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Abstract. In this study, integro-differential equations of arbitrary order are studied. The
fractional order is expressed in terms of the i-Hilfer type proportional fractional operator. This
research exposes the dynamical behaviour of integro-differential equations with fractional order,
such as existence, uniqueness, and stability solutions. To prove the results, the initial value problem

and nonlocal conditions are used.
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1. INTRODUCTION

Fractional differential equations (FDEs) is considered as a branch of mathematical
analysis that deals with the investigation and applications of integrals and derivatives
of arbitrary order. Therefore, FDE is an extension of the integer-order calculus that
considers integrals and derivatives of any real or complex order, see [9, [11] [I3].
The topic of FDEs includes the study of analytic and numerical methods, as well
as theoretical features such as existence, uniqueness, periodicity, and asymptotic
behaviour. One can refer to [4, [5l [T0] [T6], 20} 21] for recent works on FDEs.

Nowadays, there are noteworthy potentials that have been spent on getting new
classes of fractional operators by introducing more general or new kernels. Vanterler
Da C. Sousa recently presented a fractional derivative with kernel of function, and
the classical features of current fractional derivatives are explored in [I5]. The
theoretical analysis and current progress of the w-Hilfer fractional derivative can
be observed in [16, [I7]. In This work, we use the generalized fractional calculus
for a special example of the proportional derivatives discussed in [6]. The new
fractional derivative operator contains two parameters and has features, including
maintaining the semi-group property and convergence to the original function as it

tends to zero. Additionally, it is fully behaved and has fundamental features over the
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classical derivatives with the meaning that it generalizes already existing fractional
derivatives in the literature. Some recent contributions on fractional differential
equations in terms of the generalized proportional derivatives can be located in the
papers, see [I] - [3].

The existence and uniqueness of the solution play an essential role in the study of
FDEs, see [16, 20]. In this paper, we study the existence and uniqueness of solution
for a certain type of nonlinear integro-differential equation(IDE) with initial and
nonlocal conditions. Further the stability of solutions is also being discussed.

The paper is constructed as follows: In Section 2, we present the main definitions
and interesting results. In Section 3, existence and stability results are established
for proposed problems. In Section 4, existence and stability of solutions for nonlocal
IDE is discussed.

2. PRELIMINARIES

Some basic definitions and results introduced in this section. Let C be the Banach

space of all continuous functions b : J — R with the norm
bl = sup{b(®)| : t € J}.
We denote the weighted spaces of all continuous functions defined by
Cop(,R)={g:J = R: (¢(t) —4(0)"g(t) € C}, 0 <v <1,
with the norm

Isllc, . = supl(w(H) - ¥(0)" o(t)

Definition 2.1. [6]If ¥ € (0,1] and a € C with () > 0. Then the generalized
proportional fractional(GPF) integral

21) (o) (1) :/0 w/(s)eoﬁl(w(t)_w(s))(¢(t)ﬂ;1iﬂ((;)))a_ (o).

Definition 2.2. [6] If ¢ € (0,1] and o € C with R(«) > 0 and ¢ € Cla,b], where
’(/J/<S> > 0, the GPF derivative of order o of the function b with respect to another
function isdefined by with wl(t) # 0 is describe as

(22) @0) 0= (5 5)

(1) di
/0 & (5)e GO0 W(t)p_(f(f)i: " h)ds.

Definition 2.3. [6]If ¥ € (0,1] and o € C with R(a)) > 0 and ¢ € Cla,b], where
wl(s) > 0, the GPF derivative in Caputo sence of order o of the function b with
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respect to another function is defined by with 1 (t) # 0 is describe as
(2.3) (.@O"ﬂ”ph) (t) = gn-avv (.@”’ﬂ?wh) (t).

Definition 2.4. [6] The ¢-Hilfer GPF derivative of order a and type B over b with

respect to another function is defined by
(2.4) (gaﬁﬁ;wh) (t) = FPU-)T59 (glyﬁ;w) g A=A (1=a) 0sp
Lemma 2.1. Let o, 8 > 0, Then we have the following semigroup property
(S0 FBIg)(1) = (7 Vg)(0),
and
(270 720 %g)(t) = g(t).

Lemma 2.2. Let n — 1 < a < n wheren € N,9 € (0,1], 0 < 8 < 1, with
v=a+B(n—a), suchthatn —1<v<n. Ifge C, and 3" ""%gec O, then

OO (1) —(s)

a9 ga,B,9; w k—v,9;¢
(s ; 9Ty — k+ 1 7 (@),
Lemma 2.3. [15](Gronwall’s Lemma [18]) Let o > 0, a(t) > 0 is locally integrable
function on J and if g(t) be a increasing and nonnegative continuous function on
J, such that |g(t)| < K for some constant K. Moreover if h(t) be a nonnegative

locally integrable function on J with

h(t) < alt) + g(lf)/U W' (s) () = ()" b(s)ds, (1) € J,

with some o > 0. Then

mwsaw+/

0

n=1
Theorem 2.1. [§](Schauder fized point theorem) Let B be closed, conver and
nonempty subset of a Banach space E. Let N : B — B be a continuous mapping
such that N(B) is a relatively compact subset of E. Then N has atleast one fized
point in B.

Theorem 2.2. [8|(Krasnoselskii’s fixed point theorem) Let X be a Banach space,
let Q0 be a bounded closed convex subset of X and let Ty, T> be mapping from € into
X such that Thx + Toy, € Q for every pair x,y € Q. If T1 is contraction and Ty is

completely continuous, then the equation Tix + Tox = x has a solution on 2.

Theorem 2.3. [8] (Banach Fized Point Theorem) Suppose Q be a non-empty closed
subset of a Banach space E. Then any contraction mapping B from Q into itself

has a unique fized point.
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3. SOLUTION OF INITIAL VALUE PROBLEM

In this section, we consider the Initial value problem(IVP) for fractional IDE of

the form

t
2059w(0) =g (10(0) [ bt 0(6)ds ), v =0T,
0
I (1) e—o = o,
where DA% is ¢)-Hilfer GPF of orders a € (0, 1), type 8 € [0,1] and ¥ € [0,1], b is

the given continuous function, J'~*¥ is GPF fractional integral of orders 1 —v(v =

(3.1)

a+ B — af). Let R be a Banach space, g : J X R x R — R is a given continuous

function. For brevity let us take

t
H(0) = [ kit .0()ds
0
We make the following hypotheses to prove our main results, for every ¢t € J. We

declare

(H1) There exists a constant g > 0 such that

9(5,61(),02(-)) — a(s,91(-),92()| < Lg (1b1(-) = 921 ()] +[b2(-) —92()[) ,
Set g = g(s,0,0).

(H2) For all i,y € R, there exists a there exists a constant £y > 0, such that
t

; |k(t,s,b) = k(t,5,9)| < £y [b() = ()]
Set k = [ |ku(s,7,0)|dr.
(H3) There exists A, > 0, we have J%¥p(t) < A, p(t).

Lemma 3.1. A function § is the solution Eq. (3.1)), if and only if h satisfies the

random integral equation

B(E) = gmreye T OO ) — (w(0) !

1 ! -1 t)—Y(s ! a—
B2+ gy | T OO 00 0l gl (). TB(5)ds

Theorem 3.1. Assume that hypotheses (H1) and (H2) are satisfied. Then, Eq.
(3.1) has at least one solution.

Proof. Consider the operator P : Ci_, — Ci_, .y, where the equivalent
integral Eq. (3.2]) which can be written in the operator form

Bh(¢) :W%(]?‘(lj)e%(w(t)_w(m)(w(t) _ (w(o))u—l
1 t 9—1 t)—(s 4 a—1
(3.3) + W/O e 7 W=Dy (5) (9 (1) — 1(s))* " a(s, b(s), Hb(s))ds.
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For any h € J, we have

Iv— 1]_"( )
+ O / e (1) la(s, b(s), Hb(s))] ds
< ﬁy_?‘;(y) S / v'(s (5)*~ a5, b(s), Hb(s)) — (5,0,0)
+9(s,0, 0)|ds
< G )+ e f)) [ W OWO 1 0] + b ) + ) s
< o+ O (0)) /¢ () lalb06)
—1—8/ |k (s, T, b(T k(s,7,0)|dr + {4 / |ks¢0)|d7’+|g|)ds

bo B(v, ) o B _
< GTEy + ety W)~ YO) (fgum r%HkHQw+||g||cly,w> =

This proves that B transforms the ball B, = {f) €Ciyy: ||h||cl,w} < T} into
itself. We shall show that the operator B3 : B, — B, satisfies all the conditions of
Theorem The proof will be given in several steps.

Step 1: ‘B is continuous. Let b, be a sequence such that b, — b in Ci_, 4, we

derive

(w(t) ()"
9T ()

\(m(ﬂ = P(1) () — (0)) | <

<[ (50" (s, ba(5), Hba(5))) — o, b(s), Hb(s)))| ds
< (D)~ v(O) fj;’(ji (1(1) — ()" x
<ol b)) — a0 HOODle,

< iiS?(Z% ($(T) = $(0)* 18 b (), Hba()) = 8 () HOOD e, , -

Since g is continuous, then we have ||Bb, —Bbllo,  , —0 as n— .
Step 2: B(B,) is uniformly bounded. This is clear since B (B,) C B, is bounded.
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Step 3: We show that 3(B,.) is equicontinuous.
Let t1,t2 € J,t1 > t2 be a bounded set of C'i_,  as in Step 2, and h € B,.. Then,

(1) = 9(0)' ™ Bo(t1) — ((t2) = ¥ (0)' " Ph(t2)

- ‘(1/’(’50 —VOF ™ () wb(t1) — wb(5))° o, B(s), b (s))ds

vl (o) 0
(w(t2) =0 (0)"" ™ o
T 9eT(a) Y )W(t) — () Lg(s,b(s), Hh(s))ds

lalle, .. ) )
< Rre B ) [((h) —$(0)" — (k) ~ v(0)"]

As t; — tg, the right hand side of the above inequality tends to zero. As a
consequence of Steps 1-3 together with the Arzela-Ascoli theorem, we can conclude
that B is continuous and compact. From an application of Theorem we deduce
that 9 has a fixed point h which is a solution of the problem . O

Lemma 3.2. Assume that hypotheses (H1) and (H2) are satisfied. If

Ly(1 4 Ly) o
ST (W)~ w(0) Blra) <1.

Then, (3.1) has a unique solution.
Next, we shall give the definitions Generalized Ulam-Hyers-Rassias(g-UHR) stability

stable for the problem (3.1)). Let ¢ > 0 be a positive real number and ¢ : J — RT

be a continuous function. We consider the following inequalities
(34) D27y (1) — a(t,n(t), Hn(1)] < o(t).

Definition 3.1. Eq. (3.1)) is g-UHR stable with respect to @ if there exists a real
number Cf., > 0 such that for each solution v: R — Ci_, of the inequality (3.4)
there exists a solution by : R — Ci_, 4 of Fq. (3.1) with

In(t) — h(t)| < Crop(t), te

Theorem 3.2. The hypotheses (H1), (H2) and (H3) hold. Then Eq.(3.1) is g-UHR
stable.

Proof. Let y be solution of inequality (3.4) and by Lemma [3.2] there exists a
unique solution b for the Eq. (3.1). Thus we have

B(E) = gmreye T OO ) — (w(0)

L [f @)y (4 (N als b(s). E(s)ds
+ 5t | 0 (5)(@(H) — ()™ (5. H(s). Ho(s))ds.
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By differentiating inequality (3.4)) for each ¢ € J, we have

(0~ Gt OO (1) — (0))
1 ¢ 91 t)—(s ! a—1
g | ¢TI ) w0 = v(5)" (s, 9(0). Ho()ds| < A0
Hence, it follows
() = B0 < [o(t) = =iz T OO u0) = (w(0)
L st wm—neny () Lals. b(s). Hb(s))ds
5273 . ¥/ (5)(0(1) — ()" (s, D(s), HB(5))ds.
< [o(0) - G e T OO0 - (w0

1 b 1) —plal) -
“ el (a) / ¢TI (5)(5h(8) — b(s)* (s, 0(s), Hy(s))ds

1 b a—1
+ m/g ¥ (s)((t) —¥(s))* " la(s,n(s), Hy(s)) — a(s, b(s), Hb(s))| ds

< () + St [0 w00 — 0 o(s) — (o) ds
< plt) + S [ (6)0(0) — 006" Ap(s)ds 1= Cipi()
Thus, Eq. is g¢-UHR stable. [l

4. SOLUTION OF FRACTIONAL NONLOCAL IVP

In this section, we study the existence, uniqueness and stability of IDE involving

1-Hilfer derivative given by

(1) {@1‘*_’3’;9_”"13(75) = a(t. b(t). Ho(),

Jl=vdvh(t) = Y0 eb(ri), T € J,
where 7;,4 = 0,1,...,m are prefixed points satisfying 0 < m, < ... < 7, < b and
¢; is real numbers. Here, nonlocal condition h(0) = >~ ¢;h(7;) can be applied in
physical problems yields better effect than the initial conditions §(0) = bo. Further,
Eq. is equivalent to mixed integral type of the form
(4.2)

(0=t v m T 91 ) —w(s))
L0 O)! (25 (w(0)-9(0) ZizlciA 2T WOV ()

D=1 @) = 0(9)" " als.b(s). Hb(s))ds
ety Jo T OO (5) (6(1) ()" 0. b(s), Hb(s))ds,

where
1

T= - .
P10 (w) — SO e T (= 0) (4 (7;) — 4b(0))7 1
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Theorem 4.1. Assume that (H1) and (H2) are satisfied. Then, Eq.(4.1) has at

least one solution.

Consider the operator A" : Ci_, y = Ci—, 4, it is well defined and given by

(4.3)

T<w<?a—#((at>)>>”’ie%(wu)—wo)) Z;ilci/o T Oy (5)x

B = (@(r) - V()" ols,b(s), Ho(s)ds
tgeiiag Jo €7 OV (5) (1(t) — 1(5)* " 8(s, b(s), H(s))ds

Set g(s) = g(s,0,0). Consider the ball B, = {h €Civy:ble, ., < r}.

Now we subdivide the operator .4 into two operator .41 and .45 on B, as follows;

Hh(t) = T(?ﬁ(ga}zﬂof;)))”‘ D=1 (1) 0))2 / TRV (6)x

X ((7i) = ()" a(s. b(s), Hb(s))ds
and
(0 = Gy [ €T O ) (0l0) = ()" (5., ) s

The proof is divided into several steps.
Step.1 A1h + Aoy € B, for every b,y € B,.

= 9al(a) e Zcz/ v (s —(5))* " a(s, b(s), Hb(s))| ds

<L > e /OT () () = ()" (|la(s, b(s), HO(s)) — a(s,0,0)] + |a(s,0,0)]) ds

< g | " (5) () — ()™ (G (8] + () + [5(s)]) ds

<y |8 @ @) =)™ (t (1)1 + 6 Iy + )] + i) ds

(OL) i=1
This gives
B(V Oé)T U a+v—
143900 < GaTa) ;c ((7:) = (@)™ x
(1.4 (tot+ )0l + o[+ 1)
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For operator .45

)
_ W) o)t

(W(t) —(0)* ™ B(v,a)x

< (o0 6) 0l + o] Ml )

Thus, we obtain

(4.5)

B(v, ) o ~ ~
4500 < Fapray WO —¥(O) (eguwb) oMo, .., +4[f,, .+ ||g||c1_w)-

Linking (4.4)) and (4.5)), for every b,y € B,.,
| A0+ Aol < Al + [ Aavle, <7

Step.2 41 is a contration mapping.
For any h,y € B,

(B () = An(E) () = (0)" "

I\
!
)=
o

s
Il
_

ci /f W' (s) (P(1) — () als, b(s), Hb(s)) — a(s, n(s), Hy(s))| ds

m

LW . / () ) — ()" Tb(s) — ()| ds

i=1 @

_|_

,1)—‘
NS/N
Ko

IA
S
L=
—~

m

LUBTS™ () = 6(0) ™ Br,a) [h =)l -

i=1

IN
)

(=3
’ﬂH
§+

This gives

I(Aih = A, < W S e () — 9(0) 7 B, a) b - )le, -

i=1
The operator .47 is contraction.

Step.3 The operator .45 is compact and continuous.

According to Step 1, we know that

B(v,«) o ~
489l < iy (408) = 9(0)) (egum)nmclw,nge

+ g )
o HlEle, )

So operator .45 is uniformly bounded.

Now we prove the compactness of operator .A45.
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For 0 < t; <ty < T, we have
1 b, .
T ) W) = (e gl () () ds

1
0 garayF(@) Jo
a+trv—1 a+rv—1
<lslle, ., B a) [((t) = w(0)* " = ((t) — w(0))* ™|
tending to zero as t; — to. Thus 45 is equicontinuous. Hence, the operator .45 is

compact on B, by the Arzela-Ascoli Theorem. It follows from Theorem [2.2] that
the problem (4.1)) has at least one solution.

| A2h(t1) — A2h(t2)] <

" (5) ((t2) — 9(a))* (s, b(s), Hb(s))ds

Theorem 4.2. If hypothesis (H1) and the constant

g Bl (Tzcz ) ))“*”—1+<w<b>—¢<a>>“)<1

holds. Then, Eq. . ) has a unique solution.

Next, we shall give the definitions of g-UHR stability for Eq. (4.1)
(4.6) [ D>y (t) — g(t, b(t), Hh(t))| < ¢(t).

Definition 4.1. Eq. (4.1) is g-UHR stable with respect to ¢ € Ci_,, .y if there exists
a real number Cy , > 0 such that for each solution vy € Ci_,, . of the inequality (4.6))
there exists a solution ) € C1_, 4 of Eq. (4.1)) with

() = b(1)] < Cg (D).

Theorem 4.3. Let hypotheses (H1) - (H3) are fullfilled. Then Eq. (4.1)) is g-UHR
stable.

Let y be solution of inequality (4.6)) and by Theorem there b is unique solution

of equation
DBy (1) = g(t, b(t), HH(t)),
JLv O (4) ch Ti), Ti€J

is given by

h(t) = Ay

where

L [f ot wo—vtoy (o (s (s b(s). Hb(s)\ds
o | W (5) 00) — ()" a5, 06), HO()ds,

T 1/)t —1/) 0 vl 19 1 t)— t)—(s
4, = L (1;0‘1"(0[())) W o>>z / 251 (1)~ ()

’

¥ () (0(7) = 9 (s))* " as, h(s), Hh(s))ds
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Thus Ah = A‘)'
By differentiating inequality (4.6)), we have

‘U(t) -4y = o ST OV (5) ((1) — ()™ (s, 0(s), Hy(s))ds

< Aplt).

Hence, it follows

() - b(#)]

< |n(t) — Ay — ﬂ%@ /O t e T OV ENY (5) ((t) — 1(s))* " a(s.b(s), Hb(s))ds
<o) = 4y~ s | eI OO (5) ((1) — () o5, n(s), Ho(s))ds

1 ! ! a—1
+19"1"(a)/0 b () (1) =¥ (s))* " la(s,0(s), Hy(s)) — (s, b(s), Hh(s))| ds

Lg(1+4y)

< pplt) + Beet [0 = 0" In(®) = () s

0

By Lemma there exists a constant M* > 0 independent of A,¢(t) such that

[9(t) = b(O)] < M Ap(t) := Cypp(t).

Thus, Eq.(4.1) is g-UHR stable.
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