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Abstract. Let R3 be the 3-dimensional Euclidean space and D be a bounded convex body
D ⊂ R3. Consider a family of support planes for which D is an envelope. How we can obtain
information about D from the support planes? Conditions under which a given convex body is
the envelope of a family of planes are obtained. Therefore the distances of these planes from the
origin will be the support functions of this body D. In particular, we have cited expressions for
the surface area and the volume of body D in terms of support planes.
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1. Introduction

Complicated geometrical patterns occur in many areas of science (see [1], [2] and

[14]). Their analysis requires creation of mathematical models and development of

special mathematical tools (see [2], [12] and [14]). The methods of form analysis are

based on analysis of the objects as subsets of the n-dimensional Euclidean space Rn.

For these sets, geometrical characteristics are considered that are independent of

the position and orientation of the sets (hence they coincide for congruent subsets).

Classical examples are surface area and volume of a set (see [14] and [15]).

Let D ⊂ Rn be a bounded convex body with inner points and the origin belongs

to D. Reconstruction of a bounded convex body D is one of the main problem

in stochastic geometry. Many authors have explored bounded convex bodes by

covariogram, distribution function of the distance between two points and orientation-

dependent chord length distribution function. It is known that we can reconstruct

bodies in Rn by above mentioned methods when n = 2 (see [13]) and we can’t

do it when n ≥ 4 (see [11], [12] and [15]), but when n = 3 it is an open problem.

This problem has been investigated in [4] - [10]. Reconstruction of convex bodies

by planes or lines in R3 is the interesting problem from stochastic geometry (see

[1], [2] and [12] ).

1The research of the second author is partially supported by the Mathematical Studies Center
at Yerevan State University.
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We investigate bounded convex body D as the envelop of a family of support

planes. Let’s consider a family of planes in R3. The plane in R3 may be determined

by its (p, θ, φ) spherical coordinates, that is p is the distance from the origin to the

plane, θ is the angle between the normal to the plane and OZ-axis, and φ is the

angle between the projection of the normal in XOY-plane and OX-axis. Then the

equation of the plane in spherical coordinates have the following form:

(1.1) x sin θ cosφ+ y sin θ sinφ+ z cos θ − p = 0, θ ∈ [0, π], φ ∈ S1,

where S1 is 1-dimensional sphere of radius 1 and centered at the origin (S1 is the

space of all directions in the plane).

If p is a function p = p(θ, φ), then (1.1) is represent a family of planes and we can

find the envelope of this family of planes. If we assume that p(θ, φ) is differentiable,

the envelope of the family is obtained from (1.1) and the partial derivatives

(1.2) −x sin θ sinφ+ y sin θ cosφ− ∂p

∂φ
= 0,

(1.3) x cos θ cosφ+ y cos θ sinφ− z sin θ − ∂p

∂θ
= 0.

If we solve the system (1.1),(1.2) and (1.3) we get the parametric representation of

the envelope of the families of planes (1.1), which are support planes for D:

(1.4) x = p(θ, φ) sin θ cosφ− sinφ

sin θ

∂p

∂φ
+ cos θ cosφ

∂p

∂θ
,

(1.5) y = p(θ, φ) sin θ sinφ+
cosφ

sin θ

∂p

∂φ
+ cos θ sinφ

∂p

∂θ
,

(1.6) z = p(θ, φ) cos θ − sin θ
∂p

∂θ
.

Formulae (1.1) - (1.3) give the coordinates (x(θ, φ); y(θ, φ)); z(θ, φ))) of point P at

which the plane tangent the envelope D. Coordinates of the point H at which the

perpendicular from the Origin O intersects the plane is (p sin θ cosφ; p sin θ cosφ; p cos θ).

It follows from it, that the segment HP has the following length:

|HP | =

√(
∂p

∂φ

)2
1

sin2 θ
+

(
∂p

∂θ

)2

.

2. The main results

Let S(D) be the surface area and V (D) be the volume of D. It is known that

the surface area and the volume of the envelope given by the coordinates (1.1) -
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(1.3) can calculate by the formulas (see [3]):

(2.1) S(D) =

∫ 2π

0

∫ π

0

√
EG− F 2 dθ dφ

and

(2.2) V (D) =

∫ 2π

0

∫ π

0

(xA+ y B + z C) dθ dφ,

where

(2.3) E =

(
∂x

∂φ

)2

+

(
∂y

∂φ

)2

+

(
∂z

∂φ

)2

,

(2.4) G =

(
∂x

∂θ

)2

+

(
∂y

∂θ

)2

+

(
∂z

∂θ

)2

,

(2.5) F =
∂x

∂φ

∂x

∂θ
+

∂y

∂φ

∂y

∂θ
+

∂z

∂φ

∂z

∂θ
,

(2.6) A =
∂y

∂φ

∂z

∂θ
− ∂y

∂θ

∂z

∂φ
,

(2.7) B =
∂z

∂φ

∂x

∂θ
− ∂z

∂θ

∂x

∂φ
,

(2.8) C =
∂x

∂φ

∂y

∂θ
− ∂x

∂θ

∂y

∂φ
.

The main result of the present paper is the following statement.

We have a bounded convex body D which is the envelope of the family of planes

and the function p is of class C2 (recall that class Cn means n times continuously

differentiable). If p = p(φ , θ), where θ ∈ [0, π] and φ ∈ S1, then

(2.9) S(D) =

∫ 2π

0

∫ π

0

|K(θ, φ)| dθ dφ,

(2.10) V (D) =

∫ 2π

0

∫ π

0

pK(θ, φ) dθ dφ,

where

K(θ, φ) = p2 sin θ − cos2 θ

sin3 θ

(
∂p

∂φ

)2

+ p sin θ
∂2p

∂θ2
+ p cos θ

∂p

∂θ
+ p

1

sin θ

∂2p

∂φ2
+

+2
cos θ

sin2 θ

∂p

∂φ

∂2p

∂θ∂φ
− 1

sin θ

(
∂2p

∂θ∂φ

)2

+
1

sin θ

∂2p

∂θ2
∂2p

∂φ2
+ cos θ

∂p

∂θ

∂2p

∂θ2
.

Proof. Using (1.4)-(1.6) we can calculate ∂x
∂φ , ∂x

∂θ , ∂y
∂φ , ∂y

∂θ , ∂z
∂φ , ∂z

∂θ partial derivatives:

(2.11)
∂x

∂φ
= −p sin θ sinφ − cosφ cos2 θ

sin θ

∂p

∂φ
−

− cos θ sinφ
∂p

∂θ
− sinφ

sin θ

∂2p

∂φ2
+ cos θ cosφ

∂2p

∂θ∂φ
,
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(2.12)
∂x

∂θ
= p cos θ cosφ+

sinφ cos θ

sin2 θ

∂p

∂φ
+ cos θ cosφ

∂2p

∂θ2
− sinφ

sin θ

∂2p

∂φ∂θ
,

(2.13)
∂y

∂φ
= p sin θ cosφ− sinφ cos2 θ

sin θ

∂p

∂φ
+

cos θ cosφ
∂p

∂θ
+

cosφ

sin θ

∂2p

∂φ2
+ cos θ sinφ

∂2p

∂θ∂φ
,

(2.14)
∂y

∂θ
= p cos θ sinφ− cosφ cos θ

sin2 θ

∂p

∂φ
+ cos θ sinφ

∂2p

∂θ2
+

cosφ

sin θ

∂2p

∂φ∂θ
,

(2.15)
∂z

∂φ
= cos θ

∂p

∂φ
− sin θ

∂2p

∂θ∂φ
,

(2.16)
∂z

∂θ
= −p sin θ − sin θ

∂2p

∂θ2
.

Using (2.11)-(2.16) and (2.3) - (2.8) we get the following representations for E, G,

F , A, B and C.

E = p2 sin2 θ + 2 p
∂2p

∂φ2
+ 2 p

∂p

∂θ
sinθ cos θ +

cos2 θ

sin2 θ

(
∂p

∂φ

)2

−

− 2
cos θ

sin θ

∂p

∂φ

∂2p

∂θ∂φ
+

1

sin2 θ

(
∂2p

∂φ2

)2

+2
cos θ

sin θ

∂p

∂θ

∂2p

∂2φ
+

(
∂2p

∂θ∂φ

)2

+cos2 θ

(
∂p

∂θ

)2

,

G = p2 +2 p
∂2p

∂θ2
+

1

sin2 θ

(
∂2p

∂φ∂θ

)2

− 2
cos θ

sin3 θ

∂p

∂φ

∂2p

∂φ∂θ
+

cos2 θ

sin4 θ

(
∂p

∂φ

)2

+

(
∂2p

∂θ2

)2

,

F = p
∂2p

∂φ∂θ
+ p

∂2p

∂θ∂φ
+

∂2p

∂θ∂φ

∂2p

∂θ2
− 2

cos θ

sin θ
p
∂p

∂φ
− cos θ

sin θ

∂p

∂φ

∂2p

∂θ2
+

+
1

sin2 θ

∂2p

∂φ2

∂2p

∂φ∂θ
− cos θ

sin3 θ

∂p

∂φ

∂2p

∂φ2
+

cos θ

sin θ

∂p

∂θ

∂2p

∂φ∂θ
− cos2 θ

sin2 θ

∂p

∂θ

∂p

∂φ
,

A = − cosφ sin θK(θ, φ),

B = − sinφ sin θK(θ, φ),

C = − cos θK(θ, φ).

Therefore, we use (2.1) and (2.2) to calculate S(D) and V (D). We need to calculate
√
EG− F 2 and xA+ y B + z C. Using before mentioned representations of E, G,

F , A, B, C and (1.4) - (1.6) we get

EG− F 2 = K2(θ, φ) and xA+ y B + z C = pK(θ, φ).

Inserting these results in (2.1) and (2.2) we get (2.9) and (2.10) for surface area

S(D) and volume V (D). □

In particular case, where p(φ, θ) = p(θ)

S(D) = 2π

∫ π

0

(
p2 sin θ − sin θ

(
∂p

∂θ

)2

+ cosθ
∂p

∂θ

∂2p

∂θ2

)
dθ.
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V (D) = 2π

∫ π

0

(
p3 sin θ + p2

∂2p

∂θ2
sin θ + p2

∂p

∂θ
cos θ + p

∂p

∂θ

∂2p

∂θ2
cos θ

)
dθ.

In the case, where p is constant the envelope of the planes is the ball Kp of radius

p and S(Kp) is the sphere, we get S(Kp) = 4πp2 and V (Kp) =
4
3πp

3. Note that for

the planar case, the corresponding results can be found in [1].
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