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Ñ èñïîëüçîâàíèåì îñíîâíûõ ôîðìóë òåîðèè ïåðåíîñà èçëó÷åíèÿ ïîëó÷åíû áîëåå
ïîäðîáíûå ñâåäåíèÿ î õàðàêòåðèñòèêàõ ðàññåÿíèÿ ôîòîíîâ â ïëîñêîì ñëîå, à èìåííî,
íàéäåíû âåðîÿòíîñòè âûõîäà ôîòîíîâ îòäåëüíî ÷åðåç âåðõíþþ è íèæíþþ ãðàíèöû ñëîÿ
è ñðåäíèå ÷èñëà ðàññåÿíèÿ òàêèõ ôîòîíîâ.

Êëþ÷åâûå ñëîâà: ïåðåíîñ èçëó÷åíèÿ: ñðåäíèå ÷èñëà ðàññåÿíèé ôîòîíîâ

1. Ââåäåíèå. Ïî òåîðèè ïåðåíîñà èçëó÷åíèÿ îïóáëèêîâàíû ìîíîãðàôèè

[1-7] è îáçîðíûå ñòàòüè [8-15], ïîäâîäÿùèå èòîã åå ðàçâèòèÿ. Ïðåäñòàâëÿåò

èíòåðåñ èññëåäîâàíèå áîëåå ñëîæíûõ ñëó÷àåâ ïåðåíîñà, èìåþùèõ íåïîñðåäñò-

âåííûå ïðèëîæåíèÿ ê àñòðîôèçè÷åñêèì îáúåêòàì, òàêèõ êàê êîìïòîíîâñêîå

ðàññåÿíèå ýíåðãè÷íûõ ôîòîíîâ ðåëÿòèâèñòñêèìè ýëåêòðîíàìè â àêòèâíûõ

ÿäðàõ ãàëàêòèê èëè ðàññåÿíèå èçëó÷åíèÿ â ñèëüíûõ ìàãíèòíûõ ïîëÿõ ïóëüñàðîâ.

Ïðè ýòîì ïîÿâëÿåòñÿ ïîòðåáíîñòü â ñâåäåíèÿõ èç òðàäèöèîííîé òåîðèè

ïåðåíîñà äëÿ áîëåå êîíêðåòíûõ ñèòóàöèé è êðàéíèõ çíà÷åíèé ïàðàìåòðîâ, íà

êîòîðûå ìîæíî áûëî áû îïåðåòüñÿ.

Èñõîäÿ èç ïîòðåáíîñòåé óêàçàííûõ ïðèëîæåíèé, ïðåäïðèíÿòà ïîïûòêà

ïîïîëíèòü ðåçóëüòàòû êëàññè÷åñêîé òåîðèè ïåðåíîñà. Ïðè ýòîì îáíàðóæèëèñü

óãîëêè òåîðèè, êóäà îêàçàëîñü âîçìîæíî âíåñòè íåîæèäàííûå äîïîëíåíèÿ.

Â ñòàòüÿõ äàííîé ñåðèè áóäóò ïðåäñòàâëåíû äåòàëè ñòàòèñòè÷åñêîãî

îïèñàíèÿ ïðîöåññà ìíîãîêðàòíîãî ðàññåÿíèÿ. Â äàííîé ñòàòüå ïðèâîäÿòñÿ

îáùèå ôîðìóëû äëÿ âåðîÿòíîñòåé âûõîäà ôîòîíîâ èç ïëîñêèõ ñðåä è ñðåäíèõ

÷èñåë èõ ðàññåÿíèÿ â óäîáíîé äëÿ èññëåäîâàíèÿ è âû÷èñëåíèÿ ôîðìå ñ

óòî÷íåíèåì äëÿ âûõîäà ÷åðåç ãðàíèöû ñëîÿ. Ïîëó÷åíû òàêæå àñèìïòîòèêè

ðàçëè÷íûõ õàðàêòåðèñòèê ïîëÿ èçëó÷åíèÿ â ãëóáîêèõ ñëîÿõ ïîëóáåñêîíå÷íîé

ñðåäû è îïòè÷åñêè òîëñòîãî ïëîñêîãî ñëîÿ.

Âî âòîðîé ñòàòüå ñåðèè â êà÷åñòâå ïðèìåðîâ áóäóò ðàññìîòðåíû: ðàññåÿíèå

â îäíîìåðíîé ñðåäå, äëÿ êîòîðîé âñå âåëè÷èíû âûðàæàþòñÿ ÷åðåç ýëåìåíòàðíûå

ôóíêöèè, è (òðåõìåðíîå) èçîòðîïíîå ìîíîõðîìàòè÷åñêîå ðàññåÿíèå, äëÿ êîòîðîãî
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âûâåäåíû àñèìïòîòèêè ðàçëè÷íûõ õàðàêòåðèñòèê ïîëÿ èçëó÷åíèÿ â ãëóáîêèõ

ñëîÿõ ïîëóáåñêîíå÷íîé ñðåäû è îïòè÷åñêè òîëñòîãî ïëîñêîãî ñëîÿ.

2. Îñíîâíûå õàðàêòåðèñòèêè è óðàâíåíèÿ, îïèñûâàþùèå

ðàññåÿíèå â ïëîñêîì ñëîå.

2.1. Îñíîâíîå èíòåãðàëüíîå óðàâíåíèå. Îñíîâíûì èíòåãðàëüíûì

óðàâíåíèåì òåîðèè ïåðåíîñà èçëó÷åíèÿ â ïëîñêîì ñëîå ñëóæèò óðàâíåíèå

        , 
2

0

0

0 





 dSKSS (1)

ãäå 0  - îïòè÷åñêàÿ òîëùèíà ñëîÿ,   - îïòè÷åñêàÿ ãëóáèíà â ñëîå, 10   -

âåðîÿòíîñòü âûæèâàíèÿ ôîòîíà ïðè îäíîêðàòíîì àêòå ðàññåÿíèÿ,  0S  - çàäàííàÿ

ôóíêöèÿ, îïðåäåëÿåìàÿ ïåðâè÷íûìè èñòî÷íèêàìè èçëó÷åíèÿ, à  S  - èñêîìàÿ

ôóíêöèÿ èñòî÷íèêîâ. ßäðî èíòåãðàëüíîãî óðàâíåíèÿ âûðàæàåòñÿ ÷åðåç ÿäåðíóþ

ôóíêöèþ, êîòîðàÿ ïðåäïîëàãàåòñÿ ïðåäñòàâèìîé â âèäå ñóïåðïîçèöèè ýêñïîíåíò:

    , 


b

a

y dyeyAK (2)

ãäå ïðåäåëû  ba0 , à âåñîâàÿ ôóíêöèÿ   0yA  äîñòàòî÷íî ãëàäêàÿ,

íàïðèìåð, èìåþùàÿ êóñî÷íî íåïðåðûâíóþ ïðîèçâîäíóþ. Êîíêðåòíàÿ ôîðìà

ôóíêöèè A(y) îïðåäåëÿåòñÿ âèäîì ðàññìàòðèâàåìîãî ðàññåÿíèÿ.

Íàðÿäó ñ ÿäåðíîé ôóíêöèåé âàæíóþ ðîëü èãðàþò åå äâóñòîðîííåå ïðåîáðà-

çîâàíèå Ëàïëàñà è ïðåîáðàçîâàíèå Ôóðüå:

           
. , 
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py

dyyyA
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Âî âñåõ ñëó÷àÿõ ðàññåÿíèÿ     100 VU . Äëÿ ïðîñòîòû ïðåäïîëîæèì, ÷òî

òî÷íî     100 VU . Îòëè÷èå îò åäèíèöû ìîæíî ïåðåëîæèòü íà çíà÷åíèå  .

2.2. Ðåçîëüâåíòà è ðåçîëüâåíòíàÿ ôóíêöèÿ. Ðåçîëüâåíòà óðàâíåíèÿ

(1), îïðåäåëÿåìàÿ óðàâíåíèåì

        ,  , ,
22

 , ,
0

0

01101 








 dKK (4)

ïîçâîëÿåò íàõîäèòü ðåøåíèå ïðè ïðîèçâîëüíîé ôóíêöèè  0S :

        .  , ,
0

0

11010 


 dSSS (5)

Îíà âûðàæàåòñÿ ÷åðåç ñâîå ÷àñòíîå çíà÷åíèå - ðåçîëüâåíòíóþ ôóíêöèþ

   00  ,0 , ,  :
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dttttt (6)

êîòîðàÿ óäîâëåòâîðÿåò óðàâíåíèþ (ñëåäóþùåìó èç (4) ïðè 01  )
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 dKK (7)

2.3. Ïðåîáðàçîâàíèå Ëàïëàñà. Â òåîðèè ââîäèòñÿ ïðåîáðàçîâàíèå

Ëàïëàñà îò ðåçîëüâåíòû ïî êîíå÷íîìó ïðîìåæóòêó
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 , , , ,
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 dpDKedeepD ppp
(8)

Òàê êàê ñâîáîäíîå ñëàãàåìîå â óðàâíåíèè (7) ÿâëÿåòñÿ ñóïåðïîçèöèåé ýêñïîíåíò
 ye , òî â ñèëó ëèíåéíîñòè óðàâíåíèÿ

      .  , ,
2

 , 00  



b

a

dyyDyA (9)

Ôóíêöèÿ  0 , ,  pD  óäîâëåòâîðÿåò òàêæå óðàâíåíèþ

            ,  , , , , , ,
 , ,

000000
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pYpXppD
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(10)

ñ ïîìîùüþ êîòîðîãî îíà âûðàæàåòñÿ ÷åðåç ñâîè ÷àñòíûå çíà÷åíèÿ è ðåçîëü-

âåíòíóþ ôóíêöèþ:

              ,  , , , , , , , , , 0
0000000

 pepXppYppXpD (11)
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Ýòè ÷àñòíûå çíà÷åíèÿ íàçûâàþòñÿ X- è Y- ôóíêöèÿìè ×àíäðàñåêàðà.

Ïðÿìî èç èíòåãðàëüíîãî óðàâíåíèÿ (4) ïîëó÷àåòñÿ ëèíåéíîå óðàâíåíèå

äëÿ  0 , ,  pD  ñ èíòåãðàëîì ïî âòîðîìó àðãóìåíòó:
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 , , , ,

2
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Ïðè yp  , bya  , èíòåãðàë äëÿ  yU  è èíòåãðàëû ñïðàâà ïîíèìàþòñÿ

êàê ãëàâíîå çíà÷åíèå ïî Êîøè.

Çàìåòèì, ÷òî âìåñòî ðåçîëüâåíòû è ðåçîëüâåíòíîé ôóíêöèè ìîæíî îïè-

ñûâàòü ìíîãîêðàòíîå ðàññåÿíèå ôóíêöèåé Ãðèíà è åå ÷àñòíûì çíà÷åíèåì:
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           0001101  , ,,  , ,- , ,   (14)

Òîãäà íå òðåáóåòñÿ âûäåëÿòü âíåèíòåãðàëüíûå ñëàãàåìûå â (4), (5), (7) è (8),

íî ïðèäåòñÿ îñòîðîæíî îïåðèðîâàòü ñ äåëüòà-ôóíêöèåé.

2.4. Âåðîÿòíîñòü âûõîäà. Ôóíêöèÿ  0 , ,  pD  ïðîïîðöèîíàëüíà

âåðîÿòíîñòè âûõîäà ôîòîíà èç ñðåäû ÷åðåç ãðàíèöó 0 , åñëè ïåðâîíà÷àëüíî

ôîòîí íàõîäèëñÿ â ïîãëîùåííîì ñîñòîÿíèè íà ãëóáèíå  . Àðãóìåíò p

îïðåäåëÿåò óãëîâûå è ÷àñòîòíûå õàðàêòåðèñòèêè âûõîäÿùåãî ôîòîíà.

Íàñ çäåñü èíòåðåñóþò âåðîÿòíîñòè âûõîäà ôîòîíà áåç óòî÷íåíèÿ ýòèõ

õàðàêòåðèñòèê. Äëÿ ïîëó÷åíèÿ óðàâíåíèé äëÿ íèõ ïîñëå çàìåíû p íà y â (10)

óìíîæèì ýòî óðàâíåíèå íà  
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 è ïðîèíòåãðèðóåì ïî y îò a äî b:
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Çäåñü ïîëíàÿ âåðîÿòíîñòü âûõîäà ôîòîíà ñ ãëóáèíû   ÷åðåç ãðàíèöó 0

      .   , ,
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 , 00  



b
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y

dy
yDyAP (16)

Äëÿ ýòîé ôóíêöèè èç (8) ïîëó÷àåòñÿ óðàâíåíèå
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 dKLdPKLP (17)

èç êîòîðîãî òàêæå ìîæíî âûâåñòè (15) íåïîñðåäñòâåííûì äèôôåðåíöèðîâàíèåì.

Åùå ïðîùå âûâîäèòñÿ ðàâåíñòâî
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Ñëîæèâ äâà ðàâåíñòâà (15) è (18), ïîëó÷èì
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PP
(19)

Óðàâíåíèå (15) ìîæíî ïðîèíòåãðèðîâàòü ïî   îò 0 äî   è ïîëó÷èòü

                
           ,  , , , , ,011

 , , ,1 ,1 ,0 ,0 ,

00000000

0000000000





PP

PPPP
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ãäå èíòåãðàë îò ðåçîëüâåíòíîé ôóíêöèè

     .  0, , ,1 , 0

0

00  


d (21)

2.5. Êðàéíèå çíà÷åíèÿ âåðîÿòíîñòè âûõîäà. Ïîäñòàâèì â (20) 0 :
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(22)

Îòñþäà ïîëó÷àåòñÿ òîæäåñòâî

       . 1 , ,0 ,1 00000  PP (23)

Åùå îäíî òîæäåñòâî ñëåäóåò èç óðàâíåíèÿ (13). Ïîäñòàâèâ â íåãî 0

è p = 0, âîñïîëüçîâàâøèñü ñâÿçüþ, âûòåêàþùåé èç îïðåäåëåíèé (8) è (12):

    ,  , 0, ,0 000 D (24)

ïîëó÷èì

       .  ,0 ,1 ,1 00000  PP (25)

Êîìáèíèðîâàíèå äâóõ òîæäåñòâ äàåò ñîîòíîøåíèå

          . 1 , ,01 , ,01 000000  PPPP (26)

Äëÿ ìîìåíòîâ êðàéíèõ çíà÷åíèé ïðåîáðàçîâàíèÿ  0 , ,  pD  ââîäÿòñÿ

ñïåöèàëüíûå îáîçíà÷åíèÿ:
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100100 (27)

Ñîîòíîøåíèå (16) ïðè 0  è 0  äàåò ñâÿçü âåðîÿòíîñòåé âûõîäà ñ

ìîìåíòàìè, ÷åðåç êîòîðûå ìîæíî çàïèñàòü ðàâåíñòâî (23):
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Â äàëüíåéøåì èñïîëüçóåì íå ìîìåíòû, à êðàéíèå çíà÷åíèÿ ïîëíîé âåðîÿòíîñòè

âûõîäà.

Ñêëàäûâàÿ ïåðâóþ ñòðî÷êó (20) ñî âòîðîé ñ èçìåíåííûìè àðãóìåíòàìè

 0 , ïîëó÷àåì äëÿ âåðîÿòíîñòè âûõîäà ÷åðåç îáå ãðàíèöû
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 , ,011 , , ,

00000

0000000



 PPPPP
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Âîñïîëüçîâàâøèñü òîæäåñòâîì (25), ïåðåïèøåì (29) â äðóãîì âèäå

            .  , , , ,11 , 00000000 P (30)

Åùå îäèí âèä çàïèñè îäíîñòîðîííèõ âåðîÿòíîñòåé, ïîëíîñòüþ ñèììåò-

ðè÷íûé:

          

      ,  , , ,

 ,
2

1
 , , 0,1

2

1
 ,

000000

0000000













P

PPP

(31)



592 Ä.È.ÍÀÃÈÐÍÅÐ  È  ÄÐ.

          

      .  , , ,

 ,
2

1
 , , 0,1

2

1
 ,

00000

000000000













P

PPP

(32)

Ïîëó÷åíèå ñóììû (29) ïðè òàêîé çàïèñè òðèâèàëüíî.
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3. Ñðåäíèå ÷èñëà ðàññåÿíèÿ.

3.1. Îïðåäåëåíèå. Ïî ñìûñëó îïðåäåëåíèÿ ôóíêöèè Ãðèíà (â ðàñ÷åòå

íà åäèíèöó ïëîùàäè ãðàíèöû ñëîÿ ðîæäàåòñÿ îäèí ôîòîí) ïðîèçâåäåíèå

   d01  , ,  ïðåäñòàâëÿåò ñîáîé ñðåäíåå ÷èñëî ôîòîíîâ, èçëó÷àþùèõñÿ â

ñëîå d  (òàêæå íà åäèíèöó ïëîùàäè ãðàíèöû), èëè ñðåäíåå ÷èñëî ðàññåÿíèé,

ðîæäåííûõ íà ãëóáèíå 1  ôîòîíà, ïðè÷åì ïåðâîå èçëó÷åíèå âõîäèò â ýòî

÷èñëî. Ñðåäíåå ÷èñëî ðàññåÿíèé òàêîãî ôîòîíà âî âñåé òîëùèíå ñëîÿ  0 , N

ðàâíî èíòåãðàëó îò ôóíêöèè Ãðèíà è îïðåäåëÿåòñÿ óðàâíåíèåì, ïîëó÷àþùèìñÿ

èíòåãðèðîâàíèåì óðàâíåíèÿ äëÿ íåå (ò.å. óðàâíåíèÿ (4) ñî ñâîáîäíûì

ñëàãàåìûì )( 1 ) ïî  . Ââèäó ñèììåòðè÷íîñòè  01  , ,   îòíîñèòåëüíî

àðãóìåíòîâ   è 1  ìîæíî èíòåãðèðîâàòü ïî 1 , à àðãóìåíòîì îñòàâèòü  :
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 dNKdN (34)

Òàê êàê èç ýòîãî ñëåäóåò, ÷òî    00  0, , ,  DN , òî ñîãëàñíî (11) ñ ó÷åòîì

òîãî, ÷òî      0000  , ,0 ,0  YX ,

          
        .  , , , ,

 ,0 , , ,0 ,
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0
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 XXN
(35)

Ïóòåì êîìáèíèðîâàíèÿ óðàâíåíèé (17) è (34), îïðåäåëÿþùèõ ôóíêöèè

 0 , P  è  0 , N , ñ èñïîëüçîâàíèåì ðàâåíñòâà

     


0

0

2
0

LLdK (36)

ïîëó÷àåòñÿ ñîîòíîøåíèå

      . 1 , ,1 00  PN (37)

Èç (37) è (30) ñëåäóåò, ÷òî
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3.2. Ðàçäåëåííûå ñðåäíèå. Ñðåäíèå ÷èñëà ðàññåÿíèé ðàçäåëÿþòñÿ äëÿ

ôîòîíîâ, âûõîäÿùèõ èç ñðåäû N
E
 è ïîãëîùàåìûõ â íåé N

A
. Î÷åâèäíî

ñîîòíîøåíèå, ñëóæàùåå ôàêòè÷åñêè îïðåäåëåíèåì ýòèõ ñðåäíèõ:

          .  , ,1 , , , 00000  AE NNN PP (39)

Åñëè íàéäåíî îäíî èç íèõ è èçâåñòíà âåðîÿòíîñòü  0 , P , òî äðóãîå íàõîäèòñÿ.

Äåéñòâèòåëüíî, èñêëþ÷àÿ èç ñîîòíîøåíèé (37) è (39)  0 , N , ïîëó÷àåì
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Åùå áîëåå ïîäðîáíîå ðàññìîòðåíèå ïðåäóñìàòðèâàåò îïðåäåëåíèå ñðåäíèõ

÷èñåë ðàññåÿíèé ôîòîíîâ, êîòîðûå âûøëè ÷åðåç îïðåäåëåííóþ ãðàíèöó, êàê

ýòî áûëî ñäåëàíî ïî îòíîøåíèþ ê âåðîÿòíîñòÿì âûõîäà ôîòîíîâ. Îáîçíà÷èì

ýòè ñðåäíèå  0 , N  è    000  , ,   NN  ñîîòâåòñòâåííî äëÿ âåðõíåé

è íèæíåé ãðàíèöû. Ïîëíîå ÷èñëî ðàññåÿíèé âûøåäøèõ ôîòîíîâ åñòü

âçâåøåííîå ñðåäíåå:
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Çàäà÷è î ñðåäíèõ ÷èñëàõ ðàññåÿíèé ðåøàëèñü ìíîãèìè òåîðåòèêàìè.

Íàèáîëåå ñóùåñòâåííûå ðåçóëüòàòû ïîëó÷åíû â ðàáîòàõ [16-22].

3.3. Êðàòíîñòè ðàññåÿíèÿ. Âñå ôóíêöèè ìîæíî ðàçëîæèòü ïî êðàò-

íîñòÿì ðàññåÿíèÿ, ò.å. ïî ñòåïåíÿì  . Íà÷íåì ñ ôóíêöèè Ãðèíà:
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 de nn (43)

Ðàçëîæèì ïî ñòåïåíÿì   âåðîÿòíîñòü è ñðåäíåå ÷èñëî:

       .  , ,,  , ,
0
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00 
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n
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n
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n NNPP (44)

Î÷åâèäíî, ÷òî ïðè ÷èñòîì ðàññåÿíèè, ò.å. ïðè 1

  . 1 ,
0

0 


n
nP (45)

Êîýôôèöèåíò nP  ïîêàçûâàåò, êàêîé ñòàëà âåðîÿòíîñòü âûõîäà ïîñëå n-ãî

ðàññåÿíèÿ. Ñðåäíåå ÷èñëî ðàññåÿíèé (ìàòåìàòè÷åñêîå îæèäàíèå) äëÿ ýòîé



594 Ä.È.ÍÀÃÈÐÍÅÐ  È  ÄÐ.

âåëè÷èíû
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Ïðèâåäåííûå ôîðìóëû ïîçâîëÿþò âûðàçèòü îáà ÷àñòíûõ ñðåäíèõ ÷åðåç

ïîëíîå ÷èñëî:
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Âñå ýòè ôîðìóëû áûëè ïîëó÷åíû Â.Â.Ñîáîëåâûì â ñòàòüÿõ [17-20] (êðîìå N ).

Ðàññóæäåíèÿ, ïîëíîñòüþ ñîâïàäàþùèå ñ òåìè, êîòîðûå èñïîëüçóþòñÿ ïðè

âûâîäå ôîðìóëû (46), ïðèâîäÿò ê

         .  ,
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 , 00
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P
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P
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Ôîðìóëà (41), êîíå÷íî, ñîáëþäàåòñÿ.

Ñïîñîá íàõîæäåíèÿ ñðåäíèõ ÷èñåë ðàññåÿíèé ÷åðåç ïðîèçâîäíûå ïî 

áûë ïðåäëîæåí Â.À.Àìáàðöóìÿíîì [16]. Îí ðàññìàòðèâàë èíòåíñèâíîñòü

âûõîäÿùåãî èçëó÷åíèÿ, íî ìîæíî ïðèìåíèòü òàêîå ðàññóæäåíèå è ê äðóãèì

âåëè÷èíàì, â ÷àñòíîñòè, ê âåðîÿòíîñòÿì âûõîäà.

Ïðîèçâîäíûå ïî   îò âåðîÿòíîñòåé âûõîäà, ñîãëàñíî ôîðìóëàì (31)-(32),

âûðàæàþòñÿ ÷åðåç ïðîèçâîäíûå ïî   îò ôóíêöèè  0 ,   è âåðîÿòíîñòåé

 0 0, P  è  00  , P . Ýòè ïîñëåäíèå
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(50)

Âñå ïðèâåäåííûå ôîðìóëû äëÿ ñðåäíèõ ÷èñåë ðàññåÿíèÿ ñïðàâåäëèâû äëÿ

ñëîåâûõ èñòî÷íèêîâ, ò.å. ðàñïîëîæåííûõ íà îïðåäåëåííîé ãëóáèíå  . Åñëè

èñòî÷íèêè ðàñïðåäåëåíû ïî ñëîþ, òî äëÿ îïðåäåëåíèÿ ñðåäíèõ ÷èñåë ðàññåÿíèÿ

íàäî ïðîñòî ïðîèçâåñòè óñðåäíåíèå ïî èõ ðàñïðåäåëåíèþ.

4. Òî÷íûå ðåøåíèÿ äëÿ ïîëóáåñêîíå÷íîé ñðåäû è àñèìïòîòèêè

äëÿ òîëñòîãî ñëîÿ.

4.1. Ðåçîëüâåíòíàÿ ôóíêöèÿ ïîëóáåñêîíå÷íîé ñðåäû. Â ñëó÷àå

ïîëóáåñêîíå÷íîé ñðåäû âñå óðàâíåíèÿ ïîëó÷àþò ñâîþ ïðåäåëüíóþ ôîðìó,

ïîäñòàâèâ â íèõ 0 ,    pHpX  , ,   0 , pY  è ó äðóãèõ ôóíêöèé



595ÕÀÐÀÊÒÅÐÈÑÒÈÊÈ  ÐÀÑÑÅßÍÈß  ÔÎÒÎÍÎÂ

îïóñòèâ àðãóìåíò 0 . Òîãäà óðàâíåíèå (7) äîïóñêàåò òî÷íîå àíàëèòè÷åñêîå

ðåøåíèå:
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Çäåñü k ( ak 0 ) - õàðàêòåðèñòè÷åñêîå ÷èñëî, êîðåíü õàðàêòåðèñòè÷åñêîãî

óðàâíåíèÿ

  . 01  kU (52)

H-ôóíêöèÿ (íîñÿùàÿ èìÿ ×àíäðàñåêàðà) ìîæåò áûòü íàéäåíà ïî òî÷íîé

ôîðìóëå
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uV

p
pH (53)

Âî âíåèíòåãðàëüíîì ñëàãàåìîì êîýôôèöèåíò C
0
 è âåëè÷èíà e , íàçûâàåìàÿ

ýêñòðàïîëèðîâàííîé äëèíîé, îïðåäåëÿþòñÿ ôîðìóëàìè

 
    

. 
2

2ln
, 

2 2

0
k

kHkk

k

k
C e

U

U





 (54)

Äëÿ ïîñëåäíåé ìîæåò áûòü ïîëó÷åíî âûðàæåíèå
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Åñëè íå ñóùåñòâóåò ðåøåíèÿ (52), âíåèíòåãðàëüíîå ñëàãàåìîå â (51)

îòñóòñòâóåò è âåëè÷èíû (54) íå âîçíèêàþò.

4.2. Çàäà÷à Ìèëíà. Åñëè ñóùåñòâóåò ðåøåíèå õàðàêòåðèñòè÷åñêîãî

óðàâíåíèÿ (52), òî ñóùåñòâóåò è ðåøåíèå çàäà÷è Ìèëíà, ò.å. ðåøåíèå îäíî-

ðîäíîãî óðàâíåíèÿ (ïîëîæèì S
M
(0) = 1)
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2

0






 dSKS MM (56)

Ýòî ðåøåíèå ðàçáèâàåòñÿ íà ðàñòóùóþ  kHek   è óáûâàþùóþ    ÷àñòè,

êîòîðûå îïðåäåëÿþòñÿ ôîðìóëàìè

        , 1
0













 





 kHedeeS kkk

M (57)

        . 
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  dede kk

(58)

Äëÿ âûâîäà âûðàæåíèÿ äëÿ íåðàñòóùåé ÷àñòè ðåøåíèÿ çàäà÷è Ìèëíà

èñõîäèì èç ÿâíîãî âûðàæåíèÿ ðåçîëüâåíòíîé ôóíêöèè (51). Ïîäñòàâèâ ýòî
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âûðàæåíèå â îïðåäåëåíèå (58), ïîëó÷èì
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Ýòà ôóíêöèÿ íå ðàñòåò ñ ðîñòîì  , íî âíåèíòåãðàëüíîå ñëàãàåìîå, à ñ íèì

è âñÿ ôóíêöèÿ îáðàùàþòñÿ â áåñêîíå÷íîñòü ïðè ïåðåõîäå ê ÷èñòîìó ðàññåÿíèþ,

ò.å. ïðè 0k , â îòëè÷èå îò ïîëíîãî ðåøåíèÿ  MS , êîòîðîå îñòàåòñÿ

êîíå÷íûì, òàê êàê åãî âíåèíòåãðàëüíîå ñëàãàåìîå 
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Ïîëíûé èíòåãðàë îò íåå
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Èíòåãðàë ïðè 0k  ðàñõîäèòñÿ êàê 21 k . Èíòåãðàë ïî ïðîìåæóòêó    ,
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Èíòåãðàëû ïî ïðîìåæóòêàì ñ ëåâûì êîíöîì 0 ïîëó÷àþòñÿ êàê ðàçíîñòè (61)

è (62). Àñèìïòîòèêà ïðè 1
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Ïðèâåäåì òàêæå èíòåãðàë îò ðåçîëüâåíòíîé ôóíêöèè:
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4.3. Àñèìïòîòèêè ïðè áîëüøèõ 0 . Âíåèíòåãðàëüíûå ñëàãàåìûå äàþò

âîçìîæíîñòü ïîëó÷èòü àñèìïòîòèêè ðàññìàòðèâàåìûõ âåëè÷èí.

×åðåç ïðåäñòàâëåííûå çäåñü ôóíêöèè ïðè áîëüøèõ îïòè÷åñêèõ òîëùèíàõ

ñëîÿ ïðåæäå âñåãî âûðàæàåòñÿ àñèìïòîòèêà ðåçîëüâåíòíîé ôóíêöèè, îïðåäå-

ëÿåìîé óðàâíåíèåì (7) (ñì. [2,7]):
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Àñèìïòîòèêà åå êðàéíåãî çíà÷åíèÿ
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(66)

Ñëåäóþùåé íàéäåì àñèìïòîòèêó ôóíêöèè (21) â êðàéíåé òî÷êå:
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Ïîñëå ïîäñòàíîâêè àñèìïòîòèê âõîäÿùèõ ñþäà âåëè÷èí è ñîêðàùåíèé, ïîëó-

÷àåòñÿ ñðàâíèòåëüíî ïðîñòîå âûðàæåíèå
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Ëåãêî ïîêàçàòü, ÷òî ýòà àñèìïòîòèêà óäîâëåòâîðÿåò ñîîòíîøåíèþ
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Ñ ïîìîùüþ ôîðìóë (33) è (68) ïîëó÷àåì àñèìïòîòèêè
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È ýòè àñèìïòîòèêè óäîâëåòâîðÿþò óðàâíåíèÿì, ñëåäóþùèì èç (15) è (19):
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Òîæäåñòâà (23) è (25) âûïîëíÿþòñÿ è äëÿ àñèìïòîòèê.

4.4. Àñèìïòîòèêè X- è Y-ôóíêöèé. Àñèìïòîòèêè ýòèõ ôóíêöèé

ïðè íàëè÷èè õàðàêòåðèñòè÷åñêîãî ÷èñëà âûãëÿäÿò äîâîëüíî ïðîñòî [7]:
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(76)

Ñâÿçü ìåæäó ýòèìè ôóíêöèÿìè    00  , , 0   pXepY p
 ñîáëþäàåòñÿ è ó èõ

àñèìïòîòèê. Âòîðûå ñëàãàåìûå, ïðîïîðöèîíàëüíûå 0 pe , ñëåäóåò ó÷èòûâàòü

òîëüêî òîãäà, åñëè ap  .

4.5. Êðóïíîìàñøòàáíûå àñèìïòîòèêè. Íàðÿäó ñ àñèìïòîòèêàìè

âåëè÷èí íà êðàÿõ ñëîÿ ìîãóò áûòü ïîëó÷åíû è òàê íàçûâàåìûå àñèìïòîòèêè,
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ñïðàâåäëèâûå â ïðåäïîëîæåíèÿõ, ÷òî â îïòè÷åñêè òîëñòîì ñëîå ( 10  )

ðàññìàòðèâàþòñÿ ñëîè, äàëåêèå îò îáåèõ ãðàíèö, ò.å. 1  è 10  .

Ïîëó÷èì òàêóþ àñèìïòîòèêó ñíà÷àëà äëÿ ôóíêöèè  0 ,  . Äëÿ ýòîãî

ïðîèíòåãðèðóåì ðàâåíñòâî (65), ñïðàâåäëèâîå ïðè 10   è âñåõ 00  ,

ïî   îò 0 äî  :
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Ïðè ïðèíÿòûõ ïðåäïîëîæåíèÿõ àñèìïòîòèêà èíòåãðàëà îò ðåçîëüâåíòíîé

ôóíêöèè ïîëóáåñêîíå÷íîé ñðåäû

    . 
1

1

1

1 0 ekk
as e

k

C
e

k

C  





 (78)

Àñèìïòîòèêà èíòåãðàëà îò íåðàñòóùåé ÷àñòè ðåøåíèÿ çàäà÷è Ìèëíà ñ àðãó-

ìåíòîì 0  ïîëó÷àåòñÿ èç (62):
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Íàéäÿ ðàçíîñòü â êâàäðàòíûõ ñêîáêàõ, ñîãëàñíî (63), ïîëó÷èì ïîëíóþ êðóïíî-

ìàñøòàáíóþ àñèìïòîòèêó
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Ñëåäóþùåé íàéäåì âåðîÿòíîñòü ïî ôîðìóëå (20):
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(81)

Ñëàãàåìûå, íå ñîäåðæàùèå ìíîæèòåëÿ C
0
, ñîêðàùàþòñÿ, à ñëàãàåìûå ïðè

ìíîæèòåëå   10 kC  ïðåîáðàçóþòñÿ. Îêîí÷àòåëüíî ïîëó÷àåòñÿ ïðîñòîå

âûðàæåíèå:
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Ïîëíàÿ âåðîÿòíîñòü ðàâíà ñóììå, òàê ÷òî
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Êàê è äîëæíî áûòü, àñèìïòîòèêà ýòîé âåðîÿòíîñòè ñèììåòðè÷íà îòíîñèòåëüíî
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ñåðåäèíû ñëîÿ.

5. Àñèìïòîòèêè ÷èñåë ðàññåÿíèÿ.

5.1. Ïîëíîå ÷èñëî. Àñèìïòîòè÷åñêèå ôîðìóëû äëÿ ïîëíîãî ÷èñëà

ðàññåÿíèé ïîëó÷àþòñÿ ñðàçó èç (3), (72) è (83). Ïðè êðàéíèõ ãëóáèíàõ

       ek~NN 
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1
 , , ,0 000000 (84)

è êðóïíîìàñøòàáíàÿ àñèìïòîòèêà, êàê è âåðîÿòíîñòü, ñèììåòðè÷íàÿ îòíîñè-

òåëüíî ñåðåäèíû ñëîÿ:
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Ïîëó÷åíèå æå ôîðìóë äëÿ ÷àñòè÷íûõ ÷èñåë ðàññåÿíèÿ òðåáóåò âû÷èñëåíèÿ

ïðîèçâîäíûõ ïî  . Íà÷íåì ñ âåëè÷èí, çàâèñÿùèõ òîëüêî îò ýòîé ïåðåìåííîé.

5.2. Ïðîèçâîäíûå îò k, C
0
 è e . Ñíà÷àëà, äèôôåðåíöèðóÿ óðàâíåíèå

(52), íàõîäèì ïðîèçâîäíóþ îò õàðàêòåðèñòè÷åñêîãî ÷èñëà:
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à òàêæå îò êîýôôèöèåíòà (54)
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Ñëåäóþùèìè áåðåì ïðîèçâîäíûå îò ýêñòðàïîëèðîâàííîé äëèíû (55):
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è ïðîèçâåäåíèÿ åå íà k:
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5.3. Ãðàíèöû ñëîÿ. Äëÿ òîãî, ÷òîáû ïîëó÷èòü àñèìïòîòèêè ñðåäíèõ

÷èñåë ðàññåÿíèÿ ôîòîíîâ ñ ãðàíèö ñëîÿ ïî ôîðìóëàì (49)-(50), íàõîäèì

ïðîèçâîäíóþ
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Ñëîæåíèå ýòèõ ôîðìóë äàåò

   
 

  ,  ,
2sh

1

2

1
 ,

 ,0
0

0
00

0


















D

P

ek
~ (94)

÷òî, êîíå÷íî, ïîëó÷àåòñÿ è èç (25).

Ïîëó÷åííûå ïðîèçâîäíûå è ïðèâåäåííûå âûøå ôîðìóëû (47)-(48) ïîçâî-

ëÿþò íàéòè àñèìïòîòèêè ÷èñåë ðàññåÿíèÿ.

6. Çàêëþ÷åíèå. Òàêèì îáðàçîì, â ñòàòüå âîñïðîèçâåäåíû èçâåñòíûå

ôîðìóëû òåîðèè ïåðåíîñà èçëó÷åíèÿ â ïëîñêèõ ñðåäàõ, òî÷íûå ðåøåíèÿ äëÿ

ïîëóáåñêîíå÷íîé ñðåäû è àñèìïòîòèêè îñíîâíûõ âåëè÷èí äëÿ åå ãëóáîêèõ

ñëîåâ ïðè íàëè÷èè ðåøåíèÿ õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ â óäîáíîé

êîìïàêòíîé ôîðìå. Äëÿ ïëîñêîãî ñëîÿ íàéäåíû òî÷íûå ñîîòíîøåíèÿ ìåæäó

âåðîÿòíîñòÿìè âûõîäà ôîòîíîâ èç ñëîÿ è ñðåäíèìè ÷èñëàìè ðàññåÿíèé. Ñ

èõ ïîìîùüþ äëÿ îïòè÷åñêè òîëñòîãî ñëîÿ ïîëó÷åíû àñèìïòîòèêè ýòèõ

âåëè÷èí äëÿ ãðàíèö ñëîÿ è äëÿ åãî âíóòðåííèõ ñëîåâ (êðóïíîìàñøòàáíûå).

Ïðè ýòîì ðàçãðàíè÷èâàþòñÿ ñðåäíèå ÷èñëà ôîòîíîâ, âûõîäÿùèõ ÷åðåç âåðõíþþ

è íèæíþþ ãðàíèöû.

Âî âòîðîé ñòàòüå ñåðèè ïîëó÷åííûå ðåçóëüòàòû áóäóò ïðèìåíåíû ê äâóì

êîíêðåòíûì âèäàì ðàññåÿíèÿ.

Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,

Ðîññèÿ, e-mail: dinagirner@gmail.com



601ÕÀÐÀÊÒÅÐÈÑÒÈÊÈ  ÐÀÑÑÅßÍÈß  ÔÎÒÎÍÎÂ

THE ESCAPE PROBABILITY AND MEAN NUMBERS
OF SCATTERINGS OF PHOTONS. I. EXACT AND

ASYMPTOTIC FORMULAE

D.I.NAGIRNER, Y.V.MILANOVA, A.V.DEMENTYEV, E.V.VOLKOV

Using the basic formulae of the theory of radiative transfer, more detailed

information on the characteristics of photon scattering in a plane layer is obtained.

Namely, the probabilities of photon escape separately through the upper and lower

boundaries of the layer and the mean numbers of scatterings of such photons are

found.

Keywords: radiation transfer: mean numbers of scatterings of photons
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