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The Focusing of a Wave Superposition Field Generated by a System
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Abstract. The paper discusses the problem of a superposition wave field created by a system of
coherent point sources. For the general case, the conditions for a point amplification of the
superposition field are found. The focusing problem is discussed for a system of point sources
located on circles with centers lying on the same straight line parallel to the planes of the circles.
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It is well known that the problem of describing the wave field generated by a system of
coherent radiating point sources is one of the main problems of wave theory [1, 2]. Let us consider
a system of point sources generating spherical waves. We will discuss the problem in a general
form, so it is assumed that the location of sources in space can be arbitrary;

U(ﬁ,t)z p= 1|q_élcos[ t—k|§—7p|+yp], 1)

where N is a number of the point sources, A, is the sphere wave amplitude generated by p -th

source. The space vector R shows the observation point and the vectors 7, (p = 1,2,--+,N) show
the source locations. The quantities w and k are the frequency and the wave number of the
generated wave field and we assume that the dispersion low w(k) can be in any form, for example,
has a linear form w(k) = ck, where c is the propagation velocity of waves. The quantity y,
(p = 1,2,---, N) is the initial phase magnitude of a wave generating by the p-th source.

In the case of when the locations of the source have three dimensional characters, it is more
useful to change the vectors 7, of one index to vectors of three indexes;

Fp - Fmph- (2)
The initial phases and the wave amplitudes are considered as a quantity of three indexes as well:

Vp - Vmph and Ap - Amph- (3)
If the system of sources is a periodic lattice, then for the vectors 7,,,,,we can write:

Fmphzm-d’+p-5+h-5, (4)
where &, b, d are the bases vectors of a periodic lattice and

m=12,-,Ng,,p=12,-,Ny,h=1,2,---,N,. (5)

Note that in accordance with (5) the number of the sources equals to N, - N, - N... Using (4), (5) the
superposition field (1) can be written:

URRt) = Z a Zp ) lRAmph cos|wt — k|R Foph| + Ympn - (6)

Recently, the above mention problem was consider in works [3, 4], where, in particular, the
description of the superposition field (1) in the framework of the Fresnel approximation was done.
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Let us denote by R, the vector which shows the main observation direction and the basic
observation distance (see Fig. 1):

é)o = ﬁO/RO and RO = |ﬁ0| (7)

As it was shown in Fig. 1 the points O and O’ are the initial and end points of the vector ﬁo. We
will call the point 0’ as the main observation point. Note that for the vectors R and 7., the point O is
the initial point as well. In the figure we introduced the vector

AR =R —R,, (8)
which specifies the shift of the observation point relative to the main observation point.

The observation area

The area of sources

Fig. 1. The space parameters of a superposition field.

Let us suppose that the sources arrange into the area near the point O (the area of sources) and
the wave field is described in the region close the main observation point O’ (the observation area).
We consider the problem by introducing longitudinal and transverse spatial parameters relative to

the vector ﬁo;

-

Aﬁ = ,5 + ,L_l), rmph = fmph + ﬁmph’ (9)
where
ﬁ 1 RO ) Emph 1 RO and ﬁ ! RO J ﬁmph ! RO- (10)
As it was shown in the works [3, 4] when

p << Ro, Empn << Ry, i << Ry, << Ry, (11)

Wherep = |,5|, fmph = |gmph|uu = |ﬁ|a Nmpn = |ﬁmph| and

p? Emph
—k ~2m, 22k ~ 2m, (12)

2Rg 2Rg
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the wave field (6) can be presented in the form of:

1P fmph fmph

U(R t) = Z e Z Ro PR cos [wt + Tph k +3 R

k + )/mph ) (13)
where
iézk'ﬁo/Ro. (14)

The given sum is the expression of the superposition field (6) in the Fresnel approximation. In the
case when

2| << 2, E’””hk << 2m (15)
2R,

the sum (13) takes the form:

U(R,t) = Z a gﬁlzg; Zmph cos[a)t + Tp - K+ Yinph)» (16)

which corresponds to the superposition field (6) in the Fraunhofer approximation.
Below we consider the conditions, when the oscillations of the wave field (13) occur with the
maximum value. As one can see if

-

- . - 2
P K + %%f’”phk + Vimpn = 2 (n = 0, +1, %2, ---), (17)

when the wave field (13) takes the form:

UR ) = (Zmis Zpty Tyt Ampn) 52 (18)

It is obvious that this is the wave field form when the oscillations have a maximum value. Note, that
when 4,,,,, = A the amplitude takes the value:

Z ZNC Amph =A'Na'Nb 'NC' (19)

In the case of the Fraunhofer approximation (15) the conditions of maximum (17) takes the form:
Tmph * K+ Ympn = 2nn (n = 0, £1, £2, ). (20)

Further consideration of the problem will be made under certain assumptions regarding the
locations of the sources. Let the sources of the system be located on the set of a finite number of
parallel planes. If the number of the sources locating on a first plane equals to Ny, the sources
locating on a second plane equals to N, and so on, when for the number of sources of whole system
one get:

N = N; + N, + -+ Ny, (21)
where M is a number of parallel plane.

Let a space vectors d,, having the same initial point be perpendicular to the mentioned planes,
where m an index of plane numeration, so that |d,, — d,,—,| is a distance the m-th and m + 1-th
between neighboring planes. In that case the vectors 7,,,,, (4) showing the source locations can be
changed by two index vectors:

?mph - ?mji (22)
where the vector 7, ; shows the location of the j-th source of the m-th plane;

Note that for considered system of sources d,, L ij, so that the vector fm}- shows the location of
the j-th source of the m—th plane in the given plane.
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In accordance with the above mention the superposition wave field (16) in the case of (22),
(23) can be written:

UGR, 1) = Sit, T 22 cos [wt+ @@ + ) - K +-”“;Jk +y ] (24)
0

Let us suppose the observation direction be perpendicular to the planes of sources. It will mean that

so that (24) takes the form:
g Hi 2 i
U(R,t) = Zan=1Zij1 :” cos [a)t +a, - k+ %pR—Oka + ij], (26)

where a,, = |d,,| (k 1T d,,). Note that the number of plane sources N,,, may depend on the plane
number m.

Next, we will discuss the considered above system, when within the same plane the sources
are located on a circle;

lm = |lmj|’ (27)
where [, is a circle radius (see Fig. 2). Let us assume that the centers of all planes lie on a one
straight line. It is clear in the case of (25) this line will coincide with the main observation direction.
If initial phase of generation y,,; and amplitudes A,,; of all sources of a one plane are the same
(¥Ymj = ¥m.Amj = Ay) the superposition field (26) can be presented as:

U(Rt) = %zl‘:—’:chos[wt+am-k+2p;’;0 lmk+ym] (28)

Fig. 2. A system of sources having axial symmetry.

As it follows from this formula when

am.k+%k+ym_2nn(n—0+l+2 ), (29)
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the wave oscillations occur with the maximum amplitudes;
A,
U, (Rt)= (Z N, )cos [wt]. (30)

One can see that when the following conditions take place:

2.5 I;m—12,
Ay -k =2mn,, —k = 2nn,, y,, = 2nn,, (31)

0

where ny,n,,n; = 0,11, £2, -+, the condition (29) is satisfied automatically. Note, that in the three
following cases the condition (29) is satisfied automatically as well;

2.5 I;m—12,
Q- b+ 2 e = 2n4, Yoy = 270y, (32)
0
a -k+y, =27n, 22 m=tn l’; e = 2mn,, (33)
0
Ay - k = 21Ny, W!{ + Ym = 2mny3, (34)

Where Ny, Nq3,Np3 = O, il, iz,

Let us consider the maximum condition corresponding to the case of (31), when a,, = 0,
¥m = 0 and the observation point arranges on the main observation line (). In this case, the first and
third equations of (31) are executed automatically and the problem is reduced to consideration of
the second equation only.

2
In k= 2mn. (35)
2R,

One can see that this equality defines the system concentric circles. As follows from result
(35), when the sources are located on these circles a point focusing of the radiation takes place.
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