Uszsecrust HAH Apmennu, Maremaruka, Tom 58, u. 5, 2023, crp. 56 — 68.

OPERATOR PRESERVING BERNSTEIN-TYPE INEQUALITIES
BETWEEN POLYNOMIALS

A. MIR, A. HUSSAIN

University of Kashmir, Srinagar, India
E-mails: drabmir@yahoo.com; malikadil6909@gmail.com

Abstract. In this paper, we establish some operator preserving inequalities of Bernstein-type
in the uniform-norm between univariate complex coefficient polynomials while taking into account
the placement of their zeros. The obtained results produce a variety of interesting results as special

cases.

MSC2020 numbers: 30A10; 30D15; 41A17.

Keywords: complex polynomial; Rouché’s theorem; N,-operator.

1. INTRODUCTION

Let P, := {P € C[z]; degP < n} be the space of all univariate complex

coefficient polynomials P(z) := Y a;z7 of degree at most n and let P’(z) be the
j=0
derivative of P(z). The famous Bernstein inequality for the uniform-norm on the

unit circle states that if P € P,, then
(1.1) ‘m‘ax |P'(z)] < nMj,

z|=1
where here and throughout M; = max.|—; |P(z)| is the uniform-norm of P on the
unit circle. On the other hand, concerning the maximum modulus of P(z) on the
circle |z| = R > 1, we have
(1.2) IHIIa}I;|P(Z)| < R"M;.
Inequality (1.1)) is due to Bernstein [4], while as inequality (1.2} is a simple deduction
from the Maximum Modulus Principle, for reference see ([16], page 346). Equality
holds in ([1.1]) and (1.2)) if and only if P(z) is a non-zero multiple of 2". For P € P,
it is known (see [2] and [12]) that

(1.3) [P(Rz)| +|Q(Rz)| < (R" + 1) M,

where Q(z) = 2"P(2).

For the class of polynomials P € P, not vanishing in the interior of the unit circle,

the inequalities (L.1) and (1.2) have been respectively replaced by the following
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inequalities:

(1.4) fﬁﬁP@HSgMi

and

(1.5) max [P(=)] < 2, R> 1.

lz|=R
Inequalities and are sharp and equality holds for polynomials having all
their zeros on the unit circle. As is well known, inequality was conjectured
by Erdos and later proved by Lax [8], while inequality is due to Ankeny and
Rivlin [I]. As an generalization of , Jain [6] proved the following interesting
result:
Theorem A. If P € P,, then for every 8 with |5] <1, R > 1 and |z| = 1, we have

P%R@+ﬂ<R;1> ‘Q +ﬂ<R+1>cxa'

(1.6) {‘1+B(R;> ‘R"+,8(R;rl) }Ml.

In 2012, Zireh ([17], Lemma 2.6) proved a more general result, which in particular

gives the following generalization of ([1.6]).
Theorem B. If P € P,, then for every 8 with |3] < 1, R>r >k, kK <1 and

|z| = 1, we have
R+k) +¢Quh>+ﬁ(3+*) Qua]

P+ (2
R”+,B<R+k) }Mh

R+k
1
{’ o ( + k) +k
It is topical in the geometric function theory to study the extremal problems of

+ k7"

where Q(z) = (k)"p<k>

functions of a complex variable and generalizing the classical polynomial inequalities
in various directions. Although the literature on polynomial inequalities is vast
and growing and over the years, many authors produced an abundance of various
versions and generalizations of the above inequalities by introducing various operators
that preserve such type of inequalities between polynomials (for example, see [5],
[11] and [I2]). It is an interesting problem, as pointed out by Rahman to characterize
all such operators, and as part of this characterization Rahman in [I2] (see also [9]
or Rahman and Schmeisser [[14], pp. 538-551]) introduced a class B,, of operators
B that maps P € P, to B[P] € P,.

The class of B,-operators: For fixed n € N, Marden ([9], pp. 65) in 1966 defined

and studied the differential operator B that to each polynomial P(z) of degree at
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most n assigns the polynomial

BIP(2) := A P(2) + )\1(%) P'l(!z) N AQ(’?)ZP;(!Z>7

where \g, A1 and Ay are such that all the zeros of

6(2) = Ao + (?) Az + (Z) Ao2?

(1.7) Re(z) <

lie in the half plane

~1 3

In fact, Marden proved that this operator preserves the zeros of the polynomial in a
closed disk, i.e., if all the zeros of P(z) lie in the closed unit disk, then all the zeros
of B[P](z) also lie in the same disk. Usually, such operators are called B,,-operators
(see [14], page 538) and were also extensilvely studied by Rahman [12]. For more
information regarding the B,-operators (see [10], [13] and [14]). The study of such
operators preserving inequalities between polynomials in the geometric function
theory is a problem of interest both in mathematics and in the application areas
such as physical systems. In addition to having numerous applications, this study
has been the inspiration for much more research both from the theoretical point
of view, as well as from the practical point of view. Recently, Rather et al. [I5]
considered the generalized B,-operator N, which carries P € P, into N,[P] € P,
defined by

- nz\" PW(z
(1.8) N, [P)(2) ;:va(z) P
v=0

v!

where \,; v =0,1,2,...,m, are such that the zeros of the polynomial

(19) 0 =3 (1)t msn

lie in the half plane (1.7)).

It is easy to observe that if we take A, = 0 in and for 3 < v < m, then N,
reduces to the B-operator. They established certain results concerning the upper
bound of |N,[P]| for |z| > 1. More precisely, they proved the following results:
Theorem C. If f(z) is a polynomial of degree n having all its zeros in |z| < 1 and
P € P, such that |P(z)| < |f(z)| for |z] = 1, then

(1.10) INu[P](2)] < [Ny[f](2)] for [2] = 1.

Equality in (1.10) holds for P(z) = e f(z), v € R.
Theorem D. If P € P,,, and P(z) # 0 in |z| < 1, then

(111) NP < 5{IM0onl(2)] + Dl bty for 21 1,
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where here and throughout p,, = 2™.

Equality in holds for P(z) = az" +b, |a| = |b] # 0.

Very recently, Mir [IT] obtained the following generalizations of the above inequalities
by considering a more general problem of investigating the dependence of | N, [P(Rz)]—
BNy[P(rz)]| on the maximum of |P(z)| on |z| = 1 for every |5] <1, R > r > 1,
and developed a unified method for arriving at these results. More precisely, Mir
proved the following results:

Theorem E. If f(z) is a polynomial of degree n having all its zeros in |z| < 1 and
if P € P, such that |P(z)| < |f(2)] for |z] = 1, then for any complex number S
with [5| <1 and R >r > 1, we have

(112)  [NIPI(R2) ~ BNPI(r2)| < [Nuf1(R2) — BN [71(2)] for [2] > 1.

Equality in (1.12) holds for P(z) = e!®f(z),a € R.
Theorem F. If If P € P, and P(z) # 0 in |z| < 1, then for every |8| < 1 and
R >1r>1, we have

[NLPI(R2) = BN, [P](r2)|
< 5{ (1" = 571 o] + 1= Bl )
(113) = (1" = BN )] = 11 = Bl ) | for 2] > 1,

where here and throughout m; = min,|—; |P(z)|.

Equality in holds for P(z) = az™ + 8 with |a| = |8| # 0.

The Bernstein-type inequalities are seminal in the field of classical analysis, and over
a period, these inequalities have been studied for different operators, in different
norms, and for different classes of functions. The present paper is mainly motivated
by the desire to establish some new inequalities concerning the N,-operator in the
uniform-norm between polynomials, which in turn yield compact generalizations of
inequalities — and other related results. The essence in the papers of Jain
([6], [7]) and Zireh [I7] is the origin of thought for the new inequalities presented
in this paper.

2. MAIN RESULTS

In this section, we state our main results. Their proofs are given in the next
section. We begin by proving the following inequality giving compact generalizations
of Theorems A and B.
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Theorem 2.1. If P € P,, then for |8| <1, R>r >k, k>0, and |z| > 1 with
Q(z) = 2"P(1/z) we have

‘Nv[ )+5(R+:> N,[P](rz)
N [QI (R /) + 6<R++:>N Q(r=/k)
(2.1)
k:n R™ + HB(R-F:) ’Nv[pn |+’1+5(Ti:)n >\0|1Mk7

where here and throughout My = max,|— |P(z)|.

Remark 2.1. One can observe that Theorem 2.1 provides an interesting generalization
of Theorem A. For instance, if in (2.1)), after substituting the value of Ny[pn](z)
and taking A\, =0 forv=1,2,3,...,m, and noting that N,[P](z) = A P(z), we get

Theorem A as a special case when k=r =1.

Theorem 2.2. If P € P,, and P(z) has all its zeros in |z| < k, k > 0, then for
every |B] <1 and R > r > k, we have

. R+k
‘rzr‘u:nl N,[P](R )+ﬁ< —I—k) Ny[P)(rz)
(2.2)

> L ‘ I n/B(R-Fk‘) 1(2)

where here and throughout my, = min|,— |P(2)|.

As in remark 2.1, after substituting the value of N,[p,](2) in (2.2) and taking
Ay =0 for v =1,2,3,...,m, and noting that N,[P](z) = AoP(z), we get a result of
(Zireh [17], when a = 0), see also Dewan and Hans (5], Theorem 1).

Theorem 2.3. If P € P,, and P(z) has all its zeros in |z| > k, k < 1 then for
every |B] <1 and R > r > k, we have for |z| > 1,

R+k
1], R+kE\" R+k
@3  <i|ilr +6<T+k> Nalonl(2) + Dol + 5 2EE) ]Mk.

Remark 2.2. By taking 5 =0 and k = 1, Theorem 2.3 in particular gives Theorem
D and for suitable choices of Ay; 0 < v < m, it yields inequalities (1.4) and (1.5)

as well.

The above inequality (2.3) will be a consequence of a more fundamental inequality

presented by the following theorem.
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Theorem 2.4. If P € P,, and P(z) has all its zeros in |z| > k, k < 1 then for
every |8] <1 and R > r >k, we have

R+E\"
r+k

N, [P|(Rz <R+k)
1+ﬁ<

| Nolpn](2)]|

+ Ao

— [ Aol |1

Equality in (2.4]) holds for P(z) = vz™ + 6 with |y| = |§] # 0. We shall now
discuss some consequences of Theorem 2.4. If in (2.4]), after substituting the value
of Ny[pn](z), we get for every |8 <1and R >r >k,

‘NJPKRzy+B<€:f:)nA%VﬂWz)

<3| (e () e S () (5)

+ol|1+ 8 R““) )

(s () 2 )G
(2.5) |>\0|1+B R+k ) ] for |2 > 1,

where \,; 0 < v < m are such that all the zeros of ¢,(z) defined by (1.9) lie in the
half plane (|1.7)).

Remark 2.3. Taking A, =0 forv=1,2,3,....m in and noting that N, [P](z) =
Ao P(z), we get the following result which is of independent interest, because besides
giving generalizations and refinements of and it also provides generalizations
and refinements of some results of Zireh [1T], Dewan and Hans [5] and Jain ([6], [7]).
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Corollary 2.1. If P € P,, and P(z) has all its zeros in |z| > k, k < 1 then for

18] <1, R>r >k, we have
2
R+ 1 R 4 R+k
‘1+B< +k> )Mk<kn 5( +k>

(2.6) —‘1+B<R+k)n>mk] for |2 > 1.

r+k

Equality in (2.6]) holds for P(z) = vz" + & with |y| = |d] # 0.

Self-inversive polynomial: A polynomial P € P, is said to be self-inversive
if P(z) = (Q(z), |¢| = 1. Finally, we prove the following result for self-inversive

polynomials.

Theorem 2.5. If P € P, is self-inversive, then for |f] <1 and R > r > 1, we
have for |z| > 1,

WPl +5( ) wplea)| < 5| [+ () Il
(2.7)
+|A0|1+5(R:11) M.

Equality in (2.7) holds for P(z) = 2" + 1.

Remark 2.4. For =0, the above result in particular reduces to a result of Rather
et al. ([I5], Theorem 1.4). Taking A\, =0 for v =1,2,3,...,m in and noting
that N,[P](z) = Mo P(2), we get the following result for self-inversive polynomials.

Corollary 2.2. If P € P, is self-inversive, then for |8| <1 and R > r > 1, we
have for |z| > 1,

i (RZ)+B<RLl> P < 5 || ”ﬂ(R“)
(2.8) ’1+,3<Rj:11) ]Ml.

For = 0, the inequality (2.8]) shows that the inequality (1.5) also holds for self-
inversive polynomials.
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3. AUXILIARY RESULTS

In order to prove our main results, we need the following lemmas.

Lemma 3.1. (3]) If P € P, and P(z) has all its zeros in |z| <k, k >0, then for
every R >r and rR > k?,

R+E

P = (EE) 1P for 1el =1,

If we take 7 = s = 1 and 0 = § in Theorem 1.1 of Rather et al. [T5], we get the

following:

Lemma 3.2. If all the zeros of polynomial P € P, lie in |z| < 1, then all the zeros
of Ny[P(z)] defined by (1.8)) also lie in |z| < 1.

We now prove the following lemma from which we can obtain Theorem C as a

special case.

Lemma 3.3. If f(z) is a polynomial of degree n having all its zeros in |z| <
k, k>0, and P € P,, such that |P(z)| < |f(2)| for |z| = k, then for every |B] < 1,
R>r >k and for |z| > 1,

R+k

‘Nv [P](Rz) + 8 <T+k> an [P(rz)

R4k

Nlf1(Re) + 5 BEE) w1

<
- r+k

Proof of Lemma 3.3. By hypothesis |P(z)| < |f(z)] for |z| = k, therefore any
zero of f(z) that lies on |z| = k is also a zero of P(z). On the other hand, for every
¢ € C with |¢] > 1, we have |P(z)| < |(f(2)|, for |z| = k, when all the zeros of f(z)
lie in |z| < k, it follows by Rouché’s theorem that all the zeros of the polynomial
g(z) = P(z) — (f(#) lie in |2z| < k. On applying Lemma 3.1 to the polynomial g(z),
we have

R+k

7‘—|—k) lg(rz)| for |z| = k.

(o) > (

Since g(Rz) has all its zeros in |2| < % < 1. Therefore, if 8 is any complex

number such that |3 < 1, it follows that all the zeros of the polynomial g(Rz) +

ﬁ(fiﬁ) g(rz) also lie in |z| < 1. Applying Lemma 3.2 and noting that N, is a

linear operator, we conclude that all the zeros of the polynomial

R+k

5= Mgl +5( ) Wl
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lie in |z| < 1, for every 8] < 1 and R > r > k. Replacing g(z) by P(z) — (f(z), we
conclude that all the zeros of the polynomial

I = NufPYRe) + 5( ) NPl

~¢ [Nv e+ 5(2EE) i <rz>]

lie in |z| < 1 for all real or complex number 8 with |8] < 1 and R > r > k. This

implies,

PR+ 5( ) e

R+k
(3.) < [t + 5(2EE) Wlea)| tor 2 1
If inequality is not true, then there is a point z = zg with |zg| > 1, such that
R+k
‘Nv[ )+B< +k> Ny [P)(rz)
R+k
> [l + () Wl

Taking

N,[P](Rz) + B(ﬂ*,f) N, [P](r2)

M) +5( 2 ) N1

so that |¢| > 1 and with this choice of ¢, we have J(z9) = 0 for |z9| > 1, which is
a clear contradiction to the fact that J(z) # 0 for |z| > 1. Thus for every complex
number S with |§] < 1 and R > r > k, we have (3.1) holds. This proves Lemma
3.3 completely.

Remark 3.1. On applying Lemma 3.8 with f(z) = Mpz"/k", giving us the following
inequality:

NPl >+5(R+,’j) N,[P](r)

(3.2) < ’ R ”ﬁ(RJ“k)

Lemma 3.4. If P € P, and P(z) # 0 in |z| < k, k > 0, then for every |B] < 1
and R > r > k, we have

N

1(2)| My for |2 > 1.

R+k
B ) Ml
R+Ek
+k

64
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Proof of Lemma 3.4. Since P(z) # 0 in |z| < k, therefore, all the zeros of
polynomial Q(z/k?) lie in |2| < k. Also |k"Q(z/k?)| = |P(2)]| for |z| = k. Applying
Lemma 3.3 to P(z) with f(z) replaced by k"Q(z/k?), we get for every |3| < 1,
R>r>kand |z| > 1,

P 2+ 5(2EE) Mlple)

NQIR= 1)+ 5( ) i faitrai)|

< k™|N,

4. PROOFS OF MAIN RESULTS

Proof of Theorem 2.1. Let M), = max|;— |P(2)|, then by Rouché’s theorem
the polynomial U(z) = P(z) — (M}, has no zeros in |z| < k for every ¢ € C with
|| > 1. On using Lemma 3.4 to U(z), we have for |3] <1 and R>r >k,

)R+ 5(EEE) e
< k" N,[L ](Rz/k2)+5<R::> Ny [L](rz/K?))|,

where L(z) = 2"U(%) = Q(z) — (2" M. Using U(z) = P(z) — (My, L(z) = Q(z) —
(2" M, and the fact that N, is linear and Ny[1] = Ao, we get from above inequality
for || <1,|z2|>1and R>r >k,

| [P ](Rz)+[3<RI:) Ny[P](rz) — AOCMk[Hﬂ(R::) ]

Q)+ (B ) Nl

(4.1) M, [Rn i ,B(R““H Nolpnl(2)],

< k"|N,

k2n r+k

where Q(z) = 2"P(1).
Now choosing the argument of ¢ suitably on the right hand side of (4.1)) such that

el e/ + () Nl
_ [R” o(BEE) vl
K,Ln B nﬁ<R+k> ()|
- Nire) +5(EE) W alre/i)|
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which is possible by applying inequality (3.2)) to the polynomial Q(z/k?) and using
the fact that max,—y |Q(z/k%)| = My/k", we get for [3| <1, R > r > k and
2] = 1,

|N[ ) +5( ) W pira) - |Ao|<;|Mk1+ﬁ(Rj,f>
< |C1\€Mk n5<R+k> )|

R+k

N,[QI(Rz/k?) + B <> an [Q(rz/K?)|.

X
r+k

The required result follows on making |¢| — 1.

Proof of Theorem 2.2. Let m) = min|,|—; |P(z)|. In case mj, = 0, there is
nothing to prove. Assume that my > 0, so that all the zeros of P(z) lie in |z| < k and
we have, mk|z/k:|n < |P(z)| for |z| = k. Applying Lemma 3.3 with f(z) replaced
by my, (z/k;)n, we obtain for every [8| <1 and R > r >k,

N[PY(R )+B<R+:> No[P)r2)

’Rn ”B(R+k>

min
|z]=1

:ZC )‘mlm

which is inequality . This completes the proof of Theorem 2.2.

Proof of Theorem 2.3. The desired result immediately follows by combining
Lemma 3.4 and Theorem 2.1.

Proof of Theorem 2.4. The result follows obviously in case P(z) has a zero on
|z| = k (by Theorem 2.3). Therefore, we assume that P(z) has all its zeros in |z| > k,
so that mjy = min|,— |P(2)| > 0. Now for every real or complex number ¢ with
|| < 1, it follows by Rouché’s theorem, that the polynomial U(z) = P(z) — {my
does not vanish in |z| < k. On applying Lemma 3.4 to the polynomial U(z) and
noting that N, is a linear operator with N,[1] = Ao, we get for every |8] < 1,
R>r>kand |z| > 1,

R+k

ol + (T

) N [U)(r2)

niRsi) + 5 BEE) e )|
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where L(z) = 2"W (). Equivalently,

NJIPI(R >+5(R+k) Ny[PJ(rz) - CAomk{Hﬂ(R*’“H

+k +k
< k"N, [Q }(Rz/k2)+ﬂ<Ri:> N [Q)(r2/k?)
(12) im’f[ “5(“5) ]Nv[m(z) for 2] > 1,

where Q(z) = 2" P(2).
Now choosing the argument of ¢ on the right hand side of (4.2) such that

el + (T ) Nl

R C== I NEAE
= wr{MlQire /) + 5 BEE) Nllra)

|C]Lr:k n5<R+k> )|

which is possible by Theorem 2.2 applied to Q(z/k?), we get

NJ[PI(R >+/3(Rj,’j) No[P](r2)| - |<||Ao|mk1+ﬁ(RLf)
< |m0 }(Rz/mw(ﬁ,’j) N [Q)(r2/k)

o)

|Nv[pn}(z)|mk for |z| > 1.

This gives by letting |¢ | — 1,

wPIRe) + 5 EEE) i) < |l ek + (2R
43 [lr e (BEE) bl - bl 5( L)

Inequality (4.3) in conjunction with Theorem 2.1 yields (2.4). This completes the
proof of Theorem 2.4.

Proof of Theorem 2.5. By hypothesis P € P, is self-inversive, therefore P(z) =
€Q(z), |¢] = 1. It gives for every |8 <1, R >r > 1 and for all z,

R+1 R+1

- BEL) Wil

‘Nv[ )+5( > N, [P](rz)

‘N Rz)+6(
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The above equality when combined with Theorem 2.1 (for k = 1) yields (2.7)). This
completes the proof of Theorem 2.5.
Acknowledgement: The authors are very grateful to the anonymous referee

for constructive suggestions which improved significantly the presentation of the

paper.
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