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Abstract. An example in the article shows that the first derivative of f(z) = H%QZ sharing
0 CM and 1,00 IM with its shift 7¢ cannot obtain they are equal. In this paper, we study the
uniqueness of meromorphic function sharing small functions with their shifts concerning its k — th
derivatives. We use a different method from Qi and Yang [I8] to improves entire function to
meromorphic function, the first derivative to the k — th derivatives, and also finite values to
small functions. As for k = 0, we obtain: Let f(z) be a transcendental meromorphic function of
p2(f) < 1, let ¢ be a nonzero finite value, and let a(z) % oo, b(z) # co € S(f) be two distinct small
functions of f(z) such that a(z) is a periodic function with period ¢ and b(z) is any small function
of f(z). If f(z) and f(z + ¢) share a(z), 00 CM, and share b(z) IM, then either f(z) = f(z +¢) or

(2 = flz+¢)—a(z+c) _ b(z+c)—a(z+c¢)
T fe—alz) T bz)—a(z)

where p(z) is a non-constant entire function of p(p) < 1 such that eP(#+¢) = (),
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1. INTRODUCTION AND MAIN RESULTS

Throughout this paper, we assume that the reader have a knowledge of the
fundamental results and the standard notations of the Nevanlinna value distribution
theory. See([6l 20, 21]). In the following, a meromorphic function f means meromorphic

in the whole complex plane. Define

. logtT(r,
p(f) = himigl GE)
r—00 ogr
— logTlog™T(r,
po(f) = Tim (29 Log (r.f)
r—00 logr

by the order and the hyper-order of f, respectively. When p(f) < oo, we say f is
of finite order.

By S(r, f), we denote any quantity satisfying S(r, f) = o(T(r, f)), as r — oo
outside of a possible exceptional set of finite logarithmic measure. A meromorphic
function a(z) satisfying T'(r,a) = S(r, f) is called a small function of f. We denote
S(f) as the family of all small meromorphic functions of f which includes the
constants in C. Moreover, we define S(f) = S(f) U {oo}. We say that two non-
constant meromorphic functions f and g share small function a CM(IM) if f—a and
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g—a have the same zeros counting multiplicities (ignoring multiplicities). Moreover,
we introduce the following notation: S, »y(a) = {2]z is a common zero of f(z +
¢) —a(z) and f(z) — a(z) with multiplicities m and n respectively}. N, (7, ﬁ)
denotes the counting function of f with respect to the set S, n)(a). Nn) (r, ﬁ)
denotes the counting function of all distinct zeros of f —a with multiplicities at most
n. N(n(r, =) denotes the counting function of all zeros of f —a with multiplicities
at least n.

We say that two non-constant meromorphic functions f and g share small function
a CM(IM)almost if

Nir. =) + N =) = 2N(r.f = a = g) = S(r. ) + 5(r.9)
or

- 1 — 1 _

N(r,f_a)+N(r,g_&)—2N(r,f:a:g):S(nf)—l—S(r,g),
respectively.

For a meromorphic function f(z), we denote its shift by f.(z) = f(z + ¢).

Rubel and Yang [19] studied the uniqueness of an entire function concerning its
first order derivative, and proved the following result.

Theorem A. Let f(z) be a non-constant entire function, and let a,b be two
finite distinct complex values. If f(z) and f’(z) share a,b CM, then f(z) = f'(2).

Zheng and Wang [23] improved Theorem A and proved

Theorem B. Let f(z) be a non-constant entire function, and let a(z) #
00,b(z) # 0o be two distinct small functions of f(z). If f(z) and f*)(2) share
a(z),b(z) CM, then f(z) = f*)(2).

Li and Yang [I5] improved Theorem B and proved

Theorem C. Let f(z) be a non-constant entire function, and let a(z) #
00,b(2) # 0o be two distinct small functions of f(z). If f(z) and f*)(2) share
a(z) CM, and share b(z) IM. Then f(z) = f*)(z).

Recently, the value distribution of meromorphic functions concerning difference
analogue has become a popular research, see [1, 2, 4 — 9, 12 — 14, 16 — 18].
Heittokangas et al [7] obtained a similar result analogue of Theorem A concerning
shifts.

Theorem D. Let f(z) be a non-constant entire function of finite order, let ¢ be
a nonzero finite complex value, and let a, b be two finite distinct complex values. If
f(z) and f(z+ ¢) share a,b CM, then f(z) = f(z + ¢).

In [I7], Qi-Li-Yang investigated the value sharing problem with respect to f’(z)
and f(z + ¢). They proved

36



UNIQUENESS OF MEROMORPHIC FUNCTIONS ...

Theorem E. Let f(z) be a non-constant entire function of finite order, and let
a, ¢ be two nonzero finite complex values. If f/(z) and f(z + ¢) share 0,a CM, then
() = £z +0).

Recently, Qi and Yang [I8] improved Theorem E and proved

Theorem F. Let f(z) be a non-constant entire function of finite order, and let
a, ¢ be two nonzero finite complex value. If f'(z) and f(z + ¢) share 0 CM and a
IM, then f'(z) = f(z +¢).

Of above theorem, it’s naturally to ask whether the condition 0, a can be replaced
by two distinct small functions, and f’ can be replaced by f(*)?

In this article, we give a positive answer. In fact, we prove the following more

general result.

Theorem 1.1. Let f(z) be a transcendental meromorphic function of pa(f) < 1,
let ¢ be a nonzero finite value, k be a positive integer, and let a(z) Z 00,b(z) # 0o €
S(f) be two distinct small functions. If f*)(z) and f(z+c¢) share a(z),c0 CM, and
share b(z) IM, then f*)(2) = f(z 4+ ¢).

Example 1.1. [9] Let f(z) = 1—2%, and let ¢ = wi. Then f'(z) and f(z+-c) share
0 CM and share 1,00 IM, but f'(z) £ f(z + ¢).

This example shows that for meromorphic functions, the conclusion of Theorem
1 doesn’t hold even when sharing oo CM is replaced by sharing oo IM when k = 1.
We believe there are examples for any &, but we can not construct them.

As for k =0, Li and Yi [I3] obtained

Theorem G. Let f(z) be a transcendental entire function of pa(f) < 1, let
¢ be a nonzero finite value, and let a(z) % o0,b(z) # oo € S(f) be two distinct
small functions. If f(z) and f(z + ¢) share a(z) CM, and share b(z) IM, then

f2)=fz+0).

Remark 1.1. Theorem G holds when f(2) is a non-constant meromorphic function
of p2(f) <1 such that N(r, f) = S(r, f).

Theorem H. [§] Let f(z) be a non-constant meromorphic function of finite
order, let ¢ be a nonzero finite value, and let a(z) # oo, b(z) #Z oo and d(z) #Z o €
S(f) be three distinct small functions such that a(z), b(z) and d(z) are periodic
functions with period c. If f(z) and f(z+ c¢) share a(z),b(z) CM, and d(z) IM, then
f(2) = 1=+ ).

We can ask a question that whether the small periodic function d(z) of f(z) can
be replaced by any small function of f(z)?

In this paper, we obtain our second result.
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Theorem 1.2. Let f(2) be a transcendental meromorphic function of pa(f) < 1,
let ¢ be a nonzero finite value, and let a(z) # co,b(z) # 0o € S(f) be two distinct
small functions of f(z) such that a(z) is a periodic function with period ¢ and b(z)
is a small function of f(z). If f(2) and f(z + ¢) share a(z),00 CM, and share b(z)
IM, then either f(z) = f(z+c¢) or

op(2) — flz4+¢)—alz+¢) _ b(z+c¢)—a(z+¢)

f(z) —a(2) b(z) —a(z)

where p(z) is a non-constant entire function of p(p) < 1 such that eP*+¢) = eP(2),

We can obtain the following corollary from the proof of Theorem 1.2.

Corollary 1.1. Under the same condition as in Theorem 2, then f(z) = f(z +¢)
holds if one of conditions satisfies

(i) b(z) is a periodic function with period nc ;

(ii) p(b(2)) < p(e’™);

(i11) p(b(z)) < 1.

Example 1.2. Let f(z) = 176@%22, and let ¢ = wi. Then f(z+¢) = 1:676_22, and
f(2) and f(z+ c) share 0,00 CM, but f(z) # f(z +¢).

Example 1.3. Let f(z) = €*, and let ¢ = wi. Then f(z + ¢) = —e?, and f(z) and
f(z+c¢) share 0,00 CM, f(2) and f(z+c¢) attain different values everywhere in the
complex plane, but f(z) £ f(z + ¢).

Above two examples of show that "2CM-+1IM"is necessary.

Example 1.4. Let f(z) = e, then f(z + mi) = 6% It is easy to verify that f(z)
and f(z + i) share 0,1,00 CM, but f(z)
F(2) = (2 + 2mi).

Example 1.4 tells us that if we drop the assumption po(f) < 1, we can get

= m On the other hand, we obtain

another relation.

By Theorem 1.1 and Theorem 1.2, we still believe the latter situation of Theorem
2 can be removed, that is to say, only the case f(z) = f(z + ¢) occurs. So we raise
a conjecture here.

Conjecture. Under the same condition as in Theorem 1.2, is f(z) = f(z+¢) ?

2. SOME LEMMAS

Lemma 2.1. [0] Let f be a non-constant meromorphic function of p2(f) < 1, and
let ¢ be a non-zero complex number. Then
i LG9

f(z)
38

) =5 f),



UNIQUENESS OF MEROMORPHIC FUNCTIONS ...
for all r outside of a possible exceptional set E with finite logarithmic measure.

Lemma 2.2. [0, 20, 21| Let f1 and fa be two non-constant meromorphic functions

in |z| < oo, then
N(r, frf2) = N(r,

where 0 < r < co.

ﬁ) = N(T,fl) +N(7"7f2) —N(n%) —N(r,i

Lemma 2.3. [6] Let f be a non-constant meromorphic function of pa(f) < 1, and

let ¢ be a non-zero complex number. Then

T(r, f(2)) =T(r, f(z+¢)) + S(r, f),

for all r outside of a possible exceptional set E with finite logarithmic measure.

Lemma 2.4. Let f be a transcendental meromorphic function of pa(f) < 1 such
that N(r,f) = S(r, f), let ¢ be a nonzero constant, k be a positive integer, and
let a(z) be a small function of f(z + ¢) and f*)(2). If f(z +¢) and f*)(z) share
a(z),00 CM, and N (r, m) = S(r, f), then T(r,e?) = S(r, f), where p
is an entire function of order less than 1.

Proof. Since f is a transcendental meromorphic function of pa(f) < 1, N(r, f) =
S(r, f), and f, and f*) share a and oo CM, then there is an entire function p of

order less than 1 such that

(21) Jema=e(f® —a®) + (@) - a).

Suppose on the contrary that T'(r,e?) # S(r, f).
Set g = fc(k) — a'®. Differentiating (2.1) k times we have

22)  g=(")Pg o+ h(e)E g+t h(er) gl + g™ + BO),

where B = ep(a(_kc). —a).

It is easy to see that g # 0. Then we rewrite (2.2) as

B)
(2.3) 1— —— = De?,
g
where
!
D= efp[(ep)(k)& + k(ep)(kfl)& 4o
g g
g(kfl) g(k)
(2.4) + k(eP) =— + (eP)=—==].

g g
Since f is a transcendental meromorphic function with po(f) < 1 and f*) and f,.

share oo CM, we can see from N(r, f) = S(r, f), Lemma 2.1 and Lemma 2.3 that

(1 +o(1)N(r, f) + S(r, f) = N(r, f.) = N(r, f®)),
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and on the other hand
kN(T7 fc) + N(T, fc) = N(T, fék)),N(T‘, fc) = N(Ta f(k)) = N(Ta f)a

which follows from above equalities that N(r, f*)) = N(r, fc(k)) + S(r, f), and
thus we can know that g and g_. share oo CM almost. It is easy to see from the

assumption f. and f(¥) share oo CM that there exists no simple pole point of f..
g(;z) Let zgp be a pole of f with multiplicity n, than zg is
a pole of g with multiplicity n + 2k, and also zp is a pole of g(f)
(;Z with k& — 4. Let z; be

Now we estimate N(r,

with multiplicity

c
g

n + k + 7. Then we can see that zy is a zero point of

a pole of f. with multiplicity m, then z; is a pole of g with multiplicity m + k,

and also z; is a pole of g(_lz with multiplicity m + i. Then we can see that z; is a

)
zero point of % with k£ — i. Note that N(r, ﬁ) = N(r, é) = S(r, f), then
@) ‘

N(r, g;“‘) = S(r, f), and hence

k i i (k—1)

(er)® Cro=c
T(r,D) < ;(T(ﬂ o) T T)) +5(r, f)
k g(i) g(i)
< DS e) b mlr, ) + N, 7)) + S0 )

i=0 —¢

(2.5) =S(r,e?) + S(r, f),

where C}, is a combinatorial number. By (2.1) and Lemma 2.1, we get
(2.6)  T(r.e?) ST(r, fo) + T(r, f®) + 8(r, f) < 2T(r, f) + 5(r, f).

Then it follows from (2.5) that T'(r, D) = S(r, f). Next we discuss two cases.
Case 1. e P — D # 0. Rewrite (2.3) as

(2.7) geP(e™® — D) = B®,
We claim that D = 0. Otherwise, using the Lemma 2.8 to e P, we get
1
T YA N(r—— Y =T(r.eP
m(r, ) + N(r, ) = T(r, ™)
_ — 1 — 1
—p = -
< N(r,e™®) 4+ N(r, e—P) + N(r, p— —D)
— 1
+8(r ) = N(r, ———5) + 50, f) < T(r,e™") + 5(r, f),

that is to say

and
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It follows form above two equalities that

1

T(r,eP) = Ny(r, m) + S(r, f)-

Because the numbers of zeros and poles of B*) are S(r, f), we can see from (2.7)

and N(r, f) = S(r, f) that the multiplicities of poles of g are almost 1. And then
N(T,f)—f—kﬁ(?“,f) :N(T,g)-i-S(’l",f) :N(Tam)
= Ni(r, f)+ S(r, f) < N(r, f) + S(r, f) = S(r, f).

)

it follows from above that N(r,—-5) = S(r Then by Lemma 2.8 in the

+5(r, f)

following we can obtain

T(r,e?) =T(r,e™?)+ O(1)

< N(r,e ?)+ N(r, e%p) + N(r, ﬁ)

(2.8) + S(r,e?) = 8(r, f),
which contradicts with present assumption. Thus D = 0. Then by (2.7) we get
(2.9) g=BW®,
Integrating (2.9), we get
(2.10) fe= ep(a(_kc). —a)+ P +a,
where P is a polynomial of degree at most k — 1. (2.10) implies
(2.11) T(r, fo) =T(r,e?) 4+ S(r, f).
Substituting (2.9) and (2.10) into (2.1) we can obtain
(2.12) e?(a™) —a) + P =ertPL_,,

where L_. is the differential polynomial in

(k)

chv e apfc7a72c — Q_g¢, (a72c - afc)la ceey (a72c - afc)(k)v

and it is a small function of f(z 4 ¢). On the one hand

(2.13)

2T (r, eP) = T(r,e?) = m(r,e?) < m(r,ePTP=<) 4 m(r, ei—i) < T(r,eP™P=<) + S(r, f).
On the other hand, we can prove similarly that

(2.14) T(r,ePtP=<) < 2T(r,eP) + S(r, f).

So

(2.15) T(r,ePtP=<) = 2T(r,eP) + S(r, f).

By (2.11), (2.12) and (2.15) we can get T'(r,e?) = 2T(r,eP) + S(r, f), which is
T(r,eP) = S(r, f), a contradiction.
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Case 2. e ? — D = 0. Immediately, we get T(r,e?) = S(r, f), but it’s
impossible.

Of above discussions, we conclude that T'(r,e?) = S(r, f). O

Lemma 2.5. Let f be a transcendental meromorphic function of pa(f) < 1 such
that N(r, f) = S(r, f), let k be a positive integer and ¢ # 0 a complex value, and
let a # 0o and b # oo be two distinct small functions of f. Suppose

.—a a—b
L(fc): fJi_a/ a — b
and
k) —a a—>b
L) = f(kﬁl) IV

and f, and f*) share a,00 CM, and share b IM, then L(f,) # 0 and L(f*)) # 0.

fé*a' — a’ —b’
fe—a — a—b

side of above we can obtain f. —a = Cy(a —b), where C; is a nonzero constant. So
by Lemma 2.3, we have T'(r, f) =T (r, fo) + S(r, f) =T (r,C(a —b) + a) = S(r, f),
a contradiction. Hence L(f.) # 0.

Since f*) and f. share a CM and b IM, and f is a transcendental meromorphic

function of pa(f) < 1 such that N(r, f) = S(r, f), then by the Lemma 2.8, we get

Proof. Suppose that L(f.) =0, then we can get

. Integrating both

T(’I“, fc) S W(ﬁ ﬁ) +N(T’ ﬁ) +N(T7 fc) + S(?“, f)
= N 55— + N g —5) + 50.)
(2.16) < 2T(r, f®)) 4+ S(r, f).

Hence a and b are small functions of f*). If L(f*)) = 0, then we can get f(*¥) —q =
Cy(a — b), where Cy is a nonzero constant. And we get T(r, f(*)) = S(r, f)).
Combing (2.16) we obtain T'(r, f) = T'(r, fo)+S(r, f) = T(r,C(a—b)+a) = S(r, f),

a contradiction. O

Lemma 2.6. Let f be a transcendental meromorphic function, letk;(j =1,2,...,q)
be distinct constants, and let a £ 0o and b Z oo be two distinct small functions of
f . Againlet dj =a—kj(a—0b) (j=1,2,...,q). Then

LUD ) g 1y e, L)
Fo) =S, mn

) =5(r, ).

m(r,

for1 <i<q and
LU, )
(fe —d)(fe—do) - (fe _dm)) = S(r, f),
where L(f,) is defined as in Lemma 2.5, and 2 < m < q.
42
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Proof. Obviously, we have

LU o @ =We—a),  (a=b(f—a)
mir, 200 < m(r, S ) o, ) = 50 ),
and
L(fc)fc o 1 ClL(fc)

(fc_dl)(fc_dQ)"'(fc_dq) i1 fc_di’

where C; = % are small functions of f. By Lemma 2.1 and above, we have
i

L(fC)fc = m(r g CiL(fC)
) Gy T )
(2.17) <> mlr 090 4 80) = S(r ). 0
=1 c 7

Lemma 2.7. Let f and g be are two non-constant meromorphic functions such
that N(r, f) = S(r, f), and let a # oo and b # oo be two distinct small functions of

f andg. If

where

and

L(g) = (a' = V) (g —a) — (a—b)(¢' — a').
And if f and g share a,00 CM, and share b IM, then either 2T (r, f) = N (r, fia) +
N(r, ﬁ) +S(r, f), or f=g.

Proof. Integrating H which leads to
—-b —-b
9-b_ ./

g—a f-a

where C' is a nonzero constant.
If C =1, then f =g. If C # 1, then from above, we have
a=b_(C-1)f-Cb+a
g—a f—a ’

and
T(r,f) =T(r,g) + S(r f) + 5(r,9).
It follows that N(r, fcﬁ) = N(r,-%5) = S(r,f). Then by Lemma 2.8 in the
—Ct=2

1
following,

T(r, ) < W0 ) + Nl ) + N ) + 50)
C—-1
< N 5) + 50:£) < T 1)+ S(r. ),
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and
() < N 1) + N, )+ N g + S0, 1)
f-e5
< Nl 525) + 50.) S T(. ) + 5. £),
that is T'(r, f) = N(r, ﬁ) + S(r, f) and T(r, f) = N(r, ﬁ) + S(r, f), and hence
2T(T’,f):N(T,f%a)#*ﬁ(’r‘,ﬁ)#*S(T,f). U

Lemma 2.8. [22] Let f(z) be a non-constant meromorphic function, and let a; €
S(f) be q distinct small functions for all j =1,2,...,q. Then

(g—2—€e)T(r, f) <ZN +S(rf)r¢E

for all r outside of a possible exceptwnal set E with finite logarithmic measure.

Remark 2.1. Lemma 2.8 is true when 0o, a1, ag, -+ , a4 € S'(f) with S(r, f) in our
notation, in other words, even if exceptional sets are of infinite linear measure. But

they are not of infinite logarithmic measure.

Lemma 2.9. [I1I] Let f and g be two non-constant meromorphic functions. If f and
g share 0,1,00 IM, and f is a bilinear transformation of g, then f and g assume
one of the following siz relations: (i) fg=1; (ii) (f—1)(g—1) =1; (i11) f+g=1;
() f=cg; (v) f—-1=clg—1); (vi) [(c—1)f+1][(c—1)g—c] = —¢c, where c # 0,1
is a complex number.

Lemma 2.10. [3] Let f, F and g be three non-constant meromorphic functions,
where g = F(f). Then f and g share three values IM if and only if there exist an
entire function h such that, by a suitable linear fractional transformation, one of
the following cases holds:

(i) f=g;

(i) f = e and g = a(1 + dae™" — 4a’e=?") have three IM shared values a # 0,
b =2a and oo;

(iti) f = €" and g = $(e" + a*e™") have three IM shared values a # 0, b= —a and
00;

(iv) f = e" and g = a + b — abe™" have three IM shared values ab # 0 and oo;

(v) [ =e€" and g = $e*" — 2e" + 2b have three IM shared values b # 0, a = 2b and
o0y

(vi) f =e" and g = b*e™" have three IM shared values a # 0, 0 and occ.

Lemma 2.11. [I0 20, 21] Let f and g be two non-constant meromorphic functions,

and let p(f) and p(g) be the order of f and g, respectively. Then p(fg) < max{p(f),p(g)}
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Remark 2.2. We can see from the proof that Lemma 2.9 [11] and Lemma 2,10

[20] are still true when f and g share three value IM almost.

3. THE PROOF OF THEOREM 1.1

If f. = f®), there is nothing to prove. Suppose f. # f*). Since f is a non-

constant meromorphic function of po(f) < 1, f. and f*) share a,co CM, then we

get
(k) _
(3.1) Fr=a_ o
fc —a
where h is an entire function, and it is easy to know from (2.1) that h = —p.

Since f is a transcendental meromorphic function of po(f) < 1 and f *) and f,

share oo CM, we can see from Lemma 2.1 and Lemma 2.3 that
(1+0(L))N(r, f) + S(r, f) = N(r, fo) = N(r, f¥),
which implies
N(r,f) = S(r, ).

Furthermore, from the assumption that f*) and f. share ¢ and oo CM and b IM,

then by Lemma 2.1, Lemma 2.8 and above equality, we get

- 1 — 1 —
T(r, fe) < N(r, m) + N(r, m) + N(r, fe) + 5(r, f)
_ 1 _
= N(Tam)+N(T,m) +5(r, f)
< N(r 5 g) + S ) S Tlr fo = £9) 4 (0.1
<m(r, fo= fO) 4 N(r fo = f®) + S(r, )
(k)
<mlr fo) 4 m(r 1~ L0) 4 N )+ S ) < TOn £) + S0 ).
That is
1 — 1
(32) T(r, fe) ZN(T,H)JrN(T’m)JrS(T, ).
By (3.1) and (3.2) we have
(33) T(rfo) =T(r fo= f¥)+ S0 f) =N, ﬁ) +S(r, f)-
and by Lemma 2.1,
(k) _ (k) (k) _ (k) _
T(r, ") = mlr.eh) = mr, Tt LI < gy, et
fR) a(_’fc) F) g 1
(3.4) +m(7’am)+m(ﬁﬁ Sm(ram)ﬁLS(T,f)-
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Then it follows from (3.1) and (3.3) that
(3.5)

1 et —1 1
T o N O 7
Then by (3.4) and (3.5)

m(r, ) +m(r,e" —1) < T(r,e") + S(r, f).

1
(3.6) T(r,e") = m(r, m) +S(r, f)
On the other hand, (3.1) can be rewritten as
f(k) - fc h
3.7 =e' -1,
( ) fe—a

which implies

(3.8) N L 5 < NG ﬁ) + S0, f) = T(r, ") + S(r, f).
Thus, by (3.2), (3.6) and (3.8)
mlr, 5m) + N =) = N ) + Nl =) + S0 )
< N 5) + Nlr o) + (0.
< N5+ mlr ) + 502 6).
which implies
(3.9) N, ﬁ) =N )+ S(.f)
And then
(3.10) Nr, ﬁ) — T(r, ") + S(r f).
Set
_ L(f)(fe = f)
310 T e—a -
and

(f®) —a)(f®) =)
It is easy to know that ¢ # 0 because of Lemma 2.5 and f # f*). We know that
N(r,¢) < N(r, f) = S(r, f) by (3.11). By Lemma 2.1 and Lemma 2.6 we have

L(f)(fe = ™)
(fe —a)(fe —b)

L(fe)fe )+ m(r,1— f(k))+S(r,f)=S(7“7f)’

’(fc_a)(fc_b) fc

T(r,p) = m(r, @) + N(r,) = m(r, )+5(r, f)

< m(r

that is

(3.13) T(r,) =S(r, f).
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Let d = a—j(a—0b)(j #0,1). Obviously, by Lemma 2.1 and Lemma 2.6, we obtain

LRI L(f)  L(fo),,, [®
m(hfc)* (’(b—a)w(fc—a fc—b)(l 7. )
L L(fe)  L(f)
el e A
f(k)
(3.14) +m(r,1— 7 )+ S(r, f)=S(r, f).
and
m(r . ) =m(r LU e = 1) )
’fc_d 7‘;O(fC_a)(fc_b)(fc_d)
f® L(fe)fe
e A T A Ty
(3.15) +S(r, f) = S(r, f).
Set

(fe=a)(fe=0)  (f®) —a)(f® —b)

We discuss two cases.
Case 1 ¢ = 0. Integrating the both sides of (3.16) which leads to

fc_ai f(k)_a
(3.17) i3 =

where C' is a nonzero constant. Then by Lemma 2.7 we get

(3.18) 27(r, f.) = N(r, ﬁ) + N(r, ﬁ) + S(r, f),

which contradicts with (3.2).
Case 2 ¢ # 0. By (3.3), (3.13) and (3.16) we can obtain

o(fe— )

T(r, fo) =T(r, fo— f®Y+ S(r, f) = T(r, )+ S(r, f)

5
SEACE UYL S, 1) < T(r — ) + T(r,6) + S(r. f)
(3.19) < T(r,0) + T(r, 6) + S(r, f) < T(r, ) + N(r, ——) + S(r, f).

fc -b
On the other hand,
L(f*)(fe = ™)
T(f®) —a)(f®) —b)
L(f*)(fe = f*)
=m(r, 09 = o) (f® _b))—l-N(r,z/J)
L(f® £, f®
< mf(r, f(("?) _2))+m r, o
(3.20) < m(r, ﬁ) + S0 f) = N(r, ﬁ) S0 ).
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Hence combining (3.19) and (3.20), we obtain
1

(3:21) T(r, fe) < 2N(r, m) +S(r, f).
If a(fc) = a, then by (3.1) and Lemma 2.1 we can get
(k) _ (k)
T(r,e") = m(r.et) = mr, =2
FLONAL)) FB) k) B
(3.22) < m(r, m) +m(r, ﬁ) = S(r, f).

It follows from (3.10), (3.21), (3.22) and Lemma 2.3 that T(r,f) = T(r, f.) +
S(r, f) = S(r, f). It’s impossible.
If ') = b, then by (3.10), (3.21) and and Lemma 2.1,

1 — 1
T(r, fe) <mf(r, m) + N(r, m) +5(r, f)
O g 1
< m(r, m) +m(r, ﬁ) + m(r, R — b)

which implies

(3.23) T(r,f.) < T(r, f*¥) +S(r, f).

Lemma 2.3 implies

(3.24) T(r, f*) <T(r, f) +EN(r, f) + S(r, f) = T(r, fo) + S(r, ),

and it follows from the fact f. and f*) share @ CM and b IM, (3.2) and (3.23) that

T(r, f¥)) = T(r, f.) + S(r, f)

= N(r, m) + N(r, 7o b) +S(r, f)
(3.25) = N(r, ﬁ) + N(r, ﬁ) + S(r, f).

By Lemma 2.1, Lemma 2.8, (3.2) and (3.25), we have

1 1

27(r, fM) < N(r, ﬁ) + N (r, m) + N(r, m) +N(r, f®)
S 0) < 27(r S = m(r, ) + 50 f)
Immediately,
1
(326) m(’/’, m) = S(’r, f)
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By the First Fundamental Theorem, Lemma 2.1, Lemma 2.2, (3.14), (3.25),

(3.26) and f is a transcendental meromorphic function of ps(f) < 1, we obtain

c d c
m(r, fj(ck) — d) S m(r, f(k{_ d) + m(r, m) + 0(1)
>~ (Ta ﬁ) - N(’I“, f(k{C_ d) + 5(73 )
S —d S —d /.
= m\r, fc ) (7", fc ) (7’, f(k) — d) + S(Tv f)
1 1
SN(T,E)*N(T,m)+N(T,f(k))*N(T, )+S(Tv )
1 1
=T(r, E) = T(r, m) +5(r, f)
=T(r, fo) = T(r, f*) + S(r, ) = S(r, f)-
Thus
fc - d
(3.27) m(r, m) = S(r, f).
It’s easy to see that N(r,¢) = S(r, f) and (3.12) can be rewritten as
_a—dL(f%)  b—d L(f®) . f.—d
(3'28) wi[a—bf(k)—aia—bf(k)—b][f(k)—dil].

Then by Lemma 2.6, (3.27) and (3.28) we can get

(3.29) T(r,v) = m(r,) + N(r,v) = S(r, f).

By (3.2), (3.19) and (3.29) we get
1

(3.30) N(r, m) =5(r, f).
Moreover, by Lemma 2.1, (3.2), (3.25) and (3.30), we have
1 1 1
(3.3fr, m) =m(r, m) = m(r, m) +S(r, f) = 5(r. f),

and it follows from above, (3.6) and (3.10) that

N, ) = mlr. ) + S(r. )
_a)k)
33) <) (L) 156 = S0
Then by (3.2), (3.30), (3.32) and Lemma 2.3, we obtain
— 1
T(r,f)=T(r, fe) + S(r, f) :N(ﬂm)
(3.33) + N, ﬁ) + S0 f) = S(r, f),

which implies T'(r, f) = S(r, f), a contradiction.
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So by (3.6), (3.10), (3.21), the First Fundamental Theorem, Lemma 2.8 and
Remark 2.1 we can get

! )+ S(r, f) < 2m(r, !

— )
fc_a f(k)—a(_kc)

1
+S(r, f) = 2T(r, f*) - QN(ﬁm) +S(r, f)

_ 1 — 1 — 1
< N(Ta7)+ (T7.7)+ (Ta )
fk) —q fF) —b fk) — a(_kc)
+ N(r, f®) — 2N (r, + S(r,
() = 2N () + 50.)
1
< —
ST £2) = N ) + 80 ),
which implies that
1
Consequently, Lemma 2.1 and Lemma 2.3 can deduce
1 1
N( N(r, )= S8(r, f).

r—————x) = —y
fB) agkg) £ (k)

Then applying Lemma 2.4, we have T'(r,e) = T(r,e?) + O(1) = S(r, f), and it
follows from (3.10) and (3.21) we can get T'(r, f) = T'(r, fc) + S(r, f) = S(r, f), a

contradiction. This completes the proof of Theorem 1.

4. THE PROOF OF THEOREM 1.2

If f(2) = f(z + ¢), there is nothing to do. Assume that f(z) £ f(z + ¢). Since
f(z) is a transcendental meromorphic function of pa(f) < 1, f and f(z + ¢) share
a(z),00 CM, then there is a nonzero entire function p(z) of order less than 1 such
that
(4.1) flete) —az) _ e,

f(2) —alz)

then by Lemma 2.1 and a(z) is a periodic function with period ¢,

(4.2) T(r,eP) = m(r,e’) = m(r, fz+c)—alz+ C)) =S(r, f).

f(z) —a(z)
On the other hand, (4.1) can be rewritten as
fleto) =) _ ae) _
(4.3) CErC R
and then we get
— 1 1
(4.4) N (r, f(z)—b(z))SN(r7 ep(z)_l)zs(raf)
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Denote N, n)(r, m) by the zeros of f(z) — b(z) with multiplicities m and
the zeros of f.(z) — b(z) with multiplicities n, where m,n are two positive integers.

Thus, we can obtain

1 - 1 - 1
N o)~ 2 Naw ) 4 N gy
AL 1 — 1 — 1

+ 2.2 Nuwl 550y < N0 gy —05) +mV 0 )

(4.5)
— 1

+ N(r, ) 1) < (m+1)N(r, o= )) +S(r, f)=S(r, f),
that is
(46) NG : )= Nir,————) = S(r. /)

' R T L [ T L
Similarly, we also have

1

(4.7) N(r, f(z+c)—b(z))zs(r’f>'
Set
(4.8) w(z):f(z—kc)—b(z—i—c)

It is easy to see that
1 1

(49 N o) SN0 s 79

)+ N(r,b(2)) = 5(r. f),

_
f(z) = b(z)
Hence by Lemma 2.1 and above,

(4.11) T(r,¢(z)) = m(r,9(2)) + N(r,¢(2)) = S(r, f)
According to (4.1) and (4.8),we have

(4.10) N(r,(z)) < N(r, )+ N(r,b(2)) = S(r, f).

(4.12) (P —(2))f(2) + ¥(2)b(2) + a(z) — b(z + ¢) — a(z)eP*) = 0.
We discuss following two cases.
Case 1 ¢P(*) # ¢)(z). Then by (4.2), (4.11) and (4.12) we obtain T(r, f) =

S(r, f), a contradiction.
Case 2 eP(*) = 4(2). Then by (4.1) we have

(4.13) f(z+0) = D (f(2) — al2)) + al2),

and

(4.14) N(r LS——— S ! ) = 5(r, f)
| et e () - () + SR T
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If b(z) is a periodic function of period ¢, then by (4.12) we can get e?(*) = 1,
which implies f(z) = f(z + ¢), a contradiction. Obviously, a(z) — % % a(z).
Otherwise, we can deduce a(z) = b(z), a contradiction.

Next, we discuss three subcases.

Subcase 2.1 a(z) — ep(zb)(z) # b(2) and a(z) — (ep(zb)(z) # b(z — ¢). Then
according to (4.6), (4.7),(4.14) and Lemma 2.8, we can get
_ 1 _
T(r, f(2)) < N(r, ) —ats) (e)p(zb(z) )+ N(r, m)
— 1
(415) +N(T,m)+5(7’7f):5(7',f),

that is T'(r, f(z)) = S(r, f), a contradiction.

Subcase 2.2 a(z) — a(z)p( 52) = b(2), but a(z) — a(ze)p(zb(z) # b(z —¢). It follows
that eP(*) = 1. Therefore by (4.1) we have f(z) = f(z + ¢), a contradiction.

Subcase 2.3 a(z)— a(i)p(z)(z) =b(z), a(z) — a(i)p( 52) = p(z—¢). It follows that
eP(?*) = 1. Therefore by (4.1) we have f(z) = f(z + ¢), a contradiction.

Subcase 2.4 a(z) — 2222 £ p(2) and a(z) — LEEE = bz — (). Tt is easy

eP(z) ep(z)
to see that

CL(Z) — b(Z) — ep(z)
(4.16) a(z—c) —b(z—c) '

Furthermore, (4.12) implies
a(z+c¢) —b(z+c) _ ()
a(z) — b(z) ’
(4.18) U2) =b() o),
a(z —c) —b(z —¢)
It follows from (4.16) and (4.18) that

(4.17)

(4.19) eP(2) = ep(zto),

By (4.1), (4.8) and (4.19), we know that f(z) and f(z+ nc) share a(z) and co CM,
SO we set

f(z) —a(z) (2) = flz+nc) —a(z)
b(z) —a(z)’ b(z 4+ nc) —a(z +ne)’

Since f(z) and f(z+4nc) share a(z) and oo CM, and (b(z), b(z+nc) CM, so F(z) and
G(#) share 0,00 CM almost, and 1 CM almost. We claim that F' is not a bilinear
transform of G. Otherwise, we can see from Lemma 2.9 that if (i) occurs, we have

N(r, f(2)) = N(r,F(2))+ S(r, f) = S(r, f), then by Remark 1 and Theorem G, we
get f(z) = f(z + ¢), a contradiction.

If (ii) occurs, we have N(r, f(z)) = N(r,F(z)) + S(r,f) = S(r, f), then by
Remark 1 and Theorem G, we get f(z) = f(z + ¢), a contradiction.
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If (iii) occurs, we have

1 1

(4.21) N(r, m) =S(r, f), N(r m) =S(r, f).
Then it follows from above, a(z) — a(ze)p(zb)(Z # a(z), a(z) — = ze)p(zb)(z) # b(z) and

Lemma 2.8 that T'(r, f) = S(r, f), a contradiction.
If (iv) occurs, we have F(z) = jG(z), that is

b(z + nc) — a(z + ne) (f(z +nc) —a(z)
=J
b(z) — a(2) f(z) —alz)
where j # 0,1 is a finite constant. Then it follows from above, (4.17) and (4.19)

(4.22)

);

that e"?(?) = je"P(%)  therefore we have j = 1, a contradiction.
If (v) occurs, we have
) = S0 ).
f(z) —a(?)
Then by Lemma 2.8, (4.7), (4.14) and b(z — ¢) # a(z), we obtain T'(r, f) = S(r, f),

a contradiction.

(4.23) N(r,

If (vi) occurs, we have

(424) N(Ta f(Z)) = N(T’ F(Z)) + S(rv f) = S(T’ f))

and hence we can see from Theorem G and Remark 1 that f(z) = f(z + ¢), a
contradiction.
Therefore, F'(z) is not a linear fraction transformation of G(z). If b(z) is a small

function with period nec, that is b(z + (n — 1)c) = b(z — ¢), we can set
D(2) = ((2) = b(2))(b(= + ne) — b= + (n — 1))

— (f(= +ne) — bz + ne))(b(2) — b(z — ©))

= (F(2) = b(z — ©))(b(z + 1) — b(z + (n — 1)e))

— (f(z +ne) — bz + (n — 1)e))(b(2) — b(= — )

If D(z) =0, then we have f(z +nc) —b(z —c¢) = —(f(2) — b(z — ¢)). And thus we

know that f(z) and f(z 4 nc) share a(z),b(z — ¢) and oo CM. We suppose

f(z) = a(2) f(z+ne) —a(z)
b(z —¢) —a(z) b(z—c)—a(z)
Then we know that Fj(z) and G1(z) share 0, 1,00 CM almost and G4 (z) = —Fi(z).
So by Lemma 2.10, we will obtain either N(r, f(z)) = N(r, F1) + S(r, f) = S(r, f),
but in this case, according to Theorem G and Remark 1, we can deduce a contradiction.
Or Fi(z) = G1(z), that is f(z) = f(z + nc). Therefore, we obtain f(z) = b(z — ¢),
that is T'(r, f(z)) = S(r, f), a contradiction.
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Hence D(z) # 0, and by (4.7)-(4.8), (4.14) and Lemma 2.1, we have

2T (r, f(2)) = m(r, m) + m(r, m) +S(r, f)
1 1
= he) TR e o) T
mir D(Z) D(z> mir T
sm e T o) T o) T
<m(r,D)+ N(r,D) <m(r, f(2)) + N(r, f(2)) + S(r, f)

which implies T'(r, f) = S(r, f), a contradiction.
By (4.16) we have

(4.26)

Ab(2) B
Combining (4.18) and the fact that a(z) is a small function with period ¢, we can
get

Ab(z+¢) B
According to (4.27) and (4.28), we obtain
bae(2) — be(2)

4.9 p(z) — Z2c1%) 7 Tel®)
(429) ¢ Acb(z)
So if p(b(2)) < p(eP*)), we can follows from (4.28) and Lemma 2.11 that

bac(2) — be(2)

(4.30) p(e") = p(=15 o)

) < p(b(2)) < p(e!®),

which is a contradiction.

If p(b(z)) < 1, we claim that p(z) = B is a non-zero constant. Otherwise, the
order of right hand side of (4.28) is 0, but the left hand side is 1, which is impossible.
Therefore, by (4.1) we know that f(z + ¢) — a(z) = B(f(z) — a(z)), and then by
Lemma 2.10 we will get N(r, f) = S(r, f), so by Theorem G and Remark 1 we can
obtain f(z) = f(z + ¢), a contradiction.

This completes Theorem 1.2.
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