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THE PROCESS OF FORMATION AND OF A
QUASI-BOUND STATE

In this work the evolution of wave packets, which scatter on a field of a
one-dimensional potential is considered. The scattering potential is
taken as a system of two similar rectangular barriers and the wave
packets are constructed on the base of the scattering wave functions
being the eigenfunctions of stationary Schrodinger equation. The
process of formation and decay of a quasi-bound state in the region
between the barriers is considered. @ We investigate the time
characteristics of this process such as a bound state formation time and
its life or delay time. It is shown that when the carrier energy of wave
packets coincides with the energy value of the resonance transmission,
then in the region between the barriers a quasi-bound state is formed.

In particular, the dependence of the time characteristics from the width
of rectangular barriers of the scattering potential is considered. When
the width the barriers tends to infinite, i.e. when the scattering potential
transforms to a simple quantum well, the quasi-bound formation time
takes a finite value while the decay time tends to infinite. This result
means that the tunneling of wave packets from the region out of the
scattering potential into its middle part even for the case of infinite wide
barriers occurs within a finite time. The latter is the demonstration of
the well-known Hartman effect. The life time infinity for the infinite wide
barriers shows that the wave perturbation arrived due to the tunneling
in the region between the barriers remains locked in the scattering
potential volume. So, we conclude that a bound state is a result of
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evolution of wave packets constructed on the base of the scattering
functions.

Keywords: scattering problem, bound state formation, appearance and
delay times, evolution, wave packet, quasi-bound state, barriers,
perturbation.
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IIPOILIECC ®OPMHPOBAHHA H KBASHCBA3AHHOE
COCTOAHHE
B oannou pabome paccmampusaemcs 380m0yusi 80JIHOBLIX NAKEMOS,
pacceugarowux Ha nojie O00OHOMepHo2o nomeHyuana. Ilomenyuan
paccesiHusi NPUHUMAEMCcs 6 6ude CUCmemvl U3 08YX OOUHAKOBBIX
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NPAMOY20IbHbIX 6apbepos, a B0IHOGble NAKEMbl CHMPOAMCS HA OCHOGe
BONIHOBBIX  (PYHKYULl — paccesnus,  AGIAIOWUXCA — COOCTNEEHHBIMU
@yHKYuAMU cmayuonaprozo ypasuenus Lllpeduneepa. Paccmompen
npoyecc Gopmuposanus u pacnada Keasu-cesA3aHHO20 COCHMOAHUA 8
obnacmu  mexcoy  Oapvepamu. Mol uccredyem  8pemeHHble
XapakmepucmuKyu 3mozo npoyecca, makue Kax epems Gopmuposanus
CBA3AHHO20 COCTMOAHUA U €20 BPeMA JHCUSHU UTU 8DeMs 3A0epIHCKU.
Tlokazano, umo Ko20a 3Hepeust Hecyujeli 60IHOBbIX NAKEMOg CO8naddem
CO 3HAUeHUeM IHePeUU Pe3OHAHCHO20 NPOX0dHCOeHus, mo 6 obaacmu
MedHcdy bapbepamu 06pazyemcs KeAa3UceA3aHHOe COCMOsHIUE.

B wacmmocmu,  paccmampueaemcs — 3a6UCUMOCHb — BPEMEHHBIX
Xapaxkmepucmux om WupuHbl NPAMOY20IbHBIX bapvepos
pacceusaroweco nomenyuaia. Koeoa wupuna dapvbepos cmpemumcs
beckoHeunocmu, mo ecms K020a HOMEHYUA paccesnus npeoobpasyemcs
6 NPOCMYI0 KEAHMOBYIO AMY, 8DEeMS K8A3U-CEA3AHHO20 00pPA308aHUS.
NPUHUMAEN KOHEYHOe 3HAuYeHue, a 6peMs 3aMYXaHus CMpeMumcs K
beckoHeunocmu. Dmom pe3yibmam O3HAYAem, Ymo MYHHeIUupOSaHue
BOJIHOBBIX NAKEMO8 U3 00IACMU NOMEHYUANA PACCESHUS 8 ee CPEOHION
yacme O0asice O CIY4asi DECKOHEYHO WUPOKUX DAPpbepos Npoucxooum
3a Koneunoe epems. [locneonee sgnsiemces deMoHCmpayuell U36eCmHo20
apgpexma  Xapmmana. Beckoneunocmv — epemenu  dHcusHu  OnA
OecKOHeunbIX  WUPOKUX — 0apbepog Nokasvleaem, 4Ymo  BOJIHOB0E
803MYUeHUe, BO3HUKAIOUjee U3-3a MYHHENUPOBAHUS 8 0ONACHU MeXHCOY
bapvepamu, ocmaemcs 3a0NOKUPOBAHHLIM 8 00beme NomeHyuald
paccesanua. HMmax, Mmvl 3aKni0Yaem, UMO C6A3AHHOE COCMOAHUE
SABNACMCSL PE3YIbMAMOM I80TOYUU BOTHOBLIX NAKEMOS, NOCHPOCHHIX
HA OCHOBe PYHKYULL PACCESHUSL.

Knrouesvie cnoea: 3adaua paccesnus, 00pazosaHue C6:A3aHHOO
COCMosAHUs, — 6peMsA  pacnada, — 360MOYUs,  BOIHOBOU  NaKem,
KBA3UCEA3AHHOE COCMOsIHUe, bapbep, 603MYUjeHUe.

Introduction

The problem of description a wave motion with non-harmonic time dependence
has a long time history and places an essentially important role for different
application problems. Usually, for the case of linear media, the wave motions of
complicated dynamics are considered by means their decomposition on separate
wave motions, each of them has more simple form of the time dependence. Namely,
the simple wave motions, which are also called eigen wave modes, have the
harmonic form of the time dependence. So, determination of the frequency (energy)
spectrum and the space form of harmonic wave motions, which can realize in a given
media, is important as well [1-3].

In the general case of complicated dynamic waves the description suggests that
the staring or initial form of the wave perturbation is known and it is given from out.
In contrast to that the harmonic waves always repeat the same space form and the
mean problem is to find this form. The latter is found by solving the corresponding
stationary wave equation. It can be called as an initial form of the wave perturbation
for harmonic wave motion as well, since being initially given this form is always
repeated with certain frequency in time.
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So, for the complicated wave motion the problem of determination of the initial
condition form is formally absent. However, to get successfully physics picture of the
wave process the correct initial condition should be taken. In other words the correct
initial condition is the correct problem statement. Otherwise by taking any initial
form for a wave perturbation and solving a non-stationary wave equation one can
consider in principle possible wave process. The following question is seen to be
opened: is this process is the object of interesting and if it is not so, when how the
initial condition should be chosen to provide the consideration of the studied physical
situation [4]. The problem becomes more difficult, when for the initial condition
expert the starting form of a perturbation the space form of its derivation should be
given as well. The mentioned situation can take place, for example, for acoustic
waves.

Another important issue for description of complicated wave processes is the
introduction of the corresponding time characteristics. The problem is how by mean
of a finite number of parameters to describe the dynamic of the system such as a
wave field, which has an infinite number of freedom degrees. This problem is an
object of intensive discussion for many years and means questions connect with the
wave process tunneling through non-unformal regions of a media. So, in accordance
with the well-known Hartman effect the tunneling speed can takes with an infinitely
large speed, more them velocity of light [5-13].

This work is devoted to the tunneling problem of a wave perturbation through a
one-dimensional potential from two rectangular barriers. The given problem was
considered by many authors [14-24], which basically investigated the reflection and
transmission times in dependence of the barrier width and the separation distance
between them. In the opaque limit for the barriers the existence of the Hartman
effect, like to the case of a single barrier, was found. It is shown that the behavior of
the transmission coefficient and of the tunneling phase-time near a resonance is given
by expressions with “Breit-Wigner type” denominators [14].

Below we consider a time evolution of a wave process initially having the form of
two wave packets falling from the left and right sides on a one-dimension scattering
potential. Under certain conditions, when the carrier energy of the wave packets
equals to the energy of a potential resonance transmission, the wave process brings to
formation of a quasi-bound state into the value of the scattering potential. In
particular, we consider the genesis and collapse process of a bound state into the
value of a simple rectangular well which locates inside of the scattering potential,
namely in the region between two identical rectangular potentials. Such scattering
system, when the width of the rectangular potentials takes an infinite large value,
transforms to a simple potential well. We investigate the time characteristics of the
formation and delay process of a quasi-bound state as functions of the width of the
scattering system barriers. In particular, in the limit of infinite wide barriers, when
the scattering potential having from two identical rectangular barriers takes a
guantum well form, the process time evolution is considered.

In outlines the time evolution of the above described process is seems to be clear.
Some part of the falling wave perturbation reflects from the scattering system. The
remaining part enters into the region of the barriers where a quasi-bound state can
appear. As the time characteristics of the discussed wave process we consider the
entry time of the wave packets into the scattering potential volume and the life time
or decay time of the appeared quasi-bound state. The entry time is defined as the
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difference between the achievement times of the maximum value of the wave
perturbation in the well center, which are calculated for two cases of scattering
potential present and it absent. The delay process of a quasi-bound is directly started
after it appearance process, i.e. the final time moment of the appearance time is the
start time moment from which the life time is calculated. The final of the delay
process is considered the time moment when the diverging wave perturbation
immediately at the borders of the scattering potential takes the maximum value.

2. The bases of the scattering wave functions.
It is well known that a quantum particle motion in a potential field U (x) is

described by mean of the time-dependent Schrodinger equation, which for the case of
a one-dimensional motion has the form of:
2 2

ihgcp(x,t):{—F’—a—w(x)}b(x,t), 1)

2m Ox?

where d)(x,t) is the wave function. This equation has to be collaterally considered

with an initial condition defining the space dependence of the wave function for an
initial time moment:

®(x,0) = Dy (x) @)
where @, (X) is given. The standard requirement imposed on a wave function is the
normalization condition;

T(D(x,t)(b*(x,t)dx:l. (3)

As a function of time the dependence of the function ®(x,t) is usually

divided on two types. First of them is the harmonic form of the time dependence and
the second one is all others. For time harmonic solitons the wave function is
considered as

®(x,t)=exp{—iE(k)t/ ] ¥(x,k),
where W (X, k) satisfies to the stationary Schrodinger equation:
d?¥(x)
dx?
and k =2mE(K) /7, u(x) = 2mU(x)/#*. The function u(x) , which is usually
called as a potential, can take both positive and negative values. Further the
potentials vanishing at infinites will be considered only;
u(x - £0) =0.

The above given equation can have two type solutions. First of the corresponds
to an infinite motion, when the wave function is normalized to delta-function and
second one describes the finite motion or bound states, when the wave function is
normalized to a finite quantity. Note that for the last case the energy can take discrete

values only and for an existence of bound states in same places the potential have to
have negative values.

+(k2 —u(x))¥(x,k)=0 4)
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The stationary wave functions of infinite and finite motions have different natures,
which are seen from the difference of their normalization conditions;

Jwky (—k)dx =8k =Kk, [ 4(x 2,)d(x z,) =5,

Here we denoted the wave functions of an infinite motion as y and for a bound state
as ¢. Note that for the bound states in Eq. (4) the quantity k*® takes a negative

value, so that k> =— % and k =iy , where y is a real quantity.

As seen from the above written conditions the wave function of infinite
motion has no a dimension, i.e. it is dimensionless quantity (note that the delta
function has a dimension inversed of its argument dimension, for example,

[k]=1/meter and [&(k)]=meter). In contrast to that the wave function of a

bound state has a dimension equaling to 1/+/meter .

For the one-dimensional scattering theory the more interesting solutions of
Eq. (4) are the so-called scattering wave functions corresponding to the left and right
scattering problems, which have the following forms of an asymptotic behavior:

1 {exp{ikx} +R(k)exp{-ikx}, x— -,

W'(X’k)zﬁ T (k) exp{ikx}, X —> 400,
5)
1 S (k)exp{—ikx}, X —> —o0,
v (xk)= \/ﬂ{exp{—i x} + P (k)exp {ikx}, X —> +00, ©)

where k>0 and T(k), R(k) and S(k), P(k)are the transmission and reflection
amplitudes of the left and right scattering problems, correspondingly . Note that in

Eq. (5) and Eq. (6) the factor 1/+/27 provides the normalization condition on delta
function of the scattering wave functions (see, for example, [25]);

[k (%~ kY dx = 5K —K7), [, (%, (x,— k") de = Sk —K'). (7

It is important to mention as well that the left and right scattering functions are
orthogonal to each other;

jw,(x,k)wr(x,—k')dx:o. (8)

The functions ,(X,K) and ,(x,k) are independent solutions of Eg. (4),

S0 its arbitrary solution can be presented by them in a linear combination form. For
the transmission and reflection amplitudes of the left and right scattering problems
the following relations are take place (see, for example, [26-29]);
1-R(K)R(=k) =T (k)T (=k), (9)
1-P(k)P(—k) =S(k)S(-k), (10)
P(K)T (—k) +R(-k)S(k) =0, (112)
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S(k)=T(k). (12)

Note that for a case, when in Eq. (4) the potential u(x) is a real function the action

sign change of the parameter K is equivalent to the complex conjugation action (for
example, , (X,—K) =y, (x,k), R(—=k) = R"(k) and so on).

Below we will consider the real potentials only. As it follows from relations

(11), (12) in this case the reflection amplitudes of the left and right scattering
problems are differ from each other by a phase factor;

R(k) =—P (K)T(K) /T (k). (13)
Presenting T (k) =T (k)|exp{i¢; (k)}, where [T (k)| and ¢; (k) are the module

and phase of the transmission amplitudes, it is easy to see that the last equation takes
the form of:

R(k) =—P" (k) exp{i 2¢; (k)}. (14)
From this equation it follows that
IR(K)| =[P(K)| and g (k) + ¢, (k) = 7 + 20, (K), (15)

where [R(k)|,|P(k)| and ¢4 (k), ¢, (k) are the modules and phases of the reflection
amplitudes of the left and right scattering amplitudes;

R(k) =[R(K)|exp{i @r ()}, P(k) =|P(k)|exp{i g, ()} .
Below we consider the evolution problem of wave packets constructed on the
bases of scattering wave functions (5), (6);

D(x,t) = T[v, (K, (%, k) +v, (K)w, (%, k) |exp{—iE(K)t / i}k, (16)

where E(k) =#k?/2m and v,(k), v, (k) are the coefficients of the expansion
spectrum of the wave process ®(x,t) conducted on the basis of the scattering
functions y, (X,K), w, (X,K). Note that in the case of choice of any another basis of
orthogonal functions, for example, Fourier waves;

L exofik— E(K)/ )}, ——— exp{oi(ke+ E(K)/ A},
T T

;T ;T

the expansion coefficients will depend on t, unless of course the case when
u(x) =0 everywhere.

W(K) = [ @, (07 (KX, v, (k) = [ @ (x, K)o, an

It is easy to check that for the function ®(x,t) satisfying to the condition (3)
the spectral coefficients would be chosen so that

0V, 0+, (V; ()T =1 (18)

In accordance with (16)-(18) the evolution of the wave perturbation ®(X,t)
is defined by the form of the spectral functions v, (k), v, (k).
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3. Multiple scattering and resonance tunneling

Any one dimensional potential relatively to any point can be mentally divided on
two parts, which locate to the left and to the right from this point. The scattering
amplitudes of a one-dimensional potential can be presented by means of the
scattering amplitudes corresponding to these parts (see, for example, [29]). So, the
system transmission amplitude has the form of:

— 4L,
1- p| r||
where the indexes | and Il correspond to the left and right parts (barriers) of the
scattering potential. So, p, is the reflection amplitude of the first barrier determined

(19)

from the right scattering problem and I, is the reflection amplitude of the second

barrier determined for the left scattering problem. The formula (19) has a quite
transparent physical significance relating to the effect of multiple reflections of a
wave inside a layered structure. Expanding this expression as a series in powers of

p, I, one can get:

T =1t +1, (I’“ P, )tll +1 (l’“ P, )2 t, +- :itl (I’” P, )j t,. (20)
j=0

It is easily seen that the first term in the sum (the n=0 term) is the contribution to
the total transmission amplitude from the amplitude of the process in which no
reflection from the barriers takes place. The second term corresponds to the
amplitude of the process in which a wave, on passing through the first barrier of the
scattering potential, is reflected from its second barrier and, then, after reflection
from the first barrier, the wave passes through the second barrier. Clearly, the n-th
term of the sum represents the transmission of a wave perturbation through the
structure accompanied by n -fold re-reflection of the wave between the barriers.

Now we consider a scattering potential presenting a system from two
identical barriers spaced from each other by some distance a (see Fig. 1).

Part |
Part 1l

-+ Ll »

Fig. 1 A scattering potential form of two identical barriers.

Applying the general relation (13) to the first barrier (p, = —r,*t, /tf) and

taking into account that the barriers of the scattering potential are identical (

t, =t, =t and r, =r,, exp{—i2ka}=r), for (19) one can write down:
e

1+|r|2e2i¢ '

T(k) = (21)
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where ¢, is the phase of the transmission amplitude of a single barrier, which can
take the value in the interval —7 /2< @, <7 /2;

t =|texp[ip,] and g =ka+¢, . (22)
As it follows from Eq. (21), when
p=nl2+nz,n=0,1,-- (23)

then the resonance tunneling of the system from two identical barriers takes place.
Indeed, in this case the exponent in the dominator of Eq. (21) equals to —1. Taking

into account that for any value of k the equality 1—|r|" = |t/* takes place, one can

cheek that Eq. (23) defines the resonance values of K, i.e. when [T(k,)|=1. By

using Eqg. (22) the condition (23) defining the resonance transmission for the
scattering potential form two identical barriers can be written:

ka+o(k)=7/2+nx. (24)

Like to Eq. (20), the transmission amplitude of a double-barrier system (see
Eqg. (21)) can be written:

T()=2.T,00, 7,00 = e |rf Sl (25)
j=0

n?

Note, that in the series (25) the index mentions the corresponding contribution to the
transmission amplitude due to the process of multiple (n -times) re-reflections arising
between the barriers. Rewriting the transmission and reflections coefficients of a
single barrier as exponents;

the partial transmission amplitudes T; (k) can be presented as well (see below):
_2ig ()48 (K) [ a2ig(k) o (k)+x )
T, (k) =€ (e ). 27)

Now we construct a wave packet from the scatting wave functions (5) and

consider its behavior in the aria right to the scattering potential;
kg +Ak

o(xt)= | v(k)T(k)expi{kx—%t}dk , (28)

ko —Ak
where K, is the value of the carrier wave number and AK defines the width of the

spectral interval. Taking into account Eq. (25) it is easy to see that Eq.(28) can be
written:

» Ko +Ak 2
D(x,t) =Y @, (k), D;(xt)= j v(k)Tj(k)expi{kx—%t}dk. (29)
i=0 ko—AK

So, in accordance with Eqg. (29) due to the multiple reflections the wave packet is
divided on many wave packets.

Considering Ak <<k, and expanding the functions ¢, (k), ¢(k), (k)
o (k) in the Taylor series near k, for
e2i¢t(k)+é‘(k) (e2i¢(k)+cr(k)+7r)j , |t|2 _ eé(k)’ |r|2 _ eo—(k) . (30)
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Now, we consider the behavior of T (k) near some point and we made a
notation; I, =1, exp{-i2k(L+d)}=r
@ =KkL+kd +¢,. (32)
It is easy to see that when
p=rl2, (32)
The scattering potential is considered as a system of two identical rectangular
potentials having magnitude U, and width d , which divide from each other by the
free motion region of length L. It is easy to see that that this scattering potential
transforms to a simple rectangular well when d — oo (see Fig. 2).
4 U(x) 4 U(x)

transfarmation

L

) L

3

y

3

y
'y
¥
B
4
&
E
y

=
S
3

L
L

Fig. 2. The system of two barriers when d — ootransforms to a simple well.

Let us consider the dynamics of the wave packet from the scattering wave
functions having the asymptotic behavior form of Eq. (20) and the following form of

a spectral composition. In the region of the sun-barrier scattering (E(k) <U,) the

modules and phases of the transmission and reflection amplitudes of a rectangular
barrier have the forms of;

2 2\?
ﬁ_COSh {)(d}{k 4 } sinh®{yd} , (33)
2 K2 4
% ( J smh {yd}, (34)

2

k?— x°
k) = —kd +arct
@, (k) + 9[ 2,k

where y = \2m(U, - E(k)) /.

By using Eq. (35) for the resonance condition (32) one can write (see, for
example, [30, 31]):

tgh{x d}} , (35)

k 2 7 2
ctofk, L = 2= tgh{,q}. (36)

nn
Here the index N mentions that this equality can take place for certain values of Kk,
only and
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2o =+2MU, 72 —K? .
As it follows from the above mentioned the resonance values of the wave number

depend on the distance between the barriers, the width and the magnitude of potential
of the barriers;

k, =k, (L,d,U,), (37)
where, as it was mentioned, kn are the magnitudes of the quasi wave number

corresponding to the resonance tunneling.
It should be mentioned as well that when xd — o the condition (36)

transforms to the equation determining the energy spectrum of the simple rectangular
well [2];

2 2
ctg{k L} = K=o (38)
27k,
Since the transmission amplitudes of left and right scattering problems equals
to each other (see Eq. (12)) and reflection amplitudes differ by the phase factor (see

Eq. (14)), then for the same value of k. the resonance tunneling can take place in
two directions. If for a given value of k a particle falling from the left on a potential
resonantly transmits, when for this value k_ it will resonantly transmit potential
falling from the right as well;
T(k,)|=|S(k,)|=1 and |R(k,)|=|P(k,)|=0. (39)
Here we consider the wave packets with spectral composition of k near to
the magnitude of K_, i.e. taking magnitudes into the interval
k,—Ak <k <k, +Ak, (40)
where Ak <<k, . Expanding the modules and phases of scattering amplitudes T (k) ,
R(k) and P(k) on series of k near the resonance values one can write down:
T(k) =exp{i(¢r (k,) + o1 (k,)(k =k )]}, R(K) =P(K) =0,  (41)
k? =(k, +(k—k ))?> ~k>+2k (k—k,). (42)

Note that near resonance modules of the transmission and reflection amplitudes take
their maximum and minimum values (see Eq. (39)), so that near the resonance

O[T (k,)|ok = 8|R(k,)| ok = 0|P(k,)|ok =0

In accordance with equations (41), (42) in the region of k near to k, (40) the
scattering wave functions can be presented:

exp{ikx}, x— -,

1
vi(xK) =E{expi{kx+% (k) +of (k)(K=k)},  x— 40, (43)

_ 1 [expi{er (k) +of (k) (k—k)—kx}, x— o0,

l//r(x’k)_\/ﬂ{ exp{-ikx}  Xx—> oo,

(44)
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Below we consider the wave packets having the following spectral
composition;

. 0, k<k —AKk,
e L K A<k <k + Ak (45)
vi(K) = S 11, k, - Ak <k <k, + Ak,
Ak 0, k>k,+Ak,
e | O K<kak
V.(K) =211,k — Ak <k <k, +Ak, (46)
Ak 0, k>k,+Ak.

It is easy to check that the chosen forms of
the spectral coefficients v, (k), v, (k) satisfy to the
condition (18) and proved the certain form of initial
perturbation @, (x) (see Eq. (2)). Namely, at the

initial time moment t =0 there are two wave packets
with maximums the borders points of the scattering
potential X=—-L—d and x=L+d, i.e. in the left
point of the first barrier and in the right point of the
second one.

In accordance with the above given statement
of the wave evolution problem we did some
calculations relating to the time characteristics of a

quasi-bound state appearance 7' and it's decay z°".
In the Figure we present the time as a dimensionless
quantity in the units of u /a. The parameters of the

Fig. 2. The  time
characteristics  of  the

considered wave process. quantum well was chosen as 2mU0a2 I =17,
which has three bound states. It is easy to see that when the width of the barriers
tends to infinite the appearance time tends to finite value, while the decay time limits
to infinite.
Conclusion. As it follows from the obtained result any bound state formed
into the potential volume is a standing wave packet which arises due to the certain
wave scattering process.
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