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1. Introduction. The statement of the recognition problem is given in [1].
Let M= Uﬁ=1 Ki € M; X My X ... XxM,,n>1, where M; is a metric space
with a metric d;,i = 1,2, ..., n, be the set of admissible objects. Subsets K; are
called classes and K; #Q,i = 1,2, ..., L.

For an admissible object S classification is done by calculating estimates
[;(S) to the class K;. Each algorithm in a model is determined by choosing a
system of supporting sets, a proximity function, weights of the admissible
objects, weights of the attributes, and a decision rule. The system of supporting
sets Q, of an algorithm A is a nonempty set of subsets of {1,2,...,n}. Each
element Q € Qy can be described by its characteristic vector wgq =
(wq, w3, ..., w,), where w}'l =1 if and only if i€ Q. Denote Wy, =
{(J)Q | (NS QA}

In each algorithm A integers q1,q, = 0 and &; = 0,i = 1,2, ..., n are fixed.
For admissible objects S = (51,52, --.,Sp), S’ = (51,53, ---, Sp,), and a supporting
set Q the proximity function B(£, S,S") is defined as

B(Q,S,S,) — {1, (6 . (JJQ) = qq, (6 ' (UQ) < q
0, otherwise

where § = §(S,S") = (84, 82, ..., 8,) such that

5 = {1, di(si,si') < &;
b0, di(sisi) > g

Let y(S) be the weight of an admissible object S. Denote the weight of the
attribute i € {1,2,...,n} by u; = 0. The weight of a supporting set Q =
{i1, iz, ., i} is defined as u(wg) = py, + py, + -+ + w;,. The estimate T;(S) is
defined as



1
> v ) u@n)B@,5,S") &
F|K;| 4
S'€K; QEQy
where F is a normalizing factor. Formula (1) is practically inefficient because
the number of terms in the inner sum may be exponentially large. The following
formula is proposed for the calculation of the estimates [2]:

n
1
OB e DIRICOPWTACKD @
S'EK; =1

where Q;(S,S)=1Qe€eQy|i€Q, B(Q,S,S")=1|. Now the number of
summations in (2) is not greater than n. If the number of distinct values of
Q;(S,S8") is small, then the calculation of the inner sum almost disappears.
Hence (2) is an effective formula for the estimates calculation.

By ||a|| we denote the number of ones in a binary vector a. For binary
vectors a and 8, a + f denotes the logical XOR operation.

Suppose §; = 1 if and only if i € A= {jy, 2, veer jin b J1 < J2 < *** < jim. For
a=(ay,ay ...,an) denote a'=(aj,a;,..,a, ) and a®= (ay,,a,, -
ay, ), where {ki,ky, . ky_m}={12,..,n}\A4 ki <k, < <ky_p.
Then

B(Q,S’S’) = B(Ql6lAlqllq2) ={

[;(S) =

1, ||6* + wh|| < 18] — g4, ||6% + @3] < g2
0, otherwise

The latter defines B(L, 5,4, q1,q,) even when § and A are not related,
i.e. B(Q),8,A,q4,q3) is defined for V6 € E™,VQ,A € {1,2,...,n}, Vq4,q, = 0.
Unless otherwise stated, we assume that § and A are not related.

Define Qi(6l A' q1 qZ) = I‘Q € ‘QA | i € 'Q': B(‘Q' 6! A' q1, qZ) = ll, i(‘QA) =
{Qe, i€ Q}land Q;(8,4,q1,92) = [U(Q)| — Qi(5,4,q1, q2).

Definition 1.1. A system 2, of supporting sets is said to have rank k, if
{Q;(6,4,q1,92)} =1l <k, for V6 € E"vAC{1,2,..,n},Vq,q, =0, and
|{Q:(8°,4°, a7, a)}=1 | = k for some (6°,4°, 47, q2).

Definition 1.2. A system 02, of supporting setsis said to have 4-rank k, if
|{Qi(51A' q1, qZ)}?=1| < k’ for vé € En;A = {l | 6i = 1}' vqlr qz = 0' and
[{Q:(6°,4° 7, gD}, | = k for some (6°,4°,49,¢9), A° = {i | 6 = 1}.

The rank and the A-rank of the system (), are denoted by R({,) and
RA(Qy) respectivally. Clearly Ry(4) < R(Qy,).

Definition 1.3. A system (2, of supporting sets is called absolutely re-
ducibleif [1(2,)| < 1,Vi € {1,2,..,n}or |[i(2)| =n—1,Vi € {1,2,..,n}.

Definition 1.4. A system ), of supporting sets is called absolutely sym-
metric if for each 2 € ,, it follows that E1“2!l ¢ W,

Definition 1.5. A system £, of supporting setsis called internal if @ & 2,4
and {1,2,...,n} & Q,.

Clearly, when considering the rank and the A-rank of a system ()4, without
loss of generality we may assume that ), is internal. The following theorem is
due to [3]:




Theorem 1.6. Given an internal system (2, of supporting sets, R,(2,) < 2
if and only if £, iseither absolutely reducible or absolutely symmetric.

For the rest of the paper we will assume that (), is internal. If Qg4 is
absolutely symmetric then R(Q4) < 4 [2]. Thus, for absolutely reducible and
absolutely symmetric supporting sets we only have upper bounds for R({),) and
RA(£24). In section 2 we calculate the exact values of R(Q,) and Rp(Q,) for
these supporting sets. Finally, in section 3 we suggest a general method for
constructing effective algorithms.

2. Ranks of absolutely reducible and absolutely symmetric supporting
sets. Proposition 2.1. If 2, is absolutely symmetric, then R,(2,) = 2.

Proof. Let § = (0,1,1,...,1), A={2,3,...,n}, g; = g, = 0. Then
Q:1(6,4,91,92) = 0and Q;(6,4,q1,92) # 0,i # 1 and Ry(£24) = 2.

Proposition 2.2. If 2, isabsolutely reducible, then R(£24) = R,(2,) = 2.

Proof. If |1(Qy)| # |j(Qy4)] for some i,j € {1,2,...,n},i # j, then taking
V8 € E™,q; = 0,9, = nwe have Rp(Q,) = 2. Otherwise, we take the same
approach as in the proof of proposition 2.1.

It is easy to see that R(Q,) < 2. Thus we also have R(Q,) = 2.

To calculate the ranks of absolutely symmetric supporting sets we need a
few lemmas. To avoid considering various trivial cases we will assume that n >
5.

Lemma 2.3. For W, , = E; we have R(1,) = 4.

Proof. Let § = (0,0,0,1,1, ...,1),A = {2,3,...,n — 1},q; = 1,q, = 1. Then
51 =(0,01,...,1),6% = (0,1) and

B(0,6,0 g1, q,) = {1, |5t + a)})” <n-3,|6%+ ] <1
0, otherwise
Since 61 € E"2, ||61 + (l)é” > n — 3 means wh = 81 =(1,1,0,...,0). As
wgq € E2, the latter implies wq = (0,1,1,0, ...,0). Now

-2
{oeql1eq, 52+w6||>1}|:(n1 >=n—2

and
{oeq,|1eq ||t +wh|>n-3|62+wi| <1} =0
Hence Q,(8,4,q4,q,) = n— 2. For Q,(8,A, q4,9,) we have
{oeq2eq|6%+wd|>1} =1
and
{oeq,|2eq |6t +wh|| >n-3|62+wi| <1} =1
Therefore, Q,(8,4,q4,q,) = 2. Similarly, we get Q,(5,A,q1,9,) =1 and
Qn(5_: A q1,q2) = 0. From _ _
Q1(3,4,4q1,92) > Q2(8,4,41,92) > Q4(8,4,91,q2) > 0r(8,4,q1,92)
it follows that
Q1(8,4,91,92) < Q2(8,4,41,92) < Q4(6,4,91,492) < Qn(6,4,41,92)
and R(Qy) = 4.
Lemma 2.4. For W, , = E; we have R(12,) = 4.



Proof. Let 6§ =(0,0,0,1,1,..,1),A={23,..,.n—-1},q; =1, =1. In
the same way as in lemma 2.3, we can show that

— n —
01(6.A,q1.qz)=( 2 >'Q2(5'A'CI1:612):71_2

Q4(5; A' q1, qZ) =n- 3! Qn(5' A, q1, QZ) =1
Hence Q1(8,4,q1,q2) < Q2(8,4,91,92) < Q4(8,4,91,92) < Qn(6,4,91,92)
and R(Q,) = 4.
Corollary 2.5. If Wo, = E2 or Wo, = E3 then for 6 = (0,0,0,1,1,...,1)
:A = {2,3, ey — 1}, q1 = q = 1 we have Ql((SJA' q1, qZ) < Q2(6,A, q1, qZ)
< Q4(8,A, q1, qZ) < Qn(61A» q1, qZ)
Lemma 2.6. For W,,, = Ef,3 <k <n—1wehaveR(12,) = 4.

Proof. Let 6 =(0,0,0,1,1,..,1),A={23,..,n—1},q; =k —3,q, = 1.

Then 6* = (0,0,1, ...,1),6% = (0,1) and
B(Q,6, A q1,,) = {1, |6t + w(l)“ <n—-k+1,]|
0, otherwise

The value of (T), where | < 0, is considered to be zero.

Again, by considering |{Q EQ,|i€Q,]6%+ a)é“ > 1}| and
{oeqlieq|6'+wy||>n—k+1,]6%+wd| <1} =0fori=124,
n, we get

Q:1(8,4,41,02) = (n } 2) + (n } 4>'Qz(5'Ar q1,92) = (n ) 3) + (n ] 4).

52+ wi| <1

k—1 k—4 k—2 k—4
5.(5,A )_(n—3> (n—5> 5 (5.4 )_(n—4)
Q4(0,4,q1,92) = Kk —2 + k—5 ,Qn(9,4,91,q2) = K — 4
Hence,

Ql (6l Al q1, qZ) < QZ (61 Al q1, qZ) < Q4~ (6r Ar q1, qZ) < QTL(6' Al q1, QZ)
and R(Q,) = 4.

Corollary 2.7. Let Wy, = EX,6 = (0,0,0,1,1,..,1),4 = {2,3,...,n — 1},
q1 = k —3,q, = 1. The following assertions hold:
() If5 < k < n — 2, then
QZ (61 A, q1, qZ) - Q1(6' A' q1, qZ) > 2: Q4(6' A' q1, qZ) - QZ (5, A' q1, qZ) > 2'

Qn(6lA' q1, qZ) - Q4(6,A, q1, qZ) > 2.
(i) If5<k =n-—2then
Ql(dl Al q1, qZ) < QZ (51 Ar q1, qZ) < Q4(6l Ar q1, qZ) < Qn(5r Al q1, QZ) - L

(iii) If 4 = k < n — 1 then

Ql (61 A' q1 qZ) < QZ (6' A' q1, qZ) < Q4(6' A' qi1, qZ) < Qn(6; A' q1 qZ)
Proof. From the proof of lemma 2.6 we have

-3
QZ (6'A' q1, qZ) - Ql (5, A' q1, qZ) = (n )

k—1
n—>5
Q4(8,4,q1,92) — Q2(6,4,41,q2) = (k _ 4)
n—>5 n—4
Qn(5r Al qll QZ) - Q4(6' A' ql' qZ) = (k — 3) + (k - 2)

The statement of the corollary immediately follows.

10



Lemma 2.8. If W,, = Ef,4 <k <n—1, then for § = (0,0,0,1,1, ...,1),
A=1{23,..,n—1},1<q, <k—-3,q, =1wehave Q,(5,4,q1,92) <
Q2(8,4,41,92) < Q4(8,4,q1,42) < Qn(8, 4,91, q2).

Proof. By definition,

B(0,5, A g1, qy) = {1, |6 + a)}1|| <n—-2-q,|6*+wi| <1

0, otherwise
From 1 < g; < k — 3 it follows that
{Qeq,lieq|6'+wh|>n-2-q,|6%+wj| <1}

<[{faeqlieq|d'+wh|>n-—k+2|6%+wi|<1}|=0
foreachi =1,2,..,n.
Hence, we only consider |{Q EQ|ieq, ||62 + wé” > 1}| for i =1,2,4,n,
and

5.(5,A )_(n—Z
Q1(6,4,491,92) = k—1

_ n—
Q4(6l Ar q1, QZ) - (k )

— n—3
>,Q2(5,A. q1,.92) = (k _ 2>,
) ,Qn(8,4,q1,92) = 0.
Thus,
Q1(6,4,91,92) < Q2(8,4,91,q2) < Q4(6,4,91,92) < Qn(6,4,91,92) and the
proof is completed.
The following lemmas can be proven similarly.

Lemma 2.9. If W,,, = Ey or Wy, = Ef~%, thenfor 6 = (0,0,0,1,1, ...,1),
A={23,..,n—1},q, = q, = 1 we have Q1(6,4,91,92) < Q2(8,4,q1,q2) <
Q4(6,4,q1,q2) < Qn(6,4,q1, ).

Lemma 2.10. Let 6§ =(0,00,11,..,1),4={23,..,n—1},q; =n—
5¢=1Ln>6. If W, = Ey then Q1(8,4,q1,92) < Q2(8,4,91,q2) <
Q4(8,4,01,92),10,(5,4,41,q2) — Q4(8,4,q1,92)| < 1. If Wa, = Ex~* then
Q:1(6,4,41,92) = Q2(6,4,91,92) = Q4(8,4,41,92) =n —2,

Qn(6,4,91,92) =n—1.
Proposition 2.11. If 2, isabsolutely symmetric then
2, if Wo, = Eqgor Wy, = ER~"
R =43,  ifW,, =EfUER™?
4, otherwise

Proof. The first case follows from proposition 2.2. Fix (6,4, q4,q,) and
consider the second case. Note that if {Q;(8, 4, q;,92)}{=; = {a, b} for W, =
ER~1 then |a — b| = 1. Since [{Q;(6,4, q1,92)}=,| = 2 for Wq, = E} implies
that {Q;(8,4,q1,q2)}=; = {0,1}, we have [{Q;(6,4,q1,q2)}=1] <4 for
Wq, = Ey UER™!. Again taking & =(0,0,0,1,1,..,1),A={23,..,n—1},
q1 = q = 1yields R(Qy) = 3.

For the third case, first suppose that W, N (EF U E3 U Ey) =Q@.
Let § =(0,0,0,1,1,..,1), A=1{23,..,n—1}, ¢, = min{|Q| |Q € Q,, |Q| £
1, [0l #n—-1}-3, q; = 1.If Wy, N (Ex U E}™") =@ then

Q1(8,4,q1,92) < Q2(8,4,41,q2) < Q4(8,4,91,92) < Qn(8,4,91,2),
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and therefore R(€,) = 4, follows straight from corollary 2.7 and lemma 2.8.
Now if Wy, N (EL UER1) #@ then from corollary 2.7, lemma 2.8, and
lemma 2.10 follows that we again have

Q1(6,4,91,92) < Q2(8,4,q1,92) < Q4(6,4,41,92) < Qn(6,4,41,42)
and R(Q,) = 4.

Finally, if W, N (Ef U E; U Ep) #@, we choose § = (0,0,0,1,1, ...,1),
A={23,..,n—1},q, =q,; =1 and R(Q4) =4 follows at once from
corollary 2.5, corollary 2.7, lemma 2.8, and lemma 2.9.

3. A General Method for Constructing Effective Algorithms. Let (4 be
a supporting set, M € N = {1,2,...,n}, and G be a subgroup of the symmetric
group Sy. For 0 €G and wg = (w1, Wy, ..., w,) € Wy, define owqg =
(vq,vq, ..., Uy) as

Wi, ifieM
L= {w(,_l(i), ifieM

Definition 3.1. G(12,) = {0 € Sy | ow,, € Wy, } is the invariant group of
0.

For o € Sy, define ¢ € Sy as

—. i, ifieM
a(i) = {a(i), ifieM

For G < S), denote G = {G | 0 € G}.

Definition 3.2. Let G < Sy,. We say (2, is invariant under G over M, if
G < G(2y).

Definition 3.3.We say that 4-rank of 2, over M is equal to k and write
RY(Qu) =k, if 1{Q;(6,4,q1,92) |i eM}| <k, for V6 €E™"A={i|d; =
1},Vq1,q, 2 0, and [{Q;(8°,4° q7,q9) | i eM}| = k for some (8°,4°¢7,
q9), 4% ={i| & =1}.

Theorem 3.4. Suppose N; UN, U ...UN, = N,N;NN; =Q,i # j, G; X
G, X ..X G, < G(,), so that 0, is invariant under G; over N;, and
RN (2,) < k;. Then Ry(82,) < XX, k;.

The case G; = Sy, is considered in [2]. Thus, this is a natural gene-
ralization of [2]. It is proven that for G; = Sy, we have R]Avi(QA) < 2. Let us
consider another example. Suppose M = {ig, i1, ..., im—1} S N,ip <i; <+ <
im—1 and 1y, is the cyclic permutation my = (iyiy ... L,—1) defined over M.
Denote Cyy =< 1y >= {n}, | t € Z} and
Wé’; = {(wio,wil, ""wim—l) | (wq, w5, ..., wy,) € WQA}.

Definition 3.5. A system (2, of supporting sets is circulant on M if Wé"/’l =
{ow®|o € Cy}, where w°=(11,..,1,00,..,00 € E™ ||| =k 1<k <
m — 1. The weight of M is denoted by (M) and is equal to k.

Clearly, if Q4 is circulant on M then ()4 is invariant under Cy; over M. Let
Q4 be circulant on M and Y(M) =k. For j€{0,1,..,m—1} and § =
(61,905, ..., 8,) define

12



i(M,8,) = (8 )8

i(j—k+1) modm’ 6i(j—k+2) modm’ i(j+k—1) mod m)

=, Ly, oy Lyg—1).

For example if n=10,M = {1,2,...,10},k = 3,1(M, §,5) = (84, b5, b6,
87,0g) and (M, 6,9) = (8g,89,810,01,02).  For x = (x1,%x3, ..., %21_1) €
E?k=1 denote y; = (Xj, Xi41, » Xizk—1), 1 < i < k and consider the multiset
W(x) = {lly.1l, ly21l, .., 1y |I}. The following proposition follows from the
definition of B(Q, S, S'):

Proposition 3.6. If W(I(M,6,))) =W (I(M,5,k)) for some j ke
{0,1,..,m—1}, then for A={i|6; =1} and gq1,q, =0 we have
Qij(6» 4, q1, qZ) = Qik (8' 4, a1, qZ)

Define an equivalence relation on vectors of length 2k — 1: x ~ y if and
only W(x) = W(y). Denote the number of equivalence classes by cy.

Proposition 3.7. If 2, iscirculant on M, then RY (12,) < c4.

Thus, finding the number of equivalence classes gives an upper bound on
the number of distinct values of Q; (5, A, q4,q,) on M.

Proposition 3.8. ¢, = (k + 3)2k~2.

Proof. Say Hy, H,, ..., H, are the equivalence classes: W (x) = W(y) for
x,y € H;,j =1,2,..,c,. Consider sequences a,a,..ay that satisfy the
following conditions:

0<aq; <ki=12..,k
{ai <agu1<aq+1i=12 ok —1 (31)
Let us show that for each sequence that satisfies (3.1) there is a class Hj, such
that a; = |[(x;, Xj41, ooos Xj4k—1)I, i = 1,2, ..., k for some x € H;.
We apply induction on k. For k = 1 the assertion holds. Now let k > 1 and
assume the assertion is true for smaller values. There are the following two
cases to consider:
Casel:a;_q < k.

By the induction hypothesis there is x € such that a; =
N(xiy Xip1s eos XD, i = 1,2, ...,k — 1. Then for X = (xq,X3, ., Xk—2,
0, Xj—1) weer Xog—3, A — Ag—q1) = (Xq, Xy, ..., Xoi—1) We have
a; = 1(&y, Xiggs oo XDl 0 = 1,2, . k.

Case2:ay_1 =k.

Now we have a,_; = a; = k. Consider X = (¥, X, ..., X2 _1) Where
N_l—(ai+1—ai), lflSlSk—z
x"_{l, ifk—1<i<2k-1

Note that a; = ”(fi,fi_}_l, ""fi+k—1)”9 i=12,.., k.

Thus, there is one to one correspondence between the equivalence classes
and the set of sequences satisfying (3.1). Hence, it all comes down to counting
the number of sequences satisfying (3.1).

Let S, denote the set of all sequences that suffice (3.1). We consider two
cases similar to what we just have considered. If a4, a,,...,a; € Si, then
sequences aq,dy, ..., g, A and aq,as,, ..., g, a; + 1 belong to Si.,4. Thus, in

EZk—3
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Si+1 it Temains to count the number of sequences ending with two k + 1, i.e.
the number of sequences satisfying
0<ag;<k+1i=12,..,k+1
a; < a1 <a+1i=12 k=1 (32)
Ay =ape1 =k +1

For each such sequence there is x = (x, Xy, ..., X2x4+1) € E2**1 for which
a; = |1(x;, Xiz1, - Xig)l, 1 < i <k + 1. From a; = agyq = k + 1 it follows
that x; =1,i =k, k +1,...,2k + 1. The latter implies that the a; < a;;1 <
a; +1,i =1,2,...,k — 1 condition is met for every value of x;,i = 1,2,...k —
1. Note that for each (xq, x5, ..., Xx—1) wWe get a different sequence. Hence the
number of sequences satisfying (3.2) is 2=, Combining the two cases we get
Crs1 = 2¢x + 2%71. Solving the recurrence relation proves the proposition.

Corollary 3.9. Let Ny UN, U..UN, =N,N;NN; =Q,i #j and 2, be
circulant on Ny, n; = |N;|, with Yp(N;) =k;,i =1,2,...,k. Then R (2,) <

K min(n;, (k; + 3)2ki2).

The upper bound given in corollary 3.9 is only helpful if ¥(N;) are very
small compared to |N;|. For these cases we may even have equality, i.c. the
upper bound in corollary 3.9 is achievable.

Proposition 3.10. The upper bound in corollary 3.9 is exact.

Proof. Letn = 4t,t >3,k =2,N; ={12,..,3}

Ny =24 1242np w) = Lp(N,) = 2.

Choose q; = 0,9, = 1,8 = (64, 65, ..., 6,,), where
1 'f1<i<Eori:E+10rE+3<i<E+E+1

s=17 Y =t=3 2 2Tty

0, otherwise

For example, ifn = 16,6 = (1,1,1,1,0,0,0,0,1,0,1,1,1,0,0,0).

Then Q,(5,4,91,93) = % + 2, Q%_l(é‘, A qq,q;) = % -2,
Q%““l(&' A.q1,92) = % Q§+3(5» Aq1,qz) = §+ z

"
Q§+4(5: A q1,92) =1, Q§+%+2(6’ A q1,92) = %: Q§+§+3(5' A q1,92) =0,
and Ry (2,) = (ky + 3)2%172 + (ky 4+ 3)2k2"2 = 7.
Theorem 3.11. Suppose Ny UN, U ..UN, = N,N; N N; =@, i # j, {1, is
invariant under Sy,,i = 1,2, ..., t, and iscirculant on N;, n; = |N;|, with
Y(N;) =kj,j=t+1L,t+2,.., k. ThenRy(2,) < 2t + ¥¥_,,, min(n;, (k; +
3)2ki72),

Yerevan State University
e-mail: davit.sargsyan.1993@gmail.com
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D. S. Sargsyan

On Effective Implementation of Recognition Algorithms
for Calculating Estimates

In this paper the exact values of the ranks for some systems of supporting sets are
calculated. A general method for constructing effective algorithms is suggested.

. U. Uupquyuiis
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Unwowpyynud t wpynibwytn wignphpdutph jurnigdwb punhwinip dbpnr:

. C. Caprcsin

06 3¢ pekTUBHON peanu3anny AJITOPUTMOB PACIIO3HABAHUA
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Let X be a normed space, {fk}f (n=dim X >2) be a set of linear in-

dependent elements from X . Denote by II = {z:z e C":max

1<k<n

zk| Sl; the

unit ball (cube) in C" and by X = {z :ze C":max

1<k<n

zk| = 1} — the unit sphere.
Problem 1. We seek

(1)

sup ||0{1f1 +a,f,++a,f,
{y Jen,
and the element from X maximizing norm in (1).
A similar problem is considered in [1], where the exact convergence rate of
an iterative method of solution of a Hilbert space operator equation is
calculated.

Asthemapping p({e}) =Jai i+t f,

IT is compact, the element M realizing the maximum in (1) exists. Easy to

n

is continuous and

see that p is positive homogeneous and subadditive, i.e. p(ca) = |c| p (a) ,

p(a+pB)bp(a)+p(B).

To describe the element M we first prove some auxiliary propositions. Let
H, be the Hemming cube [0; l]n.

Proposition 1. The set of extreme points of A, consists of the vertices of
H,.

Proof. Let x € H, and for some i the strict inequality 0<x, <1 be
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satisfied. Then there exists a positive number & such that ¢ <x, <l-¢&<1.
Denote by x, the element obtained from x changing x,by x; *&. Evidently
x=0.5(x+ +x_), meaning that x cannot be an extreme point. If y is a
vertex of H,i.e. consists of 0 and, 1 and y= ta+(l—t)b, te [0;1], then
a=b=y.

According to the Caratheodory theorem ([2], Ch.1, §1, P.1.6) any

element of a convex compact subset C of R" may be represented as a convex
combination of #n+1 extreme points of C'.

Proposition 2. Any element of Il is a convex combination of at most

2n+ 2 extreme points of IT .

n

_ ia oy ., ia, _
Proof. Let z-{rle ,He e re }EHH. As r—(rl,rz, ,rn)eHn

n+l
by Caratheodory's theorem r =te' +t,e” +---+t,e"", where £,r 0, Ztk =1
k=1

n+l
and {ek }1 are the extreme points of /. Then

n+l n+l

1 2 1 2
n=te +te +---+t e 1 =Le, +t,e, ++1 6,

=te +te +-+t e (2)

LS n+len

n

Multiplying the k-th equality of (2) by exp(iak) , we get
z=tg +t,g° +---+1,,8"", where g/ =elexp(ia,). Replacing (if the
necessity arises) the extreme points of /, by a pair of the extreme points of
IT, , we complete the proof.

Example 1. The extreme points of FH, are el(O;O),e2 (1;0),63 (0;1)
and ¢’ (1;1).

For a point P(a;b) € H, we have the representation #, =1—max {a,b} ,
t, = a—min{a,b}, t =b—min{a,b}, t, = min{a,b}.

Let z, =re™,z, =r,e“. Then

. —r 0 v, — 0 7 e ifr,>r
(22]_(1 2)(0J+( ’ 1)(5%}" l(emzj’ o
(Zl]—(l—r)(ojvt(r—r) " +r " ifr>r

z) = 1 0 1~ "2 0 2 o > 1 2°

Finally we get (if r, > 7;)
17
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Z, 2 2 (-1 2 e 2 (e” e

Theorem 1. Let M :sz f, be the solution of the Problem 1. Then
k=1

|Zk| =1 forany k,k=1,2,---,n.
Proof. By (1) ||M|| = p(z)bZtk Hgku < ||M|| As the inequality in fact is
k

equality, condition H ng <1 implies #,=0 so there exists at least one index j
such that Hg’” = ||M||
Remark 1. The condition in this theorem is not sufficient. In L (0;1) we

have ||l—x||:1/\/§ and ||1+x||=\/7/3.
1

The solution, in general, is not unique. For an orthonormal set { fk} and

n .
1
Ze(pkfk

k=1
Consider now the case, where the norm in X is generated by an inner pro-
duct. In this case we denote X = H. We have

2

any set of real numbers {(pk }r the equality =n is satisfied.

n

M1 = 3 (S fu )

k,m=1

If condition of Theorem 1 is satisfied, then

M= sup S (S )EE,.

‘51‘:‘52‘:‘“‘5»1‘:1 k,m=1

Example 2. Find the solution of Problem 1 in the space L’ (0;1) taking

{fk} :{l,x,---,x”’l}.

1
We have < Jis fm> = P arriving at the Hilbert matrix
1 1/2 1/n

n

/2 1/3 - 1/(n+1)

1/n 1/(n+1) 1/(2n—1)

Denoting by S, the sum of all elements of D , we have the recurrences
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S.,=5,+2 L+ ! +---+L + ! .
n+l n+2 2n) 2n+l1

Below are first eight values of

S —1,7/3,37/10,533/105,1627 /252,67 /353,2951/320,2853/ 269.
Finally ||M||2 =S, and M (x)=1+x+---+x"".

Now we pass to the second problem and seek

il s e ) ®

Let a,be X and the function g:C —>R" be defined by the formula
¢(2)=la- 1]
Recall that b is said to be orthogonal to a if ||a—/1b||r ||a|| for any

A € C. In a unitary space (where the norm is defined by an inner product) this
orthogonality coincides with the orthogonality with respect to the inner product.

Theorem 2. Let m=a, f, +a,f,+-+a,f, be the solution of (3) and
|ak| <1. Then f, is orthogonal to m.

Proof. Forany A € C and ¢ € [0;1] we have

g((1=t)A+tu)=|a—((1-1) A+1u)b| =
l(1=t)a— (1) Ab+ta—tub| < (1-t)|a— Ab] +
+tlla—pub| = (1-1) g (2)+1g (1),

implying that the function g is convex.

Let 0<|A|<1-|e,
||m|| implies ||m||£||m—/1fk
the function [m—Af,||. As it is well known ([3], Ch. 1, 3.3, Theorem 5) for

any convex function defined on a convex set any local minimum is the global
minimum, so ||m|| < ||m - /”tfk” for any A € C, completing the proof.

, then |ak—l|<|/l|+|ak|<1. The minimality of

, meaning that 0 is the local minimum point for

The estimate of the norm of the linear combination of basis elements in a
Hilbert space from below is proposed in [4]. According to Theorem 1 of [4] for

any set {ak} c C the following inequality holds

n
2k
k=1

where d, (En,H ) is the (n —1)— th Kolmogorov width of the linear span in

rd, (E, H)-max

1<k<n

o

5
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H of { 1. }T with coefficients belonging to IT .
By Lemma 1 of [5]
1
max|/,

d_(E.H)=

nd

where {f;}r is the biorthogonal with {fk} set, i.e. <fk,f;> =46, and {fk*}

lie in the linear subspace generated by { i }r .

n
1

Denote by G the Gram matrix
(o f) (hf) = (hf)

o | and) (fnds) - ()|

(L) (Lo fa) = (L)
As it is well known the inverse matrix G~ is generated by the

biorthogonal set {fk*} Let Hf,:”zzmax(diag(G_l)). By the Schwarz

inequality Kf/*,fk*>‘ < ka*
the minimal norm will be the entries of the k—th row of G™', divided by

7] and Il :

2
,J # k. The coefficients of element m having

MR

Example 3. The inverse of D is the matrix
25 -300 1050 —-1400 630
=300 4800 -18900 26880 —12600
1050 —-18900 79380 -117600 56700 |,
—1400 26880 —117600 179200 —88200
630 —-12600 56700 -88200 44100

m=—1/128+3/20x-21/32x* +x* —63/128x" and |m|" =1/179200.

Remark 2. The solution of problem (3) is not unique. For an orthonormal

set { i }:1 the minimal norm is equal to 1 and is attained on each element f,.

National Polytechnic University of Armenia
e-mail: levgev@hotmail.com
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L. Z. Gevorgyan
On Two Extremal Problems

Two extremal problems for the norm of linear combinations of basis elements are
considered. First we describe the linear combination having the greatest possible norm.
Next the linear combination having the least norm is characterized.

L. 2. Qunpguit
Bnlynt bpunptduy uinhputph dwuht

Lutwplynud &t Epynt Epunpbdw) juughpibp' juwyws puqhuwghtt mwuppbkph
gdbuyhtt punuuphtt uwlwunn wmwpph unpdh htwn: Ulqpnd ajupugpynud £ wnw-
Jhjugnyt tnpd niulignn wwppp: Ujunithbnb pimpwugpynud £ ajuqugnyin inpung
nwppp:

JI. 3. I'eBoprsin
O IByX 3KCTpeMaJILHBIX 3a/1a4aX

PaccmarpuBatoTcst BE 3KCTpEMaJbHBIE 3314l O HAXOXACHUU HOPMBI JIMHEHHOM
KOMOMHAIMK 0a3uCHBIX 31eMeHTOB. CHavajla ONMMCHIBAETCS DJIEMEHT C MaKCHMMAaJIbHOM
HOpPMOH. 3aTeM XapaKTEepPH3yeTCs JIEMEHT ¢ HAaNMEHbBIIIEH HOPMOH.
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1. Introduction. The semi-Fredholm theory of Wiener-Hopf operators
with semi-almost periodic symbols was developed in works [1] and [2] (see also
[3D.

In works [4] and [5] the concept of the L-convolution type operator is
introduced by replacing the Fourier transform in the definition of the convo-
lution operator by the operator which transforms the Sturm-Liouville operator
on the whole axis into the operator of multiplication by an independent variable.
The concept of the L-Wiener-Hopf operator is also introduced in a natural way.
In the case of zero potential these two notions coincide with classical convo-
lution operators and Wiener-Hopf operators, respectively. The precise defini-
tions of L-convolution type and L£-Wiener-Hopf operators in the case of reflec-
tionless potentials will be given in the next section. In this work we extend the
results of [1, 2] to the case of L-Wiener-Hopf operator with a reflectionless
potential.

2. The L-Wiener-Hopf operator. Let c:R > R be a Lebesgue

measurable function satisfying the condition f_oooo(l + |x[)c(x) dx < o0. An
important role in the spectral theory of the Sturm-Liouville equation
—y"(x) + c(x)y(x) = 2%y(x), x€R,AEC
is played by the Jost solutions e, (x,4) (x ER, ImA = 0) and e_(x, 1)
(x € R, Im A < 0) defined by boundary conditions
xgrpwe‘ilxei(x, D=1, xl_l)r;nw e"Mel (x,1) = iA
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(see, e.g., [6]). For A € R\ {0} the pairs of functions e, (x, 1), e, (x, —A) and
e_(x,4), e_(x,—A) form fundamental systems of solutions of the Sturm-
Liouville equation (see [6]) and hence e, (x, A) can be represented as
e (x,2) =be_(x,—1) + by(D)e_(x, ).
If the reflection coefficients 1. (4): = Fb(F1)/by(A) vanish identically,

the potential ¢ is called reflectionless (see, . g., [7], [8]).
It is known (see [7]-[9]) that every reflectionless potential has a
representation of the form

c(x) = —2 (ln A(x)) (2.1)
where
m; exp(—(u; + p;)x)

Hi + [
8;j is the Kronecker delta, uy, m, (k =1,...,N) are positive numbers

A(X) = det 61] +

i,j=1,..N, (2.2)

such that uy # p; for k # j. Reflectionless potentials are connected with a
family of explicit solutions of the Korteweg—de Vries equation, the so-called
IV -soliton solutions (see [8], [9]). Let the potential ¢ be given by (2.1), (2.2).
The operators £ and L, defined on the Sobolev space WZ (R) by the formulas
Ly =—y" +cy, Lyy = —y", are self-adjoint (see [10]). Let H,; be the direct
sum of all eigenspaces of the operator £, and let ¢, ..., @ be the orthonormal
basis of H,;, uniquely determined by the system of linear equations

mkmse_(l'lk-l—us)x

Uy +.us

Pr(x) + os(x) = mpe M*,  k=1,..,N

s=1

(see [7]-[9]). Consider the functions

N X
u(x, 1) = t(L)e* (1 — Z % o (x ))
k=1

N
. mye HkX
+ 1) = —iAx 1— k
w2 = e ( ey gok<x)>,

where the transmission coefficient t(4) is defined by

_ A+iu
(@ =b' W= [7=7—
ool Hk

Note that in the case of the zero potential the subspace H,; coincides with
the zero subspace, t(1) = 1 and hence u¥ (x,1) = eti4*,
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Further, m(g) will denote the operator of multiplication by a function (or
a matrix-function) g, ie., (Mm(g)y)(x) = g(x)y(x). The operators
J:L,(R) = L,(R), m4:Ly(R) = Ly(Ry), m2:Ly(Ry) = Ly(R) (1<
p < oo, R, =(0,0), R_ =R\ R,) are given by the formulas
U =y(=x),  (@y)(x) =y©),

@@ =P ECR w@w={0 Ter.

Consider the space L,(A,8) where A ={1,...,N} and & is the Dirac
measure on A. The unitary operator U: H; — L,(A,8) is defined by the
formula U@, = & where &.(j) = O);j. Consider also the operators Uz,
U:L,(R) » L,(R), U:H,@® Hy; = L,(R) @ L,(A,8) defined by the
formulas

1 [ _
W = 7= [o WFDy@dx (€ R),

U=m()U_ +m(x-)JU,,

~ (U 0
0-( %)
0 U

where H, = L,(R) © Hy, x4 is the characteristic function of the set R,
and the integrals converge in the norm of the space L, (R).

Note that in the case ¢ = 0 the equalities U_ = U =0 =F, U, = F!
hold, where F denotes the Fourier transform:

(Fy)(A) = Hy(x)dx,  y€Ly(R).

=
e e
oz )
The following statement is true:
Theorem 2.1. The operators Uz, U are bounded, the operator U is unitary
and on a dense subspace of L, (R) the equality TLT* = m(4?) holds.
Let d = (dy,...,dy)T € CN. Define the operator m(d):L,(A,8) —
L, (A, 8) by the formula M(d) (&) = (d &y, ..., dyén)T.
Let My, ; (1 < p < o) denote the set of all functions @ € L (R) such

that the operator

~. (m(a) 0 ) ~

v ( o @)Y
is L, (R)-bounded on the subspace L, (R) N L, (R). The continuous extension
of this operator to L, (R) will be denoted by W2 (a,d) and will be called the
L-convolution type operator with an L-symbol (a, d) on the space L, (R).

The operator W, (a,d) = m, W2 (a,d)r? will be called the L-Wiener-

Hopf operator. In the case £ = Ly we will use the notations M,, W°(a),
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W(a) instead of M, ., WLOO (a,d), W, (a,d). Obviously, W°a) and
W (a) are the convolution integral operator and the Wiener-Hopf operator,
respectively, and M, is the set of all Fourier multipliers (see [11], [3]). It is
known (see [11]) that M, is a Banach algebra with the norm |[a]| by =
IW°(a) ”B(L,,(]R{))- In particular, M, coincides with L, (R).

Theorem 2.2. Theinclusion M, € M, » (1 < p < ) holds.

3. Main results. The closure of the algebra of all piecewise constant
functions in M3, (1 < p < o) will be denoted by PCp,. It is well known (see
[11]) that PC,, = PC, = PC, where PC is the class of functions having finite
one-sided limits a(x £ 0) at each point x € R and also at x = F-00. Further, it
is known that PC, = M, N PC (see [3]).

Let R := [—00, 0], and let C,(R) == PC N C(R) with C(R) being the
set of all continuous complex-valued functions on R. In particular, C(R) :=
C,(R) = PC n C(R). Cy(R) will denote the subalgebra of C(R), consisting
ofall a € C(R) with a(+) = 0.

Further, let AP? be the algebra of all almost periodic polynomials, i.e., the
algebra of all functions p: R — C which can be written as a finite sum

p(x) = Zajemix, a; €C, 4 ER
Let AP, denote the smallest closed subalgebra of M, (1 <p < )
containing AP, and let SAP, denote the smallest closed subalgebra of M,
containing C, (R) and AP,. The algebra AP, (SAF,) lies in AP, (§AP,) which
itself coincides with the algebra AP (SAP) of all Bohr almost periodic

functions (semi-almost periodic functions). Every function a € SAF, has a
representation of the form

3.1)

a=1-wa,+ua,+aq

where a,,a, € AP,, ay € M, N Co(R) and u € C(R) is a fixed
increasing function satisfying conditions u(—o0) = 0, u(+o) = 1 (see [2],
[3]). The functions a,, a,, do not depend on the choice of u and are uniquely
determined by the function a (see [1]-[3]).

The group of all invertible elements of an algebra A will be denoted by
GA.

It is well known that a function a € SAP, (a € AF,) belongs to GSAP,
(GAP,) whenever a € GLy(R), i.e.,

infla(1)| >0, 21€R. (3.2)

According to the Bohr theorem on the argument of an almost periodic
function (see [12]), for @ € GAP there exist a real number x#(a) and a function
1 € AP such that
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a(x) = e @Dxe¥(X) for ]l x € R.
The uniquely determinable number »(a) is called the mean motion of the
function a and can be computed by the formula

(@) = lim o [(arg a)(¢) ~ (arg a)(~0)].
Here arga is to be understood as an arbitrary fixed function from C(R),
satisfying the equality a = |a|e"?"8%,
Let M(Y) = limgﬁwifi,ll)(x)dx be the Bohr mean value of the

function 1. The number & (a) = eM W) is uniquely determined by the function
a € GAP; it is called the geometric mean value of the function a. For any
a € GSAP,, the functions a, and @,., determined from (3.1), belong to GAP,
(see [2, 3]). Furthermore, the following equalities hold (see [3]):

£

£(er) = exp im [ llogla(o)| + i(arg @) (o) — i x(a)x] i,

0
(e = exp lim 7 [ logla()] + i(arga)(e) — i (@] dx.
e

The following two theorems describe the semi-Fredholm properties of the
operator W, (a, d).

Theorem 3.1. Let a € SAP, \ {0} with 1 < p < o. Condition (3.2) is
necessary for the normal solvability of the operator W;(a,d) in the
space L, (R,). In order that the operator W, (a, d) be normally solvable,
it is necessary and sufficient that along (3.2) one of these two conditions
hold:

1. x(a,)x(a,) = 0and x(a,) + x(a,) # 0.

2. u(a,;) =x(a,) =0and

1 1 [
nf 5 (@) +£@p) =5 (@) ~f@p) ethe (o +x)| >0 O

Theorem 3.2. Let the operator W (a,d) be normally solvable in the
space L, (R, ) with1 < p < oo. Then the following assertions are true:

1) If u(ap) + x(a,) >0, then dimker W; (a,d) < oo,
dim Coker W;(a,d) = o and dimker W, (a,0) = 0. In the case p = 2
the operator W, (a, 0) isleft invertible.

2) If u(a,) + #(a,) <0, then dimker W, (a,d) = oo,
dim Coker W;(a,d) < oo and dim Coker W, (a,0) = 0. Inthecasep = 2
the operator W, (a, 0) isright invertible.
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3) If #(ay) =x(a,) =0 and condition (3.3) is satisfied, then the
W, (a, d) isan Fredholm operator and

1 1
Ind Wy (a,d) = ———[(arga)(+) — (arga)(—o0)] + >

-Gtz

where {s} denotes the fractional part of the real number s.
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H. A. Asatryan, A. H. Kamalyan, M. 1. Karakhanyan

On L-convolution Type Operators with Semi-Almost
Periodic Symbols

The notions of the L-convolution operator and the £-Wiener-Hopf operator are
introduced by replacing the Fourier transform in the definition of the convolution
operator by a unitary operator which transforms the Sturm-Liouville operator £ on the
whole axis to the operator of multiplication by an independent variable. It is considered
the case when the potential of the operator is reflectionless and the symbol of the £L-
Wiener-Hopf operator is a semi-almost periodic function. Criteria for semi-Fredholm
and Fredholm properties of the £L-Wiener-Hopf operator are revealed. In the Fredholm
case a formula for the index is obtained.

Z. U. Uuunnpyuiy, U. 2. Ludwui, U. b, Ywpuwhwbywbh

Yhuw-hwdwpyu wyuppkpuljwi updynjitkpng
L-twptph mhwh oykpuwnnpubtph vwuhb

Qupkph owkpwwnph uwhdwidwt Uk dniphth Alwihnpunipmniip thnpwph-
utkny wnwugph Ypuw vwhdwbdws Sunnipd-Lhnidhih oybpuwwnnpp wijwe thnthnjuw-
Juuny puquuuyuunljdut oybkpwwnnpht pipnn nithwnwp owbpwnnpny thpunidyt) tu
L-pwplph b L-dhubp-Znwdh owbpwwnnpubpp: Yhnwpyyky b uwy nypp, tpp £ owk-
punnph wnunkughwp swinpunupdunng E huy £-4hubp-Znydh owkpuinnph updnp
Jhuw-hwdwpw wupphpuljui $niighw b Puguhuyngty tu L-dhubp-Znygdh owyb-
nuwwnph Jhuw-pptnhnpdjut b $ptinhnjdjut (hubnt gquydwhbpp: Spbnhnpdjut nhiy-
pnud unnwgyty k hugbpuh putwdl:
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A. A. Acarpsn, A. I'. Kamansu, M. . Kapaxansin

00 onepaTopax TUNA -CBEPTKH C MOJIY-IIOYTH
nepuoANYEeCKMMH CUMBOJIaMH

3aMeHOW B ONpeNeNIeHnH OIeparopa CBEpTKH IpeobpasoBanus Pypbe Ha yHH-
TapHbIN oniepaTop, npusoAsuii onepatop L IItypma — JInyBUIUIsl HA OCH K OllepaTopy
YMHOKCHHUS Ha HE3aBHCUMYIO TIEPEMEHHYI0, BBE/ICHBI TIOHATHUS oniepaTtopa L-CBEPTKU U
onepatopa L-Bunepa—Xonda. PaccmoTpen ciydail, korza IMOTEHLMal OIepaTopa
SIBJISIETCSl Oe30TpaXkaTesIbHbIM, a CUMBOJI oneparopa L-Bunepa—Xorga — mony-nodru
nepuoandeckoi GpyHkuuer. BolsBiieHs! yciaoBus nomy-hpearoiabMoBocTd U ppearois-
MoBocTH oneparopa L-Bunepa—Xornga. B ¢ppenronsmoBoM ciryyae nonmydena dpopmyia
JUIS MHAEKCA.

10.

11.

12.
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HN3MmeHeHnne 3HaYeHUN GYHKIUIA HA MHOKECTBE MaJIOH Mepbl
U pPAAbI ¢ MOHOTOHHBIMH KO3(PHUUHEHTAMU

(ITpencrasneno akagemukom . I'. T'eBopksinom 20/11 2019)

KnioueBble c10Ba: psaobi ¢ MOHOMOHHBIMU KO Puyuenmamu, usmerneHue
dyHxyuil.

Hauunas ¢ mepBoro necstuinetuss XX B. UHTCHCHBHBIMH TEMIIAMHU TIPO-
BOJMJINICH MCCIIEIOBAHMS 00 YIIyUIIEHHH CBOMCTB PYHKINH, PU H3MEHEHUH WX
3HAYCHUI HAa MHOXKECTBE MaJloi Mepsl. [lepBrie QyHIaMeHTANbHBIC PE3yIbTAThI
B 3TOM HampasieHun Obiu noaydensl H. H. Jlysunbim B 1912 1. (cMm [1]).
Jlanee B 3TOM HamnpaBJIeHHH WHTEPECHBIE pe3yNbTaThl Noay4ymid E. MeHpIoB,
A. Tamansn, K. OckonpkoB, b. Kamun, M. ['puropsH, O. Lleperenn u ap.

Hammeii otmpaBHON TOoukoW sBiserca paborta [2], Tae paccMaTpuBaeTcs
BO3MOXXHOCTh HM3MCHEHUH 3HaYeHWH (PYHKIUHA Ha MHOXKECTBE MAalIOil Mephl
TaKuM 00pa3oM, 4TOOBI IJIs MOTydeHHOH (QyHKIHH KO3((QHUIMEHTH pasioike-
HUS TI0 CUCTeMe Xaapa ObUIM MOHOTOHHO yOBIBAIOIIMMU, TIPH 3TOM MHOKECTBO,
Ha KOTOPOM IPOBOJMIOCH U3MEHEHHE 3HAYCHUN (DYHKIIMIA, HE 3aBHCEN0 OBl OT
¢yHKIMH. BB TOKa3aHbI CIeyIONIHe TEOPEMBI.

Teopema A ([2], Teopema 3). Kaxoeo 6bi Hu 6bi10 UsMepUMOe MHONCECH-
60 E,E c [0,1] ¢ mepoii 0 < |E| < 1, cywecmsyem ¢pynxyus fo € L*(0,1)
maxas, umo eciu nexomopas ¢yuxyus f € L1(0,1) cosnaoaem c f, na mmo-
acecmee E, mo nocredosamenvhocmo {|c, (f)|}n=1 He mooicem Ovimv mono-
monno yowisaiowet (cn(f) — koogppuyuenm pasnoscenus npu -moiti pynxyuu,
nopmupoeannoii 6 L1 (0, 1) cucmeme Xaapa).

B Toif xe paboTe moka3aHa cieayromas Teopema.

Teopema b ([2], Teopema 4). /[na o600 €,0 < € < 1, cywyecmayem u3-
mepumoe muodicecmeo E,E < [0,1] ¢ mepou |E| > 1 — € maxoe, umo onsn nio-
6oii pynxyuu f € L*(0,1) moxcno naiimu f, f € L*(0,1), cosnadarowyio ¢ f
na E, makyio, umo éce nemnynesvie uienvi ¢ nociedosamenvhocmu {Cn(f)In=1
PACnoNodceHbl 8 yovlearouiem nopsoxe.

Kak BumHO W3 3THX TeopeM, (PYHKIUIO MOKHO MOAU(DUIIUPOBATH TaKHM
o0pa3oM, 4TOOBI HEHYJIEBbIE WICHHI psiia KOA(hUIIMEHTOB M0 CHcTeMe Xaapa
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OBLIH pacrojoKeHbl B yOBIBAIOIIEM IMOPSIKE, OAHAKO HEBO3MOXHO JOOUTHCS
3TOTO JIISL BCEH TOCIIEI0BATEIEHOCTH.

B nanno#i paboTe MBI OKa3bIBaeM, YTO CYIIECTBYET Oa3ucC, sl KOTOPOTO
BEpHa CJIeIyIOLIasi TeopeMa.

Teopema 1. Cywecmsyem nopmuposannviii 6 L1(0,1) 6azuc ¥ = {P, )=,
maxot, umo ona awbozo €,0 < € < 1, cywecmeyem uzmepumoe MHOHICECBO
E,E c [0,1] ¢ mepou |E| > 1— € maxoe, umo ona mobou pyuxkyuu f €
L1(0, 1) moxcno naiimu ynxyuio f, f € L1(0,1), komopas coénadaem c f na
muooicecmee E u ons komopoiu éce unenvt nocieoosamenviocmu {C, (f, %)} n=1
PACnONI0diCceHbL 8 YOblearouiem nopsoxe.

OcHoBHas JeMMa U Hjesl 10Ka3aTeJbCTBA TeopeMbl. ba3uc, KOTOphIi
obnamaer CBOMCTBOM TeopeMbl 1, ObLT OCTpoeH B padote [3] mwis ciyyas, Kor-

i
Jia nocsienoBarenbHocTh {M;}72 | pacTeT oueHs GBICTPO, Hampumep M; = 22
Paznenum cucremy Xaapa Ha aBe moxmnocienoBatensHoctd {b;} u {d;},

npudeM b; = hgz) npu i = 1,2,3, ... TTonoxum Taxke Nog =0 u N; = Y& _, 22",

B [2] paccmatpuBaetcs cucrema QyHKiui F = {{f (i,j)};:io} , KoTOpas orpe-

0
i=1
ACTIACTCA CICAYOIINUM 06p330MI

1

fio) = ¢i — M1 Z by,
Ni_1+1<ks<N;

fap = fao) + bnyy+jp J=12,..,M;.
B pa6ore [2] oTMeUeHO, YTO cHCTEMA {f(i, j)} sBasercs 6asucom B L1(0,1).

OTMmeTuM CBOHCTBa CHUCTeMBI F W uucen M;, KOTOpBIE HCIIONB3YIOTCS B Jailb-
HeHmeM:

2< lfupll =3,
M;

1
i = mz fa )
=0

i
<—< 27,
oMy M
C IIOMOMIBIO 3TUX APTYMEHTOB CTAaHOBHUTCA BO3MOXKXHBIM NOKAa3aTh JIEMMY,

KOTOpas SBJIICTCS YCUICHHON Bepcueit teMMsel 1 u3 [2].
Jlemma 1. Ilycme Oanvi uucna i € N,y #0,6 >0,v,q =1, >0u

0BOUYHDBLIL UHMEPBATL
i—1 i ,
4= (2_V’2_V>' 1=is2,

rae A N [0,e] = @. Torma cymecTByOT U3MepuMoe MHOKeCTBO E,E C A, Ha-
TypaibHOe uncio k, k > i u momuHOM 10 cucteme F

N
Q= Z Z ags)fi.s)

Jj=N;0sssM;
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TaKue, 4To
1) |El 2 (1 -279)]4],
2) y—e<Q(t)<y+emmaBeext,t €EE,
3) —e < Q(t) < e mnsaBcex t,t > €,t & A,

1
4) [ le@®dt < 2]y -14]1(1 + ),
5) IIOCJICAOBATCIBHOCTE a(j_s) IMOCTOsIHHA OTHOCUTCJIBHO BTOPOIr'0 MHACKCA

1 MOHOTOHHO Y6LIBaIOI]_Ia$I OTHOCHUTCJIbHO IICPBOTO MHICKCA,
6)
A

Y agofunt Y awssfuss|| <300l
0<s<B

Jj=N;0sssM;

asiBeex N S A< N, —1,0< B <My,

C npuMeHeHHeM yTBEp)KICHUHN JIEMMBI 1, a TakKe TEXHHKH, OMHUCAHHON B
pabote [2], noka3biBaeTcs Teopema 1.

Pabota BemonHeHa ipu puranCcoBOM oanepxkke ' KH MOH PA B pamkax
HayuyHoro npoekTta 18-1A081

! Mucruryr matematuxku HAH PA
2 EpeBaHCKUI TOCYAapCTBEHHBIN YHUBEPCUTET

e-mail: gogyan@instmath.sci.am, nerses.srapionyan@gmail.com

C.JL. I'oran, H. B. Cpanuonsin

HN3meHeHue 3HAYEHUI PYHKUMII HA MHOKeCTBe MAJIOH Mepbl
U PAABI ¢ MOHOTOHHBIMHU KO3()dumeHTAaMI

CyliecTByeT HOpMUpOBaHHbI 6asuc B L1(0,1) Takoii, 4To mis 10600 MOI0KY-
TEJIFHOTO € CYIIECTBYeT MHOXeCTBO E, | E| < €, Takoe, 4To 3HaYeHUs J1I000# QpyHKINN
u3 [1(0,1) MOXHO HM3MEHHTh Ha MHOXKecTBe E TakuM 0Opa3oMm, uToObI IIOCIENO-
BaTEJILHOCTh KOA(Q(UINEHTOB PA3IOKEHH [IOTyYeHHOH (yHKIMK [0 JaHHOMY 0Oasucy
ObLTa MOHOTOHHO YOBIBArOIIEH.

U. L. Q@nqquuly, L. Y. Upuyhnlywi

®npp yunhh puqumpub Ypu pmuyghwbikph wpdtpubph othnpumy
b Uninunnt qgnpéwljhgubpny swppkp

Gnjnipjnil nith L1(0,1)-nid inpdwynpyws pughu, np guiljugws € gpuljui pyh
hwiwp gnmpnit mbh E swhbh puqunipmb, |E| <e, np L'(0,1)-hg guiljugus
dnruyghuyh wpdtpubipp £ puqunipjut Jpu hbtwpwynp k thnjub)] wyiybu, np uinwg-
Jus dnrulghuwyh yEpnisnipjut gnpswjhgutnt punn dbp pughuh (htukt puuudnpus
ujuquut upgny:
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S. L. Gogyan, N. V. Srapionyan

Modifications of Values of Functions on a Set of Small Measure
and Series with Monotone Coefficients

There exists a normalized basis in L!'(0,1) such, that for every positive € there
exists a set E,|E| < € such, that the values of any function from L'(0,1) can be

changed on E in such a way, that the sequence of coefficients of that function by our
basis is monotone decreasing.
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HccnenoBanue cCBOMCTBA MOHOTOHHOCTH HEKOTOPBIX
NPONO3MIHOHAIBHBIX CHCTEM BHIBOJ0B KJIACCHYECKOMH
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(ITpencrasneno wi.-kop. HAH PA . [I. 3acnasckum 21/12019)

KaroueBble cji0Ba: MUHUMATbHASA maemoJliocus, npono3uyuUOHAlbHble CU-
cmembl p€30./li0141411,' Koaudecmeo uiacoe 6b160006; MOHOMOHHOCMb CUCMEMDbL,
cmpoceasi MOHOMOHHOCMb CUCmMeMbl.

1. BBegenune. MuHUManbHbIE TABTOJIOTUH, T.€. TABTOJIOIMH, KOTOPBIE HE
SIBJISTFOTCSL PE3YyJBTATOM TIOJICTAHOBKU B 00JIee KOPOTKUE TABTOJOTHUHU, UTPAIOT
CYILIECTBEHHYIO POJIb B TEOPUHU CIOXKHOCTEU BHIBOAOB. TPalUIIMOHHO CUUTACT-
Csl, YTO MUHHMMAJIbHBIE TAaBTOJIOTMU HE MOTYT BBIBOJUTHLCS CIIOKHEE pe3yibTa-
TOB TIOJICTAHOBOK B HHX, T.C. JIOJDKHA OBITH HEKOTOpas «ECTECTBEHHAs MOHO-
TOHHOCTHY» BBIBOJIOB. OTHAKO OKAa3aJI0Ch, YTO MHOTHE «CTPOTHE» MPOTIO3UITHO-
HaJbHBIE CUCTEMBI BHIBOJOB JABY3HAUHBIX U MHOTO3HAYHBIX JIOTUK HE MOHOTOH-
HBI HY TI0 IIIaraM, HY 10 JTMHE BBIBOMOB [ 1, 2]. AHalorndHass HEMOHOTOHHOCTh
HEKOTOPBIX «CJIa0bIX» CHCTEM BBIBOJOB KJIACCHUECKOMN JIOTHKH JOKa3aHa B [3].
B nacrosmeli paboTe HCCIEIOBaHBI COOTHOINCHUS MEXKIY IIaraMH BBIBOJIOB
MUHHUMAJIbHBIX TABTOJIOTHH U pe3yJIbTAaTOB MOJACTAHOBOK B HUX JIJISl IPOMO3ULIU-
OHAJIBHBIX CUCTEM PE30JIIOLUNA UHTYUIIMOHUCTCKOU JIOTUKHU U Joruku HMoraHc-
coHa. JlokazaHo, 4TO IJIs1 KaXKIOW M3 YKa3aHHBIX JIOTHK CYIIECTBYET MOCIEI0Ba-
TEJIHHOCTH AP MUHUMAIBHBIX TaBTOJIOTHH ¢, U GOPMYI \f,, SBISIOMIUXCS pe-
3yJIBTATOM TOJCTAaHOBOK B (0, TAKHUX, UTO: 1) IUTHMHBI ¢, U Y, TIO TIOPSIAKY PaBHEI,
2) IS KaXAO0To # KOJIMYECTBO IIaroB BEIBOJOB \J, OTPAaHUYECHO KOHCTaHTOM, a
KOJMYECTBO IIArOB BBIBOJOB (0, MO MOPSIKY HE MEHEE SKCIIOHEHTHI OT IJIUMHBI
dbopmyi. Jlanee B paboTe BBEIEHO MOHATHE CTPOTOW MOHOTOHHOCTH, MIPEATIOa-
rarouiee, 4To Ui Kak10d 3alaHHOM B JAHHOM JIOTHKE TaBTOJIOTMH CYILECTBYET
Takasi MUHUMaJIbHasl TABTOJOTHS, CJI0OKHOCTh BBIBO/Ia KOTOPOM COBIAAET C Ha-
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MMEHBIIIUM KOJMYSCTBOM IIIaroB BBIBOJA 3aJaHHOM (hOPMYIIbI, H JIOKA3aHO, YTO
MPOTO3UIIMOHAIEHBIE CUCTEMBI PE30JTFOIIMIA KIIACCHYECKOW U JABYX BBHIIIICHA3BaH-
HBIX HEKJIACCHYECKUX JIOTHK CTPOTO MOHOTOHHBIL. J[0Ka3aHO TakKe, YTO McCclie-
JIOBaHHas B [3] HEMOHOTOHHAs CUCTeMa OOOOIICHHBIX PACIICIUICHUN TaKXKe HE
CTPOTO MOHOTOHHA.

2. IlpenBapuTresibHble MOHATUA. J[JI MpeCTaBICHUS] OCHOBHBIX PE3YJib-
TaTOB HAIIOMHHUM HCKOTOPBIC IMOHATUA 1 0603HaquI/IH. Ml IMOJIb3yEMCA 061116-
NPUHATHIMA MIOHATUSMH €MHUYHOTO N-MepHOTro Oynesa ky6a E™, nponosunu-
OHAJIEHOH (OPMYITBI, TABTOJIOTHN B JAaHHOU JIOTHKE.

KonkpeTHbIil BBIOOp sI3bIKa A7 IPEACTaBICHHS MPOMIO3UIIHOHAIBHOM (op-
MyJbl, a 3HAYUT, U CHUCTEMBI JIOKA3aTeIbCTB, HC UMEET 3HAUYCHUS MJISl HAIIUX
paccMOTpeHUH, OTHAKO U3 TEXHUYECKHX COOOPaKEHUH MBI TPEIoiaraeM, 9Yro
OH COJICP)KUT MPOIO3UITHOHATBHBIC TIepeMeHHbie P; (I = 1) u (nn) Di; i=1,

Jj = 1), noruueckue cBsi3ku —, &, V, D u napy ckobok ( , ). nuxa hopmyIibl
(@, omnpeniensieMasi Kak KOJMYECTBO BCEX BXOXKJECHHH B HEE IOTUYECKUX CBS30K,
o0o3Havaercs yepes |@|. OueBnaHO, YTO JMHEIHHON QyHKIMEN OT |Q| oeHu-
BaeTCs W TOJHAs JUTHHA (DOPMYJBI, MOHMMaeMash KaK KOJUYECTBO BCEX CHM-
BOJIOB.

2.1. Onucanusi paccCMaTPUBAEMbIX CHCTeM. V3BecTHAs MPOIO3UIMOHAb-
Hasi cuctema pesoiroruii RC KiacCHYecKoW JIOTUKW HallpaBlieHa HA yYCTaHOB-
JIEHHE TaBTOJIOTHYHOCTH 3aJaHHON (POPMYIBI IyTEM YCTaHOBJIECHHS MPOTHBO-
PEYHBOCTH HEKOTOPOUW CHCTEMBI AM3BIOHKTOB, CTPOSIIEHCS MO 3aaHHO# (op-
Mmyiie. Hamomaum npennosxennsii I'.C. LleditunbiM B [4] MeTO OCTPOEHHUS CO-
OTBETCTBYIOILEH CHCTEMBI AU3BIOHKTOB JIJIsl IPOU3BOILHON (DOPMYIIBI () TaKUM
00pa3oM, 4ToOBI [IMHA DTON CHCTEMBI He mpeBbimana 6|@|. Kaxmoi noadop-
MyJie JaHHHOW (DOPMYJIBI CTABUTCS B COOTBETCTBHE CBOS MepeMeHHast. Eciu of1-
Ha 13 oaGOpMYIT ABISIETCA OTPUIIAHUEM JPYTOil, TO UM COOTBETCTBYIOT COTIPSI-
JKCHHbIE TIepeMeHHble. Ecimu Hekoropas moadopmysia A SBISETCS KOHBIOHK-
nueit mondopmyn B u C u 31uM nondopMysiaM MPUITHCAHBI COOTBETCTBEHHO
nepeMeHHbIe o, f3, Y, TO moAdopMyie A MPUIUCHIBACTCS CUCTEMA AU3IBIOHKTOB
ap, ay, affy: AHaIOrHYHO NPHUIKMCHIBAKOTCS CUCTEMBI IU3BIOHKTOB MOAPOPMY-
JIaM, SIBIISTFOLIIUMCSI TU3BIOHKIIMEH WM UMIUTHKAIMEH APYTUX MOAPOPMYIT COOT-
BETCTBEHHO JUIS AU3BIOHKIMK | of, oY, 6By win ummumikanun. O0beauHss Bee

HOJIy4EHHBIE TU3BIOHKTHI, 100aBIsSeM Tyla €lle AM3BIOHKT &, Ijae & — mepe-
MeHHasl, IPUMHICaHHas Bcel hopmyire.

Axcuomel cucrembl RC He dukcupyrores. s kaxmon GopMysbl ¢ B Ka-
YECTBE aKCHOM OepyTCs TU3BIOHKTHI 3 TOCTPOSHHOM BBINICOMUCAHHBIM CIIOCO-
O6oM cuctembl. IIpaBujIo KJaaccHuecKoii pe3oJloUMU (P-TIPABHIIO) BBIBOIUT
musbioakT D' U D" w3 muswsronkros D' U {p} u D" U {—p} ana npoussois-
HOH MPOMO3ULIMOHANBHON NIepeMeHHON p . Ecnu npuMeHsist paBuilo BBIBOJA K

JU3BIOHKTaAM HOCTpOGHHOfI o ¢ CHUCTEMC, a TAKXC KO BHOBL IIOJYUYCHHBIM

JM3BIOHKTAM, MbI B KOHIIE KOHIIOB MMOJYYUM ITyCTOW MU3BIOHKT /A, To popmyia
¢ ABIIAETCS TABTOJIOTHUEH.
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OnucanHasg B [5] MHTYUIIMOHUCTCKas cucTteMa pesomtonuil RI sBusercs
CEKBEHLUAILHON cUCTEeMOM. MbI OyzneM Mob30BaThCsl OOIIETPUHATHIMY HOHS-
THSAMH TIeACHTA, aHTEIEeNCHTa, CYKIIEIeHTa, TUIYOMHBI (POPMYIIBI, COOCTBEHHON
1noGOPMYJIBL, 3JIEMEHTapHOH 1M01(OPMYIIbIL.

Monudurupys onvcaHHbIN Bbimie MeTo ] lleiiTnHa cBeneHus mro00H TaB-
TOJIOTHH K MIPOTHBOPEUUBOI cucTeMe hopmyst riyouHsl < 2, Kax10i Gpopmysie

cormocraBisieM cekBeHIuoo Dy, ..., Dy, = p, rae xaxnas u3 D; uMeeT OauH u3
BHJIOB
po>(qvr); (p>o2q)>r; po>(g>7r*); p Dq; p, (D

rae p*— i p i L.
Jost xaxmoit hopmysl D; omHOTO U3 BHIOB (1) BBEIeM COOTBETCTBYIOIIYIO
cexsenmmio D, Bumap - qVr; p>q o1, p,q-or; p-ogq p.
Crnenys [5], onumem cuctemy RI
AKCHOMBI CHCTEMBI:

p->pl-lL

IIpaBuna BeIBOJA:

B pDq—-r; Ep - B p2q-r1;Xp —o(q
(®1r) S 57 (o32r) - _
_ PDCI—”‘;Z*CI _ pDJ_—)r;Zp—>_]_
(23r) S 57 ) (®2r) S 51 )
v3) p=>qVr; I - g 2q— s Ir—> s*
K 2l — r ’
pq—-or5 T > p X - q p->q¢Tl-p
C ) C e e
(IR) FZ—)_’,,* (ZR) F—)q
-1
(Lr) =
p

rae [, X, Il — uenentsl, p,q,r — Hpomo3uIHOHANTBHBIC TIepeMeHHbie. —A BBO-
marcsi kak 4 DO 1.

Cucrema pesomounu ans joruku Horanccona (RJ), cnemys [6], ompe-
JeTsieTcs 10 aHAJIOTHH ¢ cucteMoid RI, mpy MOMOIIM yJajaeH!s IPaBUil BEIBOA
(®1r) u (Lg).

B [5] nokazaHo, 4TO I TPOM3BOJNBHOM (OPMYNBI ¢, €CIH S — Tepe-
MEHHas, KOTOPOH 3aMeHeHa cama (opmyia ¢, B RI ¢ UCTIONb30BaHHEM B Ka-
YEeCTBE JOMOJHUTEIbHBIX aKCHOM IOCTPOCHHBIE NI (¢ U Ha3bIBaeMble TU3b-

FOHKTaMH BBIIIICOITMCAHHBIC CCKBCHIINHN Dl BBIBOAMMA CEKBCHIIMI — S, TOrga U
TOJIBKO TOrJa, Korga CEKBCHIUA — (D BBIBOAMMA B CUCTEME HATypajabHOTO
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BBIBOJIA JIJIi UHTYHUIIMOHUCTCKOW JIOTUKH BHICKA3bIBAHHM, T.C. SBISCTCS WH-
TYUIMOHUCTCKOHN TaBTOJIOTHENH. AHAIOTUYHO JJI cUcTeMBbI RJ.

Cucrema 0000IIEHHBIX pacieieHn OP 1y KIIacCHYeCKOH JIOTHKY ObLia
BBezicHa B [7]. O000ImIEeHHBIH METOA pacIieIuIeHHH (0.M.p.) MO3BOJIAET KaKA0H
(dopMyIie ( cOmOCTaBUTh HEKOTOPOE MMOMEYEHHOe OWHApHOE AEPEBO pacilemn-
neHus (I.p.), KOPHIO KOTOPOTO MpHUIHCaHa cama (opMylia (0, KOHEYHBIM y3JIaM
npumnicansl 3HaueHust 0 win 1, a CBIHOBBSM KaKI0TO y37a U , KOTOPOMY TIpH-
nucaHa HeKoTopas GopMyna ¢, , IPUIKCAHbBI Pe3yIbTaThl PACLICIUICHUS Oy, TI0
HEKOTOPOH TIepeMeHHOH P, BXOIAIIEH B (P, CIeXyomuM o0pa3oM: MpH pac-
HICTUTCHUH TaBTOJIOTHH (P TO JITepally ¢ JeflacM TIOMETKY & Ha pedpe, Beay-
IEM OT y3lla ¢ TIOMETKOH (P K y3iy ¢ mometkoit @[a], roe dopmyna @[a]
CTPOWTCS 110 (P cieayrommm obpazom: ecmu & = p(@ = P), TO BCIOLY B @
BMECTO MEepeMeHHO# p mojcrtasisem 3Hadenue 1(0) u mpumensiem mpaBuia
3aMelIeHNs WK 0 TOXy9YeHnsT POpMYJIbl, HE CoMeprKalield KOHCTAHTHI, WIH 10
MOJIy4eHHUsSI KOHCTAHTHI. ECTECTBEHHO, UTO MEHSS MOPSAOK IMEePEMEHHBIX, I10
KOTOPBIM TIPOM3BOJUTCS pacIIeTNieHHe, MOXHO TIONy4aTh pa3lUvHbIe I.p.
O4eBHTHO TAaKXKE, YTO TABTOJIOTHSAM COOTBETCTBYIOT AEPEBBS, KOHEUHBIM y3JIaM
KOTOPBIX MPUITUCAHBI TOJNBKO eTUHUIIBI. COOTBETCTBYIOIIAsA CHCTEMA, OCHOBAH-
Has Ha 0.M.p. C OJJHOM aKCHOMOM-TaBTOJIOTHEN — 1 W OJJHUM TPaBUIIOM BHIBOJIA
e[pl. [p] + @, 06o3Hauena yepes OP.

2.2. XapaKkTepUCTHKH JIOTHYECKUX CHCTeM BBIBOJOB. MBI 311ech OyneM
HCCJIEIOBATh HEKOTOPHIE CBOMCTBA JIOTMYECKHX CHUCTEM Ha OCHOBE OJIHOW W3
CJIO)KHOCTHBIX XapaKTEPUCTHUK BBIBOJOB — {-CIIO’KHOCTH, OTIPeNIesieMOl KaK KO-
JUYECTBO pa3nuyHbIX (hopMy B BeIBozE. IIycTh ¢ sIBIIeTCS HEKOTOPOI CHCTe-
MO BBIBOJIOB (PUKCHUPOBAHHOM JIOTHKH, a () — HEKOTOpas TaBTOJOTHs JaHHOM
noruku. Yepes t® () 0603HaYNM MUHUMAIBHO BO3MOXKHOE 3HAYECHHE I-CIIOXK-
HOCTH BCEBO3MOKHBIX BBIBOJIOB TaBTOJIOTHU ¢ B cucteMe ¢. Ecnu cucrema ¢ 3a-
¢uxcuposana, To 6yaem o603HauaTh npocto (@) .

Omnpenenenue 2.2.1. TaBTom0rusa NaHHOMN JOTUKY HA3BIBACTCS MUHUMAIb-
HOIl, €CTM OHa HEe MOXET OBITh IOJIyYeHa IOJCTAHOBKOW M3 Ooliee KOPOTKOM
TaBTOJIOTHUH 3TOH K€ JIOTUKH.

J11 Tpon3BONBHON MHUHUMAIBHOM TaBTOJIOTHH (P (PUKCHPOBAHHOM JIOTH-
Ki 0003HauMM uepe3 S(¢P) MHOKECTBO BCEX TaBTOJOTHUH 3TOH K€ JIOTHKH,
SIBIISTFOIIIUXCSL PE3YIBTATOM TTOJICTAHOBKH B (0.

Onpenenenne 2.2.2. CucteMa BBIBOAOB ¢ HAa3bIBACTCS (-MOHOMOHHOIL,
€CITM ISl KQXKI0M MUHUMAIIEHOW TaBTOJIOTHH (¢ U JJIS Kaxmoi (popmysl P u3
S(9) £ () <t ().

Omnpenenenue 2.2.3. Cuctema BBIBOJOB ¢ HAa3BIBACTCS I-CHIPO2O MOHO-
MOHHOIL, €CITH IS KAKI0H He MUHUMAJILHON TaBTOJIOTHH 1) dTOW CHUCTEMBI CY-
IIECTBYET TaKas MHHUMAJbHAS TaBTOJIOTHS ¢ 3TOH K€ CHUCTEMBI, 4TO 1) MpH-
namexut S(o) n t®(P) = t® (o).

3. OcHoBHbIe pe3yabTaThbl. Teopema 1. Cucmemvt RI u RJ ne sgnsaomes
-MOHOMOHHbBIMU.
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Jloxa3aTeIbCTBO aHAJIOTUYHOTO yTBep KAeHUs s cucteMbl RC B [3] ObI-
JI0 OCHOBAaHO Ha PacCMOTPEHHUH MOCIEN0BATENLHOCTENH POpMYII:

On=pIgVAu,=pI(pIp) VA, s A= TTMn,Z"—l:

m n

rae TTMpym = Vo, ..on)eEn _&1_v1pl.‘;i m=>1,1<m<2"-1).
]= L=

Herpynno yOenutbest, 4to st kaxaoro n = 1 dopmyna @, sBisiercst Mu-
HUMAJIEHOU TaBTOJIOTHEH U W, € S(9,). YUUTBIBas, YTO MPOU3BONIbHAS (popMyta
A BeiBomuMa B RC Torma u ToJbKO Torma, Koraa gopmyna ——A BbeIBOAMMA B
RI, uto0 B CBOIO OUepeib paBHO3ZHAYHO BhIBOAMMOCTH (hopmyisl (A DL1) DLl B
RJ, MBI MOXEM HUCIIOIB30BATh JIJIS JOKA3aTeNbCTBA TEOPEMBI | HHTYHIIMOHUCT-
CKHE ¥ HOTaHCCOHOBCKHE «00pa3bn GopMyrd ¢, U\, , KOTOPEIE 0003HAYNM He-
pe3 1oy, Iy, u Jo,, Jy, coorBeTcTBeHHO. MCcTIONB3ysl OJJMHAKOBOCTh MHOMKECTBA
OCHOBHBIX aKCHOM (LEHTHHCKHX IM3BIOHKTOB M COOTBETCTBYIOIIUX MM CEK-
BEHIIHI) JIJIS BCEX TPEX CHUCTEM, 10 aHAJIOTHH C JT0OKa3aTeIbCTBaMH H3 [3] mory-
YHM:

t (Ipn) =02(22"), a t (Iy, )=0(1),

t (Jpa ) =02(22"), a t Jya )=0(1).

Teopema 2. Cucmemst RC, RI u RJ ssnsatomces t-cmpozo MOHOMOHHbIMU.

Jloka3aTeabCcTBO U BCEX TPEX CUCTEM OCHOBAHO Ha CIEIYIOIIEM METOe
MOCTPOCHUSI COOTBETCTBYIONIMX MHHUMAJBHBIX TABTOJOTHH JUIS 3aJJaHHOW HE
MUHUMAaIILHOW TaBToNornu. CHadama, COTJIacHO MepBOHavdalnbpHOMY mary lle-
THHA, KaXI0# mojagdopmyne JaHHOW (HOPMYJIBI CTaBUTCS B COOTBETCTBUE CBOS
MepeMeHHas, Jlajgee eCiau MPU MOCTPOSHUH MUHUMAIBHOU TaBTOJOTUU HYKHO
Hekre MmoAQOpPMYJbl 3aJaHHOW (OPMYIBI 3aMEHUTh Ha IEPEeMEHHBIC, TO B
KadecTBe TAaKOBBIX OepeM MMEHHO Te MepeMeHHBIE, KOTOpBIE YK€ MPHUIHCAHBI
stuM noadopmyaaM. [Ipu TakoM BbIOOpE MEPEMEHHBIX CHUCTEMa JIU3BIOHKTOB
JUIS. KOKIOW MOCTPOSHHOW MUHHMAJIBLHOW TaBTOJOTHH OyIET MPOTHBOPEUYUBOMA
MTOJACUCTEMON CHCTEMBI TU3BIOHKTOB NIEpPBOHAYAIBHOW (popMmyisl. Jlokazaremns-
CTBO TE€OPEMBI 2 000CHOBAHO BHIOOPOM TOW M3 BCEBO3MOXHBIX MOCTPOCHHBIX
MUHUMAIILHBIX TaBTOJOTHM, KOTOpas UMEET HauMEHbIIEe KOJMYESCTBO IIIaroB
BEIBOJIOB.

Teopema 3. He t-wonomonnas cucmema OP makoice ne t-cmpozo mMoHo-
monHa.

Jloka3aTebCTBO OYEBHIHBIM 00pa3oM CieIyeT u3 Toro ¢akTa, 9To 3ame-
HUB BCE NEpPEMEHHbIE 3a/JaHHOW TAaBTOJIOTWH Ha OJHY W Ty e MepeMEeHHYIO,
MOJTyYUM TaBTOJIOTHIO, KOTOpas MOKET U HE ABJSETCS MUHMMAaJIbHON, OJTHAKO
UMeeT Bcero 2 pasiuyHble (GOpMYIBl B BBIBOJAE (AepeBe pacIIelyIeHus): camy
(hopMyITy, 3aBUCSIIYIO OT OJHON MEpEMEHHON, U IPUMTMCAHHYIO TTOCIIE PacIIen-
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JIEHWs1 eAMHUITY. 3aBepIIaeTcsl JOKa3aTeIbCTBO OYEBHIHBIM (PaKTOM CYLIECTBO-
BaHUsI MUHUMAJILHOH TaBTOJIOTMH, KOJMYECTBO IIArOB PAaCLICIVICHUS] KOTODPOii
6ompimie 2 (cM. Hamp. [3]).

UccnenoBanue BBINONHEHO Tpu (QuHAHCOBOW moanepxke [ocymapct-
BeHHOro komutera no Hayke MOH PA B pamkax HayuHoro mpoekta Ne 18T-
1B034.

EpeBaHcKuii rocy1apCTBeHHBIM YHUBEPCUTET
e-mails: grishazohrabyan@gmail.com, sayadyan@gmail.com,
achubaryan@ysu.am

I'. M. Borpa6sin, C. M. Casansn, A. A. UybapsaH

HccaenoBanue cBoiicTBa MOHOTOHHOCTH HEKOTOPLIX MPONMO3UIIMOHAJTBbHBIX
CHCTEM BBIBOJOB KJIACCHYECKON M HEKJIACCHYECKUX JTOTUK

JJ11 HEKOTOPBIX MPOMO3ULNOHATIBHBIX CUCTEM BBIBOJOB KJIACCHYECKOH M HeKJac-
CHYECKUX JIOTHK JO0Ka3aHO, YTO MUHMMAaJbHbIE TABTOJIOTUH JAHHOM JIOTMKH MOTYT BBI-
BOJIUTHCS TOPA3JI0 CIOXKHEE, YeM Pe3yJIbTaThl MOACTAaHOBOK B HUX, OJAHAKO AJIS KaXI0i
3aJaHHOM B JTaHHOM JIOTMKE TaBTOJIOTHH CYILIECTBYET TaKas MUHUMAJIbHAsI TaBTOJIOTHS,
CIOKHOCTH BBIBOJA KOTOPOH COBIAAaeT ¢ HAMMEHBIIUM KOJIMYECTBOM IIArOB BBIBOAA
3a7aHHOHN (popMyIIBL.

Q. U. Onbhpuipjwi, U. U. Uuyuuyui, U. U. 2nipupjui

Nuuwljut b ny quuuljui npudwpwimpinibibph wunypwghtt hwoyh npny
hudwljupgbph dninunniun pyjuts hwmnlnipjui hkbnwgnumd

Twuwlui b ny nuuuub mpudwpwinipniiiiph wunypuyhtt hwpyh npny hw-
dwupgtph hwdwp wywgnigqwsé b, np dhthdw) tnybwpwinipniiubpp jupnn tu
wpwdyk] buybu wykih pupy, put bipwighg nnugjws nknunpdwh wpyniupubpp,
uwluyt nfju) npudwpuinipjul jpipupwignip tnybwpwinipjut hwdwp gnynipniu
niuh wytyhuh dvhthdw) tnytwpwinienil, nph wpunwsdwb pupnnipniup hwdpbl-
unud £ npjws putwdlh wpnwsdwt tjuquigniy puykph htwn:

G. M. Zohrabyan, S. M. Sayadyan, A. A. Chubaryan

Investigation of Monotonous Property for Some Propositional Proof
Systems of Classical and Non-Classical Logics

For some propositional proof systems of classical and non-classical logics it is
proved that minimal tautologies can be deduced essentially harder, than results of
substitutions in them, but for every tautology of given logic there is some minimal
tautology such that its proof complexity is equal to minimal steps in proof of given
tautology.
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HAIONMUMUOHAJOJBHAA AKAJAEMMUA HAYK APMEHMUWUHU
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JOKJAIBI 26uNph38uvEr REPORTS
<Lunnn
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Volume

MEXAHHUKA
VIIK 539.3

Yaen-koppecnonaednT HAH PA C. O. Capkucsin

JluCKpeTHAasA 1 KOHTHHYAJIbHasi (MUKPOIOJISIPHAS)
«CTepKHEeBasH» MO ATOMHON LEeNOYKHU
HAHOKPHCTAJUINYECKOr0 MaTepuaJia

(ITpencrasneno 18/XII 2018)

KaioueBble C10BA: amoMHAS YENOUKd, HAHOKPUCTIALIUYECKUT MAMepUdl,
OUCKpemHasi MoOeNb, KOHMUHYALbHASL —(MUKDONOJAPHASL) — «CMEPIHCHe8AA»
Mooelb.

Beengenue. B cBs3u ¢ pa3BUTHEM B HAcTOsIEe BpeMs HAaHOTEXHOJOTHM
0ONBIION WHTEpeC MPEACTaBISET MAaTeMaTHYeCKOe MOJCIMPOBAHHE YTIIEPO-
HBIX MaTepHaioB (HaHOTPyOKa, rpadeH u ap.) [1]. [Ipu uzydeHrr aTOMHBIX WU
MOJIEKYJISIPHBIX CHCTEM OOJIBIIIOrO pa3Mepa Haubojee pacnpoCTpaHEHHBIM
ABIISIETCS. METOJ MOJICKYJISIpHOW MuHaMuKku [1, 2]. B BBIYMCIUTENBHBIX HAHO-
TEXHOJIOTHSIX METOJ] MOJEKYIIpHONH AMHAMUKH (B 3a/la4ax CTaTHKH — METO[
MOJIEKYJISIpPHOW MEXaHUKH) MO3BOJIAET PACCUUTHIBATh HOBBIE M MEPCIIEKTHBHBIC
MaTepuanbl Ha aTOMHO-MOJIEKYJISIPHOM YpOBHE M CO3/4aBaTh HaHOMAaTEpUAbI C
3aJJaHHBIMU (PU3NKO-MEXAaHHYECKUMH CBOHCTBAMU.

CrnemyeT OTMETHTH, YTO B MOCIEAHHUE AECATHUIETHS IIHPOKOE pacipocTpa-
HEHHE TNpH MOICTUPOBAHMM HAHOMATEPHAJIOB IOJYYHUIH METOJIbl MEXaHHUKH
nepopmupyemoro tBepaoro tena [3]. [Ipu pacuére HanpsxEHHO-IEehOpMUpPO-
BAaHHOTO COCTOSIHHSI, HaIlpuMep, HAHOTPYOOK, B HEKOTOPHIX padoTrax (Hampu-
Mep, [4]) MoMB3YIOTCS KIACCHYECKOW TeopHuel yHpyrux TOHKHX O0OJI0YeK, HO
0e3 yuéTa MUKpPOCTPYKTYpPbl MaTepuala, Wid TeopHel ynpyrux obomouexk [5],
KOTJla YIIpYTHe MOAYJIA OOOJIOUKH OTPEACTISIOTCS B PE3yJIbTaTe HCCIIEIOBAHMS
JUCKPETHOW MOJIeNH, B KOTOPOM YYHTHIBAETCA TOJNBKO CHUJIOBOE B3aHMOJEHCT-
BUe MexAy popmupyrommmu Tpyoky aroMamu. OHaKO CyIIECTBOBaHUE OIHO-
CIIOIHON HaHOTPYOKM W rpadeHa CBHICTENHCTBYET O HEOOXOIMMOCTH Y4ETa
MOMEHTHOTO B3aMMOAEWUCTBUS MEXIy aTOMaMHu (B MPOTHBHOM CITydae CIIOH
aToMOB, (hOpMUPYIOLIHI HAHOTPYOKY WK rpadeH, He uMesl Obl M3THOHOI KECT-
KOCTH, YTO HE COOTBETCTBYET JIEHCTBUTEIHLHOCTH) [6-10].

C npyroii cTOpOHBI, H3BECTHO, YTO HEBO3MOXKHO OJHO3HAYHO OMPEIENAThH
TOJIIIMHY HaHOMaTepuasoB (HaHOTpYyOKa, rpadeH u ap.). HecMoTps Ha 31O mpu
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M3YYCHUU HAaHOTPYOKH WK TpadeHa Kak JJisi OTMEUCHHBIX BhIIIE 000I0UEHHBIX
Mozeneit [4, 5], Tak U MOCTPOCHHBIX B paboTrax [12-16] cTepKHEBBIX MoOEIeH
WCTIONB3yeTcs TOHATHE TommuHBL. C 3TOH TOYKH 3peHHs] aKTyallbHO
MIOCTPOEHUE TAKUX MEXAaHHYECKUX MOJENeH, B JAHHOM CIy4yae «CTE€P>KHEBBIX»,
KOTOpBIE, C OJTHOI CTOPOHBI, YYUTHIBAIA OBl MOMEHTHBIE B3AUMOJICHCTBHS MEX-
Iy aToMaMu HaHOMaTrepuaja U, ¢ Apyroid CTOPOHBI, HE UCIIOJIb30BAIN MTOHSITUE
WX TOJILINHEI.

B manHO# paboTe Ha OCHOBE Y4éTa HEIEHTPAIbHOTO CHIOBOTO M MOMEHT-
HOTO B3aUMOJICUCTBUS MEXIy aTOMaMH MOCTPOEHA TUCKPETHAas MOJENb HaHO-
KPUCTAJUIMYECKON LIETTOYKH aTOMOB U, J1ajiee, C TOMOIIBIO MPEAETHHBIOTO mepe-
X0/a MOCTpOoeHa €€ KOHTHUHyallbHas OZHOMEpHas («CTep)KHEeBas») MOZAETb, B
KOTOpOW He (PUTypUpPYET TOJIIMHA 3TOTO «CTEPXKH». B 3TOH MHUKpomonspHOit
«CTEpPKHEBOI» KOHTHHYalIbHOM MOJEIH BCE YNPYTHE IOCTOSIHHBIE BbIpa-
JKAITCA 4epe3 MapaMeTpbl aTOMHOM IUCKPETHOW MOJEIU pacCMaTpUBAaEMOM
LICTIOYKHU.

WNwmest B Bumy, 4to B padorax [17-19] acHMITOTHIECKUM METOIOM ITOCT-
poeHa mpocTeiimas (pu3nueckyd MOHATHAS M HarjsAHas OAHOMEpPHAas MOJEIb
MHUKpPOTIOJIAPHOTO YIIPYTOro CTEP>KHA, MPHU PacCMOTPEHUU KOTOpOH (TIpU CBO-
OOIHBIX KOJIEOAHUSX) HE YUUTHIBAETCS IOHATUE TOJIIUHBI 3TOTO CTEPXKHS, TIPH
MOMOIIM CPAaBHEHUS C KOHTHMHYaJbHOM «CTEPKHEBOW» MOJEIbI0 aTOMHOM Iie-
MOYKH ONPENENAIOTCA YIPYTrHe MOCTOSHHBIE MUKPOIOISIPHOTO CTEP)KHS 4epes
napameTpbl aTOMHOM JUCKPETHON MOJIEIH LIETIOYKH.

1. JluckperHo-MOMeHTHAsE MoJe/b Hemodku atomoB. Ilpumuuun Ia-
MHJIBTOHA. PaccMOTpUM MHOTOaTOMHYIO MOJIEKYJLY, KOT/Ia aTOMBI (C OJIMHAKO-
BBIMM Maccodl M MOMEHTOM HHEpPLHH) AAHHOM MOJIEKYJBI PACIIOJIOKEHBI C
PaBHBIM HHTEPBAJIOM @ BIOJIb OAHOM MPSIMOM (Takas MOJIEKyJa Ha3bIBaeTCs
JTUHEHHON Wian aToMHOU 1enouHoi). [lycTh Ha 3TOM mpsIMOii pacmonokeHa OCh
X. Bynem yuuThIBaTh B3aUMOACHCTBHE KaKIOTO aTOMa TOJBKO C €ro Ommxai-
IMMH COCeNsAMH. JIeHCTBYIONIME CHITBI U MOMEHTHI Ha aTOM C HOMEPOM K OT
cocenHux aToMoB ¢ Homepamu K —1 u k+1 ormerum cnenyroumm o6paszom.
Tak Kak yka3aHHbIC CHUJIbI UMEIOT HELIEHTPAJIbHBIN XapaKTep, COCTABIIAIOIINE 110
oCH X oTMeTHM OykBOH N, cocTaBisiomye 1Mo ocu ) — OykBoM (J, MOMEHTEHI

— OykBoil L. /IBi>keHHE aTOMOB IEMOYKH MPOXOIUT B IJIOCKOCTH XV (TI0 OocH
X — IpoJoibHas aAedopmanus, o ocu y —u3rubHas aedopmanys).

VpaBHeHUsI IBWKEHHsI aTOMa ¢ HOMEpoM k kak Tena-touku [20] BbIpa-
KAaroTCs CIeIyomuM 00pa3oM (paccMaTpuBaeM CBOOOJHBIE KOJIECOAHUS):

NED_N® = m—a;z;(k), (1.1)
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0 _ 0 = o'ull)

2 b
atl . - ® (1.2)
(k+1) (k) + w
L3 —1;3 +Q(k)5a+Q(k 1)562—[3723.

3nece mu 1 ;— Macca ¥ COOCTBEHHBIII MOMEHT MHEPIIMU KaXJO0ro aToma,

(k) _

k o
N () _ MIPOAOIbHAS CHJIA, Q(") — mepepesblBaroas cuna, L, A3ru0aronnii

MOMCHT, (u(k),ugk)) — KOMIIOHCHTBI BEKTOpAa NEPEMCIICHUA aTOMa C HOMEPOM k 5

1
(k)

;"' — cBOOOIHBII TOBOPOT K -ro aToMa BOKPYT COOCTBEHHO# ocu z. Bo BTopom

ypaBHEHUH CUCTEMEI (1.2) (T.€. B ypaBHEHUH MOMEHTOB) VISl TIEPEPE3BIBAFOIINX

(k) (k+1)
cun O"'u OV KaKk TOUKM WX TPUIOKEHUS B3ATHI CPEJHUE TOUYKU MENKILY
cocenHuMHu atomami [21].
B muteparype (cm., Hampumep, [22, 23]) XOpOIIO W3BECTHHI BHIPAKCHHUS
IUI TIOTEHLMAJIbHON SHEPIMM MHOTHX MOJIEKYJl B JIMHEHHOM NPHOJIMKEHUH
(T.e. ecJii CUUTATH YIPYTUE CHIBI © MOMEHTBI JITHEWHO 3aBUCSIIUMH OT Jieop-
MAaI[MOHHBIX MEPEMEIIeHN U MOBOPOTOB). 3alMIlEeM 3TO BBIpaKEHUE IS pac-
CManHBaeMOP“I LETI0YKH aTOMOB'
k k k
zc (d( iy +ch2 dS N1 zc o0’ (1.3)
k

e C,, i= 1,2,3 — yOpyrue MOCTOSIHHBIE IJIsl COOTBETCTBYIOMIKX Aedopmanuii

k
(TIpOAOTBHBIX WM WM3THOHBIX), dl( - MIPOJIOJIBHBIE OTHOCHUTENBHEBIE TIEpeMe-

(k)

k o
mCHUA, d; )_ OTHOCHUTEIbHEIC U3THOHBIC JTUHEHHBIE NEepeMCLICHH A, 6"’ — or-

HOCHUTCJIbHBIC YTJIIOBBIC CB060I[HLIG NnepeMeuICHus, T. €.

2

(k) _ o Gksl) _ (k) Wy _ ey ( (k+1) <k>)
d” =u"" —u, d,) =uy;" —u, —2 + ;") (1.4)
(k) — (k+1) (k)
0" =0 —w".
Bripaxkenne noreHumanbHoi 3Hepruu (1.3) OOBIYHO HCHONB3yeTcs A
pacuyera CHEKTpOB KojeOaHMH MHOTOATOMHBIX MOJIEKYJ, NPHUEM YIIpyrue
nocrostHubie  C; (71 =1,2,3) MOXHO CYMTAaTh NPEABAPUTENBHO H3BECTHBIMH

(3KCTIepUMEHTANIBHO) 111 MHOTUX MOJIEKyd [22, 14].
Jlerko 3aMeTHTB, 4TO

(k+1) (k) o (k+1) (k) o
NN =T @ T sy
8141 6u2
(1.5)
(k) (k) O¥
L3 —L3 = rw(k).
3

MoxeM 3anucath 3akoH ['yka Jij1s1 paccMaTprUBaeMOU JIMHEHHON MOJIEKYJIbI:
N Z € ), 1)
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*) _ ( *) _ (k—l))_l ( (k) <k—1>)}
0 Cz[ u,’ —u, 2a ;" + o, , (1.7)
L3(k) :C3(a)3(k) _a)gk—l))

Takum 00pa3zom, TUCKpeTHAass MOJACIh (MOACTh MOJICKYJISIPHOW JUHAMUKH)
JUI paccMaTpUBaeMOl JIMHEHHON MOJEKyJbl TocTpoeHa. B cimywae mpomons-
HBIX KoJieOaHwii — 3T0 ypaBHeHHe nBrmwkeHus (1.1) u 3akon ynpyroctu (1.6), B
cllyyae M3rHOHBIX KojeOaHWH — 3TO ypaBHeHus nBwxeHus (1.2) W 3akoH yn-
pyroctu (1.7).

Jns paccmaTpuBaeMoil TUHEHHONW MOJIEKYJIbl KUHETHYECKasl SHEPTUsl BbI-
pakaeTcs CleIyoIuM 00pa3om:

©)? ©)? )2
Kk=1% m(d;‘;t j +m(d22t j +1{dz’; j . (19)
k

U3 oipakennit (1.3), (1.4) u (1.8) cnenyer, uro narpamkuan L ajs pac-
CMaTpUBAEMON JIMHEHHON MOJIEKYJIBl PABEH

) 0\ )2
L=K—V=lz mdu—' +m du, +1, do;
24 dt dt dt
2
_{Cl(ul(/m) _u{k))Z +C2|:u(u;k+l) _ugm)_%a(@km + o )} i (1.9)

(k+1) (k)
+C3 (0)3 — s )Zb )

a mpuHIMI ["aMUIIbTOHA BEIpa)KaeTCsl OOBIYHBIM 00pa3oM:

5 £at =5 (k ~ ¥yt =0, (1.10)

Jlerko 3amMeTuTh, UTO BBHITEKaromue u3 npuHimna I'amunsTona (1.10) (c
yuétom (1.9)) ypaBuenus Diinepa — Jlarpanxka mpeactaBisiroT coboil ypaBHe-
Hus aerkenus (1.1) u (1.2).

2. OnHoMepHas («CTepKHeBas») KOHTHHYAJIbHAsi MOAeJb JHHEHHO
nenoyky aroMoB. [Ipunuun I'aMuabTOHA AJ151 KOHTHHYAJbLHON MO/IeJIH.

Jis mocTpoeHus KOHTHHYaIIbHOW MOJEH JIMHEHHON MOJIEKYJIBI MpeICTa-
BHM JarpamXuaH IUCKpeTHO# Momenu (1.9) B cnemyromem Bue:

)\ )\ )2
Lzlza mldu \ midu, | Lfdoy )|
25 al dt al dt a dt

2 2
(kt1) _ (k) (k+1) _ (k)
—{cla(”l - J +cza{”3 = —;(aé’””wé"’)} + @1

a

2
(k+1) (k)
[0 — .
+C3a -3 3
a

CrernranbHas Gopma, B KOTOPOU 3amucaH JarpaHXuaH JUCKPETHOW Mojie-
mu (1.9), BeiOpana s ynoOCTBa IPENEIBHOTO IMepexoja K CIyJ4ard KOHTH-
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HyaJbHOU (HempepbIBHOM) MojenH, T.¢. korma a — 0.

Urto kacaeTcst MHOXHTENS (, KOTOPHIA CTOUT MO 3HAKOM CYMMEI TIepe
GonbImrMu ckoOkamu B hopmyiae (2.1), To ero cienyer 3aMeHHTh Ha Ax = dx ,
a CyMMHpPOBAHHE M0 Kk 3aMEHHUTHh WHTErPajoM mo X. Jlamee siCHO, YTO MHJEKC
k , xapakTepu3yonmii HOMep aroMa, JOJDKEH MPH Mepexoie K KOHTHHYaTIbHOM
MOJICITH TIPEBPATHTHCSA B HEMPEPHIBHYIO KOOPJAMHATY X. [103TOMYy BMECTO Te-

pemennpx  u(£), ul?(H)u @ (f)Gynem Tenmeps nMeTh mepeMeHHBbIe
u(x,t), W(x,t)n Q(x,t). Yro xacaercst Benmmane C, -a,,i=1,2,3, Hmxe ybe-

IIVMCS, 4TO TIpeIebHbIE UX 3HAUEHUs, Korga a —> 0, ABISIOTCS MOCTOSHHBIMIY;
oka 0003HAaYNM UX

~

C-a,=C, i=123. (2.2)
[Toctymas yka3aHHBIM BBIIIE 00pa3oM, B pe3yibTaTe MPeAeiIbHOro Mepexoa,
npu a — 0, dopmyna (2.1) mepexoauT B JNarpaHkuaH KOHTHHYaJIbHOW MO-

ACIIN, OJId KOTOPOro MMEEM:

1ell (ou) _(ow) ~(oQY
L=— R Y A Y L I
2-0[ p(atj p(az) (8t)

- (agf + 527/2 + 53;(2 )}dx . (2.3)
3nech
(k+1) (k)
NI Sl 2.4)
ox a—0 a
ow Cu —uP .
y=" - 2=lim S —E(a)3(k Do), 2.5)
(k+) (k)

l = a@f = £1£1;)1 a)3 P a)3 N (26)

~ ..m ~ .. 1
P :lall;l;)l;v 1 :101_1;1;)1;7 (27)

~

ﬁ — JIMHEHHAS INIOTHOCTh MAacChl OCIIOYKH, I — nuHeiiHas TUIOTHOCTH €6
MOMCHTA UHEPLUH, gx — OTHOCHUTCJIbHAsA MPOAO0JJIbHAsA ,I[C(I)OpMaLII/IH, Y — CIOBU-

roBas nedopManus, ¥ — KpUBU3HA LIEHOYKH.

Jlna monydeHus ypaBHEHUS [BUKEHHS, COOTHOLIEHMS YIPYTOCTH M T€O-
METPHUUYECKUX COOTHOIICHHH AJIsl KOHTUHYAIbHOW MOJAEIHM YPaBHEHHs IBIKE-
Hus (1.1), (1.2) u cooTHommeHus ynpyroctd (1.7) npencrtaBum B BUJE:

YpaBHEHUS JIBHKEHUS

N(k+1) . N(k) _ ﬂ 82u1(k)
a a ot

2.8)
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Q(k+1) _Q(k) _ ﬂ azugk)

a a ot 2.9)
(k1) _ p(k) 2 (k :
Ly L; +1Q(k) +1Q(k+1) :ia a)23( )
a 2 2 a ot
COOTHOILICHHUS YIPYTOCTH
L) (1)
NW =gl —21 (2.10)
a
k) _ )
0% =ca (ol + 0l
a 2 2.11)
PRONIPNIS) @
LV =ca= 3
a

Ilepexoas x npeneny, korga o — 0,monyyuM ypaBHEHHs IBHKEHHS,
COOTHOIIICHUS YIPYTOCTH M TEOMETPUUYECKUE COOTHOIICHUS ISl KOHTHHYaJb-
HOU MOJIEJIH:

YpaBHEHUS ABVKCHIIS

ON _0%u
—=p—, 2.12
o P (2-12)
o0 0w 0L, ~0°0
o Par o 9Tl -13)
COOTHOIIECHUS YIIPYTOCTH
N=c¢ce,, (2.14)
O=c¢y, L,=c¢y, (2.15)
FCOMeTpI/I‘IeCKI/Ie COOTHOIIICHUSA
ou
E =—, 2.16
S~ (2.16)
ow 0
=——0, =" 2.17
v o X o (2.17)

VYpasuenus (2.12), (2.14) u (2.16) oTHOCSITCS K MPOAOTHHBIM KOJICOAHUM,
a ypaBHeHus (2.13), (2.15) u (2.17) — k uzruOHbIM Kosiebanusm. K atum rpyn-
1aM ypaBHEHHUH cJielyeT MPUCOCIUHUTL HaYaJbHbIC U TPAHUYHBIC YCIOBHSL.

Jl1si pOJONbHBIX KONeOaHMi Kak HauvanmbHble ycioBus, mpu f =0, 3a-

ou

Jar0TCs 3HAYCHUA OJI1 U U a—, a i M3THOHBIX KOJEOaHUI B Haudale JABH-
¢

ow 0X2

JKEHUS 3a/IAK0TCs 3HAUeHus it w, 2 u —,—.
ot ot
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Ipu x =0 wmm x =/3amar0Tcs caeayroNne rpaHuYHbIe ycaoBus: 1) yc-
JIOBUS Ul NEPEMEIleHNH U CBOOOAHOTO MOBOPOTA, HAPUMED, €CIIU OIUH M3
3THX KpaeB KECTKO 3aKpeIUIeH:

u=0 (2.18)
JUTSL TTPOAOJIBHBIX KOJIeOaHMIA,
w=0, 2=0 (2.19)
JUISL U3TUOHBIX KOJIEOAHU.
2) s cBOOOTHOTO Kpas:
N=0 (2.20)
JUTSL IPOIOJBHBIX KOJICOaHMIA,
0=0,L=0 (2.21)

JUTS U3THOHBIX KOJIEOaHUIA.

MoryT OBITh TPaHHYHBIC YCIOBUS CMELIAHHOIO BUJA.

Crnenyer ckasaTb, 4YTO ypaBHeHHUs OBMKeHHS (2.12), (2.13) u rpaHuyHbIe
yenoBus (2.20), (2.21) MoxeM MONYYUTh U Ha OCHOBE NMpHHNHUIA ['aMuiIbTOHA
(1.10), (2.3) g KOHTUHYATHFHOW MOJCIIH.

Ecnu popmynsl reometprudeckux cootHomeHuit (2.16), (2.17) noacraButh
B COOTHOIIEHHs ympyroctd (2.14), (2.15) u momydeHHbIE BBIpaXXCHUS MOJ-
CTaBUTh B ypaBHEHUs IBrokeHHs (2.12), (2.13), mpumeM K CICAYIONINM ypaB-

HEHHUAM (OTHOCHUTEIBHO (GYHKIUH U =u(x,t) MPU TIPOAOJIEHBIX KOJEOaAHHUIX
W(x,t), _Q(x,t )— [IPY U3TUOHBIX KOJNCOAHUSIX):
ypaBHEHHUE MPOI0JIbHBIX KOJICOaHUI
~0u _ 0u.

C—=p—; 2.22
1ax2 ,0 atz ( )
ypaBHEHUS U3THOHBIX KOJIeOaHUit
= 82w_6_[2 _~62w_
o o r» or*”’
(2.23)
_ o' _(ow ~ 0’0
G— 16| ——2|=1—.
Ox ox ot

Mogens (2.12), (2.14), (2.16), (2.18) wmm (2.20) ansa TpOTOJBHBIX KO-
nebaHui LEMOYKH aTOMOB, a Mozenb (2.13), (2.15), (2.17), (2.19) umm (2.21)
IUIsl U3TUOHBIX KOJIeOaHWH LEMOYKH aTOMOB IIPEICTABISIOT, COOTBETCTBEHHO,
OJHOMEPHBIC-KOHTHHYaJIbHbIE («CTEP KHEBBIEY) MOJEIH JUIi KonebaHuil nenoy-
KH aTOMOB. YpaBHEHHUS 3THX MOJEJed He COoAepKaT MOHATHE TOJIIUHBI STHX
«CTepKHEH». DTO BeChbMa BaXKHBIM pe3yJbTaT A HaHOMATepHAaJoB, B 4acT-
HOCTH A rpaduHa (€Cid CYMTaTh, YTO MaTepHall PAclOIOKEH B INIOCKOCTH
XZ ¥ BCE aTOMbI CHHXPOHHO IIBUTAIOTCSI OTHOCHTEIBHO OCH Z, a KOJeOaHUs

IIPOXOJAT B INIOCKOCTH X) © 110 X — IPOJOJbHBIE, @ 10 y — U3TUOHBIE).

VYpaBuenus (2.22) mis TPOIONBHBIX KOJEOAHWH IETIOYKH aTOMOB WA
(2.23) s M3TMOHBIX KOJICOAHMI IEMIOYKH aTOMOB MOXKHO CPaBHHUTH C COOT-
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BETCTBYIOIIMMH YPaBHEHHAMH MPOCTEHIINX MoJesieli KoneOaHuii MUKPOIOJISIp-
HBIX TOHKHX CTEp)KHEH.

3. YpaBHeHus AJs1 NpocTeiilieid NMPUKJIATHON TeOPUU MHUKPOIOJISAP-
HBIX YOPYIMX TOHKHX CTep:KHel ¢ He3aBHCUMBIMHU NMOJSAMM NepeMelleHn i
U Bpamennii. CpaBHeHHe NMOCTPOEHHBIX MoJeJied W onpeneleHHe MHKPO-
MOJISIPHBIX YHPYrHX MOCTOSIHHBIX. B pabortax [17, 18] ma ocHOBe acumi-
TOTUYECKOr0 MOAXOAA MOCTPOEH MNPOCTEHINMA BapUaHT NPUKIATHOW Teopuu
MUKPOTIOJIIPHBIX YIPYTUX TOHKUX CTEPKHEH JUIs 3a1ad CTaTUKU U IUHAMUKH, a
B pabotre [19] u3ydeHBl KOHKpETHBIC 3a7]adud MX CBOOOTHBIX KoseOaHuit. Omn-
penesomas CuCTeMa ypaBHEHUM NPUKIAJIHONA TEOPHUH MHUKPOIIOJSIPHBIX YII-
PYTHX TOHKHX CTEp>KHEW NMpH CBOOOAHBIX KOJNEOAHUSAX BBIPAKAIOTCS CIECAYIO-
M 00pa3oMm:

YpaBHEHHE IS IPOAOJIBHBIX KOJICOaHUH

e =p
ox’ or*’
rae £ —wmonyns FOHra, a p —00bEMHas INIOTHOCTh MacChl MaTepuara;

2 2

N3rnOHbIE KOJIEOaHMs

e (0 _20)_ 7

u+alox®  ox o (3.2)
2 2

ple, Are (aw—.ojda 2,
ox M+ o\ Ox ot

roe U — KJIaCCHYECKHMI MOAyJb CABUTA, a—MHKpOHOHHpHLIﬁ MOAyJb CABUTA,

B —muxpononsipHast yrpyrasi OCTOSIHHAS A7 HCCIeAyeMoro matepuana, [ —
00bEMHAsI INIOTHOCTh MOMEHTA UHEPLIUH.

Kax moxHO ybemutses, ypaBHenus (2.22) u (3.1), a Taxke (2.23) u (3.2)
BHEIIHE BIOJHE CX0XH. OCHOBHOE OTJINYHE COCTOUT B TOM, UYTO B YPABHEHUAX

(2.22), (2.23) p npencraBisier coOOW JTUHEHHYIO MJIOTHOCTH MAacchl, [ — Jiu-
HEHHYIO IMJIOTHOCTh MOMEHTA MHEPIHH, a B ypaBHeHH:X (3.1), (3.2) p —00BEMm-

Hasl IUIOTHOCTh Macchl, / —00BEMHAS MJIOTHOCTH MOMEHTa HHEpIUH. [T0HSTHO,
YTO B JICBBIX YaCTAX 3TUX ypaBHEHHH KOA((UIUEHTHI TOXE OYIyT HU3NICCKH
Pa3HBIMH.

Urto0bI ocymiecTBUTh cpaBHeHHEe ypaBHeHuH (2.22) u (3.1), a Taxxke (2.23)
u (3.2), mpuMeM, 9TO TIPEACTaBUTEIBHBIN 00BEM IJIST paccMaTpHBaeMOIo Ma-
Tepuana — Ky0 pasMepoM d,Toraa £ TpeicTaBUT coOO# MPUOIIKEHHYIO Be-

)
a

JMYUHY 00BEMHOM IUIOTHOCTH Mareprana, a !  00bEMHOMN IJIOTHOCTH MOMEH-
2
a
Ta UHEPIUH.
Ucxons uz atoro ypaBHeHus (2.22) u (2.23) npeactaBuM cleayommM 00-
pasom:
ypaBHEHHUE MPOJIOJILHBIX KOJICOaHUH
~ 2 2
¢ Ou 0u
S a2 =P (3.3)
a” Ox ot
47



ypaBHEHUS U3TUOHBIX KOJIeOaHui
~ (A2 2
¢, (0w 0Q o'w

) 2 T Al | TP A2
) 0 ot
NN 2 (3.4)
¢, 0°Q2 ¢, (ow 0° 0
==+ _22(__ Q] =l—
a- ox° a \ 0Ox ot
CpasuuBas ypasHenus (3.1) u (3.3), a Taxoke (3.2) u (3.4), momyuum
¢
E = a—lz, (3.5)
due G p G (3.6)
H+a a a

®opmynst (3.5) u (3.6) mpeacTaBIAIOT CBA3M MEXKAY (HPUIUUESCKUMH MAKpO-
napamMeTpaMu ¥ MUKpPO(HAHO)apaMeTpaMH JAaHHOTO MaTepualia MpH MpOoxoiIb-
HBIX U M3THOHBIX KojeOaHusx. @opmyisl (3.6) 1al0T BO3MOXKHOCTH BBIYHCIISTH
MeXaHHUYECKHE TIOCTOSTHHbIE MUKPOTIOJISIPHOTO BEILIECTBA Yepe3 MapaMeTphl ero
aTOMHO-MOJICKYJISIPHON CTPYKTYPBHI.

Iupakckuii rocysapcTBeHHbIH yHUBepcuTeT uM M. Han6angana
e-mail: s_sargsyan@yahoo.com

Ynen-koppecnongent HAH PA C. O. Capkucsin

JuckpeTHasi M KOHTHHYAJIbHAsI (MUKPOIIOJISIPHAsI) «CTePKHEBAsD)
MOJeJM ATOMHOM LHeN04YKH KPUCTAVIHYECKOro MaTepuasa

PaccmarpuBaeTcst nTuHeiHas LenovYKa B3auMOJAEHCTBYIOMIMX aTOMOB. Mcxonas u3
TOTO, YTO B3aWMOJICHCTBHE MEXIy aTOMaMH WMeEeT OOIIWH XapakTep, T.€. CHJIOBOE
B3aUMOJICHCTBUE — HELIEHTPAIBHOE, U KPOME TOI'O UMEET MECTO TaKKE MOMEHTHOE B3a-
HMOJEHUCTBHE, MMOCTPOEHA IUCKpPETHAas MOJEIb aTOMHOM JIMHEMHOM LIENOYKM C ycTa-
HOBJIGHHEM Take npuHuuna ['amuneroHa. [Ipu momouu npenenbHoro nepexoaa noct-
pO€Ha KOHTHHYyalbHas (HEMpephIBHAS) MOJAETh aTOMHOHN JTHHEWHOW LENOYKH, KOTOpast
MIPEICTABISAET COO0 MUKPOIIONAPHYIO OJHOMEPHYIO «CTEPKHEBYIO» MOJIENb. Y CTaHaB-
JIMBarOTCA NpvHUMN ['amMunbTOHA U1l 3TOM KOHTHHYaJIbHOM MOJENM, a TaKXe COOT-
BETCTBHE MEXJy paHee IIOCTPOECHHOM OJAHOMEPHOM NPOCTEHUINEH MOJEIBI0 MHUKPOIIO-
J'I)IpHOFO CTep)KHSI C HEC3aBUCUMUMH HOBOpOTaMI/I nu KOHTMHyaﬂbHOﬁ MOACJIBKO aTOMHOﬁ
LETIOYKH, B PE3yJIbTaTE YEr0 MOTYICHBI POPMYIIBI MKy MUKPOIIOJIIPHBIME YIIPYTUMH
[IOCTOSIHHBIMU U MapaMeTpamMu JTUCKPETHON MOJIETN aTOMHON LEMOYKH.

22 QUU, prpwljhg winuy U. 2. Uupquyul

‘Lwunpymipknuyht niphg wnnduwght snpugh ghuljpbn b §ntnhiniuyg
(dhypnuyngyup) «nquyhies Unptjukpp

TYhuwpyynwd k hnjuwgpgnipjut by qunignn wunndukph gduyht onpus: Zwpygh
wnubny, np wwnndubph vpol thnjumgqnbgmpiniup punhwinip punyph b (wyuhtiph’
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niduyhtt thnjuwgpbgnipniup ny YEunpnbwlw k, ni, pugh wyn, wbknh nitth bwb
UnUknuyghtt thnpjuwmqpbgnipnil), juenigynid L winndughtt gdwghtt onpugh nhuliptn
Unnbp, nph hwdwp hwunwnynud £ Zwdhjinnuh uqpnitpp: Ujunthbnb vwhdwbughe
wignidh dhongny junnigymd L wnndughtt gduyghtt onpuyh Yntnhuniw) (wuptnhwwn)
Unnbip, npp dhpoynpjup «dnquyhty dhugw dnphp b Zuunwnynud b bwb wyn §nb-
wmhuniw) dnphjh hwdwp Zwdhjnnth uygpeniipp: Luwpwwbu Junnigqus wuljufe
wunyunukpny dhipnwynjjup dnnh wwpqugnyt unghih b wnnduwght onpuyh Ynuwnp-
untwy vhwswth dnghjh dhol hwuwnwwnynud E hudwywinwupuwinipynil, nph wpnnib-
poud unugynid ki puwtwdliughtt websmipinittp dnnh dphipoynpjup wpwdquju
hwuwnwwnniitph b winndwht gduyhtt onpuyh nhuljpbn dnpbih wwpwdbtnpbph dhel:

Corresponding member of NAS RA S. H. Sargsyan

Discrete and Continual (Micropolar) «Beam» Models of the Atomic
Chain of the Crystalline Material

A linear chain of interacting atoms is studied in the present paper. Assuming that
the interaction between atoms is common, i.e. force interaction is noncentral and,
moreover, moment interaction also takes place, a discrete model of the atomic linear
chain is constructed with the establishment of Hamilton principle. Then, using the
limiting transition, a continual (continuous) model of the atomic linear chain is
constructed, which is a micropolar one-dimensional «beam» model. Hamilton principle
for this continual model is also established. A correspondence is established between
the previously constructed one-dimensional simplest model of a micropolar beam with
independent rotations and the continual model of the atomic chain. As a result, formulas
are obtained between the micropolar elastic constants and the parameters of the discrete
model of the atomic chain.
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2U8UUSUULEl @PSAPE3SAPLLELP UQQ2USPL UUUTGURU
HAIONMUMUOHAJOJBHAA AKAJAEMMUA HAYK APMEHMUWUHU
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J 0 KJ A JI bl 26uNh38uvE M REPORTS
men
T 119 2019 Nel
Volume

MEXAHHUKA
VJIK 539.3

Axanemuk I'. E. Barnacapﬂﬂl’z, M. A. MI/IKI/IJ‘IHHI’Z,
H. A. Bap;:(ansml’z, A. B. IlanTenees’

Bausinne cBepX3ByKOBOI0 MOTOKA HA XapaKTep aMILINTY/HO-
YaCTOTHOM 3aBUCUMOCTH HeJIMHEHHBIX (JIaTTePHBIX
KOJIeOAHMH UIHHAPUYECKON MaHeIn

(ITpencraneno 5/11 2019)

KnaroueBble ciioBa: quﬂundpuuecmﬂ 060]10’!1(’(1, CGer?GyKOGOIZ nomok ea-
3a, aMnJmmy()Ho-qacmomHaﬂ 3dABUCUMOCNTb.

BBenenue. IMeroTcss MHOTOYHCIICHHBIE HCCIIEIOBAHUS, TIOCBAIICHHBIE yC-
TOHYMBOCTH TUTACTHH M 000JI0YEK B CBEPX3BYKOBOM MOTOKE raza. CBemeHus o0
9THX HWCCIIEJOBAHUSIX MOXHO HalTH B MOHOTrpadusx [1-4] u B 0030pHBIX cTa-
ThsiX [5, 6]. UccnenoBanusi mpoBeACHBl KaK B JIMHEHHOM, TaK U HEIMHEHMHON
MOCTaHOBKe. PerreHueM JIMHEHHBIX 3a/1a4 TONYYeHBl HAaMMEHBIINE (KpUTHYEC-
KH€) 3HAYEeHUSI BEIMYUHBI CKOPOCTH OOTEKAIOIIETO IMOTOKA, MPH KOTOPBIX pac-
cMaTpuBaeMas a3poymnpyras CHCTeMa TepseT YCTOHYMBOCTbh. JInHeiHbIe 3a1aun
OBUTH pEIIeHbl KaK TOYHO, TaK U MPUOIMKEHHO (B OCHOBHOM, UCTIOJNB3YsI METOJ
lanepkuna). Henmmuelinbie 3amauu pereHsl TPpHOIMKEHHBIMA METOIaMH, U OJT-
HUM M3 OCHOBHBIX BOIIPOCOB HCCJIEOBaHHH OBIJIO M3y4YEeHHE 3aBUCUMOCTH Yac-
TOTBI (PJIATTEPHBIX KOJEOAHWH OT BEIWYHMHBI AMIUIMTYABl BO3MYIICHUN (aM-
mTyAbl). MccaenoBanuss B OCHOBHOM ITOCBSIICHBI M3YYEHHWIO aMIDIHTYIHO-
YaCTOTHON 3aBHUCHUMOCTH B Cjlyda€ IIJIaCTHH, 06TeKaeMI)IX CBEPX3BYKOBLIM
MOTOKOM raza [7, 8]. B ciydae oTcyTCTBHA 00TEKAIOMIET0 [MOTOKA XapaKTep 3a-
BHCHMOCTH aMIUTATYIbI OT YaCTOTHI HETMHEWHBIX KOJIeOaHUH IITACTHHKH HOCUT
JKECTKHU Xapaktep [4], T.e. ¢ YBETUYCHHEM aMIUIMTYIBI 4acTOTa KOJICOaHMI
yBenuuuBaeTcs. B paborax [7, 8], B 4acTHOCTH, YCTaHOBJIEHO, YTO: a) IPUCYT-
CTBHE OOTEKAOIIEro MOTOKa MOXKET CTaTh MCTOYHUKOM KaK KOJMYECTBEHHOTO,
TaK W Ka4yeCTBEHHOTO M3MEHEHHs XapaKTepa yKa3aHHOW MOHOTOHHO BO3pacTa-
IOIEH 3aBUCUMOCTH; 0) CYIIECTBOBAHWE HE3aTYyXAIOIIMX HEIMHEHHBIX KoyieOa-
HUH BO3MOXHO KaK B Clydae JOKPUTUYCCKUX, TAK U TMOCTKPUTHUSCKUX CKOPO-
cteii. Hacrosias paboTa mocsineHa H3y4eHHI0 aHaJOTHYHBIX BOIIPOCOB B CITY-
yae THOKHX MUINHAPUYICCKUX 060.110‘161(, 00TeKaeMBIX CBEPX3BYKOBLIM IIOTO-
KoM rasa. [loka3aHo cyliecTBoBaHHE OIpEIeNeHHBIX 00acTell 3MEeHEHHs Be-
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JIMYUHBI YaCTOTHl KOJIEOaHU, MPHU KOTOPBIX: a) 3aBHCUMOCTh aMIUIUTYJa-d4ac-
TOTa MOXKET OBITh MHOTO3HAYHOH, 0) CyILECTBYEeT MHTEPBaI U3MEHEHUS 4acTo-
Thl, BHE KOTOPOTO HEBO3MOXXKHO BO30YIHUTh yCTaHOBUBIIMECS (UIaTTEpHbIE KO-
nebaHus (30Ha MOJYAHMsI), B) MMOKa3aHa BO3MOXKHOCTH CYLICCTBOBAHHUSI TOUYEK
Ooudypkanuy. YCTaHOBJICHO CYIIECTBOBAHHME PA3JIMYHBIX THUIIOB 3aBHCUMOCTEH
aMIUIATYIa-CKOPOCTh, ToUeK Ondypkanuu u oOiacTeld MOITYaHUS, IPUIEM Tie-
PEXOJI OT OTHOM 3aBUCHMOCTH K JIPYTOM MOKHO OTPETYJIMPOBATh ONTUMAIILHBIM
BEIOOPOM MapaMeTpa YacTOTHI KOJIeOaHNH.

1. IlocTaHoBKa 3aga4u yCTOHYMBOCTH. PaccMOTpUM TOHKYIO M30TpOI-
HYIO MPSIMOYTOJIFHYIO B TUIAHE IMJIMHIPHYECKYIO TTaHeNb TTOCTOSHHOM TOJIIH-
Hel /1. OGONIOYKA OTHECEHA K OPTOTOHATBHBIM KPHBOJIMHEHHBIM KOOPIMHATAM
X,Y,z, TIe KOOPAUHATHBIC JUHUU X M ) COBNAAAIOT C JMHUSIMH KPUBHU3HBI

CPEAMHHON MOBEPXHOCTU. TpeThs KOOpAWHATHAS JIMHUS Z TPSIMOJUHEHHAS W
MpEeJCTaBIsIeT CO00I paccTOSHUE MO HOPMAIM CPEIUHHON MOBEPXHOCTH OT

TOYKH (x, y,O) JIO TOYKHU (x, y,z) 000ITOYKH.
[TycTth 060M0UKa 00TEKACTCS C OJTHOW CTOPOHBI CBEPX3BYKOBBIM MOTOKOM

rasa ¢ IOCTOSHHON HEBO3MYILEHHON CKOPOCTBIO U = (U , 0,0) , HAIPaBIICHHON

Brons ocu 0x. Hcchemyrorcs BOMPOCHI YCTOWYMBOCTH pacCMaTpPHBAEMOM
a’poynpyroii cuctemel. He BmaBasch B MOAPOOHOCTH, MPUBEAEM OCHOBHBIC
muddepeHnanbHple  ypaBHEHHsT B YacTHBIX IIPOM3BOAHBIX W T'paHUYHBIE
YCIIOBHUS, ONKCHIBAIOIINE KOJICOaHWS W YCTOWYMBOCTh pPaccMaTpPHBAcMOMN
a’poymnpyroii cuctemsl. [logpoObHOCTH MOXKHO Haithm B padorax [1, 2, 7, 12,
13], Ha OCHOBE KOTOPHIX MPHUBEACHBI MOCTAHOBKA 33a7a4l U METOJ CBEICHHS K
3a/jaue YCTOWYMBOCTH, OIHCHIBAEMOW CHCTEMON OOBIKHOBEHHBIX IH(QepeH-
[UANTBHBIX YPaBHEHH.

Ha ocHoBe uccieoBaHuil NPUHUMAIOTCS CIEAYIOIIME PEATION0KEHUS:

1) runoreza Kupxroga — JlsBa, cornacHo kotopoi [9]

ow
u, (x,y,z,t) —u(x,y,t)—za,
uz(x,y,z,t):v(x,y,t)—zay, (1)

uy (x,,2,t) = w(x,p,1),
i€ U, — KOMIIOHEHTHI TIepEMEIICHUS TOYeK 000T0UKH (i = 1,2,3), Uy uw —

TaHTeHIUAIbHBIE 1 HOPMaJIbHbIE KOMITOHEHTHI TIEpEMENICHUS TOYEK CPEeIUHHON
TTOBEPXHOCTH 00OJIOUKH;

2) naBJCHHE Ta3a YYUTHIBACTCS 0 MPUOIMKEHHOM (hOPMYyJIe «IIOPITHEBON
Teopum» [10, 11]

2=

_ ®-1
pP=p, 1+a:_1£ s (2)
2 a

0
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rac p — HaBJICHUEC ra3a Ha IMMOBCPXHOCTHU O6OJIO‘IKI/I, P, — AaBJICHHUC HCBO3MY-
MICHHOIr'0 MOTOKa rasa, Vv, — HOpMaJibHas COCTaBJIAIOIas CKOPOCTH TOYCK IIO-

BEPXHOCTH OOOJIOYKH, ¢, — BEIWYWHA CKOPOCTH 3BYKa JUII HEBO3MYILEHHOTO
rasa, & — oKa3arejb MOJUTPOIIBL;

3) OCHOBHBIC IIOJIOKCHUS TEOPUU BECHMa IOJIOTMX THOKHX O0OJOYEK C
0OJBIINM MOKA3aTeJIEM U3MEHIEMOCTH, CYUTAS, YTO MPOTUOBI w(x, y,t) cpaB-
HHMBEI C TOJIIIUHON 000JI09KH [4].

Ha ocHOBe NpHUHATHIX MPEANONOKEHUHN MTOIYYaeTCs CISAYOIas HEJIMHEH-
Has cucteMa TuddpepeHINANBHBIX YpaBHEHUH BUKEHHS 0007104k [1]:

2 2
DA2w+la—F+p ha lid (p0h8+&p”j6;v+&praW:

—+
R &> " o

a, Ox (3)
O*F &*w . &°F 0w 0°Fd*w 0O°F 1 &+l L|(ow) M(ow)
=2 A2 A to st E, MY A
oy° ox Ox0y Ox0y 0Ox~ Oy~ Ox° R 4 Ox 3 (ox
2
1 2 2 2 1 2
LA o'w _szvﬁvzv_i@vzv, 4)
Eh Ox0y ox” 0y~ R oOx
3
rae D:L, M :i, a, = aepw’ F(x,y,t) — (hyHKIHS HAMPSHKESHUIH
12(1-p) a, P,

(T11 =0’F/oy*,T,, = *F/ox*,T,, :—azF/axay), T, - BHYTPEHHHUE YCHIHS, € —
K0d(pduunenT nunelHoro 3atyxanus, M =U/a, — 4nucio Maxa, ¢ — Bpems,
R — pamgmyc obonouku, £ — momyns ynpyrocti, | — ko3 dunment Ilyacco-
Ha, P, — IVIOTHOCTh MaTepuaa 000I0UKH.

[Ipu uccnenoBaHuu BOIIPOCOB YCTOWYMBOCTH K ypaBHEHUsM (3)—(4) mpu-
COEAMHSIOTCS TAaKXKe YCIOBHS Ha KOHType 00OJOYKH. 3/1eCh paccMaTpUBaeTCs
LIAPHUPHO OIEPTas 10 BCEMY KOHTYpPY (0 <x<ag, 0<y< b) nojiorasgs 000J104-

Ka, Kpast KOTOpoi cBOOOIHO cMematoTes B miane. Torma, cienys [1], rpanud-
HBIE YCJIOBHS MPUHUMAIOTCS B BUJE:
mpu x =0, x=a

w=0, —; u§=0 5)
Tllzoa flzzos (6)
nmpu y=0, y=>b
w=0, az—vzv+uaz—v;=0 (7)
oy ox
fzz:O’ le =0, 3

rae T;k — 3HAaUCHUA OCPCAHCHHBIX BAOJIb KPOMOK YCHHHﬁ.
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2. CBeaenne K 3ajayve yCTOMYHUBOCTH, ONMUCHLIBAEMOI CHCTEMOIl 00bIK-
HOBeHHbIX Hu(depeHINAIBHBIX ypaBHeHHd. [IpubmkeHHoe perneHne
ypaBHeHU (3), yaosierBopstomee yciroBusM (5) u (7), Oyaem HcKaTh B BUIE

w(x,y,t) = (ka (¢t)sin kkxj sinw,y; A, =kmn/a, p, =nn/b. )
k=1

[MoxcraBus (9) B (4), momy4nM JUHEWHOE HEOAHOPOAHOE AHQQepeHITn-
aJIbHOC ypaBHEHUE OTHOCHUTEIbHO QyHKIuU F . PelieHre ykazaHHOTO ypaBHe-
HMSI, yJOBIICTBOPSIOIIETO IPAaHUYHBIM ycaoBusaM (6) u (8), npu 7 =2 npen-
CTaBIIAETCS B BUJIE

A2 sin(h, x)sin(u, ) (1 cos(h,x)+ 1 cos(u,))
F(x,y,f)ZEh{ : ];A” == [+ Zkiufl £+
A3 sin(A,x)sin(u, ) (H? cos(h,x) +2; COS(Hz)’)) )
+ )+ )+
RA, (0 e S5 (@) (10)

2
+ %(cos(%x) —9cos(A,x)+
1

Y (cos(?»lx) _ cos(ryx)

AL o, JCOS(uzy)fl (t)fz(t)ﬂ,

rae
A; =ﬁ(7»,2 uy )2_
Jlnst onpenenenus f;(¢) Bocmonssyemcs ypasuenuewm (3). [loxcrasnss (9)
W HalizienHoe BeIpaxkenue st [ B (3), mpumensis meton by6HoBa — ["anepkuHa
JUls  OIpeieneHus Oe3pasMepHBIX HemsecTHbIX Qymkumit X, = f,(t)/h
x, = £ / h, TIOMYYUM CJEOYIOUIYI0 HEIMHEWHYI0 CHUCTEMY OOBIKHOBEHHBIX

middepeHmanbHeIX ypaBaenuii [1, 12]:

d’x dx 2

ﬁ Xdirl +x, - gl’cvx2 +kv? [oc“xf + 0,0 + VX, (Blle +B, x5 )] +
+Qx1(y11x12 "'3(123522)"'14(6113512 +512x22) =0 (13)

d’x dx 2

a’rzz + Xdirz +v7x, + gkvx2 +kv? [oczlxlx2 +Vx, (BZlez +B,xs )] +

+0r, (Y21x12 +Y20%; ) + L8, x,x, =0.

31ech, Hapay ¢ Oe3pa3sMEpHBIM BpeMEHEM T = (,f, BBeleHbI 0003Haue-
HUS
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4xp, 4 1

k = N = 5 L= T 90
Pyo; i 16p,0; poho; (14)

veml oy x=i(8+sa),
a ®, ®,

a TaKke KOdQGUIHEHTHl O, ¥ [}, , YIUTHIBAIOIIHE a3POINHAMHICCKYIO HEIU-

HEWHOCTB:

2 56 16
=— 1 =—l(ae+1 =—/(ae+1
oy 9(33+ )’ A, 45( + )= ay 45( + )’ (15)

2
117’[ (28

B [321 = (&+1), [322 I o (

+1)» Pro=——~

ae+1),

1 KOO UIMEHTH! ¥, U O, , yIUTHIBAIOIINE [C€OMETPHICCKYIO HEIMHEHHOCTD!
8 17\‘4“4 7\44114

1Ky e _ 4.4
74‘?9 Y = Eh()‘z Ty )9

12 22

8w A Eh 4N 32w h thﬂ%f (16)

i :Eh()"?“'“;‘)o Yo =V =47 +

3 RLAZ A, ) P 1w RILA A,

C8Au A 8ER 1607 A; 16M; A
T >+ +t—t—+—
3n* RUISA.  5A, A, 5A, 15A,,

B (13) v — mpuBeneHHBIH mapaMeTp CKOPOCTH, Y, — IPHUBEICHHBIN mapa-

11 s

821 =

MeTp JeMN(UPOBaHUs, (), — YACTOThI MajbIX COOCTBEHHBIX KoiebGaHuii 000-

JIOYKH, ompezesemble GopMyIIoi

o =Ll D) e | (i=12) (17)
Y

p A,

Takum 0Opa3om, 3aa4a yCTOMYMBOCTH paccMaTpUBAEMON THIPOYIPYToit
CHCTEMBI B IIEPBOM INPUOIIKCHUN CBEACHA K MCCICIOBAHMIO TOBEICHHS pellie-
HUI CHCTEMBl HEMHEWHBIX OOBIKHOBEHHBIX NU(PEpEeHINANEHBIX ypaBHEHUI
(13) B 3aBUCHMOCTH OT BEJIMYHMHBI CKOPOCTH OOTEKaloIIero MoToka rasza (OT
BEITMYUHBI TTapamMeTpa V).

AHaNoruuHBIM 00pa30M IOIy4aeTCsl CUCTEMa YPaBHEHHUH B Cllydasx n > 2
. OHH JOBOJBHO TPOMO3/IKH H 37I€Ch HE MIPUBOISATCS.

3. Omnpenesienne KPUTHYECKOH CKOPOCTH (MiaTTepa M aMILIUTY/bI
(daarrepHbIx KoJieOaHuil. 3.1. Onpedenenue Kpumuueckou cxopocmu. Pe-
LICHUIO HEJIMHEWHON 3aauu, KaK NMPaBujo, OyAeT MPeecTBOBATh aHAIN3 CO-
OTBETCTBYIOIEH JMHEHHOM 3a7aui. DTO OOBACHAETCS TeM, YTO: a) Ha OCHOBE
JIMHENHOW 3a7a4i MOKHO HaWTH KPUTHYECKOE 3HAYEHHE Iapamerpa v =V, _,

MpH KOTOPOM HEBO3MYIICHHOE COCTOSHUE OOOJIOYKH CTAHOBHTCS HEYCTOWYH-
BBIM OTHOCHTENIFHO MaJbIX BO3MYIIEHHH, U 0) YKa3aHHOE KPUTHUECKOE 3Haye-

HHE V, OyJaerT HeOOXOAMMBIM M NPH MCCIECAOBAHMU 3a/lad¥ YCTOMYMBOCTH B

HEJIMHENHON MTOCTAaHOBKE.
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HUrak, coorBeTcTBytomas (13) nuneitHas cucremMa UMeeT BUJT

2
d )Z‘ +X%+xl —Ekvx2 =0,
dt dt 3 (18)
d’x, dx, |, 2
+y—=+ +—kvx, =0.
v’ x dt T 3 i

[Ipencrasmnsist pemenue cucremsl (18) B Buze
xl — ylekr’ x2 — yzekr,
HOJIy4aeM CIENYyIOIIee XapaKTePUCTUIECKOE YPABHEHHE OTHOCHTENILHO A :
A2y} +(y2 +1+x2)k2 +X(yz +1)?»+y2 +gk2v2 =0.

HeBo3mymennas ¢opma obonouku OyneT ycToiiumBa, eciy AeHCTBUTEINb-
HBIE YaCTH KOPHEH XapaKTepUCTHUECKOTO YpaBHEHHS OyIyT OTpULATEIbHBIMU.
CrnenoBaTenbHO, YCIOBUS YCTOMYMBOCTH COTJIACHO TeopeMe I 'ypBHIla 3amuchl-
BalOTCS B BUJE:

x>0, X(1+y2)>0,
(y2 —1)2 +2y° (1+y2)—%k2v2 >0.

[lepBbie 1Ba HEpaBEHCTBA, KOTOPBIE TPEOYIOT, YTOOBI 3aTyXaHue (BHYTPEH-
Hee W a9pOJNHAMUYECKOe) OBUIO MONI0KUTEIBHBIM, BBIIOJIHSIIOTCS BO BCEX CIY-
qasx. 13 TpeTbero HepaBeHCTBA CIIEAYET, UTO B CIy4yae MaJjlblX 3HAaUEHUH V Bce

KOPHHM A XapaKTePUCTHYECKOrO YPAaBHEHHS JIEXKAT B JIEBOH MONYIIIOCKOCTH,
TpuBHabHOE pernenrne W= acHMNTOTHYECKH YCTOWYMBO MO OTHONIEHHIO K

MaJIbIM BO3MYIIECHHSM. 3HAUEHHE MapaMeTpa V =V _ , IPH KOTOPOM JBa KOPHS

cr?
XapaKTepPUCTUYECKOTO YPaBHEHUS CTAHOBSTCS YHCTO MHUMBIMH, a OCTalbHbIC
MO-TIPEKHEMY JIeXkKaT B JIEBOW MONYIUIOCKOCTH, SBISETCS KPUTHUUECKUM, COOT-
BETCTBYET KPHUTHYECKOW CKOPOCTH MaHENIBbHOTO (iaTrepa B JIMHEWHOH IMmocTa-
HOBKe 3ToW 3amauyn. COrylacHO 3TOMY M3 TPEThEro HEpaBEHCTBA MOTydYaeTCs
¢dopmyna onpeneneHuss KpUTHIECKOI cKopocTu (haTTepa B ciiyyae BHIOpaHHON
(hopMBI TOTEPH YCTORIMBOCTH 0000uKH [1, 13]:

(19)

HpI/IHI/IMaﬂ v=v,_ N3 XapaKTCPUCTUUCCKOr0 YpaBHCHUA, HaliieM clie-

Aylolllee 3HaYeHHe 6, 4acTOThl KojlebaHus 060I04YKU MpK JIMHEHHOM (uiaTTepe
(h, =4i6,,)

c

1
0’ =E(y2 +1). (20)

®Dopmynel, aHamorungusie (19) u (20), moyYeHBI MHOTUMH aBTOPaMH (CM.
CIHCKH JIUTEpaTyphl, npuBeaeHHbIe B [1, 13]) u sBisAtoTCS nepBBIMU MPHOIH-

KeHusmu i v, 1 0.
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3.2. Hccneoosanue xapaxmepa amMnaumyoHO-4aACHOMHOU 348UCUMO-
cmu. TlepexomuM K MCCIEOBAHUIO HEIMHEHHON 3a/aun, ONUChIBAEMOW HENH-
HelHo# cuctemoit (13). OTa cucTemMa OTIIMYASTCS OT aHAIOTMYHBIX CHCTEM YC-
TOMYMBOCTH TOHKHX TUIACTHH HATMYUEM WICHOB C KBaIPATHYHBIMU HEJIMHEIHHO-
CTSIMH, UMCIOIIUMH KaK a3pOJMHAMHUYECKOE, TAK U TEOMETPUIECKOE MPOUCXOXK-
JicHUe. YKa3aHHbIC WICHBI XapaKTepU3yIOT HECUMMETPUIHOCTh HEIMHEHHOCTH,
U TI03TOMY, MPUOIMKEHHOE Tepuoaudeckoe perienue cuctemsl (13), ciemys
paboram [12, 14], OyneM UCkaTh B BHJIE

x, =4, cosOt+ B sin0t+C, +...,

21

X, =A,c080t+B,sin0t+C, +...
3neck 4, B, C. 1 0=00, (i = 1,2) — HEU3BECTHbIEC MOCTOSIHHBIE; (O -

HEM3BECTHAS YaCTOTA HEMMHEHHBIX KOJCOAHUMN; TOYKAaMHU 0003HAUCHBI UJICHBI,
cozeprkaiye BeICIHe rapMoHUKH. CTpykTypa pemenwus (21) oTmugaeTcs Ot cy-

miecTByronmx [1] HamuuueM CBOOOIHBIX YJICHOB C'l # 0, npucyrctue ko-

TOPBIX Aa€T BO3MOXKHOCTh YUUTHIBATh BIUSHUS KBaAPAaTHUHON HETMHEHHOCTH.
[MoxcraBum pemenue (21) B cuctemy (13) u mpupaBHSEM K HYJIHO KO3(d-
(unrenHTsI IpU cBOGOHOM uiieHe, COSOT u SINOT (wieHsl, comepIKalIne BbIC-
Ivie TAPMOHUKH, CUHUTAIOTCS MpeHeOpexuMo MajibiMu). [lomydaromascs mpu
3TOM CHCTE€Ma HEJIMHEHHBIX alNreOpanvdecKux yYpaBHEHHH JOBOJBHO TPOMO3JKA
JUIA WCCTIeIOBaHUs M 371eCh He MpuBoAMTCA. i momydeHus NpuOIMKeHHOTO
peLIeHHs] 5TOW CUCTEeMBI Tpenmnoiaraercs, uro [12]: a) 3aTyxaHue CUCTEMBI J0-
CTaTOYHO Majo ( X|B,-|<<|147- B,.|<<|A7. ;(1=1,2)), 6) paccmarpuBaemas aspo-

yIpyras cucTeMa COBEpIIaeT YCTaHOBUBIIHNECS KoleOaHHe ¢ KOHEUHOM aMIUIu-
TyZIOW BOKPYT' COCTOSIHHSI, OECKOHEUHO MaJI0 OTIIMYAOLIErocsi OT HEBO3MYIICH-

b

HOTO (| A,—|>>|C,-|; j:1,2). Torna, mpeHeOperasi cTENEHSIMH BBIIIE NEPBOH U

NpOU3BEICHHEM BeluuuH B, B,, C, u C,, yKa3aHHas HEJMHEWHas CHCTEMa

MMpeaACTaBUTCA MOACUCTEMAaMU, IMOJTYYCHHBIMU IPHUPABHUBAHHUEM K HYJIIO CBO-
OOIHBIX WIEHOB, KO HUITMEHTOB PH cosOT u sin Ot .

TpeTbs mojcrcTeMa, MONy4YeHHAss MPUPABHUBAHUEM K HYJIO KO3 HIHU-
enToB npu Sin 07, yunTeiBaeT sgdexr nemnduposanus. COraacHO IPUHATOMY
MPEIOJIOKEHHUIO O MAIOCTH 3aTyXaHUs YKa3aHHas MOJCHCTEMA UMEET CIIeIyIo-
iee NpUOIMIKEHHOE PEIICHNUE!

B =0, B,=0 npu y~0.
W3 ocranbHEBIX IMOJACUCTEM, HCKIIFOYast Cl n C2 , [IOJIy4aceTCA HEJIMHCHHAS
cucTeMa anreOpauyecKux ypaBHEHHH, ONpENENsIomas XapakTepucTuku A u
A, amMmmuTyzpI KONEGaHUi paccMaTpPUBAEMOi a9pOYIIPYTOil CHCTEMBI B 3aBH-

CUMOCTH OT IMapaME€TpOB 9 U V:
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A4,(1-6%) —%kvA2 +2kvia, A C, +2kvia,, 4,C, +

3 3
+ZkV3A2 (B11A12 + Blezz) +ZQA1 (YIIAIZ + leAzz) = 0:

(22)
A4, (y2 - 62) + %kvA1 + kV2a21 (4C,+4,C)+
3 3 2 2 3 2 2
+Zkv A By 47 +Bp4y) +ZQA2 (Y24 +7,4,)=0.
31ech
__KVZ@%&Hﬁ+6Wﬁ)+%¢ﬁ+anAgA2—Uﬁﬂ+aﬁyﬁéA4
! 2A (23)
. __<Kv2(LSN—kam)/ﬂAyﬁf—L(SnAf4—&2A§)+(a”Af+1LZA§)A3
L =—
2A

rie

3 1
A, =1+EQY11A12 +5QY12A22 +KV3B||A1A2=

3 1
A, = Yz + KV3B22A1A2 +5Q722A22 +5QY21A12’

2 3 1
A, ZEKV+5KVBB21A12 +EKv3B22A22 +0v, 4,4,

2 3 1
A= _EKV +EKVSB12A22 +EK\/3B11A12 +0v,44,,

A=AA, —AA,.
HNmes B BUAY, YTO 3aJava MHOFO(l)y'HK]_[I/IOHaJ'IBHaH, HCCJICA0BAaHUC IMMPUBO-

AUTCS MOJTAIIHO: IIPA V =V v< v, 1BV > V. - Hacrosmas pa60Ta IIOCB:A-

cr?

IIeHa TIEPBOMY JTaIry (V=Vc,,). OcraspHBIe ATanbl OyIyT PacCMOTPEHBI B

JATBHEWININX HAIIMX HUCCIEAOBaHUSIX. B 3TOM ciyduae HenWHEHHBIC KOJICOaHMs
paccMaTpuBaeMoOl a’dpoyNpyroil CUCTEMBI OMUCHIBAIOTCS CHCTEMOM (22), 3amMe-

HAA B Hel V Ha Vv, . OTa cucTeMa pellleHa YHCIEHHO NPHU CIEAYIOIHX HCXO/I-
HBIX JaHHBIX: E =7.3-10"H/M’; pn=0.34; p,=2.79-10°kr/m’ (mopaimo-
muHui), &=1.4; p, =1.292/m"; a, =340.29m/c (Bo3nyx). HccnenoBan
XapakTep 3aBUCHMOCTH aMILTUTYIbl YCTAHOBUBIIMXCS (IIATTEPHBIX KOJIeOaHH

A B Touke (a/ 2, b2, 0) obosouku (B paccmarpuBaeMom ciyuae A= 4)

OT 4YaCTOTHI 9 .P C3yJIbTAThbl YHUCJICHHBIX PAaCUCTOB, MPCACTABIIAIOIINC Fpa(l)I/IKI/I

GyHKIHHT A(e), npu @ =100/ wu pasnMYHBIX 3HAYEHHAX TEOMETPHUECKUX

napaMeTpoB R/ a u b/a npusenensl Ha puc. 1-3, KOTOPBIE MOKA3BIBAIOT:
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eciu 3HaueHne R /a mocrarouHo Bemuko u b/ a <1, To Habmomaercs

CICAYIONINN XapaKTep 3aBUCUMOCTH A(G): HEBO3MYIIIEHHOE COCTOSI-

HUe 00onoukn ycroiunso npu 0 <0, , anpu 0=0, ammmryzna xo-
nebaHuii CKAaYKOM BO3PACTAET JI0 ONPEICICHHOT0 KOHEYHOTO 3HAUCHHS.
C nanpHelimmM yBenndenneM O amrummryzma Bospactaer. [Ipu ymeHb-
mweHnd 4YacTothl O pexuM KoneOaHWd COXpAHSETCS BILIOTH JIO
0=0, <0, (rouka B, Ha puc. 1), rae konebanus “copByrcsa” U BOC-

TAHABJIMBACTCS HEBO3MYIIEHHOE cocTosiHie o6onouku. Touka 6 =10,

ABIISIETCS TOUKOU Oudyprarmm (puc.l);

h 1 b R
—=—, —=0.5, —=20, v=v4
a 100 a a

10 /
05 / -
L _ P
r -~
I B\ ~ - g
100 105 110 115 6y
Puc. 1. Tpadux dpynkunn A(O) npu GosbIIKMX 3Ha4eHusIX R/ a.

IpU YMEPEHHBIX 3HaYEeHHsX mapamerpa R/a >1 3aBHCUMOCTH YacTo-
Tl 0 HeNMHEHHBIX KONeOaHM HUIMHIPHIECKOH 000IOUKH OT aMILIH-
Tyael A WAEHTHYHA XapaKTepy YKa3aHHOW 3aBHCHMOCTH B Cllydae
COOCTBCHHBIX HEIMHEHHBIX KOJIcOaHWH THOKHUX IIACTHH B OTCYTCTBHE
oOTeKarolero noToka (puc. 2);

59



20

;G /

-
—-—
-
-

.’ 0

10 1.1 12 13 gy

Puc. 2. Tpaduk pyukunn A (9) IIPY yMEPEHHBIX 3Hauennsx R/ a.

e JlanbHelllliee yMEHbIIEHHE NapaMeTpa KpuBu3Hbl R/a >1 mpusomut k
3aBUCUMOCTHU A(G), MoKa3zaHHOU Ha puc. 3. M3 3TOro prucyHka BHIHO,
YTO CYIIECTBYET MHTEPBAI [9*,9*] U3MEHEHHsT 9acToThl O (ToukH [3,
U [* Ha pUCyHKe), BHE KOTOPOrO HEBO3MOXHO BO30YIHTh yCTAHOBHB-
mecs GuaTTepHsle KonebaHus, T.e. 00IacTu [0,9*] u [6*,00) SIBJIA-
10TCs 30HaMK MoJyaHus. [lpu sToM: a) ¢ yBenndennem O cocrosuue
o0onouku ycroiunsoe, moxka 0 <0, . IIpu 0 =0, ammuryna xoneba-

HUW CKAYKOM BO3PACTaeT 10 OMPEISICHHOI0 KOHEYHOTO 3HAYCHUSI, T10-
CJIe 4ero B MHTEpBaJIe [9 6*] rpadKOM aMIUTUTYIBI SBISETCS KPH-

cr?
Bast (Ll,Lz) Ha pucyHke. B Touke L, konebGaHHs «COPBYTCS» M BOC-
CTaHaBJIMBACTCSl HEBO3MYIIEHHOE COCTOSTHUE 000s109KH. C YyMEHBIICHH-
€M 4YacToThl pu 0 = 0* aMIuIUTyIa CKaYKOM BO3pacTaeT U B MHTEPBa-
ne [9*, 9*] rpadKOM aMIUTUTYIbl SBISIETCA KpHUBas (L2 , L3) Ha

pucynke. Ilpu 0 =0, KomebaHUS «COPBYTCS» M BOCCTAHABIUBACTCS

HEBO3MYIIECHHOC COCTOSAHHNE 000JIOUKH.
OTMCTI/IM, YTO YHCJICHHBIC BBIYHCIICHHS ITIOKA3bIBAKOT, YTO 3aBHMCHMOCTD,

IpUBE/IEHHAS Ha pHC. |, nMeeT MecTo Takxke npu b/a > 1.
TakuM 00pa3oM, Kak CyIIECTBOBAHME PA3IUYHBIX THUIOB 3aBUCHMOCTEH
A(O), To4yek Oudypkaunu U obiacTel MoNMYaHMS, TaK U MEPEXOH OT OJHOM

60



—-=——, —=05, —=2, v=v,4
a 100 a a
A
05 _\
: Ll/ \
04~ /
Lzll
0.3 '-':
'f
4"" :
0.2 -
L3 _,"‘ '
0.1 :‘\ Prae '
. ‘ P4 '
K PR '
' \‘ ” % 0
B* N .’ B y i
1.00 1.05 1.10 Bcr

Puc. 3. Tpaduk pyukunn A (9) TP CPaBHUTEJIBHO MaJIbIX 3HaueHusx R/ a.

3aBUCHUMOCTHU A(O) K IPYroil MOXHO yperyJlupoBaTh ONTHUMAJIBHBIM BEIOOpOM

T€OMCTPUUYCCKUX MMapaMETPOB 3aa4u.

"Poccuiicko-ApMAHCKUN yHUBEPCUTET

? Mucruryr mexanuku HAH PA

3 MOCKOBCKUIT aBUAI[MOHHBIN MHCTUTYT (HAI[MOHAIBHBII
HCCJIe[OBATEIBCKUY YHUBEPCUTET)

baghdasaryan@rau.am, marine.mikilyan@rau.am, irena 123@bk.ru,
avpanteleev@inbox.ru

Axkanemuk I'. E. barnacapsaun, M. A. Mukuasu, U. A. Bapaausin,
A. B. IlanTeseeB

Biausinue cBepX3BYKOBOI0 IOTOKA HA XapaKTep aMIIMTYAHO-4ACTOTHOM
3aBHCHMOCTH HeJIMHEHHBIX (JIaTTepHBIX KoJIe0aHui
HWJINHAPUYECKOI MaHean

PaccmarpuBaeTcs 3aada 0 HETMHEHHBIX KOJEOAHMSIX M30TPOMHON TOJIOTOW ITH-
JUHIPUYECKONW OO0OIO0YKH, OOTEeKaeMOH CBEPX3BYKOBBIM IOTOKOM Ta3a. OCHOBHBIM
MIPEIMETOM HCCIICIOBAaHUS SABISETCA H3yYCHHWE BIMSHUS oOOTeKaromero o000J0UKy
CBEPX3BYKOBOT'O IMOTOKa Ha aMIUIUTYAHO-YAaCTOTHYIO 3aBUCUMOCTL YCTAHOBUBHINXCS
¢narrepHbIX KosebaHui. VccnenoBaHue MPOBEIEHO C y4eTOM OOOMX THUIIOB HEIHMHEH-
HOCTH: a3POAMHAMUYECKON M T€OMETPHUECKOH (KaK KBaJpaTHYHOM, TaK U KyOU4ECKON ).
Bnaromapst yuety a’spoJMHAMUYECKON HEIHMHEHHOCTH (O0COOCHHO €€ HECHMMETPUYHON
KBaJ[PATUYHOW YACTH) yCTAHOBJICHO, YTO 3aBUCHMOCTh aMIUIMTYa-4acToTa B OIpE.e-
JICHHBIX MHTEpBAJlaX W3MEHEHHs MapaMeTpa 4YacTOTHI SBISIETCS MHOTO3HAYHOH. DTOT
(hakT IPOMILTIOCTPUPOBAH HA MPUBEIACHHBIX B TEKCTE PUCYHKAaX B OCHOBHOM B BHUJE
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JIBYX BETBEH, HIDKHHE N3 KOTOPBIX, O BCEH BEPOSTHOCTH, SIBJISIOTCSI HEYCTOWYHBBIMHU.
HeycroifunBple BeTBHM OTHENSIOT O0JACTH TSATOTEHUS IBYX COCETHHMX YCTOHYMBBIX
pemrennit. OTCIoa JETKO HAXOIUTCS BETMYWHA BOSMYIICHHUS, HEOOXOIMMOTO IS TOTO,
9TOOBI TIEPEOPOCHTH CHUCTEMY C OJHOW YCTOWYHMBOM BETBH Ha Apyryro. llokaszaHo
CYIIECTBOBAHME OIPEACICHHBIX 00IACTe M3MEHEHHS YacTOTHI KoJeOaHMiA, TIpU KOTO-
PBIX HEBO3MOXKHO BO30YIWTH He3aTyxaromrue QuaTTepHble KojeOaHUs (30HBI MOIYa-
HUS). YCTaHOBJICHO CYIIIECTBOBAHNE PA3IWYHBIX TUIIOB 3aBUCHMOCTEN aMIUIUTYJa-CKO-
pocTh, Touek OmdypKaruu 1 06JacTeil MOTYaHUs, IPHYEM MIEPEX0 ] OT OTHON 3aBHCH-
MOCTH K APYrOil MOKHO OTPEryJIMPOBaTh ONTUMAJIbHBIM BEIOOPOM IapaMeTpa YacTOThI
KoJieOaHHH.

Uljuntdpynu @. 6. Punnuuwupyui, U. U. Uhljhjjud,
b. U. Jupnpuiyui, U. 9, Muinnk kh

QLpduwgybiughtt hnuwbiph wqntgnipmiip quiugght wwkh ny gdbuyht
dunbpuyht nunwinudtph <adyhumpu-hwgwhinm pniis juyh Jpu

Thunwplyws t qugqh ghpdwjuuyhtt hnuwtpny opehnuynn hgnuipnuy quuitiught
punuuph ns gduyhtt muwnwunidubph juunhpp: Zknwgnunipjut hhpdtwljwt wpwplu
hwunwndws punbpuyhtt mwnwiinidubph «udyhnniuw-hwdwnipniy juudw-
Snipjul Jpw ghpdwjtiughtt hnuwiiph wqpbgnpyut nunidbwuhpnieniab b Zknwgn-
unipintup junwpdus b wkppwpwdquljut b Epjpusuwhwuljut (punwlniuwghtt b
hunpwtwpnuyht) ny gdwjunipniutph hwyyundwdp: Ukpnphtwdhulwb ny qéwy-
unipyut (hwnuwbu tpw ny qéuyhtt punwlniuwghtt dwuh) hwoyundwt sunphhy
gnyg k mpgusd, np hwdwhunipjut yupwdtnph hothnjudwi npnowlh dhowljuyptpnud
«udyhnniqu-hwdwjunipnity Jupudwsnipniup puquupdtp bt Ujg thwuwnp gnigu-
nnyuws E mbkpunnud pipdws gdwqptph dhongny, npnup yuwunlipgws tu tpynt §ninkph
wmbtupny, npnughg uwnphtubpp, wdbkbwyt bhwjwbwlwiunipyudp, wbjuynit Eu:
Ubnjuymb gninkpp pudwbnd o Gphynt hwpbwb juynit nisnudubph dqnpuljw-
unipyu mhpnypubpp: Ujuntinhg htpnnipjudp npnoynid k gpgndwt dkénipyniup, nph
wihpwdtown L hwdwlupgp dh Juymt Jhdwlhg dniuht hnpuwmbghine hwdwp: 8nyg
npjus nunwinudiutph hwdwnipyut thnthnjunipjut npnowyh whpnypubph qonne-
pintup, npubn htwpwynp sk gpgot) sdwpnn pjunbpuyhtt nwnwinudubp ((pogpun
wnppnypubp): 8nyg k wpdws, np hywyhu wmwppip mhyh «udyhinnipu-hwdwhint-
pinity Jupjwsdnipiniuubph, phnipjughuyh Yhnkph b (pmipjut whpnyputph gnnt-
pintup, wytybu b Uh jupudwénipiniihg dniuhtt wugnudp Junpkih b nEjuupt] -
nwinifubph hwdwppuuin pyut yupudknph oyunhuwy nEjwdupdwb thongny:

Academician G. Y. Baghdasaryan, M. A. Mikilyan, I. A. Vardanyan,
A. V. Panteleev

Influence of Supersonic Flow on the Character of Dependence «Amplitude-
Frequency» of Nonlinear Flutter Oscillations of Cylindrical Panel

The problem of nonlinear oscillations of isotropic shallow cylindrical shell in a
supersonic gas flow is considered. The main subject of research is the study of influence
of supersonic flow on the dependence «amplitude-frequency» of steady-state flutter
oscillations. The study was conducted taking into account both types of nonlinearity:
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aerodynamic and geometric (both quadratic and cubic). Taking into account the
aerodynamic nonlinearity (especially its asymmetric quadratic part), it was found that
the dependence “amplitude — frequency” in certain intervals of the frequency parameter
is a multi-valued one. This fact is illustrated in the figures brought in the text, mainly in
the form of two branches, the lowers of which, probably, are unstable. Unstable
branches separate the areas of two neighboring stable solutions. From here it is easy to
find the value of perturbation necessary to transfer the system from one stable branch to
another. It is shown the existence of certain areas of change of frequency of oscillations,
at which it is impossible to generate undamped flutter oscillations (zones of silence). It
has been established that both existence of various types of dependencies “amplitude-
frequency”, bifurcation points and areas of silence, and the transition from one
dependency to another can be managed by the optimal choice of oscillation frequency
parameter.
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2U8UUSUULEl @PSAPE3SAPLLELP UQQ2USPL UUUTGURU
HAIONMUMUOHAJOJBHAA AKAJAEMMUA HAYK APMEHMUWUHU
NATIONAL ACADEMY OF SCIENCES OF ARMENIA

JOKJAIBI 26uNph38uvEr REPORTS
<Lunnn
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MEXAHHUKA
VIIK 539.3

H. A. Bapnansu, A. A. lllmaBonsin

3agaua TrepmMoynpyroro ¢guiarrepa 3aMKHYTOM
HUJIMHAPUYECKOH 000/109KH

(ITpeacrasneno akagemukom I'. E. barmacapstaom 9/11 2019)

KitroueBble C10Ba: yuiuHOpuyeckas 000104Ka, C8ePX38YKOBOLL NOMOK 2d3d,
memnepamypHoe noJe.

1. IlocTaHOBKA 3a1a4M ¥ OCHOBHBIE NMPeANOI0:KeHnus. PaccMoTpruM TOH-
KYI0 H30TPOIHYIO 3aMKHYTYIO KPYTOBYIO IIHJIMHAPUIECKYIO 000JI0UYKY MOCTOSH-
HOHM TONIIUHBI A W paguyca R , HAXOIAIIYIOCS B TIOCTOSHHOM TEMIIEPATYPHOM
nosie 7. O0onoYKa OTHECEHA K HMIMHAPHYECKUM KOOpAUHATAM X, (,F , KOOPAH-

HATHBIC JJUHUHM x M () COBIANAIOT C JIMHUSIMH KPUBU3HBI CPEANHHON MOBEpX-
HOCTH 000J04YKH (x — BAONH OoOpa3yomieil, (¢ — Mo Ayre MONepeyHoro ceve-

Hus). IlycTs ¢ BHeUIHe# cTOpOHBI 00004YKa 00TEKaeTCsl CBEPX3BYKOBBIM MOTO-
KOM Ta3a ¢ HEBO3MYIIIEHHOH CKOpPOCThI0 U , HallpaBJeHHOU B0k ocu Ox . Hc-
CJIEYIOTCA BONPOCH! YCTOWYMBOCTH pacCMaTpUBAeMOM a3pOTEPMOYIIPYTOl CH-
tembl. [locraHoBka 3amaunm 3amMmcTBOoBaHa u3 [1]. B ocHoOBe ucciemoBaHus
JIeKAT CIIEAYIOIUE U3BECTHBIE MPEAIOI0KEHUS:

a) rurrote3a Kupxroda — JIsBa o HenepopmupyeMbix HopMaisx [2];

0) «3aKOH TUIOCKUX CEUEHHID» MPU OMpPEeIEHHH a3pOIHHAMHYECKOTO /1aB-
nenus [3, 4]

2z
CRLY M
2 a,

rae p — HaBJICHHUE ra3a Ha NNOBEPXHOCTH INIACTUHKH, d  — CKOPOCTH 3ByKa JUIA

p=rp.| 1+

2 -1
HEBO3MYILEHHOTO Ta3a (aoo =&p,.P., ), P, U P, — JaBICHUE U IUIOTHOCTH Ia-

3a B HCBOBMYIICHHOM COCTOSHHH, & — IIOKA3aTEJIb IIOJIUTPOIIBI, V3 — HOpMaJib-

Has COCTaBIISIONIAs CKOPOCTH TOUYEK TTOBEPXHOCTH TUIACTHHKH;
B) JIMHEHHBIH 3aKOH W3MeHeHus1 Temmepatypsl 1(x,60,7) mo TommuHe 000-

nouku [4]: T =T, (x,0) +(R—r)O(x,0) ;
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r) runotesa Heiimana 06 OTCYTCTBHM C/IBUTOB OT W3MEHEHHSI TEMIIEPATY-
pHI [5].

JUy1st IPOCTOTHI M HAMJIAAHOCTH MPUHUMAETCS, YTO U3 JIMIIEBBIX TIOBEPXHO-
creit (r=R*h/2) 060N0YKH IPOMCXOAUT TEILIOOOMEH C OKPYXKAKOLIEH Cpesoit

1o 3akoHy HploToHa — PuxmaHa (Ha TMOBEPXHOCTSAX COXpPAHSETCS IOCTOSHHAS
Temreparypa co 3HaueHussMUA 77 ¥ T~ COOTBETCTBEHHO), a OOKOBBIC TOBEPXHO-
¢t (x=0 U x = a ) TEIUIOU30JINPOBAHEI.

IMox neiicTBHEM HEOAHOPOMHOTO IO TOJIIMHE CTAIIMOHAPHOTO TEMIIepa-
TypHoro nons (©#0) HpPOUCXOAUT BHIMyYMBAHUE OOONOYKU (C MPOrUGOM

W, (X) ¥ TIPOJIONIbHBIM HepEeMEeIeHHEM 1, (X)), ¥ BCIEJCTBUE DTOTO IOSBISA-

€TCsl a’pOYyNPyroe JaBjieHue. Y Ka3aHHOE BhIIYYEHHOE COCTOSIHUE IPUHUMAETCS
KaKk HEeBO3MYyIIeHHOe [1], u HcCclemyeTcss ero yCTOWYMBOCTH IOJ JCHCTBHEM
TEMIIepPaTypHOIo MOJIS ¥ JaBlIeHHS 00TEKAIOIIEero MOTOKa rasa.

2. XapaKTepuCTHKH HEBO3MYIIEHHOT0 cocTosiHusl. 2.1. Onpedenenue
memnepamypHnozo noas. Ha oCHOBE NPUHATHIX IMPEANONOKEHUH 3a7a4a onpe-
JIeJIEHUS] CTAI[MOHAPHOTO TEMIIEPATYPHOTO TOJISI CBOJIUTCS K PELICHUIO ypaBHe-
HUS TETUTONPOBOAHOCTH AT =0 B 0o0jacTd, 3aHUMaeMOil 00OJIOYKOMH, IIpH cie-
AYIOIUX MOBEPXHOCTHBIX YCIIOBHUAX:

oT . h
A—=k|(T-T") 10pu r=R*—,
n ( ) P 2
aiw:() npu x=0 u x=a.

on

CdhopmynupoBaHHas 3ajaya TEIUIONPOBOIHOCTH, COTJIACHO IPEIIONI0Ke-
HUIO O JIMHEWHOW 3aBHCHMOCTH TEMIEpPaTypbl OT TOJILUHBI 00OJOYKH, UMEET
CIIEAYIOILEE PEIICHHUE!

+ - t_ _)
T=T,+(r—R)O, n:u, @:lC(T—T. (2)
2 kh—2\

3nech A — K03 (PUIHUEHT TEIIONPOBOIHOCTH, K — KO PHULUUEHT TeMI00T-
Jauy.

2.2. Onpedenenue mepmoynpyzux HAnpANCeHUl u nepemeujeHuil. Y4u-
THIBasl MIPUHSTHIE MPEINONI0KEHHs, U3 OCHOBHBIX YPaBHEHHUH, COOTHOILCHUN U
I'PaHUYHBIX YCIOBUHM TEOPUU TEPMOYIIPYTOCTU TOHKHX 000JIOUEK NMEEM:

COOTHOLICHHUSI

dw,

" _ ™ _ T
ug" =wp(x),  uS? =u, (x)=(r—R) 0 3)

cornacuo runore3am Kupxroga — Jlssa;
YPaBHEHHSI OTHOCHTENBHO U, U W, '
d’u dw,

. )

dx* R dx
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d*w 12 du, w daw.
D L ST T | tep M —L =0, (5)
[ dx*  RK (M dx R H P

COIJIACHO TEOPUHU TOHKUX 000JIOUEK;
BBIPAKECHME JUJI1 BHYTPEHHUX YCUIUN HEBO3MYILIEHHOTO COCTOSHHUS:

R+h/2
Eh | d
9= | oldr= h [ur uwf—a(nu)ro},
R-h/2 I-p| dx R 6)
R+h/2
Eh Ou, W
Ty= | oydr Z[MTJFT—OL(HH)TO}
R:[/z 1- “2 ox R
corfacHo 0000mmeHHoMy 3akony ['yka.
3nece M =Ua]' - umcmo Maxa mIs  HEBO3MYIIEHHOTO —TOTOKA,

a, = aepoop;l — CKOpOCTb 3BYyKa JISl HEBO3MYIIEHHOTO Ta3a, p M P, — JaBle-
HUE W IUIOTHOCTh r'a3a B HEBO3MYIIEHHOM COCTOSIHWH, & — I0Ka3aTesb IOJIH-
tponsl, D = ER’/ 12(1- uz ), E —mMonyns ynpyrocty, | — koddurment [1y-
accoHa, o.— K03((UIMEHT JIMHEHHOTO TEILIOBOTO PACHIMPEHHs Marepuaia 000-
JIOUKH.

Pemrenns ypaBaeHuit (4) u (5) TOKHBI YIAOBIETBOPITH YCIOBUSAM 3aKpeTI-
nenus kpaeB 06omoukn X =0 u X =a. ByayT paccMOTpeHbI KpaeBhl€ yCIOBHS
CIIEAYIOIIETO THIIA:

Kpas wapuupro onepmul u 6060010 nepemewjaromcs 60oab ocu 0x

d*w

dx27+oc(1+u)®=0 npu x=0,x=a, (7

wy =0,

ciiuT_q(1+u)TO:0 npu x=0,x=a. (®)
x

Pemenue u, ypaBHenus (4), yIOBIETBOPAIOIIEE yCIOBUIO (8), HMEET cile-

JyIOIMi BUJ (TIPY 3TOM HCTIONB30BAHO Takxke ycinosue W, =0 Ha Topiax o6o-

JIOYKH):
iy =t @ (1) T ©
B cury (9) u3 (6) umeem:
Ty =0,

(10)
T;g:Eh[V;T—aﬂ)}.

3asaua onpenenenus w; B cuity (5) u (9) CBOAMTCA K PEIICHUIO yPABHEHHS
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4 2
dWT-Ir 12 [1=n w, +au(l+w)7T |+ep MdWT=0 (11)
dx* R\ R T 7 dx
npu rpaHuyHbIX ycnoBusix (7). IlomydeHo pemenue ypaBHenus (11), ymosie-
TBOpSIIOIIEE YKa3aHHBIM YCIOBUSM. Ero 3mech He mpuBOOMM BBUAY I'POMO3J-
KOCTH.

3. XapaKTepuCTHKHN BO3MYIIEHHOTO COCTOSIHUA. J[111 monydyeHus ypas-
HEHUH BO3MYIIEHHOTO COCTOSIHUSL YUUTBHIBAETCS, UTO:

a) BEJIMYMHBI, XapaKTEPU3YIOIe HEBO3MYIIECHHOE COCTOSIHUE, yAOBIETBO-
PAIOT YpaBHEHHUAM U COOTHOILEHUSM, MTOTyUYEHHBIM B ITYHKTE 2;

0) BeNMYMHBI HEBO3MYILIEHHOTO COCTOSIHUS OIIpEeIeHbl Ha OCHOBE JIMHEH-
HOW TEOPHH TEPMOYNPYTOCTH (IOAJIEKAILUE ONPEACTICHUIO BEIMYNHbBI BXOIMIN
B COOTBETCTBYIOIINE YPAaBHEHHS U KPaeBbl€ YCIOBHUS JIMHEHHO);

B) B OKOHYATENBHBIX YPaBHEHHUSIX M COOTHOLICHHUSIX BEJIMYUHBI, XapaKTe-
pH3YIOIIKE HEBO3MYLIEHHOE COCTOSHUE, OyAyT MPHUCYTCTBOBATh TOJBKO B IIEp-
BBIX CTEICHSX.

Ha ocHoBe Teopuu TepMOyNpYrocTH M3OTPOIMHBIX TelN, THmoTe3sl Kupx-
roda — JlsaBa ¥ MPUHATHIX TPEATIONIOKEHUH aHAIOTUYHO [6] MOydeHa ciemyro-
mas CucTeMa JUHEWHBIX muddepeHnaibHeIX YpaBHEHUH YCTOMUNBOCTH pac-
CMaTpPHUBAEMOM TEPMOTa30yPyTrOil CHCTEMBI:

Qu 1-pdu l+p Ov  pow (1-p)now_
o’ 2 09> 2 ox0p R ox ERh ox

2 A2 2 2
Q+l uﬂ+l+u6u+law h G(Aw+%j:0;

op> 2 ox* 2 oxdp ROp 12R ¢ (12)

2 2 2 2
D{A2w+ia W+L6 W 12 [8v+ ou Wj:|+p0 E;TZV_TI?E;;:/

—_— —_— —_— _+_
R or Rog Ri\de "ox R

2 +1
-T) a—v:+l2 + pohg+ae 2 a_w++&pra_w+mprzm@:0’
op~ R a, )ot Ox 2 dx Ox

©

rae u(x,(p,t), v(x, q),t) u w(x, (p,t) — BO3MYILLUEHHUS MEPEMELICHUI TOYEK

CPEIMHHOM IIOBEPXHOCTH 000JIOUKH, P, — IJIOTHOCTb MaTepuaja 000I0UYKH, €

— k03¢ HUIIUEHT JIMHEWHOTO 3aTyXaHus.

[Ipu pemeHun KOHKPETHBIX 33Jla4 yCTOHYMBOCTH K cucteme (12) mpucoe-
IOUHSIOTCSl TPAHUYHBIE YCIIOBHS OTHOCHUTENIFHO BO3MYLICHUH, BBITEKAIOLINE W3
YCIIOBUH 3aKperuieHus kpaes o0onouku. Hanpumep, eciau kpast 000JI04KH 1ap-
HUPHO ONEPTHl M HEMOJBW)KHBI, TO TPAaHHYHBIC YCIOBHUS IMPEICTABISIOTCS B
BUTIE

du o’w

—=0,y=0,w=0,—5=0npu x=0u x=a. (13)
X ox

4. YcaoBus U 00JacTh ycToiiumBocTH. Pemenne cucrembl (12), ymos-
neTBopsitoiiee ycnoBusaMm (13), mpenctaBum B BUJE
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u (x, 0, t) = (iu, (t)cos kixj sin 10,

i=1

v(x,(p,t) =[ivi(t)sinkixjcos no, (14)

i=1

w(x, (p,t) = [iwi(t) sin kl.stin no, (7&- = T)’
i=1

a
rae u,(t), v,(t), w,(t) —noanexaiue onpeneaeHuIo GyHKIUH BPEMEHH [ .

IToncrasmss (14) B cucremy (12) u ncnomns3ys Ipolecc OpTOroOHATN3ALUH,
OTpaHUYMBASICh CIy4yaeM MABYXWIEHHOM aNNpOKCHMAalHH, IOCJE€ HEKOTOPBIX
npeoOpa3oBaHUil MPUXOAUM K CIEAyIolel cucteMe OOBIKHOBEHHBIX audQe-
PEHLIMAIBHBIX YPaBHEHUH OTHOCUTENBHO Oe3pa3sMepHbIX QyHKIMH X, =W, / h:

d’x, dx, 2Kv
— tr—to, x5 ———x,to,x, =0,
dt dt 3 (15)
d’x, dx, 2Kv
dTZ +XE+Txl+a21xl+a22x2 :0,
rue
1 4
Or=1t, y=— g+ 2oPe , K= aengj V=Mﬁ,
o, ph P, h a

o = D(3 ep) +

2 B

p R7A,,
o, =0, + Tocill) + 663)’
o = ®G§§)s
Oy = 60(221)’

— 1) (2)
a,, =0, +1;0,, + 00,

M

Kosdduuuentst 6, u G’ 3aBUCST TOIBKO OT FCOMETPUICCKHX H (HPUBHKO-

2
MEXaHMUYECKHX MapaMeTpoB, a Gf_j) — TaKXe OT MPUBEJICHHOTO MapameTpa CKo-

POCTH V a’pOTEPMOYIPYTol CUCTEMBI U 3[€Ch HE IPUBOISTCS.
[Ipencrasmnss pemenue cuctemsl (15) B Buze

_ AT _ AT
X =0e , X, =)1e,

H3 yCJIOBHA CYIIECTBOBAHUA HECTPUBUAJIBHOI'O PCHICHHA IMOJYYUM CJIICAYIOIIECC
XapaKTCPpUCTHUYCCKOC YPAaBHECHUE OTHOCUTCIIBHO ?\d

art +a X +a,\’ +ar+a, =0, (16)
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re
a, =1,
a =2y
(1) 1) (2) (2) 2 (17)
a :E)(Gn +Gzz)+®(011 +0y )+X
= (1) (1 (2) (2)
a4 —|:611 +6y, +1, (011 +0y )+®(611 +0y ):|X

2
a,=-0 {31(\/ (Gf? -ol? ) +o2el) |+ (G” +T,6!) +Oc' )(622 +T,6%) +Oc%) )

HeBo3mymennas ¢gopma mimacTuHky OyAeT yCTOWYHBA, €CITU AeHCTBUTENb-
HBIE YaCTH KOPHEH XapaKTepUCTUYECKOTO YpaBHEHHS OyIyT OTpULATEIbHBIMU.
CrnenoBaTtenpHO, YCIOBHSI YCTOHUMBOCTH COINIacHO TeopeMme ['ypBuna 3amuchl-
BalOTCS B BUJIE

a >0 (i = O,l,...,4), A, =a,a,a,-a’a, -a,a, > 0. (18)
C yuerom (17) cuctema (18) mpumer Buj
2 +T, (Gﬂ) +c‘2‘2))+®(cﬁ) +0(2§)) > 0;
16 2 2
_16 g2y +4@{_KVG;§> o [Kv . o;?ﬂ 4
9 3 3
2
1 1 2) 2
+(Gll_622+T;)(G§1)_G(22))+®(G§1 _5(22))) + (19)
+2% (GH +0y, +7; (o) +0) ) +0(c? +c<;;)) >0;
4 0 0 2 Q) _ ), D0
§K % —®|:3KV(G]2 -0, )+012 o, |+
(1) (2) (1) (2)
+(c5“ +1,0,/ +0Oc; )(622 +1,0,, +Oc, ) > 0.

VYcnosus (19) onpenensror 0061acTh YCTOMYUBOCTH paccMaTpUBaeMoil Tep-
MOYIPYTOl CHCTEMBI B IPOCTPAHCTBE MapaMeTPOB v, I, ©. PaccmoTpum Hu-
ke yacTHble cinydan 7, #0, ©=0 u 7, =0, © # (0 OTHCIBHO.

1) Cnyuaii nocmoannozo memnepamypHo2o nois (To #0, ®= 0). Ecmm

BIIMSIHUEM 3aTyXaHus nperedpeds (popmanpho ¥ =0), To BmMecro (19) momy-
yuTcsl OMKBAIpaTHOE YPaBHEHUE, U TOITOMY YCIOBUSMH yCTOMYMBOCTH OYIyT:

7y (o) +02) >0,
16 2
—3K2V2+(G“+622—TO(G§11) +G(212))) > 0; (20)

ngvz +(011 +T0c5ﬂ) )(022 + 7;)0(212)) > 0.
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Jns GUKCHMPOBaHHBIX 3HaYeHUH 7| YMCIIEHHBIM peleHHeM cucTeMsl (20)

OIIPEACICHBI 3HAYCHUA CKOPOCTH V IIpU KOTOPBIX pacCcMaTpuBacMasa aspo-

cr?

TEPMOYIIpYyTasl CUCTEMa TePSeT YCTOMYUBOCTh. Pe3ynbTaThl YUCICHHBIX pellie-
HUH, IPEICTaBIIAIONINE 3aBUCUMOCTE V. OT 1) u n (TAe n — 9UCIIO TIOIYBOIH

BJOJIb Kpyra IIHMHIpPA), IPEACTaBIeHb! Ha puc. 1 u B Tadu. 1.

0=0

. % Tp <0
11 A 4
Y/
09 77/
To >0
| /)

n

10 15 20 25 30

Puc. 1. 3asucumocmo kpumuueckoii CKOpocmu Ve OM YUCAA NOTYBOJIH 800b KPy2a Yu
AUHOpa N 6 cyuae NOCMOAHHO20 MEMNEPamypHO20 NOJsL.

Jlnst pacuera 37ech U B AanbHeimenM mpuusTo 0=23.8*10° rpax’; k=1200
BT/(M2 rpan); A=210 Bt/(m rpan); u=0.34; a=1m; h/a=1/100; R/a=2.

Taoauna 1
3HavYeHne KPUTHYECKOH CKOPOCTH V. NPH Pa3sHBIX 3HAYEHHAX TEMIIEPATyPhI ];)

U YHCJIa MOJYBOJIH B0JIb KPyra HUJIHHApa 7

To

N -500 0 400
5 1.1918 1.1671 1.1424
10 0.8998 0.9084 0.8998
15 0.6102 0.6392 0.6681
17 0.5884 0.6192 0.6500
20 0.6291 0.6596 0.6899
25 0.8277 0.8540 0.8804
30 1.1311 1.1529 1.1747

Puc. 1 u 1abn. 1 mokaspIBalOT, YTO: a) MMOCTOSHHOE TEMIIEPATYPHOE I10JIe
[IPAaKTUYECKHU HE BJIUACT HAa 3HAYCHUE Ve 0) B 3aBUCUMOCTH OT YMCJIA T10JIyBOJIH

Vcr HUMECT TOYKY MUHHUMYMa.
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2) Cnyuati nepemenno20 no moawuHe 0O0IOUKU MEMNePamypHO20 NOJs
(TO =0, @7&0). B stoM ciydae ycnmoBusmMu ycronumBoctH Oymyt (19) mpum

7,=0:

®(G{f’ +05))>0;
21
1 2 2 2 (
—36[(2\/2 +4@|:—3KV6(221) +o? (3KV+G§?H+(GH -0, +®(Gﬁ) —6(222))) >0;

4 2
v @{3 Kv(o? ~o)+ cg?c;?}(c” +00 (0, +©0) > 0.
To=0
Ver
35

N

30 i @74
25 i //7

20+ S om -
r P d

151 / -
[ / ‘/f

105 / _-r # 9<0

O':§ \-—-_—‘ /

10 15 20 25 30 35 40

Puc. 2. 3asucumocms kpumuueckoii cKopocmu Ve OM YUCAA NOJYBOIH 6001b Kpyed
YUnuHOpa N 8 cyuae nepemenHo20 no MoawuHe 000I0UKU MEeMNEPAmypHO20 NOJIA.

Taoauna 2
3HaveHHe KPUTHYECKOH CKOPOCTH V. NPH Pa3HbIX 3HAYEHUSAX TeMIIePaTypbl 71)

M YHMCJIA MOJYBOJH BIOJIb KPyra HUJINHIpa 1

S
N -500 0 500
5 1.1150 1.1671 1.2239
10 0.8223 0.9084 1.0012
15 0.4779 0.6392 0.8110
20 0.3807 0.6596 0.9568
25 0.4200 0.8540 1.3192
30 0.5278 1.1529 1.8249

I'padux 3aBUCMMOCTH KPUTHYECKOH CKOPOCTH OOTEKAIOIIEro IIOTOKAa OT
Yyciia TOJIYBOJH Ha OocHOBe ycioBui (21) mpuBeneH Ha puc. 2.1lpu pasHbIX
3HAYEHMSIX NEpPEeMEHHOW TeMIepaTyphl BBIUMCIECHbI 3HAYE€HUS KPUTHUECKOU
ckopoctu (Tadm. 2).
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Puc. 2 u Tabn. 2 moka3bIBarOT, YTO: a) MEPEMEHHOCTH TEMIIEPATYPHOTO
TIOJISt KIMEET CYIIECTBEHHOE BIMSHUE HA BEIMYNHY KPUTHYECKOH CKOPOCTH (V,,

yBenu4uBaercs); 6) dyHkuus v, (7) UMeeT TOYKy MMHHUMYyMa, KOTOpasi 3aBH-

cur ot ©.
HactutyT mexanuku HAH PA

H. A. Bapaaunsin, A. A. lllmaBonsiH

3anauya Tepmoynpyroro guiarrepa 3aMKHYTO#
HMJIMHAPUYECKOH 0007109KH

B nuHeliHOM mOCTaHOBKE paccMOTpPEHA 3aJaua YCTOWYMBOCTU 3aMKHYTOM LIWJIMHA-
pHUYECKO 00OJIOYKH TOJ JeHCTBHEM HEOAHOPOIHOTO TEMIIEPAaTypHOTO IOJIS U 00TeKa-
IoIIero 000JOYKY CBEPX3BYKOTO HMOTOKa Tasa. IloiydeHbl yciaoBus yCTOHYMBOCTH He-
BO3MYLIEHHOI'O COCTOSIHMSI paccMaTpuBaeMon a3porepmoynpyroi cucremsl. Ilokasano,
YTO COBMECTHBIM JCHCTBHEM TEMIIEPATYPHOTO MOJIS U OOTEKAIOIIEro IIOTOKa MOXKHO pe-
TYJUPOBAaTh IMPOLECC YCTOMYMBOCTU U IIPU IIOMOIIM TEMIIEPATYPHOIO IIOJISI CYLIECT-
BEHHO U3MEHHTH BEJIMYMHY KPUTHUYECKON CKOPOCTH (harTepa.

b. U. Jupnuiyw, Z. U. Cduniyui

Gl qutuyhb punuph ghpuwwpwiquijui yuwnbph pebighpp

‘Lhpuyugynn woiwnwipnid gduyhtt npduspny nhunwupljws k qugh ghpduygiw-
jhtt hnuwtpny opghnuyny thwl guwhtt puquiph juyniinipjub pughpp wthwdw-
utin otpdwyhtt nuonh wqpbgmpjut nul): Unwugjws th ghuwplynny whkpnptpdn-
wnwdquljut hwdwlwupgh sqpgnyus Jhdwlh Juyniunipjut wuydwubbpp: 8nyg k
wnpjuwsd, np opohnuynn quqh hnuwiph b obpduyhtt nuonp hwdwnbny wqpkgnipyudp
Jupkih E nEjugupl] juyniinipjut ypngtup b okpduyhtt nupwnh oqunipjudp tuybku
thnfuty puntph Yphinhljuljut wpugmpyut wpdbpp:

I. A. Vardanyan, H. A. Shmavonyan
The Problem of Thermoelastic Flutter of Closed Cylindrical Shell

In this work, the problem of stability of closed cylindrical shell under the action of
non-uniform temperature field and flowing around the shell supersonic gas is con-
sidered in a linear formulation. The stability conditions for the unperturbed state of the
aerothermoelastic system under consideration are obtained. It is shown that the com-
bined action of the temperature field and the flowing stream can control the process of
stability and significantly change the value of the critical velocity of the flutter with the
help of the temperature field.
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PacnipocTpanenue BOJIH B YIIPYIOM CJIo€, O1HA U3
JIMLEBBIX IJIOCKOCTEH KOTOPOI0 ’KECTKO 3aKpeIlIeHa,
¢ HHEPLHOHHOM Maccoil Ha ApPyroi

(ITpencrasneno un.-kop. HAH PA A. C. Aserucsuom 11/11 2018)
KuroueBble cioBa: croi, ynpyauti 601HOB00, UHEPYUOHHAS MACCA.

BBenenne. Yopyruid cioil ¢ miockonapamiebHbIMU JIMLIEBBIMU TLIOCKO-
CTSAMHU TPEACTABISAET COOOH YacTHBIM clydail MaTeMaTHYECKOH MOJIETH YIpy-
roro BoJgHOBoAa. OqHON M3 MIEPBBIX padOT MO PacIPOCTPAHEHUIO BOJH B YIIPY-
ToM BOJTHOBOJE sBisieTcs padorta IToxrammepa [1], Tme paccmorpeHa 3amaua
KoyiebaHuil OECKOHEYHO [IMHHOTO KPYTrOBOTO LMJIMHApPA CO CBOOOTHBIMH OT
Harpy30K OOKOBBIMU ITOBEPXHOCTSIMH. AHAJOTHYHBIC 3a/Ja4ll KOJICOaHWUN ISt
OECKOHEYHOH TUIMTHI, HAXOASIIEHCS B TUIOCKOIe(hOPMHUPOBAHHOM COCTOSHUH,
CcO CBOOOJHBIMM JIMIIEBBIMH IUIOCKOCTSIMH BIIEpPBBIE paccMOTpenu Pameit u
Jlem6 [2, 3]. B pmanpHeiimeM HccienoBaHUS MO PACIPOCTPAHEHUIO YHPYTHX
BOJIH B CIIO€ CO CBOOOIHBIMH JINIIEBBIMH TUTOCKOCTSIMHU JETaJIbHO W3YYECHBI BO
MHOTHX paboTax, B YaCTHOCTU oTMETUM [4-9] .

3aaya pacrnpoCTpaHEHUH BOJH B YIPYTOM CJI0O€, OAHA U3 JIMLEBBIX IUIOC-
KOCTeH KOTOPOTO KECTKO 3aKperuieHa, a Apyras cBOOOJHA OT HaNpsHKCHH, B
JIBYMEPHOU IOCTAaHOBKE BIeEpBBIE perieHa B [10], rae moiaydeHO AUCTIEPCHOH-
HOE ypaBHEHME M MPOBEACHO CpaBHEHHE C pe3yibTaTamMu 3a1aun Jlem6a. brino
MMOKa3aHO, YTO HauMeHbIIas (a3oBasi CKOPOCTh PACIPOCTPAHEHHS BOJTHBI pPaBHA
(ha30BOH CKOPOCTH TMMOBEPXHOCTHBIX BOJH Panest. OTIHYNTEIFHON YepTOH ITHX
3aja4 ABISAETCS TO OOCTOSTENBCTBO, YTO CUMMETPUYHAS U aHTHCUMMETpPUYIHAS
MoJa KoJeOaHUH He pa3fessfoTcs, a TakKe TO, YTO K 3TOMY Kjaccy 3agad He
MPUMEHUMBI TUTIOTE3bI KIIACCUYECKON TeOpHH OAJIOK W TUIACTHH, B YACTHOCTH,
ruroreza Kupxroda u yrounennsie teopuu [11-18].

B nacrosmeit cratbe mpeasiaracTcsi MOJENb ISl UCCIEIOBAHUS BIUSHUS
WHEPIMOHHON MacChl, paclpe/IelIeHHOW Ha OTHOH TIOCKOCTH C KECTKO 3aKpel-
JIEHOW JPYTO# TUIOCKOCTHIO YIIPYTOTO €0, HAa XapaKTEPUCTUKU YIPYTOTO BOJI-
HOBO/JA.
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MocranoBka u pemenne 3a1a4n. PaccMOTpuM 3a1ady paclpoCTpaHeH s
BOJIH B GECKOHEYHOM yNPYroM ciioe TommuHoi /1. Cloi orpaHnyeH miocko-
ctamu ¥ =0 u y =h. nockocts ¥ = 0 skecTko 3akpenviena, a Ha MI0CKoO-

CTH ) = h 3anana cocpenoToueHHas (MHEPUHOHHAS) Macca my> 0.

V)

a%u
xy = "Mog

Q

0
/ T rIrrirrrritirs? I, LALFETTrTirrrrry

—

x(u)

—

PaccMOTpHM 3a1ady TIOCKOH AedopMaiy, T.e. mepeMentenus Y (u (x, y,t ) ,

v(x,y, t ), 0) HE 3aBUCAT OT MEPEMEHHON Z,a W = 0. [Ipu momoru mpeoo-
pa3oBaHHi
w02 ov 09 Oy 0
ox Oy oy Ox
JMHAMHUYECKHE YPABHCHUS TCOPUHU YITPYTOCTH MPUBOSTCSA K ABTOHOMHBIM BOJI-
HOBBIM ypPaBHEHHUSIM OTHOCUTEIIEHO JTUHAMHYECKUX TOTCHIIMAIOB ¢(x, y,t) 3

y/(x, y,t) [5]. Pemrenne »THX ypaBHEHHUH TMPEACTABUM B BUIE
¢ =(Ash(ka,y)+ Bch(kayy))expik (x—ct), ()
v =(Csh(ka,y)+Dch(ka,y))expik(x—ct),
e o’ =1-n0, a’,=1-n, n=c"/c’.
Hocrosrasie A, B,Cu D nomxael onpenensTscs u3 cleayromumx Tpa-
HUYHBIX YCIIOBHUM:

99, _o 92 OV _4 npuy=0,
ox Oy oy Ox

2 2 2
1 208?4_18(20_28'//:0’
0 oOx~ 6oy OxOy
2 2 2
28¢+6l/1_51/1_m 8_(p+a_l// =0 npu y =Ah. (3)
oxdy 0y ox ox Oy

3mech 026}2 /Cl2 <1, mzmokzczlu_l, [— MOIyJb CIOBHra MaTepHaia

b

yIPYTOro ciosl.
YnoBneTBopsis perieHne (2) TpaHWUYHBIM yCIOBHSM (3), IS TOCTOSHHBIX
WHTETPUPOBAHUS TTOJYYUM CIIEAYIOUIYIO CUCTEMY alreOpandeckux ypaBHEHUH:
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iB+a,C=0, q,d—iD =0,
1220 ysn(Ha, )+Bch(Hal))—%af(Ash(Hal)JrBch(Hal))+ @
+2ia, (Cch(Ha, )+ Dsh(Ha,))=0, H = kh,

iA[2alch(Ha,)—%sh(Hal )J+iB(2alsh(Hal)—%ch(Hal )}

+c((1 +az)sh(Ha,) —%azch(Haz)J + D((l +03)ch(Ha,) —%azsh(Haz)j ~0.

W3 ycnoBus CylmecTBOBaHUSL HETPUBUAIBHOIO PEIIEHUS OJHOPOJHOM CHCTEMBI
anreOpanuecKux ypaBHeHHH (4) ModydaeM CleAylollee XapakTepHUCTHUECKOe
YpaBHEHHE OTHOCHUTEIIFHO 0e3pa3MepHOM (a30BOM CKOPOCTH paclpOCTPaHEHUS
BOJIH B yIIPYI'OM CJI0€ 7] :

4(2-n)J(1=n)(1-n6) ~((2=n)" + 4)J(1=n)(1=nO)eh( H[T1=10 )en(H 1= ) +
+((2=n) +4(1-n0)(1=n))sh(HT=n0)sh(H 1=7)+ (5)
+— n\/—(vh(Hl n )ch(H\/—) \/ (1 no ch(H\/l nH)vh(H\/—))

HccienoBanue XapakTepuCTHYeCKOr0 ypaBHeHUsl M YHMCJIEHHbIE pe-
3yJAbTaThl. XapaKTepUCTHYECKOe ypaBHEHHE (5) MpPU OTCYTCTBUM HHEPLUOH-

HOH Maccel (m, = 0) coBnamaer ¢ ypaBHeHHEM, MONYYEHHBIM B pabote [10].

31ech ucceayeM BIUSHUE HHEPLIMOHHOM Macchl Ha KOeOaHus ypyroro ciosl.
Ipu npenensHom nepexone 77 —> 1 u npu m,, = 0 u3 ypasenus (5) otHOCH-

tensro H nmeem crenyromyro dynxmmo:

f(H)=4- 5ch(HJ_)+H (H\/i)

v1-6
Jutst pyskuun  f (H ) B uHTepBane H € [O, 5] CYLIECTBYET KPUTHUECKOE

snauenne H,, mpu xoropom f (H*)=o. Cnenosarensho, npu kh=H, B yn-

PYTOM cJIO€ TONYYaroTCs PEIICHHs THIA JIOKATU30BaHHBIX KoJieOaHUil ¢ Oe3-
pa3MepHO# (azoBoii ckopocteio 1 <1. Hampumep, nmpu 6 = — H, = 3.8063.
3

[Ipy HaNMUUMKM MHEPLMOHHON MAacChl M3 XapaKTEPUCTHYECKOro ypaBHEHHs (5)
npu 17 —> 1 umeem

V1
f(m,H —4+5ch(H~N1- L S
(m.H)= sh (H\/—)( ( ))
HpI/I pa?:HI/I‘IHBIX 3HAYCHUAX kh HoﬂyanOTCH HpI/IBeI[eHHBIe 3HAUYCHUs M .

MPY KOTOPBIX CYIIECTBYIOT PELICHHUS TUTA JIOKAIN30BaHHBIX KoJIeOaHUi ¢ Oe3-
pa3MepHO# (azoBoii ckopocTeio 1 <1.
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B Tabnwme npuBoaATcs 3HaUEHUS WHEPLUMOHHON Macchl /1 TIpU pa3nnd-

HBIX 3HaueHUsX H = kh, xorna ¢ :% .

H 0.1 0.3 0.5 0.7 1 1.1 1.3
m/k | 10.0555 | 3.4978 2.2675 1.7896 1.4768 1.4168 1.3256

Kax BumHO M3 Tabmuirel, ¢ Bo3pacTaHueM H TMpHBeNEeHHBIC 3HAYEHUS CO-
CPEeIOTOUCHHOM Macchl m yObIBatoT. OTMeTHM, 4TO IpH 77 > 1 moydaem koie-

GaHMs YIPYroro M30TPOIHOTO CIOS TOMIIMHON /1, OJHA M3 JIMIEBBIX IIOCKO-
CTe KOTOPOTO JKECTKO 3aKperuieHa, a Ha JIPYroM 3ajJaHa WHEPIMOHHas Macca
M, C4acTtoTon @ = kc , KoTOpyI0 MOKHO ONpeneuTh U3 ypaBHeHns (5).

3akawuenne. TakuMm 00pa3oM, MOKa3aHO BIMSHUE WHEPIIMOHHOW MAaCCHI,
pacrpe/ieIeHHOM Ha OJHOM IUIOCKOCTH C >KE€CTKO 3aKpeIUIeHOW JpyroM Iioc-
KOCTBIO YIPYTOTO CJIOS, HA XapaKTepPUCTUKU YIIPYroro BOJIHOBOAa. HammeHb-
mast pa3oBasi CKOPOCTh PACIPOCTPAHEHUS BOIHBI I YIPYTOTo CJOs, OJHA U3
JUIEBBIX TUIOCKOCTEH KOTOPOTO JKECTKO 3aKperuieHa, a JApyras CBOOOJHA OT
HanpsDKEHUH, paBHa (a3o0BOH CKOPOCTH MOBEPXHOCTHBIX BOJH Panes. [Ipu pas-
JIMYHBIX 3HAUEHUSX TOJIIUHBI CJIOS W BOJHOBOIO YHWCJIa HaWJEeHBI 3HAYCHUS
WHEPLIMOHHON MacChl, IPU KOTOPHIX B CIIO€ CYIIECTBYIOT PEIISHHs THIIA JIOKa-
JTU30BaHHBIX KOJIEOaHU, TpUYeM 3TH 3HaUEHUs YOBIBAIOT.

Mucturyt Mmexanuku HAH PA
2EpeBaHCKHII TOCYZAPCTBEHHBIN YHHBEPCUTET
e.mail:vas@ysu.am

M. B. beayobeksin, C. B. Capkucsin

PacnipocTpaHeHne BOJIH B YIIPYTOM €JI0€, OHA U3 JIMIEBBIX IJIOCKOCTel
KOTOPOI0 KeCTKO 3aKpPeIlIeHa, ¢ HHEPLHOHHOM Maccoil Ha Apyroi

IIpennaraercst Mopaens A UCCIEAOBAaHMS BIMSIHUS MHEPIMOHHON Macchl, pac-
IIPEAEICHHON Ha OQHOM IIJIOCKOCTH € YKECTKO 3aKPEIUICHOM [PYrod IIOCKOCTBIO YIIPY-

roro CJj1os, Ha XapaKTCPpUCTHUKHU YIIPYTOro BOJIHOBOJA.

U. 4. fhnipkljjub, U. 9. Uupquyui

Ujhputph mupwbnidp v tqpp Ynon wdpuggus, hikipghni quiqjuésny
Puofudus dniu kqpny wnwdquljub sEpunnid

Unwowpldws L dh Udnnlky, nph vhongny Jupkih L hinwgnunt] wpwdquijui, dvh

huppmpudp puspr]ud hubpghnt quiqusny, dniund §non wilpugjws skpund,
wnwdqujul whpwnwph punipugphsubph ypuw quiqush wqntgnipniun:
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M. V. Belubekyan, S. V. Sarkisyan

Waves Propogation in Elastic Layer with one
Boundary Clumped, in with Inertial Mass on the Another

The model is offered for the study of the inertial mass, in elastic layer distributed
on the one plane with a clumped, in with inertial mass on the another on the
characteristic of the waveguide.
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Kunernveckue 3aKOHOMEPHOCTH MOJTMMEPAHAJIOT MYHBIX
NpeBpPalleHuH HA XUTO3aHe

(ITpencraneno akagemukom JI. A. TaBagsaom 21/11 2019)

KiaroueBble ciaoBa: XUmosdaH, N—MemuﬂOﬂMolteGMHa, Moéuqbukauuﬂ, KOH-
cmanma cKopocmu peakyuu, kamajaiusamop, 2/IUKO3UOHAS cpynna.

Xuto3aH (XT3) Kak NPUPOIHBIM, MOCJe LEJUTI0N03bl, HauboJee pacmpo-
CTpaHEHHBIN MONUMEp, OTIMYAIOIIUICS OMONIOTHUECKONW aKTHBHOCTBIO, UMEET
OoJiplIOE 3HAYCHME ATl CO3JAHUS HOBBIX MATEPUANIOB, IIPEIHA3HAYCHHBIX VIS
MPUMEHEHUS B MEAMIIMHE, OMOTEXHOJIIOTHH B KauecTBe JOOaBKU K KOpMaM KH-
BOTHBIX [1 - 6]. ns pacmupenus odnactedl npuMeHeHust XT3 TpeOyeTcs MOBbI-
CHUTb €0 PACTBOPHMOCTb B Pa3IMYHBIX PACTBOPUTEIISX, C OJHOW CTOPOHBIL, a C
JpyToil — YBEeNMYUTHh COBMEIIAIONIYI0 CIIOCOOHOCTh UX C PAcTBOPaMHU pa3ind-
HBIX MOJIUMEPOB U CMOJ. B CBS3M ¢ 3TUM CHHTE3 HOBBIX MPOU3BOAHBIX XT3 C
LEJIBI0 pacIIUpeHHs OOJIACTH MX NPHMEHEHHS SIBISETCS BEChbMa aKTyaJbHOM
3aauei.

OpHUM U3 TOAXOMOB K PEIICHUIO 3TOW 3a1aud sBIseTcS (yHKIHOHAIU-
3anusi XT3 pa3IMYHBIMU COCAUHEHUAMHU.

B HacTosimeM cooOmmEeHHH HMPUBOIATCS SKCHEPUMEHTAIBHO IMOJIYYCHHBIE
pe3yabTaThl 10 U3YUYEHUIO IOJUMEPAHAIIOTMYHBIX peBpameHuil Ha XT3 N-Me-
TunonModeBuHbl (MMu) B IPUCYTCTBUM KaTalu3aTopa u 0e3 Hero.

JKCcNepUMeHTAJIbHAsL YacThb. B ncciienoBaHMsAX HMCHOJIB30BaH BOAOpAc-
TBOpPUMBIH XT3 ¢ MojekynspHoit Maccoir 80 k/la, B KOTOpOM TIMKO3UIHBIE
3BeHbs ¢ rpynnoil -NH; B cpennem coctaBiustor 92%, aneramuaslie — 8%.

Tlonyuenue MMu. B peakrop 3arpyxatoT 15 r (0.25 Mo1p) ModeBuHEI 1 20
r 38%-ro BogHOTO pactBopa (opmanpaeruna (0.25 Moab) U MEPEMENIHBAIOT
npu Temnepatype (35+0.5)°C 30 mun. 3aTem nox Hu3kuM gasieHueM (15-20)
MM pT. CT. pH Temnepatype (45-50)’C oTronsior Boay. Bersrit ocaxox (MMu)
HEOIHOKPATHO NMPOMBIBAIOT U MEPEKPUCTAUIM3YIOT 3TUIOBBIM CIIUPTOM H CY-
mar nox paenesneM (15-20) mm pr. cr. npu (50-60)’C 10 moCTHAKEHHS IO-
cTossHHOW Maccel. Beixogm MMu cocraBnger 93%, TemmepaTypa MJiaBieHHUS
(Tys) paBHa (11140.5)°C. Ycranonen saementHsiii cocta (B %): C — 26.6
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(26.67); H — 6.8 (6.66); N — 31.2 (31.11). MMu pacTBopsieTcs B XOJOHOM
BOJIe, METAaHOJIE, TUMETHIICYITb(QOKCHUIE.

Ha cmekrpodoromerpe NIKOLET/FT-IR NEXUS 06pimn miccieoBaHbI
un¢pakpacueie (MK) cnektpbl normomeHuss MMY U KOHEYHOTO MPOJYKTa B
obmacTsax morjomeHus (v, CM'I): 1010 (- CH,OH); 1420 (>N-C(O)-N<);
16951705 (-C(O)-N<); 2850 (-CH-); 3470 (-OH), mnoarBepkaaromiue
MPOTEKaHHUE MPOoIlecca MPUBUBKA MOHOMETHIIOIMOYEBHUHBI HA XHTO3aHE.

Peakumro mexay X13 1 MM nipoBoawiu B 2%-HOM BOJHOM PacTBOpE yK-
CYCHOH KHMCIIOTBI, YACTHYHO HEUTpann30BaHHOU 0.5 MONSPHBIM BOAHBIM PacT-
BopoMm NaOH no 3nauenus pH = 5.6 [1, 2]. XuTo3aH Mapku “mumieBoil” mpo-
n3BeneH OmokombuHarom 3A0 “Buonporpecc” BHUUTHUBIT LlenkoBckoro
paiiona r. Mockssl. Karanusaropom ciykui aueratr megu - Cu[OC(O)CHs)2
Mapku “uma”. Jls onpeneneHus KMHeTHKU pacxosa MMy B mporecce mpu-
BUBKM Ha XT3 NP Pa3THYHBIX 3HAUEHUAX BpEMEHU NPOBENEHUSI PeaKiuu
(10, 20, 30 u 40 muH) U3 pacTBopa Gpanach Ipoba 06seMOM 4 MJI, U3 KOTOPO
TIOJIMEP BBICAYKUBAJICSI B STHJIOBOM CIIUPTE, GUIBTPOBAJICSA, OCAIOK HEOTHO-
KpaTHO IIPOMBIBAJICA AIleTOHOM U 3aTeM CyUIMJICA mof BakyymoM (1.5-2 mMm
PT. CT.) 5O AOCTYIKEHUS ITOCTOSTHHOM Macchl. 32 KUHETUKOM IMpuBUBKU MMy
K XT3 BO BpeMeHU CJIeJUIN dJIeMeHTHBIM aHaIM30M Ha a3oT [7].

OO0cy:k1eHne pe3yJabTaToB. XWTO3aH, MOMISKANUN MOAU(PHUKAIIAH,
HMeEET MpeICTaBICHHbIN Ha cxeme | 3BeHheBOM COCTaB.

..... / TN
\\—\/ \\—/ .....
NH, CH,OH H I\ém
n Hpﬁ) -0 /e

Cxema 1. m, n u £ — monbHble O0MU 36€HLEE 8 MAKPOMOJIEKYle XUMO3AHA, KOMOopble
coomeemcmeenno pasuvl: m = 0.08, n = 0.47, £ = 0.45.
Taéamnua 1
Kuneruka npouecca npusuBkd MM4 Ha XT3 B 0TCyTCTBHE KaTaJau3aTopa npu
Pa3IMYHBIX TeMIIEPAaTypax M 3Ha9eHUAX BpeMeHH peakiun: [X13-NH,],=
= 6.8x10moub/i1; [MMu],=2.2x10M0ab/1

Bpems peakuuu, Pacxog MMu, Monb/11, B 3aBUCHMOCTH OT TEMIIEPaTypbI
t, MUH 65 (°C) 70 (°C) 75 (°C) 80 (°C)
10 0.5x10™ 1.6x10™* 3.8x10™ 9%10*
20 1.8x10"* 3x10™* 5.4x10™ 12.0X10™
30 3.5x10" 5.4x10™ 9x10™* 1.3%1073
40 5.5x10™ 7.7x10™ 1.1x10” 1.4x107

IIpuBuBka MMu Ha Makpomoiekyne XT3 ocyiuectsisiercs depe3 —NH,
(YHKIMOHAIBHYIO TPYMITy IJIMKO3HIHBIX 3BEHBEB, KOHICHTPALMS KOTOPHIX B
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rncxoaHoM XT3 o003HaueHa Kak [ XT13- NH;] .
Pesynbratel npuBuBkn MMu Ha XT3 B OTCYTCTBUE M B MPUCYTCTBUU Ka-
Taau3aTopa MPUBOAITCS B Ta0m.1 1 2.
Ta6anua 2
Kuneruueckne JaHHBbIC KATAJUTHYECKOH pPe€aKkiuuu NpUBUBKHU MMu Ha XT3 npu
pasaHuHbIX Temnepatypax: [X13-NH,]o = 6.8x10Mouib/a1; [MMu]y=
= 2.2x10moub/15 [Cu(OC(O)CHs),]o = 1x10™*moan/a

BpeMsl peakuuwu, Pacxoq MMu, MOJIb/71, B 3aBUCUMOCTH OT TEMIIEpPaTypHhI
t, MUH 65 (°C) 70 (°C) 75 (°C) 80 (°C)
10 1.7x107 2.4x107 4.1x107 7 4%10%
20 28x107 3.9x107 6.8x107 1.2%102
30 3.4x107 5.4x10” 8.5x107 1.5%102
40 4.3x10° 6.1x107 11.0x107 1.7x107

OtMmetuM, uTo peakuus Mexny NH, rpynnamMu riiuko3UIHBIX 3BEHbEB XT3
1 MMHu B IpUCYTCTBUM U B OTCYTCTBUE KaTalu3aTtopa SBIISETCS peakiuend BTo-
pOTO TOPSIAKA, AT KOHCTAHTHI CKOPOCTH KOTOPOH CIPaBeIIUBO YpaBHEHHUE [§]

1 23 By (Ag—X
K== logZeWe=X) (1
t Ao—Bo Ao(Bo—X)
2 -2
rae [A]o = [X13-NH,]o = 6.8%10™ mons/it; [B]o = [MMu], = 2.2x10™ mons/i; X
— pacXoj UCXOIHBIX PEareHTOB B BETMYUHAX MOJIB/JI.
Ha puc.1 u 2 npuBeieHbl 3KCIIEPUMEHTAIHLHO YCTAHOBJIEHHBIE 3aBUCUMO-
2,3 By (Ag—X) .
CTH log OT BpPEMCEHH NpoBeneHus peakiuu (t). Ilpsmonuaeitnas
Ao—By Ao(Bo—X)
3aBHCHMOCTh yKa3bIBaeT Ha NPABOMOYHOCTh NpHUMEHEHus ypaBHeHus (1) u,
COOTBETCTBEHHO, Ha BTOPOM MOPSIOK pEaklud Mexay XT3 U MMu kak B
MPUCYTCTBUHM, TaK U B OTCYTCTBUE KaTalnu3aTopa.
4

23 B,(A,-X)
log
1.0k Ag-By Ag(ByX) N

09} x
038
0,7
0,6
0,5
04
03
02

0,1

2,3 Bgy (Ag—X)

Ao—Bg Ap(Bo—X)

medncoy Xmsz u MMu) 6 omcymemeue kamanuzamopa npu pasiudtslx memMnepamypax.:
65°C (1); 70°C (2); 75°C (3); 80°C (4); Ay = 6.8x107 monv/n; By= 2.2 x10” monv/n.

Puc. 1. 3asucumocmeo om t (8pemenu nposedeHUsr peaxyuu
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V23 Bo(AyX)
30+ og
AO'BO Ao( BO'X)

By (Ap—X)

2,3
Puc. 2. 3asucumocmo log om t (epemenu nposedeHUs: peaxyuu

Ao—Bo Ao(Bo—X)
medncoy Xm3 u MMu) 6 mpucyTcmeuu Kamanusamopa npu pasiuiHblX memnepamypax:
65°C (1); 70°C (2); 75°C (3); 80°C (4); Ay = 6.8 x107 monw/n; By = 2.2 x107 monv/a,
[Cu(OC(O)CH3),]y = 1x10™* monw/x.

Ha ocHoBanum maHHBIX puc. 1 U 2 omnpeneneHbl 3Ha4eHUs] KOHCTaHT CKO-
pocTelt uccieryeMoi peakiiuu npuBUBkM MM4 Ha XT3 Kak B MPUCYTCTBUH, TaK
Y B OTCYTCTBHUE KaTallu3aTopa P Pa3IUYHbIX Temreparypax (Ttadi. 3).

Taoauna 3
3HavyeHUs] KOHCTAHT CKopocTeii peakunu npuBuBkn MM4u Ha XT3 B OTCYyTCTBHE
(I) u B mpucytcTBuu (II) karanuzaropa Cu[OC(O)CH;],
NPH Pa3IMYHBIX TeMIepaTypax

T(C) 65 70 75 80

k, I [(1.2£0.5)10* | (2+0.5) 10" | (3+0.3)10* | (4.5+0.5) 10™
JIXMOJIB ™ X

— II {(1.66+0.5) 107 (2.2+0.4) 107 | (4.1£0.5) 107 | (1.04+£0.3) 10~

ITocTpoeHune 3aBUCHMOCTH B appeHHWYCOBCKHX KoopamHaTtax logk ot 1/T
(puc. 3 u 4) Ha OCHOBE YMCIICHHBIX 3HAYCHHUH k Tabj. 3 MMO3BOJMJIO OIICHHUTH
3HAYCHHME YHEPTUU aKTHBALMU M TPEIAIKCIIOHSHIIMAIBLHOIO MHOXKHTEIS HEeKaTa-
JIUTHYECKOTO M KATAIUTHYECKOTO B3auMmojeicTBs MMu Ha XT3, KOTOpHBIE, CO-
OTBETCTBEHHO, PABHBI:

B OTCYTCTBHE Katammsatopa E, = (25+1.6)kkan/mons, A = (1.740.15)10°
JTXMOJTB XMHUH " ;

B MPHUCYTCTBHH KaTammsatopa E, = (19+05)kkan/mons, A = (3.0+1.3)10*
JTXMOJB  XMUH .
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! 4 +logk

0,7

0,6 -

0,51~

>

2,7 2,8 2,9 3,0

1
Puc. 3. 3asucumocms log k om p (012 Hekamanumuyeckou peaxkyuu mexcoy Xm3 u
MMu).

1,0 = logk+3

041

02|~ ¢

x10

1 1 1 1
0,5 2,7 2.8 2,9 30

1
Puc. 4. 3asucumocmov log k om 7 (ons xamanumuveckou peaxyuu mexcoy Xm3 u
MMu).

W3 cpaBHeHWS 3HAYCHWH KOHCTAHT CKOPOCTPEH W SHEPrUHM aKTHUBAIMH
peakun MMu ¢ XT3 B MPUCYTCTBUM KaTaln3aropa u 0e3 Hero CiiefyeT, 4To
karanuzatop Cu[OC(O)CHj;], 3HaYUTENBHO TMOBHIIIAET CKOPOCTH PEaKINH W,
COOTBETCTBEHHO, CTENeHb (3((EKTUBHOCTH) MPUBUBKU MPH OJUHAKOBBIX BpE-
MEHaX peakIlid, YTO, KaK HaM IPEJCTaBIAEeTCS, CBA3aHO C aKTHUBallMel peak-
LIIMOHHBIX LEHTPOB XT3 MOJIEKyJoM KaTtanuzaropa. [Ipouecc akTuBaruu XT3
MOJIEKYJIOH KaTajau3aTopa MpeacTaBiIeH Ha cxeme 2.
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HOCH,NHCNH,
\O %H o I
. \____
" - o
H NH,
(o] (o]
| |
o=cC c=0
| |
CH; CH;
_ ] *
T CH,0H
SN
_— 0. H O\---
N H
> .
g \Cu O CCH; -H;0: -culo ceH, H o
o o /2 |
AN 2 CH,-NH-C-NH,
e I
N Nt 0
»-NH-C-NH,
1]
L o _

Cxema 2.

3BeHBEBOH cocTaB XT3 MOCIIE TPUBUBKH HA HeM MM mipeicTaBIeH CTPYK-
TypHO# Qopmymol (cxema 3).

0=C-NH,
|

CH,OH - CHNH
_____ ”/ o n Nn
‘ H
\\ou V / \
OH H
‘ \H ‘\
H NH, CH,OH \

CI-LOH

Cxema 3. n = 0.47;, m = 0.08; x — uucio N-memuikapoamuoui2ioKo3uOHbIX 36€HbES,
0<x<0.47.

L ApMsIHCKH#T TOCYAapCTBEHHBIN MEAarornuecKiii yHUBepcuTeT UM. X. AGOBsHA
2EpeBaHCKI/lﬁ roCyJapCTBEHHbIN MEAUIIMHCKUM yHUBepcUTeT uM. M.I eparu
e-mail: mejlum.yeritsyan@mail.ru

M. JI. Epunsn, I'. C. Ilerpocsn, P. A. Kapamsan, A. M. ApycramsaH

Kunernyeckune 3aKOHOMEPHOCTH MOJTHMEPAHAJIOTHYHBIX
NpeBPalleHN HA XUTO3aHe

9KCHepl/IMeHTaIl]:HO YCTaHOBJICHBI KHHETUYCCKNE 3aKOHOMEPHOCTHU MpOo1ecca npu-
BUBKM MOHOMETHJIOJIMOYCBHHBI Ha XHUTO3aHC B MNPHUCYTCTBUU KaTajiM3aTopa anerara

menn Cu[OC(O)CHs]2 u B ero orcyrcrue. Hamuune katammsaTopa 3HaYHTETbHO
MOBBIIAET CKOPOCTb peakuuu NpuBUBKU. OmpeneneHbl appeHUyCOBCKUE MapaMeTpEl
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KOHCTAHT CKOPOCTH IIpoHecCa NMPUBUBKU MCEKAY YKAa3aHHbBIMU COCAMHCHUSIMH KaK B
MPUCYTCTBUU, TAK U B OTCYTCTBHUEC KaTaJIl3aTopa.

U. L. Bphgyui, @ U. Mhwpnuyul, 2. U, Lupudju, U. U, Unniuonudjub

hunquih wynhdbpwitiwng thnpwlEpydwi jhuknhjuljui
ophtwswthn pyntitkpp

Nnudh wgkinwnh Cu[OC(0)CHs], Juwnwihquunnph Gkphuymppui jud pugw-
Junipjut wuydwbibkpnid hwunwnquws L jphunquiht Untindbphinjdhquigniph
yuunjuundwt Jhubnhjuut ophttwswthnipniiutpp: 8nyg t wnpgws, np juwnwgh-
quuinph ukpjuynipjudp qquh dkswinud E yuunjuundwh wpugnipniip: Qpnpdus
Eu tpdws dhwgnipyniuubph thnjuwqpbgnipjut wpbuthniuywt wwpwdbknpbkpp, husytu
Juwnwihquunph, wjtybu b bpu puguljuynipyut gquydwbubpoud:

M. L. Yeritsyan, G. S. Petrosyan, R. A. Qaramyan, A. M. Arustamyan

The Kinetic Parameters of the Chitosan Based Polimer-Analog
Transformations

The kinetic parameters of the grafting process of monomethylol urea on chitosan
were experimentally determined both in the presence and absence of catalytic amounts
of copper acetate (Cu[OC(O)CHs]2 ). The presence of catalyst significantly increases
the rate of grafting. The arrenhius parametes of the rate constants of the grafting process
between mentioned above compounds were determined both in the presence and
absence of catalyst.
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Membrane lipids have been used extensively for chemotaxonomic pur-
poses [1]. The identification of bacteria is based on the large structural diffe-
rences within membrane fatty acids (FA) including the variation in length (8 to
20 C-atoms), presence of saturated and monounsaturated bonds, occurrence of
branched (iso- and anteiso-), cyclopropane (17:0c, 19:0c), hydroxy- (with an
OH-group at position two or three of the molecule) FAs [1-3].

Bacteria are able to modify their membrane composition in response to
environmental changes, such as in temperature, osmolarity, salinity and pH [4,
5]- The biophysical properties to control their membrane phospholipids allows
bacteria to thrive in a wide range of physical environments [6, 7]. It was shown
that bacteria precisely adjust their membrane lipid composition by modifying
the types of FAs and altering the structures of pre-existing phospholipids [7].

In thermophilic bacterial species, polar lipids form a large proportion of the
cellular membrane fractions and usually include phospholipids and glycolipids
[8]. Comparative studies on the FAs composition of psychrophilic, mesophilic
and thermophilic bacilli have shown that a certain preference for the synthesis
of saturated, elongated and branched FAs existed at higher temperature [9-12].

The aim of this study is to determine polar lipid and FA composition of
geobacilli strains isolated from Armenian geothermal springs. Temperature
induced changes in membrane lipids and FAs profile were also analyzed.
Chemotaxonomic implications based on FAs analysis were reported too.
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Materials and methods. The objects of investigation were four thermophi-
lic bacilli strains recently isolated from Arzakan (Armenian) geothermal spring
and identified based on 16S rRNA gene sequence data as Geobacillus caldoxy-
losilyticus ArzA-3, G. thermodenitrificans ArzA-6, G. toebii ArzA-8 and G.
toebii ArzA-33a. The sequences of strains have been deposited in GenBank
under accession numbers JQ929017, JQ929020, JQ929022, and JQ929015
respectively [13].

Cultivation conditions. Batch cultivation of thermophilic bacilli was
carried out using nutrient broth (Difco) at pH 7.2 and 65 °C (optimum tempe-
rature) under aerobic conditions with shaking at 240 rpm, for 24 h. In case of G.
thermodenitrificans ArzA-6 incubation were carried out also at 45, 55, 60 and
70 °C. All strains were grown in 1 L Erlenmeyer flasks filled with 200 mL of
medium. Cultures were grown to the late exponential phase (turbidity 0.6-0.7
OD at 600 nm) and 50 ml inocula were transferred into 1 L of fresh medium in
5 L flasks and incubated at the appropriate conditions up to late exponential
phase. After incubation, the cells were harvested by centrifugation (10,000 rpm;
15 min) and lyophilized.

Lipid analysis. Total lipids were extracted by the method of Bligh and
Dyer [14] usung by CHCIl;/CH30H (1:1, v/v) mixture under shaken conditions
overnight. Solvents were removed with a rotavapor and lipids were weighed for
calculation of lipid yield. Lipids were fractionated by thin layer chromato-
graphy (TLC) on silica gel (0.25 mm, F,s4, Merck KGA). The mixture of
CHCI3/CH30H/H,0 (65:25:4, v/v/v) was used as a solvent system for the initial
monodimensional TLC experiment. The phospholipids were identified also by
using bidimensional TLC. The plate was developed in the first dimension in
solvent system CHCl;/CH;0H/H,0 (65:25:4, v/v/v) and in second dimension in
solvent system CHCl;/CH;0H/CH;COOH/H,0 (85:12:15:4,v/v/v/v) [15]. Car-
diolipin disodium salt from bovine heart (CL), racl,2-dipalmitoyl-glycero-3-
phosphoethanolamine (PEA), 2,3-dipalmitol glycero-1-phosphocholine (PC)),
1,2-dipalmitol-SN-glycero-3-phosphocholine monohidrate (PCs), 1(3-SN-
phosphatidyl)-rac-glycerol sodium salt (PG) and 3-SN-phosphatidyl-1-serine
from bovine brain (PS) were used as standards. Lipids were detected by
spraying the plates with Cs,SO,4 in H,SO, (w/v) followed by heating at 100 °C
for 5 min. Staining tests for complex lipids were performed by using specific
reagents: molybdenum blue (for detection of phospholipids); 3.4% N-(1-
naphthyl)-ethylenediamine in 97:3 MeOH-H,SO, (for detection of glycolipids),
ninhydrin (for visualization of aminolipids) [16-18].

FA analysis. FA methyl esters (FAMEs) were obtained from complex
lipids by acid methanolysis (CH;OH/HCI anhydrous 9:1 at 80 °C overnight).
Samples were treated repeatedly with the mixture of CH;0H and CHCI; and
dried under nitrogen until disappearance of HCl smell. The purity of samples
was assessed by TLC analysis. Samples were eluted with N-hexane/CH;CH,OH
(96:4 v/v), detected by exposure to J, vapors and compared with standards.
FAME analyses were performed by gas liquid chromatography (GLC, Carlo
Erba HRGC 5300 Instrument, FID, OV 1.25m x 0.32mm, 0.25um). Iden-
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tification was accomplished by comparison with a standard mixture of FAME:s.
In addition to GLC, identification of each sample component was confirmed by
mass spectroscopy analyses, which were performed with an GC-MS HP5890
series II TRIO 2000 VG analytical Instrument, using flame-ionization detector
(FID) under following conditions: HP-5 column, temperature programme of
120°C (1 min), from 120 to 230 °C at 2 °C /min, from 230 °C to 250 °C at 10
°C/min, injection volume 1pl. The identification of the compounds was perfor-
med by parallel runs of pure standards (Sigma), and by interpretation of mass
spectra [15].

Results and discussion. The total lipid content of studied thermophilic
strains ranged between 2.0-2.5 % of the cells biomass at the optimal growth
temperature. Phospholipids formed a large proportion of the cellular membrane
fractions for all studied strains (Fig. 1). A major glycolipid (phosphoglycolipid)
was detected only for G. thermodenitrificans ArzA-6 (Fig. 1) in case of incu-
bation at higher temperatures (60, 65 and 70 °C). Other glycolipids were not
visualized in chromatograms probably due to their absence in studied strains. It
was recently reported also that relative proportion of the main glycoloipids
increase with growth temperature [19]. Presumably, sugar-containing lipids
increase the hydrogen-bonding capacity of the lipid bilayer surface, thus sta-
bilizing the membrane at high temperatures.

Analogy in aminolipid content between all studied bacilli was observed.
Major aminolipids and minor aminolipids and amniophospholipids and or their
traces were also detected in strains. A major aminolipid and aminophospholipid
was detected for G. thermodenitrificans ArzA-6 at lower than the optimal
growth temperatures.

b & 4
- T
19 S 72 SO A 6 12 345 6 78 1 B2ESR4RSE6, 7. 8 I 2.3.4.5.6.7.8
A B C D

Figure 1. TLC of polar lipids. A, Phospholipids; B, Glycolipids; C, Aminolipids;
D, Total lipids. The solvents systems and staining reactions were given under Materials
and methods. 1-3 — Geobacillus caldoxylosilyticus ArzA-3, G. toebii ArzA-8, G. toebii
ArzA-33a, respectively, at 65 °C; 4-8 — G. thermodenitrificans ArzA-6 at 45, 55, 60, 65
and 70 °C, respectively.

Significant differences in the lipid pattern of G. thermodenitrificans ArzA-
6 were observed at lower, optimal and higher growth temperatures. The relative
proportions of different polar lipids in G. thermodenitrificans ArzA-6 was
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obviously affected by temperature. As the growth temperature was increased,
the phosphoglycolipids content increased in contrast to aminophospholipids,
amount of which was decreased. Moreover, phosphoglycolipids was absent at
the lowest temperature of growth (45 °C). Obtained results are in good
agreement with data reported earlier confirming that lipid headgroup
compositional changes are part of the mechanism regulating membrane fluidity
[9, 15, 20].

Different strains of Geobacillus were investigated and different polar
lipids, mainly phospholipid species such as phosphatidylethanolamines,
phosphatidylglycerols, cardiolipins (glucopyranosylcardiolipin, alanylcardioli-
pin or lysylcardiolipin, bisphosphatidylglycerol, acylglycosylcardiolipins) were
isolated [12]. Analysis of bidimensional TLC of lipid extracts from studied
geobacilli also revealed components that could be identified as PEA (Fig. 2).
Other tested phospholipids (CL, PC,, PC;, PG and PS) were absented or pro-
bably due to their small amount were not identified.

The results for determination of FA composition of geobacilli strains are
shown in Table 1. All strains were characterized by the predominance of bran-
ched chain iso- and anteiso- FAs (mainly iC15:0, aiC15:0, iC17:0, aiC17:0, of-
ten i1C16:0, rarely aiC16:0, ai+iC14:0). The other major component was
NnC16:0. FAs of nC15:0 and nC17:0 were presented in low amount, while FAs
of NC14:0 were absent or in trace amounts. The presence of NC18:0 as a minor
component was detected only for G. toebii ArzA-33a. In general, at the optimal
growth temperature branched FAs were predominant, ranging from 80 % to
more than 89 % of all FAs measured, while straight-chained FAs were minor
components (6-8 %).

> >
1 2 3

Figure 2. Bidimensional TLC of phospholipids of G. thermodenitrificans ArzA-6 com-
pared with PEA using as standard. 1 — PEA; 2 — lipid solution extract of G. thermo-
denitrificans ArzA-6; 3 — mixture of PEA and lipid solution extract of G. thermo-
denitrificans ArzA-6.
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Table 1
FA composition (%) of geobacilli strains”

Strains Total % Individual FAs (%)
el Vo)
= |3 |2 o= 2
—~ S5 |2 = % e I P R - O e - P B A =
O = e A = T = I = e I I B O O = = N I I B e
o 9% :6 o 5 — — 5 ® — 6 QO - 5 Q by 5 Q 5
= a0 | |3 Z. O & = x & = 3 & = 3 & = 3 =
G. caldoxylo- 65 | 26 | 83| 6 |10 |246[1.01]05]|1.1(394| 17|16 637403372 r |38] -
silyticus ArzA-3
G. toebii ArzA-8 65 24 81 6 12 {239]094| - 05135918 15|71 89| tr [379]| 1.1 | 46| tr
G. toebii ArzA-33a| 65 2.7 80 6 13 {21.9]0.93| - Tr {35118 |16 69 |82 | tr |37.8| 1.1 |47 ]| 2.1
70 2.0 82 7 10 099 Tr | 05 |366| 16|12 | 78 | 67| tr |369]| 14 | 64 | tr
G. thermodenitri 65 2.6 83 8 9 (374111702 | Tr (41.1 |14 |11 | 70 | 68| tr {349]| 1.0 | 64 -
- 60 2.3 82 | 10 7 123106 | Tr {41013 |19 | 69 | 66| 1.1 |332| tr | 6.5 -
ficans ArzA-6
55 1.4 80 | 10 9 1.35] 1.0 - (422111 (3170|6110 /(312 tr | 6.3 -
45 1.1 79 11 9 149 1.2 - 4281 08 |38 | 72|58 |13 ]287]| tr 6.0 -
*G. caldoxylosily-
ticus DSM 120417 65 - 90 4 4 1515] 21 - - 56717 11| 68 |22 - 1267 - 2.5 -
5G. toehii SK-1T 60 - 86 - - - 1097 - - 134.03] - - [17.46| - - 3486 - - -
°G. thermodenitri-
ficans DSM 465" 65 - 78 8 13 |127.811.04| 0.4 |0.38(35.64{1.79|1.28|8.076.77| - |34.23|1.61| 6.4 |0.55

“ Values are the means of the least two determinations.

tr: Trace amounts; -: Not detected.

Abbreviation for FAME: i, iso-branched; ai, anteiso-branched; n, normal-elongated unbranched; C14:0-C18:0, saturated straight chains.
“Data from Fortina et al. (2001); *Data from Sung et al. (2002); ‘Data from Manachini et al. (2000) and Nazina et al. (2001).



The branched-iso-family was the most abundant component of the FAs mixture for
all tested strains and greatly predominated over anteiso-branched FAs. The presence of
branched FAs is considered to be a means of maintaining membrane fluidity; iso-
branched FAs generally have higher melting points, while anteiso-branched FAs
typically have lower melting points. The studied bacterial strains contained less of the
lower melting point pair (aiC15:0, ¢iC17:0) and more of the higher melting point pair
(iC15:0, iC17:0).

Unsaturated FAs were not detected. It is comprehensible: unsaturated FAs
do not have appropriate properties suitable for maintaining membrane fluidity at
higher temperature and they are not widespread in thermophilic microbes.
Furthermore, in cold-adapted species the levels of unsaturated FAs or polyun-
saturated FAs are known to be relatively high [10, 21].

For G. thermodenitrificans ArzA-6 the change in FAs composition at
different growth temperature were determined. At different growth temperatures
the ratios of branched to straight and of iso- to anteiso-FAs did not change sig-
nificantly. The branched-chain FAs were major constituents at all temperature
tested. The highest growth temperatures of the strain induced the synthesis of
longer chains, while at the minimum temperature shorter chains were biosynthe-
sized. Study of FA profiles in relation to the different temperatures tested sho-
wed that iC17:0 were preferred at the higher growth temperatures and iC15:0 at
the lower temperatures, accordingly the ratio of iC15:0/iC17:0 was decreased
along with the temperature rise. With increasing temperature, a decrease of
nC14 FAs and an increase of nC15-nC17 FAs were observed. Despite of trace
amounts, #C18:0 were found only at the highest growth temperature.

The strong presence of elongated, saturated and branched iso-FAs with
high melting points and, on the other side, the absence of unsaturated acids with
low melting points were detected for all tested thermophilic strains. The melting
point of the major membrane constituents can be regarded as a factor influen-
cing the flexibility and stability of the membrane. Obtained results are in agree-
ment with previously published data, confirming significance of the membrane
lipids structure and composition in thermophility formation [8, 10, 15, 21]. It
was shown bacteria have elaborate mechanisms by which they regulate the FAs
composition at temperatures just above the phase transition temperature [9].

The chemotaxonomic importance of ratio of the quantitatively predominant
FAs i15C:0 and ail5C:0 for bacilli has been reviewed by Kaneda and later by
Kampfer [2, 22]. It was shown for obligatory thermophilic bacilli at the optimal
growth temperatures the i15C:0 was the predominant FA and
i15C:0/ai15C:0>2. FA profiles of studied strains were compared with those of
the following thermophilic reference strains: G. caldoxylosilyticus DSM 120417
[23], G. thermodenitrifcans DSM 465" [24, 25] and G. toebii SK-1" [26]. The
ratio of i15C:0/ail5C:0 of studied thermophilic strains varied from 21.9 to 37.4
(Table 1). This evidence and also high amounts of i{C17:0 in all strains confir-
ming their affiliation to genus Geobacillus including only obligatory thermophi-
les. Thus, FAs analysis was used as chemotaxonomic approach for complete
identification of isolates.
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Polar Lipid Pattern and Fatty Acid Composition of Geobacilli
and Their Temperature Induced Changes

Polar lipid patterns and fatty acid (FA) compositions of membrane of four geobacilli
strains were analyzed. Phospholipids were found as the main polar lipids. The branched
chain of iso- and anteiso- FAs were predominant, ranging from 80 % to 89 % of total FAs.
The branched-iso-family FAs (iC15:0, iC17:0) were the most abundant components (73-
76.6 %). Unsaturated FAs were not detected. Temperature induced changes in polar lipids
and FA composition were analyzed. With increasing temperature, a decrease of amino-
phospholipids and short straight (#C14) chains of FAs and an increase of phos-
phoglycolipids and long straight (#C15-nC17) chains of FAs were observed. The ratio of
iC15:0/iC17:0 was decreased along with the growth temperature rise. FAs analysis was
used as chemotaxonomic approach for complete identification of isolates.

2. 2. Quinujuy, 22 FUU. pypulhg winud U. Z. @nsnibjub

Stnpughjukph pibnuwghl jhwhnbbkph b dwpywppnibtph juqup b gpotg
stpduwunhdwiny duljusyws thnthnjunipimuutpp

Munudtwuhpyly £ snpu ghnpughjutiph dbdpputiughtt pubkpwghtt thuhnubiph b
Swpuuppniutph pibnwyhtt {hyhgubph b fwpyuppniutph (K6) Juqdp: Zuununygb)
E, np plibinuyghti thuyjhnubphg ghpulponk] u $nudnihuhnubnp: Pgn- b wiplkhqn-ninu-
InpJus &LE-utpp Juqul) o gnudwpughtt LE-utph 80 — 90%-n: Lwhwluwybtu qk-
pulponky b aga-gmnuynpjws (£015:0, £017:0) K@-ubkpp Juqulng &niqunp]us 260-
utiph 73 - 76.6%-n: 2hwghgus &O-ubkp skt hwyntwpbpyty: 8nyg t wipyky, np phbnwght
lhyhnutph hwdwdwutnipniip b &E-ubkph Juqup Jupdws tu ghpdwunhdwihg:
Qtpdwunhdwuh pupdpugdwp qnigpiipug nhunyt) Ewdhttwhwyhnubph b jups s&nt-
nuynpus LE-utph (2C14) pwhwlh Wuqnud nt dnudnghinhyhnubtph b Lplup
s@niquynpyus LO-ukph (2C15-2C17) pwtwlh wbjugnud: QEpdwunhdwh pup-
dpugdwtipn qnigplipug AC15:0/2C17:0 hwpwpbpnipniip Wjwuqb) b &wpuyuppniibph
Jipmisnipiniup Yhpwndb) £ npybu phidnnwpunuindhwljut dninkgnid wdpnnowlju-
twgubnt onudubph tnybwlwbwgnidp:
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O. A. I1anocsH, yiaen-koppecnionaeHT HAH PA. A.A. TpuyHsaH

CocTaB NoJAPHBIX JUNUAOB U JKUPHBIX KUCJIOT reodanuii
W UX TeMIlepaTypHbIe H3MeHEeHH s

W3ydeH cocTaB MOJSAPHBIX JAMUAOB U XHUPHBIX KuchoT (JKK) memOpan geThIpex
IITAMMOB T€00aIMIUL. Y CTaHOBIIEHO, YTO (hOCHOIUTTHIBI SBISTIOTCS OCHOBHBIMHE TIOJIAP-
HBIMU JIUIHUJAMH U3y4YeHHBIX MTaMMOB. [loka3aHo NOMUHHpOBaHWE IMHHOIEHOYEY-
HBIX u30- U aumeuso-pa3BeTBieHHBIX JKK, cocraBmsrommx 80-89% cymmapubix JKK.
JlmuarONIENIOUeUHbIe u30-pa3BerBiaeHHbe JKK (iC15: 0, iC17: 0) oka3anuch Hauboiee
pacripoctpaHeHHbIME KomItoHeHTamu (73-76.6%). Henaceimennsie KK He oOHapy-
JKeHbl. b O6Hapy)KeHl)I TaKKE€ U3MCHCHUS NPOMNOPHUHN IMOJAPHBIX JIMIIUAOB U COC-
taBa JKK, Bb3BaHHbIE Temiieparypoid. C TOBBIINIEHHEM TeMIIEpaTypbl HaOII0anoch
YMEHBILIEHHE KOJIMYecTBa aMUHO(BOCHOINIHNIOB U KOPOTKUX Hepa3BeTBIeHHBIX (1C14)
KK u yBenmuenue xonmdectBa (GOCOTIHMKOIUINUAOB U UIMHHBIX HEPa3BETBICHHBIX
ueneit (nC15-nC17) XK. CootHommenune iC15:0/iC17:0 yMeHBIIANOCH C MOBBIIIICHUEM
temrepatypsl pocta. Ananmm3 XK ucrosnp3aBaH Kak XE€MOTAKCOHOMHYECKHH ITOLXOZ,
IUTSE TIOJTHOM HACHTH(UKAIIIH [ITAMMOB.
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