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2U8UUSULDP &hSNPhE3NRLLENP ULaUSPL UYUNEURUSE StNtuUah,
W3BECTUSI HAIIMOHAJIBHOM AKAJIEMHUA HAYK APMEHUMA

Ubjuwthu 68, Nel, 2015 MexaHuka

AT'AJIOBSIH JIEHCEP ABTAPOBHUY
(K 75-1€THI0 CO THSI POKAEHMS)

Hcenonawiiocs 75 ner co AHS pOXKIEHUS BBLAAIOLIETOCSH YYEHOTO-MEXAHMKA,
H3BECTHOTO OOIIECTBEHHOTO JAEATENs, 3aBeAylomero otnesnoMm «MexaHuka
TOHKOCTEHHBIX CUCTEM» M COBeTHUKa nupektopa MHcturyTa Mexanuku HAH PA,
3acimykeHHoro nesitenss Hayk PA, akagemmka HAH PA, nmokropa ¢wusuko-
MaTeMaTHYEeCKHX HayK, mpodeccopa JleHcepa AGrapoBuua AranoBsHa.

JLA.AranosssH  pomwics 3  ¢deBpans 1940 roma B cene Komarak
Maprakeptckoro paiiona Haroproro Kapabaxa B cempe yumureneit. B 1961 romy
JILA.Ara5ioBsiH € OTJIMYUEM OKOHYMJ MEXaHHKO-MaTeMaTHUYECKUH (aKyIbTeT
EpeBaHcKOro rocynapcTBEHHOTO YHHBEPCHUTETa IO CHEIMAIbHOCTH MEXaHUKA.
ITocne oxoHuaHus yHUBEpCUTETa ObUI OCTaBJIEH Ha paboTy B Ka4eCTBE aCCUCTEHTA
kadenpsl TeOpeTHYecKoW MexaHukd. B 1966 Tomy ycHemHoOW —3amuToi
KaHJIUAATCKOM JuccepTallMM 3aBeplinil ouHyro acnupanTypy EI'Y. TpynoByro
JesITeNbHOCT, B KayecTBE CTapLIEro IpernojaBaTelsi MPOJODKHI Ha Kademape
Beiciieii Marematuku EI'Y. C 1969-ro roma oTmaér mpeamodreHue Hay9IHOI
JesITeNbHOCTH U TiepexoauT Ha padoty B MHctutyT Mexanuku HAH PA B xauecTse
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crapiiero Hay4yHoro corpyaHuka. B 1980 romy B KazanckoMm rocyazapcTBeHHOM
YHHMBEPCUTETE 3aIIUIIACT JOKTOPCKYIO IUCCEPTALUIO M MY NPUCYKAaeTcsa yuEHast
CTCMEHb JOKTOpa (u3MKo-mMaTemarndyeckux Hayk. B 1987 r. JI.A.AranoBsH
n30bupaeTcs Ha JOJDKHOCTh aumpektopa WHctutyta Mmexanmku HAH PA w,
HEOJHOKPATHO Iepen30upasich, nouru 20 jget npopaboTan Ha 3TOM MOCTY.

B 1996 rony uzbupaetcs nevictBurensHbIM uieHoM HAH PA.

C 2006 roga mo ceit neHb JI.A.AranoBsiH ABISETCS COBETHHKOM TUPEKTOpA
MNucturyra mexanuku HAH PA u 3aBegyer otaenom «MexaHHKa TOHKOCTEHHBIX
CHCTEM.

Kpyr nayunbix uarepecon JI.A.AranoBsHa AOCTaTOYHO IIMPOK U OXBATHIBAET
TEOPHUI0 AHM30TPONHBIX IUIACTMH M O0OJOYEK, CMEIIAHHbIE KpaeBble 3aJadd
TEOPUM YOPYrOCTH U  BA3KOYNPYIOCTH, HEKIACCHYECKHE CTAaTHYECKHEe W
JUHAMUYECKUE KpaeBble 3aJaydl TOHKHX Tell, MpoOJeMbl CEHCMONOTHH |
CEMCMOCTOWKOTO CTPOUTENBCTBA, OOOCHOBAHHE MPHUKIATHBIX MOAEIeH OCHOBAaHHMM
U (yHIaMEHTOB, BOJHOBBIE IIPOLIECCHI, PACIIPOCTPAHEHHUE BOJIH B CJIOMCTBIX Cpelax
u Jip.

Bceobmee mpusnanue momyunnu pabotel JI.A.AranoBsiHa, B KOTOpBIX, Ha
OCHOBE YpaBHEHHMH TPEXMEPHOH TEOpPHU YHPYTOCTH, BIEPBBIC ObUIA MOCTPOCHA
ACHMIITOTHUYECKAsl TEOPHUs aHU3O0TPOIHBIX CIOMCTHIX OAJIOK, IUITACTHH M 000JIOYEK.
Ora Teopus TOJNIOKWIA  HAyalo [IMPOKOMACIITAa0HBIM  HMCCIEJOBaHUIM
HanpspKEHHO-1eOPMUPOBAHHOTO  COCTOSIHMSI  TOHKOCTEHHBIX — KOHCTPYKLUIA,
HaXOIINUXCS B CTECHEHHBIX, C JIMLEBBIX CTOPOH, YCIOBHSX. Takue 3afadu 4acTo
BCTpEYAIOTCsl Ha NpakTHKE, OJHAKO, B CHIYy SBHOTO HECOOTBETCTBHUS THMIIOTE3aM
Kupxroga-JlsBa, He MOryT OBITH pelIeHbl B paMKax KIACCHUYECKOW TEOpHUH
wiacTuH U obonouek. [locTpoeHHast Teopusi MO3BOSET YETKO BBHIACIUTH PaMKH
MPUMEHUMOCTH KaK KJIaCCUYECKOW, TaK M YTOYHEHHBIX TEOpUN IUIACTUH U
000J104€K, MOCTPOCHHBIX Ha OCHOBE THIIOTE3, a TAK)KE [MIMPOKO HCIOIB3YEMBIX JUIS
pacuéra yHpyrux OCHOBaHWH —(yHIaMeHTOB Moxeneil Bunknepa-®Dykca,
ITactepnaka, Kineitra, BeMUCIUTH KOA(DQPUIMEHTHI IMOCTENH I CIOUCTBIX H
HEOJHOPOIHBIX OCHOBaHUH.

JI.A.AranoBsiH SIBJISIE€TCSI OHUM M3 MEPBOMCCIEIOBATENCH 3a1ay MOTPAHCIIOs
i 6anok, miacTuH u obosnouek. [lomyyeHHOE MaTeMaTHUECKH TOYHOE PELICHUE
JUIS TIOTPAHCIIOST TPSMOYTOJNBHUKA II03BOJIUJIO €My YCTaHOBUTH CBSI3b MEXIY
norpancioeM u npuHounoMm CeH-BeHana, nokas3aTh CIpaBeIMBOCTh 3TOTO
OPUHIMIIA B ClIydyae NEpBOW KpaeBOW 3aJaud TEOPUH YNPYTOCTH U OOBSICHUTH
HETPUMEHUMOCTb €0 KO BTOPOM U CMEIIaHHOM IPaHUYHBIM 3a/1a4aM.

Ilokazana >QQeKTUBHOCT, AaCUMITOTHYECKOTO METOJa IpHU pPEUICHUU
JUHAMHYECKUX 3a/ad sl aHU30TPOINHBIX M CIOMCTHIX Tell. HaiineHsl 4acTOTHI
COOCTBEHHBIX KOJI€OAHMH CIIOMCTHIX IIAKETOB B BHIE IM0JOC U IUIACTHUH,
coJiepKallluX CXKUMaeMble M HEC)KHMaeMble, a TaKKe BA3KOYIpPYTHE CIIOH.
Hameuenbl myTH HCHONB30BaHUSA 3TUX pPE3yJbTaTOB B  CEHCMOCTONKOM
CTPOUTENBCTBE, B YACTHOCTH, ITOKAa3aHO, YTO NPH HAAJEKalleM BbIOOpEe mapaMer-
POB OCHOBaHHSI MOXXHO MaKCHMaJIbHO Pa3HECTH YacTOTHI COOCTBEHHBIX KOJIEOaHUN
U celiCMUYeCKUX BOJIH U, TEM CaMbIM, CHU3UTh PUCK pa3pyLICHUs COOPYKEHUS MPU
3eMJIETPACEHHH.

OcHoBHBIC Hay4HBIe JAocTkeHUs JI.A.AramoBsHa o0O0OOIIEHKI B JBYX
00béMHBIX  MoHOrpadusax  (JILA.AranoBsiH  «AcCHUMOTOTHYECKAas  TEOPHS
AHU3OTPOITHBIX TIACTHH U 00onodex». M.: Hayka, 1997. 415c. u JI.A.AranossH,
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P.C.I'eBoprsin «Hexknaccudeckne KpaeBble 3a/laud aHU30TPOIHBIX OaoK, MIACTHH
u obomouek». Epeman. WM3m. «Imrytiom» HAH PA, 2005. 468c.) wu
MHOTOYHUCIIEHHBIX HAyYHBIX CTAThAX.

Benuka 3aciyra JI.LA.AranoBsgHa u B neje OOATOTOBKH
BBICOKOKBaTM()UIIMPOBAHHBIX HAydHBIX KanpoB. [log ero pykoBomctBoM 15
YEJIOBeK 3aIlUTWIM KaHIAUJATCKUE TUCCepTalMM, TpOe U3 HHUX 3allUTHIA U
JIOKTOPCKHE JUCCEePTALUU.

Hayunsle 3acnyru JILA.AranoBsHa mOpu3HaHbl MHPOBOH  HayuyHOH
obmecTtBeHHOCTRIO. OH  sBisercs wieHoM European Mechanics Society
(EUROMECH), European Association for the Control of Structures, Poccutickoro
HammonanbHOro KOMHMTETa IO TEOPETUYECKOM M MPUKIATHOW MEXaHHKe,
Ilpesunuyma HAH PA, peaxomnerun xyprana «3sectus HAH PA, Mexanukay,
MEXIyHAPOJIHBIX PEJAKIIMOHHBIX COBETOB XypHasmoB «lIpHkmamHas MexaHUKa»
(Ykpauna) u «MexaHnKa KOMIIO3UTHBIX MartepuanoB» (Jlateus). [Ipencenarens
CrnenmanuzupoBanHoro CoBera MO 3amuTaM JOKTOPCKUX JHUCCEpTalMi IO
cnenuanbHOCTSIM  «Mexannka — JeopMuUpyeMoro — TBEPHOTO  Tena» |
«Teoperndeckas MexaHuKa» co IHsA ero coznanus (1990 r.).

3a OonpLION BKJIaA B pa3BUTHE HOBBIX HAay4YHBIX HANpaBICHUH B MEXaHUKE
pelleHre aKTyaJbHbBIX MPOOJIEM MEXaHUKH M NPUKJIATHONH MAaTEeMaTHKH, OOJIBIIYIO
HaYYHO-OpraHU3allMOHHYI0 paboTy JI.A.AranoBsH HarpaxnéH rpamoramu HAH
Apmenun «loBectarup» u «Bacrakarup». B 1995r. Accoumanusi apMsHCKHX
umwkeHepoB u  yuéHelx CIIA mpucynmwna emy mnpemuro uM. Bukrtopa
Awmbaprymsaa, B 2009r. AMepukaHCKuil Ouorpaduveckuii MHCTUTYT BPYHHI
JLA.Aranosny «Gold Medal For Armenia», a MexXayHapOAHBIM
ounorpaduveckuM eHTpOM Ipu3Had ogHuM U3 «Top 100 Scientists-2009».

Penakius xypuanma «M3Bectus HAH Apmenun. Mexanuka» Mo3apaBisieT
Jlencepa AOrapoBuua AranoBsiHa ¢ I00HMJIEEM U JKENaeT eMy KPEIKOIro 3J0pOBBS,
JOJTHUX JIET )KU3HH, HOBBIX TBOPYECKUX YCIIEXOB.
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W3BECTUS HAIIMOHAJIBHOM AKAJIEMHUA HAYK APMEHUA

Uthuwtthlju 68, Nel, 2015 Mexanuka

CAPKUCSH CAMBEJI O AHECOBUY
(K 70-neTHio co qHA POKIEHUS)

N3BectHOMY yu€HOMy, uieHy-kKoppecnonaeHty HAH Apmenun, mokrtopy
(u3uKo-MaTeMaTHYECKUX HayK, 3aclyXCHHOMY JEsTeN0 HayKh ApMEHUH,
npogeccopy Camseny Oranecopuuy CapKHUCSHY HCITOTHIIOCH 70 JIeT.

CamBen OranecoBud CapkucsH pomwics B Jlemmnakane (. ['tompu) 5-ro
nexadps 1944r. B 1967 roay oxonumn JlenuHakaHckuii ¢umuan EpeBanckoro
NOJIUTEXHUYECKOTO HHCTUTYTA 1O CHeunanbHOCTH «IIpubopsl TOUHOH MEXaHUKM.
B 1970 roxy moctynun B acHUpaHTYpy MEXaHHKO-MaTeMaTH4ecKoro (hakyipTera
EpeBaHckOro rocygapcTBEHHOTO YHHBEpCHUTETa. 371eCh €My MOCYACTIUBUIOCH
Ha4aTh CBOIO HAYYHYIO JESTEIBHOCTh MO/ PYKOBOJCTBOM BBIAAIOIIErOCs YUEHOTO,
akagemnka HAH Apmenun Ceprest Anexcanaposmua AmOapuymsiHa. Berpeua c
Cepreem AJlekcaHIpOBHYEM OKa3ajia pEIIarollee BIMsSHUE HAa (GOpPMUPOBAHUE €T0
HAyYHBIX U HPABCTBEHHBIX HJICAJIOB M HA CTAHOBJICHNE YUEHBIM-MEXaHHUKOM.

Ha BTOpOM roay acnupaHTypsl 1o HHUIIMAaTHBE akagemuka C.A. AMOapiyMsHa
C.O. CapkucsH ObLI HampaBlieH B KOMaHAMPOBKY B [ocymapcTBeHHBIH
yHuBepcuter PocroBa-na-Jlony. Ilog pyxoBoactBom akamemuka AH CCCP
Hocudpa WspamneBnua BopoBuua OH OCBOMJ JOCTHIKEHUS COBPEMEHHOTO
(YHKIMOHANBHOTO aHAIN3a, AKTYalbHOTO HAYyYHOI'O HAIPABICHUS, KOTOPBIE OH
IUIOIOTBOPHO MCIOJB30Bal B OOJIACTH HEIMHEHHON TeOpuH TOHKUX IJIACTHH U
000J104€K C IIeIBI0 J0Ka3aTeNbCTBA CYIIECTBOBAHMS PEIICHUN IPaHMYHBIX 33134
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3TOH TEOPHUM M MaTeMaTH4ecKoMy OO0OCHOBaHHMIO MeTonoB Puria m ByOHOBa-
Tlanépxkunaa mns TpUOMMKEHHOTO pEIIeHWs 53THX 3amad. IlepBeie cepbE3HBIC
pe3yIbTaThl OBUIM TOyYEHBI YK€ K KOHILy KOMaHAUPOBKU U OBUIH TIPEIICTABICHEI
Ha Hay4yHOM ceMuHape akaaemuka .M. Boposuua.

B suBape 1974 roma B cHeNUaIM3UPOBAHHOM COBETE TOCYAApPCTBEHHOTO
yHuBepcutera PocroBa-Ha-Jlony C.O. CapkucsH 3alumaeT KaHIUAATCKYIO
JUCCEPTaIMIO U TONyyaeT YU&HYIO CTeleHb KaHauaata (pU3NKO-MaTeMaTHYecKuX
HayK.

ITocne oxonuanms  acmupanTypel  C.O.CapkucsH  BO3BpamaeTcs B
Jlennnakanckuit ¢punuan EpllU, rae on paboran cHauana Kak acCHUCTEHT, a ¢ 1978
roja — Kak JOIEHT.

IIpomomkas cBoro HayuHyio fAesTenbHOCTh, C.O. CapkucsH B3sUICI 3a
UCCIIeIOBAHUSI MAaTEMaTHUECKIX MOJIENeH KOHTAKTHBIX 3a7lad TOHKHX TUIACTHH H
00071049eK, 000CHOBBIBasE HEOOXOAMMOCTh MPHUMEHEHHUS! W3BECTHBIX YTOYHEHHBIX
TEOpHi, TOCTPOCHHBIX akagemMukoM C.A. AwmOapIymMsHoM, I pPEIICHUS
COOTBETCTBYIOUINX KJIAcCOB 33/1a4. OO0 3THUX BaXXHBIX pe3yJbTaTax OTMEYAIOTCA B
kiroueBoil crathe [lomoBa I'.fl., Tomkauésa B.M. «[Ipobinema xoHTakTa Ten c
TOHKOCTEeHHBIMU dnemeHTammy // M3Bectuss AH CCCP. Mexanuka TBEpIOro Tena.
1980. Ne4, m B m3BectHOW MoHorpadum ['puromoxa D.M., Tonkauésa B.M.
«KoHTakTHBIE 3aaud TEOPHUH IUIACTUH M 00omouek». M.: MamuHocTpoeHue.
1980.

PaccmarpuBas gonrwii TUI0M0TBOPHBIA TBOpueckwid myTh C.O. CapkucsHa,
CIIElyeT OTMETUTHh pabOTHI, TOCBSIIEHHbIC TNPHUMEHEHHIO B TEOPUU TOHKHUX
IUIACTHH ¥ 00O0JIOYEK OJHOTO U3 OCHOBHBIX METOJOB MaTeMaTHUSCKON (HU3HUKH, a
UMEHHO, aCHMIITOTUYECKOTO METOIA.

OO6namas BBHICOKOHM 3pynWITNEed U TBOPUYECKH pa3BHBas TpyAbl akageMuka AH
CCCP W.U. Boposuua, mpod. A.JL. [ompuensetizepa u akan. HAH PA JILA.
AranoBsiHa B obmactu acumnroronorud, C.O. CapKucsHy yIaloch MOCTPOUTH
COBEpIICHHbIE, C MaTeMaTHYeCKON TOYKH 3pEHHs, AaCHMITOTHYECKHEe |
OPUKIaHBIE MOJETH MarHUTOYNPYrOCTH TOHKHX IUIACTHH M O0OJIOYEK, TeM
caMbIM, TMONHSAB OOy MPHUKIATHYIO TEOPHI0 MAarHUTOYNPYTOCTH TOHKUX
IJIACTHH W 000JI0YeK, BIEPBBIE TOCTpoeHHYI0 akan. C.A. AMOapIyMsHOM,
akan. I'.E. barmacapssuom u mpod. M.B. benyOGekssHoM, Ha HOBBII TEOPETUUCCKUIN
ypoBeHb. MccienoBanus B 3TOW OOJIACTH MOCIY>KWJIA OCHOBOM IJISi TOKTOPCKOM
nucceprauuu, kotopyro C.O. CapkucsH 3amutuia B 1986 romy B Kazanckom
rocynapctBeHHOM yHHBepcutere. B 1989 r. C.O. CapkucsHy OBIIO TIPHUCYKIACHO
Hay4YHOE 3BaHHE Ipodeccopa U B TOM XK€ Toay OH OblI u30paH 3aB.Kadenpoit
TeopeTrueckoil Mexanuku Jleannakanckoro ¢ummana EplId.

B 1994 romy C.O.CapkucsH OBII Ha3HA4YeH PEKTOPOM | FOMpPHICKOTO
roCy/IapCTBEHHOTO NeIarOrMuecKoro HHCTUTYTa. B 3Toi nomkHOCTH OH paboTan ¢
OTPOMHOM TPEAaHHOCTBIO A0 nekadps 1997 roma. C 1995 roma C.O.CapkucsH
pykoBoauT kKadeapoit Beicreit matematuku ['TTIN.

ITocnenuue 20 net C.O. CapkucsH 3aHUMAETCS Ha CETOAHSIIIHUN IEHb BEChbMa
aKTyaJbHOW TEMAaTUKOW B cpepe TEOPUH MHUKPOIIOISPHBIX TOHKUX OalloK, MIaCTHH
1 000JI09€eK, TEM CaMbIM, pa3BHBas UccliefoBaHus akanemuka C.A. AMOapirymMsaHa
B 9TOi oOmactu. Ilpomomxkas pa3BUBaTh IIMPOKHE BO3MOXXHOCTH TPHUMEHEHUS
acumnroTuueckoro metoma, C.O. CapkucaH pa3paboTan BecbMa OpPUTHHAIBHBIN
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METOJ] MOCTPOSHUSI OOUINX TEOPUH MHUKPOIONSPHBIX TOHKHX OalloK, TUIACTHH M
obonouek. (OCOOEHHOCTH METOJa COCTOMT B TOM, 4YTO C IIOMOIIBIO
ACUMIITOTHYECKOTO METOJa paccMaTpUBAIOTCS CHayala KOJHYECTBEHHBIE U
KauyeCTBEHHBIC XapaKTePUCTUKU PEIIeHH TPAaHUYHBIX 3a]a4 TEOPHU TPEXMEPHOMH
MUKPOIIOJIIPHON yTIPyrocTd, aajiee (OPMHUPYIOTCS aJeKBaTHbIE THIIOTE3BI, Ha
OCHOBE KOTOPBIX CTPOSTCS YXKe OOIIHMe MPHUKIaIHBIE TEOPUU MHUKPOIIOISIPHBIX
TOHKHX 0aJIOK, IMJIACTHH M 000JI0YeK, KOTOpPBIE BechbMa AOCTYIHbBI HHKeHepaM. [1o
cxoxxemy noaxony C.O. CapkucsHy ymaércsi U TOCTPOSHHE OOIIMX MPHUKIATHBIX
MoOJIeJIeld TEPMOYTIPYTOCTH ¥ MarHUTOYTIPYTOCTH MHUKPOTOJISPHBIX TOHKUX OAalIoK,
wiacTuH obonouek. B Hactosmee Bpems ycunus C.CapkucsHa M €ro YYeHHUKOB
HaTpaBJIeHbl Ha TPUIOKEHNE MaTEMATHIECKAX MOJIEIEeH MUKPOIOJISPHBIX TOHKUAX
TeJN JUTA PemeH s 3a/1a4 MEXaHUKH MUKPO- ¥ HAHOMATEePHAJIOB U CTPYKTYP.

ITomumo HayuHOl pAesTenbHOCTH, MHOro cun u BpemeHu C.O.Capkucsa
0THaéT menaroruueckoil pabore co CTyJeHTaMH M acnupaHTamu. B pabote c
yuernkaMu C.O.CapKucsH oTIMIaeTCs Hay9YHOH MIeIPOCThI0, TPeOOBATEITEHOCTHIO
U TPUHIUIHAAIBHOCTHIO, MPOCTOTOI0 B OOIIEHHWH M TaKTHYHOCTBIO. ODTH UYEPThI
ABIIAIOTCA caMmoi spkoi xapaktepuctukod C.O. CapkucgHa, Kak Yu€HOro,
nexarora u yenoBeka. C.0.CapkucsH BeAET OONBIIYI0 HAYYHO-OPTaHU3AIUOHHYIO
nestenbHOCTh. OH SABIISIETCS WICHOM peakoiuiernu xkypHana «M3sBectms HAH
Apmenuu. MexaHuka» M TJIAaBHBIM pEIaKkTOpPOM >KypHajla «YUEHbIE 3amUCKU
['foMpUHCKOTO  TOCYIApCTBEHHOTO  TENArOorMYecKOro HWHCTUTYTa», UWICHOM
CHETMATN3NPOBAHHOTO COBETA M0 MEXAaHWKE, YICHOM MHOTHUX MEXITyHapOTHBIX
Hay4dHbIX opranm3anuil. CBo€ 70-netre CamBen OraHecoBUY BCTPEYACT MOJIHBIM
CHWJI, 3HEPTHUU U TBOPUECKUX 3aMBICIIOB.

Penkonneruss xypnana «M3Bectus HAH Apmenun. MexaHuka» cepaeyHO
no3apariser Campena OranecoBuya CapkucsHa ¢ [OOMJICEM U JKENaeT eMy
3/10pOBBS, IOJITHX JIET KHU3HU M HOBBIX YCIIEXOB B €r0 IUIOJOTBOPHON HayyHOH U
MIeIaTOTUIECKOH IeATEIbHOCTH.
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HUcnonnunocv 93 200a evioaro-

wemycs  yuéHOMY-MEXAHUKY
Cepzero Anexcanoposuuy

Ambapuyymany, Komopulit

npoooncaem  NAOOOMEOPHO
pabomams u nyéonuKosamo
cmamvu U MmOHOpaguu 6
PA3HBIX U30AMETbCMBAX.

i

Peoxonnecun Jcyprana
«Hzeecmun HAH Apmenuu,

N ) Mexanuxa» ¢ 3nax 6aazooap-
Hocmu u 2nyooKoii npusHa-
mensHOCMU nepeneuamoviéaem
O0HYy U3 OCHOBONOJIAZAIOWUX
cmameit  axkademuxka HAH
Apmenuu C.A.Ambapuymana, onyonuKoeamnHyrl) 0o0iee noayéeKa HA3A0 6
scypuane «llpuxknaonas mamemamuka u MeXaHuKka», Ha KOMOPYIO MHOICECHEO

Pa3 ccvlianucs u nPoOoHCaAlOm ccoliamoca yuénvie Mupa.

On a General Theory of Anisotropic Shells
(K obshchei teorii anizotropnykh obolochek )

PMM, Vol.22, Ne2, 1958, pp.226-237

S.A.Ambartsumian
(Erevan)

(Received 2 July 1958)

1.  We consider a thin anisotropic shell of constant thickness N . Assume that the
material of the shell obeys the generalized Hooke’s law and that at each point there is only
one plane of elastic symmetry, parallel to the middle surface of the shell. The latter surface
will be used as surface of coordinates, and the shell will be referred to curvy-liner orthogonal

coordinate’s o and [3, which coincide with the principle curvature lines of that surface. Let

Y represent the distance, measured along the normal, between the point (a,B,y) (OL, B)

of the middle surface and the point of the shell. We assume that
a) the line elements of the shell, normal to the middle surface, do not change their lengths
after deformation,;



b) the normal stresses G, are small as compared with the stresses G, o and Fop>

¢) the shear stresses Moy

and g, vary in the direction of the thickness of the shell in

accordance with the law of the quadratic parabola [13]
Being more rigorous in the formulation of the hypotheses [2,5], we can state here the

assumptions (a) and (b) in the following form:

(a) e, =0 approximately;

(b) the stresses G, do not exert any essential influence on the strain components €,
and € and they can be neglected in the corresponding equations of the generalized Hooke’s

law.

2. By virtue of the assumption (C) concerning the shear stresses Foy and g, we have

X =X~ PN | h?
Tw/ :T-’_%(X +X )+E[’Y2—TJ([)((X,,B)
Y'-Y"~ N | h?
TB‘/ :T-I-%(Y +Y )+5('Y2 —TJ\II((X,B)
Where X* (OL,B), Y* (OL,B) and X~ (OL,B), Y™ (OL,B) are the components along the

axes of the moving trihedron (in the direction of the positive tangents to the lines
B = const, a=const, respectively) of the intensity vectors of the surface loads, applied to

@.1)

the boundary surfaces Y= % h and y=—}h, respectively, while (I)(OL,B), W(OL,B)
are unknown functions. Substituting the value of the tangential stresses Moy and e, from

(2.1) into the corresponding equations of the generalized Hooke’s law [6], we obtain for the
shear strain components L and &, the formulas

AV h’
ew/ = X+EX +5£’Y2—7j®1(a,ﬁ)

i 2.2)
e, :Y+%Y’+%(y2 —%jd)z (o B)

Here we have introduced the following notations:

X =4 a, (X =X )+a, (Y -Y)]

Y =4a, (Y -Y)+a, (X -x7)] .
X'=ay (X" + X )+a,(Y +Y7) o

Y'=a, (Y +Y )+a, (X +X)
O =a,0+a,y, ©,=a,y+a,0 2.5)

where the quantities @, are elastic constants [6].

From the equations of the three-dimensional theory of elasticity, we have for the strain
components [1]

10



1ou, 1 8H, 1 4H,

oL

g,=——%+ Uy +——U,
H, coo HH, OB H, oy

2.6)
1 du, 1 6H, 1 oH,
€y =———+——=U + u,
H, o8 H, & ' HH, oa
au,
H o1 H, o[ 1
€p=——| —U, |[+—F—| U, (2.8)
H, B\ H, H, oo | H,
RN L SR I Y
L TR M
2.9)

ea:Hliu +H1i Lua
! oa, ! oy H,

H =A(l+ky), H,=B(1+ky) (2.10)
In these formulas, A= A(OL,B) and B= B(Q,B) are the coefficients of the first
quadratic form of the middle surface k] = k1 (OL, B) and |<2 = k2 (OL, B) are the principal
curvatures of the middle surface; U, =U, (()L,B,'y), Ug = U, ((X,B,y) and

u =u, (OL,B,Y ) are the displacement components of arbitrary points of the shell in the
directions of the tangents to the coordinate lines, respectively.
On the basis of the assumption (a) we find from (2.7)

%:0, 0, =, (o,B) = w(a,p) e

Thus, like in all existing theories of thin shells, the displacement u, of any points of the shell

is independent of the coordinates 7y .

This displacement component has for all points of line elements of a normal to the shell a
constant value, equal to the normal displacement components ® = 0)((1, [3) of the
corresponding point of the middle surface of the shell.

Substituting the expressions for €, , €, , H,,H, and u, from (2.2), (2.10), and (2.11) into

QU
equations (2.9), we obtain differential equations for the displacement components U, and
Us - Integrating these equations and taking into consideration that U, = U(OL,B) and

Uy =V(0c,[3) when ¥ =0 we find

11



2
L =(1+ky u—la—w— (1+y%)%®1 +

)

k)1 K, k)1

l+y—L |—D, +7y| 1+ X+y | 1+y=+ |—X'

( e, y[ S xar i)
k, \h?

= vt W _ ke

p=(rker)V-g 7 y( yzjs :

+y’ (1+y%)%®2 +y(l+y%jY+yz (1+y%j%Y'

Where U= U(OL,B), V= V(OL,B) are the tangential displacement components of the

corresponding point of the middle surface.
In the process of deriving the formulas (2.12) the accuracy was being confined to

(2.12)

consideration of quantities up to those of the order of magnitude of yki , i.e. whenever a

2
sufficiently precise estimation was possible, terms of the order of magnitude of (ykl) s

were being neglected in comparison with unity.
Our formulas (2.12) show that, in the contract to known theories of thin shells [1,2,5,7], the

tangential displacement components U, and Uy of any point of the shell at a distance Y

from the middle surface are, in the case considered here, as in the publication [8,9], non-
linear functions of the distance 7y .

By virtue of (2.12) the strain components €, , €5, €, can be expressed by polynomials in
powers of Y, namely

2 3 4 2 3 4
€, =& +tYK +y M +v 6 +77§, Ep =& TVK, +Y M, +Y 0, +7°E,
€.
Substituting the values of U_, Ug, U, from (2.12) and (2.11), respectively, into the relations

(2.13)
=W+yT+yV+y A+

(2 6) and (2.8), and comparing the resulting expressions for the strain components
,8.,e with the corresponding expressions (2.13), we obtain the following formulas
ococ B p g p g

for the coefﬁcients of the expansions:

._lou 1 0A

€ =¢ —+——V+kw (2.14)
" Ada AB op
, lov 1 0B
g, =g, =——+——U+kWw (2.15)
Bop ABda
. AD (u) B 0 (vj
o= =2 2|, 22X (2.16)
BoBLA) Ada\B
. h(100, 1 0A 10X 1 0A
K=K -——| ——4+——®, [+——+— (2.17)
8 LA da ABOP A da ABa[B
h®(100, 1 0B 1Y 1 3B
=K 24— — O, |[+——+— (2.18)
B op ABoda B B AB da.

12



“TB%(@'J el 2 Mam (3 a(e)

1 ok, 1 o(1ow
=-k ——u+k ——| —— |+
" A da Ado \ Ada
2
1 oAdW h(klﬁcbl 15kq>j

AB? oB OB 16 "Ada  Ada

2
P
2 ABoB * 2\ "Ado Ada
_( __kzj LoA, 112X 1 10A,

ABOB ' T2h A dw 2n AB B
B _% 1 ow
kZBaB kZBaﬁ[BﬁﬁjJr
| oBow hz(kzléq)z 1%@]

K, ——
BA’ 6o.6o. 16\ B 6p B o
2

+h—(kz__ jLaB(Dl 1 k_g_lakz
3 AB do. Bop B

"2 )ABd0” 2hBop  2h ABda

3R
BoplAda) ' AdalBop

1 @a\_/\/_ 1 8_A8_W+
> AB? 6o 0B ' A’B P da.

2
el F (k) | T 2 o |+
16| B

o Blop AP

HT oD ok, 10B
LR 2 —24—_ "k |D, |+
+16{A( 1 kZ) oo A(aa—i_BaOC Zj 2}
p i LX) -2k, 2 LBy ]y

2B| op op AR

1T o oY 108

—| —(k)Y)-2k —+——
+2A{8a(k2) e kz}

1[1(ex" 10A_, 1(5\(' 1 0B j
4—| = == ——=X"|+ ==Y
oh| Bl B Aop do. B oo

(2.19)

(2.20)

.21)

(2.22)
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1180, 11 0A W 10k

1 2+ 1 1
"6Ad0 6ABOB ° 16 ' Ada
1akXL(klax llakxj_

27 Ad0 . 3hlUTAdo 2Ada
1 L oA,
Ll Ly
2h AB 0B
_1too, 1 1B, by 10k, 1, 13K,

6B 9B 6 AB da ‘E Ba_B > 2B B

1oY' 110k 1B,
3h B OB 286[3 2h 35 ) AB au
_11o®, 11 0A, 1109,

6B OB 6 ABB oA G

1 1 0B 1111 0 aX'
- 2+_ ___( )__k —
6 ABoa ’ h|6Baop 2B

l ILE}_AX' +1[llﬁ(k2y)_

3 ABOB hl A6 oo
Lol L, }

2 'Ad AB oo

- LL%QQL%(&_KJ@Z_QK o0,
24 A oo 6 AB op 8 A  Oa

e, ZLL%%LL@(&_&)Q 11, oo,
24 B op 6 AB da.\ 4 8B ° 0
1[1 0 0P, 110A

L=— ——(k@l) Lo,

B| 24 op P 8AaB
1[1 0 0P, 1108
LR PR LY
A{246a(kz 2) 6" 20, 8B oa }

(2.23)

(2.24)

(2.25)

(2.26)

2.27)

(2.28)

In the formulas (2.17) to (2.19) we have, in conformity the usual definition of curvature

changes and torsion of the middle surface of the shell [2,5]

oL O0|low u) 1 oAllow v
' Ado|\Ada R ) ABOBIBB R

co_lOoflow v 106Bf1ow_u
* BB\ BB R ) ABdal Ado R

14
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AB| 600 Aop do. B oo O

1 éu 1aA 2(18v 158)
+ - U |+—| —————V
R (BB AB&B R (Ada ABda

Where R =R ((X,B) and R =R (OL,B) are the principal radii of curvature of the

middle surface.
Considering the expansions (2.13) we note that they have some similarity with the analogous
expansions used in ref. [1]; the similarity is, however, only a superficial one. In the

o 2(62w 1 oA dw 1aBawj

2.31)

determination of the strain components €G> €, ref. [1] actually uses expressions in

terms of powers of ¥  keeping at the same time the hypothesis of non-deformable normal

[1,2] while in the present paper , as in the publications [8,9], the relations (2.13) are being
obtained on the basis of the basic assumptions of the theory offered here.

On the basis of (2.13) and of the original assumption (b) we derive from the generalized

Hooke’s law the following expressions for the stress components G, Gpps Top -

0, = B& +B,g, + Byo+y(Bx, + B, + B1)+

+y*(B,n, +B,n, +Bv)+7° (B0, +B,6, + B L)+ (2.32)
+1* (B, &, +B,&, + B, C)

s = Bpg, + Bg, + By +7(B,x, + Bk, + By1) +

+y% (B,ym, + B,n, + B,v)+ 7' (B0, + B,6, + B,L )+ (2.33)

+V4 ( B,&, +B,& + Bzec)

Ty = Bl + By, + 36603+Y(Bm‘<1 + Bk, + 8661:)+
+7% (BN, + By, + BygV) + 77 (B6, + By6, + Bd )+ (2.34)
V4 ( B& + By&, + BG6C)

In these formulas the constants B|k are given by the following expressions in terms of the

elastic constants &, [10,11]

B, = 885 — Ay , B, = 81686 — &8 B, = 88 — 8

Q Q Q
2
B, = aﬂaﬁgs)_ & , B, = allazz2 a12 B, = a12a16£_)a11a26 , (2.35)

= (allazz - a'122>a66 +28,,8,,8 — a‘lla'226 - a228126
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The stresses G, ,Gpg> Ty Tyys T, Produce internal forces (TpTz’ S.S.N,, Nz) and

moments (|\/| »M,,H ), which must satisfy the following statistical conditions [1,2,5]

0 B 0 oA
Z(BT)-T,.=+=Z(A 2L ABKN, =—ABX®
aa( 1) zaa_'_aﬁ( SZ)+S 8B+ 1 1
0 oA 0 oB .
Z(AT)-TZE4+ 2 (B = 4+ ABK. N, =—ABY
8[3( 2) 18[3+60c( SZ)JFSZaBaJF N,
(kT kT ) | BN+ 2 (AN = -2
! " AB|oa: 7 opt (2.36)
O BH)+H B % am,)-M, 22 BN, =0
oo do. 0P op
i(AH)+H‘3—A+i(|3|v|1)—MZ@—ABNI:o
B B oa oL
S-S +kH-kH=0

In these formulas the symbols

X" =X"(o,B), Y =Y (,B), 2" =Z"(at,B)

represent the components of the intensity vector of the applied surface load, referred to the
middle surface of the shell [7], namely

P =pP" (1+LJ(1+LJ+ P (I—L][I—L] (2.37)
2R ) 2R 2R 2R

where P stands generally for X,Y,Z.

The stress resultants appearing in (2.36) are determined in the usual manner [1,2,10]. Without
going into details, we give here the simplest elasticity formulas, which identically satisfy the
sixth equation of statics:

h? h* h? h*
T1 :Cn(gl +En1 +%§IJ+CIZ [82 +En2 +%§2]+

(2.38)
h* N h*
+C| O+ —A+—
‘6( 127 80 Cj
h? h* h? h*
T,=C, (82 +Enz +%§ZJ+C12 {81 +En1 +%§1j+
(2.39)

h*. h'
+C +—A+—
26[@ 127780 QJ

16



h? h h? h
S:Cm( 12“1 80§j+c%(82+5112+%§2j+

h’ h* h’ h'
+C66(co+ak+%gj+kz[cm(axl+%el]+ (2.40)
2 4 2 4
+C26[h K, h—62]+C (h r+h—kﬂ
12 80 12 80

h? h h? h
S =Cy [82 +En2 80§2J+C6(8 + 12111 +%&1]+

h? h*
+C66((0+ X+— )+kl[C26(EK2+%92]+ (2.41)
2 4
+C16 +Cy h—r+h—7»
12 80
3h’ 3h’ 3h’
M1=DII(K1+2—061)+ DIZ(K2 +EO J‘f‘ D16(T+2—0}\,j (242)
3h’ 3h’ 3h’
M2:D22[K2 +2—062]+ DIZ(K1+2_061J+ D26(T+2—0}\,j (243)

3h’ 3h’
Hl = H2 =H = D16 [Kl +EGIJ+ D26 (KZ +EGZ]+

" (2.44)
+D66(T+E}\.j
h h’
N =—(X"=-X")—— 24
1 2( ) —0(a.B) (245)
hoo. .\ I
N2=E(Y -Y )—E\u(a B) (2.46)

In these relations, we have the following formulas for the rigidity constants Cik of

compression and D, of bending:

Cx=hB,, Dy = E Bi (2.47)

We state here that, in the process of substitution of the value of 81,...,(; all terms

containing X and Y can be omitted, still maintaining a sufficiently high degree of accuracy
[7], in all elasticity relations.
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Using the formulas (2.29), (2.30), we can eliminate the displacement components U,V,® of
the middle surface from the relations (2.14) to (2.16) this lead to

. . 1 01| 0e, 0B Adw OA
Kk, +K K +——1— B—+—(82—81)—————0) +
ABOa | Al Jda oo 20B Op

1 o [1] 0, oA Bow 0B
I A D g -6 - | =0
ABOB|B| o op 2 60 da

The equation (2.48) is the third continuity relation for the deformation of the middle surface
of the shell. As it should be expected, the relation does not differ in any way from the
corresponding relation of the classical theory of thin shells [2,5]. The remaining two
conditions of continuity for the deformation of the middle surface will not be needed in the
present paper.

The equations (2.48) is the third continuity relation for the deformation of the middle surface
of the shell. As it should be expected, the relation does not differ in any way from the
corresponding relation of the classical theory of thin shells [2,5]. The remaining two
conditions of continuity for the deformation of the middle surface will not be needed in the
present paper.

The equations (2.14) to (2.31), (2.36), (2.38) to (2.46) taken together represent a complete
system of equations of the theory of shells.

It is known [1,2,5] that such a complete system can be established in various ways. In view
of its extreme complexity in the general case of a shell of arbitrary form, the complete system
of equations will be considered here for one practically important type of shell only.

(2.48)

In the process of solving actual boundary value problems the differential equations of the
shell have to be completed in the usual manner by statement of the boundary conditions
[1.2,3]

3. Avoiding discussions of details, we mention here some possible special type of
boundary conditions.

Free edge: This designation will characterize such an edge (OL = Const) of the shell, for
which

M, =0, H=0, §=0, T,=0, N,=0 (3.1
Simply supported edge. This designation will be used for such an edge (Oc = const) of the
shell, for which

M, =0, T,=0, w=0, v=0, B6,+B,0,+BA=0 (3.2)
Fixed edge with a hinge. This designation characterizes such an edge (OL = const) of the
shell, for which

M, =0, u=0, v=0, w=0, y=0 (3.3)
Clamped edge: This designation refers to such an edge (OL = const) of the shell, for which

u=0, v=0, w=0, y=0

2 34
ia\—N—klu+h—CI)1:0 G4
A oo 8

Of course, other boundary conditions are still possible. The boundary conditions for an edge
[3 = const can be stated in an analogous manner.
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Concluding this Section, we note that the subject of the boundary conditions requires special
investigations.
A detailed study of the results presented in the first three Sections of this paper reveals the

following fact: the special case, characterized by o, =0, o =0, o5 =0, leads to the
basic relations and equations of the theory of anisotropic shells based upon the hypotheses of
non-deformable normals.

4. Consider a shell in the form of a circular cylinder of radius R. We take the o and 3

coordinate lines to be directed along the generators and the parallel circles of the middle
surface, respectively. Assume that the shell is being acted upon by normally applied loading
only. For such a shell

A=const, B=const, k =0, Kk, :lR @.1)

The coefficients of the expansions (2.13) are

1 ou lov 1 1 ou 1 8v
g =——, & =——+—=W, O=——+— (4.2)
A oo Bop R B@B Aaa

1 o’w h* 1 oD,

K=" 22" e A
A" 0o~ 8 A oo
(4.3)
e Ldw 11ov p10o,
* B*0p® RBOB 8 B P
__ 2 dw Elﬂ_h_z la‘D L 100,
AB codf R Ada B o A oda
o 1 16W+h2118<D wa
=0 = RB’0p° I6RB 0B '
AL Sw 1100 10,
RABdoop 16 Rl B o A da
o L0 o100, , 100 100, ws)
6A Oa 6B Op 6B 03 6A oa
1 100, l1{l1od, 1 o®
& = S e . (4.6)
SBR OB 6R\ B B  4A da
The equations of equilibrium assume the form
1o 108 ToH 1My
Ado B O Ada B 0B
lﬂ+l§+_N2=O’ 1 oH _— 1 aM Nl =0 4.7
B Ada R Bop A oo

L1oN, 10N, 1
Ado Bop R’

=7
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Substituting the expressions for 81,...C from (4.2) to (4.6) into the formulas (2.38) to

(2.46), we obtain the stress resultants in term of the unknown functions U,V, W, .

Substituting the obtained expressions of the stress resultants into the equations of equilibrium
(4.7), we find a final system of the five differential equations for the five unknown functions

U,V, W, ¢,y , namely

1 0 10
Vl(Cik)u+V6(C,k)v+{CnK£+C2()Ea—ﬁ+
h? 1 0’ 1 o 1 & ||w
+—(C,,+C +C +tC,, —— | —+ 4.8
12{( 2 "6)AB2 doop® ' A’Boo’op B 6[33}}R *9

+Q4( Ik’a1k)W+Q5( Ik’aik)(P=0

16 10
Vi (C)u+V,(C)v+<C), =——+C,y ———+
(v, (Cvr{es t B e, 10
3 3 3 3
c. 138 c. 13 a3}C26 12 d _c, 1 52 1"": ws)
B’ 6B’ A o AB? 0.0p A'B 00’0B |[ R

( |k’a1k)\|l+R5( |k7a1k)(P 0

C12 A C26 1i + szli‘*'cmli X"’
A&oc B oB B oB Ada )R

2 2 2
de,+ e, Lo e, LO)wW, (4.10)
12| 2B op? AB B ) |R
+Rt( |kaa1'k)‘|’+P5( ik’aik)q)zz
1 0 1 82 v
D, ——+2D, ——— A
( 2B gt A da P ABa ]R @4.11)

_Ez( lk)W S( |k=a1k)\V Ss( |k9a1k)

1 o 1 0 1 0 v
(D@a—az”DW@“zD%*Dlz)ﬁaaaBJ—‘

_El(Dik)W_ K4(Dik9ak)W_K5(Dik9aik)(P_

(4.12)

where
1 & 1@ 1o
Vl(qk):CHEW_FC%E&_BZ—'—zCIGEaaaB
1@ 1o 1 &
V2(Gi) = Cor g 357+ oo 7 307 2% 2B Bt
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1 o 1 & 1 &
Vs (Clk)zcm Ew+(clz+066)ﬁﬁ+cm EG_BZ
1 & 1 0’
———+3D————+
11 A3 aa?: 16 AZB aa26B
1 0’ 1 &
——+D,, ——
66) AB2 8&882 26 B3 al33
3 3
1 0 iD 1 0

E (D,)=D

+(D,, +2D

% (Bw) = D g+ 3P g ™
1 o 1 o
#(Da+2D ) s dadp PN o

L 3h* 10
H(C'k’ak){("4)E‘C26ma4‘}za+

h* (7 N
—C,a, +C a. |-(I-5)— |——
J{120R2(16 it 268‘5) ( )12}88[3

. h3 I‘]4 7 182
R (Curt)=(1-9) i o Gt o -

2R 120R|\16

9 1 & 25 1 &°
--C,a, — -|=C a, +C.a. |———
8 26 740 AB aoc@B (16 66 " 4i l6a15] Az 80(2:|

h* 7 9 0°
Qi(Cik’aik):—|:( C,a _C66a4i +C16ai5j

120R| (16 ™ 16 000p
9 1 o° 7 1 &2
_Ecmaﬂ FW_'—(EC%&“ +C66315J§8_Bz:|
h? 1 &
SI (Dik9aik) :E (Dl68g5 + D66a4i )?W"‘(z D26a4i + D6Ga1'5 +
1 o 1 & . _.h
+Dnais)ﬁw+(|3na4i + Dzsais)ga—Bz}(' —5)5

2 2

h 1 0
Ki (Dik’aik) :B[( Dn% + D16a4i )F@"’(z D]6a1'5 + D66a4i +

D8y )= =Tt (Dya, + Dyt ) |+ (i)
2% ) AR 0aop 26 %H4i 66%s) g2 8B2 12

Thus, the problem of the anisotropic cylindrical shell is reduced to a system of five

differential equations (4.8) to (4.12) for the five unknown functions. Having obtained the

latter, we will find without difficulty the stress resultants, as well as the stresses, by means

of the formulas (2.32) to (2.34), to (2.46) and (4.2) to (4.6)
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The system of equations (4.8) to (4.12) undergoes substantial simplification in the case of a
transversely isotropic shell [10]. It is known that for a transversely isotropic solid we have

1
a'16:0’ a26:O’ a-45:“3‘54:0a ay = a5 =

G’

E E
= B =—, = , B =
B, %) 1_H2 B, =B, By 2(“‘“)

where E is the modulus of elasticity in the plane of isotropy L is Poisson’s ratio, G is the

(4.13)

shear modulus for planes normal to the plane of isotropy.
We assume the plane of isotropy of the material to be parallel, at each points of the shell, to
the middle surface of the latter.

The coordinates O, 3 are to be chosen in such a manner that the coefficients of the first
quadratic form assume the following value [1,2]

A=1, B=R (4.14)
By virtue of (4.13) and (4.14) the final system of equations becomes simpler and assumes the
following form:

62u+1—p82u+1+u o’v +£8_W+(1+u)h2 o°w
0o’ 2R OB’ 2R 0udp  Roo  24R  oadp’

2u-9h* Py 1-pht & @
Buop Sy luit P,
3840 R “0adp 240 R *“op
l+p 0°u 1-pd’v 1 0v 1 ow h ow
+ Tt e T o 4 An3
2R dadp 2 oo’ RIOP? REAB 12RO
1_ h2 3 4 2 51_ h4 2
( u)3 62W+ 7h 3a44a\|2;+( p) aff- wlo
24R° Oo"0f 1920R B 768R o
1-p)h?
_&\Vzo
12ER
pou 1ov w h* o°w 7h' oy
bt et e T P a2 T TR P
Roe R R 12R op> 1920R° *“ op
(4.17)
2 2 2 2
-0y (1) 21y
12ER 0B 12E  Jda Eh
1-p 82v+L82v_l o’w _L83W+l—u2 B
R da> R 0p® Rowp R of° E
(4.18)
h? 1-po*y 1 0%y l+p 0%
-—a,, st —— =0
10 2 o0’ R OB 2R 0adp
1 v 1 dw ow
R 600p R 0adp> op
(4.19)

_h_2 l+p 'y 079 l—piach -y’ 0
a,, + >+ > > |t
10 2R OadB Oa 2 R oB
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As an example, we shall treat here the problem of a horizontal tube, of transversely isotropic
material, simply supported at its ends. The tube is entirely filled with a liquid of specific
weight 7. The weight of the tube material shall be neglected [7,12].

Measuring the angle 3 from the lowest point of the cross section of the tube, we use the
expansions
mra

I b

UZZZAmcosnB cos

V= Z z B,,, sin NP sin m:roc , @= Z z D,,, cosnB cos mlfcoc (4.20)

mrao mno

W:ZZCmncosnBsin T w=ZZEmsinnBsin |

The chosen functions fulfil the boundary conditions of simple support along the edges
o =0, =1, as well as the conditions of periodicity with the period 27 for the argument

[ . The acting load, the radial pressure of the fluid, is

q=Rr(1+cosP) 4.21)
It can be represented by the double series
. Mmra
Z= Z Z J.y,, €Os NP sin I (4.22)
m n
Where the coefficients (,,, are given [7,12] by
4vR 4vR

_0, q. =R o IR (4.23)

qrm qmo mn qml mn

In view of the good convergence of the expansions with respect to the subscript
m=1,3,5,... we will confine ourselves in the following to the first term
Substituting the functions U,V, W, d,\y from (4.20), and the function Z from (4.22) into the

corresponding equations of the system (4.15) to (4.19), we obtain, for each pair of values of
M and N a system of a five equations for the five unknown coefficients

AsBins Cins Dins Ery- - In the special case, when N'=0 , these system undergo

essential simplifications.
Let us consider the numerical example treated in [7,12]; take

a=>50cm, | =25cm, h="7cm , while i = 0.3 . For the dimensions just given we shall
examine three cases, for which the ratio E/ G’ equals 2.6; 5.0; 10.0, respectively.

In the case E/ G'=2.6 we have evidently to deal with an isotropic shell, while in the second
and in the third case we have transversely isotropic shells.
The value of the coefficients Crm of the normal displacement component of the shell are

given in Table 1 in the form of the ratio Cmn / N where N = 24yR3| 2 / Enth. In the last

column of table 1 are given the values of
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10.
11.

12.
13.

Table 1.

E | 10° 10* 10*

G N NN
0.7022 0.6708 1.3730
2.6 | 0.8103 0.8004 1.6107
5.0 | 0.9000 0.9138 1.8138

10.0 | 1.0616 1.0275 2.0891

The coefficient of the maximum normal displacement, i.e. the value of the coefficient of W
at the point =0, B= 4.
For comparison, we give in the first line of Table 1 the value of the same coefficients

Co/N, where N =24yR’I? /Enh . calculated by means of the theory based upon the

hypothesis of non-deformable normal [7.12]

The comparison shows that the results obtained on the basis of the latter theory essentially
differ from those derived from the theory offered in the present paper. We see that even in
the case of an isotropic shell the error incurred in the classical theory (based upon the
hypothesis of non-deformable normals) can amount to 15%. In the case of transversely
isotropic shells the error can become quite substantial for the case of the example considered

here, depending on the ratio E/ G'. For instance, in the case of ratio E/ G'=10 the error
just mentioned rises to 35%.
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HANPSIKEHHOE COCTOSIHUE MOJIYILJIOCKOCTH C BbBIXOJAILIINM HA
I'PAHUIY ABCOJIIOTHO KECTKUM BKJIIOYEHUEM U TPEIHI/IHOI7I
AxonsiH B.H., Amupmkansin A.A.

Putiunh punbkp’ gwp, ngwn ukpypuily, jupdusughtt h&wl, uhignijjup hnkgpu hujwuwpnud
KioueBble ciioBa: TpelinHa, KECTKOE BKIIOYCHHE, HANPSHKEHHOE COCTOSHUE, CHHIYJISIPHBIC HHTETPAIbHBIC
YpaBHEHHSI.

Keywords: crack, rigid inclusion, stress state, singular integral equations

Zwynpjuit 9. L., Gdppombywut 2.U.
Gqp nnipu Eynn pugupduly Ynon ukpnpuly b Smp wwnpnibwlnyg
Jhuwhwppempjubh jupdusuyght Jhdulp

Munidtwuhpdws E Eqp goipu Eynn  puwgwpdwl Ynpm  tbpnpul b bpw  widhowljub
owpnibwlnipniip juqunn Yykpowynp fwp wwpnibwlnng Jhuwhwppnipjut hwpp nhdnpiughni
Jh&ulyp, kpp wyh nEdnpuiwmgynud £ ukpypuljh sugpulbnnmd jhpunjws b kqph htin npnowljh wilynih
Juqunn JEunmpnuwgws nmdh wqpbkgmput wwly: Mughpp  phpdwd b Unpme punhwbpugjus
Ynphqukpny uhlignijjup hunbigpuy hwjwuwpnudubph hwdwljupgh, nph (nsnulp Yurmgyus k
dkhiwhjuljut punwlniuugdwt pwtwdltnh dkpnnh oqunipjudp:

Hakobyan V., Amirjanyan H.
Stress state of semi-infinite plane with absolutely rigid inclusion and crack

The plane stress state of elastic semi-infinite plane, containing perpendicularly situated collinear absolutely rigid
inclusion and crack along boundary is considered. The case, when inclusion is on the boundary and crack continues,
is discussed. The stated problem mathematically formulated as a system of singular integral equations with Cauchy
generalized kernels. The solution is built by the method of mechanical quadratures.

HccenenoBaHuio KOHTAKTHOTO B3aUMOJICHCTBUS YIIPYTOH MOJIYINIOCKOCTH ¢ KOHEYHBIMU aOCOIIOTHO KECTKUMH
i 1ehOpMHEPYEeMbIME BKITIOUSHUSIME, IIEPIEHIUKYIIPHO BHIXOASAIIMMH Ha TPAHUITY IOIYIIOCKOCTH, HOCBAIIEH
psin pabor [l1-4 ]. B macrosmeit paGoTe HCCIEIOBAHO ILIOCKO-Ie()OPMHPOBAHHOE COCTOSHUE YIPYrou
TIOJTYTIIIOCKOCTH, COZIEPIKAIIei pacIioNoKeHHbIE MEePIIeHANKYIAPHO K TPaHHIIe KOJUTHHEapHbIe a0COTIOTHO KECTKOE
BKJIIOUEHHE M TpemuHy. PaccMoTpeH ciy4aif, Koria BKIIOYEHHME BBIXOJMT Ha TpaHuIly, a TpEIlHHa
HEMOCPECTBCHHO MPOJOIDKAET ero. 3ajada MaTeMaTHdecku (HOPMYIHPYETCss B BHIE CHCTEMBI CHHIYJISPHBIX
HHTETPaJbHBIX ypaBHEHHUI ¢ 0000mEHHBIMY siapamu Ko, pemene KoTopoii CTpOUTCSI METOIOM MEXaHHIECKUX
KBaJpaTyp.

Beenenne

HccnenoBanue BOIPOCOB B3aMMOBIHMSHHUS —Pa3IMUHBIX THIIOB KOHIIEHTPATOpPOB
HampsDKeHUH TUTa TpemuH (pa3pes3oB, Ienei), aOCONMIOTHO >KECTKUX WM HHOPOIHBIX
BKIIIOUCHHH MEXAy CcO0OH U ¢ OAHOPOAHBIMH WJIM COCTaBHBIMH MAacCCHUBHBIMU
JnehOpMUPYEMBIMH TEJIAMH SBIISETCS OTHUM M3 IPUOPUTETHBIX HANPABICHUH KOHTAKTHBIX
Y CMEIIaHHbIX 33124 TEOPHHU YIIPYTOCTH, CHOPMHUPOBAHHOE B [TOCIICAHUE NECITUIICTHS. YUET
B3aUMOJICHICTBHS PA3IMYHBIX THUIIOB KOHIIEHTPAaTOPOB HANPSDKEHHHM YacTO MPHBOIAUT K
HOBBIM ITOCTAaHOBKAM KOHTAKTHBIX U CMEIIAHHBIX 3a]a4, KAUeCTBEHHO M3MEHSET XapaKkTep
KOHLCHTPALlMM HANpPSHKEHUH, CYIIECTBEHHO BIMSET Ha II0Ka3aTelb OCOOCHHOCTH
HaNpsDKEHUH U Ha paclipe/ieIeHUue HapsHKeHUH B 30HaX KOHIIEHTpauuH [5].
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OTO HampaBlIEHUE TECHO CBS3aHO TaKXKe C BONPOCAMHM MPEJOTBPALICHUS
pacnpocTpaHEeHHUs TPEIIMH B TBEPABIX Ie(POPMHUPYEMBIX TEIaX, YTO SBIACTCS aKTyaJlbHOH
npoOJIeMoil He TOJIBKO C TOYKM 3PEHMS MEXaHWKH Je(OpMHPYEMOro TBEPAOTO Tena U
MEXaHUKU pa3pyLIeHUs, HO ¥ UMEET OTPOMHOE IPAKTUYECKOe 3HAYCHHE MpU pacyérax
Pa3ITUYHBIX KOHCTPYKIUH U UX A€Talel Ha IPOYHOCTh U AOJITOBEYHOCTb.

IHocTanoBKa 3a1a4M ¥ BBIBOJ ONpele/sIIOIIUX YPABHEHUH

[Tycth ynpyrast MOSyIUIOCKOCTh, OTHECEHHAS K TOJSPHOH cucteme koopaunat Or@ , u
sauumMaromas o6macts {0 < 7 < oo, —7'5/2 << 7'[/2} , Ha MHTepBajax (O, a)n (a,b)
maann @ = (0 COOTBETCTBEHHO ycHieHa abCOMIOTHO JKECTKMM TOHKAM — BKJIIOYCHHEM H
pacciiabjeHa KOHEUHOH TpeuuHol. ByneM cuuTarh, 4To MONYIUIOCKOCTh AedopMupyercs
MOX BO3/EHCTBHEM COCPE/IOTOUEHHONH Harpysku Bennumusl [}, mpuiokeHHoil K
BKiouennio B Touke 7 = (0 u cocTaBnsromeii ¢ rpanuueit momynuockoctu yron o (¢ur.1).

TpebyeTcst onpenenuTs KOHTAaKTHBIE HANPSDKCHUS, NEHCTBYIOMINE HAa y4acTKaX KOHTAKTa
BKITIOYCHUS C TOIYIUIOCKOCTBIO, PACKPBITHE TPEHIMHBL, KO3()(OUIIMEHTH MHTEHCHBHOCTH

paspymaromux Hanpsokennit a muaan O = 0, a Takske yron moBopoTa BKIIOUEHHS.

P 0
a »
Yy
a
b
v X
ODur.1

MBICIIEHHO pa3/eNiiM TONYILIOCKOCTh 1o MuHud @ = () Ha ABe 4eTBepTH-IUIOCKOCTH |
CHAOUM KOMIIOHEHTHI HANPSHKEHUN U MEPEMENICHHUH, OTHOCAIIMECS K TOUYKAM YETBEPTh-
nnockocreit D, = {0 <tp<n/2;0<r< OO} , BepxuuMu uHpekcamu (+ ) u (—)

COOTBETCTBEHHO. Torja TIOCTaBJICHHYIO 3aJadyy MoOXeM c(hOopMyJMpoBaTh B BHIE
CJeNyoUIe CMEIIaHHOM I'PaHUYHOM 3aJauu:

T, (rxn/2)=0; o, (r,£1/2)=0; (0<r <o)
u; (r,0)+iu, (r,0)=u, (r,0)+iu, (r,0); (b<r<ow) (1a)

o, (r,0)=it,, (r,0)=c,(r,0)~it, (7,0);(b<r <o)
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+ . -
u, (r,0)+iu, (r,0)=c+iyr; (0,a)
(16)
+ — B -0
c,(r,0)=—0c,(r); t,,(r,0)=0; (a,b)
3aech u,i (V,(p) u ui (}’, (p) — KOMIIOHEHTBI CMEIIEHUS TOYEeK O00acTeit Di ,
YIOBIIETBOPSIIONINE YypaBHEHMSAM JlamMe W CBA3aHHBIE C KOMIIOHEHTAMH HAaIlPsHKCHUH
G(ip (I’,([)) u ’Cz (r,(p) n3BeCTHBIMH (hopMmysiamu 3akoHa ['yka [7], C u Y — mocTosHHbIE,

OTIPEICIISIONINE COOTBETCTBEHHO TOCTYIATEIbHOE IBIYKEHUE U TIOBOPOT BKITFOUCHHUSI.
UroObl pemmTh IOCTABICHHYIO 3aJady, CHadala IOCTPOMM pPa3phIBHBIC pEIICHUS
ypaBHenwuii Jlame aist monyrutockoctd. C 3ToM 1enblo BBEIEM B pacCMOTpeHHE (YHKIHIO

CKauKOB Hanpsukenuii Y (7') , NeHCTBYIOMX HA BKIKOYEHHE W PA3HOCTH CMELIEHHi TOUEK

Geperos tpewwmnsr W (r):
[G; (r,0)—it,, (r,O)] —I:G; (r,0)-it,, (r,O)] =
x(r) (0<r<a)
B {o (a<r<b)
[uf (r,0)+iu; (r,O)]—[ur_ (r,0)+iu; (r,O)] =
0 (O<r<a)
_{W(r) (a<r<b)

PermmB npu momony mHTETpaIFHOTO MIpeodpa3oBanus MeumHa [5,6] BcmoMorarenbHy0
TPaHUYHYIO 3ajady, ompernensemMyio ycioBusmMu (la) m (2), BBIpa3UM KOMIIOHEHTHI

2

HANPSUKEHHUST H IPOM3BOTHBIC OT CMEIICHHI Yepe3 BRe/GHHbIC HenpecTHbIe hynkimu ¥, (7)
u W (r). Honyunm:
d[ r 0 +zu (r,O)} W'(r) i(82 82)

—+ ) {jze“ ror (), +

dr 2 29,
b b 3)
+jR12 (r,ro)W’(ro)dro +IR13 (r,ro)W’(ro)dro}; (0 <r< oo)
3 (015, (r0) = L B TR ()
0
4

b a
+J-R22 (V,Fo)W'(rO)dro +J-R23 (r,ro)i(ro)dro}, (0 <r< oo)
a 0

rac
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nln-r n+r (r,+7)
C 2, 1y (ry—r)

R _ 12 0o o\"o .

2 (rn) n {roz—r2 (r,+7) }’

R (r.n)= 20 o Ry (r.1y) =Ry, (r.7)/ Gy
n(S;-Sf)(ro +r)2

1 2r,  2r(r—r) 29, ¢
R . = — 0 — 0\°0 ; R , — 2 0 :
2 (1) n9, {roz -7 (r, +r)3 } 5 (r21) n9, (,,0 +r)2

9 +9 2(9,-9,) 9, N
8, -9 9, +9, 9, 9 -9
1 A+2u

20 n)” 7 2u(aep)

a A u - kodpduiments Jlame.

Hanee, ncions3ys ¢opmynsl (3) u (4), yaoeiaersopuM ycioBusiM (16), mepBoHaYaIBHO
npoauddepeHiupysi neppoe W3 HUX. B urore npuaéM K - CICAYIOIICH CHCTEME
OIPEAEIIAIOIINX CUHTYJIIPHBIX HHTEIPAIbHbIX YPABHEHUMN:

a b
_[R“(r,ro)x(ro)dro +JAR12 (r,r W' (ry ) dry +
0 a

b
+IR13(r,r0)VI_/'(r0)dr0:—y* (0<r<a)
’ , )
R, (r.1y)x(r ) dr, +J-R22 (r,r))W'(ry )dry +

O ey

+_IR23 (ron)T(n)dry = (r), (a<r<b)

. 2i9, 29y
Go(r): GO(F); " 2 a |

91 82 - 91
Cucrtemy (5) Hy)KHO pacCMaTPUBATH COBMECTHO C YCJIOBUSIMU PABHOBECHUS BKITIOUEHHS U
HEMPEePHIBHOCTH CMEICHNH B KOHIEBBIX TOUKAX TPEI[HHBI:

a b a
Ix(r)drzPJ; IW'(r)dr:O; Rejrx(r)drzo;
0 p 0 (6)

(B =Re").

28



[Tpy momoIu 3aMeHbI MEPEMEHHBIX 7 = a(s +1) / 2, r= a(x+1) /2 wa HHTEPBAJIE

(O,a) u 1y = ps+gq, r:px+q(p=(b—a)/2;q:(b+a)/2) Ha MHTEpBae

(a,b) , cucreMmy (5) copmynupyeM Ha HHTEpBaie (—1,1) u, BBels Oe3pasMepHbIe

GhyHKIHH
¢ (x) :ax(a(x+1)/2)/PO; 0, (x)=W'(px+q);

(03 (x) =0, (x); ?, (x) =0, (x)9

an/meM K cnez[y}omen CHCTeMe CHHTYJIIPHBIX HHTETPAJIbHBIX YPAaBHEHUH :

I Z j K, (5,%) @, (s)ds = f, ().
!
YCHOBH;I (6) IIPH 3TOM anMyT BUL:
1

_[(Pl )dx =¢" I(x+1)(p1( )dx =0; J.(Pz )dx=0.

-1
3z[ec1, BBEIEHBI 0003HAYECHUS:

[4(1—v)2+(1—2v)2} 2(s+1)(s—x)
ae(s+x+2) ’ as(s+x+2)3 ’
4(1-v)E,  (s+1y)
® (S+k4x+2k2)2’

K, (x S)_(l—zv)EO 1 1
PET (lev)e |s—hxdd, sEAXHA,

+2(s+7»3)(s—7u4x+7nl) .
(1—2\/)(s+7u4x+k2)3

KZI(X’S):_(H\/)(I—ZV){ 1 . 1

+
E, AS—x—=A, A;S+x+A,

K“(x S)=—

K, (x s):—

20, (s+1)(As—x—24) |
(1—2v)(7»4s+x+7»2)3 ’

O]

®)
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1 N (S+;\, )(s x)
SHX+2A, (s+x+21,)

K, (x,s) =

I U ) R REED)
E, (X4s+x+27\2)2,
)=K31(x,s):K24(x,s)=K42(x,s):O;
K, (x,s) =K, (x,s); K, (x,s) =K, (x,s);
)=K,(x,5); K, (x,8)=K,(x,5);
K43(x,s):K21(x,s); K, (x S)=K22(X,S);

CA(l-v)y )
pTpRY )fz() £i(x)

4(1-v*) ac,(a(x+1)/2
:_¥co(x); o, (x)= o - ),
0 0
E0=£;7h1= . ;7\‘2:%4—2; 7"3 7“+1 7\‘4=L; }\‘:2>1;
P, r—1 r-1 A1’ r—1 a

4gpTouKa HaJl PYHKIMAMH 03HAYAET HX KOMIUIEKCHO-COTIPSKEHHbIE BEMMUUHBI, £ —Momyms
YIPYroCTH MaTepHala MoJymiockoctu, V — ko3ddunuent [lyaccona.
OTMeTnM, YTO pelIeHne CUCTeMsI (7) TIpH YCIOBHIX (8) MOYKHO NPEACTaBUTh B BUE:

9,(x)= (p(jl) (x)cosa+(p£2) (x)sina  (j=1-4),
rze GyHKIUN q)_(/K) (x) ( j=1- 4) npu k =1,2 SBISAIOTCA COOTBETCTBEHHO PEMIEHUAMY
cucremsl (7) ipu yernosusx (8), korma o0 =0 u o0 =7/ 2 . CnenoBatensHo, yUUTHIBAS, 9TO
YTOJI TOBOPOTA BKIIOYEHHs B cloydae OL =70/ 2 paBeH Hymo BBHIYy CHMMETPHHU 3aJadi
otHocutenbHo ocu ) , 11 yria MOBOPOTa BKIIOYEHHH NPU JII060M 3HaUeHHH O OyaeM
UMETh QopMyITy:

¥.(a)=v.(0)cosa.

3aMeTHM Takxke, 4TO Oe3pa3MepHbIe KOHTAKTHBIE HANPSHKEHHS [0J] BKIIIOYEHHEM,

3amaBaeMble Gopmynoit (4) mpu (0 <r<a ), B HOBBIX 0003HaUEHUAX depe3 (yHKIUU
Q; (x) (] =1 —4) Oy/lyT NIMETB BHI:

v (x) = alo, (a(x+1)/2,0)1;irf(p (a(x+1)/2,0)] _

)
_iq)léx) 17511—2\\:))J'(P1(S dS+Z3:J.Q (x,8)0,(s)ds (-1<x<]1),

1 -1
rae
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2i(1-2v) L, (s+1)(s—x)
n(1-v) |(s+x+2) (1—2v)(s+x+2)3

o) (x,s):—

b

0, (x5) = iE, : 1 ~ 1 +2(s+x3)(s—x4x:rxl) ;
An(1-v?) | s=hex+2,  s+hx+h, (s+hx+1,)
2i  (s+1)
X,8)=———,
Q3( ) 7T(s+x+2)2

a Ge3pasMepHble pa3pylIalolie HaPsHKEHUs Ha TMHUU (P = Ompu 7 > b OIIPENEIATCS 1O
thopmyne
alo, (a(x+1)/2,0)—it,, (a(x+1)/2,0)]

i

iE, l (Pz(S) 2
:‘4n(1_v2){f1 s_xd“Zszk (Saxm(ﬂds}

k=1 _1

1 (x) =
(x>1) (10)

I[Mpu mnomomm 3ToM  (GOPMyYINBI  HETPYAHO OMNPEACIUTh TaKXKe IMPUBEIEHHBIE
K03((ULMEHTHI MHTEHCHUBHOCTH Pa3pyLIAIONINX HANPSDKEHUH B KOHLEBOM TOYKE TPEIIUHEI

r=b , YTO COOTBETCTBYET TOUKE X = 1:

K, (1)—iK, (1) = lim vx -1y (x) (11)

x—>14+0
Jlnist onpeniesieHust sxe MpUBEAEHHOTO PACKPBITUS TPEIIMHBI OyeM UMETh (OpMyJTy:

v*(x):glmW(a()Hl)/Z):Imj@z(s)ds. (12)
|

Pemenne onpenesisiroieil cucTeMbl ypaBHeHU

Pemenue ompenensromeit cuctemMsl ypaBHeHHH (7) mpu ycioBusx (8) OyoeM CTpOUTH
METOZOM MeXxaHWdeckux kmanparyp [10]. s oToro ompenenum IMOBeIeHHE HCKOMBIX
(YHKUMI B KOHIEBBIX TOYKAaX MHTEPBAIOB MHTErpHpoBaHHs. C STOH LENBI0 3aMETHM, YTO

¢$yHKIMH Kij (x,s) (i, J =1—4) — perymsipHble (DyHKIMHM ITOYTH BCIOAY B KBajpate
(—1 <x,s< 1), ObITh  MOXET, kKpome Touek X+ =0, rme oHm Moryr wumersh

HETIOABIDKHYIO0 0coOeHHOCTh. [lanee, Mmerogom MycxenumBuiy [8] HETPyIHO YCTAaHOBUTB,

uato dymKums Q; (x) ( j= 1,3) , KaK ¥ CJIeJIoBaJIo 0KUuath [9], B KoHIeBoit Touke 7 =0

(x = —l) MMeeT 0COGEHHOCT THIIA (x + 1)'371 (0 <B< 1) , T/le okasatens [3 aBnsercs

KOPHEM TPaHCIIEHAECHTHOTO YPaBHEHUS

2 2
sinzﬁ:w—ﬁ—; (& =3-4v).
2 4 x
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B Touke r=a (x = il) byHKIMN Q; (x) (] =1—4) UMEIOT OCOOEHHOCTh THIIA

1
**il—B .
(lix) 2 (Bl zlnaa/Zn). B Ttouke ke ¥ =b (x :1) dysKin @ (x) (] 22,4)
UMEIOT OOBIYHYIO0 KOPHEBYIO OCOOCHHOCTB.
Hcxons u3 3T0r0, ICKOMBIE (DYHKIMH TPEACTaBUM B BUAE :

o, (x)= <Pf_(x) ()= = )(P’E(Ei)x)o.wl , (13)

(1=x)"" (1+x)

rne (p: (x) (i 21,2) — HeTpepbIBHBIE TJaJkue (QYHKINH, OTpaHUYCHHBIE Ha OTPE3KE

[-11].

3ametuM, 9TO B 3TOM ciydae no Gopmyne (11) ams ompenmemeHus Oe3pa3MepHBIX
K03 (GUIMEHTOB HHTEHCUBHOCTH Pa3pyIIAIONIUX HAPSDKEHUH B KOHLIEBOH TOYKE TPELIUHEI

7 =b nomyuum popmyy:

K-, 0= S0

IMoncrapnsas mpencraienus (12) B (7) u (8), HAa OCHOBE MeTOJa MEXaHUYECKHUX
kBazaparyp [10], npuném K cienyromeii cucreme anredpandeckux ypaBHEHHUH:

Z {M}@;(Sik)-q-i y xk, ;(Sip)znfm(xk)
Z w01 (5) = w3 (ss) = Z 93(s;) =0 (j=2.4).

3nech S, (izl,n; k=1,2) — KOpHH monuHOMa  SIkoOu Pn(yk’ck)(x),

X, (k =1,n —1) — KOPHH MOJMHOMA Sh<0614P(V’ o) (x).(y,0,) =(B-1,-0.5+iB,);
(Y,,0,) =(=0.5-iB,,f -1
o) Qr(lYk’Gk)(Sik) ’

n+y,+0; })n(z,fj(’k)(sik) ’

Q’SYk’O-k)(Z) .
Q}Smm) (Sik) ’

q.(z)=

ik —

( 5 jwlzmm F(n+yk)F(n+Gk)

r(2n+2+7y, +o,)

2
F(n+1,n+yk;2n+2+yk+0k;j
z—1 1-z

o) (z) = ze[-11]

(0 (z+i0)+ 0" (z-i0))/2 (-1<z<1).
Takum oOpa3oMm, TOIy4eHAa 3aMKHyTas CHCTeMa I ONpeAelicHHs 3HAYCHHH

* . P T~
0, (Sl.k) (l=l,n; k=1,2), HOCPEACTBOM KOTOPBIX MOYKHO BBIYUCIUTH 3HAYEHHUS
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* .
PEryJIPHBIX YacTeil HCKOMBIX CKaYKOB 00€3pa3MEpPEHHbIX HANPSHKEHUH ; (x ) ( Jj= 1, 2)

B HpOPI?,BOJ'II:HOﬁ TOYKE OTPE3Ka [—1, 1] .

YucjieHHbIe PacYEThI

IIpoBeiéH YMCIIEHHBI aHalIW3 IOCTABJICHHOM 3aladyd M M3Y4YeHbl 3aKOHOMEPHOCTH
W3MEHEHHsI paclpenesieHnss KOHTAKTHBIX HANPSDHKCHUH 1O/ BKIIOYEHHEM, yTiia TOBOpPOTa
BKJIFOUCHHUS, PACKPBITHSA TPEIMHbI U KOA(P(UIMEHTa WHTEHCUBHOCTH pa3pylIArOLIUX

HANPSKEHUIl B KOHIIEBOI TOUKE TPEIIMHBI B 3aBHCHMOCTH OT COOTHOMeHMs A =d /b n
yrma Ol B cioydae, Korga Oepera TpeIIMHBI CBOOOJHBI OT HANpsDKEHHWH, T.€., Korna

*
o, (x)=0.
PesynbraThl BEIUMCICHHH TPUBEICHEI B (hopMe Ta0imI ¥ rpadukoB. B Tabm. 1 mpuBeneHbt

3HA4YCHUS HpI/IBCZ[éHHOFO yrijia mOBOpOTa BKIIFOUYCHUSA 'Y* (O) B 3aBUCHUMOCTH OT U3MCHCHUA

ko>(dummenta Ilyaccona V B ciyuae, korna A =2; E, =10 . Vs ueé sunno, uro npu

yBennueHnn koadpunnenta [TyaccoHa yron noBopoTa BKIIOUSHHH yMEHbIIAETCS.

Ta0namma 1. Yron noBopoTa BKIOYEHUS Y (O)

v 0.1 0.2 0.3 0.4 0.45

v(0) | 02965 | 02936 0.2845 0.2683 0.2571

B Ta6u1.2 npuBeneHbl 3HaueHUs NPUBEASHHOrO Koddduimenra unrencusHoctn K| (1) B

3aBucuMocTH oT A B ciyuae, korma oL ="1/2, E, =10 u v=0.3. U3 >10if Tabmumm

SABCTBYCT, 4YTO MPHU YBCINYCHUU 7\,, 4TO MIpU IIOCTOSIHHOM JJIMHE BKIKOYCHUSA MOXKHO

TPaKTOBaTh KaKk YBEJIMYEHWE JUIMHBI  TPEUIMHBI, NpUBEAEHHBIH  Kod(dumeHt
MHTEHCUBHOCTH YMEHBILIAETCS, T.€., YeM KOpOYe TPEIIMHA, TeM OOJIbIlle BEpOATHOCTH €€
pacnpocTpaHeHHUs.

Ta6auua 2. Kospduuuent unrencusHocru K, (1)

K (1) | 07617 03292 02162 | 0.1636 | 0.1319 | 0.0946
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B Ta611.3 npuBeIcHBI 3HAYEHUS TTPUBEIEHHOTO KO3 uIMeHTa HHTeHCHBHOCTH K| I (1)
u KH (1) B 3aBHCUMOCTH OT yTjia Ol B ciaydae, Korja A= 2; Eo =10 u v=0.3. U3 s1oi

TabJIMIBl BHIHO, YTO NpM yBeluueHuu yrma O K| (1) ysennuusaercs, a K| (1)

YMEHBIIACTCA.

Ta6mmua 3. Koodduuuents! narencupHoctelt K, (1) u K (1) (mpu v=0.3)

(0] 0 /6 /4 /3 /2
K, (1) 0 0.1080 0.1528 0.11872 0.2162
K, (1) | 00258 | 00224 0.0183 0.0130 0

Ha ¢ur. 2 u 3 npuBencHbl rpad)MKd HOPMAIBHBIX COCTABJIIOIINX HMPUBEAEHHOIO
PACKPBITHS TPEUIMHBI COOTBETCTBEHHO B cityvasx, korna 0 =7/2, £, =10, v=04 u
xorma A0=7/2, A=2; E, =10 . B nepsom cryuae uccienoBana 3aKoHOMEPHOCTH

HU3MCHCHUS HpI/IBe[léHHOFO PacKpbITUA TPCUIMHBI B 3aBUCHUMOCTU OT IapaMeTpa 7L, a BO
BTOPOM cliy4ae — B 3aBUCHMMOCTH OT Ko durmenra [Tyaccona. Kak Bugno u3 duryp, npu

YBEMYEHNH A TIpUBEJEHHOE PACKPHITHE TPEIIMHbI YMEHBIIAETCA, a MPH yBETHUCHHH

ko3¢ ¢punnenra [lyaccona — yBennunpaercs.

0.08

0.5 1.0

dur. 2 ®wur. 3
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Ha ¢wur. 4 1 5 COOTBETCTBEHHO IpHBE/ACHB I'paQUKU TNPHUBEAEHHBIX HOPMAJBHBIX M

KacaTeJbHBIX KOHTaKTHBIX HaNpsKeHWH B ciydae, korna O.=7/2,b/a=2, n

v=0,4.

Rey? (x)

-10 -05 0.0 05 1.0
Our. 4 dur. 5

Brruucnenns IMOKa3bIBAOT, YTO KOHTAKTHBIC HAIPS?KCHUS MPAKTUYCCKHU HE 3aBUCAT KaK OT

napametpa b/ a , tak u ot ko3 unmenra INyaccona.

3akmiouenue. [ToctpoeHo 3¢ pexTuBHOE pereHne 3a1auu 0 MWIOCKO-Ae(OPMUPOBAaHHOM
COCTOSIHMM YIPYTIOH IOJYIUIOCKOCTH, COJEpKalllell NepHeHAMKYJSPHO BBIXOISIEE Ha
rpaHuLly abCOJIIOTHO JKECTKOE TOHKOE BKIIIOYEHHE U HEIIOCPEACTBEHHO MPOJI0JDKAIOLIEE ero
KOHEYHYIO TPEIIMHY. BBISBICHBI 3aKOHOMEPHOCTH M3MEHEHHS! KOHTAKTHBIX HANPSHKCHHH,
JEWCTBYIOIIMX Ha JUIMHHBIE CTOPOHBI BKJIIOYEHHSI, PACKPBITHS TPEIIMHBEI 1 KO3 (HuIreHTa
MHTEHCUBHOCTHU Pa3pylUAOLIUX HAIPSDKEHUN B KOHLIEBOW TOYKE TPEUIMHBI B 3aBUCUMOCTHU
OT (PM3UYECKO-MEXaHNYECKUX U T€OMETPHUYECKUX XapaKTEepUCTHK 3agadd. IlokazaHo, 4TO
YeM MEHbLIe JUIHA TPEIIUHEL, TeM 0oJblie KO3((GHIMEHT HHTEHCUBHOCTH Pa3pyLIAOIIIX

HaIpsDKeHUH, ¥ CIIe0BaTeNIbHO, OOJIbIIIE YIPO3a pacipoCTpaHEeHUs TPELIMHBI.
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2U8UUSULP @bSNPhE3NPULLESD ULQUSPL UUUAGUTUSE SENtulahr
M3BECTUS HALIMOHAJIBHOM AKAJIEMUU HAYK APMEHUH

Uthuwtthlju 68, Nel, 2015 Mexannka

YK 539.3
HANPSIKEHHOE COCTOSIHUE KPYT'OBOT'O IUCKA B YCJIOBUAX
I'TAJKOT'O KOHTAKTA HA BEPEI'AX TPEIIMHBI
Hepcucsan I'.I'., Capresin A.M.

Puliunh punbp: opgwtughtt ujudunwl, swpwynuyhtt Lwp, nnnplj Yntnwljn, thnthnpwljwtbph
whgwwndwl knwbwly, jupnidubph kqujhnipeinit, Equjhnipjut gnpdwlhg, Ukpwihjulwt hdwuwn:
KuroueBble c10Ba: Kpyriblil JUCK, painanbHas TPEIIMHA, [IAJKUIl KOHTAKT, METOJ Pa3/elCHHUs MEPEMEHHbIX,
0COOCHHOCTD HANPSDKEHUH, KOIQPUIHEHT 0COOCHHOCTH, MEXaHUYECKHI CMBICI.

Key words: circular disk, radial crack, smooth contact, method of separation of resiables, singularity of stresses,
coefficient of singularity, mechanical sense.

Uhpuhyuh ¢.9., Uupquyui U.U.
Cwnwynuyht Lwph wthkpht nynpl Ynunulnught yuydwibbpny spgwmbiughtt ujujuwpwlh
(upfudughb hdwyp

Thunwpyyws b pwnwnuyhtt fwpny opowbughtt ujwywrwlh wpwdqulijui  hwjwuwpw-
Yonnipinitp, tpp Swph wihbpp hyynud G Ynown npnodutinh htw, hull ujujuwpwyh tqpugsh Ypu
npyud o 1) tnpudwg b gnpunhnn jupnudiikp, 2) Gnpuwy qupnd b gnowthng  nknuithnjunipynit, 3)
unpdw) nknuihnjunipnit b pnowthnn jupnid, 4) unpdw) b onpwthny nknuihnjunipniutbp:

Ipyws fuunppubph thwly msnwdubpp uvnwgyl) Bu thnthnpwuiubph wipwndwb Ukpnnny:
Zhnwqnunjus ko qupnudubph Bqujhnipnibbpp U Equihnipjubt gnpswyhgubtph Juppp &wph
ququph opgwljuypnud:

Puguwhwpnjuws k ujujurwulh tqpugsh ypu kqpuyhtt wuydwubtph dholt juwyh dbuwthjulut
huwuwnp, nptt wpwgwiinid k jmpupwibiginip juinph musdw pinhwgpnid:

Nersisyan G.G., Sargsyan A.M.
Stress-state of a circular disc in the conditions of smooth contact on the borders of the radial crack

An elastic equilibrium of a thin circular disc with a radial crack, the borders of which are in contact with the
rigid stamps without friction, and in the contour of the disc 1) normal and tangential stresses, 2) a normal stress
and a tangential displacement, 3) a normal displacement and a tangential stress, 4) normal and tangential
displacement are given, is considered.

The closed solutions of the stated problems are obtained by the method of separation of variables. The
singularities of the stresses and the behavior of the coefficients with the singularitiy in the vicinityof the crack top
are investigated. Mechanical sense of the correlations between the boundary conditions given on the contour of the
disc and appeared during the solution of each problem, is established.

PaccmarpuBaeTcst ympyroe paBHOBECHE TOHKOTO KPYTOBOTO JHCKAa C paJdalbHONH TPEIIMHOH, Oepera
KOTOPOTO CONIPUKACAIOTCS C KECTKUMH LITaMIIaMH 0e3 TpeHHs, a Ha 00BOJE JUCKA 3aJaHbl: 1) HOpMalbHBIE U
KacaTeJIbHbIE HANpPSDKEHUs, 2) HOPMAJbHOE HANpPSDKEHHE M OKPYXKHOE IepeMelleHue, 3) HOpMalbHOE
nepeMelleHIe U KacaTelIbHOe HalpsDKEeHHe, 4) HOpMalIbHOE U OKPYXKHOE IepEeMEIIeHHS.

3aMKHYTbHIe PELICHHs NTOCTaBJICHHBIX 3a/iad MOITYYalOTCsl METOMOM pa3JeleHusl lepeMeHHBIX. Mcenenyrores
0COOCHHOCTH HANPSDKEHUI M NOBeNeHUs Kod(P UIMEHTOB NpU 0COOCHHOCTH B OKPECTHOCTH BEPIIMHBI TPEIIUH.
VYcranaBIuBaeTCsl MEXaHHYECKHH CMBICI COOTHOIICHHH MEXTy 3aJaHHBIMH Ha O0OBOJAE IHCKA I'PAHHYHBIMU
YCIIOBUSIMH.

BBenenne. Bompocy 00 0COOEHHOCTH HampsHKEHHH B OKPECTHOCTH BEPIIMHBI
TOHKOTO KPYTOBOTO CEKTOpa ¢ MPOM3BONBLHBIM yriom pactBopa O (0 < oL < 2T), xkorma

Ha paguajibHBIX CTOPOHAX MMCIKOT MECTO YCJIOBHS I'JIaJKOI'O KOHTAaKTa, a Ha IlyFOBOﬁ qacTH
KOHTYpa 3aaHbl pa3JIMYHbIC I'PAHUYHBIC YCJIOBUSA, MOCBALICHO 3HAYUTCILHOC YUCIIO pa60T

[2—6]. B nanHoif paboTe 5TH 3a4aunm paccMaTpUBAIOTCA Ha ciydaii O =27, T.e.
UCCIIeyeTCsl yIpyroe paBHOBECHE TOHKOTO KPyroBOTO JKCKa, Ha Geperax KOTOPOTro MMEIOT
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MECTO YCJIOBHS TTaJKOT0 KOHTaKTa, a Ha O0BOAE IMCKA 3aJaHbl YETBIPE PA3THMYHBIX
TPaHUYHBIX YCIIOBHH.

IMocTtanoBka 3agauyn. OTHECEM KPyTroOBOU AMCK K JEKAPTOBOM M MOJSIPHON CHCTEMaM
KOOpJWHAT, KaK MoKa3aHo Ha ¢wur. 1.

OyHKUMS HaNpsDKeHHsT DpH, YAOBIETBOPSIONIAs OUTapMOHHUYECKOMY YpPaBHEHHUIO,
umeer Bua [1]:

_ Al + + + +
®(r,g)=r""[ AS; +BC; +CS; +DC; |. (1)
rae A B,C,D — mocTosHHbIE MHTEIPHPOBAHHS, A — MPOM3BOJbLHBII MapaMerp,

S, =sin(L%)p, C; =cos(L%)q.

Ha Geperax TpemuHbl TpaHUYHbIE YCIOBHUS TaKOBHI:

AY rr(p(r,O):u(p(r,O):O, )
T, (r.2m)=u,(r,2m)=0. 3)
o, (1’ (D) Ha 00Boje mucka 3amaHbl YeThIPe Pa3HbBIX

TPaHUYHBIX YCIIOBHH:

7(L0) 6 (Le)=t (o). . (Lo)=F,(0).
X 20(Lo)=f(e). u,(Lo)=f(¢).
3.U(Lo)=f(¢). 7, (Lo)=f,(9),®

f (7)

4. u(Lo)=f (0), u(Leo)=f, (o).
B ycnosusx (4) - (7) T, (0) =f, (ZTC) =0.

dur.1
Pemenne
HampsbkeHust BRIpaXaroTcs yepe3 GYHKLIUI0 DU CIEIYIOIUM 00pa3oM:
R X U I S O P Y ©
“rar rrrar” % T alrad )

C momompro 3akoHa ['yka, cootHomenus Komm u dopmyn (1), (8), ompenmemss
HANPSKEHUS Tr(p(r,(p) A TIEpEMELICHUS U(p(r,q)) A YIOBJIETBOPSS TI'PAHUYHBIM

ycnoBusim  (2), (3), mns HemsBectHoix A B,C,D mnonyuum OZHOPOIHYIO CHCTEMY

JMHEHHBIX anredpanmyecKux ypaBHeHuil [2, 3].
VYcioBUe CyIIecTBOBAaHUS HETPUBHUAIBHOTO peIleHus 3Toi cucteMsl qaér A=C =0

"

sin(k+l)2n-sin(7u—l)2n=0. 9)
Kopnu ypaBHeHust (9) — neiicTBUTENBHBIE U IPOCTHIE

A =k/2+1, A, =n/2-1, ch)

IpUYEM,

A, >0, A >0. (10)

VYcnosue (10), BeITekatormee w3 TpeOOBaHHS KOHEYHOCTH YHPYTo aedopmaruu B
MaJIoil OKPECTHOCTH BEpIIMHBI TPELIMHbI, HAJIaraeT OrpaHUYCHUE Ha MPeeibl N3MEHEHHS
mapametpoB K u n:

38



k=-1,0,1..; n=3,4,5... (10"
Y4uThIBast, 4TO QYHKINU

®,, =D, cos (A, —1)@+B,r’" cos(?ln +1)(p

YIIOBIIETBOPSIIOT OMrapMOHMYECKOMY YPaBHEHHIO W TpaHuuHBIM ycnousM (2), (3),
¢ynkius  Hampspkernst  Opu ¢ yuérom  (10')  mpumer  cnemyromuii B

®(r,¢)=D_r"*cos@/2+D,r* +D;r’* cos¢/2+D,r’ cosp+

+§‘[Dkrk/2+2 + Bkrk/zjcos ko/2.
kZSHaHpH)KE:HI/ISI 1 MEPEMCUICHUS 3alTUCBIBAIOTCA B BU/IC!
o, =%D_lr_l/2 cosp/2+2D, +$ D,r'? cos /2 +6D,r cosp+
+2[Dkkk (A + 1)1 + B, (Xk +1)rk/2*2}cos ko/2,
5 2 9 12
o, _ZDJ cos@/2+2D, " D,r"? cos@/2+2D,r cos @+ (11)

+Z[Dkxk (-1 )r B, (%, +1)rk/2_2]cos Ko/2,

o0
k=

[%}

T :%D_lrl/2 sin(p/Z—i-%Dlrl/2 sin /2 +2D,r sin @+

+Z[Dkxk (A =D)r 2+ B, (7, +1)rk/“}sin ko/2,

o0
k=

%)

Eu,(r,¢)=D_, (v+/2—4) r'?sin ¢/2+D, (v+/2+4) r¥?sin /2+
JrDz(v+ +4) r’sin (p+i[ Dk(X;W +4) Y2 B A v ! } sinko/2,
k=3
(12)
Eu,=D_,(3v"/2-4)r"” cos ¢/2+2D,v 1-D,(5/2v* ~4)r’*cos /2 -

-D, (3v* —4)r*cos -y [ D, (%v' - 4) r> B A v } cos o Ko,
k=3
HpI/IqéM, JOJKHO UMETh MECTO YCJIOBHUE PaBHOBECHA KaXKAO0I'0 IITaMIla
1 1
j%(r,O)d, =P, j%(r,zﬁ)dr =P, A=htl vi=1tv.
0 0

Bxomsmue B (11), (12) meussectusie D_;, Dy, D;, D,, Dy u By ompenenstorcs

W3 TpaHUYHBIX ycnoBuit (4) — (7):
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1) D_l%coscp/2+2D0 + D]%coscp/2+2D2 cos @+

+i[Dkkk(3—kk)—Bk(ik+1)7~»k}cos§(p: f. (o). (13.1)

k=

[}

D_I%sin(p/2+ Dlisin(p/2+2D2 sin@+

0

+Z[Dkxk 1)+BJ, (xk+1)ik]sin§¢= f, (o).

2) D_licoscp/2—|-2D0 + DI%coscp/2+2D2 cosQ+

+ [Dk}L ~BA, (kk+1)}cos§(p= f (),

Lu

+

D 1(\}2 Js1n(p/2+D (?+4js1n(p/2+D (v +4)s1n(p+
(13.2)

+ Dk X V' +4 +Bk7» \% }singcp=Ef2((p).

w

+

3) —D_1(3\2/ —4]coscp/2+2D0v_—Dl[5\2/ —4jcoscp/2— D2(3v+ —4)cos(p—

_i[Dk (X;\ﬁ —4)+ Eﬁ%v*}cos%cp = Ef, (o),

D, isin(p/2+ Dl%sin(p/2+2D2 sin@+

2 . kK
+ | Dty (R =1)+ Bkkk(kk+l)}sm5(p= f, (¢). (13.3)
k=3

+

4) —Dl(3v —4JCOS(p/2+DO2v—DI(5V
2 2

S +,+ -+ k
—Z[Dk (kk —4)+ BA,v ]cosE(p= f, ((p) E,

D, (%—4]sin(p/2+ D, (V?+4Jsin(p/2+ D, (v+ +4)sin(p+

—4} cos@/2-D, (3\/+ —4) cos p—

(13.4)

+i[Dk (M\ﬁ + 4) + Bkk;vqsing(p =f,(¢)E

k=

%}
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[Moctymas Tak *xe, Kak B paborax [2— 6], ymMHO»as niepBeie ypaBHeHns (13.1) — (13.4)
Ha COS mp/2(m: 0,1,2,...) , @ BTOpble ypaBHEHHs Ha SIn I’TKp/Z(mz 1,2,3,...) u

MHTETPUPYs M0 () B MHTEPBANE (0 21’[) Oy/leM MMETB:

1) D_l=%[ﬁl—3f21] 2D, =—j ¢)de, D, ——%[ﬁl—f ],

D, = ﬁz/zn: f~22/27'c, M Dy zflkz—nfﬂ(, B, (Xk +1)——ka ~ i

2n
. ko - F ko
f. :I f ((p)cos—d(p, fy :I f ((P)Sln—d(P, (k=1,2,3,..), (14)
0

0

npuaéM, MexIy QYHKIUSIMA fl ((p) u f2 ((p) HUMeeT MECTO COOTHOIIEHUE

f,, —f,=0.

(15)
» D (vi/2+4)f,-9/4f,E . Tf |
o n(vi/2-14) 7 7" 2myg (0)de.
1?11 (V+/2_4)_ f21E5/4 fN EfN22
D, = , D,="1=——2 _ (16)
n(v'/2-14) T onm (v +4)
v+ L E(k/2-1) —fy (Vik/2+4)+ T, (K/2+1)(2-k/2)E
© an[vi+2(k/2- 1)] 2| v +2(k/2-1) |k/2
st aToit 3amaan BMecTo (15) nmeem ciienyromiee COOTHOIICHHE:
2Ef,, —(v" +4)f, = 0. (17)
3Ef, +2(5v" —-8)f E
3) D, =——1U 22D, = f, (¢)do,
) P 2n(v* - 4) ’ 471\/_'([ (0)do
[ Ef, +20v" -4, | o
+ vV - _F . ~
D =t arl (3v*—4)D2=—Ef12, D, =7
2n(v' —4) T 27
D. = 1 k(k/2—l)Eﬂk + kv’ f~2k -1 k(k/2+1) Eﬁk +((k+4)v+ _8) f~2k
“ k(k=v7) B k(k=v7)
3nech QyHKIHH fl((p) u f, ((p) CBS3aHBI COOTHOIIEHHEM
(3v"-4) f, +2Ef, =0. (19)
E[(vi/2+4)f, +(5v'/2-4)F, | £
4) D = , D, = f (¢)do, (20
) B TA, 0 4ch'f ((P)(P()



—E[(v//2-4)f,+(3v'/2-4) , ] _-Ef, Ef,

D, = s . (3v'-4)D, = =, (vi+4)D, = =
o ___ E f+fy N (kv2+4) f —((k/2+2) v -4) f,
< (v+—4) 2n - 27 ’

+.,+ +

A =v'V'[2-16v" +8.
B nanHOM cityyae cBsi3b MexAy QyHKIUSIMU f1 ((p) Hu f2 ((p) TaKoBa:

+ £ + rA
(3\/ —4) f,, +(v +4) f, =0. 1)

Wrax, pemeHus MOCTaBICHHBIX BHIIIE 33a/1a4 MOJIYYCHHI B BUAE CXOISIIMXCS PSIOB
(11) m (12), ko3 punmeHTH KOTOPHIX OnpeneneHs! B isHoM Buae (14), (16), (18) u (20).

3amMeTuM, YTO B XOJ€ peIIeHHs KaXIOM U3 3TUX 3a7ad MEeXIy TI'paHUYHBIMHU
YCIOBUSIMHA Ha OOBOZE JMCKa BO3HHMKAET ONpeNesi€HHAsl CBsI3b, KOTOPAsi, KaK MOKa3bIBaeT
JlanbHENIee HCCAeA0BaHNe, UMEET KOHKPETHBIH MEXAHWYECKHMH CMBICI — 3TO YCIIOBUE
CTaTUYIECKOTO PaBHOBECHS AMCKA B HAIPABJICHWHU OocH OX. T.e. cucTema Cuil, IprIoKeHHAs
WM BO3HMKIIAS Ha OOBOJIC JMICKA, CAMOYPAaBHOBEIICHA HA OCH OX. DTOTO M CIICAOBAJIO
OXMAaTh, TaK KaK IPWKUMAIOIUE INTaMIbl cuiabl By U P, He y4yacTByIOT B YCIOBHU

CTaTUYECKOI'0 PaBHOBECHUS B HAIpaBJIeHUHU ocH OX. OcTanbHble ypaBHEHUS CTATUYECKOTO
paBHOBECUS YIOBIETBOPSIOTCS ABTOMATUYECKU.
Kak Bugno u3 (11), npu m100BIX YCIIOBHSIX HArpy)keHHs 00BOIa AMCKa HANPSHKEHUS B

OKPECTHOCTH BEPIINHBI PaJHAIbHON TPEIIMHBI UMEIOT OCOOCHHOCTh THIIA r V2. IIpuuém,
CTETICHHAs] 0COOCHHOCTh HAIPSHKEHUH 00yCIIOBJIEHA KaK MEPBBIMHU WICHAMH MPaBOH 4acTu
¢dopmyn (11), Tak U COOTBETCTBYIOIIMMH WIEHAMH PSJAOB C MHOXKHTEIISIMH rk/2-2
k=3.

Koaddunmentsl npu Takoii 0COOEHHOCTH B OOLIEM Cllydae OTJIMYHBI OT HYJIS.
OpHako, MOAXOAALINM NOAOOPOM BHEIIHMX BO3JIEHCTBHH MOXHO u3 pemenus (11)
WCKITIOYUTH U CTETIEHHYI0 0COOEHHOCTb.

[TpuHnMas, HarpuMep, B IEpBOH 3a1aue

pu

3
f,(¢)=0, f(p)=P|3 (P—g +0 @—775 : (22)

Juts Koo uieHToB Dyphe nomyunum

fo =0,(k=1,2,3,...), f :2Pcos%cos%,

OTKYJa cIeayeT
fii="fi, =f3=0.

Takum 00pa3oMm, NpW TPaHUYHBIX YCIOBHSX (22) yIOBIETBOPSIETCS COOTHOLICHUE
(15), xoadduumentst D_; m B; cTaHOBATCS paBHBIMH HyTIO, @ B BBIPAXCHUSIX IJIA
HAaIpsDKEHU NCUE3HYT WICHBI CO CTEIIEHHBIMU OCOOEHHOCTSAMHU.

OTMeTHM OJIHO BaXXHOE OOCTOSTENbCTBO. B oTimume oT pemeHus 3axad s
KPYTOBOTO CEKTOpa C MPOU3BOJBHBIM YIJIOM pacTBopa Ol [2— 6], B pemeHnsX 3amad Juist

KPYTOBOTO [¥ICKa C paJdalbHONW TPEMIMHOW OTCYTCTBYIOT OCOOCHHOCTH HANPSDKCHHUN THTIA
r —l+e

,rme 0<e<0,5(e—>0 npu oo —> 27). Bonee Toro, B neppoil 3amade s

cektopa [2] koadduiMeHTh NpU TakoW OCOOEHHOCTH MPUHHMAIOT OTJIMYHBIE OT HYJS
KOHEYHBIE 3HAUCHHUS, YTO, C TOUKU 3PEHHs XPYNKOIo paspylLIeHUs, sABJseTcs Hauboiee
ONacHbIM ciaydaeM. Tem camblM, 3a7add Ul JUCKA C paJuallbHOM TPELIMHOW B KOpHE
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OTIIMYAIOTCS OT 3aAad Ul CEKTOpa W MPENENBbHBIM IEPEX0JOM HEBO3MOXKHO IOCTHYb
COBITQJICHUS PEIICHNH 3THX 3a7ad.

INoxakeM Ha OXHOM HpHMepe Te HEOOXOAMMBIE LIAarH, ¢ MOMOIIBIO KOTOPBHIX U3
peleHus 3a1a4d Il CEKTOpa MOKHO MOJIYyYUTh COOTBETCTBYIOIIEE PEIICHHUE IJIsl AUCKA C
paavanbHON TPEIHUHOM.

Paccmorpum cnywaid, Korja Ha JAyroBYIO YacTh KOHTYpa CEKTOpa 3a/1aHbl
nepememienuss [6]. Ilomaras B pelmieHnum 5Toll 3ajadm Ol = 270, Hanpumep, s
HOPMAaJIEHOTO HaNPSDKEHUS TTOJTyYHM

c, =%D1r1/2 cos ¢/2+2D, +% Dyr"* cos ¢/2—2D,r cos -

~Bi, (kz +1)r_1 cos<p+i[Dkkk (3=1 )™ + Bk, (Xk +1) rxk’l}cos a, Ko,
k=3

E fl2 + fzz E f~11(V+ +4)+ f~22 (3V+ _4) ~ 27
D2:_ 4 D 82: T s , 7\42:——1.
2t v -4 2n vi(vi—4) o

B Bolpaxkenun G, 1/ JUCKa C PaJUalbHON TPELMIMHOM OTCYTCTBYET CIIAraeMoe C

MHOXHTCIIEM r_l , a BMECTO D2 HUMECM!

E “E ;
—— f22 . —————— T},.
n(v©+4) (3v:-4)n
O0a perieHus: COBMAYT, €CIIU yUecTh ycioBue (21), neBas 9acTh KOTOPOTO BXOJMT B YHC-

autens B, . IlpaBaa, B peleHun 3Toi 3a1auy Ul CEKTOpA CIaraeéMoe C MHOXKUTENIEM r!

ncye3acrT, 6J1ar0;[a 51 MHOKHUTCIIHO }\, . Ho B pemennu nepsoit 3aaa49u U1l CEKTOpa, Koraa
2 gl

Ha Z[yl"OBOﬁ YaCTU KOHTYpa 3aJaHbl BHCHIHHUC YCUJIMS, MHOXHTCIIb }\,2 OTCYTCTBYET H

COBIIAJICHHE JIBYX PEUICHUI BO3MOXKHO TOJIBKO IIPHU MOBTOPHOM IPUMEHEHUH ycioBHid (15).
3akJioueHue

1. B orimume or pemeHust 3amad Uil KPYyroBOTO CEKTOpa C IPOHM3BOJIBHBIM YIJIOM
pactBopa O [2— 6], B peIeHUAX 3a/1a4 Ul KPYTOBOTO JFICKA C PafdalbHOM TPELIMHOM

r', e 0<e<0,5(e—>0

OTCYTCTBYIOT OCOOCHHOCTH HAalpsDKEHUH Tura

npu oL —> 27 ). Tlpu JrOOBIX YCIOBHSX HArPY)KEHHs OOBOJA [MCKA HANPSHKEHHS B

OKPECTHOCTH BEPLIMHBI PaANaIbHON TPEIMHBI UMEIOT 0COOEHHOCTH THIIA rV2,

2. Bo3zHukiume omnpenaenéHHbIC CBA3M MEXAYy I'pPaHHYHBIMU yCJIOBHSMH Ha 00BOJE IHCKa
MMEIOT KOHKPETHBIH MEXaHUUYECKUN CMBICT — DTO YCJIOBHUS CTATUYECKOTO PABHOBECHS
JTUCKA B HAIIPABJICHUN OCH OX.
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2U8U.USULDh @bhSNhE3NRLLENP U2aUSPL UYUNEURUSE Stntuuabr
W3BECTUS HAIIMOHAJIBHOM AKAJIEMHUA HAYK APMEHUMA

Uthuwtthlju 68, Nel, 2015 Mexannka
YIAK 539.3

JTUOPAKIMS IIJIOCKOW CABAUTOBOM BOJIHBI B
NbE30O3JIEKTPHUYECKOM IOJYIPOCTPAHCTBE ITPH
MNOJYBECKOHEYHOM METAJIJIMYECKOM CJIOE B IUDJIEKTPUKE

Jaxnnassan C.A., Kazapsan A.A.

Putuh punkp. nhppulghw, wihpuyhtt nupw, whiqnlikynphy, dhnwquljub pkpo, ghtykyuphy,
Yhuwwtdbpg otipwn, dwljkplinipught whp:
KaroueBble cJIoBa: Ju(pakiysi, BOJIHOBOE T0JIE, IbE303JIEKTPUK, METAUINYECKHUI CIIOM, TUIIIEKTPHK,
101y GECKOHEUHBII CJIOH, TIOBEPXHOCTHAS BOJIHA.
Key words: diffraction,wave fild, piezoelectric,metallic layer, dielectric, semi-infinit layer,surface
wave.

Shiufyul U.2, Twqupjuh 2.U.

MhkqnhEjnpwlwi jhuwnwpwsdnipiniinid vwhph hwppe wihph nhppuwlghw nhiEywphy
Jhuwnwpusnipniimyd wew Jhuuwinkpg dhnunuljub skpnh pm

TYhEEyunphl jhuwnwpwsdnipniunid quignn jhuwwigtpe dbnwunulwi gkpnp pu vwhph hwppe
hEyunpuwnwdquljui wihph nhpwlghuyh jpughpp phpynud £ whwhuply $nitbljghwitph nkunipjui
(pulwtth whgh futnph hpwluwh wewbgph dpus:

Yhdpwlyghuyh punhpp nisynud k oqgunuugnpstynyg dnipykh huinkqpuy dhwthnunipynibubph dkpanp:
Yhuwwi]bpy dbnumulub skpnh’ HEjupngh weuympnitp phpnd B wghpubph gh$puyghugh’
whtgnbEjupuut jhuwnwpwsnipniimd nuwpwsynid i swduwjughtt b Epynt dwlbpbnipught
whpubip: Pugwhwynyb) o whpuyhtt nuownh vh puth wnwbdbwhwwnlnipniuikp:

Jilavyan S.H., Ghazaryan H.A.

Diffraction of Plane Shear Wave in Piezoelectric Semi-Space at a Semi-Infinite Metallic Layer in the
Dielectric Medium

The problem of diffraction of plane shear electro-elastic wave in a piezoelectric medium with a semi-infinite
metallic layer in dielectric half-space is reduced to the solution to Riemann problem in analytic functions
theory. The problem of diffraction is solved using Fourier transformation. The presence of the semi-infinite
metallic layer leads to a diffraction of waves and some special features,a result of which two surface electro-
elastic waves occur in a piezoelectric medium.

3amava qUGpaKIUU IUIOCKOH 3JIEKTPOYHNPYrod BOJHBEI CIOBHTA B IbE30JIEKTPHYECKOM IIOIYIPOCTPAHCTBE
IpH TI0TyOECKOHEYHOM METaIMYECKOM CJIO€ B JIMAJIEKTPHYECKOM MOJIYNPOCTPAHCTBE CBOJHUTCS K PEIICHUIO
3ajauu THIA PuMaHa Ha IefCTBUTENBHON OCH B TEOPHH aHATUTHYECKHX (yHKuuil. Pernaercs 3amaya MetomzoM
HHTErpajsbHOro npeodpasoBanus Pypre. Hannune nonyGecKOHEUHOr0 METAJUIMYECKOro Clios (AJIEKTpoja) B
JIUPICKTPUKE  HPUBOAUT K PACIPOCTPAHEHHIO AU(PParupoOBaHHBIX OOBEMHBIX M JBYX I[TOBEPXHOCTHBIX
9JEKTPOYHPYTHX BOJIH B IbE303JICKTPUYCCKOM IIOTYHPOCTPAHCTBE. BBISABICHBI HEKOTOPHIE OCOOCHHOCTH
BOJIHOBOTO T1OJISI.

Beenenue. [lpu uccienoBaHuM BOJHOBBIX IPOLIECCOB B JeOPMHUPYEMBIX Cperax
HEKOTOPbIE XapaKTePHbIE CBOWCTBA CYIIECTBEHHO BIIMSIOT Ha BOJHOBOE IIOJIE, HO BaXKHBIM
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U3 HUX SBISIETCS] KOHCTPYKTHUBHAST HEOJHOPOJHOCTH (CIOMCTOCTh, HAJMYHME BKIIIOUEHHN),
KOTOpas. TMOPOXKJIaeT HOBbIC 3(PQEKThI — IOKATU30BaHHbIe BOJNHBI [1-4]. U3ydenus
BONPOCOB AN(PAKINH CABUIOBBIX IUIOCKHX BOJH W PAaCHPOCTPAHEHHS JIOKAIN30BAHHBIX
(TIOBEpXHOCTHBIX) BOJIH OTHOCSITCS K 4YMCIy HauOoyiee aKTyalbHBIX IPOOJIEeM IUHAMU-
YECKHMX 3a/1a4 COCTaBHBIX 3JIEKTPOYNPYTHX Cpen. 3ajJadd pacrlpoCTPAHEHUS CIABHIOBBIX
MOBEPXHOCTHBIX BOJH B CJOXHBIX CTPYKTYpax IpU Pa3HbIX COUYETAHUSAX TPAHUYHBIX
YCIIOBHIA MCCIIEIOBAaHBI BO MHOTHX paboTax B 3TO# oOnactu. M3BecTHO, 4TO pa3iUYHBIC
(pU3MKO-MEXaHMYECKHE CBOWCTBA KOHTAKTUPYIOUIMX CpeI INPHBOMASAT K CYIIECTBEHHBIM
W3MEHEHHSM BOJHOBOTO TIOJIS, TaK, B ITbE30IEKTPHUECKOM IOJYNPOCTpaHCTBE 0e3
AKyCTUYECKOT0 KOHTAKTa C JUAJIEKTPUUECKON Cpesoi pacipoCTpaHsIIOTCA OBEPXHOCTHEBIE
cauroBble BONHBI [2, 3]. B manmHOl pabote paccMoTpeHa 3amada AU(PAKINH TUTOCKOH
BOJIHBI CIBHI'a B JJIEKTPOYNPYIOil COCTaBHOW cpesie (Mbe303IEKTPUK-IUINEKTPUK) IMPU
HAJIMYUX TOHKOTO MOTyOECKOHEYHOTO, METAJUTHIECKOTO0, 3a3eMJIIEHHOTO CII0s (RIIEKTPOAa) B
JMDJIEKTPUKE. DTOT CIIOH SIBJISIETCS MPUYMHOW TU(PPAKIMU INEKTPOYIPYTroil BOJHBI, MPH
3TOM, B IIbE303JIEKTPUIECKOM IOJIYIPOCTPAHCTBE BO30YXKIAIOTCSl ITOBEPXHOCTHBIE BOJHBI
C/ABUTAa W TPOSIBISIIOTCS HEKOTOpbIE OCOObIE SIBJIEHMS. 3ajada peIIaeTcsi METOJIOM
MHTETPAJIBbHOrO MpeoOpasoBanus @Dypbe, HCIONB3Yys MeTOoA (DaKTOpU3aIMHU, armapar
0000MEHHBIX (YHKIMHA W METO/ABI TeOPHH (PYHKIMIT KOMIUIEKCHOTO HepeMeHHOro [5, 6].
3agaya CBONUTCS K pENICHHIO (YHKIMOHAIBHOTO YypaBHEHHs THma PumaHa Ha
JIeHCTBUTENILHON ocu. He Tonbko SApKO BbIpaXKCHHas AaHU30TPOIHUS IbE303JIEKTPHUKA
YCIOXKHSET HCCIEOBaHWE BOJHOBOTO TIIpoliecca, HO W PAI HOBBIX CBOWCTB,
MPOSIBIISIFOIMXCS B pe3yJIbTaTe B3aUMOJICHCTBHS (PU3MUECKUX M0JIel pa3HOil IPUPOIBI.

1.IToctanoBka 3agaum. PaccMaTpuBaeTcs 3amada OUQpaKIUA COBUTOBOU IUIOCKOW
3JIEKTPOYNPYTOil BOJHBI B COCTABHOM MPOCTPAHCTBE, OTHECEHHOM K JEKapTOBOW cucTeMe

KOOpJIMHAT Oxyz. [Tee30nmekTprUecKas  cpela — MbE303JEKTPUK  Kiacca  6mm

TreKCaroHaJbHOW CHMMETPUM C COBIAJAIOLIEN C OCBIO Oz rnasnOi 0OCHIO KpucTallia,

3aHuMaeT monympoctpanctBo Y >0, a musnektpuyeckas cpejia — NOJIYHIPOCTPAHCTBO
Yy < 0. lusnexrpudeckas cpeia PAHUYKT C MBE303IEKTPUYECKAM TIOYIIPOCTPAHCTBOM B
mwiockoctt  OXZ 6e3 aKyCTHYECKOTO KOHTaKTa. B Ibe303IEKTPUIECKOM MOMTYTIPOCTPAH-
CTBe M3 OECKOHEYHOCTH MO YIJIOM 60 (yronm ckomnbKeHHSI Hajaromeid BOJHBI ) K

mwiockoctu Y = () pacnpoctpansercs snektpoynpyras BonHa casura (¢ur.1)

W, (X,Y) =

e—ikxcoseo—ikysineo

_ qs —ikxcos 0, —ikysin 0,
O, (X, y)=—>¢€ (1.1
€
B auanexTpuueckoM IOJNYNPOCTPAHCTBE 3a3¢MJIEHHBIM  METAUIMYECKUH  CIIOU
(37eKTpO) 3aHMMAET MONYMIOCKOCTh Y = —h, X< 0. Crasurcs 3amaua OmpemclIcHHS
3JIEKTPOYNPYrOro BOJHOBOIO TOJISI B pacCMaTpUBaeMOM cpefie, 00yCIOBICHHOTO HaJH-

anem mbe30d(@ekra B momynpoctpanctee Y > 0 u momyGecKOHEYHOro METATMIECKOTO

CJIOS B IMDIIEKTPHYECKOM nonynpoctpanctee Y < ().
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Cus»€-65 S, Tbe309/IEKTPHK
A X
&y JIHDTIEKTPHK
b,

Dur.1

B orux cooTHOmeHusx ~(—uactora kosiebanuii, {—mapamerp Bpemenu,

k= 0)/ C,C=,/C,(I1+%) / P —BOJHOBOE 4YHCIO M  CKOPOCTb  PacHpOCTPAHECHUS

CIOBUIOBOM 3JIEKTPOYIPYTOM BOJIHBI B IbE303JEKTPUUECKON Cpele, COOTBETCTBEHHO,
€5,€,,,Cyy— mpe30dIeKTpUYeCKas, ~ AWAITIEKTpHYEcKas M ympyras — HOCTOSHHBIE
IIbE30DJIEKTPHUKA, @ ) — IUIOTHOCTH, €, — AUAJIEKTpUIecKas mocTosiHHast cpeast Y < 0.
[Ibe3oomektpuueckas cpena (Y >0) Haxoaures B yCIOBHSX —aHTUILUIOCKOM
nepopmanuu. OTMETUM, YTO YYHTHIBACTCS TAPMOHUYECKAs 3aBHCHMOCTh OT BPEMEHH BCEX
COCTaBJIAIOLINX BOJHOBOTO MOJS (BPEMEHHONH MHOXKHUTEINb eﬁi(”t) W 3a7a4a peraeTrcs B
amiuiutygax. Jas  omnpeneneHus aMILIUTYAbl T[EPEMELIECHUS W( X, y) TOUYEK B
MOJIyIPOCTPAHCTBE y>0 u ammMryg  ONeKTPUYECKMX  TOTEHUManoB (B
KBa3HCTATHYCCKOM MPHUOIIKCHUN) B IBYX MOIYIIPOCTPAHCTBAX CD(X, y), CD] (X, y) nMeeM

cienytomre ypapHenus [ 1]:

2 2
g\iv+aay\;v+k2W:0

X
20 20 y>0 (1.2)
5 > +W+k2$W:0

X €,

2 2
aq)1+aq>1=0 y<0 (1.3)

ox oy
Pemenus ypasraenuii (1.2), (1.3) DOMKHBI YIOBICTBOPATH CICAYIOIIAM YCIOBHSIM Ha
mwiockoctu Y = () (HenmpeprBHOCTE 3ekTpuyeckoro nonus) [1-4]:

6,(x,+0)=0
O(x,0)=D,(x,0), D,(x,0)=D,(x0) (1.4
3nech G,,(X,Y) — amnautyza HaIpsKEHUS B HbE302NIEKTPHUKE,

D,(XY), D,,(X,Y) —cocrapnsitome  BekTopa  onMeKTpuueckodf  MHIYKIMH B

MMBE30JJICKTPUKE U JUDJICKTPUKE, COOTBETCTBCHHO!

oW oD oW od
Gy, :C44a_y+elsa_y . D, :elsa_glla_y y>0
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oD
D, =-¢g,—" y<o0 (1.5)
oy
[pu HAIMYMK METAILTHYECKOTO cilost B noymiockoctn Y = —h, X < 0 umetor mecto
CJICAYIoHne yCIOBUA:

®,(X,—h+0) =D, (x,—h-0) =D"(x)
D,,(X,—h+0)— D, (x,—h—0) = —&, ¥ (X)

B coortHourenusx (1.6) BBeaeHbl PYyHKINU:

D" (X) = @, (x,~-h6(x), &¥"(X)=d(X)8(-X),
rze d(X) MPEACTAaBISIET Pa3HUILy 3HAYCHUH Dlz(X, y) nay=-h+0 ny=-h-0

(1.6)

npu X < 0, O(X)- ussecrnas gpynxuust Xesucaiina.
2. Pemenne 3apaun. Beeném Gpynkunm

u(X, y) = W(X, y) =W, (X, Y)
(P(Xa y) = (I)(X’ y) _(I)oo(x7 y)

[Ipumensist uHTETrpanmbHOE mMpeodpa3zoBanrne Dypre mo mepemMeHHOH X K ypaBHEHHSM
(1.2), (1.3), momy4ymM ypaBHEHHS OTHOCHUTEIHHO TpaHCPOpMaHTOB [2-4]:

d*o

y>0 2.1)

v —(c"=k)Hu=0
y>0 2.2)

2_ p—
d (Zp—czq)—i-kz&U:O
d €,

2_ —_—
dd;lz)l -c’®, =0 y<0 (2.3)
u crenyromue ycaosus mpu Y =0:

dw  do dw  do do,

rq A0 _g g du_, 0O 5-3, @8

Cp— , __ ’
“ay  Cdy  CCdy dy Cdy

U yCIIOBMS IIpH Y = —h:
®*(c) = ®,(c,~h+0) = ®,(5,-h—0) (2.5)
D, (c,~h+0)~D,(c,~h—0)=—¢,'¥ (o)

st tpancdopmanToB Oypbe NCKOMBIX (DYHKIHHA TOITYYHM:

w=C,(c)e™" Y 4 2me i §(5 —kcos6,)

_ — >0
& =C,(c)e™ + I w Y
811
@, =C,(c)ch|o]y+C,(c)sh|o]y ~h<y<0
®, =C,(c)e™” y<-h 2.6)
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3pecs  O(0)— dymkums  Jupaxa, Y(o)=+o —K> > |G| pu |G| — 0,

\/ o’ -k = —i\/ k’-o’ , T.e. JICHCTBUTENIbHAs OChb KOMIUIEKCHOHW IIJIOCKOCTHU
o.=0+IT obxomur TOUKy O = -k CBEpXYy, @ TOUKy O = k- cHuzy [4-5]. Hnst
dynxmmit C(6) m=1,5 umeem:

dn e shlo|h+g,ch |c| h—

C,(c) = 2 "% ¢, —218(c—keosH,),

QS e15|G|
_ &0 gmrdoh & Ch|6|h - _ Ao+
C,(c)=——2d'¢ “—Ely c(o)=€"D
€ € |G|
C,(c) =0 e+ %\P_ 2.7)
(e)
C (o) -arah ol
[of

Oruocurensro tparcdopmanto P (0), V™ (6) nonyunm crenyromee ypasuenue:

8ne k(1+y)cosO,e

khcos 6,

2|o]K (0)®" (0)+ ¥ (0)= 8(c—kcos®,), (28

K,(kcos9,)
rae
K, (o)
K(o)=—t—= 2.9)
K, (o)
o] K (o)=¢ (1 K
KO(G)=1+X—T, 1(5)—811( +7()"‘80 0(0)
o -k
K,(c) =¢,(1+e MK, (c)+(1+x)g, (1-e7) (2.10)
[Ipexne 4eM NPUCTYNHTh K pEIICHUIO ypaBHeHUs (2.8), paccMOTpUM  YacTHBIN
cnyqaﬁ, Koraga MeTaJ’IJ’II/I"IeCKI/Iﬁ CJ'IOI7[ 3aHUMACT B HI/ISJ’IGKTpI/IKe BCHO IINIOCKOCTH y = _h .

Torza crexyer NpUHATH &(G) =0,1e O,(X,Y)=0 mnpu y=-h, —0<X<®©.

U3 (2.6), (2.7), npumeHsst obpatHoe npeoOpasoBaHue Dypbe, MOTYYUM aAMILIUTYITY
nepeMenIeHnii nbe30aeKTpudeckoi cpeast (Y > 0):

W(X y) |kxcos60—lkys1n90 +(2A) 1) kysmeo—lkxcoseo
Ab — 2(1+X)e—khcoseo Sllsh(thOS 90)+goch(khcos eo)
K,(kcos6,)

npu Y, =0 (orcyrcrBue mbe3ospdexra) A) =1. Kak u cienoBano oXuuaTh, BOJTHOBOE

E)

NoJe NEepeMEIleHHUs B IbE303JIEKTPUYECKOM IIOJIyIIPOCTPAHCTBE COCTOMT TOJIBKO U3
HaJIaroIIeH BOJIHBI M OTPaKEHHON OT CBOOOAHON TPaHUIIbI BOJHEI.

BepHéMcs K peIIeHnIo MOMydeHHOTO (YHKIMOHATBHOTO ypaBHEHHUs (2.8), KoTopoe
MOXXKHO paccMaTpuBaTh KaK KpaeBylo 3ajady Tulna PuMaHa Ha JEHCTBUTENBHON OCH.

Oynxuns  K(6) wnmeer mymn Tomeko B Toukax tG), TK G — eIMHCTBEHHBIH

TIOJIOXKUTETIbHBIA KOPEHb YPABHEHUS K1 (G) =0 u nomoca — Toneko B Toukax TG 25
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G, — €IMHCTBEHHBIA MOJIOXKHUTENBHBIA KOPEHb YPaBHEHUS K2 (G) =0 . Ioxasano, uro
mpu O > k ¢$yHKIMH KO(G), KI(G) , KZ(G) BO3pacTaroT u G, > G, > G| > k
K,(*0,) = K,(#0,) = K,(¢0,) =0, K,(6)>0 mpu 6>,
I+ (g, + & J1+2y
0, =k—==, c, =0,
VI+2y \/(1+X)2(80+811)2_8§X2

[IpuHKMaeTcs, 9To B JaHHOW 3amade Tuna PuMaHa neiicTBUTENbHAS OCh OOXOIUT HE

Tonbko Toukk Bethienms TK  dymxmm  y(o) =vo’—K*, Ho n TouKHM

6=-6,,06=—-0, cBepxy, a Touku O =0C,, O0=0C, cHU3Y, obecrieunBas yclIOBHUS

yxozsuiei BoHbl. DyHKIMOHANBHOE ypaBHeHUE (2.8) pemnaercs, UCIONb3ysl TaKylo ke
METOIMUKY, Kak B [2,4,6-8], pewenus crpostes, dakropusupys ¢ynkumio K(o), T.x

K(c) =1 mpu o] >0, Vo’ k> - [o
K(o)=K"(c)K (o), (2.11)

rae GyHkuuu Ki(Ot). a=c+it PEeryJsipHBl M HE MMEIOT HyJEW NpU Imoa>0 u

, IpeICTaBIIss

Ima <0, coorsercrrenno, a K* (G ) s K~ (G) — TpaHWYHBIC 3HAYCHUS 3TUX (HYHKIIHH.
ITpu stOM, K* (OL) — 1 npu |OL| —> 00 B CBOMX 00JIaCTSIX peryssipHOCTH [2,4]

K*(a) = exp(F " (o)), K™(a) = exp(F (o))
F(0)= [F(0e"*dx,F(0) = F ' (-0),

F(x)= 1 I InK(c)e™do, K™ (o) = K*(ar)
2n Y,
Nwmes B Buny (2.11) u npencrasneHue
1 1
|o| = (c-10)*(c +i0)?, 2.12)
ypaBHeH#ue (2.8) cBoAUTCS K BHILY

- ¥ (o)
A+ KOO+ P K (o)

(1 + X)m}( + (k cos 90 )e—khcoseo
K,(kcos9,) :
W3 ypasHenus (2.13), ucnonssys popmyiy

=8ne,8,0(c—kcosH,), (2.13)

roe @, =

2mid(c—kcosO,) = ! —— 1 —, 2.14)
c—kcos0,—i0 oc—kcosO,+i0

MOJIYYUM CIIEAYIOIINE BBIPAXKEHUS! JIJIsl UCKOMBIX (DYHKIIHH:

- . i 1/2 _

‘P*(c):—4|e‘53‘)(6 10)""K™ (o) 2.15)

c—kcos,-i0
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D (0) = 2163, |
(6+i0)"*K*(c)(c—kcos 6, +i0)

CrenoBarensHo, nmes u3 (2.7) gyHKunm Cm(G) mM=1,5, nonyuum BepaxeHus

(2.16)

hyHKIHIA W(G, y),a(o, y),CITI(G, y) [Tocne obparHOTO TIpeoOpazoBanus Dypre
1 F—
WX, y)=— | we ' “do,
2n '[O

aMIUTUTYZa MEpEeMEIIeHN B MBE303IEKTPHUECKOM MOJIYIPOCTPAHCTBE MPEACTABIACTCS B
BHJE

© _ —2lclh
€, +€ Sy o g, +e,+(g,—¢,, )€ -
W(x, y) =0 [ eV e (@ (o) + U €80 4 (c)do-
2nes =, 2|G|(80+811)
_e—ik><cos60+ikysin60 _I_e—ikxcoseo—ikysine0
(2.17)
a aMILUIMTY/Ia TOTEHIHANA JEKTprUdeckoro nois npu Y > 0
1 % oly o
D(X,Y) =5 j C,(c)e Ve’ de+iw(x, Y) (2.18)
T, €

PaccMOTpUM BOJIHOBOE MOJIE B IMbe303JIeKTpHueckoM mnomynpocrpadctse (Y > 0),

xorma X< 0. Torma, ¢ momompio dopmymsr (2.14), umes B Buay (2.15), BEIpakeHHe
(2.17) mpencrasisieTcs B BUIE:

VV(X, y) — e—ikxcoseofikysineo +(A§ _l)efikxcoseoﬂkysineo +

+BT ie™"|ole"" Ve do (2.19)
2 —K (6 +i0)2K* (6)K, ()G —kcos 0, +i0)
e A =2A mB=-¢g,%a.

Takum 00pa3oM, BOJHOBOE I10JIE COCTOUT W3 IaJaroIieil BOJIHBI, OTPaKEHHON BOJIHBI
U IUQparupoBaHHOM, OOYCJIOBJIEHHOH HaTMYUEM I0JyOECKOHEYHOr0 METAIIMYEeCKOrO
CJI0S B TUDJIEKTPUYIECKOM MOJTyTIPOCTPAHCTBE.

Crenyer cpasy xe oTmetuth, uto mpu X >0 u3 dopmynsr (2.17), umes B Buy
(2.14) u (2.15), monyunm amruutyay nepemernerns W(X, Y) TOUEK MbE302IEKTPHYECKOTO

nosynpocrpanctsa npu X > 0 :
W(X, y) — e—ikxcosen—ikysine0 + (A _l)e—ikxcoseo+ikysin60 +

B T i(6—i0)K (c)e "MV < Ygigg (2.20)
% Vo’ —k’K,(c)(c—kcos0, —i0) ’
A = 2(1+3)(&), +&)
K,(kcos9,)

Paccmorpum unTerpain B popmyie (2.19)
(% y)= BT (c+i0) i|o|e™" Ve ™ do
2% Y)= K*(c)M, (o], 7)(c —kcos 0, +i0)

—00

, npu XZO MOJIyYUM A 22'

X< 0 2.21)
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TO€ NIPUHATO, YTO

M.(o]-1) = M,(0) ="' Vo* ~ KK, (0) . T
M, (o], v) = 8o (€" + &™)y (1+ 1)~ xlo] +&,, 1+ 0)v(e™ ™),

snecs Y = Y(6) =+o” —K* .

WnTerpan (2.21) MOXXHO MIPEACTaBUTH B CIESIYIOIIEM BHE!

LoGy) =1y + 17 (xy)  x<0 (2.22)
o BT (G+i0)"ice V" F e ™ds
o

: (2.23)
2 K"(o)N,(o,y)(c—kcosH,+i0)
| o _ .T ie—VGZ_kZ ye—icx ) |G| ~ c ) dG (2 24)
2 _w(0+i0)l/2K+(G)\M2(|G,Y) N,(c,7) (c—kcos0, +i0) =

rae
_ ch —ch ch —ch
N,(c,7) =N, (0) =&, (€™ +&)(v(I+x) —x0) +&,(1+)y(€” —€™)
N,(o,y)=M,(c,y) npu |G| =0.
[Ipeobpasyem muTerpamsr (2.23), (2.24) MeTomoM KOHTYPHOTO HHTETPHPOBAHUS B
KOMIUIEKCHOM IUNIOCKOCTH OL = G + 1T, paccMaTpuBas IpU 3TOM KOMIUIEKCHYIO IUIOCKOCTh
¢ paspe3amu, moka3zaHHBIMH Ha (¢wur.2). IlyTe MHTErpHUpOBaHHS 3aMBIKAeTCS B BEpXHEH

HOIYIIOCKOCTH, a JEHCTBUTENbHAsA OChb 00XOOUT TOYKYy —O, CBEPXY, a TOYKYy O,—
CHU3Yy, T.K. O,— €JMHCTBEHHBbIH IONOXKHTENbHBI KOpeHb  (YHKIHMH KZ(G).

AHanMTHYeCKoe TPOJOIDKeHHE (QyHKIMH N2 (0), re ¢ynxuus N2 () ¢ rtakumu

pa3pe3aMu B KOMIUIEKCHOM MJIOCKOCTH HE UMEET YHUCTO MHUMBIX KOpHEH, He UMeeT TakKe
KOMIIIEKCHBIX KOpPHEH, T.K. B IPOTHBHOM CIIy4ae MOJIyYUM COCTABIISIOUIYIO MPUXOJIeit
BOJIHBI, @ 3TO NPOTHBOPEUUT ITOCTABJICHHON 3anave (TPUHLMI yXozsmend BoaHsl) [2,7,8].
AHanMTHYECKOe NPOJOIDKEHUE TIOJBIHTErpaibHOM (yHKunu (2.23) BHYTpH KOHTypa

MHTETPUPOBAHUA UMEET €JMHCTBEHHYIO 0C00yl0 TOuKy O = O,, IJle MMEET MNpOCToii
HOJIOC.

AHanuTHYecKoe TMPOJOIDKeHHE  (DYHKLIUH |G| B KOMIIJIEKCHOH IUIOCKOCTH

a=0+It MPEICTABISAETCS B BUIE

a,Rea>0
|a|= (2.25)
—a,Rea <0
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#

dur.2
[locie KOHTYpHOrO HWHTETPUPOBAHUS, MMesl B BHIY  BBIUET IOJBIHTETPAILHOMN

(YyHKIMH, TTOTYyYHM:

V(% y) = 137 (%, y) + WP (X, ) (2.26)

15 06 Y) = 157 (6 Y) + 1 (6 Y) + 1 (%, ) + 157 (X, y)
190 y):—BT(”)l/zeisz.Tyeﬂ‘xQ 1 T A
5, Ko M, (-t =ik +1) N, (it,—ivKk +17) it—kcos,

(I’C)l/z —iVk+tly T\X\dr

1Y% y) =~ :
0 K*(ir)Nz(lr,I\/k2+r )it—kcos6,)
© N2 QKR y X
10(x, y) = Bj () e "‘e dt (2.27)
o KT (it)N, (it,—ivk* +1° )(it— Kk cos 0,)
10 (x,y) = — ( ice VK" Mdo
0(o+i0)1/2K*(c)N2(cs,i\/k2—cz)(c—kcoseo+i0)
|(1)(X y) = BJ‘ io€ kz_czeic‘x‘dﬁ
2 (6+10)K* ()N, (0, —iV k> —6* )(c —kcos 0, +i0)
W, (X, y) = ADg Vo Kol (2.28)
Bi\/c,e ™"
AY = : K(o,)=
(5, —kcos0,)K (5,0, —k>K.(5,) o

rae (2.28) mpeacTaBisieT aMIDIUTYTy TOBEPXHOCTHOU BOJTHBI
VV*(XJ y:t) = W*(X> y)e_iwt

Takum o0Opazom, (2.11) noayuum B BUZE CYMMBI PEryJISIPHBIX HHTETPAJIOB, aMILIUTY ]

MaJlalole U OTpaxkEHHOM BOJIH, a TaKXKe MOBEPXHOCTHOMN BOJIHBI.
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W(X, y) — e—ikxcoseo—iKYSinGO + (A2 _ l)e—ikXcose(,Hkysine0 n

HP )+ 1P (0 y)+ AV Vgl

Ha rpanuunoit nosepxuoct Y =0 ammmrysa moBEPXHOCTHOM BOJHBI PHHAMAET

(2.29)

MaKCHMaJIbHOC 3HA4YCHHC. AcCHMIOTOTHYECKOE TIpEACTABICHNUE HepeMCH.IeHI/Iﬁ

IIbE303JIEKTPUKA Ha rpannuHoi nosepxuoctd (Y =0) npu X —> —00 umeer Buz:
—ikxcos, (2) 42| il 2
W(X,0) = Ag ™ + AP Be ™ + (k2 +
S 5 S (2.30)
+O(|kq 2)) + b, (k2 + Ok 2))
g _ B b B
* J2KK*(K)g, (1+y)chkhsin® 0, /2" = Vkny[(s,, +&,)g, cosb,

BonHoBoe mosie cocTOMUT W3 MAjAKOLIEd  BOJHBL, OTPaXEHHOW  BOJIHBIL,

IupparupoBaHHON 3aTyxaromell OOBEMHOW BONHBEI, BOJHBI, PACIPOCTPAHSIOMICHCS OT
IpaHUYHON MMOBEPXHOCTHU B MbE30JIEKTPUUECKYIO cpelly (MMerolel HeBOJHOBOM XapakTep
no X) ¥, HAKOHEIl, MOBEPXHOCTHON (JIOKAIM3MPOBAHHON Y TpaHWYHON MOBEPXHOCTH)

BOJIHBI C BOJIHOBBIM 4MCIOM O, . IloBepxHOCTHas M JIpyrue Au(pparupoBAHHBIE BOJIHBI
obycnoBnenHsl nbe30ddGdertom B momynpocrpanctse Y > 0 u Hanmurem noiayGeckoHe-
HOTO METAJUTMYECKOTO CJIOS (IMEKTPOIA) B IMIIIEKTPUIECKOM noynpoctpanctee Y < 0.

IIpu X > 0 wunrerpan us Gopmyinsi (2.20) IpeaCTaBIsAETCS B BUIE:

2 i(6—i0)K (c)eV ¥Ye'*do

I.(X,y)=B - , 2.31
(%) Iw M, (o], ¥)(c —kcos 6, —i0) 231
rze M, (o],7) =M, (o) = €""Vo? —k*K, (o),
re. M, (|o],y) = (1 +Vo? K2 (g, +£,,) — eox|o]) -
Unrerpan (2.31) moskuo npeacrasuts B suze |, (X, Y) =1 (X, y)+ 12 (X, y)
0 M2 k- —my —ioX
°  N(o,y)(c—kcos6,-i0)
0 M2 1 - —\/ﬁy —ioX
1Py =-pflRV EL©@e € 1 ydo (2.33)
b (c—kcos8,0) M(o].y) N(o,v)

_ —ch
N,(o,7)=N,(c) = (1+x)v(g, +&,)+&X0)
Teneps paccmorpum wmHTErpans! (2.32), (2.33) MeTOmOM KOHTYPHOTO WHTEIPHPO-
BaHUS B KOMIUIEKCHOH IIOCKOCTH. IlyTh HMHTErpHpOBaHUS 3aMbIKaeTcs B HIDKHEH

MOJYIIJIOCKOCTH, a HeﬁCTBHTCHBHaH OChb O6XOﬂI/IT TOYKY _Gl CBEpXY, a TOUKY 01 CHU3Yy,

T.K. | — €IMHCTBEHHbI TOJIOKUTENBHBIH KOPEHb (QYHKINH Kl (0). AmnamuTuueckoe
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MPOJOIDKEHHE TOABIHTErpanbHo  (QyHKnmu  (2.32) AMeeT BHYTPH KOHTYypa

MHTErPUPOBAHUS E€IMHCTBEHHYI0 0CO0yI0 TOYKYy O =—0,, rae OHAa MMEET NPOCTOH

nosntoc. Beruer nospiHTerpansHoi GyHKLIUN B TOUKe — O

_ 0_2_ 2 P
W, (X, y) = Ale Yoyl (2.34)

3TO M €CTh aMIUIMTYIa TTOBEPXHOCTHOMN BoJHBI pu X > 0

AV B,/o, /o’ —k*K*(q,)e™"
(SOX\/ 612 L G, (1 + X)(SO T, ))(61 +kcos eo)

Amnanornano, kak 1 npu X < 0, penieHne npeacTaBiaseTcs B BUAE CYMMBI, PETYJISPHBIX

UHTErpajioB, aMIUINTYJ Majarouied M OTpaKEHHOM BOJIH, M ITOBEPXHOCTHOM BOJIHEI.
ACUMNTOTHKA NEpEeMEIeHNH Ha TPAaHUYHON MOBEPXHOCTH NMPH X —> +00 MMeeT BUI:

W(X,0) = Ae % + ADg 4
i(loct Ty 3 _s s 3 (2.35)
+Be  * (k<) > +O(kx) *)+b ((kx) > +O((kx) *))
BK* (k)
Jk(1+7)(g, +8,,)cos> 0, /2
€t & 3\/;80)(8
28, 2Jk(1+2) (e, +¢,,)’ cos b,

3akiouenne. lccrienoBaHue BOJIHOBOTO IIpoliEcca IO3BOJMIIO BBIIBUTH HOBBIE,
oOycnoBnenHsle qudpaxkuueir 1 mpe303ddexTom, cBoiicTBa U OCOOEHHOCTH, NPHCYIIHE
B3aUMOCBSI3aHHBIM cpeJaM U nossiM. Hannaue nomy6eckoOHeYHOro METaJUINIECKOTO CIIos B
JV2JIEKTPUKE TPUBOAMT K  CYIIECTBEHHOMY M3MEHEHHIO BOJHOBOIO IIONS B
NbE30UICKTPUIECKOM  MOJYNPOCTPAHCTBE — BO30YXKIOAIOTCA  [IBE€  [OBEPXHOCTHBIE —
JIOKJIN30BAaHHBIE y TPAHUYHOM IMOBEPXHOCTH, BOJIHBI C Pa3HbIMU BOJHOBBIMH YHCIIAMH, a
TaKKe MOSBIIAIOTCSA IIHHIPUYECKAs BOJHA U BOJIHA, PACHPOCTPAHSIONIASACS OT IPaHUIHON
MOBEPXHOCTH IO HANIPABJICHHIO JTy4a M MMEIOIasi HEBOJIHOBOI XapakTep Mo X Ha IpaHuIle.

HccnenoBanue BoinosHeHo npH ¢uHaHcoBoi mogaepxke 'KH MOH PA u POOU B
pamkax Hay4HOTro mmpoekta 13RF-086.
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SHEAR FLOQUET WAVES IN MAGNETO-ELECTRO-ELASTIC SOLID
WITH PERIODIC INTERFACES OF IMPERFECT CONTACTS

Gasparyan D.K., Ghazaryan K.B.

Putimh punkp’ whbqnuuquhuwlwb, yhiqnhEjunpuuwh, gqupppuwt junnigusdp-
ubp, uwhph whptin:

KitioueBble CJI0BA: IbE30MATHETHK, IE303ICKTPHK, IEPHOANYCCKAS] CTPYKTYPA, CABUTOBBIC BOJIHBIL.
Key words: piezoelastic, piezomagnetic, periodic structure, shear waves.

TI'acnapsan .K., Kazapsau K.B.

CnBurossbie BoIHbI Dii0Ke B MaArHuTOYIEKTPOYNIPYIruX cpeiax ¢ NePpUuOAHIECCKHUHMH MOBEPXHOCTAMHU
HEIOJHOI0 KOHTaAKTa

B pabote uccnegyercs pacpocTpaHeHHE CABUTOBBIX BOJIH B MATHUTO-3MIEKTPO-YIPYTHX CpelaX ¢ OJHOMEPHOI
MEPUOANYECKON CTPYKTypOH IIOBEPXHOCTEH HEMOIHOro KOHTakTa. B pamkax Tteopun Droke MOIydeHb
JIMCTIEPCUOHHBIE YPaBHEHUs], ONIPe/IEIIOIINe YaCTOTHBIE 30HBI MPOIYCKAaHUs M 3a[€PKKH CABUTOBBIX BOJIH. J{is
TPEX pa3IUYHbIX YCIOBUM HEMOJIHOTO KOHTAKTa MPOBEAEH aHaIU3 JUCIIEPCUOHHBIX COOTHOIICHHUH.

Guuyupuib Y., Twqupuh 9.2,

Binljkh vwhph wihpukpp dwquhuw-Lkjupu-wpwdqujul, ny 1phy hnlnwlnn] yguppbpuljui
Uwlbphnyphbp niikgnn dhoujuypbpod

Uojuwnnwipmyd  nunidbwuhpynud £ uwhph  wijhpubph  wwpwdndp  dwquhuw-EEjnpw-
wnwdquljub, Thwswth wuppbpulwb jurnigyuspny ny 1phy ntnwljinn dulbpinygpubp niikgnng
dhpwuyptipnud: d1nljkh nkunipjui opowiwlnid uinwgyt) ku nhuybpuhnt hwjuwuwpnidubpp, npnup
npnonid ki uwhph wihpulph pug pnpudwi b juubkgdwt hwdwhwlwinipyut whpnypubpp:
Yuunwpyuws i nhuybpuhntt wpbsnipinitubkph Jipnisnipiniubp ny 1phy Yntnnwlnh Epkp wwppkp
wuydwuttph hwdwp:

This paper aims at investigating the shear waves propagation in magneto-electro-elastic piezo active
homogeneous solid of the one-dimensional periodic structure of imperfect contact interfaces. In the framework of
the Floquet theory the dispersion equations are obtained defining shear wave frequency pass and gap band structure.
For three kinds of imperfect contact conditions the analysis of dispersion relations is presented.

1. Introduction
The advent of new magneto-electro-elastic crystals (MEE) has enlarged the application fields
of wave propagation in periodic media. Magneto-electro-elastic MEE crystals are one class
of new composites that consist of piezoelectric and piezomagnetic phases. The
magnetoelectric effect of piezoelectric—piezomagnetic composites was first reported in [1].
In the MEE crystal magnetoelectric effect is a coupled two field effect, in which the
application of either a magnetic field or an electrical field induces an electrical polarization
as well as a magnetization [1-4]. Investigations related to surface and bulk wave propagation
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in homogeneous , , multilayered structures made of MEE materials are presented in [5-11],
where the quasi-static approximation of Maxwell equations was used [12]. The dispersion
relations of SH waves in a heteroestructure with magneto-electro-elastic properties of 6mm
symmetry is studied in [5 ]. The propagation of Bleustein-Gulyaev surface wave is studied
in [6] for transversely isotropic functionally graded MEE half-space. An analytical approach
was used to investigate Love wave propagation in a layered MEE structure [7], where a
solution of dispersion relations was obtained for magnetoelectrically open and short
boundary conditions. In [8] the Rayleigh waves are investigated in MEE half plane. In [9] it
is shown that shear surface waves with twelve different velocities in cases of different
magnetoelectrical boundary conditions can be guided by the interface of two identical MEE
half-spaces. The existence of shear surface wave travelling along the interface of two half
spaces of different MEE materials is studied in [10]. The localized shear wave propagation
is studied in [11] for MEE layer with quadratic and inverse quadratic inhomogeneity profiles
of material parameters varying continuously along the layer thickness direction. A review of
the most widely-used methods and approaches defining the Floquet waves in periodic
multilayered structures are given in [12-13]. Dispersive behavior and band structure of SH
waves in piezoelectric- piezomagnetic periodically layered structure are investigated in [14]
.Within the full system of Maxwell’s equations the effects of three kinds of imperfect contact
transmission conditions on Floquet wave band gap structure are discussed in [15 ] for
piezoelectric periodic structure.

The main goal of this work is related to the study of the behavior of shear Floquet waves in
a magneto-electro-elastic homogeneous solid with periodically arranged 1D structure of
imperfect interfaces structure . The following kinds of contacts are considered: electrically
shorted, electromagnetically closed, sliding mechanical (lubricated) contacts. For all three
kinds of contacts dispersion relations are derived. Typical numerical analyses of dispersion

equations are presented and discussed for MEE solid made from BaTiO,-CoFe,O, .

This paper is organized as follows: In Section 2 we present the basic equations and relations
for MEE solid. In Section 3 we derive the dispersion relations . While numerical analysis and
discussion are given in Section 4, conclusions are drawn in Section 5.

2. Governing equations and constitutive relations of MEE solid

For a transversely isotropic piezo active magneto-electro-elastic (MEE) solid, polarized
along X, direction, the stiffness, piezo-electromagnetic, magnetic, dielectric properties and

bulk  density can be represented by 15  independent  coefficients
(C119012»C13>C44»C66 = (Cn -G, )/2) >

(BB’ Bis>63,€5,0,0, ) a(“na Hs3 ) ,(g” »€33 ) »P correspondingly.
Consequently, the constitutive relations can be written in terms of the following expanded
matrix form [ 5 ]:

58



Oy G, G Gy 0 0 0 0 0 —€; 0 0 _BB S
Oxn G, G G 0 0 0 0 0 —&; 0 0 _BB Sy
O3 G G5 Gy 0 0 0 0 0 —€; 0 0 _BB S
Oy o 0 0c, O O O -e O O B, 0 [2s,
o 0o 0 0 0 c, 0O - O O B, 0 0 |[2s,
6,| |0 0 0 0 0 ¢, O O O O 0 0 |2s,
D|lo o0 0 0 0 0 ¢ 0 0 g 0 o0I|E
D, |0 0 0 0 0 0 0 ¢ O 0 g O/ E
D, & & €& 0 0 0 0 0 €33 0 0 9, E
B, o0 0 0 0 0 g O 0 w, 0 0| H,
B, o 0 0 0 0 0 0 g 0O 0 p, O0|H,
B, Bis By By 0O 0 0 0 9; 0 0 Hs; H,

Here G;; are components of the stress tensor, §; = (aiu ]- —l—ﬁj-ui ) / 2 are components of the
elastic strain tensor , E| are components of the electrical field vector E ,, Hi are
components of the magnetic field vector H, Di are components of the electrical
displacement vector D, B, are components of the magnetic induction vector

(i , j =1,2, 3) , U are components of elastic displacement vector, the indices preceded by a

comma denote space-coordinate differentiation.

The interconnected elastic and electro-magnetic excitations in a MEE solid will be considered
on the base of quasi-static approximation of Maxwell electrodynamics equations and linear
equations of motion [16 ]

VxE=0, VxH=0, V-D=0, V-B=0 (1)

0;S; = POuY, @)
here ? 2(5')(],5)(2,8)(3).

In the case of a two dimensional problem (when 5/ 5X3 = () equations and relations separate

into plane and anti-plane problems, analogous to the case of pure piezoelectric 6mm
symmetry crystal discussed in[17].
The anti-plane problem is described by the following equations and relations

(X =%%=Y)
6,=Gou-eE —BH,;  o©,=Gou-eE —pH,;

D,=ed,u+¢E +gH,; Dy :eﬁxuz+sEy+gHy; 3)

B, =Bou+gE, +pH,; B, =Bo,u, +gE, +uH;
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Here B,; =P,6,=6C,=G,u,=U,g, =¢,u, =p

From (1) follows that

E =-00 B=-V¢ )
where (p( X, y) , (I)(X, y) are potential functions.

Taking into account (4 ) we can write relations (1 ) in the form

=V, (GU +ep+pé),
B, =V, (BU —no—go), 5)
D, :ﬁo (eU _S(P_g(l));

(o)

Here the following notations are used
6= (sz,cszy) .B, =(BX, By); D,=(D,,D,); 60 = (8x,8y) 6)

Defining the new auxiliary potentials [5,15 ]

F=BU-po—gp; S=eU-ep-go Q)
and expressing potentials @, via new potentials F,S
¢=(-Fe+Sg+U0)y; o=(-Su+Un+F)y" (8)

Yy=¢eu—g, G:BS—eg, n:ell—f’g

we come to separate equations with respect to functions U, F, S.

a’Au—-o;u =0; AS=0; AF =0 )
where the dot denotes time differentiation,
A= (5i + 55,); a’=G,/p;G, =G+ (en + Be)yfl , a@is the velocity of shear bulk
magneto-electro-elastic wave in the MEE solid.

Let us note that for transversely isotropic MEE crystal y > 0 12].

The other functions G,,,G BX,By,DX,Dy via sought functions U, F,Scan be

yz°>

expressed as
0, =G,0,u—y '0,(nF +6S), 6, =G,0,u-y"'d,(nF +6S);
B, =0,F; B,=0,F; D, =0,S D,=0,S

2. Bloch-Floquet quasi-periodicity conditions, dispersion equations

(10)

We consider the plane Bloch -Floquet wave propagation along arbitrary direction in (X, y)

plane of infinite homogenous MEE structure consisting of imperfect contact interfaces
periodically arranged at points X = nd,n=0,+1,%£2..... along X direction. The effect of
the interface periodicity on the dynamic behavior will be investigated, considering only the

elementary cell X €& (O,d) and applying the Floquet-Bloch quasi-periodicity conditions
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connecting the ends of the elementary cell at X =0, X =d [12,13 ].Solutions of equations

(10)in Xe (0, d) in the form of plane waves can be written as

U(xyt)= [A exp(igx)+ A, exp(—iqx)]exp[i ( py—(ot)]

F (% y.t)=[ A exp(px)+ A exp(—px) Jexp[i( py—ot)] an
S(x, y.t)= [AS exp( px)+ A exp(— px)] exp[i (py— mt)]
Here, where the coefficients Aj are unknown amplitudes of the waves, = o’ / a’— p2 R

® is the angular frequency, P is the wave number in Y direction, i is the imaginary unit.

We consider several types of partial imperfect contact transmission conditions at the
interfaces within the periodically repeated unit cell of d width (period): electrically shorted,
electromagnetically closed, sliding mechanical (lubricated) contacts.

Note that electrically shorted conditions can be realized using a perfectly conducting film of
negligible thickness; electromagnetically closed conditions can be realized using a perfectly
conducting film of negligible thickness at the interfaces [15]. Smooth mechanical contacts
correspond to lubricated interface conditions. The smooth mechanical contacts conditions
were used in [15,18] for piezoelectric layered structures.

2.1 Electrically shorted interfaces with continuous elastic displacements , tractions,
magnetic potential and magnetic induction

Suppose that at each point X=nd,n=0,=1,+2..... there are electrically shorted

interfaces where the tangential component of electrical field vector have vanished and normal
component of electric displacement undergoes a discontinuity. Consequently the boundary
conditions can be written as

@(0,y,t)=0; o(d,y,t)=0

o,(0,y,t)=Ao,(d,y.t), u(0,y,t)=2u(d,y,t) (12)
0(0,y,t)=1d(d, y,t), B (0,y.,t)=AB,(d,y.t)

Here and hereafter A = eXp(ikd) , k is the Floquet wave number.

Substituting solutions (11) into the Bloch—Floquet quasi-periodicity conditions and
imperfect interface contact conditions(12 ) we come to the homogenous set of six

simultaneous equations with respect to the unknown amplitudes AJ- .The dispersion equation

can be obtained by equating the determinants of the simultaneous sets of equations to zero,

yielding

cos(dk) = F, (o, p);

(K =K, ) peosh(dp)sin(da) - (1+ K ) g cos(dq) sinh(dp) (13)

(K =K;) psin(da) —(1+ K ) gsinh(dp)

Here and hereafter the following notations are valid

B2 e Ke + Kﬁ - 2’Y01 / KeKB g
Ke===K= > Vo ="T—

I=74 Jeu

F (o p)=

K <1

L)':G_u’ ° Ge
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where Keis the electro-mechanical coupling coefficient, KB is the magneto-mechanical

coupling coefficient.

2.2 Electromagnetically closed interfaces with continuous elastic displacements and
tractions

Let suppose now that at each point X=Nd, N=0,%1,+2..... there are electromagnetically

shorted interfaces where the tangential component of electric field vector, tangent component
of magnetic field vector have vanished , while normal components of electric displacement
and magnetic induction vectors undergo a discontinuity.

In this case the boundary conditions can be written as

@(0,y,t)=1p(d,y,t);0(0,y,t) =Ao(d, y,t)
D, (0,y,t)=AD,(0,y,t); B (0,y,t) =AB, (0, y,t)

(14)
GX(O,y,t)zo, Gx(d,y,t)zo
¢(0,y,t)=0 o(d,y,t)=0
The following dispersion equation corresponds to these conditions:
cos(dk) = F, (o, p);
_ Kpcosh(dp)sin(daq) - (1 +K ) gcos(dq)sinh(dp) (15)

F, (o, p)= Kpsin(dq) - (1+ K ) gsinh(dp)

2.3 Mechanically sliding interface where normal elastic displacement undergo a
discontinuity.

Let us suppose now that at each point X= nd,n=0,+£1,%2..... periodically arranged

mechanically sliding interfaces where the component of electric field vector, tangent
component of magnetic field vector have vanished , while normal components of electric
displacement and magnetic induction vectors undergo a discontinuity.

In this case the boundary conditions can be written as

(P(Oa yat)_x(p(dayat)=05 (I)(anot)_}\‘(l)(da yat)z()a

D, (0,y,t)-AD,(0,y,t)=0; B,(0,y,t)-AB(0,y,t)=0 (16)
GX(O, y,t):O; Gx(d,y,t)zo

The dispersion equation corresponding to these boundary conditions is the following
cos(dk) =F, (0), p)

F (o, p) (1+ K)qcosh(dp)sin(dg)+ Kpcos(dq)sinh (dp) (17)
() =
P (1+ K)qsin(dq) + Kpsinh (dp)

4. Discussions and numerical results

The dispersion equations (13,15,17 ) defining ranges of frequencies associated with waves
that can propagate in MEE solid (pass bands), alternated with ranges of frequencies
corresponding

to waves that cannot be transmitted (stop or band gaps).
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For one dimension wave travelling along periodicity direction ( P= 0) or when there are

no piezo effects ( Ke =0, Kb = 0) , under electrically shorted or electromagnetically closed

imperfect contact conditions from dispersion equations ( 13,15) follows the simple dispersion
relation ® = ak ; Under mechanically sliding condition instead of dispersion equation (17 )

we have COS(dk) = cosh(dp), which means that the periodic structure does not allow
propagation of elastic wave as was expected.

Let us now examine the behavior of the functions Fl ((D) , F2 (O)) , F3 (O)) the right parts of
equations (13,15,17). For given values of oblique incidence wave number p and frequency
® the dispersion equations have not real solution for K , when the right part of dispersion
equations ‘F ((0, p)‘ > 1. The range of @ in which there are no propagating solutions of

dispersions equations corresponds to complete photonic frequency band gap. Frequency
regions of (® outside of gaps correspond to frequency passes .

Numerical calculation will be carried out for MEE crystal BaTiO,—CoFe,O, for which
dimensionless coupling coefficients are K, =0.24,K; =0.36,v,=0,09 [2].

The Fig.1, Fig2 illustrate dependence of right parts of dispersion equations (15,17 ) with
respect to dimensionless phase speed & = (D( pa)_l , for sliding and shorted interfaces,
correspondingly, when pd =2 . Points of intersection of function F (0), p) with straight

lines £1 determine the frequency band and pass ranges.

F

4__.// 15

10F
2L
m ot
; ] i i £TE
A - apgl ; ; 5 ; Lo
|I1 ll‘ 2 2 : 0.5 L. 15 2 13 L
2l 0sf
-1.0

4}

%]

=15t

Figl. Theright part of Eq.(17 ) as function Fig 2. Theright part of Eg.(13) as function
of dimensionless phase velocity & of dimensionless phase velocity &

For sliding contact case from the Fig.1 follows that there are narrow ranges of frequency pass
which means that periodically arranged interfaces of sliding contact may admit of shear wave
transmission due to piezo effect. These passes are absent when the piezo effects are neglected.

The layout of these pass ranges is &e€(0.—0.86),Ee(1.33>1.64),

£ €(2.59 — 2.76). The outside ranges correspond to the band gaps, the width of the band

gaps significantly widens for higher frequencies.

Contrary to sliding contact case, for electromagnetically closed case from Fig.2 it follows
that there are narrow ranges of gap zones caused by piezo effect. These gaps are absent when
the piezo effects are neglected. The layout of these ranges are

£ (0.90 > 0.98),& (1.72 —1.86), £ €(3.22 = 3.29), £ e (4.72 — 4.79).

Outward of the gap ranges are the pass ranges, the width of which significantly widens for
higher frequencies.
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For electrically shorted case Fig.3 shows the dispersions curves kd = f ((Ddaf1 ) and pass

and stop bands structures in first Brillouin zone of dimensionless wave number

kd E(O,ﬂ:), where ®0a'is the normalized dimensionless frequency. Dashed lines

correspond to oblique wave number pd =2, solid lines to pd =1. The first and rest band

gaps occur only at T = kd . The width of the band gaps for MEE solids narrows for higher
frequencies and gaps are absent when the piezo effects are neglected. The cut-off frequency

are 0.89, 1.86 for pd =1, for pd =2, correspondingly.

0.0 0.5 1.0 1.5 2.0 25 3.0
wda™!
Fig 3. Dispersion curves for electrically shorted case

5. Conclusions

Based on quasi static approximation of Maxwell electrodynamics equations shear wave
propagation in MEE homogeneous solid is studied . The well known Floquet quasi-
periodicity boundary conditions are taken into consideration. Dispersion relations are derived
for three kinds of imperfect contacts: electrically shorted, electromagnetically closed, sliding

mechanical (lubricated) contacts. For MEE crystal BaTiO,—CoFe,O, the numerical analysis

of dispersion equations determining the Floquet waves is carried out. The Floquet wave
frequency pass and gap band structures are studied in conformity with contact conditions.
The numerical results estimating effects of transmission conditions and piezo effects are
presented. The results show that for periodically arranged electrically shorted or
electromagnetically closed interfaces the possibility of frequency band gap is conditioned by
piezo effect. It is also shown that periodically arranged mechanically sliding interfaces may
admit shear wave transmission/ pass, which simply do not exist without a piezo effect.
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ONTUMAJBHBIA IO MUHUMAJILHOMY TAPAHTUPOBAHHOMY
BPEMEHH HNOUCK NIOABUKHOI'O OBFBEKTA HA IIVIOCKOCTHU

Aserucsn B.B., Crenansu B.C.

Putiunh punbp. Gpuphunpyws thunpnid, oupinhdwy nEljw]wpnid
KiroueBble ¢/10Ba: rapaHTHPOBAHHbIH TOUCK, ONTUMAJILHOE yIIPaBIeHUE
Keywords: guaranteed search, optimal control

Uqdtunpyywmi 9.9, Unkhwiywh 9.U.
Zuppnipjul Uk owndynn opjiljnh oyynhdwy pun bjuqugnyi tpusjowdnpus dudwbulh
thtnpnudp

Thunwpyynud E huppnipjut by wpugnipjudp nkjujudupynn swpduljut opjijuih owyyunpduy
pun wjuqugnyt Epuppuudnpdus  dwdwbwlph thunpdwt jughpp, Gpp huynth E dhuyb, np
uljqpuwut ywwhht npnukih opup quignid £ npjws opgwunid: Npwbu thunpnn k nphunwplynud
Enwswith wwpusm pput Uke wpugnipjudp nEjudwpdnng opyljnp: Zuyniwpkpnudp’ npntikh opyljnh
Unnpphtwnntbph npnpnudt hppuwbwgdmd bt owpdwlut Ynuh hhdph uhongny, nph ququpp
Yuwyws b thtnnpnn opjkljnh plipwghl thpph htw: Uzulyt) b nkjuupdul wignphped, nph gopnid
npnibh opjnh Epuojuwdnpyus hunpnudt wjuwpuynud | ijuqugnyi dudwbwyned:

Avetisyan V.V., Stepanyan V.S.
Time-optimi guaranteed search of mobile object in the plane

A problem of time-optimal guaranteed search of moving object with controllable speed in plane is observed,
where in the initial moment only the circular of the sought object is known. The sought object is a object with
controllable speed. The discovery, i.e. the identification of the precise coordinates of the object, is implemented
through the moving information basis of the cone, the apex of which is connected to the current coordinates of the
sough object. It is required to locate the object as quickly as possible. A control algorithm is proposed, in which r a
guaranteed search of the sought object in minimal time is completed.

PaccmarpuBaercst 3ajada ONTUMAJIbHOIO 110 MHHHUMAJIbHOMY TIapaHTUPOBAaHHOMY BPEMEHH IIOUCKA
MOABMKHOTO OOBEKTA, COBEPIIAIONIETO YIPaBIsIeMOe 110 CKOPOCTH ABIDKEHHE HA IIOCKOCTU B IPEANOJIOKEHUH,
YTO U3BECTCH JIMIIb KPYT, B KOTOPOM B HAaUalIbHBIH MOMEHT HAXOJHUTCS HCKOMBIH 00beKT. VIyum npuHIMaeTcst
OOBEKT, YIPABISIEMBIH 110 CKOPOCTH B TPEXMEPHOM IIPOCTpaHCTBE. IIonCK — ompesesieHne KOOpIMHAT HCKOMOTO
00BEKTa OCYIIECTBIACTCS C IIOMOINBIO OCHOBAHUS 33JJaHHOTO KOHYyCa, BEpPIIMHA KOTOPOTO CBs3aHA C TEKyLIUM
TIOJIOXKEHHUEM HINyIIero o0bekTa. Pa3paboTaH anropuTM ympaBiIeHHs, IPH KOTOPOM TapaHTHPOBAHHBIH MOHCK
HCKOMOTO O0BEKTa 3aBepIIaeTCsi 32 MUHIMAJIBHOE BpeMsl.

Beenenue. B 3a7a4yax noucka 1eineBbix 00bEKTOB, BO3HUKAIOIINX BO MHOTHUX 00JIACTSX,
NpoLecC IOUCKAa MCKOMOTo O0BEKTa C MOCIEAYIOIIUM €ro OOHapyXeHHeMm, BeAETCs C
MOMOUIBI0 WH(OPMALMOHHON 00JacTH, HANpUMeEp, CBETOBOW O0JIACTH, KOTOPYIO MOXHO
MepeMeIaTh B «TEMHOMY MPOCTPAHCTBE MOKMCKA C IIEJIbI0 OCBEIICHUS MCKOMOTO 0OBEKTa
[IPU €ro MOMaJaHuu B 3Ty 001acTh. OnKcaHHass CUTYaIUsl B JAaHHOW paboTe MOACIHPYETCs
¢ moMmolIkio cneayromei 3anaun [1,2]. Tpebyercs mOCTpOUTh yIpaBisieMoe M0 CKOPOCTH
MPOCTPAHCTBEHHOE JIBIDKCHHE HINYIIETO OOBEKTa, KOTOPBIA W3 3aJaHHOTO HAYaIbHOTO
TIOJIOKCHUS JOJDKCH, COBEPIIMB IMOAXOISIINN MaHEBp, OOHAPYXKHUTh IEICBOH OOBEKT,
COBEPIAIOININY YIIPaBIsAEMOE TI0 CKOPOCTH JIBUKCHUE HA TOPHU30HTAIBHOHN IIOCKOCTH U
HAvallbHOE MOJI0XKEHHE KOTOPOr0 M3BECTHO HUIIYIIEMY OOBEKTY C TOYHOCTHIO JI0 33/IaHHOTO
Kpyra HeomnpeaenéHHocTu. [Ipu 3TOM HUCKOMBIH OOBEKT CUMTAETCS OOHAPYKCHHBIM B
cllydae ero HorajgaHusi B KpyroBoe OCHOBAHME KOHYCA, KOOPIUHATHI BEPUINHBI KOTOPOTO —
CyTh TEKyIIHe KOOPIAMHATHI HIIymiero o0wekra. s pemenuns 3toit 3amaun B [1,2] ObiT
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MPEJUIOKEH TOAXOJ, COCTOSIINN B MOCTPOCHUU TAKHMX YIPABICHHH, MPU KOTOPBIX KPYT
oOHapyKeHUs HIIYIEero oOBEKTa 3a KOHEYHOE BpPEMs IOTIIOMIAeT PACIIMPSIOMINANCST BO
BPEMEHH KpYT HEOIPENeIEHHOCTH HMCKOMOTO O0O0BeKTa. Takoil MOIXOA TapaHTHPYET
YCHEUIHBI MOWCK, TaK KaK yIpaBJieHHE TOMCKOM CTPOWTCS C pacuéToM Ha JBIKCHHE
HUCKOMOTO OOBEKTa B JIIOOOM, B TOM 4YHCIE€ HAuUXyAUIeM UL HIIYIIero OObBeKTa,
HampaBJIeHWHW. 3a/1a4ya sSBISETCS MHOTONIApaMeTPUIEeCKOr U B oTiindue ot [1,2], B KOTOPBIX
HCCIICIOBAHbBI CIIyYau, CBSI3aHHBIC C HEKOTOPHIMHU XapaKTEPHBIMUA COOTHOILICHUSIMHU MEXKTY
TCOMETPHUCCKUMH M (PHU3UUCCKUMU MapaMeTpaMH PacCMAaTPUBAEMON IMOMCKOBOW CHCTEMBI,
B JTAaHHO¥ paboTe UCClIeAyeTCs Caydaid, KOrja Ha4aabHbBIH paglyC U CKOPOCTh PaCIIUPEHHUSI
Kpyra OOHapyXeHHs OOJbIlle HAYaIbHOTO pajnyca Kpyra HEONpeAeNEHHOCTH HCKOMOTO
00bEKTa M €r0 MAaKCUMAILHONW CKOPOCTH, COOTBETCTBEHHO. JTO MPUBOJIUT K PACIIHPCHHIO
MHOXKECTBA YIIPABIICHUIA HWIIYIIET0 O0BEKTa, TapaHTHPYIOIUX OOHApYKEHHE HCKOMOTO
00BeKTa 32 KOHEYHOE BpeMs. B IOCTpOCHHOM MHOKECTBE TapaHTHPYIOUINX YIIPaBICHUI
METOZAMH JTMHEHHOTO MPOrPaMMHPOBAHUS PelIeHa 3a7ada HaX0KICHUS ONITUMAIFHOTO I10
MUHUMAaJIbHOMY TapaHTUPOBAaHHOMY BPEMEHH IIOWCKa yrpaBieHUs. OCHOBHOE OTIHYHE
MOCTAHOBKM 33/1a4M JTAHHOW paboThl OT MOCTAHOBOK 33jad IapaHTHPOBAHHOTO IOMCKa
resieBoro oowexTa [3-11] cocrout B ToM, 4TO B [3-9] monCK BeAETCS BHYTPH OTpaHUUEHHOMN
00JacTH HEOmpeneNEHHOCTH HMCKOMOTO o0BekTa, a B [10,11] momck Ha TUIOCKOCTH
HAYMHACTCSA BHE O0JIACTH HEOMPENeéHHOCTH, ofHako B [10] oOHapyXeHHE HCKOMOTO
00BEKTa OCYIIECTBISACTCS C IOMOINBIO Kpyra TIOCTOSHHIO paguyca, a B [8] —
MOJIYTIIOCKOCTH.

1. Onucanue NMOMCKOBOI cHcTeMbl M MOCTaHOBKA 3agavu. [lycTb MMeroTcs 1Ba
Toueunblx o6bekta X u Y, u3 kotopeix X — murymuii, a ¥ — uckomerif. O6a o0bekTa,
oOnamasi OrpaHMYCHHBIMH JIHHEHHBIMH CKOPOCTSIMH, WMEIOT BO3MOXXHOCTh B KaXKIBIH
MOMEHT BPEMEHM IIPOHM3BONBHO H3MEHATH HANPaBICHHE CBOMX JBWkeHWH: X — B
IPOCTPAHCTBE, 8 Y — Ha INIOCKOCTH, COTJIACHO CIIEAYIOIIMM yPABHEHHAM, OTPAHUYEHUSIM U
HavaJIbHbBIM JaHHBIM:

X: x=u, x(0)=x°, |u(t)|SU, t>0; xueR’, (1.1)
Y: y=v, p0)=)", |V(z‘)|SV, t>0; y,veR’. (1.2)

B (1.1) u (1.2) X,y — BexTopbl KOOpPAUHAT OOBEKTOB; U,V — HX YIpPaBJIAIOILIE
BEKTOP-CKOPOCTH, KOTOPBIE SBISAIOTCS KyCOUHO-HENPEPHIBHbIMU (yHKIMsamu ot £, £ >0 ;
U, V — makcumanbHo BO3MOXKHEBIE CKOPOCTH 00BeKTOB X , ¥ .

[Tonoxwum, 9To B Kaxabiii MomeHT Bpemern f > () o6bexkTy X TOYHO M3BECTHBI CBOM

(a3oBBIe KOOPAUHATEI M MAKCHMANIbHAs CKOPOCTh 00bekTa Y . O KoopauHarax Y o6BeKTy
X wusBecTHO MMIIL TO, uTO B HauanbHbli Moment Bpemenn ¢ =0 Y mnaxoaurca B

33J]JaHHOM Kpyre HEONpeaeEHHOCTH

eD, = R*: 1< 1.3
vy eDy={yeR: |y-y.|<1} (1.3)
C LIEHTPOM B TOYKE yf =( ygl , yfz) eR*u panuycom 7, KOTOPbIC TAK)KE NU3BECTHBI X.

BO3MOXHOCTh ~ YCTAHOBJIEHHMSI TOYHBIX KOOPAMHAT HCKOMOTo oObekta Y
OCYIIECTBIISICTCS. C  ITIOMOINBIO  TOABW)KHOW W M3MEHSIOLIEWCS BO  BpPEMEHH
nH(popMannoHHO obnacTn

EeR: |E(0)—x, ()| <1(t) =Cx, (1), C=|tgal
xX,(1) = (x,(0),x,,(0)),  O<|o|<m/2| T (1.4
G(x(0),C) = G(x,(0), x,(0), x;(0), C) =G(x.(0),/(0)) = G,

G(x(0),C)=
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npescTaBisomas coboii kpyropoe (¢ uenrpom X, = (X, X,,)) OCHOBAHHE HEKOTOPOTO

KOHyca, BEpIIMHA KOTOPOTO CBA3aHA C TEKYIIMM 3HaueHHEM BeKTopa monoxenus X. B

nanbHeiem, B 3anucu kpyra odnapysxkenns G(x(¢),C) napamerp C Gynem omyckars.
TIpu HPOCTPAaHCTBEHHOM JBIVKEHHMH HIIYIIEr0 0OhEeKTa SBOJIONHA HH)OPMAITMOHHOTO

kpyra (1.4) Ha TIOCKOCTH (xl,xz) npu ¢ >0 onpenensercs MIOCKUM JBHXEHHEM €rO

LeHrpa X, = (x xcz) C NIOMOILBIO YNPaBICHUN U, U, U paClIUPEHUEM UIIN CYKEHUCM

cl’
obnactu (1.4) myTem M3MEHEHHS PacCTOSHUA X, oObekta X [0 MIOCKOCTH (xl,xz) c

NOMOLUBIO yIpaBleHust U,, T.e. u3MeHeHueM eé pamuyca [ =CXx; ¢ nomouso

ynpasnenns Cuy: [ =Cuy, [, =1(0). Tlpn u; > 0 xpyr G (1.4) pacumpsiercs, a npu
uy; <0 cyxaercs.
0 .0 0 0 0 0 0
[ycts mapamMerpsl V., V.,,ty, U X.,X.,,%;,C (wm Xx.,X,,,l,) xpyros

HEONpPEIeNEHHOCTH U OOHAPY/KEHHs TaKhe, YTO B HayaibHbI MomeHT Bpemenu [ =0
BBITTOJTHSIETCS yCIIOBHE

D, NG, =, (1.5)

Cornacao (1.5), B Ha4ampHBIE MOMEHT KpYyr OOHApy>KEHHs HaXOIUTCS BHE Kpyra
HEOIIPEACIEHHOCTH.
CKaKeM, YTO MOJIOKEHHE HMCKOMOTO OObekTa ) CTAHOBUTCS TOYHO HM3BECTHBIM B

*
momeHT Bpemenu ! > (), korja BHepBble BBLINONHAETCS YCIOBHE OOHApYXKEHUd, T.€.
YCIIOBHE €T0 MOTaaHus B KPYT 0OHAPYKEHUS

Y(E)EGH(E)) e [p(t) =X () <1, X =(x0,%,). (L6)

Tak kak Ha miockoctd (X;,X,) 06JacTb IOCTHKUMOCTH HCKOMOro oobekta (1.2) ¢

(MKCHPOBAHHBIM HayaJIbHBLIM TIONIOXKEeHHeM B MomeHT Bpemenu >0  npencrasnser
co0oi Kpyr, TO B TOT )€ MOMEHT BpPEMEHM OOJIACTBIO HEONPENeIEHHOCTH HCKOMOTO

o0bekTa ¢ HauanbHbiM BmouenueM (1.3) rtaxke Oymer xpyr D(t), D(t)D D, ¢
LIEHTPOM B TOuKe ) W ¢ pamuycom 7, + V. CiiesoBaTes o, ycioBre OGHAPYREHUs

(1.6) rapaHTMPOBaHHO BBINOJHUMO, €CIM CYLIECTBYIOT TaKOi MOMEHT BpeMeHH 1 u
ynpapienne usMeHenueM kpyra obuapyxenns u(t), O0<¢<T, npu xortopbix
BBITIOJHSCTCS BKIIIOYCHHUE

D(T) c G(x(T)). (1.7)

TpeGyeTcs HAlTH TAaKOE YIPaBIAEMOE JBUKEHHE 00beKkTa X , TIPU KOTOPOM YCIIOBHE

nornomenus (1.7) IPOUCXOIUT 32 MUHMMAJILHO BO3MOKHOE BpeMst 1 .
Jlnist pelieHys 3TOM 3a1a4K CHavaia pacCMOTPHM 3a/1auy | — 3a/1a4y rapaHTHPOBaHHOTO
TIOUCKA.

0 0 .0 0 3

3adaua 1. Jlns 3ajaHHOro HavainbHoro momoxkenus X = (Xx;,X,,X;)€ R mu
3a[aHHBIX HAYaIbHBIX KpyroB oOHapyxenus G, u Heompepenéunocru D,
yjoBIeTBOpsomux yenosuto (1.5), naiitu uncino 7' > 0 u pomycrumoe ynpasienne u(t)

0
o6bekta X Ha uHTEpBaINE [0, T ] , JUIs1 KOTOPBIX IIPH J1I000M HAYyaabHOM IOJOXKEHUH )
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obbekra ¥ B kpyre meonpepenéunoctn D) (1.3) u moGoM IOIMyCTHMOM yIpPABICHHH
v(t) wna unrepsane [0, T ] BBINOJIHSAETCS ycnoBue nornomenus (1.7), T.e. rapaHTupyeTcst

o6uapyxenne (1.6) B HexoTopslii Moment Bpemenn [ >0, me nosauee Bpemenu I :
t"<T.
Jlnst 3axaHHOif HauanbHOR nosuumm {x° G,,D,} (1.5) ynpasnenue u(t) — pewenue

3anaun | — Ha30BEM rapaHTHPYIOIKM, & BpeMst | — rapaHTHPOBAaHHBIM BPEMEHEM MOMCKA
WK OOHAPYKEHHUS.

0 . .
B zasucumoctu ot napamerpos {x ,G,,D,,U,V} ucxonHoit mogenu mHOHCKOBOM

cucremsl (1.1) - (1.5), 3agaga 1 MoXeT UMETh MHOXKECTBO pelIeHui. Torma i BEIICICHU
€/IMHCTBEHHOTO pEIICHHUsS EeCTECTBEHHO HAJOXKUTh elé TpeOOBaHWE ONTUMAabHOCTH,
HarpuMep, BpeMeHH TIOUCKa, T.€. PACCMOTPETh 3aauy 2.

0 0 .0 0 3
3adaua 2. Jlnis 3ajaHHOrO HayalnbHOro mnomoxkenus X = (X;,X,,X;)€ R’ mn
3aJ]aHHOrO Kpyra Heonpezenéuuoctn D, Haiitu rapantupyrouee ynpasienue U(t), npu

KOTOPOM rapaHTUPOBAHHOC BPEMA 06Hapy)K6HI/I${ HCKOMOT0 00BLeKTa T MHHUMAJIBHO.

2. MeToauMka mNOCTPOEHUs] YIpPaBJeHMil, TrapaHTUPYIOLIUX oOHApy:KeHUe 3a
KOHe4yHoe BpeMsl. [lepexons k pemeHnto 3aqadu 1, He Hapymas OOIHOCTH, TTOJIOKIM, 9TO

LIEHTP yf =( ygl, ygz) € R* xpyra mHeoupexenéuHocTH D, c R’ uckomoro o6bekTa

Y coBnamaer c Havanom aexaproBoii cuctemsl koopauHat OX,X,, a umymuii  06beKT
X B navanbueii Moment Bpemenn f =0, B cooTBercTBuH ¢ (1.5), HaXOZMTCA B TOUKe
0 _ /.0 0 _0 0 _ 0 _ 0 _ -1
X =(x,%,x), x =R, x;=0,x; =C"[;, R/>0, re. uenrp kpyra
0
OOHapy:XeHMs X, HAXOJMTCA B TOYKE (RO, 0) na ocu Ox,(¢ur. 1). Honoxum, uro

BBIINTOJIHAOTCA COOTHOIICHUA

R, > 1, +r,, ly>ry, 2.1

KOTOPBIE IIOJIHOCTBIO OIKCHIBAIOT HavalbHOe pacnonoxenue (1.5) kpyros D u Go-

Dur. 1
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Mycte A, (A4,) n B, (B,)— cooTBercTBeHHO, JIeBasi U NpPaBasi TOUKH IIEPECEUCHNs

kpyra obHapyxenus G, (kpyra meonpemenéunoctu D) ¢ ocbio Ox, (¢ur.1). Jns
ocymecTBiieHHss norsomenus (1.7), B paMkax MeToja 3KCTPEMaJbHOTO IPHUIIEIHBAHMS
[12], X [omkeH JBUraThCs ¢ TAKOM CKOPOCTBIO U = (ul,uz,u3), YTOOBI TOYKH KpyTa

obuapyxenns A, u B, mnepememamics Broms ocu Ox,(r.e. u, =0). Ipu stom,
ckopoctu touek A, n B, B ux mwkennmu no ocu OX; GymyT, COOTBETCTBEHHO,

q,=u,—Cu, u qz=u+Cu;. B COOTBETCTBMM C OTUM, HEOOXOAUMBIM U

JIOCTaTOYHBIM YCJIOBHEM OCYILIECTBICHHUS MOIVIOIIEHUS KPyra HEONPEeAeIEHHOCTU KPYroM
OOHApYKEHWS ABIAETCS CYIIECTBOBaHKE Takoro Momenta Bpemenn 1 > 0 u ynpasnenwuit

U, ,U;(1.1), IpY KOTOPBIX BBIIOJNHSAIOTCS CIEAYIOIME COOTHOICHHUS:

q,T+R,—1,<-VT~-r, q,=u,—Cu,,

(2.2)
qsT +R,+1,2VT +71,, qy =u, +Cu,,
3anmrreMm cucremy (2.2) B Buze:
R, =1, +71, <(—u,+Cu, = V)T, (2.3)
R, +1y—1, 2 (—u,—Cuy +V)T. (2.4)

U3 (2.3), (2.4) cuemyer, 4to ecid U 3aJaHHBIX IapamerpoB R, .7, ,lO 2.1) n
U,V ,C orHocurensHo U, U, BBIIOIHAETCS CHCTEMA HEPABCHCTB
—u, +Cu, =V >0, —u,—Cu, +V <0, ul+u; <U?, (2.5)
TO yCJOBHE MOTIoNieHus (cucreMa cooTHomeHui (2.3), (2.4)) uMeeT MecTo MpH JIFoOOM
T €[T",+x©), rue naiinennas u3 (2.3) BenuuuHa

_ R, —1 +7
T =—0 0 0 59 (2.6)
—u, +Cuy, =V

— 3TO MOMEHT, Ha4MHasi C KOTOPOro Touka A, OKa3bIBaeTCs JeBee OT JeBoil Toukn A , .

Ecmu g 3apaHHBIX IapaMeTpoB Ro,ro,lo (2.1) u U,V,C ornocurensho u,,u,

BBITIOJIHACTCA CUCTEMA HCPABECHCTB

2, .2 2
—u, +Cuy =V >0, —u—-Cu,+V>0, wu +u;<U", (2.7)
TO 13 (2.4) MOXHO OTIPEAETUTh U KOHEYHBI MOMEHT BPEMEHHU
R +1, -
Ir=—2"0 2 s,
—u, —Cu, +V

npu KOTopoM B, 10Ka e1é HaxoAuTCs He IpaBee OT TOYKH B, .
Eciu npu mapamerpax R,7,,[,(2.1) u U,V,C(2.7) sbmonnsercs Taxxe

- + .
nepagenctBo I <71, KOTOpOe Mmocye HECIOKHBIX PEOOPA30BAHMUI TIPUOOPETAET BH]L

R,(Cuy, =V)=(l, —ry)u,, (2.8)
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To cucrema (2.3), (2.4), a 3Hauut, yciuosue nornouenus (1.7) umeer mMecto npu Jiroo6oM
Te[l",T"].

B o6oux caywasx ((2.5) u (2.7)-(2.8)) Bpems I~ (2.6) sBIg€TCA MEPBHIM MOMEHTOM
MOTJIOIIEHUSI, T.€. TAPAHTUPOBAHHBIM BPEMEHEM ITOMCKA WIIH OOHAPYKCHUS. .

YuureBas (2.5) u (2.7)-(2.8), ms 3agansbix mapamerpos R, 7,,[,(2.1) u U,V,C

paccMoTpuM 00JacTh
3

H=|]JH,, 2.9)
i=1

rue

—u, +Cuy, =V >0,

H, ={(u,u)eR*:
! {(1 ) —u, —Cuy, +V <0,

u12+u32SU2}, (2.10)
—u, +Cu, =V >0, R(Cu,-V)= —r)u

H2 — (ul,MS)ERZ: 1 3 O( 3 ) SO 20) 1 , ’(211)
—u, —Cu, +V >0, Cu, -V =20, u +u; <U

—u, +Cuy, =V >0, R,(Cu;=V)=(l,—1)u, } 2

H,={ (u,u)e R*:
3 {(1 3) —u, —Cu, +V >0, Cu,—-V <0, U12+”32§U2

O6mactu H,, i =1,2,3 (pur.2) — Bolnykisle, Tak Kak NPEACTABIAIOT COOON wacTy
Kpyra, OrpaHHYCHHbIC JyraMd W  JBYMsI OTPE3KaMH, COCIMHSIIOUIMMH  KOHIIBI
p,P Py K. K Ky. NN _ Ny PP PN, Mg M My NN N
w o (uy usy ) u” (v uy ) w (uy us ),u () us ) u (uy) us )ut (uy) ,uy )

P K. _ N P M N . .
ayr U U ;U U ;U U, COOTBETCTBEHHO, C BHYTPEHHEH TOUKOM uQ(uIQ,uf ) kpyra.

Ha ¢ur.2 ropu3oHTanbsHBEIME OTPE3KaMH 3aIUTpHXoBaHa obnacts . | » BEPTHKAIILHLIMHA —

P K N M
obmacru H, w H,, yrnossle BepmmHBl U 2 u® u” u™  xotopeix  umetor

CIIEIYIOIIEe KOOPAUHATHI:

V-Cy(+CHU*-v? 2
ul = \/(1+C2) <0, uf:[Uz—(ulp)zJ >0 (2.13)
4
u? =0, u3Q=6>0’ (2.14)
P 1/2 V
u :[UZ—(%N) } >0,  ul ==>0, 2.15)

c VHCJa+CHU 1>

= 1+C? g

[, — 1)/ RV = CJ{[(ly = 1)/ R, + C*JU* — V7 <
[(l,—1,)/ R, +C

2 1/2
0, uf:[Uz—(uf)] >0 (2.16)

u (Ry) =—

0, 2.17)
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CV ~[Uy 1)/ RN, 1)/ R, T +CHU> 1

s (Ro) = [(l,—-7,)/ R, +C*

dur. 2

Kak cnenyer u3 (2.12) — (2.17) u ¢ur.2, roe u® =(-U,0) u u* =(0,U), upu

0

M N
Ry —> o0 nuHms u (RO)uQ BpallaeTcs BOKPYT TOYKH I~ IO 4YacOBOM CTpeNKe U

crpemuress k monowermio 1 (xoopmamata ) (R,)(ud (R,)) = u' (u) ). Tipu

M y
R, =1, +7, mnus u (RO)uQ Bokpyr Toukn ¢ Bpamaercs NpoTHB 4acoBoii
J
crpenkn  u  crpemmurcs Kk nonokenmo  smmmn  u’u®  (koopaumHarta
M M T d J
u, (Ry)(u; (R))) = u; (u;), rae xoopauHAaThl TOYKM U~ — TOYKH I[EPECEUCHHUS

mpsivoii 1™ (R, )u® ¢ oxpysmocteio ul +u; =U? npu R, =1, +7, onpenensiorcs
TaKuM 00pa3oM:
7l =) 1+ i)V = Ol =) Gy + )P+ CUP -2
: [(ly 1)/ (I, +1,)) +C°
= CV-[(,—r)/d, 4—7’0)]\/{[(10 -1/ (l,+r)+CHU =V?
’ [, —7)/ Uy + 7)) +C?

0,
(2.18)
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Dur. 3

J
OrmeruM, dTO 3HaK KOOpAMHATHI U3 (2.18) 3aBMCHT OT HapaMeTpoB 3aJaud
CJIeIYIONINM 00pa3oM:

u] >0, ecm V>lo_r0U (a)
o7
l (2.19)
w <0, eem LUy (b)
l,+7,

Cayuato (2.19)(a) coorBerctByer dur.2, a ciayuato (2.19)(b) — dur.3.
13 (2.10)~(2.12), ¢ yuérom (2.13)~(2.19), cienyer, uro obnactu H, u H, ue 3aBucst

or mapamerpa R,, a obmacts [1, s3aBucur. Ilostomy, msmenenne oGmactu F or

napamerpa R, cienyromee:

HR)—>H VH, mu R, > o, (2.20)
H(R)— H] UH,UH, wpu R, > +7,,

rae
HSJ:{(ul,%)eRz: w <u, <ul, wl <u <u) =u?, u12+u12£U2}.

Jurasice npu ynpasnenun u = (u;,0,u,), roe (u,,u;) € H (2.9), obvexr X
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obuapyxusaer Y He mozke MoMmeHta Bpemenn 1 (uU,U;)(2.6). Ilpuuém, eciu
(u,u;)eH,,10 0<T <T" =c0,aecmu (u;,u)€H,, 70 0<T <T" <0,
O6nacts H (2.9) Ha3oBéM obnacTbio rapanTupytomux ynpasnenuit, u = (u,,0,u,) —

YHOpPaBJICHUC, TapaHTUPYIOUICC IMOUCK 3a KOHCYHOC BpPEMs, a COOTBeTCTByIOHII/Iﬁ MOMCHT

nepsoro nornowenus 1 (U,,U, ) (2.6) — rapaHTHPOBAHHBIM BPEMEHEM IIOUCKA.

U3 (2.10)-(2.12) cnenyer, uto H, #J,i=1,2,3 B ToM u Tonbko B TOM cily4ae,
Korza
CU>V . 2.21)
HekoTopble YacTHbE CIydad, CBA3aHHBIE C PAa3IMYHBIMM COOTHOIIECHHSMH MEXKITY
semmuntamu CU u V', a raxoke napamerpamu 7y u [, 6sum nccnenosanst B [1,2].

3. HaxoxneHne ONTHMMAJbHBIX TrapaHTUpPYOIIMX ynpasjeHnmii. Ilepeiiném k
pemIeHnio 3a1aud 2 — HAXOXKACHHI0 B oOmacté (2.9) rapaHTHPYIOUIMX YIIpaBICHHH,
JOCTaBIIAIONINX MHHIMYM TapaHTHPOBAHHOMY BpeMeHH moucka (2.6):

i ) _ ) R,—1,+r
™ = min T (u,u,)= min | ——2—0— (3.1)
(uyuz)eH (uyuz)eH —ul =+ Cu3 — V
3anaya (3.1) paBHOCHIIBHA 33/1a4€
o(u,,uy) =—u, +Cu; >max, (u,u,)eHf. (3.2)

Tak xak B (3.2) grad(p(ul,u3) =(-1,C), C>0, 1o makcumym B (3.2), a 3HauuT,

. M L o
MuHEMYM B (3.1) mocTturaercs B OXHOW M3 TOYEK 4acTH U (Ro )u JyTOBOM TpaHUIIBI

M. K
u u" obmactu H :

u (R)u* :{(ul,uS): u’ (R)<u, <0, ud (R) <u, <U, u} +u; :Uz} (3.3)

y M N NP P 1
¥ Tpe/IcTaBIsieT co60i 06benunenne ayr u- (R)u" , u u' , u u":
M I_. M N, NP, P L
u (Ru™ =u” (R)u" Vu"u Vuu", (3.4)

rae

u (R))u™ :{(ul,u3):ulM(R0)Su1 <u;ud (R) <uy <ul jul +u; :UZ} (3.5)

uNupz{(ul,%): w' <u <u’, ul <u;<u, uf+u32:U2} (3.6)
uPuL:{(ul,u3): u <u, <0, ul <u,<U, u12+u32:U2} (3.7)

L _ L L L _ L _
u = uy), u =0, u; =U
Taxkum oOpa3oM, B COOTBETCTBHH C BBIIIIECKa3aHHBIM, 3a1ava (3.1) cBemeHa k 3amade

oTbIcKaHMs Makcumyma Gyrkumn O(u,,u;) = —u, + Cu, na nyre u (R, Y
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o(u,uy)=—u, +Cu, > max, (u,u,)eu (R)u". (3.8)

M 3
3asucumocts ayru U (Ry)u~ or R;, anamormuno (2.20), crexyromas:

u(RYu" > u™u* wpn R, > oo; u"(R)u" —>u'u" wpu R, -1, +7, u

IIO3TOMY, UMEIOT MECTO BKIFOYCHUA:

w'ut cu”(R)u" cuu”, ly+1r, <R, <0, (3.9)
rue
uJuLz{(ul,u3): w' <u, <0, wl <u,<U, u12+u32=U2}. (3.10)

OTMeTHM, YTO, €CIH BHIOIHSAIOTCS cooTHoeHus (2.19)(a), To

—

w'ut cuut, (3.11)(a)

a, €CJIM BBIMOHSIOTCS cooTHOIIeHus (2.19)(b), To, HabopoT,

w'ut > utu®, (3.11)(b)
rae
wut ={ o) ~U<u, <0, 0<u,<U, ul+ul=U"}. (3.12)

Oynxuns QU u;) =—u, +Cl; MaKCHMAIBHOTO 3HAYCHHS HA OKPYXKHOCTH

ulz + uf =U*? JIOCTHUTAET B TOYKE
* * *
u = (u,,uy), (3.13)

. U . cU

Y w=—==_ >0,
N N e

N S L
KOTOpasi, C y4€TOM BBILIECKA3aHHOTO, HAXOAUTCS Ha yre U™ U~ (3.12).
[Mockoneky, ¢ yu€rom (3.8)-(3.11),

—

wu =utu™ (R wu (R)u" , (3.14)

rac

uSuM(RO):{(ul,u3): ~U<u <u, 0O<u, <ul, u12+u32:U2},

M L
a u" (R,)u" ompenemsiercs cormacuo (3.3), (3.4), TO B 3aBHCHMOCTH OT [apaMeTPOB

sagaun R, U,V ,C rouka (3.13) 1160 npuHaameKuT ayre u (R, ' (3.3),
u eu (R)u", (3.15)

1100 HaXOAUTCS BHE ATOM Ayrd — Ha J{yre uu (Ro) 3.14):
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u' eu’u” (R) =v’u" \u" (R)u" . (3.16)
B ciyuae (3.15) Touxa (3.13) siBistercst ontumanbHoii B 3azaue (3.1): u™ =u",a s

N M M
cityuae (3.16) onrumarsHoii snsieTcst koneunas touxa U (R,) myrn u'u (R,):

u™ =u"(R,), (3.17)

T.C.

[(ly 1)/ RV —CJ{[(ly = 1)/ R, + C*JU* —V*
[(l,—7,)/ R, +C>

CV [y —1)/ RyNAIUy 1)/ R, +CU? —V?
[(l,—7)/ R, +C’

[lepeiinéM K HaxOXICHUIO YCIOBUHM [ DapaMeTpoB 3aJayd, I[pU KOTOPBIX
BBITIOJTHACTCS OHO U3 BKitoueHu# (3.15) nmm (3.16).
[Tocne npoBea€HHOrO HCchenoBaHus ¢ Hcnojib3oBanuem (opmyn (2.13) — (2.20) u

ulmm :ulM(Ro) =

usmm = u;W(RO) =

npeactasnenuit (3.4)-(3.7), (3.14), ma cnysaes C >1 u C <1 nonyuens crenyromme
pe3yibTaThL:

Lu" eu"u, (3.18)
npu

2
uUzV, C>1 (3.19)

J1+C?

s o6oro Ry € ([ +7,, ©),

2. u" euu”, (3.20)
npu

C’ C’-1
WUZV>WU, C>1 (3.21)
WIN

CZ
——U2V>0, 0<C<1 (3.22)

J1+C?

s oboro Ry € ([ +7,, ©),

3.u" eu’u™ (R)u™, (3.23)
npu

C2
CUZ2V>—U, C>0 (3.24)

J1+C?
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s moboro R, € (I, +7,, ).

Bonee moapoOHO octaHOBUMCS Ha TpeTheM cirydae (3.23), (3.24).
A) Ilycts Bemonsastores (2.19)(a), (3.11)(a). Tak xak, B 3TOM cirydae

wu (R)u™ =ulu’ Ou'u™ (R)u

To 3 (3.23) ciexyer, 9to

—

uwevn’ (1) wm  uteuu™(R)UY (). (3.25)

B ciydae (3.25) (1), ontumanbHO# B 3amade (3.1) sBisercs Touka u (Ro) JUTsL BCEX

R, e(l,+1,, ©).
B cioygae (3.25) (2), Wit HaXOXKACHUS ONTUMAILHOW TOYKH OIPEICIUM TO 3HAUCHHE
mapamerpa R, € ([, +7,), ©), mnpu KOTOPOM HMEET MeCTO COBIIAACHHE TOYEK

u (R,)(2.18) m u” (3.13): u (R,) =u". B paccmarpuBaeMoM ciiydae 06e 9TH TOUKH

s L

HaXOMATCS Ha oyre U™ U okpyxHOcTH (3.11), mMO3TOMY JOCTaTOYHO HMPUPABHATH IIEPBHIC
M

koopauHatel (2.17) u (3.13) Touek U (Ro) M U, COOTBETCTBEHHO, W DPAa3pEIINThH

MOJIyYEHHOE YpaBHEHUE

u (R)=u; (3.26)

WJIX B ABHOM BHUJC YPAaBHCHUEC

[y =1,) | RIV =C il =) | R +CW° =V U
[(lo_ro)/Ro]2+C2 \/1+C2

orHocutenbHO R . Tlociennee mocie HECIOXKHBIX INPEOOPA3OBAHMII NPUBOXMTCS K

ClIelyIoLeMy KBaPaTHOMY yPaBHEHHIO OTHocuTensHo R € (7 +1,, 00)

[V2(1+C*) = C*U IR =20V N1+ C* (I, -, )R, + (I, - 1,)*U* =0.  (3.27)
Tak xak B cootBercTBuH ¢ (3.24) ko3p¢umment y rmaBHoro wieHa B (3.27)
MOJIOKUTEJIbHBIA, TO 3TO ypaBHEHHE HMEET [Ba IOJIOKHUTEIbHBIX KOPHS, U3 KOTOPBIX
YCJIOBUIO pPAaBEHCTBA BTOPBIX KOOPAUHAT TOYEK uM(RO) uou YIIOBJICTBOPSIET

HauOOJIBIINNA KOPEHb
R ul,-r,)
0 s
Vy1+C* -CU

Takum 00pa3om, noyyaem

Fo+1l, <Ry <oo. (3.28)

u euw'u"(R), Ry<Ry<o u u eu”R)u", I,+r, <R, <R;. (3.29)

B) Ilycts Teneps Bemomusrores (2.19)(b), (3.11)(b). Toraa mo ananoruu co ciaydaem A)
(3.25)(2) momyqaem

u' eu’u(R), Ry<Ry<o u u eu(R)u",l,+r,<R,<R;, (330)
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* (V)
rae R, ompenemsiercs popmyoii (3.28).
[Monprroxxus pesynbrarsl (3.18) — (3.30), B urore, Aisl pacCMOTPEHHBIX BO3MOXKHBIX
CITyyaeB 1-3, momywaemM, 4YTO  MHHUMAaJbHOE  TapaHTHPOBAaHHOE  BpEMs
T™ =T (u"™,u;"™) B 3amade (3.1) BHMMCIACTCS NIPU CICAYIOLUX ONTHMAIBHBIX

min |

rapaHTHPYIOUINX YIPABICHUAX U, Uy

2
min C

u =<u [ +7r <R, <o, Vel0,——U|, 3.31
1,3 13 Hopu £y T I 0 ccun > m (3.31)

Uy s mpu [, +71, <R, <Ry,
2
l —
ecmn Ve C—U, cU H(O, DTN j|,
V1+C? ly+1,
wy' = (3.32)
u1M3 (R)) mpu R, <R, <o,
2 —
ecn Ve C—U, CcU ﬂ((), lo—rOU:|,
V1+C? ly+1,
ulﬂg (R) wpn [, +7r, <R, <o, ecmn u >u;
u" = 2 _ 3.33
. W Vel _u, cu m[lo Ly, oo], (39
V1+C? ly+1,
ui3 npu [, +7, <R, <R,, ecmn u; > u;
2 —
. VE(C—U, CU}{ZO oy, oo}
V1+C? ly+1,
uy' = (3.34)

M . N,
u3(R)  mpn Ry <Ry<oo, ecom u; >u;

2 J—
et VG(C—U, CU}\(ZO hy, oo],

J1+C? ly+r,

M M J
B kotopeix U, (R,),u; (R)), uy, R, W uj OUpeNensiioTcs yke H3BECTHBIMU

cootHomenusmu (2.17), (3.13), (3.28), (2.18) cooTBETCTBEHHO.

Pacuér onTuManeHBIX rapanTHpytomux ynpasienni (3.31)-(3.34) npousBoanTcs no
CIIEIYIOILEH ITOCIIeI0BATEIbHOCTH.

1. Ipu 3agannsix napamerpax R,/ 7 u U,V ,C ynosneropsromux (2.1) u (2.21)

2
C ly—1,

COOTBETCTBEHHO, BBIYMCIISIOTCS BEJIMYMHEI = Un U.
V1+C ly+1,
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2
C
2. Eciu MakcumanbHass CKOpocTh Mckomoro obwekta V el 0, ﬁU , TO
1+C

cormacao (3.31), ympasnenne o0bekta X, onpenensemoe Qopmynoii  (3.10),

obecreunBaeT OOHApyXEHHE HCKOMOIO OOBEKTa 33 MHHMMAIIGHOE IapaHTHPOBAHHOE
i — * *

spemss 1" =T (u,,u;)(2.6) npu noGom HauanbHOM paccrosunu R, € (7, + 1, )

MEXLy LeHTpamu Kpyros Heonpeaenéunoctu D u obnapysxenns G, .

3. Eciu MakcuMalbHasi CKOPOCTh UCKOMOTO 00BeKTa Y  YIOBIETBOPSET BKIIOUEHHIO

2
l,—r
Veld, ——=U|N|0,2—2U |, 10 cornacro (3.32), CymecTBYeT KOHTPOILHOE

J1+C? ly+1,

"
HavanbHOe paccrosiaue R, Bbrumcisiemoe 1o dopmyie (2.28), Takoe, 4to wis JH060ro

.
R, e(ry+1,, Ry]  onrumansHble  rapaHTHpyIOIMe  YIOPABISIOLIME  CKOPOCTH
TIPSAMOJIMHEHHOTO MepeMeIe s U PACIIUPEeHHs Kpyra oOHApy)KeHNs HEU3MEHHBI U BHOBb
i * i * *
BhuMCIAOTC ¢ momowbro (3.13): " =u;,  uy =u;. A min R €(R;,©)
ONTHMANbHbIE TAPAHTHPYIONIME YHPABISIONIME CKOPOCTH BBIYUCIAIOTCS 110 (opMyJie

(3.17). Ilpuué™, ¢ yBeIMYCHHEM HAYaIbHOTO PAacCTOSIHUSA [, MOZYIb MOCTOSHHOM

CKOPOCTH NPSMOIIMHEHHOTO IepeMelleHus LeHTpa Kpyra obHapyxenus U, =u,(R,)

min __ U2 _ 2
YMEHBIIACTCS, a [OCTOSHHASL CKOPOCTb Uy = (#,(R,))” pacumpenus kpyra

oOHapyKeHHsI, HA00OPOT, YBETUINBACTCA.
4. Ecniu MakcuMaibHas CKOPOCTh UCKOMOTO OOBEKTa Y  YIOBIETBOPAET BKIHOYEHHUIO
Cc? ly—1,
Vel —=U, CU |Nn|——U,» |, To cornacuo (3.33), (3.34), ontumansHsie

1+ C? ly+7,

rapaHTUPYIOIIKE YIIPABIAIOIMINE CKOPOCTH ONPEACISIOTCS B 3aBUCUMOCTH OT B3aHMHOTO

PacOJIOKEHUST TOYEK u’ (2.18) m u"(3.13) Ha zyre wu Tak, eciu u3] >u3*, TO

™ = M (R,)) mm Beex R, e(r,+1[,, ©) — (3.33), a ecim u3J <u;, 10 B (3.34)

ONTUMAJIbHBIC TAPAHTUPYIOIIUE YIPABICHUS OMPEICISIOTCS TEM JKE CIIOCOOOM, Kak W B
(3.32).

3akaouenue. B MHoOromapamerpumyeckod 3ajgade MOWCKAa IOABMXKHOTO OOBEKTa
NpeaokeH M OOOCHOBaH KOHCTPYKTHBHBIH alITOPUTM YIPABIEHHS, ONTHMAJIbHOE IO
MHHUMAaJbHOMY TapaHTUPOBAaHHOMY BpeMeHH noucka. [lodydeHHblE B SBHOM BHjE
dopmymsr (3.31)-(3.34) m (3.1) MO3BONSAIOT BHYUCIUTH ONTHMAJIbHOE TapaHTHPYIOIIEE
VIOpaBICHHE M COOTBETCTBYIOIIEC MHUHHMAalIbHOE BpEMs TapaHTUPOBAHHOTO IIOMCKAa B
3aBHCHMOCTH OT HAYAIBHOTO PACCTOSTHUS MEXIY LEHTPaMH Kpyra OOHAPYKESHUS UIIYIIErOo
W Kpyra HEOINpPEOeNEHHOCTH HCKOMOTO OOBEKTOB. VI3MOXEHHBIA aIropuT™M, B CHITY
MIPOCTOTHI B JOCTYITHOCTH, yI00OHO IPUMEHSTh B Pa3IHMYHBIX MOMCKOBBIX CHCTEMAaX.
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2U8UUSULDP &hSNhE3NRLLENP ULAUSPL UYUNEURUSE StNtuUah,
W3BECTUS HAIIMOHAJIBHOM AKAJIEMUA HAYK APMEHUA

Uthuwtthlju 68, Nel, 2015 Mexannka
YIK 517.977

OB YCJIOBUHU BIIOJIHE YIIPABJIAEMOCTHU IMNO2TAIIHO
MEHSAIOIENCS JUHEMHOM CTAIIMOHAPHOM CUCTEMBI
Bapcersan T.B.

Puttunh pwnkp. bnwy we bnwy thnnpgnn  gdwihtt hwdwljupg, hwiwljupgh swpdnud, 1phy
nhjujupbihnipenih, 1phy nkjwjupbhmpnih guypdwb:

KinioueBble ¢/10Ba: MO3TAITHO MEHSIOIIASACS JIMHEHHAs CHUCTeMa, JBH)KEHHE, BIOJIHE YIPaBIsIEMOCTb, YCIOBHUS
BIIOJIHE YIIPaBIIIEMOCTH.

Keywords: stage by stage changing linear system, movement, full controllability, condition of full controllability.

Pupubnyuib S.4.

Euwy we binuy hnthnjudnn gsuyhtt unwghniwp hwdwlwpgbph jphy nEjwdupbjhnipjut
wuydwih dwuhl

Thunwpyws bk bnwy we binwg nthnponn  gdughtt phttundhly hwdwlwpgbph niwjupdui
luunhp: Unwgws b tnwwy we btnwwy thothnpynn gdwyhtt unwghntup  hwdwlwpgbph 1phy
njujupbjhnipjut wuydwi, nph wywhnduwi phwypmd hwdwlupgp juduwyulut uqphwlju
yh&wlhg Yupkh b whnuthnhl] juduywljui Jeppuwlut Jhdul] hwdwwywwnwupiwb nhljujwpnn
wqnbkgnipjudp:

Barseghyan T.V.
About condition of full controllability of stage by stage changing linear stationary system

The problem of control of stage by stage changing linear dynamic system is considered. The condition of full
controllability of stage by stage changing linear stationary system is obtained, in which case the system can
move from any initial state to any other final state with corresponded control action.

PaccmoTpena 3ajaua ympaBieHHs IOATAallHO MEHSIOIUMUCS JIMHEHHBIMH JAWHAMMYECKHMMHU CHCTEMaMH.
TTosyueHo ycioBUE BIOJIHE YNPaBISIEMOCTH IOJTAITHO MEHSIOMICHCS JIMHEHHOW CTallMOHAPHON CHCTEMBI, IpH
BBITIOJIHEHUU KOTOPOTO CUCTEMY U3 MPOU3BOJIBHO 3aJaHHOTO HaYaJIbHOTO COCTOSIHUSI MOJKHO MEPEBECTHU B JIto00e
3a/laHHOE KOHEYHOE COCTOSIHHE C COOTBETCTBYIOLIHM YIPABIISIOIINM BO3ICHCTBHEM.

Beenenue. 3amaun ynpaBieHUS TUHAMHYECKHX OOBEKTOB HAa MHOXECTBE COCTOSHHN
(YHKIIMOHMPOBaHUS, T.€. KOTAAa H3MEHAIOTCA MapaMeTpbl MOAEIM AWHAMUKH, HMEIOT
Ba)XHBIE TEOPETHYECKOE M TPHKIAJHOE 3HaueHWs. Maremarhueckas MOJENIb JUHAMHUKU
ynpaBisieMoro 00ObEeKTa C M3MEHEHHEM COCTOSHHS (DYHKIMOHHPOBaHHS B IKECTKO
OTpaHUYEHHBIX BPEMEHHBIX MHTEpBajax npueeneHa B [1].

Kak B O6bllleIX 3aJa4yax YyIpaBJICHUA, TaK W B 3aJladax YIIPaBJICHUA I103TAIIHO
MEHSIIOIIMMHCS  TUHAMHYECKHMH CHUCTEMaMH, NPHHLUUIUAIBHBIM SBISETCS BOIPOC
YIPaBISIEeMOCTH TaKUX CHCTEM. BONpockl YNpaBisieMOCTH JHMHEHHBIX JTHHAMHYECKUX
CHCTEM HCCIeIOBaHkI B paborax [1-5].

B [6, 7] chopmynupoBaHHBIE TEOPEMBI NAIOT HEOOXOAWMBIE W JOCTATOYHBIE YCIOBHSA
MOJIHOM yIpaBJIIEMOCTH IMO3TAlHO MEHSIOLIEHCS JIMHEHHOM HECTallMOHAPHOM CHCTEMBI.
OnHako, TPAKTUYECKOE MPUMEHEHHE YKa3aHHOM TEOpEeMBbl, JaKe A CTalnOHAapHBIX
CHCTEM, CBA3aHO C HEOOXOAMMOCTBIO CTPOUTH (DyHAAMEHTAIbHBIE MATPUIBl PELIeHHs
OJHOPOJHBIX YacTell cucTeMsbl, 1uddepeHHaIbHEIX ypaBHEHHH, 4T0 HeynoOHo. [ToaTomy
LeNIECO00Pa3HO TONIyYUTh YCJIOBHE TMOJHOM YHPaBIIEMOCTH CHCTEMBI, BBIPAKCHHOE
HETIOCPEICTBEHHO Yepe3 UCXOHbIE JaHHbIE CUCTEMBI (T.€. MapaMeTphl CHCTEMBI).
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B nmamHOW pabote mis 3amauMl yIpaBieHWS IIOATAIMHO MEHSIOMICHCS IJMHEWHOM
CTallMOHAPHOW CHCTEMBI IOJIyYEHO YCIIOBUE BIIOJIHE YNPABISEMOCTH, NPHU BBIIOJHEHUH
KOTOPOTO CHUCTEMY M3 IPOU3BOJIBHO 3aJAHHOIO HayajJbHOIO COCTOSHUS MOKHO IIEPEBECTH
B I000€ 3aJaHHOE KOHEYHOE COCTOSIHHE C COOTBETCTBYIOIIMM  YIPABIIIOIIUM
BozzeicTBUEM. [locTpoeHa KOHKpETHasl CUcTeMa, [Ulsl KOTOPOM BBIIOJIHSETCS MOJIy4EHHOE
yCJIOBHE BITOJIHE YNIPABIISIEMOCTH.

1. IToctanoBka 3agauyu. PaccMOTpUM ympaBisieMbll MpolLecc, TUHAMUKAa KOTOPOTo
OIMCHIBAETCSI IOATATHO MEHSIOLIMMUCS JIMHEWHBIMH AU (epeHIMATbHBIMA YPaBHEHUSIMU:

AMOXx+B MU mpn telt,,t)

(o | AOXEBOU mnteltt) -

A, Ox+B,tu mputelt ,,T]
rie X(t) € R"— dazoswiit Bexrop cucremer, A (t), B (1) (k=1,...,m)— marpuus
napameTpoB  cucteMbl  (Momenn  obObekra),  U(1)— ympasnsiomee  Bosaeiictue,
cootserctBenHo ¢ pasmepnoctsamu A (1) —(nxn), B (t)—(nxr), u(t)—(rx1). B
ofuieM ciydae MPEANONOXuM, 4To sneMeHtsl Marpuusl Gynxumuii A (1), B (1) u

Bektop-cronoua U(l) sensiorcst nsMepuMbIMU OrpaHHYEHHBIMU Dy HKLMSMH.
I[Ipennonaraercs, 4yTo B 3a/laHHbIE MPOMEKYTOUHbIE MOMEHTHI BPEMEHH

0<t, <t <..<t, <t =T

— KOHEII JIBIKEHHMS MPEBITYINEro Tana — SBIAETCA HaJaloM CIEeIyIOIIero dTama, T0 €cTh

B MOMEHTHI BpeMeHH T,

X(t, —0) = x(t, +0)=x(t,) npu (k=1,...,m-1). (1.2)
Omnpenenenne. Cucrema (1.1), s KOTOpOW KOHEI[ ABIKCHUS TPEIBIAYIIETO 3Tamna

ABIAETCS HAJaJOM CIEAYIOIEro JTala, HAa3hIBAETCS BIOJHE YNPABIAEMOH Ha OTpe3Ke

Bpemenn [t),T], ecnm mms no6bix Hauamsubix X(t)) = X, u xoneuneix X(T) = X;

cocrosiHnii MoxHo ykasate ynpasinenne U(t), te[t),T] rakoe, uro pewenune X(t),

Haunnas u3 cocrosuus X(f,) B moment Bpemenn t=T ., ynosnersopser ycnosuro

X(T) =X .

Tenepp paccMOTPUM YIPaBISEMbIH IPOLECC, IUHAMHKA KOTOPOTO OIHCBHIBAETCS
HO3TalHO  MEHSIOIIMMUCA  JHMHEHHBIMH  CTAalMOHAapHBIMH  IH(QepeHnnaIbHbIMUA
ypaBHEHUsIMHU (CTalMOHAPHBIN ciydail cuctemsl (1.1)), T.e.

AXx+Bu mpu teft,t)

g |AXFBU mpu teltt) (1.3)

AX+BU mpu te[t, ,T]

Bronmwe ympasnsemas cuctema (1.1) (mwmm (1.3)) obGmamaer Tem CBOWCTBOM, HYTO C
MOMOIIBI0 COOTBETCTBYIOLIETO JOMYCTHMOTO YIIPaBIE€HHS €€ MOXHO IIEPEBECTH U3
MPOM3BOJILHOTO 33JJaHHOT'0 HAYaJIbHOTO COCTOSIHUSA B 33/JaHHOE KOHEUHOE COCTOSTHHE.

TpeOyercst HaliTW yCJIOBHS, NPU KOTOPBIX OOBEKT, oOmHchiBaeMblii cucremoin (1.3),
OyZeT BIOJHE yNPaBIIIEMbIM.

m-1°
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CyxaoeHne O CYIIECTBOBAHMH pEIIeHWs 3aJadd ympaBieHus cucteMsl (1.3),
1exaecoo0pa3Ho ¥MMETh, ONMUPasCh JIMIIb Ha HCXOAHBIE MaHHBIE 3amadd. [losTomy
JKEeJIaTeNbHO MMETh YCIIOBHUS, MO3BOJIIONINE CYAUTH O CYIIECTBOBAHUH DEILEHUS 3aJadd

ynpasieHus (0 BIOJHE yIpaBIsieMOCTH) 10 oneMeHtam Matpuusl A u B,
(k=1,...,m).

2. JIBM:KeHHEe MOITANHO MeHsiIolelcs1 uHeiiHol cucrembl. Cremyromas Teopema
ompeneNseT npecTaBieHue pemeHns cucteMsl (1.1) ¢ yenoBusmu (1.2).

Teopema 1. J[lnsg moObIX HadanbHBIX 3HAYCHUI X(to) =X, ¥ JOIyCTUMBIX

ynpasiennit  U(t) cymectsyer pemenne X(f) cucremnr (1.1), ymosnersopsioiiee
yenosuam  X(t, —0) = X(t, +0) =x(t,), (k=L..,m-1) u ma te[t_,.t)
TIpeICTaBIIAETCS B BUJIE

x(t)=V(t,t0)x(t0)+§va,ti) j H [t tu(t)dt+ j H, [t,Tlu(t)dt @.1)
j=1 t

j-1 te
rae

V(t.t) = X, [t V(& .t
k-j-1 , (k=1...m j=0,..,k-1) (2.2)
V(tk9tj) = H Xiiltii> b
i=0
H, [t,t]= X, [t,T]B,(7), a wepes X,[t,T] o6o3nauena HopmuposanHas yHrameH-

TaJbHAs MATPHUIIA PEIeHns 0HOpoaHoM uact K -ro ypaeuenus cucremsi (1.1).
OTMmeTuM, YTO  COIJIaCHO  BBEIEHHOMY  OOO3HAYEHHIO,  TIpU j=k-1

V(t,t ) =X I[t.t. ], ampu j=k V(,,t)=E.

JoxazaTteabcTBo. ©opmyna (2.1) BeiBeneHa B [6]. [ToaToMy 31eck BEIBOIUTH HE OyeMm,
a JIMIIb HETOCPEICTBEHHOW IOACTaHOBKOHM yOeaumcs, 4ro pemenue cucrembl (1.1) ¢

HavyaJIbHbIM YCJIOBUEM X(to) = X, ompexnensercs popmynoi (2.1).

Hycrs t €[t ,,t,), auddepenuupys o6e uactu popmyist (2.1), Gynem nmers:

)'((t)=V(t,t0)x(to)+§\/(t,tj)j H,[t;, tlu(t)ydt+ H,[t,tut) +
t . - 2.3)
+ .[ H,[t, tlu(t)dt

te
YuureiBas, 4To

X[t 1= AXILt ]

H [t,t]= X,[t,t]B (1) = B (1)

V(t.t) = A X[t V(G t) = AV (LE)

V(t,'[j) = Xk[tﬂtk—l]\/(tk—Utj )= A((t)xk[tbtk—l]\/(tk—lﬂtj) = A<(t)v(tatj)
H,[t, 7] = X[t 7]B () = A (D) X,[t, T]B, (v) = A () H,[t, 7]

u3 popmysl (2.3) morydnm
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X(t) = Py(t)V(t,to)X(to)Jri AV )IJ H;[t;, tTu(tdt+ B (Hu(t) +
j=1 t
/]

+I H, [t tju(t)dt [+ B, (tH)u(t) = A (t)x+ B, (t)u(t)

te

A (DH,[t,Tlu(t)dT = A (t) V(t,to)x(t0)+§va,tj)jj HIt,, tu(t)d T+

1

CuenoBarenbHo, pewenue (2.1) yrosinersopsier ypasrenuto (1.1) mpu t e [t, ,,t,).
Kpome Toro, pemenne X(t) (2.1) ynosnersopser nauansuomy suauenno X(t)) =X, .
Jleiicteutensho, B cayuae K=1 te[t,t) npu t=t, us ¢opmyms (2.1) umeem

X(to) =V(t0,t0)X(t0) = X(to) =%-

CrpaBe1IMBOCTh TEOPEMBI IOKA3aHa.
3. YcaoBus BHOJIHE YNPaBJAsIeMOCTH CTAIIMOHAPHON cucTeMbl. [lomydunM ycnoBust
nojHoW ympasisiemoctd cucteMmsl (1.3) ¢ ycmoBusmu (1.2), BbIpaXeHHbBIE HENOCPE-

ctBenno yepes matpuisl A n B, (K=1,...,m).
Tak kak A\ — IOCTOSHHas MaTpULa, TO HOPMUPOBaHHAs (yHIAMEHTaIbHas MaTPULA
pelIeHuil ypaBHEeHUI
X=AX teft,,.t)
nmeet Buj [3]
X[t J=eX,
nostomy peurenue cucremst (1.3) aist momenta Bpemenn t €[t |,t,), ynosrersopsomee

HaYaJIbHOMY YCIOBHUIO X('[O) = X,, cormacHo ¢opmyaam (2.1) u (2.2), MOXKHO 3anKCaTh B

BUJIE

x(t)=V(t,t0)x(t0)+§V(t,tj)

t; t
B u(dr+ [ e VBuU(tdr, ()
g ty

1

j-1

i (§]
V(tt)=eMTeV (.t

k=j-1 k=1,...m j=1,....k-1 (3.2)
V(tkatJ) — H eA«l (tk—l_tk—l—l)

i~0
Ecnu ynpasnenne U(t), t €[t),T] obecneunsaer nepexon nsmxenus cucrems: (1.3)
k Momenty Bpemenn t =T B nonoxenne X(T) =X, ompu t=t =T (nmpu K=m)
u3 (3.1) c yuérom (3.2) Oynem UMeTh:

m ]
At —A
X(T) =V (T,t,)X(t,) + > V(T,t,) j e B u(t)dr. (3.3)
i=l t
B Tteopuun maTpuL JOKa3aHO, YTO MaTpuua e AT JIOIIyCKaeT MPEACTABICHUE
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pj-1
_A i i
eh" =3 al(-DA .
i=0
rae QyHKIMH OLi(J)(T) — K03 (PHUIMEHTH MHTEPHOISAIMOHHOTO MHOTOWIeHa Jlarpanka-

CunbBectpa [4, 8] (ckamspras ¢yHkums) u QyHKIUR OLi(j)(’E) (i =O,...,pj—l),

JIMHEWHO HE3aBHUCUMEI. A pJ — CTCN€Hb MHUHHUMAJIBHOI'O MHOI'OYWICHa MaTpHIl IA\J

(j=1...,m). Yucma p ; OGYCIIOBJICHBI KDAaTHOCTSIMH COGCTBEHHBIX 3HAYEHHI MaTPHIIBI
A, . Ouesno, uto P; <N (j=1,...,m), rme N — pa3mMepHOCTH BEKTOPA COCTOAHMS.

B yacTtHOM ciydae, Koraa Bce KOPHU XapaKTEPUCTHUECKOTO YPaBHEHHS MaTpPHUIIbI AJ

SABJIAKOTCA MMPOCTBIMU, UMEEM!
n-1
AT €)) i
eV =Y a(-DA. (3.4)
i=0

He yrmyGmssace B TE€OpHIO MaTpHII, BOIIPOCH TEOPUH (PYHKIIMH OT MAaTPHIl MOIPOOHO
n3ydeHsl B paborax [§], OTMETHM JHIIB TO, YTO MAaTpPUYHAS SKCIIOHEHTAa MOXET OBITh
NpeJ/ICTaBJIeHa JIMHEIHOW KOMOMHAIMEH CTereHeH STOH MaTPHILIBL.

. —AT
VuureiBas TpUBEAEHHOE NpeacTaBleHWe MaTpuisl € ', ypaeuenue (3.3)
MPEJICTaBAM B BH/IC:
t.
]

iV(T,tA)eA”” ,,Z AB, [ u(may(-t)dt = X(T) -V(T,t,)x(t,). (3.5)

i1
BBoms cinenyrommie 0003HauCHHS:

L=x(T)-V(T.t,)xt,), C, =V(T,t)e? j=1..,m, (3.6)

dbopmyna (3.5) 3anuiieTcs B BUIC

m Pl g '
>, > AB, [u(®a’(-tydr=L. 3.7
j=1 i=0 t

3amumem dpopmyy (3.7) B Buzae
m 4 ) 4 _
>'c,| B, j u(t)e (-t)dt+ A B, j u(t)o (—)de +
j=1 t t

t a (3.8)
++ AP, '[ u(tay, (-1)dt | = L.
ti,

BBons cinenyromue 0003HaueHHMS:

mpu [, <t <t

0 pu t, <t<t,

hPt) =< (-t) mpnt,_ <t<t, i=0,1,....p,
0 npu thtST j=L2,....m

paBeHCTBO (3.8) 3anumercs B BUJE:
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M

p;-1
]

T T T
C, Bjju(t)hg”(t)dt +A Bjju(t)n<i>(t)dt+---+ Al.p"_lBjju(t)h“) (Hdt |=L
t ty t,
Beeném cnenyromue 0003HauYCHUS:
T
Judh?
t0

UD =] e, , K“):Cj(Bj,Aij,...,Ajp"_lBj) (3.9)

.
ju(t)hgll (t)dt
t0

rne sexrop U umeer pasmeprocts (p;rx1)=(q; x1), a 6Gnounas marpuna KO
umeer pasmeprocts (Nx P;r) =(Nx(;).
C nomorusto o6o3Hayenus (3.9) ypasuenue (3.7) (uium (3.8)) 3anuinem B BuIe
m

> KOUD =L, (3.10)
j=1

[Momyuennoe MaTpuunoe ypaBHeHHE (3.10) 3amumem o crpokam. [TocKoIbKY
(N (1 i
K’ o Klqj uw

KO=| oo o | yd=]
... G)) (h

KU K g
Vll(T’to) Vln(T’to)

V(T.t,) =

B

an(T9t0) Vnn(T7t0)

rae Q; = P;r, ypasuenus (3.10) ¢ yuérom (3.6) mpeicraBaTcs B BHAE CIIEAyIOLICH
CHCTEMbI yPaBHEHUI:

KI(II)U I(l) ot K](;)U E(]H teeet KI(Im)U ](m) ot Kl(:)U ;m) = )(1(T) - Z\/h (T’to))(| (t())
i=1

G.11)

My (M Dy g (1) (m)p y (m) (m)y (M) X
KOU" +o KOUD 4o KU ™ e K™ = X (T) = DOV (T8 )X ()

i=1

lyers Q; 2N (j=1,...,m). Beexém BekTOp-CTONOEN TPUBEAEHHON CHCTEMBI
3 . 4 4 -
ypasuennii (3.11) KU = (K, K;i'),..., Kr(“')) u
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Xl(T)_iV]i(T’to)Xi(to)
X(T)= : . (3.12)

X1~ DV, (L)X ()

31ech u Janee BepXHHil mHAeKC " | ' 03HAYAET OIEPAIMIO TPAHCTIOHUPOBAHHUSL.
Torna, cucremy ypaBaenuit (3.11) MoxHO 3amucath Tak:

G G m94G
)~((T) — Z Ki(l)Ui(l) Feeet Z Ki(m)U i(m) — zz Ki(J)Ui(J) )
il i1 =1 i1
Takum obpasom, Bektop X(T) (3.12) (wnmm npomsBonbHei Bektop H3 R')

m
MPEJCTaBICH B BUIC JIMHEHHON KOMOWHAIIMK COCTaBJIIOIINX IPYTOTro Zq j “MEpHOTO
j=1

— M M (m) (M)NT
sexropa U = (U, ""’Uq1 yeuns U] ,...,qu ).
Jlns toro, utoObl TakuM oOpazoMm mpencTaBuTh 060l N -mepubii Bekrop X(T)
(3.12), nmocrarouHo wuMeTh [ HE3aBUCHUMBIX BEKTOPOB CpEId BEKTOPOB Ki(j)
(i =1,..., qj; ] =1,..., m) . A BTO 03HAYaeT, YTO paHT MATPHUIIBI

K =(K®,..,K™)=(K",. . KP,.  K™,. . KM=
={C/(B,AB,....A*'B),...,C.(B,,AB,....A""'B,)}

m
paBeH N . Pa3MepHOCTh MaTpuULIbI K paBseH anqj
j=1

(3.13)

m m
— () Q)] i —
Tak kax ij— ij r2n, to umema U, ,...,qu (J=1...,m)
j=1 j=1
onpenensrores u3 (3.10) (wam u3 (3.11)), BooOUIe ToBOpsi, HeomHO3HAYHO. OMHAKO, WX
OJTHO3HAYHOCTH U He Tpedyercs. BaxxHO, 4To 3TH 4ncia cymecTByIOT. Kaxaprii ux Habop ¢

IMOMOLLIBIO HHTErPAIbHBIX cooTHOMe i (3.9) onpegensier Gpynxkuuu U, (1),...,U, (1) .
B camom sese, mycrs uncia U J),...,Uéjj) (j=1,...,m) xakum-mu6o crocoGom

ompenenenbl. Torma wuHTErpadbHbie paBeHcTBa (3.9) MOXHO paccMaTpuBaTh Kak
MOMEHTHBIE COOTHOUIeHHs oTHOcuTenbHO (ynkumit U, (1),...,U, (1) . Ipu stom, cnenys
[4,5], nx ™MoxHO pa3duTh Ha Tpymmel. K mepBoH Trpynme OTHOCHM MOMEHTHBIE

cootHowenus otocutensHo Gynkuuu U, (1) . Ko Bropoit — otnocurensuo U, (1) u T.a.
Tax kak dyHKIUHU O‘E)”(_t)w"a(p]n:fl(_t) (j=1,...,m) (cnemosarensHo, 1 GyHKIHH
héj (), ..., héjm >_1 (1)) numeiino He3aBMCHMBI, TiepBas Tpynma 3THX COOTHOIIEHHMI
onpenenser U, (t) . To roit sxe MPUUMHE M3 OCTANBLHBIX COOTHONIEHUH TOCIEI0BATEILHO
maxomiv Uy (t),...,U (). Takum oGpasom, ecnn mssecrmsr UV, .. .,Uéj’ )

(j=1,...,m), ro onpenenenue ynpasnenus U(t) Bcerna Bosmosxuo [5].
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CornacHo 00o03HaueHuIo (3.6), IIOCTOSHHBIE MATPHIII Cj (J=L....m) ¢
pa3mepHocTsiMi NX N UMEIOT MakCUMalbHBIA paHT, TaK KaK SIBISIFOTCS MIPOM3BEICHUEM
(hyHAaMEHTAIBHBIX MaTPUIL PEIICHHUs OJHOPOIHO YacTu cucteMsl (1.3).

[ostomy panr Matpunsl K (3.13) skBuBajieHTEH paHTy MaTpHIIbI

K={B,AB,...A"'B,...B.,AB. ... A"'B .

CrenoBaTesbHO, MOJYYEHHBIH pe3yjbTaT MOXHO C(HOPMYJIUPOBATh  CIIEIYIOLUIUM
obpazom:
Teopema 2. JIuneitnas cranpoHapHas cuctema (1.3) BmonHe ympapisiema Ha OTpe3Ke

BpEMEHU to <t <T rtorzma u TonbKo TOraa, KOraa MaTpuIa

K={B,AB,....,.A""'B,.....B,,AB.....A™"'B,} (3.14)

MMEET paHr, paBHbIA N.
OTMeTHM, YTO HpHU JOKa3aTeJIbCTBE TEOpEMBbI 2 He TpeOyercsi, 4TOObI MOCTOSHHBIC

Ul('),...,U éj” (j=1,...,m) onpemensmucy oxHO3HauHO. He HYXHO TakkKe, YTOGHI

MOMeHTHBbIE cooTHomenus (3.9) onpenensiu Bekrop-gpyrkiun U(t) oaxosnauno. Baxkuo
ObUIO YCTAaHOBUTPH JIMIIbL CYIIECTBOBAHWE XOTs OBl OJHOTO YIPABJIEHUs, MEPEBOSIIETO

CUCTEMY M3 OAHOT'O 3aJaHHOT'O COCTOAHUA XO B IPYTO€, TAKXKE 3aJaHHOEC COCTOSIHNE XT .

IMycts cucrema (1.3) Takas, 4YTO Bce COOCTBCHHBIC 3HAUCHHS MATPHIIBI AJ

(j =1,...,M) sABIAIOTCA NPOCTBHIMH, CIEN0BATENBLHO, HMeeT MecTo dopmyna (3.4). Torna,

COrJIACHO TeopeMe 2, YCIIOBUS BIIOJHE YIPABISEMOCTH MOXHO COPMYJIHPOBATH
CIIEIYIOLIIM 00pa3oM.

CaencrBue. Ecnu Bce coOCTBEeHHBIE 3HAYECHUS] MATPHUIIBI AJ (J=1,...,m) spamorcs
MPOCTHIMH, TO JMHEWHas cranuoHapHas cucreMa (1.3) BmonHe ympaBisieMa Ha OTpE3Ke

Bpemenn t; <t <T rorxa u Tonbko Torza, KOraa MaTpuLa

K={B,AB....,A"'B,...B.,AB.....,A"'B } (3.15)

HMEET paHr, paBHblid .
3ameuanue. Eciu BMecTo cuctemsl (1.3) paccMaTpuBaTh CTallMOHAPHYIO CHCTEMY

X=AX+Bu, teft,T],

TO JId BIIOJIHC YIIPABJISICMOCTHU 9TOM CHCTEMBI HCO6XO,HI/IMO n J0CTaTO4HO, YTOOBI paHr
MaTpHulbL

(B, AB,...,A"'B)
6511 paBeH N [2-5], KOTOPBIN TaKkKe CIEAYET U3 TEOPEMBI 2 (MIIN CIEACTBUS).

4. TIpumep. PaccMOTpUM CIEIYIOUIyI0 MO3TalHO MEHSIONIYIOCS CTallMOHAPHYIO
CHCTEMY CO CKJISIPHBIM yIIPaBJICHUEM

[ Ax+b®u  mpu telt,,t)
X=

, “4.D
A2x+b‘2)u mpu te[t,T]

rIe

5 (il) (iz) bl(i) )
xeRL A= G 6 ’h:b§i> =12
1 2
c npomexcyrounbiv ycrnosuem X(, —0) = X(t, +0) = X(t,) .

Ha otpeskax Bpemenu [{,t,] u [t,, T] marpuus! ynpasnsemoctn cncrems
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x=Ax+b"u u x=Ax+b?u (4.2)
HUMCIOT BU:
M ip0 4 ghpH
_(B" ahr+a;, _
Ko=| 1 Snd TR o)
(0 qOpD 4 alp
b &, 3,
HpeZ[HOHO)KI/IM, 4YTO UX PaHTU HC paBHbBI IABYM. DTO MMeeT MECTO, B 4aCTHOCTH, IIpU

(il) =a§i2) #0, af'z) =a§‘1’ =0, bl{i) #0 1=12; j=1,2, rak kax B 3ToM ciyuae

N N R .
detK, = (bf")7aly (b3 + BB ) af}) =0
Martpuua ynpasnsemoctd cuctembl (4.1) Ha orpeske Bpemenn [t),T] cormacuo
thopmyne (3.14) (teopemsr 2) Oyaer:
K =", Ab" b Ab®). 4.3)
YroGel cucrema (4.1) Ha otpeske Bpemenn [t;,T] 6bua Bnomse ymnpassiemoii,

COTJIACHO TeOpeMe 2, paHT MaTPHIIBI yIIPpaBiIsieMOCTH (4.3) ToKeH OBITh PaBEH ABYM.
B gactHocTH, 1u1s cuctemsl (4.1) cipaBemyinBa cieyromas Jiemma.

Jlemma. IlycTh BBIIOJHEHB! CJIEAYIOIIHE YCIOBUS: (il) = (iz) =0, (iz) = (il) =0,
b}i) #0 1=1,2; j=1L2. Torna rangK, #2 (i =12), a rangK =2, T.e. cucrema

(4.1) na otpeske Bpemenu [t,, T] Bnonne ynpasnsema.
JoKa3aTeIbCTBO JIEMMBI TIPOBOJMTCS HETIOCPECTBEHHONW MPOBEPKOM, T.€. BBHIYMCIISAS

PaHTu COOTBETCTBYIOIIUX MATPHULL YIIPABISIEMOCTH, IIOJIYyIUM, YTO paHTU MaTPUL] Kl u K2

He paBHbI JIBYM, a paHr Matpuibsl K pasen asym.
WnnrocTpupyonyuM IPIMEPOM TaKOH CHCTEMBI SIBISETCS

X =X+Uu
% =% +2u mpu t €[t,t) 4.4)
X, =2X +U
{2 :2)2;__“ mpu telt,T], 4.5)
e

10 2 0) o (1) o (1
o) %) et (o)

Ma’I‘pI/IIII)I YIpaBIsAEMOCTU Kl 5 KZ 5 K HUMCIOT cneaylonmﬁ BUI:

11 I 2
K =(b® b"Y) = LK, = b(Z)’ R
1(,A)(22]2(%)(_1_2j

K = (b(l) Ab(l) b Alb(2)) — L1 2
’ T 2 2 -1 2
OueBUIHO, YTO PAHTH MAaTPHIL K1 u K2 He paBHbI 1ByM, a panr marpuisl K pasen

nByM. [Toaromy nostanHo mensitorasicst cucrema (4.4)-(4.5) Ha oTpe3ke BpeMeHH [tO,T] ,

COIJIaCHO TeopeMe 2, BIIOJHE YIIpaBIisieMa.

89



3akioyenue. JlokazaHa TeopeMa, ONpeestonias MpeICTaBIeHHe PELIEHUs OATAITHO
MEHSIOIIEHCsl JIMHEWHON HecTalmoHapHOW cucteMbl. [lonydeHo ycnoBHe BIOJHE
YIPABJIAEMOCTH MO3TAITHO MEHSIOLEHCS JIMHENHON CTallMOHAPHON CUCTEMBI, BBIPAXKEHHOE
HETIOCPEICTBEHHO dYepe3 HWCXOAHBIC IapaMeTpbl CHCTeMBI. [IpoBeneHO CcpaBHEHHE C
N3BCCTHBIM YCJIOBUEM Kanmamna. HOK%aHO, YTO Ha OTACJIbHBIX OTPE3KaX BPEMEHHU HE
BITOJTHE YIPABISIEMBIMH CHCTEMaMH 00pa30BaHHAas MOATAITHO MEHSIOIIASNCS CHCTEMa MOYKET
OBITH BIIONIHE YIpaBIsieMOH Ha BceM oTpe3ke BpeMeHH. Lllupokoe mpakTHdeckoe

MPUMEHCHUC MOXKCT UMCTh MOJTYUCHHOC yCJIOBUEC BIIOJIHE YIIPABIIACMOCTH.
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