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Introduction. It is well known that there are trigonometric series conver-
ging almost everywhere to zero and having at least one non-zero coefficient.
This also applies to the series in other classical orthogonal systems, for instance,
to the series Haar, Walsh and Franklin series.

Uniqueness theorems for almost everywhere convergent or summable
trigonometric series were first obtained in the papers [1] and [2], under some
additional conditions imposed on the series. Results on uniqueness and
restoration of coefficients for series by Haar, generalized Haar systems and
regular martingales have been obtained, for instance, in the papers [3-5] and [6].

The following theorem about restoration of coefficients of series by
Franklin system was proved in [7]. Specifically, in [7] it was proved that if the
Franklin series
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n=0
converges a.e. to a function f(x) and

lim (7\- |{x € [0,1]: sup|S,(x)| > A}|> =0,
A—eo keN
where |A| denotes the Lebesgue measure of a set A and
k

SeC) = ) aifitx),
i=0
then the coefficients a, of the Franklin series can be reconstructed by the
following formula
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where

fQ), iflIf(x) =<4
ol = {0, if IF GOl > A,

In the multi-dimensional case, in this theorem instead of S; (x) partial sums
one can take S,k (x) (see [8]) partial sums, or S, (x) (see [9]), where gy is any
increasing sequence of natural numbers, for which the ratio qy,1/qx i
bounded. Similar result on uniqueness is also obtained for the multi-dimensional
Franklin series (see [10]).

Let k > 2 be an integer. In this paper we are concerned with orthonormal
spline systems of order k corresponding to the k regular partitions. Let 77 =
(tw)n=> be a dense sequence of points in the open unit interval (0, 1), such that
each point occurs at most k times. Moreover, define t, := 0 and ¢t; :== 1. Such
point sequences are called k admissible. For n inthe range —k + 2 <n < 1, let

Sr(lk) be the space of polynomials of order not exceeding n + k — 1 (or degree

1
not exceeding n +k —2) on the interval [0,1] and {n(k)} .., bethe
n=—k+2
collection of orthonormal polynomials in L? = L?[0, 1] such that the degree of
émbn+k—2

For n = 2, let 7, be the ordered sequence of points consisting of the grid
points (tj)?zo repeated according to their multiplicities and where the knots 0

and 1 have multiplicity k, i.e.
TTL = (0 = Tllk+1 R T{)l < T{l < - < T;/ll—l — e — T:‘Ll'l'k—l = 1)

In that case, we also define ST(L") to be the space of polynomial splines of

order k with points 7;,. For each k > 2 , the space 5,5’?1 has codimension 1 in

Sflk), therefore there exists a function fn(k) € Sflk), that is orthogonal to the

space S and ||fn(k)||2 = 1. Observe that this function £* is unique up to

the sign.

The system of functions { n(k)} .
n=—rk+2

tem of order k corresponding to the sequence 7.
Note that the case k = 2 corresponds to orthonormal systems of piecewise
linear functions, i.e. general Franklin systems.

Consider a series
D an fu@, o

neA

is called the orthonormal spline sys-



where Ai={n€Z|n=>—k + 2}.

Let {n,} be an increasing sequence of natural numbers, denote A, :=
{—k + 2, ...,nq}.

Definition 1. An admissible sequence T is called k regular for n, with a
parameter y > 1, if
n
ls lA,f:' <y, —k+1<i<n,—1, qe€N,
v el
where A} := [, T4 ].

In the case k = 2 , which corresponds to general Franklin systems, and
ng = q the sequence T satisfying the above condition is called regular by
couples (see [10]). For general n, we will call such sequence T regular by
couples for n,.

We will also be interested in sequences T for which

2|
nq+1| 7 (2)
PR n ng+1
forany i, j, g so thatAl." ) qu .
Denote by S, (x) the ng-th partial sums of the series (1), that is
Nq

Sn @ = ) an ful®).

n=-k+2
The main results of the present paper are the following theorems:
Theorem 1. Let the partition 7' be a k regular for n, with a parameter
y >1 and satisfy the condition (2). If the partial sums S, (x) converge in

measure to a function f(x) and

lim (,1,, : {x € [0,1]: sup |S,,, ()| > /1,,}
p—0 q q

for some sequence 4,, > +oo, then for any n € 4

) =0, @)

1
an = lim, [ [FGL, f1G0) dx @
p—oo

0
Theorem 2 shows the necessity of condition (2) in Theorem 1.
Theorem 2. Let the partition T be k regular for n, which doesn’t satisfy
condition (2) for any y.

Then for some subsequence, {nmq} there exists a series, Y.,ea an fn(X)
such that its partial sums Snmq (q) converge a.e. to some function f(x), and
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lim </1p . {x € [0,1]: sup |Snm (x)| > Ap} ) =0,

for some sequence A, » +oo, but not all the coefficients, a,, n €A are
recovered by formulas (4). Particularly

1
asre # im [F @, frina @) dx.
P 0

In the case k = 2, i.e. general Franklin series, we have the following
corollary:

Corollary 1. Let the partition T be regular by couples for n, with a
parameter y > 1 and satisfy the condition (2). If the partial sums of the Franklin
series corresponding to n, converge in measure to a function f(x) and the
condition (3) takes place, then the coefficients of the Franklin series are
recovered by formulas (4).
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A Uniqueness Theorem for Orthonormal Spline Series

In this paper we obtain recovery formulas for coefficients of orthonormal spline
series by means of its sum, if the subsequence of partial sums of an orthonormal spline
series converge in measure and the majorant of the subsequence of partial sums satisfies
some necessary condition, provided that the spline system corresponds to a «regular»
sequence. Additionally, it is proved that the regularity of the sequence is essential.

4. U. fhnyul, U. L. usunnpjui
Uhwlnipjut plnptd oppninpuw) uyyjuy owpptiph hwdwp

Uwnugh) kup, np oppninpduy uwjjuytt swppkph gnpéswljhgubpp JEpuljutiqgnud
El owipph gnudwph dhongny, Ephk swpph dwubwlh gnidwpbph Eipwhwenppuljuin-
pintup punn swihh qniqudbn £ b wyn dwubwlh gnidwpubph Gupwhwenppuljuint-
pjut dwdnpuwtinnp pwdupupnd b hty-np wthpwdbon wuydwh, b np wyn uwguy
hwdwlwupght hwdwywunwupwing hwenppuljuunipniup «<ebqniup» kb Udbihb,
wyugnigyws k, np hwenpuljuinipjub nkgnijjupnipniup juplnp b
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K. A. Kepsin, A. JI. XauaTpsin

Teopema eTHHCTBEHHOCTH AJISl OPTOHOPMHUPOBAHHBIX CILIAIH PSA/IOB

IomyueHs! (GOpMyNIBI BOCCTAHOBICHHS KO(D(UIIMEHTOB OPTOHOPMHUPOBAHHBIX
CIUTaliH PAIOB ¢ HOMOIIBIO UX CYMMBI, €CJIH MOAIIOCIIEOBATEIILHOCTh YACTHIHBIX CYMM
OPTOHOPMHPOBAHHOTO CIUIAWH psfa CXOAMTCA MO Mepe, a Ma)KOpaHTa 3TOH MOJIIO-
CJIEI0OBATENILHOCTH YaCTHYHBIX CYMM Y/IOBJIETBOPSIET HEKOTOPOMY HEOOXOIMMOMY YyC-
JIOBUIO, B TOM CJIy4yae, eC/IM CIUIaliH CHCTEMa COOTBETCTBYET «PEryJIIPHON» MOCIeN0-
BaTeibHOCTH. KpoMe Toro, 1oKa3pIBaeTCs, YTO PEryssipHOCTb HOCIEI0BATEILHOCTH SIB-
JISIETCSI CYIIECTBEHHOM.
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