ENINATLNHN WENDHEN JJANUEIIUSID
VNOILVN 40 SONIAHHD0Ud UMHAWIY NAVH MU




2U8UUSULh @hSNhE3NPULLESD UQQUSPL UUUNEURUSE Stntulahr
M3BECTUS HALIMOHAJIBHOM AKAJIEMHUU HAYK APMEHUU
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I'PUT'OPSIH DAYAPJ XOCPOBOBHUY
(K 75-neturo co qHS pOXKICHUS)

Hcnonaunocs 75 5eT co OHA POXKAEHUSA OJHOTO M3 BUIHBIX YYEHBIX B
o0nacT MaTeMaTHYECKOW TEOpPHUU YNPYIOCTH, YiI€HA PEAAKIMOHHOW KOJJIETHH
xypHana «M3Bectuss HAH Apmenun. Mexanuka», mokTopa (u3nko-maTeMa-
THYECKUX HayK, npodeccopa Dnyapaa XocpoBoBuya [ 'puropsHa.

9.X. I'puropsia poauncs 21 suBaps 1938r. B EpeBane. OxonuuB B 1967T.
OTICNICHHE MEXAaHUKH MEXaHUKO-MaTeMaTHdeckoro Qakymnprera EpeBaHCKOro
TOCYIAapCTBEHHOT'O YHUBEPCUTETA, CTA aCCHCTEHTOM Kadenpsl MexaHuku. B 1969-
72 TT. yYWIcs B acCIHMpaHType MHXEHEPHO-CTpouTensHoro uHetutyTta (r. Onecca)
MO/ PYKOBOACTBOM H3BECTHOro MartemaTuka u Mexanuka M.I. Kpeiina. Ilo
okoHYaHUH y4eOnl 10 1978 r. oH paboran B MHcTHTYyTe Mexanuku AH ApmeHun.
C 1978r. 2.X. I'puropsH J1OLIEHT, a 3aTeM H 1O HACTOSIIEr0 BPEMEHU —
npodeccop kabenpsl MexaHuku crutomHONH cpensl EI'Y (¢ 2007r. kadexapa

MexaHuk#). B 1990-96rr. 3.X. I'puropsH Ob11 1ekaHOM (aKyIbTeTa MEXaHHUKH, a B
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2001-2003 rr.— 3aBeayromuM Kadeapoll MeXaHUKH CIUIOIIHOM cpeabl. [Tpodeccop
9.X. I'puropsia ¢ 2011r. Begymwmii, a ¢ 2013r.— T1JIaBHBIM HAay4YHBIH COTPYIHHMK
WUncturyta mexanukun HAH Apmennn. O.X. D'puropsH B 1977r. 3ammrun
KaHIUIATCKYIO AUCCepTaruio, a B 1994r. — mokropckyro muccepranuio. OH aBTOp
6oree 100 Hay4yHBIX cTaTel, OMyOIMKOBAaHHBIX B HAYYHBIX )KypHaIax U COOpPHUKAX
TPYAOB MEXIyHAPOAHBIX KOHPEPEHINH KaK B APMEHHUH, TaK U 32 PyOesKOM.

Ipodeccop 3. X. I'puropsiH — KPyHHBINA CHEIHUATKCT B 00JaCTH KOHTAKTHBIX
M CMEUIaHHBIX 3a/a4 TEOPHH YNPYTOCTH, B 00NACTH 3alad paclpoCTpaHEHUs M
Iudpakuyu BOJIH B YIPYTUX M JIEKTPOYHpPYTux cpenax. Paccmarpusaemble um
3a]a41 aKTyaJbHbI, a MOJYYeHHBIE PE3YyJIbTaThl BaXKHBI C TOYKU 3PEHUS MEXaHUKHU
CIUIOITHOM cpefpl M MareMaThdeckoil ¢usuku. HayuHoe wucciegoBanme 3.X.
I'puropsiH mpoBoAUT OOCTOSITENBHO, NpHUMEHs (QyHIAMEHTaIbHbIE U IPUKIIA-
HbI€ METOJBI U NMOAXOJbl MEXAaHUKM U MaTeMaTHKU. B HaydHBIX Kpyrax LIHpPOKO
U3BECTHBI pe3yibTaThl npodeccopa I.X. I'puropsHa B 00macTH BbISBICHUS
CTETICHH B3aWMOJICHCTBHSI W B3aMMOCBSI3M (DU3MYECKHUX TOJed B 3amadax
KoJIeOaHUH M pacHpoCTpaHEHHs BOJH B Cpelax, B 00JacTH ONpelesICHHs BIUSIHUH
KOHCTPYKTHBHBIX U (DU3UKO-MEXaHMYECKHX HEOAHOPOJHOCTEH B KOHTAKTHBIX,
CMEIIaHHBIX U JUHAMHYECKUX 3a/aduax TEOpUH YIPYrocTH, B 00JacTu pa3paboTKu
M Ppa3BUTHS HOBBIX METOAOB M CHOCOOOB Ui pEIICHUS TPYOHBIX, C
MaTeMaTH4ecKOoW TOYKM 3PEHHUs, 3ajad Teopuu yrpyroctd. Ero OesrpaHuvHbIiI
MHTEpEC K MCCIENOBAaHMIO KOHTAaKTHBIX M CMEIIAHHBIX 337ad M K M3YUYECHHIO
pacIpoCcTpaHeHHsl BOJIH Pa3HOM NPHUPOJBI, CTPEMJIEHHE OOOOLIUTH IOJIyY€HHBIE
BaXHbIC pE3yJbTaThl MPHUBENM K TOMY, YTO OH co3ian dS(PQEKTHUBHEBIC
MaTeMaTHYEeCKHE METOIbI AJIsl PELLICHNs] PACCMOTPEHHBIX 3a/1ad.

IMpodeccop D.X. I'puropsH BHEC CYIIECTBEHHBIM BKJIAJ B Pa3BUTHE
apMSIHCKOM IIKOJBI MEXaHMKH M BEJIMKAa €ro 3aciyra B pa3BUTUM MEXaHHUKHU
nedhopmupyemoro TBEpAOro Tena. Ilom HaydHbIM pykoBomcTBoM D.X. I'puropsHa
KaHJUJATCKUe IUCCEepPTalluy 3allUTHiIN 14 MOJIOABIX cllenuanucToB. B Teuenue
nocnenHux 10 meT, HECMOTpS Ha TsKenyro Oone3Hs, D.X. ['puropsH npomomkaet
IUIOIOTBOPHYIO HAay4YHYIO NESTEIBHOCTb. SIpKOE€ TOMY CBUAETENBCTBO TO, YTO OH
MOJTOTOBMII 32 3TO BpeMs 6 KaHIUAATOB HayK U BMECTE€ C HUMU U KOJUIETaMH T10
HayKe OIyOJIMKOBaJ MHOTO cTaTeil Ha BBICOKOM HAay4HOM YpPOBHE, NPHHUMAs
y4acTHe B MEXITYHAPOJHBIX HAYYHBIX KOH(EPEHLIUAX.

Penakmus xypnana «M3Bectus HAH Apmenun. MexaHuka» cepIedyHO
nmo3apasisger npodeccopa D.X. ['puropstHa ¢ THEM POXICHHUS W JKETACT €My
KPETIKOTO 310pOBbs, 01aronoay4rs ¥ HOBBIX JOCTH)KEHUH B HayKe.
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V]IK 539.3
KOHTAKTHASI 3AJJAYA /LISl YIIPYTOii BECKOHEYHOI IIJIACTHHBI,
YCWIEHHO JIBYMS MAPAJUIEJIbHBIMY BECKOHEYHBIM U
MOJYBECKOHEYHBIM CTPUHTEPAMM

Capxucan K.C., Oranucsu I'.B.,

KiioueBble cjioBa: OeCKOHEYHas IUIACTHHA, KOHTAKT, CTPUHrep, o0oOuieHHble (QyHKIMH, (YHKIMOHAIBHOE
ypaBHeHHe, (hakTOpH3alHsl, ACHMITOTHKA.
Keywords: infinite plate, contact, stringer, generalized functions, functional equation, factorization, asymptotic.

Uunpqujub 4.U., Zndhwthujuib 2.4,
Untunuljnught inhp” win]bpe b jhuwwin]kpe tplnt gniqubbn Jepughpitpny]
ndhinugqus winjkpg wpwdquijuit uuh hudwp

Uohiwnwipnid nhunwpyduws E hqnupny hwdwubn widtpy wpwdquijub uwh hwdwp
Yntnwljinughtt juinhp, npbt mdbnugyus £ wigkpe b Yhuwwibtpe kplnt qniquhbtn wnwdquljul
YEpunhpubpny: Uw-dkpunhp Ynbnwljinughtt qnygp ghdnplugdnud E huwwin]bpy wnwdquljut
Ytpunhph Suypnid hhpundus Yhunpnuiwgyws nidh punphhy: dniphkh hpwlwi punhwipugus
hunkqpu) dbwhnhunipjut ogunipjudp niuntdtwuhpyny Ynunwlunuwhtt jpunph (nwdnudp hwignud £
hpulwl wrwigph Jpu $mulghntwy hwjuuwpduwt pisdwip wihwpn $mulghwibph Sniphkh
npuwiubnpuiubnibph tjundwdp: Yuenigdus b phinwplynn jnunwlnuwght pugph thwly jnusnudp:
Npnows Eu onpwithnn Ynunwlunuwghtt nidiph puwoudwtt hunbuuhdmpniuttpp b Jepunhpubpnud
wnweowgnn wnwugpuwyhtt (unpdw)) jupnudubpp: Yhuwwidbpe wnwaqulijuwt Jkpunhph onpwthng
Yntnwlunughtt mdbph pwpjudwb hunbkuuhymipniuiph b tpwind  wpwewgnn wnwhgpwht
(unpuwy) jupmuubkph hwdwp vnwgus ki wuhduynnnhl pwbwdbbkp, npnup pimpugpmud ku
(upnudibph Juppp hywhu nidh Yhpundwi fEnh opowluypnid, wyhiygbu b npuithg htipnt YEnkpnud:

Sargsyan K.S., Hovhannisyan H.V., Meltonyan B.A ||
A Contact Problem for an Infinite Elastic Plate, Strengthened by
Two Parallel Infinite and Semi-Infinite Stringers

In this paper a contact problem for an isotropic homogeneous infinite elastic plate, strengthened by two
parallel infinite and semi-infinite elastic stringers, is considered. The plate-stringer contacting pair is deformed by
concentrated force, applied on the end of the semi-infinite elastic stringer. The solution of considered contact
problem by means of Fourier generalized real integral transform is reduced to solution of a functional equation on
the real axis with respect to unknown functions Fourier transforms. The closed-form solution of the contact
problem is constructed. The intensities of tangential contact forces and axial (normal) stresses arising in stringers
are determined. Asymptotic formulas for intensities of tangential contact forces and axial (normal) stresses arising
in semi-infinite stringer describing their behavior as near, as well far from the force application point are obtained.

B pabore paccmarpuBaeTcs KOHTAaKTHas 3ajada Ul H30TPOIHOH ONHOPOAHOH ympyroil OecKOHEYHOU
IUIACTHHBI, YCWICHHOH IBYMs MHapasuIelIbHbIMH OCCKOHEYHBIM U I0JTyOECKOHEYHBIM YNPYTHMMM CTPHHIEPaMH.
KonrakTHast mapa (riacTuHa-cTpuHrep) AeGOopMUpPYETCSs COCPEIOTOYEHHOH CHIION, NMPUIIOKEHHON Ha KOHIE
NoTy0EeCKOHEYHOr0 YHPYroro crpuHrepa. Ilpy mnomomu AeHCTBHUTENHHOTO OOOOIMEHHOTO HHTErPAIbHOTO
npeoOpazoBanust @ypbe pelieHue paccMaTpUBaEMOW KOHTAKTHOW 3aJayd CBOJAUTCS K PEIICHUI0 HEKOTOPOro
(YHKIIMOHATIBFHOTO ypaBHEHUsI Ha JICHCTBUTEIBHONH OCH OTHOCHTEIBHO TpaHC(opmaHTOB Dyphe HEH3BECTHBIX
¢yuknuii. TlocTpoeHO 3aMKHYTOE pelleHHe MOCTAaBICHHOH KOHTAKTHOU 3agaun. ONpeieNeHbl pacHpeleneHUst
HMHTCHCHBHOCTEIl TaHIMeHIMAIBHBIX KOHTAKTHBIX YCHIIMII H OCeBble (HOpMAaJIbHBIC) HANPSDKCHYS, BOSHUKAIOMINE B
crpuHrepax. IlosmydeHbl acuMmmTOTHYECKHE (OPMYIbI UL Paclpe/eicHHs MHTCHCHBHOCTEH TaHICHIMATIbHBIX
KOHTAKTHBIX YCHJIMI H OCEBBIX (HOPMAIBHBIX) HAIPSDKEHHH, BO3HHKAIOMUX B YINPYroM MOJNYyOECKOHEYHOM
CTpHUHIepe, OIMCHIBAIONINE IIOBEICHUE HAPSHKECHUH KaKk BOJIU3H, TaK M BIAJIH OT TOYKH IIPUIIOKEHUS CHIIBL.

1. Ilycte ympyruii CIJIOIIHOM HW3OTPONHBIA JIMUCT B BHAE TOHKOW OTHOPOIHOM
OECKOHEYHO! IIACTUHBI MaJOil MOCTOSHHOW TONMIIMHBI N Ha JMHMAX Y=-a U Yy=a
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(a>0) cBoeil BepxHEH MOBEPXHOCTH YCHJICH ABYMS IMapaUIeIbHBIMA OECKOHEYHBIM WU

NOTyOECKOHEUHBIM YNPYTMMH CTPUHIEpaMHM C OAMHAKOBBIMH JIOCTATOYHO MAaJbIMU
MOCTOSIHHBIMU NPSAMOYTOJIEHBIMU ITOIIEPEUHBIMU CEYEHUAMH U MOJYJIIMH yYIIPYTOCTH.
TpeOyercst onpeaeInTh 3aKOHbBI pacipe/iesieHHs MHTEHCUBHOCTEH TaHI€HI[HAIbHBIX
KOHTaKTHBIX YCHJIMH BIOJIb JIMHUM KPEIUICHHs OECKOHEYHOTrO M I0JIyOeCKOHEYHOTO
YIPYTUX CTPUHIEpOB C OECKOHEYHOM YNPYrod IUIACTHHOW W OCEBBIX (HOPMAaJIbHBIX)
HalpsDKeHWH, BO3HMKAIOIIMX B CTPHHIEPaxX, KOTAAa KOHTaKTHpYMomas mnapa (IuiacThHa-

crpuHrep) nepopmupyercs cocpenoroucHuoii cunoii R3(x)3(y—a), npuioxenHoil Ha

KOHIIE TTOJTyOECKOHEYHOTO YIIPYTOro CTPHHTEpa.

B uccnenyeMoil KOHTakTHOM 3azade OTHOCUTENIBHO CTPUHIECPOB INPUHUMAETCS BO
BHUMAaHHE MOZENh KOHTAKTa IO JIMHUH, TO €CTh MPEIIOJIaraercsi, YTO paclpeieIeHue
WHTEHCUBHOCTEH TaHTe€HIIMAJIbHBIX KOHTAKTHBIX YCHJIMH COCPEIOTOYEHBI BIOJH CpemHei
JMHUM KOHTAaKTHOTO Y4YacTKa, a JyIsi W30TPOIHOW OJHOPOJHOI OECKOHEYHOH ympyroi
TUIACTUHBI CYUMTAETCSl CIPAaBEUIMBOM MOAENb OOOOIIEHHOTO IUIOCKOTO HANPSHKEHHOTO
coctosinus [1-9], Gnaronapst yemy oHa 1e()OpPMHUPYETCS KaK TIOCKOCTb.

OOpamasce Termepb K IOJMYYEHHIO pa3pelIalolinX YpaBHEHHI paccMaTpuBaeMon
KOHTaKTHOM 3aJauyd 3aMEeTHUM, YTO CTPUHIEpHl PACTATUBAIOTCS WJIM COKHMAIOTCS B
TOPHU30HTAJILHOM HAaIPaBJIEHUH, HAXOASACh B OJTHOOCHOM HAIPSHKEHHOM COCTOSIHUM. Torna,
Ha OCHOBE BHINIECKA3aHHOTO, IU(EpeHINaIbHOe YpaBHEHHE PaBHOBECHS D3JIEMEHTa
0ECKOHEYHOI'0 YIPYroro CTPHUHIepa Ha JIMHUK Y = —a OyJeT UMeTh CIIeTyIOUUN BUI:

dzus(x;—a)_ p(x;—a)
dx® E.F,

rae p (X; — a) nu US (X; — a) — COOTBECTCTBCHHO MHTCHCHUBHOCTL paCclpeACJICHUSA HECU3BECTHBIX

=0 (—oo<X<oo), (1.1)

TaHTCHIMAJIbHBIX KOHTAKTHBIX YCHIMH M TOPU30HTAIbHBIC NEPEMEIEHUS] TOUEK yIPYTroro
0ECKOHEYHOT0 CTPUHIepa Ha JIMHUK Y = —a.

I[anee, UMEsA B BUAY BbIIICCKA3aHHOC, ,HI/I(l)(l)epeHHI/IaHLHOC YpaBHCHUC DPABHOBECUSL
OJICMCHTaA HOHy6eCKOHC‘IHOFO YIpYyroro CTpUHrepa Ha JIMHAM Y = a 3alydiIeM B BUC:

dzus(x;a)_ p(x;a)

=0 —0<X<0), 1.2
dx? E,F, ( ) (12)
IIPU 3TOM IPAHUYHOE YCIIOBUE UMEET CIAEAYIOLINM BUIL:
du. (x;a
(xa) R , (1.3)
dx | _, EF

31€Ch p(X; a) u US (X; a) — COOTBETCTBCHHO MHTCHCUBHOCTb PACIIPEACIICHUS HEU3BCCTHBIX

TaHT€HIMAJIBbHBIX KOHTAKTHBIX YCHINI U TOPU30HTaJIbHBIE NIEPEMEIICHHS TOYEK YIPYroro
MoIyOeCKOHEYHOTO CTpUHTepa Ha MuHuK Y =a. OTtMmerum, uto B dopmymax (1.1) — (1.3)

(Es;F)— Momyab ynpyrocTd ¥ IIOMI@k TONEPEYHOr0 CEUECHHUs yNPYIHX CTPUHICPOB;
R — MHTEHCHUBHOCTBH COCPEIOTOUEHHON CHIIBL, ITPUIIOKEHHOW HA KOHIIE MOJIyOECKOHEUHOTo
ynpyroro crpurrepa B Touke (0;a).

Temeps, uTroOb HammcaTh nudQepeHnuanbHoe ypaBHeHHEe (1.2) ¢ TrpaHUYHBIM
ycnoBueM (1.3) oqHUM ypaBHEHHEM JUIS BCeX X (—oo <X< oo) , BBEZIEM (DYHKIIHIO:
Us (x) =6(-x)us (x;a) (-0 <x <), (1.4)
rie G(t) — eIUHWYHAS CTyNeHYaTass QyHKIUA X BUCalaa.

[Tpumenus x (1.4) oneparmio auhepeHINpPOBaHUs B CMBICIIE TEOPHH 0000IIEHHBIX
(yHKIWMIA, IpH 3TOM yuuThIBast AnddepeHnuaibaoe ypasHenre (1.2) 1 rpaHu4YHOe yCIoBHe

(1.3), otHOCUTENBHO QyHKIMU Ug (X) noiy4nm nuddepeHnnansHoe ypaBHEHHE:
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d’Us (x) _ p (x) R3(x)
dx*  EF,  EF
rae p~(x)=0(-x)p(x;a), a 8'(x)—npoussoanas aenpra-pysxumun Jupaka 3(X).

us (0;2)8'(x) (mo<x <), (1.5)

Ecmu teneps npumennts k ypasaeHUsM (1.1) u (1.5) geiictButensHOe 0000mEHHOE
WHTETpaibHOEe TpeoOpazoBanne Dypbe B CMBICIE TeOpHH OOOOMEHHBIX (QYHKIHHA, TO
COOTBETCTBEHHO MOJTYYHM:

p(c;-a)

-0’Ug (o;—a) = EF (-0 <o <), (1.6)
_czﬁs(c)zzs—(:s-)—%ﬂcus (O;a) (—oo<6<oo), (1.7)
e

N ( iox 1 ( N —iox

A(G):J'A(x)e dx; A(X):Z—TEJ.A(G)E do, (18)

a 6 (—0 <o <) — CHeKTpaIbHBI Hapamerp npeobpasoanns Dypbe.

C npyroiél CTOPOHBI, HA OCHOBE BBIIIECKA3aHHOIO, IUIsi TpaHchopMmaHTel Dypbe
(GYHKIMH TOPU30HTAIBHBIX MMEPEMEIICHUN TOYEK W30TPOIHOM OJHOPOIHON GECKOHEUHOM
yIOpyroil IUIACTHHBL, KOTAA HA JMHHAX Y=4a M Y =-—a [ACHCIBYIOT TaHICHIHAJIbHBIC
KOHTAaKTHBIC YCHIIMS ¢ MHTEHCHBHOCTAME P (X,a) (—0 <X <0) 1 p(x,—a) (- < X <o0),
COOTBETCTBEHHO UMeeM [6-8]:

_ o - A +3 p (o
0(c;a)=0 (c)+T" (6)=——"H (o),
4;1(% +2u)|0| h

_ o | e P(05-2) ~ .

a2l (2w | h (ro<o<e), (19
U(c;—a)= M +3u _ A +p a |24 5_(0)+

[4n( +2u)le] (3 +2n) " (1.10)

A +3u P(os—a)
4u(k* + 2p)|6| h

(-0 <o <),

3nec U (o)=F [u* (X;a)] u U (c)=F [u’ (% a)} — tpanchopmanTsl Dypbe GyHKIHIT
ut(xa)=0(x)u(x;a) u u (xa)=0(-x)u(x;a), coorsercrsenno; F[+]—oneparop
®ypse; U(X;—a) 1 U(X;a)— ropH30HTAIBHBIC IEPEMEILICHHS TOYEK GECKOHEUHOM ynpyroii

* -1
TUTACTHHEI HA JIMHUSAX Y =—&a W Y =@, COOTBETCTBEHHO; A = 2ku(k+u) , THe A 1 p—
YIpYIHe XapakTepUCTHKN U30TPOITHOM OTHOPOIHON OECKOHEYHOH IIaCTHHBIL.

Ecnu Temeps MMeTh B BHAY, YTO HA JIMHUAX KpPEIUIEHHS Y=-a U Y=a yOpyrux
0OECKOHEYHOr0 U TOIyOECKOHEYHOTrO0 CTPUHIEPOB C YIPYroi OSCKOHEYHOH IIacTHHOU
HUMEIOT MECTO CIIeYIOIe KOHTaKTHBIE YCIIOBUS:

U (0;—-a)=U(c;—a); U (0)=U (o) (-o<oc<m®), (1.11)
T0 Ha ocHoBe (1.6), (1.7), (1.9) u (1.10) otHOCUTENnBHO TpaHchopMaHTOB Dyphe GyHKIMI
MHTEHCUBHOCTEH pacrpe/eieHUs] HEU3BECTHBIX TAaHTCHIMAIBHBIX KOHTAKTHBIX YCHJIMU
p(o;—a) u p (o) (-0<o <o), KOTOPHIC SBIIOTCS OCHOBHBIMH HEH3BECTHBIMH

7



(YHKIMSIMHA - paccMaTpHBaeMOM KOHTAKTHOW 3a/laud, MHOIYyYUM CIIEAYIONIYI0 CHCTEMY
JTUHEHHBIX anreOpamdecKuX ypaBHEHUH:

A +3u A+ o] =

c’ - - - ale”™p (o)+
L”(" +2u)o]  2u(A"+2u) ] ()

A +3u h | _

+ + ;—a)=0 — , 1.12
ey e (o) 01
2_ k*+3u 7»*+3u alo] = _.

(o) " - " ale plo,—a)+ —0<0c<™0),

L4u(2 +2u)lo] 2p(17+20) ] (0:-a) ( )

N h | Rh . .

+ + = —ichu, (0;a)+oc°hu ) 1.13

gl | 1=t 0 -

Pemmas cucreMy ypasuenuii (1.12) u (1.13) ornocurensuo P~ (o) u p(o;—a), nomyuum:
K(c)P (o) =TR-TEsFUs (0;a)ic+TE;FT " (c)6” (—o <o <o), (1.14)
_ RT |K(o) . |__

—a)=— | 127 — . 1.15
p(o;-a) T+|0'| |:T+|G| }p (o) (-0 <o <o) (1.15)
A€ BBCACHLI CICAYIONIUE O603Ha‘ieHI/lﬂ:

_ K (c)K _

K (G)=%; K (c)=T+2|o] ch(a|c5|)e’a“" —ako’e (1.16)
_ (" +2 2(M +
K, () =T +2|o|sh(a]o|)e ! +aks’e ;T = “(* W) b ; k= ( “).

A +3n EgF A +3p

3mech OCOOEHHO HYXHO MOIYEPKHYTh, YTO MpH &8 —> o0 (YHKIHOHAIBHOE YpaBHEHUE

(1.14) coBmagaet ¢ COOTBETCBYIOMMM ypaBHeHHEeM padoTrI [3], a (1.15)— pabotsr [1].
TakuM oOpa3oM, pelieHre paccMaTpPUBAEMONW KOHTAKTHOW 3aJadd MPH TMPUHATHIX

BBIIIE TIPEINOJOKEHUAX CBEIOCh K PEHIeHHI0 (yHKIHOHAIbHOTO ypaBHeHHs (1.14) Ha

JIEWCTBUTEIILHON OCH OTHOCHTEIIHLHO HEM3BECTHBIX QYHKIMH P~ (G) uu’ (6). 31ech Hajo
OTMETHUTb, YTO TaK Kak QyHKIHH P~ (c) uu’ (cs) SBIIIIOTCS] TPAHWYHBIMH 3HAYEHUSIMU

ananutidecknx Gyskimii P (o) u U7 (o) (0 =0+it), peryispHbiX COOTBETCTBEHHO B

HIDKHEH W BepXHEH MOJYIUIOCKOCTX, TO (yHKIMOHaJdbHOE YypaBHeHue (1.14) MoxHO
paccMOTpeTh Kak KpaeByro 3afady Pumana B Teopun aHanutudeckux ¢yHkuuit. [loctymas

ananornaHbiM [3,9] obpasom, dakropusyem sapo K (o) (yHKUHOHaIBHOTO ypaBHEHH:
(1.14), nmpexncraBuB ero B cieaylomei popme:

K(G)=K+(G)K7(G) (-0 <o <o), (1.17)
rae K* (o) perymspua u He nmeer Hyneii npu Ima. >0, a K™ (o) perynspha u ne umeer

Hynel ipu Ima <0 (o0 = o +1iT), ¥ COOTBETCTBEHHO UMEIOT CIICTYIOIIMIA BH/I:

K* ()= (o +i0)2 " ()M, (o)M (o),

1 (1.18)
K™ (c)=(c-i0)2m" (c)M, (c)M, (o);
34€Ch UMCCTCA B BUY, YTO
{rﬁi (G);I\zf(c);l\ﬁj(c)} = exp{f_i (c);F*(o);F, (G)}; (1.19)
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0 (1.20)
(T~ (c):F (0):Fs (o)) = j{ F(X):F, (X):F, (X)) dx,
(0'+i0)[3 =c"+e"c’; (O'—iO)B =c"+e""c’; oF =9(G)|G|B; o’ =9(—0‘)|G|ﬁ,
a pysxkumn f (x), F(X) 1 F,(X) COOTBETCTBEHHO HMEIOT CIIEAYIONIMIA BUL:
°° A _ 2

f(X):LJ‘In 1+l e do; FI(X):LJ‘ln 1+Me-za\c\ e 'do,

2n |o] 2] T +|o]
F (x):ij‘ln L LGN IR (—o0 < X <0). (1.21)

? 2n T+|G|

Jlerko BHAETH, 4TO PYHKIMH M* (G) M (G) uM; (G) npu |0| —> 00 CTpeMSATCA K EIUHULIE
B cBoux ofiactsx peryispHoctd. Ilocne mpencrasnenus sapa K(o) B Buge (1.17),
(yakmonansHOe ypaBHeHue (1.14) MOXKHO IPUBECTH K CIEAYIOUIEMY BUILY:

o a _ TE F,U, (0;a)ic—TE Ry " (0) 0 & _
C (o) = K(o)ﬁ(c)=KTF§G)- 5P a)%‘ﬂ(c) T0)o " (o). (122)

(-0 <o <o),

JanpHeHmmii X0 paccyXIeHUN MPOBOIUTCS aHAJOTMYHO Kak B padote [3]. Eciom Teneps
npuMeHHTSH K (1.22) oOpaTHOe HHTErpaibHOe IpeodpazoBane Oypbe, TOTydInM:

L, (x)=L3(x) (-0 <X < ). (1.23)

B Takom ciryuae O6ynem umerts [3,10,11]:

L () =L ()= ad" (x) (o0 < X <00), (1.24)
k=0
rae 8 (x)=38(x), 5" (X)— n-s mpousBozHas nenbTa-dynkimn Jupaka 3(X).

Ecnu tenieps npuMenuTs K (1.24) npeobpazoBanne Oypbe, OyaeM UMETh:

L (o)=L (c)=2ak (-ic)" (-0 <o <®). (1.25)
k=0
Janee, xak nssectro [6,7], L (o)=L, (c)=0(1) npu |o| - o, crenosarensno n3 (1.25)

BBITEKAeT, uyTo 8, =0 (k = l;n). Takum oOpazomM, Ui Heu3BeCTHOW (QyHKIMH P~ (G) u3
pasenctBa (1.22) momyunm:

7 (0)= Kao(g) (-0 <o <), (1.26)

rac ao — HEU3BECTHAsA MOCTOSHHAA, MOIJICKAIIast OIPEACIICHUIO U3 YCIOBUS PaBHOBECHUA

noy6eckoHeuHoro ynpyroro crpunrepa p- (0)=R.

Takum 00pazoM, MOCTPOEHO 3aMKHYTOE pELICHHE paccMaTpHUBaeMOil KOHTAaKTHOU
3a/1a4¥, 2 ICKOMbIE BETMIMHBI COOTBETCTBEHHO UMEIOT BUI (1.15) u (1.26).

2. Temepp mpHCTYNHM K TOJYYEHHIO AaCHUMOTOTHYECKHX (GOpMYJT Uil (YHKIHMA
pacnpezienieHlss WHTEHCHBHOCTH HEW3BECTHBIX TAHTCHIMAJIBHBIX KOHTAKTHBIX YCHIIHH



P~ (X) ¥ oceBbIX (HOpPMaNbHBIX) HAampsuKeHKI § (X), KOTOpbIC BOSHUKAKOT B YIPYIOM

107TyGECKOHEYHOM CTPUHIEpe, XapaKTepU3yIoLee HX oBeaeH e pu |X| — 0 1 [X| — oo,
CHavana noxyunM acumnToTHdeckue (popMyisl ais Gynkuuii p~(X) u g (X) npn

X — —oo. Jlnst 9Toli Lem HyKHO TOIyduTh pasnoxkenne Gy P (o) mpu |o| - 0.

Kaxk uzBectHO, mpu |G| — 0 moBexenue QyHknuu - (G) MOXHO OINHUCATh CIAEAYIOLIUM

ACUMIITOTUYECKUM TIpeICTaBIeHHEM [6]:

—_ 1, o—-i0 in —_

t7(0)=—gh—=-7+1 (o), @1
TIe

- c c—i0 o’ c—i0 1 c o 63

f (c)=—I|In 1|+ In ——|+———+—+0 2.2
v (0) inT( T ) 3inT3( T 3) o 4T’ 6T ( ) @2)

10 U1 GyHKIMKM P (O) 1pH |G| — 0 TONYYHM CIEIYIONIYI0 ACHMITOTHYECKYIO (OpMyITy:

in

P (0)= ""j?r_“ exp{-T, (0)-F (0)-F; (o)} 2.3)

C apyroii CTOPOHBI M3BeCTHO, 4TO TIpH || > 0 st pyrkumit F ™ (o) u F, (o) nmeem [6]

£ (o) :%[ana(c—iO)—w(l)+i§+ A‘}ro((ﬁ In2a(o—i0)).
. (2.4)
F, (o)= —%{1n2a(c—i0)+w(l)—l?n—A2}+O(c3 1n2a(cs—i0)),

A€ NPpUHATHI CJICAYIOUINE 0003HaAYCHHMS:

( . KT 52 s—KkT's* 1+ ) |ds
— Se—zT s _1 1+ S— —2T s Se—zT s 1— —2T s
0

2.5)
T" =aT, a y(X)— usBectras ncu-QyHKLMs.
Teneps uMest B B, 4TO IIpu |G| — 0 MMeeT MecTo acuMIToTHYecKas opMyIia
exp{—f_o’ (G)— Ifl’ (G)— Ifz’ (G)} =1 —[f_o’ (G)+ Ifl’ (G)+ Ifz’ (G)]+
(2.6)

+2[0 (0)+F (o) +Fr (o)] =

JIIsL 5_ (G) apu |G| -0 6yH€M HUMETD CIICAYIOIIEC aCUMIITOTUYCCKOC MPCACTABJICHUC!

" 2
P (o)= ks 1+Ei6—%62 +iicln2a(c—i0)— 22812 o’ In2a(c—i0)-
NT T 2T T T (27)

o’ In’2a(c- iO)} + O(G3 In2a(c- iO)),

)
T

rue
B =in+A —1-y(l)-In(2aT). (2.8)
ITocne uero, mpu |6| — 0 u3 (2.7) Ha OCHOBE YCIIOBHS 5’(0): R momyunm 3HaueHue

HEHU3BECTHOW IOCTOSIHHOM 4, :

a, = e ‘TR (2.9)
10



IMoxcrapmss 3HaUeHHE MOCTOSIHHON 8, 13 (2.9) B (2.7), st GyHKImH P~ (6) npu |G| -0

OKOHYATEIHHO MOTYYNM CIIEAYIONIYI0 ACHMIITOTHIECKYIO (GOPMYITY:
ﬁ’(c)zR l+iic— B/ Gz+iicln2a(c—i0)— 2B, c’ ana(cs—iO)—
T 2n°T? T ’T?

(2.10)

2 2 H 3 H
g ¢ In Za(G—IO):|+O(G ln2a(0—|0)).
Teneps npumenus x (2.10) o6paTHOE 0600mIEHHOE HHTErpalIbHOE NpeodpasoBanne Dypoe,
MMesi B BULy CBOiicTBa uHTerpana ®ypbe, as Gpyskuun P~ (X) mpu |X| — 00 HOJIyYHM:

p-(x)=F{ 2 1 +i[l+\u(l)+ln(2aT)—Al—F’(3)+2ln|2i|ji}+0(xl—4j. 2.11)

T x* n'T? a |X|3
3nech ObUTH UCTIONB30BaHbI cienytomue hopmyis [6,11]:
inp

©

L
2i (c—iO)ﬁe’“’XdG:—Llr;(an(HB),
b X

et - (2.12)
d T LA i\ B TSY _ 0, x>0
dB(G i ) —(G IO) 1n(c IO), X_{|X|; x<0,

npuaém I'(X)— u3BectHas ramma-(yHkiwst Diinepa. Eci teneps nernons3oath Gopmyity

Q’(X)=Fi j p (s)ds, (2.13)
s —0

TO Ha ocHOBe (2.11) momyyuM MOBeAE€HHE HOPMAJbHBIX (OCEBBIX) HAMPSKECHUN q’(X),

BO3HUKAIOIIUX B YIIPYromM HOJ'Iy6eCKOH€"IHOM CTPUHICPE IIPU X —> —00;

21 2 ]

g (x) :F_S[_Eﬂ+n_2[w(l)+2_A‘ -T'(3)+In(T |X|)+1n2—aJ (T>1<)2 ]Jro[(T)l()3 J.(z.m)

Tenepp mpUCTYNMM K IMOJYYEHHIO aCUMITOTHYECKON (popMynbl anmst QyHKIMH P~ (X) "

q (x) mpu X — —0. s 3Toil menm mocie rpOMO3IKUX U TPYIOEMKHX alureOpandecKux

npeoOpa3oBaHuil MpeacTaBUM (HYHKIHIO npu |c5| — o B cieylolei popme:

1
K™ (o)
K;@) =M, (c)+m, (G)+O((G—i0); In? 2a(c—i0)j, (2.15)
npuyéM Juit GyHkoui M, (G) um, (G) BBEJICHEI CIIEMYyIOIe 0003HAYCHHS:

2

i (o) =(c—-i0) 2 +_l(o_io)*%(1nza(c_io)+c)+%(c_io)*§ -

I
- 2; (c—iO)% (In*2a(c-i0)+2cIn2a(c-i0)+c*), (2.16)
M (0)=i(D,+D,)(0-i0) 2 ~(D, +D,)' (o-i0) = -

_T;(D] + Dz)(c—io)’§ (In2a(c-i0)+c),

rae

11



. 0 a N
C=1—ln(2T*)+|?ﬂ:, D] :ljln(1+GT akG e2acjdc’

T +C
0
% _ 2
D, :ljln(l—me‘zacjdc. (2.17)
b4 T+o
0

Honcrasnsas (2.9) u (2.16) B (1.26), nnst pyHKIMU ﬁ’(c) pu |($| —> 00 OKOHYATEJIbHO

TMOJTYYHM CJICAYIOMICEC aCUMIITOTUICCKOE IPEACTABIICHUEC!:
p(c)=RTe * [(G—iO) 2 +Il(cs i0) 2 (mza(c |O)+c—?(D +D ))
T

2 T2C2

In*2 —i0)+— 2.18
n’2a(c—i0)+ . + (2.18)

2

T 1

+[7—5(D +D,) J(G—i0)§—<6—‘°)§(;z

+(Tn20 T —(D,+D )jln2a(c—i0)+T—;(Dl+DZ)H+O((o—iO)_; lnz(Za(G—iO))j.

Ecnu teneps npumenuts K (2.18) oOpaTHOoe 0000mEHHOE MHTETpAIEHOE NTPeoOpazoBaHue
@dypre, a TakKe Y4YHUTHIBATH CBOWCTBAa MHTerpasa dypbe, OKOHYATENIBHO IS (YHKLMH

p (X) mpu X — —0 HoIXydnM cliemyromiee aCHMITOTHYECKOE MPEICTaBICHNUE:!

p (x)= Rf{ [ )|| —%{(1—%(&+Dz)—ln(T|x|)JF(—%)+F’(—%)}|X|;+
+{{—%T2+%(DI+D2)(1 In(T]x))+ 7: (1+ o= 2n(T)+mn’ (T|x|)ﬂn (—%}r
+@—{%(Dl+D2)+;—j(l—ln(T|x|))}% (—%)—;——31“”( ;J}pﬁ}o@xﬁ}

(2.19)
Teneps nonw3ysick Gopmynoit

1| R
- x):—J. p (s)ds+—, (2.20)
FS FS
0
¢ yuéroMm paznoxeHus (2.19), s HOpMaIBHBIX (OCEBBIX) HANPSHKEHUH (° (X), KOTOpPbIE

BO3HHKAIOT B YIIPYrOM IOJIyOECKOHEYHOM CTpUHrepe mpu X — —0, moiydum cienyromiee

ACUMIITOTHYCCKOC Hpe}lCTaBﬂeHI/le'

oS {( to-olf-g) (-
(252 Froor i3]
_(2;;g(q+Dz%r(_;)_%r"(_gj}|x|z+
e E -

12



T? 3.2 5 R z
——T| == [|X2 In* (T |x]) [+ =+O| |x | (2.21)
Sm 2 Fs
Crnemyer OTMETHTD, YTO MEPBBIE CllaraeMbleé aCHMIITOTHIECKUX pa3nokeHuit (2.11) u (2.21)
COBIAJIAIOT C MEPBBIMHU YWIEHAMH COOTBETCTBYIOIIUX pa3fokeHui us [1,2].

Takum 00pa3oM, MOCTPOGHO 3aMKHYTOE pEIICHHE paccMaTpUBaeMO KOHTAaKTHOM
3aJaddl U TIOJy4eHbl ACUMITOTHYECKHE (DOPMYIBI ISl paclpelesieHus: HHTEHCHBHOCTH

TAQHTEHINAJIBHBIX KOHTAKTHBIX yCHIHN p’(x) U OCEBBIX (HOPMAaIbHBIX) HANpPsHKEHUI

q (X), BO3HUKAIOIIMX B YIPYTOM ITOJyOECKOHEYHOM CTPHUHTEpE, KOTOPhIE XapaKTePH3YIOT

UX TOBeJIeHNE KaK BOJU3H, TaK U BAJIM OT TOUKHU IPUII0KEHHS COCPEOTOYSHHON critbl R.
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2U8UUSULP @bSNPhE3NPULLESD ULQUSPL UUUAGUTUSE SENtulahr
M3BECTUS HALIMOHAJIBHOM AKAJIEMUU HAYK APMEHUH

Uthuwtthlju 66, Nel, 2013 Mexannka
VIIK 539.3

YUCJEHHO-AHAJIMTUYECKOE PEIIEHUE KOHTAKTHOM 3AIAUM 11
BECOMOTI'O YIIPYI'OI'O IIWJINHJIPA KOHEYHOM JJIMHBI
Topocsn B.C.

KiroueBblie ciioBa: 0HOPOIHBIN YIIPYTUH IIHIWHAP, COOCTBEHHBIN BEC, OCECUMMETpUYHAS
nedopmanusi, COBOKYHOCTh OECKOHEUHBIX CHCTEM, YHCIEHHBIH AKCIIEPUMEHT.

Key words: homogenous elastic cylinder, own weight, axissymmetric deformation, set of
infinite systems, numerical experiment.

PBnpnujub 9. U.

JEpgunpp Epjupnipjudp Yohe niukgngn hnd wmnwdquljut quuih Ynunwlnuyght punph plugphi-
whwuhnpy pisundp

Thunwplyws b ubthwljut Yonh wgnbgnipyub wnwl Yeppuwpp tpjupnipjudp hns wnwdqulju
quith wpwbgpwuhdtnphl nednpuwmghuygh inhpp: Uhwihnhly imsuidp junmgyly B dmpykh
Snipjk-Thuph pynt owppliph gnudwph nkupny: Ujunithknl, pujwupupbny kqpuyhtt ywydwbibkpp ,
utnph nusudp phpdty £ gdughtt hwipupduljut wiudbpe hwjwuwpnidubph hwdwhadph: Ywwnwpdb
E pduyhtt hwoquply Unwgqus pyughtt wpynibputoh  hhdwt Jpu juwunwpdl) £ pdught
JEpnidnipinih:

Torosyan V.S.
Numerical and analytical solution of the contact problem for an elastic heavy cylinder
of finite length
Axis-symmetric problem for a solid elastic cylinder of finite length is considered. The
cylinder is deformed under its own weight. There are no displacements on the lower edge
of the cylinder and no stresses on the upper edge and the lateral surface of the cylinder.

B npemnaraemoit pabote paccMaTpuBacTCs OCCCUMMETPHYHAS 33a9a IS CILIONTHOTO
YOpYyroro MWIMHAPAa KOHEYHOW JUIMHBL, Ne(OPMHPYIOMIETOCS IMOJA  JICHCTBHEM
COOCTBEHHOTO Beca, KOT/Ia Ha HHYKHEM TOPIIC IIMIIUHIPA OTCYTCTBYIOT MEPEMEIICHUS, a Ha
JIPYTOM TOpIIC U Ha OOKOBOW MOBEPXHOCTH OTCYTCTBYIOT HAIIPSIKCHUS.

PeIJ_IeHI/Ie 3aa4yu HpI/IBe[leHO K COBOKyHOCTI)I GGCKOHeHHbIX CUCTEM J'll/IHCﬁHI)IX
anrebpanyeckux ypaBHeHUH. [IpuBea€H uncieHHbIN aHaIH3.

OcecuMMeTpudHas 3ajada s CIUIOIIHOTO YIPYroro LWIMHApPA KOHEYHOW IITHHEI,
HaXOJAIIETrocsl TOJ ACHCTBHEM COOCTBEHHOTO Beca, KOTa MWJIWHAP 3aKperui€éH CBOeH
OOKOBOW TOBEPXHOCTBHIO, 2 OCHOBAHHUS IMJIMHIpPAa CBOOOIHBI OT HANpPSKCHHH, peIleHa B
[1]. Anmamorm4Has 3amada JUisi KOHEYHOTO IWIIMHIPA, KOTJA TPAHWYHBIC yCIOBHS 3aaHBI
HATPSDKCHUSME, paccMaTpuBaiiach B padote [2]. Jpyrue oceCHMMETpHYHBIC 3alaqd JIIs
KOHEYHBIX LMJIMHAPOB, KOTJa Ha OJHOM WJIM JABYX TOpLax 3allaHbl MEepEeMEIleHHus, a Ha
OCTaJIBHBIX MOBEPXHOCTSAX — HANPSHKCHUS HIIH, KOT/Ia MEepEeMEIIeHUs 3aaHbl Ha OOKOBOI
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NOBEPXHOCTH, a Ha TOpLAX — HaNpsHKEHHS NPH OTCYTCTBHH TI'PABUTALIMOHHOTO ITOJIA,
paccMaTpuBanuch B [3-7].

1.YpaBHeHHs1 paBHOBECHs] B IIMJIMHIPHUUYECKON CHCTEME KOOpAMHAT JUIS CIydas
OCEBOI CHMMETPHH IIPU HATMYUU 00BEMHBIX CHII B IEPEMEIICHUAX UMCIOT BH/L:

Vzur+ I a_A_u_g_Fﬁ:()(].]) V2u2+;6_A+£=0(1_2)
I1-2vor r~ G 1-2voz G

3mece U, m U, — KOMIIOHEHTHI NEPEMEMIEHHs, [ — INIOTHOCTh MaTephalna LHIHHIPA,

G — MOAyJIb CABUI'A, R n Z — KOMITOHEHTbI 00BEMHBIX CHIL.

\va :i lg+i A= ou, +u_f %
o’ ror oz’ o r o
Eciu och Z HanpaBuThb B OOPATHYIO CTOPOHY NEHCTBUS CHMIIbI TSUKECTH s
KOMIOHEHTOB 00beMHubIX cuil (dur.1), 6Gynem umers: R =0, Z =—¢ .
z
A
Fy
R
«— —»
g
1
v >
/.
Qur. 1

st moctpoenns obuiero pemenus ypasaenui (1.1)-(1.2), mpu oTcyTcTBHN 00BEMHBIX CHIT
ourapmonnveckyto ¢pynkiuio A. JIsa npumem B Buje [1]

o(r,2)=Ar’z2 +B,2* +C,r* + F,2? +E, 2’ +

+icoskkz[ak Lo (A1) + G Tl (1) |+ (1.3)
k=1

+> 3o (N[ Acshp, r + B chp, z +C,p, zshp, z + D, zchp, z]
k=1

rac BBCJCHBI 0003HaYeHUs
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1-2v 3-2v

“ =i BT ey Y

J, (X) — ynxkuns beccenst N -ro mopsiaka nepBoro poja OT AEHCTBUTEIBHOTO apryMeHTa,

|n (t) — ¢yuknus Beccens N-ro mopsiika mepBoro poga OT MHUMOTO apryMEHTa,
A, =km/l, pn, — xopnn ypasnenns J, (ukR) =0

Hcnone3ys ¢popmynst A. JIsiBa, npeacTaBisiionine epeMeleHs U HalpsDKeHNsT uepes
(hyHKKITHIO d)(r, Z) , @ TaKKe YacTHOE PCIICHHE YpaBHCHWI PAaBHOBECHUS C HAJHMYUEM
MaCCOBBIX WICHOB [ 1], I epeMenieHuii 1 HalpsOKeHUH Oy1eM MMETh BBIPayKSHHS:

2GU, (r,z)=(; iv pg — 4%)rz+

+ixﬁ sinxkz[gk L (Ar)+ G rl, (xkr)] +
k=1

+Zuﬁ\]l(pkr)[(ﬁy+Dk)chukz+(Bk+Ck)shukz+
k-1

+Cyty zchp, z + Dy shy, 7]

2GU, (r,2) = (1 2vpg 24 jzz+

3-2v 1-2vo

+6(1-2v)E,z+2(1-2v)F, +Zxﬁ cosh, z[ G 1, (A, 1)+

+(E, +4(1-2v)G, )1, ( ] Zuk o (T [( (1-2v)D, — A )shp, 2+

—2(1-2v)C,chp, z + B,chp, z— C,, zshp, 7 — D, p, zchp, 7]

2(3"9 +2A0]z+6(1—v)E0 -

—-2v

2Go, (r,2)
—ixi siny 2{G A, 11, (2, 1) +[ B, +2(2-v)G, 1, (A1)} +
k=1

+iuiJo(pk r){[ D (1-2v)- A Jehw, z+[C, (1-2v) - B, Jshy, z-
k=1
- Ccny zchy, z - D,y zshy, 2}

ZGcr(r,z)z(szpg— A, ]z+6vE0+

3-2v 1-2v
c |
+Y A sink, 2{G A, rl, (A, 1) - E, I;Mr)
k=1 kr

+[Bk +(1+2V)Ck]SthZ++CkaZCthZ + D p, zshp, z} —

+
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) 2J
—ZM{(A( + D, )shp, 2 + Cop, zchp, z +
k=1

+(By +C, )shp, z + D, zshp, 2}

1-2v
rn(r,z):(ze_zv) pg—2A0]r+

+303 cosh 2 {G A,y (1) +[ B, +2(1-v)G, ]I, (A1)} +
k=1

+> md, (ukr){(Ak +2vD, )shp, 7 +C,p, zshp, +
k=1

+(B, +2vC, )chp, z + D, zchp, z}

I'paHnuHBIC yCIOBUS JJISl 3TOM 3314l MOKHO IPEJCTAaBUTh PAaBEHCTBaMH (OTCYTCTBHE
NepeMeIIeHNH Ha HIKHEM TOPIIE M HANPSDKEHUH Ha APYTHX MMOBEPXHOCTAX LIMIMHAPA).

U,(r,0)=U,(r,0)=0 (0<r<R)
o,(r.l)=1,(r,1)=0  (0<r<R) (1.4)
o,(R,z)=1,(R,2)=0 (0<z<lI)

krm

[Monaras 7\,k = T, ‘]1 (Hk R) =0 u ynosnersopss ycnosuam (1.4), Hailném

1-2v pgl
= E =
Ao BTy

v &
1 2VZMGU1(MR), A =-D, (15))
- k=1

IO(XkR)
B, =C, [1-2v - lcthp, ]+ D, [2(1-v)cthp | —p,1 ] (1.6)

BBeném 0003HaueHNs

|
X, =1, (ukR)shukl[chthMTkJer}

F =

I
Y, =uiJO(MkR)shpkl[Dkth%+Ck} (1.7)

3
, |Gmxm|F;(me)
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Torma, mocie HECIOXKHBIX MpeoOpa3oBaHUM, Ui ompeneneHuss Kod(Q(UIIHeHTOB

, , MoJIydaeM BOKYIIHOCTh H3 TPEX KOHEYHBIX CHCTEM JHMHCHHBIX
C,.D,, G, mnonyuaem coso oc 3 Tpéx OeckoHe cucre e

anreOpandecknx ypaBHEHHH CIEIYIOIIEro BUaa:

Zy =D AaX +Y B Y tM m=12,..
k=1 k=1

(1.8)
Xo =D CmZ, M=12,.. (1.9)
k=1
Y, =Y.DpZ, m=12,.., (1.10)
k=1
T/ie BBEACHBI CIIEAYIONTHe 0003HAYCHHUS:
A AV m=13,.. . BY, m=1,3,...
" 1AY, m=24,.. " |BY, m=24,.
cl, m=13,.. DY, m=13,...
Ckm: 2 ’ ka: 2
cl? m=24,.. D2, m=24,..
AEI):—BlEz): 2 (1+V)}\,ﬁ1_(1—\/)“i Bél):_AEZ)ZZ(l_V) 1
m m 2 ? m m
ART (24l R* we+2y

2pglv A 1y (A,r) . 2(1-v)

T KALRI(1=v) T 12 (A, AR

km 2 2
loy, Ay + 1y,

2
cl) _ A {(I—V) sh2p,, [ (1-2v)shy, | +p, ] +

N (chu, | +1)[ (1-2v)shp, I +p, 1]
()

A(1-v)p, | shop|
o (gt

(chu, I +1)[ (1=2v)shp | +p, 1]
A+ g

cl —

[(1+V)kﬁ —(l—v)pfn]
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4(1-v)p, | (chy,l —1)[(1 —2v)shp, | - pm|:| .

DW —
lo, A+l

km

h2u |
+S¢

(}Li +ur2n)2 [(1+V)Xﬁ —(l—v)uzm}

o 4w, | (chpgl =1)[(1=2v)shp, | —p, ]
" o, by Rk

(1-v)’ sh2p,|
M+ 1

o, = (3—4v)ch?u, | +(1-2v)" +p2I?

m

Jlerko y6enuTbcs B TOM, YTO yCJIOBHE PAaBHOBECHS BEINONHEHO. J[eHCTBUTEIBHO, U3

popMyIbl ISt OIIpeeseH st HOpMANBHBIX HanpsokeHuil G, npu Z = 0 Gynem umers

o, (r,0)=—pgl+2(1-v)> i DI, (kcr) . (1.11)
k=1
OTKYyJa NOJy4YuM

27 R R .
J.dtpj.cz (r,0)rdr = 27:_[62 (r,0)rdr = —@Jr
0 0 0

w R
+21(1-v) 31D, [ 13, (,r)dr =—npgIR> = -mg (1.12)
k=1 0

2. B uucneHHOM npuMepe pelarTcsl YKOpoUeHHble OECKOHEYHbIE CUCTEMBbI U3 ~ 750
ypaBHeHUI 111 IByX 3HaueHui kod(puimentos [yaccona (V =03unv= 0.42) v 1is
pasnuuHBIX 3HaveHnit [} = E Hcnonw3ys 3HaueHUS HAHJECHHBIX HEU3BECTHBIX

kodpdumueHTHEIX cucteM (1.8)-(1.10), mocTpoeHs! rpaduky IT KOHTAKTHOTO TaBICHUS

o, (F,O) /pgl, kacarenbHoro mampskeHus T, (r,O) /pgl u xommomenTon
nepememennii 2GU, (R,Z)/pglz, 2Gu, (I’,|)/pg|2. Otu rpaduKU TOKA3aHB HA

¢ur.2. A B TaOmuIe NPEICTABICHH MAKCUMAaJbHBIC 3HAYCHUS ZGUr (R,Z)/ pg|2 B

3aBUCMMOCTH OT Koo duumentos [lyaccona v u oTHomenus 3 = —.
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uy(L,r)

,0.‘2 0.‘4 0.‘6 0.‘8 1.‘0 a
_1 E
“2FB=35 /
-3t B=16
—4F
a5t B=28
(1,0)
0.8
a'z(r,O)
0.6+
4,
041
2,
s s s s _ g 02
0.2 0.4 0.6 0.8 1.0
2 / \\«\ .
-4 B=35,1628 ool

dur.2. v=0.3

o4(1,0) 06l
) B=10
04r
r B=22
L L L L . 02+
a
0.2 0.4 0.6 0.8 1.0
2k p . . . I n
/ 0.2 0.4 0.6 0.8
-af B=3,10,22 ol

®ur. 3. v=042
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Tab6muma

8 0.05 0.3 0.42 0.45
0.0197 0.1018 0.1341 0.1416
2 a=0.2779 a=0.2537 a=0.2438 | a=0.2435
0.0644 0.3204 0.4159 0.4379
5 a=0.1681 a=0.1452 a=0.1351 | a=0.1348
0.1111 0.5472 0.7070 0.74331
8 a=01172 a=0.1051 a=0.1033 | a=0.1033
0.1426 06997 0.9039 0.9502
10 a=0.0977 2=0.0909 a=0.0842 | a=0.0842
0.2215 1.0840 1.3965 1.4679
15 a=0.0764 a=0.0666 a=0.0635 | a=0.0558
0.2696 1.3159 1.6936 1.7791
18 a=0.0614 a=0.0560 a=0.0547 | a=0.0544
0.3014 1.4711 1.8938 1.9902
20 a=0.0574 a=0.0516 a=0.0447 | a=0.0447
0.3649 1.7816 2.2903 2.4050
24 a=0.0438 a=0.0437 a=0.0438 | a=0.0438
0.46154 2.2479 2.8900 3.0349
30 a=0.0381 a=0.0359 a=0.0354 | a=0.0353

Jlerko yCTAaHOBHTH, YTO Ha HIDKHEM 3aKpCIUIEHHOM TOpLE MWIMHIPA HMEET MEeCTO
PaBEHCTBO

cr(r,o):%cz(r,o) (0<r<R) @.1)

3. [TosyueHHbIE YUCIEHHBIE PE3YIbTATh II03BOMLIOT CAENATh CIEAYIOIIUE BBIBOIBI :
a) B cpemHeli uYacTM KOHTaKTHOH 30HBI (I’ <09 R) HOpPMAJIbHOE HANPSKEHHE

OTPHIIATSIIFHO M PACHPECIIACTCS MPAKTUYCCKA PAaBHOMEPHO, a MPH MPHOIMKCHUU K
TPaHUIIC OHO BO3PACTACT U CTPEMHUTCS K OECKOHEUHOCTH. BrIcoTa MMIMHApA CYIIECTBEHHO
HE BIIUSCT HA XapaKTep HOPMAIIBHBIX HAMPSKCHUH.

0)B TOl ke 4YacTH KOHTAaKTHOH 30HBI KacaTeNbHBIC HApsHKCHUsS, OyIaydd
MOJIOKUTEIBHBIMU, PACIPEACISIOTCS MMOYTH [0 JIMHEHHOMY 3aKOHY, a BOJHM3HM TPaHHIIBI
0OECKOHEYHOE YMCIIO Pa3 MEHSIOT 3HAK, T.e. MMEeT MeCTO ociusiiusi. Ha ocu nmnuHmpa
KacareJbHble HAIPSDKEHUS! PaBHbI HYJTIO.

B) bokoBasi MOBEepXHOCTH WMJIMHApPA MpPETEPIEBacT MAKCHMAIbHOE pPaJraIbHOE
nepeMerieHrne Ha HEKOTOpPOM HEOONBIIOM pPACCTOSHUM OT OCHOBaHusi. [Ipu 3tom, 31O
paccTosIHME TPAKTHYSCKH HE 3aBHCHUT OT 3HAueHus Koddduuuenta Ilyaccona wu
YMEHBIIIACTCS ¢ YBEIUUCHHUEM BBICOTHI IIHJIHHIPA.

r) BepxHwuii TOopell HWIMHIpPA BCICACTBHE Ae(opMaIy OMyCKAeTCs, MPAKTUYCCKH
coxpansis GopMmy u Tem Ooibmie, yem Oousbine kodh¢unument I[lyaccoma um BbIcOTa
mumHapa. [Ipy 3ToM, 3Ta 3aBUCUMOCTb SIBISICTCS. HETUHEWHOM.
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2U8UUSULP @bSNPhE3NPULLESD ULQUSPL UUUAGUTUSE SENtulahr
M3BECTUS HALIMOHAJIBHOM AKAJIEMUU HAYK APMEHUH

Uthumthju 66, Nel, 2013 Mexannka
VK 539.3

IN-PLANE INVERSE PROBLEM ON CRACK IDENTIFICATION
IN THE ELASTIC HALF-SPACE
Ciarletta M., Iovane G., Sumbatyan ML.A.

KaroueBble cJI0OBa: yOpyroe IMOJNYNPOCTPAHCTBO, TpelIMHA, oOpaTHas 3ajava,
UICHTU(OUKAITHS, HHTETPATBHBIEC YPaBHEHHUS, QYHKIIHOHAT HEBA3KH.

Key words: elastic half-space, crack, inverse problem, identification, integral equations,
discrepancy functional.

Quptnwnu U, bnjuik L., Unulpuwnymi U.U.
Unwdquljub Jhuvmnwpudnmpniinid Luph tnyjiwljubtugdmh hwpp hwljungwpd jeighpp

Ugjiwnwipmd  phwnwpldnud & hwpp  pinhp  hwdwubkn U hgnupny  wnwdquljul
Jhuwwnwpwénmipjut  hwdwp: Upjuwwnwiph tyuwwnwli t Jhuwnmwpwdmpjut  tkpunid  Lwph
Yhpujuwiquiwi hbn juwyyws hwjunupd pugph jnusdwt hwdwp wpynitbwgbn dupbdwnhuljut
wywpwwnh dywlnidp: Uwubwynpuwybiu, npnpynud k iqpuyghtt dwljiplnypht qniquhbe ninuljuyjws
mnnughs &wph nhppp b ywdubpp: dhinwplng hujugupd jubgph dbwljkpynudp hhdinfws E
wnwohl ulkinh htntgpu) hwjwuwpnudutph hwdwlwpgh Jpus:

Yapuaerra M., HoBane [Ixk., Cymb6aTsin ML.A.
Ilnockas o6paTHas 3a1a4a HAeHTHOHKANNHE TPELIHMHBI B YIPYTOM HOJIYNPOCTPAHCTBE

B pabGore paccmaTpuBaeTcs IuUIOCKas 3ajaya Ui YOPYToro OJHOPOJHOIO M H30TPOIHOIO
noaynpoctpancTBa. Llenbto paboThl sBisiercs pa3paboTka 3(PQEeKTHBHOrO MaTeMaTHYecKOro ammapara s
pemieHuss oOpaTHOW 3ajadd, KOTOpas CBS3aHA C PEKOHCTPYKIMEH TPEIWHBI BHYTPH IOJIYIpOCTpaHCTBAa. B
YaCTHOCTH, OINpEAENeTCs IOJOXKEHUE W pasMep MNPSIMOJIMHEHHON TpEIIUHbl, NapajulesIbHOM €€ TpaHuYHON
noBepxHocTH. POpMyIHpOBKa paccMaTpHBaeMOH O0OpaTHOM 3aJauyd OCHOBAaHA HAa CHCTEME MHTETPAlbHBIX
YpaBHEHU [1EPBOTO Poja.

In this work we study a homogeneous and isotropic elastic half-space in the context of in-plane deformation. The
aim of the paper is to propose a powerful mathematical tool to solve the inverse problem, which is connected to
crack reconstruction inside the half-space. In particular, position and sizes of the linear crack, parallel to its
boundary surface, are determined. The formulation of the considered inverse problem is based on a system of
integral equations of the first kind.

1. Introduction

The theory of inverse problems is an intensively developing branch of applied
mathematics and engineering science. The current state of the art and further references can
be found, for example, in [1-3].

The recovery of a linear crack by boundary measurements is an extensively studied
problem. It is known that in geomechanics and strength analysis one needs to reconstruct
geometry (i.e. position, shape, and characteristic size) of linear cracks from results of the
measurements of some physical fields over boundary surface of the considered elastic solid.
This problem seems to be a typical inverse problem.

Various methods were applied to study the inverse problem on reconstruction of
crack's geometry. The concept of duality based on the reciprocity gap principle gives an
efficient instrument to study such a type of problems in some cases. Among other important
works published in this field we can mention here [4], where the authors establish
uniqueness of the problem under some overdetermined boundary measurements, that is to
know on the (total) boundary surface or line, in 2-d case, both the value of the basic
potential function and the value of its normal derivative. These results were advanced in
[5,6] where it is shown that to find the normal to the plane of the crack is a more easy task
than to determine its true configuration. We would only stress that these results require the
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input data measured over full boundary surface. Some interesting ideas for the case of
incomplete data were proposed in [7].

In the problem under investigation it is quite natural to operate with the settlement of
the boundary surface, which typically can be measured with a high precision. For this
purpose, we may apply some outer loads to the boundary surface. Then its settlement
depends on geometry and position of a system of discontinuities, located inside the
medium. Hence, we can pose the inverse problem on reconstruction of these geometric
parameters from the input data taken from results of the measurements.

In the present paper we consider a homogeneous and isotropic elastic half-space in the
context of in-plane deformation, whose formulation is more complex when compared with
the case of scalar model. We study the problem connected with the reconstruction of the
position and the size of a linear crack inside an elastic half-space and parallel to its
boundary surface. This study, which defines a typical inverse problem, can be reduced to a
system of integral equations of the first kind. It is known that such equations belong to a
class of the so-called ‘‘ill-posed’” problems [2]. This means that application of ordinary
numerical approaches to such problems makes calculations unstable. In order to overcome
this difficulty, one should apply some refined methods like Tikhonov's smoothing
functional, regularizing operators, or similar. In the context of mathematical formulation of
the problem we notice that it is simultaneously ill-posed and non linear problem, like many
other inverse problems (see [2]).

Another relevant aspect of the inverse problem concerned is a continuity of the
solution upon the input data, as well as the smoothness and the stability of the proposed
algorithms. A good survey on this subject is given in [8], where the reader can find also
some results concerning Lipschitz stability.

A motivation why it is important to reconstruct cracks parallel to the free surface of the
elastic half-space can be justified as follows. First of all, before to study a general case of
the crack location, it is quite natural to study the simpler case of parallel crack. In fact, with
the use of the Fourier transform in this problem all kernels of respective integral equations
are expressed in terms of elementary functions, as well as their right-hand sides. Besides,
this geometry is very important for applications in the testing of some composite materials
on epoxy basis. Really, in the layered composites produced sequentially from layers of
reinforcing strings and layers of epoxy, the layerwise process, there may appear
exfoliations between contacting layers, which are obviously parallel to the free surface.

Similar problems in the less complex anti-plane case, both for horizontal and inclined
cracks, have been studied by the authors in [9,10].

2. Mathematical Formulation and Reducing to Integral Equations

Let us consider the in-plane problem concerning a linear horizontal crack located in the

homogeneous and isotropic elastic half-plane parallel to its boundary surface (see Fig.1).

Vi
Ioga(x'xo)

Fig. 1
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In the considered two-dimensional (2D) case of plane strain the formulation of the
problem implies the components of the displacement vector U to be of the following form

(% y,2) = {u, (6 y),u, (X, y),0{ @1
where U, and U, — components of the displacement vector in the direction of X and Y

axes, respectively. In the studied 2D problem these two functions satisfy the following
equations of equilibrium:

o*u o*u o*u
Lyt —2X+(1-¢)—L =0, 2=—H

ox’ oy’ axay A+2u 02

o’u 62u '
~+C +(1-c )

oy axay

where A and L are elastic moduli.
If functions U, and U, are determined from Eq.(2.2) then the components of the

stress tensor can be found from the constitutive equations

}\’O-xxz 6 ZCZ)%y &:%.’.Z&’

+ X X

u oy pooooy 23)
(¢}

y :8&+(1—2c2)ai
A+20 oy 0

Let us assume that the crack is linear, horizontal, and h designates the distance
between the crack's line Y =0 and the boundary surface Y =h. Let us also assume that
the left and the right tips of the crack have the Cartesian coordinates (@,0) and (b,0),
respectively (see Fig.1).

Let a (known) normal point load P, (X)8(X — X, ) be applied to the boundary surface

of the half-space at point X, , which is assumed to be known. Then the full mathematical

formulation of the direct problem is to solve equations (2.2) with the following boundary
conditions

y=h: o,(x,h)=0, o, (xh)=Fd(X-X), (|X[<o) (2.4a)

y=0:

{ (X,40) =u, (x,=0), U, (X,+0) =u,(x,~0), (x<a)u(x>bh) o
,(X,+0) =0, (X,-0), o, (X,+0)=0c,(X-0), (X<a)u(x>bh)

o, (X,+0) =0, (X,—0) =0, (X,4+0) =c,,(X,-0) =0, (a<Xx<b) (2.4¢)

In order to give a solution to the boundary value problem (2.2) — (2.4), we consider
separately the upper layer (| X |[< o0, 0 <Yy < h), where all physical quantities are marked
by the subscript "+", and the lower half-space (| X |< o0, ¥ < 0), where all quantities are

marked by "-".
To the considered boundary problem, we construct the solution by applying the Fourier
transform with respect to variable X, which for any given function f(X,Y) is defined by

the pair of (direct and inverse) relations:
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0

isx 1 T —isx
F(s,y) = | f(xy)e™dx, foy)=-— [ Fis,y)e™ds 2.35)

Note that all Fourier transforms are designated by corresponding capital letters. It is evident
that the first-order derivative 0/0X of any function in the Fourier variables will be
replaced by factor (—iS), and the second-order derivative 0°/0X> — by factor (—S°).

Then in Fourier images, system (2.2) becomes a system of ordinary differential equations,
with a certain parameter S :

c’U;-s’U, +(1-c*)(-is)U; =0
(1-c*)(-is)Uy +U] —c’s’U, =0

where all ordinary derivatives are applied with respect to variable Y .

2.6)

Let us note that the Fourier images of the components of the stress tensor are expressed
in terms of the Fourier transforms of functions U, and U, as follows:

) H 2 ' ZXY l H
% — (-is)U, +(1-2¢*)U7, —U! +(-is)U,,
A+2u u

2.7)
ZW _ ' 2 -
YU+ (1-2¢7) (i),
A+2u

The solution to system (2.6) can be constructed by using the method of characteristic
polynomial that results in the following representations in the lower half-plane and in the
upper strip, respectively:

U- - Aisi a [ 1+¢> . } o
y sign(s)e B| —————+lysign(s) |e
(I-c*)(-Is) 2.8)
U, =—Ae*¥ +Bye®”,  (y<0)

and

U,  =Cich(sy)- D{i ch(sy)+iy sh(sy)}

" (1-c*)(-is)
+ Eish(sy)—F [L sh(sy)+1y ch(sy)} (2.9)
(1-c?)(-is)
U, =— Csh(sy)+ Dych(sy) — Ech(sy) + Fysh(sy), (0<y<h)

where the six unknown constants A,B,C, D, E,F should be determined from boundary
conditions (2.4).

On the basis of Egs. (2.7) — (2.9) one can easily write out all physical quantities present
in boundary conditions (2.4).

If we introduce the two new unknown functions @, (X), g,(X), a<Xx<b, as

follows

26



0,(x), a<x<b
0, (x<a)u(x>h)’

ux*(x,O)—uX(x,O):{

(2.10)
_ g,(x), a<x<b
F(%,0)— U (x,0) =1 >
Hy (%,0) =y (x,0) {0, (x<a)u(x>bh)
Then
b
U;(5,0)-U, (5,0 =G, () = [ g, (&)™ dg;
2 (2.11)

U;(s,0)-U, (5,00 =G, (s) = [ g, (¢)e™dg

Obviously, the physical meaning of functions @,(X) and g,(X) is the relative

displacement of the upper and the lower faces of the crack, in horizontal and vertical
direction respectively.
Now, by using representations (2.10), (2.11), one can satisfy boundary conditions

(2.4a), (2.4b) that results in a 6x6 linear algebraic system regarding coefficients
A,B,C,D, E, F whose solution can easily be constructed in the following form:

A(s) = -iG e " { sign(s)[c’sh*(sh) + (1—c*)s*h* ]+ (c* / 2)[sh(2sh) + 2sh]} +

R L, (2120
2us(l—c?)

x{ sign(s)[ch(sh) + (1—c*)sh sh(sh)]+[sh(sh) + (1 -c*)sh ch(sh)]}

+G e { [sh?(sh)—(1-c?)s*h*]+[sign(s) / 2][sh(2sh) — 2sh]}

B(s) = —is(1-¢*)G e " { sh’(sh) +[sign(s) / 2][sh(2sh) + 2sh]} +
+s(1-c?)G,e " { sign(s)sh’ (sh) + (1/2)[sh(2sh) — 2sh]} - (2.12b)
- we—“‘h [ch(sh) + sign(s)sh(sh)]

C(s) = A(s) +isign(s)c’G,, D(s) = B(s) +(1-c?)isG,,
E(s)=A(s)-G,, F(s)= B(S)sign(s)—(l—cz)SGy

Now, the only remaining boundary condition is (2.4¢c). By applying the inverse Fourier
transform, with the use of the convolution theorem, this allows us to mathematically reduce

(2.12¢)

the problem to the system of integral equations with respect to unknown functions g, (X)

and g, (X) , which is valid over the crack length:

[Ki(x=8)g,(©)dE+[ K, (x-8)g, (E)dE = F,(%)

b b , as<x<b (213
[ Kz (x=8)g,(&)de +[ Ky, (x=8)g, ()dE = f,(%)

where
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K (x)= ZI{[S3h2 -s’h+ ﬂe‘”h —%} cos(xs)ds = % +
0

N 12h*(16h* —24h°x* +x*)  _ , 4h® 3%’ . 4h* — x?
(16h* +8h*x* + x*)(4h* + x*)? (4h* +x*)*  (4h* +x*)?
96h*x (4h* — x*)
(16h* +8h* x> + x*)(4h? + x*)* " (2.14b)

(2.14a)

K,,(X) = —2h? j s'e " sin(xs)ds = —
0
K, (X) ==K, (X)

Ky (X) = 2I {[S3h2 +s’h+ ﬂe‘m —%} cos(xs)ds = % +
0

(2.14c)
12h*(16h* - 24h*x* + x*) , 4h? =3x? 4h* - x*
+ + +
(16h* +8h*x* + x*)(4h* + x*)? (4h* + x*)’  (4h* + x?)?
© 2 _
1‘1(x)=h—P°2J.seSh sin[(X — X, )s]ds = 22h ()i %)y —  (2.153)
pl-c7)q pl=cHh™ +(x=x,)"]
f,(x)= —sz(sh +1)e™" cos[(X — X,)s]ds =
pd-c’)y
(2.15b)
2h*P,

T u(I=c)N + (x—x%, )’ T

3. General Properties of the Direct and the Inverse Problems
The direct problem can be formulated as follows. If we know completely the geometry

of the crack, i.e. quantities h,a,0, and the applied force, i.e. quantities P, and X, then

we can solve the system of integral equations (2.13) and determine all physical
characteristics of the problem. The most physically important one is the settlement of the

upper boundary surface, i.e. function U;(X,h). This can be directly extracted from

Eq.(2.9) which in terms of functions ¢, (X) and g, (X) is

f,(x) =u; (x,h)—u* (x,h) = EJ' g9,(&)d &T se~" sin[(x — &)s]ds +
T a 0

b ®©
L j g,(&)d gj (1+ sh)e ™" cos[(x — £)s]ds = 3.1
T a 0

_on’ i 9,()(x-§dg 2N’ i 9,(8)dg
- 2 212 2 212
: (N +X=87T  =m J[h" +(x=8)]
where we have written the final result for the function, which is the difference between the
settlement in the problem under consideration and the one in the problem free of crack.

Therefore, the represented function (3.1) corresponds to contribution of the crack to the
value of the settlement.

T
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Now, some words about qualitative properties of system (2.13). It can easily be seen
that the diagonal kernels, functions K, (X) and K,,(X) have hyper-singular behavior at
the origin. A stable method to solve hyper-singular integral equations was proposed in the

work [11]. Let us rewrite system (2.13) as
b

j{( g K- a)}g(é)dHKu(x £)9, ()dE = f,(x)
a<x<b 2

b

j K, (x-£)g,(£)dg j{ E

in the form where we have explicitly extracted the characteristic hyper-singular part of the
diagonal kernels, and the superscripts designate some regular functions. Then briefly
speaking our numerical algorithm can be described as follows.

First of all, we subdivide full interval (@,0) to a set of N small elementary

+ Ko (X - i)}g (&)de = f,(x)

subintervals of  the same length e=(b-a)/n, by  nodes
a= ?‘;O,ﬁl,};z,...,én%,{;n =h, ?;j =a-+ j8, (j =0,1,...,N).The central point of each
sub-interval (&; ;,&;) is designated as X;, hence X, =a+(i—1/2)e, (i=1,...,n). It

can be proved (see [11]) that a correct approximation to a bounded solution of system (3.2)
can be constructed as a solution to the following linear algebraic system (i =1,...,n):

Z”: 3 1
j=1 Xi_éj Xi_éj—l

+8K101(Xi _E_aj):|gx(E.>j)+8iK12(Xi _E)j)gy(gj): f1(xi)
=l (3.3)

=

DA (é)+2 L ek -89, = H(x)
i= i X_E.>j—1

The inverse problem can be formulated as follows. Let a known outer force
P,(X)3(X—X,) be applied to the boundary surface of the elastic half-space (2D

problem). This implies that quantities P)(X) and X, are known. Let us assume that there
is a horizontal crack in the half-space (see Fig.1), but its position and geometry are
unknown. Let the shape of the boundary surface, function fo(X) in Eq.(3.1), be known
over some finite-length set I" of the boundary line Y =h as a certain input data, which is

obtained for example, from the results of the experimental measurement. Then our goal is
to reconstruct crack’s geometry. In frames of such an approach, in Egs. (2.13) — (2.15) and

(3.1) quantities P, XO,},L,CZ,F, f,(X),(xeI) are known, and quantities
h,a,b,g,(x),g,(X), (@< x <b) are unknown.

Speaking about a stable algorithm, in order to solve numerically the posed inverse
problem, let us note that the input data, function f0 (X), may be given only approximately,
with a certain error. Hence, the algorithm to solve this inverse problem should be stable
with respect to small perturbations of function f(X).

The algorithm, which is presented in this work, is based on the discrete analogue (3.3)
of the basic system of hyper-singular integral equations (3.2). Let us write linear algebraic
system (3.3) in the matrix form:
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Ag— T, A{“l ”“j, A =(@l). A=) A =(a). A,=(al)

AT

g : : f ; N
92( 1]’ g1z(glj)o gz:(gzj); f :(fl} 1:(f1 )s fzz(fz)s L) =1..
9, 2
(3.4)
where the matrices and the right-hand sides are
ij 1 1 ij i ij
ay = X _éj - X _‘gjq +8K101(Xi _aj)’ ay =eKp, (X _aj)ﬂ ay) =—ay,
ij 1 1 [ i
ay, = - +8K22(Xi _&j)a fi =), f,="1(x) (-5

” X; _‘toj X; _Foj—l
Obviously, matrix A and right-hand side f both depend on parameters h,a,b:
A=A(h,a,b), f=f(hab).
If function f;(X) is known as the input data on the set I" then one can choose a finite

discrete array of nodes on this set: X, €I, (k =1,...,m), to treat relation (3.1) expressing

results of the measurements on a discrete grid. By replacing the integral there by an integral
sum, one can approximate this relation by the system of algebraic equalities, which can be
written in the symbolic form as follows

By=d, B=(B, B,), B =(b"), B,=(b’), d=(d,), (k=L...m; j=1..n)

. 2h*e(x, —&. _ 3
N = : &(X, éj)z _ 4 = : 2h’e =00 G
nh” + (% —&;)] nlh” + (% —&;)°]

The inversion of matrix equation (3.4): g = (A~ f)(h,a,b), where we explicitly

indicate that the inversion operator depends on geometrical parameters h,a,b, and the

substitution of the obtained relation to Eq.(3.6) reduces this inverse problem in its discrete
form to the algebraic relation

(BA™' f)(h,a,b)=d (3.7
It should be noted that dimension of matrix A is 2N x2N, hence dimension of

matrix BA™' is M x 2N . Therefore, Eq.(3.7) is written correctly since both its sides are
vectors of dimension M . Our approach to construct a stable solution to operator equation
(3.7) is founded on the minimization of the discrepancy functional

minQ(h,a,b), Q=[(BA"f)(h,a,b)-d| = i[(BAlf)k(h,a,b)—dk]z (3.8)
2 k=l

which is again a functional of three parameters h,a,b.
4. Numerical Treatment and Examples of the Reconstruction

The minimization of functional (3.8) can be attained by any classical method of
optimization (see, for example, [12]). The main restriction of regular iterative schemes is
that they give only a local minimum of respective functionals. Another difficulty is
connected with a non-uniqueness of the solution. It is not evident that a local minimum is
its global minimum, which in the case of exact input data is zero.

We tested application of the algorithm proposed in [13] to our inverse problem. We
aimed at a search of global minimum by a global random search. This algorithm is
developed to seek maxima, but it can be applied to minima too. Efficiency of the algorithm
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is explained by the two following specific features: 1) random sampling of values in the
neighborhood of the points, for which the values of the functional are small, happens more
frequently than that in the neighborhood of the points, where the values of the functional
are large, and 2) domains, in which random values of variables are chosen, are gradually
contracted to small neighborhoods of the points with small values of the functional. This
technique demonstrates remarkable convergence for all considered examples.

For all examples the input data is taken from the solution of respective direct problem.
It should be noted that, in order to generate approximate (i.e. inexact) input data, we
numerically solved the direct problem, and then perturbed the so obtained results by
random quantities, in accordance with the assigned "error" of the input data. For all

examples demonstrated below we used M =100 points of measurements, to form the
array of the input data, so that X, =—5+0.1(k—1/2),k =1,...m, x, €(=5,5). It is
clear that with such a choice of the trial points they form a uniform set around the applied
force P,(X)o(X), (X, =0).

We have performed numerous calculations and a thorough numerical investigation for
many examples. Some results on crack’s identification are presented in Table 1. For all

examples below £/ =b—a and ¢ =p /(A +2p)=0.3.

Table 1
input data error h a Vi type of result

1.000 -0.500 1.000 exact

0% 1.005 -0.490 0.997 restored
2.000 1.500 1.000 exact

0% 1.997 1.504 0.997 restored
0.500 3.500 1.500 exact

0% 0.490 3.495 1.509 restored
3.000 4.000 0.500 exact

0% 2.988 4.003 0.500 restored

The physical conclusions from Table 1 are quite evident. Then we studied the stability of
the proposed algorithm if the input data is given with a certain error.

Table 2
input data error h a /¢ type of result
1.500 -0.500 1.000 exact
5% 1.496 -0.500 1.000 restored
2.500 1.000 1.500 exact
5% 2.502 0.982 1.495 restored
4.000 -3.000 4.500 exact
5% 4.014 -3.009 4.501 restored
0.200 2.000 0.100 exact
5% 0.208 2.003 0.096 restored

Some examples with more significant error in the input data are presented below.
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Table 3

input data error h a / type of result
8.000 -0.500 1.000 exact
15% 8.031 -0.532 1.001 restored
6.000 2.500 4.000 exact
15% 6.220 2.620 4.116 restored
4.000 -3.500 8.000 exact
15% 4.032 -3.521 7.996 restored
2.000 4.500 0.200 exact
15% 1.938 4.497 0.198 restored
Table 4
input data error h a Vi type of result
1.000 -1.000 2.000 exact
25% 0.927 -1.013 2.037 restored
7.000 -4.500 9.000 exact
25% 7.129 -4.596 9.076 restored
0.300 1.500 0.100 exact
25% 0.316 1.492 0.103 restored
1.500 3.000 0.500 exact
25% 1.516 3.038 0.474 restored

It is very interesting to analyze the influence of the input data error for a chosen single
crack. In Table 5 below we demonstrate such dependence for the last crack taken from
Table 4.

Table 5
input data error h a Vi type of result
1.500 3.000 0.500 exact
0% 1.515 3.004 0.498 restored
5% 1.513 2.981 0.497 restored
15% 1.490 2.983 0.514 restored
25% 1.516 3.038 0.474 Restored

The following evident conclusions follow from the presented numerical results:

1. The proposed algorithm demonstrates a wonderful efficiency. Even with very rough
precision of the input data the reconstruction is very good. Moreover, for approximate input
data precision of the reconstruction is higher than that of the input data. This clearly
confirms the stability of the algorithm.

2. Concerning the comparison between various examples presented, taking into
account that all of them are of high precision, we can however analyze the cases when the
reconstruction is highly precise or less precise. Regardless precision of the input data, long
cracks are reconstructed more accurately than small ones.
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3. We have also tried to vary the length of the intervals where the input data is
collected. Under such numerical experiments we could conclude that precision of the
reconstruction improves when the measure of the set I" increases, that is quite natural from
the physical point of view.

4. A numerous number of numerical experiments performed by the authors indicate
that in the cases when the object under reconstruction is situated closer to the boundary
interval I, the precision of the reconstruction is higher.

5. The present consideration is restricted by cracks parallel to the free boundary surface
of the half-space only. The convenience of the present treatment consists of the fact that
this is based on the classical Fourier transform. A different approach may be applied for
arbitrary crack orientation in the half-space; this will be the subject of the authors' next
work.
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U3BECTUS HALIMOHAJIBHOM AKAJIEMUU HAYK APMEHUU
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MATEMATHUYECKASI MOJEJIb TEPMOYIIPYT'OCTH MUKPOITOJISIPHBIX
OPTOTPOITHBIX TOHKUX IIVIACTUH
Acaansa H.C., Capkucsu C.O.

KiioueBble €10Ba: MHKPONOJSPHBIM, OPTOTPOIHBIH, TEPMOYIPYroCcTh, TOHKHH, IUIACTHHKA, MaTeMaTHYecKas
MOJICIIb.
Key words: micropolar, orthotropic, thermoelasticity, thin, plate, mathematical model.

Uypuiywi LU, Uupquyui U.2.

Uhynpnwnjjup oppnunpny pupul uwbph okptuunmdquljubmi pyuic
dwphlumnhjuljut Ungkip

Uohmunwiupmyd wuhdywununhl ghpn quplusutph hhdwt Jpu jupnigynd &u dhypnuynjup

oppnuipnyy  pwpwl uwybkph  Sndwb U pughwipwgyws  hwpp upudwghtt  Jhdwlh
oipdwwnwdqujuiunipjut dwupkdwnhjulwi dnpkjubkpp:

Aslanyan N.S., Sargsyan S.H.

Mathematical model of thermoelasticity of micropolar orthotropic elastic thin plates
In the present paper on the basis of asymptotically confirmed hypotheses method mathematical models of
thermoelasticity of bending and plane stress state of micropolar orthotropic elastic thin plates are constructed.

B pa60Te Ha OCHOBE THUIIOTE3, UMEIOIIUX aCUMITOTUYCCKOC MOATBEPKIACHUEC, TOCTPOCHBI MATEMATUYCCKUAC
MOZ€IN TEPMOYIIPYTIOCTH 3ala4u u3ruda u O606IlIéHHOFO IIJIOCKOTO HaHpH}KéHHOI‘O COCTOSTHUSI MUKPOIIOJISIPHBIX
OPTOTPOITHBIX TOHKUX IJIaCTHH.

Beenenne. O0630p wmccienoBaHUil MO OOMIEH TEOPUHM MHKPOIIOJSAPHBIX YIPYTHX
TOHKHX IUIACTHH M 000JI04eK ocymiecTBIEH B paboTax [1,2]. B paborax [3-6] Ha ocHOBe
Ka4eCTBEHHBIX DPE3yJbTaTOB ACHMIITOTHYECKOIO METO/Ia HHTETPUPOBAaHUS TPEXMEPHOMH
KpaeBOd 3ajauu MUKPOIIOJSIPHOM TEOpPUHM YIPYTOCTH B TOHKUX obuactsix
C(l)OpMyJ'II/IpOBaHbI AACKBATHBIC TUIIOTE3bI U IMOCTPOCHBI 06u11/1e MaTeMaTH4YCCKUEC MOICIIN
MUKPOIIOJISIPHBIX YNPYTMX TOHKHMX OajloK, IUlacTMH U obosioyek. B pabore  [7,8]
ACUMITOTHYECKUM METOJIOM H3y4deHa TpEXMEpHas KpaeBas 3ajada MHUKPOIIOJISIPHON
TepMoynpyroctd. B nmanHO# pabore pasBuBaercst moaxox pabor [3-6] Ha ocHOBe
Ka4eCTBEHHBIX CTOPOH pe3yjibTaTa acUMITOTHYecKoro meroaa [7,8], chopmyrupoBaHb
COOTBETCTBYIOIIME THUIOTE3bl W IMOCTPOCHA MOJIENb MHUKPOIOJSPHONH TEPMOYIPYrOCTH
OPTOTPOIHBIX TOHKUX IUIACTHH C HE3aBHCHMBIMH TOJISIMH MEPEMEIICHUI M BpaIlCHHN.
OrmeruM, uto B paborax [8,9] mocrpoeHa martemarnveckas: MOAEIb TEPMOYIPYTOCTH
MUKPOTIOJSIPHBIX YIPYTHX U30TPOIHBIX 000JI0YEK.

1. IMocraHoBka 3agauyu. PaccMOTpHM MHKPOIOISIPHYIO OPTOTPOIHYIO YHPYTYIO
IIIACTMHKY mnocTosHHOM Tommmusl 2N, kak Tomkoe TpéxmepHoe Temo. Ocm a,,o,
KPUBOJIMHEWHOM OPTOrOHAJIbHOW  CHUCTEMBI KOOPJUHAT OTHECEM K CPEIUHHOM IJIOCKOCTU
IUTACTHUHKH, OCh Z OyAeT NepHeHIUKYIISIpHA K CPEIUHHOM MIIOCKOCTH MJIACTHHKH.

ByneM wucxomuTh M3 OCHOBHBIX YypaBHEHUH TPEXMEPHOM HECUMMETPUYHOMN
(MHMKpONIOJIIPHOM, MOMEHTHOW) TEOPUM CTAaTU4ECKOW TEPMOYNPYTOCTH C HE3aBHCHMBIMHU
HOJISIMH NIEPEMEILEHU U BpallleHuil:

34



ypaBHeHUsl paBHOoBecus [10]

0 oH
1 i(Hzcn)"" 1 i(chzl) o + 1 1 Op —
H H, da, H H, do, 0z H/H, oo,
oH
- 1 _2022 =0,
HH, da,
0 oH
L9 (Hyop )+ T (Hop )+ 2y L T
HH, Oa, HH, Oa, 1574 HH, da,
1 oH
- _1011 =0,
H/H, oa,
0
! i(Hzclz)*';i('_'lczs) Os =0,
H H, da, H H, da, oz
0 H
! i(HZHII)—FLi(HluZl) B L &, 2~
H H, oo, H,H, da, 0z H H, oo,
1 OH,
- —=Uy +(0,, — 04, ) =0,
H.H, oa, M ( 23 32)
0 oH
1 £(|_|2Pl12)+ L(Hﬂizz)"' ba 1 Fiy, -
H H, 0q, H H, oa, 0z H/H, da,
1 oH,
- Y, +lo,, —o,)=0,
H1H2 aaz 11 ( 31 ]3)
1 0 1 0 on
—(H + —(H +—34+6,-0, =0.
H,H, o 1( 2“13) H.H, 80(2( 1“23) P 12~ Oy
Ou3nyecKue COOTHOMIEHU TepMoympyrocta [11]
Yy =&,0;, +@,0,, + 8305 + 0,60, %, =bp, +b,u,, +bsp,;,
VY = @,0, + 8,0, +8,;055 + 0,0, %y =By, +bypy, +byps,,
Vi3 = 830, + 8,30, + 85,053 + 0360, %55 = by, +0,0), +b5,p5,
Y23 = 8440,; T 84505, Aoz = Dyubys + b5y,
Y32 = Q450,35 T 85505, A3z = Dystys +Dspisy
V31 = 85505, + 8503, Az = Dsshiy +Dsgps,
Vi3 = 85031 T 8013, Xis = Dby + gty
Yi2 = 8570, T 850y, Xi2 =0ty + by,
Va1 = 85301, 18530y, X2 = Doty + Bty

(1.1)

(1.2)
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I'eomerpuueckue cootHowmeHus [10]

1 oV, 1 oH, 1 oV, 1 oH,
Yu =1, + Voo Yy =T + 1o
H, da, H,H, oa, H, oo, H,H, oo,
oV oH oV oH
\(12:L = — ! 1V1 _03373(21:L —— 1 2V2 + ,,
H, da, HH, da, H, oo, H,H, oa,
1 ov, ro _8Vl o 1 ov, Cw
Y13 H, oo, s Y31 pe 25 Va3 H, oo, 1
. ov, 6 . oV,
32 = 1° 33 5
oz oz (1.3)
1 oo, 1 oH, 1 Ow, 1 oH,
Xi :H_a + Oy, A =7 + @,
, 0o, H/H, Oa, H, oo, H,H, 0,
1 Ow, 1 0OH, 1 oo, 1 oH,
X2 =1 - O, X =7 - ®,,
H, oo, H,H, Oa, H, da, H,H, oo,
1 Oo, _ 0o, 1 O,
s = e, T = TR
_ 0w, _ 0w,
X3 PO X33 7
YpaBHeHHUE cTannoHapHO# TeruonpoBoxHocTH [10,12]
2
1 0 i@@ N i H, 00 8@_0 (1.4)

[ - —L = ||+ =
2
HH,|do, \ H, da, oo, \ H, oo, oz
(A7 IPOCTOTHI 371ECH HE YUUTHIBAETCS] TEPMOYIIPYTO€ pacCEeUBaHUE PHEPTUH ).

ASEAN AN A

3,H€CB, G,M— TECH30PBI CUJIOBBIX W MOMEHTHBIX HaHpﬂ)KeHI/Iﬁ 5 Y, X — TCH30pbI

- -
nedopmaiuiit U u3ruboB-kpydenuit. V,(® — COOTBETCTBEHHO BEKTODHI MEPEMEILCHHUS U

AN AN
He3aBMCHMOTO ToBopoTa; ® — dyHkims Temmeparypel, @,0— matpuubr  ynpyrux

HOCTOSHHBIX, a Olgq (k=1,2,3) — onuueiiuple KO>)PUIMEHTHI TEMIEPATyPHOIO
pacImmpeHus MHKPOTIOJISIPHOTO OPTOTPOITHOTO Marepuana TUTAaCTHHKH;
H,=A, H, = A —xodddunmentsr Jlame KpHBOJIHHEHHOH OPTOrOHAIBHON CHCTEMBI
KOOPAUHAT O, 0L, , PACTIONOKEHHON B CPEIMHHON IIIOCKOCTH TIACTUHKH.

K OCHOBHBIM ypaBHEHHSIM MHKPOIOIAPHOH Teopun Tepmoympyroctu  (1.1)-(1.4)
MPUCOEIMHUM COOTBETCTBYIOIINE TPAHUYHBIE yYCIOBUSL.

Ha nuueBbIX MIOCKOCTAX IUacTHHKH Z =+ h [IPUMEM I'DAaHUYHBIE YCIIOBUS I1IEPBOMI
IPaHUYHOM 3aJJa4¥l MUKPOIOJISPHON TEOPUU YIIPYTOCTH:
Oy =P, Oy =EP;, Hy =M, Py, =My (1.5)

Ha nOBepXHOCTHM Kpas IUIACTHHKH ), B 3aBHCHMOCTH OT CIOCO6a MPHIOKEHHS
BHEIIHEH HAarpy3Kd WM 3aKpeIUIeHHs €€ TOYEeK, TPaHWYHbIC YCIOBHS 3alHCBHIBAIOTCSA B
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CHUJIOBBIX U MOMCHTHBIX HAIMPSKCHUAX, NEPEMCIICHUAX W IMMOBOPOTAX WJIM B CMCHIAHHOM
BUIC.
IIJ'IH TEMIIEPATYPHOT'O MOJIA INTACTUHKU KaK Ha JIMIEBBIX IIJIIOCKOCTAX =% h , TaK U

Ha MNOBEPXHOCTHU Kpasd Z , AJIA OHpeI[e.]'léHHOCTl/I 6yueM CUnuTaTh 3aJaHHbIMU 3HAYCHUSA

TeMIepaTypHOH QyHKINH.
OTMeTuMm, 4To B CIy4yae

1 pL—ao
all:a22=a33:E ’ a45:a56:a78:_4u—ot
v ~ w+a
a12=a13=a23:_E’ Ay =85 =855 =8 =8y =8, = 4
uo
B+y Y—¢&
bll =b22 :bsz :Y(3B+2Y) ’ b45 =b56 =b78 == dye ’ (1.6)
p ~ Y+e
b, =b; =Dy, _2Y(3B+2Y) » by =bss =bys =by =b,; =by :4_}/%;’

BMecTo (1.2) moiyuuM (U3UYECKHE COOTHOIICHHS TEPMOYNPYTOCTH MHUKPOIOJISPHOTO
n3oTpornHoro marepuaina [10], a npu

a45:a56:a78:0’ dss = g A =855, Ay =g,

b11=b22= 33=b12= 13:b23= g = Mgs = Vss =

:b55:b56=b66:b77=b78= 88=O
MONyYrM (PU3MYECKHE COOTHOIICHUS TEPMOYIIPYTOCTH KJIACCHYECKOTO OPTOTPOITHOTO
Marepuana [13].

[MenmomoxxuM, 9TO TONMIKHA IDTACTUHKH MaJia 10 CPAaBHEHHUIO C JPYTUMH  pa3MepaMu
IUIACTUHKK B IUlaHe. byneM wucxoauth W3 CIEQyIOIIed OCHOBHOM KOHUENLMUH: B
CTaTHYeCKOM ciy4dae oOIIee TEepMOYNPYroe COCTOSHHE TOHKOTO TPEXMEPHOrO Tea,
oOpasyroliee IUIACTHHKY, COCTOMT M3 BHYTPEHHETO COCTOSHHS, OXBaTBIBAIOLIETO BCIO
IUTACTUHKY M TOTPaHUYHBIC CJIOW, JIOKAJIM3HPYIOIIHecs BOMU3M TOBEPXHOCTH Kpas

(1.7)

nnactuHKH ), . IlocTpoeHue ofmieil MpUKIagHOM —IBYMEPHOI MOJEIH TepMOYHPYroCTH
MUKPOHOJISIPHBIX YIPYTUX TOHKHUX IJIACTUH TECHO CBS3aHO C IOCTPOECHUEM BHYTpPEHHEH
3a7a4H.

Cuwras, 94TO METOJ] TUIIOTE3, HAPSIY C YPE3BBIUANHON HATIIAAHOCTHIO, OYEHB OBICTPO U
OTHOCHUTENBHO TMPOCTO MJIsl WHXKCHEPHOW TMPAKTUKHM MPUBOJUT K OKOHYATEIbHBIM
pe3ynbraraMm, OylIeM CTPOHTh MOJENb TEPMOYIPYTOCTH MHKPOIOJISIPHBIX OPTOTPOITHBIX
TOHKHX IUIACTUH HA OCHOBE MeToza rumnote3. Camu rumoress! Oynem (GopMysupoBaTh Ha
OCHOBE pe3yJbTaTa aCHMITOTHYECKOTO aHajdu3a TIIOCTABICHHOM INPOCTPAaHCTBEHHOU
TPaHUYHON 3a7auydl MMKPOTIOJIIPHON TEOpHH TEPMOYIPYTOCTH B TOHKOM TpEéXMepHOM
oOsactu miactuHky [7,8].

2. Ucxoanble rumore3pl. C  yuérom Ka4yeCTBEHHBIX pE3YJIbTaTOB [7,8]
aCHUMITOTHYECKOro pemeHnss cucteM ypaBHeHuit (1.1)-(1.7) ¢ ykasaHHBIMH BBbIIIE
TPaHUYHBIMU YCIOBUSIMH M CaMOrO INPOLECCa aCUMITOTUYECKOIO MHTEIPUPOBAHUS 3TOM
rpaHMYHOM 3aJaud, B OCHOBY IpPEUIaraéMOd HIKE MOJEIM  MHUKPOIIOJISIPHOMN
TEPMOYNPYTOCTH OPTOTPOIHBIX TOHKHUX IUIACTHH C HE3aBHCHUMBIMU IMOJSIMU MEPEMEIICHUH
1 BpaIICHUH MOKEM IPUHATH CIEAYIOINE JOCTATOYHO OOIIHe TUIOTe3HI [3-6]:

1) B kadecTBe KHHEMATHUECKONH BBOJUTCS MPEIIOJIOKEHNE O JTUHEHHOM pachpeeieHun
KOMIIOHEHTOB BEKTOPOB IEPEMEINEHHs M HE3aBUCHMOIO IIOBOPOTAa MO KOOpAMHATE Z
CJIEAYIOIETO XapaKTepa:
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Vi =u (o, 0n) 2y (ag,0,), Vs =wog,a,)  (i=1,2), @2.1)
o =Q(a,0,), o, =Q(0,a,)+2z1(o,0,) (i=12), 2.2)
rae U; , W —niepeMenieHns TOYeK CPEAMHHON IIOCKOCTH 110 HANPABIEHUAM O U Z ; J; —
TOJIHBIE YTJIBI IOBOPOTA HOPMAJILHOIO K CPEAMHHOM MIIOCKOCTH 3JIEMEHTA BOKPYT OcH QL ;

(), — cBOOOJHEIE IOBOPOTHI TOYEK TPEXMEPHOH IUIACTMHKH BOKpYr ocei o ; (2;—

MOBOPOT TOYEK CPEJMHHON IUIOCKOCTH BOKPYT OCHM Z , a [— MHTEHCHUBHOCTH [OBOPOTA
TOYEK TPEXMEPHOH IIIACTHHKU BOKPYT OCH  Z .

Kunemartnueckass rumoresa (2.1), (2.2) B paborax [3—-6] HazBana 0000mEHHOI
KHHEMaTHYEeCKOM TUIoTe30i THMOIIEHKO B TEOPHMHM MHKPOIIOJSPHBIX OalloK, IIIACTHH |
00o04ex.

K cratnuecknm OTHOCATCS CICAYFOLINE THIOTE3bL:

2) CumoBoe HampsHKkeHHe O B 0000ménuom 3akoHe ['yka (1.2) B dopmynax mis
33

Yii MOXHO npeHeOperaTh OTHOCHMTEJIbHO CHIIOBBIX HOPMAbHBIX HANPSKEHUH Oj; B

06o6wénHoM 3akone I'yka (1.2) — B dopmynax mms y,;; (1=L2), momenrnoe

HaIpsXKCHUEC M3i MOKHO npeHe6peraTL OTHOCUTCJIBHO MOMECHTHOI'O HAIIPAXKCHUA Mi3

(i=1,2).
3) Hnsa ompeneneHus nedopMmanuii, H3TUOOB-KPYYCHUH, CHIIOBBIX W MOMEHTHBIX
HaHpH)KCHHﬁ, JJIsI CUJIOBBIX HaprI)I(eHI/II;’I G3i U MOMCHTHOI'O HaHpH)KCHI/IH H33 CHa4dajia

HIpUMEM:

0 0
G3i = G3i(0('1a0('2) (I = 1’2)9 u33 = u33 ((11,(12) (2'3)
[locne ONPCIEICHNs YKa3aHHBbIX BEJIMYUH, 3Ha4eHUs1 Oj U [, ONpencnum,

COOTBETCTBEHHO, KaK CyMMy 3HaueHHA (2.3) U pe3ysibTaTa UHTEIPUPOBAHHS MEPBIX JIBYX
n 1rectoro u3 (1.1) ypaBHeHMIT paBHOBECHS, U1 KOTOPBIX MOTPeOyeM YCIIOBHSI, YTOOBI
yCpeTHEHHbIE [0 TONIIMHE [UIACTUHKH BEIUYUHBI ObUTH PAaBHBI HYJIIO.

4) Jlns temnepaTypHoil Gpyskuun ® npumem 3aKoH NHHEHHOro M3MEHEHHs MO TOJNIIMHE
miactuHkw [ 7,8,12]:

z
@=®o(0tp%)+%®l(%az), (2.4)

O +0
2
[TpuHsTEIE KHHEMATHYECKUE, CTATUUECKHE TMIIOTE3bl M TUIOTE3a O paclpeleleHUH

TeMIIepaTypHOH (YHKIMHU MO TOJIIMHE IUIACTHHKU TO3BOJLIOT 3a4ady o0 ONpeAeiIeHHH

MPOCTPAHCTBEHHOTO HANpsKEHHO-IehopMupoBanHoro cocrossaus (HJC) MukponossipHoi

IJJACTUHKH CBECTHU K JIBYMEpPHOH 3a/1aue.
3.0mpenenenne KOMIOHEHTOB TeH30poB AedopManuii U H3rudOB-KPyUeHHUH.

Hcnone3yss kuHemarnueckyto runoresy (2.1), (2.2) nansd KOMIIOHEHTOB TeH30pa

jgedopManuy Y U TeH30pa U3ruOoB-kpyueHui ¥, u3 (1.3) momyuum:

Yo =T (og,0,) + 2K (o, 0,), Yo =T (og,0,)+ 2K (o, 0,)

Yn =0y (alaaz ) +2Ky (o, 0,), Yo =Ty (ocl,OL2 ) T2 (e, 0,), 3.1
Vi3 =5 (0,0,), Yo =D5i(,0),
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Yy =Ty (,0,), Yy =T p(ay,0,) , Y5 =0,
0 =k (ap,0,), Y =K (0y,0,) Xs =0,
Yo =Ky (0, 01,), Yo = Ky (0, 0,), X =0, (G2
X3z = k33((x1,a2),
Tos = Kis (o0 )+ 2l (o 00) 0 oo =Ko (0, 0,) + 2l (0, 0y) (33)
IJIe BBEJICHBI CIICYIONIHE 0003HAUCHHS:
_ 1 oy 1 GA _ 1 oy, 1 6A2
"G, AA da, 27 A da, | AA O, 4
1ou, 1 aA 1 ou, 1 0A G4
2= - U, 3 Ly =— - u, +Q;,
A oo, AA Oa, A oo, AA oo,
1 8W 1 ow
Iy = +Q,, Iry,=— -Q,,
AI 60L1 A, oo, (3.5
I =y, -Q, I, =vy,+Q,.
1 5‘\|l1 1 OA 1 oy, 1 OA
1 Vs, 2= Th + Yy,
AI oo, AIA2 oo, A oo, AA Oq,
0 %)
N _Llov, 1 A1 —u K, _ Loy 1 oA v, +1, (.6
A oo, AA 8(12 A oo, AA oa,
1 0Q 1 0O 1 0Q 1 0
Kj=——+ Alea p = AZQD 3 =5
A oo, AA, oo, A, oo, AA, da,
3.7)
1 0Q, 1 OA 1 0Q, 1 OA
2= - Q, 21 = T - Q,,
A do, AA, da, A do, AA, da,
1 0Q 1 0Q
Ky =——>, » =, (3.8)
A Oa, A, oo,
| —Li | —L o (3.9)
13 A oo, > 23 A, . .

4. Onpenesiene KOMIOHEHTOB TEH30POB CHJIOBBIX H MOMEHTHBIX HaIPSIKeHHI.
Ecmn mmers B BuAy ¢usmdeckue coorHomenus (1.2), To Ha ocHOBe GopMyrn s
nedopmanuii, m3ruoos—kpyuenuii (3.1)-(3.3), uMest B BUAY T€ Ke CTATHUCCKUE THIIOTE3bI

2)-4), I CHJIOBBIX M MOMEHTHBIX HANPSHKCHUHN TTOTYIHM:
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2 11 2 22 2

- _( 2y, r — a, .+ 809 ~ 8504 0 j
n=
a8, —a, 4,8, —a, a8, —a,

L7 8y K. — a, Ko + 8,09 — 85,0, O

2 11 2 22 2 2h
,38, -4, a,3, —a, a8, — 4,
a, a, a0 — 8,0,
G22:[ 1 - I+ 0, |+
a,a, —a; a8, — 4, a8, —a, @.1)
+7 ) K. — a, K. + 8,09 ~ 8,050 &
2 22 2 11 2 2h s
a,a,, —a, a,,a,, —a, a,a,, —a,

a a
(P :[ it 2 rlz_ L 2 r21j+ Z[ it 2 K12_ e 2 KZIJ
a,,85 — Ay a,;,85 — a5 a,,85 — Ay a;;,85 — A

a a, a, a
Gy :[ 7 P FZI - : 2 FIZJ_‘_ Z[ ’ P K21 - o~ P KlzJ’
8

Ay, 85 — A a8 — 4 Ay, 85 — Ay A, 85 — Ay
a~'55 Ase
613 == 2 rl} ~ 2 r31’
AssAge — Asg 55856 — Asg
a a
55 45
O 2 1—‘23 - 2 1—‘32=
a,a s Q855 — A5
0 a a
o3 = — 66 . 1—~31 —— 56 - r13: (4.2)
d..d, —a —a
55 A66 56 55 <66 56
0 a a
G = + - - 1o
Ay855 — Ay Ay as5 —ay

Gy = 0031 (al’az)J{%_iJ{ﬁa_[Al G]lj ﬁai(ﬁ\ clmj+

1 oA Lo oA, 122} {Li(AZO ]JF_L(A(OM} .
AAZ da, AA, da, AA, da, AA, da
1 OA o 1 OA, 0 }

TAA 0, AR G,
0 h> z2° 1 0 ! 1 0 !
G;, =03, (al,a2)+(?—%]{ma[& 012]+EE[A (522}4—

! aAZ 121 ! 6A1 111 }—Z{;i[%glzj Li[Al(()$22j+
A, da, AR, Ga, AA, éa, AA, 0
L oA G- L %A cn} (43)

G21—

"AA, AA, da,
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0

Gssz_z[ﬁ%(&cn) AllAza (A1023)j+633(a130v2):

B e PR Ul

2h 2
‘bzz b23 b12 b13 12 b13
b, b b b
W, = 23Ab 33 k11 _ 23Ab 33 k22 n 22Ab 3 k33,
bl 1 bl 3 bl 2 b23 bl 1 bl 3
b, b b, b b
W, = 13Ab 33 k22 lsAb 33 k11 12Ab 23 k33, (4.4)
0 b11 Elz b12 Ezz En b12 bn b12 b13
i3 = IZA = Kyy + BA = k| BA = Ky A, = b, by, b,
’ ’ ’ b13 b23 b33
[V b
k _ 78 k ,
e b77bss by b77bss by,
b, b
= k., — 78 k., 4.5)
= b77b88 - b728 . b77b88 _b728 v
1 1 1 1
M3 :gkn +Zg|13 ) M3 :Ekn +Z:|23’
1 1 0 1 0OA
K = [A1A2 2 (Azun) AIAZE(AlHn)"'mEMu
m-+m- m -m’
A1A2<3 [623_632]:|+“31(0‘1> ):Z 12h == 2 1 (4.6)
[ L oA
Hip = |:A]A2 2a ( ) A2 dat, ( 1“22) AA, o, Mo,
1 OA m;+m, m,—m,
“AA G, —Lp, + (631—613]:|+|J32(0LI,(1 =7 22h 2, 22 >
0 h* z* 1 0 !
YRS RTINS

1 1 1 0 0 1 0o 0
+[012—621J :|_Z{AIA26 [AZHBJ AlAza (AIHBJ (612_621J:|

3mech G),0,,,0,5,0,;5 M3, H,;— TOCTOSHHAA YaCTh, &  G;,C05,,05,0,;,HizsHyy—

TUHEWHas dYacTb OT TIONEPEeYHOH KoopawWHATHl Z B cooTHomeHmsx (4.1) u (4.5)
COOTBETCTBEHHO.
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5.Ycpennénnnble ycuiusi, MOMEHTbI M THnepMoMeHTbl. C LEeNbl0 NPUBEACHUS
TPEXMEPHOW 3a7aydl MHUKPOIOJSPHOW TEPMOYNPYIOCTH JUIi TOHKOM IUIACTUHKH K
JIBYMEPHOHM, 9YTO YK€ BBINOJHEHO M AedopMariid, N3rHOOB—KpPYUEHHH, CHIIOBBIX H
MOMEHTHBIX HANpSDKEHWH, BBOJWM CTaTHYECKH SKBHBAJICHTHBIC WM HHTETPAJIBHBIE II0
TOJIIIMHE TUIACTUHKA XapPaKTEPUCTUKU — YCHIINS, MOMEHTHI M THIIEPMOMEHTHI [4-6]:

h h h h
-I-11 = J‘ Glle, T22 = J. Gzzdza Slz = J. GlZdZ’ SZI = J. GZle
“h “h —h ~h

(5.1
h h h h
N13 = I Glde, N23 = I 023dZ, I\I31 = I G3ldza N32 = J‘ (532dZ
“h “h ~h —h

(5.2)

h h h h
M, = j zc,,dz, M,, jmzzdz, M, = I zc,dz, M, = j zo,,dz
—h -h —h —h

(5.3)
h h h h
L, = _[ Hy,dz, L, = _[ My 0z, L,= J. Hy,dz, L, = J. 1y, d2
“h ~h ~h ~h
(5.4)
h h h
Ly, = I H;3dz, L; = _[ Hy3dz, Ly = _[ Hyydz (5.5
-h -h -h
h h
A, = J' n,dz, A, = I zp,,dz. (5.6)
-h -h

6. OcHOBHBIE YPaBHEHHSI M TPAHUYHbIE YCJIOBHSI NPHUKJIATHBIX TeOpHii H3rnbéa u
00001IEHHOTO IIOCKOT 0 HANIPSKEHHOT O COCTOSTHUS TepMOYNPYIrOCTH
MHKPOMNOJISIPHBIX OPTOTPONHBIX TOHKUX IUIACTHH € HE3aBHCHMBIMH MOJSIMH
nepeMellleHnii 1 BpaleHuii.

YpaBHEHUs] paBHOBECHS B IByMEPHOM CIIy4yae MOJydHM U3 PaBEHCTB, ONPEEIISIOIINX

CUJIOBBIC HAIIPSAKCHUSA 031 N 032 N 033 U MOMCHTHBIC HaAMPAKCHUA M?:l N u32 N M33 , B

pesynbTaTe YIOBIETBOPEHMS CTaTUYECKUM TpaHUYHBIM ycnoBusaM (1.5) Ha JHLeBBIX
IIOCKOCTAX TacTwHKH Z =7 N. OTMetnm, 4TO cHCTeMa JBYMEPHBIX YypaBHEHHid
paBHOBECHsI pacmajaeTcsi Ha JIB€ OTIENIbHbIE CHCTEeMbl — JUisi 3a1add  u3ruba u
0000IIEHHOTO TUIOCKOT0 HAMPSHKEHHOTO COCTOSHUSL.

duznyeckne COOTHOLIEHUS! TEPMOYIPYTOCTH TOIyYHUM Ha OcHOBaHUHM (opmyra (5.1)-
(5.6) s ycpenHEHHBIX YCWIMH, MOMEHTOB W THIIEPMOMEHTOB C HCIIOJIb30BaHHEM
cooTBeTcTBYIOMHX (hopmyit (4.1)-(4.7) U1 CUIIOBBIX 1 MOMEHTBIX HaPSHKEHHH.

OCHOBHasl CHCTeMa YpaBHEHWH 3aJayd TEpMOYIPYIOro H3ruda MHUKPOIOJISPHBIX
OPTOTPOITHBIX TOHKHX IUIACTHH C HE3aBUCHMBIMU IOJSAMH IEpeMelleHul U BpalleHUit
Oyner BbIpakaThCs TakK:

YpaBHEHUS PAaBHOBECHS

L9 (A1N23)=—(p3++p;)

AA, do,

1 0

(AN R R s
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(1o . LA, LA, )
N“(A%G%(%M{%A%a%(NWJ AR do, T A%GWM”J_
=h(p —p)

N32—[L1(A2M12)+LL[AIM22J ! aAz M — L oA MIIJ
AA, da, AA, 2, AA a, AR Ga;

:h(pz_pz_)
L L9 1 oA 1 0A
AlAzaal(AZLll)+AlA2a(xz(AlLZI)+A1A260L2L12 AlAzaalL”Jr 6.1)
+(N23 —N32):—(m1+ +ml‘)
1 LA 1A
AAzﬁa(A&L‘Z) AAzaa(ALzz) A%@allm AA 2o

%Mr-d=%@+W)

L, —[Li(AZAB)+A\L 2 (AAzs)"'(Mu - M21)j = h(m3+ _m;)

AA, &0, A, o0,

Ddu3ndecKre COOTHOIICHUS TEPMOYIIPYTOCTH

N, = C~55r13 +Cy Iy, N31 = C66r31 +C56r13’
N, = C55F23 +C45F32 > N32 = C44F32 +C45F23 >
A®
M11:D11K11+D12K22+M1®= M1®:D1®E’
A®
Mzz = D22K22 + D12K11 + Mz@)’ Mz@ = Dz@ E’ (6.2)
M12 = D88K12 + D78K21’ M21 = D77K21 + D78K12’
L11 = d11k11 +d12k22 +d13k33 ) le = d88k12 +d78k21’
Lzz = dzzkzz +d21k11 +d23k33 > L21 = d77k21 +d78k12’
Ly, = d33k33 +d31k11 +d32kzz > A _7\‘66|13 . Ay :7‘44|23'
I'eomeTpuueckue COOTHOLIEHUS
1 6W 1 ow
13 Qz: F23 = _Ql7
Ao, A, da,
Iy =w, —-Q,, Iy, =y, +Q,
Loy, , 1 OA oy, oA
K11 :_8 + 2 Kzz =
A da, AA Otz A, da, AIAZ 5(1
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10 1 O 1 0 1 O
= Yo _ A1W1_1a 20T T Y AZ\Vz"'la (6.3)
A Oo,  AA, da, A, oo, AA da,
16Q, 1 06A 10Q, 1 oA
1= n 2 2n = + 1 k33=1>
A do, AA oo, A do, AA, oo,
_1oo, 1 oA _ 100 1 A
" A oa, AA oo, : " A, oo, AA do, »
Lla _1 &
13 A| 60(1 > 23 A2 5(12 >
3]1€Ch
Cy=2h— 5 ¢ =2h— 2 ¢ —oh e
55856 — sg As5846 — Asg As584 —Asq
C, =2h 8 —. C,= 2ha+2 , C,=-2h %
855 — ays Q855 —Ays Ay855 — a5
3 3 3
D, = 2h ay, : D,, - 2h a, . D, :_2h a,, :
3 a8y, —a;, 3 a8, — 4, 3 a,a, —a,
3 3 2h’ a
D,, = an i 7> Dy = an P Dy =- =
3 A, — Az

2 B
3 a,;85 — Az

2h’ a,0,5 — 8y 0g 2h’ A, — 8,0,
Dl@ = 3 2 20 — 3 2
a,a, —a; a,ay, —a;
b22 bzs b12 b13 b12 b13
b b b
d,=2n2 31 d, =222 d,=2n"2 21 (6.4)
A, Ay Ay
bll b13 b12 b23 b11 b13
b b b
d22 TN E Bl d21 N ok Bl d23 — _ople 23
Ay Ay Ay
b11 b12 b12 bzz b11 b12
b b b b b
d33 —op w2 2| d31 _opl sl d32 _ _opls 23
A, A A,
dgg =2hb$2, 7 =2hL2, - =—2hb¢2
b77b88 - b78 b77b88 - b78 b77b88 - b78
2h® 1 2h® 1
7“66 =5 < > M= 5
3 bes 3 b44

K cucreme ypaBuenuit (6.1)-(6.3)

o, = const ) [5,6]:
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*

M, =M, wm K, =K, ; M, =M, nm K,=K
N,=N, wm W=Ww ; (6.5)
L, =L, mmk, =k, Ay =A;um |;=1;.

Cucrema ypaaeHuil (6.1)-(6.4) u rpaHu4HbIe yCIOBHUS (6.5) MPENCTaBISAIOT COOOMH
MATEMAaTHYECKYI0 MOJICIb TEePMOYIPYroil H3ruOHOW aedopMalii  MHUKPOIOISPHBIX
OPTOTPOIHBIX TOHKUX TUIACTHH.

OtmeTnM, uTo B ciydae (1.6) BMecto (6.2), (6.4) nmonyunm Gpu3nv4ecKue COOTHOLICHHS
TEPMOYNPYTrOCTH M3TUOHON AedOopMalliK [UTACTUHKYU JIJIsi MUKPOIIOJIIPHOTO W30TPOITHOTO
MaTepuaia, B ciaydae (1.7) momyunM (pU3HYECKHE COOTHOIICHUS TEPMOYNPYTOCTH H3ruda
MJIacTMH B KjaccuueckoM ciydae [13-15] nmis oproTpomHOro marepuana, Korua
YUUTBIBAIOTCA MONCPCUHBIC CABUT'OBBLIC [le(bopMa]_Il/II/I.

OcCHOBHasi CHCTeMa YpaBHEHUH OOOOIIEHHOIO IUIOCKOTO HAMPSKEHHOTO COCTOSHUS
TEPMOYIIPYTOCTH  MHKPOIIOJSPHBIX TOHKHX IUIACTHH C HE3aBHCHMBIMH  IOJISIMH
MepeMEIICHUH U BpalleHUH OyIeT BEIPAXKAThCS TaK:

*

12>

YpaBHEHUS PaBHOBECHS

LLEAZTHJ-‘_;L(AISN]*_ L oA S, — ! aAZTzz =
AA, da, AA, da, AA, da, AA, da,

= —(p +p)s
Li(AZSu)+Li[AIT22J+ L oA Sa— LA T =
AA, da, AA, do, AA, da, AA, do, (6.6)
=—(p; + 1),

1 0 1 0 + -
H%(%HJ"‘H@(ALB)‘FSQ -3, :_(m3 +m, )

Ddu3nIecKre COOTHOIICHUS TEPMOYIIPYTOCTH

T11 = Cllrll + C12F22 +T1@a T = C1®®0 ) Tzz = szrzz + C12F11 +T2®: Te = C2®®o

Slz = CSSFIZ + C78F21 > SZI = C771—‘21 + C78F12’ (6.7)
L, = d66k13 L23 = d44k23'
I'eomeTpuueckue COOTHOLIEHUS
ou %) ou 9]
Fu:i -+ 1 Aluza rzzzL 2+ 1 Azup
A oo, AA, da, A, oo, AA, oo,
u u
Fn:ia 2 l aAl Ul_ ., lezLa 1 l 8A2 U2+Q3, (68)
A do, AA oa, A, Go, AA, do,
1 00, 1 6,
k13 = > k23 = 5
A Oa, A, Oa,
37€Ch
C“=2hL2 . Chp=2h— ¢ =-oph— T2
a,a,, —a; a,,a, —4a, a8, — 4,
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a a a
C77=2h+2 ) C78=—2h¢2,c:88=2h$2 5
a77 ags - a78 a77 a88 - a78 a77 a88 - a78
A,0,9 — 80 a,q9 —8,,x5q
C, =2h ~1© . C,, =2h 28 (6.9)
a11a22 - a12 a8, —a;,

1 1
d,=2h— , d, =2h— ,
b66 b44
K cucreme ypasuenwuii (6.5)-(6.7) nmpucoequHAM CIEIyIOIINE YCPeaHEHHBIE

TpaHUYHBIC YCIIOBHS (oc1 = const) [5,6]:

T, :TS wm U, = Ul* ;5 S, = Sl*2 wm U, = U;; L;= L; wim K, = k1*3. (6.10)
Cucrema ypaBHeHu#t (6.6)-(6.9) n rpannunsie ycnosus (6.10) mpeacraBnsror coboit
MaTeMaTH4YeCKyl0  MOAENb  OOOOIIEHHOTO  IUIOCKOTO  HAIpPSDKEHHOTO  COCTOSHUS
TEPMOYIIPYTOCTH MUKPOIIOJISAPHBIX TOHKUX IJIACTUH.
OtmeruM, uto B ciydae (1.6) Bmecto (6.7), (6.9) nmoiayunm Qu3nyecKkue COOTHOLIEHUS
TEPMOYNPYTrocTH OOOOMIEHHOTO IJIOCKOTO HANpPSDKEHHOTO COCTOSIHUSI JJISl W30TPOITHOTO
Mmarepuaina, a B ciaydae (1.7) — pusudeckne COOTHOLIEHUS TEPMOYIIPYTOCTH KJIACCUYECKOTO
Cllydas A7l OPTOTPONHOro Marepuana [16].

3akarouenue. OCHOBHBIE Pe3ylbTaThl paboThI: 1) MocTpoeHa MaTeMaTniecKast MOJeb
M3rHOHOW TEpPMOYNPYToil AehOopMaIii MUKPOTIOJISIPHBIX OPTOTPOITHBIX TOHKHX IUIACTUH C
HE3aBHCHUMBIMU TIOJIIMH TI€PEMELICHUH W BpAIIEHWH; 2) IOCTPOCHA MaTeMaTHYeCKas
MOJIETIb  TEPMOYNPYTrocTH  OOOOIMIEHOTO  IUIOCKOTO  HANpsDKEHHOTO  COCTOSIHUS
MHUKPOIOJISIPHBIX OPTOTPOIHBIX TOHKUX IUIACTUH C HE3aBHCUMBIMU MOJISAMH NEPEMEILEHHUI
Y BpallEHUH.

B nmanpHeiiieM Ha OCHOBE MOCTPOCHHBIX MPUKIAJHBIX MOJCNCH OyIyT H3y4aThCs
HEKOTOpbIE KOHKPETHBIE 33/1a4d TEpMOYINPYroro aeOpMUPOBAHUS MHKPOIOISPHBIX
IUTACTHH.

JlaHHast cTaThsl BBIITOJIHEHA KAaK 4acTh TEMbl, PEKOMEHIOBaHHON Ha ()MHAHCUPOBAHUE
B pamkax KoHkypca Ha Temarnueckoe prHaHCHPOBaHKE HAYYHOH U HAYYHO-TEXHUYECKOH
JIeSITEIIFHOCTH, MTpoBeiéHHOr0 ['ocynapcTBeHHBIM KoMHUTETOM 110 Hayke MOH Pecny6mnuku
Apwmenns B 2010 roxy.
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2U8UUSULh @hSNhE3NPULLESD UQQUSPL UUUNEURUSE SENtulahr
M3BECTUS HALIMOHAJIBHOM AKAJIEMUU HAYK APMEHUM

Uthuwmtthlju 66, Nel, 2013 Mexannka

VJIK 539.3:534.1
CBOBO/IHBIE UHTEP®ENCHBIE Y KPAEBBIE KOJIEBAHUSI
KOHCOJIbBHOM COCTABHOM BEAMOMEHTHOM WJIWHAPUYECKOMN
OBOJIOYKH NEPEMEHHOM KPUBU3HBI
I'yarazapsiu I'.P., T'yara3zapsau JL.I'., Mukiaamesuu U.A.

Ki1roueBble c10Ba: Iumnapuyeckas 060104ka, HHTEpQEiiCHBIE KoIeGaHus, KpaeBble KoIeOaHus.
Key words: cylindrical shell, interfacial vibrations, edge vibrations.

Anynuqupub .0, Inynuqupub L.Q., Uhjjuotyhs b.U.
POnithnjumljwt hnpnipjut pupduljuyh punugpu) widndkinn guutught punubph vbthuljuh
hunkpdbyu b Lqpuyhtt nwwnwindutp

ZEnmwgnunud  thnthnjuwjw Ynpnipjub hwl gpubughtt punuuph ubthwlwb huntpdbiu b kqpuyht
nunwunidubpp, npp punugws b Epynt Ykpowynp oppnuipny wwppkp wpwdquljuinipjut
gnpdujhgubp niikgnn widndkin quiughtt punutptbphg: Gupunpynud £, np punuiph vh suyp
wquu k, hulj djntup §npn wdpuygdus:

Ghulghazaryan G.R., Ghulghazaryan L.G., Miklashevich L.A.
Free interfacial and edge vibrations of a contilever composed momentless cylindrical shell with
variable curvature

Free interfacial and edge vibrations of closed cylindrical shell composed of finite orthotropic momentless
cylindrical shells with variable curvature and different elastic coefficients are studied. It is assumed that one end is
free and the other is rigid-clamped.

Hccnenyrorcs cBoOoqHbIe HHTEp(hEHCHBIE U KpaeBble KoyeOaHHs 3aMKHYTOH IMIMHAPUYECKOH 000I0OUKU
NePEeMEHHON KPUBHU3HBI, COCTABICHHOI N3 KOHEYHBIX OPTOTPOIHBIX OE€3MOMEHTHBIX LIMJIMHIPUUECKUX 000JI0UEK ¢
pasHbIMH ynpyruMu ko3¢ ¢uuuentamu. Ilpeamnonaraercs, 4yTo OJUH TOpel O0OJOYKM CBOOOJHBIN, a JpYroit
JKECTKO 3aIIeMIIEH.

Beenenne. lccnenoBanus CBOOOAHBIX KoJIeOaHMH COCTaBHBIX OOOJIOUEK 3aHUMAIOT
BR)XKHOE MECTO B JMHaMHKe JeGOopMHUpyeMOro TBEPIOrO Teja. JTO OOYCIOBIEHO Kak
MOTPEOHOCTSIMU CaMOil TEOpHH, TaK M MPAKTHYECKUMH BONPOCAMH Pa3jIMUHBIX OTpacien
MAaIIMHOCTPOEHUs, CTPOUTEIBCTBA, MPUOOPOCTpOeHUs, ceiicMopasBeaku u T.1. [1]. Bo
MHOTHUX CIIydasiXx OOBEKTHI UCCIEJOBAHMS IPEICTABISIOT COO0H KOHEUHbIE TOHKOCTEHHBIE
COCTABHBIC IMJIMHAPHYECKAE OOOJIOUKH C TEPEMEHHBIMU KpuUBU3HAMU. [Iiisi Takux 000-
JoYeK OOJBIIOE 3HAUeHHE MpHoOpeTaeT W3ydeHHe COOCTBEHHBIX KOJICOaHWH, JOKajH-
30BaHHBIX Y CBOOOJHBIX TOPIOB OOOJIOYKH — KpaeBble KOJIECOAHUS, U JTOKAIN30BAHHBIX Y
TPaHMIIBI pasjiena CBOMCTB MaTepuaia — uHTepdericHbie konebanus. Havamo uccnenoBanus
YOPYTHUX MOBEPXHOCTHBIX BOJH CBSI3aHO ¢ pabortoi Pames [2], B KOTOpOH yCTaHOBICHO
CYIIECTBOBAHUE YIPYTHX BOJIH, PACHPOCTPAHSIOUIMXCS BIOJIb CBOOOIHON TIPaHMIIBI MOY-
MPOCTPAHCTBA, C aMIUTUTYOH, OBICTPO yObIBaromied ¢ rryOuHOW. Takue BOJHBI, BO3HU-
Karomue B YIpPYrux Tejiax pa3ﬂHqHOﬁ reoMeTpuu, 06])1'{HO Ha3bIBAIOTCA MOBEPXHOCTHBIMU
BomHamu THma Panes [3],[4],[5]. Bompoc cymiecTBoBaHUs COOCTBEHHBIX KOJIeOaHUH,
3aTyXalomuX OT CBOOOJHOTO TOpLA Oe3MOMEHTHOM IMIMHAPHYECKOH OOOIOYKH BIOJb
HarpasJeHus e€ 00pa3yronux, n3y4deHs B [6,7-10].

Hauano uccnenoBanusi coOCTBEHHBIX MHTEPENCHBIX KOJeOaHui CBs3aHbI ¢ paboTtamu
[11-12], B koTOpBIX HccnenytoTes: aHaoru BoH Ctoyrium [13]. B pabote [11] m3ygarores
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nornepeyHsle Koyiebanus, Oeryye 1o JMHUM KOHTAaKTa JIBYX IT0JyOSCKOHEUHBIX IUIACTHH,
U COCPeNOTOYCHHBIX BONMM3M He€. B pabote [12] uncieHHO MCCeNOBaHbI IDIOCKHAE HHTEP-
(eticHbIC KOIEOaHNUS Y TPAHHUIBI pa3/iesia ABYX COCTHIKOBAHHBIX MOJYIOIOC C PA3IHYHBIMA
yOopyrumu cBoiictBamu. B paborax [14,15], ucrons3ys cnenuanbHBIA aCHMITOTUYECKHAN
METOJ, M3y4eHbl COOCTBEHHbBIE MHTEp(EHCHBIC KOJNEOaHMS COCTABHBIX KPYTOBBIX IHJIHMH-
npudecknx obornodek [14] m obonouek Bpamenus [15]. B Hacrosmeit pabote n3ywarorcs
COOCTBEHHBIC UHTEP(EHCHBIC U KpacBbIe KOJicOaHUsI O€3MOMEHTHOMN 3aMKHYTON IMJIHHIPH-
4eCKOW 000JI0UKH, COCTABICHHOMN M3 KOHEYHBIX OPTOTPOINHBIX LMWJIMHIPUYECKUX 000JI04eK
¢ pasHeIMH ynpyrumu kodd¢unmenramu. IIpeanonaraercs, 4ro oauH TOpel 000JOYKU
CBOOO/HBIN, a Ipyroi >k€cTKo 3ameMiEH. [lorydeHsl qucnepcHoHHbIe YpaBHEHNUS ISl Oll-
penenieHnss COOCTBEHHBIX YAacTOT HMHTEpPEHCHBIX M KpaeBbIX KoJeOaHWI 3aMKHYTOH
COCTaBHOW 0€3MOMEHTHOM LIMJIMHAPHYECKOH 000JIOUKH NEepPEMEHHOM KPUBU3HBIL. Y CTAHOB-
JICHAa aCHMIITOTHYECKasl CBSA3b MEXKAY AWCIIEPCHOHHBIMU YPaBHEHHSMH paccMaTpHBaCMOM
3aJaddl W AHAJIOTHMYHOM 3afadd Al COCTAaBHBIX IUIACTHUH-TIONOC. YCTAaHOBJICHA TaKkKe
ACHMIITOTHYECKAs CBS3b MEXK/Y AUCIIEPCUOHHBIMH yPaBHEHUSIMH paccMaTpUBAaeMON 3a1a4n
¥ 3a71a4 Ha uHTepdeiicHble Konebanus I MOoayOeCKOHEUHBIX [IMIHHIPUYECKUX 000JI09eK
C KECTKO 3amIeMIIEHHBIM TOPLIOM, IJIS MOTyOECKOHEYHBIX LMIMHAPHYECKHX 000I0YEK CO
CBOOOJHBIM TOPLIOM M OECKOHEYHBIX COCTABHBIX LIMJIMHAPUYECKUX o0osodek. [lomydenHslie
JAUCNEPCUOHHBIC YPABHCHUA WM aCUMITOTUYCCKUEC (bOpMyJ'I])l OTHUX JUCIICPCUOHHBLIX YpaB-
HEHUHN MOI'yT CIYXKHUTb MEXAHU3MOM IJId YHNPaBJICHHUSA CICKTpaMH YaCTOT IMOCTABJICHHBIX
3ana4 [16].

1. IlocraHoBKa 3aJa4M W HEKOTOpPbIe MaTeMaTH4eckHe oco0eHHOCTH. Paccmar-
pHUBaOTCSl COOCTBEHHBIE HMHTEp(EHCHBIE M KpaeBble KOJICOaHWsS COCTaBHOW 3aMKHYTOH
IMJIMHAPUYECKON 00O0JIOUKH, COCTABIEHHOW M3 KOHEYHBIX OE3MOMEHTHBIX OPTOTPOITHBIX
MIINHAPHYECKUX 000JI0OYEK C Pa3HBIMH YIPYTHMH KodduuueHTamMu. Beibop crcTembl
KOoOpAWHAT U popma 00OJIOUKH IMOKa3aHbI Ha (ur. 1.

) <
N e N

Do M(a,B)e

T ey

0
Our.1 @ W
3/ech 0L — TeKyIas OpHEHTUPOBaHHas JynHa obpasyromeii —/ ~ <o </, a a=0

COOTBETCTBYET TIDAaHMLE pasiena CBOWCTB Marepuana. [3 — TeKywas JIMHA JAyrH

nanpasisioweit kpusoit 0 <P < s, s — nonnas JMHa Hanpasisoweit KpuBoid. [pexmo-

JlaraeTcsi, YTO KBaJpaT KPUBU3HbBI HAMNPABISIONIEH KPUBON COCTABHOW IMJIMHAPUYECKOU
000JI04KH MOKHO TIPEJCTaBUTh B BUJE clieayromero psaa dypobe:

© %

R? =1 | 24> coskmB| 0<B<s, |r, |<+w (1.1)

m=1 m=1

3neck kK =27/ s, rae § — nonHas JIMHA HAPABIIAIONIEH KPUBOIA.

3ameuanue. B 3aBUCHMOCTH OT KPWBM3HBI HAIpPABIAIOMEH KPUBOH 3HaueHms K
OTHOCHUTENLHO MPHUBEAEHHON MOTYT OBITh KPATHBIMH.

IIpy o.=0 craBsTcs ycllOBUs MOJHOTO KOHTakTa. Bce BenWuyuHBbI, OTHOCALIMECS K
npaBoii o6omouke (0 < o < /"), ormeuarorcs BepxauM uHzekcoM (1), a K j1eBoii 0Go10uKe
(=1 <a.<0) — uagexcoM (2). B kadecTBe MCXOJHBIX yPaBHEHM, ONHCHIBAIONIUX
KoyieOaHus OOOJIOUKH, WCIOJB3YIOTCS YpPaBHEHHs, COOTBETCTBYIOIIME OE3MOMEHTHOMN
TEOPUU OPTOTPOITHBIX LIMIMHAPHYECKUX obosouek [17]:
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2. r 2. (r) 2, .(r) (r)
ou, _pnth O por, gy 9 +BW ow

BN L o )y
11 aaz 66 6[32 12 66 8 aB 12 a(x 1
u®” otu” o ow™ (1.2)
8 B Ty DU g T g O oy
ool 6B oo, op ool
_BY ow” B 0w By W = A0 ) = u§’>
R* 6o R* OB R? ’ R
3nech u(r) uér) (r) (r =1,2) — npoekumn BeKTOpa MEPEMELIEHHS COOTBETCTBEHHO
B HANPABICHHUAX O,[3 M HOPMalH K MOBEPXHOCTH OOOIOYKH: R'=R" (B) — pamuyc

KPMBH3HBI Hampapisiomen kpusoit; A7) = p(”(;)z, rIe () — yrjioBas 4acTtora coOcT-
BeHHBIX KoJie6anmit, a p (7 = 1,2) — NIOTHOCTH MaTepHAIOB; Bl.j(.")(r =1,2) —xoodpdu-

HUCHTBI YIIPYTOCTHU COCTABJIAIOIINX 000JI0YEK. rpaHI/I‘lHI)IG yCJI0BUA UMCIOT BUA!

1) (2) 1) (2) 1) (2) (O] (2)
T o= 117 luco> 512 om0 =515 loo luco= 47 lucos 43” lumg= 13" |4y (1.3)
(1) _ 1 —
u, | I OR 0 U, | I OR 0 (1.4)
(2) (2) (2) (2) (2) (2)
ou, N Bl(22 : Ouy” uy” _o, Ou, N Ou, _0 (1.5)
oo B\ 0P R e g® op oo | _ o
u”(o,B)=u" (a,B+s), i=1,23 r=12 (1.6)
rie 7", 85,7 =1,2 — TaHTeHUMATBHbIE CHIIBL:
au(") B(r) au(r) u(’) au(") au(r)
(r) _ (r) 1 12 -3 (r) _ (r) 1 2
7" =hBY + , S =hBg + (1.7)

oa. BY\ B R B oa

Cootnomenus (1.3) BepakaroT ycmoBus monmHoro komtakta mpu oL =0, (1.4) —

YCIIOBUSL KECTKOIO 3alLEMIIEHHUS IPU Ol =0 (1.5) — ycnoBust cBoOOmHOTO Kpas HpH
b

=@ , (1.6) — ycnoBus nepruoandHOCTH Konebanuit (ur. 1).

3ameTum, 9TO JFOOBIC TPAHUYHBIC 3a1a4d, TOPOXKAEHHBIE crucTeMolt ypaBHeHuit (1.2) (c
(MKCUPOBaHHBIM MHAEKCOM (7)) UMEIOT YYacTOK HENPEPHIBHOIO CIIEKTPA, COBIIAAIOIIH
c orpeskom 0 < A7) < 7\,(()’ ) _ MHOXecTBOM 3HaueHuit pyHKumn [10]

Q" (30" =
r r) p(r r)\2 —2 4 n(r
By, (BB;) —(B)" )R (B)sin* 6" (1.8)
BY(BY sin* 0" + BY) cos* 0 +(BBY —(BY)’ —2BY B\ )cos” 0 sin” 6
0<B<s, 0<0 <2m, r=1,2

OTMeTHM, YTO TMOSIBJIEHHE 3THUX YYacTKOB HEMPEPBIBHOTO CIHEKTpa SBISETCA Pe3ylib-
TaTOM HapyILeHUs UTHITHYHOCTU cucteMbl (1.2) mo Jlyrnucy-Hupenbepry u He cBsizaHO C
rpann4HbIMU yenoBusimu ([ 18], ctp. 97).

Kak mn3BECTHO, 3JUIMNTUYHOCTH CHUCTEMBI HE JOCTATOYHO ISl TOTO, 4TOOBI 3ajaava
Jupuxiie ObuIa KOPPEKTHO IOCTaBJIEHa AaXe B clydae OJHOPOAHBIX cucteM [19-23]. [lns
CYIIECTBOBaHMS HETPUBHANBHBIX pemreHuit 3amaun (1.2)-(1.6) cimemyer IOMOIHHUTENHHO
MOTpeOOBaTh BHIIIOJHEHHE BJOJb TI'PAHUIBI OOONOYKM W JIMHUM pa3fena MaTepHhaia
HEKOTOPOE YCJOBHE alreOpanmdeckoro Xxapakrepa. JTO YCIOBHE HA3bIBAETCS YCIOBHEM
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nonoxauTensHocTH (yenosuem lammpo-Jlonatuackoro) [10,20-23].
AHanornyHbIM 0o0pa3oM, kKak B [21], mokaseBaercs, uTo ycuoBueM Illammpo-
JlonaTHHCKOTO Ha JIMHHUM pa3zeia CBOMCTB MaTepHaia sBISCTCS YCIOBHUE:

1

Q@AY A= x

¢ TS AT )

Bl(:)ByZ) _(BS) )2 A2 2 B(Z)B(Z) _(B(Z))Z 2) (1 1

x s Q()(B,K”)+ 11 =2 12 )\‘( )Q()(BJ\'()) +

{ B By (1.9)

X(I)B(l) }\,(2)3(2)

(Yil) +Y(zl))(“/fz) +Y(22))(Y§I)Y(zl) +Y§2)Y(22))—2[Y§1)Y(21) - S(l)(B ;(1)) Y?)Y(ZZ) - S<2>(B ]}j<2>)

0" (BA") = B (L~ BY R (B)+BEL (BYA” ~ (B BY ~(BYY )R (B))
ST @A) =BPL ~ (BB — (B ) )R (B
3ameruM, u9TO 1A TrpaHn4HBIX ycinoBuid (1.4) ycmosme Illammpo-JlomatmHCKOTO BHE
oTpeska [O,?uf)l) /p" U [0,7»82) / p?] umeer Bux
QD(BJ-(I)) :B&)(}\’ﬂ) _B(z?RZ(B))"'\/g;)}"(l)(ﬁ(})}'(l) _(E(})B(zg _(5;))2)1(2([3)) £0 (1‘10)
0<B<s

a s rpaHudHbIX ycioBui (1.5),(1.6) oHO BBINOJAHEHO. DTOT (aKT JTOKA3bIBACTCS
aHajoruuHo, kax B [10], [23]. CnenoBarensHo, ycnoBue [llanupo-Jlonatunckoro s 3amad

(1.2)-(1.6) , BHE OTpe3ka [O,kgl) /p(l)] U [0,7»32) /p(z)], UMEET BUL
(@AY ) £0, 0"BA") =0 0<B<s (1.11)

MHOKECTBO 3HAUCHHH (), IPH KOTOPBIX QPR A?)=0 wm OV B,A")=0,

o6o3uaunm uepes Q, O coorsercraenHo.
CrpaseqiMBo CHeayoLIee YTBEPHKIECHHE: He MHOJICECMEA
2 r r

U,.zlqu(l) UL0,A{? /p"] cnexmp wacmom sadauu (1.2)—(1.6) cocmoum uz usonupo-

BAHHBIX COOCMBEeHHbIX uacmom KoHeunou kpamuocmu [18], [23].
2. BbIBOA UM aHAJIN3 AUCNEPCHOHHBIX ypaBHeHMii. Pemenne cucremsr (1.2) nmem B
BUJIC

u” = exp((~1) %" ko) (Y sinkmp), ul” = exp((~1) %" ko)X v cos kmp)
m=1

m=1

@.1)
w” = kexp((-1) k)Y w. sinkmp), r=1,2
m=1

m
[Tpu sToMm, ycnosust (1.6) BeimonHsAIOTCST aBToMaTH4ecku. [loncraBum Beipaxenus (2.1)
B cucremy (1.2). 13 mepBeix nByX ypaBHeHuii (1.2), mpumpaBHHBasS COOTBETCTBYIOIIUE
K03(h(PUIMEHTHI OIyYCHHBIX TPUTOHOMETPHUYECKHX PSIJIOB, ITOTYIHM

C,,({)ufnr) — (_l)rx(r)ainr)wr(';’), Cn(lr)vy(nr) — mbr(nr)w(r) = 1’2

m

B(r) B(V) (r) 7\‘(’)
(r) 12 (r)\2 22 2 12 (r)y2 (r))2
a ' =—— +——m" +—— s =—
" =30 x") B B M), (") B
B(V)B(") _ B(r) 2 B(")B(V) B(V)
br(nr) _ 21 P» (()‘1)2 )(r) 12 766 (X(r))Z _ ?i) (m2 — (n(’))Q) (2.2)
Bll B(m Bll
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(r) p(r) (r)y2 (r) p(r) () (r)

Bll Bzz _(Blzr ) _2Blzr Bér (r) Bllr B6; (r) (r)
- — m’ (") + e ) () +
Bn Bss BH

c" = (X(V))4

(r) 2 B(V)
( (n(y)) ) B(r) B(y)( (’”)) m = 1,400

U3 Ttpersero ypaBHeHHs cuctembl (1.2), yuuTbBas cooTHomieHHsA (2.2) M TpaBHIIO
YMHOXEHUS TPUTOHOMETPUYECKHX psiioB ([24], ctp. 592), npuném k OECKOHEUHOH cucteme
ypaBHEHUIA

(

0 B r)

2 G = 1AW =228 W =0, m = 1,400, 7 =1,2 (2:3)

n=1 B22

APV =P /C", PO =C" +n’b” - BY /B () al”, n=1,40 (2.4
I/ICXOII,H n3 MpaBujla YMHOXCHUSA TPUTOHOMETPUUCCKUX PAAOB, YCIOBUMCH, YTO €CJIU

h>0, 10 7, =7r,. Tak kak B 00JacTH ONpeaeNeHHs A,Y) nMeeM A,Y) =0(/n%),

o0
CJIeIOBATEINILHO, 2 :‘ AV |< 400 YunteiBas Taxoke npeacrasienue (1.1), moxyanm
n

n=1

Z LAY 1 P |+ 17 DS 37 1124 27, DO A D) < o0 (25)
m=1 n=1

n,m=1

CrenoBarensro, Geckoneuniii onpenemurens cuctemst (2.3) mpu A7 ¢ [0,407],

r=12 u B obnactu onpenenenus kodhPUIMEHTOB (2.4) OTHOCUTCS K HM3BECTHOMY
KJIacCy CXOJIIIMXCS OIpEAEINnTeNe — K HOpPMaJIbHBIM ompenenuressiMm [25]. UtoOsl
cucreMsl (2.3) UMenyu HEeTpUBHAIBHBIC pPEUIeHUs, HEOOXOIUMO U JIOCTATOYHO, YTOOBI WX
OIPENENUTENN PABHSINUCH HYIIIO
(r) (r)y2 (N2 pG) p) (r) (r) —
D ((X ) a(n ) ’Bll :Bzz aBlz ’B66 ,I’O,l"l, *9 ma )_ ) }"—1,2 (26)
[pexnonoxum, uto ¥ 4 (r=1,2) — pasnuuHble KOPHU ypaBHeHHS (2.6) ¢ mono-
JKUTENIbHBIMU JICMCTBUTENLHBIMU YacTSIMHU, TOTrJa X = X{”,XA" :7X(2'> TAKXKE SIBJISIFOTCS

paBHI/I‘IHBIMI/I KOpHsAMU ypaBHeHU (2.6). Pemenns 3agaun (1.2)- (1.6) umem B BuzIe

4 0
ul” = Z Z exp((=1)" ¢ ko)) sin kmB,uy” = Z Z exp((=1)" ¢ ko), cos kmp @7
J=1 m=1 J=1 m=1 .

4 o

W = kY)Y exp((=1) 1V koyw() sinkmp, r = 1,2

j=1 m=1

() () (N (1) (1) () 19—
3nech u,’,Vv,; — 3HAYEHUs y, v 7, a (w]j W) senes Wy ,-..) j =1,2— pelieHus: CUCTEMbI

(2.3) mpu X“ X —1 4, r =1,2 COOTBETCTBEHHO. YUMTbIBas I'DaHUYHbIE YCIOBHA

(1.3)-(1.5) u cootHomenus (2.2), mpuAEM K COBOKYITHOCTH CHCTEM YPaBHEHUMA

4 R(l) B(z) 4 (2) (l) B(z) 4 (2)
Z w® _ Z <2> =0, z R <1> 66 z —0

(l) W B(l) C(Z) C(l) B(l) C(2) (2 8)

mj mj .

4 R(l) 4 R(Z) 4 R(l) 4 R(Z)

3j 1 Z 3J (2) _ 47 4 (2) _
Z w') + w2 =0 z W-—Z_W-—O

a “Tmj (2) Tmj ’ a Tmj (2) mj
Jj=1 ij J=1 ij Jj=1 ij Jj=1 ij
4 R(l) 4 R(l)

O] (1) 1) (1)

Z o exp(z,’ )w,,; =0, Z 0 exp(z w,. =0
J=1 C J=1 C



4 R 4 p®

1 2)y,,,(2) — 2J (21,2 — —
ZWGXP(Zj )ij = 0, ZFCXP(Zj )ij = 0, m= 1, +00
7=~ mj J=L ~ mj

B(") ) B(r)
RT = (") q) = Z2_py2p) _ Z12_ ()
1j J mj (r) mj (ry ~mj 29
Bll Bll ( )
(") _ 0y (1) (1) (" (r) _ () (1) () _ ()
Ry =%y (a,; +b,), R =xja,’, R =b,

r)y p(r) L) (r)
aa,’b,’,c,’ —s3nauenus a,
UYtoObI COBOKYITHOCTH CHCTEM YpaBHEHHII (2.8) uMena pemeHne, J0CTaTOYHO 9TOOBI
COBOKYIIHOCTb YPaBHEHUM

b7, e w3 (2.2) mpu y ) = X(;) COOTBETCTBEHHO.

A, =exp(z," 2,0 2? -2,P)d =0, m=1,+w0 (2.10)
Rf{) RS) R}(})ez,‘" Rg)ez;" —c (12> —c (g) c (12>ez§2’ c@gz)ez‘zz’
BB Ry R R R dRYel are”
. G
I O T S T

DR RO RO RY o 0 0 0
Rz(lll)ez{l) Rfllz)ez(zl) Rf"f Rilz) 0 0 0 0
0 0 0 0 c <12>ez{2’ c (;)ez‘f’ _ch(lz) —c <§>
0 0 0 0 AR e dRZe* dRY  dRY

2
rne c=BY /B, d=B /B Bue mHOXECTBA U QUOP U041 p] Hvena @ —

pemrenue. YnCIeHHBIN aHAN3 TIOKA3bIBACT, YTO omnpenenuTens (2.11) cTaHOBHUTCS MaibIM,
KOoTJa JIOOble NBa KOpPHSA ypaBHEHHS (2.6) CTaHOBATCSA ONM3KUMH IPyT K OPyTy. ODTO
CHJIBHO YCIOXKHSIET pacueTbl M MOXET IPHUBECTH K TMOSIBICHUIO JIOXKHBIX PEIICHUN
ypaBHeHuit (2.10). OxaspiBaercs, MHOXHUTeTb B (2.11), cTpemsmuiics kK Hym0 m0pu
CONMXEHNH KOPHEH, MOXKHO BBIICIIHUTE.

BeinonHsist aneMeHTapHbIe NeiicTBHS HaJl cToi0naMu onpenenurens (2.11), nomyuum

8
_ 260 (1) M2 (D) (2)y2 ) 0 2 2)
A, =m7(xy) =x") (x;,7 =x;7) exp(-z,' =z, —z7 -z, )Det”m[/”i o (2.12)
BYBY —(BVYy:  BUBY
_ p) _| BBy 12 12 P66 o (0N2 |0, () _ ( m)
my, =Ry, my, = 2 T N2 ,) (7 +x7), my=m, explz
(B)) (By)

1 H_( 2 1 pQ@ . o
my, =y, eXp<Z; )>+ mll[zl( )Zé)], ms = _Bl(l) /BI(I)R1(1)9 Z;r) = _kmx;r)l(r) ,J=12;r=1.2

(2) (2) p(2) (2)y2 (2) p(2)
_Bll Bn Bzz _(BIZ ) _BIZ B66

— (2)y2 (2) (2)
m, = (n (x,” +x,7)
By, (B, (B
—_ (2) _ (2) 2),(2)7.
my; =—mys exp(z,”), myg =—mgqexp(z,”)—ms[z,72,"];
B(])B(]) _ (B(]) 2 B(l) + B(])
_ pM _ 11 P22 12 (1)y2 (1)y2 1) (D) 12 22 (142
m, =Ry, my, = Do (") +(x") + 2% )+ 1 (G
B( )B( ) B( )
11 Des 1
_ (1) _ 1) 1) (1) _ p© M) p(2)
My, =—my exp(z, ), m,, =—my, exp(z,’)—my[z,'z," ], mys = B’ | B R,
B® (BHB2 _ (B B® L p®
_ 66 11 22 12 (2)\2 (2)y2 (2) .(2) 12 22 (2)\2
M6 =50 BOB™® ((n™)" + (7)) +x7x7) + Tz M, (2.13)
66 11 66 11
— (2) _ (2) (2) ,(2)7.
My, = M, eXp(z,7), My = mygexp(z,” ) +my[z,7 2,71
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(1) (1) (1

)
_R(l) (1)) +(x(1)) +x(1) l))+ ( (l))
315 My, B}(;) 2 1 B}(;) B(l)
D_Q 2
Mmy3 = =iy, eXp(Zl )) Msyy = —My, exp(zz)) m31[Z1() )], msys = R3(1)
B(z) B(Z) (2)
2) 2) (2) 2) 2)
36 2) ((xl ) + (xz ) + xl ) +—5 (2) (2) ( )
By By By
2)_(2
My, = My exp(z] ), Myg = My exp(z2 ’)+m35[ @) )],

BYBY (B ~BYBY
_ ) 1)
(x1 +x,°)

_ p
R41 » My = BORM
11 66

_ 1 _ 1) @M _ (2)
My = my exp(z,”), my, =myexp(zy’)+mylz, 'z, ], mys =—Ry]
(2) p(2) (2) 2) p(2)
Bll Bzz _(Blz ) B B

- 66 (1(2) (2)
46 — B(Z)B(z) (xl X )

2)_
My; = —Mys exp(zl )) Myg = =My exp(22 )) m45[Z( : ; )]a

Mgy =My, Msy =My, My =My, My =My, Ms; =0, j=5,6,7.8;
Mgy =Myz, Mgy =My, Mgy =My, Mgy =Myy, Mg, = 0,/ =5,6,7.8;
m;; =0, j=L234,mys=my,, mg=mg, mMy=ms, Mg=m

mg; =0, j=123.4, my=my, Mg =my, Mg =y, Mg =M
[Z(r)z(f)] kml(r) (exp(z(r)) exp(z(’)))/(z(') (r)) T.l(i) 1,](r) /m;
7 =y my i =1,2;

VYpasuenwust (2.10) sKkBUBaJICHTHBI YpaBHEHUSIM

Det|m, HSH —0, m=14o (2.14)

Ipwu [ @ 5 w0 ypaBHeHus (2.14) mpUHUMAIOT BI/IZ[

_ (2) _
Det|m, H/ _ =Det|m, H, _ Det|m, H . +ZO(exp(z D=0, m=lto (55
CnenoBarenbHo, ipu [ 2 5 w0 ypaBHeHus (2.14) pacnanarorcst Ha ypaBHEHUS
DethU H =0, m=1,+o0 (2.16)
ij=1
v (2) (2) (2) (2)y _ (2) (,(2)\2 (,(2)\2
Det|| ml.jHH’ = cdKPM?,x® x)= cd [62 (xP) (xP)? + 01
+8PxPx® L 8D ((xP)? + (x)*) +8P1=0, m =1, +o0
o BB —(BYY (BYB ~(B) By o
| (BOY BYB? B o (2.18)

o BB -Y) BB (B BB -BOED)
ay:m:’)[ =t T “)(nw]

(2)(3(2)8(2) (B(Z)) ) D2 - . BI(ZZ)B(Z)(B(Z) +B(§Z ) @
PO M) (1-)), 85 = FIar M (1-m2)*).
( 11 ( 11

VYpasaenus (2.16) SBIAIOTCA TUCIIEPCHOHHBIME YPaBHEHUSMH HHTEPPEHCHBIX KOJe-
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OaHMil 3aMKHYTON MMOTyOSCKOHEYHOH COCTaBHOW KOHCOJNHHON HMIMHAPUIESCKON 000I0UKH
¢ kécTko 3ameMIéHHbM TopuoM o =[" . YpasHenus (2.17) sBAAOTCS 000OMIEHHBIMH
JMICTIEPCHOHHBIMH ypaBHEHHsIMH Panes Ui 1monyOeckOHEUHOH 3aMKHYTOW ILMIIMHIPH-

9eckoil 000IOYKH M3 MaTepuana (2) co CBOOOIHEIM KpaeM Impu o = —/ 2) (cp. [8-10]).

Hpu [V — o ypapuenus (2.16) NPUHAMAIOT BUI

Det "mu ” = Det”mlj " + ,221: O(exp(z\")) =0, m= 1,400 (2.19)

J=3.4 J=1.2,5.6
|| ’J||

i,j=1 i=5,6 i=1,2,3,4
C A 2.16
JIENOBATENBHO, IIPU —> 00 ypaBHeHUs (2.16) pacriagaroTcs Ha ypaBHEHHS

j=1,2,5,6

DethU Hi_m; =0, m=1,+0 (2.20)
D t“ ” O n® O Oy =
etfm |, =€ M,%%") 2.21)
™ M (1) 1 .1 (1) (Y] () (1) O _ —
7 (% ) (x, ) +Y, %% +75 (g ) +(x, ) )+y, =0, m=1,400
}/(]) _ Bl(zl)(Bl(ll)B(l _ (B(l)) _ ];)Bé;)
‘ (B")’ B
=0y B3 (B)) By, - Bfé))z) By (BI'By) ~(By)" ~ B By ~ By Be)) (e
Mo (Bl(ll)) B(l) (B(l))ZBG(? m
B(I)B(l) B( ) ( ) B (1) (2 22)
M = 212 222 (1 n()2 m _ (D) 22 P o .
= my (1-m)*). ¥ B(”( (my)*) ot o’

VYpasaenus (2.20) sBISIOTCS TUCTIEPCHOHHBIME ypaBHEHUSAMH HHTep(eHCHBIX Koneba-
HUM 3aMKHYTOI OSCKOHEYHOW COCTaBHOM LMMIMHAPUIECKOW 000704YKH. YpaBHEeHHUs (2.21)

TIOABIIAIOTCA W3-3a TOTO, YTO 06OIOUKA 3aleMIeHa Ha Topie O = / o
VYunteBas (2.15), (2.17),(2.19) u (2 21), ypaBHenusi (2.14) MOXXKHO Hamucarthb B BUjIE

Detfp, [, - 0" s R, [

Z O (exp(z"))+ Z O(exp(z'?)), m =1+

Jj=1

U3z (2.23) cnenyer, uro npu Gomsumx [ u [?) ypasuenms (2.14) pacnanarorcs Ha
yPaBHEHHS

(D) (2 (D (l) 1) ) (z) (2) (2) /=1,2,5,6 B
0", )=0, K (), x,x")=0, Det|m,| =0 m=loo (2.24)

6 6 [Du 1? kone6 i
Takum o0pazoMm, mpu OOIBIINX 51 KoIe0aTEIbHOE [BIKEHHE KOHEYHOM
COCTAaBHOU HWJIMHIPUYECKOW OOOJOYKH, KOTJa OJHMH TOpel CBOOOJCH, a OPYrod kECTKO
3ameMIIEH, MOXKET Pa3[elIuThbCs Ha KpacBbIe KOJCOAHMs PAJICCBCKOTO THMA Y TOpIA

2 .
o = —[? oGonouku u unTepdeiicubie konebanns y muHmn pasgena oL =0 marepuana

2
000s0uku. OTMETHM, YTO MpU OONBIIMX 71 () — KOPHH MEPBOro ypaBHeHus u3 (2.24),

MO-BUANMOMY, TIPHHAIIEKAT 30HE HETIPEPBIBHOTO CIIEKTPa Q(l) [10].

B o6mem ciyuyae perieHue ypaBHeHusi (2.6) mpenctaBiseT coOOH CIOXKHYIO 3a/ady.
[TosTOoMy, A yCTAaHOBJIEHHS aCUMITOTHYECKHX (HOPMYJI [UIS AUCTIEPCHOHHBIX ypaBHEHUH
(2.14) paccMoTpuM ClEAyIOIINE YaCTHBIE CIyYaH.

3. Yacrnpie cyyan. Cayuait @): R (B)=0 (r, =0, m = 0,+00) . B Boipaxennsx (1.2)-
(1.6) Bcromy ¢opmanbHO HONOXHM R™'(B)=0, B UTOre, MOLYyYUM CHCTEMY ypaBHEHHIl

MAJIbIX TUTAHAPHBIX KOJICOAHUH OPTOTPOITHBIX MIACTHH [26]
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62 (r) ) 62ul(r) 02 (r)

B B e + B S .
r r (y) r 62 (r) r 82“ r r
_(B( ) +B( )) - aB B(Eo) o 2 B§2) a[;Q =)\ )14; )

Bce BenmumHbl, oTHOCsmMecs K mpasoif riactuake (0 <o </"), ormeuarorcs
BepxuuM uHAekcom (1), k sesoit miactmnke (—[? <o <0) — wuHEEeKcoM (2).
pennonaraeres, uto o(—? <o <) u P(—00 < < 00) ABAAIOTCS MPAMOTUHEHHBIMU

OPTOrOHAJIbHBIMH  KOOpAWHAaTaMH TOYKHU CpeﬂHHHOfI INIOCKOCTH  ITACTHUHBI-IIOJIOCHI

(¢wr. 2).

Qur. 2
Amnanorom rpannusbIX yciaoBuid (1.3)-(1.6) u (1.7) sBistrorest

@ (2) @1 (2) @ (2) @1 (2)
T aco= 107 lazos S0 laco= 812 lucos W1 lumo= 1" luco> Uy laco=ty" luzo  (3-2)
[0 _ Q)] _
|a = 0, u, |a ]<1>_0 3.3)
ol B o] o au| )
oo BY OB | oB oo |
u (0 B) =uf (0. p+5).r =1.2 (35)
T(r) — hB(r) aul(r) + Bl(zr) auér) S(r) — hB(r) aul(r) + aué,‘) (36)
1 1 20 BH) op ) 12 66 op 20

Pemenne cucremsr (3.1) npu GpuKCHpOBaHHOM YKCIIE BOJIH /1 HILEM B BUJE:
u” =u” sinkmBexp((—1) y"kma), u” =v\" cos kmBexp((-1)" y"kma),r =1,2  (3.7)
npu k =ny2n/s, n, € N, rae s — n060e DOI0KUTENbHOE YUCIO. IIpH 3TOM, yCIoBHs
(3.5) Bemonsstorcs aBromatuyecku. [loncramisisi Beipakenust (3.7) B cucremy (3.1),

MOJIyYUM CUCTEMY YpaBHEHMIA:

r r r 7\’(,4) r r r r r
[Bl(l)(y( ))Z_Bé6)+m2k2j y (B()""B())( 1) y() r(n) =0 (3.8)

2 m

(r)
(B(') +B(*))( 1) y(f)u(') +[B(f)( (,)) B2(£)+ }“Zk Jv(f) =0
m

[IpupaBHuBas ompenenurTens cucTeMbl (3.8) K HyINO, MOMYYHM XapaKTepUCTHUECKHE
ypaBHEHUS

(r) p(r) ()2 () p(r) (r . g
B,'B)) —(B);') —2B,,’B +B11 +B

(r) (r) 66 (r)y2 66 (12 (4,(r)2
+
="' - BUBY) ") B M) (")
o [BY BY
(A=)~ ——5 () [=0, m=1,+0 (3.9)
Bll Bll
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7\‘(1‘) T](r)
M"Y =—=5—, 0 =—"—, m=1+» (3.10)
KB m

ITycts y(.r), j =12~ pazmunbie kopuu ypaBHeHHs (3.9) ¢ MOJOKHTEIbHBIMU
JEWCTBUTEILHBIMH YaCTSMH, TOTa y3(r) yl(r), yir) yé’), r = 1,2 — pa3nyHble KOPHH

ypaBHeHus (3.9). B xauecTBe pemieHns CHCTEMBl ypaBHEHUI (3.8) MOJKHO TIPUHSTH
" L g ()
B} + B, By,

(r)_ 1 (r) 6 Y0 (0 Q] (3.11)
5 2, W) =0 - A=,
PemeHMe 3amaun (3.1)-(3.5) umem B Buje
ul(’) Zu(’) ) exp((—1) y;.’)lmla)sinkm[?) (3.12)

u) = Zv(”w(” exp((—1)" ykmor) cos km, r =1,2
=

YunTeIBast rpannuHble ycinoBus (3.2)-(3.4), nomyuuM crucTeMy ypaBHEHHH

4 B(Z) B(2) 4
ZPI( )W(,l) _ P(2) (2) _ 0 ZP(I)W(I) 4 66 P(2) (.2) =0

1 i gy 0 J

J=1 1 Jj=l 66 J=1 (3.13)

M;

) @), (2) _ M, (1) @), _
W +ZP1 w; =0, ZP‘U w; ZP f;
=

j=1

4 4
Z}P;;) exp(z}" )Wl =0, 21]34‘11.) exp(z\" )wl!’ =
J= J=
(2) 4 5 ) ) (2) 4 R 5 5
(1) ZPI( )exp(z( ))W( ) _ ’ (1) ZP( )exp(z( ))w( ) _ =0
Bll Jj=1 B66 j=1
BY BY B‘
B =—5((") + (1 M) B =y (0 +— 5+ m,)))
1 r r 4 2 r r
oBY Bl(l) ! L By Bl(l) (3.14)
B(V) +B(V) (V)
r)y _ (r) 212 7 766 (r) ()
PS(j _yj Bl(lr) (y ) B(r) (1 (T] ))

[IpomsBons sneMeHTapHBIC NEHCTBHA HAJl CTONONAaMHU ompeaenuTens cucteMsl (3.13) u
MPUPABHHUBAS K HYJIIO, IOJYYUM JAUCIICPCUOHHbBIE YPAaBHEHHS:

K, =08 P OE o F et —20) o7

=0, m=1,40 (3.15)

l/ ij=1
0
_p By ( o ])l exp®)
ml 1 My = B m13 m“ piz;
1
* @) @ (@) * (2) (2) * B(2) (2) (2)
myy = my, exp(zy ) +my (225 L, mys = ——1 BY, my, = ) (y1 ), )

) A
*o_ ) o * 2) 2),(2)
m, =msexpe,”), mlg_mlsexp(zz )+mls[zl z, ']
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1 42 1
* (1) * Bl(})Bz(z) _(Bl(z)) _Bl(;)BG(tS)
my =By, my = B g0
1 Pe6

(12 @ (1)
M)+,

B(Z)
o * () S * () * 1,00 o _ 66 pl(2)
Myy = =My Xp(z; ), My, = =My, eXP(2y") =1y [ 2,2, ], mys = B30 B
66

@ [ p2) p2 (2))2 (2) p(2)

o Béé Bn Bzz _(BIZ ) _BIZ Bss
26 7 p() (2) p(2)
B66 Bll B66

M) + Py

o * (2) o * (2) * (2 ,(2)
My; = —Tys exp(zl )’ Mg =~y exp(zz )_mZS[Zl Z; ]
1) 1)
« _By+By . . xp(z)
T g0 Myy =~y €XpLZ
11

M M ) B + B
* _ * * * _ * _ 12 66
My, = =My, eXP(zy° ) —my (272, ], mys = Py, myg = o)
By (3.16)

*o_ * (2) *_ * (2) * 2),(2)
My, = —Nys €Xp(z,7), Myg =—mygexp(z,) —mys[z,7 2,7 ]

* _ p) * _ 5,0 1) o 1)
my, = by, my, = (yl +¥, ), My, =my exp(z,’)

o 1) * @ M *_ (2) * (2) (2)
My, =my, exp(z,’)+my 22, ], mys =—P,, my = _(y1 +¥, )

% * 2 % * 2 % 2 2
My; = Mys exp(zf )), Myg = Mye exp(zé ))+m45[zl( )Zé )]

* * * * * * * .
M) =My, Msy =My, Msy =Ny, Mgy =My, Ms; =0, j=5,6,7.8

* ¥

* * * * * * * .
Mgy = My3y Mgy =My, My =My, Moy =My, Mg, =0, j=5,6,7.8

*

. * * * * * * *
m;; =0, j=123,4, m;s=m,, my,=my, my;=ms, Mgy =ng

J
mg; = 0, j=12,34, my=m,,, mg =myg, My =M,ys, Mgy =My
(2020 ) = ~kmI* (exp(=") ~ exp(z! D A"~ 4)

2 ==yVmkl", j=1,2;r =12

CrenoBarenbHO, TUCTIEPCHOHHEIE YpaBHEeHNS (3.15) SKBUBaIEHTHBI ypaBHEHHIM

Deth;H8 =0, m=1,+o0 (3.17)

ij=1

VYpapraenus (3.17) ABISAIOTCA IOUCTIEPCHOHHBIMU YpPaBHEHUSMH JJISI COCTABHBIX IUTACTHH-

N N 2
T0JIOC CO CBOGOHBIM | JKECTKO 3ameMnénubiMu kpasmu. 1pn /> — 00 mmeem acumro-
THYECKYIO QOpMyITy

. 2
18 . « ||17=7.8 % |16 (2) _ 318
Det”m[/ Hij:l —Det”m[/ s .Det”mv Hij:l +ZIO(expzj ), m=1+0w (3.18)
=
Crnenosarensio, mpu ['*) — 00 ypaeenms (3.17) paclajarTcsi Ha COBOKYITHOCTb
ypaBHEHHUH
«||/=7.8 Pu— % [|6
Det”mij s 0, m=1,+w; Det”mij H[j:l =0, m=1,+w (3.19)

IlepBast coBokymHOCTH ypaBHeHWiT u3 (3.19) sBmsercs ypaBHeHWAMH Poames s

. 2
10Ty 6ECKOHEYHOM TIIACTHHBI U3 MaTepuana (2) co CBOOOIHBIM KpaeMm O = —/ @) Bropas
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COBOKYNHOCTh ypaBHeHH u3 (3.19) sBisiercst OUCHEPCHOHHBIMH YpPaBHEHHSMH JUIS

o o . . 1
HOHyGeCKOHe‘IHOH COCTAaBHOM IIACTHUHKI C )KECTKO 3allIEMJICHHBIM KpaeM Ol = l( ) i

Ipu [ ' o0 nmMerotes acumnToTHUECKHE IIPECTaBICHUS
o 11/=3.4 J=1256 & m
= = 3.20
Det"m,]”l/l Det”mff”;:s,s .Det ey +;0(expzj ), m=1,+0 (3.20)
Crnenoparensho, npu [ -0 u [ — o ypaBHenus (3.18) UMEIOT aCHMITOTHYECKHE
HpCI[CTaBJIeHI/I}I
D tH s —D tH j=3.4 D ‘[H « ||J=7.8 D tH Jj=1,2,5,6
et i et =5,6 et i=7.8 et i=1,2,3,4 (32D
2
+Y. O(exp(z\")) + Z O(exp(zj.”)) =0, m=1+o
j=1 J=1
o pd) 0 p2) (2)
De| j1256=_366 B, +By B +B I (1) T](z))
1 (1 2 m > m
i=1,2,3,4 Bl(l) B”) ( )
Det” j=3.4 BIZ + By Z2 "0 ohm®y, p t” =78 (Béé ) By + By K2 (n?
= m (S - = n
B(l) B(l)B(l) BI(IZ)
2)
1 2 1 1 2) (2 2) /(2 1 1
LY ) =K ()0 () + [ij KD )00 mP)+
Béé) o,0n _ Bl(zl) (1) (2) @ _ B1(22) )
+W 2 AR B(l) (1 ) ) 3% B(z) (n ) ) + (322)
66 11 11

FO 40 + A= M2 + (1= ) )P )]
(r)

r r r r B r
0" ()= 3"y + G (=)"), r=1.2
11

BYBY —(By') (12 () ()
Bl(lr)Bér) (T] ) (n ) yl y2 ]":1,2

VYunteas (3.18), (3.20)-(3.22), mna aucnepcuoHHbIX ypaBHeHHMH (3.17) mnomyuum
ACHMITOTUYECKHE NPEICTABICHHSL:

2 2
o —{ BY B BD 0" (m, )K", )L(m, '\, ) + (3.23)

KO ) =1-m))

2 2
D 0(expz")+ D O(expz'?)=0, m =1,+o

J=1 J=1

CrnenoBarenbHo, npu [ W 5o l® o JUCTIEPCUOHHBIE ypaBHeHHA 3a1auu (3.1)-
(3.5) pacnajaroTcst Ha COBOKYITHOCTb YpaBHEHHUH

P M) =0, m=1,+0; KPMP)=0,m=1,+0; LM Nn?)=0, m=1,+0 (3.24)
=JD

ITepBast cOBOKYyNTHOCTH ypaBHEHHH u3 (3.24) mosBisieTcst M3-3a TOTO, YTO Kpail oL
IJIACTUHKH KECTKO 3aIleMiIEH. BTopas COBOKYNMHOCTh ypaBHEHUH SIBISETCS YpaBHEHUSIMU

Panes s momyGecKOHEUHBIX OPTOTPOINHBIX IUIACTHH M3 MaTepuana (2) co CBOOOTHBIM

(2)

kpaem O = —['~ [8-10]. TpeTbsi COBOKYNMHOCTh ypaBHeHHUiT U3 (3.24) SBISETCS aHATIOTOM
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JMCIIEPCHOHHBIX ypaBHeHHH CTOYHJIM JUIi COCTaBHBIX OPTOTPOIHBIX OECKOHEUHBIX
wiactud [3], [4], [13], [21].

TaxuMm 00pa3oM, MIaHapHBIE KOIEOATENbHBIE IBIKEHNS COCTABHOM IJIACTHHBI-TIOJIOCHL,
KOT/1a OJINH Kpai CBOOOJICH, a APYroi )KECTKO 3aleMIIEH, MOTYT pa3/ieNisiThCsl HAa KpaeBble
KoJIe0aHHs PAJIeeBCKOro TUIA U MHTepdericHbIe Koebanus Thna CTOYHIIH.

3aMeTnM, 9TO B IHUCHEPCHOHHBIX YPaBHEHUIX L(ng),nfj)) =0, m=1,+0 xo3pdu-

IIMEHTHl yNPYTroCTH JIEBOW W TPaBOW IUIACTHH, W COOTBETCTBYIOUINE KOPHH XapakTe-
puctuueckux ypaBHeHHH (3.9) BXOmsT cHMMMeTpuYHBIM oOpaszom. [lostomy, Hampuwmep,
ecnm  JeBas IulactTiHa  (C BepXHMM  HMHAEKcoM  (2)) Oomee  msrkas  (T.e.

p? /pW <<1, B;.z) /B,;l) <<1,1i,j=1,2,6) yem npasasi, T0 MOXKHO HamucaTh
LY. NG = 0P MK, (Y)+ 0BG | B+ 0™ 1p")}=0  (329)
CrnenoBatenpHO, CYIIECTBOBaHHE HHTEP(EHCHBIX KOIeOaHWH COCTAaBHOW IUTACTHHBI

3aBHCHUT OT CYILLECTBOBAHMS KPAaeBOT0 KOJIEeOAaHMS NPaBOi MOTyOSCKOHEUHOH IIaCTHHBI CO
cBOOOAHBIM KpaeM [9-10]: T.e. 3aBeZJOMO CyILIECTBYIOT HHTEP(EHCHbIE KOJeOaHusl.

Ecim B;.Z) / B;,(-l) ~1,ij=12,6;p” /p" ~1, To Mano manca s CyIIeCTBOBAHHS
uHTep(deCHBIX KoeOaHNH.
Cayuait 6): R7 =k’r, /2 (r, =0,m =1,+00), T.c. nMeeM GE3MOMEHTHYIO YIPYTyIO

KPYTOBYIO 3aMKHYTYIO COCTABHYIO IHIHHIPUYECKYIO 000iI0uKy. B 3TOM ciiyyae cucrema
(2.3) mpumer Bux

B(r)
(roAr(nr) 66 (n(r)) ) (V) — O, m= 1’ —{-w’ = 1’2 (326)
CJICZ[OBaTCJII:HO, ypaBHeHHs (2.6) pacniaaloTcs Ha IB€ COBOKYITHOCTH YPaBHEHHH
) B(r)
Tom =10 —2B(,) COMVY =0, m=1,4e0, r=1,2 (3.27)

WIH ypaBHEHUN

((71“))2 Bff)Bg)(sz))ro]( s (ﬂm)( B0 _(BOY —2BD B -

BB BB (3.28)
B( Bég) (r) I;R)Bg) _(B(V)) +B(V)B(()2) (r)
Bl(l ( ) B(F)B(r) 2 ( ) +
B(I) B(") B(I‘) 7
(r)\2 (r) 22 2 66 (r)\2 22 0 _ _ —
+ " _Des_ Zn N0 =140, r=1,2
Mm”)*(m* =(m")*) B(,) IR ™) B0

B atoM ciyuae, uis HaxoXKAeHUS Oe3pa3sMEPHBIX XapaKTEPHCTUK COOCTBEHHBIX YaCTOT
N (r=1,2) B AUCIIEPCHOHHBIX YPABHEHUAX (2.14) HCHIONB3YIOTCS x() = 5/, x) = 4 / m

BBIpOKEHUS, T XY) M 4" — KOpHM ypaBHeHHS (3.28) C MOJIOKHUTCIBHBIMU
neiicrButensHbMu yacTsivi. [lpu 7, — 0 ypasrenus (3.28) npeoGpasytores K BUy:
(1) g (12 () g(r) " L g

Bu Bzz _(Bl2 ) _2312 Béﬁ 2 Bl Béé (r) ()2
B B0 mTTTRm M) ) +
11 66 11

B )

B(V) B(V)

OTH ypaBHEHHS SBISIOTCS XapaKTEPUCTUUECKHMMH YPAaBHEHUSMH CHCTEM, MOJIe-
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+(m* ="y’ )( ="y j=o, m=1,+0, r=1,2



JMpPYIOIIUX TIaHAPHbIE KOJIeOaHHs COCTaBHOM MiacTHHbI-TIONOCH (k=n,2n/s, nyeN, roe

§ — IPOM3BOJILHOE MOJNOKHUTEIbHOE uKcio). Kopuu " / m ypasHenus (3.29) ¢ nonoxu-

TEIbHBIMHA JICHCTBUTEILHBIMH YaCTIMH 0003HAYNM qgepes yl(r) . yér) . TOI‘,II&, B 3TOM CJIy4ac

JUIS TUCTICPCHOHHBIX ypaBHEeHUH (2.14) chpaBeUIMBEI CIEAYIOMNE ACHMIITOTHYECKHE
Mpe/ICTaBICHUS:

2
s B, B B By
Det"mii ". (S [B‘” B® (BO L gy (p® 4 g® (3.30)
N 66 66(12+ 66)(12+ 66
><(N“)(nf,i)).N(z)(T’ﬁ:)))2 Det "m; 8 T O(r, | 2m*)) =0, m=1,+0
i {ljj=
N(r)(n(r)) _ B;;) (Bl(lr)Bég) - (31(22))2) n BI(ZF)(BI(IF)B;;) - (Bl(g))z - Bég)Bl(;) - Bég)Bég) (n(r))z (3.31)

(B7) (B
W3 ypasuenns (3.30) cnenyer, uro npu 7, /m* — 0 ypasHenus (2.14) mpeobpasyrorcs B

ypaBaenus (3.17). Takum obpasom, ypaBaeHus (3.30) ycTaHaBIMBAIOT aCHMITOTHYECKYIO
CBSI3b MEXIy IHMCIIEPCHOHHBIMU YPaBHEHHSAMH paccMaTpUBAEMOH 3a1aud M aHAaJOTHYHOU
3a7a4u U1l COCTaBHOM IIACTHHBI-TIOJOCKHL.

Ipn [ 50 1 ¥ e yunreBas (3.18)-(3.20),(3.30), aucnepcnoHHbIE ypaBHEHUS

(2.14), B aTOM CiTydae, MOXKHO HAaIKCaTh B BUIE

(5)

8 _ 0 2) (V) AD (14D 2@ (112 D L2
Det"m[j"i’j:] - Bl(;)Béé) (N(l)(nm )N( )(nm )) Q )(nm )KQ (nfn))L(nfn ’T]m )+ (332)
2 2
+0(2V° . )+ > 0exp(z" )+ " Olexp(z1)) = 0, m=1,+
m Jj=1 Jj=1

2 ] (2)
U3 (3.32) caemyer, 9yTo Tipu r/m*—0, ["V > o0 u [ - o mucnepcHOHHbIE ypaBHEHHS
(3.32) pacmanatorcst Ha ypaaeHus (3.24). ClieJoBaTelbHO, IPH MAIBIX 7, / m? ¥ 6oIbLIIX

[D,1®  npubIMKEHHBIMU 3HAYEHUAMM KOpHeil ypaBHeHus (3.32) SBIAIOTCS KOPHH
ypaBHenus (3.24) (tabun. 1-2).

Cnyuaii 6): R =k (r, / 2+7, coskB), 7, =0, m=2,+00, T.c. HMeeM HEKPYrOBYIO

COCTAaBHYIO 3aMKHYTYIO IMIHHIPHYECKyIo obonouky (k=27/s, rne s — monnas mmuuHa
HATPaBIAIONIEH KpUBOii). B 3TOM citydae cucteMsl ypaBHeHHUH (2.3) MPUHAMAIOT BU!

RPN ol + R POo)), =0, m=1,+0, r=1,2 (3.33)
1, (r) (r) _ (r) (r) (M2 (1) (r)
o,=w"/c"’, r=rnP"” -2B,M")C) /B (3.34)

Tak kak onpenenutenn cucteM (3.33) OTHOCATCS K HOPMaJbHOMY THILY, TO JUIs
HaXO0KJEHHs HEHYJIEBOIO PELIEHNS NIPUPABHAEM X K HYJIIO

DT (), ("), BBy, By , Beg .1y, 1) = 0, 1 =1,2 (335)
Pemenns (y")* ypaBHenus (3.35) Hax0AATCS aHAIOTMYHBIM 00pa3oM Kak B [6-9], [21].
CrpaBeiMBO  CJICOYIONIEe YTBEpXKICHUE: MNpH (UKCUPOBAHHOM m >2 U TIpH

L7 ¢ [0,A\"] ypasuenns (3.35) nmerot hopmanbHbIe pELICHNs BHA

(Xi'r))z = () + af’;_),,lz +[35nrj),,14 +.,j=1,2,3,4,r=12 (3.36)

ny

rae Xf,;,) (j=1,2,3,4) —xopuu ypaHenus ") = ( (T.e. ypaBHenus (3.28)) u
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() ( p(r) .(r) (r) .(r)
a(r) _ Rn (Pm—17/;n+1m+1 + R;lem—lm—l)‘

mj

: j=1,2734r=12 (3.37)
r(r) ’,(r) },.(r)

m=1m=1"m+1m+1" mm

=)
'
rae 7" —nponssomnas mo ("))’
Takum 00pa3oMm, B 3TOM clydae IS HaxOXAeHHS KOI(DPUIMEHTOB 3aTyXaHWs
kX;r) /m (j =1,2) MOXHO HCIIONB30BATh NPHOTIKEHHEIE (POPMYITEI

2 2 2 25\1/2 .
X T m= () T m)? +alm? T m*), (i =1,2) (3.38)
a JUI HAXOXKIEHUS COOTBETCTBYIONIMX XapAKTEPUCTUK COOCTBEHHBIX yactoT N /m —

ypaBHeHus (2.14).
4. Yncnennsle uccjaenopanns. B Tabm. 1-2, ucnonb3yst TUCTIEpCHOHHBIE YPaBHEHUS
(2.14), (3.17), mpuBenmeHsl Oe3pa3MepHBIE XapaKTEPHCTUKH COOCTBEHHBIX 3HAYCHUI

n(l) /' m ¥ XapakTepucTHKM KOd()(ULIHUEHTOB 3aTyXaHHUs X(” / m COOTBETCTBYIOIIHX
GopM B 3aBHCHMOCTH OT #i,d,b mnd 3aMKHYTHIX NWIHHAPHYECKHX O0O0OJIOYEK C
HATIPABJISFOIIMHA
x=acost, y=bsint,a=2,b=15a=2,b=1. 4.1
B Tabm. 1,2 mpencraBmeHBl pe3yibTAaThl [UISI BapuaHTOB 1,2,3 COOTBETCTBEHHO IMpH
R =k*(r,/2+7,coskB); R =k’r, / 2;R> =0, IpuMeHEHHEIE K 3aMKHYTHIM
COCTaBHBIM IWIMHAPUYCCKUM 000JIOYKAM C HampaBJsstomuMu (4.1), U3rOTOBJICHHBIMH W3
OoporutacTrka 1 OymMaru ¢ MeXxaHU4IeCKUMH mapameTpami [17], [27]:

Bopomnnactuk:
p =2-10°ke/ a’  E” =2.646-10" H/ 2’ E} =1.323-10° H / ar’,
GY =9.604-10° H / A7, v}” = 0.2,v(2” =0.01, (4.2)
Bymara:
p? = 0.16K2/M3,E1(2) = 2.95281~109H/M2,E§2) =22106-10°H/ 2,
G? =9.77076 10°H / a*, v? = vV E® | EP v =0.23, (43)
¥ TEOMETpPUYECKMMHU mapamerpamu: B Tabm.l: a =2,b=1.5,5 =5.52587 (nuna
TOJIOBUHbI snTHnCa), k=4n/s, r, =0273895, r, =0.033796, [V =5,

1P =151" =15 [1%=5; B 1abn2: a=2,b=1,5 =4.84422 (n1uHa mNOJOBUHEI
9JUIAIICA),
k=4n/s,r,=0407139, r =0.229356, [V =51% =151V =151 =5.

B kadecTBe KO3()PUIMEHTOR 3aTyXaHWs TIPUBEIEHBI 3HAYEHHS CIIEYIOINX BETMYUH:
ky) /m=min{kRey" / mkRey /m}, ky / m=+min{kRey” /m, kRey /m} (4.4)
B paBencrBax (4.4) 3HaK IUTIOC COOTBETCTBYET HHTEP(EUCHBIM KOJICOAHHSM Y JIMHHU
pasnena marepuana obonodku: o = 0, a 3HAK MUHYC — KOJNEOAHUAM PAJIEEBCKOTO THIA Y
Topia 060104k o = —'” . OTMeTHM, YTO CBSI3b MEKIY n" u n® nmeer Bux

o _p? By

0 RO
p B

0 (4.5)
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Tabimma 1

U] . Bapuanr 1 Bapuanr 2
( 2
(O]
o ke Im kY /m n® /m kyy /' m kY I'm N/ m
)1 0.0554 1.4818 0.99301in -0.0554 1.4818 0.99301 in
iq -0.8460 32.6557¢(2) iq -0.8585 32.5583 ¢(2)
” 0.0664 1.4960 0.98993 in 0.0677 1.4944 0.98949 in
iq -0.8463 32.6542 ¢(2) iq -0.8463 32.6542 e(2)
”3 0.0708 1.5097 0.98852 in 0.0713 1.5083 0.98835 in
iq -0.8465 32.6529 e(2) iq -0.8465 32.6529 e(2)
25 0.0750 1.5351 0.98707 in 0.0752 1.5538 0.98707 in
iq -0.8526 32.6063 e(2) iq -0.8526 32.6063 e(2)
30 0.0792 1.5872 0.98559 in 0.0792 1.5861 0.98559 in
% 5 iq -0.8536 32.5998 e(2) iq -0.8536 32.5998 ¢(2)
: 50 0.0838 1.7021 0.98380 in 0.0827 1.7016 0.98423 in
iq -0.8596 32.5594 ¢(2) iq -0.8590 32.5594 e(2)
100 0.0838 1.7854 0.98380 in 0.0838 1.7853 0.98380 in
iq -0.8598 32.5560 e(2) iq -0.8596 32.5560 e(2)
250 0.0841 1.8187 0.98369 in 0.0841 1.8187 0.98369 in
iq -0.8598 32.5548 ¢(2) iq -0.8598 32.5548 e(2)
- Bapuan ky\ / m=0.1163 ky$ ) m=2.5225 n® / m=0.98367 in
3 Ty / m=iq ky? / m=-1.1877 " /m=32.5548 e(2)
)1 0.0517 1.4821 0.99392 0.0581 1.4802 0.99232 in
iq 0.8383 327147 iq -0.8440 32.6711 e(2)
» 0.0646 1.4961 0.99046 in 0.0661 1.4946 0.99000 in
iq -0.8411 32.6940 e(2) iq -0.8465 32.6522 e(2)
93 0.0697 1.6098 0.98888 in 0.0702 1.5004 0.98870 in
iq -0.8436 32.6749 ¢(2) iq -0.8488 32.6348 e(2)
25 0.0745 1.5351 0.98726 in 0.0746 1.5339 0.98722 in
iq -0.8481 32.6413 e(2) iq -0.8529 32.6045 e(2)
30 0.0790 1.5872 0.98563 in 0.0790 1.5862 0.98563 in
iq -0.8487 32.6382 e(2) iq -0.8566 32.5769 e(2)
50 0.0827 1.7021 0.98423 in 0.0827 1.7016 0.98423 in
1% iq -0.8587 32.5769 e(2) iq -0.8596 32.5553 e(2)
100 0.0838 1.7854 0.98380 in 0.0838 1.7853 0.98380 in
iq -0.8588 32.5631 e(2) iq -0.8597 32.5549 e(2)
250 0.0841 1.8187 0.98369 in 0.0841 1.8187 0.98369 in
iq -0.8598 32.5548 e(2) iq -0.8598 32.5548 e(2)
BapuanTt 3
m | kY /m kP /m m"/m | m k™ /m o kP Im O /m
51 | 01161 25225 0.98371in [ 0.1163 25225 0.98368 in
iq -1.1877 32.5548 e(2) iq -1.1877 32.5548 e(2)
5, | 01162 25225 0.98370in | ,o | 0.1163 25225 0.98367 in
iq -1.1877 32.5548 e(2) iq -1.1877 32.5548 e(2)
B Ta6n1/1uax 1-2 MOCJIC  XapaKTCPUCTUK CO6CTBGHHLIX HaCTOT YyKas3aH THUIT

TIOBEPXHOCTHBIX BOJH: e(7),7 = 1,2 — BonHbl Pones y Topua cocrapisioned IUIMHAPa

uHIeKcoM (r), in — mHTepdeiicHble KonebaHus, yepe3 iq OTMEYEHHI Te KOd((HUINCHTHI

3aTyXaHus, KOTOPbIE YWCTO MHHMBIC.

JlaHHBIE A BapHAaHTOB 3 TPUBEACHHI IS TEX

BOJIHOBBIX YHMCEJI, KOTOPBIE OTMCYCHBLI B Ta6m/1uax. ﬂ.l'l}l MaJilbIX BOJIHOBBIX YHCCJII OHHU

MOTYT OTJIMYAThCS OT IPUBSACHHBIX. 30eCh § = 4.
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Tabimma 2

o Bapuanr 1 Bapuanr 2
[(2' k (1) /
m I AL N/ m kxS Im o kxS Im "/ m
25 0.0211 1.7161 0.99923 in 0.0613 1.6799 0.99342 in
iq -0.9563 32.7139 ¢(2) iq -0.9563 32.7139 e(2)
2 0.0480 1.7288 0.99600 in 0.0728 1.6936 0.99070 in
iq -0.9606 32.6861 e(2) iq -0.9606 32.6861 e(2)
27 0.0639 1.7408 0.99285 in 0.0780 1.7071 0.98929 in
iq -0.9658 32.6515 e(2) iq -0.9658 32.6515 e(2)
28 0.0731 1.7524 0.99061 in 0.0812 1.7200 0.98838 in
%5 iq -0.8584 32.5615 e(2) iq -0.9783 32.5601 e(2)
’ 30 0.0823 1.7744 0.98807 in 0.0851 1.7442 0.98723 in
iq -0.9756 32.5856 ¢(2) iq -0.9756 32.9856 e(2)
50 0.0936 1.9132 0.98448 in 0.0934 1.8965 0.98455 in
iq -0.9764 32.5806 e(2) iq -0.9767 32.5806 e(2)
100 0.9959 2.0216 0.98385 in 0.Q955 2.0175 0.98386 in
iq -0.9774 32.5770 e(2) iq -0.9774 32.5770 e(2)
250 0.9959 2.0709 0.98370 in 0.0_959 2.0707 0.98370 in
iq -0.9804 32.5574 ¢(2) iq -0.9804 32.5574 e(2)
25 - - - 0.0601 1.67997 0.99368 in
iq -0.9652 32.6540 e(2) iq -0.9652 32.6540 e(2)
2 0.0455 1.7289 0.99639 in 0.0723 1.6937 0.99083 in
iq -0.9672 32.6412 e(2) iq -0.9672 32.6412 e(2)
27 0.0632 1.7408 0.99301 in 0.0777 1.7071 0.98937 in
iq -0.9691 32.6291 e(2) iq -0.9691 32.6291 e(2)
28 0.0728 1.7524 0.99069 in 0.0811 1.7201 0.98843 in
1-% iq -0.9796 32.5574 ¢(2) iq -0.9796 32.5574 e(2)
30 0.0822 1.7744 0.98810 in 0.0850 1.7442 0.98726 in
iq -0.9778 32.5706 e(2) iq -0.9778 32.5706 e(2)
50 0.0936 1.9132 0.98448 in 0.0934 1.8965 0.98455 in
iq -0.9780 32.5652 e(2) iq -0.9790 32.5652 e(2)
100 0.0955 2.0216 0.98385 in 0.0955 2.0175 0.98386 in
iq -0.9807 32.5549 e(2) iq -0.9807 32.5549 e(2)
250 0.0959 2.0709 0.98370 in 0.0959 2.0707 0.98370 in
iq -0.9807 32.5548 e(2) iq -0.9807 32.5548 e(2)

3akaouenne: B crathe mOKazaHO, YTO y JIMHUM pasjeiia MaTepUaOB COCTaBHOU
0e3MOMEHTHOH KOHEYHOW IMJIMHAPHUYECKOH OOOJIOYKM € TMPOM3BOJILHOHM IIIaaKoi Ham-
PaBISIOIIEH MOTYT CyIIIECTBOBATh KOJICOAHMS, 3aTyXarfOLIie OT JIMHUH pa3Jiesia MaTepHaIoB
BIOTH €€ oOpasyrommx. [TokazaHo, 9TO y CBOOOZHOTO TOpIA IFTHHIPHIECKONH 00OIOUKH
MOTYT MOSBIATHCS BOJHBI TUNA Panes. YacToTsl cOOCTBEHHBIX MHTEP(EHCHBIX U KpaeBbIX
KoJIeOaHWH COCTaBHOW LWJIMHIPUYECKOW OOOJOYKH, COCTABJICHHON W3 KOHEYHBIX OPTO-
TPOITHBIX O€3MOMEHTHBIX HMIMHAPHIECKUX 000I0UeK ¢ Pa3HBIMU YIPYTUMHU K03 dunueH-
TaMH, ONPEIEISIOTCS COBOKYIMHOCTBIO ypaBHeHHH (2.14). [lns KpyroBoi HUIMHAPHYECKOH
000J104KH KOI(DPUIMEHTHl 3aTyXaHUs 7 OIpPENEIIIOTCS COBOKYIHOCTBIO YypaBHEHHUH

(3.28), a mms mmactuHbl — ypaBHeHHH (3.29). YacToThl COOCTBEHHBIX HMHTEP(EHCHBIX
KoMeOaHWH /TSI  COCTAaBHOM  IUIACTHHBI-TIONOCHI  ONPEAEISIOTCS W3 COBOKYITHOCTH
ypaBHeHmid (3.17). CymectBoBaHHe WHTep(QEHCHBIX W KPaeBBIX KoJeOaHWA 3aBUCUT OT
KPUBU3HBI HATIPABIIIOIIEH KPHBOH, KOI(Q(PUIIMEHTOB YIIPYrOCTH, TNIOTHOCTEI MaTepHalloB
U JUIMHBl KOHEYHBIX COCTaBIAIOmMX oOonouek. [lpu Oonpmiumx m WM Ipu Manou
KPHMBH3HE HAIPaBILIOIIEH KPHBOI BCce XapaKTEPHCTHKH COOCTBEHHBIX MHTEP(EHCHBIX M
KpaeBbIX KoyieOaHnii 0€3MOMEHTHOH 3aMKHYTOH LMIIMHIPUYECKONH 0OOJIOUYKH CTPEMSTCS K
XapaKTEepUCTHKaM TUIaHAPHBIX MHTEP(EHCHBIX M KPaeBbIX KOJICOAHWH IUIACTHHBI-TIOIOCHI.
YncneHHbI aHaIN3 TOKa3bIBAeT, YTO C YBENMUYCHHEM KBaJpaTa KpUBH3HBI HalPaBIISIOIICH
KPUBOH LMIMHAPUYECKOH OOOJIOYKH TEpBBIE YacTOTHl MHTEP(EHCHBIX M KPaeBbIX KOJie-
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6aHuil MOSBIIAIOTCA NpH OoJiee OONBIINX 77 C YBEJINYEHHEM COOTBETCTBYIOLIMX YacTOT, a
MpOLIECC 3aTyXaHHs 3aBHUCUT OT CBOMCTB MaTepHajIoB U T€OMETPHUYECKUX TapaMETPOB.

PaGora BemonaeHa npu nmomnepxke rpanta “BPOOU-T'KH Apm. 20117 Ned11APM-
010/ 11Pb-007.
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2U8UUSULDP @hSNhE3NPULLESD URQUSPL UUUNEURLUSE StNtulahr
M3BECTUS HALIMOHAJIBHOM AKAJIEMUU HAYK APMEHUH

Uthumthju 66, Nel, 2013 Mexa HHKa

IMECUYSIH CTEHAH PYBEHOBM Y|

17-ro nmexabps 2012 1. ymén w3 JKU3HHM HW3BECTHBIA YUYEHBIA, TOKTOP
TEXHUYECKUX HayK, Mpodeccop, OMH U3 OCHOBOIIOJIIOKHUKOB IKCIIEPHMEHTATBHOM
peonoruu rpyHtoB Crenan PyGeHoBuu MecusiH.

C.P.Mecusa pomumncs 19 oxtsa6ps 1922 r. B r.Axammuxe. B 1939 1. on
okoHuMN TOwiHMccKkyro 72-10 apMSHCKYIO MIKOIy, B 1944 r.— CTpOUTEIbHBIH
¢dakynpTeT TOMIMCCKOTO MHCTHTYTa WHXKEHEPOB 3X/I TpaHcmopTa. B 1956 r. B
JleHMHIpagCKOM MOJUTEXHUYECKOM HHCTUTYTE 3alllUTHI JUCCEPTALUI0 U €My
OblIa TIPHUCYXICHA CTENeHb KaHIWIaTa TEXHHYCCKUX HaykK, a B 1965 r. B
MOCKOBCKOM  MHKEHEPHO-CTPOUTENPHOM HMHCTUTYTE 3allIUTIII  JTOKTOPCKYIO
JUCCEPTalMIO M eMy OblIa NMPHCYKACHA CTEeNeHb JOKTOpa TEXHHYECKHX HaykK. B
1968 r. eMmy IpUCBOCHO 3BaHME Mpodeccopa.

B 1944-1946 rr. C.P.Mecusin paboran B EpeBanckoii mucranuuu mytd 3KB
x/m, a B 1946-1953 rr.— Ha ctpoutenscTBe [ tomymickoii ['DC.

Bosp11oi onmbIT CTpOMTENBCTBA TPYHTOBBIX COOPYKEHUH, ITy0OOKHE 3HAHUS B
0o0JacTH MEXaHMKH TPYHTOB, 3HAKOMCTBO C peoJjiorueil (Toi3y4yecThio, perax-
calyedl HamnpsHKeHUH W IIUTEIbHOW IPOYHOCTHIO MAaTEpUaloB) — HAyKOW o
TEYEHUM BellecTBa — 1o kHUram M.Peiinepa, H.X.ApyTioHsiHa U [Ip. MO3BOJIWIN
C.P.MecusHy paccMOTpeTh TIWHUCTHIM TPYHT KakK peojorudeckoe Tenmo. Ero
nepBas onyOnukoBaHHas pabdora (1954) — mepsas B ObBmiem CCCP pabota mo
MOJI3y4ECTH TPYHTOB — CTaja IMPOrpaMMHON AJISl €r0 Hay4yHOW nesTenbHOCTH. B
Hell BHepBele ObUIa HCIIOJNB30BaHA HACIEACTBCHHAs TEOpHUsA CTaperoIluX
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MartepuanoB MacnoBa-ApyTIOHSHA, IONy4YHMBIIas B JajbHEHIIEM IIMPOKOE
IPUMEHEHHUE B MEXaHUKE U PEOJOTUU IPYHTOB.

C.P.MecussHOM BBINIOJIHEHBI OOIIMPHBIE U BECbMa JIUTENbHbIE UCCIIEAOBAHUS
B 00J7aCTH OJHOMEPHOH M CABUTOBOM IOJI3Y4ECTH TIIMHUCTBIX I'PYHTOB. VM ObLI
pa3paboTaH METOXA BBIICICHHS IOJ3YyYECTU CKeJIeTa 3THX TPYHTOB U3 OOIIETO
mporecca JJMTENBHOTO  NeOPMUPOBAHMS, OH PACKphUl MNPUPOAY  ITHUX
nepopmanmii.  Paspaboram  MeTompl M OCYWIECTBHJ  HCCICIOBAHHSA
3aKOHOMEPHOCTEH  WM3MEHEHMS MIHOBEHHBIX W  MONA3y4yuX  JedopMaruii
BOJIOHACBHIIIIEHHBIX U HEBOJOHACHIIIEHHBIX ININHUCTBIX IPYHTOB IIPU IOCTOSIHHBIX U
MIEPEMEHHBIX HANPSKEHUIX, YCTAHOBWII TPaHULIbI IPUMEHUMOCTH K 3TUM TPYHTaM
HEJTMHEHHBIX TEOpPUH HACIEICTBEHHOH ION3y4YeCTH, YHPOYHEHUS M CTapeHUs c
y4€TOM M3MEHAEMOCTH X COCTOSIHUSA M MHOTHX Ba)KHEHIINX (aKTOPOB.

Oti padotsl nozsommn C.P.Mecusiny chopmynupoBaTh 0000IIEHHEIN 3aKOH
C/ABUTOBOW TMOJ3YYECTH, CBSA3BIBAIOLINNA MEKAY co00i HeMmMHelHYo AedopMalmio
C/IBUT'a, KacaTelbHOE HAMpPSDKEHUE, BpEMs, HOPMaJIbHOE HalpsDKEHHUE U ITapaMeTphl
MPOYHOCTH. PemieHsl 3ajaydl  Te4YeHHs TPYHTOBOTO CJOS II0 HAKJIOHHOMN
MIOBEPXHOCTH MPU CTATUUECKUX U CECMUYECKUX BO3AECHCTBUSAX.

OcymecTBieHa 04eHb OojplIas paboTa MO MPOYHOCTH TIMHUCTBIX TPYHTOB.
dynnamentanbabie uccienoBanus C.P.Mecusaa (1959-19651r.) mo3Bonmimu 1aTh
MCYEPNBIBAIOLINI OTBET HA MHOTHE CIIOPHBIE BOMPOCHI, M0 KOTOPBIM IIIJIa TOTAA
OonbLIas AUCKYCCHUSI.

C.P.MecusiH COBMECTHO CO CBOMMHM yYEHHKaM{ HPOBEN (yHIaMEHTaJbHbIC
WCCIICZIOBAHUS pellakcalluii HampsHKeHHH B IVIMHUCTBIX  TPYHTaX, TEpMO-
BUOPOPEOJIOTHH, PEOJOTUM HaOyXalollMX M MPOCAJAOYHBIX TPYHTOB, CO3IAHHIO
NPOTUBO(QUIBTPALMOHHBIX 3JIEMEHTOB THAPOCOOPYKEHUH U3 TPYHTOBBIX CMeEcCeH.
WM coznan N'ocynapctBennsiii ctannapt Apmenun ACT 178-99 no onpenenenuto
NPOYHOCTH TPYHTOB, CBOOOIHBIH OT MHOTHX HEAOCTATKOB MEKTOCYIapCTBEHHOTO
crangapra [OCT 12248-96.

Pesynbrater pabotr C.P.MecusiHa 1 €r0 Y4eHUKOB OITyOJTMKOBAHEI B 00OJiee YeM
170 paborax, B TOM uYHucie, B JAeBATH MoHorpapusx. Ero wmoHorpadun
«lTom3yuectp TAMHHUCTHIX TPYHTOB» (1967T.), «DKCIepUMEHTaNbHAs PEOJIOTHS
TMHHUCTEIX TpyHTOB» (MockBa: Hempa, 1985r.) m e€ BTopoe wu3maHue Ha
aurnuiickom  s3pike  ([ommangums:  bankema, 1985r.) nmaBHO — momy4miu
MEXTyHapOIHOE IPHU3HAHUE.

C.P.MecussHoM BHITIONTHEHA OOINBIIAas HAyYHO-OpPTaHW3allMOHHAs padora. Um
OpPraHU30BaHbBl KPYIIHBIE JIA0OpAaTOpUM IO peoJIoTMH TIpyHTOB B MHcrutyTe
Mexanuku HAH Apmenun u B EpeBaHCKOM TocylapcTBEHHOM YHUBEPCHTETE.
C.P.MecusiH NmIOZOTBOPHO 3aHUMAJICSI MOATOTOBKOW HAyYHBIX M WH)KEHEPHBIX
kaapos. [lon ero pykoBoACTBOM 3alIUIIEHBI IATh KAHAUAATCKUX IUCCEPTALNMA, OH
Ooiee copoka JeT mpemonaBal Kypc «MexaHHMKa TpPYHTOB, OCHOBAaHHS U
¢ynnamente» B BVY3ax EpeBana. Ero yueOHble mocoOWs, HalUCaHHBIE Ha
ApPMSHCKOM SI3BIKE, SIBJISIOTCSI HACTOJIBHBIMU KHMIaMM Kak IJIsl CTYJCHTOB BY30B,
TaK ¥ pabOTHUKOB T€OTEXHUYECKUX J1a00paToOpuii ApMEHHH.

Pepmakumsa xypnama «M3Bectuss HAH Apmenun. MexaHuka» TIyOOKO
CKOPOUT 10 CIIy4aro ero CMEPTH.

[lamsTh 3amMedaTeNbHOrO TPAXKAAHMHA M HM3BECTHOrO Y4Y€HOIO HaBcerna
COXPAHHUTCS B CEpALIAaX €ro JApy3el, KOJUIET, yUeHHKOB 1 BCEX 3HABILIHUX €TO.
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2U8UUSULh @hSNhE3NPULLESD UQQUSPL UUUNEURUSE SENtulahr
M3BECTUS HALIMOHAJIBHOM AKAJIEMUU HAYK APMEHUM

Uthuwmuthju 66, Nel, 2013 MexaHuka

IBJIAIIMMUP CAPKUCOBHUY CAPKUCSIH|

3-ro sHBaps 2013r. mocie mpoAoIKUTENFHOW OOJIE3HN CKOHYAJICS aKaJIeMUK
HAH PA, 3aciayxeHHBI nesrens Haykd PA, mokTop (pu3mKko-mMaTeMaTHIEeCKHX
Hayk, npodeccop Bramumup Capkucosuu CapKucsiH.

Brnagumup Capkucosuu Capkucsas poauncs 25-oro utoHa 1935 roaa B ropoae
[bxynpda HaxwmdeBana, B ceMbe XKeIIE3HOJOPOXKHHKA, KoTopas B 1938 romy
nepeexana B EpeBan. B 1957 roay oH yCHENIHO OKOHYMI OTACIICHUE MEXAHHUKH
¢usuko-mareMaTHyeckoro  ¢axyibreta  EpeBaHCKOro  rocynapCTBEHHOTO
YHHMBEpCUTETa U ObUI Ha3HAUCH acCUCTEHTOM Kadenpsl MexaHnuku. B 1959 romy
oH moctynun B actmpaHtypy EI'Y wu B 1962 romy B MockBe 3amuTui
KaHIUAATCKyIo, a B 1972 rony B Kazanu — poktopckyro aucceprauuio. B 1961-
1978rr. B.C. CapkucsH paloTan cTapmyM I[pernojaBaTesieM, JOLEHTOM,
npodeccopom. C 1978r. B.C. CapkucsiH — 3aBeAyrommid Kadeapoil MexXaHUKH
crutomHo#t cpensl ETY. B 1986 rogy Obul m30paH 4iI€HOM-KOPPECIIOHIICHTOM
HAH PA, a B 1996 rony — akanemuxom HAH PA.

[Ipodeccop B.C. CapkucssiH — M3BECTHBIH CIIENUAIHCT B OOJNACTH MEXaHHKHU
crutomHOM cpensl. Hayuneie uccnempoBanust B.C. CapkucsHa OTHOCATCS K PsIy
COBpPEMEHHBIX NPOOIEeM MEXaHUKM aHU30TPONHBIX U HEOJHOPOAHBIX TEI:
IOPOYHOCTH KOHCTPYKLUMH M3 KOMIIO3ULMOHHBIX MAaTepHUaloB, ONTHUMAILHOMY
MMPOEKTUPOBaHUIO (GOPMBI M MaTepuana KOHCTPYKIHHA (CTep)KHH, IIIACTUHKH,
000JI0YKH), TMHAMUYECKUM TIpOOJieMaM  aHM30TPOIHBIX HEOJHOPOIHBIX Cpe,
KOHTAKTHBIM 33j[adaM YIPYTHX TeJl C YIPYTUMH HaKIaAKaMH, TPaHUIHBIM 33/1a4aM
TEOPUU YHPYTOCTH C PAa3NAYHBIMU KpPHUBOJIWHEHHBIMH aHU3OTPONHSIMH. JI71st
pelieHrsT MHOTHX 3a/lad TEOPHUH YIPYTOCTH aHW30TPOIHBIX, HEOJHOPOIHBIX TEl
CYLIECTBEHHYIO POJIb HMMEIOT MpeIUIOKEHHBIE, pPa3BUThIE M OOOOWIEHHBIE UM
METOAbl (U3MYECKUX M TEOMETPUYECKUX MAJBIX MapamMeTpoB, 3((EKTHBHBIN
MPUOIIMKEHHBI METOM, MOCTPOCHHBIM Ha OCHOBE WHTETPO-TU(epeHITMATBEHBIX
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ypaBHEHUH ¥ (QYHKIMOHAJBHOTO aHanmyM3a, HoBas MoaudUKamus MeTona
pasfeneHusl NEePEMEHHBIX, IONYYEHHAs Ul PEIICHUS HECTallMOHAPHBIX 3a1ad
MaTeMaTudeckon (usuku, u apyrue metoasl. [Ipodeccop B.C. Capkucsu cozman
HAy4YHYIO LIKOJY TEOPHM yNPYrocTH HEOAHOPOAHBIX aHU3OTPOIHBIX Ted. Ilox ero
HEMOCPEICTBEHHBIM DPYKOBOJACTBOM 3aIUUTWIA  cBblle 50 KaHIUAATCKHX U
JOKTOPCKHUX AUCCEPTALUI yu€HbIC U3 HAILICH CTPaHbI U 3apyOexkKbsl.

OcnoBuble pesynstatel  B.C. CapkucsHa B 001acTH MEXaHUKH HEOIJHOPO.-
HBIX, aHU30TPOITHBIX TeJl OIMyOJUKOBaHBI B 7 MOHOTpaduax, ceie 300 HaydHBIX
CTaThAX " 12 y4eOHBIX TOCOOHSX.

IIpodeccop B.C. CapkucsH — ONBITHBIA OpraHM3aTOpP HAYKH U BBICIIETO
obpazoBanus. OH JONTHE FOBl PyKOBOAWI KadeApol MEXaHUKH CIUIOIIHON Cpeibl
EpeBaHCKOTO roCyIapCTBEHHOTO YHHBEPCUTETA, YUTAIl JIEKIUHU B YHUBEPCUTETAX
Bbparucnassl, Ilparu, byganemra, Bapmassel, bepnuna, Pocroka u 1.1

B.C.CapkucsH ObU1 OTHUM W3 OPTaHU3aTOPOB MHOTMX Kak Bcecolo3HBIX, Tak U
MexayHapoJHbIX KOH(pEpeHIHH 0 MeXaHuke AeGopMupyeMoro TBEPAOro Teia u
IOPUKIaTHON MaTeMaTHKe, ObUl IpelcenaTesieM, COIpeAcenaTeNeM, YJICHOM
Oprann3anoHHbIX KOMUTETOB 3THX KOH(EpEHIHH.

B 1981 rogy emy ObLIO IPUCYKIACHO 3BaHUE 3aCIY)KEHHOTO JesATelNs HAyKH, B
1999 romy Opl1 HarpaxaéH Menmaiaplo WMeHH AHaHna lllmpakamm, 3070TOMH
Menanpto uMeHn SHa KameHckoro bpaTuciaBCKOrO YHHUBEPCUTETA U MENAJIbIO
yHuBepcutera Mancypu Erunra. B 2005 r. HarpaxaéH rpamoTtoit
«dwu nnwy wg h p» (Bacrakarup) [Ipesugnyma HAH Apmenun, B 2009 1. —
30J10TON Menanpio npeMbep-muHUCcTpa PA, B 2005, 2010 IT. — 3070TO# Meaanbio
EI'Y. Oxomno 30 ner B.C. Capkucsz pykoBoaun Crernuann3upoBaHHbiM CoBETOM
[0 IPUCYXKICHUIO YUEHOH CTeneH! KaHauaara GU3UKO-MaTeMaTH4eckuX HayK IO
CHELUAIBHOCTH «MeXaHWKa negopMupyeMoro Teépaoro tema». OH sBACA
pPeAaKTOpOM MEXKBY30BCKOTO JKypHana «MexaHHKay, WIEHOM peIKOJUIeTUH
xKypHanoB «Hayunsie Tpynst EI'Y», «1138B.HAH Apmenun. Mexanuka.

B 1988r. mpodeccop B.C.Capkucsa cran OCHOBOIIOJIOKHHKOM M TIEPBBIM
JIekaHoM (akynbrera MexaHuku, 1990-1992 rr.— npopekropom EI'Y no Hay4dHBIM
Bompocam, 1993-1994 rr. — n.0. akageMuKa-cekperapsi OTACIeHNUs HHPOPMATHKH
U TexHuueckux Hayk u wieHoM Ilpesummyma HAH PA, a B 1994 rogy —
3amectuteneM mpeacenarens llpoGnemHoro CoBera MareMaTHKM M MEXaHHUKH
HAH PA, B 1996-2007 rr. — nekan Qakynpreta Mexanuku EI'Y, ¢ 2007r. —
nou€THBIN 3aB.Kadenapoit mexanuku EI'Y.

Hayunas nesrensHocts B.C.CapkucsiHa mnoiydmiaa MEXIYyHapOAHOE IpU3-
Hanue. OH SBJSUICA MOYETHBIM UYJICHOM TOBApHINECTBA MEXaHUKOB AKaJleMUU
Haykx Cnoakun, uneHoM HaruonansHbix KomMuTETOB TeopeTmdyeckod M NpHUK-
najgHoi mexaHuku Poccun u ApMeHuu, yieHoM MexayHapogHOro TOBapHIleCTBa
COTPYIHHUYECTBA MaTEMATHKH U MEXaHUKH U T.1.

[laMsATp 3ameuyaTeNBHOTO TOBApHINA, TPaXKAAHWHA W M3BECTHOTO YYEHOTO
HaBCETla COXPaHUTCA B CEPALAX €ro Apy3eH, KOJIIET, YICHUKOB.

Penxomnernst xypuana «M3Bectus HAH Apmennn. Mexanuka» TiyO0oKo
CKOPOWT IO CITyJar0 ero CMEPTH.
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LU3UUSULP GhSAME3NMLLELP U2GU3PL UHUAGUPU3P SEAEUUA-hP
N3BECTUA HALTUOHAJIBHOU AKAJEMWN HAYK APMEHUN

UtuwGhyw 66, Nel, 2013 MexaHnka

IAJJEKCAHJIP TEOPTMEBUY BATJ1OEB|

2-ro Mapta 2013r. ymén u3 >KM3HU U3BECTHBIA yUEHBIH, YIEH-KOPPECTIOHACHT
HAH Apwmennn, pokrop (u3MKO-MaTeMaTH4ecKuX Hayk, mpodeccop barmoes
Anexcannp ['eoprueBud.

Bbarnoes Anexcannp I'eopruesud poauncs 9 utons 1933 r. B r.TOunucu B cembe

cayxammx. [locie mepeezna B EpeBan B 1950 r. ¢ 30510TOM Menaapio OKOHYHII
mkoiy uM. B.UkanoBa. B Tom ke romy mnoctynwi B MI'Y Ha MexaHUKO-
MaTeMaTHYeCKHi (aKyJIbTeT, TAe 32 OTIIHNYHYI0 yu€Oy ObL1 yoctoeH CTalnHCKOM
crunienauu. Cpasy mocie okoHuanus MI'Y moctynui B acnupaHTypy Ha Kadeape
«BomHOBOW W Tra3oBOM OWHAMUKI» M TaMm ke B 1959r. mom pyKOBOICTBOM
npodeccopa A.S.CaroMoHsIHA 3aNTUTIUT KAaHTUAATCKYIO TUCCEPTAITHIO. 3aTeM ObLT
npuHAT Ha padoty B MHcTHTyT Matematuku u mexanuku AH Apwmsakoir CCP —
HeiHe MHcTHTyT Mexanmku HAH Apmenun, rae mpopabotan A0 KOHI@ CBOUX
maeii. B 1972 romy B MI'Y Anekcanmp ['eoprueBud 3amuTui JOKTOPCKYIO
JUCCepTaINio, KOTopas Oblila MOCBSIEHA BOIPOCaM OTpeNeieHns 0coOeHHOCTeH
(hpoHTOB NHHEHHBIX W HeNMWHEHHBIX BoMH. B 1993r. Obu1 ymocTroeH 3BaHUS
npodeccopa, a B 2000r. 6bu1 M30paH dneHoM-koppecnonaeaToM HAH Apmenun.

Cdepa nayunbix unTepecoB A.I'.barmoeBa m0OCTaToO4HO IIMPOKA W KacaeTcs
CaMBIX pa3HBIX BOIPOCOB MeXaHWKH nedopmupyemoro TBEpAoro tema. OH
SIBJIIETCST aBTOPOM TpEX MOHOTpaduit u 6onee yem 350 crareit.

Bonbuioe BHHMaHWE yAENANOCh M3YyUEHUIO HETMHEHHBIX KBa3UMOHOXPOMATH-
YECKUX BOJIH MOIYJIALMH B Pa3MUYHbIX MEXaHUYECKUX M ONTHYECKHX cpemax. M3
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MONTyYEHHBIX HEIMHEHHBIX IBOJIOIMOHHBIX YpaBHEHUH, YUUTHIBAIOMINX d()(eKTh
Juccunauny, ObllM  BBIBEACGHBI  HenuHeWHble  ypaBHenus —Llpemunrepa,
OINMCHIBAIOIINE MOBEIEHUE AaMIUTUTYIbl MEPBOH TapMOHUKH C KOMIUIEKCHBIMH
kod(punmenTamMu, ISl KOTOPBIX aHATMTHYECKH OBUIM PEIICHBI 33adi 00 y3KHX
nmyukax. [lpm wu3ydYeHWW HENWHEHHBIX BOJMH MOIYJSIUA B MarHUTOYINPYTHX
IUIACTMHAX KM OBUI TPEUIOKEH M Pa3BUT MPOCTPAHCTBEHHBIH MOAXOH K
OTIPEICNICHUI0 YacTOT JIMHEHHBIX KoJieOaHW. BbIIM HccliefoBaHbl MOJYIISIHOH-
Hasg YCTOMYMBOCTb MU YCTOMYMBOCTH COJIMTOHHBIX PEIIEHUN HBOIIOIMOHHBIX
ypaBHeHUH. BbuT pemén ps TMHEHHBIX HECTAIMOHAPHBIX 33/1a4 Ta30AMHAMUKA U
JUHAMMYECKOM TEOpUM YNPYTOCTH, B TOM UHCIE KPAEBBIX, a TaKXKe HEeIHHEeHHas
3a7a4a BOJIM3U KayCTHKH.

OmHuM U3 OCHOBHBIX HocTmkeHuid A.l'.barmoeBa B pa3BUTHH MEXaHUKH MOYKHO
cuntath 0000menue merona Ilyankape—Jlaitrxmmia—['o Ha qByMepHBIE BOJTHOBEIE
3a/1aun JUPPAKIIMU U KayCTUKU.

B mocnennue ronsr A.I'.bargoes erie Oojiee pacuIvMpuil KPYr CBOUX HayYHBIX
WHTEPECOB, CTapasCh MPUMEHUTh HAKOIUICHHBIN OMBIT TEOPETUIECKIX HCCIIET0Ba-
HUH K J€TEPMUHHPOBAHHBIM M CTOXACTHYECKUM IpoIleccaM B SKOHOMHUKe, (pr3uKe,
COLIMOJIOTHH, OMOJIOTHH, CEHICMONIOTHH, U, TEM CaMbIM, COJU3UTH pa3Hble 00NacTH
€CTECTBEHHBIX M TYMaHUTApHBIX HAYK.

PesympraTel  mcciemoBaHuit  AnekcaHmpa —I'eoprmeBmua B 00JacTH
MpaKkTHYeCKor ¢mIocohun W 3TUKH OBUTH OMyOJMKOBaHBI B IOMYJISAPHOU U
Hay4HOH JIUTEpaType.

A.I".barnoeB otnnuancs U JOCTaTOYHO aKTUBHOW HAayYHO-OPTaHU3ALIMOHHON U
MeJarorMIecKo  JesATeNbHOCTRI0. (Oc0o00 CliemyeT OTMETHTh CBOCOOPa3HYIO
HAay4YHYIO MIKOJY, CO3JaHHyI0 MM B ropojne ['opuce, xkoropas crama 6a3oi mis
OpraHM3aliy MEXAyHapomaHo! KoH(epeHIn «[IpoOieMbl NTUHAMUKK B3aWMO-
JOecTBUS 1eOPMHUPYEMBIX Cpel», PYKOBOAUTENEM KOTOPOW MOUCTHHE SIBISJICA
Anexcannp ['eopruesud.

A.l''barnoeB sBissicss pykoBojauTeneM 14  KaHAMAATCKMX W HAyYHBIM
KOHCYJIbTAHTOM 3 JIOKTOPCKUX JUCCEPTAIHN.

Cpoeii pabotoii B WHcTuTyre ™Mexanuku HAH Apmenun A.I'. Barmoes
3aCAyXWJI ~ JI0O0OOBb M yB@KEHHWE  KOJUIEKTHMBA,  BCEr/la  BBIACIAJICS
JI0OpOXKENaTeNbHOCTHIO, 3a00TIMBHIM BHIMaHHEM K MOJIOIBIM, TOTOBHOCTBIO OBITh
MOJIE3HBIM B HY>KHBII{ MOMEHT.

Penakuus xypnana «M3Bectuss HAH Apmenun. Mexannkay» riry0oko CKOpOUT
IO MTOBOJY €r0 CMEpTH.

[lamsaTh 3aMedaTeNbHOTO TOBAPHINA, TPAKIAHWHA W WM3BECTHOTO YYEHOTO
HaBCET/Ia COXPaHUTCA B CEP/IAX €ro Ipy3eid, KOJIeT, YYeHUKOB.
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