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1. INTRODUCTION AND MAIN RESULT

In this paper, a meromorphic function f always means it is meromorphic in
the whole complex plane C. We assume that the reader is familiar with standard
notation and main results of Nevanlinna Theory (see, e.g., [3, B]). By S(r, f) we
denote any quantity that satisfies the condition S(r, f) = o(T'(r, f)) as r — o0
possibly outside of an exceptional set of finite linear measure. A meromorphic
function a is said to be a small function of f if T(r,a) = S(r, f). Moreover, we use
notation p(f) for the order of a meromorphic function f. As usual, the abbreviation
CM means counting multiplicities, while IM means ignoring multiplicities. Let f
and g be two non-constant meromorphic functions and a € C. If g—a = 0 whenever
f—a=0, we write f =a=g=a.

In 1996, Briick [I] discussed the possible relation between f and f’ when an entire
function f and it’s derivative f’ share only one finite value CM. In this direction

an interesting problem still open is the following conjecture proposed by Briick [I].

Conjecture A. Let f be a non-constant entire function such that

. loglog T'(r,
p1(f) = limsup w
r—00 ogr

If f and [’ share one finite value a CM, then f' —a = c(f —a), where ¢ € C\{0}.

Z NU {oo}.

The conjecture for the special cases (1) a = 0 and (2) N(r,0; f') = S(r, f) had
been confirmed by Briick [I].
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Though the conjecture is not settled in its full generality, it gives rise to a long
course of research on the uniqueness of entire and meromorphic functions sharing
a single value with its derivatives. Specially, it was observed by Yang and Zhang
[9] that Briick’s conjecture holds if instead of an entire function one considers its

suitable power. They proved the following theorem.

Theorem A. [9] Let f be a non-constant entire function and n € N such that
n > 7. If f* and (f")" share 1 CM, then f* = (f")" and f(z) = cexp(Z), where
ce C\{0}.

In 2010, Zhang and Yang [12] improved and generalised Theorem A by considering
higher order derivatives and by lowering the power of the entire function. In one of
their results they also considered IM sharing of values. We now state two results of
Zhang and Yang [12].

Theorem B. [12] Let f be a non-constant entire function and k,n € N such that
n>k+1.If f* and (f*)*) share 1 CM, then f* = (f*)*) and f(z) = cexp(2z),
where ¢, \ € C\ {0} such that \* = 1.

Theorem C. [12] Let f be a non-constant entire function and k,n € N such that
n>k+2. If f* and (f™)*) share 1 IM, then the conclusion of Theorem B holds.

In connection to Theorem C, Zhang and Yang [12] posed the problem of investigating
the validity of the result for n > k 4 1. They could prove Theorem C for n > k+1

but only in the case when £ = 1. We now recall the result.

Theorem D. [12] Let f be a non-constant entire function and n € N\ {1}. If f»
and (f™) share 1 IM, then f™ = (f")" and f(z) = cexp(z), where c € C\ {0}.

In the paper, we have extended and improved above Theorems in the following
directions:
(1) We relax the nature of sharing with the idea of “partially"sharing value.
(2) We replace the first derivative (f™)" in Theorem D by the general derivative
(fm)™.

We now state our main result as follows.

Theorem 1.1. Let f be a non-constant entire function and k,n € N such that
n>k+1.If f*=1= (f*)*) =1, then only one of the following cases holds:
(1) 7= ("% and f(2) = cexp (2z), where ¢, A € C\ {0} such that \*¥ =1,
(2) n =2 and f(z) = coexp (3z) + c1, where cg,c1 € C\ {0} such that ¢3 = 1.
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If £ > 2, then from Theorem we have the following corollary.

Corollary 1.1. Let f be a non-constant entire function and k,n € N such that
E>2andn >k+1.If fr =1 = (Y% =1, then f* = (f*)*® and f(z) =
cexp (22), where ¢, A € C\ {0} such that \¥ = 1.

Clearly Corollary improves Theorems A-D for the case when k > 2.
We now make the following observation on the conclusions of Theorem

From the conclusion (2), we see that k =1 and n = 2. Note that
1 1
fP-1= cg exp (iz) + 2cgcy exp (12)

and
o 17, 1 1
(f5)Y —-1= 5(cOeXp (52) + cocy exp (ZZ) - 2).
It is easy to conclude that (f?)" = 1 # f? = 1. Therefore if we add the
condition that (f?) =1= f2=1in Theorem then the conclusion (2) will be
automatically ruled out.

As a result, from Theorem [1.1} we immediately have the following corollary.

Corollary 1.2. Let f be a non-constant entire function and k,n € N such that
n>k+ 1. If f* and (f™)*) share 1 IM, then the conclusion of Theorem B holds.

Obviously Corollary [I.2] improves Theorem D.
Now we exhibit the following example to show that the condition “n > k+ 1" in
Theorem and Corollary is sharp.

Example 1.1. Let f(z) = exp(5)+2exp(§)+1 and k =n = 1. It is easy to verify
that f(z) = 1= f'(z) =1, but f(z) does not satisfy any case of Theorem .

Example 1.2. Let f(z) = 2exp(5) — 1 and k = n = 1. It is easy to verify that f
and f' share 1 IM, but f Z£ f'.

2. Auxiliary lemmas

Lemma 2.1. ([5], [[4], Theorem 4.1]) Let f be a non-constant entire function such

that p(f) <1 and k € N. Then m(r, ?) =o(logr) as r — co.

Lemma 2.2. [7] Let f be a non-constant meromorphic function and let a,(#
0),an—1,...,ao be small functions of f. Then T(r,Y i, a;f*) =nT(r, f)+ S(r, f).

Now we introduce some basic ideas about normal families.
Let F be a family of meromorphic functions in a domain D C C. We say that F
is normal in D if every sequence { f,},, C F contains a subsequence which converges

spherically and uniformly on the compact subsets of D (see [6]).
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Now we introduce the notation of the spherical derivative. Let h be a non-constant

meromorphic function. The spherical derivative of h at z € C is given as

W)
) = TP

We remember that h is called a normal function if there exists a positive real
number M such that h#(z) < M V z € C.

Here we introduce some other results related to Zalcman’s lemma. We also use
Zalcman’s lemma to prove our Lemma [2.5] which plays an important role in the
proof of the main result of the paper.

The following lemma is the famous Marty’s Criterion.

Lemma 2.3. [6] A family F of meromorphic functions on a domain D is normal
and only if for each compact subset K C D, there exists a constant M such that
fH(2)<MV feFand z € K.

Zalcman’s lemma.[[I1]] Let F be a family of functions holomorphic in a domain
D. If F is not normal at zyg € D, then there exist a sequence of points z, € D,
Zn — 20, a sequence of positive numbers p,, p, — 0 and a sequence of functions
fn € F such that

9n(C) = fulzn + pnC) — g(¢)

converges locally uniformly in C, where g is a non-constant entire function. The

function g may be taken to satisfy the normalization g% (¢) < g#(0) =1V ¢ € C.

Lemma 2.4. [2] Let f be a non-constant entire function such that N(r,f) =

O(logr) as r — oo. If f has bounded spherical derivative on C, then p(f) < 1.

It does not seem that Theorem|[L.1|can be proved by using the methods in [12]. In

order to prove Theorem we need the following result related to normal families.

Lemma 2.5. Let f be a non-constant entire function such that
(PN = () = o =),
where (£ 0) is an entire function and k € N. If
F=0= ("M =0 and 1 =1= (FFHW =1,
then p(f) < 1.

Proof. Let F = {F,}, where F,(z) = F(w+ 2) = f**(w + 2), 2 € C. Clearly
F is a family of entire functions defined on C. By assumption, we have F(w+ z) =
0= FF(w+z2)=0and Flw+2) =1= F®(w+2) = 1. If £ = 1, then by
Theorem 1.3 [?], F is normal in C. Henceforth we assume that k > 2.
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Since normality is a local property, it is enough to show that F is normal at
each point zg € C. Suppose on the contrary that F is not normal at zy. Again since
normality is a local property, we may assume that F is a family of holomorphic
functions in a domain D = {2z : 0 < |z — z| < R}, where R > 0. Then by Zalcman’s
lemma, there exist a sequence of functions F,, € F, where F,,(2) = f*'(w, +2), a
sequence of complex numbers, z,, z, — 2o and a sequence of positive numbers p,,,

pn. — 0 such that

(2.1) Hy () = Fu(zn + puC) — H(C)
locally uniformly in C, where H is a non-constant entire function such that H#(¢) <
1,V ¢ € C. Then by Lemma 2.4 we deduce that p(H) < 1.

Also by Hurwitz’s theorem we conclude that all the zeros of H have multiplicity
at least k + 1. Clearly H®) # 0. Tt is easy to deduce from (2.1)) that

(2:2) H(Q) = p ) (20 + pu6) = HY ()

locally uniformly in C for all 7 € N.
Now we claim that 1 is not a Picard exceptional value of H. If not, suppose 1

is a Picard exceptional value of H. Then by the second fundamental theorem, we

have
_ — 1
T(r,H) < N(r,0;H)+ N(r,1;H)+ S(r,H) < mN(r,O;H)—i—S(r,H)
1
< =
S T H) 4 S H),

which is impossible. Hence 1 is not a Picard exceptional value of H.
Suppose H((p) = 1. Hurwitz’s theorem implies the existence of a sequence ¢, —
Co with
Hp(Cn) = Fn(zn + pnCn) = 1.
Since F' =1 = F®) =1, we have Hék)(zn + pnCn) = 1. Then from , we have

H® (&) = lim HF(¢,) = lim pF =o0.
n—oo n—oo

Hence H = 1 = H®) = 0. First we suppose 0 is a Picard exceptional value of
H. Since H is a non-constant entire function of order at most one and H has no
zeros, then by Hadamard’s Factorization theorem, we get H({) = Aexp(A(), where
A, XA € C\ {0}. Since H =1 = H®* =0, we get a contradiction.

Next we suppose that 0 is not a Picard exceptional value of H. Since all the zeros
of H have multiplicity at least k+1, one can easily conclude that H = 0 = H®) = (.

Also by the given condition, we have

On(2n+pnQ) Fr(2n+pnC) (Fr(zn+pn()—1) = F;L(Zn+PnO (Fn(ZnJFPnO*Fr(Lk)(Zn+PnO)
71



S. MAJUMDER, J. SARKAR

(2.3) Pﬁ+lwn(zn + Q) Fn(zn + pnQ) (Fa(zn + pnC) — 1)
= pnFyll(Zn + PnC) (pZFn(Zn + pnC) - prFy(lk)(zn + png))
Then from (2.1)), (2.2) and (2.3)), we conclude that
(2.4) P on (2n + pnl) = ¥1(C)
locally uniformly in C, where v; is an entire function. Again using (2.1)), (2.2]) and
(2.4), we deduce from ([2.3)) that
(2.5) PHQOHQH(Q) = 1) = —H'(OHM(Q).
Since p(H) < 1, it follows from (2.5 that p(¢;) < 1. Therefore applying Lemma
we deduce from (2.5) that m(r,¢1) = o(logr) as r — oo. Since N(r,¢;) = 0,

we have T'(r,11) = o(logr) as r — oo, which implies that ¢, is a constant. We can
write ¢1 = ¢1, where ¢; € C\ {0}. Consequently from (2.5), we have

(2.6) et H(Q)(H() = 1) = —~H'(HM(C).
Let o be a zero of H of multiplicity m(> k+1). Then from , we conclude that
m =k + 1 and so all the zeros of H have multiplicity exactly k + 1.

We claim that H is a transcendental entire function. If not, suppose that H is a
polynomial. Since zeros of H are of multiplicity exactly £+ 1, H is a polynomial of
degree k 4+ 1. Consequently we may assume that H({) = a ({ — Q))kﬂ7 where a €
C\{0}. Therefore H® (¢) = (k+1)!a(¢—(p). Note that H(¢)—1 = a (¢ — ()" —1.
Since H =1 = H® = 0, we obtain a contradiction. Hence H is a transcendental
entire function.

Therefore we may assume that

(2.7) H = hF 1,
where h is a transcendental entire function having only simple zeros. Now
yields
(2.8) HE) — (hk+1)(k) = ((k + 1)hkh/)(k—1)
= (k+1)(kg" M (0)? + hhn)
(k—3)

+ k(k + 1) (2R ) Y
(k-3)

= k(k+1)((k—1hr"2(H)?)
+(k 4+ 1) (kR L) B0 (e 4 1) (RRR)
............ e
1

k(k— 1)
1

(k+ D)WW 20" 4o 4 (k + 1)hFR®)

(k4 1)!R2(W)*=2h" 4+ Ry (h),
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where Ry (h) is a differential polynomial in h with constant coefficients and each
term of Ry(h) contains h™(3 < m < k) as a factor.
Denote by N(r,1; H |> 2) the counting function of multiple 1-points of H.

Now we divide the following two cases.

Case 1. Suppose N(r,1; H |> 2) = 0. Then from (2.6), we conclude that b’

has no zeros and so % is an entire function. Again from 1D we have % =

fk:gl % and so by Lemma [2.1] we deduce that m(r, ) = o(logr) as r — oc.
Since N(r, 15) = 0, we have T(r, 15) = o(logr) as r — oo, which implies that 7%

is a constant. We can write 7~ = ¢y, where ¢ € C\ {0}. On integration, we have
h(¢) = c3 exp(é(), where ¢3 € C\ {0}. This shows that H has no zeros, which is
impossible.

Case 2. Suppose N(r,1; H |> 2) # 0. Now from (2.6)), (2.7) and (2.8]), we have

ME =) G nym2 ey + Ry (h)),

et hFTH(RRTE — 1) = —(k + 1)RFR ((k + 1)IR(R)F + 1

(2.9) cr(RFT — 1) = —(k 4+ 1)(k + 1)Y(R)*1 -
k(k—1)(k+1)

4
Differentiating (2.9 once, we get

(k4 DI(W)*1h" 4+ Ry (h).

(2.10) cr(k4+1)RFN = —(k+ DIk 4+ 1)2(W)*n" —
k(k—1)(k+1)(k+1)!
4
where Ry(h) is a differential polynomial in h.

Let (o be a zero of h. Now from (2.9 and (2.10)), we have respectively

((h/)kh// + (k o 1)h(h/)k—2(h//)2 + h(h/)k—lh///) + Rg(h),

(2.11) e1 = (k + 1) (k + DR (o)) F+
and
(2.12) (k+1+ M)(h’(éo))’“h”(é’o) =0.

4
If B (¢y) # 0, then from (2.11) and (2.12) we arrive at a contradiction. Hence

h'(¢p) =0and so h=0= h" =0. Let H; = th Clearly H; # 0. One can easily

prove that H; is a non-zero constant, say A € C. Therefore
(2.13) R’ = \ih.
Solving (2.13)), we get

h(¢) = Arexp (v/A1¢) + Brexp (— v/AiC),
where A;, B; € C\ {0}. Note that

R'(¢) = A1v/Arexp (VA¢) — VA Brexp (— VAiQ).
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Again differentiating (2.13) and using it repeatedly, we have

(2.14) hD = \*h and R = \,*h/, where i=1,2,....

Then from (2.7) and (2.14)), one can easily deduce that

(2.15 R E) = & h(R)F + Eh2 (R~ + Esh3 (W) "2 4 . 4 EhFR + G WP
where ¢ = (k+ 1)! and ¢; € C for i > 2.

First we suppose ¢x+1 # 0. Let (3 be a multiple zero of H — 1. Then obviously
H() =1, H(¢) = 0 and H®(¢) = 0. Note that H' = (k + 1)h*h’. Since
H'(¢1) =0, it follows that h'({;) = 0 and h({1) # 0. Therefore from (2.15), we get
Cx+1 = 0, which is impossible.

Next we suppose ¢py1 = 0. Let g = % Obviously both g — /A1 and g + v\
have no zeros. Now from ({2.6) and (2.15)), we deduce that

BT 4 (K + 1) (G (R)FTY + Gh(h)F +

(2.16) e () L+ EhF ()P = .
Putting ' = gh into (2.16)), we get

_ _ o _ c
(2.17) (k+1)(G1g" T + eogh + G305 1+ Eg?) + e = hk—il

Note that the right hand side of has no zeros. Consequently the left hand side
may not have no zeros. Since both g — v/A; and g+ +/\; have no zeros, we conclude
that the left hand side of must be one of the forms (i) (k+1)& (g —vA1)*H,
(i1) (k+1)é1(g+vA1)Ft and (idd) (k+1)é1(9—vA1)™(9++vA1)", where m+n =
k + 1. Note that

k+Da(g— Va0 = (k+Dag " = (k+ 1%V g+
(2.18) +(=D)*(k + )2 (VM) *g + (=D (k4 1)é (V).

If the left hand side of = (k+ 1)é1 (g — v A1), then the left hand side of
and the right hand side of must be identical. Note that the coefficient
of g of the right hand side of is non-vanishing. Therefore from and
, we arrive at a contradiction. Similarly if the left hand side of =
(k 4+ 1)é1(g + v/A1)**L, then we get a contradiction. Again if the left hand side
of = (k+ 1)é(g — vVA)™(g + VA1)", where m +n = k + 1, then by a
simple calculation we deduce that m = n and (—=1)™(k + 1)¢1(v/A1)™ ™" = ¢4, i.e.,
2m =k +1 and (—1)™(k + 1)(k + 1)!/(v/A1)*T! = ¢;. Clearly k is odd. Note that

H(¢) = (h(O)**! = AT exp ((k + 1)VAC) +

(2.19) o+ B exp (— (k4 1)VXC).
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Now from we get ¢ H2(C) + H'(O)H®(¢) = ¢;H(¢) and so from we
can easily conclude that ¢; + (k + 1)*** (v A1 = 0. Since (—1)™(k + 1)(k +
DIV = ¢p, we get (=1)"%" (k + 1)! + (k + 1)¥ = 0, which is impossible for
k> 2.

Hence all the foregoing discussion shows that F is normal at zy. Consequently
F is normal in C. Hence by Lemma there exists M > 0 satisfying F#(w) =
F#(0) < M for all w € C. Consequently by Lemma we conclude that p(F) <1

and so p(f) < 1. This completes the proof. O

3. PROOF OF THE MAIN RESULT

Proof of Theorem [I.1l Let F' = f™. We put

_ F'(F-FW)

(3.1) R

Differentiating (3.1]) once, we get
(32) F'(F—F®) 4 F/(F' — F*)Y = ' F(F — 1) + oF'(2F — 1).
Now we divide the following two cases.

Case 1. Suppose ¢ Z 0. Then F # F*) and from (3.1)), we get

Let zp be a zero of f with multiplicity po. Then zy is a zero of F and F*) of
multiplicities npg and npy — k respectively and so from (3.1), we get in some

neighbourhood of zg
(3.4) w(z) = O((z - zo)"po_k_l).

Since n > k + 1, it follows from (3.4]) that ¢ is analytic at zp. Let z; be a
zero of F — 1 of multiplicity p;. Since F = 1 = F®) = 1, it follows that z; is
a zero of F®) — 1 with multiplicity ¢, say. By Taylor’s theorem we get in some

neighbourhood of z;

F(2)=14ay, (2 — 21)P* + O(z — )P,

F® (2) =14 by, (2 — 21)" + Oz — z)0+?
and

F'(2) = prap, (z = 20" 7+ O(z = z1)"
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where ap,, # 0 and b,;, # 0. Consequently in some neighbourhood of z;
F(z) = F®(2) = a,(z—2)P" +0(z—2)""L if py <q
= by (z—21)" +0(z —2z)0 T if ¢ < py
= (ap, —bg,)(z — 21)P* + Oz — 21)P* T if py = q.
Then in some neighbourhood of z1, we get from that ¢(z) = O((zle)tfl),
where ¢t = min{py,q1} > 1if p1 # 1 and ¢ > p; = ¢1 > 1 otherwise. Therefore we
conclude that ¢ is analytic at z;.

Since f is an entire function, from the above discussion, we deduce that ¢ is an
entire function. Also gives m(r,p) = S(r, f) and so T'(r,¢) = S(r, ). Again
from , we get

/ / (k)
W R
Therefore we have m(r, +) = S(r, f) and so m(r, %) =S(r, f).

First we suppose n > k + 1. Then from we get N(r,0; f) < N(r,0;p) =
S(r, f). Since m(r, %) = S(r, f), we conclude that T'(r, f) = T(r,%) +0(1) =
S(r, f), which is impossible.

Next we suppose n = k + 1. Let 2y be a zero of f with multiplicity pg. So zg is a
zero of F and F*) of multiplicities (k+1)po and (k-+1)po— k respectively. If po > 2,
then from , we see that zq is a zero of ¢, i.e., p(z9) = 0. Next we suppose that
po = 1. Clearly from (3.1)), we get ¢(z9) # 0. Then in some neighbourhood of z,

we get by Taylor’s expansion
(3.6) F(Z) = &k+1(z — Zo)k-‘rl + dk+2(z — Zo)k+2 + ... (dk+1 # 0).

Clearly

F/(Z) = (k + 1)&k+1(z — Zo)k + (k + 2)dk+2(z — Zo)k+1 + ...

F'(2) = (k+ Dkags1(z — 20)F 71+ (K +2)(k + Dags2(z — 20)F +...,
(3.7) ... ,

F(k)(Z) = (k + 1)'dk+1(z — ZQ) + ... 5

FED () = (k+ 1D)lag + ...

Now from (3.2)), (3.6) and (3.7)), we deduce that
(o(20) = (k + 1) (k + Dag41) (2 — 20)" + O((z = 20)**) =0,

which implies that (k + 1)!ag 1 = “‘;(jol), ie., FEHD (z) = ﬁf(ﬂ)' Consequently we

get

v

k41

Now from Lemma we conclude that p(F) < 1. Consequently using Lemma

we deduce from (3.3) that m(r, p) = o(logr) as r — co.
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Since N(r, @) = 0, we have T'(r,p) = o(logr) as r — oo, which implies that ¢ is
a constant. We can write ¢ = ¢, where ¢ € C\ {0}. Then from (3.1]), we have

(3.9) F'(F - F®) = cF(F -1).

Also from , one can easily conclude that f has only simple zeros, i.e., all the
zeros of F' have multiplicity exactly k + 1.

We claim that F' is a transcendental entire function. If not, suppose that F is a
polynomial. Since zeros of F are of multiplicity exactly k+ 1, F' is a polynomial of
degree k + 1. Consequently we may assume that F(z) = a (z — %)*"", where a €
C\{0}. Therefore F*)(2) = (k+1)!a(z— o). Note that F(z)—1=a(z — 20)" -1
and F®)(2) =1 = (k+1)la(z — 29) — 1. It is clear that F'—1 has k+ 1 distinct zeros.
Since F =1 = F®*) =1, we obtain a contradiction. Hence F is a transcendental
entire function.

Now applying Lemma we deduce from that m (7", %) = o(logr) as
r — 00.

Let 0 be a Picard exceptional value of F. Then T(r,F) = T(r,+) + O(1) =
m(r, %) +O(1) = o(log r) as r — oo, which implies that F is a constant. Therefore
we arrive at a contradiction. Hence 0 is not a Picard exceptional value of F'.

If 1 is a Picard exceptional value of F', by the second fundamental theorem, we get
(k+ 1)T(r, f) = T(r, F) + O(1) < N(r,0; F) + N(r, 1; F) + S(r, F)

< %H N(r,0; ) +S(r, f) < %HTW) 5 f),

which is impossible. Hence 1 is not a Picard exceptional value of F'. Also we have
(3.10) F = fHrL,

Therefore from (3.10]), we deduce that
k(k —1)
4

(k+ DU 2" + Ru(f),

(3.11) F™ = (k+ DIF(f)" +
k(k—1)
4
where Ry (f) is a differential polynomial in f with constant coefficients and each
term of Ry(f) contains f™(3 < m < k) as a factor. Differentiating once, we

get

(k+ D228 4o (k4 1) fR )

= (k+ D"+

(3.12) FOFD = (fhy (D)

= Gy BEED Gy g e gt
k(k + 1)

= (k+D(N"+ =

(k+ DU+ S(f),
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where S1(f) is a differential polynomial in f and each term of S;(f) contains f and
its higher powers as a factor. Again differentiating (3.12]) once, we get

(kizy _ (B4 DUk +1)(k+2)
2

(3.13) FF2) = (fht) (FEF" + Sa(f),

where So(f) is a differential polynomial in f and each term of Sy(f) contains f and
its higher powers as a factor.
Now from (3.9), we deduce that

(k+ Df (£441 = ()W)

1y fHT 1) —°
ie.,
(3.15) (k+ D = (k+ D) f (W —eft2 = —cf.

Denote by N(r,1; F |> 2) the counting function of multiple 1-points of F'.

Now we divide the following two sub-cases.

Sub-case 1.1. Suppose N(r,1; F |> 2) = 0. Then from (3.14)), we conclude that
f' # 0. Since f is a transcendental entire function and p(f) < 1, it follows that

(3.16) 1'(2) = dyexp(\2),
where dg, A € C\ {0}. On integration, we have

(3.17) f(z)= % exp(Az) + dy,

where d; € C. Since 0 is not a Picard exceptional value of F' = f*+1 it follows that
dy #0.
Let zo be a zero of f. Then f(z9) = 0 and F(zo) = 0. Also (3.8) gives FF1)(2g) =

w1+ Now from li we conclude that

C

’ k+1
Also from , we have

(3.19) doexp (Az) = —Ady, ie., ditlexp((k+1)Azp) = (—Ady)*+

Again from (3.16) and (3.18), we deduce that

(3.20) A exp ((k + 1)Azg) = ¢

(k+1)(k+ 1)1
Therefore from (3.19) and (3.20]), we deduce that

(3.21) (=Ady)*H! = ETDETDT
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Now from (3.17)), we have

do\ " k+1\ (do\"
iz = <;> exp((k + 1)Az) + < I > (;) dy exp(kAz) + . ..
2
+<Z i_ 1) (Cf\o) d¥exp(2)z) + (k —]: 1) %d’f exp(\z) + df Tt
and
PANEE b O\ [ do\ kT
22 = (;) exp((k +2)A\z) + ( Jlr > <>?> diexp((k+1)Az) + ...
k+2\ (do\’ k+ 2\ d
+< —l: > <)?> d¥ exp(2Xz) + (ki 1) Tod’fJrl exp(\z) + dj+2.
Therefore
(S (=)™
PN B 1\ /da\*
= (;) ((k + DN ¥ exp((k + 1)Az) + ( T ) (;) (kN dy exp(kAz) + . ..
k+1\ (do\? . k+1\d
+<kJ_r1> (;) (2\)FdE 1 exp(2)z2) + < Z >;)\kdlf exp(\z).
Now from (3.15)), we deduce that
k+1 c ) dit?
(3.22) { T (k4 1) — A,m} OA exp((k + 2)\z)
k+1)2 c(k+2
+{( G ©_ (k4 1)%k" — (A,M )}d§+1d1 exp((k + 1)\z)
k+1)2 k+2\ 1
+...+{( —; ) (k+1)2)\c< —]L_ >)\2}d3d’fexp(2)\z)
k+2 d
+ {(k +1)— ol ;r )}dod’fH exp(Az) — cdVt? = —CTO exp(Az) — cd;.

Clearly from (3.22)), we have

2
(3.23)d5*1 =1 and {(k +1) - ‘3(’“; )}dod’f“ _ e e

A )
Now from (3.21) and (3.23)), we have
(3.24) A= (—1)kFL

1
(k+1)(k+1)!"
First we suppose k = 1. Then from and , we have respectively d? = 1
andc=\= %. Also from , we have f(z) = ¢ exp (%z) + dy, where cg = 4d.
Next we suppose k > 2. Now from and , we calculate that

k+1
)\k

(3.25) — (k+ )AL — = (k+1)((-1)"k(k+1)! — (k+1)*) #£0

\et1
for k > 2. Therefore one can easily arrive at a contradiction from Lemma [2.2] and
(13.22]).
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Sub-case 1.2. Suppose N(r,1; F |> 2) # 0. Now differentiating once, we
have
(3.26) (k+ 12 () 4+ (k+ D7 = (R + 1) 7 () -
(k+Df (ST — ek +2) fHf = —ef'.
Again differentiating once, we have
(k+ 12k 43k + D2+ (e + D) = (k1) 7 (R
3272k + 1) f(fSHED — (k+ 1) f (I — ek +2)(k + 1) /()
—c(k+2) P = —cf”.
Now from (3.11)) (8.12)), (3.13) and (3.27), we get

2
B2 BG4 ) = e,

where S3(f) is a differential polynomial in f and each term of Ss5(f) contains f and
its higher powers as a factor. Let zg be a zero of f. Now from (3.18) and (3.28]), we

have respectively

(3.29) (' (o)) =

and

(3.28) —(k+1)(k+1)!

(h+ D)k T 1)1

2
(330) (bt D0k + DT E (1)) ) = e (z0).

If f"(z0) # 0, then from (3.29) and (3.30) we arrive at a contradiction. Hence
f"(z0) =0and so f =0= f"=0. Let

f//
=7

Clearly H; # 0. One can easily prove that H; is a non-zero constant. Let us
suppose that H; = X € C\ {0}. Now from (3.31)), we deduce that

(3.31) H,

(3.32) "= Xf.
Differentiating (3.32]) and using it repeatedly, we have
(3.33) f@ =X and f@H) = X'f' where i =1,2,....

First we suppose k is odd. Then from (3.11)) and (3.33), one can easily deduce
that

(3.34) (FEO® = e f(F +eafP ()2 + o+ aft f,

where ¢; = (k+ 1)! and ¢; € C for i > 3.
Denote by N(r, 1; F, F*) |> 2) the reduced counting function of common multiple
1-points of F' and F*).
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If z; is a zero of F — 1 with multiplicity p; > 2 and a zero of F®) — 1 with
multiplicity g1 > 2, then from (3.9)), we deduce that

(3.35) N(r,1; F,F® |>2) =0.

Let z; be a zero of F — 1 of multiplicity p;. Then from , we conclude
that z; is a simple zero of F(®) — 1. Obviously F(z;) = 1 and F®)(z;) = 1, i.e.,
(fE1 () (21) = 1. Note that F’ = (k + 1)f*f’. Since F'(z) = 0, it follows that
f'(z1) = 0 and f(21) # 0. Therefore from (3.34), we conclude that 1 = 0, which is
impossible.

Next we suppose k is even. Solving , we get

(3.36) f(z) = Ajexp (\fj\z) + Byexp (— \/iz),
where A, B; € C\ {0}. Note that

(3.37) f(z) = A \ﬁexp (\[5\2) - \/iBl exp (— \ﬁz)
(3.38) (f(2))FH = A exp ((k+ 1)\52) 4 ...+ Bl exp (—(k+ 1)\62)

(3.39) (F(2))F+2 = A 2 exp ((k +2)VA2) + ...+ B2 exp (— (k + 2)VAz)
and so

(3.40) ((£(2))F1)

k)

AR (B + 1)V exp ((k+1)VA2) + ...
+BEY (1) ((k + 1)VA) exp (= (k+1)VAz).

Therefore from (3.15) and (3.36])-(3.40), we deduce that

(3.41) AR (((k+ DVY) T = e+ DV + ¢)exp ((k+2)Vz) + ...
B (DM (4 DV T e+ DV ) exp (= (+2)VAz)
= Aycexp (VAz) + Breexp (— V).
Now from (B.41)), one can easily conclude that
((k+ D)V —(k+ )Vi+e=0and — ((k+ D)V ™ + (k+DVAi+c=0.

Solving we get ¢ = 0, which is impossible.

Case 2. Suppose ¢ = 0. Since F' # 0, we get F = F*) Now F = F®)
implies that p(F) = 1, i.e., p(f) = 1 and f has no zeros. Therefore we conclude
that f(z) = dexp (22), where d, A € C\{0} such that A¥ = 1. This completes the
proof. O
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4. Some applications

From Theorem [1.1} we see that the problem of the entire function g and its k-th
derivative sharing one value a is related to the problem of the non-linear differential
equation ¢'(g — ¢®)) — pg(g — a) = 0 having a non-constant entire solution, where
@ is an entire function. In general, it is difficult to judge whether the differential
equation has a non-constant solution. However for the very special case g = f",
where n € N, we can solve the equation completely.

As the applications of Theorem [I1.1], we now present the following results.

Theorem 4.1. Let ¢ be an entire function and k,n € N. Suppose F is a non-

constant meromorphic solution of the differential equation F'(F — F(k)) —F(F —

1) =0, where F = f™ and n > k + 1. Then only one of the following cases holds:
(1) F=F™ and f(z) = cexp (22), where ¢, A € C\ {0} such that \¥ =1,
(2) n =2 and f(z) = coexp (3z) + c1, where cg,c1 € C\ {0} such that ¢3 = 1.

Theorem 4.2. Let ¢ be a non-constant entire function and k,n € N. Suppose F is
a non-constant meromorphic solution of the differential equation F’ (F — F(k)) -
oF(F —1) =0, where F = f" andn > k+ 1. Then k =1, n = 2 and f(z) =
coexp ($2) + c1, where co,c; € C\ {0} such that ¢} = 1.

Proof of Theorem [4.1l We have
(4.1) F'(F —F®) = oF(F - 1),

where F' = f™ and ¢ is a non-constant entire function. Let F' be a non-constant
meromorphic solution of the equation . Now we divide the following two cases.
Case 1. Suppose ¢ # 0. Since ¢ is a non-constant entire function, from ,
one can easily conclude that F' is a non-constant entire function. Now we prove
that F =1 = F®) = 1. If 1 is a Picard exceptional value of F, then obviously
F =1 = F® = 1. Next we suppose that 1 is not a Picard exceptional value
of F. Let zy be a zero of F' — 1 of multiplicity pg. Clearly 2y is a zero of F' of
multiplicity pg — 1. Then from , we deduce that zp must be a zero of F — F®*),
Since F — F®) = (F — 1) — (F*) — 1), it follows that 2 is a zero of F(®) — 1. So
F=1= F® = 1. Since ¢ # 0, we have F # F*). Now proceeding in the same
way as done in the proof of Case 1 of Theorem [1.1] one can easily conclude that
k=1,n=2and f(z) =coexp (5z) + c1, where c,c; € C\ {0} such that ¢} = 1.
Case 2. Suppose ¢ = 0. Since F' # 0, it follows that F = F*). We now want
to prove that F' is an entire function. For this let z; be a pole of F' of multiplicity
p1. Then z; is also a pole F*) of multiplicity p; + k. Since F = F®)_ we arrive
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at a contradiction. Hence F is an entire function. The fact F' = F®*) implies that
p(F) =1, ie., p(f) = 1. Also F = F® implies that f has no zeros. Therefore
we conclude that f(z) = dexp (%z), where d, A\ € C\{0} such that \¥ = 1. This
completes the proof. O

Proof of Theorem 4.2l Since ¢ is a non-constant entire function, it follows that
¢ # 0. Now the proof of Theorem [£.2] follows directly from the proof of Theorem
So we omit the proof. O

Now from Theorems and we immediately obtain the following corollary.

Corollary 4.1. Let ¢ be a non-constant entire function and k,n € N such that
k > 2. Then the differential equation F'(F — F®)) —pF(F —1) = 0, where F = f"

and n >k -+ 1 has no solutions.
Following example shows that the condition “n > k+1" in Theorem [4.1]is sharp.

Example 4.1. Let f(z) = exp(z) + exp(—z2), k =2, n =1 and ¢ = 0. Clearly f
satisfies the differential equation , but f does not satisfy any case of Theorem

1
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