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Abstract. It is well known that a harmonic function is in a Bergman space if and only if
it satisfies some Hardy-Littlewood type integral estimates. In this paper, we extend this result
to harmonic Bergman-Orlicz spaces. As an application, Lipschitz-type characterizes of harmonic
Bergman-Orlicz spaces on the unit ball with respect to pseudo-hyperbolic, hyperbolic and Euclidean
metrics are established. In addition, the boundedness of a mapping defined by a difference quotient

of harmonic function is discussed.
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1. INTRODUCTION AND MAIN RESULTS

Let z = (21, ..,%0),y = (Y1,---,Yn) be two vectors in the n-dimensional real

vector space R". We write

(r,y) =21y1 + . + Ty and |z| = (2, 2) = (/2 + ... + 22,

For a € R", let B(a,r) = {z : |x —a| < 7}, S(a,r) = 0B(a,r) and B(a,r) =
B(a,r) US(a,r). In particular, we use the notations B = B(0,1), S = 0B(0, 1) and
B = B US the closure of B. We denote by dv the normalized volume measure on
B and do the normalized surface measure on S. As usual, the class of all harmonic
functions on the unit ball B will be denoted by h(B).

Given a function ® : [0,00) — [0,00) with ®(0) = 0, we say that ® is a growth
function if it is continuous and non-decreasing.

For a > —1 and a growth function ®, the Orlicz space L®(B) is the set of all
functions f such that

[ 25 @idva(z) < .
B

where dv, (z) = co(1 — |z|?)*dv(x) and ¢, is a positive constant so that v, (B) = 1.
Denote by L2 (B) the subspace of LE(B) for ®(¢) = t? and 0 < p < cc.
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The harmonic Bergman-Orlicz space BE is the subspace of L (B) consisting of
all f € h(B) such that
Il = inf{ys > 03 [

@(M)dva(a@) <1} < oo.
B H
In particular, if 0 < p < co and ®(t) = tP, then the associated harmonic Bergman-
Orlicz space is the weighted harmonic Bergman space B?, (cf. [4] [I1]).
Let D be the unit disk of the complex plane C. For 0 < p < co and a > —1, the

standard weighted Bergman space AP (D) consists of all analytic functions g on D

such that
[ laIrasac <

where dA,(2) = (a + 1)(1 — |2]?)*dA(z) and dA(z) is the area measure on C
normalized so that A(D) = 1. The famous Hardy-Littlewood theorem for weighted

Bergman space AP (D) asserts that

(L.1) /DIQ(Z)I”dAa(Z)% Ig(O)I’”r/Dlg’(Z)Ip(lf|Z|2)pdAa(Z)~

It is well-known that integral estimate (1.1) plays an important role in the theory
of analytic functions. For the generalizations and applications of (1.1) to the spaces
of holomorphic functions, harmonic functions, and solutions to certain PDEs, see
[, 5], [7] - [11, 16] and the references therein.

In [I4], B. Sehba considered the analogue of (1.1) in the setting of holomorphic
functions spaces on the complex unit ball. By adding some suitable restrictions on
the growth function ®, he generalized the integral estimate (1.1) to the Bergman-
Orlicz spaces of holomorphic functions. As applications, characterizations of the
Gustavsson-Peetre interpolate and boundedness of Cesaro-type operators on Bergman-

Orlicz spaces are discussed.

Motivated by the results in [7, [0, [14], our aim in this paper is to extend (1.1) to
the setting of harmonic Bergman-Orlicz space BL. In order to state the our result,
we need some more definitions on the growth function .

We say that a growth function ® is of upper type ¢ > 1 if there exists C > 0
such that, for s > 0 and ¢t > 1,

(1.2) O(st) < Ctid(s).

Denote by U? the set of growth functions ® of upper type ¢, (for some ¢ > 1), such
that the function t — (t) is non-decreasing.
We say that & is of lower type p > 0 if there exists C' > 0 such that, for s > 0
and 0 <t <1,
(1.3) O(st) < CtPP(s).
4
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Denote by L, the set of growth functions ® of lower type p, (for some p < 1), such
that the function ¢ — y is non-increasing.

From the above definitions on ®, we may always suppose that any ® € L,
(resp. U?), is concave (resp. convex) and that ® is a C! function with derivative
o' (t) ~ 20 (cf. [14, [15]).

For f € h(B), recall that the radial derivative R of f is given by

Rf() =2 VI(@) = o ((12))ms = 3 m(a),

m=1
where V is the usual gradient and the last form is the homogeneous expansion of

f- The fundamental theorem of calculus shows that

1
@)= 50) = [ RO
Theorem 1.1. Let a« > —1, f € h(B) and ® € U? U L,. Then the following
statements are equivalent.
(a) f € B2
(0) (1= [z*)|V f(2)] € L (B);
(¢) (1= |2z[*)|Rf(x)| € L3 (B).

As applications of Theorem 1.1, we establish several characterizations of harmonic
Bergman-Orlicz spaces in terms of Lipschitz-type conditions with respect to pseudo-
hyperbolic, hyperbolic and Euclidean metrics, which can be viewed as extensions

of [I6, Theorem 1.1] into the general setting.

Theorem 1.2. Let « > —1, ® € U1 U L, and f € h(B). Then the following
statements are equivalent.
(a) f€B3;

(b) There exists a positive continuous function g € LE(B) such that

|f(z) = f(y)| < p(z,y)(9(x) + 9(y))
for all x,y € B;

(¢) There exists a positive continuous function g € LE(B) such that

[f(z) = f(W)] < oz, y)(9(2) + 9(y))
for all x,y € B.

Theorem 1.3. Let a > —1, ® be a given growth function and f € B2.
(1) If ® € U1, then there exists a positive continuous function g € L2+k(IB%) (k €

[q,00) such that |f(x) — f(y)] < |z —yl|(g9(x) + g(y)) for all z,y € B;
5
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(2) If ® € Ly, then there exists a positive continuous function g € LY, (B) (k €
[1,00) such that |f(z) — f(y)| < |& = yl(9(x) + g(y)) for all v,y € B.

The organization of this paper is as follows. In Section 2, some necessary terminologies
and notations will be introduced. The proof of Theorems 1.1 ~ 1.3 will be presented
in Section 3. The Section 4 is devoted to discussing some applications of the main
results. Throughout this paper, constants are denoted by C, they are positive and
may differ from one occurrence to the other. For nonnegative quantities X and Y,
X <Y means that X is dominated by Y times some inessential positive constant.
We write X =Y if Y S X <Y.

2. PRELIMINARIES

In this section, we introduce notations and collect some preliminary results that

we need later.

2.1. Pseudo-hyperbolic metric. For a € B, let

e —afa—(1-Ja?)(x — a)

r €B,

®a(z) [z, d]

where [a,z] = /1 — 2(a, z) + |a]2|z[2. Then ¢, is a Mobius transformation from B
onto B with ¢,(0) = a and ¢,(a) = 0.

We denote by M(B) the set of all M&bius transformation on B. It is known that
if o € M(B), then there exist a € B and an orthogonal transformation A such that

o(x) = Apy(z), = €B.

In terms of ¢,, the pseudo-hyperbolic metric p and the hyperbolic metric o in B

are given by

a—>b
pad) = lpa®)] = =V abem

[a,b]
. a0
14 |pa(d
o(a,b) = In ———=,
1- |%0a (b)l
respectively.

Let a € B and r € (0,1), the pseudo-hyperbolic ball with center a and radius r is
denoted by
E(a,7) ={z € B: p(a,x) = |pa(x)] <}
A straightforward calculation shows that FE(a,r) is actually a Euclidean ball with

center ¢, and radius r, given by
(1—-7r%)a
1 —|a|?r?

r(1—laf?)
1—|al?r2’

(2.1) Ca = and 7, =

respectively (cf. [IL [14]).
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Lemma 2.1. [13] Let a € B, r € (0,1) and x € E(a,r). Then
1-laf? =1~ o]’ = [a,a] and |E(a,r)|= (1~ la*)",
where |E(a,r)| denotes the Euclidean volume of E(a,r).

The following standard estimate will be needed in the sequel.

Lemma 2.2. [I3] Let « > —1 and B € R. Then for any x € B,

(1P, B>0,

(1—ly*)~ 1
~{log————, B=0
J eyttt = {08 g, A=
1, B8 <.

2.2. Operators on Orlicz spaces. Let ® be a growth function. Recall that the
lower and the upper indices of ® are respectively defined by
td'(t) td'(t)
= inf d by =
@20 o M TR B0y
It is known that when ® is convex, then 1 < ag < b < 0o and, if ® is concave,
then 0 < agp < by <1 (cf. [6 14]).

Definition 2.1. Let ® be a growth function. A linear operator T defined on L (B)
is said to be of mean strong type (O, ®), if

/ (T f])dva (@) < C / &(f|)dva ()
B B

for any f € L2(B), and T is said to be mean weak type (®,®), if

sup ®(t)va({z € B: [Tf(2)| > t}) < C / B(|f[)dva ()

>0
for any f € LE(B), where C is independent of f.

We remark that if ®(¢) = ¥, then the mean strong type (t¥,t?), is the usual
strong type (p,p) coincide. The following result comes from [4, Theorem 4.3].

Lemma 2.3. Let Let ®g, P; and ®o be three convex growth functions. Sup- pose

that their upper and lower indices satisfy the following condition
1 <as, <bs, < ap, < bs, < agp, < bp, < 0.

If T is of mean weak types (Do, Po)o and (P1, P1)q, then it is of mean strong type
(@2, P2)a-

Let 8 € R and consider the operator Eg defined for functions f on B by

Bo(@) = [ 1o 1_'Z'+2, do(y).
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We refer to [2] and [3] for more details on Bergman type projection Eg. For a

proof of the following lemma see, for example [9, Theorem 1.6].

Lemma 2.4. Let 1 < p < oo and o, § > —1. The operator Eg : L? (B) — L2 (B) is
bounded if and only if a +1 < p(B8 + 1).

Combing Lemmas 2.3 and 2.4, the following result can be easily derived.

Lemma 2.5. Let o, 8 > —1 and ® be a convexr growth function with its lower indice

ap. If 1 <p<ap and a+1 < p(B+1), then Eg is of mean strong type (P, D).

2.3. Harmonic functions. It is well-known that the weighted harmonic Bergman
spaces B2 for a > —1 is a reproducing kernel Hilbert space with reproducing kernel
Ro(2,y) :

/f o(2,9)dva(y), f e B2

The reproducing kernels R, (x,y) can be expressed in terms of zonal harmonics as

Ry (x,y) = Z(1+nj:oz ka ) Zk (2, y),

= (5)
where the series absolutely and uniformly converges on K x B, for any compact
subset K of B. R, (x,y) is real-valued, symmetric in the variables x and y and
harmonic with respect to each variable since the same is true for all Zy(x,y). For

the extension of reproducing kernels R, (z,y) to all a € R, see [7, [].

We recall some useful inequalities concerning harmonic functions which are useful

for our investigations.

Lemma 2.6. [4,[13] Let 0 < p < 00, 0 <7 <1 and f € h(B). Then there exists

some positive constant C' such that
W 5@ <o [ sl
O p——— / FlPar(y),
) V()P < (7|$|) E(m)\(l )
where dr(x) = (1 — |z|?)~"dv(x) is the invariant measure on B.

The above lemma leads to the following integral inequality (cf. [7, Lemma 5.1]).
Lemma 2.7. Let 0 <p <1 and a > —1. Then

/f|f (1= Ja2) P (0) 5 | (o))

forall f,g € h(B
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3. PROOFS OF MAIN RESULTS

The purpose of this section is to prove our main results. Before the proofs, we

need the following lemmas.

Lemma 3.1. Let ® € £,. Then the growth function ®,, defined by ®,(t) = CID(t%)
is in U? for some q > 1. Moreover, for s >0 and t > 1,

(3.1) D, (ts) < trd,(s).

Proof. We only need to prove (3.1) since the assertion ®, € U9 for some ¢ > 1 can
be found in [I4], Lemma 2.1]. Let s > 0 and ¢ > 1. By the monotonicity of 2 it

Tt
deduces that

10
V2l
10
S~—
INA
~
10
KA
—
V2l
10
~—
Il
~
S|
KA
3
—
V2l
~

D, (ts) = (¢
This gives (3.1).

Lemma 3.2. Let a > —1 and ® € U?U L,,. Then there exists a constant C > 0
such that for any f € B2,

— |z|? z)|)dvg () < z)|)dvg ().
(3.2) /B<I><<1 12?)|V £ () ) () < C/IB<I>(|f( ))dvo(z)
Proof. Let

1, if ®eUf,
(3.3) po = {

p, if ®e€L,.

By Lemma 2.6, for each € B, there exist C' > 0 such that

(1 [PV F@))"* < © / F@)Prdr(y).

E(z,r)
Set
o(t), if ®elul,
(3.4) D, (t) = N
O(tv), if ®eL,.

It follows from Lemma 3.1 and the convexity of ®,(¢) that

(1= [V f(x)]) < C . )‘I)(\f(y)l)dT(y)-

Integrating both sides of the above inequality over B with respect to dv,(x) and
applying Fubini’s theorem and Lemma 2.1, (3.2) follows.

Lemma 3.3. Leta > —1, ® € UIUL, and f € h(B). If (1—|z|?)|Rf(x)| € LE(B),
then there exists a constant C > 0 such that
35) [ (5(@)  FODdsale) <C [ @1~ [2P)RF @) )dva (o).
B B
9



XI FU, Q. SHI

Proof. Assume that f € h(B) and (1—|z|?)|Rf(z)| € LE(B). In view of [9, Theorem

1.4], we see that for large enough s,

/Rf (& y)dvs(y).

Since [z Rf(y)dvs(y) = 0, subtracting this from the previous equation yields

/Rf (2,y) — D)dvs(y).

Consequently,

|f(z) = £(0)|

[ [ Riw ) - D

/Rf / t‘”y) dtdv()‘

1
1
G(x,y):/ Mdt.
0

By an argument similar to the one in the proof of [0, Lemmal2.1], we have

t dt 1
G(x,y)| </ ‘ (tz, y ’dt</ s < gt
0 9 )

@) - FO)] < / (1- |y|2>mf<y>|mdvsfl<y>.

We first consider the case ® € U?. Fix pso that 1 < p < ag. Since (1—|z|?)|Rf(x)| €

Let

Therefore,

L2(B), by taking s large enough so that a + 1 < ps, we obtain from Lemma 2.5
that

/@(If(fv)*f(())l)dva(x) SC/@((lfIx\Q)IRf(w)I)dva(ff)'
B B

We now consider the case of ® € £,. Set s = (n+¢a’)/p—n and o > o+ p. By
Lemma 2.7, it deduces that

F@) — fOP < / R W)IPIG (@, y)Pdver ()
/ REGP
[ «

x y]p(n-l—s—l)

s [WRRIGP,,, )

xyn+a7

A

1

As the growth function t — ®,(t) = ®(¢t?) is in U, proceeding as in the first part
of this proof yields that

/ (| f(x) — F(0)])dva(x) = / 8,(1f(2) — £(0)[P)dva(a)
B B

< / B, (1~ 2R ()])?)dva() < / B((1 — &) RF(x)])dva (x).
10
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The proof of this lemma is complete.

Proof of Theorem 1.1. (a) = (b) follows from Lemma 3.2. (b) = (c¢) is trivial
since [Rf(z) < |V f(x)| for x € B. Lemma 3.3 implies (¢) = (a).

Proof of Theorem 1.2. We first prove (b) = (a). Assume that (b) holds. Then
for each fixed x € B and all y sufficiently close to x

If(z) = f(y)]
p(x,y)

Letting y approach x in the direction of each real coordinate axis, we conclude

(1= [V f(2)] < Cy(a).

It follows from the assumption g € L (B) that
/B‘I)(I(l = 2V f(2)])dva (@) < 0.

Hence f € B by Theorem 1.1.

<g()+gy), =#y.

(b) = (a). Assume that f € B®. Fix a small positive 7 and consider any two points

x,y € B with y € E(x,r). Since FE(x,r) is a Euclidean ball, by Lemma 2.1, it is

given that
F@) - f@) < Cla—yl / IV f(sy+ (1 5)a)|ds
< Cplz,y)sup{(1 — [z])|Vf(©)]: £ € E(x,7)}
= p(l‘,y)h(l’),
where

h(z) = Crsup{(1 — [E[*)|Vf(€)] : € € E(x,7)}.
If p(z,y) > r, then the triangle inequality implies

[f(@) = f)l < [f@)]+1fW)
< p(x,y)(lf(x)lﬂf(y)l).

r r

By letting g(z) = h(z) + L@ we have

T

|f(z) = f)| < p(z,y)(9(x) + 9(y))

+ M is the desired function

for all z,y € B. It is easy to see that g(z) = h(z)
provided that h € LZ(B). From (2.1), we can find r’ such that 0 < 7 <7’ < 1 and
E(&,r) C E(x,r") for every £ € E(x,r). It follows from Lemma 2.6 and the proof
of Lemma 3.2 that

h(x)Pr < C [f ()P dr(y)

B E(x,r)
11
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and
o(|n(z)) < C - (| f(w))dr(y),
where pg is given in (3.3).

Hence by Fubini’s theorem and Lemma 2.1,

O(|h(x))dvs(z) < C 1—|x dv(z

/Bmm () /( ||>/( |, U Wdr )
< o[ @) [ @) are
<

c / (1)) dva ().

As p < g, so the implication (a) = (c) is trivial. For the converse, suppose that

This proves (a) < (b).

there exists a positive continuous function g € LE(B) such that

[f(@) = W)l < oz, y) (9(=) + 9(y))
for all z,y € B. By a discussion similar to the proof of (b) = (a), it concludes that
(1= [z[)|Vf(x)| < Cg(x),
which implies that f € BE. The proof of Theorem 1.2 is finished.

Proof of Theorem 1.3. Since f € BY, we know that there exists a positive

continuous function g; € LE(B) such that
[f(@) = fF)] < p(z.y)(91(2) + 91(y)), =,y €B,
from Theorem 1.2. As for x,y € B,
[zyl 21— lzf,  [z,9] 21— yl,
we deduce that

|f(z) = fF)] < |z —y (9;(96) 91(y)

z,y]

) <z —yl(9(z) + 9(v)),

=,

where
g1(z) _ 2g1(x)
= < .
90 = 1] < TP
This means that (1 —|-|?)g(-) € L2(B).

(1) If ® e U? and k € [g,00), by (1.2) we have

/ B(lg())dvass(z) < C / (1= )@ (1 — |2~ 9dug (x)
B

< ¢ / (1 — [2[?)]g(x) ) dva (2),

which implies that g € LY, (B).
12
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(2)If® € L, and k € [1,00), then by Lemma 3.1, ®,(¢) = @(t%) € U'/?. Tt follows
from (1.2) again that

[ #ls@hdvnin@) = [ @la@)P)dvasula)
< 0 [ @1 = laPYla@)P)(1 = o) don @)
< 0 [ (0= P lg(@) oo @)
< 0 [ a0~ laPlgla))dun o)

as desired. The proof is complete.

4. A DIFFERENCE QUOTIENT OF HARMONIC FUNCTION ON B

In this section we present an application of our main results.
Let f € h(B), we define a difference quotient of f by
f(x) — f(y
Lf(z,y) = (x)—y()’ T,y €EB,x#y.
It is known that in [16], Wulan and Zhu introduced this kind of operator L in the
setting of analytic functions spaces and discussed the boundedness of L between

standard weighted Bergman space AP (D). Especially, they obtained the following:
(I) If o> —1, and p € (0, + 2), then L is bounded from A% (D) into AP (D x D);

(INIfa>-1,andp>a+2and f= ”"'%_2, then L is bounded from A% (D) into
AL(D x D).

We now extend this result to the harmonic Bergman-Orlicz space B as follows.

Theorem 4.1. Let « > —1 and ® € UIU L,. If ¢ € [I,n + «), then L : B —
L2 (B x B) is bounded.

Proof. Let f € B2. By Theorem 1.2, there exists a positive continuous function
g € L2(B) such that

|f(z) = f)| < pz,y) (9(x) + 9(v)),

which in turn gives

Jr
Loy = [ LW oAy,
[, y]
Set
L, it eeut,
Pe=9p if oecL,
Then

i = (o)™ + ()™

13
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In what follows, we divide the proof into two cases based on the types of ®.
Case . ® eU? g€ [l,n+ ) and pp = 1.
Applying the convexity of ®, we have

q)(\Lf(;,y)l) < ;q)([s;(,a;)]) n %q)(g(y) )

It follows from the definition of U? that

K (LI g (@) )

< // y (2)dva(y //E@(x dve (z)dva ()
< [ (8wt < [ [ tvutorivnty
s [ altendnata) [ de()

Since ¢ € [1,n + «), according to Lemma 2.2, we have

/IB/B‘I’(W)dva(w)dva(y) < /Bq)(g(:c))dva(x),

Case II. ® € £, and ps = p.
In view of Lemma 3.1, ®,(t) = @(t%) € U'/? and by the convexity of ®,,
Lz, y)ppy _ Lo (19@) Py 1o (19() P
P, (| ——= < -d —-P .
p( 2% ‘>_2p([1’,y}‘)+2 p([l’,y]‘)
By an argument similar to that in the proof of Case I and Lemma 3.1, we have
//q) ILf(ﬂi,y)I dv, //
[ (P2 avutwrento) < / B(g(x)) v (x) / AW oy
z,y| B B [z, ]
s [ Blg)idva(a).
B

Combing these two cases and using a standard argument based on the closed graph

theorem, it concludes that the operator L : B® — L?(B x B) is bounded.

Lf x y ‘ )dva(x)dva(y)

A

For the case of ¢ > n 4+ «, we can also prove the following result by using an

argument similar to the one in the proof of Theorem 4.1.

Theorem 4.2. Let a > —1. Suppose that one of the following two conditions is
satisfied:

(1) ® e U? with g € (n+ a,00) and 28 +n =q+ «;

(2) ® € £, and 26 +n = pg+ « for some pg > n+ a.

Then L : BE — Lg’ (B x B) is bounded.
14
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Proof. Let f € BE. (1) If ® € Y9 with ¢ € (n + a,00) and 23 + n = g + «, then by

the same reasoning as in the proof of the above results, we have

[N avstorvatn 5 [ [ @85 Yavs(wpduats)

(1 [y)?
s [ o [ CBa) < / D (g(@))dva (),

where the last inequality follows from Lemma 2.2. Hence L : BS — L%’ (B x B) is
bounded.

(2) If ® € £, and 28 + n = pq + « for some pg > n + «, then by Lemmas 2.2

and 3.1 we have

// 'Lf% ) o)ty // \)dw(w)dvﬂ(w

< [ alatanine [ A=W ) < / B(g(e))dva(a).

[z, y|Pa

The result follows.
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