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Abstract. First of all, in continuation of our previous result related to “2 CM-+1 IM” small
functions sharing of a meromorphic function of restricted hyper order and its linear shift delay
differential operator, in some extend we have been able to answer a question paused by us
in [Rendiconti del Circolo Mat. di Palermo, 2021 (Published online)]. As another attempt we
improve and extend a result of [Comput. Methods Funct. Theory, 22(2), 197 — 205 (2022)]. Most
importantly, we have pointed out a gap in the proof of a recent theorem [Results Math., 76, Article
number: 147 (2021)] and citing a proper example we have shown that the result is true only for a

particular case. Finally we present the compact version of the same result as an improvement.
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1. INTRODUCTION AND SOME USEFUL NOTATIONS

At the outset we will assume that the readers are familiar with the standard
notations and expressions like m(r, f), N(r, f) (N(r,00; f)), N(r, f—ia) (N(r,a; f)),
T(r, f) in Nevanlinna theory for meromorphic functions defined on whole complex
plane C (see [10], [19]). In addition, by S(r, f) we mean a quantity satisfies S(r, f) =
o(T(r, f)) as r — oo outside of a possible exceptional set E of finite logarithmic
measure. We say that a(z)(# oo) is a small function compared to f(z) or slowly
moving with respect to f(z) if T(r,a) = S(r, f). We denote by S(f) the set of all
small functions compared to f(z) and S(f) by S(f) U {oo}.

Some important terms namely order, hyper-order and ramification index of f
will be defined respectively as follows:

. log T'(r, . loglog T'(r,
o) = limsup ELCL) () < timsup 28108 T)
r—oo  logr r—s00 log r
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N ;
and Oa; f)=1- lim sup T(’I(“;',Cl},)f)’
where a € CU {oo}.

The following definitions and notations are required in the sequel.

Definition 1.1. For some a € C, we denote by E(a; f), the collection of the zeros
of f — a, where a zero is counted according to its multiplicity. In addition to this,
when a = 0o, the above notation implies that we are considering the poles. In the
same manner, by E(a; f), we denote the collection of the distinct zeros or poles of
f —a according as a € C or a = 0o respectively.

If E(a; f) = E(a;g) we say that f and g share the value a CM (counting
multiplicities) and if E(a; f) = E(a;g), then we say that f and g share the value a
IM (ignoring multiplicities).

Especially, for a(z) € S(f), if f —a(z) and g—a(z) share 0 CM (IM), then we will
say that f and g share a(z) CM (IM). Let zy be a zero of f — a(z) and g — a(z) of
multiplicity p(> 0) and ¢(> 0) respectively. We denote by N (r, 0, f—a(z); g—a(z)),
the reduced counting function of common zeros of f — a(z) and g — a(z) with
different multiplicities that is p # ¢. On the other hand, for a(z) € S(f) U {oo}, if
E(0,f—a(z)) C E(0,9 —a(z)) (E(0,g —a(z)) C E(0, f —a(z))), then we say that
f(g) and g(f) share the small function a(z) CM partially from f(g) to g(f).

Also we denote N—q(r, f) by the counting function of simple poles of f.

For ¢ € C\ {0}, we define the shift of f(z) by f(z + ¢) or f. and the difference
operators of f(z) by

k ke
Af=flz+c) = f(2),  Abf=AL(AE ) = S (—1)F () F(z+ i)

=0
where k(> 2) is an integer. Generalization of shifts and derivatives operators,
were recently done in [I]. We have defined the operators namely linear shift, shift-
differential and differential operator, linear shift delay differential operator as follows:

k

L) = a0(2)f () + Y ai(@) e+ )y La(f(2) = Yo b0z +eo),

Ls(f(2)) = Y di(2)fV(2),  L(f(2)) = Li(f(2)) + L2(f(2)) + Ls(f (),

i=1

where a;(z) (i =0,1,...,k); bi(z) (i =1,...,s); di(2) (i =1,...,t) € S(f) and all

c}s are non-zero complex constants. Also by delay-differential operator denoted by

L(f(2)) and defined by Lo(f(2)) + Ls(f(2)). Choosing ¢; = ic for i = 0,1,...,k,
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where ¢ is non-zero complex constant, we denote L1 (f(2)) as

k
Lof [ = 3 a;(2)f (2 + o) 0)
=0

with ag(z) # 0 (k > 1) and it is called as linear c-shift operator. If we impose
k

the restriction Zaj (z) = s on the coeflicients of L.f, then we denote it by L3 f.
§=0
By virtue of the definition, all the operators functioning in the following section

#0,[(2).

2. BACKGROUND AND MAIN RESULTS

In 2014, Liu et al. [I4] were the first to investigate the uniqueness theorem for a
finite order entire function sharing two small functions with its linear shift operator

as follows:

Theorem A. [I4] Let f be a non-constant entire function of finite order and a(z),
b(z) be two distinct small functions related to f(z), let L1(f(2)) be linear shift
operator of f(z) with constant coefficients. If f(z) and Li(f(z)) share a(z), b(z)
CM, then f(z) = L1(f(2)).

After that, in 2017, concerning entire function of finite order, Li et al. [I3] tackle

the “1 CM+ 1 IM” value sharing problem as follows:

Theorem B. [I3] Let b € C\ {0} and let f(z) be a non constant entire function
of finite order. If f(2) and AFf(2) share 0 CM and b IM, then f(z) = AFf(2).

Theorem C. [I3] Let f(z) be a non constant entire function of finite order. If f(z)
and AF f(2) share two distinct complex constants a CM and b IM and if

(2.1) N (r, f(z)la) =T(r, f)+ S(r, f),
then f(z) = AFf(2).

Recently, adopting the same procedure of [13], Kaish-Rahaman [12] again proved
Theorem C but they did not mention it. Also Qi-Yang [17] extended Theorem B
from finite order entire function to entire function of po(f) < 1 and asked the

following question:

Question 2.1. [I7] If the sharing condition in Theorem B is changed into sharing
“a CM+ b IM”, where a, b are two distinct constants such that ab # 0, is the result
still valid?
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In aspect of the uniqueness result of a meromorphic function f sharing “3
CM values” with its difference operators, Lu-Lu [I5], Cui-Chen [6] contributed
remarkably. Again we would like to mention that Kaish-Rahaman [12] proved
uniqueness result of a meromorphic function f sharing “2 CM values” with its
difference operators with the support of the assumption N(r, f) = S(r, f). So
the previous results on “3 CM value” sharing are far better than “2 CM value”
sharing result in [I2]. Unfortunately, again Kaish-Rahaman [12] did not provide
any information about [I5] and [6]. So considering these facts the paper of Kaish-
Rahaman [12] has hardly any value.

After that, Deng et al. [7], Gau et al. [§] investigated the “3 CM small functions”
sharing problem for the difference operator or even k-th order difference operator.

In connection with the Question Qi-Yang [17] also asked the following

question:

Question 2.2. [I7] Can the value sharing condition “3 CM” for a meromorphic

function with its difference operators be reduced up to “2 CM + 1 IM"?

It is to be noted that for finite order entire function, Question 2.1 has already
been answered in Theorem C. Recently, by the following results, we have answered
of Questions 2.1 and 2.2 in a compact form for a larger class of operators in view

of small functions sharing.

Theorem D. (see Theorem 2.1 & Corollary 2.1, [I]) Let f(z) be a transcendental
meromorphic function of po(f) < 1 and let a(z), b(z) be two distinct small functions.
If L(f(z)) and f(z) share a(z), oo CM and b(z) IM with ©(0; f—a(z))+©(oc0; f) > 0
and one of the following cases is satisfied:

(i) a(2) =0,

(i) a(2) £ 0 with N (r, 745 ) =T /) + S0, /),

then L(f(z)) = f(2).

Theorem E. (see Corollaries 2.2 & 2.3, [1]) Let f(z) be a transcendental entire
function of po(f) < 1 and let b(z) (£ 0) € S(f). If L(f(z)) and f(z) share a(z) CM
and b(z) IM and one of the following cases is satisfied:

(i) a(2) =0,

(ii) a(z) # 0 with N (r, f%()) =T(r, f) + S(r, f),

then L(f(z)) = f(2).

And also in the same paper [I], we asked the following question:

Question 2.3. [I] Is it possible to remove the condition on ramification index in
Theorem D?
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When in Theorem D, a(z) = 0, b(z) = 1 and specifically L(f(2)) = A.f(z), the
condition ©(0; f) + ©(o0; f) > 0 is no longer required. Recently, by the following

theorem, Chen-Xu [3] have been able to prove it.

Theorem F. [3| Let f(z) be a meromorphic function of p2(f) < 1. If A f(2) and
f(z) share 0, co CM and 1 IM, then A.f(z) = f(z).

In view of partially sharing values, in 2018, Chen [2] investigated the following

uniqueness result.

Theorem G. [2] Let f be a non constant meromorphic function of hyper order
p2(f) < 1. If A.f and f(2) share the value 1 CM and satisfy

E(0, f) € E(0,Acf) and E(co,A.f) € E(oo, ),
then A.f = f.

In this paper we not only resolve the Questions 2.3 partially as well as we are
able the relax the sharing conditions of a(z) and oo in view of partially sharing as

follows:

Theorem 2.1. Let f(z) be a transcendental meromorphic function of po(f) < 1
and let a(z), b(z) be two distinct small functions of f. If L(f(2)), f(z) share b(z)
IM and satisfy

E(0, f —a(z)) € E(0, L(f(2)) — a(2)), E(c0, L(f(2))) € E(oo, f) with
Nz (r, L(f(2))) = S(r, f),

and one of the following cases is satisfied:

(i) a(z) =0,

(i) a(z) # 0 with N ('r, f%t(z)) =T(r, f)+S(r, ),

then L(f(2)) = f(2).

Consequently we have the following corollary, which is more relaxed with respect
to Theorem E.

Corollary 2.1. Under the same situation as in Theorem 2.1 if f(2) be a transcendental
entire function then L(f(2)) = f(z).

It is to be noted that Theorem C provides the answer of Question [2.1] with
one extra supposition on counting function. Continuous efforts are being put in by
researchers to remove the condition, but nobody succeeded. Recently, Huang [I1]

proved the following result which gives the better answer of the Question [2.1
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Theorem H. [I1] Let f(z) be a transcendental entire function of finite order. If
f(2) and (AF£(2))™, n > 0 share two distinct complex constants a CM and b IM
then f(z) = (A¥f(2))™.

Remark 2.1. Inspecting closely the proof of Theorem H, we can see that there was

a fatal error in the proof of Lemma 2.6 (see p. 6, I. 4 from top, [11]).

For the sake of argument, let us think that the Lemma 2.6 in [II] is correct
and consequently that means Theorem H is also true for ab # 0. Then, from the

following example we can exhibit an evidence of lacuna in the proof of Theorem H.

Example 2.1. Let f(z) = €2** — 2e** + 2, where ) is a complex constant. Choose

¢, k and n (> 1) satisfying e’ = —1 and \" = ﬁ Now,

k

s = St (o= (o))

=0

b K k -k
o 26)\,2 (71)k71 ' eMc) +2< -1 k—1 ' )
() (i)
o2)z (€2Ac _ l)k 9N (6,\(; _ 1)76.

Putting e*® = —1, we have AF f(2) = (=2)F1er. So, (AF f(2))) = (—2)FF1Ame)
=M. Here f(2) and (AFf(2))™) share 2 OM and 1 IM but (AFf(2))™) # f(2).

In the above example, N (r, ﬁ =N (1", ﬁ) = T(r,e*) £ T(r, f) =

2T (r,e**) and this does not conform (2.1). Since Lemma 2.6 is used to deal “ab #
0”, under subcase 2.3 (see p.12, [I1]), so the existence of Theorem H for the case
“ab # 0”7 is under question. Thus for ab # 0, without the aid of supposition ,
the existence of Theorem H seems to be impossible.

As a result, till now, for the case ab # 0, Corollary [2.1]is the best possible answer
to Question We see that it automatically covers the case “a = 0” of Theorem
H. However, in Theorem H the case “b = 0” has been resolved conveniently. Hence
Theorem H is true only when ab = 0.

From the above theorem, we see that the only option left to improve Theorem
H is to manipulate the case b = 0. Now we are going to present the next theorem

which will significantly extend Theorem H for b = 0.

<1
and let a(z) be a non zero periodic small function of f with period c. If (LY f(z))™
(n>0), f(2) share a(z) CM, 0 IM and N(r, f) = S(r, f), then (LYf(2))™) = f(z).
76

Theorem 2.2. Let f(z) be a transcendental meromorphic function of pa(f)
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Very recently, concerning shift and k-th derivative of a meromorphic function,

Chen-Xu [4] proved the following result.

Theorem 1. [4] Let f(z) be a meromorphic function of pa(f) < 1. If f*)(2) and
fo share 0, co CM and 1 IM, then f%*)(z) = f..

In view of partially sharing Qi-Yang [I6] proved the following result:

Theorem J. [I6] Let f(z) be a non constant meromorphic function of finite order
and let b#0 € C. If ', f. share b CM and satisfy

E(0, fo) C E(0, f') and E(co, f') C E(c0, fe),
then f' = f.. Further, f(z) is a transcendental entire function.

Remark 2.2. In Theorem J, the authors showed that when f' = f. the meromorphic
function is ultimately reduces to an entire function. As it is not possible to get
such a meromorphic function satisfying f' = f. so we wonder that why the result
carried forward in meromorphic function. Although we are considering meromorphic
functions to continue their research and improve their results, still we believe that,
in the next theorem, it would have been better to consider the function as an entire

function.

Related to Theorem I, we can have the following theorem which will relax and
extend the conditions of the shared values of the same theorem from “CM” to

“partially CM small functions sharing”. The theorem improves Theorem J as well.

Theorem 2.3. Let f(z) be a transcendental meromorphic function of pa(f) < 1
and let a(z), b(z) be two distinct small functions of f. If L(f(2)), f. share b(z) IM
and satisfy

B(0, fe — a(2)) € B(0,L(f(2)) — a(z)) and E(co, L(f(2))) C E(co, f.)
and one of the following cases is satisfied:
(i) a(z) =0,
(ii) al2) £ 0 with N (r, 745 ) = T(r, ) + S(r, 1),
then L(f(2)) = fe.

3. LEMMAS

In this section, we present some lemmas, which will be needed to proceed further.

Lemma 3.1. [9] Let f(z) be a meromorphic function of p2(f) <1 and ¢ € C\ {0}.

Then
& m ri = S(r
m(n 2 (n L) =)
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Lemma 3.2. [9] Let T : [0,+00) — [0,400) be a non-decreasing continuous
function, and let s € (0,400). If the hyper-order of T is strictly less than 1, i.e.,
li ———— =y <1,
ITHLS,I:OP log r P2

and 6 € (0,1 — p2), then

T(r
T(r+s) :T(r)—l—o( 7,(5)> 7
where r Tuns to infinity outside of a set of finite logarithmic measures.

Using this lemma by a simple alteration of the result for finite order meromorphic

functions in [5], one can have the following lemma.

Lemma 3.3. Let f(z) be a meromorphic function of pa(f) < 1, then we have
N(r,fe) = N(r, )+ 5(r. f) and T(r,fc) =T(r, f) + S(r f).

Lemma 3.4. [I8] Let f be a non-constant meromorphic function, a; € S’(f), j=

1,2,...,q, (g > 3). Then for any positive real number €, we have

@-2-0T0.N < YN (n o) e B
j=1 ’

where E C [0,00) and satisfies [}, dloglogr < co.

Lemma 3.5. [I] Let f(z) be a non constant meromorphic function of p2(f) <1 in
C, p € C. Then for a small function b(z) of f,

 (r A L0
ENCETYE

) = S(r, f).

Lemma 3.6. Let f(z) be a non constant meromorphic function of po(f) < 1 and
g=L(f(2)). If forc e C, E(0, f. —a(z)) C E(0,9—a(z)) and E(c0,g) C E(oc0, f.)
or N(r, f) = S(r, /), then S(r,g) = S(r, f) and pa(g) = pa(f2) < 1.

Proof. When E(co,g) C E(o0, f), then by Lemma N(r,g) < N(r, fo) =
N(r, f) 4+ S(r, f). So, in view of Lemma we obtain that

(3.1) T(r.g) = m(r,g)+N(rg)
g

< )t (1) £ N + 50 5)
< T(r,f)+S(r f).
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When N(r, f) = S(r, f), we also can establish (3.1)). Now by the First fundamental
Theorem, Lemma 3.1 and Lemma [3.5 we get,

T(r,f)<T (r, f_la(z)) +5(r,f)

N (r, f_la(z)> + S0 )
1

1
< (i raeme) Y ) 00
Since E(0, f. — a(z)) C E(0,g9 — a(z)), thereby

(3-2) T(r, f) <2T(r,g) + S(r, f).

Combining (3.1]) and (3.2)), it follows that S(r, f) = S(r,¢) and pa2(g) = p2(fe) < 1
a
Throughout the paper we use the notation of P(h) and its use, which is given in

the following lemma.

Lemma 3.7. For some meromorphic function h, we define

hz) —a(z)  alz) = b(2) h(z) =b(z)  a(z) = b(2)

PO = we) —a() @) -¥@)| = e -3 a() -¥()
_ ‘hz az W (z)—d(z)
h(z) =b(z) hW(z)-=V(z)
= /() - b/( Jh(z) — [a(z) — B (2) + [a(2)V (2) — ' (2)b(2)],

a(z), b(z) € S(f) N S(g), where f, g are defined in Lemma[3.6, Then P(f), P(g)

#0 and

m (r, h}j(:()z)) =S(r,h)+S(r, f) =m (r, h}i(lil()z)> .
Proof. On the contrary, if P(f) =0, then by a simple integration we have f(z) is
small function which shows T(r, f) = S(r, f), that is not possible. Similarly P(g) =
0 gives T(r,g) = S(r,g), which also makes a contradiction. So P(f), P(g) # 0.
Now from the construction of P(h), we can easily deduce that

<T P(h) ) o (r (h — a(2))(a'(2) = b'(2)) — (a(z) = b(2)) (W'(2) — a'(z))>
"h—a(z) ’ h—a(z)

= S(r,h)+S(r, f).

Similarly,

m <r, P ) — S(r k) + S(r, f).
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Lemma 3.8. Let f and g be two non constant meromorphic functions as defined
in Lemma[3.8. Set
o P9 P
o (g—a2)g-0bz) (f—al)(f b))
a(z), b(z) € S(f) N S(g). Then the following occurs:
(i) m(r, H]) = S(r, f).
(i)
T(r,H;) < Ng(r,0,f—a(2);9 - a(z)) + Na(r,0,f = b(2);g = b(2)) + S(r, f).

(#ii) Let N(r, f) = N(r,g9) = S(r,g). IfH: =0, then either g= f or

> +N <r, f_lb(z)) + S(r, f).

2T(r, f) < N (r, Fald)

Proof. (i)

(. H,) =m ( a(z) ib(z) ((g 1—3(53@ - glj(zf()z)) - (flj(afga - f]i(g()z)») '
Now we apply Lemma[3.7 to obtain

m(r, Hf) = S(r, f).
(ii) Rewriting Hi we have

- () (2 -1).

Clearly
N(r,H;) < Ng(r,0,f—a(2);g - a(2)) + Ne(r,0, f —b(2); g = b(2)) + S(r, f)
and so in view of (i), (i¢) holds.
(iii) Now H;’ = ( implies
f(z) —a(z) f'(z) —d'(2)
f(z)=b(z) f2) V()| _
(f —a(2))(f = b(2)) (9 —a(2))(g — b(z))

Integrating we have

f=bz)  Tg—b(2)’
where A is a non zero constant. If A =1 then g = f. So let A # 1. Proceeding in a

f-alz) _ 9-alz)

similar way as in page 15 of [I] we have

Fo Ab(z) — a(z) _ (a(z) = b(z))A f - b(2)

A—1 A-1 “g—0b(2)
Let d(z) = %. As A#0,1 and a(z) # b(2), so d(z) # a(z), b(z). From the

above equation it is obvious that any zero of f — d(z) must be a zero of at least one
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of a(z) — b(2) or d(z) — b(z). Therefore N (r, f%d(z)) = S(r, f). So, by Lemma

we obtain
27(r, f) < N(r,f)+N< . ) N( 1b( )) +N<r’f—1d(2)>
1

v s (r ) ¥ (o

4. PROOFS OF THE THEOREMS

The following proof of the Theorem is based on some ideas from Chen-Xu [4].

Proof of Theorem [2.1l Set g = L(f(z)). Since E(0, f —a(z)) C FE(0,g — a(z)),
E(00,9) € E(0, f), so
g —a(z)
4.1 =~(z),
(4.1) 4o =)
where 7y(z) is a meromorphic function such that N(r,v(z)) = S(r, f).
First suppose a(z) # 0 with N (r, ﬁ(z)) =T(r,f)+ S(r, f). By Lemma

and then applying the First Fundamental Theorem we have,

T(r,v(2)) = m(r,y(z))+S(r, f)
g — L(a(z)) L(a(2)) — a(2)
< n(n S e () s
1 1
< m (r, F—ald) +S(r, f)=T(0,f)— N (r, f—a(z)) + S(r, f),

which implies

(4.2) T(r,y(2)) = S(r, f).
If a(z) = 0, then in view of Lemma[3.5 from (4.1)) we automatically get (4.2).
Let zg be a zero of f —b(z) such that it is not a zero of b(z) — a(z). Since g and
f share b(z) IM, so zg is also a zero of g — b(z). Therefore from (4.1]) we have,
b(z0) — a(20)
2)=177_~ . L
’7( 0) b(Z()) _ (L(Z())
which yields all zeros of f — b(z) are zeros of v(z) — 1 as long as they are not zeros
of b(z) — a(z). Suppose g # f. So v(z) # 1. Therefore we can write

@ *(r5=m) = (=)
¥(rsm1) Y ()

T(r,(2)) +5(r, f) = S5(r, f).
81
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Set dy(z) = a(z) — %. Then it is obvious that d(z) # a(z) as well as # b(z).

Rewriting we have,
9 —b(z) =v(2)[f — dy(2)].

Therefore,

44 N (7“, f:lM) _N (r, glb(z)> +S(r, f) = S(r, f).

Let us consider the same auxiliary function H: as defined in Lemma Since
E(0, f —a(z)) C E(0,g — a(z)) and f, g share b(z) IM, so by Lemmal[3.§

TG H') < N <r, f_lb<z)> + Na(r,0,f —a(2); g — a(2)) + S(r, )
N <7‘, f_lb(z)> +N (r, W(lz)> +S(r, f)

Using (4.2)) and (4.3]) we obtain that
(4.5) T(r,H})=S(r,f).

IN

Now we consider two cases:
Case 1: H' = 0. Since g # f, so proceeding in a similar way as in case (iii)
of Lemma |3.8 we have N (r, f%d(z)) = S(r, f). Also, one can easily check that

d(z) # d(z). So, by Lemma from (4.3)) and (4.4) we obtain

— 1 — 1 ~ 1
100 < W (rry) 47 () (e 50
= S /),
which is a contradiction.
Case 2: qu # 0. Here d% (z) = a(z) — (a(z) — b(2))7y(z). Then it is obvious that
d%(z) # a(z) as well as # b(z). Rewriting we have,

Therefore,

— 1 — 1
(4.6) N<T’5M}M> :N<r’fb(z)> +S(r, f) = S(r, f).
Since E(00,g) C E(oo, f) with N_y(r,g) = S(r, f), so in view of we get

Now, by Lemma[3.4, ([£.3) and (4.6) we obtain

T(r,g) < N(T,g)—l—N(r,glb(z)>+N(r,g;(z)>—l—S(r,g)
= S f),

1
e
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which is a contradiction. Hence g = f holds. (]

Proof of Theorem 2.2l Suppose g1 = (LYf(2))™ and g; # f. Since f and g,

share a(z) CM, so there exist a meromorphic function h(z) such that

g1 —a(z) — h(x
(4.7) F—al2) = h(z).

Here h # 0, 1. Clearly N(r, f) = S(r, f) with Lemma[3.3, implies N (r, g1) = S(r, f),
which yields N(r,h) = S(r, ). As f and gy share a(z) CM and 0 IM, so by Lemma
and then by applying Lemma[3.5 we have

T(rf) < Nrf)+N <7~, }) Y (r, f_la(z)> + S0 1)

< T(rogi—f) + S0 f) < mlr.gy — )+ S(r, )
< m(r,f)+m <r, 91; f) +S(r, f)
< m(r.f)+m ( 5}1) +5(r, f) < T(r, ) + S(r, f)-
Therefore
48) T f) = N( f> N (r, fla(z)) + 5, f)
= T = 1)+ S(0) =N (r L) 4 505)
and so

1
m |7, =S(r, f).
( g —f > :5)
From (L.7)), in view of Lemma [3.5 using (4.8) we can obtain

T(r,h) = m(r,h)+ N(r,h) =m(r,h)+ S(r, f)

m ( f(Léz((; )(n)) +m (r, f_la(z)) +5(r,f)
1

m (rf_a(z)> +8(r, f)=m <r, ;:;) +S(r, f)
m(r,h) +m <r,

IN

IN

IN

g —f
So,

(4.9) T(r,h) =m <r,
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Since f and g; share 0 IM, from (4.7)) we can say that all zeros of f are 1-point of
h(z) or zeros of a(z). Hence, in view of (4.9)) we can write

(4.10) N <r, }) <N <r, h;) +S(r. f) < T(r,h)+S(r, f)

o (n f_la(z)) LSO ).

By the First Main Theorem and then using (4.8)), (4.10) we get

that yields

1 — 1
N(r,—=|=N|r,—— | +50f
(r=em) =T y=ag) 500
and consequently in view of (4.10)) we have

1 — 1
4.11 mlr,——— | =N|(r,— | +S(r,f)=T(r,h)+ S(r, f).
) ogeig) F (o) s s
Now we consider two auxiliary functions as follows:

P(f)(g1— f) P(gl)(gl - f)

G -am) 0 YT e e

~ gilgr —a(2))

where P(f) is as defined in Lemma|[3.7 together with b(z) = 0. Here a(z) as well
as B(z) £ 0. As f and g; share a(z) CM, 0 IM and N(r, f) = N(r,g1) = S(r, f), so
N(r,a(z)) = S(r, f) and N(r, 5(z)) = S(r, f). In a similar way as in page 11 of [1]

we can easily have m(r, a(z)) = S(r, f). Thus,
(4.12) T(r,a(z)) = S(r, f).

Following the same logic of construction of the auxiliary function qu in Lemma
here we define Hfg1 with b(z) = 0. Since f and g; share a(z) CM, 0 IM, from

Lemma [3.8 we have

(4.13) T(r,H')<N <7", }) + S(r, f).

As a(z) is periodic small function with period ¢, so (L%a(2))™ = 0 which in view of

_ (n)
Lemma gives m (r, #1@) =m (7“, %) = S(r, f). Rewriting 1'
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and then using (4.9 we can obtain

(4.14) m<r’gfl—_a(fz)) _ m<r’h;1)

< T(r,h)+0(1)=m (r,

)+ 50

< n(n i) () Hsen)

< m (T, 1) +S(r, f).

g1

Now we distinguish in two cases on the consideration of H ;71.

Case 1. Suppose H;l = 0. Then by Lemma in view of 1) we get a
contradiction.

Case 2. Next suppose H;“ # 0. Since N(r, f) = S(r, f) and N(r,g1) = S(r, f),
so from (4.8]), we can write

Hgl 1 —
T(r.f) = m(r, f)+ S f) = mlrgi =)+ S(r.f) = m ( S‘”) +5(r,f)

= m (7"7 a(Z)H_Fflﬂ(Z)> +S(r, f)

< m(r,a(z) — B(z) +m (7’, ch:1> + S(r, f).

Now, using (4.12), (4.13)), (4.14) and Lemmas and[3.5 we can have

m(r,8) + N (n }) +S(r, f)

() (e 2 o5 (o)

m (7“, gll) +N (r, gll) +S(r, f)

T(r,g1) + S(r, £) < mlr, 1) + S(r, 1)

mir, f) +m ( 91) T S(r, £) = m(r. )+ S(r. £) < T(r. £) + S(r. ).

f
Noting that N(r, B(z)) = S(r, f), also from the above we see that i.e.,

T(r, f)

IA

IN

IN A

IN

(415) T(nf) = T0)+ N (n )+ 500
and
(4.16) T(r,g1) =T(r, f)+ S(r, f).

Now our claim is T'(r, 8(z)) = S(r, f). Putting b(z) = 0, using (4.16]), in a similar
manner as used in Page 12-14 of [I] we can easily establish our claim. Therefore,
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(E15) yields
— 1
(4.17) T(r,f)=N (7“, f) + S(r, f).
Using (4.17)), from 1) we get N (r, f%‘@) = S(r, f). As f and g; share a(z)
CM, so N (r, g _a(z) =5 ( f). Again according to the sharing hypothesis of f

and g¢; using ) from (| we have

SR SR
o

)+srn (n;>+ﬂnﬁ§TWyn+ﬂnﬁ,

T,

S\H‘S\

that implies

T(r,q1) = N (r, gll> +8(r, f) and so m <7", 1) = S(r, f).

Now from , using and (| we have
—/ 1 1 1
T(T,f) =N (T,f) +S(’I",f) =m (T,lf_a(z)> +S(7”,f) < m(T, gl) +S(T,f)

Hence from the above two lines we get T'(r, f) = S(r, f), a contradiction. Hence
gn=f O

Proof of Theorem 2.3l Set go = L(f(z)). Since E(0, f.—a(z)) C E(0, ga—a(z)),
E(ooagZ) g E(Ooafc)7 S50

(4.18) ﬁ:jiizw@»

where 71 (2) is a meromorphic function such that N(r,v1(2)) = S(r, f).
First suppose a(z) # 0 with N ( a(z)) T(r, )+ S(r, f). Now, by Lemma

and then applying the First Fundamental Theorem we have,

T(rim(z) = m(rm(z)+ S0 f)

L=\ LaG-c) @), o
§7”Q’ Jo— a2 )* <’ o a2 >+S“ﬁ
1 1
< m<r’fc—a(z)> +S(T7f)T(T7f)N<T7fC_a(Z)> +5(r, f),

that implies
(4.19) T(r,v(2)) = S(r, f).

If a(z) = 0, then in view of Lemma[3.5 from (4.18) we automatically get (£.19). By
similar argument as used in Theorem we can have

(4.20) iy (r, f_lb(z)) _N <r, 92_1b(z>> — S(r, ).
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Clearly d., (z) # a(z) as well as # b(z). Rewriting (4.18]) we have,
g2 = b(2) = n(2)fe — dy, (2)]-

Therefore,

(4.21) N(r’fc—cli,h(z)> = N(r,gz_lb(z)>+5(r,f)=5(7“,f)-

Here as usual we can define H:j like Lemma Since fc, g2 share b(z) IM and
E(0, f. — a(z)) € E(0,g2 — a(z)), by the similar argument as used in Theorem[2.]]

we can get
(4.22) T(r,H,” ) = 5(r, f).

Now we consider two cases:

Case 1: Hjj = 0. Then proceeding in a similar manner as in Case 1 of Theorem
we can reach up to a contradiction.

Case 2: H:f # 0. Since F(00,g2) C E(c0, f.) and g has no simple poles, so in

view of (4.22]) we get

N(r,g2) <N | r = 5(r, f)-

1
) Ir92
Hy
After that, following Case 2 of Theorem[2.1]we can again reach up to a contradiction.
O
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