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2U38UUSULVE abPSNREF3NPRPLLENLP UVQQAUSPL UUUTTEURU
HAIOUWOHAJJBHAA AKAAEMHUSA HAVYK APMEHHNHU
NATIONAL ACADEMY OF SCIENCES OF ARMENIA

L OKJAJ bl 96YNh38LEL REPORTS
112 2012 No 2

MATEMATHKA
V]IK 517

Axagemuxk B. C. 3axapsmn, P. B. lannaksan
O rpaHuYHBIX 3HAYEHUAX PYHKIMH KJIACCOB A,
(ITpencrasneno 8/VI2011)

KuarwueBbie ciaoBa: sopa muna Koww, [llsapya u Ilyaccouna, eapmonuueckue Gyukyuu,
@YHKYUU C KOHEUHbIM HNOTHBLIM U3SMEHeHueM, mepa, B -usmepumvle mHodCECmBa, @ -eMKOCMb
MHOXICeCmsa

[Mpumenenne M. M. JIxpOamissHOM HOBOTO mojaxona ¢ uHTerpoauddepeHmpoBaHuemM
IIPUBENO K 3aKOHYEHHOH (opMme Teopuu (akTopusamuu KnaccoB N{w} HeBaHiHHHOBCKOro THIA,
KOTOpBIE 3aBUCAT OT (PYHKIIMU TapameTpa a)(x), 3aJlaHHOM B [0,1) [1]. I'pannuHBIE CBOMCTBA 3TUX
KJIACCOB JIaHbI B coBMecTHOU kHUre M. M. [[xp6amsna u B. C. 3axapsna [2].

UYepes Q 06o3naunm kiace GyHKIuit @(x), yI0BIETBOPSIONNX CICAYIOUIHM YCIOBHAM:

1) @(x) monoxuTenpHa U HeNpepbIBHA Ha [O,l),
1

2) @(0)=1, [@lx)dx<-+eo.

0
Hanee yciaoBumcs: (hyHKITHIO P(Z') BKJIIOYATh B Kjlacc P, , eciu

alx
2

P(0)=1, P(T):TJI. )dx, re (01],

rae a)(x)e Q . OyHKIHSA P(T) HEOTpHUIIATENIbHA U HETIPEPhIBHA HA [0,1], npuyeM
P(+0)=P0)=1, P@1)=0.

Omnpenenum jaiee MocieA0BaTeIbHOCTh A, CIEAYIOUIMM 00pa3oM:
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1
Ay =1, Ay =k-[@(x)-xdx, k=12,
0

Jns a)(x)e {2 paccMOTpHM CIEAYIOLUI CTEIEHHOM psL:

C(z,a)):iz—", g <1. (1)
k=0

k
®ynkums C(z, a)) B paBHOU Mepe, Kak U PyHKIus
S(z,a))zzc(z,w)—c(o,w)=1+2ii—k, ] <1, (2)
k=0 =k
aHanuTU4HaA B Kpyre U = {z;|z| < 1} U B TOUYKEe Z =1 nMeeT 0COOEHHOCTh, IPUYEM

lim C(r,m) = linllS(r, @)= +oo .

r—l

Tenepp mycTh a)(x)e Qu P(T)e P,. BeeneM B pacCMOTPEHHE CIENYIOLINN OIIEpaTop:

Lf@(x)}= —%{xi@(x T)dp(f)},xe 01). G)

npezrnonaras, 4YTo B HaJUIeKAIIUX Kaccax JOMYCTUMBIX (PYHKLIUH CID(x), OIIPENEIIEHHBIX Ha (0,1),
JIEBast 4acTh TOXKIECTBA (3) CYIIECTBYET XOTs ObI MOYTH BCIOIY Ha (0,1).

MosxHo yoeauThes (cM.[1-4]), uTo mpuMeHEeHHE oneparopa L) x xakoii-mu60 dynxwmn f(z),
rooMopHOM B OKPECTHOCTH Hayajia KOOpAWHAT, O3HA4YaeT YMHOXXEHHE KO3(P(UIIMEHTOB

CTENEHHOro psaa f (z) = z a,z" na Benmuuny A, , T.€.
k=0

L(W)[f(z)]: iakAka .

[IpumeHneHnue xe 0OpaTHOTO omeparopa CyTh JeieHHe KO3(h(HUIIMEHTOB CTEIICHHOTO psjia Ha
BeNMYMHy A, . B wacTtHocTH, omeparop L nepesoaut sigpa C (z,a)) us (z,a)) B OOBIUHBIC s/Ipa
Komm n IBapua.

(@)

B obmem ciyuae omeparop L'’ siBisieTcs B3aMMOOJHO3HAYHBIM COOTBETCTBHEM B KIAcce

rojoMop¢HbIX B U GyHKUINH.
BBenem B paccMoTpeHHE TaKkKe CIIEAYIONIYI0 TapMOHUYecKyto BU (yHKIHIO:

) k
P(y,r,w)=ReS(re”,w)= 1+222—cosk7/. (4)
k=1 k

3ameruM, uto B uacTHOM ciydae @(x)=1 ¢ynxims P(y,r,@) ToxmecTBeHHA ¢ AAPOM
Ilyaccona.

OO6o3nauuM uepe3 U, MHOXECTBO rapMoHHueckux B U QyHKuuit u(z), YAOBJIETBOPAIOIINX

YCIOBHIO

sup T‘uw(rei“’ldq) < +oo,
0

O<r<l
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rie o(x)e Q u uw(re”/’): L("’)[u(re"“’)].

B [2] (em. ¢. 37) mokasamo, uro kmace U » COBIIAZIAET C MHOXKECTBOM FapMOHHUUYECKUX (DYHKIUI

U (z), MPEACTAaBUMBIX B BHJIC HHTETpaIa

2z
U(rew):%IP(q)—}/,r,a))dl//(y/); 0<r<l, 0<y<2r, (5)

0

rie w(y) npomsBonbHas BemecTBeHHas GYHKIMS ¢ KOHEYHBIM H3MeHeHneM Ha [0,27].

Omnpenenum Kiacc Aw(a)e Q) KaK MHOXeCTBO roioMopdHbIX B U QyHKIMHA, IS KOTOPBIX

sup mw(r, f) < +oo, THE

0<r<l
mw(r,f)=izv(|j[l,((f;{ln‘f(reie)‘}d9. (6)

IMlog €, OyzeM NOHMMAaTb MHOXKECTBO (YHKIIMH w(x), omnpemeneHHBIX Ha [0,1) 51

MOAYMHCHHBIX CIICAYIOIIUM YCIOBHUAM:

1) @(x) monoxuTenbHa, HempephiBHA M He yOBIBAeT Ha [0,1) , npuyeM B Touke x=0
YIOBJIETBOPSIET ycaoBHIO Jlummmna, T.e.
|a)(x)—1| Sk(ﬁ)-x, 0<x<d<l;

2) w(0)=1, ja)(x)dx =@y <.

1

3amernm, uto korma @(x)e Q,, 10 A, C A,, e A,— n3BecTHHIH Kacc OctpoBckoro — Hepan-

JIUHHEL ( [6]).

YcnoBuMcs TOBOPUTH, YTO B -M3MEpUMOE MHOXKECTBO E C [0,271'] MMEET MOJIOKUTEIbHYIO @ -

emkocts C, (E ), €CJIM CYIIECTBYET Mepa U < E , st KoTopoit GyHKIIUS

U, (re””)z T‘Cw(rei(‘”_y),a)l du(y) (7)

OCTAaeTCsl PABHOMEPHO OIPAaHUYEHHOM 110 @€ [0,27[] npu r —1-0. 3necs ¢ < E o3Hayaer, 4TO
2z

Mepa MU cocpefoTodeHa Ha MHOXecTtBe E, T. e. I du = I du=u(E)=1. B ciydae orcyrcTBus
E 0

TaKOM MEpHI, T. €. B CIIy4ae, Koraa s 1000k Mepsl i < E nMeem

lim max U(re"" ) =+oo,
r—1-0 0<p<2rx

Oyzem cuMTaTh, 4TO () -€MKOCTh MHOXeCTBa E paBHaA Hymo. [Ipr 5TOM COOTBETCTBEHHO OyieM
nucats C, (E)>0 wmm c, (E)=0. Herpymno ybemutses, uro mpu @(x)=(1—x)*, —1<a <0
onpezaenenue C, (E) coBmanaer ¢ onpeneneHueM ¢ -eMKOCTH [2]
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Teopema 1. [Tycmo f(z)e A, ox)e Q, u ne umeem nyneti. Tocoa

lim =0 8
z—)e‘GCiZ’wi ( )

ona ecex O©¢€[0,27], kpome, Guimb ModHCEm, HEKOMOPO2O UCKIIOUUMENBHO0 MHOYICECTBA, (-

eMKOCHb KOMOPO20 PABHA HYITIO.
JokasaTeabeTBo. Ecny 1718 HEKOTOpPOH Touku e’ He MMeeT MecTa PaBeHCTBO (8)(CM.

[5]), To cymectByer mocnenoBarensHOCTS {z,}c U Takas, ato z, — €™, xorma n — +oou

In|f(z, )

hm—q——jzdio. (9)
n—)ooc Zn ’a)

H3BecTHO, uTO (CM. [5]) €CIIi TApMOHUYECKasi PYHKLUS 1n| f (z)| € U , 1 uMeeT MeCTO PaBEHCTBO

(9), TO ln| f (z)| HMMEET CIIENYIOIIEE IIPEACTABICHUE:
ln|f(z)| :u(z)+s-ReS(rei(6_“’),a)); z=re”?, (10)

rae u(z) —rapmonmueckas GpyHKuus u3 Knacca U , Takas, 4to

fim —4(2) 0, (11)
e’ C‘ Z,a)i

a 277 s — ckauok ynkuuu W(y)B Touke O B npeacTaBiaenny (5) rapMOHHUECKO#H (yHKIHH 1n| f (z] .

13 (10), moms3ysce (9) u(11), momyuaem
i(0-9,)
lim Re S (rne , a))
e S(rn ’ a))

=d#0, z,=re?, n=12, (12)

n

O6o03Haunm 4epes F; iyd, oOpasyroruuii yroi [ ¢ paauycom, pOXOAAIIAM uepes TouKy e . B

[5] (Teopema 2) 10Ka3aHoO, YTO €CJIM MOCIIEI0BATEILHOCTh {zn} HaxoauTcd Ha jtyde F, To

i RES (rei(e_“’" ) a))

=2cos’ .
lim S(rn ’ w) cos” B

Tak kak 3/1eCh MOKHO B3aTh U f =0, TO ¢ caMOro Hayaja IoC/Ie0BaTeIbHOCTh {zn} MOKHO B3SITh

Tak, 4TOOBI BCE €ro WICHbl HAaXOIWINCh Ha paauyce, COeAuHsIomeM Touku Ou e . Takum

oOpa3om, ecnu (9) UMEEeT MECTO, TO MOXKHO IIpeAnoyaratb, 4ro BC€ TOYKUZ,, n =12,

HAXOJATCS Ha BHIICYTIOMSIHYTOM pajinyce.
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Ho wu3BectHo (cM. [2], c.118), uTo paauanbHbIe MpeAeIbHBIC 3HAUCHUS JTIO00N (YHKIUU U3
Knacca A, ,we Q,CylmecTBYIOT U KOHEUHBI JUId Bcex O € [0,27[], KpoMme, OBITh MOYKET, HEKOTOPOTO
HCKJIIOUNTEIIBHOTO MHOXeCTBa E C [0,2%], UL KOTOPOro Cw(E)=O, IIPUYEM ITU TPENCIIbHBIE
3HAUYEHHS] MOTYT PAaBHATHCS HYJIIO TOJBKO Ha MHOXKECTBE, (W -€MKOCTh KOTOPOTO paBHA HYIIO.

Tak kak f (z) He UMeeT HyJleH, To B TeX Toukax e'®, Iyie CymecTByeT M KoHeueH lim  f (z),

7=re® ™0

CIIPaBEIMBO CICAYOIIEe PABEHCTBO:
1n| f (Zl

Lim =0,
z=re'® ¢ C‘ Zl, a)’

OpUYEM @ -€MKOCTb MHOXKECTBA, I'AC HAPYIIACTCS 3TO PAaBCHCTBO, OUYCBUIHO pPaBHA HYIIIO. TeopeMa

JOKa3aHa.

Teopema 2. [Tycmu f(z)e A, olx)e Q, u ne umeem nyneii. Ecnu ons nexomopoti mouxu e'®
In|f(z)

lim =d#0,
z—e'® C‘ Z,(l)i

In|f(z,)

Mo yenosvle 2panuyHvle 3Ha4eHus (CMm. [6]) dyHxyuu m , k020a 7 —> €, ne cywecmeyiom,

npuyem @ -eMKOCMb MHOJNCECm8a, 20e dMmu y2losble 2PanuiHble 3HAYEHUs He CYWecmayiom, pagHa
HYTTIO.
Joka3areabeTBo. Eciu ycnoBus TeopeMbl UMEIOT MECTO, TO M3 TEOPEMBI 2 pabOThI [S]HMeeM

()]

lim =2cos’ 3,
¢ zeFy C‘ Z,(l)i

rae  F, — ayd, obpasyromuii yron ¢ pamuycom, IPOXOIANIMM YEPE3 TOUKY e’ . Orcioma u

CJIeNyeT CIIPOBEIIIMBOCTD YTBEPKICHUS TEOPEMBIL.

Crnenytomiee yTBEpKIEHUE SIBISIETCS CIEICTBUEM TEOPEMBI 2 pabOTHI [5]

Teopema 3. [Tycmo f(z)e A, olx)e Q, u ne umeem nyneti. Toeda s n06oii mouxu e,

eciu 7 cmpemumcs K 619 no KacameibHoMy K OKPYIHCHOCMU nynu,

In|£(z, )

)~

['ocynapcTBeHHBIN HHXKEHEPHBIN YHUBEPCUTET ApMEHUH
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Axkanemuk B. C. 3axapsan, P. B. lanaaksan
O rpaHnYHbIX 3HAYEHUAX QYHKIUHA KJIacCOB A,

Jloka3zaH psj TeOpeM O TPaHUYHBIX 3HAUCHUAX (YHKIUH KiIaccoB A, .

Uljwunbkdhynu 9. U. Qupupjuly, . 9. Fwjjupjub
A, nuuh dniulghwmukph Eqpuyhtt mpdtpubkph dwuht

Uwugnigqus L vh pupp plinptidutp A, nuuh dniughwtph kqpuyhtt wpdtputiph dwuht:

Academician V. S. Zakaryan, R.V. Dallakyan
About the Bordering Meanings of the A, Class Functions

Several theorems about the bordering meanings of the A, class functions have been proved.
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B. A. Mup3osn, I'. C. Maukaasu, P.J. Haxmaxusin

O kinaccupuKkanuy HOPMAJIBHO TUIOCKHX MOJYNAPA/IeIbHBIX

MOJAMHOr000pa3uii B eBKJINAOBBIX MPOCTPAHCTBAX

(ITpencraBneno akagemukom B. C. 3axapsinom 3/X 2011)

KaloueBble cioBa: nonynapannenvuvie  noomMHo2000pasus,  Ric -nonycummempuyeckue

NOOMHO2000pa3UsL, SUHUMENUHOBbL U NOJYIUHUMEUHOB8bL NOOMHO2000pa3UslL.

ITonmHOrooOpasue M €BKIMIOBA MPOCTpAaHCTBA E, Ha3bIBAaeTCs MOJYyNapauIeibHBIM, €CIIU
nojiymnapajaielibHa €ro Bropas (yHaameHTanbHas ¢(opma ¢,. Teopunm mnoaynapamIelbHbIX

noaMHorooOpasmii  mocBsimeHa  MoHorpadwmst  FO.I'.JIymucre  [1].  TlomymapasienbHbie
MOAMHOT000pa3usi BXOMAT B KjacC Ric -MOJTYyCUMMETPUYECKUX TOJAMHOT000pa3uid, KOTOpPHIC
ucciaenoBanbl B [2-7]. Hactosimas pabota TmoOcCBseHa OOIIed JOKadbHOW KiacCHU(UKAIUN

HOPMAaJIbHO IUIOCKHMX MOJTyHapajielIbHbIX IOAMHOr000pa3uii B E, .
[Tyctb O(En) — TJABHOE pPAaCCIOEHUE OPTOHOPMPEIEPOB {x, el,...,en} B EBKIHJ0BOM
npoctpadcTBe E . OTOXKIECTBIAA TOUKY X C €€ paAnyc-BeKTOpoM, uMeeM (cM. [1, 8])
dx=w'e,, de, =@ie,, 0y +@} =0, do" =0° ro}, do;, =0 A&}, A,B,C=1,...,n.
ITycte M —m -mepHOe noamHorooOpasue B E, . Torna paccioenue O(En) MOHO MIPUBECTH K
rmaBHOMy paccioennio O(M ,En) AN THPOBAHHBIX OPTOHOPMPEIICPOB  1X, el,...,em,em+1,...,en},

e xeM, eeT.M), ijk=l..m e,eT*M) apf=m+l..n, a T.M) nu

X
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T-(M )—KacaTenLHoe ¥ HOpMaJIbHOE TIpocTpaHcTBa K M B Touke x . [lo u3BectHoi cxeme (cMm. [1-

3]) OyneM umeTh
a _ a _ 1., a _ o .o _ a B a o _ra ik _ L
=0, @' =hl®’, h =h%, Vhi=dh}+hlw;-h o —hje =hte", hj =h

Ji ijk ikj

a % 2 J i
3nech  hj; —KOMIIOHEHTBI BTOPOW (yHIaMeHTanbHOH (opmbl ,, @' —1-GpopMbl pUMaHOBOH
cBs3HOCTH V Ha M, a a)c”f —1-opMBl HOpMaNbHOH cBA3HOCTH V». KOMIIOHEHTBI TEH30pOB

KpUBM3HBI R M R 7Tux cBa3HOCTel U TeH30pa Puuun R, ompenensoTces o popmynam

zh,[k __zha hl]z’ Rik:RZ;kIZZ(hZhZZ_HahD;Ik)’

a
rae h' =hy, a H” = h,0” -xommnouenTsl BekTopa cpenueii kpusususl H = H “e,, (xod¢duiment
I/m omyckaeM, TOCKOJBKY B HAIIMX PAacCyKIEHUAX OH He wurpaer pomm). Ilpu R =0
TIOJIMHOT000pa3ye Ha3bIBAeTCA JIOKAIBHO €BKIMAOBEIM, a MpH R’ =0—HopMaabHO TIOCKHM. B
o (0) ’ (eY]
nanepHenmem wepes 1.7, T., T, OymeM o0003HauaTh, COOTBETCTBEHHO, IPOCTPAHCTBA
Ne(heKTHOCTH, OTHOCUTEIIbHON JTEPEKTHOCTH M KOJAe(HEKTHOCTH MoAMHOrooOpasusi M B TOYKE X

(em. [ 2, 3, 9]). OnpeneneHue NoITy>MHIITEHHOBA MPOCTPAHCTBA MOKHO HAlTH B [2].

[Tycte mogmuHorooOpasue M sBiseTCS HOPMAJIbHO IUIOCKUM, T.€. ij =0. Torma Bce
Matpulbl || A} | KOMMYTHUPYIOT, H B CHJIy 3TOI'O B HEKOTOPOM OpPTOHOpMpEINepe BCe OHU MOT
ij

OBITH OJIHOBPEMEHHO MPUBEICHBI K TUArOHATHBHOMY BHIY H/l‘fé‘ i H [Toacrasnss B (1.2), momydum

L

2
R,=p,0,, p= ZI(/if’) -H “/101.‘]. HopmainbHbie BeKTOpBI 1, = A% e, Ha3bIBAIOTCSI 2IA6HbIMU
a

gekmopamu Kpususnvl (T.B.K.) HOPMAJIbHO IJIOCKOrO MOAMHOroooOpasus B E, . Jlerko BuIeTh, 4TO
H=n+..+n,. Ecim <,>- ckamapHoe npoussenenue s £ , o p, =<n,,n >-< H,n, >.
H3BectHO, 4rO ecimu  Bekrop n, #0, To e € TX(O) TOrJa M TOJIBKO TOrJaa, Korma n,;

OpPTOTOHAJIEH BCEM OCTaJIbHBIM I.B.K. M €r0 KPaTHOCTh paBHA eAuHuUIEe. HamoMHuM, 4T0 HEHYyIeBOM
OJIHOKpAaTHBI T.B.K., OPTOTOHANbHBIA BCEM OCTAJbHBIM T.B.K., HA3BIBACTCS CUH2YIAPHBIM.
HenyneBbie I.B.K., OTJIMYHBIE OT CUHTYJISIPHBIX, HA3bIBAKOTCS pecyaaprbimu [7].

ITycts B Kak[JOM TOYKE X HOPMAJbHO IUIOCKOE m -MepHOe noamHorooOpasue M B E,

UMECT ¢ Pa3IMYHBIX T.B.K. N;,...,71, C KPATHOCTAMHU P,,..., P, COOTBETCTBCHHO, P, +...+ p =
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)
Yepes F ”(p=1,...,q) 0603HAUMM P,-MEpHOE MOIMPOCTPAHCTBO KACATEIbHOIO IPOCTPAHCTBA

T.(M) , Ha KOTOPOM KaKiash MaTpHIa “ﬂf’dj HMEET TOJIBKO OIHO COOCTBEHHOE 3HAYEHUE

KPaTHOCTH P ,. DTO COOCTBEHHOC 3HA4YeHWE Mbl OyaeM 0003Ha4arTh yepes /?,f;). Nmenno B
(@)
YKa3aHHOM BBIIIE CMBICITE Gy/1eM TOBOPHUTH, uto F.'*’ sBIsercs coGCTBEHHBIM MOAMPOCTPAHCTBOM,

®
COOTBETCTBYIOIMM  I.B.K.  n,. Iloanpocrpancrsa  F, ” gBNAIOTCA  WHBAPHAHTHBIMH

MOJIPOCTPAHCTBAMU MAaTPHIL Hhi’ H U, CJIEAOBATEIbHO, MaTPHIIbI HR ik”' B nanpneitmem Oynem

. (@)
HpeanoiaraT, 4To B HeKoTopod obmactu Ha M moapmpocTpaHcTBa F ” MMeIT MOCTOSHHEIE

pasmepHocTH, U uepes F” 06o3HauaTh COOTBETCTBYIOmEE pachpeneicHue. CIIpaBeIHBO

M (@)

pazinoxkenue B npsmyto cymmy: T (M) =F_ =~ +...+ F_ " . BaxHneiimme cBolCTBa MOAIPOCTPAHCTB

Fx(w) 1 UX CBA3b C wa) u Tx(l) HOJTy4eHsI B [7].

ITycte M sBisieTCst m -MEpHBIM HOPMaJbHO IUIOCKUM MOAMHOroo0pasuem B E, . [lnd toro,
qT00bl M ObUIO Ric -IIOJIyCUMMETPUYECKUM, HEOOXOAUMO U JOCTAaTOYHO, YTOOBI €0 TI.B.K. A,
YAOBJIETBOPSIN YCIOBUIO <ni —n,n+n; - H > . <ni,n j> =0 [1,2]. Otcrona cienyer, 4YT0 MHOKECTBO
HEHYJEBBIX T.B.K. HOPMAaJbHO IUIOCKOTO  Ric -TIOTYCUMMETPUYECKOTO  TOIMHOT000pa3Hs
pa3OuBaeTcs Ha TPYMIBL, O0IafarolKe CIeIYIOMUMHE CBOUCTBaMU: 1) €clim BEKTOPBI n, W 7,
(i# j) npuHammexar OJHOM M TOM JKE€ TpyINe, TO OHU YIOBJIETBOPSIOT YCIOBHUIO

<nl.—nj,nl.+nj—H >=0; 2) ecnu BEKTOpBI 71, W n; TPUHAJICKAT PasHbIM TPYNIaM, TO OHH
OPTOIOHAABHBI M HE  YIAOBIETBOPSAIOT YCIOBHIO <nl.—n jonmtn,—H >=O. MHoOXecTBO BCex

CHUHTYJISIPHBIX T.B.K. Ric- MOJIyCHMMETPUYECKOTO MmoaMHorooopasuss M o0003HauuM yepes wo.

Bynem cuntaTh Takxe, 4To w® COJICPKUT HYJIEBOM T.B.K., €CIIM TAKOM UMeeTcsl. PerynspHbie I.B.K.

pa30buBaloTCA Ha TPYIIBI, COAEpXkalllie HE MEHEe IBYX BEKTOPOB WJIM OJUH BEKTOP, MMEIOIIUN
KpaTHOCTh. DTH Tpynmbl Oyaem 0003Ha4aTh 4depe3 w_..w". Uz ceoiicrea 1) cnenyet, uTO

cOoOCTBEHHBIE 3HAUCHUS TeH30pa Puuum, COOTBETCTBYIONIME BEKTOpAM OJHOW M TOW K€ TPYIIIIbI,
paBHBI MeXy co00i, a pa3HBIM I'PYIMIIaM COOTBETCTBYIOT pa3Hble COOCTBEHHBIE 3HAUEHUS TEH30pa

Puuyn.
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Ilycte M saBisgeTcss m-MEpHBIM HOPMA@JIBHO IUIOCKHUM  Ric -IIOJyCUMMETPUYECKUM

noamMHoroo6pasueM unnekca aedexrocty u=dimT” B E, (n—-m>2) u B KakIol TOUKE

xe M umeer mse rpymmsl W u W® perynapusx r.B.K. (4T0 He OyAeT yMansTh OGIIHOCTH

paccyxnennit). Iycte B W u W™ wumelores mo ¢ u ¢, BEKTOpa COOTBETCTBEHHO:

) )
n,...n, €W, n, ,...n, . €W . Kak MbI 3HaCM, BEKTOPBI, IPHHA/IC)KAIIIE PA3HBIM IPYIIIIaM,

Q)] (2)
oproronanshsl. Iycts 7 =F" +.-+ F TV = F4* 4...4 FY9*") Hama uens — nokasars,

X

4TO B CJy4ae, KOrJa KPATHOCTH BEKTOPOB 1y,...,M, , My jselly . 0oJbIlle eNUHUIBI, pachpe-

JICTICHUS TW“), " napasuiesibHbI APYT OTHOCUTENBHO Apyra B PUMAHOBOM CBSI3HOCTH Ha M .
OO003HaYMM KpaTHOCTH 3THX BEKTOPOB YEPE3 p,,..., P o> D1, Pyvq, COOTBETCTBEHHO U

OylIeM cyuTaTh, YTO BCE OHHM OOJBIINEC CIUHHIIBL. AJAaNTHPOBAHHBIK K M OpTOHOpMpeEIep
{x,e,....e,.€,. 5 --»€,} MOKHO BBIOPATb TakK, 4YTOOBI B KaXI0H Touke x& M ¢, € F?, e, € F,
e, eT”, e, € T-(M), e MHACKCH NIPHHUMAIOT CIIEAYFONINE 3HAUCHHUS:

ov,y=1---,q9, uv=lL--,q,, iq,,j(p =pt+..tp,, +L..,p +..+ Port Dy

B8, =P+t p, P, et D, +L..,p +..+ Pyt Pyt et Py T Py

rs=ptetp, theom, a,f=m+1,...,n, i,jk=1..m.

[Tockonpky HOpManbHasi CBSI3HOCTb MOJMHOTooOpasusi M miockasi, TO HOpMaibHble K M
BEKTOPHbIE TIOJI1 €, MOXHO BBIOpaTh TaK, 4TOOBl OHU OBUIM HapauleNbHbl B HOPMAaJIbHOM

PacCIIOEHUH, YTO PABHOCHIILHO YCIIOBHIO a)/‘;’ =0.Torma @* =0, @&"=A"@ wu, xkpome Toro,

dA7S,+(A7 =A%) d = bt 0", (1)

ik
C y4eroM npHHSITHIX 0603HaueHui umeeM @ =0, ecmn A =0.
C . o«
Ilycte B (1) i= Iy, J=1J, (zq, * ]q,). Torma neBast 4aCTh paBHA HYJIO M, CJI€IOBATENIBHO, hl.ijk =0.

. . o
AmnanoruyssiM obpasom, ecnu i=r, j=s, (r, #5,), TO h

TuSu k

=0. Ilonaras B (1) i=j=i, a

P . . o _ o _ o (24 _ (24 (24 —_ a
3ateM (= j=j,. j,#I,, TOIyIuM hiq]iwiw =0, ik = hjw,(w L OEY, hl.wl.q]m = thl, hl.wl.wr = h_imr.
Amnanornuno h? =0, h* =h*  ,u#v, h*  =h" h® =h® .CrienoBarenbHo,

9 i 9
r;( r;( rll rll rll JV 514 514 JV rM rl( ]q) ‘YM ‘YM -’q) rll rll r SU SU r

o 2)

[21
L

a _ a ky, a I
dAGy =D i, @+ b @+
u

il
764
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[24
(u) z rrva) +z rrtww+hrrr r (3)

V#EU

Ecnu B (1) nonoxurts i=r, j=j,,a3arem i=r, j=s,,TO Oyzem UMeTh

- AW, =y 0"+ YR k"’+2h“ o' +h @ +hi @t (4)

( (@) rj o Tjgl
y#p

(A8 —AD) @, =hs 0" +) he o +Z oL@ +h @ +hS @

rST

t#r. 4)

u#v

YMHOXas paBeHCTBO (4) Ha A7, a (5) Ha /LZ’ ¥ CyMMUpPYS IO & , IOJTY4UM

ARG, =0, > Athy, =0, p=y, zla v =0, Zﬂ“ he, =0, Zﬂ“ he,=0,t#r,

a a

DAL, =0, YA, =0, uzv, Y A'hS, =0, Z/ig;)hf; =0, > Auhs =0, 17,

v
(24
OTH COOTHONIICHUS IMOJIYYCHBI Ha OCHOBAHHWH TOI'O, YTO I'.B.K., IPUHAMJIC)KAIIHUE PA3HBIM I'pYIIIaM,

OPTOTOHANBHBI, T.C. Zﬂ;’ﬂf’ =0. Torzma 2(/13(1/1,“ +/1f‘d/1l.:) =0 wu, noxcraBmsisl CroOaa
o o

cootHouieHust (2) u (3), nonyuum

DA =0, SA, =0, XAk, AK, ) =0, uy,
o

o a

S (Ahey, + AN ) =0 9y (AR, +ATHT, ) =0,

a a

Ecmu B (1) monoxuth i=i¢, j=jy,, Qp#y,a3areM i=r, j=s,, u#Vv,To OyleM UMETb

o o o _ a Jy o ky a s, o r
(/1 -2 )a) =he, @ +h @Y+ Y R @+ "+ R @ (6)
XEQY v
a a 7, a S, J a r
(lv‘,_lq‘)wvv hrvrw +hr“vtvta) +z rvva)l+z 1S,y W+hrvr (7)

1#u,v

Hpn i=i,, j=r, u3(l)nmeem

(/1 /1“)0)’ =hf @ +hS @ +Y KT @+ K @+ @ (8)

u
i ity hiph
7£0] V#U

2 o .
YMHO)as (6) Ha lsv ,a(7)na /11‘1 U CYMMUDYS 10 ¢ , IOJIYYUM CJIEAYIOLIUE COOTHOLICHMUS:

Zﬂfhijwzo, Zﬂfhijwzo, Zﬂghij L =0, XEOXEY 07Y, Z he, . =

Py,
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DAL =0, Y ATKE =0, Y ATKY =0, lFulEv,urv, Y ATKL =0, utv.

Ty hsudy TuSyS,
(24 a o o

VYmuoxas (8) Ha /1;’, a3ateM Ha A M CyMMHUpYS 110 & , IOITy4HM

Z(/I“) a)“—z/l”‘ zZ“(pa)iw-i_z/?’ijhi ' +ZZ SO

o o y*p o
+§z/1“hl“ w" +z/1“hf‘l, @' ®
“X(A7) @ = R A, 0 + LA, 0 + Y YA, @ +
—~ = yrp o
+D DA @ +Z/l“h,flw, o' (o

Ecnu B (9) u (10) yuecTb COOTHOIICHHS

S AN, =0 LA, =0, LA, =0, LA, =0, LA, =0, AT, =0,

a

rae ¢ #y¥, u#v, TOOKOHYATEIHHO MOJYYUM

(k) o =Ean, 00+ LEAH,

9

y+p o
_ ﬂa Za)’u _ ﬂa a (()“ + ﬂa a x\,
T, iw T, 1 ol 1wr“v‘ :
a VEU A

W3 stux PaBCHCTB CICAYCT,YTO
Zﬂ' =0, Zlaa =0, Zlaa =0, Zﬂ/a Zruv\: , 0);;20. (11)

(1) (2)
Ha ocHoBanum mociegHero paBeHcTBa cucteMsl (11) 3akiroyaeM, 4To pacnpenesieHus v, v

napajulesibHbl  JPYr OTHOCUTENIbHO Jpyra Ha mnoamHoroobpasuu M . Ilockonbky wucio
pacrpeielieHUi B HallIUX PACCYXACHUSAX HE UTPAI0 HUKAKOM POJIH, TO CIIpaBeUINBa CIIEYIOIas
Teopema 1. Ilycmv M saersemcsi m-mepubiM HOPMAAbHO NIAOCKUM Ric -nonycummem-

pudecKkum noomMHoz2o000paszuem esknuooéa npocmpancmeéa E, (n—m=22) u nycmv 6 kasicoot

1 2
mouke M oOonyckaem ececo p epynn W, WP | W'Y pesynapuvix enasuvix sexmopos
KpususHvl. Eciu kpamnocmu 6cex 3Smux 6eKmopog 0Oonbuie eoOuHuyvl, mo pacnpeoeieHus
W(l) W() W(ﬁ) 1 2
™", 7" ,--.,TV" | coomsemcmeyowue epynnam WP, W*, .. WP naparnervuor opye
) -
omHocumenbHo opyea (Ho He omHocumenvbHo pacnpedenenusi oegpekmuocmu T ) 6 pumarosol

cesaznocmu Ha M .
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VYcnoBue nomynapamienbHOCTH HOPMAIBHO IIOCKOrO MOAMHOroo6pasus B E, B TepMuHax
I.B.K. UMEET CIEAYIOIIUN BUI: (ni —nj)<ni,nj> =0 s moOBIX IBYX I.B.K. 7, n; [1]. Urak, 1r00B1e
IBa T.B.K HOPMAaJbHO IJIOCKOTO MOJIYIMApaIeIbHOTO MOJAMHOT000pa3us paBHBI APYT APYry WU

B3aUMHO OpTOroHajibHbl. Clle0BAaTENBbHO, MHOXECTBO PEryJISpHBIX T.B.K. MOJyHapajelbHOrO
nogMHOroo6pasus pasousaercs Ha rpymmet W, W W | rne kaxmas rpynma cocTOUT u3
B3aMMHO OpPTOTOHAJBHBIX BEKTOPOB, KPATHOCTH KOTOPBIX =2. IIpu nokazaTenscTBe Teopemsl |
TJIABHYIO POJIb UT'PAJIO YCIOBHE B3aMMHOM OPTOTOHATBHOCTH PETYJISPHBIX T.B.K., @ TAKXKE TO, UTO UX
KpaTHocTH ObutM =2. [TosTOMY B ciydyae NOIyHnapauieNbHOTO MOAMHOI000pa3us pacupeacacHus
F'? (cm. §1), oTBeyaronue peryaspHbIM T.B.K., OYAyT NapaiielbHbl IPYT OTHOCHTENLHO Apyra (HO
ue orHocurensHo T'”). MHTerpansHoe MHOroobpasue pacnpenenenus F'?, kak mssecto [1-3],

siBIsieTcst cepoit pasmepHocTH P, . [TOCKOIBKY Chephl KaKk MOJMHOr000pa3snst HEPUBOJUMBI, TO
pasnoxenue T.(M)=T"+F" +---+F'”, rme g—uucino perynspHbiX TI.B.K. (OJHOMEpHbIE
noanpoctpancTsa F'?, cOOTBETCTBYIONIME CHHTYIISPHBIM I.B.K., cofepxkarcs B T\ ), GakTuuecku
spisieTcst V -paznoxkenueM 3. Cabo [10]. [Ipogomxkast 3To pa3noKeHUE 10 COOTBETCTBYIOLIETO Z -
pasnoxenus [10], nonyunm T,(M)=Z'" +Z" +.--+ Z'V ' rne Z'?, ¢ >0, ssnsercs pacuupenuem
Fx(“’) TOJBKO 3a CUET TX(O). Pacnpenenenus z©0 zW ... 79 xak m3BectHo [10], napasuleibHbl Ha

BCEM noMHOroo0pasuu M . UTo npeacTaBisiioT co00i X MHTErpalibHble MHOT000pa3usi, BEISICHUM
HECKOJIBKO ITO3XKE.

HopmanbeHo miiockue mosymnapajienbHble MOAMHOT000pa3us ObUIM KiacCU()UIUPOBAHBI U
FeOMETPUYECKH OMUCaHbl B TEPMUHAX CKpemieHHbIX npousBeneHud B [1] m  [11]. Opnako
pe3ysbTaThl, mojydeHHble B [1] u [11], Henb3s cuMTaTh OKOHYATEIBHBIMU, MOCKOJBKY TEPMHUH

“CkpelleHHOe Ipou3BeneHue” (T.e. mpousBeacHue M, XM, X---XM , Hanen€HHOE PHUMaHOBOU
MeTpuKoil ds; + f> ds] +---+ f’ ds’, e f, —3HAKONOCTOSAHHBIE QyHKIMH Ha M ) XapaKTepusyeT

BHYTpEeHHIOI0 reoMerpuio. [loamHorooOpasue HEOOXOAMMO T€OMETPUYECKH OMHUCHIBATH C TOYKH
3peHHst 00BEMITIONIETO MPOCTPAHCTBA, & HE C TOYKU 3PEHUS BHYTPEHHEH METPHUKH.

Onpenenenne. Mszomempuueckoe nocpyoscenue M =M X---XM_ — E  npousseoenus

pumarnosvbix mHoz2oo0bpasutt M ,,---,M_ 6 E, Hazvieaemcs cniemarowumcs — npoussedeHuem

r
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noomuocoobpasuii. M,,---,M , ecnu M nenpusooumo ¢ E, kax noomnozoobpasue (MHo2o0bpasue

U e20 uzoMempuyecKuti 0o6pas Mol 0OMoAHCOECMenaem).

D10 moHATHE OBLJIO BBEIEHO MepBbIM aBTOpoM B [12]. Tam ke mokaszaHa cremyromas oOrmas
KJIaccu(pUKalMOHHAs.

Teopema 2. B esxknuooéom npocmpancmee E, Hopmanvho niockoe noomuozoobpaszue M
yooenemeopsiem ycroeuro R(X,Y)R, =0 moz0a u monvko moeda, ko20a OHO A675€mcs OMKPbIMOLL

yacmvilo 00HO20 U3 CAEOVIOWUX — NOOMHO2000pasui: (1) HOPMANLHO NIOCKO20 08YMEPHO2O
nOOMHO2000pa3us, (2) HOPMANLHO NIOCKO20 DUHWMENH08A (8 YACMHOCMU, PUYYU-NIOCKOZO0,
JIOKANIbHO ~ e6KIU008a)  NOOMHO2000pasus,  (3) HOPMANLHO NIAOCKO20 NOJVIUHUMEUHO8A
NOOMHO2000pa3us, (4) HOPMAILHO NIOCKO20 CRAEMAlOWe20Cs NPOU3BeOeHUs. NOIYIUHUMEUHOBbIX
NOOMHO2000pA3Ull U PUYYU-NIOCKO2O0  NOOMHO2000pa3usi (803MONCHO PA3ZMEPHOCMU HOWb), (5)

APAMO20 NPOU3BEOEHUs. NEPEUUCTIEHHBIX 8blile KIACCO8 NOOMHO2000pA3UII.
BosspatumMcs Teneph K pachpesieienusM Z'” M BBIACHUM, YTO IIPEICTaBISIOT M3 cebs MX

MHTErpajibHble MHOr00Opasus. Ilockonbky Z'” sBnsercs pacmmpenuem noanpocTpanctea F ¥
toneko  3a cuér  T'”, T0 Z'” MOXHO TIpEACTaBUTh B BHJE CJEAYIONIEH MPSIMOH CyMMBI:
ZP=F?+T%, rne T —uexoropoe momnpocrpaucteo B T.”. Eciu T*? sensercs
HyNeBBIM, To pacnpenenenne Z? cosmagaer ¢ F'” u ero uaterpanbHoe MHOrooOpasue sBIseTCs
chepoit. IMycts T"? we sBnsercs HymeBbIM M TycThb MY 06Go3HayaeT WHTErpabHOE

MHOrooOpasue pacnpenenenus Z'”. Ecnu M? GyneM paccMaTpuBaTh Kak IOAMHOroo0pasue B

E,, 1o T Gyner ero nmpoctpaHcTBoM jedekTHOCTH, a F'” — mpocTpaHcTBOM Koae(heKTHOCTH B
Touke x. Pacmpenenenme F'Y wmHTerpumpyemo, a €ro HHTErpaibHOE MHOTOOOpasHe SABJIAETCS

chepoii, T.e. BIOJIHE OMOMIMYECKUM MHOAMHOrooopasuem B M '?. Dro 3mauur, uro ans M7
BBIIOJIHAIOTCS YCIIOBHS CIEAYIOIIEH TEOPEMBI.

Teopema 3. (/2]). Ilycmb M — n-mepHOe pumManoso MHO2000paszue ¢ NOCMOIHHBLIM

unoexcom Oegpexmmocmu U #0 u unmezpupyemvim pacnpedenenuem rooegexmuocmu T,
: 1 1
dimT" =n—u>2. Ecwu eco unmezpanvnoe mnozoobpasue M aensemcs enonne ombunuueckum

6 M, mo: 1) M noxaneno usomempuuno 6o yurunopy nad M, mubo yumunopy ¢ (u—1)-

1 o o
MepHbiM 06pazylowum Had Kowycom, nocmpoennvim Hao MY, 2) M nonystinmwumerinoso au6o
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(1) 0]

pudyU-nIoCKoe mo20d U MmojabKo moeoa, koeoa M'’ sinwmetinoso; Oonee moeo, eciu M

atiHwmetinoso ¢ koncmanwmou @ <0, mo M nonysunwmetinogo, ecau dxce @ >0, mo M ubo
ROLYIUHWMEHOB0, TUOO PUUHU-NIOCKOe.

Ha ocHoBaHHUHM 3TOl TeopeMsl 3aKkmrodaeM, uTo M ¥, kxak mogMHOroo6pasue B E , 70KaIbHO

U30METPUYHO WM LWIMHAPY Haja cepoid, mim KOHycy Haj chepoil, Win MUIUHAPY HaJl KOHYCOM,
MOCTpOEHHBIM Haj cdepoid. Jlanee, paccykaas kak u B [12 ], mpuxoauM K CIeayIOIIeH Teopeme.

Teopema 4. B esxnudosom npocmpancmee E nopmanvno ninockoe noommozoobpaszue M

A61eMCsL  NONYNAPANIENIbHLIM  M020d U MOJAbKO mo2od, Ko20a OHO npeocmasisem cooou
OMKPBLIMYIO YACMb 00HO20 U3 CLeOYIWUX NOOMHO2000pasuil: (1) HOpMATLHO NIOCKO20 NTOKANLHO
esKIuUd08a NnoOMHo2000pasus, (2) cghepul, (3) Konyca Hao cghepoii (¢ MOUYHOCHBIO 00 U3OMEemPUlL),
(4) HOpManbLHO NIOCKO20 CHAEMAIOWe20Cs NPOU3BEOeHUs NOJYIUHULIMEHOBLIX NOOMHO2000pa3ull,
KAdHcooe u3z KOmopwlx A615emcs KOHYcoM HAo cghepoil (¢ mouHoCmblo 00 U30Mempuu), U J10KAIbHO
eBKAU008A  NOOMHO2000pa3Usl (803MONCHO pasmepHocmu HOAb), (6) npsamozo npou3sedenus

nepeducieHnblx 6blite Kiaccos VlOOMHOZOO6pa3LlIZ.

I'ocynapcTBeHHBIN MH)KEHEPHBI YHUBEPCUTET APMEHUU

B. A. Mup3osn, I'. C. Maukaasn, P.J. Haxmaxusin
O kuaaccupukanuu HOPMAJIBLHO TIOCKHUX MOJYNAPAJJIeIbHBIX MOAMHOro00pa3uii B

CBKJIMAOBBIX IPOCTPAHCTBAX

JlokazaHo, 4TO B €BKJIMJIOBOM MPOCTPAHCTBE E, HOPMAJIbHO IUIOCKOE MOIMHOroo0pasue M

SBJISIETCS TOTyNapauIeIbHBIM TOTAA M TOJIBKO TOTNa, KOT/Ia OHO MPEACTaBIseT co00M OTKPBHITYIO
4acTh OJHOTO M3 CJHEAYIOUMX TMOAMHOrooOpaszuii: 1) HOPMalbHO IUIOCKOTO —E€BKJIMIOBA
noaMHOT000pa3us, 2) chepsl, 3) KoHyca HaJ cepoil (C TOUHOCTHIO 0 U30OMETPHUH), 4) HOPMAITLHO
IUIOCKOTO  CIUIETAIOIIErocs IMPOU3BEACHUS TOJIYIHMHIITEHOBBIX IOAMHOroo0pasuii, Kaxaoe u3
KOTOPBIX SIBJISIETCSI KOHYCOM Haj cdepoit (C TOYHOCTBIO 10 U30METPHUH), U JOKAIBHO €BKJIMJOBA
NOIMHOT000pa3ust (BO3MOXKHO Pa3MEPHOCTH HOJIb), 5) MPSIMOTO MPOU3BEIEHHS MEPEUUCICHHBIX

BBIIIIE KJIACCOB MOJIMHOT000pa3uii.
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4. U.Uhpgnjut, @. U. Uwguyul, . E. Qujadwjigjut

EYyhpbuywmt mwpwsnipnibitipnid inpdw) hwppe Jhuwgniqubbn
Eupwpuquudin pjnibittph puuuljupgiu dwuht

Ugugnigquws L np  E, EJYppbuyyut  wwpwdmpmiind  tnpdw)  hwupp M

Eupwpuquudlnipniip hwinhuwinid E Jhuwgniqubhbn wyt, b dhuyt wyt phwypnd, Epp tw
hwiunhuwtunud £ hbnlyuy Eipupuquudtnipniiubphg dkjh pug dwu' 1) tnpdw) hwppe niug
Ephnbuwt  bupwpwquudlnipiul, 2) upbpugh, 3) ubbpugh dpw Yuonigdws  Ynth
(hgqnutwnphuyh  &unipjudp), 4) LupwpwqUudlnipmpnitubph  tnpdwy hwpp Jhwhprudws
wpwnpjuth, npntghg jnipupwigmpp  hwtghuwbtnud £ nt juonigus  uptpugh pu
(hqnutanphuwgh - dpnnmipjundp), b nluyp Bhpbuwut - Bipupuqiwdbnipyut (htwpugnp E
qpojujub ywihnqujunipjut), 5) Jipp plupjuwsd tipwupuqiudbnipymubtph guubph nnhn
wpnunpuih:

V. A. Mirzoyan, G. S. Machkalyan, R. E. Chakhmakhchyan

On Classification of Normally Flat Semiparallel Submanifolds in Euclidean spaces

It has been proved that a normally flat submanifold M in Euclidean space E, is

semiparallel if and only if it is an open part of one of the following submanifolds: 1) normally flat
locally Euclidean submanifold, 2) sphere, 3) cone over sphere (up to the isometry), 4) normally flat
interlacing product of semi-Einstein submanifolds, each of which is cone over sphere (up to the
isometry), and locally Euclidean submanifold (may be of zero dimension), 5) direct product of the

above enumerated classes of submanifolds.
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1.Introduction. Certain partial differential equations on infinite dimensional spaces can be
treated via infinite dimensional dynamical systems. Consequently one needs to develop the theory of
infinite dimensional dynamical systems. In the paper [2] authors define a natural Riemannian
structure on the space of square integrable functions 7?(0,1) on the basis of which they introduce a so
called infinite dimensional torus T . For a certain class of Hamiltonians they were able to prove the
existence of a viscosity solution to the cell problem on T. As an application they obtain existence of
an existence of absolute action-minimizing solutions of prescribed rotation number for the one-
dimensional nonlinear Vlasov system with periodic potential.

The aim of the current work is to generalize the results proven in [2] for the higher dimensional
case. As a consequence one can get the existence of the solutions and asymptotics to the d -
dimensional (4 >1) nonlinear Vlasov system with periodic potential. Moreover, we prove the
existence of the so called two sided minimizers for the cell problem over the d-infinite dimensional
torus T .

2.Notations and definitions. 1¢ will denote the « -dimensional unit cube in R?. As usual || and
(-) will respectively represent the Euclidian norm and inner product in R?. T¢ will be the notation

for the d -dimensional torus. The distance on T¢ is the following:
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Ixl .= inf |x+kl xe T,

d =
T kel

L’ will be the 4 -dimensional Lebesgue measure on R . v, will be the restriction of L on the unit
cube1?.

We will denote by L* (I" :R? ) the space of all square integrable functions defined on the unit cube
LZ(I";R"):{M: L R";J‘Id | M (x)? dvy <o} LZZ(Id;R") will be the set of the square integrable
functions with d -integer values: 12, (I";Rd ) ={Me L (I";R" ) :M(x)e 24, Vxe 19}.

P,(RY) denotes the set of all Borel probability measures on R with finite second order
momentS:Pz(Rd):{,ueP(R");IR,, IxI* du<oo}.

If (E,) is a norm space, [*(0,T;E)is the set of Borel functions M :(0,7) - E such that
T
I IM, g <o . We will write M, in place of M(r).
0

If M:(X,F)— (¥,6) is a measurable map and x is a measure defined on a sigma algebra F then
v =Miu is the measure defined on sigma algebra & given by v[C]=u[M ' (C)] for all setsCe 6 .

Suppose (S,dist) is a complete metric space ando:(0,7) — S . Denote by o, the value of o at 7.
If there exists Be I7(0,T) such that dist(c,,0,) < .[ ' Bu)du for every s<t in (0,7), we say that ¢ is

absolutely continuous. Denote by AC?(0,7;S) the set of all absolutely continuous paths o:(0,7) — S .

Denote by G the set of bijections G:1? -1 such that G,G™' are Borel and preserve the
Lebesgue measure.

Definition 2.1. Let U: 2(1?; RY) - Ru{e}. (i) We say that U is periodic if it is invariant under
integer valued translations. (ii) We say that U is invariant under the action G or rearrangement
invariant if UM -G)=UM) for all M e I?(I%; R?) and GeG.

3.d —infinite dimensional torus T¢ and the space $¢. Let R — Z be the integer part function

i.e. X=sup{neZIn<x} and 7z():R —[0,1) be the fractional part function i.e.z(x)=x-%, forxe R.
L2,(1%) is a subgroup of (2(1*),+) and thus we can consider the quotient space which will be the d -
dimensional 1?-torusT¢. So we set

T2 RY) = LZ(I";R")xLZ(I“;R“),T" = Lz(ld;Rd)/LZZ(I";R").

Note that function 7 projects a function M =(M,,...,M,)e I? (I 4. R4 ) onto T as follows
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T(M (x)) = (M, (x)), 7(M,(x)),...,.7(M ;(x))),x€ ‘.
The norm on L’ (7¢;R? ) induces distance dist, on T* given by

dist;(M|,M,)= inf IIM,-M,-ZIl. 3.1
zelZ(14;RY)
Endowed with this distance T¢ becomes a metric space.

Proposition3.1. (T¢,dist,) is a complete, separable metric space.
P Z p p p

We do further factorization of the space T with respect to the groupG. Denote by W,, the

Wasserstein distance on the torus T¢. Recall that if x,ve P(T?) and I'(4,v) is the set of Borel

measures on T xT? which have x and v as marginals, then

2 — 2
W (1,v) = 7€1rr(1;flyv).[ psepd | X= Y [ dy(x,y) (3.2)

We will identify P(T¢) with P((0,1)?). The group G is a non commutative group which acts on
>(I*RY): (G,M)—>MoG. This is an action which preserves the norm ofM . But G acts
on 2, (1*;R?), it provides an action on the quotient space T? .

The metric on T induces a function which is a quasimetric on the quotient space T /G i.e. for
M ,M,e *(I*;R?) put

distweak (MI’MZ) = lan(‘}diStZ (MI’MZ OG) .
(S

It is symmetric and satisfies triangle inequality because dist, does so. So it is an quasimetric
onT“/G. It is not a metric because there can be two functions M,,M, which have 0 weak distance
but their projections on T?/G are different. We metrize it by gluing the functions which have 0
weak distance.

Definition 3.1.The space S, is the factor space of the space I*(I) w.r.t. the equivalence relation
~ M, ~ M, iff dist, . (M,,M,)=0. Furthermore the distance disr; 1is defined by the formula
distg(IM,1,IM,]) = dist, . (M,,M,) for any equivalence classes[M,],[M,]e S, .

Remark 3.1. One can prove that M, ~ M, iff 7(M,)itv, = 7(M, )iiv, .

The metric space (S,,dist;) enjoys some nice topological properties.
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Theorem 3.1. The metric spaces (S,,distg) and (P (T),W,) are isometric.

From this Theorem we immediately have:

Corollary 3.1.The space (S,,dists) is a complete, separable, compact metric space.

We next compute the first cohomology group of T, and then the first equivariant cohomology
group of T under the action of G.

Proposition 3. 2. Assume §:I°(/“;R?) - R is Frechet differentiable and Lipschitz. (i) If 4s is
periodic in the sense that d,,,,S=d, S for all Me ?(1*;R?) andZe I?,(I?;R?), then there exist a
unique Ce I*(I*;RY) and U:I*(J1?;R?) >R periodic such that S(M)=UWM)+(C,M). (i) If, in
addition, M —d, S(M) is rearrangement invariant the C is a constant function and U is

rearrangement ivariant.

4.Weak KAM theory on *(/¢;R%).Let ce R? and

L(M,N) :%II NIP —%W(M),
together with
L.(M,N)= L(M,N)—cj Ndvy,L(M,N)=L,.(M,-N).
1
Here, W:I?(I*;R?) >R is C' periodic, semiconcave and semiconvex, Lipschitz and differentiable
invariant under the action of G. Define the Legendre transforms of L(M,) and L.(M,):
1 , 1
HM,N)y=—IINI? +=W (M),
2 2
and
H.(M,N) =H(M,N+c),HM,N)= H.(M,-N).
We now consider viscosity solutions to Hamilton-Jacobi equations in the infinite dimensional

setting. We recall the definition of viscosity solutions.

Definition 4. 1. Let vV be a real valued proper functional defined on *(1¢;RY) with values in
Ru{teo}. Let M e I2(17;R?) and e 2(19;RY) . (i) We say that & belongs to the subdifferential of v
at M and we write ée DV(M) if V(M +X)-V(M)>(E X)+o(l X 1) for all X e I2(17;R?). (ii)) We say
that ¢ belongs to the superdifferential of vV at M and we write£e D*V(M)if —Ee D™ (-V)(M) .

Remark 4.1. When the sets bV(M) and D*V(M) are both nonempty, then they coincide and

consist of a single element. That element isVV (M), the gradient of V at M .
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We can now define the notion of viscosity solution for a general Hamilton-Jacobi equation of

the type
F(M,VNUM))=0.

Definition 4.2. Let v :?(1?;RY) - R be continuous. (i) We say that V is a viscosity subsolution
for (4.1) if F(M,¢{)<0 for all Me *(1?;R?) and all{ e D*'V(M). (ii) We say that V is a viscosity
supersolution for (4.1) if F(M,{)>0 for all M e *(1?;R?) and all{ e D"V(M). (iii) We say that V is
a viscosity solution for (4.1) if v is both a subsolution and a supersolution for (4.1).

4.1. A preliminary stationary Hamilton-Jacobi equation. Define an action

A, (x) = J‘: e L (x, )t

which is well defined for xe AC?.((0,%);I*(I*;R?)), since L is bounded by below by-c*/2. We do
not display its dependence on ¢ to keep notation simpler. Set

V(M) =inf{A,(x): xe AC}.((0,00); I*(I*;R?)} 4.2)

Since L is invariant under the action of G, so isV, . The fact that L(-,N) is periodic ensures that V, is
periodic.

In [2] it was proven that in the one dimensional case, when M is monotone nondecreasing (4.2)
admits a minimizer. This minimizer is inH?_((0,.0);I*(I“;R?)) and satisfies the Euler-Lagrange
equation. We have shown that for every 4 >1 the minimizers exist on an everywhere dense Gj
subspace of the space I*(1*;R?).

One the most important features of the value function V, is the following:

Theorem 4.1.V, is a Lipschitz function and a viscosity solution of the equation

EV.(M)+H M.,V ,V,(M))=0. (4.3)

Furthermore we have that:

Proposition 4.1. The superdifferential D7V, is not empty at every pointM e [*(I/;R?).
Moreover V, is differentiable on an everywhere dense G; set.

Main result concerning variational problem 4.2 is the following theorem:
Theorem 4.2. Problem (4.2) admits a unique minimizer for any differentiability point

M e I*(1Y;RY) of the value function V, .
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4.2.The cell problem. Consider functionU, =V, —inf V,, where V, is the value function defined
in the previous section. One can show that:
Proposition 4.2. (i) The function U, is Lipschitz and U,(M)=U,(M) whenever [M]=[M].

(i1) Every subfamily of {U,},., admits a subsequence converging uniformly to some U which

is x-Lipschitz. Every subfamily of {eV,},.,, admits a subsequence converging uniformly to a
constant depending on ¢ which we denote-H (c) .

The limit function U enjoys a nice variational representation.

Proposition 4.3. For any 7 >0 and any M e I*(1*;R?)

U(M) =inf{ IOT I:(x(s),)'c(s)) +H(c)ds +U(x(T)); x(0)=M, xe AC*((0,T); L*(1¢;R%))} 4.4)

Theorem 4.3. U is a viscosity solution to the equation

H(M,c+V ,U)=H(c). 4.5)
Additionally for every differentiability point M e I*(1¢;R?) of the function U there exists a unique

trajectory xe C?([0,e0); L2(I*;R?)) which is a minimizer for the problem (4.4) for all times 7 >0 and

which satisfies Euler-Lagrange equation
==V, W, (4.6)

with x0)=M and i(O) =—(c+VUM)). Furthermore, X minimizes the action
Ar(y)= J.Z[Z(y(s),}(s))+ﬁ(c)jds over all trajectories ye AC*((0,T);[*(I1*;R")) with endpoints
y(0)=x(0) and y(T)=x(T).

We also show the existence of so called two sided minimizers of the action
AL ()= J ; [i(y(sx Y+ E(c)]ds :

Theorem 4.4. There exist points (x,p)e T I*(IY;RY) s.t. there exists a unique trajectory
xe C*(R;2(1¢;R?)) which  satisfies the  Euler-Lagrange  equation  (4.6),  passes
through (x, p) : x(0) = x, p(0) = p , and minimizes the action A ;2 for all times 1 <t,.

1 . . .
Yerevan State University, levonnurbekian @yahoo.com

2 Instituto Superior Tecnico, dgomes @math.ist.utl.pt
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L. Nurbekyan, D.Gomes

Lagrangian dynamics and a Weak KAM theorem on
the d -infinite dimensional torus

The space *(0,1) has a natural Riemannian structure of the basis of which in their recent work

W. Gangbo and A. Tudorascu introduced an infinite dimensional torus T. For a certain classes of

Hamiltonians they prove an existence of a viscosity solution to the cell problem on T . In the current work we generalize

obtained results for the so called higher dimensional case, where we start with the space Lz((O,l)d ;Rd) and

introduce the d —infinite dimensional tours T .

L. Unippkljjub, 7. Gndbku
Lwgpudjut phtwdhlw b pniy) YUU phnpbd ¢ - mudtpe swhwuh wuinph 4pu

(0,1) wnwpwdmpinitt odndws t phwjut Ohdwiyub Jupnigquwdpny: Zhdbykn] wyn
Juwrnigyuébph Jpw, 9. Gubgpnt b U. Smuppnpuulnit ubpdniwsky Bu waykpe sunputh T wnnph
qunuthwpp: Zwdhpnniyubbph npnpwlh nuup hudwp bpubp wywugmgly bb wwppalui
Zuupjnnt- 8wlnph hwjuwuwpdwt pny) nsdwt gnjnipniup T-h Jpu: Unyb wppuwwnwbpnid
ukup pinhwpugunud Gup Jkpp tpfws wpymbpp puquwyuth phyph hudwnp:

JI. Hypb6exkss, [I. T'omec

Jlarpamxesa suHamuka u crabas KAM reopema Ha d -6eCKOHEYHOMEPHOM TOpe

ITpocTpancTBo 2 (0,1) umeer ectecTBeHHYI0O PumaHOBY cTpykTypy. Ha OCHOBaHHH 3TOH CTPYKTYpBI

B. T'aar6o m A. Tymopacky B OIHOH W3 HETaBHUX paOOT BBEIU IOHATHE OecKOHeuHoMepHoz2o Topa T.

BnocnmencTBun MM yAalioch JOKa3aTh CYIIIECTBOBAaHHE BS3KOCTHOTO PEIICHUS JJIEMEHTApHON 3amadu

TamuibroHa — SIKOOK. DTH pe3ysabTaThl HAMH 00OOIICHBI TSl TaK Ha3bIBAEMOro d -0€CKOHEYHOMEPHOTO

d
Topyca T?, NOy4eHHOro U3 MPOCTPAHCTBA L ((0,1) ;Rd) AHAJIOTMYHBIM 00Pa30OM.

References

1. Edgar A. - Acta Math. 1968. V. 121. P. 31-47.
2. Ganbo W.,Tudorascu A. - Adv. Math. 2010. V. 224. N1. P. 260-292.

158



3. Ganbo W.,Tudorascu A. A Weak KAM theorem; from finite to infinite dimensions. Optimal
transportation, geometry and functional inequalities. Ed. Norm., 45-72, CRM Series, 11.
Pisa, 2010

4. Gomes D. Hamilton Jacobi Equations, Viscosity Solutions and Asymptotics of Hamiltonian
Systems, PhD Dissertation, University of California at Berkeley, 2000.

5. Villani C. Topics in optimal transportation, Graduate Studies in Mathematics 58, American

Mathematical Society, 2003.

159



MATHEMATICS

2000 Mathematics Subject Classification. 11U10, 22E60, 31C40, 37C70, 37E05, 37M10.

A. Yu. Shahverdian

Minimal Lie Algebra, Fine limits, and Dynamical Systems

(Submitted by academician V. S. Zakaryan 14/XI 2011)

Key words: discrete dynamical systems, Lie algebras, fine sets, fine attractors

1. Introduction.

This paper advances the suggested in [1]-[4] difference analysis which is a method for an-
alyzing discrete dynamical systems. This method is based on studying the higher absolute
differences taken from progressive terms of system’s orbit. This is motivated by an observation
[5] that some natural systems (e.g., the visual cortex) process the information contained in
signal’s higher difference structure. A minimal Lie algebra considered in this paper provides
us with the axiomatic basis for difference analysis. The identity x + x = 0, which is a basic
one in the Lie algebras, leads us to some exotic arithmetic, maps, and dynamics. The situation
considered is opposite (in axiomatic sense) to so-called idempotent or tropical analysis [6] where
another exotic identity z + x = x is postulated.

In next Section 2 the difference analysis is briefly described and a minimal Lie algebra is
defined. In Section 3 we are interested in the topological aspect of the suggested algebra — to
determine the limiting difference orbits (as the order of differences tends to co) we involve a
version of the thinness from the probabilistic potential theory. In last Section 4 a difference-shift

transform and Bernoulli maps are studied.

2. Difference analysis and minimal Lie algebra.

2.1. Difference analysis. In difference analysis a given orbit is decomposed into the sign and

magnitude components which are studied independently. The sign component S = (5,,)%_,



reflects the alternation in monotony (increase/decrease) of higher absolute differences taken
from the successive terms of the orbit. The magnitude (or, height) component H = (H™))>_,
which consists of these absolute differences, does not depend on S,,.

Let us present some formal definitions. Let x = (x1,22,...,2p,...) (0 < 2, < 1) be an
infinite numerical sequence — this can be some time series, results of an experiment, or an orbit

of some map. We consider m-th order absolute differences:

2O =z, H™Y = |H") - H™|  (m>0,n>1) (1)

n n+l = 4in
and define m-th difference sequence as H(™) = (H,g,m));’f:l. We also let

1 > H

0, H) < H™. @

n

Sm = (6§m)7 (Sém), o 75(m)7 - ) where 67(1m) _ {

The S,, and H™ are called m-th S- and H-components of x. Instead of binary sequence in
Eq. (2) one can also deal with the corresponding real numbers S, = O.é%m)éém) ... (binary
expansion; the same notation as in (2)). Thus, given time series (orbit) x we define and study
two others, the sign and magnitude series (.S,,)%°_, and (H™)>_, .

The S-component extracts from x = (z,)2, some binary constituents S,,. One can prove
that for arbitrary x the H-component also contains arbitrarily long binary samples. Hence, for
many cases the difference orbits are reduced to a "minimal” form of binary sequences — namely
with the aim of studying this "minimal” case a simplified version of the Lie algebra in next

Section is introduced.

2.2. Minimal Lie algebra. The binary operation of taking the absolute difference £ & n =
|¢ — n| between two binary variables &, 1 € {0, 1} satisfies the identity £ ® £ = 0 postulated in
Lie algebras as well as the group-theoretical axioms (Eq. (3)); generalizing this observation we
consider some minimal abstract Lie algebras.

Let X be an abstract set on which a binary operation denoted [z, y] be defined. It is assumed

that this operation satisfies relations:

[l‘7 [y,Z]] = [[m,y],z], [ZE,y] = [y,x], [:L‘,O] =T, [ZL‘,JZ] =0 (3)

that is, G = (X, [,]) is an abstract commutative group on X. For z € X and binary o € {0,1}
we define a multiplication: ax = 0 if @« = 0 and ax = x if @ = 1. Since our main interest is the
last relation in (3) which is a basic one in Lie algebras, we call the group G with assigned on
it binary multiplication az a minimal Lie algebra.

We extend the binary bracket (3) to n-ary version [zy, ..., z,]: if for some n > 3 the (n —1)-

ary bracket is already defined, then we let

(21, 2] = [[21, - Tnca], [T2, - 2]

As a consequence of the relation [x,z] = 0 in (3) it follows (next Proposition 1) that n-ary
bracket can be expressed by a binary version P of the Pascal triangle of binomial coefficients,
P = (aig)ir where 0 < i <k, k> 1, and a; € {0,1}. The first line (k = 1) of P consists of



a single number 1 denoted as ag; or oy 1, and its every k-th line (k > 2) app, 014, ..., Qgp 1S

determined recurrently: we suppose oy = oy = 1 and then let

0, (]f) is even

Qg = Q1 k-1 D Q| ]_SZSI{?—]., that is Q| =
* b w1 ) * {1, ('Z) is odd.

Proposition 1. Let xg,...,z, € X and z, = [xo,...,Tn] (0 <m <n). Then it follows:
Zn = [Oéo,nl’o, a1 nTy, 705n,n37n]7 Tn = [Oéo,nzth a1 p21,: 705n,nzn]-

We assume that there is a functional p,
p: X\ {0} - R" suchthat p([zg,...,z,]) = Z @ npt(;) (4)
i=0

(here, 1£(0) is not defined since (4) with equal x; can lead to some contradictions) and assign a
topology on X by defining: if # # 0 then z,, — z (z,, converges to x as n — o0) if p(z,) — p(x),
and x, — 0 if p(z,) — 0. Then it follows that G = G(X,[,], 1) is a topological group. One
can consider the direct products of such algebras (e.g., for the aims of the multidimensional
difference analysis). Let G; = G(X,, [, ]i, i), 1 <7 < mn, n > 2 be some minimal Lie algebras;
then one can construct such algebra G = G x - - - x G, on cartesian product X = X; x---x X,
by assuming that [x,y] = ([z1,11]1, - -, [Tn, Ynln) for x,y € X and that p : X — R" is given
by p= (pi1, -, fin)-

2.3. Independent random binary processes. We present an example of minimal algebra
defined on the collection X of pairwise independent binary random variables £ € {0,1}. For
&,n € X we consider a variable £ & n (= [£,7n]), whose distribution of probabilities coincides
with the distribution of the absolute difference |£ — n|. We assign the probabilities as P(§ =
A) = 3(1£(—=1)*n) where X € {0,1} and 7 € (0,1) and denote 7 = 7(£) (to avoid some formal
complications we assumed 7 # 0,1). The u(§) = —Inm(&) is a functional of the type (4) (see
next Theorem 1), and hence, we obtain a probabilistic example G = G(X, @, ) of the minimal
algebra.

In the following we consider the absolute differences taken from a given random process
& = (&,8&,...,&,,...) where &, are independent and take the values 0 and 1 with positive
probabilities — such & (but not their difference series) are studied, e.g., in a paper by Marsaglia
[7]. The variables &, @ &,11 also take binary values with some positive probabilities, and the
difference (of order 1) process £€1) = ( P,ﬁél), o 7&(11)7 ...) is defined as independent process
where the distribution of &(11) coincides with the distribution of &, ®&,,+1. The k-th order (k > 1)
difference process &% is defined as 1st order difference taken from £V, Our assumption that
for every 0 < k < +o0o the process £€* is independent yields that ﬂ(fflk)) are determined by
kth line of P

Theorem 1. Forn,k > 1 the following relations are true:

&P =6 bunrls Wa((Gnse o Gnni]) = Y i Inm(Ensi). (5)

0<i<k



3. Fine limits in minimal Lie algebras.

We are interested in the topological aspect of the algebras G = (X, [, ], u) — we consider the
limits of infinite sequences from X. In potential theory the Wiener criterion and fine sets are
used for studying the limits of potentials (e.g., the Cartan theorem on quasi-continuity of the
Newton potential [8, 9]). Following this, we assign some ”fine” sets (§-sets) in natural series N
and consider fine convergence (F-convergence) and fine limits (F-lim) of difference orbits. We
use potential theory terminology (fine or thin sets, etc) because of formal similarity of next
relation (7) with the Wiener criterion in the probabilistic potential theory [10, 11].

We consider the following binary codes of numbers k € N — it is a vector (so, s1, . . ., Sp—1) with
binary components s; € {0,1} (bits) for which k = >>7_ 5,27 and s, = 1. Let w(k) = 37", s;
be the number of units (the weight) in the code of k. For e C N we define

Cle) = w(k) (6)

kee

and call C(e) the capacity of e. For E C N we denote E,, = EN{k e N:2" < k < 2"},

Definition 1. A set E C N is called a fine set (§-set) if the relation

i 27"C(E,) < o0 (7)

holds. An infinite sequence x,, € X 1is called §-convergent to x,

§—lim z, =z, if there is an §—set E such that lim p(z,) = p(x). (8)
n—00 nnENs%

The C is an additive measure on subsets of [2",2""!) and C([2",2""!)) = 2". We consider
the sets B,(s) = {2" < k < 2" . w(k) < s} where 0 < s < n. Since for some cases
C(By,(s)) < const.C(0B,(s)) (when n is large and s is small; for such cases the C(B,(s)) can be
substituted by C(0B,(s)) which is equal to (7)) what is a characteristic property of classical
capacities (with const. = 1, e.g., [10]), we called C a capacity.

It follows from (6) that the capacity C concerns several notions in information theory. To
demonstrate this we identify a number k& € [2",2"!) (the segment of natural numbers, 2" <

k < 2"*1) with a vertex (sg, s1,...,8n_1) (the binary code of k) of n-dimensional cube [0, 1]".

/
n—1

If (s0,S1,---,5n-1) and (sp, s}, ..., s,,_;) are the codes of k and k', then the Hamming distance
between k and £’ is the number of such i for which s; # s;. By Eq. (6) the capacity C of B, (s) is
equal to the following sum of binomial coefficients: o(n, s) = >°;_; (7). The cardinality of B, (s)
(the Hamming volume) is also equal to o(n, s); the o coincides also with some other quantities
in coding theory mentioned in next Proposition (see, e.g., [13] for details and definitions; for
estimates of o by Shannon function see [14]). In next formulation, Vy(e) is the Hamming
volume of e, by is the Hamming bound from coding theory (the by (n, s) is an upper bound for
the size of binary s-error corrected codes of length n), and H(z) = xlogy z + (1 — x) logy(1 — )

is the Shannon entropy function (it is assumed for its argument in (9) that s/n < 1/2).



Proposition 2. The B,(s) is a ball of radius s in the Hamming metric (the Hamming ball)

centered at 2™ and the following relations
C(Bu(s)) = Vir(Bu(s)) = 2"(bu(n, s))~" = 2"H(s/m+om) ©)

hold. Particularly, it follows that the union E = \J_, B,(s,) is an §—set if and only if

o0

> (bu(n, sn)) " < o

n=1

A computation shows that there exists a union of balls E' = | J 7, B,(s,) whose radii s,, grow
to oo and such that E is an §-set. Hence, every such E with upper bounded radii s, is also
an §-set. This explains the reason of our Definition 1 — it is allowed by this Definition that
some small sets F of indices k € N can be neglected when determining the F-limits (cp. Eq.
(8)). For example, if F is a union of balls B, (s,) whose radii s,, < s, then for every k € E the
w(gff)) (Section 2.3) is a product of lesser than s different 7(&;), what implies that as a rule,
their limit as k growth to co remaining in E, does not exist. E.g., one can refer to identically
distributed &€ — here, 7(&) =, 0 < m < 1 and (&) = 72" (a self-similar structure of the
triangle IP yields that the number of units in k-th line of PP is equal to 2@()+1),

The discussed is similar to metrical statements on covering the classical fine sets by (euclidean
and non-euclidean) balls (e.g., [9]). We formulate another related metrical result from [2, 4].
For z € [0, 1] we consider infinite binary expansions x = 0.z1, T, . .. and let for k > 2 the Ej, be
the collection of such x € [0, 1] for which every segment x;, ..., x;1; of the expansion contains
both symbols 0 and 1.

Theorem 2. For every k > 2 the Hausdorff dimension D(Ey) of the set Ej satisfies the

following relation:
k

> P =,

n=1

For g-adic version of this Theorem, see [2, 4].

Definition 2. Let G = G(X,[,],p) be given, x = (x1,x2,...), x, € X be infinite sequence,

o) = [Ty ooy Tnak], and x2° be F-limit of the sequence 2P ask — co. The x™ = (x$°,25°,...)

1s called the final difference sequence for x.

Thus, it follows from (4) that if for x = (21, 29, ...) the ™ exists, then for every n
k
§— lim ZO g Tpi) = p(ay’).

E.g., it follows from (5) that for a given random process &€ the differences £€*) converge to £

iff for every n the () is F-convergent to some numbers s, € [0, 1]; then 7(£) = s,..

Theorem 3. If £ is identically distributed binary process (the Bernoulli trials), then £ is the

symmetric equi-distributed process.



The next Theorem relates to arbitrary G = (X, [,], 1), usual limits, and w-sets (cluster sets);
we remind that a set is called a perfect set if it is closed and its every point is also its limiting
point. In applications this Theorem can concern the conservative systems as well as can explain
the emergence of the Cantorian structure in the attractors of dissipative systems (see Theorem

7 for an example):

Theorem 4. Let z, € X be infinite sequence and z, = [xo,...,x,|. If p(x,) = const. > 0,
then w-set of the sequence p(zy,) is a discrete countable closed set. If p(x,) is monotone and

decreases to 0, then w-set of the pu(z,) is a nontrivial perfect set.

4. Application to dynamical systems.

We define a difference-shift transform ([2, 4]) and present some results on so-called Bernoulli
maps. We first consider arbitrary groups G = (X, [,]) defined by (3) and formulate the following

(the Proposition 4 concerns arbitrary minimal algebras G = (X, [,], p):

Definition 3. Let T : X — X be a map. The map T : X — X defined as Tx = [z, Tx] is
called algebraically conjugate to T. A map T is called commutative if TT =1T.

Proposition 3. Let T : X — X be commutative. Then for x € X andn € N

[z, Tx,..., T x] = "z, [z, Tz, ... ,'fmx] =T"x. (10)
Proposition 4. Let T : X — X be commutative and x,, = T"x be an orbit. Then if x3° exists,

then for every m > 1 the z,° also exists, and the final orbit is: x;° = T"z5°.

The algebraic conjugation differs from the topological one: e.g., the Bernoulli shift B (defined
in next Section) is topologically conjugate to so-called tent and 4-logistic maps [12], but B is

not algebraically conjugate to them.

4.1. A difference-shift map. We consider the Bernoulli shift B : = — {2z} (dyadic or
bit-shift map [12, 16]; {.} and [.] denote the fractional and entire parts of a positive number,
a = {a} + [a]) and the difference-shift map M ([2, 4]), both are defined on the segment [0, 1]

(their graphs on Fig. 1 are presented). In binary notation these maps are defined as follows:
B: 0wwy... = Owows... and M: Owwy... = 0.(w; Bws)(ws Bws).... (11)

The shift M is the sum of the identical map Fx = x and the shift B with respect to some

exotic arithmetic, M = E{B. This arithmetic is the following: considering binary expansion,
for a = 0.e169... and b= 0.0102... we define afb = 0.(e1 ® d1)(e2 D I2) .. .. (12)

Considering binary expansion of natural numbers: ¢(m) = (go,¢1,...,&,) where m = Y1 £;2"
and ¢; € {0,1}, for a,b € N we define: if ¢(a) = (g¢,...,€n), c(b) = (do, ..., k), then c(atb) =
(€0 ® 0o, -,k B Ok, Eks1,---,En) (we assumed n > k). For a,b € RT the afb € RT is a real
number for which [atb] = [a]t[b] and {atb} = {a}1{b}; for example, 511 = 4, 513 = 6, 63 = 5.
It is clear how this arithmetic is extended to arbitrary real numbers from R. This determines

an additive commutative group (R, T) with the arithmetic (12) which is not isomorphic to the



function M(X)

FIGURE 1. The "fractal” letter "M” ([2, 4]) — the graph of the difference shift M, and
the graph of the Bernoulli shift B. These maps are algebraically conjugate to each
other: [z, Mz] = Bz and [z, Bx] = Mx.

standard additive group (R, +) of real numbers. In next Proposition the group G = ([0, 1], 1)
with the arithmetic (12) is considered:

Proposition 5. For the maps B and M the relations B = M, M = B, BM = MB hold,
and hence, they are algebraically conjugate each other and both are commutative: BB = BB,
MM = MM. In addition, Eq. (10) gives the following identities:

|z, Bx,...,B"z| = M"z, [z,Mx,...,M"x] = B"x. (13)

The Eq. (13) and Birkhoff ergodic theorem (one can prove that the Lebesgue measure on
[0, 1] is invariant measure for B and for M) imply the ”a.e.”-convergence (”almost every”) of

the mean values of difference series H™ (we denote them H]gm) and Hﬁ)) for these maps:

Proposition 6. There is a positive constant C' such that for a.e. x € [0,1] the relation

n

T}Lrgo% SHP (@) =C (= /01 B(z)dz = 1/2)

holds. The same is true for the map M.

Let us consider the topological entropy of the map M. The topological entropy h(T) of
a map T : [0,1] — [0,1] concerns the ability of 7" to transform a given segment A C [0, 1]
into a number of smaller ones (for strict definition see, e.g., [15, 17]). Theorem 6 follows from
Theorem 5 and the Bowen lemma on periodic orbits ([17], Ch. 5.4]).

Theorem 5. Let p > 3 and a number 0 < x < 1 be binary-rational,

= 0.5051 . ..5p-15,00. .. (80,81, .8p-1 €{0,1}, s, =1,8,4;, =0 fori>1).
Then the orbit (M™x),,>¢ is periodic with the period T = 20°g2(P=1)],
Theorem 6. The topological entropy of the map M is positive, h(M) > 0.

The difference orbits of M coincide with its iterates, S,, = H™ = M™. As noticed in
Section 2.1, such a situation is quite common, and hence, the shift M is quite universal when
one applies difference analysis. In literature, a universality of the Bernoulli shift B in chaotic

dynamics is also noted [12].



4.2. Bernoulli maps. Let us denote Q = [0,1], X = 2% and for A, B € X define a bracket
[A,B] = A A B where A is the symmetric difference: A A B = (A\ B)J(B \ A), Then Eq.
(3) is satisfied and hence the group G = (X, A) is determined. We define the multiplication:
0A =0 and 1A = A and present the following formula:

[A[), A17 cey An] = Oéoon A al,nAl A A Oén’nAn.

Let a positive Borelian measure m on € be given, m(2) = 1. We consider Bernoulli maps:
amap T : Q — Q is called the Bernoulli map (with respect to m) if for every measurable
A C Q the relation m(ANTA) = m(A)m(T'A) holds. For A € X one can define a random
variable &4 = £4(x) which takes the value 1if z € A and 0 if x € A° and whose distribution
of probabilities is: P(£4 = 1) = m(A) and P({4 = 0) = 1 — m(A). It follows that a map
T :Q — Qis a Bernoulli map iff for every A C Q of positive m-measure the variables £4 and
&ra are independent. Then p(A) = —In|2m(A) — 1| is of the type (4) (cp. Section 2.3). Let
for a map T and A C 2 the A denotes the following fine difference attractor

AF =3 lim [A, TA, ..., T"A]

n—o0

and E4(T) denotes the w-set of the sequence m(7"A). The next Theorem provides us with
a topological criterion for a measure m on €2 to be an invariant measure for a given Bernoulli
map. It also asserts that it is either A® = Q or (under an assumption on monotony) AF = ()

(in both cases — up to a set of zero m-measure):

Theorem 7. Let T be a Bernoulli map on (Q,m) and A C Q be a set of positive m-measure. If
m(T"A) = m(A) for every n, then EA(T) is a discrete countable closed set and m(A¥) = 1. If
m(T™A) is monotone and decreases to 0 as n growth to 0o, then E4(T) is a non-trivial perfect
set and m(AF) = 0.
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A. Yu. Shahverdian
Minimal Lie Algebra, Fine Limits, and Dynamical Systems

The paper concerns a method for analyzing discrete dynamical systems, which emphasizes the
orbits higher difference structure. An abstract minimal Lie algebra, which provides us with the
axiomatic basis for such analysis, is introduced. The fine sets and limits, defined by means of
Wiener criterion (in probabilistic potential theory) type relation, are considered. Some
connections with coding theory are discussed. A difference-shift map is defined and its relation to
Bernoulli shift is considered. A topological criterion for a measure to be an invariant measure for
agiven Bernoulli map is established and aresult on fine attractors is presented.
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1. Introduction. Let S, be the group of all permutations of ann -element set. We investigate the

computational complexity of the following problems.

Problem 1 (Permutation Generation by Sets). Given a permutation ze S, and a collection of
sets X,,...,X, of permutations from S,, decide whether = can be expressed as a composition
T =0,0,...0,,Wherec; e X;,1<i<m, and if the answer is positive, find the permutations o;.

This problem is obviously in NP, as a sequence of o,,0,,...,0,, can be guessed from respective

sets and easily tested forz =0,0,...0,,. The number of guesses grows exponentially, as it is equal

m

o] JIx,

i=1

, where |Xx,| stands for the number of elements in X,. We construct a polynomial-time

reduction from the Subgroup Distance Problem (see[1,2]), which is well-known to be NP -complete.
This proves NP-completeness of the Problem 1.

Problem 2 (Permutation Knapsack). Given a permutation zeS, and a sequence of
permutations o,,0,,...,0, from S, , decide whether there exists a subsequence X of indeces, say
i <i<...<i, thatr =0, 0, ...0; , and if the answer is positive, find X . (Note that X may have any

lenght between 1 andm )
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This problem is also in NP, as the sequence of indeces X can be guessed and the condition

z=0,0,...0; tested in polynomial time. The number of possible guesses is exponential and is equal

to2™. We prove NP-completeness of this problem by construction of a polynomial-time reduction
from the Monotone One-In-Three 3Sat problem , which is NP -complete (see [3,4]).

We show by restriction that the Problem 1 contains the Problem 2 as a special case, which
corresponds to an instance of the Problem 1 with |X;|=2 for eachie {1,2.....m}. Thus, the Problem 1
remains NP -complete even in case all sets X, consist of exactly 2 permutations.

2. NP -completeness of the Permutation Generation by Sets.

Definition 3. The Cayley distance d(z,0) between permutations = and oe S, is the minimum
number of transpositions which are needed to change = to o by post-multiplication, i.e.

d(z,0)= min{n|0' =700, ... Py, Py 1S A transposition} .
The distance from a permutation r to a subgroup H <S, is defined as gg} d(r,0).

Problem 4 (Subgroup Distance). Givenze S,, a set of generators of a subgroup H <S,, and an
integer K , decide whetherd(z,H)<K .

It was first proven in [1] that the Subgroup Distance Problem is NP -hard and, subsequently, a
much simpler proof of NP- completeness was given in [2].

To prove NP-completeness of the Problem 1 we use the well-known algorithm of Sims that

constructs a set of "strong" generators for a permutation group given by a set of generators (see

[5,6]). Let a subgroup G<S, is given by a set of generators7 . Sims's algorithm (also known as

Schreier-Sims algorithm) constructs in polynomial time a sequence of sets of permutations

Y,.Y,,....,Y,_, such that any permutation in G can be uniquely expressed as a composition g,0, ...0,_;,
where o;eY,1<i<n-1. Note that each Y, contains the identity permutation. The collection of sets
Y,.Y,,....Y,, is called a set of "strong" generators for G. Having this set of generators one can easily
test whether a given permutation from S, belongs to G.

Theorem S. The Permutation Generation by Sets problem is NP -complete.
Proof. As stated above, for the reduction we use the subgroup distance problem. So consider an

instance of subgroup distance problem, consisting of a given permutationze S,, a set of generators
of a subgroup H <S,, and an integer K . In order to transform this instance to an instance of the

permutation generation by sets problem, first we apply Sims's algorithm to the set of generators of

H to obtain a set of "strong" generators -Y,,Y,,....Y, ;. This is done in polynomial time. We denote
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by Z the set consisting of the identity permutation and all transpositions in S, . Obviously|z| = 1+(Zj .

Now we define m=n-1+Kand X,=Y, for 1<i<n-1 and X;=Z forn<i<m. It can be readily

verified that the size of X,,...,X,, 1s polynomial. Thus = and X,,...,X, form an instance of the

permutation generation problem. Any composition of the form o,0,...0,, whereo, € X;, 1<i<m,
can be split into two parts - ¢,0,...0,, and o,...0,,,_, . The first part represents a permutation from
H and each permutation from H can be obtained this way. The second part represents a composition
of not more than K transpositions and any composition of K or less transpositions can be obtained
that way. It is clear now that
dr,H)S K & r=0,0,...0,,0;,€ X;,1<i<m.
3. NP-completeness of the Permutation Knapsack.

Problem 6 (Monotone One-In-Three 3Sat). Given a conjunctive normal form D over the set of

q
Boolean variables x,x,....,x,, such thatD= AK;, where each clause K; consists of exactly 3
j=1

different literals, which are simply variables, i.e. there is no negation, decide whether there is a

truth assigment to the variables such that each clause K; has exactly one true literal (and thus

exactly two false literals).
Theorem 7. The Permutation Knapsack problem is NP -complete.

Proof. Consider an instance of Monotone One-In-Three 3Sat problem, consisting of variables

X5 Xp5enes X

q
, and a conjunctive normal form D= AK;. To transform this to an instance of the

j=1
Permutation Knapsack problem we set m=p and n=3q. Construct the permutation z that acts on
{.2.....n} as follows. For each j=12,..49 define M; as {3j-23j-13,}; therefore
{L2....n}=M UM, U...uM, and the union is disjoint. We define z to act on M; as a 3-
cycle(3j-23j-13)), i.e = performs a cyclical shift on M,,1< j<q. Permutationso;,1<i<m, are
defined as follows: o; acts on M; as a 3-cycle (3j-23j-13)) if x € K; and fixes all points in M
ifx;e K;,1<j<q. Thus, o, performs a cyclical shift on M;-s that correspond to the clauses
containing x; and fixes all other points. Note that for each j there exist exactly 3 permutations o;

L

that cyclically shift the point in M ;.
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Let f:{x.x,.....x,}] >{0.1} be a truth assignment such that each clause K, has exactly one true
literal and fx)=f(x)=...=f(x)=1 and f(x)=0 for the rest of the variables. Consider the

compositiono; o, ...0; . For each je{l,2,...,q} exactly one of the variables x,,x ,...x say x

LI R

belongs to K, hence o; shifts cyclically the points in M ; and all other permutations o, ,...,0; fix
those points. Therefore for each je{1,2,...,4} the composition o; o; ...c; performs a cyclical shift on
M; and so z=o0,0; ...0; and this presents a solution of the instance of the Permutation Knapsack

problem.

Now assume thatz =0, 0, ...0; . Define the truth assigment by settingx, =1 & e {ijiy,...;, } . It
can be readily verified that for an arbitrary j exactly one of the permutations o; .0, .....0; cyclically
shifts M; and the rest fix all points inM . Let this be o, . This means that x; is the only true valued
literal that belongs to K; and so K; has exactly one true and two false literals. Therefore, the above

truth assigment solves the instance of the Monotone One-In-Three 3Sat problem.
Theorem 8. The Permutation Knapsack problem can be reduced in polynomial time to the

Permutation Generation by Sets problem with |X,|=2 for each ie{1,2,...,m}.
Proof. Let = and o,,0,,...,0,€ S, be an instance of the Permutation Knapsack problem. For
each ie{1,2,....m} define X; ={o,,e}, where e stands for an identity permutation. Then the instance

for the Permutation Generation by Sets will be z and X,,X,....,X,,. Obviously, 7=0,0, ...0;, &7

I

can be represented by a composition of permutations from X,,X,,...,X,

Corollary 9. The Permutation Generation by Sets remains NP complete even if each X,

consists of 2 elements.

Yerevan State University

A. A. Alexanian, A. V. Soghoyan

On NP-completeness of Some Permutation Generation Problems

We investigate the computational complexsity of two problems concerning permutations:
finding an expression for a given permutation 7 € S, as a composition of permutations 0,0, ...0

Y m?

taken from the given sets of permutations o, € X,,...,0, € X, , or as a composition of

permutations P, p, ...p0, , I <i, <...<i,, picked from agiven sequence of permutations
PisPose-s P, - We prove NP-completeness of the both problems and show that the first problem
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contations the second one as a specialcase, which correspondsto an instanceof the first problem with
|X l.| =2 foreach ie {1,2,...,m}. Thus, the first problem remains NP-complete even in case all sets

X, consist of exactly two permutations.

U. U. Ujkpuwiyul, U. 9. Unnnjut
Stnunpnipjnibutph sudwb npny jpunhputph NP-nhynipjut JEpupkpyug

Zbnwgnuuynud £ wbnungpnipnitubphtt Jepwpbpnn  Gplynt  jughpubph  hwpynquljut
pupmpniip gk wpws 7€ S, nknunpnipul tkpljujugnidp nplus nkqunpmpnibikph
puqunipiniuitphg yipgws o, € X,,...,0,, € X, wmbknunpnipjniuutph 0,0, ...0, wpunwunpjuih

I

wbtupny, b wpqus p;, P,,..., P, wknuopmpnibbutphg pnpdws p, o, ...p; . i <i, <...<i,
wpunungpuh mbkupny: Uywgnigynid k Gplnt jpughpubph NP-1phynipjniup b gnyg k wipynud, np
wnwoht fnunhpp wupnibwlnwd k Epypopnp npytu dwutwynp glwyp, npp hwdwyuwunwupuwinid
E wnwoht juunph tdniphty, npnid |X l.| =2 pnmop i€ {1,2,...,m} hudwp: Ujuyhuny, wnwght
huunhpp dunwd £ NP-1phy unyuhul wyt ghypnud, Epp pnnp X, puqunipnibubpp yupnibwynid
Eu &hown Eplnt vnwpp:

A. A. AnekcansH, A. B. Corosin
O0 NP-1ioJIHOTEe HEKOTOPBIX 32/1a4 FreHepaluu MOJACTAHOBOK

I/IccnenyeTca BBIYUCIIUTCIbHAA CIIOKHOCTb ABYX 3aJad, KacCcaromuxcCsa IIOJCTaHOBOK:
BBIPpAXXCHUA 3aJJaHHON MOJCTAaHOBKU T € Sn B BUAEC NPOU3BEACHUA IIOACTAaHOBOK O,0,...0,

m?

B3ATBIX U3 33JaHHBIX MHOXECTB IOJICTAHOBOK O, € X,,...,0, € X, , WIK B BUJE NPOU3BEACHHUS

NOJCTAHOBOK P, P, ...0; , I <Iy <...<i;, BbIOpPaHHBIX M3 3a/@HHOH MOCICAOBATEILHOCTH

ik
HOJACTaHOBOK P, 0,,..., P, - Jokazana NP-nonHoTa o0eux 3ajay U MOKa3aHO, YTO MepBasi U3 HUX
COJIEPUT BTOPYIO B BHJIE€ YAaCTHOIO Clly4asi, COOTBETCTBYIOUIETO 3K3EMIUISIPY MEpPBOM 3adauu C
|X i| =2 11d BCceX [€ {1,2,...,m}. Takum oOpaszoMm, mepBasi 3amada octaercs NP-TIOTHOW Jaxke B

CJIydac, Korja BCC MHOXKCCTBaA Xi COCTOSAT B TOYHOCTHU M3 ABYX IMOJACTAHOBOK.
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MEXAHHUKA
VIIK 539.1

A. H. Maprupocsn, A. C. lunyHnu, A. B. /laBTan

HecTranmonapHasi 3aga4a o 3a/ie4MBAHNH TPEUIUHBI, ABHKYIIEHCS €
NepeMEeHHOH CKOPOCTHI0

(ITpencraBneno un.-kop. HAH PA A. I'. barnoessim 1/VII 2011)

KiroueBble ci10Ba: Mmemod c8epmoK, OBUNCYWUEC MPEWUHbl,  CMEUAHHbIe 2PAHUYHBLE
3a0ayu.

B Hacrosiien craTtbe UCCIENYIOTCS HECTAMOHAPHBIE CMEIIAHHBIE 3314l IS MOJIYIIJIOCKOCTH,
KOI'/Ia TOUKa pa3jena I'paHUYHbIX YCIOBHI JBUXKETCS C IEPEeMEHHOM ckopocThio. PaccmarpuBaetcs
MOJTyOECKOHEYHAsl TPEIINHA, B KOTOPOW COJEPIKHUTCS JKUIKOCTh C MPHUMECSIMHU U Kpail KOTOpou

JBMDKETCS 110 TIPOU3BOJIBHOMY 3aKOHY x=/(7). B IpaHMYHBIX yCIOBHAX YYMTBIBACTCS HAPALIM-

BaHHe IPaHMLBI TPELMHbI; IOKA3aHO, YTO HA Kpae TPELMHBL, T.e. pu x — £ (1), ocoGeHHOCTel He

nMmeercs. [IpuBeneHo pemieHne 3a1a4u HapaluBaHUsl TPAHUIIbI TPEUIUHBI, Kpail KOTOPON JBUKETCS
C IIPOU3BOJIHON CKOPOCTHIO, MPHU HAJIMYUM M3HOCA B U30TPOITHOM YIIPYrou cpene.

[IycTh kpaii MONYOECKOHEYHOW TPEUIMHBI, B KOTOPOM COJEPKUTCS >KUIKOCTH ((ironm) ¢
MPUMECSIMHU, BUTAETCS MO MPOU3BOJBHOMY 3aKOHY BIIOJIb OCHM x B M30TPOIHON yrnpyroi cpene. B
ClIy4yae HYJIEBOM CKOPOCTH ABWXKEHUS Kpas TPEUIMHBbl 3aJada HapallMBAHWS TPAHULbl TPEILIWHbI
AHAJTMTUYECKH M YHCICHHO HccienoBaHa B [1, 2], ¢ oOCyKIeHUAMH BO3MOXKHBIX TMPHUMEHEHUH
pe3yNIbTaTOB K TeoTepMajbHbIM, TEXHOJOIMYECKHM, OMOJOTMYECKUM TpeuuHaMm. Bmecte ¢ Tem
MPEJICTaBISIET MHTEPEC M3yYeHUE COOTBETCTBYIOIIMX 3a]ad 3aJICYMBAHUS TMOJOOHBIX MOJIOCTEH U
pa3IoMOB, YCIIOBHO Ha3biBaeMbIX B [1, 2] TpemuHamu, Kornaa, kKpome noroka ¢monna B aux [1, 2],
UMeeTCs ABI)KCHHUE CaMOTo Kpas pas3iioMa ¢ MPOU3BOJIBHON CKOPOCTBIO, MPUYEM MOJO00HOTO poja
3a/la4 pacCMaTpUBAJINCh B Pa3HbIX BapuaHTax B [3].

PaccMOTPHM CIIEYIONIYIO 3314y, KOI/a FpaHHYHbIe yCI0BHs uMeroT B (y = 0)

0,=0-cc<x<oo; V=0, x>It),
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a‘/+{1{(612—2l)2)[)+§}al]+([{612 +§javz—i0H(_x—f)H(l—T),X<l(t),§<l(f), (1)
ot P, ox P, ,

riae [(t)—3aKoH JBMXKEHHs Kpas TPEeUMHbI, K —K03((UIMEHT BepTUKanbHOro n3Hoca. IIpu =0
MMEEM HYJIEBbIE HaudalibHble ycnoBUs. Pemenue 3amaun (1) wWImercss METOAOM HWHTETPajIbHBIX

npeoOpaszoBanuii Jlamnaca mo ¢+ u @ypee mo x. O6o3HaumB uepe3 U,V mpeobpazoBanus Jlammaca

mo + or U,V wuuepe3 U,V mnpeobpazoanust ®ypee nmo x ot U,V , pelneHne 3ajayu UIIETCS B

BUJIE
U’V = Z j elax+lﬁ’l}yU n;Vnda b (2)
n=1 _
§ = —i@w— mapamMeTp npeoOpa3oBaHus Jlamiaca 1o t 1 UMEIOT MECTO COOTHOLICHHUS
_ : _ —_ 7 = — ~ _
B, = (0—2—(X2,c1:a,62:b,V1 = ﬂflUl,VZZ—iUz- (3)
cn a ﬂZ
IToncrasisist (2) B rpaHuyHbIe YCaoBuUs (1), moIydynM ypaBHEHHE
Q =ic,R (a)B,V . (4)
I'JIe UCTIOJIb3YIOTCSI 0003HAUEHUS
= TT _yaf 0V oU oV
Q= ||| —+K,—+K,— |dtdx , (5)
;[o '([ ( ot ? ox > dy

_ B+’ vk, (Bi-o - 2B B, )+ k.02 (B (Bo- )+ 2B,
k(@)- ,
o°B,p,C,
Co=(K,+ Kz)bzg_z’K2:M+f, KﬁKizhf.

(DYHKHI/IH R Ez) B KOMIIIEKCHOM INUIOCKOCTH (X HUMEET JBa YMCTO MHHMBIX W ABa BCIHICCTBCHHBIX

— (0]
KOpHS: O3 =+ —
a

— . — — .
o, 5, 024 =i;lO€2’4;OCI,O(,2 €ER n R(a)el npu « — . Ilocne BeIOOpa BeTBEl
yukmit B,, ucnons3ys Teopemy Bunepa -ITanu [4], monydaem dakropusaiuo QyHKIAT R(Ez) B
CJIEIyIOIIIEM BUJIE:

O Gl i)

_ (‘Bi&j% (‘”i&j%
a b

rie R(a) M R (o) ~aHaTMTHYECKHE W OTIMMHBIC OT HYIS (YHKIMH, COOTBETCTBEHHO, B

(6)

OJYILIOCKOCTSIX Im(&) >0 U Im(&) <0. Torna ypaBHeHue (4) IpUMET BUJL

=5.5.Q, %

<l
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= (epra)(ofava)t

e T s wn, /o) (o win,/a) " (),
—\( = =\

E_: 1 (w/b—oc)(w/a—oc) _ Gjl(a),

i€, (&—wal/a)(a—wiaz/a)

6 ()= Exp| L [ arerg LLENE U206 K)ONE a0 0t |51
T (KS(cz—l)—K2§2)(2§2—52/b2) {-aa/o S.

BaxHO OTMETHUTB, YTO OCOOBIE TOUKH ()YHKIHH S. HAXOIATCS, COOTBETCTBEHHO, B HIKHCH M
BEpXHEH MOTYIUIOCKOCTU. Boruucisiem opurunanst S, (¢, x); P, (¢, x) o ¢hopmyie oOpaiieHus

(o7} +ico
ds

f([,x)z (s Oc)exp(st—zocx)doc 9)

G —iee

[TpowusBenast BO BHyTpEHHEM HHTETPAJIE TOJICTAHOBKY o= (Doc/ a Y UCTOJB3YS TPEICTaBICHUE
' T (=A)= [ 17" exp (=st,)dt,, A = 0.5;1.5, (10)
0
s S (¢, x); P (t,x) MOXHO 3aucaTh

'“0“‘” R (a/b a)ﬂG () yexp[S(’_tl_Oﬁx/a)}d’m (1D

S, (1.%)
47” i S 0 L(— (a—o,)(a—oi)t >

Hurerpan B (11) mo mepemMeHHOM s naer S—q)yHKumo OT apryMeHTra t—tl—ocx/ a. Boruucmsis
UHTETpal OT S(t—tl—ocx/ 5) GyHkuMM 1o mnepemeHoi f,, ¢opmyny (11) MOXHO IpHUBECTH K

CIIEyIOIIEMY BUAY:

5 G )_\/Tw (a/b-a)V1-aG ' (a)da

T (-0.5)a (0 - o, ) (0 - Ocl)(t—ocx/a)

Tak kak mpu x>0 MOABIHTErpaJibHOE BhIpakeHHEe B (opmyne (12) sBisieTcs aHATUTHYECKOU

(12)

¢yHKIMEH OT mepeMeHHOW (L B BEPXHEH MOIYIUIOCKOCTH IUIOCKOCTH O, MOXHO J1e()OpMHPOBATH
NyTh UHTErpUpoBaHus B Gopmysie (12) B HUKHEH MONYIIIOCKOCTH TUIOCKOCTH O Tipu x>0. Toraa

MOXXHO 3a11ucaTb

2HW A fa )P Nileb-a)Va-16" (@)de
S, (t,x)= . BIH( 1] | r(—O.S)\/;(OC—Ocl)(a_azi) t—ox/a

X
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5 2i (a/b ocz) J—1G7 (i) g 21x/_(a/b oc)«/ oG
a’F(—O.S)\/g(oczi \/t—oclx/a atl" -0.5 \/_(OL OCZ)\/I ch/a

.(13)
YT0o0B! 00JErYMTH NaNbHEHINME BBIYUCIEHMSA, QyHKUUHM G, (a),G; (0t) MOXKHO NPENCTaBUTL B

. 4, .
HECKOJIbKO MHOK ¢dopme. Pynmkuun G, (o),G,' (o) ABIAIOTCS aAHAIMTHYECKMMH Ha BCEH
KOMILIEKCHOU TMOJYIJIOCKOCTH O 3a UCKJIFOUCHHEM TOYEK, MPUHAICKAIINX pa3pe3aM [il;iﬁ/b].

Ecnn 3aMKHYTBIE TMHUM OXBATBIBAIOT Pa3pesbl MO OTACIBHOCTH, TO 3HAYCHUS aHAJTMTUYECKUX BO
BHEIHEH 001acTu (yHKIMNA ONpenesioTes X TPaHUYHBIMU 3HaUYeHUSAMH 110 popmyne Komm s
HEOrpaHMUYEHHBIX 00acTei

6. (@)=1+ 5 [ 98¢ 6 (@) -1e L [SLG),

C-a 2nis C-a

Kontypsr C, o0xonsTca mo vacoBoi cTpeinke. Jlepopmanueil KOHTYpOB Ha BELIECTBEHHYIO OCb

HOBBIE BBIpAXKEHUS 1151 QYHKIMM IPUBOAATCS K CIEAYIOIIEMY BUAY:

fF (u)du /F (u)du

_ -1 _ 2
G,(a)=1+ = .G ; (oc)_1+{—uia , (14)
rac
—2
K,-K
LBIZZ_FZZESMZBIBZJ
Fy(u)= G (u)

n (B:Zﬁ 2K2:K3u2[sfsz} +(¢ —65)2[’%(61‘)2 —K—j

a

F,(u)= 2
m (Bj;'er 2K2£K3MZBTBJ +(§2—B§)2(a—3(l3f)2—%u2j

Br (1) = VT LB () = \fu = Lo

B ¢opmyne (13), npousBeas MOACTaHOBKY y =~/0—1 / \/t—ocx/ a W ucnonb3yda teopemy Komwu o
BBIUETAX, MOXXHO TIIOCJIE HECKOJBbKMX MpeoOpa3oBaHuil (MHTETPUPOBAHUE IO YaCTIM H
Iu(pepeHMpoBaHue 10 MapaMeTpy Mo 3HAKOM MHTEerpalia) MojJyduTh

o 2iiH(x) @ (é_j o (afb-u)Nu=1F,(w)du 1
) [(-0.5)Vx 9 " ! a,/x(u—ocl)(u—oczi)\/u—at/xH( j -0

b x
AHaNOrHYHBIM 00pa30M MOXHO TOJYYUTh BEIPOKCHHE JUISl OpUTUHANA P, (t, x) :

X
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L (a )l E/b)(ai—é/w(_“/bmw J 1)
P (t,x)= NNt H(x 1}[ W\/a/bl 1 !E/b_udu H( j

x(l-a/b+ oy +oni) b o) ai) (e (1 o
Ja \/_IF(M)dM Z!.;a/b—u)\/u—h/u—gt/xH(b XJ ’

a Gynkuun S (f,x); P (¢,x) MOJIy4aroTCsi, COOTBETCTBEHHO, OT S, (,x); P.(¢,x) 3aMEHOW X Ha —X H

yMHOKeHHeM Ha moctosHuble 1/iC, u iC,. lpencraBum usoOpaxenns GyHkuuit Q(z,x);V (1, x)
(0o003HaUEHUS UX 3(5,(1);‘7(5,&)) B BUJIE
Q=0.+Q, V=V.+V_, V.=0, (16)
rie 3+ (t,x) ;3_ (7, x) - HE U3BECTHBI U MOUIEKAT ONPEIEIICHUIO.
st opurunano (¢, x);V (t, x) umeem
V(t,x)=V,(t,x)H (x—1(t))+V_(t,x) H(I(t) - x);
Q(1,x)=Q, ( x)H (x=1(1))+Q (1. x)H (l(t)—x)-

(
3nece Q(t,x)=Q (t,x) mpu x>I(r), ( ) npu x<I[(t) He u3BecTHbl. U3 dopmynsr (15)

7)

HETPYAHO 3aMETHUTbh, YTO QYHKIUS S (s,a) TaKOBa, YTO yKa3aHHas BbILIE (aKTOpU3ALUS TPUBOIUT

K QyHKIUAM ?i ,T)i , OPUTHHAJIBI KOTOPBIX YAOBJIETBOPSIIOT YCIOBUSIM
S+(t,x) = P+(t,x) =0 npu x<bt,
S (t,x)=P (t,x)=0npux>-bt ,~b<i(t)=dl/dt<b. (18)

[MoncraBnsss (15), (16) B (17) m yuutbiBas (18), MoxHO, Kak B [3], MoJyduTh pelieHUE
MOCTaBIICHHOM 3a/1a4¥ B JOpMe CBEPTOK MO x , ¢ B BUJE

V=S #x[ (S, #%Q — P #*V, ) H (I-x+0)],
Q, =P, #x[ (S, #*Q — P **V,_)H (x—(+0)]. (19)
Tockonbky u3 (1) umeem, uro Q. =—iH (x—&)H (t—1)/p,,x < (1), moxHo ¢ yuerom (15)

IpeACTaBUTh S, **C) B BUJE

S, #xQ_ = —;ij [$.(¢,x)H (x=x'=&)H (1=’ = v)dr'dx’ =
s —oo 0

=%H(x—§)\/EH(T—I) l_aj.”(g/b—u)\/msz(u)duH[a j |

(u—ocl)(u—oczi)u

(20)



Ioncrapinss Belpakenus S, **Q u S _(t,x) B (19) c yuerom (16), mocie rpOMO3KUX BBIUUCICHUH

II0JIy4aeTCst

Zi() (x_ é)
psCOTC

V.=-

Re(A(Ill+112)+121+122+123+124)’ (21)

rae

@-T) -89, 2duri "

S R (O | x—§&
a a \/_ 0 — u+h
b b L) =x)@Ju— U Au— P
L, ==[F(h) [ F, (u) ()= oL :+ l; (g—l)H(b—ngudh
1 L u(x—§)+( ( ) E_,)(A+ j + u—l1
a . 0, - u+1 ~
112=jF4( )| (0)-8) L

0, + u+1
0 u—L,

_,_.b[()\/—\/JT 1 IE_H

—

H(1-L,)du,
u—-T 2Ju +1 Il‘\/T+1_’_\/u+1 ( o) du
T -1 ~1
a T+h
I :TF(h) 1p|e/i=1], ok H( IRy =) Lan
21 3 B
i 2 (Pnf+1| 1-9th ‘\/T+h ‘ h+1

\/(”“‘Z‘)(bT‘a)(“h) Ll \/ TT—EZ) _\/ uu——%;lb
(a+hb)(T-u) — Au+h \/T+h \/u+h

(1—11)H(T—Z%Jdudh,

alb \u—alb
A A \/( —1)(T+h)(T—1) 1 ‘\/THZ u+h‘
124——_!'F3(h)£F4(u) (h+1)(T —u) 2\/u+h |\/T+h Z+;z i (1= L,) dudh.
u 1
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d (;/b—u)\/u —-1F, (u) du
y du (=0, )(u—a,i) Nu —h
_ (;/b—u)x/u—l(u—T)F2 (u)

(u—ot,)(u—oyi)u

!
w
~
=
N
Il
— R

b

b

1e.)=8 | _al =) Iy =L} =h
RN

n

afb (E/b - u)F2 (u)du

A=1-|

L (u—a)(u-a,i) '

Kak BHIHO n3 mocnenneii GopMyisl, npu x — /(1) 0coGeHHOCTEH HE UMEETCS, UTO B IPYTUX
3a/layax CTaTHKW W JUHAMUKH U3BECTHO U3 perieHuit pador [1, 2, 5].

Jid HemoABM)KHOM TpPEUIMHBI yKa3aHHas 3ajada peuieHa B [2], MOJy4yeHO BEPTUKAIBHOE
nepeMeleHne cpembl Ha TpemmHe V(f,x), 3amMcaHO BBIPAKEHHE MONYUIMPHHBI TPEIIHHBI
b(t,x)= b, +V(t,x) ¥ anCIICHHO pelleHO ypaBHEHHE b, +V(t,x) = 0, openensirouee mporecc x, ¢

3a]€4uBaHus A MAKpOTPEIIMH C HadaupHOW noaymupuHod b, =0.lcm, b, =1cm u

MUKPOTpEIMH C b, = 107 cm. TIo MOCTPOEHHBIM TpauKaM x = x(t) JUISL Pa3IMYHBIX MOCTOSIHHBIX
nmponeccoB B 6I/IOJIOFI/II/I, CeﬁCMOHOFHH, TCOTCpMAJIBHBIX W TCXHOJIOTMYCCKHUX TPCIIMH YOAJI0Ch
BBUSICHUTh MX NPSIMOJIMHEMHBIN XapakTep [UIsi MAaKpOTpEUIMH M Halu4Hhe CYIIECTBEHHO
KPUBOJIMHEMHOW YacTH Uil MUKPOTPEIIUH, NMPUYEM HAKJIOH dx/dt mjis MakpOTPEIIUH HAMHOTO
Oospilie, 4YeM IJii MHUKpPOTpemuH. Mcmonb3ys Meron HEIWHEHHON BOJHOBOW JTWHAMUKH IS
ONMCAaHUSI CTAaTUCTHKU [6-8] yKa3aHHOro mpolecca 3aje€yuBaHus [2], COTNIACHO KOTOPOMY IO
cpenHel KpuBoil mpomecca x = x(f), MOXHO oONpenensTh XapakTep €ro JAeTePMHUHUPOBAHHOCTH
COTJIACHO YPaBHEHUIO [2, 9]

dxldt=a,+yPl2, (22)

TA€ d, €CTb OTHOCUTEIBHO MaJIbIi HAKJIOH KPUBOU xzx(t) Ha TPEIBAPUTEIIBHON JTMHEWMHOMN

JATEHTHOM xaoTwuHOM [2, 9] wacTu mpomecca, a NOJHOE YypaBHEHHE (22) XapakTepusyeT
HEJIMHENHBIM I0YTH JETEPMUHUPOBAHHBIM IIPOLECC B OKOHYATEIBHOM CTaJuU €r0 pa3BUTUSL.

[IpuueM eCTeCTBEHHO IO CaMOii TOCTAHOBKE 3a/[auM ¥ 0 IPSMOIHHEHHBIM rpadukam x(r) cunrats

182



JUIS. MAaKpOTPEILMH BEPOATHOCTh P =1, TOrna HaXxOAUTCS MOCTOSHHBIN HENMHEHHBIN KO3 PHUIIHEHT
¥ IUlsl BCeX IpolieccoB [2], a 3aTem omnpeaensercs 1o (22) BepoaTHOCTh P << 1 1uisi MUKPOTpPELLIUH,
T.e. MPOLECC I HUX SBISETCA XAOTUYHBIM. Te K€ HCCIeNOBaHUs NPUMEHSIOTCS HaMu IS
JIBWKYIIUXCS M0 MPOU3BOJIBHOMY 3aKOHY TpPELIWHAM, JJIsI KOTOPBIX V(t,x) naetrcst (21). B3sas B
KadecTBe /() TMOJYyYEHHYIO HAMH aHATUTHYCCKYIO (OPMYIy JJIS MIPAKTUUECKOW KPUBOMU, JAaHHOU B
BUJIe TpaduKa pacmpoCTpaHsIomencs Makpockonmuyeckod TtpeniuHbel B [10], ymaeTcs mpoBecTH
AQHAJIOTUYHBIA METOJ MOJMYyYCHHs KPUBBIX 3aJICUMBAHUS ABIKYLIMXCSA TpeulnH QuronsoMm [2] u ux
CTaTHCTUKH.

CrnenyeT OTMETHTb, YTO OOpaTHBINA mIporecc GOpMUPOBAHUS MaruCTPaIbHBIX MaKpOTPEIIMH
IIOCJIE PE3KOI0 MEPEX0aa OT XAOTUYHBIX MUKPO- U ME30TPEIIMH K AETEPMUHUPOBAHHBIM MAaKpOTpe-
IIMHAM SIBJISIETCS aKTyaJlbHOW 3ajaueil MexaHuku paspyuieHus [10-12], npuuem yka3zaHHbIE Iepe-
XOJIbl SIBIISIFOTCSL TUMMYHBIMU TPUITEPHBIMH (Pa30BBIMH MEPEXOAAMHU, AHAIOTUYHBIMU TE€HEpaIUH
JIA3epHOTO M3ITYyYCHHS, CBEPXITPOBOJUMOCTH, OOJBIIMHCTBY OMOJIOTHYECKUX mporeccoB [7, 13].

[Ipu 5TOM yKa3aHHBIE MEPEXObl MOKHO U3y4aTh METOJaMH HEJIMHEWHOW BOJIHOBOW ITMHAMUKHU [2].

I'opucckuit rocy1apCTBEHHBIM YHUBEPCUTET

A. H. Maprupocsn, A. C. lunyHnu, A. B. /laBTaun
HecraumonapHasi 3aaa4a o 3ajieYMBAHUM TPEUIUHbI, JIBUXKYIIEHCS C IepeMEeHHOH CKOPOCThIO

MeTonoM CBEPTOK pelIaeTcss 3aJadya O HapalluBaHWU CJIOS NPUMECEH, COICpXKAIIMUXCSA B
XKHUIKOCTH ((ronze), mocTynaromeil B 1moiyOeCKOHEUHBbIH TOHKMH pa3jioM B BHJE MOJIYHOJOCHI
(TpelMHBI), Kpail KOTOPOU ABUMKETCS C MPOU3BOJIBHON CKOPOCTHIO B TEPMOYIIPYTOM MIIOCKOCTH.

U. L. Uwpunphpnuyui, U. U. Fhuntug, U. 9. Tfudpjut
Onihnluwljut wmpugnipjudp supdynn &wph pniddwtt ny winwghntiwp jainhpp

Qupnyputph dbpnnny msjws b obpdwwnwdquijuit hwuppnipjut dky Jhuwwudbtpe

pwpuwl stkpwnh (fwph) pniddwt juunhpp tkpu pwthwignn htnniy-ppwntunipnubph dheongny, tpp
&wph tqpp pupdynid £ judwyulwb yEppuynp wpwugnipjudp:
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A. N. Martirosyan, A. S. Dinunts, A.V. Davtyan
The Unsteady Problems on Healing of Crack Moving with Arbitrary Velocity

By convolution method the problem of healing of moving with the arbitrary velocity semi-

infinite thin fracture (crack), by current of mixture of fluid-cristallines in it, within infinite thermo

elastic media is solved.

bt
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KousebaTenbHble mpouecchl U uX OndypKanum B CUCTEME IJIA3MA—KOHAEHCAT
¢ 00paTHBIMH CBA3SIMHU

(ITpencrasneno akanemukom J[.M. Cenpakstnom 16/12012)

KuroueBble cji0Ba: g3aumooericmeaue niasmol ¢ HOBEPXHOCbIO, HANbLIEHUE, IPO3Us,
HeluHeuHas OUHAMUKA

1. Ilpu mony4yeHWHW TOHKUX IUIEHOK HEKOTOPHIX MarepuajioB [1-3] B HMOHHO-IIIIa3MEHHBIX
YCTPOMCTBAaX pEILIAIOIIee BIUSHUE HA CBOWCTBA IIOJYYEHHBIX TOHKOIUIEHOYHBIX CTPYKTYp
OKa3bIBAIOT JWHAMHUYECKHE (DAKTOphl pocTa. J[MHAMHUYECKHE TEXHOJOTHYECKUE PEXUMBI pOCTa
MO3BOJISIIOT IMOJIYYUTh TOHKHE IJIEHKM C BEChbMa HETPUBUAIBHOM AapXUTEKTYpOM MOBEPXHOCTH M
o0BbemMa. ITO HK30TUYECKHE aXKYPHBIE BHICOKOTIOPUCTHIE CTPYKTYPhl METAJIJIOB U MOIYIPOBOJIHUKOB
HU3KOH Jerydectu [1], HAHOKOMIIO3UTHBIE AIMA3HO-IPAa(UTOBBIE MaTEepHalbl C PErYIHPYEMOM
KOHIIGHTpalMel U pa3MepamMH BEpTUKAJIbHO CBA3AHHBIX KPHCTAIUTOB [2], CHHYCOMOMOOHBIE
00pa3zoBaHusl ¢ U3MEHSEMBIMHU TEPUOJOM W JIMHEHWHBIMH pazMepamu [3], apyrue oOpa3oBaHus Ha
MIOBEPXHOCTU U B KOMIIO3UTHOW MATPUIIE HAMTBUISIEMOr'0 BEIIECTBA.

OKCIIEpUMEHTBI  MTOKA3bIBAIOT, YTO IIPOLECCHl MAacCONEPEHOCa B  HMOHHO-IIa3MEHHBIX
YCTPOMCTBaX B OKPECTHOCTH POCTOBOM IOBEPXHOCTH JEMOHCTPUPYIOT JOBOJBHO CIIOXKHYIO,
HEYCTOMYMBYIO JHWHAMUKy. Takoro poja JIWHAMUKa 3a4acTyl0 MOPUBOAUT K  IUIOXOM
BOCIIPOU3BOJUMOCTH OJKCIIEPUMEHTAJIBHBIX M TEXHOJOTMYECKUX pEe3yJbTaTOB poOCTa IUIEHOK,
IPUPO/Ia KOTOPOU 1O KOHIIA HE BBISICHEHA.

HerpuBnanpHas naMHaMUKa poOCTa TOHKMX IJIEHOK B HMOHHO-IJIa3MEHHBIX YCTpOMCTBax
00yCIIOBJIECHA B OCHOBHOM B3aMMOJICHCTBHEM JBYX CYIIECTBEHHO HEPAaBHOBECHBIX MOJCHUCTEM —
IJ1a3Mbl B IIPUKATOJHOM CJIO€ M KOHJIEHCAaTa Ha POCTOBOM MOBEPXHOCTH. PU3HUECKUE MEXaHU3MBbI

9TOI0 B33.HMO,Z[€I>'ICTBI/I$I OCTAarOTCA CIIC HCAOCTATOUYHO U3YUCHHBIMHU.
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Onemckoit ¢ coaBTopamu [4,5] MPEMIOKUIN MPOCTYID MOJEIb CO CJIOKHOW JIUHAMHUKOH,
MOJICJIMPYIOIIYI0O HEPAaBHOBECHBIE IPOLIECCHI MAaCCONEPEHOCa IPU B3aUMOJEHCTBUU IIIa3Mbl C
POCTOBOM MOBEPXHOCTBIO. JTa MOJEND NPUBA3BIBATIACH K KOHKPETHOMY THIy MOHHO-IJIA3MEHHOIO
YCTPOMCTBA (MarHeTpoOH TJCIOLIEro pas3psiia C IMOJIBIM KaTOJAOM) U K KOHKPETHBIM HKCIIEPUMEH-
TaJbHBIM pe3ylbTaTaM. Mexay TeMm, IpeyioKeHHas: MO/Ieb, TMHAMUKa KOTOPO HaMHOro Ooraue,
YeM OMucaHo B pabotax [4,5], mpeacraBiseT caMOCTOSTENbHBIH MHTEPEC CTUMYIHPYET TEOPETH-
YeCKHe UCCIIEI0OBAaHMs B 3TON 00JIacTH.

B pabotax [4,5] monmenbHas nUHAMHYECKas 3ajada HMCCIEIOBANIAch B anabaTUYECKOM IpH-
ONMKEHUH: TpexMepHoe (a30BO€ MPOCTPAHCTBO B IIENAX YIPOILIEHUS 3aJayd  CBOJIUIOCH K
OIHOMEpHOMY. MartemMaTuueckuii MHCTPYMEHT, KOTOPBIM NpPU 3TOM HCIOJIB30BAJICS — HPHUHIMUII
nogurHeHust XakeHa [6], OOBIYHO MPHMEHSIOT B T€X CUTYyalUsaX, Korja Ooibllas pa3MEpHOCTb
CHUCTEMBI HE MO3BOJISIET PELIUTh 33/1a4y aHAJTUTUYECKH.

B Hacrosmeint pa6ore momens OneMckoro ¢ coaBropamu [4,5] u3ydaeTcs CTaHIapTHBIMHU
METOJaMU KAueCTBEHHOTO WCCIENIOBaHMUS JMHAMHUYECKHX CHCTEM B TpeXMEpHOM (ha3oBoM
OpOCTpaHCTBE, 0€3 CBEACHMs 3aJaud K OAHOMEpPHOW WM JBYyMEpHOH. Bnmamu oT cocrosHuA
paBHOBECHS] HCIONb3YEeTCS YHCIEHHBIM cyeT. Anuabathyeckoe MpUOMMKEHHE W IPUHLHUI
NOJYMHEHHS] XaKEeHA HE UCIIOIb3YHOTCS.

2. Mogpenb, npeayioxkeHHas B pabotax [4,5], TakoBa. Cucrema IIocKasi, COCTOMT U3 YETBIPEX
wiockux cioeB ([7], puc.l) (cBepXy BHHU3): IPUIOBEPXHOCTHOTO CJIOS IUIa3MBbl, aJICOPOLIMOHHOM
IUIEHKH, CJIOS KOHJIEHCATa M CJO0Sl MOMJIOXKKHW. TOJIIMHA CIIOEB MO MOPSAKY BEJIMYMH pa3Has.
[IpunoBEpXHOCTHBIN CJIOW TUIa3Mbl  HMMEET TOJIIMHY Je0aeBCKON JTMHBI OAKpaHUPOBAHUS,
a/IcOpOIIMOHHAS TUIEHKA COCTOUT MPAKTHYECKH U3 OJTHOATOMHOTO CJIOSl aJCOPOMPOBAaHHBIX aTOMOB,
CIIOM KOHJEHCAaTa IMPOCTUPAECTCd HAa COTHU M THICSYM ATOMHBIX PACCTOSHUM, MOJUIOKKA HUMEET
MaKpOCKOITUYECKHUE Pa3MEPBI.

AncopOuMoHHas TUIEHKa Jlajlee MMEHYETCs TaKKe «pOCTOBOM IMOBEpXHOCThIO». HekoTopbie
TEPMOJIMHAMHYECKHE MOJICNIN aJICOPOLIMOHHBIX IJICHOK IMpeAcTaBieHbl B 003ope [8]. B manHoi
MOJIENIM TpEearojaraeTcs, 4ro aJAcOpOLMOHHAs TIJICHKA SBISIETCS IBYMEPHOH, C W3BECTHBIM
TepMoAuHamMHueckuM (a3oBbIM TpocTpaHcTBOM. [lpenmosnaraercs, 4To, peryiaupys IUHAMUKY
CHUCTEMBI (HampuMep, MOCPEACTBOM BBIOOpA HAYaIbHBIX/KOHEUHBIX COCTOSIHUH CHCTEMBI W/WIU
YIPaBJIAIONMX TapaMeTpoB), MOKHO B TPHUHIMIIE 'TONACTh' B JKEJIAEMYI0 OO0JIACTh TEPMO-
JUHAMUYECKOTO (ha30BOr0 MPOCTPAHCTBA aJICOPOLIMOHHOM MJIEHKHM MU OOECIEeYUTh TEM CaMbIM

LEJIEBYIO CTPYKTYPY IUIEHKH B MPOIIECCE CTAIIMOHAPHOTO MJIM HECTAIIMOHAPHOTO PEKMUMaA POCTa.

186



Monenb onepupyeT AByMSI pa3iMYHbIMH MOTOKAMU HEUTPAIbHBIX aTOMOB W MOHOB: IOTOKOM
IUTa3MEHHOW Hakauyk¥ J, ¥ IIOTOKOM HambUIEHUS-3po3uu J(t), t — Bpems. IIoTOK niuasmMeHHOM
Hakaukyd J, CTAllMOHApeH, 3ajaH, uUMeeT IU(Qy3UOHHO-NPOIETHYIO NPHUPOJIY, MOCTYHaeT Ha

BEPXHIOI0 TpaHUIly MPUIOBEPXHOCTHOTO CJOS IUIa3Mbl M3 HEHCUYEPIIaeMOro HCTOYHHKA
HaIBLIIEMOTO BEIIECTBA. 3a MOJIOKUTEIbHOE HaNpaBlieHue 000MX MOTOKOB MPUHATO HalpaBeHHE

cBepxy BHU3. [lonokuTenpHbIM 3HaUeHUSIM J(f) COOTBETCTBYET MOTOK HaIbUICHHS (K POCTOBOM

MOBEPXHOCTHU), OTPULIATENbHBIM 3HAYEHUSIM — IIOTOK 3pO3UU (0T pocTOBOM MmoBepxHOocTH). Koiblo
MaccornepeHnoca [9], noMuMo Ipyrux mpoieccoB MEPEeHOca, BHOCUT CBOM BKJIAJl KaK B TIOTOK 3PO3HH
(TMOTYKONBLIO PACTbUICHUS W HUCMApeHHs), TaK U B MOTOK HAMbUICHUs (ITOJYKOJIBLIO BO3BpaTa Ha
POCTOBYIO MOBEPXHOCTH).

JlunaMuyeckue TEepeMEHHbIE MOJENN: NOTOK HaIbUICHUS-3p0o3un  J(f), TOBEPXHOCTHAs
KOHLIeHTpauusa n(t) >0 aTOMOB M MOHOB HaIlbUISIEMOrO BEUIECTBA B IIa3Me (B HEMOCPEACTBEHHOU
OJIN30CTH OT POCTOBOM MOBEPXHOCTH), TeMmeparypa 7' (1) pocTOBOM MOBEPXHOCTH, OTCUUTAHHAS OT
TEMIIEpaTypbl OKPYKAIOILIEH CPe/Ibl.

VYnpasnsriomue mapaMeTpbl CHUCTEMbI: BEJIMYMHA IOTOKA IIa3MEHHOW Hakauku J, =20, mo-
BEPXHOCTHAsl KOHLIEHTpALUs aJCOpPOMPOBAaHHBIX HAa POCTOBOW IOBEPXHOCTU aTOMOB 71, >0, KOH-
CTaHTAa HEIMHEHHON 0oOpaTHOH cBsi3u b, >0 I CKOPOCTH M3MEHEHMs TEMIIEPaTypbl pPOCTOBOM
IIOBEPXHOCTU, KOHCTAHTa HEIMHEHHOH o0paTHOH cBaA3u b, >0 a1 CKOPOCTH M3MEHEHMs MOTOKa
HalbUICHUA-2po3uM, a Takke ¢, >0, £, =20, ¢, 20 — XapakTepHble MacmTaObl BPEMEHH s
JAHAMUYECKUX IepeMeHHbIX n(t), T(t), J(t), COOTBETCTBEHHO. UMCIO pa3MEpPHBIX YIPABIISIOINAX

napamMeTpoB MOJCIN PAaBHO CCMHU.

VYpaBHEHUsI IBYKCHHS MOJICTTH TaKOBHI [4,5]:

dn
t —=n,—n—tJ, 1
n dl P n ( )
dr
Z‘TE:—T—anJ, (2)
t,%:—JP—JHanT. (3)

Takum 00pa3oMm, B ONMUCAHHOW BBIIC MOJEIW CHUCTEMa MPEJACTABIACTCS TUHAMUYECKOU,

JTIMCCUNIATUBHOM, CO CTAIMOHAPHOMN BHEIIHEH HAKa4YKOM.
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Ucnonwzyst hopmyiibr

T=—20, O':ILZO, K:I—JZO,
tn tn tn

X=">0, Y=tbT, z=17 “4)
np np

tn JP

np

a =

>0, B=bbn’>0,

pa3MepHbIe ypaBHEHHUS ABMKEHHSI MOXKHO IEepernucarh B 0e3pa3MepHOM BHJIE:

d—X:—X—Z+1, 5
dt
¥ __y_gxz, 6)
dr
/cd—Z:—Z+XY—a'. (7)
dr

B ypaBuenusix (5-7): T— Oe3pazmepHoe Bpemsi, X — Oe3pa3MepHas MPUIIOBEPXHOCTHAS
KOHIIEHTpalusi aTroMoB, Y — Oe3pa3MmepHasi TeMmIepaTypa pOCTOBOM NOBEpXHOCTH, Z —
0e3pa3MepHbIi MOTOK HANBUICHUSA-3PO3UHU. YIPABISAIOINE TapaMeTpsl B (5-7): ¢/ — OTHOCUTEIbHBIH
NOTOK IUIa3MEHHOW Hakauyku, [ — MYJIbTHIUIMKATUBHAs CHia OOpaTHBIX CBs3eH, OH K—
OTHOCHUTEJIbHBIC MacIITa0bl BpEMEHH. Y IIPABJISIIONIHIA TapaMeTp [ 3aBHCHUT OT TPEX BapbUPyEMbIX
B IIMPOKUX Mpeaenax BEIWYWH, MO3TOMY MHTEPBAJ €ro M3MEHEHMS 4Ype3BbIYAHO BeIUK. Ywucio
0e3pa3MEepHBIX YIPABJISIOUIMNX [TAPAMETPOB CUCTEMBI PAaBHO YETHIPEM.

3. HUccnenoBanue COCTOSHHMI paBHOBECHUSI CUCTEMbl ypaBHEHHUM (5-7) mokazajo cleayrouiee.

Cocrosnus paBHoBecus (X,Y;,Z) CUCTEMBI 3aBUCAT JHIIb OT JBYX YNPABIAIOIIUX MapaMeTPOB,

oawn . KoopauHaTel COCTOSHHS pPaBHOBECHS IOJYHHSIOTCS CICAYIOIUM alreOpanyecKuM

YPaBHEHUSIM:

X,=1-Z;,
Y :_ﬂ(l_zs)zs ’

1 a
—)Z,+—=0. ®)
B B

73 =277 +(1+
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Kybuunoe ypaBuenwe (8) mpu >0 u [>0 (cm. HepaBeHcTBa B (4)) HMMeeT OAMH

JNCHCTBUTENBHBIA M JIBA KOMIUIEKCHO-CONIPSDKEHHBIX KOpHSA. TakuM o00pa3oMm, NOpu JaHHBIX
3HAYEHUSX YNPaBIAIONUX [ApaMETPOB CUCTEMa JOIMYCKAaeT €IUHCTBEHHOE (PU3NYECKOE COCTOSTHHE
paBHOBECHSL.

YroObl ONpeneNuTh TUI €AMHCTBEHHOTO COCTOSIHUS PAaBHOBECHS, HEOOXOAMMO HCCIEeNIOBATh
KOMIIJIEKCHBIN CIIEKTP

A, =4 +io,, m=123,

MaTpHULIbl YCTOWYUBOCTU cucTeMbI (5-7). MaTpuna yCTOWUYMBOCTH UMEET CIEAYIOIUN BU:

-1 0 -1
£ L Lazy), ©)
o o o

—ﬁ(l—zs)zs La-z) =
K K

riae Z,— IeHCTBUTENbHBIA KOPEHb KyOMYHOIO ypaBHEHUs (8).

I'pomo3nkue BbIpaskeHUs Ui COOCTBEHHBIX 3HAYEHHI MATPHUIbl YCTONYMBOCTH OITYCKAIOTCH.
CrniekTp MaTpHULbl YCTOWYMBOCTH 3aBUCHUT OT BCEX YIPABIAIOIINX MapaMETPOB CUCTEMBI.

Takum 00pa3om, 94TOOBI ONPEIEITUTh MECTOIOIOKEHHE COCTOSIHUAS PAaBHOBECHSI B TPEXMEPHOM
MPOCTPAHCTBE AMHAMHUYECKUX MEPEMEHHBIX, IOCTATOUYHO 3HATh BEJIMYMHY OTHOCUTEILHOTO MOTOKA
IUIa3MEHHOW HaKayKyd M MYJIbTUILTMKaTUBHYIO CHITy oOpaTHBIX cBsizel. [lokasartenu 3aTyxaHus U
HJaCTOThI CO6CTBGHHBIX KOH€6aHHﬁ B OKPCCTHOCTU COCTOAHHA PABHOBCCHA OIMPCACIAOTCA BCCMU
YeThIpbMs O0e3pa3MepHBbIMU YIIPABISIONIMMHI TapaMeTPaMHU.

AHQJIUTUYECKU W YHCICHHBIM aHaJu3 KOMIUJIEKCHOTO CIIEKTpa MaTpHUIbl YCTOMYMBOCTHU

nokazan cienyromee. [lpy >0, >0, >0, x>0 (cMm. HepaBeHcTBa B (4)) B CHCTEME

peanu3yloTcs JBa THIIA COCTOSHHUS paBHoBecus. IlepBblii THm — ycroifumBelii ¢okyc. Emy
COOTBETCTBYIOT Kojle0aTelbHbIE PeJaKCallui B OKPECTHOCTU COCTOSIHMSI paBHOBecHUs. BTopoit tun —
YCTOMYMBBIN y3€JI. DTOMY THILy COCTOSIHHSI PaBHOBECHS COOTBETCTBYIOT MOHOTOHHBIE PEJIAKCALIUU.
Jlpyrue TUIBI COCTOSIHMNA paBHOBECHs (HEYCTOWYHMBBIN (POKYC, HEYCTOMUMBBIN y3el, celno-poKyc,
celI0-y3ed, MpeaesibHbIe IUKIIBI U pyrue, 00jee CI0XKHBIC) MPU TaHHBIX 3HAYCHUAX YIPABISIOIINX

napaMeTpoB OOHAPYKUTH MIOKA HE yJ1aI0Ch.
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4. Opgnomapamerpuyeckuii OM(ypKaIlMOHHBIM aHaIU3 CUCTEMBI ypaBHEHUH (5-7) mokaszan
cienyiomiee. B cucreme Bo3MOXKHBI OM(ypKallUK THIIA COCTOSIHUS PABHOBECHSI NPH HETIPEPHIBHOM

N3MCHCHHUUN HCKOTOPLIX YIPABIAIOIIUX IMApaMCTPOB.

0.4 [

0.5 e
e,
""‘"m.‘_'
06+ m"‘«..

-0F
-08-

-0.8r

_____

Puc. 1. Budypkanuu nokasatens 3aTyxauus A ¥ 4acTOTh KoneGaHus () uist (a30BBIX TPACKTOPHUIl H3 OKPECTHOCTH
COCTOSIHUSI PaBHOBECHUS NPU HEMPEPBIBHOM U3MEHEHUU MOTOKA IUIa3MEHHON Hakauku (¥ . [IUCKpeTHbIE yIpaBIISIOLIUe

mapamerps: §=0.001, =2, k=1.

Puc.1 nemoncTpupyet OudypKanuu nmoxkasaTesns 3aTyXaHUs U 4aCTOTHI KojebaHust 11l (pa30BbIX
TPAeKTOPUH W3 OKPECTHOCTH COCTOSIHUSI ~ paBHOBECHS B CiIydae, Korga OudypkalnnoOHHBIM
MapaMeTpoOM SIBIIIETCS. OTHOCHUTENIBHBIM MOTOK IUIa3MEHHOW Hakayku. [Ipu HyneBoW mia3zMeHHOM
HaKayke KoyieOaHUs OTCYTCTBYIOT: PEAU3YIOTCS JIMIIL JBE MOJIbl MOHOTOHHBIX pellaKCallui, C
nokasarensmu 3atyxanus A =-0.5 u A =—1.0. IIpu Bo3pacTaHuu IIa3MEHHON HAKAYKK BOSHUKAET
TPEThsl MOZa MOHOTOHHBIX peJlaKcanuid. /[Be mepBble MOJBI MOHOTOHHBIX PEJIAKCAIMi MOCTENEHHO

cONMMXKAIOTCS U B KPUTUUECKOH Touke ¢, =6.07 HenpepbIBHBIM 00pa30M (HEpaBHOBECHBIH (ha30BbIii
nepexon Il pona) mepexomsT B KojeOaTenbHBIH PEXHM C ToKasareneM 3aryxanus A, =—0.75.

Taxum 06pa3zom, penakcanMoOHHbIE KOJeOaHUs TeHEPUPYIOTCS CIIOHTAHHO, B KPUTUYECKOM TOUKE, U3

TpuBHainbHOM BeTBU @ =0 . [Iporecc HaMmOMHUHAET TEHEPAIIUIO PETAKCAITMOHHBIX KOJIeOaHUH Jlazepa
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B pamkax moxaenu Cratma — Jle Mapca [10]. B oboux cimydasx perakcallMOHHBIE KoJieOaHUs
OTMCBIBAIOTCS YCTOWUMBBIME (poKycamu, B ciaydae moaenu Crarua — Jle Mapca — 1ByMepHBIM.

S. YucneHHoe HUCClEOBAaHHE BPEMEHHBIX 3aBUCHUMOCTEH U (Da30BBIX TPAEKTOPUN CHCTEMBI
ypaBHeHUH (5-7) B OKPECTHOCTH COCTOSIHUSI PABHOBECHS M BJAJM OT HETO MOKAa3ajo CICAYIOIIEee.
BpemeHnHble 3aBHCHUMOCTH U COOTBETCTBYIOIIWE (Da30Bble TPAEKTOPUM MPU [ —> oo  HMEIOT
OJHO3HAuHbIE Npenensl (puc. 2, 3). Takoe BpeMeHHOE MOBEICHUE COOTBETCTBYET YTBEPKICHHUSIM O
€AMHCTBEHHOCTH U TUIIE COCTOSIHUS paBHOBecHs. UeM nainbliie HaualbHOE COCTOSHUE HAXOIUTCS OT
COCTOSIHUSI pPABHOBECHUS, TE€M CJOXXHEe BPEMEHHOE IIOBEJCHHE M COOTBETCTBYMOIIas (a3oBas
TPACKTOpPUS. OTO YKa3blBAE€T HA CHUJIBHYK) 3aBUCUMOCTb JIMHAMHKHA CHUCTEMBI OT CTapTOBOIO
coctostHus. {151 Hanbosee CIOKHBIX TPACKTOPHA MOHATHE "TIOKa3aTeNb 3aTyXaHus" TEePSET CMBICIL.
JlJist TakKuX TpaeKTOpUH M3ydanach BEIMUYMHA KOHEYHOTO BPEMEHH, 32 KOTOpOe (pa3oBasi TPACKTOPHS
«JIOBOJILHO ONU3KO0» (10 OMpPEIEICHHOMY KPHUTEPHUIO) MOAXOJUT K  COCTOSIHHIO PAaBHOBECHUS.
Oka3anock, 4TO 3TO BpeMsl CHIIBHO 3aBHCHUT OT BCEX YETHIPEX YNPABISAIOMINX NapaAMETPOB CUCTEMBI.
Yacrora xoneOaHMii CO BPEMEHEM MOXET MEHSThCA (puc. 2), HO TOJBKO B TOM Ciydae, KOTra

(azoBas TpaeKTOPHUS MPOXOTUT BIAIU OT COCTOSHHSI PABHOBECHS.

20 T T T

Puc. 2. BpeMeHHbIe 3aBHCUMOCTH JHHAMUYECKUX IEPEMEHHBIX. Y IpaBistoimue napamerpsl: & =200, £ =5000,

o0=20, k=1.
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Puc. 3. TpI/I (baSOBLIC TPACKTOpHHU, UCXOAAIINUEC M3 TPEX pa3IMYHbIX Ha4YaJbHBIX TOYCK (0603Ha‘I€HLI erCTaMI/I),
JACMOHCTPUPYIOINEC KOHC6aTeJ’ILHyIO peilaKkCcaluo K e[[HHCTBeHHOﬁ TOYKE COCTOSAHHA PpaBHOBECHA. anaBnﬂ}omI/Ie

napameTpel: & =10, £=5000, c=1, x=1.

6. Marematuyeckoe MOJIECIHUPOBAHUE CUCTEMBI IJIa3Ma—KOHAEHCAT, TPOBEJIEHHOE B HACTOSILEN
paboTe, MO3BOJIAET INIy0)Ke MPOHUKHYTH B (PU3MUECKHE MEXaHW3Mbl B3aUMOJICHCTBUS ILIA3MbI C
pOCTOBOM MOBEPXHOCTHIO, MOHATH MPUPOAY HEYCTOMYMBOCTEM CHUCTEMbI ILIa3Ma—KOHAEHCAT,
BBISICHUTh BO3MOYKHBIE IIPUUYMHBI IJIOXOH BOCHPOM3BOAMMOCTH 3KCIEPUMEHTAIBHBIX PE3YJIbTAaTOB
pocTa IJICHOK B MOHHO-TUIa3MEHHBIX ycTpoicTBax. [logo0HOe 3HaHHe UMEeT MPUKIIaIHOE 3HAUCHHUE:
OHO TMO3BOJIAET pa3pabdaThiBaTh d()PEKTUBHBIE TEXHOJIOTHUYECKHE PEXUMBI POCTAa TOHKHUX IUICHOK B
JTUHAMHUYECKOM PEXHUME, B YACTHOCTH, YIPABIIATh HEYCTOMYUBBIM MOBEICHUEM CUCTEMBI.

Pabora BeImonHeHa B paMkax mpoekta A-1695 Mexnynapoanoro Hayuno-TexHuueckoro
Ientpa.

1I/IHCTI/ITyT pamuodusuku u anexkrponnkun HAH PA

ZFOCY,I[apCTBeHHBIﬁ WH)XCHEPHBI YHUBEPCUTET APMEHUU

I'. H. Kapagxsn, A. M. Keunsinn, 7K. P. [lanocsan

KonebdaTeabHble mpoueccsl U UX OM(pypKannu B CHCTeMe IJIa3Ma-KOHIeHcaT
¢ 00paTHBIMHU CBSA3AMU

Hccnenyerca TpexMepHas HEIMHEHHAs TUHAMUKA CUCTEMBI IIa3Ma—KOHAEHCAT CO CTallnOHap-
HOM BHEIIHEH IIIa3MEHHOW Hakadkou. Iloka3aHo, 4TO B TaKOM CUCTEME BO3MOKEH HEPAaBHOBECHBIN
(ha30BbII IEepexo] — CIOHTAHHAs IeHepalus pelaKCallMOHHBIX KOJIEeOaHWH JMHAMMYECKUX IIe-
PEMEHHBIX.
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Q. L. Twpueyulb, U. U. Gkshjutg, d. k. Qubnujub

Swnwinnuljub ypngkuttpp b ppubg gnquynpmdubpp hwjunupd juwbp
wupnithwlng yjuquuhnnigpuhtt hwdwlwupgnid

Zknwgnuynud £ wpnwphtt juymit yjuquughtt dngnudnyg wjuquuwunnigpughtt hwdwljuwpgh

Enwswith ny gdwyhtt phtwdhlwt: 8nyg E mpdws, np wynuhuh hwdwlwpgnid Jupnn E gnmipiniu
niiktw) wthwjwuwpulohn thnyuyhtt wugnid, npp ghtwdhjuljuwt Jkdnipmitutph tjwuqgny
nwwnwinidubph huptwpkp giubpughw k:

G.N. Gharajyan, A.M. Kechiantz , Zh. R. Panosyan

Oscillating Processes and Their Bifurcations in the System of Plasma—Condensate
with Feedbacks

The three-dimensional nonlinear dynamics of plasma—condensate systems with stationary external

plasma pumping is studied. It is shown, that in such system nonequilibrium phase transition is possible —
spontaneous generation of damping oscillations of dynamic variables.

10.
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A. M. Apycramsn, JI. ®. ManyuapoBa, X. A. /[kanauu,
akagemuk U. A. Bapnansin

Oco0eHHOCTH reTeporeHHoro B3aumoneiicreus paaukaaos CH;0,
C OPraHUYeCKHMM COeINHEHHEM B 3aBHCHMOCTH OT IPHPO/bI IOBEPXHOCTH

(ITpeacraBneno 12/X 2011)

KaroueBnle ciioBa: padukaﬂ, noeepxHocmbv, Menan, L}el’lHOIz MEXAHUIM

HNHTepec kK M3YYEHHUIO T€TEPOTCHHBIX PAJUKAIbHBIX CTAJUNA C YYACTUEM MEPOKCUIAHBIX pav-
KaJIOB B OCHOBHOM OOYCJIOBJICH HECKOJIbKUMH MPUYUHAMU. BO-TIEPBBIX, MOJOOHBIE CTAINN UMEIOT
MECTO TpH Ta30(a3HOM OKHCIECHHWU OPTaHMYECKUX COCIWHEHHH. BO-BTOpPBIX, B MPUCYTCTBUHU
a’po3ojieil B atMoc(epe OHM MOTYT BIUATH Ha CKOPOCTh (DOTOXMMHUYECKOW AeTpajalliu JICTYIuX
OpPTaHUYECKUX COCIUHEHHI U TEM CaMbIM Ha COCTaB aTMOC(EpHI.

B paborte mpuBOASATCS HOBBIE JKCIEPUMEHTANBHBIC JaHHBIC, KAcarOIIUeCs B3aMMOJCHCTBUS
panukanoB CH30, ¢ meranom Ha tBepaoit noBepxHoctu NH4NO3 ipu KoMHAaTHOW TeMIieparype, a
TaKk)ke 0000IIEeHBI pe3yabTaThl UCCIICIOBAHUM T€TEPOTeHHON PEAKIMU PAJNKAJIOB C OPraHUYECKUM
COeIMHEHUEM B 3aBUCUMOCTH OT mpupoasl mnoBepxHoctu (TiO,, NH4NO;, NaCl u KCl). Bcee
yKa3aHHbIE COSIMHEHUS MTPUCYTCTBYIOT B BUJIE adpo30Jield B aTMocdepe.

HccnenoBanusi MpOBOAMIIMCH C TOMOIIBIO pa3pabOTaHHOW HAaMW METOJWKH, OMHCAaHHOW B
OCHOBHOM B paborax [1, 2], koTopas MO3BOJsSET M3ydaTb Ha YPOBHE PaIUKAIOB T'€TEPOTCHHBIC
panukanbhble cTaguu. CyTh METOAMKHU 3aKJIIOYAeTCs B cleayromieM. i perucTpauuu pagukaioB
IPUMEHSIETCS METOJl BBIMOP&KMBAHUS pPaJUMKaOB B COYETaHMM cO crekrpomerpom OIIP [3].
Peakuus uzyyaercs B MOTOKE B KaNWJUIAPHOM CTEKJISIHHOM peakTope [4] mpu HU3KHUX JaBICHUSX
(10"2 TOPP), YTO MO3BOJISIET CBECTH K MUHMUMYMY BKJIaJ] TOMOT€HHOI'O B3aUMOJICHCTBUS PaJIMKaJoB,
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coOurosiasi yclioBHe, IpU KOTOPOM BpeMsi MpeObIBaHHUS PEAKIIMOHHOH CMECH B PEaKTOpe JOJIKHO
ObITh Ha TOPANOK M Oojiee MEHbIIE BPEMEHM TOMOT€HHOW peakUuu. OTO MOATBEPKIACTCS
COOTBETCTBYIOLMMH PacyeTaMH C Y4€TOM KOHCTaHThl CKOPOCTH TOMOT'€HHOM peakluy paguKaloB C
UCCIIEIyEMbIM MOJIEKYJIIPHM COETUHEHHUEM.

Pearentsl — paaukanbl ¥ OpraHMYECKOE COEIMHEHHUE IOAAIOTCS OJHOBPEMEHHO 4Yepe3 OT-
JeJIbHBIE BBOJABI B KanWUIApHBINA peakTop (1= 2 cMm, d= 0.14 cm). BBog MamibIx KOJIMYECTB MoJie-
KyJSIDHOTO peareHTa OCYILECTBIIAETCS 4Yepe3 Kanwuisip. BHYTpeHHSs NOBEpXHOCTb peakTopa
HOKPBIBAETCS TEM WM MHBIM BemecTBoM. [IpenycMoTpeHa BO3MOKHOCTb IKCHEPUMEHTAIBHOTO
KOHTPOJISI OTCYTCTBHS TOMOTCHHOM pEaKIiy Mojauell CMECH PEeareHToB M0 0OBOAHOMY IyTH, MUHYS
peaktop. B 3aBHCUMOCTH OT THIIa KOHKPETHOM H3y4acMOW pPEaKLMH I BBIIIOJHEHHS BBIIIIC-
YKa3aHHOTO YCJIOBHS TPEABAPUTEIBHO PACUETHBIM IIyTeM NOAOMparoTCs JUIMHA U JUaMETp
KallwuIsipa, a TakXKe CKOPOCTh MOTOKA ra3oB. Jo mojxaum pearupyrouiel cMecu IpeaBapUTEIbHO
perucTpupyeTcsl HayaibHasi KOHLEHTPALUS PaJuKalloB.

[TokpbiTHE TOBEPXHOCTH KAaNMJUIAPHOTO pEakTopa OCYIIECTBIsLIOCh 00paboTkoit 10%- HoM
BogHou cycnensueir TiO; (pyrwin) mb6o 10%-ueiM BogubiM pactBopoMm NH4NO;, NaCl u KCI,
COOTBETCTBEHHO, C AAJbHEUIINM BbIITAPUBAHUEM PACTBOPUTEIISL.

OcobeHHocTH rereporeHHoro B3anMmoaencTBus paaukanoB CH3;O, ¢ opraHmdeckuMm coeauHe-
HUEM B 3aBUCHUMOCTH OT INPUPOABI MOBEPXHOCTH B CHIIY IOJHOTBHI JAAHHBIX aHAJIM3UPOBAHBl Ha
IIpUMEpe METaHa, XOTs MOAO0OHbIE dKCIEepUMEHTaIbHbIE AaHHble Ha TiO; MOIy4eHbl U B ciydae

areTanbIeruaa.
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Puc.1. 3aBucumocts u3MeHeHus KonudectBa pagukanos (A [RO;]) OT HCXOIHBIX KOJUYECTB MeTaHa
(Nx10'® monexym) mpu T=293K. Kpussie: 1 — NaCl, 2 — KCI, 3 — TiO,.
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Ha puc.l npuBoauTcs 3aBUCUMOCTh HM3MEHEHMS KoaudecTBa pagukanoB (A[RO:]) oT konuue-
ctBa Metana npu T=293K B cinygae NaCl (kpuBas 1), KCI (kpusas 2) [1, 5] u TiO, (kpuBas 3) [6].

Kax BuHO 13 CpaBHEHUS STUX AAHHBIX, BUJ KPUBBIX | ¥ 2 OTIMYAETCS OT BUAA KPUBOH 3 Kak B
KOJIMYECTBEHHOM, TaK ¥ B KQUECTBEHHOM acliekTe. B ciyuae TBep10il MOBEPXHOCTH coJiei HaOIro-
JaeTcsl TOJbKO yYMEHBIIIEHUE KOJMYeCTBa paaukanoB, mpuyeM B ciaydae NaCl oHO 3HAYUTENbHO
oompme. Omgaako B ciydae TiO, Hapsmy ¢ pacxoJOBaHMEM PAIUKAJIOB MPH MaJIbIX KOJIWYECTBAX
MeTaHa (OpraHMYeCcKOro COeIMHEHNs) HAbM0JaeTcsl pa3MHOKEHUE PAIUKAIIOB, T.€. KOJIMYECTBO Jie-
TEKTUPYEMBIX PAUKAIOB MIPEBBIIIAET €r0 UCXOIHOE KOJIUYECTBO.

PacxonoBanue paaukanoB MOpH HMX B3aUMOACMCTBUM C OpPraHUYECKHM COEAMHEHHUEM
00bscHsETCS [6] TETEpOTeHHON PeaKIMe:

CH;0,+ CH4 —CH3;00H + CH3, (1)

W3 skcniepyMeHTa bHBIX JaHHBIX TAK)Ke CIEAYEeT, YTO CKOPOCTh PAaCXOJOBaHUS PAIUKAIOB OOJbIIe
Ha moBepxHoctu TiO,. Tak, Hanmpumep, mpu KoiuuecTBe MeraHa, paBHoM [CHg] = 3,2 x10'°
Mosekysa, pacxona paaukanoB CH30O, coctapisieT o kpaitneid mepe 30 % , a Ha noBepxHoctu NaCl
— okouo 7% .

SIcHO, YTO 3TO pe3yabTAT OONBIIECH KOHCTAHTHI CKOPOCTH B3aUMOCHCTBUS MIEPOKCUTHBIX pa-
JIMKaJIOB ¢ MeTaHOM Ha noBepxHoctu Ti0,, yem Ha coneBbIX noBepxHOCcTsAX. Kak BugHO U3 puc. 1,
B ciydae TiO, npu Oonmpmux KojudecTBax Mmerana ( 8,8 x10' MOJIEKYJT) KOJIMYECTBO PAIUKATIOB
npeBbIIaeT ucxoaHoe Ha 18%. OOHapyKEHHOE Pa3MHOKECHHE PAJMKATIOB OOBSICHICTCS TOTIOJHU-
TEJIbHBIM PAacXOJOBAaHUEM OPraHUYECKOro0 COEIWHEHHS] MO IEMHOMY MEXaHH3MYy BCIEACTBUE
rereporeHHoro pagukanbHoro pacnaga CH3;OOH. JlanHbI ¢eHOMEH MMEeT MEeCTO TOJNhKO  Ha
MOBEPXHOCTU OKCH/Ia TUTAHA.

Ha puc.2 npencraBiieHbl SKCIEPUMEHTAIbHBIE JaHHBIE MO B3aUMOACHCTBHUIO PATUKAIOB C
METaHOM B CJyyae COJIeBOM MOBepXHOCTH, coaepxarieil kucinopon (NH4NOs3). OnbiTel mokazanu,
YTO M HAa OTOM TMOBEPXHOCTH MPOUCXOJUT B3aUMOJCUCTBUE NEPOKCUAHBIX pPAJUKAIOB C

OPTraHWYECKUM COSTUHEHHEM, KaK C METAaHOM, TaK M C alleTaIbICTHI0M.
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Puc.2. 3aBucumocTtb u3MeHeHus konuuecTBa pagukainos (A [RO;]) OT HCXOIHBIX KOJIMYECTB METaHa

(Nx10" momekys) npu T=293K. Kpussie: 1 — NH,NO;, 2 — TiO,.

OOpamaer Ha cebss BHUMaHHME TOT (DAKT, YTO XapakTep STOW 3aBUCHUMOCTH OTJIMYACTCA OT
TaKOBOTO B cllyyae JPYTHX COJICBBIX TMOBEPXHOCTEH, He coaepkammx kuciopoa. Ona Onmm3ka K
JTAHHBIM, TIOJTYY€HHBIM B CTydae OKCHJIa TUTAHA U TIPEICTABIICHHBIM Ha TOM K€ PHUC. 2 KpuBoii 2 [6].

N3 cpaBHenus kpuBbiX 1 u 2 cienyer, uto noBepXxHocTh NH4NO3 3HaYUTENBbHO aKTUBHEN, YEM
noBepxHocTh Ti0O,. Tak, Hampumep, pu Tmogade [CH4]=10"° MOJIEKYJ KOJHUYECTBO PaJMKAIIOB
npeBbImaeT ucxoaHoe Ha 47%. Kpome Toro pacxojoBaHue MPOTEKaeT Oojiee WHTEHCUBHO U
HAOJI0TAeTCs MPY 3HAYUTETHFHO MEHBIINX KOJTHMYECTBAX METaHa.

Panee (heHoMeH pa3sMHOKEHHS PAIUKATIOB OOBSICHSIICS HAMU IICITHBIM Pa3BETBICHHBIM MEXaHU-
3MOM PAacXOJOBaHHUS METaHa, MHUIMHpoBaHHOTO peakumer (1) [6]. bputa paccmorpena Ttakxe
MOJIeTh MOA00HOTO0 IEMHOro Tpolecca B mpubmmkenun JIsHrMiopa- XuHIIETbBY1a B PUCYTCTBUH
clenoB Kuciopoaa [7] mius Xoporo ancopOUpyrOIIErocs OPraHMYeCKOrOo COCIWHEHHS, KOTopas
KayeCTBEHHO OIMMCHIBANAa HKCIEPUMEHTaJbHO Habmonaemelii ¢eHomedn. B ciywae mioxo
aZ0pOUPYIOIIErocs COeIMHEHUs- METaHa BO3MOXKHO, UTO paboTaeT MexaHusM Puauna-Nnu.

Takum oOpazom, sSIBICHUE PA3MHOKEHUS PAJUKAIIOB HAOIIOMAETCS TOJIBKO B CIIy4ae KHCIO-
poncoaepkaiieil moBepXHOCTH. V3 MOMyuYeHHBIX TaHHBIX TaKXe CIeAyeT, 4To B aTMocdepe B IpH-
CYTCTBUHU MOAOOHBIX a3p030Jiell BKJIAJ TeTEPOreHHBIX pEaklUi paJuKalioB C Pa3IMYHBIMU Opra-
HUYECKMMH COCJIMHEHUSAMU MOXKET CYIIECTBEHHO BIMSTH Ha MPOTEKAIONIMe B HEH MpOIECCHI.
Jeranu3anuss KOHKPETHOIO MEXaHM3Ma B3aMMOJEWUCTBHUS C AKTUBHBIM I[EHTPOM IOBEPXHOCTHU

ABJSETCS MPEIMETOM JANBHEUIINX UCCIECTIOBAHUM.

Nucuryr xumuaeckoit puszuku uMm. A. b. Hanbannsaa HAH PA
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A. M. ApycramsH, JI. A. Manyuaposa, X. A. /l:xanasm,
akanemuk U. A. Bapnansn

Oco0eHHOCTH reTeporeHHOro B3anmoeiicTeus paguxkaios CH;0,
C OpraHuYecKHM COeJHHEHHEM B 3aBHCHMOCTH OT MPHUPO/IbI IOBEPXHOCTH

[IpuBoasiTCST HOBBIE OSKCHEPUMEHTANbHBIE JaHHBIC, KacCaAOIIMUECs B3aUMOJCUCTBUS TpU
KOMHaTHOW Temmeparype paaukanoB CHz;O, ¢ Meranom Ha TBepmoi mnoBepxHocth NH4NOs;.
OO0001IeHbl pe3yibTaThl HUCCICIOBAHUIA TETEPOTCHHON pEaKIMH PaJUKAIOB C OpPraHMYEeCKUM
COEIMHEHUEM B 3aBUCUMOCTH OT mpupoasl nosepxHoctu (Ti0,, NH4NO3, NaCl u KCI).

U. U. Unniunudjuly, L. U. Uwinuywpndu, 2. U. Quijuyh,
wjunbuhlnu b.U. Juppuiyub

CH30; nunhljwutph b opqutwljuts vhwugnipjut thnpuwmqpblgnipjut
wnuidiwhwnlmpynibibpp jupjws duybpbuh pinyphg

Udthnthws Eu ghpopuhnujhtt nughlujutph b dkpwuh dhel TiO,, NH;NO;, NaCl u KCl
dwlkplnyputnh ypw pipugnn nbwlghwih YEpupbpiu) uinugdus kpuyiphdbnnw) ndyuukpp:
Chnpwjuut gniqnuynpusd dkpiwuhquny dbpwih swjuuny wuwjdwbwynpjusd nwnhljuutph
puquugdwt tplnypep phnynud £ dhwyt ppusht ywupnibwlnng dwtpbnypeh Jpu:

A. M. Arustamyan, L. A. Manucharova, H. A. Jalali,
academician I. A. Vardanyan

Peculiarities of Heterogeneous Interaction of CH30; Radicals with Organic
Compound Depending on the Surface Nature

The results of the interaction between peroxy radicals and methane on the surface of TiO,,
NH4NO3, NaCl u KCI have been summarized. The phenomenon of radicals multiplication, due to
the consumption of methane by chain branching mechanism, is observed only in the presence of
oxygen containing surface.
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Introduction. D-amino-acid oxidase (D-amino acid: oxygen oxidoreductase (deaminating); EC
1.4.3.3) is a member of the class of flavin dehydrogenase/oxidases and catalyzes the oxidative
deamination of D-amino acids, producing the corresponding o-keto acid and ammonia with
concomitant reduction of molecular oxygen to hydrogen peroxide [1]. This enzyme has found
considerable practical importance not only in basic research but also in biotechnology.
D-amino-acid oxidases from porcine kidney and several fungi have been used for the separation of
racemic amino acid mixtures, preparation of keto-acids, in the modification of cephalosporin C,
estimation of D-amino acids, especially in biosensors for the detection of D-amino acids in various
biological samples [2,3]. Despite the fact that the presence of D-amino-acid oxidases (DAAQ) has
been reported in many organisms [4], the only DAAO species available for commercial use in a
homogenous form and in large quantities was the one from pig kidney [5]. In last two decades
efforts of many scientists were directed towards obtaining an alternative source among
microorganism species. The attempts to purify DAAO as a flavoprotein from microorganisms,

particularly from yeast, have been hampered by the low concentration of the enzyme in the cells, its
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instability and the impossibility of using the well-established purification procedure of DAAO from
pig kidney [6]. It has been shown that DAAO is constitutively present at a very low level in yeast
Rhodotorula gracilis, but its synthesis can be selectively induced by the presence of D-amino acids
in the growth medium [7].

We here describe for the first time the purification scheme of Candida guilliermondii HII-4
DAAO, including the chromatofocusing step, without any initial induction, and represent some
physicochemical and catalytic properties of the enzyme to be helpful in biotechnological
applications.

Materials and methods. All reagents were of analytical grade and purchased from
commercial sources. C. guilliermondii cells were from YSU microorganism culture collection. For
production culture, an optimized synthetic growth medium containing 3.1 g (NH4),SOy4, 1.23 g
KH,PO,, 0.625 g MgS04*7H,0, 0.125 g CaCl,*2H,0, 0.125 g NaCl, 0.1 g ZnSO,, 8*10” g biotin,
10 g glucose and 10 g yeast extract in a total volume of 1 1, with the pH adjusted to 5.5 by HCI was
used [8]. Cells were grown at 30°C under shaking conditions (200 rpm). After 20 h cultivation (late
exponential phase) cells were harvested by centrifugation at 10,000g for 20 min at 4°C and stored at
-20°C prior to use.

DAAO activity was assayed spectrophotometrically by measuring hydrogen peroxide
production by monitoring an absorbance at 550 nm. The assay mixture (total volume of 1 ml)
contained 30 mM D-proline, 5 mM phenol, 0.3 mM 4-aminoantipyrine in 50 mM Tris-HCI buffer
(pH=8.3) with 2 U horseradish peroxidase. FAD could be omitted from assay mixtures without any
effect on activity measurements. One unit of activity corresponds to the production of 1 pmol
hydrogen peroxide per minute at 30°C with 30 mM D-proline as substrate. Protein concentration
was determined using Lowry, Bradford or Groves-Davis protein assay according to the sample total
protein content.

The purification procedure was carried out at 4°C. Cell paste was resuspended (300 g/l) in
20mM Tris-HC1 (pH=8.3) buffer containing 2 mM EDTA, 0.1 mM PMSF (buffer A) and
homogenized by sonication with ultrasonic disrupter for 20 min (30 seconds processing and
30 seconds of rest) at 4°C. After sonication the homogenate was centrifuged and supernatant was
applied to DEAE-toyopearl 650M anion exchange column (90x2.7) pre-equilibrated with the buffer
A and eluted with a linear gradient from 0 to 0.15 M NaCl. Active fractions were combined,

dialyzed against 100 volumes of the same buffer and saturated with ammonium sulfate at 0.5 M
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saturation. The suspension was loaded on phenyl-sepharose CL-4B column (30x1.5) pre-
equilibrated with 0.5 M ammonium sulfate saturated buffer A. The column was washed of its 3
volumes with salt saturated pre-equilibration solution at room temperature to remove unabsorbed
proteins. The enzyme was eluted with a linear gradient containing from 0.5 to 0 M ammonium
sulfate and from 0 to 2% Triton X-100 elution detergent in buffer A. Active fractions were
combined and dialyzed against 100 volumes of buffer A pH adjusted to 8.6 and applied to PBE 94
chromatofocusing column (12x1.5) pre-equilibrated with Tris-acetic acid buffer pH 8.6. Elution was
made with the diluted polybuffer at pH 6.5. Active fractions were combined, dialyzed against 100
volumes of buffer A pH adjusted to 8.3 and concentrated against polyethylene glycol 35,000 for 4 h.
Concentrated protein probe was applied to a column (70x1.0) of toyopearl HW-50F equilibrated
with 20 mM Tris-HC1 (pH=8.3) buffer containing 2 mM EDTA and 0.1 mM PMSF for gel-
filtration. The enzyme was eluted with the same buffer. The molecular mass of the native enzyme
was determined by gel filtration on the same column calibrated with marker proteins mentioned
above.

The homogeneity of DAAO was determined by PAAG (7.5%) electrophoresis at pH 8.9. SDS-
PAAG (7.5%) electrophoresis was performed following a modification of the method of Laemmlii
with separating gels of pH 8.9; gels were stained with Coomassie Brilliant Blue R-250 for 12 h and
destained by diffusion in a mixture of 7% acetic acid and 25% methanol in water.

The time-dependence of thermal inactivation of DAAO was determined by heating enzyme
solutions in tubes over the temperature range 20-60°C in 20 mM Tris-HCl (pH 8.3) buffer
containing 2 mM EDTA and 0.1 mM PMSF. The activation energy (E,) for DAAO reaction was
obtained from the slopes of the Arrhenius and the first-order inactivation plots.

The values of K;;, and Vy,.x together with their standard deviations were determined as a result
of multidimensional linear regression of the reaction rate depending on the concentration of D-
amino acids using the program "GAUSS 4.0".

Results and discussion. DAAO isolated by the present procedure (1480-fold purification
factor) had a specific activity of 11.54 pumol/min per mg protein using D-proline as substrate at

30°C. Table 1 summarizes the results of a typical purification procedure.
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Table 1

Purification of D-amino-acid oxidase from C. guilliermondii

e T(.)tz.ll Protein Spe‘01'f1c Purification | Yield
Purification step activity (mg) activity factor %)
0
U) (U/mg)

Crude extract 93.6 12 000 0.0078 1 100.0
DEAE-toyopearl 650M 76.2 924 0.0825 11 81.4
Phenyl-sepharose CL-4B 45.4 372 0.122 16 48.5
Chromatofocusing on PBE 94 | 287 6.33 4.53 581 30.6
Toyopearl HW-50F 8.7 0.75 11.54 1430 9.3

The activity was measured with D-proline as substrate. Starting material: 128 g of frozen cell paste.
After each step of purification PAAG electrophoresis was performed to determine

homogeneity of DAAO samples (fig. 1a).

e 94 000

Sl 67000

DA<0 # 43000
* 30 000

20000

— 14400

Fig. 1. a - Polyacrylamide gel electrophoresis of samples at different stages of purification. Gel was stained
with Coomassie Blue R-250. (1) crude extract after sonication (supernatant); (2) after DEAE-toyopearl
650M; (3) after phenyl-sepharose chromatography; (4) after chromatofocusing; (5) after gel-filtration; (6)
activity staining of enzyme after gel filtration with D-Ala as substrate, b - SDS-polyacrylamide gel
electrophoresis of purified DAAO. Marker proteins and their molecular weights are shown at the right side in

the figure.

On SDS-gel electrophoresis, the final preparation migrated as a main protein band, with a
molecular mass of 38.4+1.2 kDa (fig. 1b). The native molecular weight was estimated to be
78.6 kDa by gel-filtration on toyopearl HW-50F (data not shown), suggesting that the DAAO from

the yeast C. guilliermondii exists as a homodimer. The molecular mass is similar to those of DAAO
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from Rhodotorula gracilis [6], Rhodosporidium toruloides (9] and Trigonopsis variabilis [10],
which have been reported to be homodimers of 79, 72 and 80 kDa, respectively.

The pH-activity profile of the enzyme (fig. 2a) shows that the optimum pH was at 8.0. The
enzyme activity was assayed in 50 mM polybuffer, containing citric acid, Tris, Hepes and boric acid
in the 2.8-9.35 pH range, and DAAO activity was more than 90% of the maximum in a rather
narrow pH from 7.5 to 8.4. The pH-stability was also determined by incubating DAAO preparations
at the temperature of enzyme half inactivation for 20 minutes with 50 mM buffers in the pH range
from 5.0 to 10.0. As it could be expected from the pH-activity profile, DAAO from C.
guilliermondii shows stability in the pH range from 7.4 to 9.0 (fig. 2b) with the loss of its activity no

more than 10%.
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Fig. 2. pH-activity (a) and pH-stability (b) profiles of C. guilliermondii D-amino-acid oxidase

The optimum temperature was 33°C and the activity was above 90% of the maximum in the
range from 24 to 38°C (fig. 3a). It is also noticeable, that this enzyme was highly unstable to heat
inactivation, and a sharp decrease in activity is observed above 40°C. DAAO from C. guilliermondii
losses 50% of its enzymatic activity starting from 45°C achieving to full inactivation at the range of
temperature from 58 to 60°C (fig. 3b). The activation energy for DAAO reaction was calculated to
be 60 kJ/mol at 30°C. It was slightly higher in comparison with Rhodotorula gracilis DAAO
catalytic reaction activation energy, which has been reported to be 38.3 kJ/mol [11].
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Fig. 3. An optimum temperature profile (a) and relative activity/temperature dependence (b) for

C. guilliermondii DAAO
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The strict D-isomer specificity of the enzyme is confirmed, since no reaction could be detected
with L-amino acids [12]. Moreover, the presence of the L-isomer does not interfere with DAAO
activity, so for some amino acids DL-mixtures were used for substrate specificity determination
with the concentrations two times higher than that for pure D-amino acids. The Km and Vmax
values were calculated to be 7.9+0.9 with 22.3+3.6 for D-Pro and 8.8+1 with 16.9+3.4 for D-Ala,
respectively. Table 2 summarizes the substrate specificity data of purified DAAO. An enzyme was
active toward several D-amino acids with D-proline being the best substrate for C. guilliermondii
DAAAO. This pattern is similar to that for mammalian DAAO to have the highest affinity to D-Pro
and to oxidize achiral glycine [12]. Similarities are observed with the Candida boidini DAAO in
manner to oxidize neutral and hydrophobic D-amino acids which have shorter carbonic chain [13].
Substrate specificity then differs markedly from other yeast source DAAO with it more widely
specification. This could be a probable result of non-inducible DAAO obtaining procedure from C.
guilliermondii cells. It was also noticeable that C. guilliermondii DAAO has a significant affinity to
D-isoleucine and D-norvaline 22.6 and 2.4 times higher than that for D-Leu and D-Val, respectively
(see table 2). This type of specificity, however, associated with the enzyme catalytic active site

three-dimensional structure, which, in contrast to human DAAO, is not investigated clearly.

Table 2
Substrate specificity of DAAO from C. guilliermondii
) Relative ) Relative
Concentration, .. Concentration, ..
Substrate activity, Substrate activity,
mM mM .
Y% %
D-Pro 30 100 DL-Met 60 7,6
D-Ala 30 74,5 DL-Tre 60 6,1
D-Val 30 29,1 DL-Asp 60 11,2
D-Leu 30 3,9 DL-Asn 30 7,7
D-Ser 30 13,2 DL-norvaline 60 71,6
D-Lys 30 3,4 Glycine 60 5.8
D-Trp 10 3,3 L-Pro 30 0,0
D-Tyr 15 0,8 L-Tre 30 0,0
DL-Ile 60 83,6 L-Ile 30 0,0

* Activity is given relative to that measured for D-Pro; values are means for three determinations;
the enzyme did not show activity toward all L-amino acids
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As it was stated above starting material for enzyme purification was 128 g cell paste. It is
noticeable, that from this material after homogenization by sonication it was available to obtain pure
supernatant with the total protein content of 12 g, which is nearly 10% of initial weight. This first
step with high yield of protein extraction was also important and peculiar procedure demonstrated.
Considering the fact that these results were obtained without any initial enzyme inducing
procedures, and, in addition, the wide substrate specificity of Candida guilliermondii DAAO, we
assume that this source D-amino-acid oxidase could be produced, purified in short order with

chromatofocusing, immobilized and used for different biotechnological applications.

! Yerevan State University

2" Armbiotechnology” Scientific and Production Center SNCO, NAS RA

G. K. Gevorgyan, academician M. A. Davtyan, A. A. Hambardzumyan
Purification and Properties of D-Amino-Acid Oxidase from Candida guilliermondii HII-4

D-amino-acid oxidase was purified from the yeast Candida guilliermondii HII-4 using
chromatofocusing method. The native enzyme exists as a homodimer with the molecular weight of 78.6 kDa.
The optimum pH and temperature were 8.0 and 33°C. The strict D-stereospecificity of the enzyme is
confirmed, Ky and V,,,x values were determined for D-proline and D-alanine, which, among 22 tested, were
the best substrates of the enzyme.

Q. Y. QGunpquiy, wjuntdhlynu U. U. Mudpjui, U. U. Zudpupdnwdjub

Candida guilliermondii HII-4 ladnpuuultph D-wdhttwppyuyhtt opuhnuqh dwppnidi nu
hwwnljnipniutitph ntunmdbiwuppnudp

D-uwdhtwppujhtt opuhnuqi wbowwnyl) b dwpplly b Candida guilliermondii HII-4
hudnpuwutltphg ppndwwnndnlniuugdwn dbpnnh  Yhpundwdp: Lwwnhy pbpdbunt hpkuhg
ubpuyugunid £ hndnghdbp® 78.6 | Unjklnijjup quiugyuény: Owyinhuw) pH b obpdwunhgwip
Juqub] i, hwdwywwnwupwbwpup, 8.0 b 33°C: Zwuwnwwnyl] E pugwpdwl] unbpbnuykgh-
dhynipinit D-hgnutputiph tjundwdp: Zupduplyt) tu Ky-h nt V,,-h mipdtputipp D-uyypnjhth b
D-uwywuhth hwdwp, npnup thnpdupydus 22 wdhtwppeniubph swppnid jwwugnyi unip-
unpuwnubpt Eht nyjug dEpdbunh hwdwn:
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I'. K. I'eBopksH, akagemuk M. A. JlaBTsiH, A. A. AMOapuyMsH

Ouucrka u cBoiicTBa D-aMUHOKHMCI0THOI okcuaasbl u3 apoxskei Candida guilliermondii HII-4

U3 npoxoxert Candida guilliermondii HII-4 ¢ WCIONb30BaHMEM METOJa XPOMAaTO(POKYCHPOBAHHS
BbIJICJICHA U OuMIleHa D-aMUHOKHKCIIOTHAs oKcuaasa. [IpupoaHbiii bepMEHT MpeacTaBiseT co00il roMoauMep
¢ MousekymsipHod Maccoil 78.6 kla. OnrtumansHele 3HadyeHus pH u temmepatypsl — 8.0 m 33°C.
[onTBepkneHa abCOMOTHAs CTepeoCIeNUPUIHOCTD (PepMEHTa, a TaKKe BBIYHCICHBI 3HaueHus Ky 1 V max
s D-iponaa 1 D-anmannHa, KOTOPBIE OKa3aJIMCh HanOoJiee XOPOITUMH CyOCTpaTaMu W3 22 HCITBITAHHBIX
AMHHOKHCIIOT.
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N3meHeHne mokasaresieil eCTECTBEHHON PE3UCTEHTHOCTH Y KPbIC M
OBIYKOB NPH AJIUTEJIbHON THIIOKUHE3NH

(ITpencraBneno akagemukom K.I'.Kaparezssnom 20/12012)

KaroueBnble ciioBa: CUNOKUHEe3Usl, eCmeCcmeeHHAsl pe3UuCnermHnocnb, JU30yum, eﬂukonpomeudbl

['urnoxkuHe3ust — JUIMTENPHOE OTPaHMYCHHME JBUTATEIIBHOM AaKTHBHOCTH MpPHOOpETaeT B
HacTOsIee BpeMs Bce OONBIIYI0 akTyaslbHOCTbh. [Ipobnema akTyanbHa U B CETBCKOM XO3SHCTBE,

O0COOCHHO B XHMBOTHOBOJCTBE U 3BEPOBOJCTBE, B CBA3M C 3KOHOMHUYECKOH LEIECOOOPa3HOCTHIO
coJiepKaHus OOJIBIIOTO KOJIMYECTBA AKUBOTHBIX HA MAKCUMAJIbHO MabIX IUIOLIA/IAX, KAK HallpUMeEp
CTOMJIOBOTO COZIEP’KAHUS CENbCKOXO03MCTBEHHBIX )KUBOTHBIX.

Konnenrpanust 00JbIIOr0 KOJIWYECTBA CEIbCKOXO3SHCTBEHHBIX KUBOTHBIX Ha OrpaHHMYEHHBIX
IUIOAAX U JIONOJIHUTEIBHBIE IOIPEIIHOCTH IIPU CTOWJIOBOM COACPKAHUHM IMPUBOIAT K
HapyLIICHUIO BaXKHEHIIMX (YHKIMA OpraHusma, 4YTO BeIeT K MaJCHUIO NPOAYKTHUBHOCTH,
HApyLCHUIO BOCIPOMU3BOJAUTEIbHBIX (YHKIMHA, CHUXKEHHIO €CTECTBEHHON pE3UCTEHTHOCTH,
COKpAIICHUIO CPOKOB JKcIutyaranuu. I[losToMy — HcciienoBaHHME IPENENOB, 10 KOTOPBIX MOKHO
YMEHBIINTh ITapaMeTpbl MECTa OOMTAaHUS KUBOTHBIX 0€3 HapyIICHUs pOCTa, Pa3BUTHUSA U MPOLIECOB
pa3MHOXEHHS, BECbMa aKTyaJbHO [1 -6].

ITo mHeHuto psaga aBropos [1], runonuHamMuio — cBoeoOpa3HOE BO3JEHCTBUE, MPUBOASIIICE K
NEPEeCTPOMKE BCEX BaXHBIX (YHKLIMOHAIBHBIX CHUCTEM OpraHu3Ma, HeJb3s paccMaTpuBaTh Kak
IIPOCTOE CHUKEHNE (PYHKIIMOHAIBHBIX BO3MOKHOCTEH U TPEHUPOBAHHOCTU K OOBIUHBIM Harpy3Kam;

B 3aBUCHUMOCTU OT CTCHICHHU OrPAaHUYCHUA MNOABWKHOCTHU W HWHIAWBHUAYAJIbHBIX 0CcOOEHHOCTEN
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OpraHu3Ma TMIOKUHE3Us] MOKET MTPOBOLIMPOBATH PA3BUTHUE HEKOTOPBIX MATOJIOTUYECKUX COCTOSTHUM
WIA BBI3BIBATh CIIBUTH, TpaHHYAIIMe C Taroioruei. HemszOekHBIM CIEACTBHEM ITUTEIHHOM
TUMOKMHE3UN SJISIETCSl CHIDKEHHWE YpPOBHS PE3UCTEHTHOCTH K JCMCTBHIO HEOJIaronpusTHBIX
(GhakTOpOB BHEUTHEH Cpebl 1 HAPYIICHHE €CTeCTBEHHOTO MMMYyHHTETa [1,2].

B HacTosimieit cratbe uccieqoBaHbl HEKOTOPBIC TTOKA3aTEM €CTECTBEHHONW Hecnerupuieckon
PE3UCTEHTHOCTH Y KPBIC U OBIYKOB B YCJIOBHSX JUIMTENLHOTO OTPAHUYEHUS JABUTATEIHHON
AaKTUBHOCTH. PaccMOTpeHbl  aKTHBHOCTh JM30IIMMa B CHIBOPOTKE KPOBH KpBIC U OBIUKOB H
coJiep’KaHue TITUKONPOTEUIOB B CHIBOPOTKE KPOBHU OBIYKOB.

Jluzonum (Mypamumasza) — pepMeHT Kilacca THAPOIIA3, MIMPOKO PACIIPOCTPAHCHHBIN B MIPUPOJIC
U 00JIaaronuii OaKTEPUIIUTHBIMUA CBOMCTBAMHM, COJAEPIKUTCS B TKAHSIX M KHUAKOCTSAX OOJBIITMHCTBA
YKUBBIX OPraHU3MOB, PACTEHHUSX, a TAK)KE B HEKOTOPHIX OaKkTepusx u ¢arax..

K rnukonporenaaMm (MyKOIpOTEHAbI), SIBISIOMIMMCS CIIOKHBIMU O€JIKaMH, OTHOCSITCSI MHOTHE
0enKu TiIa3Mbl KpOBH (MMMYHOTTIOOYJIHHBI, TpaHC(HEPUHBI), HEKOTOPBIE ()epPMEHTHI U HEKOTOpHIE
TOPMOHBI, KOTOPBIE YYacTBYIOT B MPUCIOCOOUTENHHBIX PEAKIMSIX OpraHW3Ma B OTBET Ha CTpecc-
(bakTopsI U 1p.

OnpiThl ObuUIM TpoBeAeHb Ha 70 GenbIx OecropOAHBIX KpbICaX-caMIlaX B KOJIMYECTBE C HC-
xonHOM Maccoil 120-160 r.  JKHBOTHBIE NOJOMBITHBIX U KOHTPOJBHBIX TPYII MOAOUPAIHCH T10
NpUHIUIY aHANOroB. [1ogONbITHEIE KPBICK MOMEIIAIUCH B CHEIUATIBLHO CKOHCTPYUPOBAaHHBIE HAMU
kieTku (140X 60x 60 Mmm), orpaHUYMBAIONINE MX JIBUTATEIbHYIO aKTUBHOCTh. KopMuiu u mowsm ux
U3 CICHUATbHBIX KOPMYIIEK W TMOWIOK, pa3paboTaHHBIX B HAyYHO-MUCCIIENOBATENbCKON J1abo-
paTopum SKcrepuMeHTaIbHO-O0nonornueckux mojaeneit PAMH. Konrponbabsie xuBotHBIE (n=30)
HAXOJMJINCh B OOBIUHBIX YCIOBHUSIX BUBapus. JJTUTETbHOCTh THIIOKMHE3UH B 3TOM CEPUM COCTaBHIIA
45 nueit. KpoBs 115 nccaenoBanuii Opaiy B AMHAMUKE Kak 0 TUIIOKWHE3WH, TaK U Ha S5-, 15-, 25-,
35-, 45-e CyTKH T'MIOKHE3UH,

JlanbHele uccaenoBanus ObUIH MPOBEICHBI Ha ObIYKaxX 4-MECSYHOTO BO3pacTa ¢ UCXOIHOU
Mmaccoit 70-80 kr B konmudecTBe 6 royioB. JIBUTATEIbHYIO aKTUBHOCTh SKCIIEPUMEHTAIBHBIX JKUBOT-

HBIX B KOJMYECTBE 3 TOJIOB OTPAaHUYMBAIM B MHIAMBUAYyaIbHBIX KieTKax (50X130 cm). KuBoTHBIE
KOHTPOJILHOW TPYMIBI B KOJUYECTBE 3 TOJOB COACPKATUCH B OOKcax, pasMepoM 2x4 M Ha OJIHY

TOJIOBY. KOHTpOJ’IBHBIG OBIYKH B TE€UECHHE SKCIICPUMCHTA UMCIIN G)I(e,Z[HeBHblﬁ HBquaCOBOﬁ BBIT'YJI.

JIMUTEeNbHOCTh TUTIOKUHE3WH B ATOW cepuu HaOmroneHui cocrtapmia 120 cyrok. KpoBs mist uccie-
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JOBaHM Opayi B IMHAMUKE KaK JI0 OTPAHUUYCHUS JBUTATEIHHOW aKTUBHOCTH, TaK u Ha 5-, 10-, 15-,
30-, 45-, 60-, 75-, 90-, 105-, 120-e CyTKH TUIIOKHHE3UU.

AKTHUBHOCTh  JIM30LIMMa  ompeneasuii  MerogoM B.M.MyrtoBuHa B MoauduUKaIuu
MuTIONIHUKOBA, B OCHOBY KOTOPOTO MoJIokKeHa Au(dy3us TU301MMa B arap M 3aJiep>kka UM pocTa
KyJIbTypbl Micrococcus Lisodeicticus .

VY NOJONBITHBIX KPBIC aKTUBHOCTH JIM30LKMMA B TE€YEHUE 45-CyTOUHOW THMIOKHMHE3MH HMella
TEHJCHIMIO K TOHWXEHUIO. YK€ Ha 25-€ CyTKH OrpaHWYEHUs JBUTATEIbHONW aKTUBHOCTU THUTP
JU30IIMMA Y HUX YCTYIaJl TAKOBOMY y KOHTPOJIbHBIX )KUBOTHBIX Ha 8 %, a Ha 35-e cyTku — Ha 25%.

AKTUBHOCTbD JIN30LIMIMA B CHIBOPOTKE KPOBU MOJOMBITHBIX KUBOTHBIX OCTaBaJIaCh MOHMKEHHOU
0 KOHIIa SKCIIEPUMEHTa B CpeAHEM Ha 32% 10 CpaBHEHUIO C JaHHBIMHU, IOJYYEHBIMH Y

KOHTPOJIbHBIX JKUBOTHBIX (Ta0MI. 1).

Tab6auna 1
Onenka noka3sareseil THUTPaUMH JTU30LMMA KPOBH (MM) IO ANAMETPY 30HbI
3a/1epPKKH POCTa TECTKYJAbTYPhI Y 0eJIbIX KpbIC IPU 45-CyTOYHOMI
runokuHesnu (M+m ,n,=8 ,n,=6)
I'pynma Cpoxu nccae10BaHmsl, CyTKH
JKUBOTHBIX ®oH 5 15 25 35 45
OmnsiT 21.1240.60 20.9+0.60 20.5+0.60 19.6+0.90 16.25+0.50* 14.5+0.90*
KonTpons 21.50+0.80 21.5+0.80 21.7+0.80 21.3+0.60 21.70+1.10 21.3x1.30
*P<0.05

O cOCTOSIHUM €CTEeCTBEHHOM PE3UCTEHTHOCTH Yy OBIYKOB CYIWJIM HE TOJBKO MO aKTHUBHOCTH
JU30LMMa, HO U MO COJACPXKAHUIO B CHIBOPOTKE KPOBHM TIIHMKOMpPOTeHAOB. B mepBbie 15 cyTtok
OKCIIEPUMEHTAa W3MEHEHUU JH30IHMHON AaKTUBHOCTH M COACPXKAHHS TIMKOMPOTCHIOB HAMHU HE
obHapyxeHo. Haunmnas ¢ 30-X CyTOK OTrpaHWYEHHUs JBHUTAaTEIbHON aKTUBHOCTH Y MOJOIBITHBIX
OBIYKOB OTMeYaeTcs He3HauuTelbHoe (Ha 2.4%) CHYDKEHUE JIM30LMMHOM aKTHBHOCTH. B 3TH ke
CpOKHM HaOJI0AaeTCsl JOCTOBEPHOE CHIKEHHE COJIEPIKAaHUS TIUKONPOTEU10B (Ha 22%) B CHIBOPOTKE
KpOBHU. DTH MOKA3aTENN U B MOCIEAYIOIIEM UMENIN TeHICHLIUIO K CHUXKEHUIO.

Ha 45-e cyTku uccnenoBanust IM301UMHAs aKTUBHOCTH Y MOJOIBITHBIX )KUBOTHBIX OblIa HIXKE,
4YeM Y KOHTPOJBHBIX, Ha 5.6%, B TO BpeMs KakK COJCp)KaHHE TIMKOIPOTEHIOB ObLIO HamboJee
HU3KHUM (HUXKE, YEM Y KOHTPOJIBHBIX KUBOTHBIX, Ha 24 % ).

Ha 60- u 70-e cyrku wucciegoBaHUM KaK AaKTUBHOCTh JIM30LIMMa, TaK M COJEpKaHUE

TJIMKOMPOTEUIOB, MO CPABHEHUIO C KOHTPOJIEM, CHUXKAETCSI COOTBETCTBEHHO Ha 21 u 18 %.
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JlocToBepHOE YMEHBIICHHE JM30LUMHON AaKTHBHOCTH 1O OTHOIICHWIO K BEIHMYHMHAM, TONY-
YEHHBIM Y KOHTPOJIbHBIX JKMBOTHBIX, HAOMIOJAIOCh TOJIBKO B KOHIIE dKcnepumeHta, Ha 90-,105-,
120-e cytku, u coorBeTcTBeHHO cocTaBwio 15, 30, 41 %. B yka3zaHHbIl nepuoj coleprKaHue
TJIMKOTIPOTEUJIOB B CHIBOPOTKE KPOBHU TIOJOMBITHBIX JKMBOTHBIX TaKXKe OBLIO HIDKE, YeM Y
KOHTPOJIBHBIX JKUBOTHBIX, COOTBETCTBEHHO Ha 1, 5 1 6 % (Tabm. 2).

Taoaumna 2

HcnenoBanue coaep:kaHus IIMKONPOTEHA0B (/1) U Iu3ouuMa (MM) y ObIYKOB
4-mecsiuHOro Bo3pacrta npu 120-cyTouHoii runoKuHe3nu

Cpoxu TTokazarenu
[ccrenoBaHmMs, I'mukonporen bl JIn3onum
CYTKH OTIBIT KOHTPOJIb OTIBIT KOHTPOJIb
22.33+0,97
Down 1.03+0.02 1.06£0.04 y 22.0+1,40
5 1.03+0.01 1.04+0.04 22.20+£0.97 22.33+2,05
10 1.03+0.02 1.04+0.03 22.20+0.97 22.33+£1.40
15 1.02+0.01 1.04+0.02 22.70+0.80 22.0£2.05
30 0.81+0.03* 1.04+0.02 21.80+0.97 22.33+£2.05
45 0.79+£0.02* 1.04+0,02 21.70+£0.97 23.0+£0.70
60 0.81+0.03* 1.02+0.02 21.20+1.13 22.33+2.40
75 0.81+0.03 1.03+0.07 20.20+1.13 22.33+2.70
90 1.01£0.02 1.00£0.07 19.20+1.13 22.70+2.40
105 1.01+0.03 1.060.04 15.33+1.13%* 22.0+0.70
120 0.98+0.02* 1.04+0.02 13.30+0.80* 22.70+0.70
*P<0.05

Takum 00pa3oM, CHI)KEHHE JM30LKMMHOW AKTUBHOCTH M COJEpKaHMs INIMKOINPOTEUIOB B
CBIBOPOTKE KPOBH IOJIOMBITHBIX JKUBOTHBIX B YCIOBUAX IMIIOKUHE3UU SBJISIETCS OJHUM U3 3BEHHEB B
oO1Ielt 1enu U3MEHEHU B OpraHu3Me, IPOUCXO/IIMX B Ipoliecce 0OMEHa BEIIEeCTB, Pe3yIbTaTOM

KOTOPOT0, BOBMOXHO, SIBISIETCS CHUKEHHE OapbepHBIX (QYHKIIUI OpraHu3Ma.

['ocynapcTBeHHBIN arpapHblii YHUBEPCUTET ApMEHUU
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A.T. I'puropsin

N3meHeHHne moka3aTesiell eCTECTBEHHOH PE3UMCTEHTHOCTH Y KPbIC H
OBIYKOB NPHU JJIUTEJIbHOH THMOKUHE3UH

HccnenoBanpl mokaszarenu HeceUu(pUIeCKOd PE3UCTCHTHOCTH — aKTUBHOCTH JIU30IIMMAa B CHIBOPOTKE
KPOBH KpBIC M OBIYKOB M COZAEp)KaHHWE TIMKOMPOTEHJOB B CHIBOPOTKE KPOBH OBIYKOB B YCIOBHUSX
TUMIOKWHE3UH. Y CTAHOBJICHO JOCTOBEPHOE CHUKEHHUE COACP>KAaHUS MIMKOMPOTEUIOB U aKTUBHOCTH JIM30LIMMA
— OJIHMX W3 3BCHBEB B OOIIICH IIeTIM M3MEHEHUH B OpraHM3Me, MPOUCXOIAIINX B MPOIlecce 0OMEHa BEIIECTB,
BO3MOXHBIM CJICZICTBUEM YETO SIBJISIETCS] CHIDKEHHE 0apbepHBIX (DYHKITUI OpraHu3Ma..

U. Q. Gphgnpui

Puwjut ghdwnpnnujuiinipju npny gniguthpubph thnthnjunipjniuikpp
YEunuuhubkph Ununn hhynyhutqhugh yuydwbttpnud

Zknwgnuyl) ki ny hwnnl] gphdwnppnpujuinmipiut wjtyhuh gniguhoutp husyhuhtt
g hynynnnkhnutph yuemitwlnipiniup b (hgnghd dEpdktnh wynhynipjniup hhynlhutkqhuwh
Eupwplué gnyhlubph b uyhwnwl wnubnubph wpwt vhdninud: Zkwnwgnunipniaubph
pupwugpmd qputgyl] b updws giguwuhpubph  thwunwugh wblnud, husp, hwdwbwpwp,
hwinhuvwind E dh wnwtdhtt onul punhwinip nipwihnpuwbtwlmput fuwbqupnidubph
onpuynid, husp hytpen hwgkgunmd b opquhquh wwwnbubpuyhtt hwdwlwpgh  $niulghwgh
pnyugduip:

A. G. Grigoryan

Changes of Some Parameters of Natural Resistance in the Blood Serum
of Rats and Calves during Prolonged Hypokinesia

We have investigated such parameters of nonspecific resistance as lysozyme activity in serum
of rats and calves. The content of glycoproteids in the blood serum of calves in hypokinesia.

During the study we found a significant decrease in blood content of glycoprodeins and
lysozyme activity, which apparently is one of the links in the whole chain of changes in the body
that occur in metabolism and as a possible consequence, decrease the barrier function of the body.
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U.U. Unujui!? @.2. Pojujugjui!
nsniuubph wpyut vynpuynp dwjupnydutph puquuquinipniup b
nwpudjudnipmniin Ynyjuunid

(Lkpjuyugyws k£ 22 @UU pppwljhg wunwd L. [r. Uwbybyuih Ynnuhg 14/11 2012)

Unwbgpujhtt pwnbp. posnidbbph  wpul dwlwpngdilp,  Plasmodium — spp.,
Haemoproteus spp., Leucocytozoon spp., nnupwdywdnipinil, NCIF-hEkwnwgnunnipiniiibny,

hwugninhubp:

Ukpwémipnii: Undljuup jhbuwpuquuquinipjudp wopowphh wnwybk] hwpniun
nwpwdwopowbibphg dtlu k [1,2]: @nsniutbkph, husybu bwb bpwbg dwlwpnysutph
htnwgnuumipnitiphtt  Jipohtt  wwwphubphtt  wpwtdtwhwwnnitl) npwunpmipmit k
nupdynid: @psnitiubpt wppnwhwpynid Bu Jhpniuwghty, pujnbtphw), dwjupniswiht b
ubljuwyhtt wuwpngtutbpny b Jupnn Eb tpwbg wwhbunwpwitbp hwinhuwbw [3,4]:
budtighnt b dwlwpnidbwjht hhjwinmpnitubpp, hwnluwbu bpwbp, npnup
hujntwpbkpynid . Juyph  punipjutt dby, hwdwjuwgk] tu Jtpohtt dh pwlh
nwubwdjuljubpnid  [2]: Uju  hhdwungnipjniuubpp uplbnp  gnpéntt b phwljub
Eynhwdwlwupgtph gnpéniutnipju Uty [5,6]: bPusywbu huwynth E, wput uwwynpuwiynp
dwljupnysubipp upnn b jEhuwpuquuquinipjut ngisugdut yuwnmdwn hwunhuwbwyg,
husp hmnjuwbu Junutquynp £ tugkdhl dunitiugh hwdwp [1,2]:
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Utp  numdbwuppnipjutt . wowpu  hwighuwgnn  posniiubph wpub
uynpuwynpubphtt wwwnlwunng Plasmodium, Haemoproteus LW Leucocytozoon gtntph
dwljupnysubpp thnjuwbgynid kb puquuquin b puduljuthtt juyt tnwpwsdnid nitkgnn
tpyplwth dhgwwntbph dhgngn]” Undwljutph, ghpkpuyhti djwljutph, ddhjukph [7]: Uyu
dvhpwnutpp  Ynudnwynhnn i b hwjwnbwpbpdl; Gt popp dwypgudwpubpnid®
pugunnipjudp Utwnwplunhnugh:

Gpuwiynp wnpnipubpnd pujuwpup nbknbnipmit shw posnitubph wpyubt dw-
Juwpnysutph niunidbwuhpnipjnittiph Jepwpbpuy: Ukp hbnwgnumipniuubph twyw-
wnwlt E pugwhwjnt] pnsniuttph wpyut dwlwpnysutph puquuquinipniup b vwp-
wdJwénipiniup Jhuvwpuquuquiunipjudp hupniun Yndjuuyut nupuswopowunt:

Umiphkp b dbpnnutp: 2010 p. dujhuhg ognuwnu pujws dudwbwljwhwndusnid
hwqupdty L posmitubph 34 wbkuwlh onipe 396 wpuwt tdny'  Zujwuwnwuh
Zuipuybnnipjut (22) b Liptuwghtt Twpwpwnh Zutpuybnnipjut (L2) (206 tdniy),
htswtu bwb Y Ypuwubtnnpuph Epjpudwuh (190 tuniy) vh pupp wnnwnwihtt Juyptnphg
(ugy. 1):

. Luqupnyu Gy
- Ulintippywih {iynug
. Nopoju
. Unjtiunt
. Gnyuquipu Rounpnuyunpl
. bhnjitnnyn
. Nwupujuu
. OnJuqynin
. Smwup
10. Upjuwjuiun
= a0 12 11. Unbithwuwlbpmn
I I I 12. Uhouwduiu

1 .
. Russia

L
LN ]

]

LY

*3
Armenia H -_ng

0N L b~ W=

Nel

Lup 1. Ldniph hwjupdwt quypbpp Zuywunwinid (Armenia), LN2-nud b 2F-nud (Russia):
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Fnsniuttph nput hpwlwbwgyt) £ hwdwywnwupiwt guugkph dvhengny: Npnoyt) k
nipupwtignip prsuh nkuwlp, wmyw tpuwlhg yipgyt £ wpjub tdniop: Upyniup wwhyty k
ublywluyhtt  oipdwuwnhdwnid  Epwlnih 96%-ng (nusnypnid: Fnnp  pnsnibubpl
onuljuynpyb] ti' puguntint hwdwp Jhtitnyt wnwbdyulh Ypluwlh npup, b pug ko
panuyby:

Upul tdniohg whownyl] b wipnnowlui 2uE-u (I posih, U dwlupniysh
wnljuynipjut niwypnid): Bnsuh Unwn Haemoproteus spp., Plasmodium spp. W Leucocytozoon
spp. wnjuynipiniip qupgknt hwdwp Jhpuedb) £ TR (ynihdbpuquyht onpuwjuljui
ntwljghwttp) dbpnnp: Uwlwpnysh tnyuwlwbwugdwt hwdwp Yhpundt) o ywpuydbp-
ubip, npntp Swéynid L tpw dhunnpnunphwy ghninppnd £ gkup, nptt wdktwjuyt Yhpw-
nnipjnib niiignn dwplbpt £ dipnhhoju dwjuwpnysubph hwynbwpbpdwt hwdwnp [8,9]:

NTNR-1 hpwwbwgyl]® E oquuuwugnpstiny hbwnljuw) wpuydbpubpp' HAEMNF -
CATATATTAAGAGAATTATGGAG, HAEMNR2 - AGAGGTGTAGCATATCTATCTAC [9]:
NEwlghwjh wquydwbtpt Gu® 30 pl — 95° C, 30 Ypl — 52°C, b 45 4ply 72° C 40 ghlny:
Shlj1hlj ntwljghwubiphg wnwy tudnipubipt huljnipugyt) G 95° C* 15 pnyk nbhnnnipjudp b
nkwljghwjhg hbkwnn 60° C 10 pnwk wbnnmipjudp: 12,5 pl nbwlghwyh nusnypp
wupnibwllbp £ 2 pl wmbowwndws Ful-hg, 0,24 uM jnipwpwisinip wypuwjubtphg, 1x of
GoTaq® Flexi Buffers, 0,287 mM' dNTP, 2 mM" MgClz, 5,978 pl* H.O L 1,2 u' Taq Fule
wn hdkpuqu (Promega Corporation) ykpgtiwljut hnughinnpughwubpny:

TUE-h wnluynipniup wuwpqbint hwdwp  Jeppuwiynipp Gupwpldl; k
EEyunpndnnptqh 2,0% wqupnquyht gljh Jpw, wpyniupp ghndt £ NRU funwquyptph
wnuwl: Fpujut wpnyniup gnyg ndws udnpubpp dwppyby Eu' ogurnugnpsdtiny ExoSAP-IT
PCR Clean-up Kit (USB Corporation), b niquplytk) G Macrogen (Macrogen corporation-
Netherlands) uniljjtnnnhnwjhtt hwonpnwlwiunipjut npnodwtt hwdwp: Zwenpyuljuunt-
pniuubpp dowljyl) Eu BioEdit dpwgpny [10], b hwununnhwybpp npnoyl; B DNAsp 5

dpwgpny [11]: Mwpgbnt hwdwp hwwnnhytph yunjuwiubnippiat wu jud wyh
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dwljupnysh mbuwlht, gpuip hwdbdwwnyt] Eu qhubph dhpwqquyhtt puynid b MalAvi

puquynid [9] wnljw hwonpnuljwtinipjnitttph hbw:

Upmyniupubp: Mundbwuppdws 396 udnipubinhg,

npntp  ubkpyuyuginud kb

posniutitinh 34 mbkuwly, Jupulusubph phyp uqub] k249 udniy® 29 pnstwwnbuwl:

Unniuwy 1

NTF hbnwgnuinmpjut wpynibptbpp Zuywunwind b 1+ Ypuubnnuph dwpgnid

Zujuuwnwl (Y Ypwubnnuph dwpq
@nsth wbuap | V2R o T qupuygus. | @ny. | dwpulyuws.
puitup wnwbd. [ Fpuntiuhyni- | wpwbd. | Epunbkuuhynt-
pwtwyp/  pjoitp pultwyp pjntup
Erithacus rubecula 40 3 33,0% (1) 37 59,5% (22)
Parus caeruleus 23 8 25,0% (2) 15 80,0% (12)
Parus major 65 34 79,4% (27) 31 74,2% (23)
Phylloscopus lorenzii 38 37 29,7% (11) 1 100,0% (1)
Phylloscopus nitidus 24 19 47,3% (9) 5 60,0% (3)
Sylvia atricapilla 24 10 50,0% (5) 14 64,3% (9)
Turdus merula 38 19 78,9% (15) 19 84,2% (16)
Ulugwd nkuwlubtpp 144 76 64,5% (49) 68 69,1% (47)
Cunhwtinip 396 206 57,7% (119) 190 70,0% (133)
‘Lunwputp (punhwunip) Jupulusubkp (punhwnip)
396 62,8% (249)
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Zudbdwwngl] o Zujwunwuh b (Y Qpuwubnpuph Epypudwuh posniuubph
Jupuljjwénipjutt wunhfwutpp npny nkuwlubph hwdwp, hsybu twb pughwinip
Jupuljjwénipjut wmunhdwuukpp (wy. 1):

Munidbwuppyl] B uniyjinnhnughtt 147 hwonppulwunipjnitukp, npnup
ubpuyuginid Gt 40 wpwbdhtt hwwnunhwbp. ppuughg 26-p ubkpluyugind Gu
Haemoproteus spp., 11-n° Plasmodium spp. L dhwju 3-p° Leucocitozoon spp. (wn. 2):
Zujntwpkpyl] ku twb npny tnp hwynunphwybp, npnup dhty opu qpuigqus sk tnky

qtutinh dhpwuqquyhti putynid:
Unniuwl) 2

nsniuubph dwlwpnydubph tnlyjininhnuyhtt hwenpryujwunipyniuutpp b
hwyninhujpp puitrmyp

‘Lnij tninhnuwjhtt hwonpnwljwtnipniu - 147 (40 hwyyninhw)

Haemoproteus spp. - 26 Plasmodium spp. - 11 Leucocytozoon spp. - 3

‘Lnp QLU puy ‘Lnp QLU puy ‘Lnp QLu puly
Unud. | BYp. Unud. | ©Byp. Unud. | ©Byp.
8 hwu). 5 hwu. 1 hwy;.
2 hwiwyg). |16 hww. 5 hwiw).| 1 huw. 0 hwiw.| 2 huw.

Luttwupnd b Eqpujugmpinit: dbkpohtt  wmwubwdjwlukph pbpwgpnud, Gpp
dwjupnysubiph ntuntdbwuhpnipjut njnpun tkpdnisytghtt ynihdbpuquyhtt onpuyuju
nbwlghuttph dpw  hputuws npp
htwwppppnipnit tp thpjuyuginid hwnuwybu  Bynnghwwi b EYnpnighnt

dbpnnubtpp  [12,13], pnsuth dwjwuphwb,
wnnidubpny, dké pwthny uljukg ntumdtwuhpyby [9]: Quuwyws tpwl, np dudwbwlwlhg
Ubkpnnubpp htonwgpt) Eu dwlwpnysubph ntunidbwuhpnipjniiubpp, npup bu gqniply

sk phpnipiniiitphg b Juphp mukt htnwqu qupqugdwt b junwpbjugnpsdwi:
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Zuynuh E, np NTHR dbkpnngny woluwwnbjhu sh Jupkh jhwpdtp hwdnggwé (hub], np
puguuwlutt  wpynitp gnyg wdwd  wdnwpbpmd dwlwpnysubp  sjut  [14],
wjuntwdbiwyithy dbkp 4bpnisnipyniutbpp hhdnid Bt uvnnuuggws b wnljw wpnyniuputph
Ypu:

nsniuttph qupuljwsénipjutt tpunbtuuhynipmniup juqunid L 62,8%, husp wyy
wolnwuphwgpuljut nwpwspubph hwdbdwwn puduluthtt pwupdp gniguuhy kE [15,16]:
Munidbwuppywé posniiubph hwdwpuw pnjnp mbuwlubph dnn Jupuljwbnipjui
duwjupnulp Ypwubtnguph tppudwuntd wdbjh pupdp E pwt Zwjwunwind, husp
hwuwbwpwp quydwbwynpdws k phul hdwyujut yuydwitbpny:

147 umQknnhnuihtt  hwonpnuwlwimpnitiiph  hbnwgnunipjutt wpyniupnid
huyntwpbpdty] tu pnsnitubph dwjwuphw hwpnignn dwwpnysutph 3 ghnbp, npnughg
wnwyl] hwdwh hwunhwynd t  Haemoproteus spp.” 105  uniljknnhnuht
hwonpnuljwunipnit (71,4%), uput hwonpynid tu Plasmodium spp.” 31 uniljjkninhnuht
hwonppuljwmnipnit (21,1%) U Leucocytozoon spp.' 11 uniljjinnnhnujhtt hwenppuljw-
unipinit (7,5%): Ukp htnnugnuumipnitutiph wpyniupnid pugwhwjnygt) ku twb 14 unp
hwuwnnhwytp, npnup dhty wydd ny vh wnkn gqpubgdws skt tnbk, husp Jyuynud Lk
nupwsuwopowind posnittbph wput uvynpuynpubph tupbdhlinipjut puduljuh
pupdp dwjupguljh dwuhtt: Zuynbwpkpyt) o bwb 7 jnudnynjhn hwynunhuybp, npnup
gpuugdws tu tnk] bwb wy] wohmwphwdwubpnid: Zwogh wetbnyg wyl, np dwljwpnys-
ubipt niukt swhwqug gusp uytghdhlnipnit prsniutbph mtuwlutph tfundwdp [14],
Juptih E junul] weliw Juwugh dwuht, wjuhtpt’ dwlwpnysubpp hwdwdwpulh
wnubkughw| wnpnip kb, htyp hwnjuybu Juuutquynp k tugkdhly $wnitiwgh hwdwnp:

ZEnmwugnuinipjniup Juunwpyby £ Qupniun Gnyphuljut hhdtwunpudh $htwbuujue
wowljgnipjudp:

122 QUU Ykgwiwpwinipjutt b hhgpokyninghuyh  ghnnwluwt  jEuwnpnt, Yhunpuwbiwpwinipjut
htutnhwinin
2Gphwih whnwljut hwdwuwuput
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U.U. Unujui, @.2. Pojulugjui

Pnynuubkph wpyut vynpuynp dwjupnysdubpnh puquuquinipniip b
nwpwdjudnipiniin YUnyjuunid

Uwlwpnysutiph puquuquinipmniip b mupusjusnipniup npnobnt tyyuwnulny qhuk-
nhljujut nunlbwuhpnipjut ki Eipupldl) Zujuunwih, Tintughtt Twpwpwnh Zubipuwb-
nnipjut b 1} Ypwuunnuph Eppudwuh 12 muppbp quiptiphg hwjuwpyws prsnitubph wpjut
udnoubpn: Nhunidbwuhpyt] tu bwlb uniyEnnhnujhtt 147 hwonpnwljwunipiniutp, npnup ubp-
Juyugunid & wwppip hwwninhybp: Unwguwsd wpnyniupubpp gnyg b wwwjhu Yndluup
nwpuwswopowimd  posniutkph dwlwupnysibpny]  Jupulijusmppub b dwlwupnygsubph
Eunbdhlnipyut puduljutht pupdp dwjupnpul:

C.A. Aragn, I''A. Bosaxuan

PasnooGpasue 1 pacnpocTpaHeHue CIIOPOBBIX KpoBenapa3uToB nrur, Kaskasa

C mespio ompesiesieHUs Pa3HOOOPa3UsA IAaPa3UTOB U UX PACIPOCTPAHEHUA TeHeTUYEeCKH U3y4YeHBbI
06pasIbl KpoBU ITUI, U3 12 pasnuuHbIX MecTHOCTeli Apmenuu, Haropuo-Kapabaxckoit Pecrry6muku u
Kpacuomapckoro kpas Poccuiickoit ®@emepaunuu. MccremoBaust Takxke 147  HyKI€OTHIHBIX
IIOC/IeZIOBATEIBHOCTEH, IIPeJCTABIAIONIX pa3IHYHble TaIuIoTHUnbl. IlolydyeHHBle [aHHBIE CBHJE-
TeJIBCTBYIOT O ILIMPOKOHM pAaCIPOCTPAaHEHHOCTH M BBICOKOH CTeNeHM OJHAEMU3Ma OIIpejeIeHHBIX
KpoBenapa3uToB ntur, KaBkasa.

S.A. Aghayan, G.A. Boyakhchyan
Diversity and Prevalence of Avian Haemosporidian Parasites in Caucasus

Blood samples of birds from 12 different districts of Armenia, Republic of Nagorny Karabakh and
Krasnodar Region of Russia were examined genetically to determine the diversity and prevalence of
parasites. 147 nucleotide sequences representing various haplotypes were also investigated. The abtained
data show wide prevalence and high degree of endemism of avian hemosporidian parasites in Caucasus.
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