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Abstract. Since Gordji et al. [Fixed Point Theory, 18(2), 2017, 569-578] suggested the concept
of the orthogonal set, many authors investigated a uniqueness of best proximal point, but they
used continuity of metric d. Here, we proved the uniqueness of the best proximal point under
Banach and Hardy-Rodgers type of contraction with appropriate conditions in the orthogonal

0-complete b-metric-like spaces without continuity conditions.
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1. INTRODUCTION

Since it appeared in 1922, the Banach’s contraction principle becomes a fundamental
tool in pure and applied mathematics. As it is well known, in metric space (X, d)
where X is a nonempty set and metric d is continuous, a self mapping T on
X with contractive condition d(Txz,Ty) < kd(z,y) for k € [0,1) has a unique
fixed point x, i.e. Tx = x. Two main directions in the generalization of Banach’s
contraction principle appeared - changing contraction condition with weaker (for
example Kannan, Reich, Hardy-Rodgers etc. see [1]-[10], or with controlled and
double controlled unlimited from above functions [11]-[13] and making generalization
of metric space by modifying the axioms of metric d which gave many different types
of generalized metric spaces (such as b-metric, partial, partial b-metric, metric-like,
b-metric-like space etc. see [14]-[19]).

If we suppose that P and @) are two closed non-empty subsets of X such that
T:P — Qand PNQ = () then the equation Tx = z has no solution. In that
case one can find an approximate solution of Tx = x choosing x € P the closest to

Tz € Q. So, if we denote distance between P and Q) as D(P, Q) then we are looking

IThe research of the second author is partially supported by the Ministry of Education, Science
and Technological Development, Republic of Serbia, as part of project TR36002.
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for € P such that D(P,Q) = d(x,Tx), and such z is a best proximity point of T'.
Firstly, best proximity points in the classical metric spaces and generalized metric
spaces were investigated (see for example [20]-[25]).

Recently Gordji et al. [26], 27] suggested the concept of the orthogonal sets with some
basic terms (such as O-sequence, O-Cauchy-sequence, O-continuity, O-contraction,
0 — b-complete, O-preserving, P-property etc.), and investigated a best proximal
points under weaker conditions in the sense of contractive condition. Many authors
investigate best proximal points under orthogonality [3| 24, 25, 28, 10]. In this
paper we investigate best proximal point in b-metric-like space when metric is not
continuous.

Paper is organized as follows. Firstly, necessary definitions and a few original
examples are given. In the part Main result, definition of b-metric-like space as the
most general type of metric space with original examples are presented and after
that two best proximal point theorems in orthogonal 0-complete b-metric-like space
are given, one with classical Banach contraction and the other with contraction
of the Hardy-Rodgers type, where, under appropriate conditions, we avoid to use
continuity of metric. In the part Fixed point results fixed point theorems are proven

by applying the best proximal point theorems.

2. PRELIMINARIES

Definition 2.1. [26] Let X be a nonempty set and L. C X x X be a binary relation.
If there exists an element xy € X such that for all y € X the following hold:

yLlzg or =z Ly,

then it is called an orthogonal set (briefly O-set) and x is called an orthogonal
element. We denote this O-set by (X, L).

Example 2.1. Let X be a set of real numbers and define binary relation 1 on X
as for all z,y € X we say that © | y if and only if z +y = x. Then z +0 = z is
true for every z € X. So, we have that x L 0 holds for every x € X and 0 is an

orthogonal element.
Note that an orthogonal set does not need to have a unique orthogonal element.

Example 2.2. Let X = [0,1] and define binary relation L on X as for all z,y € X
we say that L y if and only if < 2¥. Then ¢ < 2° = 1 and z < 2! = 2 is true
for every x € X. So, we have that z 1 0 and « L 1 hold for every = € X, that is
0 and 1 are orthogonal elements. Note that the binary relation in this example is

not reflexive since 0° is not defined.
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Definition 2.2. [26] Let (X, L) be an O-set. A sequence {z,}nen is called an
orthogonal sequence (briefly O-sequence) if for all n € N the following holds:

Tp Lxpyr or xpy Lxy,.

Example 2.3. Let X = N and let ¢t be an arbitrary element in X. We define
binary relation 1 on X as for all z,y € X we say that x | y if and only if y = x +1¢.

Then the arithmetic sequence {z,}, ,+1 = x5, + t is an O-sequence.

Remark 2.1. Note that if we consider an O-sequence {z,} in an O-set (X, 1),
then a subset P consists of the elements of the sequence {z,} is a partially ordered

set.

Definition 2.3. [27] Let (X, 1) be an O-set. Then f : X — X is said to be
orthogonal preserving (or L-preserving) if for all z,y € X such that x 1 y yields

f(@) L f(y).

Example 2.4. [27] Let X = [0,1) and define binary relation L as z L y if and
only if zy < 5. Then 0 L y for every y € X. So, 0 is an orthogonal element and
(X, 1) is an O-set.

Let f: X — X be a mapping defined as f(z) = § if 2 < l and f(x
Let z L y for x,y € X. From zy < ¥ it follows that r=0ory

)=0ifz > 1.
% So, we have

the following cases:

i) =0and y < % implies f(z)- f(y) = 0-%:0=f(21),
ii) z=0and y > % implies f(z)- f(y) = O-O:O:f(;),
iii) 2 <  and y < % implies f(z)- f(y) =% -4 < f(z) 1 < %,
iv) 2 > 1 and y < 3 implies f(z) - f(y) =0-4£=0= f(;)
These cases imply that f(z) - f(y) < Q that is f is L-preserving.

Example 2.5. Let X = [0,1] x [0,1] and for z = (a1,b1), y = (az,b2) we define
binary relation | as x L y if and only if a3by = 0 or asby = 0. Then (0,0) L y
for every y € X, so (0,0) is an orthogonal element and (X, L) is an O-set. Let
f: X — X be a mapping defined as f(a,b) = (a?,b). Obviously, we get that if
x 1L ythen f(x) L f(y), i.e. fis L-preserving.

Definition 2.4. [26] Let (X, L,d) be an orthogonal metric space ((X,L) is an
O-set and (X, d) be a metric space). Then f : X — X is said to be orthogonal
continuous (or L-continuous) in a € X if for each O-sequence {a,}nen in X with

a, — a as n — +o0, we have f(a,) — f(a) as n — +o0.
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Remark 2.2. Every continuous mapping is L -continuous mapping, but converse

is not true. Such an example is given in [26].

Definition 2.5. [26] Let (X, L,d) be an orthogonal metric space and 0 < A < 1.
A mapping f: X — X is called an orthogonal contraction (briefly, L-contraction)
with Lipshitz constant A if, for all z,y € X with = L y, the following inequality
holds

d(fz, fy) < Ad(z,y).

Remark 2.3. Every contraction mapping is | -contraction mapping but converse

is not true, for example see [26].

Definition 2.6. [20] Let (X, d) be a metric space and P, @ C X such that P, Q # 0.
We define distance between P and @ as D(P,Q) = inf{d(p,q)|p € P,q € Q}. The
point p € P is a best proximity point (or bpp) of a non-self mapping T': P — @ if
d(p,Tp) = D(P,Q).

Remark 2.4. Distance between two sets P,Q C X as introduced in Definition
2.6 is not metric. For example, let (X, d) be a metric space, where X = [0,2] and
d(z,y) = |[z—yl|. Let P = [3,1] and Q = [}, 3]. Obviously, D(P,Q) = 0, but P # Q.
For arbitrary sets P,Q C X such that P,Q # () we define
Py ={p € P|(3q € Q)d(p.q) = D(P,Q)},
Qo ={q € Q|(3p € P)d(p,q) = D(P,Q)}.

Definition 2.7. [22] Let (X, d) be a metric space and P, @ C X such that P,Q # ()
and Py # (. Then(P, Q) has P-property if and only if

d(p1,q1) = D(P,Q) and d(p2, ¢2) = D(P, Q) implies d(p1,p2) = d(¢1, ¢2),

for all p1,p2 € Py and ¢1,q2 € Qp.

Definition 2.8. [24] Let (X, <) be a partially ordered set and (P, Q) be a pair of
nonempty subsets of X. A mapping T : P — (@ is called order-preserving if for all
P1,P2,q1,q2 € P the following holds

@1 = q2 and d(p1,Tq1) = d(p2,Tq2) = D(P, Q) implies p; < pa.

Remark 2.5. Regarding the fact that d(z,Tz) > D(P, Q) for all x € P, it can be
observed that the global minimum of the mapping = — d(z, Tx) is attained at best
proximity point. Moreover, it is easy to see that best proximity point reduces to a
fixed point if the underlying mapping T is a self-mapping.
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Definition 2.9. [29] Let X be a nonempty set. A mapping d™ : X2 — [0, +00)
is said to be a metric-like on X if for all Z,¢, Z € X the following three conditions
hold:

(d™ 1) d™(z,7) = 0 yields T = 7;

(d™ 2) d™(z,5) = d™ (7, 7);

(dml 3) dml(£7§) < dml(.’f,g) + dml(g’z)_

The pair (X,d™) is called a metric-like space or dislocated metric space in some

papers.

Examples of this kind of spaces can be seen in [29]. Note that metric-like space

is not necessary a partial metric space [29)].

Definition 2.10. [29] Let {x,} for n € N be a sequence in a metric-like space

(X, dm™).
i) {z,} is said to converge to z € X if lim d™(x,,z) = d™(z,2);
+
n—-+0oo
(i) {xn} is said to be d™-Cauchy in (X, d™) if lin}r d™(zp, x,) exists and
n,p——+oo

is finite;
(i) A metric-like space (X, d™) is d™- complete if for every d™-Cauchy sequence

{z,} in X there exists an € X such that

: ml _ gml _ : ml
nmh_)nj_ood (Tn,zp) =d (m,x)—ngrilood (Tp, ).

Remark 2.6. In [29] the authors noted that if the sequence {x,} is d™!-Cauchy
sequence such that lim, p, 4o dml(xn,xp) = 0 and if X is d™-complete then
sequence has a unique limit. In that case for (X,d™) we say that X is 0 — d™-

complete space, and {z,} is 0 — d™-Cauchy sequence.

3. MAIN RESULTS

We recall definition of an one generalization of metric-like space.

Definition 3.1. [20] Let X be a nonempty set and s > 1. A mapping d*™ : X2 —
[0,400) is said to be a b-metric-like on X if for all Z, 7,z € X the following three
conditions hold:
(d™ 1) d¥™(z,9) = 0 yields 7 = ;
(@t 2) d(z, ) = d (5, 7);
z

The pair (X, d*™, s) is called a b-metric-like space or b-dislocated metric space.
18



SOME BEST PROXIMITY POINT RESULTS ...

Convergent sequence, d’™-Cauchy sequence and d”™-completeness of the b-
metric-like space are defined similarly as in metric-like space. We consider the case

of 0 — d”™ sequences.

Example 3.1. Let X = {0, 1,2} and define d*™ as follows
d"™(0,0) = 0, d"™(1,1) = d*™(2,2) = 3,
d™(0,1) = d*™(1,0) = d*™(0,2) = d*™(2,0) = 3, d"™(1,2) = d*™(2,1) = 9.
Then (d™ 1) and (d™ 2) are obviously satisfied. Since inequality d*™(1,2) = 9 <
d’™(1,0) 4+ d*™(0,2) = 3 +3 = 6 is not true, we conclude that (d™ 3) is not

satisfied. If we choose s > %7 then (X, d*™ s) is b-metric-like space.

Example 3.2. Let X = [0,1) and define d*™ as follows.

dbml(’l} y):{ 3~max{;v,y}, fOT w,yﬁ%7
’ i max{z,y}, otherwise.

Then (X,d*™) is not metric space since, for example, d*"(1 1) = 3 £ 0, and

14 1
it is not metric-like space since, for example, the inequality dbml(%, %) = % <
dP™(§,1) 4+ d"™(1,4) = 2 is not true. (X, d"™) is b-metric-like space with s > 3

Remark 3.1. If (X, d) is an orthogonal b-metric-like space then terms such as -

continuity, | -preserving etc. are defined in the same way as in the previous section.

Example 3.3. Let X = [0, 1] and let us define d as

d(z )7{ 3 -max{z,y} for x,y< %,
Y= 3 -max{z,y}  otherwise.

Then (X, d) is a b-metric-like space. Let us define a mapping 7' : X — X as

2 1
_J % Jor 0<x <3,
T(z) { 0 otherwise.

We define binary relation L on X as x L y if and only if zy < £. It is obvious that
x = 0 is the orthogonal element, so (X, 1) is an O-set.
Let x L y. Then, x =0ory < % We consider the following cases:

i) =y =0implies T'(z) =T (y) =0,s0 T'(z) - T'(y) =0 < @;
ii) 2 =0and 0 <y < & implies T'(z) =0, T(y) = 2,50 T'(z)-T(y) =0 < o).,
ii) =0 and y > % implies T(z) = T(y) =0, so T(z) - T(y) =0 < Iw),

111

)
) < 5
iv) y=0and 0 < z < § implies T(y) =0, T(z) = 2,50 T(x)-T(y) =0 < Tgw);
v) y=0and z > L implies T(z) = T(y) = 0, so T(z) - T(y) = 0 < T,
vi) 0<y<iand 0 <z <1 implies T(z) =T(y) = 2,50 T(z) - T(y) = 5 <
T@ _ 2
3 27’
vii) 0 < y < § and = > 1 implies T(y) = 2, T(z) = 0, so T(z) - T(y) = 0 <
T@) _
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Therefore, T is L-preserving.

Now, we formulate and prove the theorem for existence and uniqueness of best
proximal point of an L-contraction self mapping in orthogonal 0 — d®™-complete

b-metric-like space without assumption of continuity of metric.

Theorem 3.1. Let (X, L, dbmt, s) be an orthogonal 0 — dP™ _complete b-metric-like
space with s > 1, (P,Q) be a pair of two non-empty closed subsets of X having
P-property and Py # (). Suppose that a mapping T : P — Q satisfies the following
three conditions:
i) T is a L-order-preserving and T(Py) C Qo;
ii) There exist ag,a; € Py such that ag L ay and d®™ (ay,Tag) = D" (P, Q),
where D™ (P, Q) = inf{d"™(z,y)|x € P,y € Q};
iii) T is L-contraction and O-continuous mapping on P with Lipshitz constant
kelo,1).
Then T has an unique bpp a €P,ie. dbml(a/,Ta/) = D"(P,Q).

Proof. Similarly as those one in [25] we will construct an one O-sequence. From

ii), we obtain that there exist ag,a; € Py such that
ap Lar and d"™(ay,Tay) = D"™(P,Q).
Since, Tay € T(Py) C Qo, there exists as € Py such that
d"™(ay, Tay) = D™ (P, Q).

According to the assumption T'is a | -order-preserving we obtain a; L as. Continuing
this process we obtain a sequence {a,} in Py such that for all n € N the following
hold

(3.1) d""Ya, 1, Ta,) = D" Y (P,Q) and a, L any1,

i.e. {an} is an O-sequence.
Now, we will prove that {a,} is an 0 — d*™-Cauchy sequence.
Since T has P-property, we obtain

(3.2)
dbml(an+1’ Tan) — Dbml(P, Q)

: : bml _ gbml
d"(a,, Tan_1) = D™ (P, Q) } implies d”™ (ant1,an) = d"™ (Tan, Tan1).

Hence, since T is | -contraction with Lipshitz constant k € [0, %) we have
(3.3) dbml(anﬂ, an) = dbml(Tan,Tan,l) < kdbm(aman,l).
Since (2) and (3) hold for every n € N we get
(3.4) A" a1, an) < k"d"™ (ag, ay).
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Let m,n € N, m > n. Then we have

dbml (ana am) S S(dbml (an; an+1) + dbml (an+1; am))

< sk"dbml(ao,al) 4 Sdbml(an+1,am)

< skMd"™(ag, a1) + 57 (A" (ans1, ang2) + A" (ang2, am))

< sk™d"™Y(ag,a1) + k"™ (ag, ay) + $2d"™ (ang 2, am)

< dbml<a0,a1) (Sk’n 4 S2kn+1 4+ 4 sm—n—ka—Q + Sm—n—2km—1>

= sk™d"™(ag,ar) (14 sk + - + (sk)™ """ 4 k(sk)™ "))

1-— (Sk)m_n_l m—n—1

Having in mind that the sum of a finite number of elements in the geometric

= sk"d"(ao, ay) (

sequence is less than the sum of the whole sequence and k € [0, %) , 0 < sk <1, we
get

25d"™ (ag, ay)
1—sk

dbml(an,am) < sk"dbml(ao,al) (1 .
—s

+1)<k”

Hence, we get that d*™(a,,a,,) — 0 as m,n — 400, so {a,} is an 0 —d*™-Cauchy

dbml

sequence. Since the space is 0 — -complete there exists a unique point a eP

(P is closed set by assumption) such that

. bml o . bml N
nmilgnﬂ)od (an,am) = ngr}rlood (an,a ) =0.

Since T is | -continuity we have that lim,, o, d*™(Ta,, Ta') =0andTad €Q (Q
is closed set by assumption).
We will prove that dbml(a', Tal) = D'"(P,Q), or a’ is bpp for T.
Since ' € P and Ta' € Q (by assumption P and @ are clesed sets), it is obvious
that d*™!(a’, Ta') > D" (P, Q).
If d(a', Ta') > D™ (P,Q), then since Ta' € Q and Py # 0, there exists a* € P
such that

d"(a',Ta') > D" (P,Q) = d*™(a*,Td).
By P-property of T we have

dbml(a*,Ta/) — Dbml(P, Q)

: . bml (= __ bml !
A" (a,, Tan_1) = D™ (P, Q) } implies d"™(a*, a,) = "™ (Ta ,Tap_1).

Hence

!
lim d*™(a*,a,) = lim d"™(Ta ,Ta,_1).
n—-too ( ) n) n—+00 ( ) mn 1)

From

Ta, — Ta/, n — 400
21
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we have lim,,_, 1 o dbml(Ta,,Tan_l) = lim,, o0 "™ (a*, a,) = 0, that is 0 — @*™-
Cauchy sequence {a,} has two limits a’ and a*. But 0 — d*™-Cauchy sequence has
a unique limit point, so a = a*, that is a is bpp for T'.

Suppose that a €Pis bpp of T such that a’ # a’. By P-property of T' we have

dbml(a/,Ta/) _ dbml(P, Q) ) ) P , .
e Ty = dm(P,Q) implies d*™(a ,a ) = d*™(Ta ,Ta ).

Since T is | -contraction, we get
& d d") = d"™(Td , Ta") < kd™(d',d"),
or
(1—-k)d™(a',a")<OA1—k>0, so,d(a,a )=0iead =a . O

Example 3.4. Let X = [0,1] and let us define d : X x X — [0, +00) as

(4 -max{z,y} for x,yﬁé,
d(gj, y) - { i . max{a%y} otherwise.

Then (X, d, s = 8) is a b-metric-like space (see Example 3.2).
Let P = {z|& <2< 3§} and Q = {y|5 <y < i}. Then P and Q are closed
subsets in X. Let us compute D(P, Q):

D(P,Q) = inf{d(z,y)|r € P,yecQ}
8 1 4 1
— 'f{d 2 cr<Zand — < <f}
in (z,y)|81_9:_9an 27_y_6
1 1 4 1 1
= inf{zmax{x,yﬂggzggandﬁgygé}:ﬁ,

It is obviously that Py = P, Qo = Q. Next, let us define mapping T : X — X as

8 1
for &1 S‘SC <3
otherwise.

3¢

T(z) :{ B

Then T(Py) C Qo. Let k = 2. We define binary relation L on X as = L y if and

only if zy < ¢. It is obvious that x = 0 is the orthogonal element, so (X, 1) is an

)

O-set. Let ¢ L y. Then, x =0 or y < %. We will prove that 7" is L-preserving and

1 -contraction on P for k = % If z,y € P such that x L y, i.e. % <z,y< %7 then

T(z) = %a:, T(y) = %y, and since 2% < %y < % we have that

3 T(x
T(a) () = T) - Sy < T2,
and
3 3 1 3 3 3 3
So, T is l-preserving and l-contraction on P for k = 3—32 T is obviously O-

continuous. Therefore, the conditions of the previous theorem are satisfied and

T has unique proximal point x = %.
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Now, we formulate and prove the theorem for existence and uniqueness of a
best proximal point of a self mapping under weaker |-contraction in orthogonal

0 — d™-complete b-metric-like space without assumption of continuity of metric.

Theorem 3.2. Let (X, L,d"™,s) be an orthogonal 0 — d™ -complete b-metric-like
space with s > 1, (P,Q) be a pair of two non-empty closed subsets of X having
P-property and Py # 0. Suppose that a mapping T : P — Q satisfies the following

three conditions:

i) T is a L-order-preserving and T(Py) C Qo;
ii) There exist ag,a; € Py such that ag L a; and d®™ (ay,Tag) = D"™(P,Q),
where D"™ (P, Q) = inf{d"™(z,y)|z € P,y € Q};

1) T is O-continuous mapping on P such that
(3.5) d™(Ta, Tb) < H(a,b),
where,

H(a,b) = a1d™(a,b) + aad’™ (a,Ta) + azd®™ (b, Tb) + asd®™ (a, Th)
+  azd”™(b,Ta) - C,

and C = (a4 + (o2 + a3)s + ass?) D" (P,Q), for all a,b € P such that
alb a;>0,1=1,234,5 as+sas < % and s(a1+ao)+s?(az+2a5) < 1.

Then T has an unique bpp a' € P, i.e. d®(a’,Ta') = D" (P,Q).

Proof. Similarly as in the proof of Theorem 3.1 we make an O-sequence {ay}
in P such that for all n € N we have that a, L a,y1 and d"™(a,.1,Ta,) =
D™ (P,(@Q) and, by P-property, we obtain

(3.6)
A" ani1,Tan) = D™ (P,Q) \ . . b bml
dbml(a’m Tan,1) — Dbml(P’ Q) lmphes d (an+17 an) =d (Tanv Tanfl)'
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Now, we will prove that {a,} is an 0 — d*™-Cauchy sequence.
Hence, since (5) and (6) hold, we have

dbml(az, al) = dbml (Tal, T(l()) S aldbml(al, CL()) + Oégdbml (al, Tal) + O[3dbml (a(), Ta())

agd™ (ay, Tag) + a5d”™ (ap, Tar) — (o + (a2 + as)s + ass®) D™ (P, Q)

< ad™(ay, a0) + aes(d”™ (a1, az) + d"™(az, Tay))
+ ags(d"™(ag, a1) + d"™ (a1, Tag)) + as D™ (P, Q) + azd”™ (ag, Ta)
— (a4 + (ag + az)s+ a552) D"(P,Q)
= a1d"™ (a1, a0) + azs(d®™ (a1, az) + D" (P, Q)
+  a3s(d®™(ag,a1) + D™ (P,Q)) + asd”™ (ag, Tay)
—  ((a2+ as)s + azs®) D" (P, Q)
< (o + ass)d™ (ay, ap) + azsd”™ (a1, az) + ass(d®™ (ag, a1) + d®™ (a1, Tay))
— (a5s®) D"(P,Q)
< (o + (ag + as)s)dbml(al, ap) + agsdbml(al, as) + a552(dbmz(a17 as)
+  d"Yay, Tay)) — (a55°) D"(P,Q)
= (a1 + (a3 + as)s)d™ (a1, ap) + azsd”™ (a1, az) + ass>d"™ (a1, as)
+ a5s"D"™(P,Q)) — (as5s?) D"™(P, Q)
= (a1 + (a3 + a5)s)d"™ (a1, ag) + azsd™ (a1, az) + ass2d"™ (a1, as)
So, we get:
(3.7) (1 — ags — ass?)d"™ (a1, a2) < (o1 + (as + as)s)d”™ (ay, ag).

By assumption 1 — ags — azs? > 0, so, from (7) we have

(3.8) d"™(ay,a0) < B-d"™ (a1, ap).
where 8 = % < 1 < 1. From (8), we obtain
(3.9) dbml(an,am_l) <pgn- dbml(al,ao).

24



SOME BEST PROXIMITY POINT RESULTS ...

Let m,n € N, m > n. Then we have

dbml (ana am) S S(dbml (ana an+1) + dbml (an+17 am))
< sB"d"™(ag, a1) + 5d"™ (any1, am)
< sB"d"™(ag, a1) + 87 (" (ans1, ang2) + A" (ans2, am))
< sB"d"™ (ag, a1) + 5° BT (ag, a1) + $2d"™ (any2, am)
S dbml(a07a1) (Sﬁn + SQﬁn-i-l 4+ 4 S’rn—n—2ﬂm—2 + S?ﬂ—n—Qﬁm—l)

= sp"d"(ag,a1) (L +sB+ -+ (sB)™ "1+ B(sB)™ ")
= s8"d"(ap,a1) <1 — (186):; - + 5(8,6’)7”_"_1> .
Having in mind that the sum of a finite number of elements in the geometric
sequence is less than the sum of the whole sequence and 0 < 8 < %, 0<sB <1,
we get

1 25d"™ (ag, ay)
1—sp 1—sp

Hence, we get that d®™(a,,, a,,) — 0 as m,n — +00, so {a, } is an 0 — d*™-Cauchy

dbml(an,am) S sﬁ"dbml(ao,al) ( + 1) < ﬁn

sequence.

The rest of the proof is as the proof of the Theorem 3.1. O

4. FIXED POINT RESULTS

We will apply the best proximal point result given in the previous section to

prove fixed point theorems.

Theorem 4.1. Let (X, L, dbmt, s) be an orthogonal 0 — d™-complete b-metric-like
space with s > 1. Suppose that a mapping T : X — X is L-order-preserving,
O-continuous and L-contraction mapping on X with Lipshitz constant k € [0, %)
Then T has an unique fized point in X.

Proof. Suppose that ag is an orthogonal element in X and define sequence {a,,}
as Gpt+1 = T'ay,. Since T is a L-order-preserving we have that {a,} is an O-sequence.
Let P = {an|n € N} and Q = {Tay|n € N}. Then D(P,Q) = 0 and P, is non-
empty. So, all conditions of Theorem 3.1 is satisfied. Consequently there exists a

unique bpp of T and this bpp is a fixed point of T ([l

Theorem 4.2. Let (X, L,d"™ s) be an orthogonal 0 — d™ -complete b-metric-like

space with s > 1. Suppose that a mapping T : X — X is T is a L-order-preserving
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and O-continuous mapping on P such that

(4.1) d"™(Ta, Tb) < H(a,b)

whrere

H(a,b) = a1d"™ (a,b)+azd"™ (a, Ta)+azd"™ (b, Tb)+asd”™ (a, Tb)+asd”™ (b, Ta)

for all a,b € P such that a L b and o; > 0,5 = 1,2,3,4,5 and as + sas < % and
s(a1 + ag) + s%(as + 2a5) < 1. Then T has an unique fized point.

Proof. Obviously from Theorem 3.2.

Open problem. Whether result presented in Theorem holds for k € [0,1)7

CONCLUSION

The significance of these results is reflected in the fact that the continuity of
the metric was not used, and the result is valid both in spaces where the metric is
continuous and in spaces where the metric is not continuous.

Since b-metric-like space is the widest class of the metric spaces, in the sense
that every metric space contained in partially metric space, partially metric space
contained in metric-like space, and metric space contained in b-metric space, partially
metric space contained in partially b-metric space and metric-like space contained

in b-metric-like space, obtained results hold for every aforesaid metric space.
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