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Introduction. Let F be a holom function in a neighborhood of the closed
unit disc. We consider the holomorphic function F; defined on the same
neighborhood by

F(z) = F(0) + z F,(2).

Iterating this process, one obtains the Fourier series on the unit circle. We
can consider a more general iterative process where we replace the factor z by a
different Mobius transform of the unit disc Vanishing at point a,,,

Fu(2) = Fy(an) + - Fnt1(2).
Consider a sequence of points (an)n=11ns1de the unit disk such that

Zl—lanl = +oo0,

n=1
The associated Blaschke products and Malmquist — Takenaka (MT) basis
are defined asB, (z) = [Ij- 112 ij , ¢n(z) = B,(2) Vizlansl?

1-an412

Unlike the case of Fourier serles, By, 's are not orthonormal, but ¢,,'s are due
to the normalization (see Lemma 3 in [1]).

It was shown by Coifman and Peyriere [1] that (¢, )n=o is a basis in the
Hardy spaces HP(T), 1 < p < oo, in the following sense. With the inner pro-
duct defined for two functions f, g on the unit circle T as

(f,9)= f f(e?)g(e®)ds,
we have that the MT series converges in H?, i.e.
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N—oo
Zg:o(f: (pn>(pn —)f (1)

The non-linear phase unwinding. There is a natural connection between
the MT series and the non-linear phase unwinding decomposition introduced in
the dissertation of Nahon [2]. For a function F in HP(T) one can consider the
Blaschke factorization

F(z) — F(0) = B(2)Fy(2),
where B is a Blaschke product and F; is in HP (T) and does not have zeros in
the unit disc. Iterating the procedure, one obtains the formal unwinding series
F = F(0)B + F,(0)BB; + -+ E,(0)BB; ... B, + ---.

Numerical simulations from [2] suggest that the right-hand side of the
above equation converges back to the function and generally this happens at
exponential rate. The result of Coifman and Peyri\'ere implies convergence in
HP(T). The case p =2 was previously obtained by Qian [3], who had
developed a similar theory to phase unwinding independently of Nahon in [4].
Coifman and Steinerberger [5] proved convergence in several different contexts

including convergence in fractional Sobolev spaces H®, s > —%, if the initial

1
function F is in H**2.

If at each step of the unwinding decomposition the Blaschke product B,
has finitely many zeros, for example if F is holomorphic in an e-neighborhood
of the unit disk, we can consider the sequence of all zeros oB, By, .... The asso-
ciated MT series will then reproduce the unwinding decomposition. Intuitively,
making the zeros adapted to the function should accelerate the convergence. For
this reason, the MT series is also called the Adaptive Fourier Transform.

For an overview of these constructions, we refer to the recent paper [6]. For
some further results and intuition on the unwinding decomposition we refer to
[7, 8].

Results.We are interested in almost everywhere convergence of the MT
series (1). By standard techniques, almost everywhere convergence can be
deduced from estimates of the maximal partial sum operator. Denote

N
TF(e™) = T@ f(ei) = supyl ) {F.0npn(e™) |
n=0

In fact, we show that up to a Hilbert transform and a maximal function, the
operator T is equal to

T@n () = supy| [* f(e?)Bn (™) =25 |. )

sin

Question: Is the maximal operator (8) bounded on LP?

If a,, = 0, then the MT series reduces to the classical Fourier series and the
operator (2) reduces to the Carleson operator. In this case the positive answer to
the above question is given by the Carleson — Hunt theorem [9, 10].

We give two partial answers to this question in this paper. First, if the
points are in a compact disc inside the open unit disc, the problem becomes a
more benign perturbation of the Carleson — Hunt theorem. In this case, we
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quantify the LP norm of the maximal partial sum operator depending on the
distance of the compact disc from the unit circle.

Theorem 1. Let 0 < r < 1 and let (ay)p=q1 be an arbitrary sequence such
that |a,| < r foralln. Then, for1 <p < 2,

1
||T(an>||Lp(T)ﬁLp . C(p)log—. 3)
For 2 < p < o, we have the better estimate
1
||T(“”)||Lp(r)%p(r) < C(p) log—. 4)

Furthermore, for 1 < p < 2, we have a lower bound in the sense, that for
every 0 < r < 1 there exists a sequence (ay)n=1 With |a,| < r such that

||T(an)||Lp(T)—>Lp(T) > C(p) logﬁ. (5)

In particular, the bounds (4) and (5) are sharp for p = 2.
There is a conformally invariant version of Theorem 1 for p = 2 and ar-
bitrary compact sets inside the disc. In that case, the quantity logﬁ is replaced

by the hyperbolic diameter of the compact set. Let us denote by m;,(z) = 1Z__Ebz
the Mobius transform taking b to 0.
Proposition. Let (a,,);=; and b be points in the unit disk, then
||T(an)|| = ||T(m—b(an))|| ]
L*(T)—~L?(T) L*(T)—~L?(T)
Furthermore, if 1 < g < p < oo, then
(7@ vy < S@DINT oy pacry (6)

where 6(q, p) > 0 are some constants that blow up as g and p get closer.

For the inequality (6), sparse domination bounds for Carleson-like
operators from [11] are used. They allow to pass from the boundedness of T (@)
for one p, to the boundedness for all p = py. Thus, (6) implies a symmetric
qualitative statement: T(@n) is bounded on LP for all p >r if and only if
T(Mm-b(an)) js bounded on LP for all p > r . Ideally, one might expect also the

symmetric quantitative result

”T(m_b(an)) ||LP(T)—>Lp(T)~||T(an) ||Lq(T)—>Lq(T).

however, we do not know how to prove or disprove it.

In Theorem 1, we first obtain the logarithmic dependence (3) for all expo-
nents. We prove a bound independent of r for small scales by the techniques of
the polynomial Carleson theorem, discussed in the next subsection, and we
apply a triangle inequality for the large scales. Then, for p = 2 we are able to
improve the estimate for the large scales by using a TT*argument and the
analyticity of Blaschke products. The bound (4) for p > 2 follows by black-
boxing sparse domination results for Carleson-type opeators such as Theorems
9.1 and 9.2 in [11]. Whether (3) and (4) are sharp we do not know.

We turn to the second partial answer, the case when the points are in a non-
tangential approach region to the boundary.
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Theorem 2. Let a,, be inside the triangle with vertices (1,0), (%,%) and
(%, — %) for alln, then

”T ||L2(T)—>L2(T) =C

Theorem 2 is true for similar non-tangential approach regions to other
points on the circle. Furthermore, if one takes the union of k approach regions
for k distinct points at once, then it is possible to prove along the lines of
Theorem 2 that the L2(T) norm of the operator (2) is bounded by k. If the
boundary points for the approach regions are chosen to be equidistant, then the
construction giving (5) also provides the lower bound /log k. The sharp bound
for this configuration is again unknown to us. It could also be interesting to
consider approach regions to countably many points for various configurations.

Connection to polynomial Carleson theorem. Theorem 1 and Theorem 2
turn out to be closely related to the polynomial Carleson theorem. Let us recall a
special case of the polynomial Carleson operator [12,13,14]

Caf (x) = supgSupo<e<n f f(y)eie®
e<|x-y|<N

where the first supremum is taken over polynomials of degree at most d. The
case d = 1 is the classical Carleson operator. Its weak L? bounds were implicit
in Carleson's paper [8] on almost everywhere convergence of the Fourier series,
Hunt improved this to L? bounds, 1 < p < oo. Alternative approaches appeared
in Fefferman [15], Lacey and Thiele [16]. On the other hand, Stein and Wainger
[17] proved the case d = 2 but restricted to polynomials without the linear term.
Lie combined the two techniques in [12,13] to prove the general LP bounds for
C,4. Finally, Zorin — Kranich generalized the argument to higher dimensions and
non-convolution Calderon — Zygmund kernels in [14]. For a gentle introduction
to Carleson's theorem and a discussion of the different approaches we refer to
Demeter's paper [18].

We reformulate the polynomial Carleson theorem as Theorem 3 describing
the general necessary conditions on the set of the phase functions. Then, Theo-
rem 1 and Theorem 2 are proved by showing that the Blaschke phases satisfy
these conditions and applying Theorem 3.

Let K be a translation-invariant Calderon—Zygmund kernel on R with the
associated operator bounded on L?(R). We assume that there exists an & > 0

such that supp K lies in [—%,%] Let Q be a countable subset of C?(R). For

each interval I and P,Q € Q we define
di(P,Q) = supyye/|(P— Q)(x) — (P — Q) ()l
and assume that d; is a metric on Q.
We impose the following conditions on Q. Assume that there exists a
constant C > 0 such that
A. (the analog of Lemma 2.6 in [14]) for any intervals J, I with J lying in [
and |I| < ¢, and for P,Q € Q we have
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B. (John-Ellipsoid Property) for any y > 1 and interval I with |I| < &, any
(v, d;)-ball can be covered by Cy number of (1, d;)--balls;

C. (the analog of Lemma A.1 in [14], oscillatory integral estimate) for any
measurable function g: R — C, interval | with supp (g) lying in J and
|/| < e,and any P,Q € Q we have

|| e-0tg@ax
J

< CSuply|<+a;p.0) 1l f lg(x) — g(x — y)ldx.
R

Theorem 3. Assume conditions A,B and C hold for the set Q. We define the
operator T: L},.(R) = L°(R) as

Tf(x) = supgeqSuPo<s<n f F(3e YK (x — y)dy|
e<|x-y|<N
Further, let 0 < a < % and 0 < u < p <oo. Let F,G be measurable sub-
sets of R and F .= (M1 > p}, G .= {M1; > p}. Then the following inequa-
lities hold(with the implicit constants depend on C and a, but are independent
of )
||T”L2(T)—>L2(T) <1
||1GT1R\G~||L2(T)—>L2(T) S ua’
||1R\F~T1F||L2(T)—>L2(T) S p‘x_
Theorem 3 is a version on Zorin — Kranich's Theorem 1.5 in [14]. Lemma

B.1 in the latter establishes LP boundedness of T, for 1 < p < oo, from the last
two inequalities.

Institute of Mathematics of NAS RA
e-mail: mnatsakanyan_g@yahoo.com

G. T. Mnatsakanyan

On Almost-Everywhere Convergence of Malmquist—Takenaka Series

We prove LP bounds for the maximal partial sum operator of the Malmquist-
Takenaka series under additional assumptions on the zeros of the Mobius transforms.
We locate the problem in the time-frequency setting and, in particular, we connect it to
the polynomial Carleson theorem.
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puqUutnuuuyht pinptdh htan:

I'. T. Muanaxkansia

O nourn B€3/1¢ CXOAUMOCTH psaaa ManmkBucta — TakeHaku

Jlokazanpl LP OLEHKU IS MaKCHMAJIbHOTO OIEpaTopa YacTUYHBIX CYMM psiia
Manmkeucta — TakeHaKd TpU JOMOJTHUTENBHBIX MPEAMOIIOKEHUIX O HYJIAX Mpeodpa-
3oBaHuii Mébuyca. [Ipobiiema paccMOTpeHa B 4aCTOTHO-BPEMEHHOHN MOCTAHOBKE M, B
YaCTHOCTH, CBsI3aHa C MOJIMHOMHUANBHON TeopeMoit Kapiecona.

11.
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BBenenne. Tounas mocTaHOBKa 3a1aull OOPHOBI ¢ IOMEXaMH, TPOHCXOIS-
UMK B KaHaje cBsi3u, npuHaiexut K. [IIeHHOHY U COCTOUT B CIEAYIOIIEM:
Ha BXOJIe KaHaJla H3BECTHO HEKOTOPOE MHOXKECTBO CJIOB, KOTOPOE COJIEPXKHT BCE
MOTEHIIMAJIbHO BO3MOXKHBIE COOOIIEHNs, TOJHbIE TSl Tepenaun. [Ipobiema ko-
JMPOBaHUSI COCTOUT B BHIOOpE TaKOro ceMelCcTBa COOOLIEHUH, YTOOBI TIPH T1O0-
JMYYeHUH Ha BBIXOJIC KaHaTa COOOIIEeHHs ObLTIO BO3MOKHO OJJHO3HAYHO BOCCTa-
HOBHTH (JICKOAMPOBATh) MEPEAAHHOE COOOIICHHE.

B mpenpiaynmx paborax [l —3] MbI paccMaTpUBalli ajreOpanyecKue Ka-

HAJIbI, B YACTHOCTH aJIMTHBHbBIC U MATPUYIHbIC KaHAIIBI.

B nannoli paboTe m3ydaercs cienylolmHid Kiacc KOMOMHATOPHBIX Heall-
reOpanvecKknx KaHAJIOB — IU3BIOHKTHBHBIC KaHAIbI, KOTOPBIE 1O (opMme Haro-
MUHAIOT a/I/TATHBHBIC KaHAJIBI, HO CYIIIECTBEHHO OTIIMYAIOTCS OT HHX.

Kanasnsl cBa3u u cjaoBapHble pyHKuuu. [Iycts B = {al, ay, ..., ap} — KO-
HEYHBIH andaBuT ¥ B* — MHOXECTBO BCEX CJIOB KOHEYHOW JJIMHBI HaJ anda-
ButoM B. CroBapHas (GyHKIHS — IMPOHM3BOJBHOE YaCTHYHOE OTOOpa)keHue P
CIIeYIOIIEero BUja:

p Y

Mgl Oynem paccMaTpuBaTh KaHall Kak npeodpa3oBatens nHopmanmu. Ec-
T TIPUHATH TE3WC O TOM, YTO B JIOOOM KaHaJIe CBS3U MPOUCXOIUT Ipeodpaso-
BaHUE OJJHHX CJIOB B JIPYTHE, TO JOCTATOYHO OOIIMI KaHaT MOXKHO OIHCATh CJie-
JYIOIIIUM 00pa3oM.

3a1aHbl HEKOTOPOE MHOXKECTBO

Y = {EbOa lpl! :"bm}

YaCTUYHBIX CIIOBAPHBIX (DYHKIUH

B*ﬂB*, i=0m
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Y MHOT'O3HaYyHOE 0TOOpaskeHue

f(x) = (lpO(x)! lpl (X), ey lpm(x)):
rae x € W € B*. MHOxecTBO Bcex oOpatumbix otobpaxkenuit {;},¥;(a) S W
o6oznaunm yepes T. [Ipu sTom Bee cynepnosuuun Y;, Py, ... Py, yHKuMHA 1pl-j

n3 MHOkectBa W onpenenens Ha W.
Onpenenenne [1]. Kombunaropusim kananom cessu K (W) HaswiBaercs
MHOT'03HaYHOE 0TOOpaKeHUE
f )=o), P1(x), ..., P (x)). (D
®opmyny (1) crexyer moHHMaTh clienyrommmM obpazoM. Ha BXxon kaHama
mojaercss cloBo V. Ha BbIXoje mmonmy4aercss POBHO OJHO W3 3HAYCHHH
Yo(v), Y1(v), ..., P (V).
Onpenenenne [1]. AnreGpanueckum kananom cessu K(W) HaswiBaercs
MHOT'03HaYHOE 0TOOpaKCHUE
f ()=o) Y1 (), ..., P (%)),
rie W S T, u ecniu
YilEW, PEeW @)

Ycnorue (2) tpeOyer, 4ToObI J1H000E «IPeoOpa30BaHHOE» CIOBO MOIJIO
OBITH BO3BPAIICHO K UCXOAHOMY BHJIY ITyTEM TEX K€ CaMbIX TpaHchopmarmid.

OtMeruM, 9TO JIO0OH aJIIUTUBHBIA KaHaJl YIOBJIETBOPSET YCIOBHIO (2) U
siBysiercst anrebpandeckuM [2]. OmHako He BCe MaTPHUYHbIC KAHAJbBI SBIISFOTCS
anreOpanvecKMHU, HATpUMep, MATPUYHBIH KaHall C BBINQJICHHEM CHMBOIIOB
[3, 4].

B manbHeiimem Mbl Beerzia OyeM cuuTath, 9to Py (X)= X, 4T0 MOKHO HMH-
TEpIPETHPOBATH KaK BO3MOXXHOCTh OC30IIMOOYHON Iepesadd clioBa M0 dTOMY
kaHany, W = B* < B”.

Koapl, ucnpapisiiomme ommuoKu.

Onpenenenne [2]. MuoxkectBo V € B™ HasbIBaeTcst KOJOM, HCIPABIISIO-
M ommOku kanaia K (W), eciu BBITOTHEHO yCIOBHE

Yi(uw) # ¢;(v) 3)
JUIsl BCEX [ W j U JIJIsl BCEX CIOB U,V € V.

Ycnosue (3) o3Havaer, 4tro mocnencTus nericteuil kanana K (W) Ha komo-
BBIC CJIOBA PA3IMYHBI U MMOTOMY OIIMOKH MOTYT ObITh OOHApYKEHBI U HCITPaB-
JICHBI.

B nanpreitimem o6o3naunm yepes V(W) ko, ncnpaBisiionuil ommoKy Ka-
nana K (¥). B TepMuHax, BBEIEHHBIX BBILIE, OCHOBHAS 3a1ada NP 3aJaHHOM

KaHaJie COCTOMT B rocTpoeHuu kona V (W) MakcuMaabHONH MOIIHOCTH — v (P).
Urak, nycts onsate W(0) = {yo, V1, ..., ¥m} & B™ u xanan K(¥) neiicr-
BYyeT Ha cJI0BO X C B™ cienyronmm o0pa3om:
z=xVy;,, i=0m,
M 3HaK «v» — clioBapHast QYHKIHs, OnpeessieMasi CTaHAapTHBIM 00pa3oM: eciiu
z= 1Yz - Vn), X = (@102...03), ¥ = (B1B2 ---Pn), TO

Yi = aiVﬂi, i = 1,7’1 .
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Takum oOpa3oM, peoOpa3oBaHUE CJIOB B JU3bIOHKTUBHOM KaHAJIe — IU3b-
FOHKIIAS COOTBETCTBYIOIIMX CIIOB, a He cyMMa Mo mod 2, Kak B aJIUTHBHOM
KaHaie.

Hpumep 1. Ecim W(0) = {y, = (000),y; = (100),y, = (011),y; =
(111)}, To mpu x = (001) ma BeIXOmE mu3bIOHKTUBHOrO Kanana K(W) momy-
gaercs OnHO u3 ciuemyroumx cioB: zy=(001), z;=(101), z,=(011), zz3=(111).
Ecimu ke x=(110), To zy=(110), z;=(101), z,=(111), zz=(111).

Ilo aHanoOruu C aAJUTUBHBIM KaHAJIOM IU3bIOHKTUBHBIN KaHan K (¥), no-
POKIaEMbIi MHOKECTBOM {Vq, V1, ..., Vi), COOTBETCTBYET TAOJIHUIE JECKOAUPO-
sanus D (W) npu 3amannom koxe V = {vg, vy, ..., Uy}

Vo U1 Un
VoVYo V1VYo UnVYo
VoVY1 U1V UnVY1
VoV¥m U1V UNVYm

Omnpenenenne xona V = {vg, v4, ..., Uy}, HCIIPABISIONIETO OMIMOKH JH3b-
roHkTHBHOro Kamana K(W) ¢ mopoxmarommm  mHOkectBom  W(0) =
{¥0, V1, -» Ym}, KOIUPYET MpEbIAYIIAE ONpENENeHUs] aJyINTHBHOTO KaHalla U
COCTOHT B CIICAYIOIIEM:

vV oy, # 17]'V Vs.

B «dpuznveckom» cmbiciie qu3bloOHKTHBHBIN KaHan K(W) neiictByer cie-
IYIOIIUM 00pa3oM: OYKBY «1» OH He MeHseT, a OykBy «0» MoxkeT nepeBectr B 0
wiu 1.

B craHpmapTHBIX TepMHHAX IU3BIOHKTUBHBIA KaHall JICHCTBYET Ha OYKBY
«HECUMMETPUYIHBIMY 00pa30M.

3ameuyanue. MuoxectBo B™ ¢ GMHApHOM omeparineit ouswvlonkyus odbpa-
3yeT MOHOHM]I C HEHUTpaJbHBIM 3yieMeHTOM «0». DTa CTpyKTypa ropasio Oojiee
Oennast, yem rpynmna (B™,+), 1 mOTOMY MHOTHE U3 CBOMCTB aJ/TATHBHBIX KaHa-
JIOB HE BBIMOIHSIOTCS IS TU3BIOHKTHBHBIX KaHaJIoB. Tak, eciy Jjs aJyInTHB-
HOT'O KaHajla B KaXJOM cronoue Tabmumbl aekomupoanus D(W) comepxkutcs
OJTHO M TO € YKCIIO DIIEMEHTOB, TO JUIS TU3BIOHKTHBHOI'O KaHaja dTO BOBCE HE
Tak.

Ipumep 2. [Tycts ¥(0) = {y, = (000),y, = (011),y, = (001)},

V = {vy, = (000),v, = (100),v, = (010)}.

Toraa Ttabnuma nexomupoBanust D (W) nusbroHkTHBHOrO kanana K(W)

HMEET CIICIYIOIIYIO (OopMY:
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000 100 010
000 100 010
011 111 011
001 101 011

OuesuHO, uto uia kanana K (W) u xona V' ycnosus (4) HE BBITIONTHSIOTCA.
Mpumep 3. Eciau B musbionktuBHOM Kanaie K(W) mpoucxomut He Oosee
OJTHOTO «HCKa)KEHUS», TO JOpMaIbHAs 3aIlMCh KaHaja COCTOUT B CIIEAYIOIIEM:
Y(0) = {e, = (00...0),e; = (10,...0), ...e,, = (00...01)}.

Ecm V = {vo,v1 yeersVy } , TO Ta0NHIIA ACKOAUPOBAHHMS BBITJIANT TaK:

Vo V1 e Un
vy Veg v, Veg vy Vey
vV eq vVes vy Ve,
voVey vVe, vyVe,

PaccMorpum  k-ii  cronben TaGnumbl  gekomupoanus D (W). Eciom

={ly,15, ..., 1} — HOMepa Hynel y ci0Ba vy, TO BCE SJIEMEHTHI CTOIOIA — CIIOBA,
OTJINYAIOIIHECs. OT V), B paspsimax ¢ Homepami {lq, [, ..., 1, }. [ToaTomy oOriee
YKCII0 PA3MUYHBIX CJIOB B CTOJIOIE C YIETOM CaMOro Uy paBHO r+l=n — ||vk||
+1.

B obmem Buze, eciu D, , D, ...,D, cTonOusl TaOnuIbl JEKOANPOBAHHS

D (W), To cnipaeuBa crieyromas BepXHsis IPaHUIA.
Yreepxnenne 1. Mveem mecmo nepagencmeo

D] < min {218

HoxazareasctBo. Eciu {l4,[,, ..., [} — HOMepa Hyneil y cioBa v, TO K
HOBBIM CJIOBaM MPHUBOAAT U3MEHEHUs V), B MO3UIMX {l4, [, ..., [} u ux obmiee

el

KOJINYECTBO PaBHO 2"
C Ipyroit CTOpOHBI, IO ONPEACICHHUIO, 00IIee YHCI0 Pa3IUYHbIX CI0B B Dk
HE TPEBOCXOJTUT 1.
B kadectBe cojpepkaTeNbHOTO MPHUMEpa, 3aBEPIIAIOIIETO 3TOT maparpad,
paccMOTpUM KaHal U3 MpuMepa 3, B KOTOPOM IMPOUCXOJHUT He Ooliee OHOTO
HMCKa)KCHHOI'0 CHMBOJIA B CJI0BE X = (01 Q5...0p,).
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Crenyroniee yTBepKICHHUE COJEPKHUT BEPXHIO TPAHUILY JUISI MOIIHOCTH
koma V, HCIpaBISIONIETO OIMOKY PHUBEICHHOTO BBIIIEC KaHaIa.
Yreep:kaenne 2. Cnpageonuso HEpaseHCcmeo

n

<" 0

k<A

JoxkazaresabcTBo. ITycTs

Vlz{er; x||£ﬂ,}, sz{er; x||>ﬂ,}.

Torna
V=V]UV2 ,Vleﬂszg u

] on
HeX() s
k<1 n—A+1
IlepBOE HEPABEHCTBO CIEAYET U3 TOrO, YTO oOIIee Yucio Touek X €V ¢
HXH <A me MPEBOCXOAMT OOIIEro umcia Touek u3 B™ co cBoicTBOM HXH Sl,
T.C.
mi<>(i). )
k<A,
Ecu x €V, 1o B cuny npumepa 3
2’1
ls——. (6)
n—-A+1
TaK Kak YMCIIO JIEMEHTOB B JIIOGOM CTONOIE TaOIMUIbI IeKOaMpoBanus mis V,

HE MPEeBOCXOIUT MpaBoil yacTu (6).
Yreep:xkaenne 3. Cnpasednuso HepaseHcmeo

2n+l
ris=—.
n
JoxkazareabcTBo. Tak Kak [5]
n+l (24-n)?
n 2 - 2n
G~
2mn

TO IIpU A Zg— o, o(n) = 0(\/;) UMeeEM
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n
2n 2
n 2w
Z_odn| 0| —Fe
2 _ \n
Bb1OpaB o = vinn , MBI TIOJIyYHM OILICHKY
2"

n*\n

o

CrnenoBatensHo, ¢ yaeToM (5) u (6)

HcnpaBienne omu00K B TU3bIOHKTHBHOM KaHaje. Eciu B JIM3BIOHK-
TUBHOM KaHAJIC ITPOUCXOOUT HE 60J1ee OIHOI'0 UCKAXXCHUA, TO IJIA UCIIPAaBJICHUSA
OIIMOKH MOXHO HCIOJIb30BaTh OOBIYHBINA KOa XdMMuHTa. OIHAKO, UCIOIB3YS
crenuQUKy 3TOro KaHaja, MOXKHO MPEIOKUTh Oosiee 3QPEeKTUBHBIC CIIOCOOKI
00opbOBI ¢ momexaMu. OIHUM K3 TaKUX CIOCOOOB SIBJIACTCS HCIOIb30BaHUE
koxa Bapmramosa — Tenenromnbia [6].

Paccmorpum cpaBHeHMS

a, + 2a,1t3a3 + ...na, = 0 (mod (n + 1)), (7)
e x =(aa,..a,)€B".
MHOKeCTBO perrennii cpaBuenuii (7) obo3HaunM uepes S”.
Yr1Bepxaenue 4. Koo S" ucnpasnsem ece 00unouHble UCKANCEHUSI KAHANA.
Jokaszatenbcerso. [lycts X =(q,a,...a,) €S" u ommbka npousoma B 7-

paspsze cioBa x. [lo onpenenennio koma S, eciid Ha BBIXOJE MbI MOJyYaeM
CIIOBO

z = ( Y Yo e ’Yn),TO
l(z)= iz‘yi = iz‘al. +r. ®)
i=1 i=l

U3 (8) momyunmm

I(z)(mod (n + 1))= (iz’al. +7 )(mod (n + 1)). 9)

i=l

U3 (9) nonyuum 1(z) (mod (n + 1))=r.
Takum 00pa3oMm, MBI MOllydaeM HOMEp paspsijia, B KOTOPOM IPOU30IILIA
ommnoKa.
W3zMenuB 3HaYeHUE HTOTO pa3psia, Mbl HCIIPABISIEM HCKOMYIO OIIHOKY.
Ipumep 4. Ecan n=4, To ucxonHoe cpaBHEHUE UMEET BUJ]
a; + 2a,+3a3 + 4a, = 0(mod 5).
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CnoBo x=(1001) npunamiexuT S * . Ecnu ommbka nmpowu3onuia B 3-M pas-

psze, To
z=(1011) n l(z)=1(1011)=1+3+4=8.

Hanee [(z) = 3(mod 5) 1 HOMep OMIMOOYHOTO pa3psiaa ONPEACICH.

OTrMeruM, dYTO MHOXKECTBO KOX(P(GUIMEHTOB JIMHEHHOW  (HOpPMBI
L(x)=ay + 2a, + -+ na,, — KOJBIO KJIACCOB BbIYeTOB 110 mod(n+1), T.e.
mHOxecTBO {0,1, ..., n}.

3TO 00CTOSITENBCTBO UTPAET ONPEACICHHYIO POJIb ITPH UCCIIEIOBAHUU MHO-
JKECTBA PELUECHUIN CPaBHEHUS

L(x) = 0(mod(n +1)).
Paccmorpum cpaBHeHMS

¢ (ayay...ay) = Y da, =0(modd) . (10)
i=1

3neck Bee mapamerpsl d,,d — HaTypanbHble yucaa u x=( a1 @,...a,) € B™.

O6o3uaunm uepes ?,(d,d,...d, ) aucno peuennit cpaBaenus (10).

Yr1Bepxaenue 5. Cnpaseoiuso coomuouteHue

2ri

1 d-1 n 27 g
td(d]dz...dn)zg YOIT a+ed ™). (11)
s=0 =1

JokazaTeancTBO. MCcronp3yeM H3BECTHOE COOTHOIICHHE, BBIpAXAroliee
CBOICTBA JIEIIUMOCTHU

U

1 & 2 (leem d/x

=Y o :{O’W d%- (12)

d
Ecmu Bmecto x B Gpopmyny (12) moncrasuth ¢yHKIHIO € ( @1 Q5...Qy,), TO

MOCJIC HEKOTOPBIX CTAHAAPTHBIX MAHHUITYJISIIUI MOTYyIHM

Il
(=}

2ri

1 gl 2ric(eyay...ay, )3 1 ol “—sd,
t,(dd,..d)= " oD e = D (et )
=0 s=0

(qay...0t,)
2ri

—,sa,
... (I+e9 ), qrowu nokassiBaer (11).
Brigenu B ¢popmyiie (11) cinaraemoe, coorBercTByroiee s = 0, Hoay4um

2n el Esd, EsaﬂY
t,(dd,..d,)= ;Jr 7 Z (I+e? )..(1+e9 ), orcrona, UCIONB3YS
s=1

W3BeCTHBIEC apudmMerndyeckue QpyHKIMH, IMEeeM

n+l

1Sl =2, (1,2,...,n) =

'®UI 1Y PAH

’I'pyrma bur, Mocksa

EpeBaHCKHil FOCYIapCTBEHHbIH YHUBEPCHTET

e-mails: vkleontiev@yandex.ru, garib@hkzap.ru, j.margaryan@ysu.am
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B. K. JleonTthes, I'. JI. MoBcucsH, K. I'. Maprapsn
JAM3bIOHKTHBHbIE KAHAJbI

BBCZ[EHO NOHATHUEC AU3BIOHKTUBHOI'O KaHalla CBA3U, SABJIAIOIICTOCA HeaﬂFEGPaI/I‘Ie-
CKHUM KOMGI/IHaTOpHI)IM KaHaJioM, I10 (bopMe HaIllTOMHWHaIOIUM a)Z[I[I/ITI/IBHHﬁ KaHal1, a I1o
CYHIECTBY OTIIMYAIOIIUMCA OT HETO. HpeanomeH crrocod HCIIPpaBJICHUA BCEX OAMHOYHBIX
HCKa)KeHHﬁ, MMpOoUCXOoAAIIUX B TaHHOM KaHaJI€ CBA3U.

9. 4. Lhntinl, Q. L. Unjuhujui, .9 Uupqupui
Tthqmibijinhy juyninhiikp

Ukipdnisjwsd i nhqniblnhy juwninhubp, npnup Yndphttwnnp ny hwipwhuwy-
Juljui u: Thgniuljnhyd juyninhubpp dind bdwb Eo wnnhnhy juwyninhubpht, paygg
Fuwybu wwppbpynud Bt tpwighg: PhEpdws L wynuhuh Juwyninhubpnud  popnp
uuwubpt ninntnt tnubwly:

V. K. Leontiev, G. L. Movsisyan, Zh. G. Margaryan

Disjunctive Channels

The article introduces the concept of a disjunctive communication channel, which
is a non-algebra combinatorial channel, though resembling an additive channel by its
form, but different from it by its essence. A method for correcting all single distortions
occurring in a given communication channel is proposed.
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O cJ10:KHOCTAX BHIBO0B 0AJIaHCHUPOBAHHBIX opmy.a
B IBYX IPONO3HIIHOHAJBHBIX CHCTEMaX BHIBO/10OB

(ITpencrasneno akagemukom 0. I'. Illykypsaom 10/IV 2022)

KiaroueBble clioBa: Oanancuposanuvie Gopmynvl, 0epeso pacujenieHul,
onpeodensiiowuil KOHbIOHKM, CLOACHOCHIU 8blB0008.

1. Benenue. banancupoBanHbie (GOpMyIIbI UTPAIOT BXKHYIO POIb B TEO-
pHH CIIO)KHOCTH BBIBOZIOB. B [1] mokazaHo, 4TO eciy CI0KHOCTH BBIBOJIOB Oa-
JMAHCUPOBAHHBIX (GOpMyn OyIyT TMOIMHOMHAIBHO OrpAaHMYEHBI B CHUCTEMax
®pere, TO CIIOKHOCTH BBEIBOJIOB BCEX TABTOJIOTHH OYIyT TaKKe MOJTUHOMHAIBEHO
OTpaHUYEHEI, YTO, B CBOIO OUepe/lb, OyJeT JOKa3aTellbTBOM COBIAJICHUS Kiiacca
3agad NP co cBoum nomonHenueM [2]. JanHas pabota mocBsiieHa U3y4eHUIO
KOJIMYECTBA [IaroB W JIJTMH BBIBOJOB OJHOTO KJlacca OallaHCHPOBaHHBIX (OPMYIT
B HEKOTOPBIX CHCTEMAax IPOMO3UIIMOHATBHBIX BBIBOIOB. VCCienoBaHbl BHIBOIBI
OanmaHCUPOBaHHBIX (opmyI

QHQy = Vosicn A1sjen|Vasksi Gijk V Vicksn Qijis1)»

T.c. GOpPMYJ, B KOTOPHIX KaXKAas IEpeMEHHAas UMEET POBHO OJHO MOJOXKH-
TENFHOE ¥ OJIHO OTPHIIATEIbHOE BXOXKICHUS. BBIBOMBI A THX (popMyn paccmat-
puBatorcsi B cricreme OP, ocHoBaHHOW Ha 000OMIEHHOM METOJIE pacIIerIeHHUs
[3], u B cucreme E, ocHOBaHHOH Ha oIlpezeNfIOmell AU3BIOHKTUBHOM HOP-
ManbHO# popme [4]. OTHOCHUTENTBHO BTOPOH CHCTEeMSI B [4] mOoKasaHa ee IIO-
JIMHOMHAJIbHAS SKBUBAJIEHTHOCTh C CHCTEMOM Pe30TIOUMI M CEeKBEHIIUATh-
HOI1 cucTeMoii 6e3 IIpaBUja CeYeHU, CIeJOBaTeIBHO, B HUX MOTYT OBITH DKC-
TPAIOJIMPOBAHBI OL[EHKU CIOXXHOCTHBIX XapaKTEPUCTUK BBIBOJOB B CHCTEMeE
E. Mecro e cucremsr OP B u3BeCTHOI MepapXUM IPOMO3UIIMOHATBHBIX CH-
creM (cM., HaIpuMep, [2]) IOKa He YyTOYHEHO, 60JIee TOro, B [5] pacCMOTpeHsI
IBa Kyacca GOpMYyJI, JjIs OGHOTO U3 KOTOPBIX OLleHKU U KOJTUYeCTBA LIAroB, U
nyivH BeiBoZoB B OP cymectBenHo nyuine, yem B cucremax @pere, a gia gpy-
Toro Kjacca — HaoOopoT. B cuiy BbllIeCKa3aHHOTO HUCCIEeNOBaHUE CIIOXKHO-
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cTHBIX xapakrepuctuk ¢opmyn QHQ, B cucreme OP mpepncraBiser ocoObrit
nHTepec. B HacTosmed cTaThe A1 BCeX YEThIPEX MCC/IeyeMbIX BeJIUIHH I10-
JIy9eHBI OJMHAKOBBIE 110 MOPAAKY (II0 JTorapudMUYECKOH LIKale) BepXHUE U
HIDKHUE OLeHKH.

2. MpeaBaputenbHble NOHATUS. [ TIpeCTaBIeHNsT OCHOBHBIX PE3YIb-
TATOB HATIOMHHM HEKOTOpBIE IMOHSTHSI U 0003HAYEHHS, BBeZICHHBIC B [3, 4]. MBI
MOJIb3yeMCsl OOIICTPUHATHIMU MOHATUSMH €IMHUYHOTO N-MEPHOTo OyreBa Ky-
0a B™, nporno3uionaabHoi pOpMyIibl, TABTOIOTHH U CHCTEMBI JI0Ka3aTelIbCTBA
KJIACCHYECKOTO MCUUCIICHHS BBICKAa3bIBAaHHH.

KonkpeTHbI# BBIOOD SI3bIKA ISl TIPEACTABICHHSI TPOMO3UITMOHAILHON (op-
MYJbl, 8 3HAYUT, ¥ CHCTEMBI JJOKAa3aTelIbCTB, HE UMEET 3HAYCHHUS JUIS HalllhX
paccMOTpeHHi, OIHAKO U3 TEXHUYECKHX COOOpa)KeHUH MpeJonaraeM, 4To OH
COJICPKUT TIPOITO3UIIMOHAIBHBIC IEpEMEHHbBIE, IOTHYECKHE CBSI3KU —1, &, V, D U
napy ckobok ( , ). Jnmua dopmyiel @, onpenenseMas Kak KOJHYECTBO BCEX
BXOKJCHUU B HEe JIOTHYECKHUX CBS30K, 0003HavaeTcs uepes |@|. O4eBHIHO, YTO
JIMHEHHON (DYHKIMEH OT || OllEHUBAIOTCA W IMOJHAS JUIMHA (OPMYJIbI, TOHH-
MaeMasi KaKk KOJIMYECTBO BCEX CHMBOJIOB.

Crnenyst oOIICTTPUHATON TEPMHUHOIIOTHH, IUMEPALoM CUATACTCS TIepeMEH-
Has win ee orputiaHue. KoHbIOHKT K MOXET OBITh MpEICTaBIICH KaK MHOXe-
CTBO JINTEPAJIOB, TIPUYEM 3TO MHOXKECTBO HE MOXKET COJIEPKATh IMEPEMEHHYIO
ee OTpHIIaHNE OJJHOBPEMEHHO.

st mpou3BONBHON (GopMyIBl ¥ CleyIole TPUBHAIbHBIE YKBUBAJICHT-
HOCTH Ha3bIBAIOTCS HPAGUIAMU 3AMEU{CHUA:

0&Yp =0, P& 0 =0, 1&Y) =1, Y&l =1,
oOvy =1, Yyv 0 =1, 1vy =1, Yvl=1,

0oy =1, YPo0=1, 1oy =1, Yy>ol=1,
0=1, 1=0, Y =1,

[Mpumenenue mpaBHI 3aMelIeHUs K HEKOTOPOMY CJIOBY 3aKIodaercs B
3aMeHe KaKOro-mu0o ero MoJCc/ioBa, MMEIOMIETO BUJI JIGBOW YacTH OIHOTO W3
YKa3aHHBIX DKBUBAICHTHOCTEH, IPaBoi 4acThio. OTMETUM TaKKe, YTO () YHKIIHS
p° ompenensiercst oGmenpHHSITHIM 00pasoM: p° ecTh —p, a p' ecThb p.

[Tycte ¢ — mpomosunmoHanbHas Gopmyna, P = {py, s, ..., Pn} —MHOKe-
CTBO BCEX €€ TepeMenHsIX, a P’ = {p; ,p;,, ..., pi, } (1 <m < n) — HekoTopoE
MOAMHOXKECTBO P.

Onpeoenenue 2.1. Ins vekoroporo g = {0y, 03, ..., Oy} € B™ KOHBIOHKT

o — { 01 ,,02 Om
={p; pi, s ;) } Ha3bIBaeTCs -ONMpeNensonMM, eCIy, TOACTABISS B
(¢ BMECTO KaXXIIOW TepeMEHHOU Pi; 3HAYCHHE Oj (1 £j <m) u nocnenosa-
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TEJIBHO NPHUMEHSSA paBHJa 3aMEIIeHMs, MMojydyaeM 3HadeHue gopmynsl @ (0
win 1) BHE 3aBUCHMOCTH OT 3HAYEHHI OCTAIIbHBIX TIEPEMEHHBIX.

Onpeoenenue 2.2. JInzptoHKTHBHAS HopManbHas dopma (JJHD) D= {K|,
K5,...,K, } Ha3bIBaeTCS Q-OMpeAestonei it GopMyIIbl @, €CIH KaXKIbld KOHB-
IOHKT U3 D sBnsiercs ¢-1-onpeaenstommm u ¢= D.

Onpenemnstonryto JJTH®D 6ynem obo3nagars gepe3 o JHD.

2.1. OnucaHusi paccMaTpuBaeMbIX cucTeM. B [4] Obuia omucana ciemy-
tomas cucrema jokazarensctB E. Akcuombl cucrembl E He dukcupyrores. s
KOKI0i (HOpMYJBI (0 B Ka4eCTBE aKCHOM OepyTCsl KOHBIOHKTHI M3 HEKOTOPOH
o/IH®. DnumMuHaALMOHHOE NPABUJIO BbIBOAA (3-TIPABUIIO) BHIBOAUT KOHBIOHKT
K'"UK" u3 xoubtonkroB K' U {p} u K" U {=p} st npon3BOIbLHON MPOIO3H-
LIUOHAIILHON NIEPEMEHHON p .

E-BBIBOZIOM Ha3bIBAa€TCsl Takas KOHEYHAs IOCIEAOBATEIBHOCTh KOHBIOHK-
TOB, Ka)/IbIii U3 KOTOPBIX WU SIBIISIETCS OJHOW U3 3a(pUKCHPOBAHHBIX aKCHOM,
WM TIONydYaeTcss W3 TMpenplIylux Mo »-npaBuwiry. OueBugno, uro JHO

D={K,,K,,...,K,} sBnsercs TaBTonorueii, eciu, NpUMeHsst 3-IPaBHIO, MO-

JKHO BBIBECTH IMyCTOH KOHBIOHKT () u3 akcuom {K |, K,,...,K,}.

Cucrema 00001eHHBIX paciiericanii OP Oblia BBeneHa B [3]. O6001eH-
HBIM METOJI pacIIeIUICHUH (0.M.p.) MO3BOJIAET KaXKI0H (hopMyJie ¢ COOCTaBUTh
HEKOTOpOE TOMEUEHHOEe OMHApHOE JIEPEeBO paclielUIeHUs (I.p.), KOPHIO KO-
TOPOro MpUIKCcaHa caMa (GopMyIia ¢, KOHEYHBIM y3JIaM MPHUITUCAHbI 3HaueHHs 0
Wi 1, a CBIHOBBSIM KaXJIOTO y371a U, KOTOpOMY IPHUIKCaHa HEKOTopas popMylia
(Qy, TIPHITUCAHBI PE3YJILTATHl pacIICIUICHUS ¢, M0 HEKOTOPOH MepeMeHHOH P,
BXOJISIIICH B (0, CIICIYIOLIUM 00pa3oM:

1) mpu pacieruieHny TaBTOJIOTHH (P TI0 JIUTEpATy ¢ JiefilaeM MMOMETKY & Ha
pebpe, BeaylieM OT y3i1a ¢ TIOMETKOH ¢ K y3IIy ¢ TIOMETKOH @[a],

2) cama Qopmyna @[a] cTpouTcs MO @ CIEAYIOIUM 00pa3oM: eclii o =
p(a = D), TO BCIOAY B (0 BMECTO IEPEMEHHOM p mojacTaiseM 3Hadenue 1(0) u
MPHUMEHSIEM TpaBHiia 3aMeleHUs WU JI0 MONy4YeHUs: GOopMyJbl, HE conepxKa-
IIIeI71 KOHCTAHTBI, WM 10 IMOJTYUCHNA KOHCTAHTEL.

ECTCCTBCHHO, 4YTO, MCHIA MOPAAOK MEPEMEHHBIX, MO KOTOPBLIM ITPOU3BO-
JATCSL pacillelyIeHne, MOXKHO TONy4aTh pasiauyHble J.p. OUeBHIHO TaKkkKe, YTO
TaBTOJIOTUAM COOTBETCTBYIOT JCPEBbA, KOHCYHBIM Y3JIaM KOTOPLIX IMPHUITMCAHbI
TOJIBKO €AUHUIIBI.

CooTBeTcTBYyIOIAas CUCTEMa, OCHOBAaHHAs Ha O.M.p. C OJHOW aKCHOMOW-
TaBTOJOTHEH — 1 W OJJHUM MIPaBUJIOM BBIBOZA @[p], ¢[P] F ¢, o6o3HaueHa Ue-
pe3 OP.

2.2. C10:KHOCTHBIE XapaAKTEPUCTUKH BBIBOA0B. OCHOBHBIMH CIIOKHOCT-
HBIMU XapaKTCPHUCTUKAMU BBIBOAOB ABJIAIOTCA: f—CHO)KHOCTB, ornpeneiaeMas Kak
KOJIMYECTBO Pa3IMYHBIX ()OPMYJI B BBIBOJE, U [-CII0XKHOCTD, ONpeaeasieMas KaK
CyMMa JUIMH BCeX pasnuuHbIX (opmyn B BbiBome [2]. Ilycte ¢ sBisiercs
HEKOTOPOM CHCTEMOH BBIBOJOB, a ( — HEKOTopas TaBrojorusa. Yepes
t¢((p)(l¢ ((p)) 0003HaYaeTCI MUHUMAJILHO BO3MOYKHOE 3HAUCHHE f-CJIOMKHOCTH
(l-cnoosrcHocmu) BCeBO3MOXKHBIX BBIBOJIOB TABTOJIOTHH (@ B cucTeMe ¢. B mamb-
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Heiem ¢-crnoxuoctu (I-croocnocmu) dopmyn QHQ, B cucremax OP u E
OyaemM 0003Ha4yaTh yepes top(n)(lop(n)) u tE(n)(lE(n)) COOTBETCTBEHHO U
Oy/IyT UCIION30BaHbI CIECAYIONINE OOMEIPHUHATEIC 0003HAYCHUS:

ect 3¢y T. 4.4 Vx |f(x)| = ¢1]g(x)|, To 6ynem nucarsf (x) = Q(g(x)),
ecn 3¢, T.4. 11 Vx | f(x)| < ¢;lg(x)], To 6ymem nucarsf (x) = 0(g(x)).

[Ipu BBIOTHEHUH ATHX 000MX ycioBuit Oyaem nucath f(x) = 08(g(x))

3. Ouenka cjoxuocreii BoiBo0B (popmya QHQ, B cucreme OP. s
onucanus anroput™Ma Beisoga QHQ, B cucreme OP BBeneM psin 0003HAUCHUM.
Jns namnoro n m Bcex 0 <i<n um 1 <j<n onpenenmum dopmynsl Q;; =
Viskei ijk V Vicksn Qijir1s 1 Toraa QHQy = Vogien (Qia A Qiz Ao A Qi A

A Qin-1) A Qin ), u, makomen, BBens obosnauenne (Qi A Qi A ...A
Qin) = H;, nonyuum QHQ, = Hy V H; V ... V H,. TIOCKONBKY Ka)ayw H3
dopmyn Q; ; BCero 3a mar MOXHO NEPEBECTH B EIMHHUILY, TO 3a N IIAr0B MOXKHO
nepeBecTd oHy W3 Gopmyn H; B eIWHUILY, TEM CaMbIM IOIyYHB CIUHHILY HA
oxHou u3 Bereit aA.p. QHQ,. Ha puc. 1 npuBonutes npumep a.p. mist QHQ;.

OTMeTuM, 9TO B 3TOM JI.p. TOJBKO M3 OJIHOW BEPIIMHBI C TUIFOCOM
MPOJOJKEHO PaCIICIUICHUE U JaJTbHEUIIEEe JI.p. COAECPKUT OJTHO MO Aepe-
BO (B GosbiioMm Tpeyronpuuke) mist QHQ,, B KOTOpOM comepskaTcs Ba mojie-
peBa (B Manbix Tpeyronbaukax) mist QHQ,. Uccnenys n.p. sToro nmpumepa, He-
TPYAHO YOEOUTHCS, YTO B OOIIEM cliydae JI0 MEPBOrO MEpexola B CAUHHUILY
MPOU3BOJMTCS 11 PACIICIUICHHUH 1O JIOTHYECKHM MEPEMEHHBIM, T.€. HA MOMEHT
TIEpBOTO MeEPeXo/a B eAMHHILY MBI HMeeM BCero Y., 2' opMyi1, IBe U3 KOTO-
PBIX SBISIIOTCS SIMHHUILIAMH, T.C. (Zf;o Zi) — 2 pa3nuuHbIX (HOpMYII, HE CUUTAS
enuauIl. Kakaas 3 HeeAMHUYHBIX (C TUTFOCOM) (hopMysI, TIONMYyUUBIINXCS Ha 11-
OM ypOBHE CBEPXY, B CYyTH CBOEH MMEET OJMHAKOBYIO JUTUHY U «CTPOCHHE» M
MpH JajbHEHIIeM paciielIeHnH depe3 (11-2) mara MoXKeT OBbITh TIPEe/ICTaBlIcHa B
BUje A.p. i ciydas (n-1), a Takux ¢opmyia Bcero 2™ — 2, Takum 00pa3om
s t2F (n) monyuaem cienyroree peKyppeHTHOE COOTHOIICHHUE:

t'm) <@2"-2)t*n-1) + 4 +n2",

1
113 KOTOPOT0 MOCIIE psfia peobpasoBanmii momydaercs £9F (n) < 220+ DM+2),
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QHQs

91271 124

12171

G33270

9721=0 922170

9343~0

Puc. 1.

JIns monmydeHus HwkHel onenku Bemmumusl tOF(n) ¢ yderoM «oamHAKo-
BOCTH» BXOXKJIECHHS Pa3IM4HBIX TepeMeHHbiXx B (opmyny QHQ,, a 3Haumt,
HEBa)KHOCTH TIOPSIIKA BBIOOpA MEPEMEHHBIX UIS MOCIEIOBATEIBHBIX PaCIIer-
JIEHUHM, HETPYAHO YOEIUTHCS, YTO TOJIBKO KOJIHYECTBO (POPMYJI C IIFOCOM BO
BceM a.p. Oyaer He wmembme (2% —2)(2"71-2)..(2%2-2)(22-2), n,
yunthiBasg (2" —2) = 2™°%, mna n > 2 monyumm t°0(n) > 20712072 21 >
Zi(n—l)n‘

JUitst TOJTyYeHHst OIIEHOK JUTMH BBIBOJOB YYTEM TPHBHAIBHBIC HEPABCHCTBA
t®(p) < 1%(@) < t(@)|A|, rne 4 — camas mmHHas GopMmyna B BeIBOZe. B
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3n2(n+1)
2

1P (n) < 2§(n+1)(n+2) 3112(2_‘1“) u %) > Zi(n—l)n‘
4. Ouenka caoxkHocteid BbIBoA0B (popmya QHQ, B cucreme E. Onu-

[IeM TPUBUAIBHBIA AITOPUTM MpeoOpa3oBaHUsl MPOHU3BOIBHOTO JI.p. JHOOOH
(dbopMyITel ¢ B BBIBOJ TOH ke (opmyiisl B cucteme E. 3ameTrM, 4To MHOKECTBO
JUTEpajIoB 000 BETBU [I.p., BENYIIEH OT KOPHS J.p., KOTOPOMY IMpHITMCaHA
dbopmyna ¢, K BEepIIMHE, KOTOPO NpUNHcaHa |, SBISETCS @-ONMpeesFoIIuM
KOHBIOHKTOM, 8 MHO)KECTBO BCEX TaKMX KOHBIOHKTOB Oyaer oJIlH® mist dop-
Myibl @. [lockonbky B mccienmyeMoll HaMu OallaHCHPOBaHHOW (hopMylie Kax-
Nlasi iepeMeHHasi UMEEeT POBHO OJTHO TIOJOKUTENBHOE M OJHO OTPHIIATENFHOE
BXOXKJICHHS, TO BCE BBIIICOMUCAHHBIM O0pPAa30M COCTaBJICHHBIC (P-OMpEaeIs-
IOIIME KOHBIOHKTHI TOMAapHO pa3inuyHbl. OTMETHM TakXe, YTO KOIUYECTBO
pebep B caMoii JUIMHHO# BetBH A.p. popmyiasl QHQ,,, paBHO 77, a 3HAYMT, THHA
camoro aauHHoro QHQ,-ompenensromuyero KOHbIOHKTa, B KOTOPOM OBITH MO-
JKeT TONBKO OTPUI[AHME TIEPEMEHHBIX, He TpeBbimaeT 2n° -1. YuuTeiBas >t
3aMeuaHUs U BBILIENIONYYEHbIC OlleHKH sl cucteMbl OP, momy4anm

1 1
tE(n) < 220Dy B () > 227" 3 takoke

1 1
5. OcHoBHoli pe3yabTar. O000MIas BCE BBIIICIONIYYCHHBIC OLICHKH IS
JOCTaTOYHO OOJIBINUX M, TIOIYYHM UIS TocienoBaTenbaoctd popmyn QHQ,
log, t°P (n)=Q (n%) u log, t°? (n)=0(n?), log, t¥(n)=Q (n’) ulog, t¥(n)=0(n),

log, 1°P(n)=Q (%) u log, I°F (n)=0(n%), log, I¥(n)=Q (n%) u log, I¥(n)=0(n?),
OTKyJia cIenyeT
Teopema. /[n1 docmamouno 6oavuux N 0158 MUHUMATLHO20 KOIUYECBA
Uaz08 u MUHUMAILHOU ONIUHBL 86160006 nociedosamenviocmu opmynr QHQ, 6
nponozuyuonanvuvix cucmemax OP u E umeem mecmo
log, t°? (n)= 0 (1), log, I°°(M)=06 (M) u
log, tE(n)=0 (12), log, IE(n)=6 ().

cuity toro, uto |QHQ,| = — 1, momy4aum

!EpeBaHCKHUI rOCyJapCTBEHHBII YHUBEPCUTET
2PoccriicKO-ApPMAHCKUY YHUBEPCUTET
e-mails: achubaryan@ysu.am, haykazizyan077@gmail.com

A. A. Uybapsiu, A. C. A3u3sin

O cJI0KHOCTAX BHIBO/IOB 0a1aHCHPOBAHHBIX GOpPMYJ B ABYX
NMPONO3UIIHOHATBHBIX CHCTeMAaX BbHIBO/IOB

Jns onHoro kiacca OalaHCUPOBAaHHBIX (OPMYI HCCIENOBAHBI MHUHUMANbHbIE
3HAYeHUs KOJMYECTBA IIAroB M JUIMHBI BBIBOJIOB B JIBYX IPOMO3UIMOHAJIBHBIX CHCTE-

Mmax: cucreme OP, ocHOBaHHOW Ha 00OOIIEHHOM METONE paclleIieHus, u cucteme E,

123



OCHOBAHHOM Ha OIIpeJeIAIoleli AU3BIOHKTUBHON HopManpHOU opme. g Bcex de-
THIPEX UCCIEAYEMBIX BeJTUYMH IT0TyYeHbl O MHAKOBbIE IT0 MOPAIKY (II0 JTorapudMu-
YeCKO¥ 1IIKajle) BePXHUE U HIDKHUE OIeHKH.

U. U. 2nipuipjuiy, 2. U. Ughquui

Uunypuyhtt hwoyh Gplnt hwdwljupghpnid puyuiuwynpgumd
pwiwdliknh wpunwdnidikpnh pupynipniubph yipupbpuy

Uunyypuijht hwoyh bplym phghwipugyws npnhdwb dkpngh Jpu hhu]ws OP b
npnohs nhqmnibjnhy dth Jpw hhdtdws E hwdwlupgipnd ntunidbwuhpdlp B
puqwbuwnpyus pubwdbibph dh npuuh hwdwp wpunwsnwdubtph puybph pubwlh b
Epjupnipjut tjuqugny wpdbpubpp: Fonp snpu nuunidbwuhpus dkdnipniuitph
hwdwp vnwgdl) ko nquphpduljut vwinnulynyg dhliingt Jupgh Jipht b uninpht
quuwhwnwluwikp:

A. A. Chubaryan, H. S. Azizyan

On Proof Complexities of Balanced Formulas in Two
Propositional Proof Systems

In this paper the minimal number of proof steps and proof sizes for some class of
balanced formulas are investigated in two propositional proof systems: system OP,
based on the generalization of splitting method, and system E, based on the
determinative disjunctive normal form. The same by order (according logarithmic scale)
the upper and lower bounds are obtained for all four investigated quantities.

Jluteparypa

1. Srafburger L. — Annals of Pure and Applied Logic. 2012. V. 163. P. 1995-
2007.

2. Cook S. A., Reckhow A. R. — Symbolic Logic. 1979. V. 44. P. 36-50.

3. Yybapsau An. A., Qybapsn Apm. A. — OTedecTBEHHAs HayKa B JIOXY H3MCHe-
HUM: TIOCTYNATHI MPOILIOro ¥ TeOpuH HoBoro Bpemenu, HAY, gacte 10, 2(7).
2015. C.11-14.

4. Chubaryan An. — Proceedings of NAS RA. 2002. V. 37. N 5. and Journal of
CMA (AAS). 2002. V.37. N 5. P. 71-84.

5. Chubaryan An., Hovhannisyan S., Gasparyan H. — ASL, ESM, Logic
Colloquium—2021, Poznan, Book of abstracts, 166, https.://lc2021.pl/conf-
data/LC2020/files/LC21 _book_of abstracts.pdf

124



ZUBUUSUULPr @PSAPE3NPLLELMrP UQ2QU3PUL UYUTEBUDPU
HAIOUWOHAIUDBHAA AKAJAJEMMUSIA HAYK APMEHMWU
NATIONAL ACADEMY OF SCIENCES OF ARMENTIA

JO0KJ A JBbI 2tuUuNpkr3s8LEL REPORTS
Zunnn;
T 122 2022 Ne?2

Volume

INPUKJIATHAS MATEMATHUKA

VK 510.64
DOI: 10.54503/0321-1339-2022.122.2-125

J. A. Annnsin', A. A, ‘Iyﬁapsm2

CpaBHeHHe IJIMH JUHEHHBIX U IPEeBOBUIHBIX BHIBOIOB
HEKOTOPbIX ceMelcTB (opMyJ1 B psijie cucTeM
HCYMCJIEHHS BbICKa3bIBAHUH

(ITpencrapneno akagemukom 0. I'. IllykypsHoMm 5/V 2022)

KiroueBble caoBa: pa3H06u0H00mu CEeKBEHYUANbHBIX CUCMEM UCHUCTIEHUA
6blCKa3bl€aletlZ,' cucmema 06061/L{€HHblx paCW@l’l/leletlZ,' KoJudvecmeo uazos u
OnuHa 6bl€0061,’ IKCNOHERYUATIbHOE YCKOpEHUE.

1. Benenue. bypHoe pa3BuTHE TEOPHUH CIOXHOCTEH MPOMO3UITMOHATBHBIX
BBIBOJIOB OBLIO BBI3BAHO M3BECTHBIM pe3ynbraToM Kyka m Pekxay o paBeHCTBe
MHOecTB NP 1 coNP B TOM M TOJIBKO TOM ClIy4ae, €ClId CyIIECTBYET MOJINHO-
MHAJILHO OTpaHWYCHHAs CHCTeMa BBIBOAOB KJIaCCHYECKHMX TaBToioruid [1]. 3a
TOZIbl HHTEHCUBHBIX HCCIEAOBAHUN TMOITY4€HO MHOXKECTBO MHTEPECHBIX OLIEHOK
JUIMHBI ¥ KOJIMYECTBA IIarOB BBIBOJIOB B PA3IMYHBIX M3BECTHBIX CHCTEMAX Kilac-
CHYECKOTO MCUUCIIEHUS BBICKa3bIBaHHM, a TaK)KE OMpEIEICHUE HOBBIX CHCTEM.
OnHoli U3 Hambonee WHTEPECHBIX SIBIISICTCS PAacCMATPUBAIONIAS TPOIMO3HIINO-
HaJbHBIC (POPMYIIBI C KBAHTOPAMH CEKBEHIIMAJIbHAsI CHCTEMa, KOTOpas B HACTO-
sIIee BpeMs paclioyiokeHa Ha BepXHEM YPOBHE M3BECTHOW HepapXHH MPOIMO3H-
LIMOHAJIFHX CHUCTEM BBIBOJIOB. HekoTopble M3 CHUCTeM 3TOM HepapXuH YCIOBHO
OIpe/IeTICHbl KaK «CNa0ble» CUCTEMbI — CHCTEMBI, B KOTOPBIX JUIS OTACIBbHBIX
KJaccoB (pOpMyJ MONTYYEHBI HUKHUE SKCIOHEHIMATbHbBIC OIICHKU JJTUH BBIBO-
JIOB (HampuMep, ceKBeHIMalIbHas cucTeMa Oe3 npaBuia cedeHuss PK— u MoHo-
TOHHAsI CEeKBEHIIMaNIbHas cucremMa Pmon), a Te cucteMbl, B KOTOPHIX HU JUIA Ka-
KOT0 KJIacca TaKOBBIX OLIEHOK IOKa HE HaWeHO, CUMTAIOTCS «CHIIBHBIMUY (Ha-
IIpUMeEp, CEKBEHIMaNIbHAsL cucTeMa ¢ npasuioM cedeHusa PK, ta xe cucrema ¢
nobapneHreM npaBuia noactanoBku SPK, a Taxke Ta ke cucrema ¢ go6aBie-
HueMm kBanTopoB QPK).

OcoOpiii HTEpec K u3yuenuto cucremMbl QPK BhI3Baiu pe3ynbTaThl pa-
00THI [2], B KOTOpOH TSI OJJHOTO M3 PACCMOTPEHHBIX CeMEHCTB (OPMYIT BBISIB-
JICHO OTJIWYUTEIbHOE CBOMCTBO cucTeMbl QPK, a mMeHHO J0Ka3aHO SKCIIOHEH-
[MATbHOE YCKOPEHHE IIAroB JPEBOBHUIHOT'O BBIBOJA MO OTHOIIEHHUIO K CHCTE-
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maM SPK u PK, xotopsie B cBOIO ouepenp UMEIOT 3KCIIOHEHIIHAIbHOE YCKOpe-
Hue 1o orHomeHnro kK cucreMe PK . Ta »xe 3amauya i JsiuHelinvix BBIBOIOB
(BBIBOJIOB, B KOTOPBIX (POPMYJIBI HE TOBTOPSIIOTCS) pelieHa B [3], rie mokasaHo
OTCyTCTBHE Takoro nmpuopurera cuctemsl QPK.

B nacrosimeii padore riccie1oBaHbl 0uHbl KaK IUHEUHbIX, TAK U 0pesosuo-
HbIX BBIBOJIOB JJISl TEX XK€ CHUCTEM, KOTOpPBIE pacCMOTPEHHI B [2, 3], a Takxke It
crcTeMbl 0000IIeHHbBIX paciierieHnid. CpaBHEHUE TIOIYYEHHBIX PE3yIbTaTOB C
paHee MOIy4eHHBIMH OIIEHKaMH JJIS uiae08 TeX K€ Pa3sHOBUIHOCTEH BBIBOIOB
Tex ke (GOpPMYNI M B TeX )K€ CHCTEMaX YKas3bIBaeT Ha ONpEelICHHYIO 3Hauu-
MOCTh UMEHHO JUIMHBI BBIBOJIa KaK OCHOBHOH CIIO)KHOCTHOHM XapaKTepHUCTUKU
BBIBOJIOB.

2. MpeaBaputenbHble NOHATUS. [ TIpeCTaBIeHNsT OCHOBHBIX PE3YIIb-
TATOB HAIIOMHUM HEKOTOpbIE MOHATHSA B 0003HA4YeHHs. MBI TIOb3yeMcs 001Ie-
MPHHATHIMH  ONPEICICHUSME  TIPOIIO3UIIMOHATBHOW (POPMYIIBI, TPOMO3UIIHO-
HaIBHON (HhOPMYIIBI C KBAaHTOpaMH, CBOOOJJHOHM TIepeMEHHOW B opMyJie ¢ KBaH-
TOpaMH, CEKBEHIIMU, CEKBEHIIMAIBHBIX CHCTEM 03 cedeHHs, CEKBEHIIMAIbHBIX
CHCTEM C TPaBWIOM TOACTAHOBKH, CEKBEHIIMAJIbHBIX CHCTEM C KBaHTOPAMH,
CIIO’KHOCTEN BBIBOJIOB [1-4].

KonkpeTHbI# BBIOOD SI3bIKA ISl TIPEACTABICHHSI TPOMO3UITMOHAILHON (op-
MYJIbl, 8 3HAYUT, ¥ CHCTEMBI JJOKAa3aTelIbCTB, HE UMEET 3HAYCHUS JUI HalllnX
paccMOTpeHHi, OJJHAKO U3 TEXHUYECKUX COOOPaKEHWH MBI TIPEAIoaraeM, 4To
OH COJICP)KUT MPONO3UIMOHAIILHBIE MTEpEMEHHBIC, JJOTMYECKHE CBSI3KH —1, &, V,
D u napy cko0ok ( , ). B HEKOTOpBIX cUCTeMax OyayT MCIONBb30BAaHBI TAKKE
3HaKH T «UCTHHAY U | «I0KDBY.

Jnuna gopmynst @, onpenensieMas Kak KOJTUIECTBO BCEX BXOXKIECHUH B
Hee JIOTMYECKUX CBS30K, o0o3Hauaercst yepe3 |@|. OueBHIIHO, YTO JTUHEHHON
(GyHKIMEH OT |¢@| olleHHWBaeTCs W MONHAs JjiuHa (OpMYyJibl, TOHUMaeMas Kak
KOJINYECTBO BCEX CUMBOJIOB.

2.1. Onucanue paccMaTpuBaeMbIx cucTeM. CekBeHITMEH HA3BIBACTCS BBI-
paxenue I' > A, rne I' (anTeuenent) u A (CyKueaeHT) SBISIOTCS KOHEYHOM
(MOKeT OBITH TYCTOI) IMMOCIENOBATENFHOCTHIO MPOMO3UIIMOHATIBHBIX (HOPMYII.
Crnenys [2], ompenenum CIeayromue CHCTEMBI.

Cxemoit akcuoM s kinaccuueckor cuctembl PK siBnsiercs cexkBenuus p —
p, — T, e p — npousBoiibHAs MPONO3UIIMOHAIIEHAS TIepEeMEHHasl.

Jis npousBonbHBIX opMyit A , B u nocinenoBatenbHocTed Gopmyn ['u A
JIOTHYECKUMH TIPaBUIIAMH BBIBOJIA SIBIISFOTCSI:

r-A A B I'->A A T'-> B, A
o Y - —
ADB, - A '-A4>B,A
A I'-Awu B, I'->A '-4 A wmm T'->B, A
V- -V
AVB, I'-A r-AVB, A
A I'->Auwm B, T->A r-4Aull>BA
& - - &
A&B, T'-> A ' > A&B, A
'- A, A A T'»> A
= —_— - 9
-4, I'->A '-—=4, A
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CTpyKTypHOE ITPaBUIIO
-

—F,['2T,A 2 A
I'-A" ’

IIpaBuio ceueHus

'r-AA ATl->A

r-A
Cucrema PK ™ monyuaercst u3 cucremsl PK ynanenmem mpasmia cedeHus.

Cucrema SPK nonyuaercs u3 cucrembl PK moGaBnennem mpaBmia moj-
CTaHOBKH
B C(p).I' - AA(p)
P c(B)Ir-AAB)
rJie nepeMeHHas p He npucyrctByer HM B [, Hu B A, B — dopmyna, noa-
CTaBJIsieMasi BMECTO BCEX BXOXKJICHUI NIEPEMEHHOM p.
Cucrema QPK nonyvaercst u3 cucremsl PK nobaBienrem npaBuit

A(q),T - A [ - A A(B)
J- =
@A T >3 Toaapap "
AB)L > A (V=) I' - AA(Q) (> V)
(VD)A(p).T - A I' - A,(Yp)A(D) ’

rae B — mo0ast nmporo3uiinoHanbHas popMyiia, ObITh MOXKET, C KBAHTOPAMH, a
TaK)KE BBINOJHCHBI CIICAYIOIIME YCIOBHS: B HI)KHHX CEKBCHIIMSX IPaBHUII
(3 -) u (> V) He 10/KHO OBITH CBOOOAHBIX IIEPEMEHHBIX, KOTOPBIE HE CBOOOI-
HBI B BEPXHUX, H BCE BXOXKIICHHS TMEPEMEHHON ¢ B A(q) NOKHBI OBITH 3aMe-
HEHBI NIEPEMEHHOM p, a B mpaBuinax (— 3) u (V-) dopmyna B He momkna co-
JepKaTh TIEPEMEHHBIC, HaXOSIINECs B 00JACTH JACHCTBUS KaKUX-TH00 KBAHTO-
pOB.

B cucreme Pmon u B aHTeleAeHTaX M B CYKIEICHTAX HMCIIOIb3YIOTCS
TOJIbKO MOHOTOHHBIC (DYHKIIMH, a TTOTOMY HET MPaBHJ BBEICHHUS U yIATICHUS
MMIUIMKAIMKA U OTPULIAHUS.

2.2. las onucanus cucremMbl OP HamoMHuUM clieyromme moHATus. st
MPOU3BOJIBHOM TIPOMO3UITMOHAILHON (DOPMYJIBI ¥ CICIYIOIINE TPUBHAIbHBIC
SKBUBAJICHTHOCTH HA30BEM ITpaBUIAMU 3aMEIICHHUS:

0&y =0, PY&0=0, 1&Y =1, Y&1=1,
0vy =1, Yvo=1, 1vip =1, Yvl=1,
0oy =1, Yo 0=1), 1oy =1, Yyol=1,
0=1, 1=0, 7=y,

0=y =19, Y=0=1, 1=y =1, Y=1=1.

[MpuMeneHue mpaBuII 3aMEICHUS] K HEKOTOPOMY CJIOBY 3aKJIIOYAETCS B 3a-
MEHE KaKoro-TM00 ero MmojCioBa, UMEIOIEro BHI JIEBOM YaCTH OJHOTO M3 yKa-
3aHHBIX DKBUBAJIEHTHOCTEH, PABOi 4aCThIO.

Cucrema 00001eHHBIX paciiericanii OP Oblia BBeneHa B [4]. O6001IeH-
HBIM METOJ] pacIieruieHu (0.M.p.) MO3BOJIAET KaX 101 (hopMyJsie ¢¢ CONOCTaBUTh
HEKOTOpOe TIOMEeUeHHOEe OMHApHOE JIEPEBO pacileryieHus (J1.p.), KOPHIO KOTOpO-

127



ro mpumnucaHa cama (opmyna ¢, KOHEUHBIM y3JIaM IpHITUCaHbl 3HaueHus O
WiH 1, a CBIHOBBSIM KaXJIOTO y371a U, KOTOpOMY IPHUITMCaHa HEKOTopas popMyia
(Qy, TIPHIUCAHBI PE3YJILTATHl paCIICIUICHUS (P, MO0 HEKOTOPOH MepeMeHHOH P,
BXOJISIIICH B (0, CIICAYIOLIUM 00pa3oM:

1) mpu pacieruieHuy TaBTOJIOTHH (P TI0 JIUTEpATy ¢ JieflaeM MMOMETKY & Ha
pebpe, BeayIeM oT y3ia ¢ IOMETKOH ¢ K Y37y ¢ MOMeTKo! @[],

2) cama Qopmyna @[a] cTpouTcs MO @ CIEAYIOIUM 00pa3oM: eclii & =
p(a = D), TO BCIOAY B (0 BMECTO IEPEMEHHOM p mojacTaiseM 3Hadenue 1(0) u
MpPHUMEHsIEM TpaBuiia 3aMEIeHHs WM JI0 MONydeHus: GOpMyIbl, HE colepxka-
el KOHCTaHTBI, WIIH JIO TIOyYeHHsI KOHCTaHThl. OUeBUIHO TaKKe, YTO TaBTO-
JIOTHSIM COOTBETCTBYIOT JICPEBbS, KOHEUHBIM y3JIaM KOTOPBIX MPUITUCAHBI TOIb-
KO CIIMHUIIBL.

CooTBeTcTBYIOIIAas CUCTEMa, OCHOBAaHHAs Ha O.M.p. C OJHOW aKCHOMOW-
TaBToioruei — 1 W ogHMM TpaBwiioM BeIBoma @[p], @[p] F ¢, obo3HaueHa
gepes OP.

2.3. HekoTopsble XapaKTePUCTHKH TABTOJOTHI U cUCTeM BBIBOAOB. Oc-
HOBHBIMH CJIO)KHOCTHBIMH XapaKTEPUCTUKAMH BBIBOJIOB SIBIISIOTCS: f-CIIOXK-
HOCTb, OIpefiesieMas Kak KOJHYecTBO BceX GopMyl (CEKBEHIIMIA) B BBIBOJIE, U
[-cIOXKHOCTB, ompesenseMas Kak CyMMa JITHH BceX (GopMyIl (CEKBEHIIHI) B BbI-
Boze [1]. IlycTh ¢ sBIsIETCS HEKOTOPOW CHCTEMOM BBIBOIIOB, a ¢ — HEKOTOpas
taBTonorus. Yepes t? ((p)(l¢ ((p)) 0003HavaeTcss MUHIMAaIbHO BO3MOYKHOE 3Ha-
YeHHE ?-CIIOXKHOCTH ([-crnooicnocmu) BCEBO3BMOXHBIX BBIBOJOB TaBTOJIOTHH ()
(cekBeHIIMM — @) B cucreMe ¢. Eciu s 1ByX CUCTeM ¢p; U b, IUIS OMHUX U
TeX JK€ MOCJIe0BATEIBHOCTEH CEKBEHIIUH — (9, Ui JOCTaTOYHO OOJIBIIUX 7

umeer mecro tP1(gp,) = Q(2t¢2(‘pn)), TO CYHTAIOT, YTO JUISL MOCICIOBATEIb-
HOCTH CEKBEHIIMH — (0, CHCTeMa (), UMEET IKCHOHEHUUAIbHOE YCKOPEHUEe TIO
OTHOIIICHUIO K CUCTEME (1.

2.4. PesyabTaThl NpeaAblAyIuX padot. B [2] nano onpexnenenne HEKOTO-
poro kimacca tasronoruii amaasl 0(22"), 1S KOTOPBIX HCCIEIOBAHO KOIHYC-
CTBO IIIAaroB BBIBOAOB B BHUJIC ACPEBA B PAAC BBIMICIICPCUUCICHHBIX CCKBCHIM-
AJIBHBIX CUCTEM.

JI1st TIpOTIO3UIIMOHAIBHOM TIepeMeHHo p (hopMmymna p™ ompenensercs 1o
MHIYKINK cirenyomum obpasom: p° =p u p'*tt = (pi&p?) ans i > 0. He-
TPYIHO MPOBEPUTH, YTO hopMyiaa p™ comepKuT poBHo 2 — 1 BXOXIeHUH J10-
THYECKHX CBS30K.

Jnst yripornieHus adbHEHIINX 3amnceil BBeAeM cieayronpe 0003HaueHHS.
JIJIS[ CJIO)KHOCTHBIX XapaKTCPHUCTHUK APCBOBHUAHBIX BBLIBOOOB 6y):[eM HUCIIOJIB30-
BaThb MHJIEKC «JI», a JUIsSl JIMHENHBIX — UHJAEKC «». IlycTh @ — HEekoTOpas cek-
BEHIIMAJIbHASI CHCTEMa BBIBOJIOB, TOTJA f-CIOKHOCTH ((/-crosicrHocms) npeBo-
BHUHOTO BBIBOa CEKBEHIIUH p — p™* 0003HAYMM dYepes taq’(m)(laq’(m)), a
COOTBETCTBEHHO JUIsl TMHEHHOTO BHIBOJIA Yepe3 tn¢(m)(ln¢(m)).

Teopema [2]. [ docmamouno 60abuiux n u NOCIC008AMENLHOCIU CEK-
BEHYULL P — pzn
tn X (2M=0(n); £a5P% (2™)=0(2™); £aPX(2M)= 2 (2"); taP*—(2M)=0(22").

128



Kaxk BunumM, 3meck oueBuHOE TpenmytiecTBo cuctemsl QPK.

B [3] ans xonuuecTBa 11aroB TOHM e MOCIEO0BATENHHOCTH CEKBEHIIHH J0-
Ka3aHa.

Teopema [3]. [ docmamouno 60abuiux n u NOCICO08AMENLHOCIU CEK-
BEHYULL P — pzn

tn®K(2™M)=0(n); tnSPX(2™M)= 0 (n); ta*K(2™M)=0(2M); taPX—(2M)=0(2M).

OTH pe3yibTaThl MOKA3bIBAIOT, YTO MPH PACCMOTPECHUM JIMHEHHBIX (Oolee
UCTIONB3YyeMbIX) (OpM BBIBOIIOB KBaHTHU(UIIMPOBAHHBIE CHUCTEMbI HE HMEIOT
MPEUMYIIECTBA MEPE/ CUCTEMOH C MPABHUIIOM IMOJICTAHOBKH, KOTOpasi HMEET yiKe
M3BECTHOE HKCIIOHEHIIMATBHOE YCKOPEHHE TI0 OTHOIICHHUIO K cCcTeMaM 0e3 Ipa-
BUJIa TTO/ICTAHOBKH, BIIEPBBIE yCTaHOBIIEHHOE B [5].

3. OcHoBHbIe pe3yabTaThbl. 3.1. 31ech OuEHEHB! /-crodxcHocmuy JTUHel-
HBIX BBIBOJIOB CCMEHCTBA CCKBEHILMIT p — P2 B BBIICONPEICICHHBIX CCKBEH-
[UAITLHBIX CUCTEMaX.

Teopema 1. /[n1a docmamouno b6onvuiux n u nociedos8amenbHOCmu Cex-
BEHYULL P — pzn

In®PK(2M)=0(2%"); 1nSPK(2m)=0(22");

IPK(2M)=0(2%");  1aPX—(2M)=0(2%") u lnPmon(2m)=0(22").

i noxa3aTejibCTBAa HY)KHO OLICHUTD JUIMHY JIMHEHHOTO BhIBOJA P — pzn
BO BCEX YKa3aHHBIX cucTeMax. OTMeTHM, 4TO | p2n| =22" — 1, a 3HaunT, HUK-
HAS OIlCHKa Q(Zzn), JUISA BCEX CHUCTEM OUEBH/HA, TaK KaK XOTs Obl OJMH pa3 B
BBIBOJIC MPUCYTCTBYET cama (popmyina. /s monydeHus BEpXHUX OLEHOK OyayT
MTOCTPOEHBI HEKOTOPHIC JINHEHHBIC BBIBOBI B YKa3aHHBIX CUCTEMAaX.

JIuneitnerii BeiBOg B QPK

HaMm mone3eH npeBOBHMIHBIM BBIBOA CEKBEHIUU — P D pzn B CHCTEME
QPK ¢ konmuuectBoM maros O(n).

CHavana paccMaTpuBaercs BbIBOJ cekpentnu Vq(q O q%) - Vq(q o q%%),
rae k - mpowsBonkHOE HaTypaibHOE uncio u g% = (q*)¥. BeBox 31Ol Cek-
BEHI[MU HE 3aBUCUT OT K U MOXKET OBbITh MOJYYCH 32 KOHEYHOE YHMCIIO IIAroB
CJICIYIOLIMM 00pa3oM (CIpaBa BBIITUCAHBI COOTBETCTBYIONINE JUTHHBI):

p->p pk-pk 2242

p O p¥,p - pk 2242

vq(q 2 q¥),p - p* p? - p?* 2242725
vq(q 2 "), p* o p?,p - p?* 22427245
vq(q o q¥),p* o p¥ - p o p?* 2242216
vq(q 2 ¢¥),vq(q 2 q¥) - p o p?* 2242748
Vq(q 5 q") —pop?k okl 4 92l 4 &
vq(q 2 q¥) - vq(q 2 %) 242247
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Crenyer oTMETHTB, YTO B 3TOM BBIBOJIC HET TIOBTOPSIFOIIUXCSI CEKBEHITUH, a
3HAYMT, 3TOT BBIBOJ JIMHEWHBIN. [I0BTOPSS 3TOT BBIBOJ M pa3, MOKHO IOJYyYUTh
BBIBOJI CEKBEHIIMH

vq(q 2 ¢*) > vq(q = q*"),
a Tak Kak Vq(q D q?) BBIBOIUTCS 33 KOHEYHOE YMCIIO mAaros, To Vq(q O qzn),
a ClIeIoBaTeNbHO, U = P D pzn, BeIBO/IUTCS 32 O (N) maros.

B BBIMHCcaHHOM OTpE3Ke BBIBOJIA KOJIMYECTBO BCEX BXOXKIICHUH JIOTHUIECKIX
cHMBOJIOB paBHO 7*25% + 9 * 24 40, Ho Tak Kak STH IIATH MOBTOPSIOTCS 71
pa3 co 3HaveHnaMu k =2, tne i = 0, 1, 2, ..., n, To 0b6mIas JUIMHA BBIBOJA HE
Oy/ieT MpeBbIIATh 22"+7 3 sHauwr, BEPXHSIA OlleHKa Oyner O(Zzn). Crnenosa-
tensHo, LIPK(2M)=6(22").

JInneiinsiii BeiBoa B SPK

1 p° - pO aKc. 0

2 p° - pl (- &) 21 -1

3 p1—>p TIOJICT. 21 —1+2%2-1

4 p° — p? ceuenme 22 -1

2n+1  p?"' 5 p?'moxcr. 22" — 14227 -1
2n+2 p° = p?" ceuenne 22" —1

HerpynHo yoeauTbesi, 4To 00Iee KOJIMYECTBO CUMBOJIOB HE OYJET MPEBHIIIATh
22n+3 3 6 22”
. 3Hauut, BepxHsisA oreHka Oymer O(2% ). CiaemoBaTenbHO, MOXKEM TaTh

JuinHe nHeitHoro BeiBoAa B SPK oreHky, kotopas Oyner 9(22n).
JIunenneiii BeiBoJ B PK

1 p° - p° 0

2 p’ > p! (- &) 21 -1

3 p° > p? (- &) 22 -1
on pO N pzn—1 (_) &) 22”—1 -1
2M+1 p? - p? (> &) 22" —1

o 2n n
JliiHa JTMHEHHOro BBIBOAA HE OyJeT IpEBbIIIATh Zi— 0 2L < 22741 pe.

BEPXHss OICHKa Oyjaer O(Zzn), a 3naunt, L1PX(2M)= G(ZZn). B PK™ (Pmon)
Bcé ananornyno PK, Tak kak Beilie He ObLIO MPUMEHEHO MPAaBHUIIO CEYCHUS
(6BLIO TIPHMEHEHO TOIBKO mpaBuio (— &)), a sHaunt, LIPX—(2")=0(2%") u
HPmon(Zn): 9(227‘)_

Teopema 1 momHOCTRIO MOKa3aHa. [lomydaercs, 4To, IEUCTBUTENHHO, HA B
KaKoi M3 CHCTEM He HaOIro/aeTcsi SKCIOHEHIIMATBHOTO YCKOPEHHUS JUTHH BbI-

BOJIOB IT0 OTHOIIEHHIO K JPYTHUM.
3.2. 31ech OLIEHEHHI [-C10dcHOCmU OPe6Oo8UOHBIX BHIBOJIOB CEMEHCTBA CEK-

o n
BEHIMI1 p — p? B BBIIEONPEIETEHHBIX CEKBEHITMATBHBIX CHCTEMAX
Teopema 2. /[1a docmamouno 6oavuux n u nociedos8amenbHOCmu Cex-

BEHYULL P — pzn
KM= 0(22"); 1nSPK(2m)=0(22");
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log, (LPX(2™ )) =6(2™); log, (L1°*—(2™))=6(2") u
log, (LnP™mom(2m))=9(2™).

Jl1st Moka3aTeibCTBA BO BCEX BBINIENEPEUNCICHHBIX CHCTEMAaX JTMHEHHBIE
BBIBOJIBI ITPEOOPA3YIOTCS B APEBOBHUIHBIC IOBTOPSHUEM BBIBOJIOB (POPMYJI, HUC-
MOJIb3YEMBIX JIBAXKBI. 371€Ch OLIEHKUA XOTh M Pa3HATCS, COBIAsas o jiorapud-
MMYECKOH IITKaJIe, OJHAKO HHU B KaKOH M3 CHCTEM He HaOIIOmaercs SKCIIOHEH-
[HAJTEHOTO YCKOPEHWS 110 OTHOIIEHUIO K IPYTHM.

JiuHa JuHelHOTo U JpeBoBUIHOTO BbiBOAa B OP.

Teopema 3. /[ docmamouno 601buux n u NOCIe008AMETbHOCU POPMYIL
pop?

1P (2M=06(1); 8% (2M)=0(1); 1P (2™)=0(22"); 1n°F (2™)= 6(2%").

Jloka3aTeJIbCTBO OYEBUIHO B CHITY TOTO, YTO (hopMyia p D pzn COJIEPKUT
JIUIIL OJHY TEPEMEHHYIO, 8 3HAYHT, TOIHKO IO HEH W MPOM3BOIUTCS €IUHCT-
BEHHOE pacCICIICHHE.

3ameuanue. AHaTu3 BceX Pe3yJabTAaTOB YKa3bIBAaeT Ha BaXKHOCTh UMEHHO /-
CJI0’KHOCTH M JIMHEHMHOCTH BBIBOJIOB.

'Poccuiicko-ApMAHCKUN yHUBEPCUTET
2EpeBaHCKUI TOCYZAPCTBEHHBIN YHIUBEPCUTET
e-mails: apinlev00@gmail.com, achubaryan@ysu.am

JI. A. AnunsH, A. A. Uy6apsun

CpaBHeHue AJUH JUHEHHBIX U IPEBOBUIHBIX BHIBO0OB HEKOTOPBIX
ceMeiicTB popMyJ1 B psijie CUCTEM MCUMCIEHHUS BbICKA3bIBAHUI

HJ'IH HEKOTOPLIX ceMeicTB q)OpMyJ'I HUCCICA0BAaHbl JJIMHBI KaK HHHeﬁHLIX, TakK "
JAPCBOBUIHBIX BbBIBOAOB B PAAEC CUCTEM HCUUCICHUA BBICKa3bIBaHMM: B Pa3HOBHUIHOCTAX
CCKBCHIMAJIbHBIX CUCTEM (C KBaHTOpaMH, C MpaBHUJIOM IOACTAHOBKH, C IIPpaBUIIOM CE-
YCHUA, 0e3 ImpaBuJjia CCUCHUA, MOHOTOHHLIX), a TaKXKX€ B CHUCTEMC O606H.I€HHBIX pac-
H.IeHJTeHPIﬁ. CpaBHEHI/Ie IMOJTYYCHHBIX PE3YJIbTATOB C PAHCC IOJYYCHHBIMU OIICHKaAMH
JUIA 1IaroB TEX KE paSHOBPII[HOCTeﬁ BBIBOJIOB TCX K€ (bOpMyJ'I N B TCX XKC€ CHCTECMax
YKa3bIBA€T Ha OHNPECACICHHYIO 3HAYMMOCTbL MMCEHHO JIWHBI BBIBOJA KakK OCHOBHOI
CJIO)KHOCTHOM XapaKTCPUCTUKH BbBIBOJOB.

L. U. Uthpiyub, U. U. 2nipupjui

Uunypuyhtt hwoyh dh owpp hudwljupgbpnid puwitmdltph npny
puwnwithpubph gduyhlt b Swnwinhyy wpunwsnidikph

Epljupnipniiitiph hwdbkdwnnipinta

Puwtwdlbph npny punwbhpubph hwudwp nunidbwuhpdus Bu gdughtt b dw-
nwnhy wpuwdnidubph Epljupnipmibibpp wunypuwhtt hwodh dh pwth hwdwlwp-
gtipnud’ ublkighw) hudwlupgbph nwpunbuwlikpnud  Gudughsibpny, nknu-
npUwl juinuny, hwnnyph juinunyg, wewihg hwnnyph Juinbh, dnunnnt), huyybu
bwl pthwipugqus wpnhmdubph  hwdwluwpgnud: Upjuwunwbpnid  uinwgus
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wpnibpubph hwdbdwwnnmpemniip twpijhtind vnugquws tnyh pwbwdbbph dws
hwdwlupgipnd  wpwdnudubph puyiph hwdwp unwgduws wpyniupitiph htn
thwunnid E wpunwsnidlibph kpjupnipjul’ npuybu pupynipyub pinipugphsh wpdun-
noudp:

L. A. Apinyan, A. A. Chubaryan

Linear and Tree-Like Proofs Sizes Comparison for Any Formulae
Families in Some Systems of Propositional Calculus

The sizes of linear and tree-like proofs for any formulae families are investigated
in some systems of propositional calculus: in different sequent systems (with quantifier
rules, with substitution rule, with cut rule, without cut rule, monotone) and in the
generalization splitting system. The comparison of obtained here results with the
bounds, wich are obtained for the steps of proofs for the same formulas in the
mentioned systems former, shows the importance of the size of proof as complexities
characteristic.
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M. I'. ApsymansiH

Ob6ocHoBaHUE MOAUPUIIMPOBAHHON MOIETH TEKY4YeCTH
Apykepa — IIparepa 1/ MOpOUIKOBbIX MATEPUAJIOB

(ITpencrasneno akagemukom JI. A. AranossiHom 18/IV 2022)

KuaroueBble ciioBa: HecneuéHublil NOPOUIKOSHIL MAMepual, MOoOupuyu-

posanuas modenv mexkydyecmu /[pykepa — Ilpacepa; yeon eHympenne20 mpenus
u Ko3ghuyuenm cyennienus mMexicoy Yacmuyamu HOpoOUIKa.

Beenenue. B nopomkoBoii MeTaulyprud OJHUM U3 OCHOBHBIX TEXHOJIO-
THYECKUX TMPOIECCOB SIBISETCS XONOAHOE (OPMOBAHHE HECHEYCHHBIX 3aroTo-
BoK. B [1] Teopermueckn paszpaboTaHa cocTaBHas MOJENb METAJLUTUYECKOTO
MOPOIIKOBOI0 MaTepuaia, COCTOAIIAas M3 ABYX BeTBeW (C MPSIMOIMHEWHBIM U
M30THYTHIM y4acTKOB). [lonydeHbl ypaBHEHUS! TEOPUH MIIACTUYHOCTH MeETaJlIn-
YeCcKOr'o TOPOIIKOBOI'0 MaTepHaia Ajs MPSMOJIMHEHHOr0 y4yacTKa M JJIs H30-
rHyToi 4actu. B [2], ocHOBBIBasich Ha OKpYXKHOCTH Mopa B cucteme oceit KoMm-
TTOHEHTOB KacaTelbHBIX U HOPMaJIbHBIX HAMPSKEHUI HAKIIOHHBIX MJIOCKOCTEN U
Ha rpaduk (mpsmas nmuHHS ycioBuss Mopa — Kynona), nzobpaxatomuii kaca-
TENBHYI0 K OKPYXXKHOCTH, ObUIM OOOCHOBaHBI YCIOBHUs IUIaCTUYHOCTH Mopa —
Kymnona.

B [3] BbImonHEH moapoOHbIH aHanu3 MOAU(DHIIMPOBAHHOW MOJIENIN TEKY-
yectu [pykepa — [Iparepa ajis NOpOIIKOBBIX MaTEpUaIOB, COCTOSAILEH U3 Tpex
YYACTKOB: IPSIMOJIMHEHHOTO - TIOBEPXHOCTh TEKYYECTH TPH CABUTE, IIISIIKOO0-
Pa3HOro, MepeceKaroIiero OCh CPeIHEro HaMpsLKEHUs, U IePEXOTHOT0 yJacTKa.
B [3, 4] paccMoTpeHBI TapamMeTphl, HEOOXOAUMBIC ISl ONPEAeNICHHS MOTU(H-
LMpOoBaHHOW Mojenu Tekydectn [Ipykepa — Ilparepa. B [5-7] momudunmpo-
BaHHad Mojenb Tekydectu Jpykepa — Ilparepa paccmaTpuBaercs depes3 JIBE
CJIEIYIOUINE TTOBEPXHOCTU: MOBEPXHOCTh TEKYYECTH IMPH CABHUIE MOPOIIKOBBIX
YaCTHI] U TIOBEPXHOCTh OCaKUBaHHSA (IIUTAMTKOOOPA3HBIH YUaCTOK).

OtmeruM, 4To B [3-7] OTCYTCTBYIOT (DOPMYIIBI CBSI3U MEKAY AedopMariusi-
MU U HalpsHKEHUSMH, C TIOMOIIBI0 KOTOPBIX MOXKHO peliaTh JOBOJBHO CIIOXK-
HbIE U CPAaBHUTENHHO MaJIO N3Y4YEeHHbIE TEXHOIOTMYECKHE 3a7ja4l HeCTIeUEHHBIX
MTOPOIIKOBBIX 3aTOTOBOK.
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Lenp HacTosmIel pabOThl — HA OCHOBE (POPMYIT TECOPUH TUIACTHYHOCTH T10-
JIY4UTh TPOCThIe (DOPMYIBI IJIACTHUYECKOW aedOopMalvy MOPOIIKOBBIX MatTe-
pHAaNioB IS NUISIIKOOOPa3HOW MOBEPXHOCTH MOAWU(HUIIMPOBAHHON MOJENH Te-
kydectu Jlpykepa — Ilparepa, 4To NO3BOJIMT ONPENEIUTh HE TOJBKO KOMIIO-
HEHTBI HaIPsDKEHHO-1e()OPMUPOBAHHOIO COCTOSIHHS JCTaJIe M3 MOPOILIKOBBIX
MaTepuasoB, HO U TEKYIIy0 IOPUCTOCTh MaTepuala.

W3BectHo, uro MoauduuMpoBaHHas Moaenb Tekydectd [pykepa — Ilpa-
repa COCTOUT U3 Tpex ydacTkos [3, 4] (puc. 1).

Transition P
surface, Fy .
-

q

2 Shear failure, Fg B ‘
2 a(d+p,tanB)
o
3 :
& | Cap, F¢
L; ! d+p,tanf
8 A B :
= |
d i
A Rd+pytanp) | D

Pa Pp
Equivalent Hydrostatic Pressure Stress P

Puc. 1. TunwuHast MomuduIMpoBaHHast MOLENb TeKydecTu Jpykepa — [parepa [4].

1. IloBepxHOCTh (AB) TeKy4ecTH NpM CABHUIE MOPOIIKOBBIX YACTHII, KO-
TOpasi B OCHOBHOM OOEcCIieYrBaeT TeUeHHe, OOYCIOBIEHHOE CIIBUTOM, MPUBO-
JUTCA B CIEIYIOIIEM BHIE:

fap=Fs=q—ptgB —d, (1)
I/ie p — CpelHee HallpshKeHUe, a ¢ — KBaJpaTHBINA KOpeHb BTOPOrO WHBAapHaHTa
JeBUATOpa HAIPSKEHMS.

371ecs p U ¢, BRIpaKEHHBIC Yepe3 TJIaBHbIE HAIPSDKEHUS, MMEIOT Clenylo-
MUY BU;

p = —(01+ 0, +03)/3, ()

4= [0 =00 + (00— 022 + (03— 0)?]. G)

2 Hlasnkoo6pa3Hasi moBepxHocth (CD), obecrneunBaromas MexaHH3M
OCaXMBAHUS MOPOIIKOBBIX YaCTHII, AJIS IPEICTAaBICHHUS TUIACTUYHOIO YIJIOTHE-
HUS 3aIUCBIBAETCS B BUJIE

Rq
1+a—-a/cosp

fCDchz\/(p_pa)2+[ ]Z—R(d-{-patgﬁ):()’ 4)

rae R — nmapamerp, XapaKTepU3yrOLIMI CBOMCTBO MaTepuala, KOTOpbI ynpas-
nsier popMOH «IIIISTB), @ — HeboMbInoe Ynuciio (00braHo B nuanazone ot 0.01
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10 0.05), ucronb3lyemoe Uil OTPEACICHUS TIIaBHOW TIEPEXOTHOM MOBEPXHOCTH,

Pq — OBOJIOLMOHHBIA MapaMerp, OOYCIOBICHHBIH MPOYHOCTBIO WM XPYII-
KOCTBIO MaTepHalia M MPEACTABISIOMNN cO00H 00bEMHYIO MIIACTHYHYIO e op-
MaLHIo.

nsnkooOpa3Hasi HTOBEPXHOCTh B MOTUGBHUIIMPOBAHHON MOJIEIH TEKY4ECTH

Hpykepa — [Iparepa Ciry>kHUT B OCHOBHOM JIBYM I1eNIsiM [4]:
1. cBsA3BIBaE€T MOBEPXHOCTh TEKYYECTH C THAPOCTATHYECKUM JaBICHUEM,
obecrieunBas MEXaHHU3M YIIPOUHEHUS, JUTSI TPEACTABICHUS IJIACTHYHOTO
YIUIOTHEHUS;
2. TIOMOTaeT YNpaBIsTh 00BEMHBIM paCIIUPEHHEM (IHJIATAHCHIO), KOT/a
MaTepHal CIBUTAaeTCs, o0eclieunBas XpyNKOCTh KaK pe3yiabTaT yBelH-
YeHUsl Heynpyroi oovemHo# (yHkuuu. [locrnennee momydaercs B pe-
3y/nbTaTe CABUTA MaTepuaia Mo y4acTkaM TeKy4ecTH M IUIaBHOTO Iepe-
xoma [3].
nsnkooOpa3Hasi TOBEPXHOCTh B MOTUGBHUIIMPOBAHHON MOJIEIH TEKY4ECTH
Hpyxepa —IIparepa ynpodHseT MaTepral Hild AENaeT €ro XPYNKUM KaK pe3yllb-
TaT 00bEMHON (QYHKIM TUlacTHYecKkoi nedopmanuu. [Ipu mnactunyeckoM 00b-
E€MHOM YIUTOTHEHHH (MaTepuall CABHTAETCS IO NUIITKOOOPa3HOi MOBEPXHOCTH )
MOPOIIKOBBIA MaTepuas YIpOUYHsSeTcs, a P 00bEeMHOW TIACTUYECKOW auia-
TaHCHHM (MaTepuaid CABUTACTCS IO TIOBEPXHOCTH TEKYyUeCTH) MaTepHal
CTaHOBUTCS XpYIKuUM [3].

CBs13p MEXy SBOJIIOLIMOHHBIM TapaMEeTpoM P, M HAIPsDKEHHEM yIpOYHe-
HUSI Pp, UMEET ciaeaytomuii Bua [3-5]:

_ pp—Rd
Pa = 7 7
1+Rtgp

)

3.Yuyacrtok nuasHoro nepexoaa (BC) mexny ykazaHHBIMU JBYMS y4acT-
KaMH 3azaercs B Buae [3, 4]:

a

oo =Fo= |0 =p)*+ 1= (1 255) @ +pata )] — ald+patg ). (6

cosf

Takum oOpasom, coryiacHo [3, 4] mias onpeneneHus MOAU(DHUIIMPOBAHHOM
Mojenu Tekydectu [pykepa — [Iparepa HeoOXOIUMO HMETh HIECTh MapaMer-
poB: B, d, pa, R, pp ¥ o. YTOJI BHYTPEHHETO TPEHUSI MEXK/Y YacTUI[AMU MeTaJl-
JINYECKUX TOPOIKOB f M K03(Q(UIMEHT uX cleieHuss d HEOOXOAMMBI s
onpeeNeHus TOBEPXHOCTH TeKydecTH nipu casure dpykepa — [Iparepa, aBosto-
IMOHHBIN MapaMerp p, W MapaMeTp SKCUEHTpPHCHUTeTa R — Ui onpeneneHus
NUTSIITKOOOPa3HOM MOBEPXHOCTH, MapaMerp Py Kak QyHKIHS 00beMHON TUTaCTH-
4yeckoi nedopMmaliiy — A ONpe/elieHUsT 3aKOHa YIPOYHEeHHUs, a o — Uit Gop-
MUPOBaHUS MEPEXOTHON MmoBepxXHOCTH. OTMETUM TaKXe, YTO TONBKO Ha y4acT-
K€ «IIUIANKW» MPUMEHUM 3aKOH TEKYy4eCTH, CBSA3aHHBIH C yCIOBHUEM ILIACTHY-
HOCTH, C TIOMOIIBIO KOTOPOTO MOXXHO IMONYYUTh (HOPMYIBI TEOPHUH ILIACTHY-
HOCTH, OHAKO B [3-7] OHH OTCYTCTBYIOT.
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[Ipu npoBeZCHUU TEOPETUYECKUX HCCIEOBAHUH 3a/lauu JUIS ILISIKOO00-
pasHOH M MEepexXOJHOI MOBEPXHOCTH MOAW(UIMPOBAHHONH MOJIENU TEKY4eCTH
Hpykepa — IIparepa He UMEIOT KOHEYHOI'O PELICHHS U PEIIAOTCS TOIbKO YHC-
JICHHBIMU MeTonaMu. UToObl M30ekaTh TPYIHOCTEH, CHaYajla pacCMOTPUM MO-
TUPUIMPOBAHHYIO MOJENb Tekydectu Jlpykepa — Ilparepa 0e3 mepexomHoro
ydactka [5-7]

fep = F. =y (0 — pa)? + (Rq)? — R(d + patgpB) = 0. (7)

Hecmotps Ha To uTo B (7) NUIIKO0Opa3Hast MOBEPXHOCTh MPEICTABIACTCS
B YIPOLIEHHOM BHUJE MO CPaBHEHUIO C (4), KOHEYHOrO pEeIIeHUs TaKkKe He
cymiectByer. IToaTomy 1enecooOpa3Ho IUIAIKOOOPa3HYIO MOBEPXHOCTh IPEI-
CTaBIAThH B BUJE MPSIMOI JIUHUH (pHC 2).

N3BecTHO, uTO B cucTeme KoopauHaT XOY ypaBHEHHE IPSIMON UMEET Clie-
YOI BU;

y=kx+d, (®)

rae k — yriaoBoit ko3 GUIMEeHT, T.¢. TAaHT€HC yrila HakjIoHa mpsMoii k ocu OX,
a d — BelIMYMHA OTpPEe3Ka, KOTOPhIM oTcekaer mpsmas Ha ocu OY, cuuTas OT
Havasa KOOpJHHAT.

O6o03HaumB y = q, X = p, ypaBHeHHe (8) MpuBeIeM K BULY

q=kp+d. )
VYuureiBas, uto k = tge (puc. 2), s npsmoii BD nmeem
q=tgyp +d. (10)
Hcnonr3oBas rpanuunoe ycnosue q = 0, p = pj,, uMeeM
0 =tgopy +4d,
d=—tgepp. (11)
[oncrasnus (11) B (10), umeem
q = tgep — tgepp. (12)
U3 tpeyronpuuka BDL (puc. 2) umeem 90 — y = 180 — ¢ umu ¢ = 90 +
v, a
tgp =tg(90 +y) = —ctgy.
U3 tpeyronsauka BDL (puc. 2) umeem
LB d + patgp 1
ctgy =—=—"—"7H™7—9¥—=—
LD R(d+pstgp) R
WIH
1
tgp = —ctgy = — . (13)
[Moxcrasmus (13) B (12), moinyyum ypaBHEHHE T Ipsimoiit BD
fep=FL.=qR+p—pp. (14)

D10 U ecTh MpoCcTas TeopeTHyeckas (hopMylia INIACTUUECKOH redopmannn
MOPOIIKOBBIX MAaTEPHAJIOB JUIsl NUISITKOOOPa3HOH MOBEPXHOCTH MOAUDHUIIUPO-
BaHHOU Mozenu Tekydectu pykepa — [Iparepa.
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VYcnoue mnactuuHocTH (14), BEIpaykKeHHOE 4epe3 TIaBHBIE HaINpsHKEHUS,
OyJer UMeTh BH]T

fBD =F, =0,

Jg [(01 = 02)% + (02 — 03)2 + (03 — )2 IR = 22—, = 0. (15)

Y
o Wi -
% Shear failure, F g B -~
7]
C
o
2 \
& : Cap. F¢
® i d+p,tanf
8 AP :
= :
! P
[ e
A iy ! D
Pa Pp X

R(d+p,tanp)
Equivalent Hydrostatic Pressure Stress P

Puc. 2. YrpoleHHbIi B THITHYHOW MOIUGUIIMPOBAHHON MOMeNU TeKydectu [pykepa
— Iparepa.

Jna monydeHus CBsA3ed MEXKIy KOMIIOHEHTaMH NPHUPAIIEHHUS TJIABHBIX
TTacTHYecKux AedopManuii 1 KOMIIOHEHTAMH TJIaBHBIX HANpsHKEHUH HCIONb-
3YIOTCS YCIIOBHUE TUTacTUYHOCTH (15) M CBSA3aHHBINA C HUM 3aKOH TeKydecTH [8]:

dSi j= da , (16)

o-ij

rie dA — nonoXXuTenbHas BeTMYUHA IPOIMOPIHOHAIEHOCTH
1 1
de, = dA [Z (o1 + PR —1].
1 1
de, = dA [Z (o2 + PR 3], (17)
1 1
de, = dA [Z (03 + PR — 3]

Hcnonk3ys moHsATHE WHTEHCHBHOCTH MPUPAIEHUH TUIaCTUYecKuX Jedop-
Manui, momy4yum [8]

de, =2 \[(de; — de;)? + (de; — de;)? + (de; — dey)?. (18)

U3 ypaBHenust (17) ompenensiroTcss 3Ha4YeHUs charaeMbix de; — déey,
de, —dez, de; — deg:
1
de, — de, = dA [Z (01 — 0)R],
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de, — de; = d2 [ﬁ (0, — 03)R], (19)
des — dey, = dA [ﬁ (03 — o)R].

[Toncrasus Beipaxenue (19) B (18), monyunm

dg, = dAR 2,
OTKY/Ia CIIEayeT
di =25 20)
CrnenoBatenbHo, U3 (22) momy4ynum
de, = d; 202 - 2] 1)

YpaBHeHUE TNpUpallecHUs O0bEMHOW IIJIAaCTHYECKOW JedopMaliuu d‘s",7
npencTaBisercs B Bue [8]

de, = de; +de; + des. (22)

Hcnonw3ys (21), uz (22) nonyduM mnpupaineHus 00beMHON TIaCTUYECKOM
nedopmaruu
_2+2
dSV = —dSlg? . (23)
JList onipenenieHus INIOTHOCTH P WITH TIOPUCTOCTH U TIPH TEKYIIEH CTEIeHU
nedopMalvK MOPOIIKOBOI'0 MaTepraja UCIOIb3yeM 3aKOH COXPaHEHHUS MacChl
[1,9]

‘%" = —deb. (24)

[IpunsB Bo BHUMaHHE (GOPMYITY CBS3H MEXAY TEKYIIeH MOPUCTOCTHIO ¥ H
OTHOCHUTEIHHOMN IJIOTHOCTHIO P MOPOIIKOBOI'0 Matepuaia [9]

p=1-v, (25)
npencraBuM (24) B cuenyroneM BUe:

WD) — el (26)

1-v
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[HoncraBus (26) B (23), nomayunm

da) _ 232 g 27)

&.
1-v 3R

Wnterpupys (27), momyduMm MpHUpALIeHUS TEKyIed MOPUCTOCTH WIIH
OTHOCHUTENBHOI MIOTHOCTH 3arOTOBOK M3 MOPOIIKOBOTO MaTepHaa.

3akimouenue. Ha ocHOBe opMyI1 TEOpHH TIIACTUYHOCTH TIONYYEHBI TEO-
perudeckrue HOpMyIbl TIACTHYECKON JleOpMallii MOPOIIKOBBIX MaTepHalioB
JUISl NUTSIITKOOOPa3HOM TOBEPXHOCTH MOJU(PHUIIMPOBAHHON MOJENN TEKy4ecTH
Hpykepa — IIparepa.

[Mony4enusie GopMymbl TAIOT BO3MOXHOCTh HE TOJNBKO MMPOBOIUTH UCCIIe-
JIOBaHHE KOMIIOHEHTOB HampsDKEHHO-Ie(GOpMUPOBAHHOTO COCTOSIHUS JieTanci
M3 TOPOUIKOBBIX MAaTE€pPHUaJIOB, HO W OMNPENENATh HX TEKYyIIUEe IMOPUCTOCTH
(mmoTHOCTH).

BoenHO-aBHanMOHHEIH yHUBepCHTeT UM. ApMeHaka XaHmnepsauia MO PA
e-mail: arzmartin@rambler.ru

M. I'. Apsymansin

O6ocHoBaHME MOIM(PUIIMPOBAHHONH MOJEJIM TEKYY€ECTH
Apykepa — Ilparepa

[Momyuensl GOpMyIBI MIACTHYECKOrO JeOPMUPOBAHHS TOPOLIKOBOIO MaTepHaa
Ha OCHOBE TEOPHH IUIACTHYHOCTH JUISl IUISTIIKOOOpa3HOM MMOBEPXHOCTH MOIU(HIUPO-
BaHHOI Mojenu Texydectu [Ipykepa — Ilparepa. IlokazaHo, 4TO NOIYy4eHHBIE ypaB-
HEHUs! J]al0T BO3MOXKHOCTH OIPEAENATh HE TOJBKO KOMIIOHEHT HampshKeHHO-Iedop-
MHUPOBaHHOT'O COCTOSHHSI 3arOTOBOK M3 ITOPOLIKOBOTO MaTepHaia B TEXHOJOTHYECKHX
mpoleccax, HO M UX TEKYIIYIO OPHCTOCTb.

U. Q. Upgnudwmiyui

pniljhp - Mpughph’ Aluhnfojws gjhouplual dngbjh hhtun]npoudp

Zhdtn]tny wjwunhnipjul nkunipjul putwdlitph Jpu’ dpoilp - pugkph’
Alwthnjws qiuupudl dnnbh quupyh dwlbpinygph hwdwp vnwggl] G thn-
oklyniph wjwunhl nEdnpuugdut mbuwlub pubwdlbtpp: 8nyg kt wipyk), np unwugjus
hwjuwuwpnidutpp htwpuwynpmipmnit junwt npnplnt ny dhuytt nbputininghwljui
gnpépupugutipnid thnokiyniphg twhwywwnpuunyusputph (upjusuntdnpdughnt
yhdwlh punugphsutpp, wyjh gpuitg pipughy swlmnykunipyniip:
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M. G. Arzumanyan
Justification of Modified Drucker — Prager Cap Model

On the basis of the equation of the theory of plasticity theoretical formulas for the
plastic deformation of a powder material were obtained for the cap surface of the
modified Drucker — Prager cap model. It is shown that the obtained equations make it
possible not only to determine the components of the stress-strain state of powder
blanks in technological processes but also their current porosity.
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C. A. ABeTucan

O KOHTAaKTHOM B3aUMOJACHCTBUH KOUVIMHEAPHOUN CHCTEMBI
CTPUHIEPOB C YIPYI0il HEOJAHOPOJIHOM M0 IKCIOHEHIIHATBHOMY
3aKOHY I0JIOCOH

(ITpencrasneno uwi.-kop. HAH PA C. M. Mxurapsitaom 10/IV 2022)

KaloueBble cioBa: sxcnoneHyuanbHo HEOOHOPOOHAs Ynpy2as HoJocd,
KacamenbHvle KOHMAKMHble HANPANCEHUs, AHMUNIOCKAsL depopmayus, unme-
epanvHoe ypasHeHue.

BBenenue. 3a1auu KOHTAaKTHOTO B3aUMOJIEHCTBHUS TOHKOCTEHHBIX 3JIEMEH-
TOB B BHJIE CTPUHTEPOB C MACCUBHBIMH YNPYTUMH TEIaMU Pa3IHYHbIX T€OMeT-
pudeckux (OpM TPEACTABISIIOT Pa3BUTHE M 0000IIEHHE KIACCUYECKUX KOH-
TaKTHBIX 337124 Teopuu yrnpyroctd. OHH OyIlydH CBSI3aHBI C BAXKHBIMHU JIJIsI MH-
YKEHEpHOM MPaKTHUKU BOIPOCAMHU Iepefayd Harpy30K OT TOHKOCTEHHBIX 3Jie-
MEHTOB K MacCHBHBIM JiehOpMHUPYEMBIM TellaM BCTPEUAIOTCS B CTPOUTEIBHON
MEeXaHHKe, B aBHACTPOSHHH IIPU MPOEKTHPOBAHUH JIETATEIbHBIX arlapaToB, B
TEH30M3MEPEHNH, B MAIIMHOCTPOSHHUH U B JIPYTUX OOJACTSIX MPHUKIATHON Mexa-
HUKHM U MHXEHEPHON MpakTHKu. [lepBrie nccneqoBaHus Mo 3ajadaM KOHTAKT-
HOTO B3aMMOJEHCTBUS MEXAY CTPUHIEpaMU M YNPYTUMH TEIaMU BOCXOIST K
M3BeCTHOW pabore Menana [1]. B nmanpHeimeM cyliecTBeHHBIH mporpecc B
9TOM HampaBIeHUH ObUI TOCTUTHYT B [2-4]. OCHOBHBIC JIOCTHKEHUS B ITOH
00JIaCTH TEOpUU YNPYrOoCTH, TMONydeHHbIe 10 1976 T., TOIBITOKEHHBI B
KoJUTeKTHBHOW MoHOrpadu [5]. [To obcyxaaemoli TeMaTuke yKaxeM Tarkke Ha
MoHorpaduu [6-9].

B nacrosimeii cratbe B MonuduIpoBanHoi nocranoske [10], korga Bmec-
TO 3a/IaHUS JCHCTBYIOIINX HAa CTPHHTEPHI CUIIOBBIX (PaKTOPOB MPEABAPUTEIBHO
3a/1al0TCSl TOPU3OHTANIBHBIE YIIPYTHE MepeMEIIeHIs UX TOYeK, pacCMaTpUBaeTCs
3a/la4a 0 KOHTAaKTHOM B3aUMOJIEHCTBUU KOJUTMHEAPHON CHCTEMBI CTPUHIEPOB C
YIPYroi HEOJHOPOIHON IOJIOCOH MPH AHTHILUIOCKOH Jae(opMaivu, MOAYJIb
CIIBUTA KOTOPOH IO TIyOMHE M3MEHSETCs 10 SKCIOHEHIIHaIbHOMY 3aKoHY. B
TaKOW IOCTAHOBKE 3a/1a4l IPEIACTABISAIOT TEOPETUUECKUM U IPAKTUYECKUM MH-
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Tepec MPHU HUCCIETOBAHUH BOMPOCOB YKECTKOCTH CUCTEM CTPHHIEPHI — yIpYyTrue
ocHOBaHHS. PelieHne mocTaBiIeHHOM 3aayll CBEJEHO K PEIICHHIO CHHTYJIISIp-
HOro uHTerpanbHoro ypasuenus (CHUY) ¢ aapom, mpeactaBUMbIM CYMMON CHH-
rymsipHoro siapa Komm u perymsproro siapa. Pemenue omnpenensomero CIY
CTPOMUTCS M3BECTHBIM YHCIEHHO-aHATUTH4IecKuM MmerogoM [11, 12], ocHOBaH-
HBIM Ha NMPUMEHEHWHW KBaJpaTypHbIX (opmyn [layca niisi BeIYMCICHUS WHTE-
rpanoB. Ilocrme ompeneneHust KacaTeNbHBIX KOHTAKTHBIX HANPSKEHUHH TIOX
CTPUHTEpaMH OCTAJIbHBIE CHUIIOBBIE (DAaKTOPBHI, JCHCTBYIONIME HA CTPUHTEPHI U
obecrieunBaloNne TPEABAPUTEILHO 3aJaHHBIA PEKUM HX YIOPYTUX Iepe-
MEIIEHHH, OMpeNensoTes u3 nudGepeHInaNnbHOr0 ypaBHEHHS e OpMUPOBa-
HUS CTPUHTEpOB. PacCMOTpeHBI YacTHBIE CIyJaH.

IHocTaHoBKa 3aja4n M BHIBOJ OCHOBHBIX ypaBHeHHii. [IycTb oTHeceH-
HBIi K IPaBOM NPAMOYTONBHOM CHCTEME KOODIMHAT (yy YIPYTHH CIIOH

Q={-o0<x,z<o;0<y<H| HMMEET BBICOTY H wu obmamaer monynem casura G,

U3MCHAKIIHUMCA 110 FHY6I/IHC CJI0dA II0 OKCIIOHCHIIMAJIbHOMY  3aKOHY
G= Goeay(a = const, 0L y <H ) . HyCTI) JaJiIe€ HUXXHAA FpaHL y = 0 CJIOA KECTKO

3alleMiieHa, a Ha BEpXHEW TpaHM y =FH CIOH 10 CHCTEME OTPE3KOB

! WJIEH KOJJIMHEApHOM CHUCTEMOM CTPUHTEPOB B BU
L=\JL,(L =a, <x<b,) YCHICH KONIMHEAPHON CHCTEMO} CTPHHIepo e
k=1
YIPYTHX TONOC o ={q, <x<b ; 0<y<h;-w<z<oof(k=1Ln), © MOAYIAMH

casura G, u BbIcOT /1, . IIpennonoxum, 4To Ha BepXHeil rpaHu Y = /i, 1OJIOCHI
@, B HanpaBieHun ocu Oz NEHCTBYIOT PaBHOMEPHO PACIIPENEIeHHBIC IO OCH
Oz xacaTenbHbBIE CUIIbI HHTCGHCUBHOCTH T (x) , T.C.

T y:hk:Tk(x) (ak<x<bk;k=1,_n),

vz

rjie T, — KOMIIOHEHTA KacaTe/bHbIX HanpsbkeHni. Kpome toro Oyaem cunrats,

YTO B IPAHUYHBIX CEUCHUAX X =a, M X =Db, momocsl @, (kzl,n) B Hal-

pasieaud ocu (Jz NEHCTBYIOT PaBHOMEPHO pACIpENeCHHbIE MO 3TOH OCH
SUu s, (k=1

KacaTeNlbHbIE COCPENIOTOUEHHBIE CHIIBL S, ' 1 S, , =1,n| cooTBeTcTBEeHHO.

[Tpumem, 4TO MO BO3/IEHCTBUEM STHX CHIIOBBIX (h)aKTOPOB CUCTEMA CTPHH-

repel — YNPYruil CJ0H HaXOMUTCS B COCTOSHHMM aHTHILIOCKOH nedopMaliuu B

HarpaBnenun ocu Oz c¢ 6asoBoil momocoit Q) = {—oo <x<w;0<y< H}.

OnucanHylo 3a1a4y O KOHTAKTHOM B3aWMOJICHCTBUH KOJUTMHEAPHON CHCTEMBI

CTPUHTEPOB C YIPYTOM 3KCIOHEHIIHAIbHO HEOIHOPOJHOW IOIOCONH PaccMoT-

pUM B MOIUQUIMPOBAHHON MOCTAHOBKE, CUMTAs], YTO MPEIBAPUTEIHHO 3aJaH

PEXUM YIPYTUX MEpeMEIICHHI TOYEeK CTPHHIEPOB B Hampasienuu ocu Oz, T.
o n

e. Ha BEpXHOW rpanu y = H momockl (), Ha cHCTeMe OTPE3KOB L=Ula,.5,]

k=1
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3a/1aHbl EPEMEIIEHHS ‘y:” = w(x,y)‘y:,, = f(x) (xeL),aHa OCTAIbHOIi YacTH
9TO¥i IPaHy 3aJaHbl HYJICBBIC KACATEILHEIC HANPSKCHUS, T.C. 7 |, =0 xeR\L.
3nech f(x)—ABaxkubl HEIPEPBIBHO AnddepeHupyemas QYHKUMS f(x)e C?(L)-
B cuity ycioBusi KOHTaKTa w(x,y)‘y:H =w, (x) (x € L) ,TIe W, (x) — ympy-
rHe TEepeMENIeHNsT TOYeK CTPUHTepoB B HampaBieHud ocd Oz, ¢yHKIuEH
f (x) JAI0TCS YIPYyTHe MepeMelIeH s TOUEK CTPUHTEpPOB.

TpeOyercsi  ompenenuTh  KacaTelbHbIE  KOHTAKTHBIC  HANPSDKCHHS

7, (x) (ak <x<b; k zl,n) nox Kk -TbIM CTPMHIEPOM M JIEHCTBYIOIIME Ha

CTPHHTEPHI CHIIOBBIE (aKTOpbl 1) (x), S,E]) u S,Ez) (k :I,_n), obecreynBaro-

IKe 3apaHee 3aJaHHBIA PEKUM UX YIPYTUX MepeMenieHud B BUAE (QYHKIUH
().

Kpome Toro Oynem cuuraTh, YTO 3aJaHbl paBHOAeHCTByrommue 7, Kaca-
TCIIbHBIX KOHTAaKTHBIX HaHpH)KeHI/Iﬁ Tk (X) mon k -TbIM, CTPUHI'CPOM:

b

J.Tk(s)ds:Tk (kzl,_n). (1)

R

C‘II/ITaH, 4TO HWIXHSA I'PaHb Yy = 0 momnocel QO KECTKO 3al1€MJICHA, BbBIBC-
JIeM OCHOBHBIE ypaBHEHHs IOCTaBlIeHHOM 3afaud. C 3TOH LeNbi0 BOCIONb-
3yeMCsl BBID)KCHUEM YIPYTHX HEPEMEIIeHHI IPaHHYHBIX TO4YeK MoIochl €2

oT Z[Cf/iCTB}GOIlII/IX Ha € I'paHu y = H xacaTelnbHBIX CHJI HHTCHCUBHOCTH T (X)

, HarpaBJeHHbIX o ocu Oz [13]:

e %

IL(|x—s|)r(s)ds (-0 < x <o) Q)

—00

w(x, H)= G,
_© sh(uH/2)cos(Ax)dA
L(x)_J.uch(/,tHﬂ)—ash(yH/Z

0

); pu=~No’+41* .

Ucxons u3 (2) peanusyeM yciaoBre KOHTaKTa
w(x,H) =W, (x)f(x) (x € L) ,

B pe3yJIbTaTe 4Yero MpuaeM K CIEAYIOUIEMY OMpEeeNioeMy HHTErpaIbHOMY
YpaBHEHUIO:

LS L(fx-ol)e (s)ds =Zoe p (5) (xe). )
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[locne pemenus ypaBHeHHA (3) MOXKHO ONpeNeNUTh JEHCTBYIOIIME Ha
CTPHHTEPBI CHIIOBBIE (PAKTOPBI, OOECIIEUNBAIOIINE 3aJaHHBI PEKUM HX YIPY-
IUX THepeMelieHui. A UMeHHO, 3anuiieM auddepeHInaibHOe ypaBHEHUE Jie-
(GopMupoBaHKs Kk -TOr0 CTPUHIEpa MO MOJEIHM OJHOOCHOTO HAIPSHKEHHOTO
cocrostHus [14]:

d PR
h.G, dxw —Tk(x)—Tk(x) (ak<x<bk;k:1,n). 4)

OTcroza BCIENCTBHE YCIOBHS KOHTAKTa HAXOANM
T, (x):z'k (x)—thka (x) (ak <x<b, ;k zl,n).

Jlanee BBemeM B PAacCMOTPEHHE KacaTelIbHBIC YCHIIUS S, (x)=hr. B ce-

AW, W, cremoBaTenbHo,

dx
JUISL ONPE/CNCHUS §, (x) COTIACHO (3) MONYYHM CIEAYIOLIYI0 IPAHHYHYIO 3a-

yenun k -toro crpunrepa. ITo 3akony I'yka ; (x)=G,
zx ¢

nady:
ds —
d—;:rk(x)—Tk(x); a,<x<b,; k=1n;
S ()| vy =St s S (x)] s, =S8 (K =Ln).
OTcroa MHTErPUPOBAHUEM HAXOIUM
S, (x):J.[Tk (s)—Tk(s)]ds+S,E]) a, <x<b, (kzl,_n). (5)

R
Ypasuenue (5) maer

1 2 1
Si(a,)=8"=hG.f'(a,); S,(b,)=S"=hG.f'(b) (k=Ln). (©)
Takum 00pa3oM, MOCIE TOr0 Kak IOCTPOCHO PEIICHHUE HHTErpajbHOro
ypaBHeHus (2)-(1), nefcTBYIOIINE HA CTPUHTEPHI CHIIBI OMPENENSIOTCS GopMy-
namu (5)-(6).
[pomuddepennnpoaB od6e yactu ypaBHeHUs (3) Mo X, MPHIEM K WHTeE-
IrpaJbHOMY YPaBHEHUIO
1 G,
—jM(s—x)r(s)dSZTOe“H '(x) (xel) (7)
/4

Tlth (pH /2)sin(Ax)dA
. u-—ath(pH/2)

BBesem Ge3pasMepHbIe BeTHIMHBI
E=xla,n=sla; a,=a,/a, B, =b/a (kzﬁ); L= B.]; 0=2a;
k=1
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To(i):‘r(aé)/Go 5 T/EO)(QZ):Tk (aé)/Go (ak <§<ﬁk); fo(é:):eaoHof'(aé);
Hy=H/a;a,=aa;aH=a,H, ; u, =o; +4o°,

IIe a— HEKOTOpBIH NHHElHBII pa3mep, HampuMep a =a,, ecti a, #0, u B

uuterpane Oypre pyuxiun M (x) u3 (7) BBILACTUM €€ TJIaBHYIO CUHTYISAPHYIO

yacTe. B pesynmbTare mpocThIX MpeoOpa3oBaHUMl MPHIEM K OMPENeIsIoneMy
CHY paccmaTpuBaeMoii 3a1a9u

L et eyemy0-6) ()= 1(6) (Ee).

0

M, (é)zJ.G(a))sin(a)ej)d(j :

0

G(a)) _ (ao +2a))[2a)th(,u0H0/2)—,u0}+a§th(,u0H0/2) ’

2(0[;10 —aoth(/,tOHO/2)}

G(0)~ 2 (050); G(0)~ 25 (0>2).

ITpu 5TOM yCioBHE paBHOBecHs k -Toro cTpuHrepa (6) IpUHAMAET BUJL
By

J#o(n)dn=1" (Tk(O)ZTk/aGo; kZL_n). ©)

A

OtH ke Oe3pa3MepHbIe BETUYMHBI BBeeM Takke B popmynsl (5)-(6). By-
JIeM UMETh

¢
SO (&)= [[2" () -1 (n) |an+T" e, <E <5 k=Ln;

A

7;(1) =)~kﬁ),(ak) ) 77((2) =ﬂ’kﬂ),(ﬁk) ; 7;((0) (‘5) ZE(aé)/GO;

A =hG, [aG, ; SV (&)=, (a&)/aG, ; TV =SV [aG,.

Pemienue omnpenensitomero CHY (8)-(9). Chauama Bce HHTEpBaIBI
(ak , ﬁk) npeodpa3yeM B CTAaHIAPTHBIN HHTEPBA (—l,l) , ojarast

gzﬁk_akt+ﬁk+ak . :ﬁk_aku+ﬁk+ak
b

2 2 2 2

(—l<t,u<l;k=L7;ﬁk>ak)-

OO6patuB 3TH GOPMYIIBI, HIMEEM
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_ 2§_ﬂk_ak cy = Zn_ﬂk_ak )
B — oy B —oy

ITycts fe(ak,ﬁk) (kzl,_n) u ne(am,ﬁm) (mzl,n). [Tocnenopa-

TEJBHO peodpazyem:

t

dn ﬁm;am du du
)= = :
17—5 ﬁnl_a”1u+ﬂ”1+a,,,_ﬂk _akt_ﬂk+ak u_ﬂk_ak t+ﬁm+am_ﬁk_ak
2 2 2 2 B, -a, B, ~a,

Orcrona, ecnmu k =m,

ﬁk_ak t+ﬁm+am_ﬁk_ak] .

e\ B,—a, _ﬂk_ak B,ta,— B~
3)M0(77 é)_Mo( 5 (” ﬂm_amt"' B —a ]]

2) sign (17 —§) = sign(u -

Jlanee BBemeM 0003HAUEHUS
ﬂk_ak . 5 _ﬂm+am_ﬂk_ak .
T km T )

0, :Mo(ﬂm;am (“_Vkmt"'akm)];Tm(”)zfo(ﬂm;am u+ﬂm;am].

ykm =

B pesynbrate onpenenstontee CUY (8) 3amuiiercs: B Buze

s+, () | )i s L 30 [ @)= 1) (k=T)

m=l

(m#k)

(10)

1 na, .
) - o
u—y, t+5, + » szgn(u Vimt ,{m)+ka (tu)

L, (u)

(k#=m;-1<t,u<l),

_ ﬂk_ak ﬂk+ak .
fl)=n Bt B,

a ycnoBus (9) — B BUzie
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[z (u)du = 7" (k=1n). (1)

Tlomoxum

rk(t)z Qk(t) (—1<t<1;k:1,n) ,

roe €, (t)— renpaepoBckre Gynknun Ha otpeske —1 <¢<1. Torma no us-

BectHO# mporeaype [11, 12] CUY (10)-(11) cBemem K ClEIyrOIIEH CHCTEME
CUCTEM nHHeI‘/'IHHx anre6panquKHx ypasuenuit (CCJIAY):

ZR —c (k) (r:l,N;kzl,n;mzl,n) (12)

A em) ( = N;rzl,N—l;k,m:L”);

p=L,N; (r:N;k,mzl,n);

u -1,
W;L/{m () X (m#k);
(k):fk(tr) (rzl,N——l); X,(;m):Qm(up);

:[%] (p=TN); 1, =cos( 2] (=TT

3nmece N — moboe HaTypalbHOE YHCIIO, a u, W f,— 4eOBILICBCKUC y3IIbl,

T.€. KOPHH MHOTOWIeHOB YeObImeBa mepBoro 7, (u) u Broporo U, , (t) pona
COOTBETCTBEHHO.

Taxkum obOpaszom, ucxomnoe omnpenenstomee CUY (8)-(9) wm (10)-(11)
OTHOCHMTEIBHO T, (t) HECKOJIBKUX MHTEpBAJIOB cBenock K pernernio CCIIAY

(12).
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Yacmuuvle cnyuau. PaccMoTpuM 1Ba dacTHBIX ciydas, korma CCJIAY
MpUHUMAET OoJiee MPOCTON BUI.
IIycts L

o =-1, 8 =1;

b

n=1,a, =-a,b=a (a>0). B oroMm cuyuae
L,= [—l,l] u, ciaeaoBateapno, CUY (8) mpuHUMaeT BT

71[J{nig"'ﬂjoSig”(n_§)+M0(77_§)}70(77)d77:fo(g) (-1<g<1) > (3

a ycmosue (9) — BUnI

(14)
-1
Hanee, monaras

To (77)

-1<n<1),
Ve
rie Q, (77) — OMATH TebICPOBCKas (QYHKIMS Ha OTpEe3Ke [—1,1] , KaK BBIIIIE,

CHY (13)-(14) cBeaem K CIEOYIOLICH CHCTEME JIMHEHHBIX alreOpanmyecKux
ypaBaenuit (CJIAY):

(15)

rm

Lml_ér+7f°sign(nm—<§r)+Mo(nm—<§r)} (

zla =|~-

fi(&) (r=TN-1): nm:co{(m—l)}

2N

Otmerum, uaro CJIAY (15) namuoro npore CCJIAY (12).
I. n=2,a=-a,b=-b;b,=a (b<a).

B o3tom ciysae B
0e3pa3MepHBIX BEIMUYNHAX

a]:—l,ﬁ]:—p,azzp,ﬁzzl (p:b/a’0<p<l)

H, CJICA0BATCIIBHO,

ﬂl_al =1_,0 5 ﬁ1+al =

~l=p; By, =1-p; B+a,=1+p;y,, =1 (k,m=12);
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_ - 2(1+
511 =ﬂl+al ﬁl O 512 ﬂ2+a2 ﬂl al — ( ,D) .

i

ﬂl_al ﬁ —a, l—p
S _ﬂ1+al—ﬁ2—a2_2(1+p)_ S _ﬁz"'az_ﬂz_az_o_
21 = = > Op = =
B —a I-p B -a,

B pesynbrate B mannom ciydae onpenenstomniee CUY (10) mpumer Bun

%j[L+7s,gn (u=1)+ 0y (1, u)} (u )du+71[j.lLkm(t,u)rm(u)du:ﬂ(t) (k=1,2; k#m);

u—t
1

m 4 (u—t+5km)+ka(t,u) (m=l,2, kim), (16)

L, (t,u) =

ﬂ(r):ﬁ[l‘zpu(_l)k“zpj (k=12); ka=M0(1‘2 (u—t+5km)J,

T (u)du= 7 k=12) . (17)
Jeuw)du= 52 (k=12)
[anee, orsTe mosjaras
T, (u)z 2, (u) (—1<u <1)
1—u?

CIY (16)-(17) ceenem k CCJIAY:
N
km m k
S KX <) (am=12)

Jb{u 1_1 (” =1 )+Qkk( up)} (pzl,N,r:l,N_l’m:k),
K" = %Lkm(lr,up) (p=LN:ir=LN-Tim=k);
% p=LN;r=N;(k,m=1,2);

14y



B obcyxnmaemoMm ciydae BbrauciuM kodd¢unment xonunentpanun (KK)
KacaTeIbHbIX KOHTAKTHBIX HaHpH)KeHI/Iﬁ B 6J'II/I)KHI/IX KOHIAaxX CTPUHI'CPOB:

K, = lim [\/x—br(x)]zélin}ro Jaz =57 G, =

x—>b+0 GO

:Goﬁglirrio[Vé_pTO(g)}:GO\/;tli—rlr}ro WTO(é) B

:GO\/Z lim l_zp(t+l)z'0(l_2pt+l+p) :GO«/Zl_p lim [\/1+t7:2(t)}:

t—>-1+0 2 2 t>-140

=GOJ21_TP lim \/l+t927(tz =G02\/;«/l—pQ2(—l) :

t—>—1+0 l—t

Orcrona st 6e3paszmeproro KK

K, =1-p Q,(-1); K,=2K,/Ga

WJTH, BOCIIOJB30BABIINCH MHTEPIONAIIMOHHEIM MHOrowieHoM Jlarpamka [15],
OKOHYATEIBHO MOJIYYHM
I-p & PN (Zp—l)ﬂ )
K =25 e A
N 3 4N

OTrMeTuM, 4YTO B JAPYIOM YacTHOM CcCllydae, KOrja Iojloca 3aMEHSIeTCs
MOJTYTIJIOCKOCThI0, OCHOBHBIC pacueTHbIC (hOPMYJIIbI I XapaKTEPUCTHK 3aJaul
elre Ooee ynpouawTcs.

3akawuenne. O0e¢ 1NOCTAaHOBKHM 3a7ad KOHTAKTHOTO B3aUMOJICHCTBHS
MEKJIy CTPUHTEpaMH W MACCHUBHBIMH YIPYTMMHU TEJIaMHM B3aMMOCBSI3aHBI U
MMEIOT KaK TEOPETUUECKOe, TaK M MPHUKIATHOC 3HAUCHHE. Pe3ynbTaThl mccie-
JIOBaHUS TaKKMX 3aJia4 B OOBIYHOM MOCTAHOBKE, KOTJa 3aJIaHbl ICHCTBYIOIIME Ha
CTPUHTEPHI M YIIPYrUe OCHOBAHHUS CHUJIOBBIC (haKTOPhI U TPEOyeTCs ONpeneIuTh
KOHTAKTHBIC HAIPSDKCHUS MO CTPUHTEPAaMH U OCEBbIC HANPSIKEHHS B UX Ce-
YCHUSX, MPEACTABNISAIOT UHTEPEC I M3YUCHUS 3aKOHOMEPHOCTEH HM3MEHCHHS
MPOYHOCTHBIX XapPaKTEPUCTHK KOHCTPYKIIUH THIIA CTPUHIEPBI — YIPYTHE OCHO-
BaHUA. A B MOIM(UIIMPOBAHHONW IMOCTAHOBKE TAaKWUX 3aJiay, KOrja 3apaHee 3a-
JAIOTCsl YIPYrHe MEepPeMEeIIeHUs] TOYSK CTPUHIEPOB M TPeOYETCs OINpeneiIHuTh
JICHCTBYIOIIME Ha HUX CHJIOBBIE (DaKTOPhI, 00CCIICUMBAIOIINE 3aJaHHBIN PEXKUM
MepeMENICHNUM, TOTYYCHHBIC PE3YNIBTATHI MIPEACTABIAIOT HHTEPEC MPU UCCIENO-
BaHUHU BOIPOCOB JKECTKOCTH CHUCTEM CTPUHIEPHI — YIPYrue OCHOBAHHSL.

HaHHOHa}IBHLIﬁ YHUBEPCUTET apXUTEKTYPBbL

U CTPOUTENBCTBA APMEHN!U
e-mail: siranushav@gmail.com
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C. A. ABetucsin

O KOHTaKTHOM B3aMMOJIeliCTBHU KOJUIHHEAPHOI CHCTEMBI CTPHHIEPOB C
YIPYroii HeoJHOPOIHOH M0 IKCIOHEHIHAILHOMY 3aKOHY M0JIOCOH

B MoauduIMpoBaHHOW MOCTAaHOBKE pPACCMATPHUBACTCS 3a7adya O KOHTAKTHOM
B3aMMOJICHCTBHH KOJJIMHEAPHOI CHCTEMBI CTPHHIEPOB C YIPYro# IOJOCOH (ciaoem),
KOTla MOJIYJIb CJIBUTA TIO €€ TTyOWHE H3MEHSIETCS 10 KCIIOHEHITUATBHOMY 3aKOHY, TIPH
AHTHUIUTIOCKOH nedopmaruu. PerieHue 3a1a4i OTHOCUTENEHO HEM3BECTHBIX KOHTAKTHBIX
KacaTeJbHBIX HAMPSHKEHUH MOJA CTPHHTEPAMH CBECHO K PEHICHHI0 CHHIYISPHOTO
HHTETPAbHOTO ypaBHEHHs C SAPOM, MPEICTABUMBbIM cymMMmoi sapa Komu wu
PETYISIPHOTO 5/Ipa, KOTOPOE B CBOIO OuYepellb M3BECTHHIM YHCICHHO-aHATUTUYECKUM
METOZIOM, OCHOBaHHBIM Ha KBaJpaTYpHBIX (opMmyrax ['aycca Uit BBIYHCICHHS
HHTETPaioB, CBEICHO K PEIICHUI0 KOHEYHON CHUCTEMbl JHMHEHHBIX ajireOpanvecKux
ypaBHEeHHH. B MOIHU(UIIMPOBAHHOW MOCTAHOBKE 3aJayll O KOHTAKTEe CTPUHIEPOB C
MACCHBHBIMH YIIPYTHMH TEJIaMHU TPEJCTABIAIOT TCOPCTUUCCKUA M MPAKTHUCCKHUM
HHTEPEC VTS UCIUTSIOBAHUH JKECTKOCTH CHCTEM CTPHHTEPHI — YIIPYTHE OCHOBAHHMSI.

U. U. Udtwnpujumi

Uwphughpitkiph hwdmghé hwdwljupgh b bpuynukughw opkiipny
wihudwukn skpnh §nunuljnught hnjuwgnbgnipjui dwuh

Uwphugbpitiph hwdwghs hwdwlupgh b wpwdquljub skpnh Ynbnwlnught
thnjuwqntignipyut unppp hjwhwpp ghpnplwghugh dunfwbwy, bpp okpnp uwhph
Unnnup punn junpoipjubt hntnpognud £ pun bpuynubighw) opkiph, nhimwpldnud k
Unnhdhljugyws npduspny: vunph nusnudp phpynud k uhtgniyjjup hunbgpuy hwdu-
uwpuwb msdwb, nph Ynphgp tkpluyugymd E Gnphh Ynphgh b nkgniywp Ynphgh
gnidwph wbkupny: Npnphy hunbqpuy hwduuwpdwb mémdu hp htpphtt hwynth
pwihl Jpniswlub dkpnngny hhdugws hunkgpuyiph hwoydwi Guniuh punwlnt-
nwwugdut pwbwdlbph Ypw, phpynud t gduyhtt hwiipwhwoquljut hwjwuwpnidubph
Jtpowynp hwdwluwpgh nisdwi: Uwnphughpubph U wpwiquljui hns dwpdhutbph
Ynuwnwljinught punhputph dnnphdhiugdus npduspp nbuwjuinptn b gnpshwljun-
nL hnwppphp | unphiighiptp — wnwdquju hhdpbp hwdwlwpgtph Yupspnipjwi
niuntdtwuhpnipniiitiph hwdwnp:

S. A. Avetisyan

On Contact Interaction of Collinear System of Stringers with Elastic
Inhomogeneous by Exponential Law Strip

The problem on contact interaction between the collinear system of stringers with
elastic strip (layer), when the shear module by its depth changes by exponential law
with anti-plane deformation is considered. The problem solutions are brought to the
solution SIE with kernel, represented by Cauchy kernel sum and regular kernel. The
solution of the determining SIE in its turn well known by numerical-analytical method,
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based on quadratic Gauss formulae for the integrals calculation, is brought to the
solution of final SLAE. In modified setting, the problems on the contact of the stringers
with massive elastic bodies have theoretical and practical interest in the investigations
on the questions of rigidity systems of stringers — elastic bases.
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(ITpencrapneHo akagemukoM JI. A. AramossaoM 10/TV 2022)

KarwueBble cioBa: niockas oeghopmayus, ynpyaas cummempust, KyI0HO80
mpeHue, 8bIHYHCOEHHbLE KOIeOAHUSL.

Beenenmne. [Ipu penieHuu CTaTHYECKHX M JTUHAMHYECKHX 3a/1a4 TCOPHH
YOPYrocTH JUIsl TOHKUX TEJl YCHEIIHO HCIOJIb3YeTCsl aCHMIITOTUYECKUNH METO.
pEIleHNs] CHHTYIISIPHO BO3MYIIEHHBIX TU(depeHIInaNnbHbIX ypaBHeHUH. Meron
okazaicsi 0co0eHHO 3()()EeKTUBHBIM ISl PEIICHUS] CMENIAHHBIX KPaeBbIX 3ajad
TOHKHUX TeJl. YCTaHOBJEHA NMPHUHIMIIHAIBHO HOBas aCUMITOTHKA JUIA KOMIIO-
HEHT TEeH30pa HampsHKeHUH M BeKkTopa mepemenieHus [1]. Acumnroruyeckas
TEOpHs aHU3OTPOIHBIX TUIACTUH M 000JIOYEK MOCTpOeHa B [2], TJie IpUBEACHBI
pelIeHus OTAENbHBIX KJIACCOB CTATHUYECKUX M JUHAMHUYECKUX 3aj1ad. B mannoin
paboTe MONMYy4YeHO pelIeHHE 3a/la4ui O BBIHYKICHHBIX KOJICOAHUSX aHU30TPOII-
HOI ITOJIOCKI, KOTOpasi o0JiafaeT o0IIel aHU30TPOITKEH B CBOEH MIIOCKOCTH.

IlocTaHoBKa 3a1a4yu U OCHOBHBbIe ypaBHeHHsl. PaccmaTpuBaioTcsi BBI-
HYXJICHHbIC KOJIeOaHUsI HaXOMSAIICHCS B YCTIOBUSAX TUIOCKOH nedopMalnuu aHu-

30TPOMHON Tosockl D = {(x,y) :0<x</,-h<y<hh<< l} (puc. 1).

v=-V"(x)exp(i¥), o0,=0, y=h

v=0, o,(y=-h)=fo,(y=-h)

Puc. 1
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Cuwnraercs, 4TO 1MOJI0OCa CBOOOIHO JIGKHUT Ha JKECTKOW IMOJCTUIIKE U BEpX-

Hell KpOMKE MOJIOCHI COOOIIEHO HOPMAIbHOE MepEMEIeHNE, KOTOPOe U3MEHS-

ercs BO BpEMEHU FapMOHHMYECKH. Y YUTBHIBAETCS KYJIOHOBO TPEHHE MEXKY MOJI0-

coil 1 abCONIOTHO KECTKUM OCHOBaHUEeM. TpeOyeTcsl HallTH pelleHne ypaBHe-

HUH JBUKEHUSI TUIOCKOH JeOpManii aHU30TPOITHOTO Tea, UMEIOIIEro IIoc-
KOCTb yIIPYTrOfl CUMMETPHH:

0c 0c o*u 0c 0o o*v
xx o . xy wo_ (1)
+ =p 2 + =p 2
Ox oy ot 0x oy ot

[Ipu cootHomIeHUsIX ynpyroctu [3, 4]:

ou
€, =P10, + BIZGW + Bl()cxy; €= a;
ov
Syy 2612Gxx+B220yy+B260xy; gyy :5’ (2)
_ ou Ov
8xy zﬁlésxx +B26ny +a660xy’ 8xy :54_5’
a.a.
e By =a, - i3 13; i, j=1,2,6, d; — TNOCTOSHHBIC YNPYrOCTH, U IIPU
a3
I'PaHUYHEBIX YCIOBHUSIX:
v(y=h)=-V"(x)exp(iQt); o, (y=h)=0; .

v(y =—h)=0; ny(y - _h):fcyy(y :_h)‘
['pannunbie ycinoBus pu x = 0,/ HE KOHKpETU3UPYeM, UMH 00YyC-

JIOBJICHO TIOSIBJICHHE TIOTPAHUYHOTO CJIOS, YTO MOKHO PacCMaTpUBaTh OT-
JeabHO [2].
ACHMITOTHYECKOE pellleHue 3a1a4m Oy/IeM HCKATh B BHJIC

o, (x,y.1t)=0,(xy)exp(iQ); (x,y:1,2);
o, (x,3.1) =0, (x,y)exp(ix);
u(x,y,t)=u,(x,y)exp(iQt); v(x,y,t)=u,(x,y)exp(iQt). @
Toncrasus (4) B ypassenms (1) 1 (2) ¥ Tepeias k Ge3pAMEPHBIM KO-
OpIMHATAM W NepeMemleHusM: x =J& y=ht; U = ”7)«; V= MJ’ mony-
4HUM CHCTeMy
d0, 100 h

L2 1 e7QIU =0, QI=ph’Q*, e=—;
o€ o !
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a;’” e 6522 +£7Q =0,
65 Q oV ®
a_g = Bncn + Blzczz + Bléclz; 8_1 a_g = [312611 + Bzzczz + 626612;
Lou or
g E + g = BléGH + B26G22 + B66612'

Pemenvie cuHTYNIApHO BO3MYIIEHHON CHCTeMBI (5) CKIabIBaeTcs U3 pe-
LIEHUI BHEIIHEH 3a/1a4u (I 0“') Y MOTPaHUYHOI'O CIIOS (I b) (B pyCCKOSI3BIYHBIX

out

MyOJINKAIUSIX BMECTO (I ) MIPUHUMAETCA (I "“), T.€. MOXYEPKUBAETCS, UTO

pellieHre CIIPaBeNTUBO BO BHYTPEHHEH 00JIACTH MOJIOCHI)
__ gout
I=1"+1,. ©)
Pemenne BHemHel 3aqauu OyaeM McKaTh B BUE [2]
out its (s
[ =g Y, §=0,N,
(7
rae ¢, =—1 w 0,,,0,,,0,,,9, =0 w1 U,V , s=0,N o3xauaer, uro B (7)
o HeMOMY (ITOBTOPSIOIIEMYCSI) WHIEKCY § IMPOUCXOIUT CYMMHPOBAHHE II0
LICIOYMCIICHHBIM 3HAYCHHUSAM § OT HYJIS 110 4yncia npuoamkenuii N. [loacraBus
(7) B cucremy (5) W TpuUpaBHSB B KaKIOM YPaBHCHHU COOTBETCTBYIOIIHIC
KO3((UIUESHTHI, TP € TOIYYMM HOBYIO CUCTEMY, OTKYZa HANPSDKEHUS MOXKHO
BBIpasuTh yepes nepememenus U ) u ()

(s) 1 Ut ort) }/](57]) (s) 1 oUW ot 7/gs—l)
==l +Q, + ; n =—| 04 a, + :
A o¢ ¢ A A o¢ ol A
gL gt art |
fz)‘z{as or T [Ta s APt Pt Batis
o =(ﬂ12ﬂ26 _ﬂ16ﬂ22); a, =(ﬁ16ﬁ26 _ﬁ12ﬁ66); a, =(ﬁ12ﬁ16 _ﬂllﬂ%); ®)
% :(ﬂllﬂ% _ﬂlzs); O z(ﬂllﬂzz _ﬁ122);
Ut oyt Ut apt
71( 1):(ﬂ22ﬂ66_ﬁ226) PY: +a, PE ; 7/£ 1):@52 2 +a, 5 :
(s-1) ou L™ oyt
1) =q ag +0o 85 5

U, :
a 1A OIpEeaACIICHUA s IMOJIy4YUM YPaBHCHUA:

155



(s-1)

27 7(s) 217(s) (s-1)
a, 0 Uz +a, 0 Vz + QAU =y ) = fou O
¢ ¢ 4 ¢
27 7(s) 277(s) (s-1) (s-1)
a, g Uz ta, 4 Vz QZAV - 722 )n 7271) = _A& 5}/2_
o¢ o¢ o5 ©)

Jlist OpTOTPOMHOW TONOCH, YYUThIBas, 4T0 B, =B, =0, UMeeM ¢, =0. B pe-
3ysnbTaTe ypaBHeHus mii U um 7 *) pasjensiorcs m MM COOTBETCTBYIOT
CIBHTOBBIE M IPOJOJbHBIE KojeOanus, koropeie npu S =0 HesaBucumbl. B
ciydae oOIell aHM30TPONKH, Kak cienyeT u3 (9), Takoro pasuenenus Her. M3
cucteMsl (9) mociIe HEKOTOpHIX TIpeobpasopanuii 1 ) MOXKHO BBIPasUTH yepes
U mo popmyme
27 7(s)
por = b QU % L % o,
aa 050 a a asa (10)
a=QiA; b= (a4a5 —af),
a u1s onpenenenus U *) momydaum ypasHenue
o'UY)  acotUY & (5) _ (s-1)
Tt 7t - )
o¢ b o b
o) A2 6D
oy _ (@ —a5) 8] a_ (s (11)

= + —
b ocr

c=(a,+as); 7
Pemenuem ypaBHeHHs[ (1 1) 6szer

U (E6)+US (€0, (12)
(s1)

rae Uf)s)— pelieHne 0HOPOAHOrO, a Ul, — YacTHOE pelIeHue HEOAHOPO/I-
Horo ypaBHeHus (11).
CornacHo ¢popmyinam (8), (10), (11) @ >0, ¢ > 0, u npu b > 0 umeem

a)UY = D)) (&)cos 8, + D) (£)sin,& + DY) (£)cos 8,¢ + D) (€)sinS,¢;
:\/%(c—\/cz—ﬂj); 52=\/2a—b(c+\/cz—4b); 5.8,>0,  (13)

a npn b <0
6) U =DY cos§,¢ + DY) sin 8¢ + DY) ehs,& +D)shs,¢;

N Y e
53_\/2[)( c—Je 4b), 5,>0. (14)

HOIICTaBI/IB 3HAYEHUE U ) B (10), HonytH/IM
a) V=m cos5 & +M.D sm5§ +N cos5 .S +N, sm52§ +7/v] ),
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2 2
Mv:a4a 5119; N, _oa 52b; (15)
aa aa
b U a1 o (e
51 ) =_—12+_4U5 g +_7/§2 ) __471(1 1),
oa 0§ o, a osa
6) V) =M,Df) cos5,§ +M,D5) sing ¢ +N,,Dy chd.g +N,, Dyl shd & +755;
+62b
N, 206462—3. (16)
a,a

IoncraBus 3uavenns U, /) B dopmynst (9), onpenemum al(‘l‘), ag), al(;)
I'pannunbie ycinoBus (3) mpruoOpeTaoT BUI
V+
vOEN) =1 O =l =0 520, b (&,1)=0;
(‘fs ) b l b :S > 612 (59 ) B (17)
rO(E-1)=0 o) (6.-1)= fol) (£.-1).

Ucnione3ys (8), (15) u ynoBnerBopuB ycimoBusM (17), mus cimydas a) mio-
JMYYHM CHUCTEMY aireOpanvdecKuX YpaBHEHHA, PEeIMB KOTOPYIO MO (opmyIe
Kpamepa, onpe/iennm Hen3BeCTHBIE DET)

s A(S) .
D) === j=123.4

)
1

M, cosd,  M,sinS, N, cosS, N,sind, B
A M;siné;, —M;cosé, Ny sing, —N; cosd,| ) _ Pz(ls) .
" IM, cosd, —-M,sinS, N, cosS, —N,siné,| Sl
M, siné, M, cosé, N,sino, N,cosd, pl)
. . . A
M/'l Z(Ms_sz); N/'l Z(Nal_szl); E(lig) Z(_V{S)_yillgil))(g:l)’ (18)
aU(S—]) a}/(s—]) » »
1:)2(]5) _ (0‘5 “taq, I }/3(3 ) . [_3(13) _ _7,(; ) o
B v (C——])’
o o ()

S aU(S—]) a (S—]) . .
Bl(]):_ (0!5—f063) > +(OC3—fO£4)L+;/3( ])_f7§ ) )
o o (¢=-)

rae A(isl) HOJTy4aeTcs OT Al 3aMEHOH j -TOro cTon0La CTONOIOM P](S) u3
(s)

CBOOOIHBIX YICHOB. TakuM ke 00pa3oM OMpeACIIAIOTCS Di2 VTS city4as 0).
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(s)
jl
BCE KOMITOHEHTHI BEKTOpa IMepeMEeIeH s 1 TEH30pa HaNpsKeHUH.

O maTreMaTH4eCKH TOYHOM pellleHUH BO BHellHel 3agave. Ecnu ¢yHk-

Iocne onpenenenns D ,Dﬁ? no dopmyaam (8), (13)-(16) onpenensres

.

s V' (§ ) SIBJIICTCS. MHOT'OWICHOM, MTEpallis OOPhIBACTCS M TOIYYaeTCs Ma-

TEMATUUYCCKHU TOYHOC pemeHHe BO BHeIHHeﬁ 3aaa4e. JIJ'DI I/IHHIOCTpaHI/H/I: HYCTB
+

V (5) —l(a1 +a2§).

Cornacuo ¢opmynam (8), (12), (13), (15), (18) umeem:

a)npu s =0
—(a1 +a2§)
(0)
DY) = A , j=123,4 PBY= 0 :

(19)

(0) _ 1 (0) _ 1,
A __(al+azg)M1’ A _(a1+02§)M2’
(0) _ 1. 0) _ 1
A, __(al"'azg)M}’ Agl)—(a1+a2§)M4,
rae M/ sBISeTCA MHHOPOM OIIEMEHTA, CTOANIEr0 Ha IIepPeceyeHHH 1 -ToTO

cToJ0IA U j-TOM CTPOKU OIpENeTUTENs Al.

JI71s HEen3BECTHBIX Df_?), BXOJISIINX B Uf)o), nMeeM

2
1 1

D](?) :_(a] +a2§)M]]; D((])) (a] +a2§)M1,

— 55

a +a,& a, +a,é

p = atad) o (4 rad) (20)
A, A,

mpu s=1 UV =0 + U,

N3 popmyn (18) cornacuo (13) umeem
UY =D (&)cos 8¢ + DY) (£)sin 8¢ + DY (£)cos 6,¢ + D) (£)sin 6,

Ry
A Pl
1 _ P . (1 _ |21 |. (1) __,0 .
Djl _A_’ J =1,2,3,4; Pl = ik Pll (¢=1) = " /vl (¢=1)0
1 B
)
oUW 5]/(0) o 1
P =(a g OV 0 P 0
(¢=1) 5 3 3 > 31 (¢=) vl (£=-1)
o¢ o¢ (a1)
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(0) (0

)
+(e fa4) L B ¢}

()
Piey = | (as—fas) § oc -
A = Py My = P M+ B M =P M
A = PY My = P MG+ B MO =P M3
Ay = Pl('l)(czl)M 3~ Pz(ll)(;:l)M st g(ll)(C:—l)M ;- P4(11)(¢:—1)M i
AL = R ey Mi = B M2+ P M= P M
U =B cos 8¢ +B,sin, + B, cos 5,¢ + B, sin5,¢, (22)

rae Bj HECJIO)KHO BBIYHUCIHUTH, MoAcTaBuB (22) B (11) u mpupaBHSIB COOTBET-

cTBytomue ko unueHTs! npu COS o s Slné‘j.

OKOHYATEIEHO UMEEM

= 87161(.;)) + Gg), i,j=12;
(23)

u, = (U +eUV); u, =1(r +er").

AHalornyueIM o6pa30M MOXHO 3aInucaTb MaTEMAaTUYCCKHU TOYHOC pCHIc-
HUE IS cliydas 0).

3akarouyenue. HaiineHo acuMnrToTHyeckoe pelleHHE BHEIIHEH 3aladu
AQHHM30TPOITHOM TOJIOCHI TIPH HAIWYHHU OOIIEH aHU30TPOITMU B CBOCH TIIOCKOCTH.
[Monoca onupaercs Ha abCOMIOTHO KECTKOE OCHOBAHHUE, H BEPXHEH KPOMKE IMO-
JIOCHI COOOIIEHO HOPMAIIbHOE TIepeMeleHrne, KOTOpOe BO BPEMEHU M3MEHSIETCS
TrapMOHHNYECKU. HOKa3aHO, YTO KOJEDAHUSA HE SIBIISIOTCS YHCTO CABUI'OBBIMH
WJIN ITPOJOJIbHBIMH.

Hucrutyt Mexannkun HAH PA
e-mail: varujan.yapujyan@mail.ru

B. T. Anymksan

O BBIHY:KIEHHBIX KOJe0aHUAX AHU30TPOMHOM M0JIOCHI
€ Y4€TOM KYJIOHOBA TPEHUS

PaccMoTpeHa nuHAMH4YECKash CMEIIAHHAs KpaeBas 3ajiaya aHU30TPOITHOrO
TeNla, UMEIOIIEro IUIOCKOCTh YIPYrod CHUMMETPUHU. YUHUTHIBAE€TCSA KYIOHOBO TPEHHUE
MEXIy MOJOCOW M YKECTKUM OCHOBaHHMEM. BepxHe#l KpOMKe TOJIOCHI COOOIIEHO HOp-
MaJlbHOE TIepeMEICHIE, KOTOPOEe BO BPEMEHH M3MEHseTCsl rapMoHnYeckd. OnpeseneHo
ACHMIITOTHYECKOE PEIlleHHe BHelIHel 3amaun. [loka3aHo, 4To KonebaHus He pacraja-
FOTCS Ha CABUTOBBIE U MPOIOJIbHEIE.
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9. S. Suhnigjumt

Unynigui othdmi huwpguwnniung wuhgnunpny okpwnh
utnhynnuljui nmwnwimidikph dwuht

Thuwplus E wnwdquijut hudwswihnipjut hwpenipmnit niikignn wihqnun-
pou dwpduh phttudhuljut jpwnep Eqpuyghtt munhpp: Zwpdh E wntidus Ynynbyub
othnudp okpuih b Ynown httwpuwuh dhol, skpnp dbphtt thuwhtt hwnnppus t
phwuint wbnuihnpumpmni, npp, pun dudwbwlh, thntnjugoud E hwpdnhl:
NpnoJwsd  E wpuwphtt unph  wuhdyununply ndnwdp: 8nyg L wpdws, np
nwnwbnifubpp skt inpnhynud vwhpuyghth b Epjuytulwih:

V. T. Yapujyan

About the Forced Oscillations of the Anisotropic Layer
Considering Coulomb Friction

The dynamic mixed boundary problem of anisotropic body with a plane of elastic
symmetry is considered. Coulomb friction between the strip and the rigid base is taken
into account, normal displacement is transmitted to the upper edge of the strip which
changes harmonically in time. The asymptotic solution of the external problem is
determined. It is shown that the vibrations are not disintegrated into shear and
longitudinal vibrations.
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The Activation of DNA Repair Pathways after Ultra-Short
Pulsed Electron Beam Irradiation in Human Cells
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Keywords: irradiation; accelerators; ultrashort pulsed electron beam;
DNA repair; K-562 cell line.

Introduction. A new generation of accelerators is actively developing in
contemporary radiotherapy. Laser-generated accelerators produce ultra-short
electron beam pulses, which provide a unique opportunity to generate new
molecular genetics effects [1-3]. Due to the high-frequency laser source, the
AREAL (Advanced Research Electron Accelerator Laboratory, Armenia)
accelerator gives ultra-short and high-speed electron flux producing ultra-short
pulsed electron beam (USPEB) radiation [4]. The study of the genetic effects of
laser-generated USPEB radiation is the relevant direction in radiobiology.

It was shown that USPEB radiation-induced DNA DSBs are characterized
by slow elimination kinetics. The low level of micronuclei frequency and
apoptosis was evident in human lung fibroblasts irradiated by USPEB [5]. An
assessment of the dependence of the radiation effect on sex showed that females
PBMCs had higher sensitivity to irradiation, as the DNA damage level was 4
times higher compared to the control, while in males the increase was less than
1.5 times [6]. lonizing radiation (IR) mainly induces single-strand breaks
(SSBs), double-strand breaks (DSBs), modified bases, mismatches, and basic
sites [7]. The DNA repair can have alternative mechanisms. The homologous
recombinational repair (HRR) works by exchanging similar but non-identical
DNA between homologous chromosomes. Non-homologous end joining
(NHEJ) works by inserting or deleting genes from a broken site, besides it is
faster, but also is an error-prone mechanism [8]. DNA-dependent protein kinase
(DNA-PKcs) is one of the significant components of the NHEJ repair pathway,
and is a catalytic subunit of DNA-PKcs promoting synapsis of broken DNA
ends, with further stages of end-processing and ligation [9]. On the contrary, the
HR repair pathway is slower but with fewer errors in repaired strands. The
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MREI1I nuclease plays a crucial role in the HR repair pathway, initiating
double-strand breaks (DSB) resection [10]. On the other hand, the accumulation
of single-strand breaks (SSBs) also brings to DSBs formation, and the main
repair pathway of SSBs is Base Excision Repair (BER). The APEX endo-
nuclease is a DNA repair enzyme with apurinic/apyrimidinic (AP) activity in
the DNA BER pathway [11].

This study aimed to evaluate the USPEB irradiation-induced DNA DSBs
and SSBs repair mechanisms in human K-562 (chronic myelogenous leukemia)
cells.

Materials and Methods. Cell culture. The K-562 (human chronic myeloid
leukemia) cell line was maintained in RPMI-1640 (Sigma Aldrich, Germany),
supplemented with 10% Fetal Bovine Serum (HyClone, UK), 2 mM L-gluta-
mine (Sigma Aldrich, Germany), 100 IU/ml penicillin (Sigma Aldrich, Ger-
many) and 100 pug/ml streptomycin (Sigma Aldrich, Germany) at 37°C, 5%CO..
Prior to irradiation, 2 ml of cells seeded in Eppendorf tubes (Sigma Aldrich,
Germany) at a density of 0.5 x 10’ cells/ml.

Irradiation. Radiation treatment was carried out using an electron beam
generated by a laser-driven radiofrequency gun-based linear AREAL accele-
rator. For cell irradiation, each sample was placed in a sample holder facing
towards the horizontal beam coming from the direction of the vacuum window.
Cell samples were placed horizontally at the center of a 1 cm x 1 c¢cm area at 1
cm from the beam exit point of the accelerator. Cells were irradiated with doses
of 0.5, 4 and 8Gy, non-irradiated cell cultures were used as a control.

Enzyme-Linked Immunosorbent Assay (ELISA Indirect). The DNA
repair pathways activation was analyzed using Colorimetric Cell-Based ELISA
kits (Assay Biotech, USA) following the manufacturer instructions. After
irradiation, the cells were seeded into 96 well plate and incubated overnight at
370C, 5%CO2. Cells were washed with 200 pl of 1x TBS (Tris-buffered saline)
twice, fixed with 100 ul of Fixing Solution, and set for 20 minutes at room
temperature. After incubation, 100 ul Quenching Buffer was added and set for
20 minutes at room temperature. After 200 pul of Blocking Buffer was added and
incubated for 1 hour at room temperature. Then 50 pl of 1x primary antibodies
were added to the corresponding wells and incubated overnight at 4°C. After,
added 50 pl of 1x secondary antibodies were added to corresponding wells and
incubated for 1.5 hours at room temperature. The 50 ul of Ready-To-Use
Substrate was added to each well and incubated for 30minutes at room
temperature in the dark, and 50 ul of Stop Solution was added to each well and
the OD was measured at 450nm using ELISA plate reader HumaReader HS
(Human, Germany).

Statistical analysis. Statistical analyses of the data were conducted using
the Statistica 8.0 software (StatSoft, Tulsa, OK, USA). The results are presented
as the means of three independent experiments + standard error. The non-
parametric Mann—Whitney test was used for statistical analysis and P<0.05 was
considered to indicate a statistically significant value.

Results and discussion. The activation kinetics of DNA DSBs and SSBs
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repair pathways after ultrashort pulsed electron beam irradiation was studied in
the K562 cell line. Radiation doses were considered as non-lethal at the dose of
0.5Gy (cell survival after 24h was 90%), sub-lethal at the dose of 4Gy (cell
survival after 24h was 50%), and lethal at the dose of 8Gy (cell survival after
24h was 10-20%). The DNA repair kinetics of irradiated samples was assessed
at Oh, 30min, 1h, and 4h time points after irradiation. The activation of HR,
NHEJ and BER DNA repair pathways was detected. The Oh time-point was
selected to assess the primary or background DNA damage reparation
machinery activation.

In case of irradiation at the non-lethal dose (0.5Gy) the level of repair
proteins DNA-PK, MREI11, and APEXI, responsible for appropriate repair
pathways, was estimated immediately after irradiation (at the Oh time point),
and the expression of MRE11 was more pronounced (Fig. 1). At the 30min time
point after irradiation the level of DNA-PK and MREI11 proteins increased
significantly, while the level of BER protein remained unchanged. At the 1h and
4h time point after irradiation the increase of the BER protein expression was
observed, while the level of DNA-PK and MREI11 proteins decreased and
eventually all proteins reached the same level at the 4h time point.

In the case of irradiation at the sub-lethal dose (4Gy), the level of DNA-
PK, MREI11, and APEX1 proteins was assessed at the Oh time point where the
expression DNA-PK was more enunciated (Fig. 2). At the 30min time point
after irradiation, the level of DNA-PK and MREI1 proteins increased
noticeably, while the level of APEX1 protein reduced. At the 1h time point after
irradiation, the levels of proteins were nearly the same as in 30min. At the 4h
time point after irradiation, all 3 protein expressions were increased, and the
DNA-PK, MREI11, and APEX1 proteins reached the peck level.

After the irradiation at the lethal dose (8Gy), the level of repair proteins
DNA-PK, MRE11, and APEX1, at the Oh time point was the same (Fig. 3). At
the 30min time point after irradiation, the level of DNA-PK, MREI11, and
APEXI1 proteins increased, reaching a peak level. At the 1h and 4h time points
after irradiation, the decrease of the expression of the protein was observed,
which reduced up to the control level.

It can be assumed, that cancer cells recognize the level of DNA damages
(non-lethal, sub-lethal, and lethal) and initiate the different repair pathway
machinery. In case of non-lethal level of damages, cancer cells effectively repair
DNA DSBs, and the error-prone NHEJ pathway prevails in this case, while
SSBs reparation remains postponed. It can be explained by the nature of
cancerous cells, which tend to accumulate minor damages to maintain the
genome instability. However, at the higher doses of irradiation cancer cells
activate the whole pull of repair capacity ensures their viability.

Conclusion. It was shown that ultrashort pulsed electron irradiation
simultaneously activates HR and NHEJ repair systems in K-562 cells 30
minutes after irradiation, including BER at the 8Gy of irradiation dose. After 1h
and 4h of irradiation, the level of expression of repair systems decreases at
0.5Gy and 8Gy doses of radiation, except the activity of BER system, which
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remains high at 4h after irradiation at the dose of 0.5Gy. At the irradiation dose
of 4Gy, the dynamics of an increase in the activity of all three repair systems
was observed up to 4h after irradiation. Thus, the dynamics of changes in repair
activity depend on the radiation dose.
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Fig. 1. The level of DNA-PK, MRE11, APEXI1 repair proteins, after USPEB irradiation
at the 0.5Gy dose.*P<0.05.
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Fig. 2. The level of DNA-PK, MRE11, APEXI1 repair proteins, after USPEB irradiation
at the 4Gy dose. *P<0.05.
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Fig. 3. The level of DNA-PK, MRE11, APEXI1 repair proteins, after USPEB irradiation
at the 8Gy dose. *P<0.05.
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The Activation of DNA Repair Pathways after Ultra-Short
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The aim of this work was to estimate the differences in activation of DNA repair
pathways of DNA double-strand and single-strand breaks induced by ultrashort pulse
electron beam irradiation in human K-562 cells. The activation of HR, NHEJ and BER
DNA repair pathways was studied at non-lethal, sub-lethal and lethal doses of
irradiation. Our results indicate that the activation of the specific repair pathways and
repair kinetics depend on the irradiation dose.

U. ©. Umtmiljjui

QEplupd hdyniyuught fEjupniught Sunwquypldundp
puijwé FLE nhuyywpwghni myhubkph wljnhjugnudp
dwprnt pohoukpnid

Quwhwnwluwi t wpdt) qipupd hdynuuughtt LiEjunpntught funuquypdudp
duusjws YuE-h dhwonpw b Eplonpuw Juwuduwsdpubph nhwwpughnt ninhubph
wlnhjugdub ophtiwswthnipjuip dwpnnt K-562 pohoutipnud: Niunidbwuhpyt) k-
h hnuninghwljwb, ny hnuning dwypbph dhwgdwt b hhdph kpughghnti nhywpwughnt
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ninhutph winhjugmdp fwnwquypdwutt ny (knw, ump-qbnw b jbnw sww-
pudhulibpny] fwpwquypdut yuplwbibpnd: Cun wnwgfus wpynibpibph’ phuw-
nughnt npnowlh minnt wijnhdugnudp b kpuuiqidwt yjhubnhljub jupduws tu
Sunuquypdul swthwpwdihg:

A. T. Manyksin

AxTuBanus penapauuoHusix nyrei JJHK B kaerkax
YeJI0BEKA NPU YJIbTPAKOPOTKOM MMITYJIbCHOM
3JIeKTPOHHOM 00J1y4eHUH

JlaHa oreHka akTuBanuu penapanuonnbix myteit JIHK mpu aByiienodyeyHsIx U o-
HOIIETIOYE€YHBIX Pa3pbiBaxX, HHIYIIUPOBAHHBIX YIBTPAKOPOTKUM UMITYJIBCHBIM 3JIEKTPOH-
HeIM oOnydenueMm B K-562 wierkax. MccrnemnoBaHbl penapaiioHHbIC TyTH TOMOJIOTHY-
HOU PEeKOMOWHAIIMH, HETOMOJIOTMYHOI'O COSIMHEHHS KOHIIOB U SKCIU3MOHHOW perapa-
LIMM OCHOBAHWI NPU HeJIeTAIILHOM, CyOeTanbHOM U JIeTanbHoM 103ax oOmyuenus. [1o-
Ka3aHO, YTO aKTUBAIUS CIICIU(PHUSCKOro MYTH perapali U KUHETHKA perapariiy 3a-
BHCAT OT JIO3bI OOJTyICHUS.
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