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1. Introduction and main results

Let x = (x1, ..., xn), y = (y1, ..., yn) be two vectors in the n-dimensional real

vector space Rn. We write

⟨x, y⟩ = x1y1 + ...+ xnyn and |x| =
√

⟨x, x⟩ =
√

x2
1 + ...+ x2

n.

For a ∈ Rn, let B(a, r) = {x : |x − a| < r}, S(a, r) = ∂B(a, r) and B(a, r) =

B(a, r) ∪ S(a, r). In particular, we use the notations B = B(0, 1), S = ∂B(0, 1) and

B = B ∪ S the closure of B. We denote by dv the normalized volume measure on

B and dσ the normalized surface measure on S. As usual, the class of all harmonic

functions on the unit ball B will be denoted by h(B).
Given a function Φ : [0,∞) → [0,∞) with Φ(0) = 0, we say that Φ is a growth

function if it is continuous and non-decreasing.

For α > −1 and a growth function Φ, the Orlicz space LΦ
α(B) is the set of all

functions f such that ∫
B
Φ(|f(x)|)dvα(x) < ∞,

where dvα(x) = cα(1− |x|2)αdv(x) and cα is a positive constant so that vα(B) = 1.

Denote by Lp
α(B) the subspace of LΦ

α(B) for Φ(t) = tp and 0 < p < ∞.

1The research was partly supported by the Natural Science Foundation of Fujian Province
(No.2020J05157), the Research projects of Young and Middle-aged Teacher’s Education of Fujian
Province (No.JAT190508).
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The harmonic Bergman-Orlicz space BΦ
α is the subspace of LΦ

α(B) consisting of

all f ∈ h(B) such that

∥f∥α,Φ = inf{µ > 0 :

∫
B
Φ
( |f(x)|

µ

)
dvα(x) ≤ 1} < ∞.

In particular, if 0 < p < ∞ and Φ(t) = tp, then the associated harmonic Bergman-

Orlicz space is the weighted harmonic Bergman space Bp
α (cf. [4, 11]).

Let D be the unit disk of the complex plane C. For 0 < p < ∞ and α > −1, the

standard weighted Bergman space Ap
α(D) consists of all analytic functions g on D

such that ∫
D
|g(z)|pdAα(z) < ∞

where dAα(z) = (α + 1)(1 − |z|2)αdA(z) and dA(z) is the area measure on C
normalized so that A(D) = 1. The famous Hardy-Littlewood theorem for weighted

Bergman space Ap
α(D) asserts that∫

D
|g(z)|pdAα(z) ≈ |g(0)|p +

∫
D
|g′(z)|p(1− |z|2)pdAα(z).(1.1)

It is well-known that integral estimate (1.1) plays an important role in the theory

of analytic functions. For the generalizations and applications of (1.1) to the spaces

of holomorphic functions, harmonic functions, and solutions to certain PDEs, see

[4], [5], [7] - [11, 16] and the references therein.

In [14], B. Sehba considered the analogue of (1.1) in the setting of holomorphic

functions spaces on the complex unit ball. By adding some suitable restrictions on

the growth function Φ, he generalized the integral estimate (1.1) to the Bergman-

Orlicz spaces of holomorphic functions. As applications, characterizations of the

Gustavsson-Peetre interpolate and boundedness of Cesàro-type operators on Bergman-

Orlicz spaces are discussed.

Motivated by the results in [7, 9, 14], our aim in this paper is to extend (1.1) to

the setting of harmonic Bergman-Orlicz space BΦ
α . In order to state the our result,

we need some more definitions on the growth function Φ.

We say that a growth function Φ is of upper type q ≥ 1 if there exists C > 0

such that, for s > 0 and t ≥ 1,

Φ(st) ≤ CtqΦ(s).(1.2)

Denote by Uq the set of growth functions Φ of upper type q, (for some q ≥ 1), such

that the function t → Φ(t)
t is non-decreasing.

We say that Φ is of lower type p > 0 if there exists C > 0 such that, for s > 0

and 0 < t ≤ 1,

Φ(st) ≤ CtpΦ(s).(1.3)
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Denote by Lp the set of growth functions Φ of lower type p, (for some p < 1), such

that the function t → Φ(t)
t is non-increasing.

From the above definitions on Φ, we may always suppose that any Φ ∈ Lp

(resp. Uq), is concave (resp. convex) and that Φ is a C1 function with derivative

Φ′(t) ≈ Φ(t)
t (cf. [14, 15]).

For f ∈ h(B), recall that the radial derivative R of f is given by

Rf(x) = x · ∇f(x) =
∂

∂t
(f(tx))t=1 =

∞∑
m=1

mfm(x),

where ∇ is the usual gradient and the last form is the homogeneous expansion of

f . The fundamental theorem of calculus shows that

f(x)− f(0) =

∫ 1

0

(Rf)(tx)
dt

t
.

Theorem 1.1. Let α > −1, f ∈ h(B) and Φ ∈ Uq ∪ Lp. Then the following

statements are equivalent.

(a) f ∈ BΦ
α ;

(b) (1− |x|2)|∇f(x)| ∈ LΦ
α(B);

(c) (1− |x|2)|Rf(x)| ∈ LΦ
α(B).

As applications of Theorem 1.1, we establish several characterizations of harmonic

Bergman-Orlicz spaces in terms of Lipschitz-type conditions with respect to pseudo-

hyperbolic, hyperbolic and Euclidean metrics, which can be viewed as extensions

of [16, Theorem 1.1] into the general setting.

Theorem 1.2. Let α > −1, Φ ∈ Uq ∪ Lp and f ∈ h(B). Then the following

statements are equivalent.

(a) f ∈ BΦ
α ;

(b) There exists a positive continuous function g ∈ LΦ
α(B) such that

|f(x)− f(y)| ≤ ρ(x, y)
(
g(x) + g(y)

)
for all x, y ∈ B;

(c) There exists a positive continuous function g ∈ LΦ
α(B) such that

|f(x)− f(y)| ≤ ϱ(x, y)
(
g(x) + g(y)

)
for all x, y ∈ B.

Theorem 1.3. Let α > −1, Φ be a given growth function and f ∈ BΦ
α .

(1) If Φ ∈ Uq, then there exists a positive continuous function g ∈ LΦ
α+k(B) (k ∈

[q,∞) such that |f(x)− f(y)| ≤ |x− y|
(
g(x) + g(y)

)
for all x, y ∈ B;
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(2) If Φ ∈ Lp, then there exists a positive continuous function g ∈ LΦ
α+k(B) (k ∈

[1,∞) such that |f(x)− f(y)| ≤ |x− y|
(
g(x) + g(y)

)
for all x, y ∈ B.

The organization of this paper is as follows. In Section 2, some necessary terminologies

and notations will be introduced. The proof of Theorems 1.1 ∼ 1.3 will be presented

in Section 3. The Section 4 is devoted to discussing some applications of the main

results. Throughout this paper, constants are denoted by C, they are positive and

may differ from one occurrence to the other. For nonnegative quantities X and Y ,

X ≲ Y means that X is dominated by Y times some inessential positive constant.

We write X ≈ Y if Y ≲ X ≲ Y .

2. Preliminaries

In this section, we introduce notations and collect some preliminary results that

we need later.

2.1. Pseudo-hyperbolic metric. For a ∈ B, let

φa(x) =
|x− a|2a− (1− |a|2)(x− a)

[x, a]2
, x ∈ B,

where [a, x] =
√
1− 2⟨a, x⟩+ |a|2|x|2. Then φa is a Möbius transformation from B

onto B with φa(0) = a and φa(a) = 0.

We denote by M(B) the set of all Möbius transformation on B. It is known that

if φ ∈ M(B), then there exist a ∈ B and an orthogonal transformation A such that

φ(x) = Aφa(x), x ∈ B.

In terms of φa, the pseudo-hyperbolic metric ρ and the hyperbolic metric ϱ in B
are given by

ρ(a, b) = |φa(b)| =
|a− b|
[a, b]

, a, b ∈ B

and

ϱ(a, b) = ln
1 + |φa(b)|
1− |φa(b)|

,

respectively.

Let a ∈ B and r ∈ (0, 1), the pseudo-hyperbolic ball with center a and radius r is

denoted by

E(a, r) = {x ∈ B : ρ(a, x) = |φa(x)| < r}.

A straightforward calculation shows that E(a, r) is actually a Euclidean ball with

center ca and radius ra given by

ca =
(1− r2)a

1− |a|2r2
and ra =

r(1− |a|2)
1− |a|2r2

,(2.1)

respectively (cf. [1, 14]).
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Lemma 2.1. [13] Let a ∈ B, r ∈ (0, 1) and x ∈ E(a, r). Then

1− |a|2 ≈ 1− |x|2 ≈ [a, x] and |E(a, r)| ≈ (1− |a|2)n,

where |E(a, r)| denotes the Euclidean volume of E(a, r).

The following standard estimate will be needed in the sequel.

Lemma 2.2. [13] Let α > −1 and β ∈ R. Then for any x ∈ B,

∫
B

(1− |y|2)α

[x, y]n+α+β
dv(y) ≈


(1− |x|2)−β , β > 0,

log
1

1− |x|2
, β = 0,

1, β < 0.

2.2. Operators on Orlicz spaces. Let Φ be a growth function. Recall that the

lower and the upper indices of Φ are respectively defined by

aΦ = inf
t>0

tΦ′(t)

Φ(t)
and bΦ = sup

t>0

tΦ′(t)

Φ(t)
.

It is known that when Φ is convex, then 1 ≤ aΦ ≤ bΦ < ∞ and, if Φ is concave,

then 0 ≤ aΦ ≤ bΦ ≤ 1 (cf. [6, 14]).

Definition 2.1. Let Φ be a growth function. A linear operator T defined on LΦ
α(B)

is said to be of mean strong type (Φ,Φ)α if∫
B
Φ(|Tf |)dvα(x) ≤ C

∫
B
Φ(|f |)dvα(x)

for any f ∈ LΦ
α(B), and T is said to be mean weak type (Φ,Φ)α if

sup
t>0

Φ(t)vα({x ∈ B : |Tf(x)| > t}) ≤ C

∫
B
Φ(|f |)dvα(x)

for any f ∈ LΦ
α(B), where C is independent of f .

We remark that if Φ(t) = tp, then the mean strong type (tp, tp)α is the usual

strong type (p, p) coincide. The following result comes from [4, Theorem 4.3].

Lemma 2.3. Let Let Φ0,Φ1 and Φ2 be three convex growth functions. Sup- pose

that their upper and lower indices satisfy the following condition

1 ≤ aΦ0
≤ bΦ0

< aΦ2
≤ bΦ2

< aΦ1
≤ bΦ1

< ∞.

If T is of mean weak types (Φ0,Φ0)α and (Φ1,Φ1)α, then it is of mean strong type

(Φ2,Φ2)α.

Let β ∈ R and consider the operator Eβ defined for functions f on B by

Eβf(x) =

∫
B
f(y)

(1− |y|2)β

[x, y]n+β
dv(y).
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We refer to [2] and [3] for more details on Bergman type projection Eβ . For a

proof of the following lemma see, for example [9, Theorem 1.6].

Lemma 2.4. Let 1 ≤ p < ∞ and α, β > −1. The operator Eβ : Lp
α(B) → Lp

α(B) is

bounded if and only if α+ 1 < p(β + 1).

Combing Lemmas 2.3 and 2.4, the following result can be easily derived.

Lemma 2.5. Let α, β > −1 and Φ be a convex growth function with its lower indice

aΦ. If 1 < p < aΦ and α+ 1 < p(β + 1), then Eβ is of mean strong type (Φ,Φ)α.

2.3. Harmonic functions. It is well-known that the weighted harmonic Bergman

spaces B2
α for α > −1 is a reproducing kernel Hilbert space with reproducing kernel

Rα(x, y) :

f(x) =

∫
B
f(y)Rα(x, y)dvα(y), f ∈ B2

α.

The reproducing kernels Rα(x, y) can be expressed in terms of zonal harmonics as

Rα(x, y) =

∞∑
k=0

(1 + n
2 + α)k

(n2 )k
Zk(x, y) =

∞∑
k=0

γk(α)Zk(x, y),

where the series absolutely and uniformly converges on K × B, for any compact

subset K of B. Rα(x, y) is real-valued, symmetric in the variables x and y and

harmonic with respect to each variable since the same is true for all Zk(x, y). For

the extension of reproducing kernels Rα(x, y) to all α ∈ R, see [7, 9].

We recall some useful inequalities concerning harmonic functions which are useful

for our investigations.

Lemma 2.6. [4, 13] Let 0 < p < ∞, 0 < r < 1 and f ∈ h(B). Then there exists

some positive constant C such that

(1) |f(x)|p ≤ C

∫
E(x,r)

|f(y)|pdτ(y);

(2) |∇f(x)|p ≤ C

(1− |x|2)p

∫
E(x,r)

|f(y)|pdτ(y),

where dτ(x) = (1− |x|2)−ndv(x) is the invariant measure on B.

The above lemma leads to the following integral inequality (cf. [7, Lemma 5.1]).

Lemma 2.7. Let 0 < p < 1 and α > −1. Then∫
B
|f(x)g(x)|(1− |x|2)(n+α)/p−ndvα(x) ≲ ∥f(x)g(x)∥Lp

α

for all f, g ∈ h(B).
8
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3. Proofs of main results

The purpose of this section is to prove our main results. Before the proofs, we

need the following lemmas.

Lemma 3.1. Let Φ ∈ Lp. Then the growth function Φp, defined by Φp(t) = Φ(t
1
p )

is in Uq for some q ≥ 1. Moreover, for s > 0 and t ≥ 1,

Φp(ts) ≤ t
1
pΦp(s).(3.1)

Proof. We only need to prove (3.1) since the assertion Φp ∈ Uq for some q ≥ 1 can

be found in [14, Lemma 2.1]. Let s > 0 and t ≥ 1. By the monotonicity of Φ(t)
t , it

deduces that

Φp(ts) = Φ(t
1
p s

1
p ) ≤ t

1
pΦ(s

1
p ) = t

1
pΦp(s).

This gives (3.1).

Lemma 3.2. Let α > −1 and Φ ∈ Uq ∪ Lp. Then there exists a constant C > 0

such that for any f ∈ BΦ
α ,∫

B
Φ((1− |x|2)|∇f(x)|)dvα(x) ≤ C

∫
B
Φ(|f(x)|)dvα(x).(3.2)

Proof. Let

pΦ =

{
1, if Φ ∈ Uq,

p, if Φ ∈ Lp.
(3.3)

By Lemma 2.6, for each x ∈ B, there exist C > 0 such that(
(1− |x|2)|∇f(x)|

)pΦ ≤ C

∫
E(x,r)

|f(y)|pΦdτ(y).

Set

Φp(t) =

{
Φ(t), if Φ ∈ Uq,

Φ(t
1
p ), if Φ ∈ Lp.

(3.4)

It follows from Lemma 3.1 and the convexity of Φp(t) that

Φ((1− |x|2)|∇f(x)|) ≤ C

∫
E(x,r)

Φ(|f(y)|)dτ(y).

Integrating both sides of the above inequality over B with respect to dvα(x) and

applying Fubini’s theorem and Lemma 2.1, (3.2) follows.

Lemma 3.3. Let α > −1, Φ ∈ Uq∪Lp and f ∈ h(B). If (1−|x|2)|Rf(x)| ∈ LΦ
α(B),

then there exists a constant C > 0 such that∫
B
Φ(|f(x)− f(0)|)dvα(x) ≤ C

∫
B
Φ((1− |x|2)|Rf(x)|)dvα(x).(3.5)
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Proof. Assume that f ∈ h(B) and (1−|x|2)|Rf(x)| ∈ LΦ
α(B). In view of [9, Theorem

1.4], we see that for large enough s,

Rf(x) =

∫
B
Rf(y)Rs(x, y)dvs(y).

Since
∫
B Rf(y)dvs(y) = 0, subtracting this from the previous equation yields

Rf(x) =

∫
B
Rf(y)(Rs(x, y)− 1)dvs(y).

Consequently,

|f(x)− f(0)| =
∣∣∣ ∫ 1

0

∫
B
Rf(y)(Rs(tx, y)− 1)dvs(y)

dt

t

∣∣∣
=

∣∣∣ ∫
B
Rf(y)

∫ 1

0

Rs(tx, y)− 1

t
dtdvs(y)

∣∣∣.
Let

G(x, y) =

∫ 1

0

Rs(tx, y)− 1

t
dt.

By an argument similar to the one in the proof of [9, Lemma12.1], we have

|G(x, y)| ≤
∫ 1

0

∣∣∣Rs(tx, y)− 1

t

∣∣∣dt ≲ ∫ 1

0

dt

[tx, y]n+s
≲

1

[x, y]n+s−1
.

Therefore,

|f(x)− f(0)| ≲
∫
B
(1− |y|2)|Rf(y)| 1

[x, y]n+s−1
dvs−1(y).

We first consider the case Φ ∈ Uq. Fix p so that 1 < p < aΦ. Since (1−|x|2)|Rf(x)| ∈
LΦ
α(B), by taking s large enough so that α + 1 < ps, we obtain from Lemma 2.5

that ∫
B
Φ(|f(x)− f(0)|)dvα(x) ≤ C

∫
B
Φ((1− |x|2)|Rf(x)|)dvα(x).

We now consider the case of Φ ∈ Lp. Set s = (n + α′)/p − n and α′ > α + p. By

Lemma 2.7, it deduces that

|f(x)− f(0)|p ≲
∫
B
|Rf(y)|p|G(x, y)|pdvα′(y)

≲
∫
B

|Rf(y)|p

[x, y]p(n+s−1)
dvα′(y)

≲
∫
B

|(1− |y|2)Rf(y)|p

[x, y]n+α′−p
dvα′−p(y).

As the growth function t → Φp(t) = Φ(t
1
p ) is in Uq, proceeding as in the first part

of this proof yields that∫
B
Φ(|f(x)− f(0)|)dvα(x) =

∫
B
Φp(|f(x)− f(0)|p)dvα(x)

≲
∫
B
Φp((1− |x|2)|Rf(x)|)p)dvα(x) ≲

∫
B
Φ((1− |x|2)|Rf(x)|)dvα(x).

10
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The proof of this lemma is complete.

Proof of Theorem 1.1. (a) ⇒ (b) follows from Lemma 3.2. (b) ⇒ (c) is trivial

since |Rf(x) ≤ |∇f(x)| for x ∈ B. Lemma 3.3 implies (c) ⇒ (a).

Proof of Theorem 1.2. We first prove (b) ⇒ (a). Assume that (b) holds. Then

for each fixed x ∈ B and all y sufficiently close to x

|f(x)− f(y)|
ρ(x, y)

≤ g(x) + g(y), x ̸= y.

Letting y approach x in the direction of each real coordinate axis, we conclude

(1− |x|2)|∇f(x)| ≤ Cg(x).

It follows from the assumption g ∈ LΦ
α(B) that∫

B
Φ(|(1− |x|2)|∇f(x)|)dvα(x) < ∞.

Hence f ∈ BΦ
α by Theorem 1.1.

(b) ⇒ (a). Assume that f ∈ BΦ
α . Fix a small positive r and consider any two points

x, y ∈ B with y ∈ E(x, r). Since E(x, r) is a Euclidean ball, by Lemma 2.1, it is

given that

|f(x)− f(y)| ≤ C|x− y|
∫ 1

0

|∇f(sy + (1− s)x)|ds

≤ Cρ(x, y) sup{(1− |x|2)|∇f(ξ)| : ξ ∈ E(x, r)}

= ρ(x, y)h(x),

where

h(x) = Cr sup{(1− |ξ|2)|∇f(ξ)| : ξ ∈ E(x, r)}.

If ρ(x, y) ≥ r, then the triangle inequality implies

|f(x)− f(y)| ≤ |f(x)|+ |f(y)|

≤ ρ(x, y)
( |f(x)|

r
+

|f(y)|
r

)
.

By letting g(x) = h(x) + |f(x)|
r , we have

|f(x)− f(y)| ≤ ρ(x, y)
(
g(x) + g(y)

)
for all x, y ∈ B. It is easy to see that g(x) = h(x) + |f(x)|

r is the desired function

provided that h ∈ LΦ
α(B). From (2.1), we can find r′ such that 0 < r < r′ < 1 and

E(ξ, r) ⊂ E(x, r′) for every ξ ∈ E(x, r). It follows from Lemma 2.6 and the proof

of Lemma 3.2 that

|h(x)|pΦ ≤ C

∫
E(x,r′)

|f(y)|pΦdτ(y)

11
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and

Φ(|h(x)|) ≤ C

∫
E(x,r′)

Φ(|f(y)|)dτ(y),

where pΦ is given in (3.3).

Hence by Fubini’s theorem and Lemma 2.1,∫
B
Φ(|h(x)|)dvα(x) ≤ C

∫
B
(1− |x|2)α

∫
E(x,r′)

Φ(|f(y)|)dτ(y)dv(x)

≤ C

∫
B
Φ(|f(y)|)dτ(y)

∫
E(y,r′)

(1− |x|2)αdτ(x)

≤ C

∫
B
Φ(|f(y)|)dvα(y).

This proves (a) ⇔ (b).

As ρ ≤ ϱ, so the implication (a) ⇒ (c) is trivial. For the converse, suppose that

there exists a positive continuous function g ∈ LΦ
α(B) such that

|f(x)− f(y)| ≤ ϱ(x, y)
(
g(x) + g(y)

)
for all x, y ∈ B. By a discussion similar to the proof of (b) ⇒ (a), it concludes that

(1− |x|2)|∇f(x)| ≤ Cg(x),

which implies that f ∈ BΦ
α . The proof of Theorem 1.2 is finished.

Proof of Theorem 1.3. Since f ∈ BΦ
α , we know that there exists a positive

continuous function g1 ∈ LΦ
α(B) such that

|f(x)− f(y)| ≤ ρ(x, y)
(
g1(x) + g1(y)

)
, x, y ∈ B,

from Theorem 1.2. As for x, y ∈ B,

[x, y] ≥ 1− |x|, [x, y] ≥ 1− |y|,

we deduce that

|f(x)− f(y)| ≤ |x− y|
(g1(x)
[x, y]

+
g1(y)

[x, y]

)
≤ |x− y|

(
g(x) + g(y)

)
,

where

g(x) =
g1(x)

1− |x|
≤ 2g1(x)

1− |x|2
.

This means that (1− | · |2)g(·) ∈ LΦ
α(B).

(1) If Φ ∈ Uq and k ∈ [q,∞), by (1.2) we have∫
B
Φ(|g(x)|)dvα+k(x) ≤ C

∫
B
Φ((1− |x|2)|g(x)|)(1− |x|2)k−qdvα(x)

≤ C

∫
B
Φ((1− |x|2)|g(x)|)dvα(x),

which implies that g ∈ LΦ
α+k(B).

12
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(2) If Φ ∈ Lp and k ∈ [1,∞), then by Lemma 3.1, Φp(t) = Φ(t
1
p ) ∈ U1/p. It follows

from (1.2) again that∫
B
Φ(|g(x)|)dvα+k(x) =

∫
B
Φp(|g(x)|p)dvα+k(x)

≤ C

∫
B
Φp((1− |x|2)p|g(x)|p)(1− |x|2)k−1dvα(x)

≤ C

∫
B
Φp((1− |x|2)p|g(x)|p)dvα(x)

≤ C

∫
B
Φ((1− |x|2)|g(x)|)dvα(x),

as desired. The proof is complete.

4. A difference quotient of harmonic function on B

In this section we present an application of our main results.

Let f ∈ h(B), we define a difference quotient of f by

Lf(x, y) =
f(x)− f(y)

x− y
, x, y ∈ B, x ̸= y.

It is known that in [16], Wulan and Zhu introduced this kind of operator L in the

setting of analytic functions spaces and discussed the boundedness of L between

standard weighted Bergman space Ap
α(D). Especially, they obtained the following:

(I) If α > −1, and p ∈ (0, α+ 2), then L is bounded from Ap
α(D) into Ap

α(D×D);

(II) If α > −1, and p > α+2 and β = p+α−2
2 , then L is bounded from Ap

α(D) into

Ap
β(D× D).

We now extend this result to the harmonic Bergman-Orlicz space BΦ
α as follows.

Theorem 4.1. Let α > −1 and Φ ∈ Uq ∪ Lp. If q ∈ [1, n + α), then L : BΦ
α →

LΦ
α(B× B) is bounded.

Proof. Let f ∈ BΦ
α . By Theorem 1.2, there exists a positive continuous function

g ∈ LΦ
α(B) such that

|f(x)− f(y)| ≤ ρ(x, y)
(
g(x) + g(y)

)
,

which in turn gives

|Lf(x, y)| =
∣∣∣f(x)− f(y)

x− y

∣∣∣ ≤ g(x) + g(y)

[x, y]
, x ̸= y.

Set

pΦ =

{
1, if Φ ∈ Uq,

p, if Φ ∈ Lp.

Then

|Lf(x, y)|pΦ ≤
( g(x)

[x, y]

)pΦ

+
( g(y)

[x, y]

)pΦ

.

13
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In what follows, we divide the proof into two cases based on the types of Φ.

Case I. Φ ∈ Uq, q ∈ [1, n+ α) and pΦ = 1.

Applying the convexity of Φ, we have

Φ
( |Lf(x, y)|

2

)
≤ 1

2
Φ
( g(x)

[x, y]

)
+

1

2
Φ
( g(y)

[x, y]

)
.

It follows from the definition of Uq that∫
B

∫
B
Φ
( |Lf(x, y)|

2

)
dvα(x)dvα(y)

≲
1

2

∫
B

∫
B
Φ
( g(x)

[x, y]

)
dvα(x)dvα(y) +

1

2

∫
B

∫
B
Φ
( g(y)

[x, y]

)
dvα(x)dvα(y)

≲
∫
B

∫
B
Φ
( g(x)

[x, y]

)
dvα(x)dvα(y) ≤

∫
B

∫
B
Φ
(2g(x)
[x, y]

)
dvα(x)dvα(y)

≲
∫
B
Φ(g(x))dvα(x)

∫
B

2q(1− |y|2)α

[x, y]q
dv(y).

Since q ∈ [1, n+ α), according to Lemma 2.2, we have∫
B

∫
B
Φ
( |Lf(x, y)|

2

)
dvα(x)dvα(y) ≲

∫
B
Φ(g(x))dvα(x).

Case II. Φ ∈ Lp and pΦ = p.

In view of Lemma 3.1, Φp(t) = Φ(t
1
p ) ∈ U1/p and by the convexity of Φp,

Φp

(∣∣∣Lf(x, y)
2

1
p

∣∣∣p) ≤ 1

2
Φp

(∣∣∣ g(x)
[x, y]

∣∣∣p)+
1

2
Φp

(∣∣∣ g(y)
[x, y]

∣∣∣p).
By an argument similar to that in the proof of Case I and Lemma 3.1, we have∫

B

∫
B
Φ
( |Lf(x, y)|

2
1
p

)
dvα(x)dvα(y) =

∫
B

∫
B
Φp

(∣∣∣Lf(x, y)
2

1
p

∣∣∣p)dvα(x)dvα(y)
≲

∫
B

∫
B
Φp

(∣∣∣2g(x)
[x, y]

∣∣∣p)dvα(x)dvα(y) ≲ ∫
B
Φ(g(x))dvα(x)

∫
B

2(1− |y|2)α

[x, y]
dv(y)

≲
∫
B
Φ(g(x))dvα(x).

Combing these two cases and using a standard argument based on the closed graph

theorem, it concludes that the operator L : BΦ
α → LΦ

α(B× B) is bounded.

For the case of q > n + α, we can also prove the following result by using an

argument similar to the one in the proof of Theorem 4.1.

Theorem 4.2. Let α > −1. Suppose that one of the following two conditions is

satisfied:

(1) Φ ∈ Uq with q ∈ (n+ α,∞) and 2β + n = q + α;

(2) Φ ∈ Lp and 2β + n = pq + α for some pq > n+ α.

Then L : BΦ
α → LΦ

β (B× B) is bounded.
14
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Proof. Let f ∈ BΦ
α . (1) If Φ ∈ Uq with q ∈ (n+ α,∞) and 2β + n = q + α, then by

the same reasoning as in the proof of the above results, we have∫
B

∫
B
Φ
( |Lf(x, y)|

2

)
dvβ(x)dvβ(y) ≲

∫
B

∫
B
Φ
( g(x)

[x, y]

)
dvβ(x)dvβ(y)

≲
∫
B
Φ(g(x))dvβ(x)

∫
B

(1− |y|2)β

[x, y]q
dv(y) ≲

∫
B
Φ(g(x))dvα(x),

where the last inequality follows from Lemma 2.2. Hence L : BΦ
α → LΦ

β (B × B) is

bounded.

(2) If Φ ∈ Lp and 2β + n = pq + α for some pq > n + α, then by Lemmas 2.2

and 3.1 we have∫
B

∫
B
Φ
( |Lf(x, y)|

2
1
p

)
dvβ(x)dvβ(y) ≲

∫
B

∫
B
Φp

(∣∣∣2g(x)
[x, y]

∣∣∣p)dvβ(x)dvβ(y)
≲

∫
B
Φ(g(x))dvβ(x)

∫
B

(1− |y|2)β

[x, y]pq
dv(y) ≲

∫
B
Φ(g(x))dvα(x).

The result follows.
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