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FURTHER RESULTS ON SHARED-VALUE PROPERTIES OF
f'(z2) = f(z+¢)

M. QIU, X. QI

University of Jinan, School of Mathematics, Jinan, Shandong, P. R. Chjnaﬂ
E-mails: 1161315016@Qqq.com; ziaoguang.202@163.com; sms_ qixg@ujn.edu.cn

Abstract. In this paper, we will continue to consider “under what sharing value conditions,
does f(z) = f(z+c) hold?” For example, we prove the following result: Let f(z) be a meromorphic
function of hyper-order strictly less than 1, and let a,b be two distinct constants. If f/(z) and
f(z + ¢) share co CM and a, b IM, and if N(r, f) = O(N(r, f)), (r — c0), then f'(2) = f(z + c).

The research also includes some improvements of earlier results of such studies.
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1. INTRODUCTION

In the study of complex differential equations, Nevanlinna theory has a wide
range of applications. In addition, with the difference correspondence of the logarithmic
derivative lemma obtained by Chiang-Feng [4], and Halburd-Korhonen [7] respectively,
the complex domain differences and the complex difference equations have also been
rapidly developed. The related results, readers can refer to [3].

The study of complex differential-difference equations can be traced back to
Naftalevich’s work in [6, 16} [I7], but the results of using Nevanlinna theory to
study differential-difference equations are relatively limited, the reader is invited to
see [Bl @, 111, 13, [14].

The delay equation f'(z) = f(z—k), (k > 0) have been studied extensively in real
analysis. The related results can be found in [I]. Inspired by such results, Liu and
Dong [12] discussed the properties of the solutions of complex differential-difference
equation f'(z) = f(z + ¢), (¢(# 0) € C) by using Nevanlinna theory.

We have tried to clarify the form of the solutions to the equation f'(z) = f(z+c¢),
but unfortunately, this attempt has not been successful. Then, we investigated this
equation from another point of view, namely, “under what sharing value conditions,
does f'(z) = f(z+ ¢) hold?” And in [I8, Theorem 1.4|, we obtained:

IThe work was supported by the NNSF of China (No. 12061042) and the NSF of Shandong
Province (No. ZR2018MA021, ZR2022MAO071).
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Theorem A. Let f(z) be a transcendental entire function of finite order, and let
a(£0) e C. If f'(2) and f(z+ ¢) share 0, a CM, then f'(z) = f(z+¢).

Afterwards, for entire functions, Qi et al. improved Theorem A to “share 0 CM
and a IM 7 in [19, Theorem 1.2] and “share two distinct constants a,b CM” in [20,
Theorem 2.1|. Further, Huang and Fang |10, Theorem 1] improved the value sharing
assumption to “share two distinct constants a, b IM”. In addition, some authors tried
to extend Theorem A to meromorphic functions:
Theorem B [19, Theorem 1.1]. Let f(z) be a non-constant meromorphic function
of finite order, and let a(# 0) € C. If f'(z) and f(z + ¢) share a CM, and satisfy
flz+¢)=0—= f'(z) =0, f(z4+¢) =00 + fl(z) = o0, then f'(z) = f(z+ ¢).
Further, f(z) is a transcendental entire function.
Remark. Let z,(n = 1,2,...) be zeros of f — « with multiplicity v(n). If z, are
also v(n) multiple zeros of g — « at least, then we write f = o — g = «, where
a € CU{oo}.

From Theorem 2.1 in [2], we know that:
Theorem C. Let f(z) be a non-constant meromorphic function of hyper order
p2(f) < 1. If f(2) and f(z + ¢) share 0,00 CM and 1 IM, then f'(z) = f(z+¢).

In this paper, we will continue to consider the above question as f(z) is a
meromorphic function. We, for instance, get “Let f(z) be a meromorphic function
of hyper-order strictly less than 1, and let a,b be two distinct constants. If f'(2)
and f(z + c) share oo CM and a, b IM, and if N(r, f) = O(N(r, f)), (r — o0), then
f'(z) = f(z+ ¢).” The reminder of this paper is organized as follows: In Sections 3
and 4, we will improve Theorem B and Theorem C, respectively. In Section 5, we
will give some partially shared values results for f/'(z) and f(z + ¢), which can be

seen as the improvements of Theorems B and C as well.

2. LEMMAS

Lemma 2.1. [8, Theorem 5.1] Let f(z) be a meromorphic function of hyper-order
strictly less than 1. Then,

(1220 (1LY s

Throughout the paper, we denote by S(r, f) any quantity satisfying S(r, f) =

o(T(r, f)) as r — oo outside a possible exceptional set of finite logarithmic measure.

Lemma 2.2. [22] Lemma 1.2] Let f1(2), f2(2) be two meromorphic functions, then

1 1 1
N(r,flfg)N<r,flfQ) N(r,fl)JrN(r,fg)N(r,fl) N(r,f2>.
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Lemma 2.3. [15],[2I, Theorem 1.13] Let f( ) be a non- constant meromorphic

function, and R(f) = ng;, where P(f) = Z a;ft and Q(f) = Z B;f? are two

mutually prime polynomials in f(z). If the coefficients {a;(z)}, {ﬁ]( )} are small
functions of f(z) and ap(2) 0, By(2) £ 0, then

T(r,R(f)) = max{p,q} - T(r, f) + S(r, f).

=0

Lemma 2.4. Let f(z) be a non-constant meromorphic function of hyper-order

strictly less than 1, and let aq,...,a, € C, p > 2, be distinct points. Then,

. 1
(0= T (e +0) < SN (1 gy ) = N (e +0)

N(rvfl) - N (Ta J}/) +S(va)
Proof. Let

P
H (z+¢) —ag),

k=1
then we have
1 u by
2.1 [ . —
2 PG T

for some constants bg. From Lemma [2.1] and the lemma of logarithmic derivative,

we have

f _ f flz)—ar 1\ _
en () T (e e T )~ SO
Hence, by and , it follows that

() < Som (st ) s =St

k=1

From the above equation, we get
R R

From ({2.3)), we have
1
m(r, ,>+N<T )—i—O()

QSRR

1
(e ak)+N<nf,>+S(r,f),
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which means

m(r,f(z+c))+lim(“ f(z+1c>—ak>

< mlr, f) + N, ) + T(r (2 + &) — Nr, f(z + ) N ( 1) S )

f/

f ,
<m ( M) T mlr, f(z 4 ¢)) + N(r, ')+ T(r, f(z + )
SN f(z40) — N (r, ;) + S0 )

— 9T, f(2 4 ¢)) — 2N(r, (= + ) + N(r, f') — N (7«, 1) + S0 ).

f
Therefore,
0= DTO A+ ) < SN (n = ) ~ NS+ 0)
k=1
FN@ )~ N (r, ;) + S0 ).

From Lemma 8.3 in [§] and Lemma we have the following lemma:

Lemma 2.5. Let f(z) be a meromorphic function of hyper-order strictly less than

1, then we have

N(r, f(z+¢)) = N(r, /) +S(r, f), N(r,f(z+¢)) =N(r, f) + S(r, f),

and

T(r,f(z+¢) =T(r, f) + S(r, f).
Lemma 2.6. Let f(z) be a meromorphic function of hyper-order strictly less than

1. If f'(2) and f(z + c) satisfy f(z +¢) = 0o + f' = oo, then N(r, f(z +¢)) =
N(r, f')=N(r,f) = S(r. ).

Proof. By the assumption and Lemma we have
N(r. f)+ N, f) =N(r. f) < N(r, f(z+ ) + S(r, f)
= N(r, )+ 5, f),
which means that
N(r, f)=5(r, f),
and

N(r, f(z+¢)) = N(r,f') = N(r, f) = S(r, ).
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Lemma 2.7. [2I] Lemma 4.3] Suppose that f(z) is a non-constant meromorphic
function and P(f) = apf? + ap—1fP~1 + -+ + ao (ap # 0) is a polynomial in f(z)
with degree p and coefficients a; (i = 0,1,...,p) are constants, suppose furthermore
that b; (7 =1,...,q) (¢ > p) are distinct finite values. Then,

P .
m(r, (f_bl)(f—b2)~..(f_bq)> = S(r, f).

Lemma 2.8. Suppose that f(z) and g(z) are meromorphic functions such that
N(r,f)=N(r,g) = S(r, f) and a,b are two distinct finite values. Let

([ I’ q g
V@)_<f—a_f—b)_<g—a_g—b>'

If V(2) =0, then either

2T(r, f) < N (r’fl—a> +N (n fl—b> + S(r, f),
or
f(z) = g(2)
Proof. From V(z) = 0, we have
f—a g—a
(2.4) f—biAg—b’

where A is a non-zero constant. If A = 1, then we obtain f(z) = g(z). If A # 1,

then it follows from ([2.4) that
A-1f—5 a—b

A f-b  g-b

Since N(r,f) = N(r,g) = S(r,f), we get N(T, fAlba> = S(r, f). Clearly,
A—1

‘?41’:1‘1 # a and ibjla = b, and then from the second main theorem, we obtain

2ﬂnﬂ§N<yﬁw>+N<yﬁw>+ﬂnﬁ

3. THE IMPROVEMENT OF THEOREM B

Proposition 3.1. Let f(z) be a non-constant meromorphic function. If f’(z) and
f(z+4c¢) satisfy f(z+¢) =0 —= f/ =0and f(z+c¢) = 00 + f' = o0, then f(z)
must be transcendental.
Proof. Suppose f(z) is a non-constant rational function. Then, set
P(z)
f(z) = :
=356

where P(z) and Q(z) are two mutually prime polynomials. Hence,

f/(Z)(P> :P/prQlipl

Q

Q> Qi
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and
_ P(z+¢)
f(Z+C)— Q(Z+C)7

where P; and 1 are two mutually prime polynomials. If Q(z) is not a constant,

then by the assumption that f(z + ¢) = co « f/(2) = 00, we have

Q1(z2)=0—-Q(z+c¢)=0.

Let z; is a zero of Q(z), then we have Q1(z1) = 0, and so Q(z1 + ¢) = 0. From
Q(z1+c¢) = 0, we have Q1 (2z1+¢) = 0, which implies that Q(z1+2¢) = 0. Continuing
inductively, we get that Q(z; + ne) = 0, which is impossible. Hence, Q(2) is a
constant. And so, f(z) is a non-constant polynomial. Suppose deg f(z) = p > 1,
then we know the number of zeros of f(z + ¢) is p and the number of zeros of f’
is p — 1, which contradicts the assumption f(z 4+ ¢) =0 — f’ = 0. (Here, multiple
zeros are counted to their multiplicities.) Therefore, f(z) is transcendental.
Remarks. (1). Proposition 3.1 is an improvement of Theorem B and [2 Proposition
1]. Moreover, Proposition 3.1 leads us only to consider the condition that f(z) is a
transcendental meromorphic function in this paper.

(2). The main ideas of Proposition 3.1 and Theorem come from Theorem B,
however, the key way of proof is somewhat different. Hence, for the convenience of

the reader, we provide the proof.

Theorem 3.1. Let f(z) be a transcendental meromorphic function of hyper-order
strictly less than 1, and let a(# 0) € C. If f'(2) and f(z+c) satisfy f(z+c) =0 —
/=0, fz+¢c)=a— f'=a and f(z+¢c) =00 + [ =00, then f'(z) = f(z+¢).

Proof of Theorem Suppose that f'(z) #Z f(z + ¢). Set
f/
fz4c)
Then, we see F(z) # 1. Further, from the assumption f(z+¢) =0 — f' =0 and

(3.1) F(z) =

f(z4+¢) = 00 « f' = oo, we know that F(z) is an entire function. Moreover, we

have

=m|r f—lif =5S(r
(3.2) m(r, F) = (’ff(z+c)) S(r, f).
Hence,
(3.3) T(r,F)=S(r,f).

By the assumption that f(z 4+ ¢) =a — f/ = a and (3.3), it follows that

(3.4) N(r, m> SN<T, Fl_1> + 8(r, f) = S(r, f).
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From Lemmas (3.4, and the sharing values assumption, we obtain that
T(r,f) =T(r, f(z+ )+ S(r, f)

<<N07@1@>eNQj)yﬂNmﬁ—Nmﬂvwm
N (r, f(zjc)_a) + S0 f) = S(r, f),

which is a contradiction. Therefore, f'(z) = f(z + ¢).

4. THE IMPROVEMENT OF THEOREM C

When f(z) is meromorphic, all the previous results were around the condition
“f'(z) and f(z+c) share 0, «”. What happens if f/ and f(z+ ¢) share two arbitrary
constants? In this part, we will give some results on the sharing value assumption
that “2 IM” for meromorphic functions. As a corollary, we will get an improvement
of Theorem C in Theorem
Proposition 4.1. Let f(z) be a meromorphic function of hyper-order strictly less
than 1, and let a,b be two distinct constants. Suppose f'(z) and f(z + ¢) share
a, b IM and satisty f(z+¢) = o0 + f/ = o0. If f/(2) £ f(z+¢) and N(r, f) =
O(N(r, f)), (r — 00). Then,

(1)
T(r. f") =T(r, f(z +c)) + S(r, f).
(2)-

_ 1 — 1
T(T,f(Z+C)) =N (7‘, f(z—l—c)—a) +N (T, f(z—i—c)—b) —|—S(7‘, f)
(3).
. (r flz+c)—d
b) f, —d

Proof. (1). Since f(z+¢) = 0o + f’ = 0o, we have N(r, f(z +¢)) = N(r, ') =

N(r, f) = S(r, f), from Lemma And N(r, f) = O(N(r, f)), (r — oo) means
that

) = S(r, f), where d(# a,b) € C.

N(r,f) <kN(r, f) + S(r, f) = S(r, f),

where k is a positive number. Hence,

(4.1) N(r, f(z+¢)) = N(r, f) + S(r, f) = S(r, f),
and

(4.2) N(r, f') < N(r, f) + N(r, f) = S(r, f).
Set

) i = T~ 1)

C (fleto—a)(f(z+c)=b)
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Noting f/(z) and f(z + ¢) share a, b IM, we obtain the zeros of f(z + ¢) —a or

f(z + ¢) — b are not poles of H(z), by using an elementary computation. Hence, it

follows from and that
(4.4) N(r,H) <2N(r, f(z+¢)) + N(r, f') + S(r, f) = S(r, f).

Rewrite as

f'(z+c)f(z+c) flz+c)—Ff
(f(z+e)—a)(f(z+¢c)—=b) flz+c) °
It follows from Lemma and Lemma that

m<1" f'z+aof(z+¢)
(fzt o) —a)(f(z+¢) D)
Moreover, by Lemma and the lemma on the logarithmic derivative, we obtain

m (LI o (i L) 50 = s,

H(z) =

> = S(r, f(z+¢)) = S(r, f).

Therefore,
(4.5) T(r,H) = S(r, f).
Rewrite ([£.3) as

H((2)f*(z+c¢) = (a+b)H(2)f(z+c)+abH(2) = f'(z+c)f(z+¢) = f'(z+ ) f.
Note f'(z) # f(z + ¢), we have H(z) # 0. Further, from and (£.2), we get
2T(r, f(z+¢)) = T(r, f'(z+ ) f(z + ¢) — f'(z+ ) ') + S(r, f)

=m(r, f'(z+c)f(z+¢) = f'(z+ ) f) + S(r. f)

< (5 PEXIC LD ZTELILN i :-4.0) 4 m(r £+ 5(0,)

fz+o)f
ST(r, fz+¢) +T(r, )+ S(r, ),

which means that

(4.6) T(r, f(z+¢) <T(r, f) + S(r, ).

On the other hand, from Lemma and Lemma we conclude that
47 T, f) <T(r f)+N(r f)+8(r, f) =T(r f(z+ )+ S(r, f).
Combining and , it follows that

(4.8) T(r, f") =T(r, f(z + ) + S(r, f).
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(2). From (4.1), (4.2), (4.8), the second fundamental theorem and the value sharing

condition, we have

T(r, f') =T(r, f(z +¢)) + S(r, f)
(rreraa) ¥ (e ) ¢
(o) () e
(r, f' = f(z4¢) + S(r, f) =m(r, f' — f(z

+
S iGto
(n I D) b st )+ 500)

IA
=

A IA
R

IN
3

o f
<m <T’f(z+c)f) +T(r,f(z+¢)+ S(r, f)

<ST(r, f(z+0e)+ S f)=T(r, ')+ S(r, f),
which means that

49) T(flz+0) =N <r, f(z—i—lc)—a) Iy <r, f(zjc)_b) + S0 f),

and
T(r,fY=N{r 1 +N|(r L + S(r, f)
) - ) f/ —a ) f/ _ b ) M
(3). From the second fundamental theorem, Lemma [2.6| and (4.9)), we obtain that
2T(r, f(z +¢))

SN(T, f(erlc)_a> +N(T,f(z—|—10)—b> +N<r7f(22-i-10)—d)
+ N(r, f(z+¢) + S(r, f)

T(r,f(z+¢))+N (r, + S(r, f) <2T(r, f(z+¢)) + S(r, ).

era=a)

Hence, we have

T(r,f(z+¢)) =N (73 f(z+1c)—d) +S(r, f),

which means that
1
(4.10) m (r, f(z+c)—d> = S(r, f).

Further, we know

n(n 5 a)
(4.11) <m (r, f(z+f;)—d> +m (r, f(zjc)_d> +S(r, f)

f! f—d B
Sm(r,f_df<z+c)_d>+5(r,f)S(r,f).

7
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Similarly, we have
1
(412) m (7', f/—d> = S(T', f)
From (4.1)), (4.2), (4.8), (4.10), (4.12) and Lemma we have

m(erM(Ti‘cH
N(r, z+c d)
o T,( )
=N(’*f<f+c 7) - ()
(Fera=a) - ("7

) S0, 1)

+S(r, f)

2

r,

f/
‘T<“ﬂz+c d) m(“fz+c d)

—T(r,f,1_d>+m( f,l_ )+S( f)
=T(r,f(z4¢) =T(r, )+ S(r, f) = S(r, f).

Combining this equation and (4.11]), we get

flz+c¢)—d f—d
41 JETO 78N - - .
in) o (n ISR (o L ) 8t = 0.
Theorem 4.1. Let f(z) be a meromorphic function of hyper-order strictly less than
1, and let a,b be two distinct constants. If f'(z) and f(z + ¢) share a, b IM and
satisfy f(z +¢) = oo <+ f' = oo, and if N(r,f) = O(N(r, f)),(r — 00), then
f'(z)=f(z+0).

As a corollary of Theorem [{.1] we are easy to get the following result:

Theorem 4.2. Let f(z) be a meromorphic function of hyper-order strictly less than
1, and let a,b be two distinct constants. If f'(z) and f(z + ¢) share co CM and a,
b IM, and if N(r, f) = O(N(r, f)), (r — o0), then f'(z) = f(z + c).

Question. If we omit the condition that "N (r, f) = O(N(r, f)), (r — 00)j%, would
Theorems [£.1] and 2] still valid?
Proof of Theorem Suppose that f'(z) # f(z + ¢). Set
f"(fz+0) = 1)

(f' —a)(f' =b)
Using the same argument of H(z), we have that U(z) # 0 and N(r,U) = S(r, f).
Further, from the lemma on the logarithmic derivative and the conclusion (3) of

78
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Proposition 4.1, we have

)= ({5 ) ()
<m (n L5720 ) st
=S, f).
Hence,
(4.15) T(r.U) = S(r. f).

Define Sgg(m,n)(c) for the set of those points z € C such that z is an a-point of
F with multiplicity m and an a-point of G with multiplicity n. Let N, (7, ﬁ)
and N(m,n) (r, %ﬂ) denote the counting function and reduced counting function of
F with respect to the set Spc(m,n)(a), respectively.

Let 21 € Sp/ef(240)(m,n)(a). Substituting the Taylor expansion of f’ and f(z+c)
at z1 into (£.3), [@:14), by calculating carefully, we conclude that mH (z1)—nU (z1)
0.

If mH = nU for some m,n, then we have

(4.16) m(}c(f;(jgc_)a—f(]:ﬁgc_)b):”<f/fja_f'fzb>'

(eso) =a(5=3)

where A is a non-zero constant. Suppose m # n, then from Lemma [2:3] we get

Hence,

nT(r, f') = mT(r, f(z + c)) + S(r, f),

which contradicts the conclusion (1) of Proposition 4.1. Hence, m = n. From (4.1)),
(4.2), (4.16) and Lemma it follows that

2T(r, f(z +¢)) <N (r, f(z—l—lc)—a> +N <r, f<z+lc)_b> +S(r, f),

which contradicts the conclusion (2) of Proposition 4.1.

If mH # nU for all m,n, then we get

— 1 1
N(nl’n) (T, f(z—i—c)—a) S N (7’, M) = S(T, )

Similarly, we also get

— 1 1
Vo (7 g a=s) <N (7 ) = 5609

Hence,

417y N L N ! =5

(4.17) (m,n) <T’f(z+c)—a> + N (m,n) <T’f(z+c)—b> =S(r, f).
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From (4.17) and the conclusions (1)-(2) of Proposition 4.1, we get
T(r,f(z+¢))

) mn <N(mn) ( "f(z+0) —a>  Nmn) <T7 f(z+¢) —b>> +5(r,f)
_ 1 B 1
- <N(m7n) <r’ f(Z+C)—a> + N <r’ f(Z+C)—b>> +S(r, f)
1 1 X
<3 3 (Yo (r7r=a) Yo (n 7 3)

which is a contradiction. Therefore, f/'(z) = f(z + ¢).

5. SOME PARTIALLY SHARED VALUES RESULTS

In this part, we will give two partially shared values results related to theorems
B and C.

Theorem 5.1. Let f(2) be a transcendental meromorphic function of hyper-order
strictly less than 1, and let a(#£ 0) € C. If f'(2) and f(z+c) share a IM, and satisfy
fz+¢)=0—=f' =0, f(z+c¢) =00+ [ =00, then f'(z) = f(z +¢).

Proof of Theorem [5.1l Set
7
flz+¢)
If F(z) =1, then we have f' = f(z4¢). In the following, we suppose that F(z) # 1.
Then, by the the same argument of Theorem we know F'(z) also satisfy

(5.1) F(z) =

(5.2) T(r,F)=S(r,f).

In addition, from (5.1)-(5.2)), and Lemma it follows that

(5.3) T(r,f")=T(r,f(z+c) + S(r, f) =T(r, f) + S(r. f).
Hence,
(5.4) S(r. f') = S(r, f(z +¢)) = S(r, f).
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Further, since f’ and f(z + ¢) share a IM, we get

— 1 — 1 — 1
N(r’f’—a> :N<r’f(z—|—c)—a> SN(T,f(gJ,rC)_l> —|—S(’I",f)
S

(5.5) 1

=¥ (ry ) S0 S T F) 4 8(0.) = S(.5)
Set
(5.6) Glz) = 7 e+

F—a Je+o-a
In the following, we distinguish two cases.
Case 1. If G(z) = 0, then we have

(5.7) f'—a=A(f(z+c) —a),

where A is a non-zero constant.

If A=1, then ' = f(z + ¢). In the following, we suppose that A # 1, then by
and A # 1, we can immediately get f(z+ c¢) # 0. Hence, 0 is a Picard value of
f(z+¢c), then it follows from (5.4)-(5.5)), Lemma and the second main theorem
that

— 1 — 1
101G+ < ¥ (r 705 )+ ¥ (s =)
+N(r, f(z+0) + S(r, f(z + ) = S(r, f(z + ¢)),
which is a contradiction.
Case 2. If G(z) £ 0, then by and the lemma of logarithmic derivative, we

obtain
m(r,G) = S(r, f).
Further, by (5.5) and Lemma we get
— — 1
N(T,G) S N(T’, /) +N (T, f’a>

N (1) + N ( f(l) LS f) = S(r. f).

z4+c¢)—a
Therefore,
T(n G) - S(T, )
According to (5.1]), we have
(5.8) "=F'f(z+c)+ Ff(z+c).

Substituting (5.1) and (5.8)) into (5.6), we get
_ F'f(z4+c¢)+Ff'(z+¢) f'(z+¢)

Ff(z4+c¢)—a flz+¢)—a’
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which means that
(5.9) (FG—F)f*(z+¢)+ (aF —aG(1+ F))f(z+¢)+a’G = a(l - F)f'(z +c).
If FG — F’ # 0, then by Lemma and , we have
2T(r, f(z+¢)) =T(r, f'(z + ¢)) + S(r, f(z + ¢))
ST(r, f(z+¢) + N(r, f(z+ ) + S(r, f(z + )
ST(r, f(z+¢) +S(r, f(z+0),

and so, T(r, f(z + ¢)) = S(r, f(z + ¢)), which is impossible. Hence, FG — F' = 0.
Namely,

Fo_g- 1" I+
F = fl—a f(z+c¢)—a’
which implies that
’ o
(5.10) ' o_p f-a

flz+¢) flz+c¢)—a’
where B is a non-zero constant. Note that f’ and f(z 4 ¢) share a IM.
If a is a picard value of f’ and f(z + ¢), then f" and f(z + ¢) share a CM. From
Theorem B, we have f' = f(z + ¢).
If a is not a picard value of f’ and f(z+c), then compare both side of (5.10)), we

also get f/ and f(z+c) share a CM. Otherwise, suppose z3 is a common zero of f'—a

and f(z + ¢) — a, then from 1) we have 1 = fj(c;(;j)c) =0orl= f{;(;fi) = 00,

which is impossible. Hence, from Theorem B, the conclusion holds as well.

Theorem 5.2. Let f(z) be a transcendental meromorphic function of hyper-order
strictly less than 1, and let a,b be two distinct non-zero constants. If f'(z) and
f(z+ce) satisfy f(z4¢c) =a— f ' =a, f(z4+¢) =b— f' =0, f(z+c) =0 + f/ =0
and 6(0, f) > 0, then f'(z) = f(z +¢).

Here, we define 6(0, f) as following

N(r. L
5(0,f)=1- lirri)sup TE:’ Jf))

Question. If we omit the condition that {°6(0, f) > 0j%, is Theorem still valid?
Proof of Theorem Suppose that f'(z) # f(z + ¢). Set
f
TGro
Similarly as above, we know F(z) # 1. And the equation also holds, namely,

(5.11) F(z) =

m(r, ') = S(r, f).
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Combining this equation, Lemma [2.5] and the assumption that f(z + ¢) = oo +
f' = oo, it follows that

(5.12)

T(r, F) =N(r, F) + S(r. f) < N ( ) S f)

o
flz+¢)

- N (r, ch) + S0 ).

Moreover, by the assumption that f(z +c¢)=a = f' ' =a, fz+c)=b— f =D

and (5.12)), we get that
(5.13)

1

1 1
¥ (g =a) Y (rreras) <V ) s

fz+e)

-N (7‘, F1_1> + S0 f) < T, F)+ S(r, f) < N (n }) LSO ).

Therefore, from Lemmas the assumption that f(z4¢) = 0o + f/ = co and
(5.13), we get

T(r.f) =T(r, f(z+ ) + 5, f) < (N(r, ') = N(r, f(z + 0)))

LN (Tf(z—i—lc)—a> +N <rf<z+1€)_b> +5(r, f)
< N )+ 501,

which contradicts the assumption that 6(0, f) > 0. Therefore, f'(z) = f(z + ¢).
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