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1. INTRODUCTION

In 1926, the first appearance of amalgam spaces can be traced to Wiener [36]. But
the first systematic study of these spaces was undertaken by Holland [20] in 1975.
Feichtinger initially called these spaces Wiener-type spaces in the early 1980’s in a
series of papers [14, 15, 16], and then, following a suggestion of Benedetto, adopted

the name Wiener amalgam spaces. That is, for p, ¢ € (0,00), the amalgam space

(LP, L9)(R) is defined by
> (/:+1 F@)P dzﬂ i

neEZ

(LP,19)(R) := { f € " (R):

loc

Wiener amalgam spaces are a central object of the time-frequency analysis, another
area with links to several mathematical subjects as well as its applications. The
mixed amalgam spaces provide for a basic tool for harmonic analysis. And that
makes these spaces extremely prominent to us. Very recently, lots of vital work
has been done in the study of amalgam spaces. In 2011, Ruzhansky, Sugimoto,
Toft and Tomita [29] established various properties of global and local changes of
variables as well as properties of canonical transforms on Wiener amalgam spaces.
In 2016, Delgado, Ruzhansky and Wang proved the metric approximation property
for Wiener amalgam spaces in [8] and [9]. In 2022, Wang [35] obtained global
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regularity estimates for solutions of non-divergence elliptic equations on amalgam
spaces spaces if the coefficient matrix is symmetric. For some historical notes and for
an introduction about Wiener amalgam spaces on the real line can also be refered
to [18].

Recently, to study the weak solutions of boundary value problems for a t-independent
elliptic systems in the upper half plane, Auscher and Mourgoglou [2] introduced a
particular amalgam space, the slice space EF (R"). Moreover, Auscher and Prisuelos-
Arribas [3] introduced a more general slice space (E?);(R™) for r € (1,00), t €
(0,00) and ¢ € [1,00), and studied the boundedness of some classical operators
on these spaces. For further study and a deeper account of developments on the
slice spaces we may consult [19, 40] and the references therein. In 2022, Zhang and
Zhou [39] first introduced the mixed-norm amalgam space (LP, L9);(R™), as natural
generalizations of the amalgam space (LP, L7).(R").

For t € (0,00), 7 € (1,00)" and ¢ € [1,00)", the main purpose of this paper
is to establish a version of the Rubio de Francia extrapolation theorem on mixed-
norm amalgam spaces, and obtain the boundedness of some classical operators
and the linear commutators by this theorem over the mixed-norm amalgam space
(LP, L9);(R™). Moreover, we study characterizations of mixed-norm amalgam spaces
via the Littlewood—Paley functions. The bounds for the commutators and the
characterizations of the mixed-norm amalgam spaces are new results even for the
classical amalgam spaces.

This paper is organized as follows. Main definitions and necessary lemmas will
be given in Section 2. In Section 3, we establish versions of the Rubio de Francia
extrapolation theorem over the mixed-norm amalgam space (L7, L7),(R™). In Section
4, the boundedness of some operators and the commutators are given on mixed-
norm amalgam spaces by the results of Section 3. In the final section, characterizations
of mixed-norm amalgam spaces via the Littlewood—Paley functions is given.

Finally, we make some convention on notation. Let 7 = (p1, ..., p,) be n-tuples
and 1 < pp,...,pp < 00. P < ¢ means that p; < ¢; holds, %—i— % = 1 means that
i + p% =1 holds, and p/py means that p;/pg holds, where py € [1,00), i =1,...,n.
For « > 0 and a cube @ C R". A ~ B means that A is equivalent to B, that
is, A< B (A< CB)and B < A (B < CA), where C is a positive constant.
Throughout this paper, the letter C' will be used for positive constants independent

of relevant variables that may change from one occurrence to another.
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2. DEFINITIONS AND MAIN LEMMAS

To state our main definitions, we begin with the definition of the mixed Lebesgue
space LP(R™) which introduced by Benedek and Panzone [4] in 1961.
Let 7 € [1,00]". The mixed Lebesgue space LP(R") is defined by the set of all

measurable functions f on R™, such that

1

||f||Lﬁ(Rn) = (/R - </R |f(1:1, ...,xn)‘Pl dx1> 71 dzn> < 00,

with the usual modifications made when p; = oo for some i € {1,...,n}.

—

Definition 2.1. Let t € (0,00), p € (1,00)" and ¢ € [1,00]". The mized-norm
amalgam space (LP,L9),(R™) is defined as the space of all measurable functions f

on R™ satisfying

1fXxae 6 llr@ny
1 llzr, 2oy, mny = ‘ T ol o < o0,
”XQ(-,t)”LP(R") Li(R")
with the usual modification for q; = oo for each i =1,...,n.
Remark 2.1. Ifpy, =---=p, =pand ¢ = --- = g, = q, then (L7, L), (R") is

the slice space (E{);(R™) and the amalgam space (LP, L7);(R™) (see [3, 2]).

Definition 2.2. Lett € (0,00), p € (1,00)™ and ¢ € [1,00]". The weak mized-norm
amalgam space W (LP,L7);(R"™) is defined as the space of all measurable functions

f on R™ satisfying
11w s,y = sup A IXzermis@ s 15 Loy, @ny < 0

with the usual modification for ¢; =00, 1 =1,...,n.

Note that if py = -+ =p, =pand ¢ = --- = ¢, = p, then W(LP, L7),(R") is
the weak Lebesgue space LP:>°(R™), where

1Nl oo gy = ililgAl{w €R™: |f(x)] > A}P < oo

We still recall the definition of Muckenhoupt’s weights A,(1 < p < o0). These
weights introduced in [26] were used to characterize the boundedness of the Hardy—
Littlewood maximal operator on weighted Lebesgue spaces. For a locllay integrable

function f and for every x € R™, the centered Hardy—Littlewood maximal operator

is defined by,

1
M = sup ————— d
f(z) B ATaTEST oo |f(y)| dy,

and the uncentered Hardy—Littlewood maximal operator is defined by,

1
M, f(z) = Qupg @ /Q F()ldy.
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Definition 2.3. Let 1 < p < co. A weight w is said to be of class Ay if

i g () i i) <

A weight w is said to be of class A1 if
w]a, = su
[ ]Al a:e]RPil w(x)

Forp =00, Ao :=Up>14,.

< 00, for almost all x € R".

Some vital lemmas over the mixed-norm amalgam space (L7, L7);(R™) will be
given in the following.
(b) For any f € L}, .(R") and z € R,
Iel,, net,, LIl Jn

where, for any k € {1,...,n}, I, denotes the set of all intervals in R containing z.

My (- (Mi(f)--+))(x) = sup {|;n|/] “e- sup [1 If(yl,---,yn)ldyl]~--dyn}7

Then, it is easy to see that, for any = € R",
M(f)(x) < Mp(--- (My(f)---))(2).
Lemma 2.1. [39] Let t € (0,00). Given g€ (1,00)" and ¢ € [1,0]",
19l @y < Ifllpo,ay,@mllgll e o) (R™), e (LP, L) (R") and g € (L', LT),(R™).
where %—&—%:%—i—q%:l.
Lemma 2.2. [39] Let t € (0,00). Given p € (1,00)"™ and § € [1,00]",
(L7, LD (R = (L7, LT ),(R™),

where %—t— % = %—!— % =1, and as for dual space of mized-norm amalgam spaces,
then
(L7, L7),(R™)] = {fi 1L Loy, @nyy = sup f(ﬂc)g(x)dff}o
”.‘JH(L[?‘,LCT)t(Rn)Sl R™

Lemma 2.3. [39] Let t € (0,00), p € (1,00)" and ¢ € [1,00]™. For any constant
p € [1,00), we have

i HfH(Lﬁ,in)pt(Rn) < ||f||(Lﬁ,in)t(Rn) <Cy ||fH(Lﬁ,Lc7)pt(Rn) )

where the positive constants C1, Cy are independent of f and t.

Lemma 2.4. [5, 21]If § = (q1, .., qn) Satisfies one of the following conditions:
(a) 1< quy...,qn < 00;
(b) 1= =g = 0.
Then for any f € LI(R™), the Hardy-Littlewood mazimal operator M is bounded

on LI(R™).
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The boundedness of the Hardy—Littlewood maximal operator on mixed Lebesgue
spaces LI(R™) for the case of (a) is just [21, Lemma 3.5]. And the case of (c) holds
by a similar argument to the bounds for M on L>*(R) (see [5, p.14]).

Lemma 2.5. Lett € (0,00) and p € (1,00)™. Assume that ¢ satisfies the conditions
of Lemma, 2.4, then the Hardy-Littlewood mazimal operator is bounded on (L7, L7),(R™).

Proof. Fix x € R™ and ¢ > 0, and split the sumprem into 0 < r <t and ¢t < r,
and then

Mf(y) < s 2)|dz + sup ——— |f(2)|dz:=T+11.

0<r<t ‘Q Yy,r | / y,7) r>t |Q(ya )| Q(y,r)
For I, since y € Q(z,t), Q(y,r) C Q(z,2t). Then

IS sup |f (D) XQ(e,20)(2)dz < M(fxq(20) ()

~ oer<t [Q(y, )] Qy,r)
For II, for any z,£ € R", £ € Q(z,t) is equivalent to z € Q(§,t). If z € Q(y,r),
€ € Q(z,t), then & € Q(y,2r). Besides, owing to = € Q(y,t), then = € Q(y, 2r).
Applying the Fubini’s theorem and the Holder inequality, then we get

Il =sup IQy |/ (2)|Q(zpdédz
7 y'f‘

r>t

< sup

dzd
>t |Q( y,2r\/ Qy.2r) |Q 57 ?)] Q(Et)| (2)|dzd¢

Mo ) (2 Ifxacollery
<, (mw' JANLCL )( )<, (Hacsln) )

Therefore, by Lemmas 2.3 and 2.4, we write

”M IXxae20)xo(.0llLs@n)
xa( t)HLP(]R"

M fll L7 L7y, mny S

LA(R™)
HfXQ( t)”Lp)
H HXQ( s XQ(-t) LF(R")
||XQ ”LP(R")
LA(R™)

‘ £ xQ( 20l L7@ny
HXQ( ,t)||Lp R™)

LI(R")
’ ”fXQ(‘,t)”Lﬁ(R")
IXaQ( 6 ”Lﬁ(R”)

~ HfH(Lﬁ,ch)t(Rny
L3(R™)

This completes the proof of the Lemma 2.5. (]

3. EXTRAPOLATION

In this section, we establish a new version of extrapolation theorem on mixed-

norm amalgam spaces via the algorithm of Rubio de Francia for generating A;
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weights with certain properties (see [17]). To state our results, we begin with some
necessary definitions.
A weight w is a positive and locally integrable function on R™. For p € (0, c0), the

weighted Lebesgue space LP (R™) is defined as the set of all measurable functions

f on R™ such that
sz = |
R’n

The weak weighted Lebesgue space LE;*°(R") is defined as the set of all measurable

functions f on R™ such that

F(@)Pw(@) d:c]; < o0

/]

1

Lo @ny = sup dw({z € R™ 1 |f(z)] > A})P < oo.
A>0

For p = oo,

||f||L3}o(Rn) := esssup|f(z)| < oo.
reR™

Theorem 3.1. Given a family of extrapolation pairs F. Assume that for some

1 <py <qo < o0, and for all w € Ay,

<w>[Wﬂm%mw4*<awﬂéﬂuwmwwwmmvvmmef

Let t € (0,00), 7, § € (pg,0)™ and p, § € (qo,00)™ with 1/r;—1/p; =1/s;—1/q; =
1/po —1/qo > 0 for eachi=1,...,n. Then

(3.2) 1Nl (27, L2y, ey < Cligl L L7y, @ny-

The positive constant C' is independent of f and t.

Proof. Let m := ||M||(L(,;/q0)/’L(q/qoy)t(R”)_}(L(ﬁ/qoy7L(q—/qo)/)t(R,L). By Lemma 2.5,
we conclude that the Hardy—Littlewood maximal operator M is bounded on (L(ﬁ/ qo)/,
L(7/90)"),(R™). We begin the proof by using the Rubio de Francia iteration algorithm.
The algorithm R : L°(R") — [0, 0o] is defined by

Rh(z) = Lg:fé;f) ,
k=0
where for k > 1, M¥ = M o--.0 M is k iterations of M, and M°h := |h|. We show
the following properties for all h € (L#/%)" [(@/0)"),(R"):
(A) n] < Rh,
(B) IRAl (15700 pearaory,mny < 2l (1r00 Leara0ry, mnys

(C) Rh € Ay and [Rh]a, < 2m.
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Property (A) holds since Rh > M°(h) = |h|. Property (B) holds by the fact that
m < 00, since
o k
HM h”(L(ﬁ/qo)’,L(q‘/qo)’)t(Rn)

IRANl (r57a0)" 17307y, (mmy < ST < 2||hll (L wra0r7 pe@ra0ry, mny-
k=0

Let us then prove (C). We may assume that h # 0, since the claim is trivial
otherwise. It is equivalent to prove that M (Rh)(z) < 2mRh(z). By the definition

of R and the sublinearity of the maximal operator, we obtain
oo o0 [ee]
MPFh(z) M*+1h(x) MK+ h(x)
MWW@:M(ZW SZWZMZW—Q mRA(z).
k=0 k=0 k=0
Fix (f,g9) € F and define H := {h : ||hH(L(ﬁ/qo)/’L@/qo),)t(Rn) < 1}. Note that
||f||‘gzﬁ7Lq)t(Rn) = ||l (p#790 L4790y, (rny- By Lemma 2.2 and (A), we see
(33) 1A% oy = sup [ F@)®h(@)de < sup [ fa)®Rh(a)da
heH JR" heH JR

To apply our hypothesis, by our convention on families of extrapolation pairs we
need to show that the left-hand side in (3.1) is finite. This follows from Hélder’s
inequality and property (B): for all h € H,

A f(@)PRh(z)dx S| fl (L5790, L3700y, mm) IRAN 15700y 17307, (m)

SIAILs Loy, ey 1Ml @700y Leara0ry, meny < 00

Given this and (C), we can apply our hypothesis (3.1) in (3.3) to get that
(3.4)

1 1
a0 PO
||f||(Lﬁ’L§)t(Rn) < sup ( f(gg)quh(:E)d:C) < sup (/ g(x)pO(Rh(x))Po/%dx)
heH R™ R™

heH

Then for any h € ‘H, by Holder’s inequality,

2 Po/a D B - Po/a
/ng(x) D(Rh(x» Pds S Hg O”(Lr/povLs/pO)t(Rn) ‘(Rh) o (L(7/p0) | L(3/P0) ), (R™)
Po/a
< HQHI()EFLS )e (R™) HRhH zpo[()T/po)'/Q()’LPU(g/PU),/QO)t(]R").

Notice that
m(m) =) = G -()
== and —(— | == .
qdo \ Po qo0 do \Po q0
It follows from the property (B) that
(3.5)
/n g(@)” (Rh(z ))pO/qO dx < g7 (L7, LF) ¢ (R") ||Rh||€z{§?qo>/ L(@/a0) ), (Rn) ~ < gl (L7,L¥) (R

Combined with (3.4) and (3.5), the desired result is concluded. O
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Corollary 3.1. Given a family of extrapolation pairs F, assume that for some

1 <py < o0, and for all w € Ay,

[ Rn f(x)pow(x)dx} = o [/,,Lg(x)mw(x)dx] YL Vg eF

Let t € (0,00) and p, ¢ € (po,0)™. Then

1
PO

1 £l 7, Loy, @my < Cllgll s Lay,@n)-
The positive constant C' is independent of f and t.

For a linear operator 7 and a locally integrable function b, the commutators of

T is defined for smooth functions f by

b, T1f(z) = b(x)T f () = T(bf)(2)-
Now, we recall the definition of BMO(R™). BMO(R"™) is the Banach function space

modulo constants with the norm | - ||pao defined by

b —bg|dy < oo,
Q|/| oldy

where the supremum is taken over all cubes () in R™ and b¢ implies the mean value

of b over Q; that is, bg := |Q| fQ y)dy.

bl Baro = Sup
Ben

Theorem 3.2. Let t € (0,00), p € (1,00)" and w € Ay. Let T be a sublinear
operator.
(a) For ¢ = (1,...,1), suppose that the operator T is bounded from L} (R™) to
LL>°(R™). Then
HTfHW LP,LT),(R™) ||f||(LP LT)(R™)-
(b) For ¢ = (1,...,1), suppose that the commutators [b,T| with b € BMO(R™)

satisfies

(3.6)
Wy R T > N) S Bloao [ T2 (110g (L20)) wian

Then
|/ /1
HX{fe]Rn; Hbvﬂf(z)|>)‘}H(Lﬁ,LT)t(R") S H)\ 1 +10g+ 7

Proof. By Lemma 2.2, there exists g € (L7 , L7 ),(R") such that

(L7,LT) (R™)

IXtzern: 175153 | 15,y (o) = /Rn X{zeRn:|Tf(2)|>A} (T)g(@)dz.

Let w(x) := [M (|g|%)r (z) withy > 1. Then w € A;. Since g(x) < [M (|g|%)}’y (x),

by Lemma 2.1, the hypothesis that 7 is bounded L (R") to LL*(R") and Lemma
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2.5, then we can obtain that
1 Y
MIxgzern: 1Tr@1=3 | (s nay, @y < )\/Rn X{zeRn: |Tf(z)|>A)} (T) [M (|g\i)} (z)dx
1 vy
< M K d
< [ 1s@i [ (1)) @y

] N P

N ”fH(Lﬁ,L‘T)t(]R”)”g”(Lﬁ',L‘T’)t(R")'

S W llwr Ly, @my

By taking the supremum over all A > 0, then we get

IT fllw e, Lay,mny S Ifll (7, L), @ny-
For the part of (b). Argue similarly for the weight w(z) := [M (\gﬁ)r () with
~v > 1. There exists g € (Lﬁ',LT,)t(R") such that g(z) < w(z). Lemma 2.1, the
hypothesis of [b, 7] and Lemma 2.5 yield

1 vy
IXgzern: 10,718 @1> ] (15, L7y, @) < /Rn X{zeRn: [[b,T)f(2)>Al} (T) [M (lg\”)} (z)dx

Slvtmwo [ I (1rogt (L)) [ar (10%)] e
5 0o () I 0 o

/] + (Il
SHA 1+log™ | - lgll o Loy, ny -

(LF,LT)¢(R™)
Hence

(L7,LT) (R")

i b
Ictaears o una, ey < |5 (11087 (1

This completes the proof of Theorem 3.2. (|

(L7,LT)(R")

4. SOME ESTIMATES ON MIXED-NORM AMALGAM SPACES

In this section, we apply our extrapolation theorem to prove norm inequalities
over mixed-norm amalgam spaces.

We apply the results of Section 3 to the singular integral operators, and establish
the mapping properties of these operators and the commutators in this subsection.

Let § > 0. The Calderéon—Zygmund singular integral operator of non-convolution

type is a bounded linear operator T : L?(R") — L%(R"™) satisfying that, for all

feCE(R") and x ¢ supp (f),
T(f)(x) = | K(z,y)f(y)dy,
R’Vl
where the distributional kernel coincides with a locally integrable function K defined

away from the diagonal on R x R™. When K also satisfies that, for z, y € R™ with
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Co
41 K(z,y)| < —°
(4.1) |K(,y)] m—

C4y|h)?
(42)  |K(o,y) — K(o,y+ 0|+ K(5,y) - Kz +hy)| < |_'y+5

whenever |z — y| > 2|h|, and we call K the standard kernel.

In [13], it is proved that for the Calderén—Zygmund singular integral operator
T with the kernel satisfying (4.1) and (4.2), f 1 < p < oo and w € A, then T
is bounded on LE(R"). If p = 1 and w € Aj, then T is bounded from L} (R")
to LL°°(R™). In [31], the commutator [b, T] are bounded in the weighted Lebesgue
space L (R™) whenever 1 < ¢ < oo and w € A, and in [28], if p=1 and w € A;,
then

wiwers i) >0 5 [ (1erogt (L20) )

Thus, by Theorems 3.1 and 3.2, we can easily get the boundedness of the Calderén—
Zygmund singular integral operator T' with the kernel satisfying (4.1) and (4.2) and
the linear commutators [b, T'] over the mixed-norm amalgam space (L7, L7);(R™) in

the following.

Corollary 4.1. Let 0 <t < oo, p € (1,00)".

(a) If § € (1,00)", then the Calderén—Zygmund singular integral operator T with
the kernel satisfying (4.1) and (4.2) is bounded on (L, L7),(R™).

(b) If§=(1,...,1), then the Calderon—Zygmund singular integral operator T with
the kernel satisfying (4.1) and (4.2) is bounded from (L, LYY, (R") to W (LP, LV),(R™).

Corollary 4.2. Let 0 < t < 0o, p € (1,00)" and b € BMO(R"™). Let T be the
Calderon—Zygmund singular integral operator with the kernel satisfying (4.1) and

(4-2),
(a) If 7 € (1,00)", then the operator [b,T] is bounded on (LP, L7),(R™).
(b) If 7= (1,...,1), then

/1 + (L
X tzere: 1pa1r @M ] 25 1, ) S HA T+log™ (7

(L7,LT),(R™)

Let S*~1(n > 2) be the unit sphere in R" equipped with the normalized Lebesgue
measure do, Q(z) is homogeneous of degree zero on R” and Q € L(S"~!) with

1 < 6 < o0 and such that

(4.3) [ Qadota’) =0,
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where 2/ = I%I for any = # 0, the homogeneous singular integral operator T can
be defined by
Qy’
Tof(e) = po. [ S0 1t~ a

and the Marcinkiewicz integral of higher dimension pg can be defined by

pof(z) = /OOO /| mf(y)dy

z—y|<t |1' - y‘nil
The commutators of Marcinkiewicz operator ug and a locally integrable function b
can be defined by

N
dt
3

ool = | | Oo/l UE =) 10y b)) f(y)dy

z—y|<t |(E - y‘nil

Lemma 4.1. [12] For Q € LO(S"™!) and 1 < 0 < o0. If§' <p < 0o andw € A, g,
then Tq is bounded on LE(R™). If p = 1 and w € Ay, then Tq is bounded from
LL(R™) to LL>°(R™).

From Theorems 3.1, 3.2 and Lemma 4.1, we can easily get the results as follows.

Corollary 4.3. Let 0 <t < oo, p € (1,00)".
(a) If G € (1,00)", then Tq is bounded on (LP,L7),(R").
(b) If §= (1,...,1), then Tq is bounded from (LP,LY),(R"™) to W(LP, LT),(R™).

Lemma 4.2. [10] For Q € L(S"!) and 1 < 0 < o0, if 1 <p < 00, and w € A,.
Then pg is bounded on LE,(R™). If p=1, w € Ay, then pq is bounded from L. (R™)
to LL>°(R™).

Applying Theorems 3.1, 3.2 and Lemma 4.3, we have the following results.

Corollary 4.4. Let 0 <t < 0o, Q € LY(S"™1) with 1 < 6 < o0, and p € (0',00)".
(a) If § € (0',00)", then ugq is bounded on (L7, L7),(R™).
(b) If = (1,...,1), then ugq is bounded from (L7, Lf)t(R”) to W(Lﬁ,LT)t(R”).

Lemma 4.3. [10,11] Let Q € LY(S*™1),1 < 0 < 0o, b € BMO(R™). If ' < p < oo,
and w € Apser, then [b, uo] is bounded on L (R™). If w € Ay, then there exists a
constant C' > 0 such that

witye R ol i1 > 0 < 0 [ T (1ot (H2) ) wgypay

Therefore we have
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Corollary 4.5. Let b € BMO(R"), 0 <t < oo, 2 € LY(S"™1) with 1 < 6 < oo,
and g e (6, 00)™.

(a) If § € (0',00)", then the operator [b, uq] is bounded on (L7, L9),(R™).

(b) If = (1,...,1), then

|| + (£
IXoern: 1buals@> 1o oy, @y S HA I+log™ | =7

The Bochner—Riesz operators of order § > 0 in terms of the Fourier transforms
is defined by

(L7,LT), (R") .

2\9%
mn ©=(1-5) Je©

where f denote the Fourier transform of f. These operators can be defined by
Thf(z) = (f * d1/r) (2),
where ¢(z) = [(1 — |- [*)%]V (), and f" is the inverse Fourier transform of f.

The associated maximal operators is defined by

T! f(x) = sup [T f(w)].
R>0

Lemma 4.4. [32,33,34] Let n > 2. If 1 <p < o0 and w € Ap, then T V72 s

bounded on LE (R™). For a firxed R >0, if p=1, w € Ay, then T "D/2 s bounded
from LL(R™) to LL*°(R™).
Corollary 4.6. Let 0 <t < oo, and p € (1,00)™.

(a) If 7 € (1,00)™, then T2 s bounded on (L7, L7),(R™).

(b)) If§=(1,...,1), then Tz(z D/2 is bounded from (LP, LT) (R™) to W (LP, Ll) (R™).

Lemma 4.5. [1, 24] Let n > 2, and b € BMOR"). If 1 < p < o0, w € A,, and
§ > 251 then then [b,T}] is bounded on LE,(R™). If p=1, w € Ay, and § > 251,
then

w(yers 1) sl >ap s [ IO (et (K900 uiay

Corollary 4.7. Let b€ BMO(R™), 0 <t < 0o, and p € (1,00)™.

(a) If ¢ € (1,00)", and § > 5L, then the operator [b,T§] is bounded on
(L7, L), (R™).

(b) If = (1,...,1), and 6 > 2L, then

£ + (/]
X (aekr: |16, T61f<z>|>A}H(Lp L @) S H L+log" (=
Let 0 < a < n, the fractional integral operator I, is defined by

Io f(x) ::/R L)_d&

n |z —gnme

(L7,LT).(R") .
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And the associated fractional maximal operator M, is defined by

1
« = —_— dy.
) 1= swp e | )y

We note that the fractional maximal functions enjoys the same boundedness as that

of the fractional integrals since the pointwise inequality M, f(z) < I, f(x).

x
We also recall the definition of A, , weights which are closely related to the
weighted boundedness of the fractional integrals in [27].

1 1
1 a1 / »
[w]a, , = sup </ w(w)qu) (/ w(z)™? dx)
' Qcrr \ Q| Jo Ql Jo
where p’ is the conjugate exponent of p, that is, * +

1 _1
p o7 ’
And a weight w is said to be of class Ay 4 with 1 < g < oo, if

[w]a, , = sup

22 (i@ fyrere)

Definition 4.1. A weight w is said to be of class A, 4, for 1 <p,q < 0o, if

< 00,

Q=

1
<GSS Sup> < 0
o w(z)

Lemma 4.6. [27] Let0 < a <n, 1 <p<n/a, 1/p—1/¢g=a/n, and w € A, 4,
then there exists a positive constant C' such that

</R |Iaf(z)w(m)|qda:> "¢ ( [ |f(x)w(z)|pdx);

Ifp=1, and w € Ay 4 with q = =, then for all X > 0, then there exists a positive
constant C' such that

w({z € R" : [Io(f)(2)] > A}) <C (1/

q
1
F@lut)tas)
The universal positive constant C' is independent of f and .

Corollary 4.8. Let 0 < t < 00, 0 < o < n. Suppose that p, ¥ € (1,n/a)™ such
that 1/r; — 1/p; = 1/s; — 1/q; = a/n.

)
'

(a) If 5 € (1,00)", then I, is bounded from (L™, L%);(R"™) to (L”, L9),(R").
(b) If §=(1,...,1), then I, is bounded from (L

L LY (R™) to W(LP, L9),(R™).
Proof. By Theorem 3.1 and Lemma 4.6, the case of (a) holds, we only prove the
case of (b).
Forr;>1lands;=1,i=1,...,n,let
l:lfg, l:17g, foreachi=1,...,n
bi i on q; n
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Take 0 = q; = -*~. Then, for g € (L7 [%),(R"), by Lemma 2.2, we write
1
7

(Lﬁ/9’Lff/9)t(R")

0
MXgwern: 1@ 20,00y, ey = M| Xtoesns iras@is]

1
7
([ Xtwes g @)
And letting w = [M, (|g]) (gc)]é with 0 < 1 < 1, we have w’ € A; and hence
w? e Ayn-a. Then w € Ay 9. By Lemma 2.1 and Lemma 4.6, we can obtain that

1
[

A HX{zeRn: |Iaf(z)|>>\}H(Lan‘)t(Rn) =A {/Rn X{zern: Iaf(x)>>\}($)Mn9(x)dm]

¢ [f(@)w(z)dz < Cl|fll L7 L1y, @m)

My (9]

(L7, L®), (R")

From Lemma 2.5 we see

1 1 1
01y = IO = IO
e R 71700 e | N FY((v7 01
S c H|g‘n||(nfr-’/n97Lo'c)t(Rn) = CHgH(gL’"/@,L&’)t(R")'

sinced%: (1*%)9: (1*é*%)9: (%71;%)0:17177:71/9:(1711me

1=1,...,n, we see

HIocf”W(Lﬁ,L‘T)t(R") < C”fH(L?,LT)t(Rn)-
Thus, the result holds. O

For the boundedness of the commutator for the Riesz potential, we

Lemma 4.7. [7] Let 0 < o < n, 1 < p < n/a and 1/p—1/q = a/n. Let b €
BMOR") and w € A, 4, then [b,1,] is bounded from L? (R™) to L1 (R™).

The estimate of the operator [b,I,] over the mixed-norm amalgam space is

immediate in view of Lemma 4.7 and Theorem 3.1 as follows.

Corollary 4.9. Let 0 <t < 00 and 0 < o < n. Let b € BMO(R™). Suppose that
P, 7 € (1,n/a)™ such that 1/r; — 1/p; = 1/s; — 1/q; = a/n. If 7 € (1,00)™, then
[b, 1] is bounded from (L7, L%);(R™) to (LP, L9),(R™).

5. THE LITTLEWOOD—PALEY FUNCTIONS

The Littlewood—Paley theory, originated in the 1930s and developed in the
late 1950s, is a very effective replacement. It has played a very prominent role
in harmonic analysis, Complex analysis and PDE (see [6, 22, 30]). Therefore, it
is a very interesting problem to discuss the boundedness of the Littlewood—Paley

operators. The main purpose of this section is to study the characterization of the
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mixed-norm amalgam space (LP, L9);(R") via the Littlewood-Paley functions. We
first state the associated definitions.

Suppose that ¢(z) € L*(R") satisfies the following conditions:

(5.1) / o(x)dx = 0.

There exist constants C, & > 0, such that

(52) (@) < s, Ve € R
' U A el |

and when 2|y| < |z|, there exist constants v, § > 0, such that

Cly®
1+ |.’E _ y|)n+5+’*f ’

(5.3) lp(x +y) — p(x)ldz < (

For t > 0, p(x) = tigo(f) For all x € R™, the Littlewood-Paley g function g, the

square function S, and the Littlewood-Paley g3 -function are defined by

51w = ([ lteen )@ ‘ff)

S (f)(a) = (//() (eor NP ffff) ,

Ire()z) = (//R+ (M>HA|(% « ()2 ffff)

For a locally integrable function b, the commutators of the Littlewood—Paley function
1
2 dt 2
? )
2 3
dydt
tn+l ’

/ (pe(y = 2)f(2)((0(y) — b(=))d=

9p, Sy and g3 ., are defined by

Gonl 1)) = ( s
Sn(f)(x) = ( /I »
5.l 1)) = ( /... () e )é ,

where Iy (z) = {(y,t) € R ¢ |z —y| <at} and RTT = {(y,t) e RTT ¢ y €
R™, ¢t > 0}.

| e = 1) () b))y

/Rn(@t@ —2) f(2)((b(y) — b(2))dz

Lemma 5.1. [25] Suppose that ¢ € LY(R"™) satisfies (5.1), (5.2) and (5.3). If
1 <p<oo,we Ap, then g, is bounded on LP (R™). If p=1 and w € Ay, then g,
is bounded from L. (R™) to LL>(R"™).
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Lemma 5.2. [23] Let b € BMO(R"™). Suppose that ¢ € L'(R™) satisfies (5.1),
(5.2) and (5.3). If 1 < p < 00, w € Ay, then gy is bounded on LY (R™). If p =1
and w € Ay, then

wlte € B g @) > W) S lsro | L (1410t (L)) i

Lemma 5.3. [37] Let 0 < o < 1, if p € (1,00) and w € A,, then S, is bounded on
LP(R™). If p=1, w € Ay, then S, is bounded from L. (R™) to LL>°(R™).

Lemma 5.4. [23] Let o« € (0,1] and b € BMO(R™) . If p € (1,00) and w € A,,
then S, is bounded on LY (R™). If p =1, w € Ay, then there exists a constant
C > 0 such that

w(fe € B 15,05 > A < Plawo [ L (110g" (L) ) woyae

Lemma 5.5. [38] Let A > 2 and 0 < vy < min{n(y — 2)/2,6}. Let b € BMO(R"™).
Ifpe (1,00) and w € A, then 93, and g3, are bounded on Lr(R™). If p=1,
w € Ay, then g3 , is bounded from Ly, (R") to Ly;>°(R"), and

w({e € g puN@] > A) S blawo [ P (141087 (HE)) woya,

Theorem 5.1. Let 0 < t < oo, A > 2 and 0 < v < min{n(y — 2)/2,0}. Let
peE (Lo00)". If 7€ (1,00)", then

(a) C1 ||f||(L17,L‘T)t(]R”) < ||9¢(f)||(Lﬁ,La)t(Rn) <Gy Hf”(Lﬁ,L‘i)t(]R”) :

(0) Cu 1l oy < 156 lgm gy < Co I Lo gy, o

(C) HgA#P(f)H(Lﬁ,Lq‘)t(Rn B

(d) If §= (1,...,1), then the operators g,, Sy, 9., is bounded from (LP, L) (R™)
to W(LP, LT),(R™).

The positive constants Cy and Cs are independent of f and t.

: S I llezr Loy, ey -

Proof. We only need to prove the left case of (a) and (b), since Lemmas

5.1,5.3,5.5 and Theorems 3.1, 3.2.
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By Lemma 2.1, the boundedness of g,, over (L?, L7),(R") for p, § € (1,00)" and
Hoélder’s inequality, we see

“f||(L5,L(7)t(R"L) = sup f(x) (z)dx

H(LT—' Ld'y, (R")<1

dt
// loe * f(2)] - |or * g(x |7d33
= ol 1o

(P LTy, (rn) =

< s @i

l9ll 7 g,y <

< sup 90 () (15, L2y, oy 19Dl (157 pa7y, Rn)

"g‘l(Lﬁ/,Lq,)t(R"L)S
S Hgs@f”(Lﬁ,Lti)t(R") )
For the operator Sy, using these facts, Lemma 2.1 and [|Sy fll 12 gy = All fllz2r)
H
with A > 0 and H is a Hilbert space, we conclude that

||f||(Lﬁ,Lq‘)t(Rn) = sup f(z)g(z)dz

l9ll L5 Ly, @nySLY/R™

1 /
=— sup S dx
AZ ) <1 Jrn 2T (F1509(2)

(P L3y, (rn) =

1
S5 sup 1Sefll 17 Ly, &) 1969 (o Loy, &)

ol zp vy, ny <t

1
S yEl 1Se fll (17 La), (&) -

This completes the proof of Theorem 5.1. O
Using Lemmas 5.1, 5.3, 5.5 and Theorems 3.1, 3.2, we obtain the following estimate

for the operator g, 1, Spp, g’;\,%b on mixed-norm amalgam spaces.

Theorem 5.2. Let 0 < ¢t < 0o, A > 2 and 0 < v < min{n(y — 2)/2,6}. Let
p € (1,00)" and b € BMO(R™), If ¢ € (1,00)", then gyp, Spp and g3 ,, are
bounded on (LP, L) (R™). If §= (1,...,1), then

4w (4)

£ e
HX{xGR": \Sw,bf(m)b)‘}H(Lﬁ,Lf)t(]R") 5 H)\ 1 +10g 7

and
£ + (/]
. <= (1+1 —
g/\,w,bf(m)|>)‘}H(Lﬁ,LT)t(R") ~ H » Ures Ly

Remark 5.1. For the Littlewood—Paley functions with the non-convolution type

3

HX{wER”: |9<p,bf(m)|>)‘}||(LP-’LT)t(R”) ~ ‘ L
(LP,LY) ¢ (R™)

(L7,LT):(R")

HX{zGR":

(L7,LT):(R") .

kernels and their commutators, a similar result also holds.
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5.0.1. Nononwvolution type. A function K (x,y) defined away from the diagonal x =
y in R™ x R™, is said to be a non-convolution type kernel, if for all y € R"™, there
exists a positive constant C, such that K satisfies the following conditions:
(5.4) K(z,y)dy =0

R"L

c

(5.5) K (z,y)| < A=yt

Clz|”
(14 f —y[)r+otn

(56) |K(x+z,y)—K(Jc,y)| <

for some 4, v > 0, and 2|z| < |z — y|.
For any f € ., t > 0, and z 5 supp f, we denote

R’ﬂ
where K;(z,y) = +~K(%,%). Let b be a locally integrable function. Then the
Littlewood-Paley g-function, Lusin’s area integral and Littlewood-Paley g}-function

with non-convolution type kernels and their commutators are defined by

s = ([Ceswrt)’

@ =([ th<:c>|2‘ff)é ,
S = < [[ 16 )é
Gi(f)(a) = ( /.. (m;_) G () )é ,

where A > 1, T'(z) = {(2,t) e R} : [z — 2| <t} and R} = {(2,t) e R} 2 z €
R™ t > 0}.

and

Theorem 5.3. Let 0 <t < oo. For 1l <p<oo. If 1 < §< oo. Then
(4) Hg(f)||(L177L<7)t(R") ~ ||f||(Lﬁ,Lq‘)t(R")~
(B) ||S(f)||(Lﬁ7Lq*)t(Rn) ~ ||f||(Lﬁ,Lq*)t(Rn) .
(C) for A>2 and 0 < v < min{n(v=2)/2,0}, |93 (Nl 15 L), &) ~ Il (L7 L), &) -
If ¢ € [1,00) and min{qi,...,qn} = 1. Then the operators g,, Sy, g5, are
bounded from (LP,L7)(R™) to W(LP, L9);(R").

Using Lemmas 5.1,5.3,5.5 and Theorems 3.1,3.2, we obtain the following estimate

for the operators g, S0, 9, pp O1 mixed-norm amalgam spaces.
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Theorem 5.4. Let 0 <t < 00, b € BMOR"™). For 1 < p < oo. If 1 < § < o0.
Then

(4) Hgb(f)”(Lﬁ,LLi)t(]Rn) S Hf”(Lﬁ,Lq‘)t(]R")'
(B) ||Sb(f)||(L5,Lti)t(Rn) S Hf”(Lﬁ,Lti)t(Rn)'
C) for A > 2 and 0 i —2)/2.6}, g% H
(C) for and 0 < < min{n(y-2)/2,6}, |93 ,(f) (L7 LT), (R"
If ¢ € [1,00) and min{qy, ..., g} = 1. Then the operators gy, Sy, g3 , satisfy

I I
Ictaenmionsiostlzr o e 5 |5 (14105 (1))

f fl
It susion s oo < | 2 (14106 (1))

S
)

b

(LP,LT)¢ (R™)

(LP,LT)¢(R™) .
and

|/l + (1]l
- < _
HX{’”ER "-"Mf‘”}H(Lﬁ,m)t(u@n) ~ ‘ A L+1log A
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