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1. INTRODUCTION

Looking into mathematical research articles, someone can encounter one class of
functions introduced in the past and its generalizations defined in the last decades
- the Holder class. Focusing to our research interest, this provoking class for many
researchers has been used to a research problem (question) which specifically is
related to the trigonometric Fourier series and “more rarely” to their conjugate
series. Factually, the problem consists in determining the degree of approximation
of 2m-periodic integrable functions (which belongs to the Holder class) and for the
conjugate functions by various means of their Fourier series and their conjugate
series, respectively.

Pertaining to the above problem, a lot of results have been published for dozens
of decades. For instance, Prossdorf [25], Leindler [I3]-[14], Chandra [I], Mohapatra
and Chandra [I7], Singh et al. [26]-[27], Das et al. [2]-[3], Mittal and Rhoades [19],
Krasniqi [9] and [11], Krasniqi and Szal [10], Lenski at al. [I5], Krasniqi et al. [12],
Nayak at al. [2I]-[22], Singh and Sonker [29], Deger and Kiiciikaslan [4], Deger [5],
Pradhan et al. [24], and Kim [g], are among the researchers who have contributed
to the present topic.

In the sequel, we do not recall all results in the mentioned papers, but for our
purpose we are going to write some definitions and notations from [2I]-[22] and the

result in [8], which serve as preliminary materials.
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Let w(t) be a modulus of continuity, i.e., w(t) is a positive nondecreasing continuous

function with the properties
w(0) =0, w(t;+t2) <w(ty) +wlta), wrt) <A+ 1Dw(t),

where 0 < t; <ty <t1 4+ t2 < 27 and A is any nonnegative real number.

On one hand, Das, Nath and Ray [3] introduced the space Hy as follows:

Hy = {f € LP[0,27] : sup £z +h) = F@)lp < oo}

h#£0 w(|hl)

with
If(x+h) = f(@)lp
w(|h[) ’

where LP[0, 27] denotes all integrable 27-periodic functions and

I = 11F1lp + sup
h#0

(i 027T|f(x)‘pd$>; for 1<p<

171 := ess sup {|f(z)|} for p=o0.
x€(0,2m)
It is shown (see [22]) that || - ||I(,w) is a norm in the space Hy and it is a Banach

space as well. For an integrable 2m-periodic function f(x), by

n
sn(fix) = % + Zak cos kx + by sin kx
k=1

we denote the n-th partial sums of Fourier series of f (at the point x)

(1.1) f(xz) ~ C;O—&—;akcoskx—i—bksinkx.
We need to recall the delayed mean o, (f;x) defined as follows ([33]):
1 n+q—1

onag(fia) = > silfix)
or 1=n
n+q

Un,‘](f; .’IZ‘) =

where 0,,(f; ) denotes the well-known Fejer mean of s;(f; ).

Un+q71(f;l‘> - ganfl(f;x)a

In his result, Kim [8] used the (even-type) delayed means o, 4(f;x) with ¢ = rn,

r=2,4,6,..., which can be expressed by the convolution
1 s
onrn(fi2) = = [z — ) Ky (t)dt,
™ —T
where the kernel K., (t) is defined by

K?'n(t) — 2sin (g + 1) ntsin (%nt) |

rn (2sin %)2
The following theorem already has been proved.
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Theorem 1.1 ([8]). Let v(t) and w(t) be moduli of continuity such that w(t)/v(t)

is nondecreasing. If f € HY, p > 1, then for an even positive integer r,

it 15 -0(2) 0 (3 3%

In addition, if w(t)/(tv(t)) is non-increasing, then we have

HmwAﬂfM”_O(;)ﬂ#?3£

)

In the other hand, to reveal our intention in this paper, we recall the weighted

Lebesgue space Lj[0,27]. Let f be a 2m-periodic function and f € L} := L}[0, 2]

and

Hmmﬂﬂ—fw”=0<r

for p > 1, where L7[0, 27] denotes all measurable functions and || f||,,s the weighted

norm 1
(Lol i (@)t 1<
Hf”p;ﬁ ess sup {‘f | ‘sm (%)|ﬁ} for p=o0

z€(0,2m)
with 8 > 0 a real number (see [30], [32]).

We define the generalized Holder space with weight by
w t) — —t)||:
i) .{ﬂwmmﬂ: |f@+t) — fa Ww<m}

10 w([])
and
[flz+t) = fle—t)lps
w(|])
where 1 < p < 00, 8> 0, and w(t) is a function of modulus continuity type.

Note that || - ||S'g is a norm in HI%). The completeness of the space H;?“'Z,) can

be debated as long as the completeness of LP space, and thus the space H. 1(;‘;3) is a

Banach space under the norm || - H](D“g

f = || fllp;p +sup
| H,,g 1 £1lp;6 up

Assume that the functions wj(t) and wq(t) are two moduli of continuity, and

w1 ()
w2 (t)

is a non-negative and non-decreasing function. Then,

17157 < ma (1250 111

which shows that
(w1) (w2) p
HSD CHSP C LB, p>.

The series
(1.2) Z(ak sin kx — by, cos kx)
k=1

is the conjugate series of its Fourier series (|1.1)).
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If f is integrable functions in the sens of Lebesgue, then it known that
Fy =~ [ty cot dt = lim Fase)
x) = z ) Ve 5 cot 5dt = lim f(z;e

exists for almost all z (see [34]), where

f(z;e) = —%/ wm(t)%cot %dt
with
P(a;t) = flz+1t) — flz —1).

Regrading to L? integrability of the function ]77 conjugate to the function f, we are
based on a theorem of M.Riesz which states that ([34]): If f € LP for 1 < p < o0,
then fe LP.

We have to mentioned here that, as a whole, the conjugate series of a Fourier
series is not necessarily a Fourier series. For example, the series > -, (logn) ~lsin kx
is the conjugate series of the Fourier series > ;- (log n)f1 cos kx, however it is not
itself a Fourier series (see [34], p. 186). This fact has provoked and motivated us to
determine the degree of approximation of the function f, conjugate to the function
f, in the metric of the space H z(:[)i)’ by using the even—type delayed arithmetic mean
Onrn(f;2), (r = 2,4,6,...) of the series , which is the aim of the present
paper.

More results, in reference to determining the degree of approximation of the
function ]7, conjugate to the function f, in the metrics of the Holder spaces, the
interested reader could find in the work of Chandra [I], Nigam and Hadish [23],
Mishra and Khatri [I8]-[7], Singh [31], and London et al. [I6].

Even though we adopt the same technique (as other authors) for the proof of our
result, this last one is new and includes its application for a wide class of functions,
which at least is not narrower than classes of functions defined by others.

Our paper is organized as follows. The second section contains some helpful
lemmas which play a key role for the proof of the new result, the third section is

devoted to the main result, and in the forth section we give a conclusion.

2. AUXILIARY LEMMAS

We need four auxiliary statements. The first one and the third one previously
are known, the second one and the fourth one will be proved in sequel (their play

a key role in the proof of the main result).
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Lemma 2.1 (Generalized Minkowski inequality, [6], [34]). If z(x,t) is a function
in two variables defined for c <t <d, a <z <b, then

{/ab /cdz(x,t)dtpdx};§/cd{/ab|z(x,t)1’d£c};dt, p>1.

Lemma 2.2. Let Wy, (t) := Sm(rz;l)m% and 0 <t < n%_l Then,
Sln§

s 42 t
2sin Tt gos (TE2IME

(i) wrm(t) = (2sin§)2
(ii) |wem(t)] < 2272 (1 =2,4,6,...).

Proof. (i) The equality follows by the formula for converting the difference into
product.
(ii) Using the well-known inequalities |sin(ma)| < m|sin(a)| and 7 sin(a) > 2« for

a € [0,7/2], we obtain

2rm’sin%| - 2r?rmi _mrm
(2)2 - 42 4t

K

rmt (r+2)mt
2 | COS 3

|2 sin
[Wrm ()] =

(2 sin %) 2
The proof is completed. O

Lemma 2.3 ([34]). A function w(t) of modulus of continuity type on the interval

[0, 2] satisfies the following condition § w(dz) < 267 'w(8y) for 0 < &) < .
Lemma 2.4. Let :;8 be a positive and a non-decreasing function, f € HT%I),

p>1, and B > 0 a real number. Then,

(a)

[¥(z +y;t) — (@ —yt)ll,5 = O (wa (1)) .
(b)
[¥(x +yit) = (@ —y; t)] 5 = O (wr(y)).-

()
w1 (t)

wg(t)

o+ 350) = 6l = 150 = O ().

(d)
[(x +yst) =z —yst) —Y(x +yst + 7/m) + Pz —yit +7/m)||,,.5
- U}l(t)w
=0 ().

Proof. (a) Because of

V(@ +yt) =@ —yt) = fle+y+t)— flz+y—1)
—flz—y+t)+ fla—y-1),
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then (applying the Minkowski inequality) we have

[W(z+y;t) =@ —yit)ll,p < If(@+y+1) = fle+y =1,
Flfe—y+t) = flo—y =),z =0 wlt).
(b) Very similarly, rearrangement of the terms into the brackets of the case (a)
implies
Pl +yt) =@ —yt) = fle+t+y) — fla+t—y)
—fle—t+y)+ flz—t-y),
and thus, we have
(@ +y;t) =@ —y; D), < N f(@+t+y) — fla+t =y,
Tz —t+y) = fle—t=y)l,5 =0 (wi(y)).

(c) Let wa(t) be positive and non-decreasing function. Then, for ¢ < y and (a), we

get

ol + y5t) — bl — gD, = O <w2<t> wl(t)) 0 (wz(y) “’1@) |

wa(t) w(t)
Now, let ¢ > y. Since Z;Eg is positive and non-decreasing function, then based on
(b) we obtain
[(z +yit) =Yz —yit)|,.s = O <w2(y) wl(y)) =0 (wz(y) wl(t)) :
' wa(y) wo(t)
(d) The proof can be done similarly. O

3. MAIN RESULTS
We managed to prove the following.
wa (t)

wz(t)
positive and non-decreasing function. In addition, let f be a 2mw-periodic function,

8

Theorem 3.1. Let wi(t) and ws(t) be two moduli of continuity such that

Lebesgue integrable on [0,27], belonging to the generalized Hélder class with weight
(wl), p>1, and B > 0. Then for the function f, conjugate to the function f, and

for an even positive integer r

G (f) = £l
_ofi(2 1w (F) 1 [T w()
=0 (r (m + <1+r+ m) " (%) + 3 /::L t3w2(t)dt
provided that

(3.1) /077 =L (£)dt = O (wi (1))
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and

(3.2) /7r t 2wy (t)dt = O (" wi(n))
n

forO<n<m.

Proof. It is a well-known fact that the Cesaro mean &, (f; x) of the partial sums
5;(f;z) of the series (1.2)) can be expressed as follows (see [34])

(i) =2 [ [fle+) = fla = O)Rn(t)i

where
~ (m+1)sint — sin(m + 1)t
K, (t) := — 2
(m+1) (2 sin 5)

The above equality can be rewritten as follows

sin(m + 1)t

Gm(fiz) — flz) = 2 i x — f(z—
Foltio) = o) = ot [+ = fla =) o’

(m+1
Whence, for the even-type delayed arithmetic mean &, . (f; ) of the series (1.2)),

we can write

Fon () 1= Gy (f32) — [ (2)

=" onmoa(f52) — F@)] ~ 1 [omoa(f52) - F@)]

r+1 sin(r + 1)mt

2 /7r
= —— | f+t)—flz—1) dt
roow(r+1)m Jo (2sin £)?
12 (7 sin mt
=2 @t — fle— )R
R R e
2 ™
3.3 = t) — f(x — t)]wem (t)dt,
(33) — [t @ = Dot
where
2sin "2 cos 7(T+Z)mt
wrm(t): . N2
(251n 5)
By definition of the norm || - ||S:);), we have
~ w ~ Nm + y) — ?m(m B y)” ;8
34 T (@) 02 1= T (2) 5 + 1 7o (& B
(3-4) 1T (@)™ = 17 (@) sup 03(0)
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Further, we will find the upper bound of ||7,,(x)||p;s. First of all, it clear that

™

@) = = [T+ 0) = flo = Ol (O
o [ et~ fa 1)
X (2 sin%mt cos (r +22)mt> <4sirl12§ - t12> dt
P 2 i rmt (r+2)mt
e fa -

Hence, applying Lemma [2.1] we have

) s
Tm 3 < t) — — ) |lp: rm ()] dt
Fn @l < =2 [ 15+ = 5 = Ol )
2 ™
t) — — ) ||p:
b [ )= £ = Olls
. rmit (r+2)mt 1 1
X |2sin — — —|dt
sin —— cos 5 ’ R
9 ™ ’2 sin 722 cos (r+2)mt
t) — —)llp; dt
b [ @+ ) = Flz = s -
(35) = P1+P2+P3.

Since f € H]g?;;), for p > 1 and 5 > 0, then
(3.6) 1f(z+1) = flz = t)l,5 = O (wi(t)),

and consequently by Lemma [2.2] we have

~0(1) @ rm oy (t)

™m 0 t
w () (@ wi () wi ()
S0 oL ) T () T N ()
taking into account the condition (3.1).
Noticing that the function
N S
4sin2% t2

is bounded for ¢ € [7/(n + 1), 7], and using Lemma and (3.6) we can write
24



EFFECTIVENESS OF THE EVEN-TYPE DELAYED MEAN ...

dt

rmm

Jo— / 1z +1) = F(@ = Dllpis

. rmt (r + 2)mt 1
2sin — cos ]
2 4 sin? 5 ¢

(3.8)

it ol )a- o3y o ()

In (r42)
2 4 2 sin "2t cos H2)mL
Py = ; 3 dt
0 rmm /L V(w3t) 12
we substitute ¢ with ¢ + 7/m and since r is an even natural number, we get
2 T 2sin T cos 7(”2)"“5
Py:=— t+ 2 dt
0 rmm / Yt +m/m) (t +m/m)?

_ . )2 sin Tt ””t cos (T+2)mt "
= / / /_7 (x;t+m/m (t+7r/m)

Adding these two expressions side by side we obtaining

Py = 1 /7T {’IZJ(%t) — w(x;t—i_ﬂ—/m)] QSiantcO Mdt

rmm 2 (t+ 7/m)? g 2
/ 7/1 L+ )25111 tCOSMdt
R e P E
1 ™ 2sin ™2 cos (r+2)mt
3.9 - it 2__dt = Py + Py, — Pyo.
( ) rmw Jo w(l’a + ﬂ—/m) (t + 7r/m)2 00 + 01 02

The quantity Pyg can be rewritten as follows

1 T 2sin 72 cos (Hg)mt
Pio= o [ (0lait) — w(ait 4 n/m) - a
T 1 1 rmt (r+2)mt
't e ) 2sin—— cos g
rmm /w Vlat+m/m) <t2 (t+ 7r/m)2) STy eos 2
(3.10)
:= Pooo + Poo1-

Now, applying Lemma [2.1] we have

1 sin ©%* COS% dt
P00l = —— / Wb t) — ot + 7 /m) p
o1 [ dt
= 20 [ @) ot ) G
1) [T w(t s z
rmm ) = 12 rm? ws (Z) rws ( )
since [sin ™2 cos W <1, wi(t+7/m) < 2w (¢) for t > w/m, and condition

B2).
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By the same manner, we obtain

||P001||p;5 — ﬁ /: lo(z;t + W/m)Hp;g tlg - m dt
o) [T 2L+ 7m/m
= | O
o) [™ wi(t o) [ wn(t
(3.12) = 7“7512) /:; tsws(i)wQ(t)dt - 7“7512) /L t?”LUQ((i) o

Thus, from (3.11) and (3.12)), we get

0

)
e _rmt (r+2)mt
2sm2c052‘ <rmt, te(0,m7]
then
Poals = 22 [ st +mjml e
- e e ()
(3.14) - 0(1)32 E%; wy (7) = O (Z; E%;)

taking into account the condition (3.1)).

Moreover, applying Lemma [2.1] we have

1

Potls = 7o [ IGait+m/ml

rmm

wy (t+ m/m)

dt
t+ w/m)?

_ o [m
~rmmw /71'—" (t+ 7/m)?we(t + 7/m)

m

(3.15) _ 0(2“}2(@/”; wy (t)

rmm

So, from ([3.9) we obtain
1
(3.16) [ Poll,.s = O(1) (rm2 + (1

based on (3-13), (B-14), and (3.15).

(317 [Fn@llps = O) (; + (1

t2w2 (t)

wa(t + m/m)dt

dt:(’)<12>.
rm

Nw(E) 1w
- 7") w; (Z) + rm? /Jfl t3ws(t) dt)

Combining (3.5)), (3.7), (3.8), and (3.16) we get

26
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Now we are going to estimate the second term in ([3.4)). For the sake of the interested

reader, we will sketch the proof in details and along the same lines. Based on (|3.3)

we have

(3.18)  Tm(r+y) —Tm(r —y) = MQW /OTr [V(x +y;t) — p(z — y; )] wepm (t)dt.

We split the integral as follows

17 (2 +y) = Tm (@ = Y) I ps6
) ™
< 2 [ e+ 0) = 0o = Ol lwen O] e
0

rmm

bid

2 ™
n / [¥(z +y;t) — (@ —y;t)||pp

rmmw J =
m

dt

12

X

T
2sin - cos

mt  (r+2)mt 1 1
2 4sin®

T
2
™ ’QSinTT"”fcosM
[ It 4 ) = v = i) s : dt

o
m

2
Tmm

(3.19) = Ry 4+ Ry + Rs.

+

Inasmuch as

2 sin 2 cos
" = O(rm), te(0,r),

mt (r+2)mt ‘
2

; 2
(2 sin %)

then using Lemma (c), we have

wwy (t) wg(y)> w (X
3.20 R, =0 dt =0 me
(3.20) =0 [ a0 (M) s
The function
po 1
4sin®L 12

is bounded for ¢ € [r/(n + 1), 7], therefore and using Lemma [2.4] (c) we get

(3.21) Ry=0 <wjﬁi’)> /: Z;Eg dt = O <“f(ni’)> .

Taking into account that r is an even positive integer number and substituting ¢

with ¢t + 7/m in

. 2mit
2 sin ™2 cos (Hg)m

RY = 2 / [ +y;t) — d(e —y;t)] e «

rmm |~
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we substitute ¢ with ¢ + 7/m and since r is an even natural number, we get

R
RY =2 [ et mfm) = vl = g+ )
2 sin % cos M 2 /7’; /7T /7r
dt = — v -
(t+m/m)? rmm \ Jo ER
2 sin Tt cog (rE2mt
: ) 2 2
[0t gt mfm) = 0l = st + ) 2 2y
Adding these two latest equalities we have
o _ L [T]oE+yt) —oe—yit)
Ry’ = 5
rmm Jx t
; — —y;t t 2)mt
_Yatytr/m) -yl —yit £ r/m),  rmt (4 2)mt
(t 4 w/m)? 2 2
1 us
. _ —ut
—— [ Wyt m/m) = e = it /)
2sin 72 cos 7(”3)”“5 i@t
(t +m/m)?
1 F
- it — iz —yit
o T e st /) vl = gt )
2 sin Tt cog EAmE
3.22 2 2__dt:=RY” + R — R,
(3.22) x ( +7/m)? 3 T3 3

For Réoo) we can write

pooy _ 1 /”¢(x+y;t)fw(:v*y;t)*w(l’er;tJrﬂ/m)+¢($*y;t+ﬁ/m)
3 rmm J = t2
X 2sin rmt cos wdt
2 2
.t _ _ .t
[ Wyt m) — vl = it /)
(3.23)
. ormt (r+2)mt (1 1 (00) (00)
9 i ~ 7 (= =-—"_ _)dt:=R R
X 2sin —— cos 5 (t2 (t+7r/m)2) 31 T Lizg

Now, using Lemma [2.1] Lemma (d), and condition (3.2]), we get
RO wa(y) / w ( dt
” 31 ”pﬁ rm = t2w2(t)

_ wa(y) Twi(t) wa(y)wr (Z)
(3.24) =0 (rmwg (W)> /l o dt=0 <m2 =) )

m m m
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Moreover, using Lemma [2.1] and Lemma [2.4] (c), we also get

HR(OO)H a=O wa(y) /7r w1 (t"_%) 2t +7/m
32 [Ip:f rm?2 = wy (t + %) t2(t + w/m)?

s o) [k o(nt) [ nit

m

Whence, using (3.23)), (3.24), and (3.25)), we obtain

00 00 00
1Rl = 01) (1RS s + 1B s )

oW (wn) 1T e
(3.26) =0 ( . <w2 (%) + m2 /:1 t3w2(t)dt>> .

By similar reasoning we also have

w 4 wy (t+ 7
IR s =0 (222) (t+ )

rm = wy (t+ Z) (t+7/m)?

(3.27) -0 (wjf’ly)) /ﬂ T t;ﬁii) dt =0 <I:ﬁ)> :

Once more, using Lemma [2.1] and Lemma (c), we proceed as follows

IR =0 (M200) [* B A

Now, from (3.22), (3.26)), (3.27)), and (3.28)), we find that

00 01 02
I Bsllps = OQ) (1R s + 1B s + 1R 1)

W 1 1 w %% 1 g w1
(3.29) 0 < T(y) <m2 + (1 + m) w: Egj + m2/:1 t3w2(2) dt)) .

Thus, using (3.19), (3.20)), (3.21)), and (3.29)), we have

1T (@ +y) = T (@ — Y)llpis
wa(y)

1(1 1\ w (& 1 (™ w
(3.30) =0 (T (m + <r+ m) o Egg + W/l t3w§2)dt>> .

Finally, inserting (3.17)) and (3.30]) in (3.4)), we obtain
e =0 (L (L (rere DY B, 1 w0,
(@I ( (m e ) i e L mna™) )

The proof is completed. O

Next, from the main result we are going to extract only one of its particular case.
To begin with, for v € (0,1] and w(t) = [¢|” in Hz(:)ﬁ) class, we obtain the Holder
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class with weight

) = {f € L5, 2x] : sup | f(z+1) Tﬂ]i(af—f) ph OO}

endowed with the norm

[f(z+1) = fl@—t)llps
P ’

IFISS = 1 fllpss + up

where 1 < p < oo and > 0.

Remark 3.1. Note that the functions 18 = |[t|" 772 4s positive and non-decreasing,

w1 (t)
twa(t)

t € (0,7]. Furthermore, the condition and automatically are satisfied.
It worth to mentioned here that is said wy(t) to be of the first kind (see [20]) if it

satisfies condition .

Corollary 3.1. Let wy(t) = [t|", wa(t) = |¢]72 and 0 < v9 < 1 < 1. Additionally,
let f € H;?é) be a 2mw-periodic function and Lebesgue integrable on [0,2w], with
p>1and B > 0. Then for the function f, conjugate to the function f, and for an

and

= |t|"*=7271 s positive and non-increasing for 0 < y2 < v1 < 1, and

even positive integer r

B 1 1
||0'm,rm( ) f”;(:{;) - ((3 + ’I’> m’Y1—’Y2> ’

w (t)
Twa(t) —

0 <72 <7 <1, then we have

s = (3 (oo (o) 2B ook [ )

a3

Proof. Since the function - = |t|" =727 is positive and non-increasing for

Il
Q
—/

+

SIv 3|
+
©
_|_
=

|
330
~— |~ —
2 =2
© =
_|_
3|~
o
~—~I3 3
S\:\S\‘/
~— =2
2 =
a\:‘
Tl &
N—————
N————

2r 1 (
+

mYL—72 mitri—r2

T
1 1 1
< 72 +m’n—'yz)> :O(<3+r> m’n—'yz)'

The proof has ended. O

I
a
PR

w
3

|
S
e Bl B e B

P e e

3

4. CONCLUSION

Using the even-type delayed mean of conjugate series, we have obtained the
degree of approximation for a conjugate function in the metric of generalized Héder
class with weight. Involving two moduli of continuity and two condition on them,
we have shown that this mean are streamlined to guarantee this degree to be of the

Jackson order.
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