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Abstract. In this paper, we study the following fractional Kirchhoff-type problem with
Liouville-Weyl fractional derivatives:

o—1 * .
[a +b( faul® + o DY uf?)dz ) } (o D5, (— oo DEu) +u) = [u?6 " 2u, in R,
u eI’ (R),
where 3 € (0, %), ,oonu(J, ngou(-) denote the left and right Liouville-Weyl fractional derivatives,
* 2
%5 = 1-25
parameters o, a and b, we obtain a non-existence result of nontrivial solutions of infinitely many

is fractional critical Sobolev exponent a > 0 and b > 0. Under suitable values of the

nontrivial solutions for the above problem.
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1. INTRODUCTION

The purpose of this article is to study the non-existence results for the following

fractional Kirchhoff-type equation with Liouville-Weyl fractional derivatives:

71 )
{?1—1_1)1)(IR(|U|2 - \_oonuP)dx)g ] (2 DB (—ooDBu) +u) = |uf>»2u, in R,
ueIZ(R),

where 8 € (0,3), —wD%u(-), ;D5 u(-) denote the left and right Liouville-Weyl
fractional derivatives, 22 = 132 5 is fractional critical Sobolev exponent, ¢ > 0 and
b>0.

The theory of fractional operators for a long time remained hidden from the

scientific community, with its pioneering works involving the integrals and fractional
derivatives of Liouville, Riemann, Grunwald-Letnikov and Riemann-Liouville [6]
10, [30]. Then, around 1974, at a conference at the University of New Haven, in
the United States, the first international conference on fractional calculus took
place [24]. From that moment on, fractional calculus began to be disseminated and
disseminated and countless fractional derivatives have been introduced, each one
with its importance and relevance in the field of fractional operators [T} [8, O] 12}
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141, [T'7, [18], [19], 22]. We highlight in a special way, when it comes to applications in:
medicine, engineering, physics, biology among other areas [0}, [10, 111, [13] 20, [23].

We note that when a = 1, b = 0, problem boils down to a fractional
differential equation of the type

ID—ﬁi-oo(—ongu) :g(u)7 il’l Ra

which is a special case of the fractional advection-dispersion equation proposed by
Benson et. all. [3, 4, B]. When 3 € (3,1) several existence and multiplicity results
can be found in [25] 26] and the reference therein. Recently, the case 8 € (0, %) was
considered in [28] [29].

On the other hand, in these last years, the study of Kirchhoff problems with
fractional derivatives have been attracted the attention from many mathematicians.
For instance, Nyamoradi and Zhou [I5] dealt with the existence of nontrivial solutions
for a Kirchhoff type problem with Liouville-Weyl fractional derivatives by using
minimal principle and Morse theory. Nyamoradi et. all. [I6] studied a class of
Schrodinger-Kirchhoff equation with Liouville-Weyl fractional derivatives and obtain-
ed the existence and multiplicity of solutions by using mountain pass theorem and
the symmetric mountain pass theorem. Tayyebi and Nyamoradi [2I] established
the existence and multiplicity of nontrivial solutions for a Kirchhoff equation with
Liouville-Weyl fractional derivatives by using symmetric mountain pass theorem,
Morse theory combined with local linking arguments and the Clark’s theorem.
The authors in [2] by using local linking arguments and Morse theory studied
the existence and multiplicity of solutions for a fractional Kirchhoff equation with
Liouville-Weyl fractional derivatives.

Since we did not find in the literature any paper dealing with problems involving
fractional derivatives and critical exponent, motivated by the previous works, in
the present paper we intend to show the non-existence results for problem by

applying suitable variational arguments.

2. PRELIMINARIES AND MAIN RESULTS

In this section, we recall some useful preliminaries which will play an important
role to solve the problem (|1.1)), and we state the main results of this work.

Definition 2.1. The left and right Liouville-Weyl fractional integrals of order 0 <
B < 1 on the whole axis R are defined by

(2.1) L IP() = ﬁ /_ (x — )P g(€)de,
(2.2) I8 0(x) = ﬁ /m(i—x)ﬁ‘lqﬁ(&)df-

respectively, where x € R.
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The left and right Liouville-Weyl fractional derivatives of order 0 < f < 1 on
the whole axis R are defined by

d
(23) 700D£¢(m) = %foolé_ﬁqb(x)»
d

—— Ji-B
o Ll9(@).

(2.4) +D5¢()

respectively, where x € R.

2.1. Fractional space of Sobolev type. By argument in [29], we will look for
weak solutions of the problem (1.1]) hence the natural setting involves the fractional
space of Sobolev type i (R) defined as

I’ (R) = {u € L*(R) : _ooD’u e L*(R)}

endowed with the scalar product

(u,v)g :/Ru(w)v(x)dx—i—/R,oonu(x)~,Oonv(m)d:v

1/2
lullg = (/Ruzdw-F/RLoonu(:r)de) .

It is well known that (I” (R), (., .)p) is a Hilbert space. Moreover, for 8 € (0, 1) we

have the continuous embedding

and norm

(2.5) I° (R) < LP(R) for every p € [2,2}],

where 27 = ﬁ is the fractional critical Sobolev exponent.
In the case a = 1, b = 0, the problem (1.1} will be transformed into the following

critical problem with Liouville-Weyl fractional derivatives:
(2.6) + D8 (_ooDPu) 4+ u = |u|?2u, in R.
Set
2.7) Spie  np (P FlcDoul)de
uel” (R)\{0} (f]R ()% dx) %5
For any £ > 0, we can define u(z) as u.(z) = /eu (%), where @(z) is a minimizer

for Sg. Clearly, u.(z) is also a minimizer for Sg, satisfying (2.6) and

o*
*
2[:? 2

(2.8) /(|Us|2 + oo Due|?)d = / Jue (2)|* da = S
R R

Now, under suitable values of the parameters a, b and g, we state the main results

of this paper as follow:

Theorem 2.1. Suppose that o > 1 and B € (0, %) Then, problem has no
nontrivial solution under one of the following conditions:

(i)Q:%Z,CL:O and b > S;¢;
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(ii) o = %, a>0andb>S5°;
(iii) o > 27‘3, a,b > 0 satisfy

2% —2
25(e—1) 2(e—1)
* 27372
2a(0 — 1) [ (20— 25)bS; -
20— 2, a(2 —2) ’

(iv) o = }fgg, a,b > 0 satisfy 1 < 4ab5’§+1.

Theorem 2.2. Suppose that o > 1 and 5 € (0, %) Then the following properties
hold:
(i) 0 # 27[3, a =0 and b > 0, then problem has infinitely many positive

solutions and these solutions are
25(e—1)
;;729)(2[*_372

T 5 o )
b2s—2¢ 552 ue for any € > 0.

(i) o = 27’3, a>0andb< Sﬂ_g, then problem has infinitely many positive

solutions and these solutions are given by

(J‘Lng> ue  for any € > 0.
T UPB

(i) o > 27[3, a,b > 0 satisfy

21*372
25(e—1) \ 2(e—1)
« 22—2
(2.9) 2a(0— 1) [ (20—25)bS, .
' 20— 2} a(25 —2) -

then problem has infinitely many positive solutions and these solutions are
2(g171)
a(2; —2)
25(e—1)

(20— 25)bS, "

ue  for any € > 0.

3. PROOF OF THE MAIN RESULTS

In this section, we deal with the proof of Theorems 2.1 and 2:2] Let us introduce
the energy functional associated with problem :

(3.1) ) = Ll + 2 g - L / ()% d
' 21718 TN [y ’

which is well-defined for each u € I” (R). We know that J € C*(I” (R). Moreover,
it is easy to see that a weak solution of problem is a critical point of the
functional J.
Firstly, we give the proof of Theorem
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Proof of Theorem Suppose that u € 17 (R)\ {0} is a solution of 1) Hence,
(i) from (2.7)), we have

*% 20 -0y, 112 20 2% *? 25 27’3 20
Sg 2 lullg® = S ¢ |lulls® < bllulls® = o lu(z)[*sdx < Sy 2 |ullg” =S5 2 |lull5"

*

which gives a contradiction. Then, (i) holds true.

(i) In view of (2.7), one can get

2

*

]

- 2 2 2 2 2 2 T S
Sg * lullg® = S5 ellullg” < bllulls® < allull + bllully? = /RN u(@)[*?de < S5 7 Jlully’,
which is impossible. Then, (ii) is satisfied.

(iii) Using the Young’s inequality and (2.7]), we can get

2% 2@—23 922—29

*

2

- o 2* — 5 To—1 T o—1
Sﬁ : ||“||5ﬁ = Sﬁ : ||UH5Q ! ||“||ﬁg '
25 -2 (2a(p—1) T
- alo — B T2k 32 2
< allul? + 2 S, * w22
Jul ﬂg_1)<2g_22> s 7l

2
< allull§ + bllullg?
-

2% — 5101128
= u(z)["rde < Sy % ull5",
RN
which leads to a contradiction. So, (iii) is verified.
(iv) From geometric-arithmetic inequality and (2.7)) one can get

+1 1 +1 et
lullg™ < 2VabSs™ [lullg™ < (allul® + blul|**)S,”

275‘ o+1

< 557 [ u@)Pde < S5F 87 JullF = ul
> 93 R“”U TS 0" wg T [Ullg Ulig

a contradiction. Hence, we get the result (iv). O

Secondly, we give the proof of Theorem [2:2] To this end, for any £ > 0, we set
1
(3.2) ve g(x) = 0% u.(z),

and it is a positive solution of (2.6). So, v, s satisfies

(3.3) 19(1Dfo(,oonvs7ﬁ) +v.8) = |UE75|273_2115¢, in R.
Then, if

o—1
(3.4) Y =a+ b(/}R(|fu€”@|2 + \_oonvEﬁF)d:c) ,

we can deduce that v, g is a solution of (1.1)). Since u. satisfies (2.8)), then by
inserting (3.2) into (3.4) we can infer that

23 (e—1) 2(0—1)

(3.5) P=a+bS, " 9,

Furthermore, if ¥ € (0,400) is a solution of (3.5)), then ve s is a solution of problem

().
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Proof of Theorem (i) If o # %, then 22(5:;) # 1. So, if a = 0, li has
8

solution

2% _o 2;(9—1)(2;—2)
25-2)(25—20)

9=b% s,
Hence, in view of (3.2) we get the result (i).
(i) If o = 275, then 22(5:;) = 1. So, li is equivalent to
(3.6) 9=a-+ bsgﬂ,

and then ¥ = ==z > 0. Hence, by li it follows that (ii) holds true.
5
(iii) If o > 22, then 2¢=1 > 1. Define
5

2pe=D) 2p-2%

p(0) == ad™ " 4 b5, 9

which implies that
(3.7 p(¥) =1 iff ¥ solves (3.5).

We can easily see that ¢(1}) achieves its minimum at

2% -2
2e=D)
a(25 —2)
o = 25 (e 1)
2% —2
(20— 25)bS, ™7
and
2272
25(e—1) Z(o—1)
2a(o—1) | (202568,
. alg — B/7-8
’19 = 19 =
min () = (%) 20 - 2; a(2; — 2)

By condition (2.9) we have ¢(d¥) = 1, and from (3.7]) we get that gg is a solution
of (3.5)). From (3.2)), we have the result (iii).
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