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Òåîðåìû ñðàâíåíèÿ èãðàþò çíà÷èòåëüíóþ ðîëü â òåîðèè îáûêíîâåííûõ äèôôåðåíöèàëüíûõ 
óðàâíåíèé.  Èõ, êàê ïðàâèëî, ïðèìåíÿþò äëÿ âûÿñíåíèÿ ñâîéñòâ ðåøåíèé òåõ óðàâíåíèé è ñèñòåì, 
êîòîðûå íå èíòåãðèðóþòñÿ â êâàäðàòóðàõ, ïóòåì èõ ñðàâíåíèÿ ñ óðàâíåíèÿìè è ñèñòåìàìè ñ 
ïîñòîÿííûìè êîýôôèöèåíòàìè, ðåøåíèÿ êîòîðûõ îïðåäåëÿþòñÿ àíàëèòè÷åñêè. Íàèáîëåå èçâåñтноé 
â ýòîì ñìûñëå ÿâëÿåòñÿ òåîðåìà ñðàâíåíèÿ, äîêàçàííàÿ äëÿ ëèíåéíûõ îäíîðîäíûõ óðàâíåíèé 
âòîðîãî ïîðÿäêà, ñûãðàâøàÿ íåìàëîâàæíóþ ðîëü â ïîñòðîåíèè òåîðèè Øòóðìà äëÿ ïîäîáíûõ 
óðàâíåíèé è â èññëåäîâàíèè ñïåêòðàëüíûõ ñâîéñòâ çàäà÷è Øòóðìà-Ëèóâèëëÿ ([1], [2]).  Èçâåñòíû 
òåîðåìû ñðàâíåíèÿ è äëÿ ëèíåéíûõ îäíîðîäíûõ ñèñòåì âòîðîãî ïîðÿäêà (ñì., íàïðèìåð, [2], [3]). Â 
íàñòîÿùåé ðàáîòå äîêàçûâàåòñÿ  òåîðåìà, ïîçâîëÿþùàÿ  ñðàâíèòü òàêèå ñèñòåìû ñ ïîìîùüþ 
îïðåäåëåííîé ôóíêöèè, õàðàêòåðèçóþùåé ïîâåäåíèå íóëåé êîìïîíåíò ðåøåíèé. Îáüåêòîì 
èññëåäîâàíèÿ ÿâëÿåòñÿ ñèñòåìà   
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â ïðåäïîëîæåíèè, ÷òî ôóíêöèè )(tp  è )(rr  íåïðåðûâíû íà îòðåçêå [ , ]a b .  Ïðèìåì                           

                                                     ( ) ( )sin ( ), ( ) ( ) cos ( )y t r t t y t r t tθ θ= =1 2 .                                           (2) 

Äèôôåðåíöèðóÿ ðàâåíñòâà (2) ïî  t , è, çàìåíÿÿ  y ′1  è y ′2  ïðè ïîìîùè (1), ïîëó÷èì 
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îòêóäà íåòðóäíî ïîëó÷èòü ñëåäóùèå óðàâíåíèÿ îòíîñèòåëüíî  ( )r t  è ( )tθ  

       ' [ ( ) ( )] sin ( )r p t q t r tθ= +
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,                                                          (3) 

       ' ( ) cos ( )sin .p t q tθ θ θ= −2 2                                                            (4) 
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 ñèñòåìû  (1) ñîîòâåòñòâóåò ðåøåíèå ( ), ( )r t tρ θ ω= =  óðàâíåíèé (3), (4), 
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Òàê êàê ôóíêöèè ϕ1  è ϕ2  îäíîâðåìåíî â íóëü íå îáðàùàþòñÿ, òî ( )tρ >2 0  íà ( , )a b . Çíà÷èò, íå 

íàðóøàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî ( ) .tρ > 0 . Òîãäà, åñëè ïðèíÿòü 

( ) ( ) ( ) ( )sin ( ),t t t t tψ ϕ ϕ ρ θ= = 2
1 2
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òî, î÷åâèäíî, ÷òî ôóíêöèÿ ( )tψ  áóäåò îáðàùàòüñÿ â íóëü òîãäà, êîãäà îáðàùàåòñÿ â íóëü îäíà èç 

êîìïîíåíò ϕ1  è ϕ2 , è  ( )tω  åñòü öåëîå ÷èñëî, êðàòíîå /π 2 . 

Çàìåòèì, ÷òî òàê êàê ôóíêöèè cos ( )tθ2  è sin ( )tθ2  ðàâíîìåðíî îãðàíè÷åíû, òî óðàâíåíèå (4) 

èìååò ðåøåíèå íà êàæäîì èíòåðâàëå. Òàê êàê ïðàâàÿ ÷àñòü óðàâíåíèÿ (4) äèôôåðåíöèðóåìà ïî ( )tθ , 

òî ðåøåíèå åäèíñòâåííî â îáû÷íîì ñìûñëå. 
Èç (2) ñëåäóåò, ÷òî 

( ) cos ( ) ( )sin ( ) .y t t y t tθ θ− =1 2 0                                              (5) 

Â êðàåâûõ çàäà÷àõ îáùèé âèä óñëîâèÿ (5) â êîíå÷íîé òî÷êå áóäåò èìåòü âèä 
   ( ) cos ( )sin .y a y aα α− =1 2 0                                                  
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Èç (5) ÿñíî, ÷òî òàêîå óñëîâèå ýêâèâàëåíòíî áîëåå ïðîñòîìó óñëîâèþ 
( ) (mod )aθ α π= . 

Ñðàâíèì òåïåðü ïîâåäåíèå ðåøåíèé äâóõ ñèñòåì âèäà (1). Ðàññìîòðèì ñèñòåìó óðàâíåíèé 
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ãäå  ( ), ( ) ( , )i ip t q t i =1 2 –äåéñòâèòåëüíûå ôóíêöèè, îïðåäåëåííûå è íåïðåðûâíûå íà îòðåçêå [ , ]a b . 

Èìååò ìåñòî  
Òåîðåìà. Ïóñòü ôóíêöèè ip  è iq  íåïðåðûâíû íà èíòåðâàëå [ , ]a b  è ïóñòü 

( ) ( ), ( ) ( )p t p t q t q t≥ ≤2 1 2 1                                                        (7) 
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-- íåòðèâèàëüíûå ðåøåíèÿ ñèñòåì (6) ñîîòâåòñòâåííî 

ïðè i =1  è  i = 2 , è  ( ) ( )a aω ω>2 1 . Òîãäà 
  ( ) ( ) ( ).t t a t bω ω≥ ≤ ≤2 1                                                       (8) 

Êðîìå òîãî, åñëè ( ) ( )q t q t<2 1   íà [ , ]a b , òî 
  ( ) ( ) ( ).t t a t bω ω> ≤ ≤2 1                                                       (9) 

Äîêàçàòåëüñòâî.  Ó÷èòûâàÿ îïðåäåëåíèå ôóíêöèè ( )tω ,  èìååì 

    cos sin , cos sin .p q p qω ω ω ω ω ω′ ′= − = −2 2 2 2
1 1 1 1 1 2 2 2 2 2                                      (10) 

 
Îòêóäà íàéäåì 

          ( ) ( )(sin sin ) ,q p hω ω ω ω′− = + − +2 2
2 1 1 1 1 2                                                (11) 

ãäå 
( ) cos ( )sinh p p q qω ω= − + −2 2

2 1 2 1 2 2 . 

Î÷åâèäíî, ÷òî h ≥ 0 . Ïðèìåì u ω ω= −2 1 , òîãäà èç óñëîâèÿ (8) áóäåò ñëåäîâàòü, ÷òî ( )u a > 0 . Äàëåå, 

èç (11) ïîëó÷èì 
         ,u fu h′ = +                                                              (12) 

ãäå 
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( )(sin sin )f q p
ω ω

ω ω
ω ω
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Î÷åâèäíî, ÷òî ôóíêöèÿ f  íåïðåðûâíà è ðàâíîìåðíî îãðàíè÷åíà. Òàê êàê h ≥ 0 , òî èç (12) áóäåò 
ñëåäîâàòü 

       u fu′ − ≥ 0 .                                                                      (13) 
Ïðèìåì 

( ) ( ) ,
b

t

F t f s ds= ∫  

è óìíîæèì íåðàâåíñòâî (13) íà  Fe . Ïîëó÷èì 
F Fe u F e u′ ′+ ≥ 0 . 

Èíòåãðèðóÿ  ýòî íåðàâåíñòâî â ïðåäåëàõ îò a  äî t , íàéäåì 
( ) ( )( ) ( )F t F ae u t e u a≥ ≥ 0 .                                                   (14) 

Îòñþäà áóäåò ñëåäîâàòü, ÷òî ( ) .u t ≥ 0  È, ñëåäîâàòåëüíî, íåðàâåíñòâî (8) äîêàçàíî. 
Ïðåäïîëîæèì òåïåðü, ÷òî íåðàâåíñòâî (9) íå èìååò ìåñòà. Òîãäà äîëæíî ñóùåñòâîâàòü òàêîå 

c a> , ÷òî 
       ( ) ( ) ( ).t t a t cω ω= ≤ ≤2 1                                                         (15) 

Äåéñòâèòåëüíî, åñëè äîïóñòèòü ïðîòèâíîå, òî, ñîãëàñíî (8), äîëæíà ñóùåñòâîâàòü 
ïîñëåäîâàòåëüíîñòü òî÷åê { }jt , ñõîäÿùàÿñÿ ê a , òàêàÿ, ÷òî ( ) ( )j jt tω ω>2 1 . Âîñïîëüçîâàâøèñü 

íåðàâåíñòâîì (14), è, çàìåíèâ â íåì a  íà jt , ïîëó÷èì, ÷òî äëÿ jt t>  èìååò ìåñòî íåðàâåíñòâî 

( ) ( )t tω ω>2 1 . Òàê êàê òî÷êè jt  ìîæíî áðàòü ñêîëü óãîäíî áëèçêèìè ê a , òî îòñþäà áóäåò ñëåäîâàòü 

íåðàâåíñòâî (9), ÷òî ïðîòèâîðå÷èò íàøåìó ïðåäïîëîæåíèþ. Ñëåäîâàòåëüíî, äåéñòâèòåëüíî, äëÿ 
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íåêîòîðîãî c a>  èìååò ìåñòî ðàâåíñòâî (15). Â ýòîì ñëó÷àå, èç ñîîòíîøåíèÿ (11) ïîëó÷èì, ÷òî äëÿ  
[ , ]t a c∈  èìååò ìåñòî ðàâåíñòâî 

( ) cos ( )sinp p q qω ω− + − =2 2
2 1 1 2 0 , 

ãäå ω ω ω= =1 2 . Îäíàêî, ïðè q q<2 1  è p p≥2 1 , ýòî ðàâåíñòâî âîçìîæíî ëèøü â òîì ñëó÷àå, êîãäà  

(mod )ω ω π= =1 2 0 , 

è êîãäà  p p≡1 2  íà èíòåðâàëå ( , )a c . Íî ïðè (mod )ω ω π= =1 2 0 , è óñëîâèÿõ òåîðåìû, ðàâåíñòâà 

(10), î÷åâèäíî,  íåâîçìîæíû. Ýòî ïðîòèâîðå÷èå è äîêàçûâàåò (9), êîãäà q q>2 1 . Òåîðåìà äîêàçàíà. 

 
 
 

Ëèòåðàòóðà 
 

1. Ý.À. Êîääèíãòîí, Í. Ëåâèíñîí. Òåîðèÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Ì.; 
ËÊÈ, 2007. 

2. Ý. Êàìêå. Ñïðàâî÷íèê ïî îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèÿì.  
Ì.; Íàóêà, 1976. 

3. Ã.Ã. Ñààêÿí. Îá îñöèëëèðóùèõ ðåøåíèÿõ îäíîé çàäà÷è ñ ëèíåéíîé îäíîðîäíîé ñèñòåìîé 
äâóõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà. Ó÷åíûå çàïèñêè ÀðÃÓ, 1(14),  
ñòð. 9-14, 2007. 

 
 
 

ºñÏñáñ¹ Ï³ñ·Ç ëáíáñ³Ï³Ý ¹Çý»ñ»ÝóÇ³É Ñ³í³ë³ñáõÙÝ»ñÇ ·Í³ÛÇÝ Ñ³Ù³ë»é 
Ï³ÝáÝ³Ï³Ý Ñ³Ù³Ï³ñ·»ñÇ Ñ³Ù³ñ ÙÇ Ñ³Ù»Ù³ïáõÃÛ³Ý Ã»áñ»ÙÇ Ù³ëÇÝ 

 

¶.Ð.ê³Ñ³ÏÛ³Ý 
 

²Ù÷á÷áõÙ 
 
 

²ßË³ï³ÝùáõÙ ³å³óáõóíáõÙ ¿ Ñ³Ù»Ù³ïáõÃÛ³Ý Ã»áñ»Ù  

( ) ,

( ) ,

y p t y

y q t y

′ =
 ′ =

1 2

2 1
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About one comparison theorem for two-dimentional  homogeneous 
canonical systems of ordinary differential equations 
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Summary 
 

In this article has been proved the comparison theorem  for linear homogeneous                                                                            
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type of systems under the assumption, that )(tp  and ( )q t  functions are define and continuous on interval [ , ]a b . 

 
 
 
 
 


