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O HEKOTOPBIX BUJIMHEHHBIX
®OPMAX HA JIMHEUHBIX
IMPOCTPAHCTBAX MATPHUIL

B pabome na numeiunom npocmpancmee  mMampuy onpeoensiomcs
cuMMempuyHbvie OUIUHelnble QOopMbl, BbIPAdICEHHbIE UYepe3  CNedbl
mampuy, O00KA3bIBAIOMCA HeKomopvle ux ceoticmsea: Hcnonv3ya smu
Gopmbl  8bIBOOSIMCA  paAsIUYHBIE  MOJCOECMBd, — C8A3bIBAIOUUE
onpedenument Mampuy, a MAakKdice Onpeodensemcs 6ud Xapaxkmepuc-
MUYECK020 MHO20UAEHA OISl MAMPUYLL C NOMOWBLIO OOHOU OUNUHEUHOU
CUMMeMPUYHOU PopMbL.

Knroueevie cnoea: oOununetinvle popmol, Mampuybwl.

Q. Uwhwljui
UUSrp8UVELP QUUBPL SUNUONRP3NAULLELP U
nrnecduo Nrne ArOU3PL 264 6P UUUPL

Uphnuwnwipnid  dunnphghbph  qéuyhl  wwpwénipyul  Jpuw
vwhdwinfnid ki dunnppghbph  hEwpbpny  wpunmwhuyngws
updbunphly phqduyhli dbkp, wwywgnigymd kb Gpuwilg npno
hunnlnipiniabbpp: Oguugnpdlyny uyn dbkpp, wpuwsynid ki
dunnphghlph npnopsibpl Juynn wwppkp  Gnybnyemni bbb,
piswlu wl npnpynid F o dunnphgh phnipugpps pugquubnuinlp
wkupp Up updtinphl pheduyhl dip dpgngny.

FPuwbuyh punkp phqduypl dbkp, dunnphghkp:

G. Sahakyan
ABOUT SOME BILINEAR FORMS ON THE LINEAR SPACES
OF MATRICES

In this paper, symmetric bilinear forms expressed through traces of
matrices are determined on the linear space of matrices, some of their
properties are proved: Using these forms various identities linking the
determinants of matrices are derived, and also the form of the
characteristic polynomial for the matrix is determined with the help of
one symmetric bilinear form..

Keywords. bilinear forms, matrices.
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n,n o
Ilycts M O3Ha4aeT JIMHEHHOE MPOCTPAHCTBO BEIIECTBCHHBIX KBAAPATHBIX MATPHI]
HopsiaKa n.

Onpenenenne 1. ([1]). Mot ckaxcem, umo na npocmpancmee M™" x M ™" sq0ana
6ununeiinas gopma . ecuu xancooii nape mampuy (A,B) € M x M ™ nocmasneno

6 coomeemcmeue wuucio T(A,B), max umo npu osmom Ona no0bbix  mampuy

A B,CeM™ u npoussonvnoco uucna )\, 6vinonnensl ycaosus:

1. f(A+B, C)=f(AC)+f(B,C), (1a)
2. f(C, A+B)=f(C, A+ f(C,B) (b)
3. f(MA B)=f(AAB)=Af(A B). (10)

Onpenenenne 2. bBumuneiinas gopma T nasvieaemes cummempuunoi, ecnu  ona
mo6wix mampuy (A,B) e M™ x M ™"

f(A B)=f(B, A). (1d)

Onpenenenne 3. ([2], [3]). Mampuya B € M™" nasvisaemes nodo6unoii  mampuye

n,n n,n -1
AeM™" | ecnu cywecmeyem obpamumas mampuya P € M ™" max, umo B =PAP .
U3 GuiuHeliHOCTH M cuMMeTpuuHOCTH (opmbl | ciemyer, 4To AA TPOM3BOMBHBIX

n,n .
marpun, A,BeM ™" umeror Mecto cootHomEHUS:

1. f(A+B,A+B)=f(AA) +2f(AB)+ f(BB). (2a)
2. f(A-B,A-B)=f(AA)-2f(AB)+ f(B,B). (2b)
3, f(A-B,A+B)=f(AA) - f(B,B). (2¢)

MssectHo ([1]), 4To BesAkyro cuMMeTpHuHyro OwiuHeiinyio gopmy f (A, B) moxHo
BBIPA3UTh YEPE3 COOTBETCTBYIONLYIO KBagpaTuanyto popmy f (A, A) ¢ nomorsio popmysisl
f(A+B,A+B)- f(A A - f(B,B)

5 .
3aMeTHM, YTO CUMMETpHUHYI0 ornHeiinyro popmy f (A, B) MoxkHO npencrasuts u B Buje
f(A+B,A+B)- f(A-B,A-B)

4

U3 coorHomenuit (3a) u (3b) ciemyer, 4To AL TONYYEHUS CHMMETPUYHON OMIMHEHHON
dopmer T (A, B) nocratouno nopxoasium 06pazoM (06eCeUMBAOIMM CHMMETPUYHOCTh U

f(A B)= (3a)

f(A B)= (3b)

mmueiinocts T (A, B)) onpenenuts f (A, A).
-1
Mycts  trA - cmex matpuust A, A™ -o6patHas mo ortHomrenmio k A Marpuia,
A" - TpancnionupoBannas marpuua, a f - HexoTopas GuiMHeltHas cuMMeTpHUHas GopMa,

n,n . o
OIIpe/IC/ICHHAadA Ha M . I[J'IH JAJIbHCUIINX PACCYKACHUN HaM HOHaHO6$ITCH HEKOTOPbIC
CBOIiCTBa cJjica MaTpulbl. HeHOCpeHCTBeHHLIMI/I BBIYHCJICHUSMHU HCpr,HHO II0Ka3aThb, 4TO

1. trAB=trBA, (ABeM™), (4a)
2. trA* =trA, (ABeM™), (4b)
3. trAt -trA=det A (detA=0, A BeM??), (4c)

4. detA:%(trzA—trAz), (A Bem??) (4d)
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Yreepxaenune 1. @opua T, onpedenennas popmynoii (3a) (unu (3b)), npu xascoom usz
3A0AHHBIX HUICE SHAYCHUAX

1. f(A A)=trA?, AeM™,
2. f(A A)=tr?A, AeM™,
3. f(A A)=detA, AeM??,
SGNAEMCS CUMMEMPUYHOU OUTUHEIIHOU OPMOTI.
Jlokazareanscrso. [Tycts f (A, A) =trA?, Torna ¢ yaerom cBoiicts (4a)-(4d), dopma
f (A, B) cornacuo (3a) npumer Bun

tr(A+B)® —trA> —trB> _ trA® —trB” + 2trAB — trA” —trB?

f(A B)= =trAB.
2 2
Js (A, A)=tr?A asanornuno 6yxem uMeTh
2 42 A 2 2 2 PR tr2 A tp2
F(A B):tr (A+B)—treA—tr B:tr A+troB+2trA-trB—trcA—tr thrA-trB.

2 2

HetpyaHo npoBepuTh, 4TO OCTPOCHHBIE (HOPMBI yI0BIeTBOPsIIOT yenoBusim (1a)-(1d).
U, makomen, ciywait 3 Oyner ciemoBaTb M3 COOTHOIICHUS (4d), a Taxxe m3 yxe
JIOKa3aHHBIX YTBePXKIeHUMN.

ITockonpKy MHOXECTBO OWMIMHEHHBIX CHUMMETPUYHBIX (opM oOpasyeTr JIuHEHHOe
MHOroO6pasue, TO B KadecTBe [ MBI MOXKeEM IPHHATL (GOPMY

f(A B)= %(trA-trB —trAB) (5a)

a, a b, b
Mpu A BeM?? A=[ H 1 J, B =( H 12) , 9Ta ¢popmMa MOXKeT ObITh
dy 8y by by

peaAcCTaBJICHA C TOMOUIBIO 3JICMCHTOB MAaTPUIl B BU/IC

1
f(AB)= 5 (allb22 +ayby —a,pby —ayb, ), (5b)
NIn
a,, b b, a
f(A,B)zl[ 11 D1z P 12} (50)
2(|ay byl b, Ay

Bununeiinyio gopmy (5a) ipu A, B e M 22, ¢ yuerom (3a), (3b) u (4d), MoxHo 3ammcats 1
B BHJIE

det(A+ B) —det(A-B)

f (A B)= 2

(5d)

HiIn

det(A+B)—det A—detB

f (A B)= ;

(5e)

Lo 2,2
IpeanonoxuM Temepb, 4TO B Ka4ecTBe OunmHeliHoi (popmer Ha M ““ Bribpana dgopma
(5a) u E osnauaer equnuunyio Matpuiy nopsaka 2. MiMeer mecto
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YTBep:kaenue 2. /[na  npouzsonbHblx Mampuy A BeM?? umneiom mecmo
COOMHOWEHUS!
1. f(AE)= %trA. (6a)
1
2. f(AR={r*A-trA’)=det A. (6)
3. f(AA)="f(A"A"). (6c)
4. ecmm F(AA)=0,10 f(AA-f(AT A =1 (6d)
5. ecu f(AA)- f(B,B)#0, 10
f(atphy=AB (69
f(AA)- f(B,B)
6. ectn f(A/A) =0, T0
f(A B) =1tr(A*1B) . (6f)
f(ALA) 2

o a‘ll a‘lZ
Jlokazatenberno. JleifcTBuTenbHO, mycth Matpuiia A umeet Bua A = .
a a
21 22

1. Tlockomsky tFrE =2, 1o cornacxo (5a) 6ymem umeTh
f (A E) :%(trA-trE —tr(A- E)):%(ZtrA—trA):%trA.

2. CootHomenue (6b) cremyer HemocpeaCTBEHHO M3 COOTHOIIEHHMs (5a), ecnn BMecTo B
nosctaButh A .

3. PasenctBo (6C) BhITekaeT 3 cooTHomenus (6b) u pasencrsa det A = det A™.

4. C yuerom (6b) npu f (A, A) #0 umeem

f(AA) (AL, A1) =detA-det At =1.

5. U3 coortHomenuu (5a), a taxke (4b), Oyner cieroBath

(At BY)=t(rat Bt —tr(at )=t A B pppyt)s
2 2\ detA detB

_1( trA  trB trBA )_1[ trA B trAB )_ f(A B)
2\ detA detB detBA) 2\ detA detB detA-detB) f(AA)-f(B,B)

6. Yuuresas, uro npu (A, A) =det A# 0 cymecrayer o6patnas k. A marpuria, Gyaem

HUMCTH

Al = 1 ;p —ay
detAl-a, a;)
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Torna, ucrionb3ys popmyiy ans ciena tr(A- B) u cootnomenus (4b) u (5b) , naiinem
82 p _ 8 G o
detA ' detA % detA ?  detA

_ ay,by +ay;b, —a,by, —ayb, 2f(AB)

det A f(AA)

tr(At-B)= by, =

YTBepKIEHUE 10KA3aHO.

. n,n
3amernm, 4TO cBOMCTBA (6C) Oy/ET BHIONHATECS 1 B caydae AeM ™.

Yreepxaenne 3. [Jus  npouseonvuvix  mampuy A B,CeM??  umelom mecmo
COOMHOWEHUS.
1. f(AB,AB)=f(A A)- f(B,B),
(72)
2. f(AC,BC)=f(AB)-f(C,C).
(7b)
Joka3zareancTBo. 1. Mmeem cormacuo (6b)
f (AB, AB) =det(AB) =det A-detB = f (A, A)- f(B,B).
2. Bocnonb3oBaBuIuch COOTHOLIICHUEM (5d), a TaKxe YUYHUTBIBAS,4TO

det AB =det A-det B, naitnem
det(A-C+B-C)—det(A-C-B-C) det(A+B)-C—det(A-B)-C _
2 2

-detC = f(A,B)- f(C,C).

f (AC,BC) =

_ (det(A + B) — det(A - B))
2

. 2,2
Caencrsue. s npouseonvnor mampuyor AeM u nNeN wuveem mecmo
coomHoweHue:

f(A",A")=f"(A A).
Teopema. bununeiinas popma f na M 22 UHBAPUAHMHA OMHOCUMENbHO NOO0OH020
npeobpazosanus.
JHoxa3zarenbeTBo. COTNacHO OMpENENeHNo 3 MaTpuIa, moaoOHas maTpuie A, 6yaer

umerts Bug PAP 71, rae P - nexoropas obpatnmas marpuna. Toraa, yuntsisas (7a) u (7h),
MOJY4UM

f(PAPL, PBP )= f(P,P)- f(AB)- f(PL,PY)=f(P,P)-f(P1,P") - f(AB)=f(A B).

Teopema nokaszaHa.

B cuny cooTHomenuit (6a) u (6b), U3 qOKa3aHHON TEOPEMBI , B YaCTHOCTH, OyaeT
ClIeZIoBaTh M3BECTHAS HAM U3 Kypca JIMHEHHO# anreOpsl HHBapUAHTHOCTD JIETEPMUHAHTA U
cliiea MaTpUIIbl.

U3 dopmyn (6a) u (6b) ciexyer, yTO OCHOBHBIE XapaKTEPUCTHKH MATPHIBI (CIE,
OHpeienTeNb) BRIpax)aoTca depes oununeiinyo gopmy f , a mmenno:

trA:%f(A,E):%f(E,A), detA=f(A A).
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3aMeTHM, 4YTO BBINICHAHJEHHBIE COOTHOLICHUS IO3BOJISIOT IOJYYHTh JIOCTATOYHO
WHTEPECHbIE U IOJIE3HBIE TOXKIECTBA, CBS3BIBAIONINE ONPEISIUTENN PA3INYHBIX IBYMEPHBIX
Mmarpuil. B wactHocTH, yuntsiBas (5d) u (60), mosyumMm, 9TO BEpHBI CIEAYIONINAE TOXKICCTBA!
1. det(\A+B)—det(A\A—B)=f(AA+B,AA+B)- f(AMA-B,AA-B)=
= 4)f (A, B) = A(det(A + B) — det(A—B)).
2. det(:\A+B)—det(A+AB)=f(AA+B,AA+B)—- f(A+AB,A+AB)=

= f(L+1)(A+B),(L—1)(A-B))=(2* -1) f (A+B,A-B) =

= (2 -1)(f (A A) - f(B,B))=.(A* —1)(det A—detB).
3.
det(A+ B +C) — det(A + B — C) =[det(A+ C) — det(A — C)]- [det(B + C) — det(B — C)]

Vuureigas (6d) n 6unmuneiinocts |, MBI MOXeM ¢ TOMONIBIO 3TOH (GOPMBI TIPEICTABUTE
1 XapaKTEPUCTHIECKUI MHOTOWIEH MAaTpPHUIbl, & IMCHHO:

det(A—AE) = f (A—AE,A—AE)=2* —2f (A E)A+ f (A A).
YrBepxnenue 4. /s A BeM 2.2 U Npou3BoILHLIX Oelicmeumenvublx yucen M u N
umeem mecmo paseHcmeo.'
det(mA +nB) =m? det A+ n? det B+2mn - f (A B). (8)

HokazaTenbcTBo. Mcnonssys ounnneiinocts Gopmer T u (6b), maiinem

f(mMA+nB,mA+nB)=f(mA, mA)+2f(mA,nB)+ f(nB,nB) =

=m?f(A A +2mn- f(A B)+n?f(B,B)=m?det A+2mn- f (A B)+n?detB.
C npyroii croponsl, cornacao (5d)
f (MA +nB, mA + nB) =det(mA + nB).

Tak kak JeBbIC YacTH JABYX MNOCJICAHUX PAaBEHCTB PAaBHBI, TO 6y,I[yT PaBHBI U IPABbIC YaCTH,
a UMCHHO!

det(mA + nB) =m? det A+ n? det B + 2mn - f (A, B).

3aMeTHM, YTO MPOBEJCHHBIE BBIIIE PACCYXKIEHNS MOXKHO NPUMEHHUTh U K MaTpUIaM, el
MOpPSIIOK OoJibllie [BYX. Hampumep, mnpenmonioxkuM — Temepb, 4To  (opma (5a)

3,3
paccMaTpuBaCTCAd Ha M y E -¢AUHUYHAsg Marpulla MopsaKa 3. HeHOCpe,I[CTBeHHLIMI/I
BBIUMCJICHUSIME HETPYHO 10Ka3aTh, 4To B ciiyuae A€ M 33 OyzaeM MMeTs:
trPA—3trA-trA” + 2trA®  trP A—trA-trA% — 2trA-trA® + 2trA®
; - -

det A=

3
_trAltr2A—trA? ) 2(trA-trA? —trA?)

3 : 9)

Hanee, yautsiBas, uto (A, B) = % (trA -rB — trAB), HalizeM, 94To
f(AE)= %(trA-trE —trAE)=trA,
f(A A)= %(trzA—trAz )

f (A2, 4) :%<trA2 ArA — trA®)
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IMoncraBuB 3T 3Ha4YeHUs: B paBeHCTBO (9), HONYyYHMM COOTHOIIEHHE, BBIpaKaroliee
omnpefenuTens MaTpuibl A ¢ IOMOIIBI0 CUMMETPUUYHOM OuimHelHo#i ¢opmbl (5a), a
HMEHHO:
f(AE)f(A A)—-2f(A%,A)

3 .
B uvactHOCTH, eciu A’ =E , TO U3 TOCJeIHeH (HOpMYIIBI HAWIEM, 4TO

det oo TABE (AR -2f(EA) _TAE)T(AA)-2)

3 3

U nockonbky B oToM ciaydae Oet A=1, To MBLB 9acTHOCTHM, HalimeM, 9TO [UII TaKHX
MaTpHil

det A=

f(AE)f(AA)-2)=3.

I[J'IH OIPCACIICHUA XaPAKTCPUCTHUICCKOIO MHOT'O1JICHA 6y;:[eM HUMCTb

f(A—AE,E)f(A=LE,A=LE)—2f((A—-LE)?, A= L\E)
3 :

KOTOPOC TOCJIC HECIIOKHBIX prOH.[eHI/Iﬁ OpUMET BUJ

det (A—AE) =

f(AE)f(A A -2f(A% A)
3 .

U3 IOCJICAHETO COOTHOIICHUA, B YaCTHOCTH, BBITCKACT, YTO €CIIN 7\,1, )\.2 n 7\,3 SIBJIAROTCA

det (A—AE)=—23 + f(A E)A% — f(A AL+

KOPHAMH XapaKTCPHUCTHICCKOTO MHOIOWICHA, TO

M +hy +hs=F(AE) A, +Ahy + A0, =—T (A A),
f(AE)f(A A)—2f(A% A)

Ahohg = .

=det A
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