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1. INTRODUCTION

Authors in [I]], considered a class of semilinear elliptic systems of the form

—div(hi(x)Vu) = AFy(x,u,v) in £,

—div(he(x)Vv) = AF,(x,u,v) in £,

u=v=0 on Of)
where  is a bounded domain in RN (N > 2) and ) is a positive parameter. Indeed,
using the Mountain pass theorem, they proved if X is large enough the above system
has at least two nonnegative solutions. Such problems come from the consideration
of standing waves in anisotropic Schrodinger systems (see [15]). These equations
appear in many topics of applied physics, such as nuclear physics, field theory, solid
waves and problems of false vacuum see ([2] 3]).

Ricceri in [4] established following theorem:

Theorem 1.1. Let X be a topological space, (Y, {-,-)) a real Hilbert space, T CY a
convez set dense inY and I : X — R, p: X — Y two functions such that, for each
y € T, the function x — I(x) + (@(x),y) is lower semicontinuous and inf-compact.

Moreover, assume that there exists a point xo € X, with ¢(xg) # 0 such that
(1) o is a global minimum of both functions I and ||o(-)]];
(p2) infrex(p(2), p(z0)) < [[p(20)*-

Then, for each convex set S C T dense in Y, there exists § € S such that the
functional x — I(x) 4+ (¢p(x), y) has at least two global minima in X.
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Then, he presented an application of this theorem in solving a system of elliptic
equations. Indeed, he proved following theorem.
Let Q@ C R™ (n > 2) is a bounded domain with smooth boundary. We denote by
A the class of all functions ® : Q x R?2 — R which are measurable in €, C! in R?

and satisfy

|[Pu(z, u,v)| + [Py(@, u,v)|
sup
(z,u,v)EQXR2 1+ |u‘m + |v‘m
where ®,, (resp. ®,) denoting the derivative of ® with respect to u (resp. v) and

< 400

m>0withm<Z—f3whenn>2.

Theorem 1.2. Let Fy,G1, K1 € Ay, with K1(x,0,0) =0 for all x € Q, satisfy the
following conditions:
(k1) there isn € (0,2L) such that Ky(x,s,t) < n(s>+1t2) forallz € Q, s,t € R,

’ 2
. Vul’d
where Ay = inf,c 1)\ {0y %;

(fl) hms2+t2~>+oo SqueSZ(lFl(Z);j:ZL+‘G1(I’S7t)|) — 07
(f2) one has meas({z € Q : |Fi(z,0,0)|> + |G1(z,0,0)> > 0}) >0
and

|F1(J},0,O)|2 + |G1(Ia030)|2 < ‘Fl(xvs7t)|2 + |G1(I757t)|2

forallz € Q, s,t €R;
(fs) one has

meas({x €N: ( iI)lfR2(|F1($,O7O)‘F1(1‘7S,t) + ‘Gl(x7070)|2G1(m757t))
s,t)e

< |F1(2,0,0)]* + |G1(x,0,0)[*}) > 0.
Then, for every conver set S; C L>®(Q) x L>®(Q) dense in L?(2) x L?(S2), there
exists (01,61) € S1 such that the problem

—Au = Ul(x)Flu(fvuvv) + (1($)G1u($,u7’U) + Klu(xaua ”U) in Q7
—Av = Ul(x)Flv(xvu7U) + Cl(‘r)le(‘rvuvv) + K1U($7ua U) in Q»
u=v=0 on 02

has at least three weak solutions, two of which are global minima in HE(Q) x HE(Q)

of the functional

(u,v) —>1</ \Vu|2d1:+/ |Vv|2dx>
2\ Ja Q

- /9(01(58)F1(337U7U) +61(2)G1(z,u,v) + Ky (2, u(x),v(x)))dx.

Using Theorem the author proved above theorem with the following choices:
X is the space Hg(Q2) x H}(Q) and Y is L*(Q) x L*(Q).
In this paper, motivated by [1 4], we give an application of Theorem Indeed,
in Section 2, we will prove a new version of Theorem with the choice X =
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HY(Q, h1) x HY(Q, ha), where h; : Q — [0, 4+00), h; € L}, (i = 1,2). We define the

loc

Hilbert spaces H}(Q, h1) and Hg (€2, hy) as the closures of C§°(2) with respect to

the norms
|Wh1(/hﬂﬂﬁwfm>
Q

Mm=(AmeWMY

for all v € C§°(Q2), respectively. It is clear that X = HJ(Q, hy) x H}(Q, hs) is a
Hilbert space under the norm ||w|x = ||ul|n, + |[v]n, for all w = (u,v) € X.
We denote by Aj the class of C! functions A : Q x R?> — R which possess the

following properties:

Nl

for all w € C§°(€2) and

there exist two positive constants ¢; and co such that
(L.1) |A¢(z, s,t)] < c1s70tL |As(x, s,t)| < o870

for all (¢,s) € R?, a.e x € Q and some constants 7,6 > 1 with WTTl 40— 1

q
72214-52%1<1and,7+1<p<22‘¥:n7227‘+a,5+1<q<2*:

D, q,a, § are positive constants and «, 8 € (0, 2).

where

2n
n—2+4p8"

Throughout this paper, we assume the functions hy and hs satisfying the following

conditions:

(H1) The function h; : © — [0,+00) belongs to L] .(2) and there exists a
constant & > 0 such that liminf |z — 2|~*hy(x) > 0 for all 2z € Q,
r—z
(Hz) The function hy : © — [0,+00) belongs to L} () and there exists a

loc

constant 3 > 0 such that liminf |z — z|~Pha(z) > 0 for all z € Q.
rT—z

2. MAIN RESULTS

Here, we will prove a new version of Theoremwith the choice X = H{ (€2, hy)x
HJ (2, hy), where h; : @ — [0, +00), h; € L}, (i =1,2).

loc

Theorem 2.1. Assume that the hypotheses (Hy) and (Ha) are satisfied. Also, let
Fy,Go, Ky € Ay, with K5(2,0,0) =0 for all x € Q, satisfy the following conditions:
(ko) there is a € (0,210) such that Ko(z,s,t) < a|sFL[t[°FL for all z € Q,

Jo (B2 b1 ()| Vul?+ 24 ho (2)| V| ) da
Jo lul7 o[ da

s,t € R, where Ay = inf,—(u,0)ex\{(0,0)}

()
o acallFales, ) + [Gales )
$24+12 5400 52 + 12
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(f5)
meas ({x €N : ‘F2<$,0,0)|2 + ‘GQ(&C,O,O)’Q > O}) >0

and
2 2 2 2
’Fg(x,0,0)‘ + ‘GQ(.CL‘,0,0)’ < ’Fg(x,s,t)‘ + ‘Gg(x,s,t)’
forall s,t e R, x €
(fe) the set of all x € Q that satisfy following condition

( it?fR (F2($7O,O)Fg(m,s,t) +G2(w,O,O)G2(m,s,t))> < |Fa(x,0,0)|° + | Ga(x,0,0)|?
s,t)ER?

has positive measure.

Then, for every conver set Sa C L>®(Q) x L>®(Q) dense in L?() x L*(2), there
exists (02,52) € So such that the problem

(2.1)
—le(hl(l‘)VU) = 02(x)F2u(x7 u, U) + §2(Z‘)G2u(l‘, u, U) + K2u(xa u, U) in Q7
—div(he(z)Vv) = o2(x) Fa,(x, u, v) + s2(2)Gay (2, u, v) + Koy (2, u,v) in Q,
u=v=0 on 0f)

has at least three weak solutions, two of which are global minima in X of the

functional
1 2 2
(u, ) —>2(/Qh1(a:)|Vu| dx+/9h2<x)\vu| d:c)
— /Q(ag(x)Fg(:v,u,v) + 62 (2)Ga(z,u,v) + Koz, u(x),v(z)))de.

Proof. In order to apply Theoremto our problem, we take X = Hg (£, hy) x
H}(Q, ha), where endowed with the weak topology induced by the scalar product

((u,0),(¢,7))x = /(hl(l“)VU(x)VC(x) + ha(2)Vo(2)V7(2))dr;

Q
also, Y is the space L?(Q2) x L?(2) with the scalar product

(). (b D)y = [ W(@hla)ds + [ wle)ba)do

Q Q
and T is L>°(Q) x L>°(2). We define the functional I : X — R

1
I(u,v) :2</ hy ()| Vul*dz +/ hg(x)|Vv|2dx) —/ Ky (z,u(z),v(x))dz.
Q Q Q
for all (u,v) € X. Also, let ¢ is the zero of X and ¢ be the function defined by
QO(U,,U) = (FQ('7U(')7U('))7 GQ(?“()?“()))

for all (u,v) € X. We check that the assumptions of Theorem are satisfied. At
first, from (f5), we observe that
(0, 0)|I3- :/ ’Fg(x,0,0)|2da;+/ |Ga(,0,0)*dz > 0
Q Q
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and
1(0,0)[I3 < [le(u, v)|3

for all (u,v) € X. Moreover, from (k3), we obtain that

Ky (x,u(x),v(r))dr < a/ (Ju(@) |7 o () |+ ) dz
Q o

0+1

a v+1 9
< — hi(x)|Vu(z)|” +
Aw(p (@) Vu(z)

hg(x)Vv(x)|2> dx

for all (u,v) € X and so, one has

I(u,v) ZQ/ (7 @IV + 1h2(x)|Vv<w)|2> o
2Ja\ P q

go+1

2

for all (u,v) € X. Take K»(,0,0) = 0 and - < ¢ into account, from we

obtain (0,0) is a global minimum of I in X. So, condition (¢1) of Theorem is

satisfied. Also, by condition (f3), we find (¢2) is satisfied. Finally, fix 02,52 € R.

0~+1

(2.2) Z*THUHil + loll3,

Clearly, the function
(x,s,t) = oa(x)F(z,5,t) + s2(2)G(z, 5,t) + K(z, s,1)
belongs to Az, and so the functional
(u,v) = I(u,v) + (p(u,v), (62,%2))y
is sequentially weakly lower semicontinuous in X. Indeed, let {wy,} = {(tm,vm)}
be a sequence that converges weakly to w = (u,v) in X. We have

/ o9 () [F(x, Um, vm) — F(z,u,v)]dx +/ G2 (2)[G(x, Uy V) — G, 1, v)]dx
Q Q

o2 (x)VF(z, 0 (wy —w))(wy, — w)dx+

S~

§2(33)VG(737 pm(wm - w))(wm - w)da:

D

= [ oo(x)Fy(z,u~+ 01,m(Um — w), v + 02 (U, — V) (U, — w)dz
o2(2)Fy(z, 0+ 01 (U — 1), v + 02 4 (U, — 0)) (v, — v)d

+ | s(2)Gu(z, u+ p1m(Um — 1), v+ p2.m(Vm — v)) (U — u)dz

+
S— S— 5—

+ / G2(2)Gy(x, u + p1,m(Um — 1),V + p2,m(Vm — v))(Vn, — v)dz,
Q

where 0, = (01,m,02,m), pm = (P1,m, p2,m) and 0 < 61 1 (), 02,m (), p1,m (@), p2,m () <
1 for all z € Q. Now, take (1.1)) and Holder’s inequality into account, we deduce
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that there exist ¢y, co, c3,c4 > 0 such that

/ o9 (z)[F (2, Um, m) — F(z,u,v)]dx + / G (2)[G(z, Um, V) — Gz, u,v)]dz
Q Q

<ol [ 1B+ 01 (im = 0),0 4 a0 = )l
+ o2l /Q |Fv($,u + 01, (U, — ), 0 + O2 1y (U, — v))“vm — v|dx
#lalle [ G+ promlin = 0,0+ pan (o = )l ~ ulda
T lsalloe /Q |G+ prm (tim — 1), 0 + P (v — )| [V — vl

5+1
< CngzHoo/ |u + 61 o (U, — u)|7|v + 02 1 (Vg — v))| |t — u|dx
Q

+1 5
+ 02||02||00/ |u+ 61 (U, — u)|V |0 + 02, (Vi — )" v — v|da
Q

S+1
+ eslleellos / 4 1. (1t — )| [0+ P (0 — 0))|* e —
Q

+ 04||<2||oo/ 4 o1 (= )"0+ pom (v — )| [0 — v]da.
Q

So, we have

/Qag(x)[F(x, Uy Um) — F(z,u,v)]dx + /Q G2 () [G(x, Uy V) — G, 1, v)|da

6+1

< C1H02HOOHU+91m (um — ) H p(Q)Hv—i—Gg’m U, — U )HLq(Q)Hum ull e (o)

+ calloalloo |+ 01 (tm — )| 13y [0+ B2 (0 = 0)) [0 1o — vl

o+1

+ C3||§2||00||u =+ Pl,m(um - u)HLp(Q)HU + P2,m(vm v )||Lq Q)Hum UHLP(Q)

||7+1

+eallalloo[|u + prm (um — w)|[ ooy 10 + p2,m (0m —v) ||Lq(Q)va — vl La(e)-

Since 2 < y+1<p<2; and 2 <y+1<q < 2j, by the compact embedding
X — LP(Q) x LI(Q), the sequence {w,,} convergence strongly to w = (u,v) in the
space LP(§) x L1(9), i.e., the sequence {u,, } converges strongly to u in LP(2) and
{vm} converges strongly to v in L2(2). Hence, it is easy to see that the sequences

{Hu+91,m(um - U)HLP(Q)}’ {||'U+02,m(vm 7'U)||LQ(Q)}? {Hu+p1,m(um - U)HLP(Q)}
and {||v + p2,m (vm — U>HL<I(Q)} are bounded. Thus, it follows

lim | [o2(2)F (2, tUm, m) + s2(2)G(x, U, U )]dx

m—r oo Q
(2.3) = / [o2F (z,u,v) + 2G(x, u, v)]dz.
Q
Using similar arguments as those used above, we obtain that

(2.4) lim K(x, U, vy )de = / K(z,u,v)

m— o0 Q
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By the weak lower semicontinuity of the norms in the spaces Hg (€2, h1) and Hg (€2, ha)
we deduce that
(2.5)

lim inf [ [h1(2)|Vum|? + hao(z)| Vo, |}]de > /[hl(x)|Vu|2 + ha(x)|Vo|*]d.
Q Q

m—o0
Hence, relations (2.3)), (2.4) and (2.5) imply that the function
(ua U) — I(U’v U) + <<)O(ua U)? (027 §2)>Y

is sequentially weakly lower semicontinuous in X.

We now prove that the function
(uv ’U) - I(ua 'U) + <(,0(’LL, 'U), (02» §2)>Y
is coercive. Put

b = max{||o2|| (), [[2]| L= () }

and fix € > 0 such that

(2.6) ¢ < min { Ai(h1) B(y +1) Ai(ha) 6(3 +1) } |

b 20 b 2q
where

o Ja @IV
SeHEQLhN0}  [q |¢|?dx
From (f4), there is ¢ > 0 such that

A (hg) = , 1=1,2.

|F(z,s,t)| + |Gz, s,t)| < e(|s]” + [t|*) + c

for all (z,s,t) € Q x R% Hence, in view of (2.2)), for each (u,v) € H (2, hy) x
H}(Q, ha), we conclude that

O~v+1

0o+1
I(ua U) + ((p(u,v), (027§2)>Y > 7THUH%1 + o

=l

- /Q |o2(2) F (2, u(z), v(2)) + 2 (2)G (2, u(z), v(z))|dz

0~+1 0o+1
> o ——lulz, + gillvlliz - be/ (lu()? + |v(z)|*)dz — becmeas(€2)
p q Q
0~v+1 9 06+1, ( 1 / 9
> ——|u + ——|v —b hi(x)|Vu(z)|“dx
37 lulli, + 5 . l[vllf, — be ) o 1(@)[Vu(z)]
1
+ ——— [ ho(x)|Vu(x 2dz> — beemeas(€
i L @IV @)

O(y+1) be
i)

0((5 +1) _ be
2q >\1(h2)

)/th(q:)|Vv|2dx— bc.meas(92).
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S . 0 e 005 e
bearing in mind the relation ([2.6), we have (72:1) — All(;hl)7 (2:;1) - )\llz}m) > 0, and

SO

(I(ua U) + ((p(u,v)7 (U2,§2>>Y) = +o0,

im
[I(w,v)[| x =00

as claimed. In virtue of Eberlein-Smulyan theorem, this also follows that the functional
I(u,v) + (p(u,v), (02, 52))y is weakly lower semicontinuous. Thus, the assumptions
of Theorem are verified. Therefore, for each convex set Sy C L™ () x L>®(),

there exists (02,¢2) € S, such that the functional
(u,v) —>1</ hl(x)|Vu|2dx+/ hg(x)Vv|2dx)
2\ Ja Q
= [ (02(a)Falaru,0) + a(@)Gala,u,0) + Ko, u(e), () o
Q

has at least two global minima in X and by Example 38.25 of [5] it admits at least

three critical points. Hence, the conclusion is achieved. O

Remark 2.1. Assume that w = (u,v) € X is a weak solution of problem (2.1)),

then v > 0 and v > 0 in . Indeed, from our assumptions in Theorem [2.1, we have
0= /Q(hl(x)Vu -Vu~ + ha(z)Vo - Vo7 )dx
- /Qag(x)(Fgu(m,uw)u_ + Fou(x,u,v)v”)dz
- /Qgg(:n)(Ggu(:mu,v)u_ + Gay(z,u,v)v7 )da
—&—/Q(Kgu(:mu,v)u_ + Ky, (2, u,v)v™ )de
= I+ o, = M) [ e+ Aua) [ o7 P
which implies that u(z) > 0 and v(z) > 0 for a.e. x € X.

A special case of our main result is the following theorem.

Theorem 2.2. Let K3 € Ag, with K5(x,0,0) = 0 for all x € Q, satisfies (k2).

Then, for every convex set Sz C R2, there exists (03,53) € S3 such that the problem

—div(|z|Vu)

:d(.ag(ﬁx?éos)(uv wv) — s3(x) sin(uv uv))‘g’ivé“’3 + K3, (z,u,v) in Q,
—div(|z|Vv

= (o3(x) cos(uvy/uv) — ¢3(x) sin(uv uv))sivg% + K3, (z,u,v) in Q,
u=uv=0, on 0f)
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has at least three weak solutions, two of which are global minima in Hg (€2, |z]) x
HY(Q, |z|) of the functional

(u,v) —>1</ |x||Vu|2dx+/ |x||Vdex>
2\ Ja Q

- /Q(ag(x)sin(uv uv) + ¢3(x)cos(uvy/uv) + Ksz(z, u(x),v(x)))dz.

Proof. Apply Theoremto the functions Fy, G3 : R? — R defined by Fy(s,t) =
sin(stv/st) and Ga(s,t) = cos(sty/st) for all (s,t) € R2. O
Conclusion. Due to the generality of the Theorem [I.I] it can be applied to

many different situations.
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