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Problems on building up o f  layer o f  inclusions, containing in fluid entering in crack, whiej 
infinite thermoelastic plane are considered. These problems were solved in [1] for § 
environment without taking into account o f  elastic stresses. In present paper the coupled then# 
and diffusion mixed boundary problem for crack with fluid is solved by Winner-Hopf т а м  
graphs o f vertical displacements on crack surface are calculated numerically and the moment ofl 
o f crack in some point is determined. Experimental curves o f  healing o f  strips, filled by fluids 
inclusions in earth environment are done in [10]. In present paper mathematical solution is obtH  
biological cracks with conform oil.

1. Statement o f  problem o f  crack in thermoelastic plane with fluid current.
The problem o f  semi-infinite crack in thermoelastic plane, when there is current of fluid] 

inclusions, entering in crack at initial moment / =  0 ,  is considered. These problems are esped 
important for study o f  process o f  narrowing o f  crack due to action o f  crystallite inclusions in conn 
and in analogically by mathematical treatment problem o f  building up o f  cracks by inclusffl 
conform oil in corresponding problems o f  technology [10]. In plane x ,y  equation o f  crack Ьошш

у  =  ±b { ( x, է), ծ, ( x , t )  =  b0 +  U y ( x  , y , t ) , y  « 0 ,  where thickness 2b։ is small and later is taken]

upper sign, and is solved problem for у > 0 ,  due to symmetry. U x,U y are component!

displacements in elastic media.

Let the temperature T  o f  elastic plane and fluid are approximately the same, denoting bjj

constant initial value o f  T , by q  =  p f vbQ the current o f  entering fluid in crack, v-fluid velocity 

x  axis o f  crack, /^ -d en sity  o f  fluid, /0-constant diffhsion current o f  inclusions along у  axis,whic

Qc
supposed known, у  — —  which also supposed constant, approximately taken for moment t 

d T

Y -  ~ ~  > by К  let us denote constant coefficient o f  building up o f  crack surface, than using equatii
ЭТ,

o f narrowing o f  crack surface [1], on account o f  stresses term, one obtains

P ։  =  Я Г ՜ ՜  K < *  y y  i j f r  ( x ) H  ( t )  at ox
The crack equation у  =  b0 + U y (x ,0 ,/),0  <  д: <  oo.

One must put and solve corresponding problem o f  thermoelasticity. The equations o f  motion! 
thermoelastic media [4], where are excluding terms with Г  by dropping o f  small thermoconductivity, I  
as follows

where j _ к * с Р ՜  с v , к  , + 2 ֊  volume elastic modulus, р  density, С р , C v specifi
p  C r * 3

thermal capacities.
The stresses components are [4]
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ш  Ш  J dy Հ dx dy J1 P - b \I dy dx J

pftermoelastic media one can write [4]

T - T  C ' ֊ C ' ( W ։  . д и Л

(1.3)

(1.4)

(1.5)

[ where a  is coefficient o f temperature-conductivity.
i  The main boundary condition (1.1) on crack on account o f  healing o f  crack due to diffusion 

[current of inclusions and building up o f  its surface, as well as on account o f  friction, can be write 
[down

a C v ^ dx dy J 
Which is obtained neglecting o f  thermoconductivity in equation

дТ ( С „ -  С ,  d jr dU x dU v 'j1 յ լ կ լ + ^ շ _ )
dt a  С , dt 1Հ dx dy j \  d x 2 d y 1 j

'dU y dT
 — =  a y  ——

dt dx Հ  7 ՜  yy’ dy

d U x _  AT,
c r „ , x  >  0 ( 1.8)

dt թ ձ

where $, -  ~psD, D  - diffusion coefficient, К  tribological coefficient o f  crack due to building up, 

^■coefficient o f horizontal wearing o f  surface. Besides due to symmetry out o f  crack у  =  о, x  < 0,

U = o <7 = 0 • To simplify o f solution one can approximately write dT T ~ T n
dx I

, where /  is some

mean length along crack, and diffusion current я  —  can be assumed known and equal to
1 dy

w֊i0H(x)H(t),iQ =  co n st. The diffusion equation in this treatment is not used, replacing by 

assumption on approximately constant transversal diffusion current o f  inclusions to crack surface. Then 
approximated boundary conditions yield

■ b I + ^ Л г _ /оя ( х ) я ( г ) - ^ - ,  |  =  0 ,  ^ > 0 , ^ ֊  =  ֊ ^ (1.9)
; ծ p, aCvl Լ dx by j  p s

where H (t)= 1, t >  0  НЩ)  = 0 ,  t <  0  is Heaviside unit function.

§  Problem (1.2), (1.9) for U x,U y for у  >  0 is closed.

2. Solution o f problem o f  building up o f  crack in absence o f  friction, 
p Let us denote Ux =  U , Uy =  V .

I One can consider further simplified boundary value problem for half-plane: у  =  0 , 
Հ7„, =  0 , —00 <  „V <  00 F  =  0 , x < 0

dV
dt

(a 1- b l )p  I dU ( Ka2p  Л з *
(2. 1)

+  Հ  ( * ) / / ( / ) , * > ( )
dx Լ Ps J  ty Ps

where , j  Cp -  c v vb0yp .
К  J  Cyl ap ,

The solution is looked for by integral transformations Ս ; V o f  Laplace on t and Ս ; V Fourier on 

x. In plane x ,y  one can write solution as

. и - J  =  £  j e ' ^ ' ^ U . i V . d a  , =  J ® ‘ a \ c< = J ։ C ! - b
/1=1 -x V C„

where s = -i(0 is parameter o f  Laplace transformation. Besides F ,  =  S=±֊U ,» V շ =  -  —
a

r  Placing (2.2) in (2.1) and inverting o f Fourier transformation, one obtains

(2.2)

2 = - = - U  2 
Р г
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sV - K 2i a ^ f  i + ( / 2)~ + ւ 0 շ ~ շ ) ՜ ± — +  n :
2 n ia s p  ։

where Щ  = —  j ( r ,  + V 2\ ym0e-iaxdx > V ՜ =  ^ ] v \ ym0-e~^*dx

index (+) gives analytic functions o f a  in upper half-plane, (-) -  analytic in lower half-plane a

From (2.4), (2.3) one obtains Winner-Hopf equation:

к { а г ֊2 ъ г) р  а : ֊- ^ - = ; / г ( « ) д с 0г ,  c  ճ ճ ճ ւ ճ Լ  c l
P s  P s  2m asps - 2

p̂ ~ + a^2lfil֊a2-20 J 2)+К J  tip է\բ1-ս2)+2Հ2 ргէ J
№  =

я ( « )  has two imaginary and two real roots: ± a i i , ± a \ , and >1 for a  ->co.|

factorization o f  Я (cr) one can introduce function

( - ֊ - «  ][ =  +  a  ] i v  n (՜՜)

and obtain

11

G 'la r)=  Exp ֊  \<>rc t g j — ц ;
0 \ - 2 ( К 2 - К г) ^ г0 \ р :

Jarctg
p :

fc ) i - K 2r y ֊ j \ ) - 2 0 ; р 2Г ( к г ֊к у - а

Solution o f (2.5) is by [6]

o :  =
In ia sp  I 0 i

1 - ճ ձ Ք Ճ Ճ )
0 2*(O )R *(O )

V ՜  =  -
2n a s p j ;  (0 )R + (0)01 f i)R  ՛  (a  ) c 0



[Introducing of dimensionless variables — _ օ_շ֊. у- _ Щ

|i a  շ - a 2% one obtains solution (2.8) as
I  й a

■2 0) _ (0 
B i

(j(a)=Exp m m <K
Հ - а  ж - ( ~շ \  I - 2  r ֊a

X 1- ֊ 1 * ! ^ ^  -Հ)

I The inverse transformations Laplace and Fourier from (3.5), gives solution in Smimov-Sobolev 
form [3], and for у  =  0 one obtains

Ща —°=C"(o)aia2Jl
P ? = Re—  '
adt1

V = j£RePsa r____ X
i m

(2.9)
_ 1 j  0 (a ' -  a \ \ a ' -  a 2i)a'G՜ (a')

The calculations of (2.9) for i0 Ш  a)"' -  5 • 10 ' 6, a x =  0,99999987, a 2 =  13333,3326

cm Vn 1 a K.
a

а=1000— , ֊  = —  — = 4,-=L =  0,00058, - J -  =  0,00062,, give graphs of fig. 1 and fig. 2сек a 2-104 b H  6 ■
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As it is seen — г V out of crack is positive; fig.2. shows that for 0 < й- < 0.25, — >0,i I 
dt at

V

x
X • * с0.25<=-<0.6, — < 0 , and width of crack b{ = b 0 + V  is decreased. For b0 =10" cm, one§
at

V
— «  0.5,— = -7-10" , and healing condition bx = 0 yields 10 — 7 • / • 10" = ( 
at x

t =  sec crack is healed in point x = — cm.
700 7

Резюме

Рассматриваются задачи о наращивании слоя примесей, содержащихся в жид 
(флюиде), поступающей в трещину в бесконечной термоупругой плоскости. При некой 
упрощающих предположениях на характер влияния диффузии примесей на залечи! 
трещины удается решить нестационарную задачу термоупругости при смешанных грани! 
условиях на границе трещине с учетом наращивания среды на границе за счет осаждая 
примесей. Задачи решаются методом интегральных преобразований Лапласа и Фурм 
решением уравнений Винера -  Хопфа с приведением решение к форме Смирнова-СоволеиГ
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