€NJ4NALNHN WENDHEN JJAN W USIIUSID
VNOILVN 0 SONIAZdD0¥d UMHANAY NAVH UK
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MXHUTAPSAH CYPEH MAHYKOBHUY

(K 70-71eTHIO CO THA POKIEHUS)

HNMenuToMy y4YeHOMY B OOJIACTHM CMEIIAHHBIX KpaeBBIX 3ajad MEXaHUKU
CIUTOITHOM Cpeasl W MaTeMaTH4eCKOW (QH3UKH, IOKTOPY (PH3MKO-MaTeMaTHIECKIX
Hayk, npodeccopy CypenHy ManykoBudy MxutapsHy UCHONHUIOCH 70 JeT co JHS
POXKICHUSI.

C.M.MxwutapsH poxamncs 4-oro wmas 1939 roma B cene Kapuaxmiop
Bapnenucckoro paiiona Apmennn. B 1963 romay ¢ oTiiMumeM OKOHYHI MEXaHHKO-
MaTeMaTHyeckuil (akynbreT EpeBaHCKOTO ToCylapCTBEHHOTO YHUBEPCHTETa U OBLI
OCTaBJICH Ha paboTy accucreHTOM Ha Kadempe «Mexanmkay. B 1964-67 romsl
MIPOXOAMII aCIHUPAHTCKOE 00y4YeHue Ha Kadeape TeopeTruueckoit Mexanuku OeccKoro
CTPOUTENHHOTO HMHCTUTYTA TIIOA PYKOBOJACTBOM W3BECTHOTO MaTeMaTHKa dJieHa-
koppecnongenta AH Ykpaunsl, npodeccopa M.I'.Kpeiina. C 1967-oro roga padotaer
B UHctutyTe Mexanuku HAH PA. B 1969 r. 3amutun kaHAuaaTckyo, a B 1991 roay —

JOKTOPCKYIO JIUCCEPTALIUH.



OdyHnamMeHTalbHBIE Hay4Hble HcciemoBanus mnpodeccopa C.M.MxwurapsiHa,
HaIpaBICHHBIE HA pa3BUTHE AHANUTHUYECKUX W YHCICHHBIX METONOB pEIICHUS
KOHTAKTHBIX M CMEIIAHHBIX KPaeBBIX 3aJad TEOPUH YIPYTrOCTH, BSI3KOYNPYTOCTH U
MOJI3y4ECTH, MOMYYCHHE 3aMKHYTBIX PEHICHHH IJIs HOBBIX 3aJa4 M3 JTOro Kiacca,
HECOMHEHHO BHECIJIM CYLICCTBEHHBIH BKJIAJ B Pa3BUTHE MEXaHUKU NePOPMUPYEMOTO
TBEPHOTO Tena. B 3THX HCCIENOBaHMAX YETKO TIPOCIEKHBAETCS — CTporas
MaTeMaTH4ecKasl MOCIeI0BaTENIbHOCTh M CTPEMJIEHHE TPUBJIEYh K PEIICHUI0 3ajad
MEXaHHUKH BCE HOBBIE 3JIEMEHTHI U3 OOraTeiiero apceHana BbICIIEH MaTeMaTUKH, YTo,
0€e3yCIIOBHO, SIBJISIETCS LIEHHEHIINM NMPHOOpPETEeHHEM aclupaHTCKoro oOyueHus. [Ipu
3TOM IIOJyYeHbl W HOBBIE PE3yJbTaThl B 00JAacTH MaTE€MaTHUKH, HAalpUMEp, HOBBIC
CIEKTpaJIbHBIE COOTHOIIEHUS ISl CHHTYJISIPHBIX HHTETPAIbHBIX OIIEpaTOpOB.

[Ipodeccopom C.M. MxurapsHoM ormyOnukoBaHo Oonee 90 HaydyHBIX cTaTed U
pAacCIIUPEHHBIX TE3UCOB MEKIYHAPOAHBIX KoH(pepeHIuil. JlocTaTOuHO IIHUPOKHIA
CIIEKTpP MOJYYEHHBIX Pe3yJbTaToB 0000IIeH B KHUTe «KOHTaKkTHBIC 3a1aun ISl TEJ C
TOHKHUMH MOKPBITUAMHU M TIPOCIIOMKaMI), HaITUCAHHOM B COABTOPCTBE C Mpodeccopom
B.M.AnekcanapoBbIM.

JoBonbHO OOWmMIMpHA H HAyYHO-TIEAAroruveckas AesTeNIbHOCTh mpodeccopa
C.M.Mxutapsina. bBonee Tpuauatu JeT oH sBiIseTcs (PaKTHUECKUM PYyKOBOAUTENEM
HAyYHOTO HaNpaBJeHHMs KOHTAaKTHBIX M CMEIIAHHBIX 3aJad TEOPHH YIPYTOCTH U
Bsskoynpyroctu B Uuctutyre Mexannku HAH PA. CoBMecTHO ¢ Hay4yHOU
nesitenbHOCcThi0  mpod. C.M.MxwurtapsH mpenojaBal B pa3iuuHeix BY3-ax
pectiyOnmuku.  Ilog ero  HaydyHbIM  PYKOBOACTBOM M HENOCPEICTBEHHOM
KOHCYJIbTATUBHOM YYacTWUH 3aluieHo Oojee 20-TH KaHIAMIATCKUX M JOKTOPCKHUX
JUCCePTALM.

IIpodeccop C.M.MxwurtapsiH HOATHE TONBI SBISAETCS UICHOM pPEHaKIIMOHHOM

kosuieruu >xypHana U3sectuss HAH Apmenun "Mexanuka”.

Pemakmms  xyprama MsBectms HAH  Apmenun “MexaHuka” — cepAedHO
no3zpasiser gopororo CypeHa MaHyKOBUYA CO CIaBHBIM IOOHIICEM, KEJIAeT KPEIKOTO

300pPOBbA, HOBBIX TBOPYCCKUX YCIIEXOB, BCAYECKUX OJ1ar B JKM3HH.
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I'EBOPKSH PYBEH CTEITAHOBNY
(K 70-neturo co IHS pOKISHIS)

Pommncss 17 mosiopss 1939r. B ceme Aszar Xammapckoro paiiona A3z.CCP, B
CeMbe peMeCIeHHHKA.

B 1957 r. oxonumn apmsHckyto mkony Nel2 r. KupoBabama (I'anmzak) u
HOCTYITHII Ha MEXaHHKO-MaTeMaTHIECKHUH ¢baxkynbTeT EpeBanckoro
rOCYyJapCTBEHHOI'O YHHBEPCHTETa, KOTOPBIH OKOHYMJI II0 CIELUAIBHOCTH
“Mexanuka” B 1962 r. u Obi1 Ha3HaueH nabopantom Kadeaps mexaHuku.

C 1963 r. mo 1966 r. npenonaean B mkoie u Texuukyme B Komu ACCP,
OJTHOBPEMEHHO paboTas WH)XCHEPOM B CTPOWTENBHOHN nmabopatopun. B 1967 .
pabortan crapmmMm umKeHepoM  EpeBanckoro HaydHo-mcciieoBaTenbCKOTo
WHcTuTyTa KaMHS M CUITUKATOB.

C smBaps 1968 1. I'eBopksa P.C. mepemen Ha mperogaBaTelIbeKyo padboTy B
EpeBanckom 300BeTeprHApHOM HMHCTHTYTE, KOTOPHIA MO3KE OOBEAWHHUBIIUCH C
APMSHCKUM CEJIbCKOXO3SHCTBEHHBIM MHCTHUTYTOM, TIEPEMMEHOBAaH B APMSHCKHHA
locynapcTtBeHHblil arpapHblii yHHBEpcuTeT. Paboran mpemopaBaTeneM, CTapLINM
npenogaBareiaeM (¢ 1988 r.), momerrom (¢ 1990 r.) u mpodeccopom Kadempsl
“Bpicimas maremaTtWka W TeopeTudeckas Mexanwka’ (¢ ceHTsOps 2000 r. mo
ceHtsiOps 2007 r.). Ilpodeccopom ['eBopksrom P.C. Hanucans! ceoitie 20 yueOHO-
METOANYECKIX paboT.



Hayuno-nemarorndeckass pabota ['eBopksina P.C. Oblia oTME4eHa MOYETHRIMU
rpamoramMmn  MuancTepctBa  OOpazoBamms u  Haykm PA  (20051.) m
PecniyOnukanckoro koMuTeTa NpoQcoro3a pPabOTHHKOB CEILCKOTO XO3SHCTBA
ApMmCCP (1985r1.).

Haugmnas ¢ 1981 r., I'eBopksa P.C. cTtam akTHBHO 3aHUMATLCS HAyIHOU
paboroii. OH  3amuTmn kaHauaatckyio (1987 r.) m mokropckyio (1999 r.)
muccepTaru, npogeccop ¢ 2000 roxa.

C 1991 r. mo coBmectutenscTBy, a ¢ 2007 T. Ha MONHON cTaBke paboTaer B
HNuctutyTte Mmexanuku HAH ApMmeHuu BelylIiuM Hay4HBIM COTPYIHUKOM.

Hayunas mesTensHOCTh JOKTOpa (pU3MKO-MaTeMaTHUECKHX HayK, mpodeccopa
I'eBopkssna P.C. mocpsillieHa  MOOAYYEHUIO  ACUMOTOTUYECKUX  PEIICHUN
HEKJIACCHYECKMX CMEIIaHHBIX KPAaeBhIX 3a/1a4 TEOPUH TEPMOYIPYTOCTH CIOWCTBIX
Oasiok, TIacTUH B 000JOYEK M3 COKUMAEMBIX W HEC)KHUMAeMBIX, aHU30TPOITHBIX,
YIOPYTUX U BSI3KOYIPYTHUX MartepuanoB. PemieHus Takux 3ajad UMEIOT LIUPOKOE
MpUMEHEHHEe B CEHCMOCTOWKOM CTpPOHWTEIhCTBE, B UYACTHOCTH, B pacderax
(yHIaMEHTOB M OCHOBaHM, pe3NHOMETAIITHUECKIX CEHCMOU3O0IISTOPOB 3aHHN 1
coopyxkeHuil. P.C.I'eéBOpKSHOM TakXe TOJIy4eHbl BaXKHBIE pE3yJbTaThl B
TEMIEepaTypHBIX 3aJadaxX JUisd IUTACTHH M 000J0YeK, B IPOCTPAHCTBEHHBIX
TEPMOYTIPYTHUX 3afadax Juidi TOPOMAANBHBIX 00onodek. Pesymprarel  ero
uccienoBanuit  0000menst B kHure JI.A.Aranoesna, P.C.I'eBopksHa—
Heknaccuueckue kpaeBble 3a7auydl aHM3OTPOIHBIX CIOHUCTBHIX OajoK, IIACTHH U
obomnouek. Epeman: “Turytion”, 2005. 468c. 1 B Oomee 50 HAyYHBIX CTAThHSX,
0oJbIIas YacTh KOTOPBIX OITyOJIMKOBaHA B aBTOPUTETHBIX MHOCTPAHHBIX JKypHAIax
U TPyIaX MEXTyHAPOIHBIX KOH(PEPEHITHIA.

HeomHokpaTHO y4yacTBOBaj C MHTEPECHBIMHU JTOKJIAJaMH Ha MEXTyHAPOTHBIX
HAYYHBIX KOH(EpPEeHUUSIX Kak B APMEHHUH, TaKk W 3a pyOeXoM, B YaCTHOCTH, B
XapbkoBe (Ykpauna, 1986r.), Bene (ABctpus, 2004 r.), na Cantopunu (I'peuns,
2005 r.), B Can [uero (CILIA, 2006 r.).

[Ipodeccop P.C.I'eBopksiH sBIAETCS OMHMM W3 OCHOBHBIX HCIIOTHHUTEICH
MEXTyHapOIHBIX HaydHbIX TpaHToB: SOROS (1994-1995r.r.)., INTAS 97-1140
(1999 — 2001 r.r.), ISTC - A 651 (2002 — 2004 r.r.), INTAS 03-51-5547 (2004-
2006 rr.), ISTC — A892 (2005-2006 tT.), INTAS-06-100017 (2007-2008 rT.)

P.C. TeBopksHa oOTIMYaeT TPYAONIOOHE, IIETICYCTPEMIICHHOCTh M TOJHAs
0TJaya CHJI Hay4YHBIM HCCIICIOBAHUSM.

Penakuus xypuana “Ussectuss HAH Apmenun. MexaHuka” U COTPYAHUKHU
HMHcTHTyTa MEXaHUKH T03ApaBIstioT Pybena CremanoBruya ['eBOpKsIHA CO CITABHBIM
100HIIeeM, JKENAIT eMy JOOpOTro 37I0POBbS U HOBBIX TBOPYECKUK YCIIEXOB.
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V]IK 539.3
KOHTAKTHASI 3AJIAYA JJIS1 HOJIYBECKOHEUYHOM
IJIACTAHBI, YCUWJIEHHOM JIBYMS ITOJTYBECKOHEUHBIMHA
HAKJIAAKAMU
ArabexsH IL.B., I'yasan K.I'.

KiroueBble ciioBa: Hakiajka, nedopMaiis, KOHTAaKTHbIC HANpPsDKEHUs, MPeoOpa3oBaHue,
OPTOrOHAJILHBIC MHOTOUJICHBI.

Key words: stringer, deformation, contact stresses, transformation, orthogonal
polynomials.

Md. Unuptjjwb, 4.Q. Q9mjwb
UnlnwlywnuighG fuGnhp, tpym Yhuwwgbpg yepunghpGhpm]
mdtnugyud YhuwwGytpg vwih hwdwp

Uluwwnwlpnid nhnwpyymd b jhuwwlytpe ytpunhpltipng mdtnugywo Yhuwwlytpe uwih fulnhp:
GhuwuwGyting vwp nhbnpiwgynid t yapwnhpllinh owjptiphG yhpwngwd ndtinh wqntignipjul mwly:

bnipytih dlwthnfunipyniGltph oqlinipjwdp, fuGnhpp ptipymd b ytpunhpGtph dhol qubynn dhowyjwy
hwwnjwoh nhbnpiwghwGtph Gyuwmiwdp uhlgnijjup hGmtigpu hwjwuwpiwb (nodwbp:

UjGnthtimle uhGgnijup hGnbgpw) hwjwuwpiwl nomdp, Atiphplh oppngnlw) pwqiwlnuiGtph
oqlnipjwip ptpymd b pywghihnypG ntgnujuwp qowjhG hwlpwhwyuwlwl hwjwuwpniiGiph wGybpe
hwidwlupgh modwn:

Unwgqwo bl whtpenipynilind YnGumwlyumwghG jupniGinph quppp plnipugpnn fuwpwlmtinhunhly
pwlwdlbp:

P.V. Aghabekyan, K.G. Goulyan
Contact problem for a semi—infinite plate, fastened by two semi—infinite stringers

In the paper a contact problem for a semi—infinite plate, fastened by two semi—infinite stringers is considered.
The semi—infinite plate is deformed under the action of the forces, applied at the end points of the stringers.

With the help of Fourie transformations, the problem is reduced to the solution of the singular integral
equations, relative to the deformation of the intermediate interval between the stringers. Later on, the solution of
the singular integral equation with the help of Chebishev orthogonal polynomials is reduced to the solution of
quasi—totally regular infinite systems of linear algebraic equations.

The asymptotic formulae, characterizing the behaviour of tangential contact stresses at the points at infinity, are
obtained.

B pabore paccMaTpuBaeTcsi KOHTaKTHas 3ajada Ul IIOMyOSCKOHEWHOIH ITACTHHBI, YCHIICHHOH IBYyMs
NoTy0eCKOHeUHbIMH  Hakiaakamu. IlomyOeckoHeuHass IulacTHHA ae(OpMHUpPYETCs MOA  JeHCTBHEM  CHII,
TIPUIOXKEHHBIX Ha KOHI[AX HAK/IAIOK.

C nomompsio npeodpaszoBanus Dypre 3a7a49a CBOJUTCS K PEHICHUIO CUHTYISIPHOTO HHTETPAIbHOTO YPaBHEHHS
OTHOCHTEIBHO Ie(hopMaluy IPOMEKYTOYHOTO MHTEpBala MeXIy Hakilaakamu. [lanee pelieHue CHHIYISPHOTO
HMHTETPATbHOTO YPaBHEHUs C IOMOIIBIO OPTOrOHAIBHBIX MHOTOWICHOB YeOblIeBa CBOJHUTCA K DEIICHHIO
KBa3HBIIOJIHE PErySIPHBIX OECKOHEUHBIX CHCTEM JINHEHHBIX anreOpandeckux ypaBHEHHUIL.

ITosmydeHsl acuMnTOTHYECKHE (OPMYJIBI, XapaKTepU3YIOLIME IIOBEJCHNE TAaHTCHIMAIBHBIX KOHTAKTHBIX
HAMNpsDKEHHH B OECKOHEYHO YIaIeHHBIX TOUKAX.

[Tyctp monyOeckoHE4Has IUIACTUHA C JBYMS IOJTyOECKOHEYHBIMH HaKJIaJKaMH
nedopmupyeTcs oz IeCTBUEM CHIT P1 u P,, npunoskeHHbIX, COOTBETCTBEHHO, Ha JIEBOM

W TPaBOM KOHIAX HAaKIaJOK M HaIpPaBJICHHBIX BIIOJIb HakiIaaok. [IpudeM, HakIaaku
napajuleNibHbl TPAHULE TUIACTUHBI U HAXOJATCS Ha OJHOM JUHUHU. OTHOCUTEIHLHO HAKIIAJ0K
MPUHUMAETCS BO BHUMaHUE MOJEIb KOHTAKTa MO JIMHUM, TO €CTh MPEANOiaraercsi, 4ro
TaHT€HLMAJIbHbIE KOHTAKTHBIE YCUIIUS COCPEIOTOUYEHBI BAOJb CPEAHEN JTMHUU KOHTAKTHOTO
yuactka [1].



A OTHOCHUTENILHO YHPYTroi IOJyOeCKOHEUHOH IIaCTHHBI NPUHAMAETCS, 4YTO OHa
HaXOJWTCSI B YCIOBHSAX 00OOIIEHHOTO IIJIOCKOTO HANPSHKEHHOTO COCTOSHUSL.

Cunraercsi, YTO HaKJIaIK{ HE CONPOTHUBISIOTCS U3THOY.

3ajaua 3aKIIOYAeTCsl B ONPENEIICHUM KOHTAKTHBIX TaHTCHLIMAIbHBIX HAIPSHKEHHH,
JEWCTBYIOIIUX IO/ HAKIIAKaMH.

PaccmarpuBaemyto 3aauy NpeACcTaBUM B BUJIE CYMMBbI UETHOW M HEUYETHOM 3a/1a4.

1. Yernas 3agmaua. B cioyuae 4€THOW 3amayu, CWIbI, JCHCTBYIOIIME Ha KOHIAX
P+P,

HaKJIaJ10K, paBHbI Ql = 1 UMCIOT OAMHAKOBBIC HAIIPpaBJICHUS.

Pemenne 3amaum  CTpOWTCS MeETOAOM, W3JIOKeHHBIM B [2]. Umes B Buay
BBINICCKAa3aHHOC, YPaBHCHHS PaBHOBECHA HAKJIAAOK 3allIIYTCA B BUJC!

d’u, 1 (X)

o ER’
[IPYU CJIEAYIOLINUX TPAHUYHBIX YCIOBUAX:

du|  Q . du Q.

dx|_, EF’ dx|_ EF’

roe U, (X)— NepeMelICHHe TOYCK HAKIANoK, T, (X) — MHTEHCHUBHOCTb TaHI€HIIHAJIbHBIX

X >a (1.1)

(1.2)

X=—a

KOHTAKTHBIX CHUJI, Fl — IJiomaab NonepeuIHOro CCUYCHUA HaKIaa0KkK, E1 — MOAYJIb YOPYIroCTu

HaKJIaJ0K, Ql — COCpCAOTOUCHHAA CHuJia, ,ueﬁCTBonma;{ Ha KOHIIaX HaKJIaJOK.

YpaBuenust pasaosecust (1.1) npu ycnoBuu (1.2) ¢ moMoInpio 0000IIEHHBIX QYHKITUI
MOJKHO 3aMucaTh B BUJI€ OJIHOTO YPaBHEHHS B CIEAYIONIEM BUJIE:

U, _u(¥)_Q

x " EF ElFl[S(x—a)+6(x+a)], —0< X< ® (1.3)
rae

U,(x)=]6(-x-a)+0(x-a) % —0< X< o,

1 (x)=[0(-x-a)+0(x-a)]r,(X), —w<x<ox,

d ( X) — (ynxuus Jlupaxa, 0 ( X) — Qynkuus XeBHcaiiga.
C npyroii CTOpoHBI, I AeopMaIy TOYEK MOTyOSeCKOHEYHOU TUTaCTHHBI, KOTAa Ha

X
He€ IEUCTBYIOT TAHI€HIUAILHBIE YCUIINS HHTEHCUBHOCTBIO T, (X) , umeeM [3]:

° 8b? (x —
U (xb) =U (x,b)+U (x,b) = ——— [ | (x=s) .
nHl J | x—s (X—S)2+4b2}
2b* (x—s)|12b* —(x—s)’
X—$ *
H TR [ ) 3 } 7 (s)ds, 1.4
(X—S) +4b [(X—S) +4sz (1.4)
—0< X<

rae



du(x,b)

U(l)(x,b)=[6(—x—a)+6(x—a)]T, —00 < X<,
U(z)(x,b):[e(x+a)—e(x—a)}%, —0< X<,

u (X, b) — FOPU30OHTAJIbHBIC nepemMenicHus TOYCK nony6ecx0HeqH0171 IJIAaCTHHBI,

H — TOJIINIWHA IIJIAaCTHUHBI,

2 C(I+v)(v-3)+8 _2(1+v)
"ﬁ’ 6= (1+v)(3-v) L=

N — xoaddunuent Jlame, V — koaddunuent Ilyaccona.

YcnoBrueM KOHTaKTa MeXly TUIAaCTUHOM 1 HaKIaaKaMu OyJIeT cieyloree:
U,(x)=U"(x,b) —co<x<o. (1.5)
Teneps, npumenus k (1.3), (1.4) u (1.5) npeobpazoBanne Dypre, mocie HEKOTOPHIX
BBIKJIQJIOK, COOTBETCTBEHHO, ITOY4YUM
- T (o) 2
—|cU1(c)=L—&cos(ca) (1.6)
EF EF

U (o,b) = —#{sgnc+(d1 sgnc —bo +d,b’>sgno -6’ )e_z“"b}f (6)-U% (o,b) (1.7)

T T@
UI(G)=U()(G,b), (1.8)
rze U (o) = IU (x)e”dx; T, (c)= jrf(x)eicxdx.

Janee umest B Buay ycinoBue kontakra (1.8), comocraBnenuem dopmyin (1.6) u (1.7),
MOCJIe HEKOTOpBIX IpeoOpa3oBaHuii, ans TpaHcopmanTel Dypbe TaHreHIMATBHBIX
KOHTAKTHBIX HAaNpsDKeHWH W AedopManmii NPOMEKYTOYHOTO HWHTEpBAJa MEXKIY
HAKJIaJIKaMH [OJIyYUM clenyromniee (pyHKIMOHATFHOS YPaBHEHUE:

., icHIU® (o.b) cos(oa)
T (o) = "R (o) + 2Q17»—}L K (o)’ (1.9)
HI — 3\ s
e k= K(G)=|G|+(dl|0|—b62 +d,b?[o] )e 2ol (1.10)

171
[MpumennB k (1.9) oOpatHoe mnpeoOpazoBanne @Dypbe, AT TaHT€HIHMAIBHBIX
KOHTaKTHBIX HANPSDKCHUH MTOyYnM

() =—HI [ R(x=5)U® (s,b)ds + QA[R(x—a)+ R(x+a)], i
B —0< X<
1 1 0 eficsx

ke R lnrE™

00

rac ﬁ(G)

Janee, nMes B BHULYy, YTO ’CT(X)=0 npu |x|<a, n3 ypasHeHus (1.11) mms

JeopManuy MPOMEKYTOYHOTO HMHTEpBajda MEXIY HAKJIaIKaMH IOJIyYdUM CIIEAyIoIee
WHTETPANIbHOE YpaBHEHHE:



jR’(x—s) (s, b)ds_Ql [R(x+a)+R(x-a)],

x|<a (1.12)

Taxkum o0Opa3om, pelieHue 3aJaddl CBEJIOCh K PELICHHIO MHTETPAIbHOIO YPaBHEHUS
(1.12).

Pemenne wuHTerpanpHoro ypaBHeHus (1.12) mnpuBogMM K AKBUBAJIEHTHBIM
KBa3WBIIOJIHE PEryJsipHBIM OECKOHEYHBIM CHUCTEMaM JIMHEHHBIX — alnreOpanvecKux
ypaBHeHuid. CTpyKTypa pelleHus HHTerpanbHoro ypasHeHus (1.12) 3aBucur OT siapa

R (X) . Jlnsi storo R (G) HPE/ICTABUM B BHIE
R ! ! 1=
R(o)= _ - _ _ _R |
) r+K(o) 2+[o|+K (o) A+|of (). (1.13)
rae KI(G):(d1|G|—bGZ +d2b2|6|3)eiz‘c‘b,
R K (o)
R o)= 1 _ )
1( ) (x+|0|)(7&+|6|+ KI(G))

[Tpumenus k (1.13) obparHoe npeobpazoBanue Pypre, Oynem nmets [4]:

1 1w
R(x)_n{\y() 1|kx|+ 5 }Jr (1.14)

m=1 T

o ()" 1 O D U =N
+Z { (2m)!|:\y(2m+l)+lnm}+(—l) 5(2m+1)!}_ﬁ_wR'(G)e do

TJe PSAJ CXOIUTCS TIPH JTF0OBIX X U TIie \|J( )f n3BecTHas QYHKIUSI TICH.

Torna u3 (1.14) mst R'(X) MOy YIM
R'(x)=_i+%sgnx+R;(x), (1.15)

X
rae

1 D —iox
—%__[ORl(c)e do.

3amenss B ypaBHeHuu (1.12) X =4aX, S =aS u umes B Buay npeacrasnenue (1.15),
MOJTy4UM

1
lj@ds_i_
T

Y s—x

+a:i'l{R2'[a(x—s):|+%sgn(x—s)} f (as)ds :%q(ax) , (1.16)

rae f(as)=u'(as), q(ax)=R[a(x+1)]+R[a(x-1)].
Takum 06p2130M, PeHICHUEC 3aJa41 CBEJIOCH K PCIICHUIO CUHTYJIIPHOI'O MHTETPAJIbHOI'O

ypasuenus (1.16). Tlocne onpenemenms | (as) n3 ypasHeHus (1.16), wckomble
KOHTAKTHBIE HALIPSHKEHHS T, (X) omnpezaesstorest u3 popmyst (1.11).
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Wmes B Bumy, uro | (as) HeueTHas (pyHkuus, pemenue ypasHenus (1.16) umem B

BHJIC
1 0
f (as) X,T (1.17)
\/—2 ; 2n- 1
rae T, (u) =CO0S ( k arccosu ) , k=1,2,...— muorounens! Ye6bimena IepBoro poja.

HoxncTanss BeIpakeHue | (as) u3 (1.17) B unrerpansHoe ypasaeHue (1.16), npu

3TOM I/ICHOHBByﬂ M3BECTHOE CIIEKTPaIbHOE COOTHOMIEHHE [5]

T (s)
- —ds U mpu X <1, (1.18)
_[ ) s i (%) | |
e kal( ) =sin(karccosu)/sin(arccosu), k=1,2,..., - muorouwrens Yebrmmesa

BTOPOTO POJia, U3BECTHBIM criocoOoM [5] Ay ompeneneHns HEM3BECTHRIX K03(D(UITMEHTOB
HOJIyYUM CIIEQYIOIYI0 KBAa3HBIIOJHE DETYJIAPHYI0 OECKOHEYHYI0 CHUCTEMY JIMHEHHBIX
anreOpanyeckux ypaBHeHui [6,7]:

Xm+iKnan =0,.(Mm=12...), (1.19)
n=1

rac KO3(1)(1)I/IHI/I€HTI)I Ipu HEU3BCCTHLIX U CBO60,HHI)IX WICHAX OIMPCACIIAIOTCA CIACAYOINMU

dopmynamu:
28 ¢ 1o A VI-X°
- :—_[ I{Rz[a(X—S):I‘F—Sgn(X_S)}ﬁTZnI(S)UZmZ(X)deX’

1

q, =2 qu (@)U, (x) .

ntHI

Hocne onpenenennst X, (n = 1,2...) UCKOMBIC KOHTAKTHBIE HAIPSKEHUS T, (ax)
MpeacTaBIA0TCS B BUaE [2,8]:

(@)= ==X, A )
+a£[R2’[a(x—s)]+%sgn(x—5)}%§)ds} ?_‘” gq(ax), |x|>1.

Teneps npucTynuM K HOJTy4eHMIO aCUMNTOTUYECKOH (opmyinl mis T, (X) , Korma

(1.20)

|X|—)oo.

JL1sl 5TOTO TIONIB3yEeMCsl PaslIoKEHHEM T, (G) npu |G| —0.

% (o) = A +Alo|+Bo” +Clof +0(c*). (121)
e A, =2Q;; A=——2Q] (21+1);
iHI[G® (0)] 2 :
o HIUT(0)] cag| @) 2+ ot |
3 » » 2

11



iHI(d, +1)[ 0 (0)] 2 ’
L >£ (0)] +2Q{a (6.+1)_(0+1)_
A 2\ A

2b(d, +1)(2d, +1) 2b*(d, +d, +2)}

b

A A

U (o) = J'U(z) (x)e™dx = J' f (x)e™dx,

(0% (0)] - .j if (x)dx,

W3 (1.21) nmo u3BecTHOMY CBOWCTBY MHTerpaia ®dypre mnpu |X| —> 00 s T, (X)
HOJIY4YUM
A1 6C 1 -
TI(X)=——-—2+—-—4+O(X6). (1.22)
T X T X
31ech OBUTH UCTIONIB30BaHBI CIEAYIOIINE 3HAYEHHUS HHTET PAJIOB!

ZL j o *do = (—l)n 5" (X),
n —o0

1 7 p2ne 2n+1) 1
P .[ |G| e mdcz(_l)n+ ( ) ENETYER) (1.23)
2 ?, o X
(n=0,1,2,...)
2. HeuerHas 3apavya. B cinyuyae HedeTHOH 3agauu, CUIIbI, AEHCTBYIOLIME HA KOHLAX

Pl_PZ

HaKJIaJ10K, paBHBI Q2 = Pl > P2 1 UMCIOT IMTPOTUBOIIOJIOKHBIC HAITPABJICHUA.

Torna ypaBHeHHE paBHOBECHS 3aITUILIECTCS B BUAE

ﬂ:M; X >a 2.1)
dx* EF

TIPH CIIEAYIOMINX TPAaHUYHBIX YCIOBHAX:
du,| _ Q du,| _ Q 02
dX |x:—a El Fl ’ dX |x:a El Fl , .

rme T, (X) —HHTEHCUBHOCTh TAHICHIIUAIBHBIX KOHTaKTHBIX Ccui, U, (X) —IepeMELICHUE

TOYEK HAKJIAJIOK.
VYpasrenue (2.1) npu ycnoBusx (2.2), momo6Ho (1.3), 3amummercs B clIeayomeM BUe:

du, _m(x), Q
dx EF EF

[Mpumennm k (2.3) nmpeobpazoBanue Oypbe

[3(x—a)-3(x+a)], —o<x<w 2.3)

- T, (o) 2i
“isU, (o) _%(0),2iQ
EFR EFR
Haiee, ynoenetBopuB ycinosuto KoHTakTa (1.8), mpu atom, nmes B Buny (2.4) u (1.2),

12

sin(oa). (2.4)



Jutst TpaHcopManTsl Dypbe KOHTAKTHBIX HANPSDKEHUH MTOyYHM CIIeyollee ypaBHEeHHe:

. icHIO® o,b . sin(ca
T, (0)= — (o:b) -2iAQ, # (2.5)
A+K (G) A+K (0)
[MpumenuB k (2.5) oOparHoe mpeoOpazoBanne @Dypbe, Ui TaHreHIMAIBHBIX
KOHTaKTHBIX HAIPSDKEHUH MOTyYUM

T (x)=—HIIOR’(x—s)U(2)(s,b)ds—sz[R(x—a)— R(x+a)],

(2.6)
—0 < X<
Nmes B BuAy, uTO ’C;(X)ZO npu |x|<a, n3 (2.6) mns  nedopmanuu

IPOMEXKYTOYHOIO HMHTEpBaJla MEXAY HaKIaAKaMH IOJYYHM CIEAYIOIlee HHTEeTpalbHOEe
ypaBHEHHe:

[R(x=5)u(s,b)ds =

AQ,
R(x—a)-R(x+a X|<a 2.7
[Hanee, ncrons3ys paznoxenus o Gopmynam (1.13)—(1.15) u nocrynas aHamoru4Ho,
Kak B IlepBoM Iaparpade, pemieHHe 3aJa4d CBOJAWTCA K PELICHUIO CIIEAYIONIETOo
CHHTYJIIPHOTO HHTETPAIEHOTO YPAaBHEHHUSL:

+a:|fl{R; [a(x- s)]+%sgn(x—s)}(p(as)ds = _kl—?lz g(ax), (2.8)

rae ¢(as)=u'(as), g(ax)=R[a(x—1)]-R[a(x+1)].

Takum 06pa3om, pelieHne 3aa4u CBEJIOCh K PEIICHUIO CHHTYIIIPHOTO MHTErPAIbHOTO
ypaBHeHH (2.8).

Bsuy Toro, uro (p(aS) — yerHas QpyHKuus, pemenue (2.8) uieM B Bujie

o(as)= X,F(s)+ 2

oV (s): (2.9)

rae

1 1 >
F(s)= + YT, (s
RN el
1

s)= S YOT (s
\V( ) m; 2n 2n( )

IToacraBinss (p(as) u3 (2.9) B uHTErpansHOE ypaBHEeHHE (2.8), IPH 3TOM HCHOIB3YSA

cootHomenue (1.18), s ompemenenus Ko’(pOUIMEHTOB Yz(nj) (j =1,2) MOy IIM

CIIE/IyOIIME KBA3UBIIOJIHE PETYIISIPHBIE OECKOHEUHbIE CUCTEMbI JINHEHHBIX alireOpandecKux
ypaBHeHHi [6,7]:
AN D) (i _
Yz(m) +Z K2m2nY2(n) = Ir(n )a (J = 132)9 m=12.., (2.10)
n=l1
rie

Ky = 2—:J1'1 j' {Rz’ [a(x—s)] +%sgn(x - s)}%::ﬁ@n (s)U,,, (x)dsdx,

-1
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1-x*

Ir(nl):—sz’O II{R [a X—8 ]+ sgn (x— s)}ﬁuzm_l(x)dsdx,
1-s

-1-1

10 =g, = 2% [ (R[a(x-1)]- R[a(x+ D]]VT- XU, , (x)dx.

g
" " mHl 7,
IlocTostHHAS XO OIPCALCIIACTCA U3 YCIIOBUA
ajﬂ:2 (as)ds=Q,
1

n UMCCT BU

eb s

0 ©
!
(F(s)
rre F (X J' de+a.[R [a(x—s)]|F(s)ds,
w(s)
——~ds+a| R, — d .
v, (X)=— e S+ aj [a(x—s)]w(s)ds+g(ax)
IMocne  ompeneneHus 2n (j =1,2...), N=1,2..., ucKOMBbIE KOHTAKTHbIE

HanpsuKEHUs T, (ax) npencTaBisifoTes B Buae [2,8]:
-2n

o, (ax) =X, sgn X _Z{ sgn X (|X|+m) N

"% - =
+aj\/1_—[R§[a(X—s)]Jf—Sgn(X—S)}ds} {XY |_%Y }+ @11
ds \Q,

+aX0J[ a(x- s]+—sgn (x- s)}\/__S2 w g(ax),

Jnst  mojydeHus acMMNTOTHYECKOH (opMylsl  uis ’Ez(X), Korja |X|—)OO,

X|>1.

TOJIB3YEMCsI PaslioKeHHEM T, ((5) IpH |G| -0

T,(o)=Aic+ Blics|cs|+C1iC$3 +O(G4>, (2.12)
rae
HIU® (0)
A:T—zana
2aQ, (d, +1) HI(d, +1) —
B, = 25\’1 )_ (x; )U(Z)(O),
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_ HI r~2) 1
C, = HI| ~ (0)+,[07(0)] +
3 2
+a—Qz—2aQ2 (d1+21) +b(2d1+1) ,
3 A A
U(Z)(G)z Iu(Z)(X)eicsxdxz I(P(X)eicxdx,

0% (0)- [ o(x)ax, [T (0)] :-i o (x)dx.

IIpumenus obparnoe npeodpasosanue Pypve k (2.12) mia T, (X) pu |X| —> 0,

MOJTy4UM

rz(x):—ZBl-%—24C1-i5+o(x*7). 2.13)

T X T X
3neck ObITH HCTOIB30BaHb hopMmydsl (1.23).

Ilocne onpenenenus TI(X) 5 ’CZ(X) HACKOMO€ KOHTaKTHOE HANpPsLKEHUE ’E(X)

Oyzner paBHO

t(X)=1,(X)+1,(X).

ABTOpBI BBIpaXKaroT CBOIO OinaropapHocTh mpodeccopy D.X. 'puropsHy 3a 1eHHbIE
COBETHI B XO/I€ PELICHUS 3a1a4.
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2U8UUSUULP @hSNhE3NRULLESP URQUSPL UUUNEBURUSE Stntulahr
M3BECTUS HALIMOHAJIBHOM AKAJIEMUU HAYK APMEHHUN

Ukluwthlju 62, Ne4, 2009 MexaHnka

VIIK 539.3
AHTUIIVIOCKOE HANIPSI’KEHHOE COCTOSAHUE COCTABHOI'O
IMPOCTPAHCTBA C TPEHIMHAMM IIPU CMEIIIAHHBIX YCJIOBUAX
Axonsin B.H., lamrosin JI.JI., Axonsin JI.B.

KnroueBble €JI0Ba: aHTHIUIOCKOE HAMPSKEHHOE COCTOSIHHME, CHHTYJISIPHOE HHTETPABHOE
ypaBHEHHE.
Key words: anti-plane stress state, singular integral equation.

9. L.2ulnppmi, L.LYwownnyuib, L.9d.2ulnpub
Swp wupniiwlng pununpyu) wwpwdnipjul hwlwhwpe jwupdusuyhtt Jhdwlp jpwnp
wuydwitbph nhypnud
Munidtwuhpyws E wpwdqulju jhuwnwpusnipniihg b Ukl wy) iniphg wwnpwunyws tplne
pwnnpy mwpwdnipjniiibphg juquyws pununpuy nwpwsnipjut jupjuswht yhgwlyp, kpp tpuig
dhwgdwt hwppnipjut Uky welw £ ykpowynp Epljupnipjudp &wp, nph whkphtt ipdus G juwnp
wuydwbbp:
vunhpp plpdtg | uhigniup htnkgpuy hwjuwuwpnidutph b juenigyl) k upw thuly jnisnudp:

V.N.Hakobyan, L.L.Dashtoyan, L.V.Hakobyan
On Anti-plane Stress State of Compound Space with Crack Under Mixed Conditions
In present work the anti-plane stress state of compound space, consisting of elastic half-space and two quarter-
spaces is considered. There is a finite-length crack under mixed conditions on banks, in junction plane of half-
space and quarter-spaces.

The problem is reduced to singular integral equations and the closed solution is built.

B Hacrosmell paboTe METOZOM CHHIYJISPHOTO HHTETPAIBHOTO YPaBHEHHUs MOCTPOEHO 3aMKHYTOE pelIeHHe
3a7aud 00 AHTUIUIOCKOM HANPSHDKEHHOM COCTOSHHM COCTaBHOTO IIPOCTPAHCTBA, NOIYYEHHOTO IIPU ITOMOIIM
COEJIMHEHMSI YIPYroro MOJYNPOCTPAHCTBA C JABYMsI OJMHAKOBBIMHM 4Y€TBEPTh-POCTPAHCTBAMHU, KOTIJa Ha
IIOCKOCTH CTBHIKA IOIYIPOCTPAHCTBA C YETBEPTh-IPOCTPAHCTBAMH UMEETCS MarHCTpalbHAsl TPEIIMHA KOHEYHOU
JUINHBI, Ha 6eperax KOTOpoi 3a/laHbl CMEIIaHHbIE yCIIOBHSL.

HccnenoBannio HarpshKeHHO-1e(hOPMUPYEMOTO COCTOSIHUSI OJIHOPOJHBIX U COCTAaBHBIX
MacCHBHBIX TeJl C TPELIMHAMH, KOT/la Ha Oeperax TPEeLMHbI 3a/IaHbl YCIOBHS CMEIIaHHOTO
THUIA, TOCBSILIEH PsiA paboT, cpenn KOTOPBIX OTMETUM [3-5], HEMOCPEICTBEHHO CBSI3aHHBIX
C HIDKEPEIIEHHOH 3a1a4eH.

1. IHocTaHoBKA 3a/1a4d M BBIBOJ ONpeJe/sIONIeil cHucTeMbl ypaBHeHuil. Ilycts
COCTaBHOE IPOCTPAHCTBO, COCTOSIIIEE M3 YIPYToro MOIYIIPOCTPAHCTBA U IBYX OIMHAKOBBIX
YEeTBEPTh-IIPOCTPAHCTB, HM3TOTOBIEHHBIX W3 IPYroro MaTepHala, Ha IUIOCKOCTH CTHIKa
MONYTIPOCTPAHCTB C UYETBEPTH-IIPOCTPAHCTBAMH COJNEPKHUT KOHEYHYH) MATrHUCTPAIBHYIO
TpeluHy JTMHOIH 28, CHMMETPHYHO PACTIONOKEHHYIO 0 OTHOIIEHHIO CBOOOIHBIX KPaeB
YEeTBEPTh-IIPOCTPAHCTB.

Cunraercsi, 4TO HWKHHA Oeper KOHEYHOW TPEIIMHBI KECTKO 3allleMJIeH, BEpPXHUU Oeper
CBOOO/IEH OT HANpSDKEHHH, a COCTABHOE IIPOCTPAHCTBO JAe(OpMHUpYeTcs IoJ BO3IEHCTBHEM

OJIMHAKOBBIX, IIPOTUBOIIOJIOKHO HAIIPABJICHHBIX KACaTCIbHbLIX HAarpy30K T 0 (r) , [lCﬁCTBleHJ,PIX

Ha CBOOOTHBIX TPAHIYHBIX MOMYTUIOCKOCTSAX YeTBEPTh-IIPOCTPAHCTB (ur.1).
VuuThIBas KOCOCMMMETPHYHOCTb MOCTABJIEHHOH 3amaum oTHocuTenbHo ocu QY |

PaccMOTPUM TOJIBKO MPABOE MOITYIPOCTPAHCTBO { 0<Xx,y<w, —0w<Z<® } (¢pur.2).
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Torma mocTaBleHHYI 3aJadyy B IONSIPHOM CHCTEME KOOPAMHAT  MOXKHO
chOpMyIHPOBaTh B BHJIE CIEAYIOMIECH I'PAaHUYHOHN 3a/1a4uu:

Ay

(1)

0z = TO

W,

®ur.2

(O<I’<oo)

(a<r<o) (1.1)

(0<r<a)

3necs W, (I’,O) (j =1, 2) — KOMIOHEHTH CMEIIEHHs TOYEK COOTBETCTBEHHO

BCPXHETO M HHWKHETO YETBEPTHL-IIPOCTPAHCTB, KaKJass W3 KOTOPLIX B 00JaCTH CBOETO
OIPCACIICHUA YAOBJICTBOPACT YPABHCHUIO Jlammaca

PW, 10W, 1 oW,
+- +— -
or* r o r*og

TEDJZ) ( r, (P) — KOMIIOHCHTBI KaCaTCJIbHBIX HaHpH)KeHHﬁ, HCﬁCTByIOHIHe B UCTBCPThb-

0

MPOCTPAHCTBAX U CBSI3aHHBIE CO CMEILICHUSIMU 110 U3BECTHBIM (OpMYyJIam:
G, oW, (r,o)
9
r op

rac G i —MOAYJH CABUT'a COOTBETCTBYIOLIUX YCTBECPTh-IIPOCTPAHCTB.

(1) 12

CraBuTCs 3amada: OINPEOC/IMTh PACKPBITHE KOHEYHON TpemuHbl u Ko3(duimeHT
WHTEHCUBHOCTH HaNPsHKEHUH B €€ KOHILIEBOW TOYKE.

s pemieHusT TOCTABJICHHOM 3aJa4dl BBEJEM B PAcCMOTPEHHE (PYHKIUH CKAYKOB
HaNpsDKEHUH U pa3sHOCTH CMELEHUH OeperoB TPELIUHBI:

(r.0) < (r.0) = () 0T

0, r>a (1.3)
Wi(r), O<r<a
W, (r,0)-W, (r,0)= 0 (r) a

Jo6asum k (1.3) mepBeie deTsipe ycnoBus (1.1) u BeIpasuM HanpsOKCHUS M CMEIIEHUS

yepe3 (hyHKIMU CKauKOB HaIPsDKEHUH T ( r ) ¥ pa3HOCTH cMellienuii Geperos Tpermabt W ( r ) .
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,Z[J'IH 9TOT0  pCIICHUSA ypaBHeHI/Ifl Jlammaca B COOTBETCTBYIOIIIUX  YCTBCPTh-
IIPOCTPaHCTBAX HpCZ[CTaBI/IM B BUJIC HHTETPAJIOB MennuHa:
C+ioo

W, (r,9) :Z j [A sin @s + B, COS(pS] r-°ds
n

c—io
(-l<c<0; j=1,2)
Y noBneTBopsisi epBBIM YeThIpeM ycioBusiM (1.1), Hen3BecTHBIE KOA(PPUITHEHTHI Aj u
B i (j =1, 2) BLIPA3ATCS 4epe3 (QYHKIUU CKAYKOB HAIPSHKEHUN ‘C(I‘) ¥ PasHOCTH
cmemennit W (r) )
3areM, yHOBIETBOpsAs HoOcCIHeOHMM JABYM ycioBusm  (1.1), mepBoHayanbHO
muddepeHnrpyst BTopoe M3 HUX MO I, JUId ONpeAeicHus (QyHKIUH ’C(I’)H w’ (I’)

MPHUIEM K CIEAYIONIeH CUCTEME CHHTYIIAPHBIX HHTETPANbHBIX YpaBHEHHMN:

GL.TK“(r,rO)T(ro)dro_jl.Klz(r’rO)W/(rO)dro = fi(r)

(1.4)
_lez (r,r,)t(r,)dr, GGIK11 (r,r )W’ (r,)dr, = f,(r)
(0 <r< a),
rue
C“ sin s
K, Do
(rh)= 4mr (rj
1 C+ioo SlIl 2
K”(r’rO)ZZnirc_L AS) ( ] ds,
—, | . TS
e+ T, (S) sin —
f(r)= 1_ ’ 2 (s,
2mir %, GA(s)
— TS
e+ Ty () cOS
(r)= G_ i 2 psgs,
2mir 4, A(S)
7(s) =], (r)reds,
0
A(S)=Gcoszn—s—sin2n—s, G=i.
2 2 G,
[Mony4eHHyI0 CUCTEMY HYKHO pacCMaTPUBaTh COBMECTHO C YCIOBUSIMU
W(a):O, W(0)<oo, 1(0)<oo. (1.5)
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2. Pemienne cucTeMbl onpeesOmMUX ypaBHennii. [lepeiineM K pelIeHUI0 CUCTEMBI
CUHTYJISIPHBIX HHTETPANBHBIX ypaBHeHU# (1.4).

C s10ii 1enbio, creys pabote [6], BTopoe u3 3THX ypaBHeHHit ymHoxkuM Ha A # 0 u
MPOCYMMHPYEM C TIEPBBIM.

[Honyunm

aKll > 10 0 _kGW*/ 0 do
Il). (r r)[r(r) (r ):| r+ o

a

] Klz(r,ro)[r(ro)—%w,j(ro)}dro _G,f, (1), ()

0

(W/(r)=GW'(r) ).
1

[otpebyem, uTo6bl Ko3pduuuents mpu W, (r) 6bimm paHbl, T.e. AG = x

1 1
Torna, npussB B (2.1) moouepeaHo A :T M A =———, IpHAEM K CIIeIyIOMHM
G VG

JABYM HE3aBUCHUMBIM UHTCTPAJIbHBIM CUHTYJIAPHBIM YPAaBHCHUSIM:

.’i‘[Kn(r,ro)i(\/E)_1 Klz(r,ro)}(px(ro)dro =F_(r), 0<r<a (2.2)

ITocrne psima MaTeMaTHYECKUX BBIKJIAJA0K YpaBHEHUS (2.2) IPUMYT CICAYIOIIHN BU/:

o (1)+ 2 TH W)y (6.1)JGF (1), 3

2 2
Ty T

2 G o—1 ar2—a N r
o, (r)- \/;r j "rzq)_r(zo)dr0 =(G+1)JGF,(r). (2.4)
0 0

31ech

1 1-G
Ol =—arccos
T 1+G
[Ipu sToMm, pemenns ypaBHeHu# (2.3) u (2.4) DOKHBI OBITH OTPAHWYCHHBIMU B TOYKE

I =0. ITepexons B (2.3) u (2.4) K HOBBIM IIEPEMEHHBIM 10 GOPMYIAM

r,=a’s; r’=a’x

1 BBOJS (QYHKITHH
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G v (s ,
\y(x)+€ %(X)ds:—F(x), (2.5)
0
. de (x). (2.6)

ITpu sTOoM, Y/, (0) < 0.

Pemienns ypasHenuii (2.5) u (2.6), orpanuuennsie B Touke X =0, sanumyrcs B
cienytouiem Buje [1]:

v, ()= 1_1qi {iﬁ* ()2 q”"’;(x) j COF(S()Z‘iSX)} (0<x<1), @7

1-v;j
rre inii\/a, Xj(z):(ilj

1n|g|+_’ o - 1+q+

2ni 2m -q, 9. =

Vi=

0<9,=argg;<2n (j=12).

[Tocne onpenenenus QyHKumi (X) JIETKO HaWTH (pyHKIMIO CKadyKa HaNpsHKEHUH

T ( r) U MPOU3BOJHYI0 (DYHKIUH PACKPBITHS TPEIIMHBI 110 (hopMyiam
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= > + 2.8)
Sl R ) ()" O]
my|lr o, (1) r, o () |-r*

o) w(FHE) (5]
NAGEAGH

— _—\/ 2.9
2JG -G, @2

oL (r_o]la o, (r)F.(r) _(&jm o (r)F (r)[ rdr
nG, ¢ |\ r o, (1) r o (r) |r-r’
3nech
r2 1-7, r2 1-y,
m+(r):_\/g_l[a2_rzj ) w(r)z_\/g_z(az_er ’

OTcrofa Npy MOMOIIY HHTErpUPOBAHHs, yunThiBas yciosue W (a) =0, una pyHxuuu

PACKpPBITUS TPEIUUHBI IIOJIyYUM CIIELYIOIIEE BIPAKECHUE:

W (r)= [W'(r)dr. @10

Jaiee, 94To0bI onpeneauTh K03(QOUIMEHT MHTECHCUBHOCTA KOHTAKTHBIX HATIPSIKCHUH B
KOHIIEBOHM TOYKE TPEIIMHBI, BBIPA3UM HAMPSDKEHUS TIPH MOMOIIN QYHKIMH i/, (X) .

Torma, nmeeMm

TEDIZ)(r,O)=—

JG ){X“J-%(s)ds +X2‘*I\y(s)ds

2n(G+1

r2
X=—; r>aj.
a

Myers G<1, rorma 1-v,>1-7y,. Cnenosarenmsno, B Touke X =1

‘ @2.11)

JTOMUHUPYIOIINM SIBIISICTCA TiepBoe ciaaraemoe B (2.11).
Torma, moxcraBusas 3HaueHHe +(X) u3 ¢opmynsl (2.7) B (2.11) u nponenas

HEKOTOPBIC MATEMATUYCCKUC YIIPOIICHU S, TOJTYyUUM

21



2 (r,0)=1)(r,0)=

) Griven ] i (s)ds . E. (r_ij 2.12)
n/G a!(ri-a’) " (S(s—r) |
a
(a<r<wm).

2
r

3nech F**( j — perysspHas QyHKIIUSA.
a’

Hcnons3yst (2.12), Beraucanm Ko3Q(HUIMEHT KOHIEHTpPALHi HAIPSDKEHNH B TOUKe I = a .

Ky (a)= J2r lim (r— a) o SZ)(I’,O):

r—a+0
_ J2nGa™n #s™'F (s)ds (2.13)
VG +1-2!m 0 (az_sz)y1 '

3aMeTI/IM, 4YTO B ClIyd4a€ OJHOPOAHOIO IMPOCTPpAaHCTBA, T.C. TOrAa G = 1, JIIsL

K03 pHIIMEeHTa KOHIICHTPAINH HATIPSHKCHUH HMeeM
3

at ¢ F.(s)ds
\/EZ% 0\/§(a2_sz)41|-,

YTO COBIIAJAET C MOJTYICHHBIM B [5] pe3ynbpTaToM.

Km (a):
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THE METHOD’S OF COMPLEX ANALYSIS FOR THE SOLUTION OF PLANE
PROBLEMS OF THE THEORY OF THERMOCONDUCTIVITY AND
THERMOELASTISITY FOR MULTIPLY CONNECTED BODIES.
Bardzokas D.1., Lalou P.

KaroueBble cj10Ba: MHOTOCBSI3aHHBIC Tela, TEOPHsl TEIUIOMPOBOIHOCTH U TEPMOYIPYTroc-
TH, KOMIUICKCHBIA aHajJM3, IUIOCKHE 33J1aud, CHHIYJSIPHbIE WHTErpajibHBIC ypaBHEHHS,
TPEILMHBI, CTPUHIEPHI.

Key words: multiply connected bodies, theory of thermoconductivity and thermoelastic-
city, complex analysis, singular integral equations, craks, stringers.

T.b. Pupdnlmu, M. Tuynnt
Unuykipu whuyhgh dbpngitpny ebpdwhwnnppujwinipyub b gkpdwwnrwdquijuimpub
wnhkumpyul hwpp pughputph jpudmdp puquwluy dwpdhtibtph hudwnp
Undytkpu thnthnjuwljuith $niuyghwitiph mbunipjut b uhignijup htnkgpuy hwjuwuw-pnudukph
Ubkpnnutph Yhpurdwdp qupqugynid t gupkp, hiswbu twb ninnughs b Ynpughs unphugbpubtp
wupnitwlnn  puquuljuy  hqnuipny  dwpdhuitph hwdwp  okpdwhwnnppuljuinipyua b
oiplwwnwdqulijuimpjui nkunipjub hwpp pinhpubph msdwl dkpnn: Thinwplyus ku Yniljpln

ophtiulynkp:
JI.A. Bapasokac, I1. JIanoy
Pemenune na0CKHX 32124 TEOPHH TENJIONPOBOIHOCTH H TEPMOYNPYTOCTH /1JIsl MHOTOCBSI3HBIX
TeJl MeTOJaMU KOMILIEKCHOI0 aHa/In3a

IlpuMeHeHHEM METOJ0B TEOpHH (YHKIHH KOMILUIGKCHOTO IIEPEMEHHOr0 M CHHTYJISPHBIX WHTErPalbHbIX
ypaBHEHHI Pa3BHBAeTCS METOJ PELICHUs IUIOCKUX 3alad TEOPHH TEIUIONPOBOJHOCTH M TEPMOYIPIOCTU IS
MHOTOCBSI3HBIX H30TPOIHBIX TEJ, COASPKAIIUX TPEHIUHBI, a Taloke HMPSAMOIUHEHHbIe U KPUBOIHHEHHBIC CTPUH-
repbl. PaccMaTpuBaloTCsi KOHKPETHBIE IPHMEPBI.

1. INTRODUCTION

During their service life, engineering structures are subjected not only to static and
dynamic loads, but usually they are also affected by the presence of thermal fields. Thermal
influences may sometimes alter the physic-mechanical properties of the materials and
consequently, they may affect their strength properties and the resistance of the structure to
loads. In the general case, the resulting expansions (contractions) are not occurring freely in
the continuous medium. Instead, they produce thermal stresses which, in combination with
the mechanical ones (due to external loading), can contribute to the initiation and
propagation of cracks.

Even if the failure mechanism cannot, in many cases, be completely described only by
the propagation of cracks in materials, the investigations of the conditions which trigger the
initiation of a crack or a crack system from the pre-existing defects in the material (cracks,
inclusions, cavities, welded joints etc.) is of great theoretical and practical importance. For
this reason, the present investigation is concerned with the study of the stress-deformation
state of a body under the influence of mechanical and thermal fields of forces, in the
regions where singularities or stress concentrators exist, by using the complex functions
method and the theory of singular integral equations [1, 2, 3]. The methodology applied is
based on the theory of linear elasticity and thermoelasticity of the anisotropic medium and
is an extension of a previous work [4], since it includes the effects of curvilinear (in the
form of circular arcs) thin strip inclusions and holes.
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The present development of this general method permits one to use it effectively for
studying the interaction between various types of defects in an isotropic or anisotropic
material and reinforcements, in the presence of mechanical and thermal fields of forces, and
furthermore to extend it for solving many important problems of engineering practice.

2. FUNDAMENTAL EQUATIONS OF PLANE PROBLEMS IN
THERMOCONDUCTIVITY AND THERMOELASTICITY

For the formulation of the mathematical theory of the strength of isotropic or
anisotropic bodies characterized by defects in the form of cracks, holes, inclusions etc.,
under the influence of mechanical and thermal fields of forces, the model of the linear
thermo elastic body is used [4]. A general theory of this model assumes that:

a) the strain components are infinitesimal;

b) the relationships between various components of stresses and strains are given by
the generalized linear Hooke’s law, and

c) the elastic and thermal properties of the body are, in general, different in different
directions, but they are independent of the temperature and stress.

Furthermore, it is assumed that at any point of an anisotropic body, a plane of elastic

and thermal symmetry exists. Also, it is assumed that the temperature 1' (x, V,Z,t ) in an
anisotropic body is a continuous function of spatial coordinates X, ),z and time f; and

that this holds also for the first differential coefficient with respect to ¢ and for the first and
second differential coefficients with respect to X, and z . The body is referred to a

> —

Cartesian or curvilinear coordinate system with unit vectors 7, j and k .Accordingly, an

elementary surface characterized by a normal vector # which contains a random point of
the body is considered. At the point under consideration, the thermo conductivity vector

K, which refers to the elementary surface with normal vector is defined by

K, = alk“lT + azkzzj' + a3k33l€ (1)

Where £k, (i = 1,3) are the coefficients of thermal conductivity, and @, are the

direction cosines between the vector 7 and the unit vectors i, j and k. The surfaces

where the thermal conductivity vector K, coincides with the normal vector n are called
principal surfaces of thermal conductivity, whereas the directions normal to them are called
principal directions of thermal conductivity. Accordingly, the density of the thermal flux
q,, across the elementary surface with normal direction is defined as

q, =—(K, -gradT) @)

The surface which is crossed by the thermal flux of maximum density is called
principal surface of thermal flux, and the direction perpendicular to it is called principal
direction of thermal flux at the point under consideration.

In the case where the axes of the reference system coincide with the principal
directions of the thermal conductivity, the thermal field is described by the following
differential equation

o°’T o0’T o0°’T oT

k=7 thkn <7 +hky—5=cp—-0. 3)

ox oy oz ot

Where ¢ is the specific heat of the body, p expresses its density, and Q is the
quantity of heat which is radiated from the unit volume per unit of time.
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In order to find the solution of the partial differential equation (3) in space and time
domains, the initial and boundary conditions should be known a priori. The boundary or
surface conditions of thermal conductivity encountered in practice are [5]:

i. Boundary conditions of the first kind, when the values of temperature are given at all
points of the surface of the body,

T=f(x,y,z,t) 4)
ii. Boundary conditions of the second kind, when the values of density of the thermal
flux are given at all points of the surface of the body,

K, -gradT = f, (x,y,2,0) (5)

iii. Boundary conditions of the third kind, called also “radiation boundary conditions”,
when the conditions of thermal exchange with the surrounding medium (of temperature
1)) are given at all points of the surface of the body,

K, -gradT =T -T,), ©)

where A is the coefficient of surface heat transfer.

In the sequel, the fundamental equations of thermoelasticity will be given. For this
purpose let us consider a cylindrical body with the generatrix of its lateral surface
perpendicular to the plane of the plane of the Cartesian coordinate system, and its end faces
being thermally insulated. Further it is assumed that the temperature at any point of the
body depends on the spatial coordinates X, ) and that the body is characterized by linear
thermal anisotropy, such that at any point one of the principal directions of thermal
conductivity is perpendicular to the plane xOy .If the body is homogeneous and it does not
contain any thermal source, then Eq. (3) takes the form

o°’T o°’T o°T
11 A 2 +2}"12 +7‘22 2 =0, @)
ox Ox0y oy

Where A,, = k;, cos” a+k,,sin’ a

A

Ay, =k, sin® a+k,, cos’ a ®
A, =(k,, —ky,)sinacosa
With a being the angle between the Ox -axis and one of the principal directions of

thermal conductivity, and the quantities k,;, A, (7, =1,2) are constant.

i
The general solution of Eq.(7) is given in the form [6]:
T'=F(z;)+F(z;)=2ReF(z;) )
Where the overbear denotes complex conjugate, Re denotes the real part of what

follows and £ (23) is an analytic function of the complex variable z, .Parameter L, is

one of the roots of the characteristic equation
Aplt® + 20,0+ Ay, =0 (10)
Where My =—Ay, +l'(kukzz)l/2 /s
With i denoting the usual imaginary unit.
The thermal flux as a function of F (23) is expressed by a function of f3,,f3,

Which are the direction cosines between the normal vector 7 and the element dls

- oT oT oT oT
K, -gradT = (A, a + A, 5)51 + (A, g + Ay 5)52 (11)

By virtue of Eq. (9), relationship (11) assumes the following form
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K, -gradT = A F'(z,) + 4 F'(z,) (12)
o d .
where| = » and A =(hpy + 130 (B, +1By)
dz,
Basing on relationships (9) and (12), we can find the temperature and the thermal flux at
any point of the body, if the mathematical form of the thermal potential F’ (23) is a priori
known.

At any point of homogeneous and anisotropic body under a plane strain state, where exists a

plane of elastic symmetry which is perpendicular to Oz -axis and coincides with one of the principal
directions of thermal conductivity. The generalized Hooke’s law in this case takes the form

€, =00, +0,0, +0,0, +0,0, + BT,
€, =00, +Q,0,, +0Ay0,, +0,0,, + BT,
Y = %10, T 0ps0,, + 03,0, + 0O, — 2B T (13)
€. =030, +0,0,, +03;0_ +0;30,,+ BT =0,
Y, =00, + 0,0, = 0,7,.= 0450, + 050, = 0,
or alternatively &, =¢;,6, +¢,0, +¢40, + oI
€, =C;0,, €50, +C)0,, + o, (14)
Y4y = €160, T €360, + €560, — 20,1
where a;,c; express the elasticity coefficients and are related by
c.—a 2303 106 (15)
a3
In the sequel By are the coefficients which given the strain tensor components of a

body element free form external tractions, due to a temperature change of one degree. For
these coefficients then following relationships hold true:

a =B, - B (i=12) a =P+ B33 (15)
as; 2as,

Under the condition that coefficients Cyi»

the variations of the stress components and the temperature of the body, the relationships
giving the stresses and displacements as a function of the complex potentials

(I)(Z1 ), ‘"P(Zz) and F(Z3) are the following:
Ouw = 2Re[p12d)(zl) + Mi‘P(Zz) +1,1,F(z;)]
G,, =2Re[®(z)+ ¥ (z,) +n,F(z;)]
Gy =—2Re[p, (z) + 1, ¥ (z,) + M, 13 F(25)] (16)
u=2Re[pd(z,)+ p,w(z,) + py(z;)]
v=2Re[q,9(z) +q,W(2,) +¢.W(2;)]
p;= Cnl«li T =Gk, Hg; = C12H2/ tep—ceht;  j=12

2 2
And p, =a, +n,(¢; 15 — ¢l +Ch WP =a, +M, (€13 — Cyelty +Cyy)

aw;‘ij remain constant and independent of
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n, = _(a1H§ +2a.us +a,)/ Apy)
A(H3) = C11(M3 - Ml)(l’% - Mz)(“s _M_1)(M3 _M_z) (17)
(D(Z1):¢'(Z1) LP(Zz):w’(zz) F(Z3):W'(Z3)

For the transversely isotropic body, Hooke’s law in plane strain conditions takes the
following simplified form

1 v % \% 1 v
g, =—06,-—06 —-——0o_ +B,,I, ¢ =——o, +—0c ——c_+B, T,
X E X E y EZ z Bll y E E ¥y EZ Bll
' 1 1
€, =—E (GX +Gy)+EGZ +B: 7 =0, Vo =Ty, (18)
z xy
and for the generally isotropic body,
1 1 1
€, ZE(G" —vcy)+aT, €, =E(Gy —Vcsx)+aT, Y =5’txy. (19)

In the above relations the coefficients [3;, and P;; are, respectively, the thermal

coefficients of linear expansion on the plane of isotropy (parallel to the plane xOy ), and

along the direction perpendicular to the plane of isotropy.
The relationships for the derivation of the stress tensor and displacement vector
components are simplified as follows:

.+, =20(z)+D(2)]
(6, —C,)+2ic, =2[z0'(z)+¥(2)]
2uu +iv) = kd(z) — z0(z) —y(z) + P j F(z)dz T(x,y)=ReF(z)

Where for the case of transversely isotropic body

(20)

2E (1-v 2v 2F
(@) k=1+ -——=1, B= —([311 +v_B;; ), (plane strain case),
I+v £ E. I+v
3-v 2EB, .
b)) K=——r0, p=——, (generalized plane stress case)
I+v I+v
And for the isotropic body
(c) k=3-4v, B=akE, (plane strain case),
3—-v ak )
d k= R = R (generalized plane stress case)
I+v l+v

In the case where at the point (xo , yo) inside the orthotropic medium a thermal
source of power ¢, exists, the complex potentials in the region enclosing this point take the
form ( j= 1,_3)

¢(Zl ) = a, (Zl —4 )ln(zl —1 ), \V(Zz ) = B:)(Zz —1 )ln(22 ) )s

_ _ 90 _ 2
\V(Zs)_mo(zs_t3)ln(zs_t3)a my =-— I, =Xy H1 Y,
4n\k, k,,

And the coefficients aé R BE) are given from the following relations:
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ol m—npy, B __m—np,

o By =,

Tn{mp i, + b, (1 + 1) = mg (agpy =2 (1 =1y —1,))/ ¢ ]=0,
(%H? "2“6“3 "ﬁz)
M3 _MIXMS _Mz)

For the case of the transversely isotropic or generally isotropic medium, the
corresponding complex potentials take the following form:

, Im[m(y, +p, )= npp, —mh, /¢, ]=0,

with 7\0 =

O(z)= 4, In(z-z2,), w(z)=—2%0 F(z)=m,In(z-z,) @)
Z—z
where A, =— P, , my= ~ o
1+x 4rh

Recapitulating, the solution of the plane problem of steady state thermoelasticity is
derived in two consecutive stages. In the first stage the steady thermal field 7(x,y) is

derived satisfying one of the boundary conditions (4)-(6) and the differential thermo elas-
ticity equation (7) for the anisotropic medium, or the Laplace equation

2 2
O’T(x,y), O°T(x.y) _, 23)
ox’ o

for the isotropic medium. The second stage refers to the derivation of the stress tensor and
displacement vector components by using relations (16) or (20).

3. THERMAL CONTACT CONDITIONS BETWEEN TWO BODIES.

At the first stage of the solution of the thermo elastic problem for bodies with thin
inclusions and cracks it is of great importance to describe correctly the phenomenon of
thermal conductivity along the lips of the crack and the contact interfaces of the thin
inclusion with the body. This is achieved by properly choosing the representative
computational model of thermal contact between the bodies characterized by different
elastic and thermal constants. Following [7] approach to the formulation of the model
which describes the condition of thermal contact, it is assumed that the contact surfaces are
separated by a thin interlayer (inclusion) with the same thermo-physical parameters (Fig.1).
If these parameters are assumed to be constant and the thickness of the interlayer tends to
zero, it takes the form of a physical separating surface of the two bodies, and the
corresponding boundary conditions on this surface correspond to the real contact condition
of the two bodies.

The thermo conductivity equation of the embedded layer (isotropic inclusion) referred
to the coordinate system (n,s) is the following:

02T, . 0T,
on? 05>
On the separating surfaces 7 =+h of the isotropic inclusion and the anisotropic
medium, the following conditions of thermal contact are satisfied

T (s,£h)=T*, 9L
n

0 24)

=T, (25),(26)

n=th

where A is the coefficient of thermal conductivity of the inclusion ,

T = —(Fn : gradT)i (27)

n
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and T R Tni express the limiting values of the temperature and the thermal flux along the

boundary 7 =1/ of the anisotropic medium.
Then the following integral representations are introduced:

Fig.1. Contact of two infinite elastic bodies, with the contact region to be represented by a thin inclusion characterized
by the same thermo physical properties as those of the two bodies.

h
T = 1 j T dn, 28)
23
3 h
TL, = WJ;TLI’ZCZI’I (29)

Multiplying relationship (24) by 1/2A and integrating with respect to n in the range
(— h, h) and by virtue of the relations (25) and (26), the following equation is derived:
o°T”

2
* Os

A

+(Tn+ —Tn‘)z 0, A, =2A\h. (30)

Furthermore, multiplying (24) by 3n/ 2h* and integrating with respect to 72 in the range
(= h, k) we get

2L w31 + 17 )-60, (T =T7)=0, %, =1/2h 31)

2
* Os

In order to derive the expressions for the quantities T:,T:* with respect to the limiting

values of the temperature 7' * of the anisotropic body, we use the operational expression of
the solution of (24) which can be written as follows:

o°T, 0’
£+ p'T. =0 p’=—5 (32)
on os
By considering condition the expression gives the following solution;
(T +7) (r+77)
=——2¢0s pn+-——=sin pn. (33)
2cos ph 2sin ph

By virtue of (33), relationships (28) and (29) become
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*_(T++T‘) R
Tc _thp ’ Tc _2]?2]’12

Substituting the values of 7. and 7.” found from (34) into relations (30) and (31),

(7" +77)(1- phetegph). (34)

respectively, and for 1 — 0, we get the following relations:

A, ;—22(T+ JrT")Jr2[(E;-gradT)+ —(Fn~gradT)} =0, (35)
AY

A, 88—22(? ~T7)+ 6[(E-gradT)+ +(Fn-gradT)_}—12kn (r*-17)=0.
A)

The above relations represent the conditions of “non-ideal thermal contact’’ at the surface
of the anisotropic medium. In the case of the isotropic medium, relations (35) are simplified

as follows,
2

A= (T +T7)+2%
" Os

@
on

)

or
on

;

(36)

5 o lgery (erY ] )
M= (T =TH+6X || == | +| =] |-120,(T* =T")=0
os on on

where A" is the coefficient of thermal conductivity of the isotropic medium.
In the case when instead of a thin inclusion we have a crack, the values of 7LS and 7Ln

characterize its thermal conductivity in the longitudinal and transverse directions,
respectively. Depending on thermal conductivity we distinguish three categories of cracks:

a) a thermally conducting crack for A, # 0,A, # 0;
b) a longitudinally thermally insulating crack for A, =0,A, #0;
¢) a thermally insulating crack for A, =A, =0.

4. STATEMENT OF THE PROBLEM OF A MULTI-CONNECTED BODY.
Let us consider an infinite isotropic plate S containing M internal curvilinear cracks

lj (] = 1,M), N thin strip inclusions (stringers) L, (j =L,N or j=1n + nz), n,
denotes the number of straight stringers, whereas n2 the number of curvilinear (circular
arcs) stringers and L the number of holes indexed as y j ( j= I,_L) The plate is subjected
to biaxial state of stresses (N N 2) at infinity and is under the influence of a homoge-
neous thermal flow ¢ . Besides these loading conditions, concentrated forces Pj +iQ f
are acting at the points Z: ( Jj= E), moments M ; at the points Zj*( j= @), and £k,

thermal sources of powers g ; at the points a j ( j= 1,k3) on the plane of the plate.

Here we assume that the only deformation, which can be sustained by the straight
stringers, is the one directed along their longitudinal axis. Furthermore, both the straight
and the curvilinear stringers are taken to be of zero bending stiffness.

In plane thermo conductivity problems of cracked bodies with inclusions, the

temperature field T (x, y) is expressed as follows:
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T(x, ) =T,(x, )+ T.(x,y) (37)
where T, (x, y) is the known thermal field induced to the continuous medium, and

T, (x, y) the perturbed thermal field due to the presence of defects in the body.

Ay

Bo

P curvilinear stringer L}i (k =n +1, Nj

hole .qjiaj(]:E)

Yj(j =1, L) straight stringer

Fig. 2. Infinite isotropic thin plate containing M curvilinear cracks, /N (L ; ) L*k ) thin strip

inclusions and L holes, which is subjected at infinity to a biaxial state of stress (N 1» N 2 ) and to a

homogeneous thermal flow g,

Depending on the thermal contact conditions at the boundaries of the crack and the thin
inclusion, we have the following three relations:

T = 10 -T,0). (K, -gradT,) =0 (1)~(K, - gradT;) (38).39)
o,

82 + - — ————\* -
ksg(T* +7, )+2[(Kn-gradT) —(Kn-gradT) }:—2)% 7
82
7%6?(

= -12(K, - gradT, ). (40)

*

=)o (K edT) (K gadT) -1, (10 -1 )=

Where f * (t ) and Qi (t ) express the know temperatures and thermal fluxes along the
boundaries of the crack or the thin inclusion, (n,s) refer to the curvilinear coordinate

system; A is the thermal conductivity. In the case of a crack, the parameters /15 and /1n

correspond to the thermal conductivity in the longitudinal and transverse directions,
respectively, and eq.(38)-(40) read:

T =f-TyteL,, j=Ln zeL’;j,j=(nl+n2+1,N+M+L) (41)
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k(a;j =in—k%°, tel,,j=n+1n +n, (42)

2 + =]
ksa_z(Tf—T[)Jr@» (GT*] +(8T*] _12xn(7;+_7;-):_12k@
Os on P

on n
2 i + -] 2
xsa—z(ﬂ*+n‘)+2x [aT*j —(aT*j =2M, 0 T2 (43)
Os on on " Os

where t is the complex coordinate of a point on the contour. When considering a hole, only
one of the (41)-(42) thermal conditions is applied.

In addition to the thermal boundary conditions (41)-(43) we also introduce the following
mechanical boundary conditions as in Refs. [8,9] on the crack, stringer and hole boundaries:

1. The normal and shear stresses that act along boundaries [, of the crack and the

boundaries 7y ; of the holes are considered to be known:

(o ~is?) . k=LM: (o,—ic,) . j=1L (44), (45)
k J
2. Along the boundary of the straight stringer L, the stresses are given by:
i} du; du; . L —
6, =0,,6g=——=——,u, +iu, =u, +u,onl, .k=1n, (46)
dx, dx,

Where X, denotes the abscissa referred to the local coordinate system x,0, y,

positioned at the mid-point of the stringer L, . By virtue of the condition of equilibrium and

Hooke’s law for the case of generalized plane stress, relations (46) take the form:

. . oy EWsW o d

lh[(G; - 10:)— (csn —ic, )]+ ie" — [(0; + G:)— (1+ V)G;]z 0

E dt

tel, k=1,n 47)
where t is the complex coordinate of a point on L,, h is the thickness of the plate,
E ) S (k), express the modulus of elasticity and cross-sectional area, respectively, of the
stringers L, and 0, denotes the angle formed by positive directions of stringer axis; Ox,

and Ox axis; E, Vv express the plate’s modulus of elasticity and Poisson’s ratio,
respectively.
3. Finally, along the -curvilinear (circular arc) boundary of the

stringer L, (k = n1 +1,N ), the following relationships hold [6,8,9,10]:

_i@) + h(cs; - iG;): 0, L_dT(O) + h(Gj - G;): 0 (48)
R, R, dO
P du; du;
u, +iu, =u, +iu,, & = -
dt  dt

If we consider Hooke’s law in generalized plane stress, the above set of equations read:

ERkh[(cs: -0, )—i(cst+ -0, )]—E(k)S(k){l—(t—mke"”k )%}(

k
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x[lo; + 1)~ (1+v)or]=0 (49)

where T (9) is the circumferential component of the force which acts along the line in
the middle plane of the stringer. In generalized plane stress conditions, 7' (G)is given by:

7(0)=E"S ey (50)

with 83” being the circumferential component of strain along the line in the middle
plane of the stringer:

str

1
i = o, ~v,) o

5. FORMATION OF THE STATE EQUATIONS.
The derivation of the singular integral equations is based on the method of complex
potentials.

The thermal potential F' (Z) [T (x, y) =2ReF (Z)] of the thermal field T (x, y) is

expressed as follows:
k'i

qoo —ip - q/
F(z)=21= o — ~In(z—a,+F, 52
@=fre =Yg, R 52

F, (Z ) represents the thermal potential that refers to the perturbed thermal field and is

given by:

n * -1(2) nj+n,
F (z): LJ. /i (T)Jrld)j (T)dr+ Jf** e ln(t—z)dt+

* .
T 2mi T—z i n]+1

LlJ
(1 4 :4(2)
¢j l(I)j It

T—2Z

Jj=

(1) +M+
RTICIE T

2mi Z, T—zZ Jem gl 2T z,

(53)
((1)51) + l'd)g2 ) denote the densities along the crack, stringer and hole boundaries.
The quantities [ j* (t ) and fj** (t ) are expressed as:

—lro-reb r0-- ) 4

By substitution of the limiting values of Eq. (53), to the boundary conditions Eqs (41)-

(43) we get the following system of integro-differential equations. ¢ € L, k=1, n

( nl+n2 ()
nL]K = 2TEL1 jem +1 TEZ L T—t
/¢ J J
NAM+L ¢(/})(T)+i(|)(jg)(1)
1= dt|=f —2Re
+‘,_,,IZ+,‘ZZ+1 nii[ T—t TE A ( )+fk =
+/Z; - j fe ™ In(x —t)dr+q2°° te™™ +/Z nfx In(r— a, ) (55)
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m *(2)
— I udr+
L

1
j= ,,l+1m T 3 T—t
Jj#k J

Jj=1

2 Red i) LJ' ¢*(l)(r) 1* * 1 J- ¢
niL*zk T—t T— t

2/

N N%MLJ.(I) +l(|) } ) 2Re[ ()iak(t)x

Jj=ny+ny+1 T ng

k + ia; (x)
s b0 _N 1 ) A R ) (T)e
X[[2e Z27c7ut a] Jzn L-[ 2 +1nz'[ T— ’

Jj=n
tel,,, k=n+1n +n, (56)
wo| L 00@+i00) e e o (@) +ig)
Re| o, (s)e™" —J. 2 Ll dr——— J- 2 Ldr |+
T 3 T—t T e T—1

N+M+L () i@ 2iay (1) (1) i@
R T
;;Zl+n2+l L’;j L’;/

I P i P B A Y )
= [t d- - [ |+ Y | = [ d-
o] T L T—t T L, T—t e 41| T L, T—t

2iay (1) (1) . ‘
L 0o ] o

moog Tt A,

y ks 1 2ia (t) 1 ky 1 f*(,r) Ziak(t)
[eee gl [

j=1 j aj Jj=1 T LT,,‘ T—1 7Tl
f" ny +n, * —ia; (t) 2iay, (t)

xj—f‘/(t)dt+ Z Ljf/(T)e dt—e — x

i3 T—1 jema1 T o T—1 T

; ﬂa T d

xj(oa (s)e " [+ 1 ())e ()ttt]ﬂ (57)
Ly,

Refo, (s)e [0, (0)+ 0 (1) - €™ (o, (e)+ 0 ()] +
oo [ I¢k > z¢k @, }z [%w“(f)“@”(f)ﬁr

s j=n;+n,+1 Tt
J#k

R, s 6
jzlniLT_ T—1t j:anniL;_ T—1t
J J

N

=120+ z-¢53><z>)}=

34



kg
—12lRe g 0| L= o-iBs —Z 9
A, 2 121k t—a; =g

N

—ia; (t)

Xj‘fj**e

t dr] tely, k=n+n+LN+M+L, o,s)=a,(s) 8
o T

J
In the description of the boundary conditions (44)-(48) the complex potentials @, (Z )
and P, (Z ) are defined as follows:
k .

L P+iQ 1

q;
DO (z)=T- L_In(z - a;,+®(z 59
(2) ZZTE(IJH{)Z—Z 1+KZ ( (@) )
—i z;(P +i
¥ (z) = 1”+§: b 1 5RO, 1
‘a 27‘C(I+K) z— z 27‘C(I+K) (z—z, )
o (60)
kM. N .
P A S—— N off TR 7R
T 2n (z—zj) 1+ %5 2n\ z— a,
mﬂer:%um+Ng rz—%um—Ng 61)

Mo Gy(t) &1 Gt 1 e
(D(Z):]ZTMJ.—T]—Z dr+22m’-|. riz dr+2ni§ Lt
;g

G, /.(t ), Gy, (t ), G, /.(t ) denote the densities on /,, L, and y; respectively.
By virtue of the boundary conditions Egs. (44)-(46) and Eq. (48), as well as
Muskhelishvilli formulae, we get the following integral representation for ‘I’(Z :

\P(Z):i 1 IQIj(T)E— 1 Ima_ 1 J';Glf(r)d,c]_i_

| 2miy Tz 2mi; -z 27'Cl'l/_(1;_z)2
a G, (t)— 1G,,
>I=] 5 ()7 I,IT2’2dr+ (62)
= _2m D Tz 2mi i (t—z)

M-
—_
-
N
R
—
a
~—
3
|
o
-
a2

7| 2T

J (T)_r 1 EG3J’ .
d @( )2d]

4 2mi T—2
Vi

~.
Il

Where:qu(t)=(G;—G;)—i(G:;G:), tel,, j=LM

ql*j(t):(cn—iot), tey,, Jj=LL
The combination of boundary conditions (44) and (46), with the Muskhelishvilli
formulae and Sohotsky-Plemelj formulae [1] for the integral representations of (I)(Z),

lP(Z) and F, (Z ), gives the following system of singular equations: ¢ €/j, k = LM
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%der—%jw dt{n -[ T om -[(j_t;)2 Gu (1) |+

+jzllmlj T (t) jT _%[
ﬁjé‘j)zcw(r)dr} ;L’j ) %JGT_: 7

= my tT—t {11 ) T—t
_d _§ w” - [ G, (et |-
dt| mi () N

= Alk(t Z)—%{E

Using the boundary conditions (46) we have relative integral equations along the

QIk(T)d_ Mi ql_/(r)d_ LL q:/(r)d_
T—1 T+jZ=1:m';[ Tt T+;m’f T )
j#k / ’ J

boundaries of the hole 7 ; .

and te Ly, k=1,n1’

(k) g (k)
(<106 0+ o ]+ =i

i( 3-v- K1+V)G (- B(I+v)¢2k()

dt

L
G, (7
2’( dt — 1+v £+
T—t dt

l-v ¢ G,, K 7_) Tt Zk(r)
+— 5 I { j dt— o j( ( dr
Pl

dt|2mi; 1 r—t)2
+£J¢w } [ v
2ni ) Tt gl L

Ly
‘#

s N el

- - dr+
i Tt 271sz (1-, t 27
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— G, .
I | ) o ()] r— 2 e+
e e dt STt 2mi ;) (r t)
jik J J J
I 6, (1 “ [ I il )d +(1+v)£
2m e L A dt
j#f /

{2m § 7]_) Zm § (r _ j)z G, j(r)dr“ J = AZk(t,E) (64)

Alk(t,g): (c; +0, )—i(cs,+ +ot‘)— 2(F+1:+%F']+

+Z{2Re > +i0, 1 d{K(PjHQj) 1 +Pj+in;—Z_ZH

1+K) z n1+1<) t—z; n(1+1<)t—z

ky ks )
—i ﬁM L __ B qu {Reln(t a) d i~ a]

dt = (t Z**)2 1+x 55 21\ dit—a

)2 S 00 1 g0

dt e\ Ay T amiy Tt

J

0 allek) -2 ar| 2n(lvk) -2 2n(l+x) iz

+i(1—v\Pj+in 1 df[‘(( _iQ_/) 1 +Pj+iQ_/ Z_Zj]

zk2 @M, L __ P i 9 [2(l—v)ln(t—a )+ﬂt % }

= IE 27 (t_Z;f*)z 1+x 5 2nh dtt—a;

If we use the boundary conditions (48)-(49) for the curvilinear stringer, we take another
two relative integral equations.
Finally, the system of integro-differential equations (60), (61) is augmented with the

conditions for singlevaluedness of the displacement along /, |k =1,M ):
I (—3 p
G, (t)dt= t)dt — t)dt, tel,, k:il,Mi 65
;[ lk() 1+K;!:q1k() 1+K;[(P1k() k (65)

The densities G, (t), G, (t), G, (t) on the cracks, stringers and holes,

respectively, are expressed as follows:

¢
6= g -, e, k=Th ©
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[+ _
l(Gt —Gt)

sz(t): I+ _I_I_Kd)zk(t)’ tel, k=1N,
G3k(t)=?2‘_(:;)+g3k(t)—%¢3k(t), ey, k=r,
)= (- @) it (- O] ()= ) ivle)

6. NUMERICAL APPLICATION

As examples of application of the method developed we present two different
problems. We assume an infinite plate which contains one rectilinear crack of a length
| .The Ox axis coincides with the axis of the crack and its origin with the mid-point of the

crack. The plate is under the influence of homogeneous flux heat ¢ at infinity.
Furthermore, heat sources + ¢,,—¢,, + ¢,,—¢, act at points (al,O ), (— al’O) (0, az) and
(0,—a2) respectively. The behavior of the stress intensity factors is given below:

9o
\@b

y

Fig. 3 Infinite plate under the influence of thermal field
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Fig(3a): The variation of K ; stress intensity factor when the length of the crack is increasing
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Fig(3d): The variation of K 7 intensity factor, when the angle b is increasing
In sequel we assume an infinite plate which contains three rectilinear cracks of
lengths [, =1m,l, =0.2m,l; =0.2m . The Ox axis coincides with the axis of the crack

[, and its origin with the mid-point of the crack. The crack /, is perpendicular to Ox axis at
0.5. The crack /; is parallel to Ox axis, and its mid-point is at point (0.5,—0.2). The plate
is submitted to stress NV, =9.81- 10* N/ m” at infinity. Heat sources act near the lips of

each of the cracks /, and /.
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The numerical solution of the singular integral equations, based on the substitution of
the integrals by a discrete analogue. The discrete points used (both integration and
collocation points) are the notes of an approximate formulae and they are determined on the
basis of some functional relation.

7. CONCLUDING REMARKS

Basing on the method of complex functions and the theory of singular integral
equations, a general method was proposed for solving plane thermoelasticity and thermo
conductivity problems for cracked, isotropic or anisotropic, multiply connected bodies with
linear and curvilinear stringers.

Many important engineering problems can be solved by the above general method,
such as the body with a partially of fully supported hole and periodic linear and circularly
symmetric arrays of cracks, stringers, inclusions etc., as well as other plane elastic problems
of a generic geometry which may be encountered in actual engineering applications. It is
obvious that the important aspect of prediction of the behavior of a body under the
influence of existing singularities inside the mechanical and thermal fields of forces can be
considered by using the proposed method.

Furthermore, the principles and procedures of the method can be effectively applied to
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extend it to a large category of problems, such as bodies with inclusions and bodies in
contact containing or not a s system of cracks.

The work was carried out in the framework of an agreement on scientific cooperation

between the National Technical University of Athens and the Institute of Mechanics,
national Academy of Sciences (NAS) of Armenia.
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2U8UUSULP @SN E3NRLLENP UGUSPL ULUUNEURUSE StNtulah,
W3BECTUSI HALIMOHAJIBHOM AKAJIEMUM HAYK APMEHUM

Uljuwthu 62, Ned, 2009 MexaHuka
VJIK 539.3

ACUMIITOTUKA COBCTBEHHBIX KOJIEBAHUM
AHMU30TPOITHOM IMOJIOCHI
Aranossaua MLJI.

KiaroueBble ciioBa: o0mas aHWU3OTPOIMS, IIOJIOCA, CBOOOJHBIC KOJICOAHUS, YaCTOTa,
ACHMITOTHKA.
Key words: general anisotropic, strip, free vibration, frequence, asimptotics.

U.L.Unqunjjui
Ulhgnupny 2tpunh ubthwjub munuimyibtph wuhdupunninpljub

Nuunmdtwuppyws o hp hwppmipjut dky pinhwimp wihgnunpnyhwyny odwnjws pkpinh
ubthwljut nuwnwimdubpp, pp okpnh Epuytwlwt thuwnbphg dkhp Ynpn wdpuygqus k, huly
hwlwnhp thunp wquu £, jud Ynpn wdpulhgws: Uuhdyunnhl dhpngny wpunwsjws bu
punipuqphy hwjwuwpnidubp ubthwjuwt nwwnwinudutph hwdwpnipniuutpp npnotine hwdwp:
Uwyugnigqus b, np gkpuinid jupnn ki wpwewtwy Eplynt whyh ubthwlwb mwnwinidubp: Uwuluygi,
h wwppbpnipnit hgnuipny b oppnuipny okpukph, nwwnwundubpp skt hwinhuwinud Jwpnip
uwhpuyhti b Epuybwljui: Npnoqus b mwnwtnwdutph dukpp: 8nyg E mipqws, np jnipupwbgnip
ntyph hwdwp ubthwlw $nrughubpp juqdnid G oppnunpdw hwdwljupg:

M.L.Aghalovyan
Asimptotics of free vibrations of anisotropic strip

Free vibrations of strip which has general anisotropy in his plane are investigated, then one of the faces is
rigidly fastened, the opposite free, or rigidly fastened. Characteristic equations for determining frequencies of free
vibrations are derived by the asymptotic method. It's proved that two types of own vibrations are arising in the
strip. But in contrast to isotropic and ortotropic strips vibrations are not purely shear and purely longitudinal. The
forms of own vibrations are determined. It's shown that for each case eigenfunctions formed ortonormalized
system.

HccnenoBanel coOCTBEHHbIE KOJeOaHUS IMOJIOCHI, oOJyiajaronield oOuiel aHU30TPOIell B CBOEH IJIOCKOCTH,
KOrJa OJIHA W3 JIMLEBBIX TIpaHeil JKECTKO 3aKpeIieHa, a HPOTHBOIOJOXHAs TPaHb CBOOOJHA WM JKECTKO
3aKperuieHa. ACHUMITOTHYECKUM METO/IOM BBIBEJCHBI XapaKTEPUCTHUCCKHUE YPABHEHHS JUIS ONPEICIICHUS YacTOT
cOOCTBEHHBIX KoJieOaHmii. [[0Ka3aHO, YTO B IOJIOCE BO3ZHHKAIOT [[BA THIA COOCTBEHHBIX KoyieOanuit. OqHaKo, B
OTJIMYUE OT W30TPONHBIX M OPTOTPONHBIX IOJOC, KOJEOAHUS HE SIBISIOTCS YMCTO CIOBHIOBBIMH WIJIM YHCTO
npooJbHbIMH. OrtpeienieHbl GopMbl COOCTBEHHBIX Kostebanuii. [TokazaHo, 4To HPH KaXIOM cilydae COOCTBEHHbBIC
(yHKIHH 00pa3yroT OPTOHOPMHPOBAHHYIO CHCTEMY.

1.0cHOBHBIE COOTHOLIGHHMSI M NOCTAHOBKa 3aaady. [ perieHus AWHAMHYECKHX
3aJa4 TEOPHM YNPYrOCTH Ul TOHKMX Tell (Oasik, IUIacTHHBI, O0OJIOYKH) B MOCIIEIHUE
JECSITUNETUS. IIUPOKO MCIOJIb3YyeTCS ACUMOTOTHUECKUM METOA pELIEHUS CUHTYJISPHO
BO3MYILEHHBIX AU GEepeHINATIBHBIX ypaBHEHUH. OJTHM METOAOM peIleH psA 3ahad o
COOCTBEHHBIX U BBIHYKJCHHBIX KOJICOAHHSX OPTOTPOIHBIX OAalOK, IUIACTUH M 000JI0YEK
[1-4]. B [5,6] paccMOTpeHBI BBIHYXICHHBIC KOJICOAHUS TUIACTHH C OOIIEH aHW30TpOIHeH
IIPY CEPUU TPAHUYHBIX YCIOBUH Ha JIMIEBBIX TIOBEPXHOCTSAX IUIACTHHKH.

B paborte paccMOTpeHBI COOCTBEHHBIE KOJIeOaHUS TMOJOCHL, OONamaromel oomiei
AHU30TPONHUEN B CBOEH IIOCKOCTH.

TpeOyercs HaiiTh B 06macT D:{(x,y):OSXSI,—hSygh,h<<I}

HEHYJIEBbIC PELICHUs JUHAMUYECKUX YPAaBHEHUN TEOPUH YIIPYTOCTH:
YPABHEHUSI IBUKCHUS
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x oy D

COOTHOILIEHUS YIIPYTrOCTU

(1.1)

ou,
o 8,0, +8,0,, +a,0,
au, (1.2)
— =&,0,+a,0, +3,0,
ou, Ou,
ay +g =80, + a26ny + a'666xy
YIOBJIETBOPSIOIINE TPAHUIHBIM YCIIOBHSIM
u(y=-h)=0, u,(y=-h)=0 (1.3)
6,(y=h)=0, o,(y=h)=0 (14)
Nnin
u (y=h)=0, u,(y=h)=0 (1.5)

2. O0mmii MHTerpaJl MOCTABJIEHHBIX 32/1a4 HA cOOCTBeHHbIe 3HAYeHHUs. Pemenne
chOpMyIHPOBaHHBIX 33a4 OyZeM HCKaTh B BHIIE

GGy >0y = (01 (X.Y), 01, (X, ¥), 0, (X, ¥))exp(int),
U U, =(T, (% y), T, (% y))exp(iot) .

Ilepexoms x Gespasmepueiv mepemennbiv &= X/I, C=Yy/h u Gespasmepupim

@.1)

KOMIIOHEHTaM BeKTopa mepementenns U = U, /v = Uy /|, pemenust 3anau cBoasATCS K

PEIIEHHUIO CHHTYIIIPHO-BO3MYIIIEHHON MaJIbIM ITapaMeTpoM € = h/ | cucrems

90 4 1P 22— 0
g ac '

0o _, 0o _
2 467 T2 L e7wv=0
g oG
ou
— = &,0;, +3,,0,, +8,,0), (2.2)

oG

L OV
€ ——=a,0), 72,0, +3,0,
oC
_, 0u
_+_
og  0g

rie (O — UCKoMasg 4yacTtora COOCTBEHHBIX KOJ'Ie6aHPII7[, aik — MNOCTOAHHBIC YIIPYT'OCTH, p —

_ 2 l22
=840, + 8,0, + 3,0, ,®, =ph‘o”,

IIJIOTHOCTb.
Pemenue cucremsr (2.2) npeacraBum B Buje [7]
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_—l+s (5) s — oS (5) (S)
oy =& oy , LJ=12, (u,v)—s (U v ) (23)

2 k2 n N
o, =g o, , k=0,N
[oncrasus (2.3) B (2.2), mpumeHuB npaBmwio Komm yMHOXEHHS PSIOB, MOIYYHM
CIIEIYIOILIYI0 PEKYPPEHTHYIO CHUCTEMY JUIsi OMpelesieHHss HEU3BECTHBIX KOA(PPHUIUESHTOB

ngs) , u® , v ) , (Dik

) agld
OB 2y o) k=0
og oG
) pgl)
o), n 06, + VO =0
og  ag
oJ e (s) (s) (s)

(2.4)

=q,,0y; +@,0,, +3,0),

G

oV (s)
_ (s) (s) (s)
ac =4Q,,0); +8,,0,, +3,0),

S s—1
aU()+8V( - O}} +8,0% +a40);
aC, aa 1611 2622 6612

m
Q( =0 mpu M<0, oGosnauenne K =0,S Bcerma o3Hauaer, yto MO HEMOMY

(noBTOpsOIIEMYyCs)  MHAEKCY ,, K”  mpomcXomuT —cyMMmpoBaHHME B mpejenax
nenouncneHnbix 3Hauennit 0,S .
W3 nocnenHux Tpex ypaBHeHHH cucTeMbl (2.4) HampsDKeHUs MOXKHO BBIPa3HTh 4epes
nepeMeIeHHs
I v aut) v
+

@ _ L[, U
Gll _A AZ6 ac A12 ac AZZ 6& +A26 a(tv

g 1], av®  au® o aut) v ]
6(22) =—| A -Ag -A, —Ags
N oc o€ o€

2.5)

i (© ) (s-1) () ]
o 1], au oV oU oV
o, =— - + +
12 A A‘l 1 aC A‘l6 aC A26 a(tj Al 1 a(tj

2 2 2
An =q,8, —a,, Azz = 8,85 — Qg5 Ase =a;,85 — A, AIZ =a),85 — 59,
Am =88 —a,8, A26 = 8,8 3,3, , A= Alla'éé - Aléazé + A26a16

[oncraBus (2.5) B mepBble aBa ypaBHEHUS (2.4), Ui OIpelneIeHUs U(S) ,V(S)
MOJY4UM CUCTEMY
Ut PRVAS o .
A oc? ~Ag o> +A0}U" =R, k=05
a2u(5) 62V(S) o .
_A, 0 + A, o + A2V ) =R (2.6)

rae
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RE) — _A oot A R U A v Y
! o ° BERC ' oEC
86(571) aZU (S*l) aZV (S*l)

—+A, + A
g 080C 080C

JlJ1s OpTOTPONHOM 1OTO0CHI
Aus:Oa A26:O’ A\56=a11a66 ’A:Allass (2.8)

u cuctema (2.6) pacnajaercs Ha 1Ba HezaBucuMbIx ipu S = 0 ypaBHeHus
RV w1
tae Ut =R 2.9)
aq A
oV w1
. Ay 2 g (2.10)
o a, Ass
DTOT cirydait ogpoOHO paccMOTpeH B [7].
B gactHOCTH, ycTaHOBIEHO, uTO yciuoBusaM (1.3), (1.4) cOOTBETCTBYIOT COOCTBEHHEIE
TJIaBHbIC 3HAYEHHUS YaCTOT

2.7)

R = —A

I T I T
Ol =—7=(2n+1), oy, = (2n+1), neN
a’66 4\] Bll
, @2.11)
B = 8,8y, — 8, :i
11
a11 a‘ll
U coOCTBEHHbIE HYHKIMN
v, = sin%(Zn +1)(1+¢) (2.12)

KOTODBIE COCTABJIAIOT OPTOHOPMHUPOBaHHYIO cuctemy Ha unteppaie —1 < C <1,

VYenopuam  (1.3), (1.5) otHocurensHO U, COOTBETCTBYIOT XapaKTEPUCTHYECKHE

YpaBHCHUSA U T'NIABHBIC 3HAYCHUSL (S = 0) 4acCToOT:

i
a) €08,/a 0,y =0, o, =———(2n+1) neN (2.13)
a’66
(cumMMmeTpuYHAs 3a1a4a)
. mn
6) sin/a, ,, =0, ,, =—— NeN (2.14)

*0n
\ 86
(3amada nsruba).

Co6cTBEeHHBIME (DYHKITHSIMA SIBIISTFOTCS

a) W:,(g):cosg(znﬂ)z; , 6 ¢} (§)=sinmng, 2.15)

KOTOPBIC TAKKE COCTABJIAIOT OPTOHOPMHUPOBAHHBIC CUCTEMBI.

Yenosusm Uy (ih) =0 cooTBeTcTBYIOT

. min
a)sinm,,+/B,, =0, ol =—— , neN (cumverpuunas sanaua) (2.16)

*0n — [ ’
Bll
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6)cos m,,+/B,, =0, OJLIOn =% , heN (3anaua usruba) (2.17)
1

1 cOGCTBEHHbIE DYHKIK () (Q) wy (Q)

Yacroram (2.13), (2.14) cOOTBETCTBYIOT COOCTBEHHBIE CIABHIOBBIE, a yacTtoTam (2.16),
(2.17) — npononbHBIE KOJIEOaHNS.

Bynem cuurats, uto A, #0 , A, #0. Torna cucrema ypasnenuii (2.6) nomkHa

(s) (s)

OBITH peuicHa COBMCCTHO. W3 sToit cucTeMBI V MOJXHO BbBIPasuTb 4Ye€pe3 U 1o

thopmymne
Awfov(S):_AuAS()_Alzs 82U2() A\%A 2U s) 4
A ag" A

266( ~ AU )R - A2V m=1s
6
[Moncrasus (2.18) B nepBoe ypaBHeHue (2.6), MOIy4YUM ypaBHEHHUE Ul ONpEACICHHS

u®

(2.18)

4 2
(A A, - Aé)‘“é (A, + A A0 29 L At
=Am§O(R” A’ US’“)+A66 2( ~ A2 U m)) (2.19)

A, —— = (RV ~AZ VO™, m=1s

Paccmotpum HpH6J1M>I<eHHe S =0, emy cootBeTcTBYET

, 62U()

(Aup\ss Als) (Au Ass)A(D Azo)fOU( =0 (2.20)
Pemenunem ypaBHeHI/I}I (2.20) sBiIsIeTCS
U® = A9 gin o,C+ B cos o,C + Ccsin o, + D cos o,G (2.21)

rie
a, = Bl\/Zw*o , O, = BZ\/Z(D*O (2.22)
Bz = A“ +A66 _\/(A“ _ A66)2 +4A'26 2 _ All + A66 +\/(An - A66)2 +4AI26
| 2(A A - A;) 2 2(AA - A)
[31 , [32 — BEIIECTBEHHBIE YNCIIA.
Cornacuao popmynam (2.5), (2 18)

1A A Ak U

Ao’ 0
- ¢ o (2.23)
(0) _ _ 1 AllAéé_AleaU +(A2 4 A2 ou
ol M%[A% e AT
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1
AV = A (A A A ?Jf AAw U
6

Ucnons3ys hopmymst (2.21), (2.23), ynosierBopum ycnosus (1.3), (1.4):
o\ (£=1)=0,0% (¢=1)=0,U"(L=-1)=0,V" (C=-1)=0 (224

MOJIYYUM CJIEAYIOLIYIO alreOpandecKyto OJHOPOIHYIO CUCTEMY:

U
)

A sin o, — B cos o, + C@sin o, — D' cos a,=0

A(O)C1 cosa, — B(O)C1 sino, + C(O)C2 cosal, — D(O)C2 sino, =0

A(O)C3 cosa, — B(O)C3 sino, + C(O)C4 cosa, — D(O)C4 sina, =0 2
A(O)C5 sino, — B(O)C5 cosa, + C(O)C6 sina, — D(O)C6 cosa, =0
rac
G :BI(AII + A _Blzblz) G =Bz(A|1 + A _Biblz) >
¢ =B (A626 + Alze - A66b12f)12) . € =P, (A626 + Alze - Asébfﬁi) > (2.26)

202 2n2 2 2
Cs =(b1B1 _A66) > G :(b132_p\56) b7 = A A Ay
Cucremy (2.25) MOXHO CBECTH K JIByM AalreOpanyecKMM CHCTEMaM OTHOCHTEIIBHO
A , B , c® , D .
A sin o, — B cos o, =0
. . (2.27)
Al )cosocl —B! )sinocl =0
ccos o, — D sin o,=0
. . (2.28)
C! )sinoc2 -D! )cosoc2 =0
s cymecTBoBaHMSA HEHYJIEBBIX pemeHnii cucreM (2.27) u (2.28) HeoOXxoauMo, 9TOOb!
UX OTpeneauTen ObLTH PaBHBI HYJI0. B pesyibrare GyaeM UMETh CICAYIONME YPaBHEHHS
U COOTBETCTBYIOIIHE UM 3HAUCHHUS YaCTOT:

T | T
cos2a, =0, a,=—(2n+1), o,, =—F(2n+1), neN, 2.29
1 1 4( ) 0 431\/Z( ) (2.29)
T T
cos2a, =0, o, =—(2m+1), o, = 2m+1), neN  (2.30)
=0 = Rame). it~ E e ame

VYunreBas (2.29), (2.30), u3 (2.27) u (2.28) OynyT cinenoBath
B - AViga, = At (20 +1)= (1) A

c =(-1)" DY 2.31)

m m
Takxum 00pazom, B mosoce ¢ 00IIel aHU30TPOITUEH BOSHUKAIOT JABa THIIA COOCTBEHHBIX

KOJICOaHUH C 9acTOTaMH, COOTBETCTBEHHO (2.29), (2.30), KOTOPHIM OYAYyT COOTBETCTBOBATH
coOCTBeHHbIEC QYHKIINU

Ul =AY (), (€), v, (%) =%{sin§(2n +1)¢+(-1) cos%(Zn +1)z;}
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U,E:),) = Cr(]o) %[sin oG+ (—1)n cos azg} = Cr(]o)\un () (2.32)

Jlerko ybenutnes, uto GyHKIUH (C) COCTAaBJISIIOT OPTOHOPMHUPOBAHHYIO CUCTEMY

na unreppaie —1 < <1,

OTMeTHM, YTO B OTIMYHE OT CIy4as OPTOTPOMHOM IOJOCH], COOCTBEHHBIE KOJIeOaHHS
AHM30TPOIHOI NoJsiockl B cuity (2.29), (2.30), (2.22), (2.5) He SBISIOTCS YUCTO CIBUTOBBIMU
WK YUCTO NPOJO0JIbHBIMU.

Hanpsokenus u nepemertenus V © OynyT onpezneneHs! 1o popmynam (2.5), (2.23).

3. O npubmmxenusix S>1. Ipu S=1 HeoOxomumo pemars ypasHenue (2.19) s

o
Ka)XJOH W3 TPyl 3Ha4eHUH, COOCTBEHHBIX 4aCTOT o O, - s S =1 ypasuenue

*0n
(2.19 ) 3anuceiBaeTcs

211 (1)
(AA - A6) (A, + A%)Acoz% + A%l U0 G)

o’y RYAR 0?
+A03*1 {AO‘)*OU © 4 Ags Cz A16 ] = A(’ﬁo Rél) + E(Aéé' ngl) + A R\El))

rae

R\EI) =-A—— (A12 + AV (0))a (3.2)

Tycts M, = O :L(znﬂ).

*0n *0n 4B1 \/K

VYpaBrenwue (3.1) 3anumem B Buzae

(AvA - A6)6U H(A,+ Ay ) A,

)'u +A(co*m)2f =R},

uvnl

ZU ( ) 62\/( )
A(w*On AS() AI6

ac; (3.3)

+A* (!

*0n

(3.4)
uvnl ( *On) Runl 2 (AG()RLEII'I)l + Al()R\E:])I)

Ucnons3ys hopmyist (2.23), (2.32), (3.2), (3.4), 6ynem umeTthb

(0 =) Al )~ 2B~ Ae e |0 )y, ()

A((DLOH )2
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R = {[A% AL)-2A,A, A (0l,) +
+|:(A11_AI2)(2AI6_A11A\56 A66)+2AI6A66(A26+A16)]a1n (3-5)
T AGA A28 (A A~ A ot [ AY ()] wi (0)

A(oa,"On)
(1)

[Mockonbky GyHKIMH {‘I’n (C)} COCTABIIIOT OPTOHOPMHPOBaHHyo cuctemy, U
OyzeM UcKaTh B BUE psina mo 3TuM QyHKIwsM [8,9]:

ull=al) (&), (¢) m=0,0 (3.6)

Ioncrasus (3.6) B (3.3), yMHOXMB 00€ 4acTH IOJYIEHHOTO YPaBHEHHA Ha \f, (C) "

npounterpuposas B npenenax —1 < <1, ¢ yuerom (3.5), nomyuum

(AIIAY)6 Al()) lm mk (AII+A%6) ( )2 ()a‘lmsmk+ (3-7)

+A2( *On) r(nr)18mk +A( *ln)2 |:A(0310n )2 AlA'(Azjl ;;6 a‘ln A] 6nk = (Ru(\l/ZH )k
*0n

rae O, — cumBon Kponekepa, a

) Jan.\vk (€)¢ (338)

Ipu K # N B (3.7) ueTBeproe cnaraemoe oGpamaercs B HyJlb 1 HMEEM

Y (R0,

(3.9)
15%6 6 1T P ®,0n a1k+ *0n4
(AAG—AL)al —(A+ A ) A(0l,) ag +47 (o)
Ipu K =Nn+#mM wu3 (3.7) Berexaer
AN =0
(o, (00m) (o), (3.10)

)_[Az( W) = (A A~ Aoy | A

Takum 006pa3om, ompeseeHbI akn npu K#n u (o*ln

(1)

Ocraercsa ompenenuts &, .

st ero onpenenieHrs NCMOb3yeM yCIoBre HOPMUPOBKH [8,9] :
2

1 +1
U +eul) dg=1 3.11)
usf“{( ')
u3 (3.11) crenyroT ycioBust
L U0V e -
SO I(Unl )d(;—l (3.12)
nl B
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1
o) (1
J-Uﬁu)Uﬁ.)dC=0 (3.13)
-1
Ycnosue (3.12) BBITOIHSAETCS TOXKIECTBEHHO, a (3.13) 3anuceiBaeTcs B BUIE

1
J-ar(11n)WandC =0 (3.14)
-1

1
OTKyJ1a CIIeflyeT, 4T0 ar(m) =0.

W3 (3.5), (3.8) cnenyer, wro (R ), 20, (RY ) =0,

Crie10BaTeNbHO, U(:) #0, o) £0.

n *1n

OrpaHUYUBILIGICH IEPBBIMU JIBYMs IIPHOJIMOKEHUSMH, Oy/IeM UMETh

U, =U0+eul) | ol =l +co

*0n *1n

(3.15)
(

1 !
nl) =0, o, =0, 1.e mompaska

OTmetuM, uTO juIs opToTpornHoit mosocel [7] U .

2 .
umeet nopsigok 0 (8 ) , B TO BpeMs, KaK B CiIydae 0OIIei aHM30TPOITMH HOIPaBKa MOpsIIKa

0(e).

AHanorn4HeIM 006pa3soM pPaccMaTpMBAKOTCA MpUOIMkKeHHs S > 2, a Takke ciydaw,

]
*0n -

COOTBETCTBYIOLINE 3HAYCHUAM (D)
4. OcHOBHbIE COOTHOLIEHUSI, cOOTBeTcTBYIOIMe YeaoBusMm (1.3), (1.5). Mcnonb3ys
¢dopmyis (2.21), (2.23), ynosnerBopum ycnosusim (1.3), (1.5).
V I0BIETBOPEHHE ITUM YCIOBHAM MPUBOJUT K PEIICHHIO CIEIYIOMIUX aireOpandecKux
CHCTEM
A sin o, + Csin o, =0
o o 4.1)
C5A( )sin o, + 06C( )sin o, =0
B cos o, + D cos o, =0
0 0 4.2)
CSB( ) cosa, +CeD( ) cosa, =0
U3 (4.1) cnenyrot:

. mn
sino, =0= o, =7N, ®, = ,neN

2) N BAA 43)

U =A%sinmng , B” =c®=D"=0

sina,, =0= a,=mM, O, =

6) o BA (4.4)
Ul =Cc%sinmmg , A”=B"=D"=0

aus (4.2) umeem

cosa, =0 = a1:§(2n+1), o" =—" _(2n+1),neN

" op

U,(,?) =B" cos a,l = B cos§(2n+1)c, AY =c® = p©

B) (4.5)

0
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r)

cosa, =0= a2:§(2m+1), o =—T _ 2m+l), meN

=2

u® =p cosg(zm“)g, AV =B =c =9

(4.6)

OyHKINN {Sin TEHC} COCTaBJIIIOT OPTOHOPMHPOBAHHYIO CHCTEMY Ha HHTEpBaje

T
—1 <€ <1. Takum ke cBOHCTBOM 061a1ArOT QyHKIMH {COSE(ZH + 1) C} .

ITpubamxkenus S > 1 paccMaTpuBaroTCs M3JIOKEHHBIM B 11.3 CII0OCOGOM.
KavecTBeHHast KapTHHA HANPSHKEHHO-Ae()OPMHUPOBAHHOTO COCTOSIHHSI aHAJIOTUYHA.
AHaNOrMYHEIM 00pa3oM paccMaTpHBAIOTCS COOCTBEHHBIE KOJEOaHUsSI aHW30TPOIHOM

TI0JI0CHI, TIOPOYK/IEHHBIE IPYTHMH BAPMAHTAMH 'PaHMUHBIX ycIoBuii pn Y = +h .

*®
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2U8UUSULDP &hSNhE3NRLLEND ULAUSPL UYUNEURUSE StNtuUah,
W3BECTUSI HAITMOHAJIBHOM AKAJIEMUM HAYK APMEHUM

Ukluwthlju 62, Ne4, 2009 MexaHnka

YK 539.3
O XAPAKTEPE COBCTBEHHBIX KOJIEFAHUM B 30HE
HOI'PAHUYHOI'O CJIOSA OPTOTPOITHOM MOJIOCHI
3akapsn T.B.

KaioueBble cj10Ba: MOrpaHUYHBIN CJIOH, COOCTBEHHBIE KOJI€0aHUsI, aHU30TPOIIHS, YACTOTA.
Key words: boundary layer, free vibrations, anisotropic, frequencies.

S.4. Qupwpjuh
Onpnunny otpunh ubthwljwi munubimdbtph pinypp vwhdwbughb gkpunnd

Nbhunidtwuhpdws Gu  oppnuipny  okpnh  ubthwluwt  wwwnwindubpp nnnwdhqg  Gqpkph
opowljuypmid’ wpwdqujwimipjuit inkunipjul wnweht kqpuyhtt juinph nhwpnud: 8nyg k wpyws, np
uwhdwbughtt skpiinud ubkthwjwt nwnwinidubpp bkt dwpnn pinyp’ tpuynubughw) opkupny,
wpnuwsjuws t wpwbugkipbinn hwjuwuwpnud  npnknhg npnpynud i dwpnmudp pinipuigpnn
Epuwnubughwy $niulghugh gnighsubpp: 8nyg L mpyws, np jnipupwbgnip ukithwljwi hwdwjunipyuup
hwdwyuwwnwupwinud £ dwpnn $niuyghwkph hp nuun:

T.V.Zakaryan
On the Character of Free Vibrations in the Boundary Layer Zone of Orthotropic Strip

The characteristic vibrations in the boundary layer zone of orthotropic strip for first boundary-value problem of
the elasticity theory are considered. It is showed that vibrations in the boundary layer zone are damping
exponentially. The transcendental equation for finding the value of damping-rate exponents is deduced.

PaccMoTpeHB! cOOCTBEHHBIE KOJIeOaHHsI B 30HE IIOMPAHHYHOTO CJIOSI OPTOTPOITHOH ITOJIOCHI B IIEPBOH KpaeBOH
3a7aue Teopuu ynpyroctu. ITokazaHo, yTo koneGaHus B 30HE NOTPAaHUYHOTO CJIOS 3aTYXalOT HKCIOHEHIHAIBHO.
BeiBeneHO TpaHCHEHIEGHTHOE ypaBHEHHE, OTKyJa ONpENEAIOTCS 3HAYeHHs IIOKa3aTelell OKCIIOHEHT,
XapaKTEePH3yHOIINe CKOPOCTh 3aTyXaHMSL.

IlepBast crarnueckast KpaeBasi 3ajadya TEOPHUHM YNPYTOCTH JUI OPTOTPOIHOM IOJOCHI
ACHMIITOTHYECKAM MeToloM pemreHa B [1]. Beoia ycraHOBIeHa CBsI3b IMOJIYYCHHOTO
peIIeHws ¢ KJIIAaCCHYECKO Teoprelt 0aiok u CTep KHEH, a Takxke ¢ npuHIunoM CeH-Benana
[1,2]. TTepBas kpacBas AHHAMIYECKAs 3aada I U30TPOITHOHN MTOJIOCH ACHMIITOTHYECKUM
MeTosioM paccMotpeHa B [3]. IlepBas nuHamMudeckast KpaeBas 3amada JjIsi OPTOTPOITHOM
nojiockl pemreHa B [4,5]. IlepBas kpaeBast BHyTpeHHSS 3afada IS ABYXCIOWHOW ITOJIOCHI
pemena B [6]. B 3tux paborax OBUIO TMOKa3aHO, YTO ACHMITOTHKA AJII KOMIIOHEHTOB
TCH30pa Hanp;m(eﬂnﬁ U BCEKTOpa MNEPEMCUHICHUA MNPUHOUNHAIBHO OTIWYACTCA OT
aCHUMITOTHKH B CTaTHYECKOH 3azaaye. breuta yCTaHOBJICHA HOBasd AaCHUMIITOTHKA,
M03BOJIMBIIAS HAWTH 06Luee ACUMITOTHUYCCKOC PCUHICHUC [lPIHaMI/I‘IeCKOﬁ 3aa4u.
CoOcTBeHHbIE KOJIeOaHUsI OPTOTPOITHOM IOJIOCHI BO BHYTPEHHEH 3aljaue pacCMOTPEHHI B
[7]. Tloka3aHOo, 4TO BO3MOYKHBI JIBa THIIA COOCTBEHHBIX KOJICOAHHMH — CIBHUTOBBIE W
NPOJIOJIbHBIE, KOTOPBIM COOTBETCTBYIOT pA3JIMYHBIE TPYIIBI COOCTBEHHBIX 3HAYCHUI.
Bropas m cMmemraHHas AWHAMHYECKHE KpaeBBIE 3aaddl aCHMOTOTHYSCKHUM METOIOM IS
MOJIOC, TUTACTHH U 0001I09eKk paccMoTpeHsl B [8-11]. B HacTosmmelr pabote paccMOTpeHBI
COOCTBEHHBIE KOJICOAHNUS B 30HE IIOTPAHUIHOTO CIIOSI OPTOTPOITHOM mmoJockl. [lokazaHo, 9To
KaX/10¥ COOCTBEHHOM 4acTOTE COOTBETCTBYET CBOI KJIACC MOTPAHUYHBIX (PYHKITHIH.

1. OcHOBHbIE YpaBHEHHSI U COOTHOIIeHMsI 3aga4yu. TpeOyercss HalTH Takoe pelieHHe
JUHAMHYECKUX  YPaBHEHMH  TEOpHMHM  YOPYrOoCTH Ui~ OPTOTPOIHOW  TIOJIOCHI
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D= {(X, y): 0<x<Il, —h<y<h, h<< |} , KOTOpOe JIOKAaJH30BaHO BOJU3U

topua X =0 u ymoBIeTBOpPSET HYJIEBBIM YCIOBUAM HA MPOAOIBHBIX Kpasx Y = +N musa

HaprI)KGHI/Iﬁ. C‘II/ITaGTCH, YTO II0JIOCAa HAXOAUTCSA B YCJIOBHUAX ITOCKOM Z[e(i)OpMaHI/II/I.
Pemenne JUHAMHUYCCKHUX ypaBHeHI/Iﬁ TCOPUU YIIPYTOCTH!
YpaBHCHUS ABUKCHUSL

oo 2 oo oo 2
0c N _ o°u v OOw _ oV (D)

x oy P x oy o

COOTHOILIEHUS YIIPYTOCTU

ou oV ou ov

&zﬁllgxx +B126yy’ EZBIZGXX +6226yy’ 54_&: aé()nys (1~2)
1 .. 1

By :a_n(aijan _a'3aj3)9 L]=L2, a, ZG—U,

OyzeM MCKaTh B BUZC
G (X Y,t) =0, (X, y)exp(iot), o, (X Yy,t)=0, (X y)exp(int)
o, (X y.t) =0, (X, y)exp(iot), u(xy,t)=u (X y)exp(iot) (1.3)
v(x,y,t)=u, (x,y)exp(iot),

rae O — 9acTtora COOCTBEHHBIX KOJIECOaHMH.

2.Co0cTBeHHBbIE KOJ€OAHHUS TMOJIOCHI B 30HEe MOTPAHUYHOIO Cj0si. UTOOBI BBISBUTH
XapakTep COOCTBEHHBIX KOJCOAHHI TOJOCHI B 30HE IOTPAHMYHOTO CJIOs BOJHM3HM TOpIa

X=0, B ypasmenmsx (1.1), (1.2) mepelimeM K 0e3pa3MEPHBIM KOODAUHATAM
n=x/h, {=y/h u Gespasmepubiv mnepememennwsn U =u, /I, V = u, /1,

OJHOBPEMEHHO BCEM MCKOMbIM BEIMUMHAM HpHIHeM HHaekc « b »(oT ciosa boundary). B

pe3yJIbTaTe MOJyunM CHHTYISPHO BO3MYIIEHHYI0 ManbiM mapamerpom € = N/ | cucremy

! 0G, 1, s 0G +87260be -0, ¢ 0G5, ¢! 0G 1y +8_20)be -0,

on oG on
_,oU _, oV,

g P = B0 + B0, € =Lt = B1,011p B0, (2.1
on oG
ouU oV,

e —L+eg'—L=a,0,, o =ph’e’.
oC on

Pemenne cucremsl (2.1) Oynem uckaTh B BUze
G =& "T(,0), (U, V) = UP V), o =¢’n), s=0,N. (2

*S 9

Ioncrasus (2.2) B (2.1), anst onpenenennst Ko3GpQUIMEHTOB npeacTaBieHus (2.2) HoIydnuM
CHCTEMY

_ _ =) A=(S)
oGt 05 - G 0G _ _
— Ll UFT =0, 2+ — 2 0l VTV =0, k=0,5  (23)
on oC on 0
g EVAS) ou®  ev®
i = Blla(S) + 6126(5) H . = BIZE(S) + BZZG(S) H ; + - = a‘666(5)
a,r] 11b 22b aC 11b 22b ag an 12b

Pemenue cuctemsr (2.3) OyzaeM HcKaTh B BUIE
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A6 _ )
b =Qy (§)exp(—An) (2.4)
rie Qés)— moboe W3 HANpPSHKEHMH M HepeMelleHHil, A — MOKa HEM3BECTHOE UMCIIO.

IMockonbKy Mbl WIIEM 3aryxawoomiee npu ynanenun ot topua X =0 pemenne,

Heobxomumo, utobsl ReA > 0. TMoxacrasus (2.4) B (2.3), MOIy4UM CHCTEMY
(s) (s)
(s) Oz 201 (k) _ (s) d (s—k) _ e
—A\o ) + +oyuUy ' =0, Ao +—+ o, V,° ™ =0,k =0,5 (2.5)
d dc

av, dup
_7"Ut§S) B ES)+B12 ) dbC _Blz b Bzz dC

W3 3T0i cucTeMbl HalIPsDKEHUS MOYKHO BBIPA3UTh Yepe3 IMepeMeneHUs

s 1 . dv,” g 1 . dv
o0 =00 0, 5| o;zj[wuugusn “)

o = 1[0 e
12b a66 dC,: b

st onpenienenys nepeMereHui noay4yaeTcsl cucTeMa

211 (9) (S)
d’u; LA, dv,
dg’ dg
2\ 7 (5) (s)
BlldLiaz+7LA4 dUb
dg dg

a a
rie A, =B,,By, — B , A, :ALGBM —-1,A, = f(xzﬁzz +A1(0§o) ,

12
1 1

(s) _ (s)
-AV,)” =a,0

(2.6)

AUY® =—a 0> U™ | m=1s
(2.7)
+ AV =—A ] V™

A A
A, =B, —a—l LAy =LA+ aﬁémfo) (2.8)

66 a66

U3 cuctemsr (2.7) Vb(s) MOKHO BBIPA3HTb 4epe3 Ués) o dopmyie

V. = P18 [dSUtES)
) =
}\‘(BIZa% — A, )(7‘2 + a660)i0) d¢’

+(a§6 +28Bp, — A )M +a5B 0, dul
Blla66 dC

dus™ A - —
+a66(’oim db—g_B_”(a%BlZ_Al)(Dimvb( ) > m:LS

A nns onpeneneHus Ués) MOJIyYUM ypaBHEHUE

d'u® 1 ) d
+—1(2B,, +a, )A B8 + Aoy, |[———
dC_,4 B“ [( 12 66) ( 11766 ) 0] dcz

1
+B_[Bzzk4 * (a66622 + A1)(’0307\‘2 + Alaéswio}uéw = (;)
11
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2 1 (s-m) 2 2 (s—m)
» AU Ajago A A, o, dV,

(s) «m | | (s—m) 1 o
b:—a Q)* Ub + 3m=195
o dCZ Bn Bn dC
OmHOBpEMEHHO ISl HANIPSHKCHUH IMEeeM
21 1 (5)
(s) B12 d Ub 1 2 2 (s) 2 (s—m)
GCip = +—( 8B 0 T APy JUp + 8505, U,
7\'(8123'66 - A1 )[ dC2 B12 ( ) "
1 d*u
(s) _ b 2
Opp =~ |:ﬁ11 + (a66 + BIZ )7" - (2.11)
(B12a66 - Al )(7‘2 + a660)io) dC3 (
du dus™ o
_(a66B12 - A1 - a66B11 )(Dfo )d—2+ aééﬁll(’ofm db—C_, - k(BlZa&’) - Al )('Ofmvb( )j|
AU ((ag +B, )2
o) =— P b+ (8 +Py:) +agml, U+
x(BlZa()é _Al) dC Bn

2 (s—m) 1 e
+a,,0,,U, ] m=1,s
Pemenne ypaBHenus (2.10) umeer B
U® =U® +u® (2.12)
rue Uéf)) — pelIeHHe OJHOPOAHOTO, & Uéts ) _ wacTHoe peLIeHre HEOTHOPOJHOTO YPaBHEHUS
(2.10).

Ué(s)) — A(S)eklc + AES)e—kIC + A§5)ek3C + AiS)eszc (2.13)
o M
me ki = [ (28 +Bu )Y’ — (@B, +A))#VD |y =" @19
2By, g
D= (4B12a66 —4A, + a626 )74 + 2[2([311 =B (@B, A +

2 2
+8,6 (84681, — A, )]'Y +(@g B, —4A)
0\)*0 — 3HAQYCHHUEC YAaCTOThI AJId UCXOOAHOIO l‘[pI/l6JII/I)KeHl/I)I.

Oro 3HaueHue O, ONpENENIETCs U3 PEIIEHUs BHYTPEHHEH 3a/aud O COOCTBEHHBIX

KOJIEOaHUAX OJIOCH [7].
PerieHre MOrpaHUIHOTO CIIOS JOJIKHO YIOBIETBOPATH TPAHUYHBIM YCIIOBHSIM

O (C=%1)=0,0,,(C=%1)=0 (2.15)

ITo dopmynam (2.11), ompenenuB HamNpsHKEHUS GSL , Gg‘;)b U yIOBIIETBOPUB
yciosusam (2.15) mpu S = 0, nosyuum cuctemy

Abek — AVbe™ + AVB e — A®be™® =0

AVbe™ — AVbek + Abe™ — Ab,e" =0

AOd e + AV e™ + A%, e“ + A%d,e™ =0

AVde™ + AVde" + AVd,e ™ + AVd,e" =0

(2.16)

rac
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2 2 2 2 2 2 2 2
b =k B,k +©,C), b, =k, (B, k; +0,¢), d, =k’ +c,0,,d, =ki +c,0,

1
2 2
C =g +PB1)Y — (@B —A —aPi) . €, =— (@ +B)Y +8 (217
11
Jlyis cyliecTBOBaHMS HEHYJIEBOTO pelicHHs cUcTeMbl (2.16) HEOOX0aUMO, YTOOBI €€
OMpENEeNIUTEIb PABHSJICS HYJI0. B pe3ynbrare MONyduM CICAyOIIEe TPAHCICHICHTHOES

ypaBHEHHe ISl ONpeieNIeH s 3HAUSHUH A
2 2
(b,d, +b,d,)>ch2(k, —k,) = (b,d, —bd,)>ch2(k, +k,)—4bb,dd, =0 (2.18)
B pabote [7] OpII0 1OKA3aHO, YTO BO BHYTPEHHEH 3a1ade 0 COOCTBEHHBIX KOJIEOAHUSIX

BO3MOJKHBI CJICAYIOIHNUC YETHIPE I'PYIIIbI COOCTBEHHBIX 3HAYCHUI 0‘)*0n

—, 6) :L(2n+1), (2.19)

*0n 2@

) Dup = &nn ol = ﬁﬁ(2n+1), neN (2.20)
A, 2

Yacroram (2.19) COOTBETCTBYIOT COOCTBEHHBIC CIBHTOBEIE KOJIE€OaHWS C (QopMaMu
COOCTBEHHBIX KOJIEOaHHIi, COOTBETCTBEHHO,

a) (’O*On -

U =cosmng, U :sing(2n+l)g 2.21)

Yacroram xe (2.20) COOTBETCTBYIOT COOCTBEHHBIE WPOMOJBHBIE KONEOAHUS C
(hopmamu cOOCTBEHHBIX KOJIEOaHMI

. T
V" =cosnng, VY = sm5(2n +1)§,neN (2.22)
Jlns kaxaoro ciydast OpMBI COOCTBEHHBIX KOJIeOaHHMIl OPTOrOHANEHBI Ha HHTEpBAIe
-1<C<1.
U3 popmyn (2.14), (2.18) cnemyer, uto eciu A — KopeHb ypaBHerus (2.18), To (—A.)

TOXKe SBJISETCS KOPHEM 5TOro ypaBHeHus. Kopmsmu Oymyr Takke *A . Hac Gyayt

unTepecoath kopau ¢ ReA > 0. B cuny (2.18) B cucreme (2.16) HezaBucuMbIM OyzeT
OJIHa ITOCTOsSAHHAsA, OCTAJIbHBIC U3 3TOM CUCTEMBI MOKHO BbIpa3sUTh 4€PE3 3TY NOCTOAHHYIO,

HaIpUMep, Yepes Al(r?). ITpencrasus Al(r?) (B(O) IB(O)) ¥ yYuTHIBAsL, 4TO Al()

0
COOTBETCTBYET (n) , pemenwne (2.4) 3anumiercs B BUIE

Q" = (ReQY (§)exp(~Am)) BY +(ImQY (G)exp(-Am))BY  (2.23)

U pemenne (2.23) OyneT BeIeCTBEHHBIM.
Jus  [IacTMHKM W3 OJIHOHAMPABICHHOIO HAMOTOYHOIO  CTEKJIOIUIACTHKA  C
XapaKTEePUCTHKAMH:

E, =55917-10°Ta, E, =13.734-10°Tla, E,=13.734-10’IIa,
G,, =5.592:10°Ia, G,, =4.905-10° ITa, G, =5.592-10° I1a, (2.24)
v, =0277, v,; =04, v, =0.068, p=1925 wr/’

ompe/ieNieHbl MepBbIe HECKONbKO KOpHeil A ypaBHenus (2.18), COOTBETCTBYIOLIHE
cobcTBeHHBIM 3HaYeHUsIM (2.19) n (2.20). OHu npuBeneHs! B Buae Tadi. 1-4.
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min

Oy, = F Ta6mumna 1
66
n=1 n=2 n=3 n=4
A 0.184008 0.504935+1.68106i1 0.052042+1.98127i 0.0589251+2.22152i1
A 0.730153 1.25751 1.18919 0.0723835+1.525051
ﬂj 1.19814 1.27142 1.72384 1.33862
A, 1.5751+0.137981i 1.98089 2.02301 1.72129
As 1.99497 2.0115 2.62852 2.51505
As 2.15272 2.48217 2.66858 2.54282
I T
O,y = (2n + 1) Ta6uuia 2
22,
n=I n=2 n=3 n=4
A 0.0549626+0.944907i 0.565988 0.0878633+2.13463i1 0.0144117+2.98964i
A 0.793118 1.4833 0.143385+1.59992i 1.87099
A 1.02982 1.67037 0.402594 1.95453
A 1.64323 2.32138 1.52784 2.75972
Ay 1.67219 2.32641 2.08073 2.93586
A 2.15952 2.8757 2.30789 3.56046
=Lloln = %nn Ta6muna 3
1
n=I n=2 n=3 n =4
A 0.441707+1.470561 0.0879806+2.13371i 0.0537048+3.4307i 0.134602
A, 0.780703 0.143327+1.5987i 1.46275 2.32559
A 1.48291 0.412292 2.15349 2.59006
A 1.49301 1.52899 2.66487 3.37605
Ay 2.08793 2.08182 3.06789 3.71224
A 2.25984 2.30868 3.62414 4.27902
\Y Py m
O, = A_ E(2n + 1) Ta6uuia 4
1
n=l1 n=2 n=3 n =4
A 0.662561+2.205841 0.897133 0.0801603+3.57418i 0.00947789+5.362271
A, 1.30324 2.0731 0.135341+3.04782i 0.0730633+4.915751
l} 1.57064 2.11065 0.164921+2.28407i 0.0830888+4.504961
A, 2.18899 2.90476 1.81136 1.28307
Ay 2.26419 3.041 2.53568 2.54046
As 2.83946 3.6822 2.85175 2.99405
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ITockonmpKy KaxmoMy COOCTBEHHOMY 3HAYEHMIO (D,, COOTBETCTBYET CBOS TpyIIIa

COOCTBEHHBIX (YHKIMIT MOrpaHAYHOrO cJosi, B okpectHocTd Topia X =0 Gyner cosmana
JIOBOJIBHO TTecTpasi KapTusa [12].

[pubnusxenust S >1 MOryT 6bITH PACCMOTPEHBI TEM K€ COCOOOM, YTO MBI UMEIH BO
BHYTpEeHHeH 3amade [7], oaHaKo Bps[ JIM 3TO OyAET NMPeACTaBIsATh NPAKTHIECKUI HHTEpeC.
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2U8UUSULP @SNk E3NPLLENP UL2GUSPL UUUNEURUSE StNtulahl
W3BECTUSI HALIMOHAJIBHOM AKAJIEMUU HAYK APMEHUM

Uthuwmtuhju 62, Ned, 2009 Mexanuka

Y]JK 539.3
RECTANGULAR PLATE, UNDER TANGENTIAL LOADS WHEN
TWO OPPOSITE EDGES ARE HINGED
K.L. Martirosyan

KiioueBble cj10Ba: H3ru6, MIapHUPHOE 3aKPEIUICHHE, YIIPYTOCTh, INIACTHHA
Key words: bending, hinge joined, elasticity, plate

£.L. Umpwhpnujui
Nhpnuulynit umip gnowthnn phnh wnljuympejuh ghwypnud, kpp hwinhwwljwmg Ynydkpp
hnpuljwynpbh wdpuligjws ki
Upjiwwnwipnid ghunwuplué £ nipnublynitt uwyp onpwthnng  phrh wejunipjut nhypnid, tpp
hwinhwyuljmg Ynnubpp hnpujuwnpkt wdpuljgqus tu: Uunh jupjusunbdnplugyus h&wulh
uinhpp mSJws b puuwljut nbuipjul, wnweghtt Yupgh Logpinus nbkuipjub b pupdp Jupgh
&ogpujws nbutpjut hhdwt Ypu: Ywnwpdws | hudbdwnnipinit wknuihnpunipiniuttph dhel:

K.JI. MapTupocsiH
IIpsiMoyroabHasi NIACTHHKA MOJ AeliCTBHEM KacaTeJbHBIX HATPY30K, IPH HIAPHHPHOM 3aKpelJeHHH IBYX
NIPOTHBOINOJI0KHBIX CTOPOH

B pabore paccMmaTpuBaeTcsi HPsIMOYroibHAs IUIACTHHKA IO JCHCTBHEM KacaTeNbHBIX HArpy30K IIpHU
LIAPHUPHOM 3aKPEIUICHWH JBYX IPOTHBOIIOJIOXKHEIX CTOPOH. 3ajada HANpsHKEHHOTO Jeh(popMUPOBAHHOIO
COCTOSIHUSI IIIACTHHKH IIPY HAJIMYUH KacaTelbHBIX HArpy30K PaccMaTPHBAETCS HA OCHOBE KIACCUUECKOH TEOPHUU
— Kupxroga, Ha OCHOBE YTOYHEHHOW TEOpHM MEPBOro IMopsaka — Teopuu PeiicHepa-I'eHku-MUHIIMHA TIO
BapHaHTy BacuibeBa, Ha OCHOBE YTOUHEHHOH TEOPUH BBICOKOTO HOPSIIKA — TEOPHH AMOapIyMsHa.

In this work a plate under the action of tangential loads, when two opposite edges are hinged is considered. The
problem of stressed deformed state of plate under the action of the tangential loads is considered on the base of
classical theory of Kirchhoff , on the base of refined theory of first order Reissner-Genki-Mindlin by Vasilyev
variant, on the base of refined theory of high order of A. Ambartsumyan.

In 1957 Vlasov established the exact solution to a three -dimension problem of the bending
of rectangular plate under the action of the transversal loads [1]. It was considered that on
all edges of plate Navie conditions are given.

The solution is presented in the form of double series of the relative thickness.

It has been presented the comparison of this solution and solution by Kirchhoff theory. For
thin plates when the square of the relative thickness is neglected by comparing to one, is
coincides with the Kirchhoff solution.

In 1985 Levinson received the solution of the same problem on the base of semi inverse
method [2].

In 1999 on the base of Levinson’s solution V. Nicotra, P. Podio-Guidugli and A. Tiero
considered transversal isotropic cylinder on which for all edges Navier conditions are given
[3]. They obtained the exact solution to a three dimensional problem under the action as of
the transversal loads and as tangential loads on the face surfaces.

After that in 2003 on the base of [2] the exact solution to a three -dimensional problem for
transversely isotropic, linearly elastic body in the form of right cylinder under the action of
the transversal load, on edges of which are sliding contact are received by P.Nardinocchi
and P. Podio-Guidugli [4].

In 2007 on the base of [1], the problem of plate bending in the form of cylindrical surface
under the action of tangential loads on the face planes is considered [5].

It has been considered that sliding contact conditions on the edges of the plate are given and
on the face planes only tangential loads act. The problem is solved by using exact equations
of theory of elasticity. For comparison with results of approximate theories, the Kirchhoff’s
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theory for plates and the theory, where the transversal shears are taken into account, it is
necessary to produce the solution in the form of decomposition by the parameter of
thickness ratio. The problem is also solved by using the refined theory of A.
Ambartsumyan. In both cases the deflection decreases when the transversal shears are taken
into account. This differs from normal loads action, which increases the deflection.

In this work a plate under the action of tangential loads, when two opposite edges are
hinged is considered.

The problem of stressed deformed state of plate under the action of the tangential loads
is considered on the base of classical theory of Kirchhoff (K), on the base of refined theory
of first order Reissner-Genki-Mindlin by Vasilyev (V) variant [7], on the base of refined
theory of high order of A. Ambartsumyan (A) [6].

1. Let the plate-band occupiesarea 0 < x<a, 0<y<b,-h<z<h
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On the face surfaces of plate are given tangential loads:
z=h: o05;=0,0,,=X"(XY), 0,=0 0
z=-h: 0,=0, 0,, =—X"(X,Y), 65, =0 '
Admissions for displacements [8] by the theories (K), (V) and (A) correspondingly:
oW oW

Ul:U_ZE, U2=V—ZE, U3 =W (12)

Uu=U-z0, U,=V-26,, U, =W (1.3)
oW z z 1

U=U-72—+— X, +—X, [+=0(D)o,,

1 8X 26( 1 2h Zj Gg( )(pl

oW 1 (1.4)
u,=V _ZE+EQ(Z)(P23 U, =W

Here U,V are displacements of median surface, W is deflection of plate and functions

0,,9,,0,,0,, are independent of coordinate Z, G is the shear modulus,

2
_ _ z
X, =X"=X7, X,=X"+X", g(Z):ZI——2 (1.5)
3h
In general the problems of generalized plane deformation and of bending are not separated.
They are separated only in special cases when X, =0 or X, =0.
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If X, =0(X" =—X"), then the tangential loads don’t yield the bending and in this case
only the problem of generalized state is supposed to be observe.

If X, =0 (X" = X"), then only the problem of bending is supposed to be solved.

It should be noted, that tangential loads are given only on one face surface, then the loads

are require the solution of both problems.

We are received the following equations for planar displacement of middle surface of the

plate by the theories (K) and (V):

AU +ei @.}.a_v = — 2X2
ox\ ox oy C-v)
AV+6£ ﬂ_Fﬂ :(), :1+_V
oy\ oy oXx 1-v
by the theory (A):
2 2
AU+6£Q+Q _ 2X, 6hfo°X, 1-vO'X,
ox\ ox oy Cl-v) 3E| o&x? 2 oy
2
AV +6i(ﬂ+£j:—e—ha X
oy\ oy ox 12G oxoy
The equations for bending of plate are received by the theory (K):
cw X
D ox
by the theory (V):
_0 0, _,
oXx oy
ol a6, 4022, % +4Gh(8W_elJ= 2y
i ox\ ox oy I-v{ ox 1-v
D A62+6£ aez+ael +4(3h aW—62 =0
i oyl oy ox I-v{ oy
by the theory (A):
o9, +8(P2 __éﬁxl
ox oy 4 0Ox
3
DﬁAW_& A(p1+9£ %4_8& +ﬂq)l -
OX 15 ox\ ox oy 3
2h* (X, 1-vo*X,
= +
31-v) 2 2 oy
3[ 7 3n A2
DQAW_& A(P2+62 %4_8& +ﬂq)2:wa Xl
oy 15| oylox oy )| 3 3 oxoy
3 ] 30 A2
DEAW_& A(Pz_{_ei %4_6& +ﬂ(P2 :ma Xl
oy 15| oylox oy )| 3 3 oxoy

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)
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2. Let us consider the rectangular plate which occupies area:
0<x<a, 0<y<b, —h<z<h.
The tangential loads are given in the following form:

X, =1,sin\,y where A, =% 2.1

It has been assumed, that on the edges Y = 0, b of plate are given the hinge joined
conditions by the theories (K) u (V):

oV
—=0, U=0ony=0,b (2.2)
oy
by the theory (A):
Uz—sz, ﬂ=0 on y=0,b (2.3)
12G oy

and on the face surfaces of plate are given only tangential loads (1.1).
Let on the edges X = 0, @ are given the sliding contact by the theories (K) and (V):

U-=0, a—V=OonX=O,a (2.4)
OX
by the theory (A):
U s Y gomx=0a 2.5)
12G OX

For the thin plate B <<1 < a<<b

A

X
al ‘y
b
the statements for efforts by theories (K), (V) and (A), when x=0, are:
1-v . 28% ) .
T, = uBE)rO sinAy, T, = iro V- 25 sinA,y (2.6)
Al 22, 3
For long plate B >>1 <> a>>b
A
y
1 ‘X
a »
the statements for efforts by theories (K), (V) and (A), when x=0, are:
3+v)bt, . bt, .
T = wsm LY, T, =—"sink,y (2.7)
27 2n

We should note that problems, where tangential loads are acting were considered in the
references [9], [10], [11].

For thin B° << 1 and long plates B> >> 1 the statement for efforts by theories (K), (V)

when X =0 is:
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S= —bicoskly (2.8)
T

For thin Bz << 1 and long plates B2 >>1 the statement for efforts by theory (A) when
X=0is:

24 2
S = —bi( _h 21 ]coskly (2.9)

T

3. Here the problem of bending of rectangular plate is considered.
It is supposed that the tangential loads are given in the following form:

X, =1,sin\,y where A, :% (3.1)
We assume, that on the edges ¥ = 0, b of plate are given the hinge joined conditions
by the theories (K):
2
W =0, aay—V;/:Oony:O,b (3.2)
by the theory (V):
00,
W=0, 6,=0, —2=0ony=0,b (3.3)
oy
by the theory (A):
2
0
W =0, (plz—éxl, ow _ 4 (P2=00ny=0,b (3.4)

8 oy>  5G oy
and on the face surfaces of plate only tangential loads are given (1.1).
Let us consider, that on the edges X =0, @ are given the conditions of the sliding contact

by the theories (K):
a(;’)‘(’:o, a;’i’zgxl on X=0, 2 (35)
by the theory (V):
%—V)\(’:o, 0, =0, %:oonxﬂ,a (3.6)
by the theory (A):

TN T Tl T

B WL g 10X
ox 8 oy

a
For thin plate B << 1 the statements for bending by theories (K) and (A) when x=0 are:

=0 on X=0,a 3.7

b

When (al)® <<1
_ha‘(l-ai)r, .

KW = A 38
N = Darar)y Y G8)
3 _ 2~ 2 2
ow MO (| o0 Lean )
6D (2+ak,) 15 sa'(l-v) 1-ak,
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2h%A; N 8h>  1+ah,
15  5a*(1-v) 1-aj,
theories (K) and (A) are coincide. aA << 1

h 3 h 3 2h2 2 2
K)W = k) sin 4y, (AW = A% |14 M + 28h
24D 24D 15 sa’(1-v)

We should note that when <<1 the deflections by

Jsinlly(}m)

2h*A° . 8h?
15  5a°(1-v)

and when <<1 the deflections by theories (K) and (A) are
coincide.
For long plates /b >> 1 the deflections by theories (K) and (A) when X = 0 are:
ht, . ht 2h°A7 0
KW =—"=sind,, AW = —| 1 - !
2D 2D 15

1
We should note that when 2h27»12 0/15 << 1 the deflections by theories (K) and (A)

are coincide.

We received also the deflection by the theory (V), which has a significant difference
from the deflection by the theory (A) since by the theory (A) the tangential stresses satisfy
the conditions on the face planes, in contrast to theory (V) as the theory (A) has higher
order, then theory (V).

This contribution was partly provided within the INTAS grant 8886

jsinkly (3.11)
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2U8UUSULP @SN E3NRLLENP UGUSPL ULUUNEURUSE StNtulah,
W3BECTUSI HALIMOHAJIBHOM AKAJIEMUM HAYK APMEHUM

Uljuwthu 62, Ned, 2009 MexaHuka

YK 539.3
ACUMIITOTUYECKOE PEINEHHUE OI[Hpﬁ CMEIIAHHOH
KPAEBOU 3AJTAYN AHU3OTPOIIHOU IINIACTUHKU
Ilerpocsan I'. A., XauaTpsn A.M.

KaioueBble cioBa: aHWU30TpONHAs IUIACTHHKA, CMEUIAHHBIC YCJIOBHSI, aCUMIITOTHYECKHN
METOJl, BHYTPEHHA 3a/1a4a, IOTPaHUYHBIN CIIOM.

Key words: anisotropic plate, mixed conditions, asymptotic method, interior problem,
doundary layer.

Q. U Mbnpnuymi, U.U.vuyunpjub
Uhqnupny uwih vh unp bqpuyht uinph wuhdwywnnnhl nusnwdp

Lutiwplynd £ wbhqnuupny uwh Eowgwth punph jupqusw-nEdnpdwughnt Jhgwlh npnodwt
hwpgn: Uwh ghdwghtt hwppnipniautph qpu wpuws bt wnwdqujwunipjut mbunipjut juwnp
Eqpuyhtt wuydwtkp: Uuhdupinninhly hnkgpdwh dkpnnh hhpundwilp jurnigqws ki ukppht jpinph
b uwhdwbughl gpinh nhwh juinph (nisnudubkpp: Thinwpljdus b nulpkn ophimljubp:

A.M.Khachatryan, G.A.Petrosyan
Asymptotic solution of one mixed boundary problem of anisotropic plate
Consider a question of solution stress-strain state in three dimention problem for an
asymptotic plate, in the surface of which are given mixed conditions of theory of elasticity.
With appliance of asymptotic method of integration are built solutions of the interior
problem and boundary layer. Consider concrete examples.

OOcyxmaercsi BOMPOC ONpPEIEICHUs] HANpPsHKEHHO-1e()OPMUPOBAHHOTO COCTOSIHHS B
TpEXMEpPHOU 3ahade il aHW30TPONMHOW IJIACTUHKH, HA JIMUEBBIX IUIOCKOCTAX KOTOPOU
33/1aHbl  CMEIIaHHBbIE KpaeBble yCIOBUS Teopuu ympyroctd. C  IpUMEHEHUEM
aCHUMITOTUYECKOI0 METOJa MHTErPUPOBAHHUSA IOCTPOEHbI PELIECHUsS BHYTPEHHEW 3a/ayu,
MOTPaHUYHOTO cJ10sl. PaccMOTpeHbl KOHKPETHBIE TPUMEPBI.

1. B pabore [1] acUMOTOTHYECKMM METOJOM IIOCTPOEHA INPHOJIMIKEHHAS TEOpHs
n3ruba IUIACTMH W3 HW30TPOIHBIX MaTepuasioB. B [2] TeMm ke METOIOM OIpeaeseHO
HAaIpsHKEHHO-/1e(OPMUPOBAHHOE COCTOSIHKE TUIACTUH B Cilydae o0rieil aHuzorponuu. beuio
MOKa3aHo, 4TO PELICHUE ITOrPaHUYHOTO CJI0s, B OTJIMYME OT U30TPOITHOTO U OPTOTPOITHOTO
CilyyaeB, HE paclajaeTcs Ha IUIOCKMM W aHTHIUIOCKMH IIOTPaHCIION, a OIMCHIBAaeTCs
OOBIKHOBEHHHBIM TH(epeHIHaATbHBIM ypaBHEHHEM IIecToro mnopsiaka. Kiraccmdaeckue
CTaTWYEeCKHe KpaeBhle 3a1a4d MOJIOC, IUIACTUH M 000JI0YEK aCHMIITOTHYECKAM METOJ0M
pemeHsl B [3]. ACHMITOTHYECKMI METOJ] WCIIONB30BaH [UIA PEMICHUS BTOPOH U
CMEIIaHHbIX KpaeBbIX 3amad B [4, 5]. CMmenianHas kpaeBas 3a/1ada B TUIOCKOHW 3amade Jist
AQHU30TPOIHOH MOJIOCHI-TIPSIMOYTOJIFHAUKA perieHa B [6].

PaccmarpuBaercss TpexMepHas 3agadya TEOPHHM YOPYTOCTH ISl aHW3OTPOIHOM

mnactunku: Q= {(X, Y, Z) :0<x<a,0<y<h, Z| <hh<< a}. Ha nuueBbix

TUIOCKOCTSAX INTACTUHKHA 3a1aHbI CICAYIOIINE YCIOBUA TECOPUN YIIPYTOCTH:
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0, =04 (XY), 6, =0,(XY), W:lw’(x,y) mpu Z =-h
h (1.1)

“:IE“*(M), VZIEV*(X,y)s Gflﬁc’é(w) npu 2 = h.

Kpaesbie ycnosus Ha Topuax X = 0, 8 noka npousBosbHbIE.

Jns perieHus mocraBiieHHOW 3anayu OyJeM HCXOIUTh W3 TPEXMEPHBIX YpaBHEHUM
Teopun ympyroctd [7]. Beoms 6e3pazMepHYr0 KOODAMHATHYK CHCTEMY & = X/ l,
n=Y/l, {=2z/h u Gespasmepusie nepememenns U =u/l, V =v/lI, W =w/l,
HOJIyYUM CHCTEMY, KOTOpas COAEP)KHT Majblii T€OMETPUYECKHI mapamerp & = h/ I, rne

| = max(a,b). Pemenue 3Toil CUCTEMBI COCTOMT W3 PELUIEHUN BHYTPEHHEW 3aJaud U

MOTPaHUYHOTO ClosA. J[/s perieHus BHyTPEHHEH 3a/a4d MCIOJIb3YEeTCsl aCUMIITOTHYECKUN
METOJi MHTETPUPOBAHUS M BCE HANPSIKCHUS M TEpeMELIeHUs MPEICTaBISIOTCA B BHJC
psnoB [1-4]:

S
Q= ZSSQ(S) (1.2)
s=0

rae Q - moGoe 3 HanpsKeHMit WM Ge3pa3sMEpHEIX TIepeMeleHH .

3nauenns i1 (  nmoxbupaioTcs  TakuM  00pa3oM,  uYTOOBI  IOJIy4HTb

HENPOTHBOPEUNBYIO CHCTEMY OTHOCHUTEIBHO Q(S). Jlis paccMaTprBaeMoil 3amaud dTta
1eb IOCTUTAeTCsl IMIIb pH [5]:

g=-14asy cx,cy,cxy,cZ,U,V,W, q=0 ay o,,0, (1.3)

Honcrasisis (1.2), ¢ yaerom (1.3), B mpeoOpa3oBaHHBIE ypaBHEHUS TEOPHH YIIPYTOCTH

¥ TIpUpaBHUBAs KO3()(HDUIIMEHTHI IPH OANHAKOBBIX CTENEHAX & , HOIYyYUM CHCTEMY:

o6 o6 o6
X + Xy + Xz

= 0 y
o on  aG
(s) (s) (s)
0G,, s 0o, . 0o, _o.
o om0

XZ

o¢ om

) o2 g
On Py 90 _g

u® i )
a@i = a116§<5) + a120(yS) + a130(z5) + 8.146(;2 - a150£<sz s al()G(xj/)’
oV ) (5 ) (5-1) (5-1) ©
5 =a,,0, ta,0," +a,,6, +3a,0,, *+a,0,, +a,0, , (1.4)
n
w ) } ) ) i ) _
a@C = "3‘13G(xS "4 azzc(ys Ut ‘3‘3362s Ut a340(ysz It a350(xsz T a360(x§ ),
WED  au® ) ) ] ) _
0 Al a0 +a,,00" +a,00" +a,08 Y +a,olt Y +

oG oG

+a566(;1), (u,v;€,m;5,41,2;%,Y)
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ou®  ay®
+
o o
WHTerpupys nofy4eHHyto cuctemy 1o G, Honyme
o\ =6 +G(ZSO) , o =gl +r( ) +a GZO . (% y;a,b),

=a,0 + 2,0 +a,00) +a,0% " +a,ol ! +a,0n.

GE(?/) — ( ) +T§<y)0 +C G(ZO) 5 GE(SZ) = Gz( ) + szlc +GXZ)O >
rac

w9 =B,e¥ +B,elY + B0, (1,2 x,y), 1) =Be + Bl + B0

. ot arx o' o6l
o) = | S 0 4a, 20 e 0 (x,y; & m; a,b) (1.6)
55 o o€
s) s s) s)
o _ oul O_M @ _u)

g = R € = , O .
o€ on on 9

Koapduumenrst BIJ , &, bI ,C; M3BECTHBI U ONpesieNstoTes 1o dpopmynam [3,7]:

B, = (a22a66 - a‘26 /Q» B, = (a16a26 — 8,8 )/Q By = (a12a26 — 8,y )/Q
Bzz = (a11a66 - a126 )/Q’ BZG = (a12a'16 — a8y )/Q’ Bes = (anazz - afz) Q,
Q= (allaZZ - alzz 66 T 2a12a16a26 - alla226 - azzalzsv (1.7)
a _(ali Bll +ay Blz + 86 Bl6 )9 bi = _(ali Blz +ay Bzz + ai6BZ6)’

C = _(ali B +8,Byg +a;6Bg ) ’ (i = 394’5)

G(S) G(S) G(S) U(S) V(s) W(S) — HEeU3BeCTHble (YHKUUM HWHTEIPUPOBaHUS U OyAyT

x20>9yz2009z0-Y0 »Vo >

OTIpEICIICHBI HIDKE C MTOMOIIEE0 yenoBuit (1.1).
BenmumHs! co 3Be3109KaMu, BXOAIINE B ypaBHeHUS (1.5), kak 00BIYHO, M3BECTHBI IS

Ka)XI0T0 MPUOTMKEHUST S 1 OMPEACISAIOTCS MO CIASAYIONMM GopMyIam:

¢ (s-2) (s-2)
. o oo,
G(s) —I( GXZ + 4 ]dg,
0

Z ga on
i (s-2) (s-2) (s-1)
S— S—
j( Y ta,ol ) a0l +ael Y vagol Y rael ) -
0
aW S*l)

d V31,255,4,8,m; X,
P ] ¢ (uv EMX,Y)

¢
w® = (a0l +a,00 " + a0l +a,ol Y + a0l a0l )de,

0
5 — B“S;«(s) + Blzsz(s) N 81603*(5) N agc*(s) + a4cS(ysz—l) n aSG(Xs;—l) ) (1.8)

X

G*y(s) =B,& " +B,&" + B, 0" +bo + b40(ysz_]) +hol,
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s =B s*(s) + B%s;(s) + B6603*(S) +¢,0, ) 4 C, G( Dy C, G(S 28

xy 16
ol
=—I —— (dC. (% y: Em)
L) 5“*(5) £ _ @V*(S) oo o v
1 > 2
oG on on g

Ipeamonaraercs, uTo Q(S_k) =0,ecm S<K.

>

YI0BIETBOPUB TOBEPXHOCTHBIM ycioBusM (1.1), ompenennm Hen3BeCTHBIE (PYHKIHH
HUHTETPUPOBAHUSL:

u’=u’—u &n,1), (uv w2 =w —w (g, 1),
(()s) +(s) *(s)( )( ) (()s) (s) *(s)( )

G(;;)) _ G;(s) _ GZ(S) (iﬂ%l)a (1.9)
s _ . . 0o, oo, (s
G(xz)ozcxz_l-n(Bij)u _L12(Bij)v & o€ _C3a_+L11(Bij)U()(§sn,1)+
n
(s) *(s)
*(s o) aanal 602 ‘ian,l #(s
+|—12(Bij)v()(§an,1)+ 6(§ )+C3 5(11 )— X(Z)(é';,n,—l)
. oo, 0o, (s
G(yzO_ le( ) L22(Bij)v -G o€ —b3§+|—12(5ij)u()(§,n,l)+
(S) (§7n’1) 662(5) (aa T]al) *(s
+ L22 ( ) (& n, ) 6&, + b3 an - cTy(z) (&7117_1)
3meck Lij (Bij )—I/I3BGCTHLI€ nudhepeHnansHbIe OIEPaTOPhbl BTOPOTO Mopsiaka [7]
0 0’ 0’
L, (Bij ) =B, a_&z +2B; %*‘ B Wa (192;@11)
- 5 5 (1.10)
L, (Bij ) =B — 6& (BIZ + B ) dEoN + By W

C yuerom (1.10) okoHUaTeTBHOE pelIeHIe BHYTPEHHEH 3a/1a4y PeACTaBUM B BUIE:

u® = u+(s) u® (& TLC)— u’® (E@,n,l), (u,v),
W( ) = W (& nag) *(S) (&ana_l)
o) =o) +5, (é n,¢)-o¥ (Em,1), (1.11)

+(s) +(s) +(s)
ol :B”au—+ Blzav—-l- B, 8u_+8v +a,0.0) -
g o o ¢

*(s) 1 *(s) 1 *(s) 1 *(s) 1
g MUY (a,n,)_Bm[au (&nd) (e

o 12 on o 0¢
0,7 (En.6)-a0,7 (&n1), (x¥:L2uv:Ema,b,)
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" SO W) )
G(S)=8168U—+BZ68_+B66(8L1—+8 ]+C G+(5)_

X & o & e
Uend) o oo an, ( (&n1) *<S>(a,n,1)J+
16 26
o& o
o (Em,6)-c,0,7 (Em,l )
s s e P +(s) P +(s)
ol =0l 4Ly (B0 -, (B, v -2, e, T
Xs G:(S) £l s
+|—11(Bij)u()(§ana )+L12( ) (‘: n, ) %—Gg)(g,n,g)+
05, (&m,1 :
0, c, (é,n,) (C+1)—GX(ZS)(§>W_1)’ (x,y;1,2;u,v;§,n;a3,b3) (1.12)

on
B ¢opmynx (1.12) HE0OXOAUMO YUHUTHIBATE, YTO
-(0) _

+0) _ +(0) 0w 65t 6O 5 -
ut’=u", v w'=w,o, =0,, 0, =0,,0, =0,

+ +

:V’

Hs) _ 8 e = 8) — 5 (8) = 5 ) —
uv=vv=w"=0, o, =0, =0, =0, mpu s>0

B kayecTBe WILTIOCTPALIK PACCMOTPUM YaCTHBIE TIPHUMEPBI.

a) [Tycts

c,=-0, U =v'=0, o,=0,=0,w =0

B paccMaTpuBaeMoii 3a/1aue acCHMITOTHYECKHIA poliece oOpbIBaeTcs pu S = 2 .

C mnomompio pemenuid (1.12) u pexyppeHtHBIX ¢opmyn (1.9) ompenenum Bce
BEJIMYMHBI BHYTPEHHE! 3a1a4un. To4HOe pelieHne 3a1aull UIMeeT BH

o, =-a0, o,=-h0, o, ,=-Cq,

c,, =0, G, =0, o,=-q,

u :(aISaS +a,5b; +ayc; +a35)(h_Y)q, (1.13)
V= (a1433 +a,,0; +a,C; +a, )(h - y)q ;

W =—(a,a, +a,h, +a,C; +a;,;)(y+h)q.

6) PaccmoTpum apyroii npumep. Jlomyctim

c,=0,u"=v"=0, c,,=1,06,=1,, W =0

B I[aHHOﬁ 3aa4€ OTJIMWYHBI OT HYJIA JIMIIb NEPBBIC TPU l'[pI/I6J'II/I)KeHI/IH. B pe3yibTaTe
MOJIy4Ynm

h h h
=I—(a4rz+astl), o, =—(b1, +b1), © =T(C41:2+C511),

© y I Xy

X

G, =T, c,=1,, o0,=0, (1.14)

Xz yz

h

u :T[(alsa5 + 8y, + 8y Gy + Ay ) T, + (a5, + b, +a,C, +ay)T, |(§-1).
h

v :T[(ama5 + 2, +8,,Cs +,5) T, + (2,8, +ayb, +a,c, +a,)T, (1),
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h
W= T[(awas + 8,305 +a,C; + a35)Tl +(a13a4 +ayb, +aC, + 334)’52](C +1)-

2. Jlns HOCTpOEHMs pellleHus TUma Horpanuudoro cios Ha Topue X =0, B
TpeoOpa3oBaHHBIX YpPaBHEHHUAX TEOPHH YIPYTOCTH, HAMMCAHHBIX B 0e3pa3MepHBIX
koopauHatax &,1,(, BBOIMM HOByo mepemennyio [ mo dopmyne t =&/ €. Buoss
MOJIYYCHHBIC YPABHEHUS PEIIAIOTCS C MOMOINBIO (YHKIMH THIIA TOTpaHcios [3,4]

N
R, = ZSX”SRS) (M,C)exp(—At) 2.1)

5=0
rie R, —moGoe w3 mwanpsxemmii u mepememenmii, mpn orom ReA>0.
HenpoTiBopeunBbIe 3HAYCHMS U ) ) TIOMYIHM, €CITH X, = X, Ky = x+1[234]
Bce Hen3BeCTHbIE BEIMYMHBI [OIPAHHYHOTO CIOS BBIPAKAIOTCS Yepe3 HaIpsDKCHHS
G(s) " G(S) [3]:
yzp p L)
2(s) (s)
_ 190 oy 9 1 o5 RE) o6 _ 1% s
O =22 2 T > O = TRy s O =R
A oC n oC A 0C

(s)

T e, e a o n e a e

2_(s) (s) (s)
U9 o A% Aoy AP A g A

2 (s)
ol = 1]a, 0o Zp +%862 Ay acyZ

> +a,0l) +a,ol) [+RIY,

5 4 RED
P /S Y Vs G Vs (N V) O TR G
(s (s (s
v =P 0% A 00 A OO An o As
N L %
o _ A0Sy AT 1 oo,y _2A; d'c,
O U U G R I
(5

1 0o, A, A,
}\‘_Q(AM AZS) - ng(zp) _746yzp + R K

TJie UCTIONb30BAHBI CIIEAYIONINE 0003HAUEHHS:
A, = (azzakk akz)azz= (k = 134)’ Ay = (askazz _a23a2k) 225 (k 3, 4)
Alk :(alka22 _a12a2k) 22 Azk _(aké 2~y 26) 22:(k 3,4,5, 6) (2.3)

A3k = (aksazz - azkazs)az_zlv (k = 3,4,5)
(s-1)

Bemnuunel R, u3BecTHBI M OnpesensiioTes o pekyppeHTHbIM Gopmyiam [3].
(s) (s)

Oynkiiy G, 1 G, ONMPECISIOTCA U3 yPAaBHCHHIH [3]

Lol + Lol =R,

yzp

+R

(s-1) 24
chszp + Lscyzp =Ry .

-1 1
JNuddepenupnansusie  omeparopel L, 1 o0GoGuwienHble Harpysku Rl(s ),Rés )
OTIpEeNIeIIAIOTCS M3BECTHRIM 00pazom [3]:
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4 83 , az s a )
Pm +2A5 o (2A,3+A35)k o +2A 0 ac+A Al
=AM C (A A 2 o (At AR ¢ +A447»“ 2.5)

0
G

R
Rl(s—l) =_(88WC +a13Rx )+a.23Ry +a35 xz +a36RXy )J}\'4’

L, = A%V 2R+ ALY,

S ARG owt
R§ = [ avc - 52] +ay, R>(< Ty, Ry +ay;s sz + 8y Riy A

Ilpu S =0 pemenne cucrems! (2.4) MOXKHO OHPEAENUTH HPU MOMOIIM (YHKIUM
HanpﬂmeHI/H}i )

o) =L®, of) =-Lo (2.6)

KOTOpas SBISIETCS PELIEHNEM KpaeBOH 3a1aun

(LL-L)®=0 @.7)

A LO"(C=1)+A1 (AL — AL (C=1)+27 (AL, - AL)®(L=1)=0,
AL (C=1)+1(AsL, - A L)' (E=1)+21" (AL, - A,L)®(E=1)=0
L®(=1)=0, L®'({=-1)=0, LO({=-1)=0 (2.8)
A1L2d>”'(§:—1)+x(2A,5L2—A,6) "(C=-1)+1((As+ AL, -
—(As+ AL (C=-1)+1" (AL - AL)O(C=-1)=

VYcnoBust (2.8) SIBASIOTCS CIAEACTBUEM OJJHOPOIHBIX MIOBEPXHOCTHBIX YCIOBHI
6, =0,=0,w=0 mu {=-1, u=v=0,0,=0 mpu {=1.

1
1

Kpaesas 3amaua (2.7), (2.8) — 06001meHHas 3ajaua Ha COOCTBEHHBIC 3HAUCHHS.
VYpaBHenue (2.7) sBuseTcs OOBIKHOBEHHBIM JH(QepeHIHAIFHBIM  YpaBHEHUEM
IIECTOTO TIOpsAKAa, B KOTOPOM 1] BXOOWT Kak mapameTp. Pemas ypaBueHue (2.7) u

YJIOBJIETBOPHB YCIOBHAM (2.8), MOJYYMM CHCTEMY alreOpauueckKhX ypaBHEHHH OTHOCH-
TeNbHO Hen3BecTHbIX KoHcTauT C, (I =12,.., 6) . [TpupaBHUBas K HyJIIO ONPEACIUTEND
5TOM CHCTEMBI, MOJY4MM TPAHCLICHICHTHOE YPABHEHHE VISl ONpe/esieHus A .

Pentenue  mocTaBieHHOW — CMEIIAHHOM — 3amauyd  OyJdeT HMMETh  CIICYIOIIHA
OKOHYATEIbLHBIN BUI

_ 1] [2]
J=Q+R+R;
1]

o 2
rae Q — p€IICHNUE BHYTPCHHCH 3a1a4H, a RL u RE) ]— peUICHUs THIIA IIOTPAHUYHOTO CJI0A

npu X =0 u X = a, cooTBeTcTBEHHO.
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B 3akmioyeHHWe OTMETHM, YTO JJIsI OPTOTPOIHBIX MaTepUasioB ypaBHeHus (2.4)

pacmafaloTcs Ha ABa ypaBHEHHMs, IIEPBOE M3 KOTOPBIX YETBEPTOTO MOPSAKA W OMPEACIIeT
pelIeHUe IIOCKOT0 MOTPAHCIIOs], a BTOPOE — BTOPOTO MOpsAKa M ONpPEesieT aHTUILIOCKHIH
IIOTPaHCIION.
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2U8UUSULP @SN E3NRLLENP UGUSPL ULUUNEURUSE StNtulah,
W3BECTUSI HALIMOHAJIBHOM AKAJIEMUM HAYK APMEHUM

Uljuwthu 62, Ned, 2009 MexaHuka

YIK 539.3
ON BOUNDARY LAYER THE 3D PROBLEM ABOUT FORCED VIBRATIONS
OF ORTHOTROPIC PLATE, FREELY-LYING ON THE RIGID FOUNDATION
Sargsyan M. Z."”

Keywords: boundary layer, plate, damping, frequency, Coulomb friction, singularly perturbed
system, 3D problem, forced vibration, conjugation of solutions.

KnioueBble cjI0Ba: NOTpaHWYHBINA CJOH, IUIACTHHA, 3aTyXaHWE, YacTOTa, KyJIOHOBO TPEHHE,
CHHTYJISIDHO-BO3MYIIEHHAs] CHUCTEMa, TPEXMEpHas 3a/lada, BBIHY)KICHHBIE KOJIEOaHMs, CONPSDKEHUE
peLeHu.

U. Q. Uupquyuii
Yngw htiuputih pw wquun htijws oppnnpny vuyh vwhdwhuyghh okpunh hudwp vnhwynquijuth
nunwbdwb knwswih jpughpp

QYhunwplyws t Ynon hkwpwih Jpuw wqun hkws oppnunpny uwh uwhdwbughls okpnh
futinhpp, Epp vwih Jipht thunh Jpu wqnnud £ pun dudwiwljh hwpdnhly thnthnjonn tnpdwy phn:
Uuhdyuinnhly dbipnnh Yhpwndwdp npnpdws b uwhdwbuwghtt okpnp  jupjusw-nidnpiughni
Jhdwlp: Munidbwuhpyws t vwhdwbwght obpnh dkdnipinitibph dwpnudp: Spyws b vwhdwbwgh
otipnnh b ukpphtt juinph nidnudutiph Jupdwi nubwl:

M. 3. Caprcsin
O morpaHuYHOM CI0e B TPEXMEPHOIi 3aJja4e 0 BbIHYK/IeHHBIX K0J1e0aHUAX OPTOTPONHOM IJIACTHHBI,
CBODO/IHO JIesKaIIIeil HA KeCTKOM 0CHOBAHHH

PaccMoTpena 3aada HOTPAaHHYHOTO CJIOS OPTOTPOITHOW IUIACTHHKH, JIeXKaIlel Ha )KeCTKOM OCHOBAaHHH, Ha
BEPXHIOIO JIMLEBYIO IUIOCKOCTh KOTOPOH NeHCTByeT rapMOHHYECKH H3MEHSIOMIasicss BO BPEMEHH HOpPMaJIbHAs
Harpyska. C IpUMEHEHHEeM aCHMITOTHYECKOT0 METO/[a ONPE/IENICHO HAPSKEHHO-1e(OPMHUPOBAHHOE COCTOSHIE B
MOTPaHUYHOM cioe. McciaenoBaHo 3aTyXaHHE BENMYMH B HOTrpaHuYHOM cioe. [loka3aH crmoco® compspkeHHs
PpeIICHNs BHYTPEHHEH! 3a/Ja4y M IOTPAHHYHOTO CIIOSL.

The problem of boundary layer of the orthotropic plate simply supported on the rigid foundation is considered,
when on the upper plane of plate the normal load affects. The stressedly-deformed state boundary layer of plate is
determined by using the asymptotic method. The damping of vlues for boundary layer are researched. The method
of conjugation of the solutions of inner problem and of boundary layer is showed.

Introduction

As we know, the equations of elasticity theory for thin bodies written in dimensionless
coordinates are singularly perturbed by small parameter differential equation. For this kind
of equation and systems the asymptotic method is usually applied [1]. Theory of isotropic
plates and shells [2], theory of anisotropic plates, shells and beams [3] are built by this
method. The asymptotic method effective for solution of dynamic problems of elasticity,
particularly, the problems on free and forced vibrations of plate[4].The asymptotic method
is also used to solving non-classical boundary layer’s problems , i.e. when the boundary
conditions are specified on the lateral surfaces of thin bodies. This kind of problems on
natural and forced vibrations was solved in References [5, 6]. The review of the papers on
the application of the asymptotic method for the solution of static and dynamic problems of
beams, plates and shells is included in [7]. Below the boundary layer’s problem of
orthotropic plate simply-supported on the rigid foundation is researched, when on the upper
plane of the plate the normal load acts.

" It has been reported in FINAL MEETING of INTAS Project “Some nonclassical
problems for thin Structures”, Rome, Italy, 22-23 Jan 2009.
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1. Consider the orthotropic plate D={(x,Y,z), 0<x<a, 0<y<bh,

7 <h, h<<l, I =min(a,b)}, on
which upper plane affects the normal load:

F(x,y,t)=P(x,y)exp(iQt)

which changes by time harmonically. Here €2 is the frequency of influencing force. On the
lower face of the plate are given the simply supported conditions subject to friction. The
conditions on the lateral surface may be arbitrary, whose corresponds the solution of
boundary layer. It’s supposed, that the friction is Coulomb friction, which means the shear
stresses are proportional to the normal stress. So we will have the following boundary
conditions:

z=h, o,=-P(xy)exp(it), o

z=-h, w=0, o,="fo

><z:(5yz:0

(1.1)

cSyz = fZGzz

729
where f, and f, are coefficients of friction along coordinate directions X and Y .
From these boundary conditions the complete solution of the inner problem is obtained [8],
which will not satisfy to conditions on lateral surface. For satisfying them it is necessary to
construct the solution of the boundary layer.
Now consider the boundary layer of plate near the lateral facex=0. The boundary
conditions for boundary layer have the following forms:
z=h 6,=06,=0,=0,

(1.2)
W=0

For constructing the solution, which corresponds to the boundary layer, we have to pass to
dimensionless coordinates and components of displacement vector:
X z u u u
'Y:—, n:l’ g:_, U :_X, V:_y’ W:_Z (13)
h I h I I I
Where h is the thickness of the plate, | = min(a,b) and h <<|. Consequently, we will get
singularly perturbed with small parameter &£ system:

_, 0c 0o _, 0o
81 ll_l_ 12 +81 13

g  on oG

z=-h o,="fo,, c,, = f,o

7z

+e7QU =0 (1,2,3; U,V,W)

,ou
€ IE =40y, +@,0,, + 3,505 (Y,C; U,W; 152)
oV
a_ =2a,,0); t 8,0, +8,;05;
Ul
(1.4)
o oV
—_t& — =80,
on
LOW  ,0U
g —+g' —=a,0,
oy oC
W N a,0,, Qi =ph’Q? e=h/l
on oC

The solution of this system will be sought in form of the following asymptotic expansion:
=1+

Gip =€ oy (n.0) exp(-2y), 0

U, =e U (m,O)exp(-hy), U V,W) i,j=123, =0,
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Notation s =0,S means that by dummy index S summation from O up to the number of
approximation S takes place. Substituting the forms (1.5) into the system (1.4) we get the
system for determining components of the stress tensor and the displacement vector:

063 o)
(s) 13b 21 1(8) _ p(s) (s) 23b 2 () _ (s)
—xcub+?+g*ub =R, —Ac,, +—— o + V) =R,
o)
(s) 33b 20 (5) _ p(s)
—AG 3 +—— o + QW) =R;;
(1.6)
8W (s)

oG

=0

3

©) ©) _ © _ R )

Za O FAULT =0, > a0 = Zajz"ub
= =

aU > (s) (s) ) avb(S) (s) (s)
b (s) _ s s) _ (s) (s s s
o =AW, = a0, — AV = 8,0, + Ry, 1400 T Ry
where
Folorse )
Ri(cf) == alf’]b 9 I = 17 273
oyt

RL(JS) = _#9 (U :VsW)

Using (1.6) it is possible to express all the required values in terms of components of
displacement vector by formulae:

S aW (S) S S S 1 S S
Giu)a =-A,; o Azzku( )+A|2R\5 ) izi) _a_(}\‘vb( )_RL(J))
66
s aW © s s s 1 aU ) s
(22)b = A13 C AIZXUé Y- A33R\5) G§3:a a —(— 5C kW( )) (1.7)
55
w“) o _ 1 av‘”

(5) (s) (s) _ (s)
Oy = A + AU+ AR, Gap = o -Ry")
a44 C
and from the system (1.6) for components of displacements vector the following equations
are obtained:
o°uL oW, ) N
—A1-2a5A;) o ——+a (A + QDU =T

oc (1.8)
aZWb(S) Y 1- aSS A23 U ) +— (}\’2 + QZ )W (s) _ T\/\(/S)

oc’ A, 8 A A
aZVb(S) ’ 2 (s) (s)

acz +a44(a—66+Q* )Vb :TV (1.9)

0 (s)
(S) = Alz SS}VR\gS) + a5 Rl(;), T(S) % }"RUS) + a44R§Z) T RW >
a ¢ (1.10)

TV\(/S) — —iKR&S) R(S)
A, A,
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Now we will consider only approximations =0, because the next approximations don’t
represent any practical interest.

So in approximation s = 0 the right-hand members (1.10) of equations (1.8) (1.9) is equal to
zZero:

0 _ 710 _70) _
T =T =T =0
and boundary conditions will get the following forms:
0 0 0
C=-1 oy =fol, W"=0

(=1 o%=09=0 (i
13b 33b
C=-1 o~ foly
_1 O o (1.12)
C= Op =
The solution of the system (1.8) will be sought in the following form:
U,” =G" (m)expks, W,” = LG (m)expk, (113)

where L is an indefinite multiplier for a present. Substituting the forms of components of
displacement vector (1.13) into the system of equations (1.8) we will get the following
system:

k?-1(1-a,A,)Lk+Aa A’ +a,Qf =0

— 2 1.14
I VLYV L L (19
All A11a55 All

from which multiplier L will have the following form:
L= k? +A,a A" +a,Ql

(1.15)
(1 —8s; A23 )kk
and for k the following characteristic equation is obtained.
k*+(BA* +B,Q)k* + BA' + BAQ +BQI =0 (1.16)
where
Blezzass_l_a55A23+ 1 2:a55+La

, B
A ashA, A
B3 :&, B4 :—1+a55A22
A A,

The equation (1.16) has four roots:

o _~BA QB+ JD

b2 2 (1.17)
D = (B> —4B,)\* + Q>(2B,B, —4B,)A> + O’B? — 4B Q)

Therefore, for any k; there will be a one multiplier L :

k> + A a " +a, 0l

a55
B, =%

Al

b

L=L(k) = L = (1.18)
(1 — ;s Az3 )kki
So the solution of system (1.8) will have the following form:
4 4
Uk()O) = Z Gi(bO) (m)expkC, Wb(O) = Z LiGi(bO) (n)expkC, (1.19)

i=l1 i=1
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in s=0 approximation. Satisfying the boundary conditions (1.11) and in consideration of
(1.7) we will get a system of homogeneous equations, for existence of which nonzero
solution it is necessary that the determinant of matrix of coefficients of the system to be
equal to zero.

e’ o, aed  ae©
Bie"  PBe° P Pt
Le™ Le™ Le™ Le™
we e pe™ pe®
o =k — L& B = ALk + Ak 1w =k(/a, - fAL)-ML /a,+ f,A,), i=14

The equation (1.20) is the characteristic equation for A . The roots of this equation we will
denote by 4, . Coefficient of system of homogeneous equations will be expressed in term

=0 (1.20)

of one of them, for example by Gy’ (7). Taking into account, that to eachZ,, with

ReA, >0 , corresponds its conjugatel_p, we will represent the G (77) in the following
form:

Gl (m) = (A —iAl)/2 (121)
Consequently, in the final forms of required quantities, we will have the real expression in
the following general form:

(s) (Y, n,c) = ReQé;)Afs) + ImQ,gf,) (Z) (1.22)
where we are used the following notations:
(5) (S) (s)
an GXp( A pnY) ’ anGlbn (1.23)

Now return to equation (1.9). In the approximation S =0 the solution of this equation will
be sought in form of

0 0
Vb( ) — Cé )(n) exp 0C (1.24)
After substituting this form into equation (1.9), we will obtain the following form of V,'”:
V,” =C\ sin 0 +CL) cos 0 (1.25)

where 8= \[(A\* /8, +Q)a,, .
In the plane problem when A = A n> satisfying the following boundary conditions:
C=-1 oy =fom, £=1 oy =0 (1.26)

it is possible to express the coefficients C{’ by G\’ :

f 4
cw=_Bub S aoqyk L -k,
b 2f1c0s9p; o (Wi~ p)exp( )
[ a (1.27)
Cy = > fa““ > G Mk — Lk, exp(—k,)

p i=I
So, the components of displacement vector U\” ,W,” corresponding to the plane problem,
give rise to component of displacement vector V., which corresponds to the out-of-plane

problem, because of Coulomb friction.
Now consider the out-of-plane problem. In this case we haved # X, from which follows
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that all coefficients G\’ equal to zero. Therefore, the components of displacement U\”
and W, are equal to zero too:
U =W, =0
So we will have the following boundary conditions:

0
c=21 o =0 28
satisfying to which we will get a system of homogeneous equations for existence of which
nonzero solution it is necessary the fulfillment of the following equality:

cosf, —sin0, _
=0 = sin20,=0 (1.29)

cosO, sin0,

We will denote the roots of this equation by A, , which will have the following form:

an ?

2,2 L
A, =+ a“(nn —ij, n=0,N (1.30)
4a,,

In this case V,” will have the following form:

) — H O ¢; (0)
Vy, =H, sin0,0+H,’ cos0,0 (1.31)
where from coefficients H{”,H{ only a one, for example H,;’, is independent because

of equation (1.29), and other is expressed by it. The roots of equation (1.29) are real.
Therefore, for stresses we will get the following real expressions:

A
0) _ 0 _ (0 _ (0 _ 0) _ 2 0) 3 (0)
Oiip = Oxp = Os3p = Oj3p =0, Oppy = "3 (Hlb sin6,0+ Hy, COS@ZC)

o (1.32)

0
0 _ 2 0) 0) 3
ol = ——(Hl(b c0s0,C — H{) sin ezg)
ay
So the out-of-plane problem is completely separated from the plane problem. As we know
the all required quantities of boundary layer are proportional to exp (—M) :

Q ~ eXp(_kY)
where the real positive part of A is attributed the rate of damping of boundary layer.
plastic SVAM 10:1 glass plastic STET
A, Ay 4, Ay

1 ]0.17174—0.2938191 | 0.896929 1 ]0.016-0.3448i 1.24176
2 | 0.17174+ 0.2938191 | 2.29646 2 | 0.016+0.34481 2.77092
31 0.2191—0.05281 3.56686 3 10.1817-0.33281 42314
4 |0.729788 + 0.0528 4.81152 4 10.1817+0.33281 5.67646
5 10.8789 6.04636 5 |10.5605 7.1155
6 | 0.9984 7.27639 6 | 12111 8.55155
7 1141 8.50368 7 | 1.32946 9.98592

In tables the first seven values of A, and A, are reduced for the plastic SVAM 10:1
(E, =3825910°xPa, E,=17.658x10°Pa, E,=9.6138x10°Pa, G,, =5.199310°Pa,
G, =3.835710°Pa,  G,, =3.1392 10’ Pa, v, =022, v,;=031, vy, =0.07,
h=0.5m, p =1900kg/m’, f, =0.2, Q=27/0.1) and glass plastic STET
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(E, =35.2179x10°Pa , E, = 28.7433x10°Pa , E, =17.9523x 10°Pa, G,, =7.4556x10°Pa,
G, =6.4746x10°Pa, G, =6.1803x10°Pa, v, =0.177, v, =0.157, h=0.5m,
p =1900kg/m’, f, =02, Q=27/0.1):

From the table it is obvious that the boundary layer damps in out-of-plane problem faster,

then in the plane problem.
2. Now we consider the first boundary condition on the lateral facey =0 :

GX)( =(p(nﬁc), ny :W(n’g)’ ze :x(n,g) (21)
The general solution of the formulated problem is the sum of the solution of the inner
problem and of boundary layer. It will be written in the following form:

I=1"+1, (2.2)

For determination of the 3 unknown coefficients of solution corresponding to boundary
layer, we will use the quadratic error on lateral face y = 0 , which will have following form:

1 ot 2 ot 2 ot 2
J= L[(d;; +G,5 ~0(n.0)) +(0h +0,—w(n.C)) +(Th +0—x(MC)) [dG @3)
It will be minimum on the lateral face y =0 if following derivatives are equal to zero:
a _a _a
() A T A

aAln a n aHlb

So, from this system of equation it is possible to find required coefficients and,
consequently, to find the complete solution corresponding to boundary layer.

(2.4)
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MEXAHUKA ®OPMOU3SMEHEHHUSA TOHKUX KOJIBHEBBIX IIVIACTUH
Ha3zapsin J.A., Apa6 H.H., Apakeassn M.M., Mapkocsu A.C.
KaroudeBble cioBa: GpopMOM3MEHEHHE, BBITSKKA, OTOOPTOBKA, JHCTOBOH METalll, BUJA

nedpopManuu.
Key words: forming, deep drawing, flanging, sheet metal, deformation types.

E.U. Luqupyub, L.L.Upwp, U.U.Unwphjui, U.U.Uwuplnujub

Punul] onuiwdty phphnitph dbjupnhlwb dEmtthjui
TEdnpuughntt wdpugdwtt b hwunmput thnjjuyuljgws thnthnjmpub  wuwydwbibpnud
Juunupjuws b pwpwl onuljmdl phpknukph  Alufnpdwb  Jpoismpmiip  dbs wpuunhl
nhdnplughwikph phuypnud: Zwuwnwndus k, np hwdwube wdpugdwt nhypmd ujwunhlnipjut
hwpp jwupqusuyhtt Jhdwlhh hwjuuwpnidubpp wpnuywnlpynd ko yjwunhlnipjut gquth T -
hwppnipjut Ypw swnwynuyhtt jupdwi b hwdwpdbp nhdnplwughuyh thnthnjudw wpwgnipmniattph
dhol hudbdwnwlwi Jujdusnipjutt nbupny: Yednpdwgynny wniph hnlw) §now-wyjuuwnhly b
wdpwgyny dnpkjubph hwdwp, tpuewigp dvhwipwi b wwpwipwb jupjus Jhswlubph phupid
unugus i quuynp  qupnudubph b pEdnpdwghwibtph  puojudwl hwdwp  wbwhnhly

wpunuwhwyjnnipniubbp:

E.A.Nazaryan, N.N.Arab, M.M.Arakelyan, A.S. Markosyan
Mechanics of Forming thin Ring Plates

The analysis of forming thin ring plates in case of the big plastic deformations taking into account the
interconnected change of material thickness and deformation hardening is carried out. It is established, that in case
of isotropic hardening the equations characteristing plastic flat intense condition, are displayed on TT -planes of the
plasticity cylinder in the form of proportional dependence between speeds of radial pressure change and equivalent
deformation. Analytical dependences for distribution of the main pressure and deformations are obtained at biaxial
homonymic and heteronymic strained conditions for ideally stiff-plastic and hardening models of the deformable
material.

IlpoBeneH anHamn3 (HOPMOMSMEHEHUs TOHKUX KOJIBLEBBIX IUIACTHH B Cilydae OOJBIIMX IUIACTHYECKUX
ngedopManuii ¢ y4eToM B3aHMOCBS3aHHOTO M3MEHEHHs TOJNIIMHBI MaTepHana U Je(OpMalOHHOTO YIPOYHEHUS.
YCTaHOBIICHO,YTO B CIIydae H30TPOIHOTO YHPOYHEHHS ypaBHEHHMS, XapaKTepH3YIOIHe IIIACTHYECKOe ILIOCKOe
HAaIIPSDKEHHOE COCTOSIHHE, 0TOOpaXkatoTcest Ha 7T -INIOCKOCTH LMIMH/PA IUIACTHYHOCTH B BUJIE IPOIIOPIIUOHAIBHON
3aBHCHMOCTH MEXIy CKOPOCTSIMH H3MEHEHWS pPaaualbHOrO HAIpsDKEHHWs W OKBHBAJICHTHOH JaedopMamun.
IMonmyyeHbl aHaTUTHYECKHE 3aBUCHMOCTH I PACIpE]ENCHHs TJIABHBIX HANpsDKEHHH M jaedopManuil mpu
JBYXOCHO-OJHOMMEHHOM M Pa3sHOMMEHHOM HANPSHKEHHBIX COCTOSHUSIX I MAEATbHO )KECTKO-ILIACTHYECKOH U
YIpOYHSIOIEeH Moeneil reopMupyeMoro MaTepuaia.

1. BBenenne

MHoro4ucieHHble NPUKIaAHbIe MPOOJIeMbl (OPMOM3MEHEHUS JIMCTOBOTO MeTalia
TpeOyIOT pelleHus 3a/ad 0 ONPEIENCHHUI0 HaNpPsSKEHHO-Ae(POPMUPOBAHHOIO COCTOSIHHSA
npu  OonplMx 1actuueckux  Aedopmamusax. K takum  npoGiiemMaM  OTHOCHTCS
NPOTHO3UPOBAaHKE IapaMEeTPOB TOYHOCTH W IIPOYHOCTH H3JEIMH, H3TOTOBJIEHHBIX
MeToaMH (POPMOU3MEHEHHS JINCTOBOTO METalIa.

Bo3MOXXHOCTH CyIIECTBYIOIIMX IMPUOIMKEHHBIX METO/OB aHall3a IMOJOOHBIX 3aj1ad
UL pearbHOTO JIMCTOBOTO MeTaia (¢ y4eToM edOpPMAlMOHHOTO YIPOYHCHHS)
OrPaHUYEHBI N0 O0JIACTH MPUJIOKEHHH U OCOOEHHO MO TOYHOCTH MONYYaeMbIX pPEeICHHH
[1,2,3]. Tlostomy mpencraBimsieTcs IIeNECOOOpa3HOM MaTeMaTHYecKH KOpPPEKTHas
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MOCTAaHOBKA 3a/1a4 ()OPMOM3MEHEHUS JIMCTOBOTO METAJUIA B YCIIOBHSIX B3aHMOCBSI3aHHOTO
W3MEHEHHUS TOIIIUHEI U Je(GOPMAaIMOHHOTO YIIPOYHEHHS.

IIpu ocecummeTrpruyHOM (HOPMOUZMEHEHHH JIHMCTOBOTO METalIa TOYHOCTh H3AEIHA
3aBUCUT OT CTAaOMJIBLHOCTH JMaMETPAIbHBIX pa3MepOB, KOTOpas HJs H30TPOIHOTO
MaTepuaja NPH OTCYTCTBUM OCTATOYHBIX HANPSHKCHWH OOYCIIOBIEHA paclpeielIeHueM
TOJIIUHBI 1O oOpa3yroiiedl wuzaenus. [[po4HOCT M3AENMi TpU TeX IKE YCIOBHAX
OHpeﬂeﬂﬂETCﬂ UTOTOBbIM pacnpeueneHMeM HaHpH)KeHl/IH TeKleeCTI/l MaTepuana. B
mporieccax  (HOPMOU3MEHEHHS  JIMCTOBOI'O MeTa/Ula  HampsDKEHHE  TEKy4YeCTH
(hYyHKIIMOHATBPHO CBS3aHO C 3KBUBAJICHTHOH nedopmaiueii, KoTopas, B CBOK O4Yepelb,
OJTHO3HAYHO OIpenensercs TIaBHBIMU jaedopmarmsmu. CrenoBarenbHO, ImpoliieMa
MPOTHO3UPOBAHUS MAPaMETPOB TPOYHOCTH M TOYHOCTH CBOJUTCS K YCTAHOBIICHHIO
BEJIMYHMHEI M PacIpeIelICHHUs SKBUBAICHTHOH e()opMaIiiy 110 00pa3yroIei.

B macrosmeit pabore pazpaboraH oOmIiA METON aHaNHM3a 3a7ad OCECHMMETPHUIHOTO
(hopMOM3MEHEHHS JINCTOBOTO MeTalla B YCIOBHSX B3aMMOCBS3aHHOTO HM3MEHEHHS
TOJIIIMHBL A JeOPMAITHOHHOTO YIIPOYHEHUS U TIPOIEMOHCTPHUPOBAHO IPUMEHEHHE METO/Ia
npu 1e(OPMUPOBAHUN TOHKUX KOJIBLEBBIX IJIACTHH.

2. O0muii Meron aHann3a GopMON3MEHEHH JIMCTOBOT0 METAJLIA P 0CeBOM
CHMMeTPHH Je()OPMUPOBAHUSA

ITpu oceBoit cummerpuu aedOPMUPOBAHUS NPHUHUMAETCS, 4TO (QOPMOU3MEHEHHE
JIUCTOBOT'O METaJlIa MPOUCXOJUT B YCIOBUSIX TIOCKOTO HampshKEHHOTro coctosHus [1,2,3].
Hanpsokennss u  pedopmarmu  MOTYT OBITh  ONpPENCIICHBI COBMECTHBIM PEIICHUEM
YpaBHEHHI TEOPUU IUIACTHYHOCTH U YPABHCHHSA, OIHCHIBAKOIIETO AedopManmoHHOe
ynpouHenue [1, 5].

CornacHo KpuUTepHIo TeKydecTr Mu3eca, HanpspkeHUe TeKyUYeCTH UMEET BUI:

o, = {%[(cp —6,)} +(6,—5.)} +(6. ~5,)* 1}, 0

rac Gp’GG’Gzi TJIaBHBIC HAIIPSDKCHUA B paJguaibHOM, OKPYXXHOM HAIIpaBJICHUU W 110

TOJILIUHE, COOTBETCTBEHHO.
Hanpsoxkerne texydectn (1) 3aBUCHT OT BENMYMHBI SKBHUBAICHTHOH nedopmarim,
KOTOpast ONPEEISIETCsl CIEAYIOIUM 00pa3oM:

g, = {g[(ep —e) ey —.) + (e, —£,)2 ]}, ®

rie €,,€q,€,— raBHple AepOpMaLMM B TEX JKE HANPABICHHSX, yAOBICTBOPSIOMIME
YCIIOBHIO ITOCTOSIHCTBA 00beMa:
8p+8e+8z=0. 3)

CoOTHOIICHUST MEXIy HanpsHKEHUSAMH W TNPHPALICHUSAMU IJIaBHBIX jAedopManui
HUMEIOT BUJ!

de, —dg, _ de, —de. _ de, —de, _3ds

G, =0, G, — O, c.,-o6, 20,

; “)

rae dSi— WHTEHCHUBHOCTH INPHPALICHUs TJaBHBIX jAedopManuid, KOTopas OIpeaessercs

COOTHOIIICHUECM
de, = {%[a’sp —dey)’ +(dey —de. )’ +(de, —de )’ 1} 5)

B ycnoBusix miockoro Hanpsbkersoro coctosianst (G, = 0) us (4) caenyer:
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26. —0C o +0
= p edge, deg =—p "% dae. (6)

de .
-2c
o, 0

P
20,-0,
3aBHCHMOCTh MEXAY HampsbkeHueM Tekydectd (1) m skBHUBaneHTHOW aedopmarmeit

(2) ynoOHO mpencTaBuTh B BUIIE CTENCHHON QyHKImH [2,3].

_ n
o, = A}, 7
rne A u n — napamerpsl 1eGOPMALUOHHOTO YIPOUHEHUS, 3ABUCAIIME OT MEXAHMUECKUX
CBOMCTB JINCTOBOI'O METaJja.

YpaBHeHHE paBHOBECHs JJIEMEHTA, BBIPE3aHHOTO T[JIABHBIMH CEUYCHUSIMH U3
0CECHMMETPHYHO Harpy>kKeHHOH 000JI0YKH ITepeMEHHOH TONMIUHEI uMeeT Bu [1]:

dG ds
P o 1+2% 6 =0 8

[puparienus riaBHbIX JeQopMaluii B OKPY>KHOM HAlpaBiIeHHH M B HAlpaBiICHUH
TOJIMHBI CBA3aHbI C PUpALIEHUEM pajuyca dO 1 TOMIUHBLdS COOTHOMICHUSIMH

dp ds
dey =—, de =—. )
P S
Ioncrasiss (9) B (8), ¢ yuerom 3aBucuMocCTei (6), MOcIe HEKOTOPBIX MPeoOpa30BaHHHA
MOJY4UM

2 2
pdcp +2csp —Gy0p TGy _ 0. (10)
dp c, — 20,

WuterpupoBanue (10) ¢ ydgerom (1) BO3MOKHO TONBKO U HOCATBHO IKECTKO-
miacTudeckoii  Momenn  medopmmpyemoro  marepuana (G, =const). Ilpu

uaTerpupoBannu (10) ¢ yderom aedopMaioHHOTO YIpOYHEHHS HEOOXOOUMO TIPHHSATHE
JaJbHEUIINX YIPOIIAIOMMX JONYIICHUH, OCHOBHBIM M3 KOTODPBIX SIBJISETCS YCJIOBHUE
IOCTOSHCTBA ~ TOJIIMHBEL. Takoe JOIYIIEHWE pPaBHOCWIBHO  YTBEP)KAEHHIO, 4TO
(hopMon3MeHeHHe JTUCTOBOTO MeTajllla IPOUCXOINUT B YCIOBUAX IIOCKOU edopMariu, 4To
B NPUHLMUIIE UCKIIIOYAET BO3MOXKHOCTh PELICHUs 3a/iau, B KOTOPBIX peaju3yeTcs MI0OCKoe
HAaIpsHKEHHOE COCTOSTHUE.

2.1. ledpopMmanuu ¥ HANIPSIZKEHUS] MPH MIOCKOM HANPS’KEHHOM COCTOSTHUM M HX
npeJacTaBJIeHUE

B ycnoBusx Oonmpmimx mmactmdeckux gedopmanmii w3 ycioBus (3) ciemyer, dTo
nepopMaluu  B3aWMOCBSI3aHBI W MOTYT OBITh TPEICTABICHBI Ha IUIOCKOCTH B
KOCOYT'OJIbHBIX KOOpJAUHATaXx. PaCCMOTpl/IM TU -IIJIOCKOCTh OUJIMHApa MJIACTUYHOCTH, TS
HavdaJlo KOOpAUHAT COOTBCTCTBYET HYJICBBIM Ile(i)OpMaIJ,I/IHM (COCTOSIHI/IIO 3aroToBKM 10
Jne(pOPMHUPOBaHUs), a TECOMETPUYECKOE MECTO TOYEK, IIOCIIEIOBATCIbHBIX IehOpPMHU-
POBAaHHBIX COCTOSIHHUI TIPEACTaBISCT COOOW MyTh JeQOpPMAlUU paccMaTpPHBAEMOM
MaTepUaIbHON YacTUIBl. B oOmem ciydae TeKyliue BEIHYHHBI TJIABHBIX JeopMaruit

NPE/ICTABISIIOT CO0OI MPOEKLMK BEKTOP-(QYHKUMA €, HA KOCOYTOJbHBIE KOOPJMHATHBIE
ocH, myTb jeopmaumn omnuceBaetcs Bekrop-QyHkumeil €, (p) (P — HekoTopsiit
napaMeTp BPEMEHH), a HaIpaBleHne ckopoctd Aedopmammu de; /dp cosmamaer ¢

KacaTelbHOH K myTn aedopmaumu. Moxynb Tekyueii Benmuntsl Bekrop-¢ynkunu €, (p)

YHUCIICHHO PaBCH SKBUBAJICHTHOH nedopmanmu (2) [4].
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[Ipupamenus rnaBHBIX Jedopmanuii B paccMaTpUBaeMOW IIIOCKOCTH YJOOHO
MPEACTaBUTh B TPUTOHOMETPHUECKOH (hopme:

de, =de;coso, de, =dg, cos((p+§n), de_ =de, cos((p+§n), (11)

rae (0 —yroia Buza Je)OpMUPOBAHHOTO COCTOSHHS.

N3 coBmectHOrO pemenns (6) u (11) ycTaHaBIMBarOTCS 3aBUCHMOCTH PalHalbHBIX H
OKPYKHBIX HAMpPsDKEHUH OT yriia BUa Ae()OPMUPOBAHHOTO COCTOSIHHS:

G, =0 2 cos(p+m/6),0, =—C 2 sin ¢ (12)
p Sﬁ > D9 — SE b

YIIOBIIETBOPSIOIIME KpUTEPHIO TeKydecTn Muzeca (1).
Jns obnerdeHus MHTEpIpETanny OyYeHHBIX PE3YIbTaToOB HA4YajIo0 OTCYeTa Ha TT -

IIJIOCKOCTH COBMEIICHO C OCBIO Sp , & YBCIIMYCHHUE yTIJIa (P B34ATO B HAIIPABJICHUU IIPOTHUB

4yacoBo# crpenku. [Ipu usmenenuu 0< () <2n panuanbpHbIE Ty4H AENAT T -IUIOCKOCTh Ha
12 cexTopoB C LEHTPAIbHBIMH YIJIaMU, PAaBHBIMH T /6 (¢wur.1a).

B ykazanHOM [uama3oHe H3MEHEHHs MapamMerpa () BEKTOP-(QYHKLUS € i (p)
CTAaHOBUTCA JHOO MapajUIeNIbHONW, JMOO0 NEePHeHIUKYISIPHONM K KOOPAMHATHBIM OCSM
€ p,Se,SZ , BCJIEICTBHE YEro TIJIABHBIC JC(POPMAIMM IO 3TUM OCSIM H3MCHSIOTCS B
npenenax oT €QUHULBI 10 HYJIA.

C yuaerom 3aBucumocteii (11) u (12) ypaBaerue paBHoBecus (10) MOKHO MPECTaBUTh
Ha 7T -IUIOCKOCTH B JJOCTaTOYHO MPOCTOH (popme:

do, =ocdeg,. (13)

Takum o0Opa3om, cucTeMa ypaBHEHHM, XapaKTEPU3YIOUIMX IUIOCKOE HAaNpsHKEeHHOE
COCTOSIHHE, OTOOpaxkaeTcsi Ha TU-IUIOCKOCTH B BHJAE MPONOPLHUOHAIBHOH 3aBHCHMOCTH
MEXIy CKOPOCTSIMH M3MEHEHHUS PaHaIbHOIO HANIPSHKEHHS M SKBUBAJIEHTHOH nehopMaliH.
Koa¢ppuumenrom mnponopunonansHoct B (13) sBisieTcss HanpspkeHHE TEKy4ecTd
MaTepHaa, XxapakTepusylouee, corinacHo (7), regopMalmoHHOE YIPOYHEHUE.

Ipu pomywenun dg, = |d89| U WCHONB30BAHUM  KPHUTEPHS  TEKYy4YeCTH

G,— 0y =0, muddepenumansas  3aBucumoctb  (13) mpuHUMaeT — BHA:
do,

p 7 +06,-0y= 0, uro npencrasseT coboii OOBIYHO MPUMEHAEMOE B MPUIIOKEHHAX
P

YpaBHECHUE PABHOBECUS 6e3 yde€Tra n3MEHEHUSI TOJIUHBI MaT€puala.

3. Anaau3 ¢popmMou3MeHeHUs] TOHKUX KOJbUEBbIX INIACTHH
Paccmorpum opMon3MeHeHHe TOHKOW KOJIbLIEBOW IUIACTUHBI pa3MepaMu RO,I’O,SO.

Ilpym ompeneneHHBIX pa3MEpPHBIX XapaKTePUCTUKAX IUIACTHHBI M Je(OpMHUPYIOIIEro
MHCTPYMEHTa BO3MOXHBI CIIE/IYIOIIIE BApHAaHTHI (POPMOM3MEHEHNSI:

— BBITSDKKA LWJIMHIPAYECKOTO M3JENUs MPU TOCTOSIHHOW MJIM NEPEeMEHHOM Beln4rHe
JMaMeTpa IEHTpaIbHOro otBepetus (¢ur.1c).

— 0TOOPTOBKA LIEHTPAJIBHOTO OTBEPCTHUS NPU NOCTOSHHOW MM NTEPEMEHHON BEINYNHE
JriaMeTpa HapyKHOTo KoHTypa (¢dur.18).

Yxa3aHHBIH XapakTep (pOpMOM3MEHEHHUS ITO3BOJISIET YCIIOBHO Pa3AEINnTh Ae(hOpPMAIHIO
KOJIBLICBOM IUIACTHHBI Ha JBE COCTAaBILIOLIME: PACTSHKCHHE KOJBLEBBIX IUIACTHH C

pasmepamu R,a,S, u a,r,,S, 10J HArpy3KaMH UHTEHCUBHOCTH G, IPUJIOKCHHBIMH,

COOTBETCTBEHHO, K BHYTPEHHEMY M HapyKHOMY KOHTypaMm. OdYeBHIHO, YTO NpPH TaKOH
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CXEMaTH3allud HE YYMTHIBAIOTCS HANPSDKEHHs, BO3HUKAIOIIME BCJICACTBHE U3rnba
Marepuaia Ha paJnyCHBIX KPOMKaxX Ne(opMHUPYIOMNX MHCTPYMEHTOB, @ YYaCTOK KOJbIIa,
pa3leNsIoImUil 30Hy BBITSDKKH OT 30HBI OTOOPTOBKH, 3aMEHSETCS YCIOBHOW OKPY)KHOCTBIO
panuyca a .

[Ipobnema wunTerpupoBanus (13) 3akimrouaercss B TOM, 4YTO B OOIIEM ciyyae
NpupalleHne SKBUBAJIICHTHOH nedopmanun, onpexaenssemoe nuddepeHunposanuem (2), e
paBHsETCS MHTEHCUBHOCTH NPHPALICHUS IIAaBHBIX Aedopmarmii (5). Jlerko moxasats, 4To
TaKO€ PAaBEHCTBO BO3MOXKHO TOJIBKO IIPH IPOMOPIHOHATGHOM HW3MEHEHHWH TJIaBHBIX
nedopmanuii, 4To COOTBETCTBYET palvaibHBIM MyTsIM AedopMaluii Ha Tt -IIocKoCTH. [Ipu
TakoM gomnyienuu u3 (13) ciaenyert:

o, = 4 el +c. (14)
n+l
HOCTOHHHyIO HWHTCETPUPOBAHUA HAXOAUM U3 I'PAHUYHBIX YCHOBHﬁ, IO KOTOPBIM IJIs
CBO6OI[HBIX OT HArpy3Kd KOHTYPOB pPaJUAJIbHBLIC HAIIPSKCHUSA PABHBI HYJIIO. C yueTOM
TPaHUYHBIX YCIIOBUH, IIPUPABHAB pe3yJIbTaT MHTETPUPOBaHUS COOTHOWEHUIO (12), nmeeM:

n+l n+l

T —eg =(l+n)8ficos((p+n/6), (15)

B

rac 866 — OKBHBAJICHTHAasA ,HC(I)OpMaIII/ISI KpaeBOIro 3JICMCHTA.

e

[Ipenens! n3MeHeHUs yriaa Buga AehOPMUPOBAHHOTO COCTOSHHUS B pacCMaTPHBAEMBIX
3a7a4yax yCTaHABIHMBAIOTCS B 3aBUCHMOCTH OT 3HAaKa OKPYXXHOH neopMalyy U BEITHYHHBI
HauOONBIINX pacTAruBaloUMX Hanpspkenuid. W3 3aBucumoctedr (12) cnemyer, uto B

nanpasnenusx O =0,0 =57/3 paguansHble HanpsKeHUs JOCTHTAOT BETHUMHEL,
. T
paBHOW mpezmeny TeKydeckn marepuana. B jmamazonme yrmos 0 <@ Sg OKpYXHBIE

4z Sm
ae(bopMauI/m OTpI/IIIaTGJ'H)HBI, a B JAvamnasoHe —S (pg— ITIOJIOKUTECIIbHEI. TaKI/IM

o0pa3oM, Bce BUABI JeopManuii, KOTOpbIC, B MPHUHIMIEC, MOI'YT PEaJHU30BATHCI B
mpoIeccaX BBITSHKKH W OTOOPTOBKHM, PACIONArarOTCs HAa MOJYIUIOCKOCTH U 3aHUMAIOT

PaBHBIE CEKTOPA C LEHTPATbHBIMA yriiamu O = 10/ 3 (Qur.la).

Ecnu myTs nedopmarmu coBnafaeT ¢ OCbio €y, TO €,— Aedopmanus pacTsiKeHUs B
OKpY’>KHOM HampaBJICHUH, a € 0> e, - nedopManuy CKaThs, YUCISHHO PaBHBIC €y /2.

Ecnmu myte nedopmarim coBmagaer ¢ ocelo € p»TO € — nedopmanust pacTsbKeHus B
paavanbHOM HAIpPaBICHUH, a €, ,E&, — HeOPMALMH CKATHSA, YHCICHHO PABHBIC €, /2.
Ecmu myTe nedopmanuu cOBIAJAET ¢ OTPHIATEILHBIM HAIpaBIeHUEM OcH €, , TO €, —
nedopManus CKaTHS II0 TOJNIIUHE, a €,,89— nepopMaluu PaCTsDKEHHSI, YHCICHHO

pasubie € /2. Ecin myrs nedopmanun €, =0, a €,,€_ paBHb [0 BeluuUHE U

IIPOTHUBOIIOJIOKHEI 110 3HAKY, TO UMEECT MECTO YHUCTBIA CIABUI' HJIN IIJIOCKast ,Z[erOpMaLII/Iﬂ B

mrockoctn (0,z). Ecnmm myts nedopmauuu cosnamaer ¢ nanpasnennem €, =0, a
€,,€, PaBHbI [10 BEINYMHE U MPOTUBOIOIOKHbI 10 3HAKY, TO MMEET MECTO YHCTBIi CIBUT
UM IUIocKas aedopMaiusa B IUIOCKOCTH (P,Zz ). Ecnu myts medopmainuu coBmamaer ¢
Hanpasienuem € =0, a €,,€q PABHBI [0 BETMYNHE U INPOTHBONOJIOKHEI 10 3HAKY, TO

HMEET MECTO YHCTHIN CABUI' WKW IIJIOCKas ae(bopMauI/m B IINIOCKOCTHU (p, 9) Taxum
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obpaszom, mytu gedopmammu ¢ yraamu @ =37/2,11n/6, /6 coorsercTByIOT
YHCTOMY CJBUTY, COOTBeTcTBeHHO, B miockoctsx (0,z), (p,z),(p,0), a ¢ yrnamm

©=0,4n/3, /3,51 /3 — unctomy pacTSKEHMIO M CXKATHIO, COOTBETCTBEHHO, B

panuanbHOM, OKPY)KHOM HalpaBJICHUSX U B HarpasjieHuH 1o tonmune (¢ur.1).
[Tonmy4eHHOE pelIeHHe MO3BOJSIET YCTAaHOBUTH B3aHMOCBSI3b MEXIY KOOpPAMHATAMH
paccMaTpruBaeMoOi MaTepHaNbHON YaCTHIBI M YIJIOM BHJA A€(OPMUPOBAHHOTO COCTOSHUS.

Hns atoro, npoauddepenunposas (15) npu €.5 = 0, c yuerom (9), (11), umeem:
d . 3. 3
—p:(1+n)(s1n(pcoscp+§sm2(p+%cos2 Q)do . (16)
P
[Mocne uaTerpHpoBanus (16) MPUBOAUTCS K BHILY

lnp=(1+n)(?—%cos2(p—l—\/2§sin2(p)+C. (17)

[MTocrosinHas uHTerpupoBanus B (17) HAXOAUTCS U3 CIACAYIOMINX TPAHUYHBIX YCIOBHM:

JUI1 BHEINHEH KOJIBLIEBOM IIACTHHBI P = R0 ,p= 7/3; nns BHyTpeHHeil KOIbLEBOM

IIACTHHBL P =7, P = 4m/3. C yderoM rpaHMYHBIX ycJIOBHil Bhipaxkenue (17)

MIPUHUMAET BUJ:
J1J1s1 BHELIIHEH KOJIbIIEBOM IIACTUHBI

i:exp{(1+n)[ﬁ((p—n/3)—lCOSZ(p—ﬁsinZ(p]} (18)
) 3 4 12

JUTsl BHYTPEHHEH KOJIbIIEBOM TIACTHUHBI:

B:exp{(l+n)[£((p—4n/3)—lCOSZ(p—ﬁsinZ(p]} (19)

7, 3 4 12

[Moncrasnsst B (18) m (19) npenenbHble 3HauYeHHs YIJIOB Bujaa AehOPMHUPOBAHHOIO
coctosiunss @ =0, =—T , Npu KOTOPHIX PACTATMBAIOLIME HATPSKEHUS TOCTUTAIOT

BEJIMYHMHBI, PaBHOW Tpefeny TEeKydeCcTH MaTepuana, MOJyYHM OTHOIICHHE HAMOOIBIINX
pa3MepOB KOJIbLIEBBIX IJIACTHUH:

a _ Ry =exp[(1+ n)(% + %)] ~ exp[0,854(1 + n)] (20)
a

T

IIpu »n =0 npenenpHBIC BEIWYMHBI OTHOLICHUH Ro/ aunal 7, paBHbl 2.35, 4ro
COBIAJAeT C pe3ynbTaroM paboThl [4] W J0OCTATOYHO OJIM3KO K BEIUYHMHAM, OOBIYHO
peanu3yeMbIM B 3KcriepuMeHTax [1,2].

Hcnonb3ysi 3Ha4YeHHE OSKBHBAIECHTHOW JedopMmanuu, JIErKo ONpPEeAeIUTb IJIaBHbIE
nedopmanuu Uit HAYAIBHOTO IUIACTHYECKOTO COCTOSIHUS KOJIBLEBBIX IJIACTHH:

€ =1+Tn(l+cos2(p—?sin2(p), € :—HTn(cos2(p+?sin2(p)

p
1+n f

€ = (1——sm 20)

e2))

Takum o6pasom, 3aBucumoctH (12), (15), (18), (19) u (21), sBusisicb napamMeTpUUECKUM
pelIeHHeM 3aJla4yd, MMOJHOCTBIO ONPEICIAI0T HaNpsHKEHHO-Ie(GOPMUPOBAHHOE COCTOSHUE
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KOJIBLICBBIX IUIACTHH C YYETOM B3aMMOCBS3aHHOTO HM3MEHEHHWs TONLIMHBI MarepHana U
JedopMalmoHHOTO yIIPOYHEHHSI.
OueBHIOHO, 4dYTO, HCKIOYas mapamerp (P, MOXKHO MONYYUTh 3aBHCHMOCTH,

XapaKTEPU3YIOIIUE PACIPEICICHUE MIABHBIX HANPSDKEHHUH U aedopMaruii 0 KOOpIuHaTe
MaTepHATFHON YaCTHIIBI U HAYATBHBIX IIACTUYECKUX COCTOSHHUN TUIACTHH.

4. Obcy:xaeHue pe3yJabTATOB

Ha ¢wur.2a,s mpencraBieHsl rpadukd pacrpeleNeHus] TIaBHBIX HAMPSDKCHUH H
TONIIMHBL, a Ha ¢ur.2c,d — rpadukud pacmnpeneieHuss SKBUBAJCHTHOW M TJIaBHBIX
nedopManuii Mo KOOpAWHATE MAaTEPHATBHOW YaCTHIBI, COOTBETCTBEHHO, JJIS BHEIIHEH U
BHYTPEHHEH KOJIBLIEBBIX IIJIACTHH.

W3 rpadukoB ciemyrOT HEKOTOpPHIE XapakKTepHBIE OCOOCHHOCTH (HOPMOW3MEHEHHS
KOJIBLICBBIX IIJIACTHUH. HJ’IH BHEIITHEH KOJ'I])LICBOI‘/II I1J1IaCTHHBI DKBHUBAJICHTHAs [[e(bopMauml u
paauangbHas KOMIIOHEHTAa OTJIMYAIOTCS He3HauWTeNbHO. Ha KpaeBOM ydacTKe BHEIIHSA
TUIACTUHA UCIIBITHIBAET JehOpMallvio YTONIIEHHS, a OKpYKHas JedopMalis Ha HEKOTOPOM
YIQJICHUN OT BHYTPEHHETO KOHTYpa AOCTUTAeT MO aOCOIIOTHON BEIMYMHE HAaUOOJBILIECH
BEJINYMHEI.

Jnst BHyTpeHHEeH KOJbLEBOM IIACTHUHBI SKBUBAJICHTHAs AedopManusd U aedpopManus
MO TOJIIMHE TI0 aOCONIOTHOM BENMYMHE OTJIMYAIOTCS HE3HAYMTENbHO. BoOmmsn
BHYTPEHHEr0 KOHTYpa BHYTPEHHAS IUIACTHHA HCIBITHIBAET AeHOPMALMIO PAaIHAIBLHOTO
CKaTHs, a OKpyXKHas paedopmanysi Ha HEKOTOPOM YJIaJCHHM OT BHEIIHEro KOHTypa
JocTuraerT HamOousbineidl BenuuuHbL JlehopMalioHHOE YMPOYHEHHE, KaueCTBEHHO HE
MeHsis1 1e()OPMUPOBAHHOE COCTOSIHUE, CYIIECTBEHHO BIIMSIET HA HAINpPSDKEHHOE COCTOSIHHE.
KoopauHatel  MaTepHanbHBIX  YaCTHLl, pa3TPAaHUUYUBAIOLINE  XapaKTepPHbIE  BUJBI
nedopmanmm, MOXXHO OIIpeAenTh n3 3aBucumoctei (18), (19).

VYcraHOBJIEHHOE paclpeaeneHue aeGopManuii MOXKeT OBITH HCIIOIB30BAHO KakK MJIA
OTIpeJIeTICHUS] UCXOHBIX Pa3MEpOB KOJIBLEBBIX IUIACTHH 110 33JaHHBIM pa3MepaM H3JIeIusl,
TaK W I ONTHMH3ALMU [TapaMeTpoB Ipoliecca GOpMOM3MEHEHHS.

BoiBoabI.

1. TlonydeHOo aHaNUTHYECKOE peLICHUE 3aJaul (POPMOU3MEHEHHsSI KOJBIIEBBIX IJIACTHH
JUIs TByXOCHO OJHOMMEHHOTO W PAa3HOMMEHHOIO HAaNpsSHKEHHBIX COCTOSHUN MpHU
B3aMMOCBSI3aHHOM  HM3MEHEHHHM TOJIIMHBI Marepuana ©  JeQOpMardOHHOTO
YIPOYHCHHS.

2. YCTaHOBIEHO, 4YTO OTHOCHTEIBbHBIA pa3sMep IUIACTUYECKOW O00JacTH KOJBIIEBBIX
IUTACTHH TP YKa3aHHBIX HANPSOKCHHBIX COCTOSHHSAX JUIA HJICATFHO KECTKO-
TUIACTUYECKON MoJienu nedopMupyemMoro marepuaia paseH 2,35.

3. Tlokazano, uro jgeopMalMOHHOE YIPOYHCHHE, KAYECTBEHHO HE  MEHSS
JnedopMUpOBaHHOE COCTOSIHUE, CYIIECTBEHHO BIIHMSET HA HAPSDKEHHOE COCTOSIHUE.
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Our.2. PacnpeneneHue TJIaBHBIX HANPsDKEHMH W TOMIUHBL (a, b),
SKBHBAJICHTHOH ¥ IJ1aBHBIX nedopmannii (c, d) [uist BHeNIHEl ¥ BHyTpeHHeiH
KOJIBLIEBBIX INIACTUH
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