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1. Introduction. In the theory of automated theorem proving systems of
constructive logic are of a special interest due to an ability to extract rigorous
information from the constructed proof. Minimal logic being part of intui-
tionistic logic attracts a special interest of a research community. In this paper
we construct new propositional systems for minimal fragment of modal logics
by introducing modality rules. Intuitionistic modal logics originate from diffe-
rent sources and have different areas of application. They include philosophy
(see, e.g., [1]), foundation of mathematics [2], and computer science [3]. One of
the considered systems is based on the sequential system of minimal logic
introduced earlier in [4]. Two kinds of logical symbols are added to GM : ©
(necessary) and ¢(possible). Using them the notion of formula is extended as
follows: if a is a formula, then ca and ¢« are also formulas.

New modality rules are:

'->«a al -1
(-9 ——(©>)
I' - %x CSa, ' -1
a,F—>J_(D ) F—>a( %)
- -
o, I’ -1 I' - ox

In these rules T is a set of formulae as in GM [7]. oI' (¢T') means the series
of formulae, which is formed by prefixing o (¢) in front of each formulae of T.
As a result, a sequential calculus based on GM is constructed, which we call
SS5yin-



It is obvious that ¢ and © rules are symmetric in this system. As¢a is
—0-a it can be easily verified that the rules of © can be derived from the
corresponding rules of ¢ and vice versa.

2. Minimal fragment of S5 modal logic. In this section using notions and
concepts from [5-8] the definition of the minimal fragment of the S5 modal
logic (further in the text it is denoted as S5,,;,) Will be provided.

1. Signs:
1.1. The constants —, &,V , D and < of propositional logic.
1.2. The constants © and ¢ of modal logic.
1.3. Sentence-variables, b, c, ... .
2. Rules of Formation:
2.1. A sentence-variable is a formula.
2.2. A formula preceded by —, by o or by ¢ is a formula.
2.3. Two formulae joined by & ,v, D or < constitute a formula.
3. Axioms:
3.1. A set of axioms for minimal fragment of propositional logic.
3.2. a D ¢a (The axiom of Possibility).
3.3. ¢(a V) & SaVop (The axiom of Distribution).
3.4. 0=0a D —%a (The axiom of Reduction).
4. Definition of “necessary’:
The constant © we introduce by the definition oa = —0-a.
5. Rules of Transformation:
5.1. The rules of transformation of minimal fragment of
propositional logic.
5.2. If f; & f,isprovable, then Of; & Of, is also provable. (The
rule of Extentionality)
5.3. If f is provable, then of is also provable. (The rule of
Tautology)

Equivalence of the modal systems. In this section we prove the equiva-
lence of the above formulated systems. We follow the notion of systems equi-
valence as in [7]. The proof of equivalence between S5, and S53,;, will be
divided into two parts. The first part will show that the axioms and the rules of
S5uin System can be derived directly from the axioms and rules of S5y,
system, while the second one will show that the axioms and rules of S5y,
system can be derived from axioms and rules of S5;,.

Theorem 3.1. If a sequence — «a is deducible in S5),,, then « is deducible
in SSMin .

Proof. The theorem may be proved by showing that all the rules described
in definition of section 2 are satisfied in §5),;,, system. 1, 2 and 4 parts of the
definition are the same for both systems, so one only needs to prove points 3
and 5 of the definition to be satisfied in S5, system.

Axioms of group 3.1 are the same as they are in propositional fragment of
minimal logic described in [9].

It is obvious that the axiom 3.2 is provable in §5;,;,, System as:

8



Now it is necessary to show that Axiom 3.3 can be proved in S5;,. It
goes in the following way:

a-a =B
O-a&O-f8, avVp, a—-a O-a&0O-f, aVvp, -8
Dﬁa&DﬁB, -, C'L'Vﬁ, a —1 Dﬁﬂ,’&DﬁB. —|B, CTSVﬁ, ﬁ —1
O—a&O0—p, O-a, aVp, a—l1 O—a&O-p, O, aVp, f =1L
O-a&0-6, aVp, a—-L Uaa&O-f, avp, B L

O-a&O-f, avf -1
O-a&0O-f, Olavp) -1
G(GVB) — —|(D—|(I&D—|B)
O(a VB) - a0-av -0-p

Slavp)— Sav op

Now the left part of the equivalence needs to be proved.

a- « B—-p
a—- aVp p—- aVvp
a,~(aVvp)-L B,~(avp) -1
a,0=(aVp)>L B,o=(aVvp) -1
Oa,0=(aVp) =L OB, 0=(aVvp) =L
Oa = —=0=(aV p) Of = —=0=(aV p)
Sa - O(aVp) OB - —0=(aVp)

SaVop - o(aVp)

So, the axiom of distribution is proved.
Axiom 3.4:
a—-a
M( )
a, =oa -L R
Sa, =0a -1 ( )
Ca, o—=%a —»1

O=0a —» =%a

The axiom of reduction is proved.

Axioms of group 5.1 are the same as they are in propositional fragment of
minimal logic described in [4].

Axiom 5.2:



So, it becomes obvious, that formula ¢f; < ©f, is provable in system
SSyin, Only if  f; & f, is also provable in that system. The rule of extentio-
nality is proved.

Axiom 5.3:

- a
O=a = L (_) )
- =0 B

— Oa

Formula of is provable only if f is provable. The rule of tautology is
proved.

Theorem 3.2. If a formula « is deducible in the S5, system then a
sequence — «a is deducible in the S5, system.

Proof. The theorem will be proved by showing that the rules (= ),
(¢ =), (= 0),and (o —) can be derived from rules of the system S5in.

Firstly, let’s prove that:

> a

' - %a

(=)

That is:
L P2V B>y (=9
a, B—- %y
In other words, we only need to prove that if (axVv ) —y then
(xVB) =0y in S5u,. Suppose that (aV ) —y. Using the axiom of
Possibility (y — ¢y) and applying the modus ponens rule we get (a vV ) — 9y.

Next the rule (= ©) needs to be proved:
> a

So, it needs to be proved that:
@By (> 0)
a, B— oy
In other words, we only need to prove that if (aVv ) —y then
(avp) = oy.
So, (a v B) = y. On the other hand, using rule 5.3 we get y — oy . Using

10



modus ponens rule we can conclude that (o vV ) = 9y in S5in.
It can be easily verified that the rules (o —), (¢ -) can be derived from
the corresponding rules of (— ¢), (- 0) as:

a,l -1 a,l -1
I - aa [ - aa
I e R T 4 I >0qa
=0, =1 =0, =1
Oq,I' -1 Ca, T > 1L

From theorems 2.1 and 2.2, we can conclude the following one.

Theorem 3.3. A formula « is deducible in S5,;, if and only if - a is
deducible in S5};;,,.

Conclusion. Two systems of minimal modal logic are introduced and their
equivalence is proved. Those systems may serve as a basis for automated
provers in minimal systems for modal logic.

Yerevan State University,
Russian-Armenian University
e-mail: bolibekhov@ysu.am, baghdasaryana95@gmail.com
H. R. Bolibekyan, A. R. Baghdasaryan
On the Minimal Fragment of S5 Modal Logic
Two systems of propositional fragment of modal logic are constructed. One of the

systems is Herbrand type while the other one is a sequential system. It is proved that
every formula deducible in one of them is also provable in the other system.

Z. [r. Pojhphljjui, U. [k Punpuuwupjub
S5 Unnuy npudwpuim pjut Wuqugnyih dpuquitinh Jepupbpyuy
Uwhdwiqws bt dnpu] wpudwpwinipjut Epynt wunypughtt hwmdwlwupgbp:
‘Lpwughg wnwehtp hipppuiyu nhwh £ hul dnrup’ ukybuuught: Uyugnigdus L
wyn hwdwlupgbpnh hwdwpdtpnipiniup:
O. P. boaubeksin, A. P. Barnacapsn

O mMunnMaabHOM (pparmMenTe S5 MOAAIBLHOM JIOTHKH

ChopmynupoBaHbl JBE TPONO3UIIMOHAIBHBIE CHUCTEMBI MOJAIBHON JIOTHKU:
9pOpaHOBCKOTO THIIA M CeKBEHIMaiubHasgA. JlokazaHa (opmynpHas paBHOOOBEMHOCTH
PacCMOTPEHHBIX CHCTEM.
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1. Introduction. The minimal tautologies, i.e. tautologies, which are not a
substitution of a shorter tautology, play a main role in the proof complexity
area. Really all hard propositional formulas, proof complexities of which are
investigated in many well-known papers, are minimal tautologies. There is a
traditional assumption that minimal tautology must be no harder than any
substitution in it. This idea was revised at first by Anikeev in [1]. He had
introduced the notion of monotonous proof system and had given two examples
of no complete propositional proof systems: monotonous system, in which the
proof lines of all minimal tautologies are no more, than the proof lines for
results of a substitutions in them, and no monotonous system, the proof lines of
substituted formulas in which can be less than the proof lines of corresponding
minimal tautologies. We introduce for the propositional proof systems the
notions of monotonous by lines and monotonous by sizes of proofs. In [2] it is
proved that Frege systems F no monotonous neither by lines nor by size. In this
paper we prove that substitution Frege systems SF, the well-known
propositional sequent systems PK, PK~ and corresponding systems with
substitution rule SPK, SPK ~are no monotonous neither by lines nor by size.

This work consists of 4 main sections. After Introduction we give the main
notion and notations as well as some auxiliary statements in Preliminaries. The
main results are given in the last two sections.

2. Preliminaries. We will use the current concepts of a propositional
formula, a classical tautology, sequent, Frege proof systems, sequent systems
for classical propositional logic and proof complexity [3]. Let us recall some of
them.

2.1. The considered systems of 2-valued propositional logic. Following
[3] we give the definition of main systems, which are considered in this point.

13



2.1.1. A Frege system F uses a denumerable set of 2-valued variables, a
finite, complete set of propositional connectives; F has a finite set of inference

A145..A

rules defined by a figure of the form m(the rules of inference with zero

hypotheses are the axioms schemes); F must be sound and complete, i.e. for
A A

each rule of inference %'"Amevery truth-value assignment, satisfying
A;A,. .. Ay, also satisfies B, and F must prove every tautology.

The particular choice of a language for presented propositional formulas is
immaterial in this consideration. However, because of some technical reasons
we assume that the language contains the propositional variables p, g and p;
,0i (i = 1), logical connectives =, D, Vv, A and parentheses (,). Note that some
parentheses can be omitted in generally accepted cases. We assume also that
Fhas well known inference rule modus ponens.

2.1.2 A substitution Frege system SF consists of a Frege system F

augmented with the substitution rule with inferences of the form Aifor any

substitution ¢ = ((pl-1 Pi, - Pig Diy iy - Pig ) s > 1, consisting of a mapping
from propositional variables to propositional formulas, and Ao denotes the
result of applying the substitution to formula A, which replaces each variable in
A with its image under o. This definition of substitution rule allows the
simultaneous substitution of multiple formulas for multiple variables of A
without any restrictions.

2.1.3. PK~system uses the denotation of sequentl’ - A4 where I is
antecedent and 4 is succedent.

The axioms of PK~ system are

)p-p 2) -T,

where p is propositional variable and T'denotes «truthy.

For every formulas A, B and for any sequence of formulas I', 4 the logic
rules are.

r-4, A B, I'-A A, I'-A, B
o — D=
ADB, I'-A r-4, AoB

A I'-A B, I'-A r-4, A -4, B
Vo ———— -»V——— and -»V————

AVB, I'-A r-4, AvVB -4, AvVB

A, I'-A B, I'-A r-4, A TI'-A, B
A> ——— and A» ——— N—/——/———

AAB, T'-A AAB, I'-A -4, AAB

r-4, A A, T'-A
—_ Q> - q—

—A, I'—>A r-4, -A

The only structured inference rule is

FF,:j, Str.r., where I’ (4") contains I'(4) as a set.

2.1.4. The system PK is PK~ augmented with cut-rule

14



ri{—44, A A, I7-4,
I,I—A44,4;
2.1.5. Substitution sequent calculus SPK(SPK™) defined by adding to PK
(PK ™) the following rule of substitution
r-4, A (p)
r-4, A(B)'
where simultaneous substitution of the formula Bis allowed for the variable p,
and where p does not appear in I', A.
Note (1). Let I — A be some sequent, where I' is a sequence of formulas
Ay, A,, ..., A (1 =0) and 4is a sequence of formulas By, By, ..., B, (m = 0).
The formula form of sequent I' —» 4 is the formula ¢ _,, which is defined
usually as follows:
1)A;ANA;AN..NA; DB, VB,V ..VB,, Im=>1
2)A{NA; A ..NA; DL for I =1,m =0 Lis false
3) BiVB,V..VB, forl=0andm >1.
2.2. Proof complexity measures. By |¢| we denote the size of a formula
@, defined as the number of all logical signs in it. It is obvious that the full size
of a formula, which is understood to be the number of all symbols is bounded
by some linear function in |¢|.
In the theory of proof complexity two main characteristics of the proof are:
t- complexity (length), defined as the number of proof steps, [-complexity
(size), defined as sum of sizes for all formulas in proof (size) [3].

Let ¢ be a proof system and ¢ be a tautology. We denote by tg,) (lg)))the

minimal possible value of t-complexity (I-complexity) for all ¢-proofs of
tautology .

Definition 2.2.1. A tautology is called minimal if it is not a substitution of
a shorter tautology. We denote by S(¢) the set of all formulas, every of which is
result of some substitution in a minimal tautology ¢.

Definition 2.2.2. The proof system ¢ is called t-monotonous (I-
monotonous) if for every minimal tautology ¢ and for all formulas ¥ € S(¢p)
td <th(h<19).

Definition 2.2.3. Sequent I' = 4 is called minimal valid if its formula
form ¢r_,, is minimal tautology.

Definition 2.2.4. Sequent proof system & is called t-monotonous (I-
monotonous) if for every valid sequent I' - 4 and for every sequent I; — 4,

such that ¢, 4, € S(@r-4) tl(?_m < tl‘fiﬁl (l?ﬂ sll‘f’ﬁAl).

2.3. Essential subformulas of tautologies

For proving the main results we use the notion of essential subformulas,
introduced in [4].

Let F be some formula and Sf(F)be the set of all non-elementary
subformulas of formula F.
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For every formula F, for every ¢ € Sf(F) and for every variable P by F(;’

is denoted the result of the replacement of the subformulas ? everywhere in F
by the variable P.1f ¢ & Sf(F), then Fyis F.

We denote by Var(F)the set of all variables in F.

Definition 2.3.1. Let P be some variable that p ¢Var(F) and ¢ €

Sf(F)for some tautology F . We say that ? is an essential subformula in Fiff
F} is non-tautology.

The set of essential subformulas in tautologyF we denote by Essf(F), the
number of essential subformulas by Nessf(F) and the sum of sizes of all
essential subformulas by Sessf(F).

If Fis minimal tautology, then Essf (F) = Sf(F)

Definition 2.3.2. The subformula ¢ is essential for valid sequent I' — A if
it is essential for its formula form.

In [4] the following statement is proved.

Proposition 1. Let Fbe a tautology and ¢ € Essf(F), then

a) in every F-proof of Fsubformula @ must be essential either at least
in some axiom, used in proof or in formula A;> (A;2 (...DAp)...)2B

. i A1Ay. Am

for some used in proof inference rule ——,
b) in every SF-proof of F, where -2, Ai, ,Ai (k>1) are used

g1 ap Ok

substitution rules, subformula® must be essential either at least in
some axiom, used in proof, or in formula A; (4, 2(...2 4,)...)2 B

A1Ay.Am

for some used in proof inference rule , and or must be

result of successive substitutions o; , oy,, ..., oy for 1< iy, iy, ..., iy

< kin them.
Note (2) that for every Frege system the number of essential subformulas
both in every axiom and in formula A; 2(4, o(...2 A,,)...)2 B for every

Ay

. A1A7..Am . .
inference rule T is bounded with some constant.

Note (3). It is not difficult to prove that all above statements are true for
every formula form of valid sequent and axioms and rules of above mentioned
sequent systems.

2.4. Main Formulas. It is known, that in the alphabet, having 3 letters, for
every n > 0 a word with size n can be constructed such, that neither of its
subwords repeats in it twice one after the other [5].

Let @y, @y, ..., @, be some of such words in the alphabet {a, b, c}. In [4] the
formulas 1, are obtained as follow:

For n >0 let Y414 = (Po © 71py). Let the formula v;,,, for the
subwords

Qis1, Xz, - @y (1 < 0 < n) be constructed then:

1)ifa; =atheny;n, = (P; 2 0i) Aig1n;
16



2)ifa; =bthen;n = (=p; Vi) 2 Yivin;

ifa;=ctheny;y = (=P APV Yivin

As formula Un (Do, P1, P2y v r Pn)WE take the formula
Y11 (Po, P1, D2, -, Pn), TOr which we have [,|= 6@ (n) and all subformulas
Yin(1<i<n+1l)are essential for i,, therefore Nessf(y,)=2(n) and
Sessf(y,) = 2(n?).

Note (4). As neither of these essential subformulas of formulas y,,cannot
be obtained from other by substitution rule, it is proved in [4] that formulas
Y, require more or equal than n steps and n? size both in the Frege systems and
substitution Frege systems. It is obvious, that this statement is valid for sequent
— 1P, for the all mentioned sequent systems also.

3. Main results. Here we give the main theorem, but at first we must give
the following easy proved auxiliary statements.

Lemma 1. a) The minimal t-complexity and [-complexity of Frege proofs
and thus of substitution Frege proofs for formula p> p are bounded by
constant.

b) For each formulae A and B the minimal t-complexity of Frege proofs
and thus of substitution Frege proofs for formula A > (=4 > B) is bounded by
constant, just as its minimal l-complexity is bounded by c'max( | A, | B]) for
some constant c.

Lemma 2.a) If F is minimal tautology and p is some variable that
p € Var(F), then the formula p > F is also minimal tautology, and all
essential subformulas of formula F are essential for formula p > F.

b) If — F is minimal valid sequent and p is some variable that p &
Var(F) then sequent — p D F is also minimal valid sequent, and all essential
subformulas of sequent — F are essential for sequent - p D F.

Theorem. Every Frege system F, substitution Frege system SF, sequent
systemsPK, PK~, SPK, SPK~are neither t-monotonous nor [-monotonous.

Proof. Let us consider the tautologies

Pn=p 2 wn' anz_'(p > P) > l/]n and an(p > p) Dy,
where y,are the formulas from previous section and variable P is not belong to
Var(y,,). Note that for every n formula «a,, (sequent — «,,) belongs to S(¢;,,)
(S(= ¢@,)). According to the statement of Lemma 2. every formula ¢, is
minimal tautology and the sequent— ¢,, is minimal valid sequent.

For every n the formula a,, can be deduced in every Frege system F as
follows: at first we deduce formula pop, then B,=(p>op)>oa,and lastly a,by
modus ponens. From statement of Lemma 1 we obtain for lengths and sizes of
proofs in every Frege system for the set of formulas «,, the bounds 0(1) and
O(n) accordingly. It is obvious that for more “stronger” substitution systems
Frege the bounds are no more.

By statements of Lemma 2 and Note (4) we obtain for lengths and sizes of
proofs in every Frege system and substitution systems Frege for the set of
formulas ¢, the bounds £2(n) and 2(n?) accordingly.
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Now we give deduction of the sequent — — (p2p) y,in the system
PK ~as follows:
p-p
~(p>p)
~(pop)—
—(p2p)~YPn

~= (p2p) 2YPn

It is obvious, that the bounds for lengths and sizes of proofs in system
PK ~for the set of sequents — a,, are O(1) and O(n) accordingly, therefore for
more “stronger” systems PK, SPK,SPK ™ the bounds are no more.

By statements of Lemma 2 and Note (4) we obtain for lengths and sizes of
proofs in the systems PK, PK~,SPK,SPK~ for the set of sequents — ¢,the
bounds 2(n) and 2(n?) accordingly.

Remark. Above results only for Frege systems are parts of publications [6,
7].

I am grateful to my supervisor, professor of YSU AnahitChubaryan for her
encouragement and fruitful discussions, and also for helpful suggestions, which
improved and expanded the results.
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G. V. Petrosyan

On Some Properties of Several Proof Systems for
2-valued Propositional Logic

In this work we investigate the relations between the proofs complexities of
minimal tautologies and of results of substitutions in them in some systems of 2-valued
classical propositional logic. We show that the result of substitution can be proved
easier, than corresponding minimal tautology, therefore the systems, which are
considered in this paper, are no monotonous neither by lines nor by size.

Q. 4. Mhunpnuyubh

Bpjupdtp wunypuyhtt wpudwpwintpjuw npnowh wpnwsdwt
hwiwlupgbph hunljm pymuttpp

Zhnwgnujws £ dpthdw) tnyiwpwiunipniitiph b tpubgnid wknunpnipmnio-
utph wpunwsdwb pupnmipmibtbph vhol hwpwpbpnipmiip npnpwyh Eplupdtp
wunypuyhlt puuwut npudwpuinipju hwdwlwpgbpnud: 8nyg k wpydk), np mbnu-
nnuwb wpyniip hwbinhuwgnn pwbwdbbpp upnn G wpnwsyty wykih htow, wyn huly
wuwwndwnny ghtnupyus hwdwlupglpp Untinnnt sk
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I'. B. Ilerpocsin

O HeKOTOPBIX CBOMCTBAX HECKOJBKHUX CUCTEM
JI0Ka3aTeJLCTBA 2-3HAYHOI JOTMKH BBICKA3bIBaHHII

HccnenoBana cBsi3b MEXIY CIOXHOCTSAMHU J0Ka3aTe€IbCTB MHHHMMAJbHBIX TaB-
TOJIOTHH M pe3ylibTaTaMH IMOJICTAHOBOK B HMUX B HEKOTOPHIX CHCTEMax 2-3HaYHOM Kiac-
CHYECKOM JIOTMKU BbICKa3blBaHUM. [loka3aHO, 4TO pe3ynbTaT MOJICTAHOBKU JOKa3bl-
BaeTCs TPOIIE, YeM COOTBETCTBYIOIIAS MUHHMAaJbHAS TAaBTOJOTHS, IIOTOMY paccMaT-
pUBacMbIC B CTaTbe€ CHUCTEMBI HE SBIITIOTCS MOHOTOHHBIMH HH II0 JIMHHSAM, HH IIO

pasmepy.
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UYnen-koppecnonieiT HAH PA C. M. Mxurtapsin

O penleHnu ABYX HHTErPaJbLHBIX YPABHEHUI, CBA3aHHBIX
¢ KOHTAKTHBIMU 32/1a4aMU J1JIsl JIMHEHHO
AeopMHPyeMOro OCHOBAHUS

(ITpencrasneno 1/11 2021)

KaroueBble cioBa: snuuelino degopmupyemoe OCHO8aHue, KOHMAKMHAL
3a0aua, npeobpazosanue Qypve, unmezparbHoe ypasHeHue.

BBenenue. Vcxons n3 norpedHOCTEH CTPOUTETFHON MEXaHUKH OBLIO BBE-
JICHO MOHSTUE JUHEHHO AeopMUPYEMOro OCHOBaHUs, 0000IIatoIIee MOHATHE
KJIACCUYECKOI'0 OCHOBaHMsS B BUJE YIPYTOro OJAHOPOJHOIO M30TPOIIHOIO MOJY-
MPOCTPaHCTBA. DTO 0000meHne 00YCIOBICHO HEOOXOAMMOCTHIO pa3paboTKu
Oosiee COBEpIIEHHBIX METOJOB pacueTa (HyHJAMEHTOB 3/IaHUM U COOpPYKEHHH
Ha 1eOpMHUPYEMBIX OCHOBAHHUSAX, 0OCOOEHHO METOJIOB pacyeTa XapaKTEPHUCTHK
n3ruba 0ajoK M IUIMT Ha YNPYTUX OCHOBAaHUSX, MOTPEOHOCTHIO OoJIee MOIHOTO
yueTa (hHU3MKO-MEXaHUYECKUX CBOWMCTB OCHOBAHMH (@HM30TPOIHHU, HEOJHOPO/-
HOCTH U TIp.) ¥ KX T€OMETPUIeCcKOi KoHpurypanuu. [lepBeie ncciemoBanus mo
KOHTaKTHBIM 33/1a4aM ISl IMHEHHO Ne(OopMHUPYIOIMX OCHOBAaHUH BOCXOIAT K
MoHorpadusm [1, 2]. B [2] BBeZeH BaxKHBIN KJIACC JIMHEHHO JedhOpPMUPYEMBIX
OCHOBaHUH, (DYHKIUW BIUSHHUS KOTOPBIX B MPABOW NPSMOYrOJBHOH CHCTEME
koopaunat Oxyz (oce OZHanpaBieHa BHYTpb OCHOBaHHUs) rpauuecKu M30-

OpakaroTcsi MOBEPXHOCTSIMU BpAIICHUS, XapaKTePH3YIOMIUMUCS YpaBHEHUSMH

BUOA
K=&y =m)=K(Jlc-2F +(y -] ) ©01)

HpI/I IIOMOLIU 3TUX ANCP BEPTUKAIBHBIC MEPEMCUICHUA T'PAHUYHBIX TOYCK
JHHEHHO 1e(OPMUPYEMOro OCHOBAHHS W(X,y) OT MPHIOKEHHON B 00IaCTH

ero MOBEPXHOCTU PACIPEIEICHHON BEpPTHKAILHONW HArpy3KH MHTEHCUBHOCTH
p(x,y) ompenensiercs popmyItoit

w(x,y)= [[K(x=&,y=n)p(&,n)dédr. (0.2)
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B [2] npuBenens! siBHBIC BeIpaxkeHUs IsATH saep tuma (0.1), KoTopeIMu, B
YaCTHOCTH, MOXXHO allPOKCHUMUPOBATh 3KCICPUMEHTAIBHO IOJIyYCHHBIC IT0-
BEpPXHOCTH 0cafiok. OTHO U3 HUX UMEET BHU]T

K(x=¢&,y-1)=AK,(R) (;{ >0,R=y(x=¢f +(y-n) ) (0.3)

rie A U y — (u3MuecKue KOHCTaHTHI, ONpEAEIAEMbIE SKCIEPUMEHTAIbHBIM
nyTeM, a K, (x) — M3BecTHas QpyHKuus Mak1oHab/1a HyIeBOrO HHIEKCA.

Host ipyroro snpa u3 [2] tuna K(R)=e™®/R B [3] paccMOTpeHbI cOOTBET-
CTBYIOIIAsl OCECUMMETPUYECKasi KOHTaKTHas 3a7a4a ¢ KPyroBOl 00NacTbi0 KOH-
TaKkTa U CMEXHas CMEIIaHHas IpaHUYHas 3ajada Teopuu AudQy3uu razos u
pacTBOpoB, KoTopasi cBomutTcsi kK MY @pearospMa MmepBOro poia ¢ TaKUM
snpoM. [locneanee, kak Mmoka3zaHo TaM ke, SKBUBAJIEHTHO 3ajade Jupuxie ans
0000IIEHHOTO TMOTEHIINANIA, TOPOXKICHHOTO 3TUM SIAPOM. AHAJIOTMYHAs Tpa-
HU4Has 3afavya upuxie i 00001EeHHOro NOTeHIHala, TOPOKICHHOTO 3TUM
sapoM (0.3), u cBszaHHble ¢ HUM MY U MHTerpaibHble COOTHOIIEHHS pac-
CMOTpEHHI B [4].

Teopusi KOHTAaKTHBIX 3a1a4 IS JIMHEHHO NeOpMHUPYEMBIX OCHOBAHHMA
CBOE JJIbHEHIIIee pa3BUTHE MOJIyYHsia BO MHOI'HX paboTax, B YaCTHOCTH B MO-
Horpaduu [5]. VkaxkeMm Takke Ha ctaThi [6, 7]. OCHOBHBIC PE3yJIbTAThl ATOU
00JIaCTH TEOPUH yIIPYTrOCTH OTPAKEHHI B [8].

B nacrosmierr pabote mpomoinkaercs mccienoBanue pemieHnii 1Y Open-
rojpbMa TII€pBOrO poJia C CHMMETPUYECKUM JKCIOHEHIIMAIBHOM  SIPOM,
3aBUCAIIMM OT PA3HOCTU apryMCHTOB, Ha KOHCYHOM U HOHY6CCKOHC‘IHOM HUHTEP-
Bajax, MOJYy4YEeHHBIX B [4], Te atuMu WY OnmmMChIBaIOTCS KOHTaKTHBIC 33/1a49H O
BJABJIMBAaHUHU ILITAMIIOB, UMEIOLINX B IUIaHe HOopMy OECKOHEYHOH MOJIOCHI MITH
MOJYTUIOCKOCTH B JIMHEHHO JehopMHpyeMoe OCHOBAaHUE, XapaKTepPH3YIOIIeecs
¢dbynaxmueit BmusHY (0.3).

ITocTanoBka 3amxau u BbIBOA ompenessiromux WY, g nuneitHo ne-
¢dbopmupyemoro ynpyroro noiaynpocrpanctea z >0 ¢ dynkuueit pnustaus (0.3),
OTHECEHHOI'O K IpaBOW MPSMOYToJIbHOW cucteme koopauHat OXyz , paccMoT-

PUM JB€ KOHTaKTHbIE 3aaa4u. ITycTs B 1epBoi 3aaue mraMil, UMEIOLIUI B IUIA-
He (GopMy OECKOHEYHOH MONOCH @, ={-w<x<w;—a<y<a;z=0}, MO ACHCT-

BHEM BEPTHUKAIBHBIX CHJI BIABIMBAETCS B YKa3aHHOE OCHOBaHWE. Bo BTOpoit
aHAJIOTUYHOU 3ajaue IITaMIT uMeeT bopmy MOJTYTIIIOCKOCTH
w,={~0<x<om; 0<y<o; z=0}. Ilpeanonaras, 4ro B KOHTAKTHBIX O0OJACTAX

o, (J :1]2) Z[eﬁCTByIOT TOJIBKO HOPMAJIbHBIC KOHTAKTHBIC HANPS)KCHUA WHTCH-

cuBHOCTH p(X,y), T.C.

O-Z‘z:m =—p(x, y) ((Xv y)ewj; i :1.2),

rie O,— KOMIIOHEHTa HOPMaJbHBIX HampspkeHni, Ha ocHoBanuu (0.2) u (0.3)
U1 ONpejieNieHUsl HEM3BECTHOTO JaBlIeHus p(x,y) MOJA WTaMoamMu p(x,y) HpH-
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JeM K CIeAyrolIuM ABYMEpPHbIM omnpeaeisaromuM WY @penrospma mepBoro
pona:

AfJ Ko Allx=F +y=n) Jple.médn = fxy) (xy)e oy j=12) @D

@
3neck f(x,y) — 3amaHHas (QYHKLMA, XapaKTePU3yIOas reOMETPUYECKYIO
KOH(HIypaliio OCHOBaHMs IITaMna, npuueM f(x,y)=o(l) mpu x*+y* >, [a-
nee MY (1.1) 3anumieM B Buje

I Kol 2lx=&F +(y =) Jp(emacdn = g(x.y) L.2)

gl y)=Fluy)/A; (xy)ea; i=12)

U K HeMy NIPUMEHHM HHTETpallbHOe IMpeoOpazoBaHne Dyphe M0 mepeMeHHOM
X, monaras

(B2 y) 50 y)}= [P0 vk gk, y)edx

B pesynbrare neymepnsie MY (1.2) nepelayT B ciieyronue 0IHOMEpPHbIE
MY ®pearonsma nepBoro poja ¢ 3KCIMOHEHUUAIbHBIM CUMMETPUUYECKUM SIJI-
POM, 3aBHCAIINM OT PA3HOCTH apryMeHTOB [4]:

[ p(an)n=g(hy) (el i=12) L=(-aa) =) y=yF+z 13)

i

Pemenue onpenensiomux MY (1.3). Jlanee 3aiiMeMcsi TOCTPOCHUEM pe-
menuit 1Y (1.3) u uccnenoBanueM ux cTpykTyp. C 3To 1enpi0 CHadama J10-
Ka)XEM CJICAYIOIIYIO TEOpEMY.

Teopema 1. Sopo UV (1.3) L(y,n)=exp(-1y-n|) (-a<y,n<a) Aertemcs
3aMKHYmuIM 6 L,[-a,a] A0pom.

JokazaTenbeTBo. OueBUIHO, UTO AAPO L(y,;)=exp(-y|y-7) (-a<yn<a)

— CHMMETPHUUYECKOE KBaJpaTHYHO cymMMHupyemoe siipo. o ompeneneruio [9]
TaKkoe PO HA3bIBACTCA 3aMKHYTHIM B L,[-a,a], €cinMm Kaxaas QyHKIHS

o(y)e L,[-a,a], y1oBieTBOpSIIOIIas TOXIECTBY

a

[L(y.malndin =0,
paBHa HYJIIO IIOYTH BE3/E B L,[-a,a]. I[TycTh
o(y)eL,[-aa] u Ief‘v‘yf”‘a)(nhn =0 (ye[-aa))

20878
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Y a
e [eawlpkn+e” [e"wlnkn =0 (ye(-aa))
b Y
ITockonbky U3 o(y)e L,[-a,a] BBITEKAET, YTO TaKKE w(y)ec L[-a,a], TO HH-

Terpajbl C BEpXHUM M HIDKHUM TIEPEMEHHBIMU TMPEEIaMHU SIBJISIOTCS a0COIOT-
HO HENPEPHIBHBIMH (DYHKIMSIMU, UMCIONUMH TIOYTH BE3Jle MPOU3BOJIHBIE, KO-
TOpbIC PaBHBI TOAbIHTErpadbHbIM GyHKIMAM [10] (c. 234-236). Torma obe
YaCcTH 3allMCAaHHOTO PAaBEHCTBA MOXKEM IBaXKIbl MpoauddepeHuposaTs 1mo Y .

ITonyuum

72 [e7" alnlin-2y0(y)=0 = wly)=0 (ye(-a.a))
U B pe3yJbTaTe a)(y)z 0 na moGom orpeske [-b,b]c[-a,a], T.e. w(y) MOXeT
OBITh OTIIMYHO OT HYyJsS TOIBKO HA MHOXXECTBE MEPBI HyJb OTpE3Ka [-a,al.

Teopema 1 nokazana.
Brrsacaum crpykrypy pemenus MY (1.3) mpu |, =[- a,a]:

“ fo i plakin=gly) (o)< B2y} 0ly)= (23} ~a<y<a)

C 9T0i1 LeNbI0 CHAYaja T0KaKEM CIEAYIOLYIO JIEMMY.
Jlemma. B cuvicie meopuu 0600wennsvix GyHKYUl UMeom Mecmo coom-
HOWleHUs.

ja'e-f\y-ﬂ\g(,] I a)d,] — %eﬂ(aiy} . (2.1)

I[OKaCiaTeﬂLCTBO. BOCHOJ’H)3Y6MC$I ILeHBTa-O6pa3HOﬁ IOCJICA0BATCIIbHO-

cthio [11] f,(y)= 1 sin(Ny) , IPUYEM B CMBICIIE TEOPUU 00OOIIEHHBIX (ByHKIIMHA
Ty

L))

T Y
rie 0 (y) — u3BecTHas Jenbra-QyHknus Jupaka. OueBUAHO, YTO OOIIMN WieH

lim f,, (y)=1lim

N—o0|

3TOH MOCIEI0BATEIbHOCTH MOXKHO NPEACTaBUTh B BHJE KOHEUHOIO MHTErpaja
Dypee

Isin(Ny) 1 %,

fu(y)= Lsin(Ny)_ 1 [e™ds.
Ty 27

I/ICXOZ[H 13 3TOr0 NPUMEHUTEIILHO K HAIIEMY CJIy4dar0 BBIYUCIIUM UHTETpal

_l 0 *\’\Sin(N(n_a)) _ 1t -yly-n| T is(7-a) 4o _ 1 T —isa t ~y|y-n| isy _
IN(y)*;:‘;e yy ”?dﬂfg:[\e "y 7]dT]:[‘e 4 dsfgij;ve dS:[\E n e 7d77—

1 Tl [ortmesngn 4 fortrvlg €7 T ormngs [ty 4 & [o-sagsfelior)
=— |e™ds| eV e"dn+ e Ve dy |=— |e Fds | eV ™ dny +—— | e ds| e d .
271';',; ;[1 7 J; 7 2 ;[‘ ;L i 27Z;L J; 7
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Janee mocye arIeMeHTapHBIX IPeo0pa30BaHUi M BEIYUCICHUS TTPOCTEUIITIX
HHTETpaJIOB OyieM UMETh

2 e 7(y+a) e
L(y)=Z10(y)-E—[12(y)-19(y)]-Le e (2.2)
T T T
N N N - N
@/ reos(sa=-y)ds. @\ 1@ _ rcos(2sa)s. g\ @ _rssin(2sa)ds. o) Tt ds
IN(y)_a[ 32+]/2 ’ IN (y)_IN __c[ SZ+}/2 1 IN(y)_IN __0[ Sz+}/2 IN _£52+72'

Teneps B 9TUX MHTErpajax mepeiaeM K npeaensHomy mepexoxy N —> o0,
[ocnenoBarensHO OyneM UMETh:

1) oy ) O 7 (g

s S 4y’ 2y
Z)II“lm |,(\‘2) :Iwzﬁe*bﬁ; 3) |im‘|’(\‘3) :J‘w:ﬁe—zw;
- o STy 2y N—> . SP+y 2

4) im 1®) = fim {1 arctg[NH =z,
N—o N —o0f 4 ¥ 2}/

T'JIe UCTIONB30BaHbl 3HAYCHUS M3BECTHBIX TpenenoB u3 [12] (c.17, ¢-ma 1.2.(11)
u c.65, ¢-nma 2.2.(15)). [Janee, npuHsIB BO BHUMAaHHUE BBIPAKCHUS DTHX HH-
Terpasios, u3 (2.2) npu oMoy mpeaenpHoro mepexoqa N — 00 momyunm

_ e 18 sin(N@m-a) F 1 ey
hlllgwwlN(y)—hI‘@m;iae’ ”ﬁdn—ie 7 ’6(77—a)d77—5e ra-y)

BriosiHe aHaIOTHYHBIM 00pa3oM

lim T,,(y)= lim 1 gt sin(NGr +2)) a))dn = [e7"5(n+a)dn = %e‘y("’””.

N—o N—>oc;[73 77+a e

JlemMma mokaszaHa.
Cdopmymupyem Teopemsl 0 cTpykrype pemenus MY (1.3) mpu |, =[-a,a].
Teopema 2. Eciu g(y)eC(z)[—a,a], mo pewenue UY (1.3) 6 knacce 0606-

wennvlx ynkyui npeocmasnsemces gopmynou (p(2,y)=p(y); g(1,y)=a(y)):

ply)= b o) -0+ [ ale)+ g@bly-a)s [ al-a)-g-alply+a) (-asysa)(Z3)

Joxka3zarenscTBo. N1V (1.3) onsats npeacraBum B popme

eV j'eV'? p(n)dn + ewjle’m p(y)dy = % g(y) (-a<y<a) (2.4)

Tak xak nmo ycnouio g(y)eC®[-a,a], TO JIeBble U TpaBble HaCTU ITOTO
paBeHCTBA JBakIbl HENpepblBHO AuddepeHupyeMsl no Yy ¢yHkuuu. B pe-
3ynbTaTe AByKpaTHOro nuddepenmmposanus (2.4) no Y momydum
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ply)= i b2a(y)-g(y)] (~a<y<a) (2.5)

Uto6sr monyunts pemenne MY (1.3) Ha oTpeske [— a,a], BBEIPOKCHHE
(2.5) moncraBuM B NeByIO 4acThb (1.3) 1 mojgoxum

1(y.7)=S— fe”’ [2a(n)-g"(n)in +ﬂje”“ ba(n)-9"()kin (~a<y<a)
2 ? 2r

Hanee, 4T00b1 OCBOOOAUTECS OT BTOPOH MTPOU3BOTHON g"(n) , 371€Ch OIISITH

MPOM3BEIEM WHTETPUpPOBaHKE 1O YacTsaM. [locie smeMeHTapHBIX BBIKIAIOK Ha-
XOIUM

(y.r)="g(y)- {[7@(&)+§’(a)]e”’}—%{[%j(—a)—g’(— ak”} (casy<a) (26)

Ouesunno, uro MY (1.3) Oyner ymoBierBopeHo, eciu B (2.6) BTopoe u
TpeThe cilaraeMble OyIyT OTCYTCTBOBAaTb. DTOTO MOXHO JOOWUTBCS, €CIU CO-
TJ1acHO JeMMe K (2.5) mpuOaBUTh KOMIIEHCHUPYIOIINE MX ClIaraeMble:

e
27

@)+ galoly-ak ~[al-a)-g-albly+a)

Teopema 2 nokazana. [lo sToii Teopeme pemenne MY (1.3) B KOHIEBBIX
TOYKaX OTpe3Ka [— a,a] HMEET XapakTep COCPEIOTOYCHHBIX AJIEMEHTOB M HE

orpanuyeHo. [epeiiziem k onucanuio orpaHndeHHbIX pemenunit 1Y (1.3).
Teopema 3. /s mozo umobst npu g(y)eC(z)[—a, a] pewenue UY (1.3) na

ompesxe [—a,a] 6vi1o ocpanuuennviv u, cnedosamenvho, nenpepvieHbIM, He-
00X00UMO U 0OCMAMOYHO, YMOObl €20 NPABAsl Hacmb Y008IeMBOPLA YCOBUAM
A(-a)-g'(-a)=0; sg(a)+g'(a)=0. 27)

Toeoa eduncmeennoe e2o oepanudenHoe peuterue byoem o0asamuvcs op-
Mmynou

ply)= iﬂ[ﬁg (y)-3"(y)] (-a<y<a) (2.8)

Heobxomumocts. Ecnu pemenne MY (1.3) Ha oTpeske [-a,a| OrpaHHy€HO,

TO U3 €ro NpeACTaBieHus (2.3) BBITEKAET, YTO NpaBas 4acTh g(y) MOJDKHA
YIOBJIETBOPSTH YCIOBUsM (2.7) W Torga peuieHue OyAeT BhIpaxarbes Qop-
MyJnoi (2.8). EAMHCTBEHHOCTb pELICHUs] CIEAYyeT M3 CBOWCTBA 3aMKHYTOCTH
anpa K(y,n)=e " (teopema I).

Hocratounocts. Hao0opoT, ecinu BeIMONHAIOTCA YCinoBus (2.7), TO OMmATH
u3 (2.3) BBITEKaeT OTPaHUYECHHOCTh PELICHHUS U ero npeacrasieHue (2.8).
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EnmncTBenHOE orpanmdeHHoe Ha otpeske pemenue MY (1.3) Bo3MoOKHO
JULIb IIPY ONPEIETIEHHBIX YCIOBHAX Ha MPaByIo 4acTh g(y). ITO PELIEHUE OIH-
CBIBAETCS CIIEIYIOLICH TEOPEMOM.

Teopema 4. /[na mozo umobvr UY (1.3) na ompeske [— a,a] obradano
COUHCMBEHHBIM OCPAHUYEHHVIM U, CLe008AMENbHO, HENPEPbIGHbIM peuleHueM,

HEobXo00uMO U O00CMAmMOYHO, YMoObl €20 Npaeds Hacmb OONYCKALA Npeo-
cmasnenue

a(y)=h(y)+ Ach(sy)+Bsh(y) (-a<y<a) 2.9)
A:_g{y A(a)+ A(-a)]+ Fa)-'(-a)}; B:—%{ (a) (- a)]+ A'(a)+ ()}

20e h(y)eC?[-a,a]. To2oa omo pewenue b6yoem npedcmasnerno Gpopmyoi
Al 1 5 i 1 h h"
ply)= g[ﬁg(y)— g'(y)|- g[fh(y)— h(y) (-a<y<a) (2.10)

Heob6xomumocts. [lycte Y (1.3) Ha oTpe3ke —a < Y < a uMeeT eAUHCT-

BEHHOE OrpaHHYEeHHOE pelieHne, gapaemoe Gpopmynoi (2.10). [Tomoxum

S Pay-g'yl=al) @vy)=cl-aa)

OTo paBeHCTBO OyaeM paccMaTpuBaTh Kak HeoaHopoaHoe auddepen-
[[MAJbHOE YPaBHEHHUE BTOPOTO MOPSIKA OTHOCHUTEIBHO (DYHKIHH g(y). Ero
olliee pelIeHne CKIabIBACTCS U3 OOIIEro pelieH:s OTHOPOIHOTO yPaBHEHHS
B Buje Qyukiun J, (y)= Ach(yy)+ Bsh(yy), rae A u B - moka neussectuble
MOCTOSIHHBIC, W M3 YaCTHOTO PELICHHs HEOJHOPOIHOTO ypaBHEHHs B BHJIC
GyHKIMH

(y)=-L Je " alrin  (asy<a) (i(y)=Cl-a.a)

CruenoBaTeibHO,
a(y)=h(y)+ Ach(zy)+Bsh(y) (~a<y<a) (2.11)

Ho ¢ynknus J (y) o TeopemMe 3 J0JDKHA YJOBIETBOPATH YCIOBHAM (2.7).

Hogunaue GyHKIMIo U3 (2.11) 3TUM yCIOBUSM, ISl ONIPENIEIICHHS TOCTOSHHBIX
A u B noxyunm mpocreiiiyto ciucteMy ypaBHEHHIA:

A+B= —T[ﬂ?(a)+ h'(a)]

Orcrona s A u B monyuarorcs npusenerubie B (2.9) BbIpakeHHsI.

Hocratounocts. Ecnn umeer mecto mpencrasnenue (2.9), To jgerko mpose-
puth BbINONIHeHUE ycioBuii (2.7). Torma aeiictButenpho pernenne UY (1.3)
Oyzner umets Bun (2.10).
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Bronae anajormuHble pe3yibTaThl MMEOT Mecto ans WY (1.3) mpum

I, :(0,00):

zje‘y‘y‘”‘dn ~g(y)
7%

Teopema 5. Eciu g(y)e C®?[0,00)NL,(0,0), Mo pewenue UY (1.3) 6 knacce
060OwenHbIx yuKyull npedcmasniemcs Qopmynou

p)= b 5)-g'0 ) 20a0)-g 0kl ©<y<=) @12

Teopema 6. /[l mozo umo6wr npu g(y)e C?[0,00)NL,(0,00) peutenue UY
(1.3) na [0,00) ObLIO OUHCMEEHHBIM U 02PAHUYEHHBIM, HEOOX0OUMO U 00CMa-
mouno, umobObl e20 npasas 4acmv YOoenemeopsna ycaosuio yy(0)-g'(0)=0.
Tozoa

L[g(y)-a7(y)] (0<y<w) (2.13)

i

p(y)

Teopema 7. [{na mozo umober 1Y (1.3) na [0,:0) 061a0ano eouncmeennvim

02PAHUYEHHbIM peuleHueM, HeoOX00UMOo U OOCMAamo4Ho, Ymobbl e2o npasas
yacmev 0ONycKana npedcmagieHue

g(y)=h(y)+ Ae” (0<y <o) A=2—17[h'(0)—m(0)],

20e h(y)eC?[0,0)NL,(0,0). To20a smo pewenue 6ydem npedcmasierno gop-
Mynou

Wl bR)-Ry)] ©sy<eo)

ol
—~
<
SN—
1l
'l—'
«
—~
<
SN—
|
|

OtmMeTrnM, 4TO HenpepsiBHBIE YyacTh pemeHuit MY (1.3), npeacrasieHHble
dopmynamu (2.5) n (2.13) Ha uHTepBamax —a<y<a m 0<y<oo, coor-
BETCTBEHHO, MOXHO HOCTPOUTH TAKXKE METOIOM OPTOTOHAJIBHBIX (PyHKIMHA. A
WMEHHO, METOJIOM pa3JieJIeHHsI MePEMEHHBIX MOTYT OBITh YCTaHOBIJICHBI Clie-
TYIOIIHE CIIEKTPAbHBIE COOTHOIICHUS [4]:

j"ef:/\yfiz\ (ok(ﬂ,@)dﬂ _ 2@’ 1_y2/a2¢k(y,6); (k:1,2,...;—a<y<a; 6:—y2/4)' (2.14)

e A0

Je ey (rln = ye ) (=012ei0<y <), (19
0

e g (y.0)=Ps,(y/a.0) w,(y)=L(2y) 3neck Ps(y,0) — BriTaHyTEIE Chepon-
najibHble BOMHOBBIE QyHkumu [13], a L (2jy) — MHorounens YeObimena—Jla-
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reppa. Ho 3TH cOOTHOIIEHNS JI€TKO MOTYT OBITh YCTAaHOBJICHBI TaKXKe MPH TI0-
Mot dopmyisr (2.8). JleficTBUTENBHO, TIONAras

34 Y)=v (V) =v1-Y* 1 (y)  x(y)=Psi(y.0) (k=12,..)

10 3TOM (hOpMYyJIe MOXKEM 3aIHUCATh

P2, y)= i[Vzu/k(Y)— L0 m— > {(1— V) - 2yz + {49(1— yz)—l_lyz}(k} (2 =-40).

27 \1-y

IMpuuse Bo BHMMaHHE AuddepeHInanbHoe ypaBHeHHE CHEPOUTATBHBIX
BosHOBBIX (yuKIwit [13] (c. 169, dh-nma (1)), cpasy Haxoaum

B(Ly)= 1 4 (e)lk—(y) (1<y<Lk=12..)

2r " [1-y?

Ilepeiins Kk HHTEPBATY (— a, a), IpHUIEM K COOTHOIICHHUIO (2.14).

CoBepIlIeHHO aHaJIOTHYHBIM oOpazoMm mo ¢Qopmyrne (2.13) momywaercs
cootHomenne (2.15). Ot xe coorHomeHus (2.14)-(2.15) Ha oTpeske

—a<y<awuna [0, OO) coryacHo (2.5) u (2.12) UMerOT, COOTBETCTBEHHO, BU/T

Jorivd AL B iy [0 (3.0)+ 20,000l @0 lply-a)s

% Ji-n?ja® A0 (2.16)
+%[yd>k(—a,0)—d>’k(—a,9)]5(y+a); (k=12..;-a<y<a 6=—y/4)
e e b = 2 ve i (1) L0, 0)+ 1 Oy) (k=012..50<y <) B2T)

<Dk(y,9)=jf/(a;)\/l—yz/azcok(yﬂ); ¥ (y)= ﬁy "y ()

[anee HenpeprIBHYIO 4acTh ﬁo(y) pemenust UY (1.3) npu |, npencraBum

B (hopMe OECKOHEUHOTO psifa

)= g 200

C HeM3BeCTHBIMU Kod(dduuuentamu X, . OToT psax nocrasum B UMY (1.3), no-

_a<y<a) (2.18)

MEHSEM MOPSA0K MHTETPUPOBAHKUS U CYMMHUPOBAHUSA, a 3aTEM BOCIIOJIB3YEMCS
cootHomeHueM (2.14). [Noxyunm

2ya®\[1-y?/a’ Z

o.(y,0)=7(y) (~a<y<a)
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OO6e 4acTH 3TOr0 paBEHCTBA YMHOXKHMM Ha ¢n(y,€)/1/1— y?/a®> H BOCIIOJIb-
3yeMcsl YCIIOBUSMH OPTOTOHANBHOCTH GyHKIHE ¢ (y,0) [13]

a an(n+1) _a
J-(p” (y"g)‘/’k(y,é’)dy ={ n+12 (k ),

B pesynpTaTe Haxoaum
_ 1 n+12 gn—Ig(y)(p”(y’a)dy (h-12.) (219

" 2% n(n +1)gn 1oy el

Ha ocnosanuu (2.18) u (2.3) pemenne UV (1.3) npu |, moxno npencra-

BHUTbH TAKXKE q)opMyHOI‘/'I

)= i S 00)+ gl gl@bly-a):
+Lhot-a)-glalbly+a) (-asy<a)

rae X, naerca Gopmyinoii (2.19).
Orpannuennoe Ha orpeske peumenre MY (1.3) npu |, cormacuo teopeme 4
Oyzet mpecTaBiIeHo HopMyIIoit

an)n y,0)+Ach(y)+Bsh(y) (-a<y<a),
\ll yz/a n=1

rae Beipakenus koddunuenros A u B mpusenensi B (2.9).
CoBepIIeHHO aHAJOrMYHBIM 00pa3oM mpH momomu (2.15) u Tteopemsl 7
MO>KHO ITIOCTPOUTH HEOTpaHHYEHHOE M orpaHudeHHoe pemenus UY (1.3) npu

.

Hucrutyt mexanuku HAH PA,
HannoHanbHBIA yHUBEPCUTET apXUTEKTYPBI M CTPOUTENBCTBA APMEHUH
e-mail: smkhitaryan39@rambler.ru

Ynen-koppecnonaent HAH PA C. M. Mxurapsin

O penieHHM ABYX HHTETrPAJIbHBIX YPABHEHUIl, CBA3AHHBIX
¢ KOHTAKTHBIMH 32/1a4aMH AJIsl THHEIHO 1e(popMHUPyeMOro OCHOBaHHS

CrposTcsi peleHns] OJJHOMEPHBIX WHTErpaTbHbIX ypaBHenuit (MY) dpearonsma
IIEPBOr0 POAA C CUMMETPUYECKUM HKCIIOHEHIMAIBHBIM SIIPOM, 3aBUCSALIMM OT Pa3HO-
CTH apryMEHTOB, Ha KOHEYHOM H MOJIyOECKOHeYHOM HHTepBanax. OHM HOIy4aroTcs
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IIPU TIOMOINY HHTErPaJbHOro Ipeodpa3oBaHus Pypbe M3 COOTBETCTBYIOUIMX IBYX-
MepHbIX 1Y @penronbma nepBoro poja, OMUCHIBAIOMINX KOHTaKTHBIE 33/1a4M O BJAaB-
JIMBaHUM LITaMIOB B (hopMe OECKOHEYHOH ITOJIOCHI M IMOJYIUIOCKOCTH B JIMHEWHO Jie-
(dopMupyemoe OCHOBaHME, (YHKLIHEH BIUSHUS KOTOPOro sBiseTcs (QyHKImus Mak-
JIOHaJIbJ]a HYJIEBOrO MHJeKca. Jl0Kka3aHO, UTO PELICHUS TUX OJHOMEPHBIX YPaBHEHMH,
BBIPAYKAIOLIUXCS TPOCTHIMU aHATUTHYECKUMH (OPMYJIaMH, B KOHIIEBBIX TOYKaX COJEp-
XKaT COCPEIOTOUCHHBIE SJIEMEHTHI B BUAE AenbTa-QyHKImH. [Ipn onpeneneHHbIX yco-
BUSIX Ha TpaBble 9acTH MY cymecTBYIOT TakKe €ANHCTBEHHBIE OTPaHWYCHHBIE pelle-
Husl. OCHOBHBIE CTPYKTYPHBIC CBOICTBA pEIICHHH 00CYXTaeMbBIX OJHOMEpHBIX MY
c(hOpMyIHPOBaHbI B BHIE TEOPEM. A WX PEIICHHS, TOMHUMO 3JIEMEHTAPHBIX (HOPMYII,
MOTYT OBITh NPEACTABICHBI TAKXKE PAAAMH IO BBITAHYTHIM C(HEpONANAIBHBIM BOJIHO-
BEIM (QYHKIIHAM ¥ 110 MHOTOWIeHAaM YeOrimeBa — Jlareppa.

22.9UU. pypuljhg wunud U. U. Uhpwpjul

QSuyht pEdnplugynn hhuph hudwp Yninuljnuygh ighputph htn juuydus
Epymt pinkgpuy hujuwuowpmdubph (nidmdubph vwuh

dtpowynp b Yhuwwigbpe dhowluypbpnid jurmigynud ki wpgnudknubph
wnwpphpnipiniihg Jupqus updbnphly Epuwynubughw) Ynphqny dpknhnjdh wnweht
uknh dvhwywth Eplne htnkqpuy hwquuwpnidubph (BZ2) jnusnudubpp: pwtp unwg-
Ynud L Sptnhndp wnwghtt ubnp hwdwywuwupwb bpyswh P2-hg dnipkgh
hunbgpu) dhwthnjumpub oqunipjudp: Ujn Eplswith bz-ukpnd Wjuwpugpdonud G
Uwlpnuunph qpouliut hugkpuny $niulghwtt npyhu wqpbgmpjut  $niuljghw
niukgnn géuyhtt nEdnpdwgynny hhuph hwdwp Ynunwlunughtt tpynt jughputp, bpp
wiytipg oipinp U jhuwhwppenipjut whkupny npnodutpp ubnuynud b wynuhuh hhupht:
Uyuwgnigymd k, np dhwswth bz-ukph jnusnidubpp, npntp wpnwhwyngnud bu wwupg
wlwihnhl pwtwdltpny, vhpwuyptph sujpufbnbpnid yupnibwynmd o gljnw-
$nruljghwbph mbupny YEunpniwgdus wwppbp: bZ-ukph we dwubkph Ypw npnpwlh
wuydwbbph phypnd qnmipnit nitukt twb dhwl wwhdwbwhwl pusnudubp:
Lutiwplynn PZ-ubph msnudubiph Jurnigdudpuyhtt hwnlnipiniuubpp dbwlbpydus
Eu phtopbdutpng b, pwgh wwpqugnyh pwbwdbbphg, ubpjuyugus Lu twb
2uppkpny’ pun dqfud udpbpnhnuy wihpuyhtt $niblyghwbph b pun Akpholi-Lugkph
puquubnudtph:

Corresponding member of NAS RA S. M. Mkhitaryan

On the Solution of Two Integral Equations Related to Contact
Problems for a Linearly Deformable Foundation

Solutions of one-dimensional Fredholm IEs of the first kind with a symmetric
exponential kernel, depending on the difference of arguments, on finite and semi-
infinite intervals are constructed. They are obtained using the integral Fourier transform
from the corresponding two-dimensional Fredholm IEs of the first kind, describing the
contact problems of indentation of stamps in the form of an infinite strip and a half-
plane into a linearly deformable foundation. The influence function of the foundation is
the Macdonald function of zero index. It is proved that solutions of these one-
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dimensional equations, which are expressed by simple analytical formulas, contain
concentrated elements in the form of delta functions at the end points.Under certain
conditions for the right-hand side of the IEs, there are also unique bounded
solutions.The main structural properties of the solutions to the one-dimensional IEs
under consideration are formulated in the form of theorems. And their solutions, in
addition to elementary formulas, can also be represented by series in prolate spheroidal
wave functions and in Chebyshev-Laguerre polynomials.
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2U88UUSUULPk ¢PSAPE3NPLLELP UQQGUSPUL UUYUNTGUDLU
HAIODHUHOHAJIJBHASAd AKAJEMMUSIA HAYK APMEHHWUHU
NATIONAL ACADEMY OF SCIENCES OF ARMENIA

JOKJAJdBbI 2BsUYUNp3suvElr REPORTS
ZV“T‘l‘o”:ZP 121 2021 Nol
MEXAHHUKA
VIIK 539.3

M. C. Fpnropmll'z, B.T. Egosin’,
wieH-koppecnonaenT HAH PA C. M. MXI/ITapﬂﬂl’z

O B3aMMOeliCTBUM KOHIIEHTPATOPOB HANPSIKEHUI THIIA
TPEeIMH U CTPUHIEPOB € KYCOYHO-OJHOPOAHBIM YIIPYTUM
MOJIYNIPOCTPAHCTBOM NPH AHTHUILIOCKOU Hedopmanmnu

(Ilpencrasneno 17/11 2021)

KawueBbie cj0Ba: KycouHO-00HOPOOHOE Ynpyeoe HNOLYNPOCMPAHCHIBO,
mMpewjuna, CcmpuHeep, AHMUNIOCKAsE O0ehopmMayusi, cucmema UHMEZPATbHbIX
ypasHeHUil.

BBenenue. Bo MHOTHX 00NacTsIX MPUKIATHOW MEXaHUKU W WHKEHEPHOU
MIPAKTUKHU, KaK HalpUMep, B MEXaHHKE KOMIIO3UTOB, [€OMEXaHHUKE, CTPOUTEIb-
HOM MEXaHHKE M MEXaHHUKE MaTcpuaioB, I/I3MepI/ITeJ'IBHOI71 TEXHHUKE, YacCcToO
BO3HHMKAET HEOOXOAMMOCTh MCCIICIOBAHHUS BOIIPOCOB B3aUMOACHUCTBHS Pa3ind-
HBIX THUIIOB KOHIIEHTPAaTOPOB HANPSIKEHUH C MAaCCHUBHBIMHU J1€()OPMHUPYEMBIMH
TeniaMu. BOKpyr 3THMX KOHILIEHTPAaTOpPOB HAIpPSKEHHM BO3HUKAIOT JIOKAJIbHBIE
I10JI1 BBICOKHX HaHpH)KeHHﬁ, KOJINYECTBCHHAsA N KAaUCCTBCHHAsA OIICHKAa KOTO-
PBIX IPEACTaBIAET KaK TEOPETHUECKUI, TaK U MPAKTUYECKUH HHTepec. B aTom
HaIpaBJIEeHUH yKakeM Ha paboTsl [1-5]. B MoHorpaduu [6] paccMoTpeHbI pa3-
JIMYHBIC BAapHWAHTBI COUCTAHUA TPCUIUH U a6COJ'I}OTHO KECTKHX TOHKHX BKIIO-
YEeHUH, B3aMMOJEHCTBYIOLIMX C MACCUBHBIMH yNpyruMu Teaamu. OCHOBHBIE pe-
3yJIbTaThl U PabOTHl B ATOM OOJIACTH TEOPUH YNPYTrOCTH C JOCTATOYHOH ITOJI-
HOTOH oTpaxeHsl B [7-9].

B nacrosmieli craTtbe paccMaTpUBAaeTCsl BOIPOC O B3aUMOICHCTBUH IPOU3-
BOJILHOI'O KOHEYHOTO YHWCJIa KOJUIMHEAPHBIX CKBO3HBIX JIGHTOUYHBIX TPELIMH M
IMPOU3BOJILHOI'0O KOHCYHOT'O YHCJia CTPUHICPOB C KyCOUHO-OAHOPOAHBIM ITOJIYy-
MPOCTPAHCTBOM TIPH aHTHUILIOCKOH nedopmanuu. [Ipu 3ToM KyCOYHO-OHOPOI-
HO€ TIOJIYIIPOCTPAHCTBO COCTOUT U3 BEPXHETO YIPYIOro CJI0S U HWKHETO YIIPY-
rOro IMOJIyIIPOCTPAHCTBA, W3TOTOBJICHHBIX M3 Pa3HOPOIHBIX MarepuanoB. Ha
JUHUH COEAMHEHUS Pa3HOPOJHBIX MAaTEpHalOB PAcIOJIOKEeHA KOJTMHeapHas
cucTeMa TPeUIWH, a Ha BEPXHEH TPaHu CIIOS — KOJUIMHEapHas CHCTeMa CTPUH-
repos. [Ipu nomomm uHTErpanbHOro npeodpazosanus Oypre penienne 3agauu
CBEJEHO K PELICHUI0 CHCTEMBI U3 JBYX CHUHIYIAPHBIX MHTETPAILHBIX ypaBHE-
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Huit (CUY) moBompHO HempocToi cTpykryphl. [lomyuena gopmyna s paspy-
LIAIOIIMX KacaTeIbHBIX HAIMPSDKEHUH BHE CHCTEMBI TPELIUH HA WX JIMHUM pac-
[OJIOXKEHUA. PaccMOTpeH 4acTHBIM cilydaid TONBKO OJHOM TpewuHbl. [pyrue
Ba)KHBIC YACTHBIE CIIydan OyTyT pacCMOTPEHBI B JanbHeWIeM. Pe3ymbTaTsl uc-
CJIEIOBAHMSA [TOCTABJICHHOH 3a/1a4i MOTYT OBITh MOJIE3HBI TIPY MPOBEJCHNUH pac-
YETOB CEMCMOCTOMKUX COOPYKEHHMHM U 3JaHUU B YCIOBMSX OIOJI3HEW I'OPHBIX
MOPOJ WIIH 3eMJIETPSICEHHIA, KOTJa CABUTOBBIE AeQOopMaluyd MOYBBI MIPEBAIHU-

PYIOT.
IMocraHoBKa 3a1a4y ¥ BHIBOJA OCHOBHBIX ypaBHeHwmii. [IycTb KycouHo-

OJTHOPOJHOE MOJIYIIPOCTPAHCTBO, OTHECEHHOE K MTPABOM IMPAMOYTOJIBHON CUCTE-
ME  KOOpAWHAT Oxyz , COCTOMT M3  BEPXHEro yIOpyroro  cios
IT, = {—oo <X, z2<oo; 0<y< H} ¢ wmonynem cmsura G, wu HmwkHero
yIpyroro mojymnpocrpanctea 11 = {— <X, Z<00; —00< Y < O}C MOZIYyJIEM
cnpura G_. IlycTh jmanee Ha JIMHMM CTHIKOBKM Pa3sHOPOIHBIX MaTepHAJIOB

y = O pacnojioK€Ha CUCTEMA KOJUIMHEAPHBIX CKBO3HBIX JICHTOYHBIX TPECHIVH

n
OECKOHEYHBIX INPOTSIKEHHOCTEH B HampaBiaeHMu ocu Oz LZU(aj!bj),
j=1

BEpXHUE Oepera KOTOPBIX HArpy>KEHbl KacaTeIbHbIMU CHIIAMH T, (X), a
HIDKHHE — KacaTelIbHBIMU CUIIaMU T _ (X) Bepxmsis rpaus Y =H momocsr 1T,

m

yCUIICHa KOJUIMHEAPHOW CHCTEMOM JIEHTOYHBIX CTPUHIEPOB |=U(Cp,dp)
p=1

OMsATh OECKOHEYHBIX MPOTHKEHHOCTEH B HampaBieHuu ocu Oz. Kaxapnii
CTPUHTEp CHUCTEMBI | iveer BBICOTY hu monyns cisura G, . Bepxuue rpanu

CTPUHI'CPOB B OTpULATCIBHOM HaIlpaBJICHUN ocHn Oz HAarpy>xcHbIl
KacaTCJIbHbIMH CHJIaMH, IIPUYEM Ha pP -OM CTPUHICPE CHUJIAMU MHTCHCHUBHOCTH

rp(x). Kpome Toro Ha JI€BOM KOHUE X=C, 5TOTO CTPUHIEPA MPUIOKEHDI
COCPEIOTOUEHHAs CHIa S B MOJNOKHUTENLHOM HANpaBieHHu och Oz, a Ha
npaBoM KoHue X=d, B OTpUUATENHHOM HAmpaBieHHH ocH Oz-—
COCpE/IoTOueHHas cHia T, (p:m). [Ipy yKa3aHHBIX CHIIOBBIX (DaKTOpax
KYCOYHO-OJIHOPOJIHOE YIPYTO€ MOIYNPOCTPAHCTBO € CHCTEMAMH TPELIMH M
CTPUHTEPOB OylET HAXOOUTbCA B YCIOBUSX aHTUILIOCKOH nedopmamuu

(IIPOOIBHOTO C/BHTA) B HAMPABIeHHH ocd Oz ¢ GasoBoii miockocTeio OXY .

TpeOyercss ompenenuTs IUIOTHOCTH JUCIOKAlMii Ha Oeperax TpeIuH,
packpeITHil TpemuH, kKo3hdunueHTel WHTeHcHBHOCTH HanpspkeHuit (KMH),
paspyliamoline KacaTejabHble HAIlPsDKEHHS BHE TpEIIMH Ha ocu OX, Ka-
caTellbHbIe KOHTAKTHBIC HAIPSDKEHUS M0/ CTPUHIEPAMHU M OCEBbIE HAPSKCHISI
B UX CCYCHHSX.
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IIpucTtynuM K BBIBOlY OCHOBHBIX YpaBHEHHMU IMTOCTaBICHHOW 3aJadyH, OT-
Kyzaa OyayT OMpenensThCs yKa3aHHbIE MEXaHUYecKue XapakrepucThku. C 3Toi
LIEJIBIO BBEAEM ClIeyoIue 0003HAYECHHUS:

o= T)= { £() (xeL)

7, T 1-7(x) (xel, L'=R\L)
e (2.1)
Ty, yHO_{O (xel', I'=R\I),

rac Tyzi KOMIIOHCHTA KacaTCIbHBIX HaHpHX(CHHﬁ, a T(X) — HCU3BCCTHBIC

[IOKa KacaTeJbHble KOHTAKTHBIC HANPSDKEHUS MOJ CTpUHIrepaMu. Tak Kak B
YCIOBUSAX aHTHIUIOCKOM JedopManuy €AWHCTBEHHas OTIMYHAas OT HyJIs

KOMIIOHEHTA nepemelnenui U, (X, y) B COOTBETCTBYIOIIHX 00JACTAX SBIAETCS
rapMOHMYECKOW  ¢GyHKIMEW, TO  CHadama I yOpPyrod  TOJOCHI
w, = {—oo <X<oo;, 0< y< H } paccMOTpHM CJIIEAYIOIIYIO BCIIOMOI'aTEJIbHYIO
CPaHUYHYIO 33]1a4y:

2+ 2+

5U2z+a“22 =0 (~oo<x<w;0<y<H)

>y (2.2)
ou’ ouy

TZ :GJr 7 :—T+X; Tz = N z :—qu

e =6y T e ey T

rae q(x) cunTaeTcs M3BecTHOW ¢yHKumed. Pemenne 3amaum (2.2) moctpoum
METOZO0M HHTErpaibHOTO peodpazoBanus Dypwe, monaras

0

T ( vy T () @)= s (e y)hT, (x) alx)edx.

—00

[IpumenuB k 3amade (2.2) mpeoOpasoBanne Dypre mo mepemeHHON X,
MOJIyYMM, 4TO JByXMepHas 3a1a4a (2.2) B Tpancopmantax Dypre nepeiaer B
CJICAYIOIIYIO OZTHOMEPHYIO I'PaHUYHYIO 3a/1a4y:

2—+
—dd;zz ~ 207 =0 (0<y<H)
- - (2.3)
CRHE R 7N R )
dy y=+0 dy y=H-0

Oo01iee peuieHue TPaHUYHOMN 3agauud 2.3) AMeeT BUJI
u’ (l, y)= Ach(/ly)+ Bsh(/ly) (0 <y<H ) [TOAYMHUB 3TO pEIIEHHE TPAHUYHBIM
ycnoBusM u3 (2.3), HaxoauM

o (A, y):m[ch(ﬂ(y—H))'E(/l)—ch(/ly)ﬁ(ﬂ)] (0<y<H). (24)
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Hanee st HHKHEH YHNPYTOH HONYIUIOCKOCTH ) ={-o0< X <o0; —o0<y <0}
paccMOTPHUM BCIIOMOTATENbHYIO TPAaHUUHYIO 3a/1a4y

2, - 2 -
au; +a—u;:0 (o< x<w; y<0)
PYIY 2.5)
Tyl = agyz =T (x) (~oo<x<o) gradu;(x,y)—>0 npu x*+y* -
y=-0

B Ttpancdopmanrax @ypbe pemieHne rpaHudHON 3amaud (2.5) mpencTas-
nsiercst GopMyIIon

0, (4,y)=-T (2" J46_ (~0<y<0) (2.6)
N3 (2.4) u (2.6) umeeM

~i0 (4,40) ==i[ch(HT, (2)-q(A))/G.sh(aH); —iAT; (4,-0)=isigniT (1)/G.. (2.7)

BBenem B paccMoTpeHne QyHKIMN

[T

+

0.0 2lu; (1020 (10 ©.00= 1.0 T (0] (oo < x <),

Otcrona
u; (x.20)=, (x)£¢.(x) T,(x)=Q,(x)+£Q (x) (~eo<x<o0)

[MpeobpazoBanus Oypbe 3THX QYHKIMH 0003HAYMM TEMU Ke (DYHKIHUIMU
Cc 4yepToukamu HaBepxy. Torma

05(1,40)=5, (1)1 (1) T.(1)=0, (1) 0 (1) (2.8)

(2.8) noacraBum B (2.7). [locine npocThIX MpeoOpa3oBaHMii OTHOCUTEILHO
o, (/1) u ﬁ+ (ﬂ,) [IOJTyYUM JINHEHHYIO CUCTEMY YpaBHEHHUN

i /1@(/1)—Gicth(/1H )2, (2)=-i4.(2 )+Gi{Cth(/lH R ) S&% )}

+ +

i4.(1)+ 'S'g“ a.(2)=i4p (1)« 'Sg”ﬂ a (1)

Pewienue 3Toit cucTeMbl ypaBHEHUN UMEET BU

7.(1)=-¢ sugn/1+le ) [G.signA— G cth(H )i (1) 2signActh(2H ) (4)} (2.9)

Q,(1)=- T Mi & A ){mqe(p (4)+i[G.sign A —G_cth(AH)J_(4)+ iG+q(”)}_
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[Hanee 3aiimeMcs TOIBKO BTOPHIM ypaBHEHHEM u3 (2.9) u mpUMeHNM K He-
My QopmMmyny oOpaTHOro MHTErpajbHOro mnpeodpasoBanus Dypee. [locie ame-
MEHTapHBIX MPEOOPa30BAHUN MPUACM K KIFOUEBOMY YPaBHEHHUIO

E3

2. (=51, 2 2R

+= J'K s—xJa(s)ds (~o<x <o),

Ky (s—x)p' (s)ds += IK s—x)_(s)ds+(2.10)

Kl(X)‘TM' K X)=I%cos(&x)d/1' Ky (%) T cosldr G,

Ve reth(zH) ~ sh(H)ren(H) “ TG

BoinenuMm B simepHbIX (QYHKIUIX K i (X) ( J :1,3) uX riaBHble yacTu. Tak

KakK
. 1 1
lim = ,
ime gy cth(AH)  x+1

TO (PYHKIIHIO Kl(X) peodpaszyeM CIeayonumM 00pa3oMm:

7 sin(Ax)dA 1 .
K = /1 d/l AX)dA =
() -([K+Cth(ZH) K+1J.SIn X +I K+Cth(/1H) K+1 sin(2x)
o 1 © —AH o3
1 1 ,[l th(ﬂH)sin(ﬂx)dl: 11 ,f e "sin(Ax)dA .
(k+1)x  x+1g1+xth(AH) (k+1)x  x+1gxsh(AH)+ch(AH)

B pesynbraTe
101

0= 2000 Lo

Te"“ sin(Ax)d4
K+10 X ’

ST A(4,H)=ksh(2H)+ch(2H) (2.11)

(o0 <x<).

BrionHe aHANOrnyHBIM 00pa3oM MOTyYHM

Ka0= X002 L0p L= [EIL ()

2 AAH) (2.12)
~ 2H K _ _Te ™ cos(Ax)da
S ey oy e L ey

31ech NCMIOIB30BaHO 3HAYEHHE M3BeCTHOTO MHTerpana u3 [10] (c. 23, ¢-ma
1.4.(1)),a 0 (X) — u3BecTHas JenbTa-QpyHkuus Jupaka.

Ioncrasmss (2.11)-(2.12) B (2.10), mocne 31eMeHTapHBIX BBIKJIAA0K Tpea-
CTaBHM KIIIOYEBOE ypaBHEHHE B (popme

(Z,il)l[* L(s- xﬂ ()5 + 0 () lelesha (e o3

K+1

7r(21<H+1)-|[ (S_X)12+H2+;n:|Lg(x—s)}(s)ds=2[T+ X)+T (x)] (-o<x<o0).
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3neck cornacHo (2.1) yd4TeHo, 4TO q(x):{f(x) EXEI); ) Hanee xmroueBoe
0 xeR\I

ypaBHeHue (2.13) paccmoTpuMm Ha cucTteMe TpeuuH. B pesymbrate OTHOCH-
TenbHO @ (X) u T(X) npuzieM K caenyromemy CHUY (X € L):

”(Zfil)_[[i_|—1(S—X)}/’l(3)ds_ (2,(H+1)JI.{(S_X)12 5 +;’l_(||_3(x—s)}(s)ds= f(x)

£ (x)= 2(,(;:1)[ ()] (=X)L, (5) -7 (s)Jes— 2. (x) . (x)] (xeL).
(2.14)

PaccmatpuBas xe kimoueBoe ypaBHeHHe (2.13) BHe cuctemsbl TpemwH L,
JUISL pa3pyLIAIONINX KacaTeIbHbBIX HAPSDKEHUH TTOTYyIUM

T, y:(,:_f(x): (2’(G+1)I{—L1(s X)} L(s)ds_T(’;;ll)[a(x)—z;(x)]+ (2.15)
2H 1 K

+ﬁ Ly (|x=s[)[ 7. (s)-7_(s) ]ds—”(Kﬂ)J" (s—x)2+H2+mL3(‘X_S‘) z(s)ds

(xeL'=R\L).

Ilepeitnem k BbiBogy BToporo CHUY, ONHCHIBAIOLIEIO KOHTAKT CHUCTEMBI
CTPUHIEPOB | C KyCOYHO-OAHOPOIHBIM YIpYyruM ocHoBaHueM. C 3TOiH LEnbio
cHadana u3 (2.4) onpexenum

-t AL H)=——— h(AH
10 )~ -]
[oxcrasum crona T =0 (1)+Q (1), Tae Q,(1) maercs BTOpol hopmynoi wu3

(2.9). locne HeCIOKHBIX NPEOOPA3OBAHUN HMEEM (— oo < X < 0"

i H)__i { 2xsigniQ (1) [sh(zﬂ)+xsigMch(zH )]ﬁ(l)}_ 2ip. (1)
xsignish(AH )+ch(AH) xsignish(AH )+ch(AH)

K sTomy paBeHCTBY puMeHnM Gopmyiry odbpatHoro npeobpazoBanus Oypbe, a

3aTeM B TOJyYCHHBIX SJIEPHBIX (DYHKIUSIX, KaK BBIIIE, BBIICIUM HX TJIaBHBIC

qacTu. OHyCKaSI HpOMe)KYTO'-IHBIe BBIKJIaJIKM, OKOHYATCJIIbHO NMECM

SRS B
i J[’”l )} ol s et G S I L)
(2.16)
Rl(x)zzA?fL)sm(/lx)dﬂ; Rz(x)zz%sin(/lx)dﬂ;
R3(X)=IK+1ZEZ,H); ™ cos(x)dz: A(L,H)= xsh(iH )+ ch(2H)
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3mech OBLTM WCIOIL30BAaHBI 3HAYCHHUS W3BECTHBIX HHTErpasioB 3 [10]
(c.23, ¢-nma 1.4.(1) u c.71, ¢p-na 2.4.(1)). OOparumMcsi K ONPECICHUIO HAIPSI-
JKEHHO-TIe(DOPMAITMOHHBIX XapaKTEPUCTHK CTPUHTEpoB. JuddepeHnumanibaoe
ypaBHeHHE 1e(pOpMUPOBAHUS [ -TO CTPHHIEpPa COTTACHO MOIM(DUIINPOBAHHOI

mozaenu Menana umeet Bun [11]

20
Ghdu
dx?

7(x)-7,(x) (cp <x<d; p :1_m) (2.17)

rae ugo)(x) — IepeMelleHns TOYeK CTPUHTEPOB B HampaBieHuu ocu Oz. Ilpu
9TOM B IPEAMOJIOKEHHH, YTO KacaTelIbHbIC HAPSDKCHUS T, (X) B ceueHnn X
[0 BBICOTE CTPHUHTEpAa pPaBHOMEPHO pacmpeieneHsl, OyaeM HUMeTh
S(X): T, (X)h, rae S(X) — pe3yJLTUPYIOIIEE KACATENBHOE YCUINE B CEUEHHH

X . OHo omnpezenseTcs U3 rPaHUYHON 3a1a4U

g_izf(x)_rp(x) 6, <x<d,; p=tm) s(c,)=5,; S(d,)=T,. @.18)

N3 (2.17) u (2.18) Haxoaum

0):w (CpSXSdp),

dx oh

S(x)=%{j sign(x—s)[ z(s)-7,(s)]ds+S, +Tp} ( p:l,_m). (2.19)

N3 Broporo ypasHeHus (2.19) BbITEKaeT yCIOBUE DPAaBHOBECHA [ -TO

CTpUHIEpa:
dP
[2(s)ds=Q,; Q, =T, =S, +N,; N,=[r,(s)ds (p=1m) (220)

% %

HO,I[CTaBJ'IfIfI B YCJIOBHUC KOHTAKTa CHUCTEMbl CTPUHICPOB C OCHOBAHUCM

du;(x,H) _ du?
dx dx

(2.19), otHOMTENTHHO T(X) u goi(X) IPUAEM KO BTOPOMY OIPEAECISIOLIEMY
cny:

(Cp<X<dp; p=1 m) (2.16) m mepBoe paBEHCTBO W3

ﬁc ijl +R,(s—x)- ”(’;golr)le* sign(s—x)}(s)ds+ ey i![’”l )}'(S)ds—
,,(:H)f{(s_xz)iw +R3QX3)}¢'(S)0|S =g(x) (¢, <x<d,; p=Lm} (2.21)

7Z'(K'+1)G J.[(s v KT_]' R(s— x)}Qf(s)ds - Zéoh {Sp +T, + Gifsign(x— s)rp(s)ds}
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Takum ob6pazom, (2.14) u (2.21) cOCTaBISIOT OIPEENSIONIYI0 CUCTEMY
CUY wu3 nByX ypaBHEHHH MOCTaBICHHON 3a/JayH, pPelIeHHE KOTOPOH IOJIKHO
YAOBIETBOPSTH YCIOBUAM (2.20) U CIEAYIONINM YCIOBHSIM:

b;
Igpﬁ(s)ds =0 (j =1, n) (2.22)
8
BBIPQ)KAIOLIMM YCIIOBHS HENPEPHIBHOCTH IEPEMEIICHHH B KOHIEBBIX TOYKAX
TPELIHH.
B (2.14) u (2.21), a Takxke B ycnoBusx (2.20) u (2.22) BBemem 0Oe3pas-
MEpHBIC BEJINYHMHBI, TT0JIarast

=x/a, n=s/a; Hy=H/a; 7,(£)=7(ag)/G,; Q(§)=0 (a5)/G,; "(¢)=r.(as)/G,
) ole)=7(a

2(£)=0' (&) a;=a;/a; B =b/a; Lozg(aj,ﬂ, o(&)=7(ag)/G,; tP(¢)=1,(a )/

A=aG,/2Gh; sV=s /aG, ; T\ =T,/aG,; y,=c,/a; §,=d,/a (p=Lm); IO:U(yp,ép)

p
p=1

fy(£)=f(ag)/G,; gi”(¢)=g(as),

rie @ — HeKOTOpHIH NuHelHbIH napameTp, Hanpumep a =8, ecnu & #0. B
pesynerate CUY (2.14) u (2.21) mpeobpasyrotcs B crneaytomtyto cuctemy CUY:

2 Myl 1w o (m)dn =1, (&)(c <
J{M_L‘ (n—é‘)}%(n)dn—”g_(n§)Z+H§ 13- 77)} o()dn =1, (g)(§ <L)
L[| Rl ()d77+lJZEIIL]1§+K1+1R (1-6) o)
ﬂ(r<1+1)d(n ;)H RY (16 =n]) s ()dn =05 (£) (v, <& <, p=1m}; (223

f0(¢)=o«—l)eo(:)—zz«jL@qé—n\)ao(n)dn—”T”[m(g)wfw(g)]; 0,(6)=20e)- o)}

9= J[(n_’;)zﬁ o+ R 5)}9 ()i - A{swﬂu Jsion(y - §)r°)(77)d77}

L&)~ [ —sin(aede L@)(g):?m;

vo(alHo) 0 Ao, Hy)
LR o [ o g
(- [l ”Z;“; ])C"S @By (1, ) = wsh(aH, b+ chlaH, )

a ycioBus (2.20) u (2.22) Hp606pa3YIOTC$I K BUY

5y

[ ro(r)in=Q0: [Qw i;) j]% g0 (p-im j-in) (224)

7p

B Tex ke 6e3pazmMepHbIX BennunHax (2.15) npumer Bujg
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o(8)=-—2 IL]%&—L(f)(fz—é)}ﬂo(n)dm'{f_lﬂo(f)-zi L9 ([ =n)2()dn+ (5 o5

71'(1(+1)LO K+1 K+1L0

2H K | (0
+7r(K+01)'[{(77—§;2+H2 +2WL(3)(§_77)}°(77)M (feRiL)

Takum 00pazoMm, B Oe3pa3MEpHBIX BEITUYMHAX OCHOBHBIMH YPaBHCHUSIMU
rmocTaBlieHHON 3ama4n OyayT cuctema CUY (2.23), ycmoBus (2.24) u ¢popmyna
(2.25).

YacrHplii cayyail. PaccMoTpuM mpocTedmmii yacTHBIM cioyvail, xoraa
CTPUHTEPBI OTCYTCTBYIOT W MMEETCS JIMIIL OfiHA Tpemuna L = (— a, a). Torpa
cuctema CIY (2.23) Beipoxaaercs B oquHapHoe CUY

2[00 aan-1() (<c<). @

pelIeHre KOTOPOTo COTJIACHO BTOPOMY PaBEHCTBY (2.24) MOMKHO YAOBIETBO-
pATH YCIOBHIO

1
[ @o()dn =o0. (3.2)
-1

Pemrerne CVY (3.1)-(3.2), monaras

0(&)= D (E)1-&  (-1<&<)

rae CDO(f) — TrenbAepoBCcKas (QyHKUUS Ha [— 1,1], W3BECTHBIM YHCJIEHHO-aHa-

nutuyeckuM metogoMm pewmeHuss CHUY [12-14] MOXHO CBEeCTH K CHUCTEME
JIMHEHHBIX anreOpandeckux ypaBaenuit (CJIAY):

gKrSXS =a, (r:l,W)

2[ ! —L(f)(m—é,)} (r=1N-Ls=1N);

Krs: N ns_é:r

1 (r:N;s:lW)

f(&) (r=1N-1) £ =cos ’”) (r=1N-1)
r = — stfO s/
: 0 (r=N); 7, = C0s (ZSZNl)”] (s=1N); )

(3.3)

rae N— mo0oe HaTypaJIbHOC YHCJIO, a fr y 17— U3BCCTHBIC YeOBIIICBCKUE

Y3JIOBBIC TOYKH.

ITocne pemenns CJIAY (3.2) 6e3pasmMepHOE PACKPHITHE TPEIIMH MOXKHO
OMPEACTUTh 110 POpPMYIIe

w(6)= 2 3 sl -, ((6)-2h:(cs0)-us 0]
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Iepetinem k Beranciennio KIH. ITo [15]

K, (ta)=7F lim [,/Zzz(xiairyzj, (3.4)

Xx—>ta+0

HO momaras @ (X) ~ (D(i a)/ va'-x° (X —>fat 0) M BOCIIOJIb30BABIINCH
M3BECTHBIM UHTEerpaniom u3 [16] (c. 175, d-nma (21)), (2.15), Haxomum

_2G, ®(xa)
y=0 K‘+111X2_a2
[punss Bo BHuMmanue (3.5), u3 (3.4) nonyunm

_2G G
K,,,(ia):+$ %d)(ia).

signix (x> +a+0)  (3.5)

yz

Hanee BBegem O0e3pazmepusiii KUH. Torma

Ki(a)=70, (1) KGa)=S S Bk, ko) @6)

+

Bxonsme B (3.6) 3nauenus CDO(il) nocne pemenuss CJIAY (3.3) nerko

BBIYHCIISIIOTCS 110 HHTEPIIONAIIMOHHOMY MHOToWwIeHy Jlarpamxka [14].

B 3axmouenue ormerum, uro CHUY (3.1)-(3.2) MOXXHO CBECTH K NpoOCTe-
[IEMy TUIEPCHHIYJISIPHOMY YPaBHEHHUIO M W3IIOXKEHHBIM B [17] meTomom rmo-
CTPOUTH €0 peICHHE.

"Yucruryr mexannkn HAH PA
’HaumoHabHbIi YHHBEPCHTET apXHTEKTYDPBI M CTPOMTETHCTBA APMEHHH
e-mail: smkhitaryan39@rambler.ru

M. C. I'puropsn, B. I'. Enosin,
wieH-koppecnonaeHT HAH PA C. M. Mxurapsin

O B3auMOJeliCTBHH KOHIICHTPATOPOB HANIPSIKEHUI THIIA TPELHUH
U CTPHHIEPOB ¢ KYCOYHO-OJHOPOAHBIM YIPYTHM IOJYIPOCTPAHCTBOM
NPHU AaHTHILIOCKOIi 1epopManumn

PaccmaTpuBaeTcs BOIIpoOCc 0 B3aMMOAEHCTBUH KOJUIMHEAPHOW CHCTEMBI U3 TPOU3-
BOJILHOTO KOHEYHOTO YMCJIa CKBO3HBIX JICHTOYHOTO THIIA TPEIIMH M KOJJIMHEApHOH CH-
CTEMBI CTPHHIEPOB € KyCOYHO-OJHOPOAHBIM YHPYTHMM HOJIYIIPOCTPAHCTBOM IIPU aHTH-
iockoit nedopmaruu. Kyco4Ho-o0THOpOIHOE MOJTYIPOCTPAHCTBO COCTOUT M3 BEPXHETO
CJI0S1 ¥ HIDKHETO YIPYTOTro IOYIPOCTPAHCTBA, N3TOTOBICHHBIX U3 Pa3HOPOJHBIX MaTe-
puanoB. Ha MuHUM CTBIKOBKH Pa3HOPOJHBIX MAaTEPUAIOB PACTIONOKEeHa KOJUIMHEeapHas
CHCTEMa TPEIINH, a Ha BEpXHEH rpaHu cJI0sg — KOJUIMHEeapHast cucreMa CTpuHrepos. [Ipu
MTOMOIIM MHTETPANFHOTO TpeodpazoBanus Dypbe pelIeHne 3aJaqd CBEJCHO K perle-
HHUIO CHUCTEMBI M3 JIByX CHHIYJSIPHBIX HMHTETPalbHBIX ypaBHEHHM, OTKyJa OINpeess-
I0TCS IUIOTHOCTH JTUCIIOKAIMid Ha Oeperax TpelMH M KacaTelbHble KOHTaKTHBIC Ha-
NIPSDKEHUS 110]] CTPUHTepaMi. BBIBEJEHBI Takke ypaBHEHHMs OINPEEIeHUs pa3pyliao-
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IMX KacaTeNIbHBIX HANpPSHKEHUH BHE CHCTEMBI TPEIIWH Ha JWHUM UX PACIOJOXKEHHUS U
K03(h(pULMEHTHl HHTEHCUBHOCTH HANPsDKEHUH. PaccMOTpeH YacTHBIH citydaid.

U. U. Qphqopyub, 9. 2. Gynjul,
22 AUU pypuljhg wunud U. U. Ujhpwupjui

Kwphph bt uinphughpubph whyh jupoudubph YEnpniwugnighsubph i unnp
wn Junnp hwdwube wnwdqujui Jhumnwpusni pjui hnjuugnbhgni pjui
dwuht hwwhwppe nidnpdughwih dudwbuly

Wnwplyws b Yuupulul Epgwdnp ping dhowhighl dwwukiht whugh
hwdwghs wptph hwdwlupgh b judwwulut Jippwynp pyny unphugtpubph tny-
twwnhy hwdwlwpgh nt Yunp we junp hwdwubn wnwdquijui Jhuwnwpuwsdnipjui
thnjuwqpblgnipjut hwipgp: Yunnp we funp hwdwubn jhuwnwpwsnipniup punjugus
E nupplp Wniptphg wunpuwunyws Jiphtt wnwdquljub okpinpg b unnpht wpwa-
quljut Jhuwwnwpwsénipiniihg: Yputg vhwgdw hwuppnipjui Jpu mbnuynpjus tu
uhguighly &wpbpp, huly pkpnp Jhpht kqph Jpu wnphugbpp: Smpkjh hiinkgpuy diw-
thnjumipjutt oqunipjudp futnph nsnudp hwugnud k Lplynt uhignijjup hinkqpuy hw-
Juuwpnidutphg juqujws hwdwlupgh nisdwb, npnbnhg npnoymd Eu &wpbkph
wthtph nhunjughwibph funnipiniup b uvnnphuqbpubph mwl gnpénn onpwithnn Ynt-
nwlunuhtt jupnudubipp: Upunwéyl] o bwb gwplphg nnipu gopénn puyjpuyng
onowthnn jupnidubph b gputg mdqunipjut gnpdwljhgubph npnodwt pwbwdlbpp:
“Yhunwplyt] Edwubwgnp ghwp:

M. S. Grigoryan, V. H. Yedoyan,
corresponding member of NAS RA S. M. Mkhitaryan

On the Interaction of Stress Concentrators Such as Cracks and
Stringers with a Piecewise Homogeneous Elastic Half-Space
under Antiplane Deformation

The paper deals with the interaction of a collinear system of through-strip-type
cracks of an arbitrary finite number and a collinear system of stringers with a piecewise
homogeneous elastic half-space under anti-plane deformation. A piecewise homo-
geneous half-space consists of an upper layer and a lower elastic half-space made of
heterogeneous materials. A collinear system of cracks is located on the interface of
heterogeneous materials, while a collinear system of stringers is located on the upper
face of the layer. Using the integral Fourier transform, solving the problem is reduced to
solving a system of two SIEs, from which the dislocation densities on the crack edges
and the tangential contact stresses under the stringers are determined. Equations for
determining the breaking tangential stresses outside the system of cracks on their lines
of location and stress intensity factors are also derived. A special case is considered.
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2U88UUSUULPk ¢PSAPE3NPLLELP UQQGUSPUL UUYUNTGUDLU
HAIODHUHOHAJIJBHASAd AKAJEMMUSIA HAYK APMEHHWUHU
NATIONAL ACADEMY OF SCIENCES OF ARMENIA

JOKJAJdBbI 2BsUYUNp3suvElr REPORTS
ZV“T‘l‘o”:ZP 121 2021 Nol
MEXAHHUKA
VIIK 539.3

M. C. MkpTusin, M. M. MKkpTUsiH

O HanpsAXKEHHOM COCTOSTHMH KYCOYHO-0JIHOPOJIHOIO CJI105
¢ 2a0COJIIOTHO KECTKMMH BKJIIOYCHUSIMH
NPU AHTHILIOCKOH AedopMmanun

(ITpencrasneno wi.-kop. HAH PA C. M. Mxurapsisom 7/11 2021)

KiroueBble CJI0BA: K)YCOUHO-0OOHOPOOHbIE CNIOU, AHMUNIOCKAS 0edhopMa-
Yusl, BKIOUEHUE, CUH2YIAPHBLE UHMESPATIbHBLE YPAGHEHUSL.

BBenenue. B mMexaHuke KOMIIO3UTOB, MPU MPOEKTUPOBAHUHU PA3IUUYHBIX
CTPOMTENBHBIX M aBHALMOHHBIX KOHCTPYKIHH, B TEH30METPUU M BO MHOTHMX
JOPYTHX OTpPAacisIX NPHUKIAAHON MEXaHWKH M WH)KEHEPHON INpPaKTUKU BeEChbMa
BaYKHBIM TIPENICTABIISIETCS HCCIIEIOBAaHUE BOIIPOCOB B3aUMOJIEHCTBUS KOHIIEHT-
paToOpOB HANPSHKECHWH THMA BKIIOYEHHH C MAaCCHUBHBIMU TEIaMH Pa3IHYHBIX
reoMeTpuyeckux GopM. OT0 OOBACHSIETCS TEM, YTO BOKPYT 3THX KOHIIEHTPATO-
POB HampspKEHWH 00pa3yroTcsl JIOKaTbHBIE MOJISl HANPSHKEHUI ¢ OONBIIMMH U
WHTEHCUBHO M3MEHSAIOIIUMHUCS TPaJNEHTAaMH, KOTOPHIE CYIIECTBEHHO CHU)KAIOT
YPOBEHB MTPOYHOCTH MHKEHEPHBIX KOHCTPYKIMHI U ux aeranel. [loaTomy kade-
CTBEHHOE M KOJMYECTBEHHOE HCCIIEIOBAHHE BOMPOCOB KOHLIEHTPAIMU HaIps-
JKEHUH NIPEICTABIIAET KaK TEOPETUUECKUH, TaK U PAKTUUECKUl nHTEepec. Takue
3a/1a4¥ CTAJU PEIMETOM HCCIIeJOBaHUS MHOTHX aBTOpOB [1-5].

B HacTosmell crarbe paccMaTpuBacTCs 33Aada O HANpSIKEHHOM COCTOSI-
HUM KyCOYHO-OJJHOPO/IHOTO CIIOS TIPH aHTUILUIOCKOH Aedopmanuu, Koraa Kpai-
HUE TpaHM CJIOS YCWIEHBI CTPHHIEpaMH KOHEYHBIX JUIMH, a Ha JIMHUM CThIKA
Pa3HOPOJHBIX MaTEpUANIOB PACIONIOKEHA KOJUIMHEapHas CUCTEMa W3 IMPOU3-
BOJILHOT'O KOHEYHOTO Yuciia aOCOJTIOTHO KECTKUX TOHKHMX BKJIrOueHui. [Ipu mo-
Mol npeodpaszoBanus Dypbe pellIcHHUE 3a7aui CBEJICHO K PEIIEHUI0 CUCTEMBI
CHHTYJISIPHBIX MHTErpasibHbIX ypaBHeHuit (CUY) u3 Tpex ypaBHeHHUH.

IlocTanoBKa 32124 ¥ BBIBO/J OCHOBHBIX YpaBHeHMIi. [IyCTh OTHECEHHBII
K TIPaBoil MPSIMOYroybHON cucteme koopauHat OXYZ KycOYHO-OJHOPOHBII

YIPYTHI CIIOH COCTOUT U3 BEPXHETO CIOA (), = {—oo <X,2<o,0<y< h+} c
monynem casura G, u HwkHero cios @_ = <{—oo <X,Z<w,—h <y< 0} c

moxynem casura G m B mnockoctn Y =0 comepxuT cucteMy abCOMIOTHO
44



JKECTKUX BKJIIOUECHHUH, IIPHYEM UX ciiefibl B miockoct OXY COCTaBiAOT cucTe-
My OTPE3KOB
N J—
L={Ula.b]; (& <bi k=12...,N; b <a_; (k=1,N-1))
k=L

Janee rparn Bepxuero Y =N, u Hwkaero Y =-—h cnos na orpeskax
[c..d,] u [c,,d,] ycunenet crpusrepamu B Bune momoc

@, ={c,<x<d;h, <y<h, +h;-0<z <o},
w, ={c,<x<d,;—h —h,<y<-h;-cw<z <o}

¢ monynsmu casuroB G;, G, u Beicotamu h u h, coorserctenHo. Ilpex-
IIOJIATaeTCsl, YTO Ha BEpXHell u Hinkueil rpansax yY=h +h, y=-h —h mo-
moc @, @, B Hanpasreann ocu OZ  melicTBYIOT paBHOMEPHO

pacnpezenennsie mo ocu OZ KacaTenbHbIE CHIIBI WHTEHCHBHOCTEN Tl(X),

T, (X) , T.C.

=T,(x) (¢, <x<d,); z,,

y:h++hl
rie 7,,— KOMIIOHCHTa KacaTelbHbIX HanpskeHuid. Kpome Toro npeamonoxum,

Tyz

2 =T,(x) (c,<x<d,), (1)

y=—h_-h,

4TO HAa KpoMKax X=C,X=0, 1 X=C,,X=0, crpunrepoB B HampapicHUN
ocu OZ 1eiicTBYIOT PABHOMEPHO PACIPEJIENEHHBIE [0 3TON OCU KacaTelbHbIE
cocpenoroueHnbie cumbl K, F, n Q,Q, coorBerctBenHo. A Ha cuctemy
BKIIFOYCHNH L IeHCTBYIOT CHIBI C paBHOZEHCTByOIMMU P, HanpaBieHHbIC
no oci OZ u BBI3BIBAIOIIME MIPOIOJBHBIN C/BUI YIPYTOTo CJIOS B HANIPABJIECHUH
ocu Oz ¢ 6a30B0ii mockocThro OXY.

TpeOyercst onpenennTh CKaY0K KacaTelIbHBIX KOHTAKTHBIX HANPSDKEHUH Ha
Oeperax BKJIIOYCHHI M pa3pyIIarOIIAe HANPSHKEHUS BHE CUCTEMbI BKIIOUYCHHIM
Ha JIMHUU WX PACHOJIOKEHUs, & TAKKE JECUCTBYIOLIUE II0J CTPUHIEPAMU Kaca-
TEJIbHbIE KOHTAaKTHbIC HaOpsbKeHus. Ilpu 3TOM AJig CTPUHIEpOB MPUHUMAETCS
Mojienb MenaHa [ 5, 6].

s BeIBOZA ONPENENAOIUX YPABHEHUI MOCTABIEHHOHN 33ja4l KyCO4YHO-
OJIHOPOJIHYIO YIPYTYIO mosiocy Baosib ocd OX paspexeM Ha BEPXHIOO (a)+) u

HIDKHIOIO (a)_) OJIOCKI, @ 3aTEM JUIsl A€HCTBYIOMMX HA uX rpadsx Y =10 nHa-

MPSDKEHUH BBEAECM CIEIYIOIIE 0003HAUEHUS (L'=R\L;R =(~o0,)):
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7,(x) (xel); B |z (x) (xel); 2
Zly—0 ~ .00 = {T(X) (xel"); Fely-co _T(X)_{r(x) (xel). @

Ha cucrteMe BriroueHuil L cMemeHns TOCTOSAHHEL:

u; (x, y)‘y:+0 =u, (X, y)‘y:_o =g(x)=5, =const. )

Ha rpansix cocTaBHOM MOJIOCK UMEEM

L ooul(x,y) ~ -5,(x) (xe[c,d,]);
i s A
ooy () (xe[end,]);
V:hi_G— oy yzh— H_(X)_{o (xe[cz,dz]);

+ o
rue UZ‘(X, y) — €IUHCTBEHHBIC CMEIICHUA TOYEK COCTABHOU IOJIOCHI B HAIIPAB-

Z'yz

nennn ocu Oz, a Tl(X) u 7, (X) — HEU3BECTHBIC ITOKA KacaTeJbHBIE KOH-
+
TaKTHBIE HANPSDKEHUs IOJ cTpuHrepamu. Oynkiuu U, (X, y) B o0nactax

" ={—0<x<w;0<y<h,}, " ={-0<x<ow;—h <y<0} ynos-

+

JIETBOPSIIOT ypaBHEHUIO Jlamnaca

o%u; (x,Y) 82u+(x y)

AU;L(X, y) - a 2 ayg

=0. ()

BBenem B paccMoTpeHue crnenyromnye GyHKINU:

0.()- T, g L (du (10 3 0’] ©

CT-T() _(w(x) (xeL);
2.(0= 2 _(0 (xel).

C nomorsio ipeodpazoBanust Dypee 1Mo mepeMeHHol X u3 ypaBHeHHS (5)
Y TpPaHUYHBIX ycloBHH (2)-(4) B COOTBETCTBUH C 0003HAUYEHUsIMHU (6) IpUAEM K
KJIIOYEBbIM YPaBHEHUSIM 3aJauu:

6.-C. o (x ZGG fR ‘s)

=576 >

ds+G—'|‘Q1 x—s)z,(s)ds+ )

+7*JQZ(x—s)r2(s)ds (xeR)

46



@, (x)=

7Z(G+2+ G)JQ_X(_S)st " 7z(G+2+ G) ! Ki(x=s)Q_(s)ds+

L

(8)
+21Q(x-5)7,(5)ds+ = [ Qu (x-5)r, (s)ds: (x<R)

K )_TGJh(ﬂhJ[th(/’ih,)—1]+G,th(/1h7)[th(/1h+)_1]
K G.th(Zh )+ G th(zh )
K00 = ]'iG+[1—th(/1h+)]+Gf[l—th(/‘thf)]
YT G th(4h,) + G th(h )

T th(Ah,)—th(ih )
G.th(4h,) +G_th(2h.)

QM) = J

sin(Ax)dA

sin(Ax)d4; R(x) =

cos(Ax)d4;

th(2h )
ch(Ah,)[G.th(2h,) +G th(ih )]
1
ch(2h,)[G,th(4h.)+G th(2h )]
th(2h,)
ch(Ah )[G,th(zh,)+G th(2h )]
K 1
! ch(2h )[G,th(2h,) +G th(4h )]

cos(Ax)dA;

Q, (x sin(Ax)d4;

cos(Ax)dA;

y
=I5

Qo (X) =

sin(Ax)dA.

715 Ipon3BOIHBIX CMEIIEHUI Ha rpaHslx 10JI0C y +h AMEEM
du; (x,h,) 1 1
Tz—;JL-Rl(x—s)Q_(s)ds—EJ- TG !: (x—s)7,(s)ds—
1%
_;jMz(x—s)rz(s)ds; (xeR)
. 9)
du; (x,~h) 1

i ——;.L[R(x $)Q_(s)ds+= IM (x=s)7,(s)ds+ ﬁé rls(%)deJr (10)

+HLJM x—5)7,(s)ds. (xeR)

z 1
! ch(4h,)[G,th(4h,)+G th(ih )]
z 1
!

ch(4h )[G,th(4h,) +G th(2h )]

sin(Ax)d4;

(x) = sin(Ax)d2;
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(L-th(2h,))(G, G th(ih)) _

M, ()= j G.th(1h,)+G_ th(h) sin(4x)d4;
M. () = f (1-th(2h. ))(G+th(/1h+)—Gf)sin(ﬂx)di,
G,th(zh,)+G_th(h) ’

M, (x) = J' 1 sin(Ax)dA.

3 ch(4h.)ch(2h)[G,th(4h,)+G th(zh )]

[punss Bo BHUMaHue (1) [ BEPXHUX W HWKHHUX CTPUHTEPOB, BOCIONb-
3yemcs audepeHnalIbHbIM YpaBHEHHEM e OPMUPOBAHISI CTPUHTEPA TI0 MO-
nenu Menana npu aHTI/IrmOCKOﬁ nedopmary [6]

—rl(x) T,(x) (¢, <x<d,);
d*w,

h,G, —2 v —rz(x)+T2(x) (c,<x<d,), (11)

rac W, =W, (X) u W, =W, (X) — KOMIIOHEHTBI CMEIIEHUH TOYEK CTPUHIEPOB B

nanpasyiennn ocu OZ . TIpu 5TOM yCIIOBHSI PABHOBECHS 3THX CTPHHIEPOB HMeE-

IOT BUJT
dl dl dZ

Irl(x)dx= FZ—F1+IT1(x)dx; frz(x)dx:Q2 —Q1+fT2(x)dx
o a C, C2 (12)

WnrterpupoBanuem (11) nerko Haxo um

hlGl%:;(F +F,) js|gn (x=5)[7.(5) =T (s) ]s:
d 1 . (13)
G, 2 == 2(Qu+ Q) [sion (x—5)[, (5)-T, (5) ds

B ycnoBue KOHTaKTa yrpyrux nojoc 1 CTpUHIEPOB

du; (x,h,) dw(x)
+ ,h — z +) 1 :
u; (x,h,)=w, (x) wm i ™ (c,<x<d,)
du, (x,—h_) dw,(x)
dx © dx

u; (x,—h_)=w, (x) wm (c, <x<d,)

nofcraBuM BeipaskeHus u3 (9), (10) u (13). Ilocne npocTeix npeoOpazoBaHuit
OTHOCUTENIbHO HEU3BECTHBIX KOHTAKTHBIX HANPSDKEHHH MPHUIEM K HHTETPallb-
HBIM YPaBHEHUSIM:
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LIROes) sy 2R T sy o)

N P

R Rl o (s T 6)as (xe(6.0)
‘iTRz(X—S)Q (s) S——IM (x=s)z7(s)ds——— j
‘éng(XSVJ>“— 1 F@“**VA$¥= ()
2hGZ Q] 2h Js'g” X=S)T;(s)ds. (xe(c,,d,))

22c2

PaccmarpuBas ypaBuenue (8) Ha L, a Taxoke ypaHenus (14) u (15), mpu-
neM Kk onpenersione cucteme CUY nocraBieHHOH 3a1aun

(s)ds 2 1%
(G, +G)jws X n(q+G,)!K(5_X)W(S)ds+;£Q1°(S_X)Tl(s)ds_

_;C[Qm(s_x)fz(sms:o- (xeL) (16)
o L 5% L [, (x5} ()85 |

VA 7G, . s—X 7zG
,7J'M1(xfs)rz(s)ds—2hTG [R+PR,]- "G, ‘fsign(xfs)Tl(s)ds; (xe(c,d,))

sign(x—s)z,(s)ds

L fcz -

ISign(X_s)TZ(s)ds:2hzle[Q1+Q2] J'S|gn (x=s)T,(s)ds; (xe(c,.d,))

2h,G,

[TepBoe ypaBHeHue cuctemsl (16) TODKHO pacCMaTPHUBATHCS MPU yCIOBU-
SIX

by
Jyxax=PR, (k=1N), ar)
8

BBIPAKAIOIIMX YCJIOBHS PaBHOBECUS K -TO BKJIIOUEHMS, @ BTOPOE U TPETHE YPaB-
HEHUS JTOJDKHBI PacCCMaTPUBATHCS MPU YCIOBUSAX paBHOBECHS CTpUHTEpoB (12).

PaccmarpuBas xe ypaBHeHHME cucTeMbl (7) Ha JIMHMM crias II0JIOC BHE
BKIIFOUCHUH, IMCEM:

(18)

T(x):M{R(XS)W(S)d3+iIQ1(X3)71( ‘[QZ X=s)7,(s)ds. (xeL')
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TakuMm 00pazom, MMOCTaBIeHHAS 33j]ada O HAMPSHKEHHOM COCTOSHHUH YIIPY-
T'OM MOJIOCHI C TPEUUHAMU U CTPUHTEPAMU CBOJUTCS K PEIICHUIO cUCTEMBI (16)
mipu ycnoBusx (17). [locne pemenns (16), (17) HanpsbkeHUe HA JTHHAA CIIasi BHE
BKITIOUEHUS onpenensercs: popmynoit (18).

Pemenue onpenensiromeid CUY. Jlns pemenust onpeaensomein CUY
(16), (17) cHauana BBeneM Oe3pa3MepHBIC KOOPIUHATHI M BEJIMYNHBL;

X s, h - h - h - h a b —
§=—n=— h=—h=—h="h="—0="_ F =" (k=1N)

CAREY A Y e Y e = e Y R Y

Ck Ck . 1 9 . . . N . .
Ve=r, 8= (k=12), u=G,/G; 14,=G,/G,; 1, =G, /G ; Ly =|J(a: A);

X X

l//(lallf) (0) 71(|a1|§) 0) T2(|a1|§) P
o(f)—G G (&)= G, (&)= G, ; PC |a1|G

PZ

p(O)
> “TalG,’

o_ A .q0__ 2 .qo :T1(|a1|§)._|_(0) :T2(|31|§).
U Rie ¥ TRl W T

nocite yero (16) mpeobpasyercst B CUY

2 [l 2 [ (- min+= IQm(n—@Tfm(n)dn—
”Iﬂ n-¢ 7z

- j Qo (7= &)z () = 0; ¢ely)

4(,u+l)

[Ro(n=E)womin—2 %—é | {M'V'm(ﬂ—é)—%Sign(n—f)}f"’(n)dn
Ly n n
(19)

4 f Moo= )2 ()l = F(£), (£c(r6)

61 ()
I (n-&)wo(mdn + 4 jMzo(n—g)fff’)(,])d,]_&J‘M
b n V4 7, 77*5

A

+7]Z-_J.|:/12M30 (77—5)+Sign(ﬂ—é)}éo)(fl)dﬂ = Fz(g)f (Gg 6(72152))

72

[th(Ah,)—1]+1—th(1h )
uth(Zh,) +th(2h)

? th(2h,)—th(2h.)
SINAAL Ry(&) =] )

Ko (&) = —I = cos(A&)d A;

Ro(@)= | SN2 4Ry (€)= | in(i£)d2:

ch(ah, )[yth(ﬂh )+th(zh ) | ch(zh )[,uth(ﬂh )+th(Ah )]

% (1-th(2h,))(x~th(h))

Mlo(f) :_I(

J 7 jth(Ah, ) +th(Ah )

_ _ % (1-th(ah))(sth(2h ) -1)
sm(ﬂf)di,Mgo(f):—! h(h ) + (i)

sin(A&)d 4;
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1

ch(Ah,)ch(Ah [yth(/lﬂ)+th(ﬂﬂ)}sm(l§)dl;

Mzo(é:) =]§

u+l
ch(Ah)[ zah(zh,)+th(zh) |

©+1

eh(2h ) ath(ZR ) +th(zh ) e

RGH| Sin(2)d2: G, (6) = |

&
Fl(f):% Pl(O)"'ipz(O) +%Isign(n—§)ﬂ(°)(77)d77; (56(71!51))

L ey
F (c_’f):i__ﬂQ(o) + (0)_+L_Tsign(77—§)T(°) (n)dn' ((fe(;/ ) ))
2 2h2 i uz 1 2 | 2h2 ; 2 1 2172
a ycioBus (17) — B ycrmoBust
i Pk . 1N
!Wo(é)dfzm(q_—+G_)1 (k=1,N) (20)

Kaxxaprit naTepBan (ak » By ), (]/k , 5k) cucremsl CY (19) npeobpasyem B

untepnan (-1,1), monaras

ézﬁk_akt_'_ﬂk_'_ak,n:ﬂk_aku+ﬁk;ak (k:l,_N), (—1<'[,L|<1),

2 2 2
g= O T ST Oty Al (k=17), (a<tu<)

B pe3ynbrate CHUY (18) mpeoOpasyercs B CHCTEMY MHTETPAJIbHBIX ypaBHEHHM
OTHOCUTENBHO (QPYHKIHHA

l//k(t)=l//0(ﬁk;ak t+’8k;akj; (-1<t<L k=1N)

fk(t)=r§°>(5k;7kt+5k;7kj (-1<t<1 k=12)

Ha unTepBaie (-1,1).

3arem omnpenensrontyto CUY mpeobpasyeM B CHCTEMY HMHTETPATBHBIX YpaBHE-
HU OTHOCHTEITLHO HeM3BECTHBIX (DYHKIWIA, 3a1aHHbIX Ha (-1,1). Perenue cucteMsl
(19)+20) crpoutcs umcneno-ananutudeckum meromom [8-10], kak B [7], ¢
MPUBIICYCHUEM MATEMaTUYECKOTO aIapara OPTOroHALHBIX MHOTOWIECHOB Ye-
OnIieBa.

3aknawuyenue. 3amaya 0 B3aUMOJICHCTBUHM CTPUHIEPOB M TOHKOCTCHHBIX
abCOJIOTHO JKECTKUX BKJIIOUEHHH C YIIPYTUM KyCOUYHO-OJHOPOAHBIM CIOEM MPH
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AHTUIUTOCKOH medopMarii paccMOTpeHa B o0Imiell moctaHoBke. Bee xapakre-
PUCTHKHM 3a/lady¥l MOXKHO BBIPAa3WTh AHAIMTUYCCKUMHU (POPMYJIaMH IMPOCTHIX
CTPYKTYp. Pe3ynmpTaTsl cTaThil MOTYT OBITH HCITOJIB30BAaHBI B pacyeTax CTPOU-
TEJHHBIX, B YACTHOCTH JKeIe300€TOHHBIX, KOHCTPYKIIHH.

Wucturyr mexanuku HAH PA,
HanuoHanbHBIH YHUBEPCUTET APXUTEKTYPBI U CTPOUTEIBCTBA APMEHUU
e-mail: muscheg-mkrtchyan@rambler.ru

M. C. MkpTtusH, M. M. MkpTusiH

O HanpsKeHHOM COCTOSIHMH KYCOYHO-0JHOPOJHOIO CJIOs
¢ a0COJIIOTHO KeCTKMMH BKJIIOYEHUAMH NPH
AHTHUILIOCKOI1 1edopManuu

PaCCManI/IBaCTCﬂ 3aJa4a 00 OIPCACIICHNHN OCHOBHBIX XaPAKTCPUCTHUK HAIIPSAIKCH-
HOT'O COCTOSHUA KOMIIO3UTAa B BUAC KYCOUYHO-OJHOPOAHOTO YHIPYIrOoro CJjiosd, YCUJICHHOTO
110 CBOUM KpaﬁHHM rpaHsaM CTpPUHICpaMH KOHCYHBLIX MJIMH U COJACPKAIICTO Ha JIMHUN
CThIKa Pa3HOPOAHBIX MATEPHAIOB KOJUIMHCAPHYIO CUCTEMY U3 MNPOU3BOJHLHOI'O KOHEY-
HOT'0 4Kcja a0OCOIIOTHO JKECTKUX BKIIFOUCHMM.

U. U. Uljpngjuly, U. U. Ulpungjuis

Zuljwhunp nhpnpdughuyh dudwiwy pugupéwly Ynon
tkppuwljitipny Yuinp we Junp hadwutn skpinh jupusught
Jhdwljh Ymuht

Thunwplyynwd £ juinp we Yunp hwdwubn wnwdqujut skpinh nkupny Yndwn-
qhwp upjuswihtt Jhdwlh hpdbwlwb pimpwgphsubph npngdwb ptnhpp, tpp Ynd-
wnghwnt php qpuyhtt thunbpnid mdbnugqusé bt Jippwynp Epjupnipjudp  uwnppt-
gipubkpny, hul wwpwubkn ynipkph dvhwgdwb gsh Jpuw jub judwjwlwub JEppunp
pyny pugupdwy Ynpn pupuljugun tkpnypulikp:

M. S. Mkrtchyan, M. M. Mkrtchyan

On the Stressed State of a Piecewise Homogeneous Layer
with Absolutely Rigid Inclusions under
Antiplane Deformation

In this paper, we consider the problem of determining the main characteristics of
the stress state of a composite in the form of a piecewise homogeneous elastic layer of
heterogeneous materials. The layer is reinforced along its extreme faces by stringers of
finite lengths and contains a collinear system of an arbitrary finite number of absolutely
rigid inclusions at the junction line of heterogeneous materials.
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2U88UUSUULPk ¢PSAPE3NPLLELP UQQGUSPUL UUYUNTGUDLU
HAIODHUHOHAJIJBHASAd AKAJEMMUSIA HAYK APMEHHWUHU
NATIONAL ACADEMY OF SCIENCES OF ARMENIA

JOKJAJdBbI 2BsUYUNp3suvElr REPORTS
ZV“T‘l‘o”:ZP 121 2021 Nol
TEOPHUS YIIPYTOCTU
VJIK 539.3

Axagemuk JI. A. ArajloBSH

OO0 OCHOBHBIX COOTHOLICHUAX 0000IIIEHHON MJIOCKOM
nedgopMaIuu AHU30TPONMHBIX TeJI

(ITpencrasneno 21/1 2021)

KaroueBsble ciioBa: anuzomponHoe meno, niockas oehopmayus, coom-
HOWleHUsl YNpy20Cmu.

Bgeenenue. B n3BecTHbIX MOHOTpaUsX MO TEOPUH YIPYTOCTH aHU30TPOII-
HOTO Tejla BOMPOCH OOOOIICHHON TUIOCKOH IeopMalii PacCMOTPEHBI IS
AQHU3OTPOIHBIX TeJ, MUMEIOUINX IJIOCKOCTh ympyroi cummerpuu [1, 2]. Bos-
HUKaeT €CTECTBEHHBIH BOIIPOC — UTO OYIET, eclii aHu30Tponus obmas (21 mo-
CTOSIHHAsI YIPYTOCTH). B cTaThe BBIBEJCHBI COOTHOIICHHS YIPYTOCTH 0000-
HICHHOW TUTIOCKOM JedopMaliii, COOTBETCTBYIOIIME TeliaM, o0iagarommum 00-
el annzoTponueil. O0CyXIeH BOIpOC UX Pean3aliH.

1. BbIBOI OCHOBHBIX COOTHOLIECHHH 00001IEHHOH MI0cKOl Aedopma-
MM AHU30TPONHOTrO Teja. /sl BbIBO/JA 3THUX COOTHOIIEHHH BOCIOJIb3YeMCsI
COOTHOILIECHUSIMH YIIPYTOCTH TPEXMEPHOH 3a7a4H:

Ey =0 T+ 8126W +a,,0,, +a14ayz +a,;0,, + amaxy,

Ey = a,,0,, + aZZGW +a,,0,, + 8.24Gyz +3a,50,, + aZGny,

&, =0, + 8.23(7yy +8,,0,, + a346yz +8,,0,, + a%axy, )
&y, = a,,0,, + 8.24ny +a,,0,, + a440'yz +a,,0,, + a460Xy,

gxz = aiso-xx + azso-yy + aaso-zz + a450-yz + aSSO-xz + a560-xy’

gxy = aleo-xx + azeo-yy + aseo-zz + aAGO-yz + aSGO-xz + a66o-xy’

TI€ & — KOMIOHCHTBI nedopmariuid, Ojj — KOMIIOHEHTBI TCH30pa HaIpsHKeHUH,
aij — TOCTOSHHBIE YNPYTOCTH. &j; BRIPAXKAKOTCA 9€PE3 KOMIOHEHTHI U,V, W
BEKTOpa MEePEeMEIICHHS 10 U3BECTHRIM (DOpMYyIIaM
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ou ov ow
Ex=""1 Ey =", &, ="
ox Y oy oz
oV ow ou  ow au 8v
Ep=—+—— &g =T £ = : )
oz oy oz ox ¥ 8y ax

[Tpu 06001IeHHON TUTOCKOMH AePOpPMAIIMU CUUTACTCS, YTO
u=u(xYy), v=v(x,y), w=const.

©)

Tornaa u3 cootHomeHu (2) cneayer

O

Xz !

rac

O

g, =0, £y, =0, ¢,=0. 4
U3 coornomennit (1) mmt &,,6,,8, ¢ ydieroM (4) HampsOKCHUS
y2» Oy, MOXHO BBIPA3HTb 4€pe3 Oy, Oy, , O, 110 hopMynam
1
o, =— A (05110'XX +a,0,, +0,,0,, ) :
o, = _K (aszx + 00, + a0, ) , (5)
1
o,, = —X(aglaxx + 03,0, + 030, ) :
Qyy = 8,85 (313 &5 ) T8 (aesam 8,59, ) T, (a15a45 — 8,8 )’
= 84855 ( 8 ) +a,; ( 8485 — 8p38y5 ) tay, (a25a45 ~ 8558y ) '
a44a'55 (a36 ) + a45 ( a‘45a36 ) + a34 (a45a56 - a55a46 ) '
= 855 (8354 — 843 ) + s (a15a34 814855 ) + g5 (813835 — Aaals ),
=85 (ass 24~ Ap383 ) + 8 ( 85 — 8py B35 ) + 8 (334335 — 83385 ) . (6)
333( 6~ QusBs ) + s (848 — sl ) + A (55 ~ 55 )
3, (a1 =88 ) + s (R8s — B158s ) + By (4B — B ),
Ay, (85845 — A58y, )+ Ass (BpyBlyy — BBy ) + 8uy (Bps8yy — Byys ),
= a5, (QusBigs — AsuBs ) + A (Bass — Basllss ) + s (a8l — Als ).
a33 a34 a35
A=la,, a, a, o # Q-
a’35 a45 a’55
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IloncTaBuB 3HaUEHMS O BBIYHCIICHHEIE 110 opmyiie (5), B cOOT-

210,210,

Xz 2

Homenus ynpyroctu (1) mis & Eyy» Eyy > TTONYIHM

XX !

1
Exw = {an _X(amau +a,505 + a0, )} Ot

1
W |:a12 - X (azsall 8,05 T Ay0y )} ot (7)

1
+a,— K (a13a12 +a,0y, + 3,505 )jl Oyt

1
+| Q6 — K (a13a13 + 8,03 + 8505, )} Oy

™

+

1
+ l:azz - X(azsalz 8,0, 8503, ) Oyt

1
Ay — X(azsals 8,0, + azsass) Oy

1
Sy = |:a16 _K(asaan +a,ay + a56a31) Owt
1
+| Q% _K(aﬁ6a12 + 3,50, + aseasz) o, +

1
+ [aee - X(a36a13 + 8,05 + Age gy )} Oy

ou o ov au

Ey =16y =—, 6y =—+—,
“oox Y ooy Y ox oy

C Y4€TOM TOr0, 4YTO B IUIOCKOH 3aavuc BCC HAIIPSKCHUA SABJIAIOTCA q)YHK-
IUAMU OT TAHTCHUOUAJIBHBIX KOOpJAWHAT X, y, NEPBLIC JIBa YpaBHCHUA PABHO-

BECHsI TPEXMEPHOMH 3aJauu yIPYTrOCTH MPUMYT BH]L

0
00 , 9% , x (x,y)=0,
OX oy @®)
60'Xy+8ayy +Y(x,y)=0
ox oy )=

rae X (X, y) Y (X, y) — KOMITOHEHTBI MAaCCOBBIX Tell. YpaBHeHU (8) C yueToM

COOTHOIIEHUH ynpyrocTy (7) COCTAaBISAIOT MOJHYIO CUCTEMY JJISl ONIPENeICHNS
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HaIPSDKCHUH O, , Oy, O, U Iepemeliennii U,V . 3arem mo dpopmynam (5) or-

PEACTIAIOTCA HAIIPSAIKCHUA o-xz’ UZZ . OI[HaKO TPETHC YPABHCHUC PABHOBCCHUA

yz!
TpeXMEpHOH 33/1a4H B HAIIEM Cydae MPUHIMAET BUJT

0
%+&+Z(x,y)=0. 9)

OX oy
YpaBuenue (9), kKak nmpaBuio, He OyAET BHIMOJIHATHCS, €CIIN 3apaHee 3aa-

HoZ(X, y). ITockONbKY HampsKEHUs O,

x21 Oy, YKE H3BECTHBL, HEOOXO0INMO,

4TOOBI
aO-xz + aGyz

Z(xy)=- >ty (10)

Takum 00pa3oM, MO)KHO KOHCTATHPOBAaTh, YTO MPH HAIHYHK OOIIEeH aHH-
30TPOITHH TEJI0 MOXKET HaXOJAUThCS B COCTOSIHUM 00OOIICHHOH TUIOCKOM Jiehop-
Maluy, €CId MOMUMO TaHT€HIIMAIBHBIX HArpy30K Ha Hero OyJeT MpHIoKeHa
Tak)ke HopMallbHasl Harpy3ka, onpenensemas popmynoii (10).

2. YacTHble ciay4yam ynpyroii cumMmerpuu. a) Paccmompum cayuait na-
auuus naockocmu ynpyzou cummempuu. Hanpasiss oce 0Z wopmansho K
9TOH IJIOCKOCTH, a JBE APYrHe B HEE, 3aKJII0YaeM, YTO 8 MOCTOSHHBIX YIPY-
rocTd paBHbI HyIi0 [1-3]:

Ay =y =8y =y =y =5 = 46:a56:O' (11)

CormnacHo dopmynam (6), (11) umeem

_ 2 _ 2
oy = (a44ass — 8 ) Q3 Qpp = (a44a55 — 8 ) A3,

Gy = (a44a55 - ajS)azs’ Oy =0y =0y, =0, 3 =01 = 0133 =0, (12)
A =ay(a,a,—ay).
CornacHo (5), (12)
1
o, = —g(aﬁaxx +8,,0,, +8:,,0, ), .
o, =0,0, =0,

a cormacHo (7)
gxx = ﬂllo-xx + ﬂlZny + ﬂ16o-xy '
gyy = ﬁlzo-xx + IBZZO-yy + ﬂzeaxy’ (14)

gxy = ﬁlﬁo-xx + ﬂZBO_yy + IBGGny'
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a..a.:
ﬂijzaij—ﬂ, I;J:1a216

3

CootHomenust (14) coBmagaroOT ¢ COOTHOIIEHUSMU YNPYTOCTH, PHBOIM-
mbimu C. I'. Jlexaunkum [1]. Ecnu Teo uMeeT mIoCKOCTh YIPyro CHMMETPHH,
JUTS perieHns 0000IMEeHHON MIIOCKOH 3a7aud He0OXOUMO PEIIUTh YPaBHEHUS
paBHOBecus (8) mpu cOOTHOIICHHUSIX ynpyroctu (14) U COOTBETCTBYIONIUX Tpa-
HUYHBIX YCIIOBHSIX.

0) Opmomponnoe meno (mpu naiockocmu ynpyzou cummempuu). 1lomu-

Mo (11) paBHBI HyJTIO TaKKe 85 = g = By = 8, = 0. Cormacuo (14) umeem

Bis =P =0, fos =85, i :(auass _afs)/ass '

P = (azzasa - a223 )/ass ) 1512 = (a1za33 —839,3 )/333 . (15)

COOTHOILIEHHS YIIPYTOCTH OYyT MMETh BH]I
Exe = PO+ ﬂlzayy’
Ey = PO+ ﬁZZO-yy’ (16)
5Xy = aGGO-Xy .

OTH K€ COOTHOLIEHUS UMEIOT MECTO AJsl KPUCTAJUIOB POMOMYECKON CHC-
TeMmbl [3], a TakKe Ui KPUCTALIOB KyOMUECKOW CHCTEMBI C TOW JIMIIb pa3HU-

LEH, YTO VIS MOCHEAHUX 8, = A5 = g -

8) Monomponnoe unu mpanceepcuaIbHO-u30mMpPoOnHoe meno (Haauuue
naockocmu uzomponuu). llomumo (11) nmerotr MecTo

Bug = 8y = 83 = y5 =0,
By =8y, B3 =8y, By =z B = 2(A— ). (17)
Jns Takux ten
P = P = (2~ ) 255,
b, = (3123-33 - aizs)/aes +Pas = 8 = 2(a11 —ap )
CoOTHOMIEHUSIMH YIPYTOCTH SBISIOTCS
Ex = PO+ P20y
Ey = B0, + ﬁnaw, (19)
Ey = Z(all _alZ)ny'

2) Hzomponnoe meno. llomumo (11), (17) umeem

(18)

By =83 =8y, 8; =8, =8y, E,=E,=E;=E. (20)
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B pesynbraTe
1-0? v(1+v) 2(1+v) 1
= =—, = — s = =—, 21
B =P £ Pra £ % £ G (21)

rne E,G — moayns FOura u casura, v — xo3dpunuent Iyaccona.

CoOOTHOMIEHUSIMH YIPYTOCTH OYIyT

P :1_02 o.—— o | :1_02 o - &

XX E XX 1—U Yy 1 yy E yy l—U XX 1 (22)
1 2(1+v)

Ey =GO = E v

KOTOpbIE COBIIAJAIOT C KIACCHYECKHUMH COOTHOLICHUSIMH YIIPYTrocTH 0000IIeH-
HOM IJI0CKOH nedopMalini H30TPOIHOTo Tena [4].

Bo Bcex PACCMOTPCHHLIX YaCTHBIX ClIydasaX TPEThC YPABHCHHUEC PABHOBECUA
TPEXMEPHOH 3aJa4H BHITIONHSAETCS aBTOMATHIeCKH B cmiry (13), ecimm HOpMaib-
nas cocrapistomasn Z (X, Y) oObeMHONH Harpy3kd OTCYTCTBYET, T.. BCETA

MOKHO pCain30BaTh IJIOCKOEC )Z[C(l)OpMHpOBaHHOC COCTOsHUCE.

WNucruryr mexanuku HAH PA
e-mail: lagal @sci.am

Axagemuk Jl. A. ArajioBsiH

OO0 0OCHOBHLIX COOTHOILICHUAX 0000ILEHHOM MJI0CKOM
nedopManuu AaHU30TPONMHBIX TeJ

Ha ocHOBe cOOTHOLIEHUH yIPYrocTH MPOCTPAHCTBEHHOH 3aJa4 TEOPHH YIPYTro-
CTH aHU30TPOMHOro Teia (21 MoCTOsIHHAs YHpPYrocTH) BBIBEIEHBI OCHOBHBIE COOTHO-
1IeHns: 0000IIeHHON IUTOCKON aedopMary. YCTAHOBJIICHBI YCIOBHUS OCYIIECTBICHHUS
9TOr0 cocrosHus. [lokazaHo, 4To B cirydae oOIIel aHU30TPOIHH 000OIIEHHOE IIIOCKOe
Je(opMHUPOBAaHHOE COCTOSHHE HE BCErZla MOKET OBbITh pean30BaHO, B YACTHOCTH, IO-
MHMO TOTO, YTO BCE€ HArPy3KHU JOJDKHBI ObITh B OCHOBHOM TaHT€HIHAIBHBIMHU, K TEIy
JOJDKHA OBITH MPHIOXKEHA CHeNHaIbHAs HOpMalbHas Harpys3ka, 3aBHCAIIasl OT TaHTEH-
IMAJIBHBIX KOOPJIMHAT. EMHBIM OAX0I0M BBIBEAEHBI COOTHOIICHHUS! 0000IIEHHOH L10-
CKOH JtepopManyy Il YacTHBIX CIIydaeB yNPYrod CHMMETPHH, YacThb KOTODPBIX COB-
MIAJIaeT C y>KE& N3BECTHBIMHU COOTHOIICHHUSAMH.
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Uljunbdhynu I. U. Ununyju

Uuhgnuipny dwpdhiibph punhwipugyus huppe nhbnplughuygh
hhdtuljwt wnbiynipiniiibph dwupt

Uthgnuipny dwpdth (wpwdquljutnipjui 21 hwunwwnntt) mupuwswljub juunph
wnuynipjniiitiphg wpunwdynud Eu pinhwipugyws hwpp nidnpdughuwgh punph hh-
twlwt websnipmibttpn: Fuguhujnws tu wyy Jpdwlh hpwjuwbugdub yuydwi-
ubipn: 8nyg k wpyws, np puinhwinip wthgnunpnuhwgh gphwpnid pinhwipugyus hwppe
ndnpuwghnt Jhdwlip ny dhpownn Jupnn b hpugnpdyt;: Uwubwynpuwybu, tpp ponp
phnutpp whwp E (hukl hhdtwuwbnud nmwbqkighw), dwpdtipt wknp E Yhpwundh
hwwinny whwh tnpdwy phn’ juj]ws nwbgkighw) Ynnpphiwniubphg: Unwdquljub
uhdtinnphuyh dwutwynp ghwypbph hwdwp dhwutwfjui dnnbgdwdp wpnwsdus tu
punhwiupugywé hwpp nhdnpdughuyh wntsnmipnitutpp, npnig Uh dwup hwdptuund
E wpntb hwjnth wnbynipniuubph htwn:

Academician L. A. Aghalovyan

On Main Relations of Generalized Plane
Deformation of Anisotropic Bodies

On the basis of the elasticity relations of the spatial problem of the elasticity theory
of an anisotropic body (21 elasticity constants), the main relations of the generalized
plane deformation were derived. The conditions for the implementation of this state
were established. It is shown that in the case of general anisotropy, the generalized
plane strained state cannot always be realized, in particular, in additiont that all loads
must be mainly tangential, a special normal load must be applied to the body, which
depend on the tangential coordinates. Using a unified approach, the relations of
generalized plane deformation were derived for particular cases of elastic symmetry,
part of which coincide with the already known relations.

Jlutepartypa
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A. A. Orannecsin, H. A. Orannecsin, C. P. Tocynsin,
wieH-koppecnonaenT HAH PA B. O. Tony3sH

HccienoBanne aHTUXOJMHICTEPA3HBIX CBOMCTB
(Z)-N-(3-okco-1-apuni-3-(Tnazon-2-
WIAMHUHO)NIPON-1-eH-2-1j1)apujiaMuaoB u
(Z2)-5-apunaunaen-2-(apui)-3-(Tuaszon-2-umi)-3,5-muruapo-4H-
HMH1230]1-4-0HOB

(ITpencrasneno 27/1 2021)

KuaroueBsle ciioBa: muazonamuost, o,f-0e2u0poamuHoKuCiOmsl, S-umuoa-
30/10Hbl, AHMUXONUHICIMEPAZHBIE CEOUCMEA, AHMUPAOUKATIbHBLE CEOUCEA.

[Mpou3BoaHbIE 2-aMUHOTHA30JI1a TPOSIBISIOT ITUPOKHIA CIIEKTP OMOJIOTH-
yeckoil aktuBHOCTH [1-5]. B atom psany N-ankun-2-aMmuHOTHA30MbI [6] sB-
JSI0TCST. MHTHOMTOpaMH aueTwi- ¥ OyTupuixoinuHscTepa3. Hacrosmee coo6-
IICHWE MOCBANICHO HCCIEJOBAHUIO AHTHXOJIMHAICTEPA3HBIX CBOWCTB aMHJIOB
o,B-neruapoamMuHokucior 1-12 wu  S-umumpazononoB 13-20, coxeprxkaimx
OCTaTKH 2-aMMHOTHA30J1a.

L7 oL
\ N\(N{J

13-20

o)

A 1-12

CuHTe3 Mpou3BOAHBIX o,B-neruapoaMuHokucior 1-12 omucan B [7], a 5-
umuzaazojonoB 13-20 — B [8]. HccrienoBanre aHXTHXOJIWHACTEPA3HBIX CBONCTB
coeguHennii 1-20 kak Mo OTHOWIEHMIO K aleTWixonuHicTepaze (AXD, Kd
3.1.1.7), tak u OyrupunxonuHacTepaze (byX9, KO 3.1.1.8) ocymecTBieHo 110
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Metony Onpmana [9]. IloxydenHble pe3yibTaThl MpHUBEIEHB B Tadm. 1 u 2.
CornacHo monmy4eHHBIM JaHHbIM (Tabxn. 1) ammaer 1-12 B 3aBHCHMOCTH OT
CTPYKTYPHBIX M3MEHEHHMI B KoHIeHTparmu 8x10™° M unrubupyror AXD Ha 54-
98%, a byX3 — na 75-98%. B sTOM psiy CpaBHHTEIBHO BBICOKYIO aKTUBHOCTb
no ortHomeHuto K AXD mposBisier (Z)-N-(3-okco-1-dhenun-3-(tuazon-2-mi-
amuHO)rpon-1-5H-2-un)oenzamun (1, 98%). B cnywae ByXD cpaBHHTENBHO
BBICOKHH MPOIIEHT HHrHOupoBanus Hadmomaercs y (Z)-N-(1-(4-6pombennn)-3-
0KC0-3-(THa30J1-2-WIaMHUHO)-IIPOII- 1-eH-2-11)-4-MeTokcuben3amuaa (5).

Taoauna 1

AHTHXO0JIMHACTEepa3Hble cBoiicTBa aMu0B 1-11B koHnenTpanuu 8x10-5M
O O

R NH

(T

Ar
Wurunbuposanue, %

No R AT AXD (A) BbyXD (b)
1 CeHs CeHs 98,2 95,9
2 CeHs C¢H,OMe-4 95,5 75,0
3 CeHs CesH4Cl-4 74,7 95,1
4 CeHs C¢H30,CH,-3,4 54,2 95,8
5 4-MeOCgH, CeH,Br-4 96,8 98,2
6 2-MeOCgH, C¢H,Br-4 74,4 94,6
7 4-BrCqH, CeHs 64,3 91,7
8 3-BrCsH,4 C¢H,OMe 73,4 79,2
9 4-i-BuOCgH, CsH4Cl-4 97,0 97,1
10 4-AcNHCgH, CeHs 96,6 97,5
11 C,H,0* CeHs 80,5 89,1
12 C,H,0* CsHsNO,-3 97,4 96,4
2-aMHUHOTHA30J1 74,1 96,0

*®ypoun
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Tabumua 2
AHTHX0JMHICTEpa3HbIe CBOiicTBa S5-mmMuaa3oonos 12-20

B KOHLCHTPAIUHU 8x10°M

R

Wurubuposanue, %
No R Ar AXD (A) BbyX3 (b)
13 CeHs CeHs 94,8 82,6
14 CeHs C¢H,OMe-4 747 85,4
15 CeHs CeHsNO,-3 85,7 81,1
16 CeHs C¢H,Br-4 44,9 67,3
17 4-MeOCgH, CeHs 95,5 90,1
18 4-MeOCg¢H, C¢H,Br-4 71,5 73,5
19 4-BrCeH, CeHs 86,2 89,5
20 4-AcNHCgH, CeHs 85,7 96,3

[Tocneguuii M0 MHTUOMPYIOIIMM CBOMCTBAM MPEBOCXOAUT 2-aMUHO-
THA30JI.

B psgy 5-umuaazononos 13-20 B xonmentpamun 8x10° M cpaBHHTENBHO
BBICOKYIO MHTHOMPYIOIIYI0 aKTHBHOCTH IO OTHOIICHHIO K 000MM (epMeHTaM
nposiBisier  (Z)-5-6ensunmnieH-2-(4-metokcupennn)-3-(tnazon-2-ui)-3,5-au-
ruapo-4H-umunazon-4-ou (17).

Hamo ormeTnTth, 94TO GOJBITMHCTBO M3 HCCJICIOBAHHBIX coequHeHUH (1-3,
5,6, 8-15, 17,20) o cBonM MHTHOWPYIOUINM CBOWCTBAM 10 OTHOMIEHUIO K AXD
MPEBOCXOAIT 2-aMUHOTHA30JI, TOTIa Kak B ciaydae byXD Tonpko mpen-
cTaBuTeNu amuaoB — coeauHeHust 5,9,10,12 mposBuinmM aHTHOYTHPHIXOJIWH-
ACTEPa3HYI0 aKTUBHOCTH, MMPEBOCXOIANIYIO 2-aMHUHOTHA3OII.

IIpu cpaBHEHUH aHTHXOJUHACTEPAa3HOW AKTUBHOCTH coenuHeHuii 1,2,6,
7,10 ¢ 13,14, 18-20 MOXHO 3aK/IIOYUTH, YTO LUKIU3AIUS aMHIOB «,[3-
neruapoamuHokucioT 1,2,6,7,10 B cooTBeTcTByMOMMUE S-MMHUIa3010HbI 13,14,
18-20 npuBOOWT K YMEHBIICHUIO AHTHUXOJIMHICTEPAa3HBIX CBOWCTB. AHAJO-
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TUYHBIA pe3yibTaT Habmromaercs Takke npu 3ameHe N-OeH30MIBHON TpyImTbl
amunaa 1 va N-pypomnbnyto (cMm. coenunenue 11).

ITo metomy [10] wmccnemoBaHBl TakXke aHTHpaIWKaIbHBIE CBOWCTBA
amunos 4, 9 m S5-ummmasononos 13-15, 19. YcranoBieHo, YTO Bce HCCIIE-
JIOBaHHBIC COCIMHEHMSI TUIICHBI aHTUPAIUKATLHBIX CBOHCTB.

HayuHo-TexHOIOTHYECKUI LIEHTP OPraHu4eCcKOn
u papmaneBtuaeckoit xumun HAH PA
e-mail: armenarami@gmail.com

A. A. Orannecsia, H. A. Orannecsin, C. P. TocynsiH,
wieH-koppecnonaent HAH PA B. O. Tony3sin

HcciienoBaHne aHTHXOJIHMHICTEPA3HBIX CBOCTB
(Z2)-N-(3-oxco-1-apua-3-(THa3zon-2-wiaMuHo)npon-1-3u-2-
uia)apuiaamuaos u (Z)-5-apuanaen-2-(apui)-3-(tuazon-2-umi)-3,5-
auruapo-4H-umunazosn-4-onos

HccnenoBanbl aHTUXOJIMHACTEPA3HbIE CBOMCTBA psAsla aMUA0B N-3aMEIEHHBIX
0, 3-IeTuaPOAMUHOKHUCIIOT M 5-MMHIA30JI0HOB, COIEPIKAIIUX OCTATKU 2-aMHHOTHA30J1a
[0 OTHOUICHUIO KaK K aleTIIIXOJIMHAICTepas3e, Tak U K OyTHPHIXOIMHICTEpasze. YcCTa-
HOBIICHO, YTO aMHIBI O,B-IETHAPOAMHUHOKUCIOT MO WHTHOHWPYIOIIMM CBOHCTBaM B
OCHOBHOM TPEBOCXOAAT COOTBETCTBYIOIIME S-UMHIA30JIOHBL B psgy amumaos a,f-
JETUAPOAMUHOKUCIIOT HAaWJEHbI COEIMHEHUs, MO0 aHTHUXOJIMHICTepa3HBIM CBOICTBa
IIPEBOCXOIAIINE 2-aMUHOTHA3OI.

U. U. Znjhwutpuyub, L. U. Zndhwutthywi, U. (. @numiywb,
22.QUU. prpulhg winud 9. O. Fnthmqyub

(Z)-N-(3-opun-1-wippy-3-(phwiqni-2-hjudhun)upny-1-ku-2-hyjuphjundhnbkph b
(2)-5-wpmhnku-2-(wphy)-3-(phwqn-2-hy)-3,5-nhhhnpn-4H-huhnwuqn -4-ntukph
hwljujunhtbupbpuquyhtt hwnmpnibibph nuunidtwuhpoipnii

Munudtwuhpyly o dh owpp 2-wuhtnphwqnih duwgnpn wywpnibwlynng o,p-
nthhnpn- wdhtwpeniutph wdhnubph b 5-hdhnuqnnuubph hwjwhn hutupbpuquyht
hwwnlmpiniuttpp hiywyku wgkwnhy-, wytybu & poiphppiunihibuptpuqubph hwinbw:
Nupqyk] E np hpktg wpgbjulhy hwnynmpniuibpng o f-nthhnpnudhiwpeniibph
wdhnubpp hhdbwlwind ghpuquignid ki hwdwwwinwupiwt 5-hdhnugninuttph:
Quidws tu dhwgnipnitubp, npnup phpktg hwwjunihutuptpuquhtt hwnynipniu-
utpny ghipuquignid b 2-wdhunphwqnyp:
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A. A. Hovhannisyan, N. A. Hovhannisyan, S. R. Tosunyan,
corresponding member of NAS RA V. O. Topuzyan

Investigation Anticholinesterase Properties of

(2)-N-(3-oxo-1-aryl-3-(thiazol-2-ylamino)prop-1-en-2-yl)arylamides and
(2)-5-arylidene-2-(aryl)-3-(thiazole-2-yl)-3,5-dihydro-4H-imidazol-4-ones

Anicholinesterase properties of a number of amides of N-substituted o,p-
dehydroaminoacids and 5-imidazolones containing 2-aminothiazole residues with
respect to both acetylcholinesterase and butyrylcholinesterase were studied. It was
found that the inhibitory properties of amides of a, $-dehydroaminoacids are mainly
superior to those of 5-imidazolones. In a number of amides of a,B-dehydroaminoacids,
compounds with anticholinesterase properties superior to 2-aminothiazole were found.

10.
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UNLBYNRLUSPU ZUEULULNR68NPL
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U. U. Uhnnunuywu!?, %}, Unkunnis, L. Udwin?,
L. U. Byhuljnynujui!

Lwipht Swl pupwdudh nuljpuiympmud Unjklnijught
wwhywijwénipjut ghuhwwnnid

(Lkpyuyugyuws k 22 UU pyp. wigud (. U. Zupnipniiyuih Yonuhg 11/12021)

Pwtuh pwnbkp. /Eppl wyljuinnglkl, hhwgnya FUG, hinugnijh
uyhunwlinighlp, vwu-uwy Enpndnphu:

Stnujupdud (huknd Ubphjuyh b Glpwuhugh uusdbpniynod
Zupu]uihtt Ynduup hwinhuwgt) E juplnp dhgpughnt ninh Ulnp-
UnJyuuyutt dhpwgp, npp htwpwynpnipnit E wdl) hndhuhtubph
uthpnudp Lhwbwnhg nbyh BYpwuhwh dbwguwsd wwpwspubp uykju-
wnngkuh pupwgpnid [1, 2]: Upjumphwgpulju nhppny wuwyjdwbwynp-
Jus Jhdwyulut btywuwnwynp gnpénuttpp (Uh Ynnuhg' Undjuuyut
[Enutkiph yuwonyuwiwlwut wqnpkgnipniup hniuhuwihtt vwep onwyht
quuqusttnh ukpputhwugnidhg, Uniu §nndhg" Ul b Ywuwhg ényk-
nh dbnunn ukpgnpénipiniup) pnyp bu gl mupuswopowiip nhwnwp-
& npybu JEtuwwopiwphwgpujut wywunwt (nhdnighwy gnunp)
wkjuinngkuh wdpnne dwdwtwluwopowunid [2 - 4]:

dbpohtt nmwutwdjulnud JEuuwdnibyniuyhtt nbkjuuninghwukph
qupqugdul wpnyniipmd dpwlpy ki inp Ukpnnibp’ ppudn nuynpib-
pnud wuwhywijws Jhhuwpuwtwlui gnigwthpubph wpwyt) &ogphun
unyuujutugdut b Epndnipjutt hwdwp: Skjutninghwljut wnwy-
npupwgn hwigkgpk] E kujut JEkpwthnjunidubph httwghwnnipyut njnp-
umd uljhqp nulkim] Uniiyniuyht htwghumpub tnp &onh dhw-
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Ynpuwitipn: Ujuon wylt junp wuwwnljkpugnid E wnwjhu wyjuwyhuh hwpgtnph
dwuhl, htyyhuhp b dupgnt swgnudp b twhpwyundwlubt qunpebpp
[5], hupdwpynpujuinipjut dutpp [6], Jhtuwwyuwhndwt wnwtd-
twhwwnlnipnitubpp [7] b jihdwjuwluwt thnthnjunpemnibaubpp, npnup
wqpb] Bu JEuuwpuquuquimput ypu [8], hsybu twb puquuphy
wy] gqnpoénuubp, npntg ntunmdbtwuhpnipinitt wthwp Ghtubp dhuygh
wjuwinulwt dninkgnidubpny:

Uhuslt dtpotipu Zupwyduyhtt Yndjuuh tnupwspnid htwgniy Unpk-
Ynyubp wwhywing twhwywndwjut htwduyptp hwpnuh sthu: Up-
gujuh Luphtt Swl pwpwidwyh hwjntwpbpnidt whtwhiunby htw-
puynpnipjnit pudbnkg jpugubnt wyn pugp htwduypnud jEtuwdnb-
Ynyubkph pupdp ywhywbdwénipjw punphpy [9, 10]:

Unyt wpjuwnnwiiph tyyunuljn £ quwhwwnty Lunpht Swih tmuppkp
obpnbtpmd  JEtuwdnibynyubph wwhywidwénipimt wunhfwip b
ppwdn hwjwpwsdnih wnnbkughwp htnnwqu ghubnhulut b uyh-
nuwlnigupwbiwjui hbnnwgnunnipjut hwdwn:

Uniptp b dbkpnnitn: 2iunidbwuppiwi juyp: Lupht Swlj pupw-
dwp @npp YUndjuup (Entwonpuyh hwpwdupbbpjut Swpudwunid
nbnuljuyuwsd wiuppwpwp htwghnwljut hnpwpdwt b Zhwuypnud
uytwswyu) whnnudubpp dbjuwpyl) b hwdwyuwunwuwt dwaubw-
ginutpny hudwpdws dhowqquyhtt wppwuwudph Ynnuhg 2016 pdw-
Jutht b owpnitwlydty 2017-2020 pywljubitph nuownwht spowuttiph
pupwgpnid: Yuwjpp wuwpnibwlnmd E dhghtt pwphg dhush wnudh
nupuppowiipm] pwugpynn dpwnpwihl gkpunbkph pwpniwljuljwub
hwonppuljutinipjnit, hwpniun £ dwuppught b jEipubwlwub swugdut
puquuphy nuljnputpny, ukpdbpny, pupk gnpshputipny b ukgtnkuny:

Fpwén nulnpikp: Puputdwynd hpujuwbwugdus npuownughtt wy-
huwwnwtpubph pupwgpnid hwyntwpbpydt) £ wybkih pw 20000 ppwsn
nuljpuiynip: Unju hwjupwsénih dhohtthg yipht pupbpuput dudw-
twljwopowiny pyugpyus nujpuyhtt quiqyushg wnwtdimugyty k Unn
300 dwip phljnp hbnwqu dnjklnipught hbnwgnnnt pjut hudwp:

Zhwmkhpuwbwpwinipinibp Jwu-ugklnpndbuphugh (ZooMS) up-
ongny: ZooMS-p unpwugniyu Ubkpnny k, npp pnyp B wwhu tnybw-
Jubtwugub] swthwqutg dwup b dnpdninghwy bu winpnsobih nuynputph
pEynputipp mbkuwluyhtt uytghdhl vyhwnwlnigutph dwu-uyklunpn-
Ubkwnpuyhtt hwyntwpbkpdwt dhgngny: Ukpnnp hhduws E E]njnighwjh
pupwugpnid §njugkt uyhwnwlnigh fujniunipjut hwnlnipjut Ypu,
husp htwpwynpnipinit £ tnwjhu wyt oqunugnpsdtnt npyku Unjknyw-
jht gnigwthy nuljnpubph nwpunundhwlwb tnytwjuwbugdwt hwdwp
[11]: Ghpdwthuh Uwpu Muwulh Uwpnnt yuwndnipjut httunhwnnt-
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nmud hpwlwtuwgyt] £ Luphtt Swih wwppbp obpintphg dnwn Gplno
hwpnip nuljnphg Ynjugktt uyhwnwlnigh wtgwwnnid AmBic Ukpnyny:
Ugyhwnwlnigh wbowwndwip hbknbl] E ywbywunhnubph quuhwwnnd
Bruker Autoflex Speed LRF MALDI-TOF (Matrix Assisted Laser Desorp-
tion/Ionization Time of Flight) dwmu-uwkljinpnubwnpny:

Zhgnyl dpwunnpnbgppnidughli PUO-h  (Uin2UE)  hEunugnuni-
jnil: Ujn Uninbgnudp htwpuwynpnipmnit £ wnwjhu dnFufé-h gnighs-
ukph dhongny Ybkpwlwiqubint twhuwyuwndwljuwt dudwbwlubpnud
wnunijjughwibkph wknuowpdtpp b thnjuhwpwpbpnipnitubpp: Gyk-
nhuyh Fuwljut yuwndnipjut putqupuinid hpujwbwgyt) £ Lupht
Swijh 25 tdniphg htwgnyt UnFue-h whgwnnid b hwdwwwwnwuuwb
qhiubnhjuljuwt qpunyupwuttph jupnignid: Fu6-h wbpwwnnidu hpw-
Juwtuwgyt] E hudwdwyt punnmitdws ywpnwnnlnjutph [12, 13], wyunthtnb
Junnigyk) Lu Single indexblunt-end Illumina qpunupwutbp [14]: Udw-
1hdhyugdus uniyjinnhnubnh wwpnibwlnipniup uinniqyty k wqupn-
quyht gby Rjupupnptqh dhgngny, nphg htwnn hpwlwbwugdty k
gpunupwiunid Yu-h npulh quwhwwnnid Agilent 2100 YEuuwybtp-
1nwShsh (bioanalyzer) hhuwt ypu:

Upnyniupuitp b ptwpmd: Opquithquph dwhquwt wuwhhg wknh Eu
niukund fEtuwdn Eynyubph Junpniy puypuwynid b phdpwjuits junnig-
Jwédph thnthnpunipjnit: Uwutwynpuybu opquthqunid Lugngku unil-
|kwqubph b Eygngtu gnpéntuubph (opuhnwgnid, hhnpnihgq, dwnwquy-
pnd) wqpbgmipjudp puwpinygnd £ YUE-h pwpwpudnudwnwghe
Ydwjupp, b thnthnjuynid Et wmgnunuyhtt hhdpbpp: vdwbwybu jpwpun-
Unid kb uyhwnwlmgitph whynhnuihtt juybpp hwiqbgitng nhw-
dhtiwgdwt [15]:

Uiy yuwndwnny whnyws hutbwpwiwljut yniph qquih dwup sh
wupnibwlnud Eugngbtu wynihdbkpubp: Uhtypbn juymt dhypnyihdwgh
wuydwutbpnd (okpdwunhdwth witowt mwnwtnudubp, gusdp jun-
twynipini, Juunwpuy dpnipmni) Jhuuwdnibynyubpp Jupnn ko
wwhwywbybk] hwqupudjulubkp owpnitwly: Uhw wynuhuh dhowyuypny
E punipwugpynid Lwupht Swl pwpwbdwyp, hsth wyywhnynid L wytinkn
dwljpnunitlnijutnh gipuquig yuwhuywtwsdnipiniun:

Ugjuwnwtipnid hpwubwgyt] £ Lupht Smyh pwpbnupjui sbp-
wnbtphg whnwé nulpuiyniph Ynugkt uyhwnwlnigh b dnu6-h
wwhywijwénipjutt wunhdwih quuwhwwnnd, npp hhdp Jdwnuwgh
udnipubph htnnwqu hwdwwywpthwly dnjkynyugbitnhluljut ntunid-
twuhpmpul hwdwp nwpusuopewih Jriuwpuquuquimpniip b
dwnttwgh Jupnigquspwihtt mwnwinidubpp JEpulubqubint tyw-
wnwlny:
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Unpbninghwjutt hwnljuhpubpny wunpnobih Epynt hwpmnip
hhunit tdniy quuydt) E ZooMS dUkpnnny: Uwubtwynpuybu hpujubwg-
k] k nuljnpubiphg Ynjughuh wbgwwnnid, nphtt hwenpnky £ whwwnhn-
ukph quiuqwsh b pwbwlh quwhwnnd: Uwu-uybklnpndbnpught
htwnwgnunnipiniup gnyg k£ wyk) grnusnubph dbs dwunid ywhkwywnhnubph
pupdp wupnibwlnipmit (Gjwp 1) poygp wugm] dnpbbph hbnwgu
wnuwpunundhwlwb tinytwlwbwugnidp:

Karin Tak samples

Intemsity

Ul 1. Rupht Smyh wdnipubphg wipwingws Ynjugkuh dwu-uykuptkp: Ninquhwjwug
wnwbgp hnltkph wqnulh htwnbkbuhynipni, hnphqnuiwlwh wowbgp quibiqush b
1hgph hwpwpkpnipinil (m/z):

Ujuyhuny, Lupht Swljh nuljpuiynipn, npu niith dnwn 20-40 hwqup
nwpju  Junbdmpnit, punipwugpynid L Ynjugkh wwhywidwh
pupdp dwjupnulnyg b npnp phypbpmd hwdbdwwnbh b dudwbw-
Juljhg tunipubph htn: Ldwb yquwwnltp uvnwgyl) E niumduwuhpdws
nuljpuiyniph wykh put 85 wnlnuh nhypnid: Uyhwnwlnigh wuh-
yuwijwoénipjul pupdp wunhdwbp, npp pudupup k dhbsh ginh dw-
Jupnpul] nupuniindhujut tnytwlwiugdwt hwdwp, hwqunby b
hwunhuynid pupbyupyut hnipwpdwtbkpnud:

Ul. 2. Puiphtt Smljh tdnpubiph dnYu@ qpuinupwbkph gk HEjunpudnpliqh wunlhp:
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Tpw htwn bty hpuljubtwugdl] o Luphtt Swih 25 nuljpuht
udniphg dntuE-h wiowwnnd, wdwihdhjughw wnihdkpuquyht
onpuyuljub ntuljghuyh dhongny (NTIY) b gpunupwbtiph jupnignid:
Qpunupububpnid httwgnytt dntue-h yupnibwlnipjut quwhw-
nnudp gnyg b wndbkp Yu-h pwpdp Ynughunmpughw hhwnwgnungus
udnioubkph 80 ninljnuh nhwpnid (uwn 2):

EiEyunpwudnptqh dhqniwy wpnniuph dogpundwt b FuLE-h hwn-
Justbph Ynughinpughwyh npnodwt tyyuinwlny hpuwbwgyt) k dky
udniph npwlh quuwhwwnmd Yhuuwwdbkpnishsh dhongny: Uwnwugws
EEjupudbbpngpudp hwuwnwwntky b Eugngku Fu-h wuwhwywdwént-
pyut pupdp dwljwpguyp (ywp 3):

i KT-5_12¥13_1inS o Peak table for sample 1
Y Peak Size [bp) Conc. [pg/pl) Molarity [pmol/l]
35 125.00 54113

——mO@mNO AW —
~
g
«
-
3

=11
w
3
2
W
©
s
8
b

100- 13420 7.01 253
14 448 588 199
15 :

= 5 si0 297 88

o 0 R Y 17 553 1. 53
~ At \'\'ﬂ‘?\‘%é\q“ o | 18 » 10,380 75.00 109
0 ~ 8 19 12707 0.00 00

Region table for sample 1

—TT T — T T fom T G . Size Conc. Mol
3% 100 150 300 400 500 600 1000 3000 10380 [bp] Tool Tpl Area  Total (opi= fpoiil  lomoi
93 660 2,7908 96 254 1,359.58 9,3454

Ul. 3. Puphtt Swlhh tudnioh inFu@ gpunupuih HEjunpudbpngpud: Nnnuhwymg
wnwbgp Yudwjuiwi $imnphugbighwsh dhunpltp (FU), hnphqnuwlwi wowbgp
YURE-h hwnwdlbph kpljupnipniup, Ynph ypu pybpp’ FuE-h Ynbghinpughw:

ElEyunpudbpngpudh Jpu wlthuywn tpind E, np NTR wpynit-
pnid wdbkbwpwpdp Ynugkinpughwtt nmukt 187 bp Eplwpnipjudp
TUE-h hmnjuwsubpp: Zwnjwbowlwl k, np jud guhywbgt) bu twub
wkjh unpnp Ungkynyubpp’ pinhniy dhish 10380 bp: Ujpuunh&wh
wwhywbwsénipjniup pajupwp b ubpybiwynpnid hpujutwgubine b
unnwugyus hwonpyuljutnipniitpp thwpdtp ytpnistint hwdwp:

Ubtpwnws YEuuwdnikynyubph hbnmwqu wykh junp htwnwgn-
unipmiip hhdp b swpwynid 20-40 hwqup mwph wowy nwpwsw-
opowth dwunittiwgh pwqUuquinipmniip b §ihdwyuljut nwnwind-
ubph wqnpbgnipjudp yYbkpohthu thnthnpudwt ophtiwswthnipnitubpp
JEpuljubqubjnt hwdwp: Fugh wyn, vnwugdws wpnyniupubpp pny; ko
nwjhu hwdwywphwly dEjtwpwtl) b unnigl] yEpohtt umuinguujwwn-
dwl dwdwbwl) Upgwjup npybu nbdnighwy gninh swnwybint Juplusdn:

Zunjuwipwlwl k, np Luphtt Smyhg huyntwpkpdus hutbwpwtw-
Jut wniph ghubwnhlulwubt htnwgnuumpub wpyniupubpp Jiuynid
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ku Zujjulwt (Entwpjpwuphnid Unwnn nip hwqup wnwph hwpwwnbng
dujpugdwjhtt ghubnhjuljut swupnibwjujutinipui  dwuht [15]:
Pugh wyn, htwjuyph ppwénutph Yuf-h ghpuquig wwhwywidw-
dnipiniup pnyy) E wyl] hwonnnipjudp unyuwluwbwgul] 29 wwpunt
(npnup ubpjuyugind Bu jupltwuniuttph 11 b pnsnitubph 3 pb-
wnwihp), npnlp ptwlbgplk] G tmwpwéswopowupn 24-42 hwqup wnwph
wnuy [10]:

Uljuhwjn k, np Lupht Swl pupwdwdp ghnwuljub ks wywtw-
Unipjnitt niitignn htwduyp k, npp Juplnp nbnbynipniuubp £ yuwh-
wuwund pupbnuput dudwtwluwopowithg h yip nupwsph htugnij
YEtuwdhowduyph, dwpnnt Jun ptwljkgdwi b Eyninghwljwt hwupdwp-
Yynnquliwinipjutt dwuht: Uhtusnin wpnh dnikynyughtt gnpshpubpp
httwpwynpnipnit tu pudtinnud dpswttint wyn wnbnknipmibautpp b
unwbwnt uywnhs kqpuljugmpniutbp hipwynp wiagyuh dwupb:

122, QUU, Untynyuht jhluwpwinipyub htuinhwnnun

Wwpu Nwiyh Uupgnt yuudnipjut htunhnnun, 8ktw, Shpdwithw
SCYtnhuwyh prwjut wundnipjut putqupui, Unnljhod, Cytnhw
e-mail: mantonosyan@gmail.com

U. U. Unnnbinujui, 7. Unbkuwnni, L. Udwn,
L. U. Byhuljnynuyyui

Luipht Swilj pupwtidwyh nuljpuiynipnid dnjknyuyht
yuwhywinwdmpjuih qiwhuinnid

Stnulwyjws thutiny Udphluyh, Bipnyuyh b Guhugh ol wphiwphwgpuljui
dhowlgpnid Zwpwquyhtt YUnyuup swnwyl) E npybu phwljub wigninh, npny, ujuwsd
unnphtt wuwbnihphg (hpt puph qup), Ubphluyhg Bpwuhw ki qunpl) htwgnya
dwpnhly b YEunuhubp: Upyn p mwpwdwppowtip Epghtt nwnguyuwndwt dudwbuy
Swnuyl) L npybu ptwjul wywunwpwt (nhdnighw) gnunh) obpdwubp mbuwlukph
hwdwp: @hplhu wju hwpgt we wyuop dunwd k Jhdwhwpnyg: Upguwjuh Lwpht Swl pw-
puwudwyh hbnwgnuuljub wohwwnwipt ninndus b Jipuljubqubnt wyny nupwubw-
opownid httmgnyn dwpynt YEbuwdhowquypp b npw hpdwt Jpw uninighjne Jtpeht
nwnguyuwndwt dudwbwl] nupwspp npybu nhdnighwy gninh dSwnwykint Jupludn:
Uy btyuwunwlny hpwjwbwgyt) kE pupubtdwynid wginqus ppwsn Wyniph unjklniyuyghe
hhnwgnuumpnl’ nuhjpuignipmd dhinnpninphnidughtt ¥UE-h b Ynjugbih wwhywb-
Judnipjul wunhdwih guuwhwwndwb hudwnp:
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M. A. Antonosyan, D. Stanton, N. Amano, L. M. Yepiskoposyan

Assessing Molecular Preservation in Fossil Bone Assemblage
of Karin Tak Cave

Located in the crossroad between Africa, Europe, and Asia, the South Caucasus
region served as a natural passage through which early hominins and fauna have
followed during their migration from Africa to Eurasia since Palaeolithic. Additionally,
it remains debated whether the region acted as a refugial zone for thermophile biota
during the Last Glaciation. The exploration of Karin Tak cave aims to reconstruct early
human dwelling environment and test the refugium hypothesis for the Artsakh region
during the Last Glaciation. We have performed molecular analyses of fossil bones
recovered from Karin Tak in order to assess the rate of preservation of mitochondrial
DNA and collagen.

M. A. AntonocsH, [I. CrenroH, H. Amano, JI. M. Enuckonocsin

OueHKa COXPAHHOCTH JAPEBHUX MOJIEKYJ B KOCTHOM MaTepuaJie
u3 nemepsbl Kapun Tak

Teppuropus FOxuoro KaBkasa, Haxosch Ha mepekpecTke Mexny Adpukoii, Es-
poroit u A3ueld, cirykuia reorpagueckuM KOpHIOpOM, TI0 KOTOPOMY HaunHas C paH-
HEro TMaJeonTa APEBHUE TOMUHHIBI U MPEACTaBUTENHN (ayHbl MUTpUPOBATH U3 Ad-
puku B EBpasuro. B To 3ke BpeMsl 10 CHX TOP OCTA€TCsl CIIOPHBIM BOIPOC O TOM, SIBJISLI-
Csl W NaHHBIM PETHOH pedyruambHOM 30HOH 111 TepMO(GHIBLHON OHOTHI B 3MOXY IO-
cnenHero oneneHenus. Mccnenosanue nemepbl Kapun Tak HampaBieHO Ha PEKOH-
CTPYKIMIO CpeAbl OOMTaHUS IPEBHETO YeJOBeKa M Ha JallbHEiIee TeCTUPOBAHHE pe-
(byruanpHOM rUMoTe3bl B OTHOIIEHUH APLIAXCKOTO PErHOHA B TEUSHHE MOCIIEJHETrO OJIe-
nenenus. C 3Toil 1enplo ObLT MPOBENEH MOJIEKYIISIPHBIM aHAIU3 PacKONaHHOIO MaTe-
puana JuIs OEHKH CTEIeHH COXpaHHOCTH MuToxoHapuansHoi JIHK u kosarena.
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LwbnGGEp htnhGwyGtph hwdwp

1. «wjuunuth  ghnnipinitiiph wqquyht wjwunbdhwih QkYnygutips hwigkup nyu £
nkuinud nupbjwb ynpu wiqud, qgentnnud £ ghnwljut hbnwgnuinipiniiikph tnp, ny
U] mkn shpuywpwljws wpymipbp ywpnitbhwlnn hudwenw, jnipophtiul hongjws-
ukp:

2 22, QU U wjwunbuhlnubtpp, pnpwjhg whinudtbpp U wpnuwuwhdwiyul winudukpp
hpklg hnnjusubpp tbpjuyuginid kit wbdhpwlwbnpkt: Uniu ponpnp hnpuwsdubpp
ubpyuyugynud tu 22 FUU whnudutph dhgngny:

3. znpudubkpp Jupkih £ ukpjujugil) huykpkl, pniukpbkt jud wugkpkl (Eqyny: Ujn
kpkp 1EqUny wkwnp E ipluwjught) bub phpipun: : ‘
4. vkpyujugynud £ hopjwsh fEjunpntwhtt mupppuyp (CD/DVD-ny jud e-mail-ny
“mas@sciam) Lpynt wujwghp ophtwyny Ykpglwlwl Julpugpnipjup: Zogqwsh
pughwlnip  dwuyp’ 8 kg (12000 hp): Oqunugnpdinn wkpunuihl hudpwghpp’ MS
Word, munuwsuithp 12 pt, wmnnkph dhgl hinunjnpnipyniip 1.5: Ljwpukpp tkplujug-

ynud kb wnwtdht puyny bmp Jud wmf pnpuwnny:
Zwbpkup hudwnnn whntbp'
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4.TIpeAcTaBsAeTCS JJIEKTPOHHbIH BapuaHT ctateH (Ha CD/DVD umi no e-mail: rnas@sci.am) c

ABYMsl pacrnie4aTkaMu B OKOHYaTelbHOM penakiuu. Obuiuii 06beM cTaThH HE JO/DKEH MPEBLILIATE
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