Uszsecrust HAH Apmennun, Maremaruka, Tom 58, u. 4, 2023, crp. 3 — 13.

(P,Q) — e-PSEUDO CONDITION SPECTRUM FOR 2 x 2
MATRICES. LINEAR OPERATOR AND APPLICATION

J. BANAS, A. B. ALI, K. MAHFOUDHI, B. SAADAOUI

University of Sfax, Faculty of Sciences of Sfax, Tunisia
Rzeszaw University of Technology, Rzeszow, Poland
University of Sousse, Tunisia
E-mails: anouer.benali.math@gmail.com; kamelmahfoudhi72@yahoo.com;
saadaoui.bilel@hotmail.fr;  jbanas@prz.edu.pl

Abstract. We define a new type of spectrum, called the (P, Q) — e-pseudo condition spectra

S8 o) (D) = o8 o (M {A €C: (A=) o llIN =TI > %} .
This (P, Q) — e-pseudo condition spectrum shares some properties of the usual spectrum such as
non emptiness. Our aim in this paper is to show some properties of (P, Q) — e-pseudo condition
spectra of a linear operator T in Banach spaces and reveal the relation between their (P, Q) — e-
pseudo condition spectra. Additionally, we investigate the (P, Q) — e-pseudo condition spectrum

of a block matrix in a Banach space.
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1. INTRODUCTION

For the past ten years, there has been in the field of mathematics digital technology
has a keen interest in the study of the notion of pseudo-spectrum and pseudo
condition spectra. The development of this notion is explained by the fact that
in a certain number of mathematical engineering problems were natural non-self-
employed operators. This original observation suggests that in some cases, knowledge
of the spectrum of an operator alone does not sufficiently understand his action.
It is as well as to make up for this apparent lack of information contained in
the spectrum, new subsets of the complex plane called pseudo-spectra have been
introduced. There are several generalizations of the concept of the spectrum in
literature such as Ransford spectrum [§], pseudo spectrum [12], condition spectrum
[1} 2[5, [10], pseudo spectra of multivalued linear operator [3]. Unlike the spectrum,
which is a purely algebraic concept, both the pseudo spectrum and condition
spectrum depend on the norm. Also, both these sets contain the spectrum as a
subset.

Consider two idempotent elements P,Q € B(X) i.e. P2 = P and Q% = Q.
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Definition 1.1. Let T € B(X). An operator S € B(X) satisfying,
STS=S, ST=P and I -TS=Q
will be called a (P, Q)-outer generalized inverse of T and it is denoted by Tgég.

The detailed treatment of outer generalized inverses of operators on Banach and

Hilbert spaces can be found in [4 [7].

Definition 1.2. For an element T € B(X), the (P, Q)-resolvent set is defined as

(2 (T) := {)\ eC: (A= T)g)Q em'st}.

P(P.Q)
The complement of the set pgg)_Q)(T) is called (P, Q)-spectrum and it is denoted by
pue) (T)
(P,Q) ’

From now onwards, we consider the idempotent P # 0 and P # I and we fix the
operator Q =1 - P. If A € pEQP)’Q)(T), then we denote (A — T)g)Q by Rr()). For
given T € B(X), if Rr()) exists for some A € C, then from Definition

(1.1) Rr(N(A—T)=P and (A\—T)Rp(\) =P

By (Eq. , TP = PT. Consequently, if TP # PT then o5, (T) = C. Because

of this reason, in the rest of the paper we assume TP = PT.

In this note, we dedicate to research the (P,Q) — e-pseudo condition spectra
of a linear operator and its properties. The remainder of this paper is organized
as follows. In Section 2, we first suggest a characterize for the (P, Q) — e-pseudo
condition spectra of a linear operator. Then, in Section 3, we investigate the (P, Q)—

e-pseudo condition spectra, of a block matrix in a Banach space.

2. (P,Q) — e-PSEUDO CONDITION SPECTRA OF LINEAR OPERATOR

The (P, Q) —e-pseudo spectrum were studied in [6, 1I]. Let e > 0 and T € B(X).
The (P, Q) — e-pseudo spectrum is defined as

UEQQ)_E(T) = {>\ eC:(A— T)g)Q does not exist or

(A= T)3|| > =}-

By convention, we write ||Rr(\)|| = oo if Rr(\) is unbounded or nonexistent, i.e., if
A is in the spectrum UEQQ)(T) It is well known that pE?’Q)%(T) for any T' € B(X)

is a nonempty open subset, the following remark prove the same for (P,Q) — -
pseudo resolvent set. In this section, we define the pseudo spectra of linear relation

and study some properties.
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Definition 2.1. ((P,Q) — e-pseudo spectra of T')
Let T € B(X) where X is a normed space and € > 0 we define the (P, Q) —e-pseudo
spectra of T' by

1
o) = offg@U{rec: IrM> 1],
We denote the (P, Q) — e-pseudo resolvent set of T

Ko = Qo0 =i mn{rec: IR <1},

Definition 2.2. ((P,Q) — e-pseudo condition spectra of T')
Let T € B(X) where X is a normed space and € > 0 we define the (P, Q) —e-pseudo
condition spectra of T by

1
Sa- D) = alo@U{reC:I0-1Eglr-11> 2}

with the convention that ||(A — T)gj Q)HH/\ T = o0, if (A — T)EQP)Q) is not exists.
Notice that the uniqueness on ) E( ) allows us to consider the (P, Q)—e-pseudo

condition spectrum and (P, Q) — e- pseudo spectrum.

Theorem 2.1. LetTeB( ) and 0 < & < 1. Then,

(1) o)M= [ =g (D)

0<e<1
(2) If0 <e1 <eq <1, then

L@ @)
7 (T) CE(pg) e,

(3) If « € C, then

)

2
Py (T+al)=a+ 2@ ().

(P,Q)—¢

Proof. (1) It is clear that O'(P)Q)( ) C Egg)_ )75(T) for all 0 < € < 1. Then,

r o Ca Rl (i |
0<e<1

2
Conversely, if A € ﬂ E(PQ) .(T), thenforall0 < e < 1, we get A € EEP)Q)_E(T).
0<e<1

We will discuss these two cases:

15 case: If A € JE?Q)(T), then we get the desired result.

2" case : If )\ € {/\ eC:||(N— T)(Q) ||||)\ T| > %}, then taking limits as
e — 07, we get
1= 1) A =Tl =

We deduce that A € UEQQ)(T).
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(2) Let A€ N3 . (T), s0

1 1

Il(X — T) \)\—T||>—>—.
€1 €2

@ ol

We conclude that \ € »?)

Hoy_e,(T). Let A € B7

(P.Q)— (T + o), hence

I = a) = )P g A = )—T||>§

Therefore, A — exn®

(p.0)_e(T). This yields to

(2)
Aea+Xpo (7).

Lemma 2.1. LetT € B(X), 0 < e < 1 and P is invertible. Then, A € EE?Q)%(T)\
e

o Q)( ) if and only if there exists x such that

1P~ A = T)al| < e|A =Tl

Proof. Let A € 52 (T )\0(2) ( ), then

(P,Q)—¢
1
I =T) R A =T >
Thus
1
A —T)
Moreover
2)
aup A= T)ép@yn L
y#0 Iyl ellA =17
Then, there exists a nonzero y € X such that
IIyH
A —T) .

Putting z = (A — T)E?Q)y, then A=T)z=A-=T)(A— T)E?D)Q)y = Py. Hence,

elA=Tllz] > |P~H(A = T)z].
Conversely, we assume that there exists x € X such that

elA=Tllz] > |P~H(A = T)z].

(2)
P.QY

lzll < 1A = DR NIyl

Let A\ & o T)andz=(A-1T) then

Py

Moreover,
2 _
e A =TI = 1) o) lllwll > 1P~ = D)zl = |1yl

It follows that 1 < ||A — T'||||(A — T)E?’)Q)”' We conclude that,

/\eEPQ) (T )\a((i,{Q)(T).
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Suppose X is a Banach space with the following property: For all generalized
invertible operator T' € B(X) there exist B € B(X) such that B is not generalized

invertible and

1
”T_BH (2)
1T I
Theorem 2.2. Let A € EE?D)Q) _(T). Then, there exists D € B(X) such that
ID|| <el|A =T and X € Z(PQ)(T—FD).

Proof. Suppose A\ € EEQP)Q)%(T). We will discuss these two cases:

1%t case : If X € JE?Q)(T) then it is sufficient to take D = 0.

274 case : If \ € Do 2) (T )\O'(P Q)( ). Hence, by assumption, there exists an
element B € B(X) such that

1
IA=T =Bl = ————.
IA=T)2 gl
Let D =X —T — B. Then
ID|| = ————— < <[]A-T].
I =T)P )l

Also B = X — (T + D), is not generalized invertible. So, A € O'(P Q)(T + D).

Corollary 2.1. Let X be a Banach space satisfying the hypothesis of Theorem[2.3.
Then, A € %) (T) if, and only if, there exists D € B(X) such that | D| <

(P,Q)— 5
ellA—="T and)\EU(PQ)(T—l-D).

Theorem 2.3. Let T € B(X), A€ C, and 0 < € < 1. If there is D € B(X) such

2
that | D|| < e||]A =T and X € U(PQ)(T+ D). Then, X\ € EEP)Q) (T).

Proof. We assume that there exists D such that ||D] < ||\ — T|| and X €

§2) (T + D). Let A ¢ EEQP)’Q)%(T)7 then for all (A — T)E?,Q) a generalized inverse

of A — T we have

1
A =TI =T < 2
Now, we define the operator S : X — X by
N @) 2 \"
S = z;)()\ T)(PQ)( (A — T)(PQ)) .
Since,
1D =T) gl < 1,

we can write

—1
S=(- T)E?Q)(J—D(A—T)EQQ)) .
7
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Then, there exists y € X such that

5(1 D\ — T)(P)Q)> =(A=T)D o

Let y = P(A — T)z. Then,
S(A\—T —D)Px = Px

for every € X. Hence, A —T'— D is generalized invertible, so A € X P) Q)— _(T).

Theorem 2.4. Let T € B(X), k= ||T||||T(2)Q)H and 0 < e < 1. Then,

(P.Q)— _(T) if, and only if, X € Eg}Q) E(T/)

(ii) If An ¢ ZEQQ (T)(T) such that Ay — X for all A\ € B3 o (T)(T), then
I =1)(

(Pl =00

()/\62

Proof. (i) Using the identity

IN=TIO = D)@ ol = IX=T X =T)E )

it is easy to see that the (P, Q) — e-pseudo condition spectrum of T’ " is given by the

mirror image of ¥.(T) with respect to the real axis.

(i) Suppose [|(A — T) PQ)H < fOY some § € R and since A, — A for all A €
&23)@) _(T), then there exists ng € N such that
1

2
1A= 1))l

A=Al <d—-1<6< for all n > ng.

Hence, \ ¢ EE?Q)_E(T). This is a contradiction.

Theorem 2.5. Let T, E € B(X) such that ||E|| < E||)\ =T and 0 < e < 1. Then,

@)
Z(Pa)—(

2
where,0<75:%+s<1and0<§f|\E||<1.

2
s (T) €52

oy (T+E)Cuf

P.@)-r.(T)

(2)
Proof. Let)\EZ(PQ) (

operator D € B(X) with

=_|El) (T). Then, by Theorem there exists a bounded

g
1Dl < (5 - 1) 1A -7

such that
2
Ne oo (T +D) :agng)((T+E) + (D—E)).
The fact that
D —E|| < |ID||+||E] < (* - IIEII)II/\ =T+ [|B]l <el]x =T,
8
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allows us to deduce that A € ZE?Q) (T+E). Now, let us prove the second inclusion.
Suppose A € EEP_Q)%(T + E), then there exists D € B(X) verifying

DI <elA=T = E[l <ellA =T + <[ E]

and A € 0% (T+ E+ D). The fact that ||D+ E| < 7.||A —T|| allows us to deduce

(P.Q)
that A € B(P o (7).

(P,Q)—
Theorem 2.6. Let T € B(X) ande > 0. Then, E(P)Q) .(T) has no isolated points.

Proof. Suppose 283) Q)fe(T) has an isolated point u. Then there exists an § > 0

such that for all A € C with 0 < |\ —p| < d and there exists a generalized invertible

(A — T)EFEQ) such that

2
IN=TIIO=T) Pl < -

Let 1 € E(P Q)- (T )\0(2) ( ). Then, using the Hahn—BanaCh Theorem, there exist
a2’ € X' such that

2 2 .
(0 =-T)Pg) = IN=TIHO=T) D)l with '] = 1.

Now, we define

61 pipo)(T) — R,

A o) = (A =Dg)).

Since ¢ is is well-defined and continuous; in B(u,d) and for all A € C with 0 <

|A — p| < 6, we have

1
\—HA T =T)P gl < =

B = |2/(A-T)F o)

(P Q)
But, ¢(n) = || —T|||| (1 — T)(Q) || > —. This contradicts the maximum modulus
principle.

Definition 2.3. We define T € B(X) to be of d-class operator if

1
1A =T)3) | =

POT g0, o)

i YA € C\o(p o (T).

In fact, we have the following theorem

Theorem 2.7. Let T € B(X) ande > 0. If T € B(X) 1is of d—class operator, then

P € {NeCrdr o o) (1) <A -T1}.

Proof. Let )\ € 2(2)

(P.Q)— .(T), then

1
2
IA= T = D))l > <

9
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Now, if T € B(X) is a d-class, we already have

1 (2)
A =T)P gl = YA € C\o(p o) (T)-
( A 0(7g)(T)) :
Hence,
1 2) A =T
S <A =TI =T Pl = =5 ——  ¥AeC\o{n, (D).
. O AN o) (1)) i
Therefore,

Ae {/\ec d(X, o) o) (T ))§s||>\—T||}.

Theorem 2.8. Let T € B(X) and € > 0. Then
(0) If T = pl for some number p, then T is of d-class operator and UE?Q)(T) = {u}.
(i) If T is of d-class operator, then oT + [ is also of d-class operator for every

number a, 3.

Proof. (i) Let T = p. for some number u. Then clearly 0((123)@) (T") = {p}. Hence
foral A\ e C\ o we have A # p. Thus
- 1 _ 1
_ B 2 :
A =uld(x oo, (1))

B,

I =T)P ol =

This shows that a is of d-class operator.

(#i) Next suppose that T is of d-class operator and B = oT + 8 for some complex
numbers «, 8. We want to prove that B is of d-class operator. If & = 0, then it follows
from (7). So assume that o # 0. Let w ¢ 0(2) )( )={ar+p5: A€ UE?Q)(B)}.
Then, \ := “=£ ¢ 0(12))@( ) and since T is of d-class operator,

1
IA-D) gl = ——5—— YA€C\o(pg) (D).
( d(X. 07 0 (1)) )
Now
l(w = Bl = (e + 8 — (aT + )P ll = HH(A )P ol
Therefore,
1
lw = B){P gl =
Q) lald(\, o5 o) (1))
_ 1 _ 1
A, 03 o (@) d(w, o7 o (B))

This shows that B is of d-class operator.

Remark 2.1. Under what additional conditions can we conclude that, if T is of
d-class operator and UE?Q) (T) = {u}, then T = p.
10
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Theorem 2.9. Let T € B(X) and for every 0 < e < 1 such that ¢ < ||\ =T we

have

(1) e EE?DQ) (1) if, and only if, A EO'(PQ) A TH(T)

(15) X € U(P)Q) (T) if, and only if, X € ZEP)Q) - (T).
Proof. (i) If A € X2, _(T), then
1
2
A€ o(po)(T) and [A=TIIA=T)Pg)ll = .
Hence,
1

(2) (2)
A€ opo)(T) and [[(A=T)p ol = =T

S (2)
which implies that A € O (P,Q)—e|A=T1)

(i1) Let A € ng)Q) .(T), then

(T'). The converse is similar.

Aea(f}Q)(T) and ||(\ — T)(PQ)||>7

Hence it follows that

2 IA—=1]
M€ o{po)(T) and [|A—TI[|(A—T){P g > —
This proves that

(2)
AeXpg)- T (7).

The converse is similar.

3. APPLICATION FOR MATRIX 2 X 2

In this article we will apply the results of the previous section to determine the
(P, @) — e-pseudo condition spectrum of 2 x 2 matrix operators by mean of measure
of non-strict-singularity. Let X and Y be tow Banach spaces and consider the 2 x 2

block operator matrix defined on X x Y by

(T 0
(% %)
where, T, T» € B(X). Defining the norm of the linear operator matrix 7" as
17 = max {73, 1721 }-

Now, we state an auxiliary result.

Lemma 3.1. |9, Lemma 3.1] Let P = ( 131 P9 ) and Q = ( %1 0 > If
2

TI(J)Q exist, then,
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Theorem 3.1. Let P = ( PO > and Q = < %1 0 ) IfTI(D% exist, then,

0 P2 QQ
(2) @)
E(P1 Q1)— Tl LJE P2,Q2)— 5(T2) C E(P Q)— E(T)
Proof. Let A € 53 (1) US() 5., .(T2). These imply

1
AgE(HQﬂ( 1) or [[(A— Tl)(PlQl)””(/\ T1)||>*

or
1
2

NS0, g (1) o [A=T2)(E, o) I3 = T2)]| >

If either (A— Tl)(P Q) Or ()\—TQ)E?Q @, does not exists, by Lemma it follows:
2)
9 A—T1)! 0
(A =T)pg) = e )
0 (A - TQ)(P27Q2)

does not exists, then we have A € EEQ) (T).

Q-
On the other hand, if (A — Tl)EP) Q) and (A= Tg)( ) exists, it holds either

(P2,Q2)
1 @ 1
IO = T0)(7 (PraolllA =TIl > = or [(A = 12)(p, o) (X = T2)| > -

1
Without loss of generality, assume that [|(A — Tl)(Q) yIHICA = T3)[] > = holds.
5

(P1,Q1
Therefore,
I =)@l =T =
= max {[| (A = T), gL 1A~ T2>(P2,Q2>H}max{u< Tl I - T3)]1}
> 10 =T, g IO =T} > 2.

This proves that A\ € ZE?7Q)_6(T).
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