0)

M

% (r,e,n,t) =YV (r,m,n,t)sin(me),

s
1

{u(r,e,z,t),v(r,e,z,t)} =%i{ (r.0,n,t),v,(r,6,n t)}sinjnza

n=1

3
Il

{(w(r.0,2,),%(r.0,2,1)} = ZQ {w.(r,0.n,1),x,.(r,6,n,1)} cos j,z

2n, (m=0) o L, (n=0)
{n, (m#0) "_{L/Z, (n#0)

As a result we get the following initial-boundary problem concerning the Fourier
transformants U_(r,m,n,t),V, (r,m,n,t),W, (r,m,n,t),¢ (r,m,n,t):

j,=nn/L, p—

m

m’ mov, m oW, op, OU,
VleC—a, rz U azjnU +a375—a4r—2Vs—a5]n o —aj, ar' _ 82 =Rlc (24)
2 2
oU oV,
aVIV, =TV, )V, —a e U g, W g, 0~ = R,
N ) r or ro 81,‘ ‘

3c

2
asj, [VU +— J+a2( W——W]—a7]W+ag£ ch — (p) ]
m2

2
a@jn(VU +_ )+a8 (V;Wc - Wj ]I1Wc (V2(pc 2 (pcj+a10j (Pc _R C’
r
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r= 1’0 aa(’]; +al3%(Uc +mVS)_a]1jan _a12jn(pc = ch\r:l > (25)
ow, . 0 or. 1
aZ( 8}; +Jnch+a8%:Y20rl’ a1|: ars _;(mUC+V_¥):|:Y33|Fl’
0 ow, .
—ay aq;c +as[ 0rc +]nch =Y,
U, (0,m,n,t)<o0, V, (0,m,n,t)<co, W (0,mn,t)<o, ¢ (0,mn,t)<own;
t=0 Uc(r,m,n,O):UOC(r,m,n), Uc(r,m,n,O):UOC(r,m,n), (2.6)

Vs(r,m,n,O):VOS(r,m,n), Vs(r,m,n,O):VOS(r,m,n),
Wc(r,m,n,O)zWOC(r,m,n), VK(r,m,n,O)zWOL,(r,m,n);
where {R,., Ry, R,.Y, .Y, Y, .Uy Uy, W,

le?72c¢? " 4c0 OL"WOL'} =

2n . .
= J.O {F‘IS’F3C’F4C’Nl.v’NZC’N4c’u0s’u0s’W0£’W00}Cos(me)de’

0c>™ 0c?

{RZS’}/;X’VOS’VOX} = J.OL{FZS’N}?’VOS"'}OS}Sin(me)de’
{Fls’ 237NlS7N3S’u05’uOS’VOS"}OS} =J.OL{FDFz’NlaNs’”o’do’vo""o}Sin(jnz)dz’

. L . .
{F3c7F;1caN2c=N4c’W0c’W0c} = Io {F37F4aN2=N4’W07W0}COS(JnZ)dZ'
Standardizing the problem once more (2.4) — (2.6) we represent the Fourier transformants
U,V ,W.,o, as follows:

UL,(r,m,n,t)zH4 (r,m,n,t)+U:(r,m,n,t), 2.7
4 (r,m,n,t) = H, (r, m,n,t)+ v (r,m,n,t),

w, (r,m,n,t) =H, (r,m,n,t)+W: (r,m,n,t) ,

0, (r,m,n,t) =H, (r,m,n,t) +Q. (r, m,n,t) ,

Where H4 = (r - 1) YIc|r:1 2 HS = afl (V - 1) Y3s|r:1 > H6 = a; (}" - 1)(Y26\r:1 - aSYSC\rzl ) 2

a a
— 8 2
H7 = (7" - 1) YSc\r:l 4 Ych\r:l - 2 Y4c'|r:l - )720\7’:1 :
a,a, + ag ag

The substitution of (2.7) for (2.4) — (2.6) gives the initial- boundary problem regarding
functions U:, V:, W:, (pz with homogeneous boundary conditions on the coordinate 7. And
R;, and U, Ugc Vg Vo*s Moo
right-hand parts of differential equations R, ,R, ,R,.,R,. (2.4) andinitial conditions
UposUpos Vs Vs Wi, W, (2.6).

0c2>™~ 0c>” 0s>7 0s?
The initial — boundary problem (2.4) — (2.6) regarding functions U”, V", W, ¢’ is solved using

it is necessary to take R’ ,R; ,R; Wo*c instead of the

2527 3¢

a structural algorithm of the generalized method of finite integral transformations (FIT) [9].
Enter into the segment [0,1] a generate FIT with the unknown components

K, (M7 )5 Ky (Ko ) Ky (Mo 7)5 Ky (Myor”) O the vector-function of the kernel of

transformations:
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G (hypomont)= [ (UK, + VK, + WK, )rdr, (28)

2.9)

ZG{KI,KZ,K3,K HIK,

i=1

[[[K2+K}+K2]rar,

inm ||

{u:.v: . w ..}

c

I,

inm ||

where kinm — are positive parameters that form a countable set (i = l,ioo)
The equality (2.8) is a transformant and (2.9) are inversion formulas of the FIT method.
Circular frequencies of non-axis-symmetrical oscillations of the cylinder ®,,, are associated

with the following function A,

_ 2w |G (2.10)

(Dinm
b \p
Subjecting a system of equations and conditions (2.4) — (2.6) under U, V", W, ¢ functions

to transformations in accordance with the structural algorithm [9] we get a countable set of
Cauchy problems for the transformant G(xilzm,m,n,t), the solution of which has the

following form:
G(7,,,»m,n,t)=G, cos (A, t)+G, sin (L
xsind,,, (1—1)dt.

and a homogeneous boundary problem for components K, K,,K,,K,:

: dK K
Vf—alm —a,ji+ M\ |K + a3m d a4ﬂ2 Kz—asjn—3—a6jnd t=0 (2.12)
r rdr r dr

inm? inmt) / A’inm _}\‘;:m Jl: F (7\’inm > m’ }’l, t) X

@.11)

inm d]"

7 d
m . om? m?
asj, (VK1+—KZJ+ a|Vy——|—a;]j, +/1,f1m K, +|aq V2 jn K,=0
r r r’
m le le
asJ, (VKl +7K2j+|:ax [Vi _r_zl_j5:|K3 _|:a9 (Vg _r_z}_alojj:|K4 =0

dK

2
d
[a,V2 3 5 —a,J, +7»12nmJ (aSﬁ—+a4r jK +agj, K3+a6jn%[(4=0

r=1 d—r1+al3(Kl+mK2)—a“jnK3—a12jnK4:O (2.13)
K
dKy g —o. dKi_o 9Kk Kk 0
dr dr

r=0 K <o, K,<wo, K,<wo, K, <.
Here F (4, mn.t)= _[;[R;Kl + R, K, + R, K, + R, K, ] -rdr

o (Ao, j (U K, +Vy K, + Wy K, |-rdr

inm?

inm?>

Gy (Apsmt,n) = I[UJCKI+V(;K2+VI.{;K3:|.rdr
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Investigating the system (2.12) we can come across two cases, i.e. m =0 and m # 0. When
m =0 an axisymmetric problem is considered, the solution of which has been obtained by
the author and is described in the work [10].

To solve (2.12) when m#0 new functions K, K, are introduced on the basis of the
following representations:

K,=r'K,, Kg=r'K, (s=+1) (2.14)
Then the particular solutions of the system of differential equations are found by the method
of decomposition of functions K, + K into the following power series:

(KiK. Ko K }=r" Y {E,.R,.Y,.P,}r’ (B=const). (2.15)
'=0,2,4

After substitution (2.15) inf (2.12) we equate all multipliers with the same degree to zero and
obtain values for the parameter [3, as well as expressions for the coefficients
E f,R . Y g ,P.. The result is four partial solutions which allow representing functions
K +K, .

Substituting functions K, + K, in the boundary conditions at »=1 (2.13) forms a
homogeneous system of equations for constants D), <D, . Seeking for its non-trivial solution,
we obtain a transcendental equation for computing A, eigenvalues and expressions for
D, + D, . Thus obtained solutions also meet the conditions of regularity of the solution in the

center of the plate (the boundary conditions (2.13) at » = 0 ). Consistently applying inversion
formulas (2.9), (2.3), (2.2) to the transformant (2.11) we obtain, taking into account (2.1) and

(2.7), the following decomposition for U(r, 0, z,t) (r 0,z, t (r.6,2,1), (r, 0, z,t):

U(r,0,z,t)=H += Z{ZP [H +ZGK 1K | }cos mo }sm]'nZa (2.16)

nl m=0

(r0,50) z{ 'i[fz ST

m=1 =

sin(m0) }smjnz,

0

P (001 0 { A )
=0

=0

}cos(me)} cos j,z>
}cos(m@)} Cos j,z -

The potential difference Q ) between the end surfaces with electrodes in the piezoceramic

mm

cp(r,e,z,t)=H3+iQI{ Pm H +ZGK IX,

cylmder is determmed by the following equality:
0(t.)= ”[‘P r.0,L,1.)=0(r.,6,0,t.) ] -r.dr.d6. 2.17)

Numerical analys1s 0f results. As an example, we consider piezoceramic cylinders made
from ceramic compositions PZT-4, PZT-19, which have the following physical
characteristics of the material:

PZT—4: {63176337615}:{_5'27 15.1, 12~7} Kun/w?, {8113533}:{646, 5~62}X10_9 /v,
1C15C0, G5, Gy, Cs, G = {13.9, 7.8, 7.4, 115, 2.5, 3.0}x10" HA, p=7700 xeiv®,
{k, ks k) ={0.58, 0.39, 0.6}
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PZT-19: fe, . ep.e;) ={~4.9, 149, 10.6)Kam™, (g, e} ={7.73, 7.26}x10" @/ m,

2 3

{Clp C]z, C13> C33, C55a C66} = {109, 6.1, 54, 9.3, 2.4, 2.4} x10" HM™, p=7730 KI/M ™,
{k, k5. ks } ={0.56, 0.29, 0.64}°.

The table shows the numerical values of the spectrum of natural frequencies ©,,,
(m = 0,1,2); piezoceramic (PZT-4, PZT-19 — respectively upper and averages) and the
ceramic cylinder (the bottom number) element having elastic characteristics similar to the
composition of the PZT-19.

The numerical values of the elastic characteristics of piezoelectric ceramics PZT-4 more than
the same value was PZT-19, at about the same electrical parameters. This results in a higher
range of frequencies of natural oscillations. The highest difference is 9%. In addition, the
first natural frequency of non-axis- symmetric oscillations corresponds to the formation of
one half-wave on the angular coordinate ( = 1) and along the cylindrical surface (n = 1)

of the element under investigation.
In addition, connectivity electroelastic fields having dimensions of the cylinder has a
significant impact on the entire frequency spectrum and leads to an increase in the numerical
values. The greatest difference between the calculated for the piezoceramic (averages
number) and elastic (the bottom number) elements, reaches 8.5%.

Table

o) m=0 m=1 m=2

inm

kln | n=1 | n=2|n=3|n=1|n=2|n=3|n=1|n=2|n=3

i=1 | 1224 | 276.5| 336.1 | 80.6 | 173.1 | 262.4 | 100.8 | 179.2 | 265.8

113.4 | 257.2 | 3179 | 77.2 | 165.5 | 251.6 | 92.8 | 169.6 | 252.5
983 | 166.7 | 2462 | 77.0 | 163.8 | 246.6 | 92.7 | 169.2 | 250.2

i=2 | 2069 | 3773 | 426.7 | 126.5 | 200.2 | 281.3 | 1589 | 221.8 | 298.9

187.2 | 344.3 | 396.5 | 117.5 | 190.6 | 273.1 | 145.2 | 209.2 | 285.5
152.0 | 227.5 | 297.6 | 111.9 | 184.7 | 267.1 | 133.5 | 199.4 | 276.8

i=3 | 2456 | 4443 | 4875 | 173.8 | 2272 | 299.6 | 213.4 | 265.8 | 326.6

2269 | 434.5 | 485.1 | 158.7 | 214.1 | 287.5 | 195.1 | 247.1 | 315.7
200.3 | 285.7 | 351.4 | 1363 | 203.2 | 281.6 | 1703 | 230.0 | 300.4

Fig.1 shows graphs of the variation of vertical displacements W( r,0,z, t) and the potential
difference in time ((¢)when evenly distributed harmonic load of ¢, intensity and with a
frequency of forced oscillations B acts on the end surface of the cylinder composition PZT-

19(0<r<1,0<0<7): ¢(r,0,0)=q,(r,0,1) = g,H (1—0)sin B¢, where F (...) -

is the Heaviside unit function.

2 Electromechanical coupling coefficients: kp’kl 5,/{33 — respectively planar, shear, tension (compression) in

thickness.
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a) =021, (i,n,m=1)

mm

b) B=0.7X. (i,n,m=1)

mm

Fig.1. Graphsof W(I’,@,Z,Z)and Q(l‘) in time:
1-w(1,1/2,0,¢), 2= W (1,31/2,0,¢), 3— O(¢)

Functions W(l, n/2,0,t), w(1,31/2,0,t), Q(t) are denoted by figures 1, 2, 3, respectively

and the dotted line shows the nature of the changes in the external load with time.
It is obvious that the vertical component of the vector of displacements at the non-loaded
section at @ =3r/2 is significantly less than the corresponding values in the zone of the load

action at 0 = n/ 2.

The calculation results also show that under harmonic loads the assumption of steady state
of forced vibrations used in the study of dynamic problems is true only when frequencies of
forced oscillations are substantially less than the first natural frequency. At the high —
frequency external influence due to the superposition of the reflected waves of deformation
there is a more complex dependence of the change in the stress-strain state and the electric
field of the system in time.

Conclusions. On the basis of the conducted researches it is possible to formulate the main
results:
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1) There has been built a new closed solution using the basic calculation ratios to describe
the operation of the typical elements of piezoceramic transducers of resonant and non-
resonant classes in the form of a solid cylinder exposed to dynamic non-axis-symmetric
mechanical loads. In particular the design of piezoelectric power generators [11];

2) Numerical calculation results show that the use of the constructed algorithm of calculation
allows in comparison with numerical methods to obtain more accurate values of the range of
natural frequencies, the stress-strain state and the electric field of the piezoceramic cylinder;
3) In the case of high-frequency external harmonic load the assumption of steady-state forced
oscillations cannot be used in the study of elastic and electro-elastic systems;

4) Calculated ratios allow you to automate the research, which significantly increases the
theoretical level of engineering calculations.
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2U8UUSULP @bSNPhE3NPULLESD ULQUSPL UUUAGUTUSE SENtulahr
M3BECTUS HALIMOHAJIBHOM AKAJIEMUU HAYK APMEHUH

Uthuwtthlju 68, Ne2, 2015 Mexannka
YK 621.38
O IBYX TIOAXOAAX K UCCIIEAOBAHWIO KHHEMATHKHY YIIPYTHUX
MAHUITYJIATOPOB
I'yxacan A.A.

Putimh punkp. Fuqlonul] wnwdquljut vwthynijjunnp, §nnpphtiwnughtt hwdwljwupg,
Jhubdwnhjuljwut weptsnipniuttp:

KiroueBhble €JI0Ba: MHOTO3BCHHBI YIPYIHil MaHUITYISTOP, CHCTEMbI KOOPAUHAT, KUHEMATHIECKUEe
COOTHOIIEHHSI.

Key words: Multilayer elastic manipulator, coordinate system, kinematic correlation

Andjuuywh U.U
Unwdquljwt dwithynijjuwnnph Yhubdwnhlugh nunidtwuehpoieywt Eplynt dnntgnidutph dwupt

Swpplp  Ynnpphtwnwlut  hwdwlwupgbipmd hbnwgnudnd £ puqlonuly  wnwédquljut
dwihynijjunnph jhubdwnhlut: Gupwunpynd k, np dwthynijjunnph onujutpp dnpbjudnpdnud
Eu npybu wnwdqulub Aannbkp, hull onuwlukph dvhwgdwt hwugnygubpp wywpnibwlnud G dbs
Ynpunnipjul wnwdqujul LEdkunttp: Cunhwinip nhypnd, oquytiny wrwdquljunipjut qduwht
nbunipniihg unwugdus ki fhubdwnhjuljwh wepbynipnibibpp punipuqpnn pubwdbbp husybu
phjupnyut, wbwbu k) Ynpwughs  Ynopghtwnwuuwt hwdwlupgbpmd:  Ghubkdwnhjuw
wnppuynipnibubpp (punipwignphy Yhwbph nhppp, tpuig swpddwt wpwgnipniip b wpwgqugnudp)
ubpuyugdws b Epkp gnudwpbjhulph wbupny, npnup punipugpnid B hiyyhu pugupdwl Ynown
onuiukpny U ppbwpuuwit  dhwgdwt  hwgnygubpny, wiwbu b dhwgdwt  wnwdquijui
hwugnygubpny b wnwdquijui onuljutpny dwhwnijjuwnnph swpddwt hubkdwnhljut: Unwugjus
wnppbynipnibubpp phjupnjut Ynnpphtwnitpny juhduws ko dwihwniyjjuwnnph puinhwipugjwus
Ynnpphtwnttphg, npnup npnonud L Ynbudbhgnipughwtt b wopwdquljut hwnynipniuubtpp, huy
Ynpughs  Ynnpphtwnbbpn]  twb  [judkh  gnpswljhgbphg:  Unblphn  phwpbpmd Yo
htwpunpnipinit hwdbdwnbine plnpws knuwbwlibpt oo hbinwgnunnipyub wpynipubpp:

Ghukasyan A.A.
On two Approaches to Research of Kinematics of Elastic Manipulators

In different coordinate system the kinematics of motion of multilayer elastic manipulator is investigated. It is
supposed that the links of matipulators are modeling as elastic bars and connecting points between links contain
elastic elements of large rigidity. In general case with the application of linear theory of elasticity the formulas
determining the kinematic correlation both for Cartesian coordinate system and curvilinear coordinate system
are received.The kinematic correlation (position of character points, their velocity and motion acceleration)
are presented in the form of a sum of three component which are characterise the kinematics of motion of
manipulator both as absolutely rigidity links and ideal connection links as well as with elastic junctions and
elastic links. Obtained correlations at Cartesian coordinates depend on generalized coordinates determined
the configuration and elastic features of manipulator and in the curvilinear coordinate system — also from
Lamé coefficient. In particular cases it is possible to compare the methods and results of investigations.

B pasmuuHBIX cHCTeMaX KOOpAMHAT HCCIENyeTCs KHHEMAaTHKa JIBIDKCHHS MHOTO3BEHHOTO YIPYroro
ManumymsiTopa. llpeamonaraercs, 4ro 3BEHbS MAaHHUITYJATOpa MOJEIMPYIOTCS KaK yYIPYrHe CTEepXKHH, a
COE/IMHUTEIIbHBIE Y3JIbl MEXKY 3BEHBSIMU COJIEPIKAT YIPYIUe 3JIeMEHTbI 00JIb1I0i kECTKoCcTH. B 001iem ciryyae, ¢
NPUMEHCHHEM JIMHEHHOH TeOpUH YINPYrocTH IOMydYeHHl (OPMYINBI, ONpEIeNsIoNIne KHHEeMaTHYeCKHe
COOTHOIICHYS KaK B JIGKapTOBBIX, TAK U B KPUBOJIMHEHHON CHCTeMe KOOpIuHAT. KnHeMaTHueckue cOOTHOLICHUS
(TIoNIO’KEHMST XapaKTEPHBIX TOYEK, MX CKOPOCTh U YCKOPEHHUs JIB)KCHMIT) MPEACTAaBICHBI B BUJE CYMMbI TPEX
ClIaraeMbIX, KOTOpBIE XapaKTEePU3yIOT KHHEMAaTHKy MABIDKGHHS MAHHIYJIATOpPa Kak C aOCOMIOTHO IKECTKUMH
3BEHBSIMU M WJCATbHBIMH COCJUHHTEIBHBIMH Y3IaMH, TaK M C YIPYTHMH y3JIaMH U YIPYTHMH 3BCHBSIMHL.
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IMosy4yeHHbIE COOTHOIICHUS B ICKapTOBBIX KOOPJAMHATAX 3aBUCAT OT OOOOMIEHHBIX KOOPAHHAT, ONpPEICIAIOLIIX
KOHQHTYpalMI0 U yNpyrHe CBOWCTBA MAHHUITYIATOpa, a B KPHBOIMHEHHOW CHCTEME KOOPAMHAT — TakXkKe OT
ko3¢ durenToB Jlsime. B KOHKPETHBIX CiIydasx HMEETCS BO3MOXKHOCTh CPAaBHEHHSI CIIOCOOOB M pe3yJIbTaToB
HCCIICIOBAHMSL.

Benenune. l3yyeHne KHHEMAaTHKH ABIKEHHS IPOCTPAHCTBEHHBIX MAaHHITYJISTOPOB
ABISIETCSI OCHOBOM /ISl MCClleoBaHHMs Oojiee  CIIOKHBIX 3a7ad  JUHAMHUKH H
MPOCKTHPOBAHUS CHCTEMBI VIPABJICHHUS, ITOCKOJIBKY KHHEMAaTHKA MAaHUIYISATOpa B
OCHOBHOM oOIIpefiensieT paboTtocmocoOHOCTs poboTa. [Ipm wmccnmenoBaHNM KHHEMATHKH
MaHHITYIISITOPOB CIEIyeT MPUACPKUBATHCS CICAYIONINM OCHOBHBIM IMOpsiAKaM: 1) BEIOpaTh
HanboJee MOIXOMAIINE CHCTEMBI KOOPANHAT; 2) COCTaBUTh KHHEMATHIECKHAE YPaBHEHHUS 1
OTIPENICTUTh TPACKTOPHUIO JBIDKEHUS XapaKTEPHBIX TOUYEK 3BEHBEB M CXBAaTa MaHHITYIIATOpA
B M30paHHOI cHUCTeMe KOOpAWHAT; 3) MO YPAaBHEHHUSIM IBIDKEHHS ONPENENINUThH MPOSKIIUN
BEKTOPOB CKOPOCTH U YCKOPEHHUSI Ha OCSIX BHIOPAHHOM CUCTEMbI KOOPANHAT; 4) ONpeaesnTh
MOJyJIb Y HalpaBJIeHHs BEKTOpa CKOPOCTH, YCKOPEHMs XapaKTEepHBIX TOYEK, a TaKXkKe
cxBaTa.

Jns uccnenoBartenss BbIOOP TOW WIM HMHOW CHCTEMBI KOOPAWHAT 3aBHCUT KakK OT
TEXHOJIOTMYECKOTO TpeJHa3HaueHHuss po0doTa, Tak M OT TEOMETPHUHM KOHCTPYKLUH
MaHuIynsATopa. Hmke, Ha OCHOBe MaTeMaTW4ecKOW MOJENW YHPYroro MHOTO3BEHHOTO
MaHHUITYJIATOpPa MPHUBOAATCS PE3yNbTAThl UCCIECAOBAHMS KHHEMATHKH IPOCTPAHCTBEHHOTO
IBIDKEHUS KaK B IEKApPTOBBIX KOOPIMHATAX, TaK M B KPUBOJIMHEHHOW CHCTEME KOOPIUHAT.
[Ipennonaraercs, 4To 3BEHBbS] MAHUMYJSITOpa (WM YacTh W3 HHX) MOJEIUPYIOTCS Kak

YOpyrue CTEpP)KHH, a COeAWHUTEIHHBIE
7/ Y3761 MEXIY 3BEHBSIMHU COAEPIKAT yHpyrue
dMeMeHThl Oonbimoi k€éctkoctu [1-12].
MaHunynsTop C TakUMU CBOWCTBaMu
HA30BEM MAaHMITYJIATOPOM C OOOOIIEHHOM
ynpyrocteto. Ilpennonaraercs, 4To Bce
COCIMHUTEINIFHBIE Y376l MEXIy 3BEHBSIMH
NPEACTAaBISIOT  COOOH  LMJIMHIPUYECKHUE
IapHUPHl  (BpallaTeNibHbIE  KUHEMAaTH-
YecKHe TIapel IATOTO  Kilacca), WU
MOCTyTIATeNIbHBIE KHHEMATHYECKUE Taphl
mATOrO Kiacca. MccnemoBanus mpoBOasATCS
B paMKax JIMHEHHOW TEOpUU YIIPYTOCTH.

IToctanoBka  3agaum. Ilensio
Dur. 1 HacTosned paboThl SIBIAETCS BBISIBICHUE
X ur. l.a BO3MOXXHOCTH HCCJIEAOBaHUI KUHEMATUKU

YIPYTUX MaHHUIYJIATOPOB C MPUMEHEHHEM

Pa3IMYHBIX CUCTEM KOOPAWHAT, CPaBHECHHE
pe3ynbTaToB M CHOCOOOB  MCCIENOBAHMS. AKTYaJbHOCTh TAKONH  IIOCTAHOBKH
HCCJIeOBaHUsI OOYC/IOBIMBAETCS TeM, YTO AJS COBPEMEHHBIX POOOTOTEXHHYECKHUX
CHCTEM IIPOCTPAaHCTBEHHbIE IBIDKEHHS BCEX 3BEHBEB, B LIEJIOM U B OTAEIBHOCTH, B
3aBHCHMOCTH OT COEAWHUTENBHBIX MEXAaHHU3MOB MEXJy HHMIE, MOTYT IIPUBECTH K
HEOOXOZUMOCTH B paMKaxX WCCAEJOBAHWS OLHOW 3afaddl NPUMEHITH Ppa3IuYHbIe
CHICTEMBI KOOP/HHAT.

1. MaTtemaTuyeckasi MoJeJib MHOT03BeHHOro Manumnyasitopa. Crenys [8],
npuBenéM KpaTKoe OINUCaHHe YNpYyroil mozaenu Manumynaropa ¢wur.l.a. O0o0méHHbIE
KOOP/IMHATBI, ONpeIeSIFole KOHOUIYpalMlo MaHHIYJATOpa ¢ aOCONIOTHO KECTKUMHU
3BEHBSMH U C HMICATBHBIMH COCIMHUTEIBHBIMH y3JaMH, 0003HAUYUM 4Yepe3 KOMIIOHEHTHI

T
BeKTOpa O = (OL1 50y 5eens Otn) , JOIOJHHUTENBHBIC KOOPAWHATHI, OOYCIOBJICHHBIC

YIpyrumu OJICMCHTaMH B COCOMHUTCIIBHBIX y3max — qepe3
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B= (BI,BZ,...,Bm)T (mS I’]). JleopManMio  ynpyrux — 3BEHbEB  MaHMITYJISTOpA

OTHOCHUTEIIBHO HX HeAe(POpPMHUPOBAHHOTO COCTOSIHHS OOO3HAUMM dYepe3  BEeKTOp

w(t,&)=(w(t,&),wW, (t,&),...,wW (T, T,rz[e — MIPOU3BOJIbHAS TOYKA YIPYTOro
(.8)=(w (t.8).W, (1.6).... W (LE)) . rae &

3sena. CumBon " T " 0603HaYaeT TpaHCHIOHUPOBAHHME BEKTOPA MM MATPUIIBI (ur.1.6.
CornacHo ~ JIMHEHHOM  TeopMM  yHNPYTrOCTM  HpEAroNaraeM, 4YTO  KECTKOCT

-1 ..
COCAMHUTCIIbHBIX Y3JI0OB MCKY 3BCHbSAMU BCJIMKA (C] ~& ) . O606HICHHBIC KOOPAUHATBL

Bj MaJIbl (B i~ & j=L2,..., m) , KOMIIOHEHTBI BEKTOpA YHPYTHX CMEIICHHI 3BEHbEB
MaJTbl o CPaBHEHHUIO c uX JTUHEHHBIMH pasmepamu, TO €cTb
W (t,§)~ 8,\/\/{(11,&) ~&,W (t,§)~ 8,(| = 1,2,...,k) , rme €<<1, wuacrHsle
npousBoAHbIE 110 & 0603HaueHbl mTpuxoM, a mo { — Toukoif. CornacHo NpuBeAEHHBIM

NPEIIoNOKEHUAM, B Tpenene Ipu € —> 0 coemuHWTENBHBIE Y3IBI CTAHOBATCS
nacajlbHbIMH, a4 3BCHbA — a6COJ'lIOTHO TBép[l])IMI/I TCIIaMHU.

2. CKOpoCTh IBHKEHHS YIIPYTOro MAHUIIYJISATOPA.

a) Metox nexkapToBbIX KoOpAMHAT. [lonokeHHWE XapaKTepHBIX TOYEK YHPYroro
MaHHITYJIATOpPa B NPOCTPAHCTBE OIpENEeNHM dYepe3 BEKTOp ¢, KOMIOHEHTHI KOTOPOro

SBISIFOTCSL JI€KapTOBBIMH KOOPJIMHATAMU TOYEK OTHOCHTEIBHO HMHEPIHAIBHOW CHCTEMBI
A KOOpJIHHAT

a=(0, 0.0y ) @.1)

Kunematnky ~ MaHumymsTopa ¢
YIPYTHMH CBOWCTBAMHU, B O0IIEM Cliydae,
MOXHO HUCCIICA0BATH Ha OCHOBC
COOTHOILICHHUA

q=f(o,B,w). (22)
e f((l,ﬂ,w) — 3amannas N -mepHas

BEKTOP-(QYHKIHS OT BEKTOP-apTyMEHTOB,
f $ur. 16 CTPYKTypa KOTOPOW 3aBHCHUT OT BbIOOpa

0000IEHHBIX KOOPAMHAT KECTKOM ((l) "
yIpyro# mojenu (B, W) MaHUMYJIATOPA, & TAKIKE OT TEOMETPHH MAHUITYJISITOPA.

B paMKax Hpe,Z[HOJIO}KEHHﬁ OTHOCHUTEJIBHO BE€JIWYHMH BBOIAWMBIX HapaMeTpOB

=a(t),p=Pp(t), w=w(t,£), To ects

o ~Li=12,..,nB ~¢&j=12,....mw(t,&)~W(t,§) ~ W (t,§)~
[=1,2,....k,e << 1,t e[O,T],F, € [O,I],T ~LI~1,
JasbHeHIIe NCCIeS0BaHUS IPOBeEM aCUMIITOTHYECKUM METOZOM MaJIoro IIapaMeTpa
€.

2
Pasnoxkenne Bektop-Qynkuuu ¢ (2.2) otHocutensHo B U W ¢ TouHocTBIO € MO
tdhopmyne Teitopa I/IMeeT BI/I,H'

k
q="1(0,0,0)+ Z +Zaf ’O’O)W +0(e ) 2.3)
i 1=1 |
501050
q="f(0)+ " (a,p)+F (a0, w), 2.4)
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rIe

O I

" (a,0)=0, £(a,0)=0.
"3 (2.3), (2.4) MOXHO TIPEHAINONOKUTh, YTO B TIpeAeiax ITUHEWHOW TEOPHH YHPYTOCTH

TTOJIOKEHUE MHEPOUOHHBIX JJIEMEHTOB YIPYTOro MaHUITYJIAITOPpA OIKUCBIBACTCA B paMKax

.. ~ 1*
JKECTKOU MOACIIN ITyTEM BBEACHUA MOTIOJHUTEIBHOTO BEKTOPA f (a, B), O6yCHOBJICHHOFO

2*
YIIPYTOCTBIO  COE/IMHUTENBHBIX y37OB MEXKIy 3BEHBSMH, M BekTtopa | ((l,W),

00YCIIOBIICHHOT'O YIPYTOil MOJATINBOCTHIO 3BEHBEB MAHUITYJIATOPA.
Brruncisist mpou3BoHbIE IO BpeMeHU OT pyHKIwH (2.2) ¢ yuérom (2.3), moIydyuM BEKTOp
CKOPOCTHU XapaKTEePHBIX TOUEK MaHHITYJIAITOpa B Buze [8]:

q=F(a)a+F (a.B)a+F,(a.B)p+F, (a,w)a+F,(a,w)Ww 2.5)
501058

v=v'(a,a)+ Vz(a,d,B,B)+ v (0, 6, W, W), (2.6)
jpit

v'( @)=F(a)a, v*(0,a,B.B)=F (a.B)a+F, (a,p)p.

v (a,0,w,Ww)=F,(a,w)a+F,(a,w)w,

(v*(0,6,0,0)=0, v*(2,6,0,0)=0),

Vl(a,d) ompenesieT CKOPOCTh JBIKCHUS MAaHHUIYJIATOpa C aOCONIOTHO >KECTKUMHU

3BEHBSIMH M WJICATbHBIMUA COCIUHUTEIbHBIMU y3JIaMH, vz(u,d,B, [3) — JIOTIOJHUTEIbHBIN
BEKTOPD  CKOPOCTH, OOYCJOBJCHHBI  YHNPYroCThIO  COCIUHUTENbHBIX  y3IIOB, a
v ((1, a,w, W) 3aBUCHT OT YIPYTUX CBOMCTB 3BEHbEB MaHHITYJISITOPA.

st ompeneneHus: KOMIIOHEHTOB BeKTopa CKO]C)OCTI/I (2.6) HEOOXOAMMO BBIYUCIIUTH
snementsl Marpu F ((1) ((l B) ( [3) ( ) F, ((1, W) . Ipuseném
CTPYKTYPBI K O0II[HE JIEMEHThI YKa3aHHBIX MATPHII.

Marpuua F ((l) PasMepHOCTH (N X n) YMeeT CIIEAyIOIUIA OOIMii SIIEMENT:

F(a)= M " 2.7)
| ba i i '
F (G,B) MIMeET TAKXKE Pa3MEPHOCTh (N X n) ¢ OOIUM 3J1eMEHTOM
o (. N.n
F, (0.B)= M , 2.8)

aocj

i,j=1
rac

il*(a B 8 m

aocj |Z=1:
of." (a,0)
oo,

J

, (i=1,2,..,N; j=1,2,....,n).
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Marpuna pasMepHOCTH ( N x m)

o (0. )

N,m

F,(a,B)= , 2.9)
2( ) aBJ "
rae o0wuM s1emMenToM Marpuust F, ((l,B) ABJISIETCA
of"(a.B) o Zm:afi (0,0,0) ) 0f (a,0,0)
B o\ om ) By
(i=12,..,N;j=12,.,m).
AHaNorun4Ho, MaTpuIa F3 (G,W) HMECT Pa3MEPHOCTh (N X n) C 3JIE€MEHTaMM
o (a,w)]
F,(a,w)=3———"-2 , 2.10
s (o, w) o y (2.10)
rue
af.Z* K . -2*
| (a,w): 0 Z&fl (ot,O,O)WI ’6fl (a,O)EO’
oL oo \ 13 ow, oL |
(i=12,...,N;j=12,...,n).
Marpuua pasmeproctd (N x k)
of> (a,w) .
F,(0,w)= T aw @.11)

J i,j=1

OO01Hi#t 37IEMEHT MaTPHUIIBI F4 ((l, W) OTPECIIETCS CICIYIOIIUM 00pa3oM:

2% k
o (e,w) _ & (zafi(a’o’o)wlj:—ai(a’o’o),(i:1,2,...,N;j:l,2,...,k)
owow (& ow ow

i j j
CrenoBarenbHO, B 00IIEM Cilydae aJl’OPUTM BBIYHMCIEHHUS CKOPOCTH JIBMXKEHHS yIPYToro
MaHUIYJIATOPa B JEKApTOBOM cucreMe KoopauHaT 1o Qopmyne (2.5) cBomures K
HEOOXOAMMOCTH oOmpeeseHnst siaeMeHToB Mmarpul (2.7)-(2.11). W3 npeanonoxeHui
OTHOCHUTEIIEHO BelIWYWH (0OOOIIEHHBIX KOODAHMHAT), OOYCIOBJIEHHBIX YOPYTUMH

v 2 . 3
CBOWCTBaMH COEIMHHUTENBHBIX Y3JI0B (IIADHAPOB) U 3BEHBEB, CIEAyeT, uto V- |0, &, B, B
3 : : 2
HMEECT IOPAZIOK € , a MOPSAIOK BEKTOpa V (a,a,w,w) HE NPEBBIACT & .
0) Mertog KpUBOJIMHEHHBIX KoopauHAaT. KpuBOiMHEHHBIE  KOOpAUHATHI

S, ( p=1, 2,3) XapPAKTEPHBIX TOUEK MAHHITYJISATOPA 3aBHCAT OT JIEKAPTOBBIX KOOPIMHAT

S =S, ((]]1 ,0,,0; ) , YIOBIETBOPAIONIMX HEOOXOAWMBIM TpeboBaHUAM auddepeHIu-
PYEMOCTH W YCIIOBHIO OJHO3HAYHOW Pa3pelIMMOCTH STHX 3aBHCHMOCTEH OTHOCHUTEIHHO
ql ° qz ° q3 .

C yuérom (2.2) umeem:

Sp = Sp[fl((l,B,W), fz((l,B,W), f3(a,B7W)]: Sp(aﬁﬂiw)’ (p:1,233)3 (212)

TO €CTh KPHUBOJHMHEHHBIE KOOPAMHATHI XapaKTEePHBIX TOUEK MAHUIYJISATOPA 3aBUCIT KaK OT
TEOMETPUHM, TaK U OT OOOOIIEHHBIX KOOPJMHAT >KECTKOW W yHOpyroh Mojeneit
Manumnyisatopa [9,10]. MeToasl NOCTPOEHUS KpPUBOJIMHEMHBIX CUCTEM KOOpPAMHAT
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npuBeIeHbl B paboTax [13,14]. 3xeck paccMaTpUBArOTCS JHIIL OPTOTOHAJIHHBIC CHCTEMBI.
BekTop ckopoCcTH IBHKEHHUS B KPUBOJIMHEITHON CHCTEMe KOOPANHAT UMEET BHL:

v:in(a,B,w)x
p=1

o, 65, (. p i l3 ) bw) 2.13)
s, (0. B, W) . (a,p,w) (0, W)
x| L, Z Z W s,
i=1 80(i j=1 j 1=1 8\N
re Sg (p:l,2,3) — OpT JaHHOM OCM KpPHMBOJHMHENHBIX KOOpIMHAT, a

H (a,B,w =1,2,3) — xospdunments! JIame, KOTOpbIe ONPEETIIOTCS CIEAYIOMNM
p b 9 29 p p y

oOpazom:

N =

2

2 2
H (G,B,W) = |aap | = 8ql(a’ﬂ’vv) + 8q2((1, B,W) + aq3(a,B,W)
S 05 s ds

P p p P

(p=1,2.3) (2.14)
3nmech p= p(s »S), S )— panuyc-BEKTOp  MPOU3BOJBHOM  TOUKM  MaHUIYJSITOpa

OTHOCHUTEJIBHO MHEPUUAIBbHONM CHCTEMBI B 3aBUCHUMOCTH OT KPUBOJIMHEHHBIX KOOPAMHAT.
(2.13) ompenenseTcs NmMyTEM COCTABJIICHUS IIOJIHOM NPOW3BOJHOM IO BPEMEHHM BEKTOPA

p(s.s,.s,) cyuérom (2.12).

B pamKax NpUHATOH MOJENTH MAHMITYISTOpA BOCIONb3yeMCcs pasioKeHHeM (YHKIUit
S, = S, ((l B, W) u H ((l B, W) (p = 1,2,3) no ¢opmyne Teiopa OTHOCHTENLHO

(J_l2 )1/1 W(t &)(|=12...,k)CT0qHOCTL}08.

m a * k

s, =S, +Z4B +Z W+O( ) (2.15)
J 1=1

YIPYTHX BEINYNH B

j=1

m oH 0,0 k a,0,0
Hp:Hp(a,O,0)+z4[p§;’ . )3 +Z p( - )W +O( )

i=1 i = oW
(p=123). (2.16)

Honcrasmss (2.15), (2.16) B (2.13) u BeiBoas 0600mEnHBIe MaTPUITH! JIsiMe HT ((l, 0, 0) ,
H; ((I,B,O) , H; ((l,O,W) , HZ ((l,(),()) u Hz ((1,0,0) , CKOPOCTb JBIDKEHHS

MaHHITyJIATOpa ¢ 00OOMEHHONW YHPYroCcThI0 B KPHBOJIHMHEHHON CHCTeME KOOPAWHAT C
TOYHOCTBIO € MpEACTaBUM B Buje [9]:

V= Vl((l,d)-l- Vz(u,d,B,B)+ V3((l,d,W,W) , 2.17)
rie

v,=H,(0,0,0)a, v,=H,(a,p,0)a+H,(a,0,0)p,

v, =H; (0,0,w)a+H;(a,0,0)w

3neck Takke, Kak B (2.6), CKOPOCTh ABIKCHHS yNA&TcsA NMPEACTaBUTh B BUIE CYMMBI TPEX

claraeMsIx, rae V 1((1,('1) TaKXe SIBIAETCS] BEKTOPOM CKOPOCTH JIBID)KEHHUS XapaKTepHBIX

TOYCK MAaHUITYJIATOpaA C a0bCONIIOTHO KECTKUMH 3BEHBIMHU U HUACAJIbHBIMU IIapHUpaMHU, a
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Vz(a,d,ﬁ,ﬂ) u V3((l, (l,w,W) 00YCJIOBIEHBl YIPYIOCThIO COEAMHUTEILHBIX Y3II0B
3BEHbEB MAHHUIYJIATOPA, COOTBETCTBEHHO.

Marpuna HT ((l, 0,0) UMEET Pa3MepHOCTh (3 X n) C DJIeMEeHTaMH

os, (a,0,0)] ™"
oa,

H (@,0,0)=<H (a,0,0) (2.18)
p,i=l1
Marpuua H; (U,,B,O) UMEET CJIEAYIOIIUE SIEMEHTBI, KOTOPhIE 3aBUCAT OT YIIPYTOCTH

COCAMHUTCIIbHBIX Y3JIOB:

H; (0.B,0) =
3.n

m 0’s,(,0,0) 0os,(a,0,0) oH (0,0 ’ 2.19
81 (025000 S (w00) aywo0] |7 e

= aﬁjaai oa, aﬁj i
DIIEMEHTHI MATPHIIBI H; ((l, 0, W) 3aBHCAT OT W(t, & ) U ABIISIOTCS
H; (0,0,w) =

: 0%, (@,0,0) &5, (,0,0) 8H,(0,0,0)] 1" @20

= H_ (a,0,0
Z D(a ) (3W|50L| + aa \N|

1=1 i .
i | pii=l

Marpuup! H; (a,B,O) u H; (u, O,W) MMEIOT Pa3sMEPHOCTh (3>< n).
Marpuiibt H: (a, 0,0) u H: ((1,0,0) HMEIOT Pa3MEpHOCTb (3>< m), (3>< k),
COOTBETCTBEHHO C JJIeMEHTAMU

' os, (a,0,0
H., (1,0,0) = Hp(a,0,0)% , @221)
J

0s, (,0,0)

3,m

p,j=1
3,k

H;(@,0,0)=1H (@,0,0) (2.22)

! p,l=1

M3 (2.18)-(2.22) exenyer, uro mpu B; =0 (j=12,...m) v,(0,6,0,0)=0, a
mpu W (,€)=0 (1=12,....k) v,(e,4,0,0)=0.

Wrak, CKOpOCTh [BWKEHHS XapaKTEepPHBIX TOUYEK (CXBaTra) MAaHHIYJIATOpa B
KPUBOJMHEHHONH CHCTEME KOOpAWHAT, B OOIIEeM ciydyae, B paMKax IPHUHATOH YIPyroi
MOJIENH, ONPEAETAeTCS MyTEM BBIYHCICHHUS 3JIeMEeHTOB MaTpuIl (2.18) — (2.22).

3. YckopeHue 1BHKEHUsI YIPYroro MaHUIYJISITOPA.

a) Mertox AeKapTOBBIX KOOPAMHAT. BBIYMCIISAS TPOM3BOJAHBIE IO BPEMEHU OT
¢ynkpm  (2.5), MOXHO ONIpENeNIUTh YCKOPEHHE JIBIDKEHHS XapaKTEePHBIX TOUYEK
MaHUIYJIATOpa ¢ 0000IEHHON CKOPOCTHIO B BUJIE

W= w(0,6,8)+ w (0,66, B, B)+ W (e i, w, W, W), G.1)
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*1 . .o . o
3mece W (a,a,a) COOTBETCTBYCT YCKOPCHHIO JIBMIKCHHS a0COIIOTHO KECTKOW MOJIEIH

MaHHIYJIATOPA ¥ 3aBUCUT OT 0006MEHHOMH KoOpAuHATHI O, OT 0600IEHHON ckopocTH
¥ yckopeHus O, .

w (u,d,d)=%F(a)d+F(a)d 2)

DIeMEHThl MATPHIIb! F((l) onpeensoTes cornacHo (2.7), a MaTpuLa EF(G) UMeeT
CJIETyIOIIME DIEMEHTBI:

N,n

5 ,
d n o f (a) .
—F(a): Z'—()ak
dt o OaL. 0, N
I i,j=1
* . .o b “

Cnaraemoe W 2((1,(1,(1,B,B,B) 3aBUCMT OT YINPYIHX CBOMCTB COEIMHUTENbHBIX Y3J10B

MaHHITyJIATOPa U ABISETCS Takke GyHKIME oT 0606ménnbIX Koopaunar B, ckopoctn [3
M yCKOpeHHs B . Tlpn [3]- =0 (j = 1,2,...,m) w’ (a,d,ii,0,0,0) =0.
U3 (2.5) cnenyer:

d . .
(u a, d,p,p, B) —F (a,p)a+F (e, B)a+dt ,(0.B)B+F, (a.B)B 3.3)
Marpuust F ((l,B) u F2 (a,B) onpenensroTes cornacHo (2.8), (2.9), COOTBETCTBEHHO.

d
Marpuna EFI ((1, B) UMeeT pa3MEepHOCTD (N X n) C OOIINM AJIEMEHTOM

—F (0.p)= {.J(aaﬁﬁ)}

e Fi;(a,a,g,s)zﬂaz | [Z i(g,o,o) 5 ﬂ:
=i o’ [gafi( Blj Zm: j[Zm)afi(u’O’O)BljBk

o1 00L,00; oB,
(Fijl (a,d,o,o) =0, i=12,...N; j= 1,2,..., n).

Marpuna —F, ((l B) {F2 (a,d)}N’m rae COTTIaCHO (2.9),

Fiiz(“’d):ZL’
0, O,
W*3((l, d,ii,W,W,W) 00yCNOBIIEHA ~ yHPYrOCTBIO  3BEHBEB  MAHHIIYJIATOpA M
onpeienseTcs CeAyIomuM 06pa3oM:
wo (0,0,0,w,W, W)=

d

. 3.4
= () B (o w)i - R, () (0w ey
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rie MaTpULaMH %E((I,W) u EF4((I,W), cormacao  (2.10), (2.11),

dt
COOTBETCTBCHHO, ABJIAKOTCA:

d ) .\ Nn d
EE (a,w)= {|:ij3 (u,u,w,w)}i’jzl &

rac

. f|( s Uy ) . .
Fij4 (a,a,W)=;aa—a\Nj(X| , (| :1,2,...,N; J :1,2,...,k)

0) YckopeHHne B KPMBOJMHEIHBIX KOOPAMHATAX. BekTop yckopeHuss a4 B KpUBOJIU-
HEIHO cucTeMe KOOpIUHAT MOXHO MPEACTaBUTh B BUJIE

3
_ 0
a= Zlapsp . (3.5)
p=

IMockonmbKy 31€Ch PACCMATPUBAIOTCS TOJBKO OPTOrOHANbHBIE cUCTeMbl, TO u3 (3.5)
crenyet, uro [11,12]

o_ 1 dv Jp
ap:a-sp ————— WU
H, dt as
1 |d op d op
a=—-<{—|v—|-v.——— =1,2,3). 3.6
p Hp{dt[v aspJ v dt@sp}(p ) o
TaKKaK
oV _ 0op
dt Z % 10 as s,
2
v.op :V.G_V _ 0V (p=123), (3.7)
0s, Js, 0S, 2
C IpyTOi CTOPOHBI,
2 2 2
gap_ap.+8p SZ+ ap%, (3.8)

dt s, 0s,05 ' 0s,0s 0S,08,

rae, cornacHo (2.12),

. 0s,(0,Bw) . & os,(aB,w) k (a,B,w) W

g =y 2 T 4y e

i Z‘ oar, ,Z‘ OB, .21: ow

(p=1,23). (3.9)
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Juddepenunpyst BblpakeHHE Ul CKOPOCTH V 10 Kakoi-nmmbo KoopauHarte S,
(p = 1,2,3) , IMEEM:
os, dtos,

Honcrasmas (3.7) m (3.10) B (3.6), g NpPOEKUMH BEKTOpa YCKOPEHHS IIOIyYIUM
ClIe/IyIoIIee BhIpaKEHHE:

1 |d| o V)] oV
ay=— 1| |- (p=123), (3.11)
H,|dtlos, 2 ) 0Os, 2
p p P
Il BEKTOpP CKOPOCTH MABM)KEHHMS XapaKTEPHBIX TOUEK MaHMITYJISTOpa C 0O0OOIIEHHOM
YIPYTOCTBIO B KPUBOJIMHEMHON CHCTEME KOOPAUHAT B PaMKaxX IPUHATON MaTEMaTHYECKON

MOJIENIN C TOYHOCTBIO € TpezcTasisercs B Bune [9,10]:

=1,2,3) (3.10)

V= 3 Hp(m,O,O)ZH:WdLi S, + (3.12)
p=1 i=1 i

+p23; i_i(Hp(a,o,o ;azas(:;o(: ), as’;,(a(z;o,o)‘aHpggzo,o)]ﬁj:di o

+DZ3:{ “001263 ggjoo }S +Z[ (00,0 Iklas*(é:z\’;),O) '.:S‘,;

(3.11) m (3.12) TakKe MO3BOJIIOT MPEICTABUTH BEKTOP YCKOPEHHS B BHIE CIIEAYIOIINX
TpEX CIIaraeMpIX:

a=a'(a,d,d)+a’ (u,d,('i, B, B,B)—i— a’ (a6, @, w, W, W).

1 T
Bektop ciaraemoro a ((l,(l,(l)

COOTBETCTBYET YCKOPEHHIO
IBIKEHUS a0COMIOTHO  KECTKOM
MOJIENTH MaHHITYJIATOPA, a

claraeMble az(a,d,d,ﬁ,ﬁ,ﬁ

3 . .o . .o
a (u,a,a,w, W, W) 3aBUCAT OT
YOPYTrOCTH COEAMHHUTENBHBIX y3JI0B
u YIPYrOCTH 3BCHBEB
MaHUITYJIATOPA, COOTBETCTBEHHO.
4. Ipumep. B  kauectse

WIUTIOCTpALUKI MPUBEAEHHBIX
METOJI0B HCCIIeIOBAHUN,
OTpeNeIMM CKOPOCTh  JBIKEHUS
JIByX3BEHHOTO YIPYTOro
MaHUIYJATOpa B KPUBOJMHEHHOU
cucreme KoopauHat ¢ur.2.

[TonpoOHOEe ommcanue MaTema-
THUYECKOM MOJIENIN YIIPYroro
MaHUTyJIATOpa W  HCCIIEJIOBaHUE




KAHEMATHKU JIBH)KEHHSI B ICKAPTOBOM CHCTEME KOOPAMHAT B OOIIEM Cilyyae MPUBEJICHO B
[8]. Pe3ynbraThl HMKENPUBEAEHHBIX BBIYMCICHHH MOXHO CPaBHHTh C pPE3yJbTaTaMH,
MOJTy4eHHBIMU B [8].

O060OImEHHBIE  KOOPAMHATHI ~ a0COJMIOTHO  JKECTKOM  Mozenn  o0o3HA4YMM  4epe3
T
a= (Otl, OLZ,OL3) . Koopauuarsi, 06ycnosnennsie ynpyrocrsio mapanpos O, n O, no
T
CTENEHSM MOJBUKHOCTH, 0003HaunM uepe3 P :(BszaBa) , @ BEKTOp YIPYIHX
CMELICHHI TOYEK Ee [0, |2] BTOPOTO 3BEHA 0003HauYUM 4yepes

W(t,cg):(O,O,V\é(t,Fo))T. Jluneiinple pasmepbl 3BeHbeB o6GosnaunM uepes ||,

COOTBETCTBEHHO.
JIBIKeHne ynpyroro MaHUIYJISTOpa YOOOHO HCCIIENOBATh IMIMHAPHYECKUMHU

KOOpJIMHATaAMH ((p, r, Z) :

s=0=0 (a,.B)=0,+B.

Sz:r:r*(azsaszaByV\é(t’&))’ .1
S =2= Z*(az’asz’BwV\é(t’E-‘))’
rae

I’*(OL2,0L3,[32,B3,W3(t,&))=§cos(0&2 —a;—B, _53)_
—W (ta‘t:)sm(az — 0Ol _Bz —B3)+|1COS(OLZ _Bz),
Z*(az’(owzanWs (t,é))=§sin(a2 —a; =P, _B3)+

] 4.2)
+W, (t,&)cos(a, o, =B, =B, ) +1, sin(a, =B, ).
Paznoxenus (2.15) mis (4.2) ©MEIOT BUT;
p=a,+p,
=" (00y000,0,0,0) + o’ (a,,0;,0,0,0) B, o’ (a,,0,,0,0,0) B+
P, P, .
+8I‘ (OLZ,OL3,O,O,0)W3+O(82)’

oW,
0z (a,,0,,0,0,0) 0z (a,,0,,0,0,0)
B+

oB, 0B,
+8Z (0,,0,,0,0,0) W +0(82).
ow,

CKOpPOCTh OBIDKEHHS YIPYrOoro MaHUIYIATOpa B paMKax MPHHATOH MOJAEIH
ompezensiercst BbipakeHueM (2.17). IlpexcraBum 3ty dopmynny B HWIMHIPUYECKUX
KOOpAWHATAX JUIA  ONPENENEeHHS  CKOPOCTH  JBIDKEHHS  NPOW3BOJIBHOW  TOYKH
paccMarpuBaeMoro ynpyroro MaHHITyJIsiTopa.

Koadduunentsr Jlssme (2.14) 1u1st TMIMHIPUYECKON CUCTEMBI UIMEIOT BUJI

Hq) =H, (0‘2’0‘39132:]339W3): r(OCZ,(X3,B2,B3,V\/3),
H =H, =1, H,=H, =1,

z=7(a,,0,,0,0,0)+

By +

(4.4)
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rae, coraacHo (2.16),

oH, (a.,,a5,0,0,0)

Hl((lz,a3,B2,B3,W3):Hl(azaapoaoao)—'_ B2+

B,
oM, (c15,0,,0,0,0)  &H, (0ty.1,.0,0,0) )
N 1\ a,,05,U,0, B3+ 1\ B A3, Y5 Uy W3+0(82)-
0B, oW,
U3 (4.2) cienyer:
H, (01, @5,0,0,0) = &cos (o, —a, ) +1, cosa,
oH, (0(2,(13,0,0,0) B, :[Fjsin((xz —0L3)+|1 Sin(lz:lﬁz
B,
oH, (a,,a5,0,0,0) B, = B,Esin (o, —t,) (4.6)
P,
aHl(“2(;\(/1\/3’O’O’O)W3 =—w, (t,&)sin (o, —a).
3

OnpenenuM dIeMEHTH 000OMEHHEIX Matpuil JIamod HT((I,0,0), H;(Q,B,O),
H;(0,0,w), H}(0,0,0) u H(a,0,0).

Marpuna HT((I,0,0) (2.18) mns paccMaTpMBAEMOr0 MaHUILYJIATOPA, COIJIACHO
(4.2) — (4.6), umeet ciieAyIOMHNE IEMEHTHI:

Hf(ocz,a},0,0):

|, cosa, +Ecos(a, —a,) 0 0 @7
= 0 I sina, —Esin(o, —a;)  Esin(o, —a)
0 |, cosa, +Ecos(a, —a;)  —Ecos(a, —a,)

BeKTOpOM CKOPOCTH ABUKCHUSL HpOH3BOJ’IBHOI>i TOYKH BTOPOI'0 3BCHA (B TOM 4YHUCIIC

cxata mpu & = |2) a0COMOTHO JKECTKOW MOJENH MaHUMYJATOpa, coriacHo (2.17),
sABIseTCS V| = HT (OLZ, a,,0, O) Ol MM B IPOEKIIHAX
Vi, =0, |:|1 cosa, +&cos(a, —a, ):| ,
v, =—0,l sina, —§(&, —a,)sin(a, —a,), (4.8)
v, =a,l cosa, +&(d, —a, )cos(a, —a).

Onpenemum BekTOp V, (2.17) CKOpPOCTH JABHKEHHS MAHHUITYJIATOpPA C IIOMOIILIO

MaTpHIL H; ((1, B, 0) (2.19) wu H: ((l, 0, 0) (2.21). IIpoBens HEOOXOUMbIE BEIYHCIIE-

HUA, ¢ yuétom (4.1) - (4.6), momydmm:

Hyu 0 0
H, (a’B’ 0) = 0 Hz(z,z) H2(2.3) ’ 4.9)
0 H ;(3‘2) H ;(3.3)

rae
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H; [I sino, +Esin(o, —a, ]B2+B3§sm(a2—a3)

H* [I cosa, +&cos(a ]B2+B§cos( a,)

H;( =—B,&cos(a, —a )—B Ecos(a, —a,)

H*32 [I s1n0c2+§sm(oc2 0c3 ][32+[3<§sm( OL3)

H.as) = —B.&sin (o, —a ) =B &sin (o, — o)

ARarornaHbIMI BbrHCIeHIIMI Onpenenim dementsi marpunsr H,, (@, 0,0).

H, (0,0,0)=

|, cosar, +&cos(a, —a,) 0 0 (4.10)
= 0 l,sina, +&sin(a, —o,)  Esin(a, —a;)
0 I, cosa, —Ecos(a, —ay) —Ecos(a, —ay)

Ilpoekun BEKTOpa CKOPOCTH V, JIBW)KEHUS MAaHUITYJIATOPa, OOYCIIOBJIEHHBIE

YOPYTOCTHIO COCAMHUTENBHBIX Y3JI0B Oo u O1 (¢wur. 2), cornmacuo (2.17), (2.19), (2.21),

(4.9), (4.10), ¢ TOYHOCTBIO O € UMEIOT BUL:

Vi = {[I sina, +&sin (o ]B2+B3§sm( )}('x] +

+[I cosa2+§cos(a2—a3 ]Bl

vy, = {[I cosa, +&cos(a ]B2+[3 Ecos(a, )}dz— (4.11)
~&(B, +B, )&, cos (o, —oc3)+[l1 sin o, + Esin(a, — o) |B, + &Py sin(a, —0t;)
v,, ={[lsina, +&sin(a, —a, ) B, +B:&sin(a, —at, )} 6, -

—&(B, +B;) o, sin(a, —0L3)—[|1 cosa, +&cos(a, —0L3)]Bz —&B, cos(a, —ay)

s ompeneneHus BEKTOpa CKOPOCTH Vs (2.17) BEIMHCIMM 3IE€MEHTHI MATPHILBI

H; ((l, O,W) u HZ ((1, 0, 0) cornacHo (2.20), (2.22), (4.1) - (4.6):

H; (0,0,w)=
W, (t,€)sin(a, — o, ) 0 0 4.12)
= 0 —w, (t,&)cos (o, —o;) W (t,&)cos(a, o)
0 —w, (t,&)sin(a, —o, ) W (t,8)sin(a, —a,)
AHAJOTHYHBIMYA BEMHCICHASIMH HOIYYHM 3JIEMEHTH 0000IIEHHON MATPHIIEI H: (a, 0, 0)
0 0 0
H,(0,0,0)=/0 0 -sin(o,-0,)]|. (4.13)

0 0 cos(a,-a,)

[Ipoexuynn BeKTOpa CKOPOCTH V; (2.17) IBMXCHMS MaHHUITYISAATOPa, 0OYCIOBICHHOIO

YIIPYTrocThI0 BTOporo 3BeHa (¢wur. 2), cornacto (2.17), (4.12) u (4.13), umeror Buz:
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Vi, =—0,W (£,€)sin(a, —a;).
vy, =W, (1,8) (6, —a, )cos(a, —oy ) =W, (1,€)sin (o, — o) (4.14)
Vs, =W (t,&)(6y —a, )sin(o, —oy )+ Wy (t,€)cos(a, —a,)

CrenoBarenbHO, MPOSKIIMKH BEKTOPA CKOPOCTH JBIIKCHUS MAHHITYJISATOpPAa ¢ 000OIIEHHON
YOPYTOCTBIO ONPEAEISIOTCS CIeAYIOMIMHE BeipakeHus M (3.12), (4.8), (4.11), (4.14):

Vo= Vi, +Vy, +Vs5, = {[I sina., +&sin (o ]Bz +B,&sin (o, -0 )+
+l, cosa, +&cos(o, — oLy ) —W, (t,&)sin(OL2 —(13)}d1 +

+|:I cosa, +§c0s ]]3l

V=V VY, V= {[I cosa, +&cos (o, — oc3)][32 +B,Ecos(o, o) —
—I, sin o, —Esin (o, — 0y )+ W (1, &) cos (o, —ay )} &,

+[ &sin (o, —a;)—&(B, +PBy)cos (o, — oy )~ (8, )cos( —a,) 6, +
+[ 1, sina, +&sin (o, — o) |B, + &R, sin (o, — oy ) — W4 (,€)sin(a, —a,)

V, =V, 4V, Yy, = {[Il sina, +&sin (., —oc3)] B, +B;Esin(a, — o, )+

z

(4.15)

+, cosa, +Ecos (o, —ay ) — W, (t,€)sin (o, — o, ), +
+|:W (t,&)sin(o, —or;)—Ecos(a, —a, ) —E(B, +B;)sin(a :IOL
—[I cosa, +&cos(a :|[32 &B, cos(a, 3)+\/'\/3(t,§)cos(oc2—oc3).

3akaouenne. B pamkax oOmeil MaremMarnyeckodl MOZAEIM  MHOTO3BEHHOTO
MaHUITYJIATOpa C YNPYTMMH COEAMHUTENBHBIMH Y3JaMH U YHOPYTUMH 3BEHBSIMU C
IPUMEHEHUEM JIMHEHHONW TEOpUH YNPYrOoCTH NapajieIbHO TPHUBOIATCA PEe3yJIbTaThl
UCCIICIOBaHMUs KMHEMAaTHKHM JBIDKEHHs KaKk B JAEKApPTOBBIX, TaK U B KPHUBOIMHEHHON
cucremMax KoopauHar. [IpemroykeHHBIN NPHONMKEHHBIA CHOCOO HCCIIEOBaHUS B 000MX
Cllydasix MO3BOJSET NPEACTaBUTh KHHEMATUUYECKUE BEJMUUHBI IBUKEHUS MAHUIYJIATOpA B
BUJE CYMMBI TpEX CIAaraeéMbIX, KOTOpBIE XapaKTepU3YIOT KHHEMATUKy JBHKECHHS
MaHUIYJIATOPA KaK ¢ aOCONIOTHO KECTKUMHM 3BCHBSIMH W WICATBHBIMHE COEANHUTEILHBIMA
y371aMH, TaK M C YNPYTHMMH y3JIaMUd U YHOPYTUMH 3BEHbSIMH. Pe3ysbTaThl HCCIEIOBAHUSA
MOKa3bIBAIOT BO3MOKHOCTh ITPHMEHEHHS PaA3IM4YHBIX CHCTEM KOOPAMHAT IPU H3Y4YECHUH
JOBIKEHHH YIPYroro MaHHIYIATOpa, 3(GQEKTHBHOCTE KOTOPBIX 3aBHCHUT KaK OT
KOHCTPYKIIMH, TaK U OT TEXHOJIOTHYECKOTO Npe/IHa3HaYeHus podoTa.
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2U8UUSULh @hSNhE3NPULLESD UQQUSPL UUUNEURUSE SENtulahr
M3BECTUS HALIMOHAJIBHOM AKAJIEMUU HAYK APMEHUM

Uthuwtthlju 68, Ne2, 2015 Mexannka

VK 532:629
OB YCTAHOBUBIIENCSI ®UIbTPALIMM ) KUJIKOCTH B IOPUCTOM
3KCIIOHEHIIMAJIBHO HEOJHOPO/HOM MOJOCE IIPHA
3AZJAHHOM PEKUME JABJIEHUSA
ABetucsiH C.A., Mkptusin M.M.

Putmh punbp: Guynituwgus dhjnpughw, dhpnpughuyh gnpdwlhg, tpuwynubughuy
wihwdwubn swlinuntu gbkpn, wpwugnipnil, duonid, htnniljh swhau:
KinroueBble cioBa. YcraHoBuBiuasics QuubTpauus, KodQOGHUIMEHT (QUIbTpaluK, [TOPUCTas
9KCTIOHEHI[MATEHO HEOTHOPOIHAS TI0JI0CA, CKOPOCTH, JABIEHHE, PACXOM KUAKOCTH.
Key words. Steady filtration, filtration coefficient, inhomogeneous porous exponentially strip, speed,
pressure, fluid flow rate.
‘Eﬁlllu]uﬂl U.U., Uljpungjub U.U.
Suodwl ipjus ntdhuh nhypnid dwinnlth tpuynutughuy opkupny withwdwukn gtpntpnid
htnnijh juyniitwgws Shywpughugh dwuh

2Enmih uynibwgus $hpinpughugh hwpp whunipjut pppwbwlubpnid phnwplynud k htnniuyh
dhpnpughwt swlynnlkt  gpoibnughtt gkpunid, nph - $hpnpughuyh  gnpdwlhgp puwn pkpnh
junpmipyut  thnthnpynd £ Epuwntubughwy opkupny: Cun npoud hbEnmilp otpnp Ykphtt Gqpp
hwnjwsutph hwdwlwupghg npjws updwt wiwly ubpuplyynd E otpnht: Opnpoynud Bu jutinph

$hpnpuighntl pintpuigphstibpp:
Avetisyan S.A., Mkrtchyan M.M.
About the fluid stabilized filtration in porous nonhomogeneous strip
by exponential law in ease of the given regim pressure

In the framework of plane theory of fluid tablished filtration the boundary problem on fluind filtration in
porous ground strip, the coefficient of which along the depth of the strip changes by exponential law, is
considered. In this case by the system of the segments of the upper bound of the strip under the given pressure the
fluid inject into the ground strip, and the lower bound of the strip is water-impermeable. Filtration characteristics
of the problem are determined.

B pamMkax IuIOCKOM TEOpUH yCTAHOBHBLICHCS (DHIIBTPALIMH JKHAKOCTH PacCMaTpHBACTCS 'PaHUYHAsS 3a/aua
0 (umbTpanuK JKUIKOCTH B MOPUCTOI TPYHTOBOHM mojoce, KOI(QGUUUEHT (HIbTpaLi KOTOPOil mo riayOmHHe
OJIOCHI M3MEHSETCS 110 KCIIOHEHIHAIBHOMY 3aKOHY. IIpn 3TOM, KHIKOCTb 4epe3 CHCTEMy OTPE3KOB BEpXHEil
rpaHd II0JIOCHI MOJ 3a/[@HHBIM JABJICHHEM BIPBICKMBACTCS BO BHYTPb I'PYHTOBOIl IOJIOCHI, @ HIKHSSI TPaHb
II0JIOCHI BOJJOHENpOHUIaeMa. Onpeaessiorcs GUIbTPalHOHHbIE XapAaKTEPUCTHKU 3a1a4H.

BBenenue

Crporas MatemaTHdeckas TEOpHsS (QHUIBTPAIIMUA XHUIKOCTH B HeAe)OpMUPYEMBIX
MOPHUCTHIX TPYHTOBBIX MAaCCHBAaX C MHOTOYHCICHHBIMH €€ TPUIOKEHUSIMH 0OCTOSTEIHHO
n3nokeHa B MoHorpadusx [1-3], a OCHOBHBIE IOCTHXKEHHSI JTOW MHOTOTPaHHOW U
o0mupHON 00JaCT MEXaHWKH CIUIONIHBIX cpel 10 1967r. oTpakeHbl B KOJUIEKTHBHOM
moHorpaduu [4]. B HemaBHux pabGorax [5,60] pa3BUTBI MareMaTHYECKUE MOJEIU
KOHCOJIMAAIU BOAOHACBIIIECHHBIX MOPUCTBIX CPEA U YCTAHOBJICHBI COOTHOLICHUA MEKIY
TCOPUAMU (bI/lJ'II)TpaLIl/II/I U KOHCOJMIAUHU I10YB, KOTOPBLIC MPUBOJAAT K HOBBIM 3aJdadaM
Teopun ¢uibTpannu. B MoHorpaduu [7] M3I0KEHBI METOIb PEUIeHHs 3aJady TEOPUH
¢upTpanMy B HEOJHOPOJHBIX CpeAax. 3ajavya HaOpHOW (QUIBTpAlMU KUIKOCTH 10/
THUIPOTEXHUYECKUMH COOPY)KEHUSMH THITA TUIOTUHBI TIPU IDIOCKOM YCTAHOBHUBIIEMCS
TEUEHHH JKUJIKOCTH B IOPHCTOM IPYHTOBOM CJI0€, KOA(PPHUIIUEHT (PUIbTPAIIMd KOTOPOTO I10
rTyOWHE CIIOSl M3MEHSETCS 10 AKCHOHEHIMAIbHOMY 3aKoHY, m3ydeHa B [8]. Ilo aTum xe
MPEaIoNIoKeHusIM B pabore [9] paccMoTpeHa rpaHMYHas 3amada 00 YCTaHOBHUBILEHCS
(uIbTpalMU JKUIKOCTH B IIOPUCTOM TI'PYHTOBOM OCHOBAaHMM B ()OpME IOJIOCHI, KOTAa
JKHJIKOCTh Yepe3 CHCTEMY B3aMMHO HEIEPECceKaloIINXCsl OTPE3KOB BEPXHEW IPaHH IOJIOCH
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C 33/IaHHOM BEPTUKAILHON CKOPOCTBIO BIPBICKMBAETCS BO BHYTPH IIOJIOCHI, @ HAa HIDKHEH
TpaHU TOJOCH BEpTHKAIbHAs KOMIIOHEHTa CKOPOCTH paBHa Hymo. B pabortax [10,11]
HCCIIEIOBAaHbl AaHAJOTWYHBIE IIOCKHE M IPOCTPAHCTBEHHBIE T'PAaHWYHBIC 33Ja4ll TCOPHH
YCTaHOBHMBILIEHCST (DMIBTpAlMU IS MOPHCTBHIX KIMHOBUIHBIX M CIOUCTBIX TI'PYHTOBBIX
OCHOBAHHI.

B nactosmeit pabote pemaercst oOpaTHas K pacCMOTPeHHOH B [9] rpaHuvHas 3a7a4a;
KaKOB JOJDKEH OBITh 3aKOH paclpeieieHHs BEPTHKAJIBHBIX CKOPOCTEH BIPHICKHBAEMOW
JKMJIKOCTH Ha JIaHHOH CHCTeMe OTPE3KOB, YTOOBI Ha 3TOW )K€ CUCTEME OTPE3KOB JaBJICHUE
paBHSUIOCH Hamepén 3aJaHHOll BeNWYMHE B BUJE HM3BECTHOH (yHKuuH. Pemienue 3Toii
3aJjauyil Ha OCHOBAaHHMU pE3yJbTaTOB Pa0OTHI [9] CBOOHWTCS K PEIICHHIO CHHTYJISPHOTO
unTerpaigbpHoro ypasHenus (CUY). Uepes pemenne onpenessitomero CUY BeraucisioTes
(uIIBTpanMOHHBIE XapaKTEPUCTHKU 33J1a4d: PaclpelielieHne BEpTHKaIbHOW KOMIIOHEHTHI
CKOPOCTH Ha JaHHBIX OTpE3Kax M PacxXoipl KUIAKOCTH Yepe3 BEPTHKAIbHBIC CCUCHHUS
nosocel. IlpoBenéH umcneHHslil aHanu3 3azadund. OTMETHM, YTO paccMaTpuBaeMas 37ech
3a/ava 1o cBOei mocTaHoOBKe ONm3Ka K M3BecTHOHU 3amade Jlamba B rumpoanHamuke [12] u
TECHO NMPHUMBIKAET KaK B UICHHOM, TaK M B METOJOIOTHYECKHUX ACHEKTaX, K KOHTAKTHBIM U
CMEIIaHHBIM 3a/1a4aM TEOPUH YIPYTrocTH. B MpHHIUNIE, MOKHO YCTAHOBUTH COOTBETCTBHE
MEXIy TPaHWYHBIMH 3aJadaMi TEOPHH YCTAHOBHBILEHCS (HIBTPALMU KHUAKOCTH B
MOPUCTBIX CPeAax M rpaHUYHBIMU 33Ja4aMH U3 JOBOJBHO IIMPOKOrO Kilacca 3aiady TeOpHU
VIPYroCTH TIPH aHTHUIUIOCKOH Jedopmannu. KOHKpETHO B JaHHOM cliydae MOXKHO
paccMarpuBaTh aHAJOIMYHYIO 3ajady sl YIPYroil IOJIOCKl TEOPUHM YIPYTOCTH IPH
AHTHUILIOCKOW aedopMaliiy, eciau MOJYNb CIABUTa IOJIOCH 10 e TiIyOuHe W3MEeHseTcs 1O
9KCIIOHEHIIMATBHOMY 3aKOHY.

Crnemyer MOmYepKHYTh, YTO B LUTHPOBAHHBIX BEIME padorax [l—7] i pemreHus
TPaHWYHBIX 337ad TEOpUH (WIbTPALMK, B OCHOBHOM, NPUMEHSIOTCS METOABI TEOPHUH
(hyHKIIMM KOMIUIEKCHOTO TIEPEMEHHOTO, OCOOCHHO METOI KOH(OPMHBIX OTOOpa)KeHHUH,
AQHAIUTUYECKOH Teopuu ¢ epeHInaIbHBIX YpaBHEHHH, MeToA rojorpada CKOpOCTH H
pazHooOpa3HbIe MPUOIMKEHHBIE METOBI. 3IECh, a TakXkKe B padorax [8—11], mpumeHstoTcs
METOAbI HHTEIPAIBHBIX IPeoOpa30BaHMil B COUETAaHUH C METOJAMH TEOPHH MHTErPaIbHBIX
ypaBHeHHiA, ocobenHo Meronsl CUY. Dtu metompl Oosee 3pQGEKTHBHBI, TaK KaKk Cpaszy
OIPCAC/IAIOT HYXHBIC (l)l/ISI/l‘leCKl/Ie XapaKTCPUCTHUKHU 3ajJiad, 60.]'166 KOMIIAKTHbBI 1 MHOTI'UC
KOMIBIOTEPHBIC BBIYHUCIIUTCIBHBIC IMPOTPpaMMbl HNPUYPOUYCHBI K MCTOJaM HHTETrpaJIbHbIX
YpaBHEHUH.

1. IlocranoBka 3agaun u BeIBOA ompenensomero CHY. Ilycts oTHecEHHBIN K

[IPSIMOYTOJIbHOM CUCTEME KOOpIUHAT Oxy (och Oy HalpaBJicHa BEPTHKAIBHO BHU3)
MOPHUCTOE IPYHTOBOE OCHOBaHUE UMEET (HOPMY MOJIOCHI

Vol = V()

Yy

Owr. 1
Q= {—oo <X<w; 0<y< H} seicotel H  (pur.1) u obnamaer kodddummentom

dumptparun K,  m3MeHsmiommMcs 1O BepTMKATbHOM  KoopamHaTe Y MO
9KCTIIOHECHIINATBHOMY 3aKOHY
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k=k(y)=k exp(ay/2) (0<y<H ;k,,o=const)

Mycts nanee rpaus Y =H nonocs €) BonoHenponuuaema, T.e. BepTHUKalIbHAs

komronenTa ckopoctd npu Y =H  pasna mymo: vy ‘ yeH = 0 (—oo < X< oo) , a

n
4epe3 CUCTEMY OTPE3KOB L= U[aj ,bj ] BEPXHEH rpanu Y = 0 sxupkocTh ¢ 3aJaHHBIM
j=1
IABJIICHUEM
h(xy), = f(x) (xel) (1)
BIPBICKMBACTCA BO BHYTPb I'PYHTOBOI'O OCHOBAHUS.

3necs h= h(X, y) = p(x, y) / Y — Y — Nbe30MeTpHUecKoe JABIEHUE, Y — yIeTbHbIH

BEC JKUJIKOCTH, p(x, y) — NaBIeHHE B KUAKOCTH, a | (X) — Harepén 3aJaHHas U3BECTHAs
GdbyHKIHA.

TpeOyercst onpenenuTs BEPTUKAIBHYIO KOMIIOHEHTY CKOPOCTH V(X) Ha CHCTEMe

otpeskos L :
Vy‘yzo =V(X) (Xe L).

I[J'ISI IIOJIHOTBI IMOCTAHOBKH 3aa4ud AOJIXKCH OBITH 3a/laH TAKXXC pacxod KUJAKOCTU QJ Ha

Ka3KJIOM OTpe3Ke [aj ,bj ] (j = I,_n) cuctems! L :

by

jv(s)ds=Qj (jzl,n). @)
g
HpI/ICTyHI/IM K BI)IBOHy OHpeI[eJIH}OHIerO HHTCrpaﬂBHOFO ypaBHeHI/ISI HOCTaBHeHHOﬁ 3aa4u.

C 5TOM 1enbI0 BOCTIONIB3YyEMCsI TTOMYIEHHBIM B [9] BBIp@)XXEHHEM JUIS ITbE30METPHIECKOTO

JTaBJICHUs yepe3 QYHKIIHIO V(X) (7\.* =+a’ +4\° ) :

—ay/2
h(x,y)= znko jK(

reos[09)] [ h(H=y)]__ [h(H-y)
K*(x—sl,y)—gm x*ch{%}ash{%} da.

rae A — crekTpanbHbIii napametp Dypoe .
Teneps, ucxoms mu3 (3), peammsyem rpannugHoe yciosue (1). B pesymbrare,

x—9,y)v(s)ds (-0 <x<w;0<y<H) 3)

OTHOCHTENBHO (YHKIIUU V(X) OPUAEM K CIEAYIOLEMY ONPEIEIIAIOIIEMY UHTEIPAIbHOMY
ypaBHeHH10 Ppearosbma NepBoro poja MocTaBIeHHON 3a1auu:

LK (x=9) v(s)ds=(x) (xeL) @

21k, {
K (X) :T[x* cth(A.H/2)-a ] % di

Pemenne nHTErpaIbHOTO ypaBHEHHUS (4) TOIDKHO YIOBIETBOPATH YCIOBUSM (2).
Hanee wunterpansHoe ypaBHeHue (4) ceném x CHUY, mnst gero obe wactu (4)
npomuddepenuupyem o X . B pesynbrare, npuaéM K HHTErpajibHOMY YPaBHEHHUIO
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2nk0'[M (s—x)v(s)ds=f'(x) (xelL) 5)

M(x)=—K’(x):T{K*cth(K"2H]—a} sin () g5 (7. =Va?+427)

0 A

Teneps BbIETUM CHHIYISPHYIO YacTh sapa M (X) Tak kax

2

N
=va’ +4\° :2k(l+f—k2j =27{1+8a?+..} ~2)\ mpu A —> 0,

TO
X*ctg(K*H/2)— K (7\, H/z)_ENQ_OL_?_—g npu A —> 0,
% A A A A

unrerpain dypoe i1 QyHKIUH M(X) u3 (5) moxxem mnpeoOpazoBaTh ClEAYIOLUIHMM

obpazom:

M(x):_([ .

I/ MHTErpaiibl, BOOOIIE TOBOPS, CIEAYeT MOHMMATh B CMbICIE TEOPHHU OOOOIIEHHBIX
¢ysaxmuii [13]. [IpuHAB BO BHIMaHIE BBIPAKEHHUS H3BECTHBIX HHTETpasioB Oypoee u3 [14]

P*Cth(k*H/ 2)‘“-2&}%%)%4 2% sin() 0,
0

© H © _JAX

j sign A €™d, 2 , .[ € dr=i msignX,

c X °A

MOXEM HaAIluCaTb

M(X):g—%signx+N(X) (-0 < x <) (6)
X

— j A, cth (K*H /2) — 21 sin (KX) da.
0

A

VYuureiBas (6), ypaBHeHHE (5) Hpe,I[CTaBI/IM B BHJIC

n:(() [L+Ts1gn(s x)+2N(s x)} (s)ds= f'(x). (xel)

Urak, pemenne obcyxmaemoit 3amaun cBoautes K pemennto CHUY (7) mpu yciaoBusx
(2). OrmetnmM, uto B CY (7) simpo mpencTaBieHo CyMMOH CHHTYISpHOH (siapa Kommm) u
peryJiipHOI YacTei.

BBeném Ge3pazmepHbIe BETUUUHBL:

E=x/a; n=s/a; a=aax; H=H/a;

ocj=aj/a, Bj=bj/a (j=1,_n); LO=Q[ocj,Bj]; c=a\
=v(ag)/k,, f,(&)=Tf'(a);

B atux 6e3pasmepnbix Benmmunnax CUY (7) npeobpasyercs B cienyromee CIY:

—I{—+—Slgn(n %)% o(n—&)}vo(n)dnﬂo(a) (Eel)  ®
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z O, cth(ml—]/Z)—Zc

No(§)=J.

0
a ycnoBus (2) — B ycJIOBUS

g Q _
IVo(n)dn:Q? (Q?:i; j=1,n], ©)

aj

sin (o) do (0*= &2+462)

rae @ — HEeKull XapakTepHbI JIMHEHHBIM MapaMmeTp, OTJIUYHBIA OT HyJs, HampuMmep,
a=a,ecm q #0.

Takum 006pa3oM, OKOHYATENEHO, PEIICHHE TOCTaBICHHON TPAaHUYHON 3a/1a4H CBOJUTCS

K pemennto onpenersomero CUY (8) mpu ycnosusx (9).
2. Pemenme onpegensiromero CHY wu  BbluucieHHe (QUILTPALMOHHBIX
XapaKTepPUCTHK. VI3BeCTHBIM YHCICHHO-aHATUTUIECKUM MeTotoM pemeHus CIY [15-
17] pemenne CUY (8)—(9) cBeméM K cCHUCTEME CHCTEM JIMHEHHBIX alreOpanvecKbIx

ypasHenuii. C 9TOl LeNbI0 CHayama KakIblii OTPE30K [OL 0P j] cucremsr L,
npeobpasyeM B OTPE30K [—1, 1] , Tonaras
a:BJ_O" B;+ay Bi—ay +Bi+°°i
2 2

j
T+ ;M= u

2 2
B pesynbrate, CUY (8) npeobpasyercs B cieayronnyio cucremy CUY:
o (B p & p)
8

(—léu,tSI; j=1,_n).

Sip(u>t) +
(10)

Ln; —1<t<1)

ij(u,t)}vp(u)du= f (t) (j =

a ycioBus (9) — B ClleAyIonye yCiIoBuUs:
1

2 0 . -
v, (u)du=—"—-Q; j=1,n). (11
:[ 1 Bj -, J ( )
31ech MPUHSTH 0003HAYCHUS:

B —a;

Bp_ap Bp_ap Bp_ap

Sy (ut)=sign | B - Bete Bt Bt p iy

ij(u,t) =|u-

to.cth(c.H,/2)-20

ij(u’t):j X

0 (0}

xsin{c[Bj — % U—Bp_(x""tvtBj % —Bp+apﬂd6;

(12)

2 2 2 2

(6*= 0L2+4c52) (j,pzl,_n) (-1<t,u<l)
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_ By Bitay e [(Bimoy Bitag ) —
Vj(t)—VO( e ] fj(t)_fo( e }(]—l,n)

Jlanee monoxxum

(t _
vj(t)z(p‘—() (-1<t<1; jzl,n), (13)

2
V1-t
rae @, (t) — (YHKIIMU W3 TeNbIEPOBCKOTO Kiacca (GpyHKIMiA, ONpeeEHHBIX Ha OTpE3Ke

[— 1,1] . Cnemys wusBecTHO# Mertomuke [15-17], cuctemy CHUY (10)~(12) cBemém k
cnez[y}omeﬁ CHUCTEME CUCTEM HHHeﬁHLIX anreOpanyecKux ypaBHEHUH:

St e 3 F AR, 1)+

m=1 p=1 m=1
(p=i)

TE&(Bp—OLp)S (u t)

m>r

B ;ap N]p(um,t,) :fj(tr) (j:r; r:LN_l)

(14)

OTKYyJa OIIPEACIAOTCA HCU3BECTHBIC
D _ T meT N
an)_cpj(um) (J_l,n,m_l,N)

rne N — mo6Goe HatypansHOe umCIIO, 2

um:cos{%} (m=1.N). trzcos[%rj (r=1N-1)

— ueOBIIEBCKHE Y37IBI, T.. KOPHH, COOTBETCTBEHHO, MHOrOuieHOB UebblIeBa MEpBOro
poma T (U) u Broporo poxa U (t)

OueBH/IHO, YTO CHCTEMa CHCTeM JiMHelHbIX ypaBHenuit (13) coctour uz NN umcna
YPaBHEHHH U COJIEPIKUT CTOJILKO e HEU3BECTHBIX.
ITocne pemenus cucrems! (14), cornacuo (13), BennunHbl 0e3pa3zMepHBIX CKOPOCTEH

Ha | -TOM OTpe3Ke BEpXHed IpaHM NOJOCH B uebblmeBcKUX ysnax U, Oyayr

ONpeNeNaThes 1o Gopmysie
(Pi(um)_ Xr(nj) (m:l_'jzﬁl)

- ):\/l—uﬁ1 _\/l—u;‘;

Temepp MOXHO BBIYHCIHTH TaKXKE BaXHYI (QHIBTPAIMOHHYIO XapaKTEPUCTHKY

(15

3aJaul — pacxoll  KUAKOCTU Q(X) yepe3  Jr000€  IOIEpPEeYHOe  CEedyeHHe
|x = {0 <y<H } (— 0 < X< OO) TIOJIOCHI, BBIpaXatomuiicst opmyiioi [4]
Q(x)=%jsign(x—s)v(s)ds (—o0 < x<0)

L
B a10ii popmyrie, kak 1 BbIIIE, HepeHaEM K Oe3pa3MepHBIM BEJIMYNHAM:!

73



E=x/a, n=s/a; v,(§)=v(ag)/k ., Q(&)=Q(ag)/ak,

B pesynbrare, nonyuum
L.
Q,(&) = [ sign(§-n) v, (n)dn (-0 <g<w) (16)
Ly

Ecnu panee xaxnaplii oTpe3ok [OL J-,Bj] (] :l,n) CHUCTEMBI LO, KaKk M BBIIIE,

peobpa3oBaTh B OTPE30K [— 1,1] , To popmyna (16) npumer BuA:
o B |t

By By
Q&)= 1 js1gn(§ SuU—— jvj(u)du,

j=t -1

rae GyHKOuu V i (t) 3amatotcst popmymoit (13). Orcroga mpu MOMOIH PEIISHHSI CHCTEMBI
(14) npuném K cremyromiel pacuéTHON opmyIe:
Bioy o Bitoy

Q0(§)=%i([3j—ocj) sign[ég 5 u, > ]xr(ni)(_oo<§<oo)

3. YacTHblil ciay4aid, YUCJIOBble pe3yJbTaTbhl M BbIBOAbl. PaccMOTpUM 4aCTHBIH

ciyuait, korma N=1 wu, cnenosarensro, cuctema L cocrout us ogHoro orpeska [al, b,]
[Tpnmem Takke & = —4a, bl = a. B atoMm ciyuae onpeaensitomee CUY 3amaun umeer B

(7), tme L= [—a,a], a mocie nepexoaa kK 6e3pa3MepHbIM BETUYMHAM, coryiacHo (8), —

BU]I:
el 1 G, 1
;_fl[ﬁ+%81gn(n—é)+5No(n—é)}vo(n)dmfo(é) (-1<g<1) a7

B manHOM 4acTHOM cllydae uMeeM TOJIBKO OHO ycloBHe (2):
a

Lv(s)ds=Q,

KOTOpO€e B 0e3pa3MepHBIX BEIMYHHAX MIPeodpa3yeTcs B yCcIOBHe
1

[vo(m)dn=Q,  (Q =Q/ak,). (18)
-1

Tenepp CHUY (17)—(18) mo wu3BecTHO#l mpoleaype, Kak BbIIIe, MOXXHO CBECTH K
CIIEAYIOLIEH CUCTEME JIMHEHHBIX are0pandeckux ypaBHEHHUH:

N[ 1 anm 1 —
;N[nm_ir +%Slgn(nm_§r) +5N0 (nm_gr)j| Xm ) fO(gr) (r :l,N_l)

(19)
N
Tt —
;NXm_QO
rac
n(2m-1) — nr
nm=cos[T} (m=l,N), §r=cos(ﬁj (r:I,N—l)

W IIPUHATHI 0003HaYCHUS

Vo(é):% (-1<&<1) 5 X,=o(n,).
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Oynkuus @ (f;) OIIpeZIeTIeHa Ha OTPE3KE [— 1,1] 1 yIOBJICTBOPSIET YCIOBHIO [ enbaepa.

CucreMy JIMHEHHBIX YPaBHEHUI MOXEM 3amucarh B KAHOHHUYECKOi (hopme:

iKrme=Cr (r:l,N), Cr:{fo(ir) (f=1,l\l——1);
' Qo (I’:N)

1 1 an. 1 o .
N|: _ +TSIgn(nm_§r)+ENo(nm_gr):| (mzl,N,r—l,N—l),
i

K -5 (20)

rm

N (m:l,_N; r=N)

[ocne pemennst cucrems! (20) s BeranciieHus: Oe3pasMepHBIX ckopoctei BMecTo (15)
OyzeM UMeTh pacuEéTHYIO Q)opMyJIy

o) _ Xn (m=1N), @1

\/1 N \/1 n

a, coriacHo (16), B TaHHOM YaCTHOM CJIy4ae

N
T .
Q (8)=5g 2 sign(&-my) X,  (-0<E<x) (22)
2N 5
B marHOM yacTHOM citydae 1mo Gopmyiie (3) BEIYUCITUM TaKXKe ITbe30METPHUECKOE

nasienue Ha HKHIOW rpans Y = H mnonocer € (—oo < X< A, =+ o’ + 402 ):

h(xH)= 2;1/02‘TK*(X—S|,H)V(s)dS: S VR j (x Z]/’z“)dk

OTCIOI[a, ocJie nepexoaa K 6€3paSMepHLIM BCIIMYMHaAM

E=x/a, m=s/a; v,(&)=v(a)/k,
h(&H)=h(asH)/a, H=H/a,

MOy IUM
(&R =S o = )
(—oo<§<oo ; 6. =Va’ +4c’ )

J1st Tpon3BOAHOM ke OT 6e3pa3MepHOro MbE30METPUIECKOT0 JIaBIICHNs Oy1eM UMETh:

dh, (&,I:I)__ -aH/2 1 njc* sin[c(é—n)]

-a -a 0

g2 | “ G, COS [G(&—n)] do

dg 2n ) osh(o.H /2)
H, CIIeZIOBaTeNIbHO, IPUHSB BO BHUMaHue (21), Mo)keM 3amucaTh

dho(g,l:l)__e—al-i/z N X ]‘ic*sin[ﬁ(i—nm):'

do (-o<&<w)

do. (23)

dg 2N = mo Gsh(c*l-]/2)

Takum o0Opa3oM, B 00CYXJacMOM YaCTHOM CiIy4ae pacuyEéTHBIMU (QopMysiaMu OyIyT
dhopmynsl (21)-(23). s 9uCIIEHHON pean3auy STHX (GOPMYI PACCMOTPEHBI JBa YaCTHBIX
ciryvast.
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I cayuai. B 3ToM citydae NpUHSTO, 4YTO

h(x, y)|y70 = f(X)=const (—a<x<a)

T.e. HAa UHTepBaNe (—a,a) 3aJaHHOE JAaBJICHHUE MOCTOSHHO M, CIIEI0BATENEHO, fo (§)=0.
Kpowme Toro, npunsro Q, =0,1; H=0,5.

Jns takux 3HaueHWil mapamerpoB 1o ¢opmyie (21) mpu pa3nIWYHBIX 3HAYEHHSAX
napaMeTpa HEOJHOPOJHOCTH Ol BBIYMCIIEHBI 3HAYEHHS CKOPOCTH V(ﬁ) U TI0 HHUM
noctpoeHsl rpaduku e€ naMeHeHus ((ur.2). AHaJIU3 ATUX KPUBBIX ITOKA3bIBAET, YTO B
LIEHTpaJbHOM uacTu uHTepBana (—1,1) mo Mepe BospacTanus Ol 3HAYEHHUs V(&)
yOBIBAIOT, a BONM3H €ro KOHIOB, HA06OPOT, OHM BO3pAcTarOT, npuuéM npu & —> +1
CKOPOCTH BO BCEX ClIydasix KpyTO BO3pacTaroT, CTpeMsich K OeckoHeuHocTH. Ha dur.3
NpUBENICHbI TpaQUKN U3MEHEHUS V(&) JUISL Pa3IMYHBIX 3HAUCHUH MTPUBEAEHHON BBICOTHI
H , xorma

f,(&)=0; @=0,5 Q=01

3nmech HabIIOJaeTCsl OOpaTHASE KAPTUHA U3MECHEHHUS V(EJ) .

—— =0 ——H=02

A V( &) —8-G=08 A —a—R=05
0.5 o —A—0=2 V(a) a1
' —%—0=5 5 — —x—HR=2

=10 ——F=10

0,25

v

¢ur. 2 ¢wur. 3
Hanee mo ¢opmyne (22) BEIYUCICHBI 3HAYSHHUSI 0€3pa3MEpPHOTO pacxoa >KUIKOCTH TI0

A

BEPTUKAIBHBIM CEYEHHAM NOJIOCHl H s pasnuunbix O, Koraa
f,(&)=0; Q,=0,1; H=0,5.
[lo pesyibraTaM BbIYUCICHHH MOCTpoeHbl rpaduxu usmenenus Q) (g) (ur. 4).

3nech mo Mepe Bospactanus O 3Hauenms Q, (ﬁ) B untepnaie (-1,1) no abcomoTHOM
BEJIMYMHE yOBIBAIOT, a Ha Jiydax (—,1) u (1,00) MOCTOSIHHBI, OTIMYASCH APYT OT Apyra

ik 3HakoM. Ha ¢ur.5 npusenenst rpaduxu Q) (&) JUISL pa3JINIHBIX H , korza

f,(§)=0; a=0,5 Q,=0,1

3nech B 3aBUCHMOCTH OT H HabmromaeTcst oOpaTHas KapTHHA H3MEHEHHUS Q0 (&) .
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=0 ——HA=02

Qe Qe

——G=2
—x%—0=5 =2
) —x—H5

¢ur. 4 ¢ur. 5
II cyuaii. B stom ciyuae npunsito T (X) =BX u coorsercrento nonoxeno i (§)=1.

Tpu pukcuposarnbix H = 0,5 u & = 0,5 u ans pasmiunbx ¢ = Q, mocTpoeHs! rpaduKH

CKOpOCTH V(E_,) n3MeHeHus (¢ur. 6).

—+—q=05 —+—F=02
=0, —a—F=05
Ve o Ve -

—o—f=2

—x—H=10

¢ur. 6 ¢ur. 7

3nech npu BO3pacTaHuu (= QO 3HAUYCHUA V(&) BO3pacTaroT, NpUYEM B HHTEPBAJIC
(—1,0) OHH U3MCHSAIOT 3HAK, CTAHOBSCH ITOJIOKHUTEIBHBIMU C ITIOCTCIIEHHBIM BO3pPAaCTaHHUEM.

Ipu & — £1 ckopocTn GeckoHEUHO BO3pACTaIOT.

Q,(8)

——H=0,1
—=—H=03
—a—H=07
—x—HA=1

——H=10

¢ur. 8
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Ha ¢ur.7 mnpusemensl Tpaduku W3MEHEHHS V(é) mpu  (GUKCUPOBAHHBIX

a=0,5 q=Q,=0.1, no nux pasmuunsIx H . 3neck Takxke npu Bo3pactannd H B

unrepBane (—1,0) ckopoctn MeHsOT 3HaK. Ha ¢ur.8 mokaszaHel rpaduku U3MEHEHHS

QO (a) JUTS Pa3JIMIHBIX HA .

4. 3akmovenne. OCHOBHBIMH pe3yJbTaTaMH JaHHOW paOOTHI SBISIOTCS SIBHBIC
MpeACTaBICHA  (QWIBTPAIMOHHBIX  XapaKTECPUCTHK  paccMaTpUBacMOW  3aJadyu:
MBE30METPUICCKOTO JTABJICHUS, KOMIIOHEHT CKOPOCTEH, pacXxoja >KUIKOCTH U BBISBICHUC
3aKOHOMEPHOCTE WX W3MEHCHHWS B JIOBOJIBHO MIMPOKOM JHAla30He W3MEHECHUS
FEOMETPUYCCKUX M (PU3NYECKUX MapaMeTpOB, B TOM YHCIIE, MOKA3aTeNs HEOAHOPOIHOCTH
rpyHTOBOrO oOCHOBaHus. OJHOBPEMEHHO B paccMaTpuBaeMoil 3ajade MoKa3aHa
3G PEKTUBHOCTh METOJla HMHTETPAIBHBIX YpPaBHEHHH, KOTODPBIA YCHEHNIHO MOXET ObITh
NpUMEHEH Ui pelIeHHs LIMPOKOro KJacca CMEKHBIX TPAHUYHBIX 33aJad TEOpHHU
(unbTpaLUU U TEOPHU YIPYTOCTH.
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