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The purpose of this paper is to study the Kaluza-Klein universe in the context of the f (R, T)
gravity theory using magnetized strange quark matter (MSQM). To obtain exact solutions of field
equations, we assume two types of volumetric expansion: power law and exponential law volumetric
expansions. The violation of energy conditions has been studied. The physical and geometrical
properties of the examined model have also been investigated thoroughly.
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1. Introduction. The study of cosmic accelerated expansion, which has been

validated by various observations over the last two decades, is one of the most

important cosmological enigma among cosmologists. The concept of accelerated

expansion of the universe was first proposed by cosmological studies such as type

Ia supernovae [1-4], and subsequently, measurements of the cosmic microwave

background (CMB) from the Wilkinson microwave anisotropy probe (WMAP)

[5,6] and large-scale structure [7] have confirmed this idea. There are several

modified theories proposed that can be found in the literature to explain the

accelerating and expanding nature of the universe. Some of theme are  Rf  theory

[8-10],  Tf  theory [11-13],  TRf  ,  theory [14,15],  Gf  theory [16-18] and

each theory has its own importance.

Among the several modified theories of gravitation, the  TRf  ,  theory of

gravity proposed by Harko et al. [14] is an intriguing extension of general relativity

(GR) that has received a lot of attention in recent years. The late time cosmic

accelerated expansion of the universe can be explained by the  TRf  ,  gravity

theory. Houndjo et al. [15] used an auxiliary scalar field with two known forms

of scale factor to reconstruct      TfRfTRf  ,  and obtained a transition from

a matter-dominated phase to an accelerated phase. Sharif and Zubair [19] have

studied the law of thermodynamics in  TRf  ,  gravity theory. Using bulk viscous

fluid, Chandel et al. [20] studied hypersurface homogeneous cosmological models

with time-dependent cosmological terms. In the presence of the perfect fluid
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source, Reddy and Santhi [21] investigated LRS Bianchi-II space-time. The LRS

Bianchi-I bulk viscous cosmological models in  TRf  ,  gravity have been inves-

tigated by Mahanta et al. [22]. Moreover, Harko and Lake [23] have investigated

Kasner-type static, cylindrically symmetric interior string solutions using the

 mLRf  ,  theory of gravity. Pawar and Solanke [24] have explored perfect fluid

LRS Bianchi-I cosmological models in  TRf  ,  theory of gravity. In the context

of  TRf  ,  gravity theory, Singh and Singh [25] discussed the behaviour of a flat

FRW cosmological model with a scalar field. Mishra et al. [26] have studied

perfect fluid Bianchi-VIh space-time in  TRf  ,  theory of gravity.

The Kaluza-Klein theory is a unification of Einstein's theory of gravitation

and Maxwell's theory of electromagnetism by introducing compactified extra

dimensions. It is regarded as a crucial forerunner to string theory and has received

a lot of interest in recent years. Kaluza and Klein explained the role of

electromagnetic field in the fremework of a five-dimensional space-time. Recently,

Mishra et al. [27] compared the Kaluza-Klein dark energy in the Lyra manifold

with general relativity using magnetic field. Aktas [28] explored the behaviour of

Kaluza-Klein massive and massless scalar field cosmological models with   in

 TRf  ,  gravity theory. Hatkar and Katore [29] have used polytropic equation of

state in Lyra geometry to examine the Kaluza-Klein space-time.

Strange quark matter (SQM) is a new kind of matter made up of many

deconfined up (u), down (d), and strange (s) quarks [30,31] and its properties are

studied in equilibrium with the weak interactions [32] using the MIT bag model

[33]. Furthermore, in the context of the MIT bag model, the thermodynamical

properties of SQM were examined in a strong magnetic field with quark confine-

ment by density dependence quark masses, taking total baryon density, charge

neutrality, and  -equilibrium at zero temperature into account [34-36]. Chakrabarty

[37] used the conventional MIT bag model to investigate the effect of a strong

magnetic field on the stability and properties of SQM. Singh and Beesham [38]

have examined the LRS Bianchi-I cosmological model in  TRf  ,  gravity using

SQM. Also, Magnetism influences the anisotropies in CMB radiation, which also

plays an important role in the formation of structures. Magnetic fields have been

observed in the high redshift Lyman system, galaxies, clusters and stars. One of

the most interesting areas of research is the relation between magnetic fields and

SQM. The behaviour of magnetized strange quark matter (MSQM) for LRS

Bianchi-I model has studied in  TRf  ,  gravity by Sahoo et al. [39]. Aktas [40]

have studied Bianchi I and V models with MSQM distributions in reconstructed

 TRf  ,  theory of gravity. Aktas and Aygun [41] have investigated FRW space-

time with MSQM solutions in  TRf  ,  theory of gravity. Also, some authors like

[42-45] have studied various aspects of MSQM cosmological models in  TRf  ,

theory of gravitation. Recently, Khalafi and Malekolkalami [46] has studied the
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MSQM Bianchi-I space-time for two different models of  TRf  ,  thoery.

In the present research work, we investigate MSQM distributions for the

Kaluza-Klein metric in the context of  TRf  ,  gravity theory, which is motivated

by the discussion above and a few MSQM studies in the literature. Section 2 is

devoted to the metric and  TRf  ,  gravity field equations for    TfRTRf 12 ,  .

The solutions to the field equation for the power law and exponential volumetric

expansion models are derived in sections 3 and 4, respectively. The energy

condition and its interpretation of the investigated model are covered in Section

5. Finally, the last section is devoted to the conclusion.

2. Metric and f(R, T) gravity field equations. In the Kaluza-Klein

model, the additional dimension's contribution to the energy momentum tensor

is often due to electromagnetic field stresses. We consider the five-dimensional

Kaluza-Klein space-time of the form as [47]

  , 22222222  dBdzdydxAdtds (1)

where A and B are functions of t only. In the present study, we assume the matter

contents described by energy momentum tensor for the MSQM is given in the

following form as [39,41]:

  , 
2

2

jiijjiij hhgp
h

uuhpT 









 (2)

where   is energy density, P is pressure, 2h  is magnetic flux and u
i
 = (0, 0, 0,

0, 1) is the velocity vector in comoving coordinate system satisfying the condition

1iiuu . The magnetic flux i
ihhh 2  is chosen in the direction of x-axis

satisfying 0iiuh  [48,49]. As the flux quantizes along x-axis, which gives the

magnetic field in the yz-plane. The action for  TRf  ,  gravity is expressed in the

following form [14]:

   .  , 4
  xdLTRfgS m (3)

where  TRf  ,  is an arbitrary function of the Ricci scalar R and the trace T of

the stress-energy tensor of the matter T
ij
 and L

m
 denotes the matter Lagrangian

density.

The stress-energy tensor of the matter is defined as

. 
2

ij

m
ij

g

Lg

g
T






 (4)

Assuming that the Lagrangian density L
m
 of the matter depends only on the metric

tensor components g
ij
 and not on its derivatives, we obtain

 
. 

ij
m

mijij
g

L
LgT




 (5)
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The  TRf  ,  gravity field equations are obtained by varying the action (3) with

respect to the metric tensor components g
ij
,

       

    ,  , ,8

 , ,
2

1
 ,

ijTijTij

Rjii
i

ijijijR

TRfTTRfT

TRfggTRfRTRf




(6)

where i  is the covariant derivative, 









gg

L
gLgT

ij
m

mijijij

2

22  ,

 
R

TRf
fR






 ,  and  
T

TRf
fT






 , .

There are several theoretical models that can be used to represent various

matter contributions to  TRf  ,  gravity. However, Harko et al. [14] categorised

these models into three distinct classes, which are as follows:

 
 

   
     
















. 

2

 ,

321

21

1

TfRfRf

TfRf

TfR

TRf
(7)

In order to analyse the exact solutions of the Kaluza-Klein universe, we consider

the first model    TfRTRf 12 ,  , where  Tf1  is an arbitrary function of the

trace of the stress-energy tensor of matter. We choose the arbitrary function  Tf1
of trace of the stress-energy tensor of matter source given by

    , 11  TfTTf (8)

where   is a constant and dash (') denotes differentiation with respect to the

argument.

For this choice, the  TRf  ,  gravity field equation (6) becomes

    .TTPTRgR ijijijij  228
2

1
(9)

Using co-moving coordinates, we get four independent field equations of  TRf  ,

gravity for the given metric (1) are as follows:

     p
h

A

A

AB

BA

B

B

A

A
48

2
38

22 2

2

2
5555555

(10)

     p
h

A

A

AB

BA

B

B

A

A
48

2
78

22 2

2

2
5555555

(11)

     p
h

A

A

A

A
48

2
78

33 2

2

2
555

(12)

    384
2

1124
33 2

2

2
555 h

A

A

AB

BA
(13)

where the subscript "5" denotes differentiation with respect to t.
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The average scale factor a and volume V of universe are defined as

. 34 BAaV  (14)

Equating equations (11) and (12), we get

055555 


















V

V

B

B

A

A

B

B

A

A

dt

d
(15)

on integrating above equation using the (14), the values of metric potentials A

and B are as follows

  







  V

dtc
VcA

4
exp 141

2 (16)

. 
4

3
exp 14143

2 







 



V

dtc
VcB (17)

Recently, Katore and Hatkar [47] and Sahoo et al. [50] have investigated some

interesting results of Kaluza-Klein metric using MSQM distribution. Here, we

follow Sahoo et al. [50] and Moraes [51]. Further, we have system of four

independent equations (10) to (13) in five unknowns viz. A, B, 2h , p and  .

We need one more condition to get the exact solutions of field equations. We

consider the two different volumetric expansions such as power law expansion and

exponential law expansion.

3. Power law expansion model. Firstly, we consider the power law

volumetric expansion as

mtBAV 43  (18)

where m is a positive constant.

Using the equation (18), values of A and B are obtained as

 












m

tc
tcA

m
m

414
exp

41
141

2 (19)

 
. 

414

3
exp

41
143

2 
















m

tc
tcB

m
m

(20)

The metric potentials A and B both vanish at time t = 0, they start to increase

with time and finally diverge to infinity as t . This is consistent with the

Big Bang model. Now, the various cosmological parameters such as mean Hubble

parameter H, expansion scalar  , shear scalar   obtained as follows:

t

m

B

B

A

A
H 








 553

4

1
(21)

t

m

B

B

A

A 43 55  (22)
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. 
8

33

3

1
8

2
1

2

552

mt

c

B

B

A

A









 (23)

From the expression (21), (22) and (23), it is observed that the Hubble

parameter H, expansion scalar   and shear scalar   are decreasing function of

time. They diverges to infinity as 0t  and becomes zero at infinity. Moreover,

as t , the ratio 0 . Hence, the investigated model approaches isotropy.

Also, the deceleration parameter q is found to be

. 
1

11
1

mHdt

d
q 








 (24)

The sign of q indicates whether the universe is accelerating or decelerating.

A positive sign of q implies a decelerating model, whereas a negative sign of q

indicates a accelerating model. According to recent cosmic studies, the expansion

of the universe is rapidly accelerating. From equation (24), it is clear that, the

deceleration parameter q is negative for m > 1, thus the universe is accelerating.

Now, the expression of pressure P, energy density   and magnetic flux 2h

for power law volumetric expansion model are obtained as follows:

      

  222

822
1

2788

1283432
2

3

t

mmmtc
P

m








(25)

  
  222

2822
1

2788

4163

t

mmtc m








(26)

. 02 h (27)

Fig.1. Plot of pressure P vs time t for c
1
 = 1, 0.1 .
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The behaviour of pressure P and energy density   for the power law model

is graphically depicted in Fig.1 and 2 respectively. It is observe that the pressure

is an increasing function of time t; it is very small near t = 0 and vanishes at

infinite time t. It is worth noting that the pressure is negative for different values

of parameter m, indicating that the SQM behaves like dark energy. Also, the

energy density decreases as time t increases and it is infinte at t = 0 and vanishes

as t . For small values of m, the density curve slowly approaches zero with

increasing time. As parameter m becomes larger, the curve tends to a constant

value. In the power law model, the graph of p  shows the dynamical behaviour

with increasing time t as depicted in Fig.3. It is observed that, initially, it evolves

Fig.2. Plot of density   vs time t for c
1
 = 1, 0.1 .

t



0

0.0

m=1
m=2
m=3

2 4 6 8 10

0.1

12

0.2

0.3

Fig.3. The plot of ratio /p  vs time t for c
1
 = 1, 0.1 .
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in the phantom region 1p , crosses the phantom divide line 1p ,

suddenly enters into the quintessence region 311-  p  and remains constants

with increasing time. Suzuki et al. [55] combined all four probes, such as SNe

Ia with BAO, CMB, and H
0
 measurements, to determine the equation of state

(EoS) parameter of dark energy (DE), which is 0680
07300131 .
.. 

  for a flat w CDM

model. In the present case, for m > 1, the value of p  is in the range

890381 ..  , which is consistent with the observational value of EoS ( )

of DE obtained by [55,56].

4. Exponential volumetric expansion model. For exponential volumet-

ric expansion law, we assume the volume factor as

nteV 4 (28)

where n is constant.

For this model, the values of A and B using the equation (28) are obtained as













n

ec
ntcA

nt

16
exp

4
141

2 (29)

. 
16

3
exp

4
143

2 












n

ec
ntcB

nt

(30)

A and B are constant at t = 0, therefore the model has no singularity at

t = 0. Also, as t , both A and B tends to infinity. Now, the various

cosmological parameters such as mean Hubble parameter H, expansion scalar 

and shear scalar   are found to be

nH  (31)

n4 (32)

. 
2

3
8

2
12

nte

c
 (33)

From the equations (31), (32) and (33), it is observed that the Hubble

parameter H, expansion scalar   are constant i.e. the rate of expansion of the

universe is constant. Shear scalar   is decreasing function of time. Therefore,

0  as t  i.e. the model approach to isotropy. Also, the deceleration

parameter q is obtain as

. 1q (34)

The sign of deceleration parameter is negative, therefore the universe is

accelerating. The quantities such as the pressure P, energy density   and magnetic

flux 2h  for exponential volumetric expansion are obtained as
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   

 22

282
1

2788

4122
2

3






 nec
P

nt

(35)

  
 22

2
1

828

2788

348






 cene ntnt

(36)

. 02 h (37)

The graphical behaviour of pressure P and energy density   vs time t is

depicted in Fig.4 and 5. It is observe that, the energy density   is decreasing

t
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0

-0.01

n=0.2

n=0.3

n=0.4

2 4 6 8 10

-0.02

-0.03

-0.04

-0.05

Fig.4. Plot of pressure P vs time t for c
1
 = 1, 0.1 .

Fig.5. Plot of density   vs time t for c
1
 = 1, 0.1 .
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function time t. Initially energy density was constant near t = 0 and slightly

increased to its maximum value and remain constant with increasing time. The

pressure is negative which reveals that the matter behave like dark energy.

In this case, the Fig.6 represents the behaviour of p  with time t. We

observed that, for different value of n, it begins to evolve in the phantom region

and suddenly enters into the quintessence region with increasing time t. Recently,

Scolnic et al. [57] combine the Planck 2015 CMB and SNe Ia measurements

to calculate the best fit value for the EoS parameter 0.041-1.026  . We observe

that the value of p  is in the range 98301.162 . , which is consistent

with the observed value of EoS of DE obtained by [58,57].

5. Energy conditions. The energy conditions are essential for understanding

the geometry of universe. The Raychaudhuri's equation is used to obtain the energy

conditions, which are a set of linear pressure-density combinations that decribe

the energy density can never be negative and gravity attracts always. These energy

conditions are defined and stated as follows:

• SEC (strong energy condition) , 03  P

• NEC (null energy condition) , 0 P

• WEC (weak energy condition) 0  , 0  P

• DEC (dominant energy condition) . 0 P

Therefore, for first power law volumetric expansion model, the expression for

NEC, SEC and DEC are obtained by using the equations (25) and (26) as

     
 22

22
1

828

27816

4381126






 tctmmt
P

mm

(38)

Fig.6. The plot of ratio /p  vs time t for c
1
 = 1, 0.1 .

t

p
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       
 22

822
1

28

27816

543482833
3






 mm tmmmtct
P (39)

     
 

. 
27816

14872023

222

822
1

t

mmmtc
P

m


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Also, for exponential volumetric expansion model, using equations (35) and (36),

NEC, SEC and DEC are obtained as
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Fig.7 and 8 show the graphical representation of NEC, SEC and DEC vs time

t for power law and exponential law, respectively. From this, it is clear that NEC

and DEC are satisfied by both models, but SEC is violated. Sahoo et al. [50]

has studied the energy condition and shows that only WEC and DEC satisfies

for volumetric expansion model in  TRf  ,  gravity. Also, Alvarenga et al. [52]

shown that energy conditions are satisfied for suitable choice of inpute parameter

in  TRf  ,  gravity theory. Recently, Sahoo et al. [53] has observed that, NEC

and DEC are satisfy but SEC is violated. It is important to note that, our

investigation are more relevant than [50,52] and resemble with the investigation

Fig.7. Plot of NEC, SEC and DEC vs time t for m = 2, c
1
 = 1, 0.1 .
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of [53], because both models satisfies all energy condtions except SEC.

6. Conclusions. In this paper, we have studied Kaluza-Klein cosmological

models with MSQM in  TRf  ,  theory of gravity using power law and exponential

volumetric expansions.

• In power law expansion model, the shear and expansion scalars, as well

as the Hubble parameter H, decrease over time. The rate of expansion of the

universe is very high near t = 0. They diverge to infinity at t = 0 and vanish at

infinite time. The energy density begins to decrease from a positive value, the

pressure starts to increase from a negative value, and both approach zero at infinite

time. It has been observed that the universe accelerates when m > 1.

• In the exponential volumetric expansion model, it is observed that the

pressure and the energy density of the universe gradually increase to their

maximums and then remain constant with increasing time. For n > 0, the

universe's expansion rate remains constant. Also, the negative value of the

deceleration parameter q indicates that the universe is accelerating, which is

consistent with recent findings.

• It is important to note that, for both models, the negative pressure indicates

that the matter behaves like dark energy, which causes the accelerated expansion

of the universe. Moreover, the trajectory of p  is lie in the range 890381 .. 

in the case first and 98301621 ..   in the second. The bounds of EoS

parameter obtained by [55] is 0680
07300131 .
.. 

  and [57] is 0.041-1.026  . It

seems that the obtained values of p  in both cases are close to the observational

bounds. Further, Aditya et al. [59] obtained the bounds of the EoS parameter

Fig.8. Plot of NEC, SEC and DEC vs time t for n = 1, c
1
 = 1, 0.6 .
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in Lyra geometry as 8031 ..  . In Saez-Ballester theory, the bounds of the

EoS parameter for the Kaluza-Klein model is 2061 ..   [60]. When the

values of the EoS parameter in scalar-tensor theories for the Kaluza-Klein model

are compared to the range of p  in the present model, the resultant value of

p  in  TRf  ,  gravity is found to be more appropriate than that obtained for

the EoS parameter in scalar-tensor theories [59,60]. Also, the magnetic flux

vanishes for both models and it's worth noting that our findings are consistent

with those of [40,41,46,54]. Moreover, both the power law and exponential law

models satisfy the NEC and DEC, but the SEC is violated throughout the

evolution.
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ÓÑÊÎÐÅÍÈÅ ÂÑÅËÅÍÍÎÉ ÊÀËÓÖÛ-ÊËÅÉÍÀ Â
ÌÎÄÈÔÈÖÈÐÎÂÀÍÍÎÉ ÒÅÎÐÈÈ ÃÐÀÂÈÒÀÖÈÈ

Ñ.Ä.ÊÀÒÎÐÅ1, Ñ.Ï.ÕÀÒÊÀÐ2, Ä.Ï.ÒÀÄÀÑ3

Öåëüþ äàííîé ñòàòüè ÿâëÿåòñÿ èçó÷åíèå Âñåëåííîé Êàëóöû-Êëåéíà â

êîíòåêñòå  TRf  ,  òåîðèè ãðàâèòàöèè ñ èñïîëüçîâàíèåì íàìàãíè÷åííîãî

ñòðàííîãî êâàðêîâîãî âåùåñòâà (MSQM). Òî÷íûå ðåøåíèÿ óðàâíåíèé ïîëÿ

ïîëó÷åíû äëÿ äâóõ òèïîâ îáúåìíîãî ðàñøèðåíèÿ: ñòåïåííîãî è ýêñïîíåí-

öèàëüíîãî. Èçó÷åíî íàðóøåíèå ýíåðãåòè÷åñêèõ óñëîâèé. Ïîäðîáíî èññëåäîâàíû

òàêæå ôèçè÷åñêèå è ãåîìåòðè÷åñêèå ñâîéñòâà ðàññìàòðèâàåìîé ìîäåëè.

Êëþ÷åâûå ñëîâà: ìåòðèêà Êàëóöû-Êëåéíà: íàìàãíè÷åííîå ñòðàííîå êâàðêîâîå

     âåùåñòâî: ñòåïåííîé è ýêñïîíåíöèàëüíûé çàêîí: ãðàâèòàöèÿ
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