Qhmwliwl mlbnlbljughn Yuénvie 3anucku Proceedings

VIK: 517.9 Mamemamuxa
O TIOCTPOEHMMU JIBYMEPHBIX JINHEMHBIX CUCTEM
JIMODEPEHITMAJIBHBIX YPABHEHUM C 3AJJAHHBIM XAPAKTEPOM
OCIVJUIAITN
T'eopeuit CAAKAH
Puliuyh punkp ' phdpkighuy hujumuwpnidbbph Eplsuh gduyhl hwdwukn hunluljupg, ougpjjughw, ns

oughyughu:

Knrouesvte cnosa: osymepnas auneinas 0OHOPOOHAsL cucmema Ou@PoepenyuanioHbix ypasHeHut, OCYULIsIYuUs.,
HeoCYUIAYUAL.

Keywords. Two-dimentional linear homogeneous system of differential equations, oscillation, non-oscillation.

SYUO OUSPLBUSPUSP FULNR3ENAY GLG2UD QOUBP U P HENEULSPUL NUJUUULNRU ULELD
SUUULGUMELP QUMIPSUUL UUUPL
Q. Uwhwlywi

Upprumnwiipnid hpdiiunnpynid F dpuyll infwds hunngwénid [und puhg nonipu oughyugyng bplswih
qéughll hwdwukn phpplpnkighuy hujwuwmpnidabph hudwlupgkph Jupnigdwi Jkpnn: HMhunwplynid b
fnuls

{y{ = f(V)y,,

y2 =901,

wkuph hwdwlupglph oughjjughnt huwnlniypiniabbpp wyb Eapuppnidpudp, np (8) >0, pal gt) —&°
nplt pugquuinud £

ON THE CONSTRUCTION OF TWO-DIMENTIONAL LINEAR SYSTEMS OF DIFFERENTIAL
EQUATIONS WITH THE GIVEN NATURE OF THE OSCILLATIONSON

G. Sahakyan
In our work it is substantiate a method of constructing the two-dimentional homogeneous linear systems of
differential equations, which are oscillated only in given segment or outside of it. We also consider oscillated properties

of this kind of systems
{yi = f()y,,

y2 =9y,
with the assumption, that f(t)>0,and g(t)is a polynomial.

B pabome 060cHosbi8aeMCA MEMOO NOCMPOEHUSL 08YMEPHBIX TUHEUHBIX 0OHOPOOHBIX cucmem OugepeHyuanbHbix
VPABHEHUU, OCYULTUPYIOWUX Jullb HA 300AHHOM OmpesKe uau 6He ompeska. Paccmampusaiomes makoice
OCYUNTAYUOHHBIE CEOUCMBA CUCHIEM U0

4 —_—
{yl =f()y,.

Yy =g()y,,

#a norxyocu t >0 B npegmonoxennn, aro f(t) >0, a g(t) —nexomopuiii mnozounen.

OCIMUIALIMOHHBIE CBOMCTBA CHCTEMEI

y; = p@)y,,
L (1)
Y, =rt)y;,
o0 CHUX HOp TITOJTHOCTBHIO HEC HNCCJICI0OBAHbI H HpO)IOJ'DKaIOT H3yanBC${

(cMm., Hanipumep, [1]-[5]). Llenp Hactosmiedt paboThI —
1. MOCTPOUTH CUCTEMY (1) Tak, yTOObI OHA OoCHUWJIMpOBAJIa Obl JIMIIF Ha 3aJaHHOM OTPE3KE [a,b] HWJIN BHC

oTpesKa,
2. paccMOTpETh OCUWJLIALMOHHBIE cBoiicTBa cucteMbl (1) B npeanonoxenun, uro P(t) >0, a r(t) seasercs

MHOI'OYJICHOM.
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31ech, U BCIOAY B ajbHEUIIIEM, OyIeM IIPearnosaraTthb, YTo0 UMEIOT MECTO YCIOBHSI:

p(t) >0, r(t) <0. (2)
y, (t)
Y2 (1)
Ha [a,b], ecnm kaxpas w3 ero KOMIIOHEHT oOpaliaeTrcs B HyJdb B HEKOTOpod Touke [a,b], T.e.
yi(t;)=0, t; €[a,b], i=12.

Onpenenenue 2.  HerpuBmanbHoe pemieHue cucteMbl (1) Ha3bpIBaeTCs OCIHILIUPYIOIIAM
(cm., Hampumep, [2]), ecnm  Kaxkagas M3 €ro KOMIIOHEHT HMMEET IOCIIeI0BaTEIbHOCTh HYJIEH,
CTpeMsIIeiicss K 06CKOHEYHOCTH; B IPOTUBHOM CITy4ac Ha3bIBACTCSl HEOCIIMILIUPYIOIIUM.

Omnpenenenne 3. Cucrema (1) Ha3bIBaeTCs OCHMJUTMPYIONIEH, €CIIM OHA MMEET XOTs Obl OJTHO

OCLIIUTMPYIOIIIEE pelieHue, B IPOTUBHOM ciiydae cucteMa (1) Ha3pIBaeTCsl HEOCHMILIUPYIOUIEH.
ITycte m, (i=1,2) o3Hayaer 4ucio HyJdeH i-0i KOMIOHEHTHl HETPUBHAJIBHOIO PELICHUS

Onpenenenue 1. HerpuBuanbHoe peleHue [ j cuctems! (1) Ha30BeM OCHWLIMPYIOIIUM

cuctemsl (1). Jlns manpHeWiero U3ja0KEHUS HaM MOHAN00ATCS CIeAyronue TeopeMbl (cM. [4],

[5]) -

Teopema 1. Eciu 6 cucmeme (1) p(t) u r(t) smaxonocmosumnvl na ompeske [a,b] u umerom

OOUHAKOBbIE 3HAKU, MO KOMNOHEHMbl 6CAKO20 HEMpPUEUaIbHo2o peutenus cucmemvl (1) ne mocym
umemv Ha ompeske [a,b] Oonee o0Hozco Hyns, npuuem Haruuue HyIs Y OOHOU U3 KOMNOHEHM

UCKTIIOuaem ee Haaudue y Opy2oil.
Teopema 2. Ilycmo 6 cucmeme (1) p,reC?[a,b],

_ PO
P(t) = @
1. p'@®)<0, r'(t)>0, (p' (t)=0, r'(t)<0),
2. P'(t)=0 (P'(t) < 0),
3. (nP@) 0.

Toeoa, ecnu ypasHenus.

j.ql— p(o)r(r)dr =7k, ke Z (3a)

j,/— p(r)r(r)dr:%+7zn, nez (3b)

umerom kopHu Ha ompeske [a,b], npuuem n =n, +1, 20e n, - uucno kopueil ypasuenus (3a),
a n, —ypasnenus (3b), mo uucno nynei nepeoil (6mopou) KOMROHEHMbL BCAKO20 HEMPUBUATLHO2O0
pewenust cucmemor (1) na [a,b] cosnadem ¢ uucnom xopueii ypasuenus (3a) ((3b)) wiu 6yoem
omauuamvcs na  eOunuyy (m;=n; ww |m—-n;| =1, i=12)..

3amernm, uto eciu GyHKIEA f(x)>0, To 3Hakm map dpyskumit  (f (x))l " (,/ f (x)) , 4 TaKkxke

(In f(x))" u (In Nai (x)) Oynyt coBmangath. ClemnoBaTenbHO, B YCIOBHUSIX TEOPEMBI 2  (YHKIIUIO

P(t)=.|- % MOKHO 3aMeHuTh Ha QyHkumio f(t)= —%. Hanee, mycts cucrema (1)
r
YIOBJIETBOPSIET YCIIOBUSM TEOPEMBI 2, U
t
M () =a(r)dr, (4)

rIe

q(t) == pOr (). ()

~4~
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[Mockonbky q(t) =/— p(t)r(t) >0, To Ha oTpe3ke [a,b]
M(t)=0, M'(t)=q(t) >0, (6)
W, cuenoBareibHO, M(t)- HeyObIBaromas (QYHKIHMS C HEOTPHUIATEILHBIMUA 3HAYCHUSMHU.
3amerum, uto ypaBHeHus (3a) u (3b) ¢ yuerom (4) MOKHO 3amucaTh B BHJE:

M({t)=7k, ke Z, te[a,b], (7a)
M(t):%Jr;zn,neZ, te[a,b]. (7h)

Hanee, yuutsiBas (6), MBI MOXEM YTBEpXKJIaTh, YTO MHOXKECTBOM 3HaueHUH ¢yHKuuu M (t)
oyner orpesok [0,M(b)]. Torma muosxecTBo 3HaueHuit K€Z, yHOBIETBOPSIONIMX YPABHEHHIO
(7a) onpenenuTcs N3 HEPABEHCTBA

0<k< M(b) ,
T

a MHOXKECTBO 3HAYCHUN NeZ, yIOBICTBOPAIOIINX ypaBHEeHHIO (7D) , U3 HEpaBEeHCTBA

0<n< m — 1
T 2
Ecnu npunsate M =M (b), TO U3 NOCIHEAHUX IBYX HEPABEHCTB OYAET Clie0BaTh, YTO YUCIIO

KOpHeil ypaBHeHus (7a), a 3HauuT, u (3a), OyaeT paBHO

N, {%}L (82)
T
a 4Kcio KopHeit ypaBHenus (3b)
nzz{%—l}tl, (8b)
T 2

IpUYeM, OYEBUIHO, 4TO N, >n,. M, cremoBarenbHO, BOSMOXKHBIMH OymyT ciydam: n, =n, +1
wi n, =n,. HerpyaHo moka3aTh, 9TO paBEHCTBO N, =N, +1 OyJIeT UMETh MECTO MPH BBHITOJTHEHUN
YCIIOBUS
M {ﬂ} +05. )
T T
C nmpyroit CTOpPOHBI, OUEBHIHO, YTO ypaBHEHHUE (38) Kak MUHUMYM HMeEET OJIMH KOpeHb t=a, a

T v
ypaBHenue (3b) Oymer mmerp xopHH Tpu M 25. B aT0li cBs3M ycnoBue Teopemsl 2 “ecnu

z
ypasnerus (3a) u (3b) umerom xopnu” MOXHO 3aMEHUTH ycioBueM: M ZE . 3aMeTuM TaKxe, 4To

yCIIOBHE
M=>2rx (10)
COTJIACHO COOTHOLIEHUIO (8a) Oyzner PaBHOCHUIIBHO YCIIOBUIO n>2.
O06001TMB BBIIIEU3IOKEHHOE, MBI IPUJIEM K CIIEAYIOIICH TeopeMe.

Teopema 3. ITycmo 6 cucmeme (1) p,reC?[a,b],
p(®)
t)=—"r2,
Q(t) ‘0

1. p (t)<0, r'(t)=0, (p' (t) =0, r'(t) <0),
2. Q'(1)=0 (Q'(1)<0),
3. (InQ®) 20.



Qhmwliwl mlbnlbljughn Yuénvie 3anucku Proceedings

Toeoa, ecnu umeiom mecmo ycaosusi (9) u (10), mo cucmema (1) na ompeske [a,b]
ocyuupyem.

JlelicTBUTENILHO, W3 YCIOBUH TeOopeMbl, a Takke 3 cootHomecHuii (8a) m (8b) Oymer
CIIeZIOBaTh, YTO UMEIOT MECTO YCIIOBHUS TeOpeMbl 2 U n; >2, n, >1. Toraa, corinacHo Teopeme 2,

OyzmeMm umeth m; >1, m, >1.
Haiee, uMeeT MecTo
Teopema 4. I[Tycmob 6 cucmeme (1) p,r eC%[a,+x),a>0,

Q(t)=—%,

1. p'@®)<0, r'(t)>0, (p' (t)=0, r'(t)<0),
2. Q'()=0 (Q'(t)<0),
3. (hQe) =0.

Tozoa cucmema (1) na eceti nonynpsimoti [a,+ ) ocyuniupyem.
HoxkazarenbcrBo. [Ipumem

M (t) :},/— p(2)r(z)dr.

ITockonbky
M'(t) =-p®)r(t) >0,

1o M(t) Oynmer Ha Bcelr momyocu [0,+ o) CTporo Bo3pacraroiieid pyHKIHEH, U, CIeT0BATENbHO,
M(t) >+ mpu t—>+oo. Torma, yuutsiBas dpopmyist (82) u (8b), Mbl moxyuum, 4ro n;,n, — o
npu t—+oo. [locnennee, cornacHo ompeneneHuto 2, Oyner o3Hayarh, yTo cucrema (1) B 3TOM
cily4yae OCHHJITUPYET Ha BCEH MOIyIpsiMOil [a,+ ), 94To U TpeOOBaAIOCh JOKA3aTh.

[Tokaxxem Temepb, Kak MOXHO onpenenutb  cucremy (1), Tak 49ToObl OHa ObUTa OBI
OCUMJUTUPYIOIIEHN JTUIIb HA 3aJJaHHOM OTpe3ke [a,b], a>0. PaccmoTpum miist 3TOro cucremy

{yi =)y,
y, = (t—a)(t-b)y,,
B MPEANOJIOKEHUH, 4TO LIl t [0, + o)

(11)

f(t)>0.
OueBunHO, 4TtO mpu t¢[a,b] K03 (ULMEHThl paccMaTpUBa€MON CHUCTEMBI OYAyT HMETH

OJIMHAKOBbIE 3HAKH, U, CJIEI0BATEJIbHO, COTJIACHO TeopeMme 1, cuctema He Oy/eT OCHUIUINPYIOLIEH.
[Tokaxxem Temeppb, uTo MOKHO mogoOpaTh f(t) Tak, uroOsl cuctema (11) ocummupoBasia Obl Ha

otpeske [a,b] . lns aToro norpedyeM cHayasia BBIIOJHEHUE YCIOBUS

M =?J— f (t)(t—a)(t—b)dr > 2.

3ameTuM, 4TO A7 yA0OCTBa, B KauecTBe f(t) MOXKHO B3ATh J1t000€, YIOBIETBOPSIOIIECE STOMY
YCIIOBHUIO, TMOJIOKHUTEIbHOE 4ucio C. [l ompeneneHuss uuciaa € JIOCTaTOYHO BBIYUCIHUTH

3HaAYEHUE PIHTCFpaHa
b
| =[/~(t—a)t—b)dr,
a

a 3aTeM BBI6paTI) qUCJI0O C TaK, ‘-IT06I)I BEBITIOJIHAJIOCH YCHOBI/IC
M=+c-1>2r.

cz(zT”jz (12)

nim
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Jlanee mombepeM 3HAuUCHHE C Tak, YTOOBI OJHOBPEMEHHO BBIMOJHUIUCH ycioBus (9) u (12).
Torma, cormacHo Tteopeme 3, cucrema (11) Oymer ocmwuupoBath Ha oOTpe3ke [a,b].

[IpopeMoHCcTpHUpyeM cka3aHHOE Ha cienyromeMm npumepe. [lpeamonoxum, Tpedyercss MOCTPOUTh
cuctemy (11) Tak, 4To0bI OHA ObLIAa OBI OCIMILTUPYOIICH JTHUIIb Ha oTpe3ke [1,3]. Mmeem

| = [ J= (=Dt =3)dt~1571.

2
c=> 2n ~16
1.571

HenocpencTBeHHBIM BEIYMCIIEHUEM MOXHO YOEIUTHCS B TOM, 4TO IpH ¢ =11 Oyner
BBINIONHATCS U ycnoBue (9). Takum 006pa3zom, B kauecTBe TPeOyeMO CUCTEMBI, MOXKHO PAaCCMOTPETh

. HaHpI/IMep, CI/ICTeMy
{yi =16y2’ (13)

y, =—(t-D(t-3)y,.
Ha pucynke 1 npuBoasTcs rpaduk oHOT0 yacTHOTO perieHus: cucteMsl (13) Ha otpeske [1, 3]

VYuuteiBas ycnosue (12), Haitnem

(31ech M BClOy B JaibHEHIIEM Ha MPUBEICHHBIX PUCYHKAaX Y0 COOTBETCTBYET KOMIIOHEHTE Y, a
yl xommnmnoHeHTe Y,. Kak BuUAHO u3 pucyHka, cuctepMma (13) nelcTBUTENBHO OCLUMMIIMPYET HA
otpeske [1,3].

Puc. 1.
VYuuThIBas BBIIIEPOBEACHHBIE PACCYKIEHUS, MOKHO MOCTPOUTH cucTeMy (1) u Tak, 4TOOBI OHA
OCIIIULTMpOBaia ObI JIMIIL BHE 33/JaHHOTO OTpe3ka [a,b], a>0, a Tounee — Ha mosyocu t>b. s

3TOTr0, HAIPUMEP, MOKHO PACCMOTPETH CUCTEMY
{Yi =ft)y,, (14)
Yo =—(t-a)t-b)y,
B IIPEIIIOJIOKEHNUH, UTO
f(t)>0.
ITpumem f(t)=c>0. HerpyaHo mpoBepuTh, YTO B ATOM ciydae OyIyT UMETh MECTO YCIOBHUS
TeOpeMbI 4, COTIIaCHO KOTOpoi cuctema (14) Oyner ocuinpoBaTh Ha MOJIYOCcH t>b.
B kauectBe npumepa, npeanonoxkum,uto a=1, b=3. BriGepem B kauecTBe C, HATPUMEP,IUCIIO
1. 3ametum, 4yTO IPU 3TOM OyJIeM UMETh CUCTEMY
{YI =Y, (15)
Yy =—(t-1)(t-3)y,.
Cormacao teopeme 4, mnpu TakoM BbiOope c cucrtema (15) Oyaer ocumwmupoBaTh W Ha
MHOXeCTBE (3,+ ).
Ha pucynke 2 npuBoauTcs rpauk 4acTHOTO pelIeHUs 3TOU cucTembl Ha oTpeske [3,10].
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PI/IC.*Z.

Hepeﬁ)leM TCHEPb K pACCMOTPCHUTIO OCIHTUJIIAIIMOHHBIX CBOMCTB CHUCTEM BHUJa
y1 = f()y2,
{ L (16)
y2 =9(t)V1,
Ha noinyocHu t>0 B npeamnosioxkenuu, uro f(t)>0, a ¢(t) —MHOrOwWIeH ¢ JEHCTBUTEIbHBIMU

MOJIOKUTEIbHBIMU KOPHSIMU
a, <a, <..<a,, <a,

(cmyuaii, korma MHorowsieH ((t) MMeeT KpaTHble KOPHH, pacCMAaTpUBAETCs aHAIOTM4YHO). B

CUJTy HalllMX MPEANOIIOKEHNUM, ¢ (f) MOKHO MPEICTaBUTh B BUJIE
gt =-g, (Ot —a,)(t—a,)..(t-a,,)(t-a,),

rae g, (t) —HEeKOTOpbId MHOTOWIECH, COXPaHALIWN CBOM 3HAK Ha Bcell mpsmou. IIpeamnosioxum,
910 g¢,(t) >0 (aHANOrMYHO paccMarpuBaeTcs ciydaid g;(t)<0) u n-HedetHo. Torna, mpUMeHUB
METOJl WHTEPBAIOB K BBIpaKeHUI0 —g,(t)(t—a;)(t—a,)..(t—a, )(t—a,), Oymem wumerpb Ha
YUCIOBOM MOJTYNPSIMOM CIAEAYIOUIYIO0 PACCTAHOBKY 3HAKOB

+ - + - +

4 ! ! ! ! ! »
»

T T i P

Cornacno teopeme 1 cucrema (16) mpu nro6om BeiOope f(t)>0 He OymeT ocCHMUIMPOBATH HA

MHOKECTBE
tel0, a;]1v[a,,a;]u...ula,;,a,] .
B cnyuae, korna n- yetHo, 3Haku —g,(t)(t—a)(t—a,)..(t—a,,)(t—a,) OyIyT pacmonoKeHbI
cleayrmuM oopazom

- + - - + -

0 |a1 |a2 ! a,_q I a

U, cnegoBarenbHO, cucTeMa He OyAeT OCHIIITMPOBATh HA MHOXKECTBE

tela;,a,]ulas,a,]u...Vla,.a,].

Uro kacaercs INMOBEICHUS KOMIIOHEHT PELIEHWM Ha OCTAJIBHBIX OTpE3KaxX, TO, OYEBUIHO, UTO
ocuuyutsiiust OyneT 3aBuceTh OT 3HaueHui f(t) . B wactHOCTH, ecnu moTpedyercs onpenenuts f (t)
Tak, 4YTOOBI CHCTEMa OCHUJUTMpOBalla OBl Ha BCEX OCTaBIIUXCS OTPE3Kax, TO ATO MOXKHO
OCYIIECTBUTh, HAMPUMEp, CICAYIOMUM OO0pa3oM: MJis KaXJOro M3 OTUX OTPE3KOB HAWTH
BBIIIIEU3IIOKEHHBIM CITOCOOOM TocTOsiHHBIE C, (k=1,2,.,Nn), a 3areM, UCXOIsi W3 TOJy4YECHHBIX
3HAYEHUW, OIPENEIUTh 3HAUYCHUE C Tak, YTOOBl OJHOBPEMEHHO BBIMOIHSIACH YCIOBHS
M

M _
—'<{—'}+0.5, i=12..,n. B pesymprate momyuuMm, 4to mpu f(tf)=c cucrema Oyuer
T T

OCHMJUIMPOBATh B CIIy4a€ HEUETHOTO N HAa MHOXKECTBE
tela;,a,]ulas,a,]..vla, ,.a,,]v[a, +x),
a B ClIy4ac€ YCTHBIX N - HA MHOKCCTBE
te[0,a,]1ula,,a]u...vla, ,,a,,]ula,,+ ).

~8~
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[IpounmmtocTpupyeM BblllIeCKa3aHHOE Ha CIEAyIoleM npumepe. PaccmaTpuBaercs cucrema
{yi =)y,
Y2 =901,
Ha nonyocu t>0, rae g(t)=-t* +20t* —130t*> —189 u f(t)>0. Pasnoxus g(t) Ha IMHEHHbIE
MHOKHUTEJH, HAllJIeM
gty =—(t -t -3t -7)(t-9).
IIpu atom 1y g(t) OyeM UMETH CIEAYIOLIYIO pACCTAHOBKY 3HAaKOB HA YHMCJIOBOM IOJIYNPSMOM.
- + - + . -
0 | 1 | 3 | 7 | 9 [ -
B nmanHom ciiyyae ocumIIIsALIMS, COTJIAacHO Teopeme 1, BO3MOKHA JiMIllb Ha Ha orpe3ax [0,1],
[3.7]
u Ha uHTepBaye [9,4+ ). Jlisg obecnedeHUs ocuMUIAIMU Ha oTpe3kax [0,1] u [3,7], onpenenum

3HA4YEHM MIOCTOSHHBIX C; U C,. MMeem

1 272_ 2
I, =£\/(t —1)(t-3)(t—7)(t—9)dt~8.103, ¢, > [mj ~0.60 .

27
24.321

I, =}\/(t—1)(t—3)(t—7)(t—9)dtz24.321, c, 2[ j ~0.07 .
3

ITpumem c¢=0.81. Torma OyaeM UMeThH
M, ~0.81-8.103 =6.563 > 27, M, ~19.701 > 27,

M, M, .
IIPYU 3TOM, HETPYIHO POBEPUTH, YTO — < {—} +0.5, 1=12, wu,clIeaoBaTeiIbHO, CHUCTEMA
V4 Vs
{y{ =0.81y,,
Yo =—(t-D(t-3)(t -7)(t-9)y,,

Oyner ocuwummpymoomeid Ha otpeskax [0,1] u [3,7]. CormacHo Teopeme 4, oHa Oyner
OCLUMJUIMpOBaTh M Ha wuHTepBane [9,+0). Takum 006pa3oM Mbl MOIYYUM, YTO MOCTPOEHHAs
cuctema OyneT OCIMIIIHpOBaTh Ha MHokecTBe [0,1]U[3,7]U[9,+ «). Ha pucynke 3 mpuBoautcs

rpa(l)I/ILIeCKa}I HHTEpIpeTalsd OJHOI'O YaCTHOI'O PCIICHHUA CUCTEMbI COOTBCTCTBCHHO Ha OTPE3KaAX
[0,1],[3,7] u [7,9].
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