ACTPODODMUMI3NUKA

TOM 66 OEBPAJIb, 2023 BbITTYCK 1

DOI: 10.54503/0571-7132-2023.66.1-125

BULK VISCOUS STRING COSMOLOGICAL MODEL
WITH POWER LAW VOLUMETRIC EXPANSION IN
TELEPARALLEL GRAVITY

KALPANA PAWAR, A. K.DABRE
Received 12 December 2022
Accepted 3 February 2023

In this paper, we have investigated the Bianchi-type V cosmological model which is spatially
homogeneous and anisotropic in presence of bulk viscous fluid containing one-dimensional cosmic
string. We have obtained the exact solutions of highly non-linear differential field equations con-
sidering the power-law volumetric expansion of the universe and f(7)= T formalism. Some physical
and kinematical properties of the constructed model have been discussed and presented graphically
and it is interesting to note that the resultant model resembles the recent observational data.

Keywords: bulk viscous fluid: cosmic string: teleparallel gravity

1. Introduction. Recent observations and measurements from high redshift
supernovae [1-3] indicate that the universe is accelerating. The cause of the
universe's acceleration is unknown; it is commonly referred to as the dark energy
problem, which is caused by the universe's negative pressure. Two approaches have
been proposed to address this issue: one is to develop viable dark energy models,
while the other modify Einstein's gravitation theory. Nojiri & Odintsov [4] has
reviewed various modified gravities and considered a gravitational alternative for
dark energy. Again Nojiri et al. [5,6] reviewed some standard issues and discussed
some latest developments in modified gravity as well as unified cosmic history in
modified gravity.

Numerous modified gravity theories exist to investigate the unknown and
hidden aspects of the universe. Amongst them, the f (T) theory of gravitation,
which is based on a modification of the teleparallel equivalent of general relativity,
is a viable candidate. Many researchers have discussed various aspects of f (T)
gravity. Cai et. al. [7] provided a brief review of f (T) gravity and cosmology.
Myrzakulov [8] has studied the accelerating universe from f (T ) gravity. Numerous
cosmologists have developed theoretical cosmological models that behave similarly
to the present physical universe, which is anisotropic, expanding, and accelerating.
Pawar & Dabre [9] have studied an anisotropic string cosmological model for
perfect fluid distribution in f° (T) gravity. Chirde & Shekh [10] examined the
thermodynamical aspect of barotropic bulk viscous fluid in teleparallel gravity.
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Sharif & Rani [11] studied bulk viscosity taking dust matter in generalized
teleparallel gravity. Sadatian [12] analyzed the effect of viscous content on the
modified cosmological £ (') model.

Various cosmologists and physicists have studied the theoretical development
of the universe and the effects of bulk viscosity and string on cosmic evolution
using the source as a bulk viscous fluid containing a string of clouds. Mishra &
Dua [13], investigated the dynamics of the universe for bulk viscous string
cosmological model using the LRS Bianchi type II metric in the Saez-Ballester
theory of gravitation. Tripathy et al., [14] studied LRS Bianchi I model in
reference to Einstein's relativity using the source as stiff viscous fluid coupled with
an electromagnetic field. Kiran & Reddy [15] presented the non-existence of
Bianchi type III bulk viscous string cosmological model in f (R, T) gravity. Santhi
et al, [16,17] investigated bulk viscous string cosmological models using Bianchi
type II, VIII, IX, and VI, space-times in f (R) gravity. Pawar & Dabre [18]
studied the bulk viscous string cosmological model using the special law of variation
for Hubble's parameter in teleparallel gravity. Using the Kantowski-Sachs metric,
Reddy et al., [19] built an isotropic bulk viscous string cosmological model that
illustrates the special case for non-validating cosmic strings. Hegazy, [20] devised
a formula for calculating cosmic entropy in terms of viscosity and applied it to
investigate the entropy, enthalpy, Gibbs energy, and Helmholtz energy of a
constructed model in the presence of viscosity. Naidu et al., [21-26] vigorously
investigated bulk viscous string cosmological models in relation to different
gravitational theories. Several cosmologists [27-33] have obtained some recent and
significant investigations of bulk viscous fluid in the presence of cloud strings in
various contexts.

Motivated by the situations discussed above in this paper, we have considered
spatially homogeneous and anisotropic Bianchi type V space-time to construct the
bulk viscous string cosmological model within the context of teleparallel gravity.
This paper is divided into several sections: Sec. 2 deals with elementary definitions
and equations of motion in the framework of teleparallel gravity. In Sec. 3
considering spatially homogeneous and anisotropic Bianchi type V metric, we have
obtained the corresponding field equations. In Sec. 4, we have obtained the exact
solution of highly non-linear field equations along with different physical and
kinematical quantities and presented them with 3D graphs. Lastly, in Sec. 5, we
have concluded the investigations.

2. Elementary definitions and equation of motion. In this section,
we provide a concise explanation of f (T) gravity and a thorough derivation of
its field equations. The line element for a general space-time is defined as

ds* = gudxtdx" €))]
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where g, are the components of the metric tensor which are symmetric. The
above line element can be transformed into the Minkowskian space-time (which
represents the dynamic fields of the theory) as

ds* = g dxtdx" = ny.e"ef , 2

dxt =el'0', 0 =ejdx", (3)
where m; is a metric tensors in Minkowskian space-time such that n; = diag [1, -1,-1,- 1]
and el'e, =38} or el'e]=8/. -g=det[e}]=e and the dynamic fields of the
theory are represented by the tetrads matrix e;} . The Weitzenbocks connection

components which have a zero curvature but nonzero torsion for a manifold are
defined as

Iy =e GveL =—eil8v e’r. (E))

The components of the torsion tensor for a manifold are defined by the anti-
symmetric part of the Weitzenbocks connection

e =T% —T% =¢*(0, -0, €. )
Con-torsion tensor components are defined by
A% 1 A% % A%
KW= —E(Ta“ ) ©)

A new tensor, S}" constructed from the components of the torsion and con-
torsion tensors for a better understanding of the definition of the scalar equivalent
to the curvature scalar of Riemannian geometry as follows,

Y 1 Y \Y v B
se = keesn - su ). ™

The torsion scalar is defined using the contraction which is similar to the scalar
curvature in general relativity as
T=T5Sk. (®)
The action is defined by generalizing the teleparallel gravity, i.e, f (T) theory as
S = [[A(T)+ Lysuer Jed*x. ©)
where f(T') denotes an algebraic function of the torsion scalar 7.

Equations of motion are obtained by functional variation of the action (9) with
respect to the tetrads as

Y -1 i o QV o QV 1 v v
S0, Thppteel 0, (eet 520 )+ T 527 fr 80 =anT (10)

where the energy-momentum tensor THV is considered as bulk viscous fluid with
one-dimensional cosmic string, f, and f,.. denotes respectively the first and second-
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order derivatives of f' (T) with respect to 7. For f (T)= const , the equations of
motion in (10) reduce to the equations of motion of the teleparallel gravity with
a cosmological constant, which is dynamically equivalent to general relativity.
These equations depend on the choice made for the set of tetrads.

3. Metric and field equations. We consider a line element
ds? =di*— Adx?— ™ (B2dy? + Cdz? ), (11)
which is a spatially homogeneous and anisotropic Bianchi type-V metric in which

m is constant and A4, B, and C are a function of cosmic time ¢ only.
Consider the set of diagonal tetrads related to the metric (11) as

lev |= diaglt, 4, Be™  ce™]. (12)
Then the determinant of the matrix (11) is
e=ABCE™. (13)
The torsion scalar (8) is obtained as
T=-2 £+B—C+£+m2 . (14)
AB BC AC

We consider the source as bulk viscous fluid containing one-dimensional cosmic
string given by

T =(p+p)uu’+ pgy—hx,x", (15)

p=p-3EH, (16)
where p=p A is the proper string energy density with particles attached to
them and p » is the particle energy density, A is the strings tension density, 3§ H
is bulk viscous pressure, g(t) is the coefficient of bulk viscosity, H is Hubble's
parameter, x* denotes a unit space-like vector for the cloud string and u" denotes
four-velocity vector satisfying the conditions, u'u, =—1=-x"x, and wu,x" =0.

In a co-moving coordinate system, we have

u' =(0,0,0,1), x*=(4",0,0,0). (17)
We obtained the field equations for Bianchi type-V space-time (11), from (10)
and (15)-(16) in the framework of teleparallel gravity as

B C AB _BC AC 2 B C).
+2fr| =+—=+—+2—+—+2m" |+2) —+—|Tf;y =16np—-3EH-1A), (18
i fT(B AT AT T AT J (B CJfTT (p=38H-2). (18)

4 C AB BC _AC 5 4 C
2m” |+ 2
A C AB BC C

f+2fT(_+_+_+_+2E+ Z+—JTfTT:16n(p—3§H), (19)

A B _AB BC AC 5 A
2m” |+ 2
A B AB BC AC B

f+2fT[—+—+2—+—+—+ Z+£]TfTT:16n(p—3§H), (20)
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AB BC AC
f+4fT£E+E+EJ:_16”p’ @D
A4 B C
(22‘§‘EJ/‘T:0’ 22
B C
(?E]fTZO’ >

where the overhead dot (.) denotes the derivative with respect to cosmic time 7.
By solving (22) and (23) above field equations reduces to

f+2fr [§+%+2§—g+2m2J+2[§+%JTfW =16m(p-35H-1), (24)
f+2f; (%+§—g+2m2}2[%]rfﬂ =16n(p-3¢H), (25)

I+ 2fT(§+§—g+2m2J+2(§JTfTT =16n(p-3.H), (26)
f+af; [i—g] =—16mp. 27)

Thus, we have four non-linear differential equations with seven unknowns, namely
£ B C p, &, p, and A; solutions which are discussed in the next section.

4. Solutions of field equations. As there are four highly non-linear
differential equations (24)-(27) and seven unknowns, in order to obtain the exact
solutions we consider the linear f (T): T gravity along with the special power-
law volumetric expansion of the universe as

Voo (28)
where n is a non-zero constant.

We find some kinematical space-time quantities of physical interest in cos-
mology.

The spatial volume V is defined as

V =D,BC. 29)
where D, is an integrating constant.

Also, the volumetric expansion rate of the universe is described by the
generalized mean Hubble's parameter H given by

13 1
H=§ZHI-=§(H1+H2+H3), (30)

i=1
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in which H,, H,, H, denotes the directional Hubble parameters.
From Egs. (29) and (30), we get

H:__:_ZHi' 31)

To analyze, whether the model approaches isotropy or not, we discuss the mean
anisotropy parameter A , as

13 (H Y
3]

2

The expansion scalar 6 and the shear scalar ¢~ are respectively defined as

O=ut =3H, (33)
> 3 2
0" =S A, H, (34)

The deceleration parameter is defined as

7 dt\ H )’ (35)
We obtained the metric coefficients 4, B, and C as

3n
_ _ ! _ [3n _Dyt/2(3n-1)r"
A=Dy. B e G e : (36)
3
where D,, D, and D, are constants.
Substituting A, B, and C from (36) in (11), we get

t3n

2 2.3n_Dit/(3n-1)F" ;5 2
D2 Dit/(3n-1)" dy+Djt™e dz" |. (37)
3e

ds* = dt*— Djdx* - ez"”(

From (14) we have obtained the torsion scalar as
4m*t*— D"+ 9n?
242 '
Also, we have determined the mean Hubble's parameter H, the expansion scalar
0, the mean anisotropy parameter 4 , the shear scalar o2, and the deceleration
parameters g respectively as

T= (38)

n
H=", (39)
0="—, (40)

4, =—"——, (41)
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s DI 3
o =

pyE “2)

n
q= = const. (43)

n
The graphical representation of Hubble's parameter H versus cosmic time ¢
is depicted in Fig.1, where at an initial epoch when =0 with an increasing value
of n the value of H increases and get vanishes as ¢ —oo. This shows that the
expansion of the universe is getting faster with an increasing value of » but
becomes slower with increasing cosmic time . The ratio o* / 0° %0 shows the
constructed model doesn't approach isotropy. Also, the sign of ¢ in (43) dem-
onstrates whether the model is accelerating or not. The positive sign of ¢ i.e. for
0<n<1 corresponds to a plain decelerating cosmological model although the
deceleration parameter in range —1< ¢ <0 corresponds to an accelerating universe
and for ¢=0 i.e. for n=1 corresponds to the evolution with a constant rate. The
observational evidences [1,2] supports the accelerating phase of the universe i.e
-1<¢<0.
From (27) we obtained the value of energy density as
B Am*t*+ Dlztz’é"—9n2
- 32n '
Solving (24) and (25), we have obtained the value of tension density as

(44)
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Fig.1. Variation of H vs. .
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3n(3n-1)
A=—""—2,
16ms° (45)
Also, we have obtained the particle density as
4m** + D" +3n(3n-2)
= : (46)

’ 32mt?
Fig.2 depicts the variation of energy density p versus cosmic time #, in which

Fig.2. Variation of p vs. t
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Fig.3. Variation of A vs. £
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the energy density is very small in the starting phase of evolution for both varying
constant #» and cosmic time ¢ but as both increases, the energy density becomes
a decreasing function of cosmic time f. Whereas the representation of tension
density A as shown in Fig.3 shows that initially, tension density diminishes from
positive but with an increasing » it shows the transition from positive to negative
for tension density to grow in negative and get vanish when ¢ — o . For a small
period of n, the tension density is positive i.e. A >0 showing the presence of
strings in the universe while after the transition the tension density A <0 showing
the string phase disappears which is supported by [34].

We assume that the coefficient of viscosity should vary with the expansion
scalar in such a way that

£0=¢&, =const. 47)
From (47) we have obtained the coefficient of bulk viscosity as
_ %ot
g i (48)
From (26) the pressure can be obtained as
Hm*+8n&, >+ 1> "D+ 3n(3n-2
_ dlm+8ng,) P+3n(3n-2) @)

32mt?
It is seen from Fig.4 that the coefficient of bulk viscosity is an increasing function
of cosmic time ¢ for small » but with an increasing » the value of & becomes

Fig.4. Variation of & vs. £



134 K.PAWAR, A.K.DABRE

30
25
20

10

¢ 8 ’ 0.4 06
0.2
10 o

Fig.5. Variation of p vs. t.

steady. While the pressure is incredibly small for a small value of n but as »
increases the pressure diminishes from positive to approach constant with an
increasing cosmic time ¢ (Fig.5).

5. Concluding remarks. In this paper, we have studied the spatially
homogeneous and anisotropic Bianchi type V bulk viscous string cosmological
model within the context of teleparallel gravity. The deceleration parameter is
obtained to be a constant value that shows the decelerating or accelerating phase
of the universe depending on the value of #n. The Hubble's parameter shows the
expansion of the universe is getting faster in the beginning with varying » and
become slower through time. Also, the constructed model is purely anisotropic.
Energy density is positive throughout the expansion whereas we have found the
presence of string in an initial phase but later on string phase disappears which
is supported by [34]. The coefficient of bulk viscosity shows transference with
varying n and pressure becomes a diminishing function of cosmic time ¢ with
increasing #.
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KOCMOJIOTUYECKAS MOJEJb OBLEMHOM BA3KON

CTPYHBI CO CTEIIEHHBIM 3AKOHOM OBBEMHOI'O

PACILIMPEHUWA B TEJAENAPAJIIEJIbHOW TPABUTALIMU

K.ITABAP!, A. K. JABPE!

B »T10il cTathe uccliemoBaHAa KOCMOJIOTMYECKAs MOAedb TUIa V BI/IaHKI/I,

KOTOpad 4BI4eTCA MPOCTPAHCTBEHHO OJHOPOAHON U aHU30TPOITHOM B IIPUCYTCTBUA
00BEMHOU BA3KOW XMIKOCTU, COAEPXKAlleH OMHOMEPHYIO KOCMUYECKYIO CTPYHY.
[Tony4yeHbl TOYHBIE PellieHMsT CUJIbHO HeJIMHEHHbIX arddepeHIMaTbHbIX YpaBHEHUIA
TOJISl C YYETOM CTETeHHOIo 3aKOHa 0ObEMHOIO0 paciiiipeHus BeeneHHol U f (T ) =T
dopmanzma. Hekotopele dhusnyeckue 1 KWHHEMaTUYeCK1e CBOMCTBA MOCTPOSHHOMN
Mojieu ObUTM 00CYKIEeHbI U MPEACTaBIeHbl rpaUUeCKr, U UHTEPECHO OTMETUTD,
YTO TOJYYEHHasi MOJieJib COOTBETCTBYET IOCAEAHUM JaHHBIM HaOJIIONEHUM.

NN B W =

KiroueBbie ciaoBa: obsemHasn 843Kasn HCUOKOCHb: KOCMUYECKAs CMpYHa: meaena-
paiiesnvHaA epasumauus

REFERENCES

A.G.Riess et al., Astron. J., 116, 1009, 1998.

S. Perimutter et al., Astrophys. J., 517, 565, 1999.

RA.Knop et al., Astrophys. J., 598, 102, 2003.

S.Nojiri, S.D.Odintsov, Int. J. Geom. Methods Mod. Phys., 04, 115, 2007.
S.Nojiri, S.D.Odintsov, V.K.Oikonomou, Phys. Rep., 692, 1-104, 2017.
S.Nojiri, S.D.Odintsov, Phys. Rep., 505, 59-144, 2011.

Y.-F.Cai, S.Capozziello, M. De Laurentis et al., Reports Prog. Phys., 79,
106901, 2016.

R.Myrzakulov, Eur. Phys. J. C, 71, 1752, 2011.

K. Pawar, A.K . Dabre, N.T.Katre, Int. J. Sci. Res. Phy. App. Sci., 10, 1, 2022.

10. V.R.Chirde, S.H.Shekh, Bulg. J. Phys., 41, 258, 2014.

11. M.Sharif, S.Rani, Mod. Phys. Lett. A, 28, 1350118, 2013.

12. S.Davood Sadatian, EPL, Europhysics Lett., 126, 30004, 2019.

13. R. K. Mishra, H.Dua, Astrophys. Space Sci., 364, 195, 2019.

14. S.K Tripathy, S.K Nayak, S.K.Sahu et al., Astrophys. Space Sci., 321, 247, 2009.
15. M.Kiran, D.R.K Reddy, Astrophys. Space Sci., 346, 521, 2013.

16. M.V.Santhi, T.C.Naidu, D.C.Papa Rao, J. Phys. Conf. Ser., 1344, 012036, 2019.
17. M.V.Santhi, Y.Sobhanbabu, B.J.M.Rao, J. Phys. Conf. Ser., 1344, 012038,

2019.



136 K.PAWAR, A.K.DABRE

18. K. Pawar, A.K.Dabre, Int. J. Sci. Res. Phy. App. Sci., 10, 8, 2022.

19. D.R.K Reddy, S.Anitha, S.Umadevi, Eur. Phys. J. Plus, 129, 96, 2014.

20. E.A.Hegazy, Astrophys. Space Sci., 365, 33, 2020.

21. R.L.Naidu, D.R.K.Reddy, T.Ramprasad et al., Astrophys. Space Sci., 348, 247,
2013.

22. R.L.Naidu, K D.Naidu, K.S.Babu et al., Astrophys. Space Sci., 347, 197, 2013.

23. D.R K Reddy, R.L.Naidu, K.D.Naidu et al., Astrophys. Space Sci., 346, 261, 2013.

24. T.Vidyasagar, R.L.Naidu, R.B.Vijaya et al., Eur. Phys. J. Plus, 129, 36, 2014.

25. D.R. K Reddy, R.L.Naidu, K.D.Naidu et al., Astrophys. Space Sci., 346, 219, 2013.

26. D.R.K Reddy, R.L.Naidu, T.Ramprasd et al., Astrophys. Space Sci., 348, 241,
2013.

27. A.K.Sethi, B.Nayak, R.Patra, J. Phys. Conf. Ser., 1344, 012001, 2019.

28. M.R.Mollah, K P.Singh, New Astron., 88, 101611, 2021.

29. S.R.Bhoyar, V.R.Chirde, S.H.Shekh, J. Sci. Res., 11, 249, 2019.

30. R.Bali, S.Dave, Astrophys. Space Sci., 282, 461, 2002.

31. A.Dixit, R.Zia, A.Pradhan, Pramana, 94, 25, 2020.

32. P.K.Sahoo, A.Nath, S.K.Sahu, Iran. J. Sci. Technol. Trans. A Sci., 41, 243, 2017.

33. M.V.Santhi, V.U M.Rao, Y.J.Aditya, Dyn. Syst. Geom. Theor., 17, 23, 2019.

34. P.S.Letelier, Phys. Rev. D, 20, 1294, 1979.



