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Abstract. Value-at-risk (VaR) serves as a measure for assessing the risk associated with
individual securities and portfolios. When calculating VaR for portfolios, the dimension of the
covariance matrix increases as more securities are included. In this study, we present a solution
to address the issue of dimensionality by directly computing the VaR of a portfolio using a single
security, therefore requiring only one variance and one mean. Our results demonstrate that, under
the assumption of Gaussian distribution, the deviation between the computed VaR and actual

values is relatively small.
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1. INTRODUCTION

The computation of portfolio value-at-risk (VaR) typically involves a strict al-
gorithm that assumes a distribution close to normal and incorporates a correlation
matrix of security returns.

However, a challenge arises due to the increasing dimensionality of the covariance
matrix, resulting in exponential computational burden with the inclusion of each
new security (see [I]). In this paper, we propose an alternative calculation algorithm
that assumes a Gaussian distribution of returns, while significantly reducing the
computational burden. We examine this straightforward method and explore vari-
ations, focusing primarily on the maximum absolute difference between the two
approaches. Initially, we investigate the maximum deviation in the case of positively
correlated securities, followed by a general analysis encompassing various scenarios.

Existing literature primarily emphasizes the reduction of computational burden
through simplification of matrix-based calculations. As our primary concern is a

single quantity, it is more feasible to approximate the VaR itself. Other authors

IThe research of the second author is partially supported by the Mathematical Studies Center
at Yerevan State University
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concentrate on improved methods of estimating VaR when the underlying distri-
bution deviates from the Gaussian assumption (as seen in [2]). While we do not
delve into these alternative approaches for computing VaR in portfolios with a
sum of lognormal distributions, it may prove effective to incorporate third and
fourth moments (see [3]). Given that we primarily deal with the sum of lognormal
distributions, we employ existing approximation methods. Specifically, we utilize
the Fenton-Wilkinson approximation ([4, 5]) due to its simplicity, although more
accurate approximations exist (see [0 [7]). Remarkably, our findings indicate that
the simple Fenton-Wilkinson approximation sufficiently approximates VaR under
the assumption of normality.

The paper is organized as follows. In Section 2, we introduce the general framework
and the proposed method. Section 3 analyzes the maximum potential difference,

and finally, we conclude with a discussion of our results.

2. VAR COMPUTATION AND APPROXIMATION

We deal with only two subsequent periods of time. Here we consider mixture of

n securities represented by geometric Brownian motions

(2.1) S(t) = Z w;S;(t)

with w; >0, >0, w; = 1, and S;(t), ¢ = 1, n are processes satisfying the following

stochastic differential equations (SDE).
(22) dSi(t) = paSi(t)dt + o,5,(£)dWi ()

with W;(t) ~ N(0,t) not necessarily independent Brownian motions, i.e. for each 4,
Wi(t+1) —W;(t) ~ N(0,1) iid for each t € {1,2,...} Hwith correlation coefficients

(2.3) pi,;(t) = corr(Wi(t), W;(t))
As we deal with only two periods (¢ = 0, 1) and having no randomness in period 0,
we take
(2.4) pi,i () = pij
Thus S;(t), ¢ = 1,n have log-normal distribution
Si(t) = Si(o)e(#i*U?/Q)tJrUz‘Wi(t)
(2.5) o2
Si(t) ~ LogN <1n S;(0) + (,uz - 2) t,0; t)

2Note that we consider only discrete points of time. However, initially the Brownian motion
should be defined on continuous domain. We are only interested in two periods t = 0,1

57



H. KECHEJIAN, V. K. OHANYAN, V. G. BARDAKHCHYAN

The log-returns we denote by X;(¢) for individual stock, and X (¢), for portfolio.
Si(t+1) o

26 Xlt :1 =~ | thNN iiiai

(2.6 0=t (L) X~ N (-G

Note that correlation of log-returns is also p(X;(t), X;(t)) =: px, x; = pij, thus

yielding the following vector-distribution.

(2.7)
o2
H1— 5 o? ce. 010nP1n
(Xl(t)a'“vXn(t))NN n= , 0= : . : ,
uﬂf% 010nP1n O'TQL

where p is vector of means and ¥ is covariance matrix. From (2.1) and (2.7]), the
portfolio VaR (the quantile of portfolio return X (¢)), have the following form

n ) w151(0)
VaRx = ZwiSi(O) (ui - 20?) +2a/2 | (w151(0), ..., w, Sy (0)) - X -

=t w85 (0),
where VaRx is value at risk for given portfolio, and z,/5 is quantile of standard
normal distribution (with probability P(X < z,/2) =1— §) (see [1} 2]). Note that
S(t) in (2.1)), is distributed as sum of lognormal distributions, i.e.

n 2

(2.8) S(t) ~ leiLogN (ln S;(0) + (ui - 2’) t, 0?15)

By Fenton - Wilkinson ([3} 4]) approximation we have

(2.9) S(t) ~approw LogN (p1(t); a2(t)) ~: S(t),
where
(2.10)

o2(t) = :

(S (5:0) + 1 - 30) )

- 1 1 ofitodt
0 g (S40)+ G = 507 ) (8500 + oy - o)) ™

p1z(t) = In (Z w; (Si(o) + (i — ;J?)) 6U§t> - 022(t)
i=1

Let’s approximate X (t) with return of §(7), X,(t):=1n (S(itl)>, with

—~—

(2.11) Xp(t) ~ N(pa(t+1),02(t +1)) = N(p=(t), 02(1))
To completely determine the distribution, we additionally need covariance

O(t) = Cov (ln S(t+1); ln%) —E (lnS(t 1) ~1nSA(tJ))—E (lnS(t ¥ 1))~E (ln STE))
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with E(InS(t)) = p.(t). To find covariance C(t) we use formula for exponential

terms. So let’s consider E(e™S(+1) . eln%) .

(2.12) E (elnS/(;ﬁ) _elnSA(Z)) _ euz(t)+;1,z(t+1)+w

On the other hand

n

(2.13) E (eln SEFL) . gln S(”) =E (Z w; Si(t) - iw&(ﬂ)

i=1 =

The covariance may be approximated byE|

C(t) = In (E (Z w; Si(t) - Zwisiof))) — iz () — (1) — %oﬁ(t) - %OE(H 1).

Hence we have the following approximate distribution
(2.14) Xp(t) ~appros N (NZ(t +1) = pe(t), 02 (t+ 1) + 02 (t) — 2C(t))
The idea is to approximate portfolio VaR using quantile of approximate distribution

of X,(t) (for 2 consecutive days ¢t = 0;t + 1 = 1).

(2.15) VaRx, = p(t +1) — p(t) + S(O)za/z\/og(t +1) 4+ o2(t) — 2C(¢)

For t = 0, we have the following (by (2.10))

a2(0) = - SOI ) 5:0=0
(2.16) (Zi:l Wi (n i(0) + (pi — 307 )))1
p2(0) = In (sz (Si(o) + (i — 201‘2))>

So for t=0 we have random variable with 0 variance, which is obvious as nothing

is random in that period. For t+1=1 we have:

31t is indeed approximation, as in li §Zt/) is used, while in li S(t).
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Note that as one of our random variables has 0 variance the covariance can be taken
to be 0. So we have:
= 1,0\ 2 - 1,
VaRx, =In (Z} w; (SZ-(O) + (i — 2@-)) e ) —In (Z} w; (SZ-(O) + (i — 201-))) —
1 n
_ 50'5(1) + Za /2 (Z U)ZSL(O)> \/ 0'2(1).
i=1

Hereafter, we will consider only risk neutral pricing, i.e. u; = %af.

3. DIFFERENCE IN METHODS

We claim that difference between VaRx, and VaRx is not big, in sense that

there exist C such that
VCLRXP — VaRX

VaRX
for any correlation coefficients p;; with i # j; i, j = 1,n and any weights w; in risk

<C

neutral setting. Or at least we attempt to prove similar resultﬂ

Remark 3.1. We don’t yet know if C depends on general structure of p-s and o-s,
or is there any absolute constant. At least we will try to show the existence of some
bounds. Also note that while we may not come to theoretically small C, in practice

C is quite small.

For the risk-neutral pricing (i.e. taking u; = %af) we obtain

(3.1)
’LU151(0)
VaRX = Za/2 (w151(0)7 7wnSn(0)) DI
Wy Sy (0)
Valtx, =In < wiSi(O)eaf> —In (Z w,»si(o)> -
=1 i=1
1 1 - 2 o
) 2 Z pijoiojw;w;S;(0)S;(0)e2 e | +

(Z?—l wz‘&(ﬂ)eﬁ) i,j=1

n 1 n 2 6]2
Za/2 (Z wiSi(O)> N Z pijoiojw;w;S;(0)S;(0)ez e
=t (Z:’L—l wisi(0)€5> nI=t
Let’s first consider the case where we deal only with non-negative correlations, i.e.
pij = 0.

4No formal derivations of approximation were given originally for log-normal approximation
with Fenton-Wilkinson. So some computational comparisons had been done later, see [6].
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3.1. First bounds. We have the following obvious (quite loose) bound for the
fourth term of VaRx, in (3.1)

i=1 wiSi(0 - 2 o
2o 21:1 w; i ( )02 Z pijoiojww;S;(0)S;(0)ezes | <
(32) Zi:l wlSl(O)e 2 i,j=1
7-l 7]51 0 U?naw Ugn,a;n 672nin
Za/2 21:1“’ ( )02 e 2 VaRx <VaRxe 2 ~ 2
Z?:l wlsl (0)671
And similarly
(3.3)
" :9:(0 n o2 oF
/2 ZZ:lw ()0_2 ZPijo'igjwiszi(o)sj(0)6767 >
Yo wSi(0)e= ig—1
~%max - o2 o3 12mn 2ax
Zoso€ 2 Z pijal-ajwiiji(O)Sj(O)eTleTJ >VaRxe 2 ~ 2

4,j=1

Considering the first three terms of VaRx,, in (3.1)), and using the same argumentation
we have the following bounds

o2

i wiSi(0)e? | 1 1 - 2 3
| S5 s0 ) 2 7 | 2 piiogwinSi(0)8;(0)e e
e <Z$_1 wisi(0)65> =1
1 1 -
iafm-n — 56‘7’2"”70’2"1'" Z Pij0i0 ;W W;
7,7=1
which in turn, using the following o2, > Z?j:l PijOiTWiw; > 02 We give
(3.4)
o2 . .
i wiSi(0)e® | 1 1 2 7
In Zrlz U/S(O) - 5 N Z pijaiajwiiji(O)Sj(O)e 2 e 2
= (Z?ﬂ wz'Si(O)e;) nI=t
1
Tz 1o ook,
2 2
Similarly one can derive
(3.5)
o2
s wiSi(0)e® | 1 1 - 2
In Z% ’U/S(O) - 5 SN 2 Z pUO'vO'J’w,’LUjSZ(O)SJ(O)G 2 e 2
= (Z?—l wiSi(0)€5> nI=t
1 1 o2 2
io—fznam - Earzm‘ne e e
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Combining (3.2)), (3.3]), (3.4) and (3.5, we obtain the following bound

1 1 2 2 Toin _ Tras
5 0min = 30maa€” " + VaRye 55T TH < VaRy,
(3.6) 1 1 ) ) 2 2
— max man
§§‘772mu — igilineamm Tmar 4+ VaRxe 2 2

Note that this bound is indeed loose, as right side can get quite big thanks to
exponent, while the left side can be quite small. Also note that, if 0; = Tmaz = Omin,

we retrieve VaRx, = VaRx.

3.2. Bounds for positive correlations. The better bound stated in the following
proposition can be obtained. First let’s make some notations value of portfolio
VP :=>" w;S;(0) and
21 Wiw;0;0;.5:(0).S;(0)

> =1 wiw;S;(0)S;(0)

Proposition 3.1. The following inequality holds if we assume non-negative correlations:

(3.7 og =

1, 1 1 \°/ 1\ 5 202, — 02,
- . _ = V R max man V R < V R <
9~ min 2 (Z(y/2> (VP) aliy 03}3 + VaRx < Va Xp >
(38) 1 1/ 1\2/ 1)\ 252 2
2 2 Omaz — Omin
- == — — | VaR VaR —_—
p7maz 3 (%/z) (VP) R oo

Proof. We make use of Holder’s inequality for left part, and Abel’s inequality

for right part (3.8).

Lemma 3.1. For positive values of x; and w;, the following inequality is true.

(3.9) Doiy Tawie™ 3 Tiw;
S w3 w;

Proof. We define
n .
(3.10) Hia) = 2zt 0™
Zi:l w;eaTi
and consider its derivative with respect to a.
(Z?:l x%wieaxi) (i wie™) — (00 xﬂmewi)Q
(2?21 wie‘mi)Q

Due to Holder’s inequality the numerator is non-negative. Indeed, denote

(3.12) ap = J;ke%\/wk; by, = ewTk\/wk

Then the numerator is exactly

) (5 () =

By exactly the same technique, one can show that the following lemma is also true.
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Lemma 3.2. For positive values of x; and w; and for some strictly increasing

function f(x), the following inequality holds.

(3.13) Yy miwie D ST waw;
. Y wie ) T T w;

This inequality is enough to show the first part of (@

Proof. Consider only the last part of Varx, with z,/5, in (3.1).

n 1 n 2
A= Za /2 (Z ’U)ZSl(O)) ~ 5 Z pijUiJjwiiji(O)Sj(0)6767
=1 <Z?:1 wiSi(O)e;) W=l

o2 o2
- > i1 Pigwiw; Si(0)S;(0)eF e T
= ZQ/Q <Z w152(0)> J - 5
i=1 <ZZ—1 szi(O)ezl)
02 o2 1/2
>0 je1 Pi0iojwiw;S;(0)8;(0)e 7 e
o2 o2
Zi,j:1 pijwiw;Si(0)S; (O)e%eTJ
For which using the inequality once and as soon as p-s are positive, we have
o2 o2
& >0 jo1 Pijwiw;Si(0)S;(0)e e T
A>24/0 <Z wiSi(0)> J —
i=1 (Zi:l wlSl(O)(zZl)
n 1/2
2ij=1Pijoi0jwiw;5i(0)5;(0)
Z:‘L,jzl pmwzijl(O)SJ(O)
Note that here we have used the (3.13) twice ﬂ Let’s do it once more
o2 o2
" moww;S;(0)S(0)e e
Az%m<§)w$@> Tl w0507 5
= (s )
1/2

> i j=1 Pijwiw;Si(0)S;(0)e = e [E;jl PijUinwiiji(O)Sj(O)l
S wySi(0)S,(0)eFeF L = P Si0);(0)

4=

5We used it once for sum with i-s and once for sum with j-s.
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and using Lemma 3.2 once more (again two times)ﬁ for the first term in square

root we have

ASVaR Sy piwiw; Si(0)S;(0)e T e T
jal X > 0]2
(3.14) S0y wiw;Si(0)S;(0)e = e s

> j—1 0i0jw;w;S;(0).S;(0) 2 CVaR
i1 Pigwiw;S;(0)S;(0) ) S
where the equality can be easily checked, just by multiplying sums.
For the next part of inequality we will make use of Abel’s inequality. Denoting

Ty = > w;x;, the following lemma holds.

Lemma 3.3. For positive values w;, the following inequality is true
Yo mawiett > w; < | max x;| + R
n z. n > —
Zi=1 w; e Zi:l TiW; Loy

with R = max x; — minx;.

(3.15)

Without loss of generality, we can assume that x; are in increasing order. Hence,

by Abel’s inequality (see [§]), we have

n g n

(3.16) Zmiwie“ < (|zp| + zn — 21) maxz wie™ = (|xn| + Tn — 1) Z w;e”?
i=1 7= i=1

Thus it will yield

S wpwiei Y w; < (|zn] + @p — 21) Do wie™ - >0 w;

D wieT - Y ww Doy wiei - 3T aiw
(3.17)
_ (|zn] + @p —21) >0 w; _ | max z;| + R
Z?:1 T;W; T

Using this inequality and considering A again, we obtain
1/2

n m L piioioiw;w;S;(0)S:(0)e T e
A=zopy <Zwisi(o>> e
= (w0 )

NEY

2
< 2oz Z?;j—lpij";c”wiszi(o)sj(g)e”fe? e wsoy
(Z:—L_l wZ'S,»(O)ean> Zi,j:l pij =5t w;w;S;(0)S;(0)
n 1/2
Z Pij Gi;j w;w;S;(0)S,;(0)
i,j=1

SNote that numerator of expression in square brackets with z, /o is VaRx itself.

64



PORTFOLIO VALUE-AT-RISK APPROXIMATION ...

Using Lemma 3.3 for first two fractions, we come to the following result:

(318) A S ZQ/Q Z pijO'iO'jwiiji(O)Sj (0)

ij=1

max (0,0;) + (02,00 — T2in)

max min

2
205g

or

2

max (O-io'j) + (U’?nax B Umin)

(3.19) A< VaRX\/

QUiS
For the third term VaRx, in (3.1)), note that expression in square brackets is bigger
than (iVaRX)2 for positive correlations, we obtain

2

S wiSi(0)e 7

VaRx >1 =
B WD SRR A ()
2 2 2 2
. 1 1 1 max (050;) + (0rae — Tmin
(3.20) 5 (Z /2> (VP> VaRs, 2 (003) 20(25 ) VaRry

1 1/ 1\%/ 1)\
>-g2 - — — | VaR% +VaR
=5 %min 2(%/2) (VP) aftx +Vakx

and lastly the main formula can be derived.

1 1/ 1\*/1)\? 202,00 — 020
12 _(> (> VQR§M+VQRX§VQRXPS

27 2\ 240 VP o2

1, 1<1>2<1>2 ) 202, — o2
“o2 == (—) (=) VaR% + VaRy | maz___min
27 2\ z4p0) \VP X o2 g

3.3. Bounds for general case. The following result is immediate consequence of
above results. One can prove it by separating the stock considered into two groups:
positively correlated and negatively, in the following sense. Taking p, = {ij|p;; =
pji > 0} and p_ = {ij|p;; = pji < 0}, other indices does not contribute to sum and

using this grouping, we get the following result.

Proposition 3.2. The following inequality holds:

1, 11N/ 1\, 202,00 — O2in
50',"”',” — 5 <2a/2> (‘/_P) VClRX max 1’ mzjis
202 o?

— o2, 1 1/ 1\ / 1\
+VaRx min <1, W) <VaRx, < —02 0 — 5 (%/2) (VP> :

. 202, .0 — 02 202 — o2
. V(IR?X min (17 maw2 min + VGRX max 17 ma:r2 min
wS

g Ows
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4. DISCUSSION AND CONCLUSION

Our calculations have revealed tighter bounds, in scenarios involving either solely
positive correlation or both positive and negative correlations. This could be attri-
buted to the relatively small magnitudes of the volatilities themselves, suggesting
the potential for the derivation of improved bounds. Nevertheless, for portfolios
with relatively confined volatility values, the current bounds prove sufficiently tight.
It is worth noting that enhancing these bounds is primarily contingent on the
theoretical justification of the proposed methodology. Computations indicate signifi-
cantly tighter real bounds. For a three-stock portfolio, this translates to approxima-
tely 0.5 — 0.9% of the Gaussian-VaR value, or roughly 0.1 — 0.2% of the portfolio
value. As the number of stocks increases, the disparity diminishes gradually. It is
crucial to emphasize that the pursuit of better bounds is rooted in the theoretical
validation of the proposed procedure.

For the above case compared to Gaussian-VaR, our lower bound deviates by
no more than 0.00025%, showcasing its robustness. However, the upper bound
exhibits a substantial discrepancy of up to 7.5%, a noteworthy disparity. From
an empirical standpoint, particularly in domains where non-gaussian behavior may
dominate, our methodology could yield significant differences. However, as of now,

such disparities have not been observed in the context of stock portfolios.
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