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Abstract. In this paper, we investigate uniqueness of finite-order transcendental meromorphic
solutions of the following two equations:

fl(z) Z?n:o amfm(z)
f(z+1)— f(z—1)+a(z — R(z, f) = Zzm=09mJT(2)
(z+1) = f(z—=1) +af )f(z) (=) SIS
and 4
? s )+ a(z) L) = Rz, ) = Zm=o @S2
Fz+1)f(z—=1) +a( )f(z) R(z, f) ST

where R(z, f) is an irreducible rational function in f(z), a(z), am and b, are small functions
of f(z). Such solutions f(z) are uniquely determined by their poles and the zeros of f(z) — e;
(counting multiplicities) for two complex numbers e; # ea.
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1. INTRODUCTION AND MAIN RESULTS

We assume the reader is familiar with the elementary Nevanlinna theory, see,
e.g. [3 @, 12]. As usual, the abbreviation CM stands for “counting multiplicities”,
while IM means “ignoring multiplicities”.

In 1929, Nevanlinna [10] raised the classic results in the uniqueness theory of

meromorphic functions. He obtained:

Theorem A (five-point theorem). If two meromorphic functions f, g share five

distinct values in the extended complex plane IM, then f = g.

Theorem B (four-point theorem). If two meromorphic functions f, g share four
distinct values in the extended complex plane CM, then f = T o g, where T is a

M ébius transformation.

Nevanlinna value distribution theory is a useful tool to research the uniqueness
of meromorphic functions. Many scholars got many important results, see, e.g. [13].
In the last decade, Nevanlinna value distribution theory is widely used in complex
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difference and difference equations [4,[5]. Recently, Qi et al. [T1] studyed some shared
value properties for finite-order meromorphic solutions of the difference Painlevé IV

equation. They showed that:

Theorem C ([11]). Suppose that f(z) is a finite-order transcendental meromorphic

solution of

Z;:O am f™(2)

Yoo bnf(2)

where R(z, f) is an irreducible rational function in f(z), am, b, are small functions
of f(z) with agbs # 0. Let ey, es be two distinct finite numbers such that ®(z,ey) #
0, ®(z,eq) £ 0. Here

(fz+ 1)+ f()(f(2) + f(z=1)) = R(z, f) =

Oz, f) = (flz + 1)+ FE)(F(2) + fz =)D baf"(2) = Y amf™(2)-
n=0 m=0

If f(2) and another meromorphic function g(z) share the values eq, ez and co CM,
then f(z) = g(2).

Recently, Halburd and Korhonen researched some properties of the following

delay differential equation

(1.1) w(iz+1)—w(z—1)4a(z) 1;):((;)) = R(z,w(z)) = ————=

One of the main conclusions is as follows:

Theorem D ([7]). Suppose that w(z) is a non-rational meromorphic solutions of
(L3), where a(z) is rational, P(z,w) is a polynomial in w with rational coefficients
in z, and Q(z, f) is a polynomial in w(z) with roots that are nonzero rational
functions of z and not roots of P(z, f). If the hyper-order of w(z) is less than one,
then

deg,, (P) = deg,,(Q) +1<3 or deg,(R)<1.

In this paper, we consider the sharing value of meromorphic solutions of (|1.1)).
In particular, we assume deg,, P(z,w(z)) = 3, deg,, Q(z,w(z)) = 2, and obtained

the following result:

Theorem 1.1. Suppose that f(z) is a finite-order transcendental meromorphic
solution of

F'(2) _ P f(2) _ Eoco @™ (2)

f) Q= f(2) 2 bafr(z)

P(z, 1), Q(z, f) are coprime rational functions in f(z), a(z), an and b, are small

(1.2) fz+1) = f(z—1)+a(z)

functions of f(z) satisfying ba = 1, ag # 0. Let e1, ea be two distinct finite numbers
22
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such that P(z,e1) # 0, P(z,e2) # 0. If f(z) and another meromorphic function
g(z) share the values ey, ea and oo CM, then f(z) = g(z).

Lately, we researched the following equation

fE+Df(z=1)+a(z) J;((,:)) B gz ;83

where a(z) is rational, P(z, f) and Q(z, f) are coprime rational functions of f(z).

The roots of Q(z, f) are all rational functions of f(z). And obtained that deg;(P) <

4 and deg;(Q) < 3 [2]. As for the uniqueness of meromorphic solutions of the above

equation, we get

Theorem 1.2. Suppose that f(z) is a finite-order transcendental meromorphic

solution of

P _ PGS _ Yoo mf™(2)
(1.3 f+D)f(z=1) +a(z = = ,
) =+ D ) fz) Q= f) 2 bafr(z)

where P(z,f) and Q(z, f) are coprime rational functions of f(z). a(z), am, bn

are small functions of f(z) and bs = 1, ay # 0. Let e1, es be two distinct finite
numbers such that U(z,e1) Z 0, U(z,e3) £ 0, where U(z, f) = [f(2)f(z+ 1) f(z —
1+a(z)f'(2)] Zi:o b f"(2) _anzo am f™Y(2). If f(2) and another meromorphic
function g(z) share the values ey, e and co CM, then f(z) = g(2).

2. LEMMAS

In this section, we present some lemmas which play an important role in the
following proofs. The first lemma is an analogue of the logarithmic derivative lemma

on difference.

Lemma 2.1 ([I], [5]). Let f(z) be a meromorphic function of finite order o(f).

Then we have

fetey o fGE) g,
T ) TG g) =50,

where S(r, f) any quantity satisfying S(r, f) = o(T(r, f)) as r tends to infinity

m(r,

outside of an exceptional set E of finite logarithmic measure, i.e.,

lim dt/t < oo.
r= JEN[1,r)

Lemma [2.2]is an analogue of Clunie lemma on delay differential equation.

Lemma 2.2 ([8]). Let f be a transcendental meromorphic solution of hyper-order

G'Q(f) <1 Of
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with deg P(f) < deg Q(f), where P(f) and R(f) are differential difference polynomials

of f, Q(f) is a difference polynomial of f. Assume that there is only unique monomial
of degree deg Q(f) in Q(f). Then

m(r, R(f)) = S(r, f)

holds possibly outside an exceptional of finite logarithmic measure.

Lemma 2.3 ([I1]). If f(2) is a meromorphic function of finite order, then
N(r, f(z+¢)) <N(r+lel, f) = N(r, f) + S(r, f),

and

1 1
N(T,W)SN(T+|CL})=N(T7

Lemma 2.4 ([12]). Suppose that f;(z)(j = 1,---,n)(n > 2) are meromorphic

)+ S(r, f).

| =

functions and g;(2)(j = 1,---,n) are entire functions satisfying the following

conditions:

M Y =0,

(2) 1<j<k<n, gj(2) — gx(2) are not constants for 1 < j <k < n.

(3) For1<j<mn, 1<h<k<n,

T(r, f;) = o{T(r,e? 9%)},r — oo, ¢ E,

where E C (1,00) is of linear measure. Then f; =0 for j=1,--- ,n.

The following lemma is an analogue of Mohon’ko theorem on delay differential

equation (see [6, Remark 5.3]).

Lemma 2.5. Let w(z) be a non-rational meromorphic solution of P(z,w) = 0,
where P(z,w) is a differential difference polynomial in w(z) with rational coefficients,
and let a(z) be a rational function satisfying P(z,a(z)) # 0. If pa(w) < 1, then
m(r, —1=) = S(r,w).

P w—a

Lemma 2.6. Let f(z) be a finite order transcendental meromorphic solution of

, then
T(r, f)+S(r, f),

namely,
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Proof. Taking the Nevanlinna characteristic function of both sides of (1.2), by
Lemmas and standard Valiron-Mohon’ko identity, we have

Zzig am f"(2)

3r(r, f) = T(r EZ;Q) b f7(2) Y+ S(r f)=T(r f(z+1)— f(z—1) + a(z) B )
< mirsEEEL S LEZ) a2
N f(z+1) = f(z = 1) +a(2) J;((j))) +S(r, f)
< ml )+ 2N )+ N )+ N ) + S0 6)
Then
2T(r. 1) < 2N )+ N 5) + 80 5). - N f) 2 5T 1) + S0 5)

3. PROOFS OF THE THEOREMS

In this section, the proofs of our results are given. Some ideas in the proofs come
from [L1], but we do not have m(r, f) = S(r, f) in Theorem [L.1]

Proof of Theorem[I.1]. From the assumptions that P(z,e1) # 0, P(z,e2) # 0 and
Lemma [2.5] we have

1 1
(3.1) m(r, m) =5(r,f), m(r, m) =5(r, [f)
f(2) and g(z) sharing e;, es CM gives that
(3.2) f-e e foe eBR)

g—€a T og—e
where A(z) and B(z) are two entire functions. It follows from [I2, Theorem 5.1]

that
T(r,g) =0(T(r,f)) (r—oo,r¢E
T(r,e*®) = O(T(r,f)) (r—oco,r&E
T(r,e?3)) = O(T(r,f)) (r—oco,r ¢ E),
(

where F is a set of finite linear measure. Then A(z) and B(z) are two polynomials

);
)

7

since the order of f(z) is finite.

Obviously f(z) = g(2) if eA®) =1 or eB*) =1 or eB(*)~4() = 1. Next, we
assume that eA(*) % 1, B £ 1 and eP*)-A() £ 1. Rewrite into the
following forms:

eB) 1
(3.3) f(z) =e1+(e2 - 61)m;
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or

AG) _
(3.4) f(z)=ex+ (e2 - )Wj o),

where C'(z) = B(z) — A(z). We claim that deg A(z) = deg B(z) = deg C(z). First,
we prove deg B(z) = deg C(z). Suppose that deg B(z) > deg C(z), then from (3.3),

T(r,f) =T(r,e®) + S(r,f), T(r,e%)=5(re"), N(rf)=S5(f)
which contradicts with Lemma [2.6} If deg B(z) < deg C(z), then
T(r, f) = T(r,e®) + S(r, f), T(r,eB) = S(r,e),
: L)+ 50 = St ),

N(r, ——) = N(r, ———
) = Nl g
which implies m(r, 161) # S(r, f), and this contradicts with (3.1]). So,

(3.5) deg B(z) = deg C(2).

Next we prove deg A(z) = deg C( ). Since A(z) = B(z) — C(z), then deg A(z) <
deg B(z). If deg A(z) < deg B(z), by (3.4) and (3.5),

T(r, f)=T(r,e) + S(r, f), T(r,e?)=S(re),

1 1
N(r,——)=N
() = N0 o) + 802.) = S(r. ),

which also contradicts with (3.I)). Therefore deg A(z) = deg C(z). Let
(3.6) deg A(z) = deg B(z) =degC(z) =k > 0.

The value sharing assumption and the Nevanlinna second fundamental theorem
lead to

T(.f) < NS+ N =)+ N =) + ()
< N(r,9) +N(r’g761) +N(r,giez)+5(r,f)
(3.7) < 3T(r,g9)+S(r, f).
Similarly,
(3.8) T(r,g) < 3T(r, f) + S(r, g).
Therefore,
(3.9) S(r,g) = 5(r, f)
By (2) and (7) to (59),
(3.10) T(r,e®) < 4T(r,f)+S(r, f),
(3.11) T(r,e?) < 4T(r, f) r, f)
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And by (3.3]), we have

(3.12) T(r. ) < T(r, %) + T(r,e%) + S(r, ).
The above equation together with , and , gives
(3.13) S(r, f) = S(r,e?) = S(r,eB) = S(r,e).

For convenience, we define f = f(z+1), f = f(z— 1). Substituting (3.3) into
(1.2), we obtain

eP—1 B -1 eP —1
(e =) = e pllea+ (2= en) o]
B' — C"eBe — B'eP 4 C'e?
+a(z)(€2 - 61) (ec — 1)2 }
2 e —1 1
m
Zb e1 + (ex —e1) Zoameri— 62—61)6071] .

Multiplying both sides of the last equality by (e€ — 1)(e€ — 1)(e€ — 1)4, we get

{(e2 —en)[(€” = 1)(eC = 1) = (2 = 1)(e” = 1)][ex (e —1)°
+(ez —e1)(e? —1)(e = 1)] + a(2)(ez — e1)[(B' — C")eBe® — B'eP + e’

=0
3
(3.14)= (e = 1)(e© = 1) > amler(e” = 1) + (e2 — ex)(e” — D))" T (€ — 1)*™.

We denote:

si, t; (i = 1,2) are polynomials of degree at most k—1. Then, (3.14)) can be rewritten

as
4 6
(3.15) DS M, ,erBtC =,
pn=0rv=0
where M), ,, is either 0 or a polynomial in a(2), am, by, €1, e2 and e (Z) eti(®) . We

get

(316) MO,O - q)(za 62) 7& 07

where ®(z, f) = ((f (=+1)—f (z=1)f(2)+a(2)f(2)) Tz bu™ (2) =S am S (2)-
Let By, C; be the highest degree terms of B and C' respectively. We claim that
there exist some 1 < pg <4, 1 <1y < 6 such that

(3.17) toB1 +1pC1 =0
27
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or
(318) ,U,oBl — V()Cl =0.
Otherwise, by (3.15) and Lemma M, ,=0 for all 0 < p < 4,0 < v <6, which

contradicts with (3.16]). Set o = %, then « is a rational number and

1351245135
|Oé| € {1a2,37475367§7§7§7§a ga §7§,17171}'

Moreover, deg A(z) = k, therefore v # 1. On the other hand, from (1.2)) we obtain

(f = f—asf)f° = H(z, f),

H(z, f) is a differential difference polynomial of f, with degree at most 3. Set

G = f-—f—asf
eB—1 eB—1 eB -1
= (62—61)ﬁ—(62_61)&7_1—@361—@3(62_61)607_1.

From Lemma we have

Set
eB-1 eB-1 e —1
.1 = — — —
(3.19) Gi= e e
Obviously,
(3.20) m(r,G1) = S(r, ).

(G1 can be rewritten into the form:
AePr -1 DiePr —1 Eiefr —1
A2eCi =1 Daelr —1  “Epelr — 1
Fy —F,— F3
(Aze€r — 1)(Dge€r — 1)(Eqefr — 1)’
where F} = (A1eP1—1)(Dye —1)(E2e€1 —1), Fy = (D1eP1 —1)(A2e% —1)(EyeCr —
1), Fy = az(F1eP — 1)(Ae9r — 1)(Dge®r — 1), Ay, As, Dy, Do, E1, Ey are small

functions of e#1 and e“t. We discuss the following three cases.

G

(3.21)

Case 1. Suppose that 0 < a < 1, then
feert (oot =at (e Bt L
where H,, Hy are small functions of e“*. The numerator and denominator of f may
cancel some common items, for example, when o = % and Hy, = Hy = 1. Even so,
by standard Valiron-Mohon’ko identity, we can still get T'(r, f) = N(r, f) + S(r, f)
since « is rational. Then m(r, f) = S(r, f).
28
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Next, we prove that
(3.22) T(r,e?) =T(r,eB) + S(r, f) = T(r,e) + S(r, f).
Let the greatest common factor of €#(*) — 1 and ¢“(*) — 1 be D(z), then
P 1 =D(2)Bi(2), ¢“® —1=D(2)C1(2),

where B;(z), C1(z) and D(z) are entire functions. So (3.3]) can be rewritten as

Bi(z
f(2) =e1 + (e2 — el)CiEz;'
Since
T(r.f) = mlr, =) + N =) + 5 f) = Nl o) + 50.5),
T(.) = mlrf)+ Nl )+ S0 f) = N o) + S0 6),
we have
N(r, Bil) = N(r, C’il)
By also considering that
T(r, eB) = N(r, BB%I) + S(r, f) = N(r, Bil) + N(r, %) +S(r, f),
and
T(r, ec) = N(r, ec%l) +S(r, f) = N(r, C’il) + N(r, %) + S(r, f),
we obtain:

T(r,e) = T(r,e”) + S(r, f).
Similarly, by (3.4)) we can prove
T(r,e”) = T(r,e”) + S(r, f).

So (3.22) holds.
If (3.17) holds, then deg(joB +1oC) < k. By (3.6)), e#0B+7C is a small function

of e and f(z). Then by (8.6), and (3.22),

T(r, etoBHrC . o=mody — p(r e=HoA) L S(r, f) = uoT(r,e?) + S(r, f).
On the other hand,

T(r, etoBH10C . emmody — (y e(rot10)CYy — (10 4 v )T(r,e?) + S(r, f).

From the above two equations, we get 1y = 0, which contradicts with 1 < vy < 6.
Similarly, if (3.18]) holds, then deg(uoB — 1yC) < k. We have

T(Tv EHOBilIOC : 67#014) = T(Tv €7M0A) + S(T7 f) = :U’OT(T7 eA) + S(Tv f)v
and

T(T, etoBrC eilmA) = T(?“, e(lmiyo)c) = (NO - VO)T(T> eA) + S(Tv f)a
29
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which also deduce a contradiction.

Case 2. Suppose that a < 0. Set § = —a. Substituting B; = —4C into (3.21)

and multiplying both numerator and denominator by e?¢!, we have

I — I — Iy
(A2e€r — 1)(DgeCr — 1)(Eqe€r — 1)efCr’
where I} = (A; —eP€1)(Dge®t —1)(E2et —1), Iy = (D; —eP) (AgeCt —1)(E2et —
1), Iz = a3(E; — ePC1)(Aget — 1)(D2eCt — 1). From standard Valiron-Mohon’ko

identity, we have

G, =

T(Tv Gl) (3 + ﬁ)T(Ta 601) + S(Ta 601)a
N(r,Gy) = 3T(r, ecl) + S(r, ecl),

which implies that m(r, G1) = BT(r,e“*)+S(r, f) # S(r, f). Even if the numerator
and denominator of G; can cancel some items, we can still get the same conclusion,
which contradicts with (3.20)).

Case 3. Suppose that o > 1. Substituting B; = aC1 into (3.21)), then

Ji—Jo—J3

(3:23) G = (AeCr — 1)(DeCr — 1) (EgeCr — 1)

where J; = (A1e%C1 — 1)(Dge®t — 1)(E2e®t — 1), Jo = (D1t — 1)(Age®t —
1)(E2et — 1), J3 = az(E1e*“t — 1)(A2e“t — 1)(D9e®t — 1). On the other hand,
substituting B, C' to (3.19). When k > 1, we can see that eB+C+C _ oB+C+C _
aseBTCFC £ 0. In this situation, gives:

T(r,Gy) = (a+2)T(r,eCl)+S(r,ecl),
N(r,G1) = 3T(r,e“") + S(r,e),

which implies that m(r,G1) = (a — 1)T(r,e“r) + S(r, f) # S(r, f). Even if the
numerator and denominator of G; can cancel some items, we can still get this
conclusion, which contradicts with . When k = 1, without loss of generality,
we assume that B = alz + cp, C = lz + do. If eBHYCHC _ ¢B+O+C _ o B+O+C —
ecot2do (gla=Dl _ o(1=e)l _ g)elat2)lz £ ( ysing the same method as above, we
have m(r, G1) # S(r, f), which contradicts with (3:20)). If e(*=D! —e(1=)l — g5 = 0,
then substituting B and C into ®(z, f) = 0. After combining similar terms, we can

get
4 6
Z Z M, qe(pa+q)lz =0,
p=0 q=0

30
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where M, , is either 0 or a polynomial in a(2), am, bn, €1, ez and e, e, By
Lemma we obtain M, ;, = 0, which contradicts with (3.16]). In conclusion, the
theorem holds. O

Proof of Theorem[I.3. Taking the Nevanlinna characteristic function of both sides

of (1.3)), we get

—, 1
4T(Ta.f) < 2T(7’,f) +N(T7f) +N(T7?)+S(7’,f)7
namely,
— —, 1
2T(7‘,f) < N(rvf)—’_N(Ta?) +S(T7f)7

which implies m(r, f) = S(r, f).

Similar to Theorem we can proof (3.1) — (3.4)), (3.10) — (3.12) also hold.
Evidently, when e4(*) = 1 or eB() = 1 or eBG)=4(E) = 1, f(2) = g(2). We still
need to consider the case when e4(*) # 1, e4(*) #£ 1 and eB(*)=4(2) £ 1, Using the

same method in the proof of Theorem we will get (3.22). (3.10) — (3.12) and
(13.22)) give

deg A(z) = deg B(2) = deg C(z) = k > 0.
Substituting (3.3) into (|1.3), we obtain

eB — eB — eB—1
{lex + (e2 — 61)66_ 1][61 +lez—er)g—lles +(e2 —e1)m—]
(B’ — C"ePeC — B'eB 4 e
+a(z)(ez —e1) (eC —1)e
3 eB — 4 el —1
(3.24) ~Zb [61-‘1-(62—61 Zam e1+ (e2 —eq) C,l]mﬂ‘
n=0 m=0

Multiplying both sides of (3.24) by (e —1)(e£ — 1)(e“ — 1)°, we get

{ler(e = 1) + (e2 — e)(e” = Der(e“ = 1) + (e2 — ex) (e — 1)]
e1(e€ = 1) + (e2 — e1)(e” = 1)](e” = 1) + a(2)(e2 — e1)
(B = C")ePe® — B'eP 4+ CeC)(eC —1)(e€ — 1)}

3
> baler(e€ = 1) + (e2 — ex)(e® = ]"(e€ —1)*7" = (e —1)(e€ — 1)
n=0

4
(3.25) - Z amle1(e€ — 1) + (eg — e1)(e® — 1)1 (eC — 1)47™.

m=0

(3-25)) can be rewritten as
6 7
S M o

pn=0rv=0
31
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where M, , is either 0 or a polynomial in a(z), am, by, €1, e2 and esi(2) eti(2) And
(326) MO,() = \I/(Z, 62) ?é 0.

We claim that deg(uB + vC) = deg(uB —vC) =kfor 1 <p<6and 1 <v <T.
Otherwise, if some 1 < pp < 6 and 1 < vy < 7 make deg(upB + 1yC) < k or
deg(poB — 1pC') < k, then we use the same method in the proof of Theorem

and obtain vy = 0, which is a contradiction. Thus,
T(T, Mu,u) = S(T, e:t(HB+VC))’ T(T, M,u,z/) _ S(?’, e:l:(unyC)),

where 0 < 4 <6, 0 < v < 7 are not simultaneously zero. By Lemma [2.4] we get
M, ,, = 0, which contradicts with ([3.26]). d
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